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We compute the equivariant homology and cohomology of projective spaces with integer coefficients.
More precisely, in the case of cyclic groups, we show that the cellular filtration of the projective
space P(kp) of lines inside copies of the regular representation yields a splitting of HZ A P(kp)+
as a wedge of suspensions of HZ. This is carried out both in the complex case, and also in the
quaternionic case, and further, for the C,-action on CP” by complex conjugation. We also observe
that these decompositions imply a degeneration of the slice tower in these cases. Finally, we describe
the cohomology of the projective spaces when G is of prime power order, with explicit formulas for
7/ p-coefficients. Letting k = oo, this also describes the equivariant homology and cohomology of the
%ifying spaces of S! and S3.

55N91, 57S17; 55P91

1 Introduction

The purpose of this paper is to discuss new calculations for the equivariant cohomology of complex
projective spaces. Given a complex representation V' of a group G, one obtains a “linear” G-action
on P(V), the space of lines in V. The underlying space here is CPIMIN=1 whose homology computation
is well known. The Borel-equivariant cohomology, which is the cohomology of the Borel construction,
is easy to calculate as the space P (1) has nonempty fixed points.

The equivariant cohomology used in this paper refers to an “ordinary” cohomology theory represented in
the equivariant stable homotopy category [29, Chapter XIII, Section 4]. In this context, the word “ordinary”
means that the equivariant homotopy groups of the representing spectrum HM are concentrated in degree 0.
At this point, one notes that the equivariant stable homotopy category possesses additional structure which
makes the equivariant homotopy groups part of a Mackey functor [29, Chapter IX, Section 4]. Conversely,
given a Mackey functor M, one has an associated “ordinary” equivariant cohomology theory represented
by an Eilenberg—MacLane spectrum HM [14, Theorem 5.3], which is unique up to homotopy.

A Mackey functor M [9] comprises a pair of functors (M «, M *) from the category Og (of finite G-sets)
to abelian groups taking disjoint unions to direct sums, such that M 4 is covariant and M * is contravariant,
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taking the same value on a given G-set .S, denoted by M (S). These are required to be compatible in the
sense of a double coset formula [32]. The covariant structure gives restriction maps

resg:]\_d(H) — M(K) for KCH,
and the contravariant structure gives transfer maps
wll . M(K)— M(H) for K C H.

Two important examples in the context of equivariant cohomology are the constant Mackey functor Z, and
the Burnside ring Mackey functor A. The Mackey functor Z sends each G/H to Z, with res}? = Id and
trg = multiplication by the index [H : K]. The Burnside ring Mackey functor A sends G/H to A(H), the
ring generated by isomorphism classes of finite H-sets. The restriction maps reslf(l for A are described as
the restriction of the action of H to K, and the transfer maps tr? are described by induction S +— H xg S.

The category of Mackey functors is an abelian category. It also has a symmetric monoidal structure
given by [, whose unit object is the Burnside ring Mackey functor 4. The constant Mackey functor Z
is a commutative monoid, which implies that the cohomology groups with Z-coefficients possess a
graded commutative ring structure. The spectrum HA is a homotopy commutative ring spectrum, and the
commutative monoids give homotopy commutative HA-algebras. However, if one tries to rigidify the
construction of Eilenberg—MacLane spectra into a functor taking values in equivariant orthogonal spectra,
there are obstructions coming from norm maps [18; 34].

Our focus in this paper is on computations of equivariant cohomology for G-spaces. A naive approach
would be to break up the spaces into equivariant cells, and compute via cellular homology. An equivariant
G-CW complex has cells of the form G/H x D", which are attached along maps from G/H x S"~!
onto lower skeleta. Via this argument, one shows H((X;Z) = H"(X/G;Z). While working through
concrete examples like the projective spaces P(V'), or for G-manifolds, we see that there is no systematic
way of breaking these up into cells of the form G/H x D" or identifying the space X/G. In these cases,
the spaces may be more naturally built out of cells of the form G xg D(V') [36], where V is a unitary
H-representation, and D (V') stands for the unit disk

DV)y={veV|{vv) <1}

In the equivariant stable homotopy category, the representation spheres S? (defined as the one-point
compactification of V) are invertible in the sense that there is an S~ such that S~V A S¥ ~ §°. Conse-
quently, the equivariant cohomology becomes RO(G)-graded [29, Chapter XIII], and so, computations
for the G-CW complexes above require the knowledge of HZ(G/H; M) for @ € RO(G) and H C G.
Such computations exist in the literature only for a handful of finite groups, namely, for G = C,, for p
prime [25], G = Cp,...p, for distinct primes p; [4; 6], and G = sz [39]. For restricted o belonging to
certain sectors of RO(G) more computations are known [2; 18; 19; 24].

Equivariant cohomology of G-spaces has been studied for many of the groups above [3; 16; 23]. Equivari-
ant cohomology of G-spaces has a rich algebraic structure in the sense that it is Mackey functor valued, and
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the complete understanding of the Mackey functor valued cohomology with RO(G)-grading is often quite
involved. Most explicit computations in the literature are done in the case where complete calculations for
the RO(G)-graded cohomology is known. Many of these occur in cases where the cohomology is a free
module over . HZ. There are various structural results which imply the conclusion that the cohomology
is a free module [5; 28]. For the equivariant projective spaces, this is particularly relevant, and although a
complete understanding of JTE " HZ is still unknown, we are able to prove that the cohomology P (V) is
free when V' is a direct sum of copies of the regular representation (see Theorems 4.7 and 4.10).

Theorem A Let G = C,. We have the following decompositions.

(a) Writepg=0and¢p; =17 (Ic + A +A%2+---+ A7) fori > 0. Then,
nm—1 00
HZAP(mpc)y ~ \/ HZAS*. HZABgS}~\/ HZAS?.
(b) In the quaternionic case, we write Wy, = A% ( f:é (A A )) Then
mn—1

o
HZ A Pu(mpu)+ ~ \/ HZASY, HZABGS}~\/ HZASY.
i=0 i=0

In the above expression, A refers to the one-dimensional complex Cy-representation which sends a
fixed generator g to ez%i, and it’s powers are taken with respect to the complex tensor product. The
second implications above come from the identifications BgS! ~ P (i) ~ lim P(mp), and BGS 3~
Pp(H®c U) ~lim, Pg(mpm), where U is a complete G-universe. We also carry out the computation
for general G-representations V' when the group G equals C, (Theorem 4.3). One may view this as
a simplification of the results in [25] in the case of the Mackey functor Z. For the group C;, we
consider CP} where C-acts on CP”" by complex conjugation, and compute its equivariant homology
(Theorem 4.8). In this context, one should note that results such as the above theorem are not expected
for A-coefficients once the group contains either Cp2 or Cp x Cp [11; 26, Remark 2.2].

As an application for the homology decomposition in Theorem A, we reprove a theorem of Caruso [7]
stating that the cohomology operations expressible as a product of the even-degree Steenrod squares
over Z /2 do not occur as restriction of integer-degree C,-equivariant cohomology operations. If we allow
the more general RO(C,)-graded operations, there are those that restrict to Sq’ for every i [35]. For the
group Cp, the same result holds for the products of the Steenrod powers Pl

A careful analysis of the cellular filtration of the projective spaces P (V') for V =mp shows that the induced
filtration on £2 HZ A P(V') matches the slice filtration. The slice tower was defined as the equivariant
analogue of the Postnikov tower using the localizing subcategory generated by {G/H | A S kew | jc|H|>n}
instead of the spheres of the form {G/H4+ A S™}. The slice filtration played a critical role in the proof of
the Kervaire invariant-one problem [18] and has been widely studied since. Usually, the slice tower is an
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involved computation even for the spectra X" HZ. However, for the complex projective spaces and the
quaternionic projective spaces, we discover that the slice tower for the Z-homology becomes amazingly
simple. More precisely, we prove the following theorem in this regard (see Theorems 6.4 and 6.5).

Theorem B Let G = C,.

(@) The slice towers of X2 P(U)+ A HZ and £? P(mp)+ A HZ are degenerate and these spectra are a
wedge of slices of the form S¥ A HZ.

(b) The slice towers of £* P(Uyp)+ A HZ and £* P(mpy)+ A HZ are degenerate and these spectra
are a wedge of slices of the form SV A HZ.

We proceed to describe the cohomology ring structure for the projective spaces. The basic approach
towards the computation comes from [25], which deals with the case G = C,,. In this case, we observe
that the generators are easy to describe, but the relations become complicated once the order of the group
increases. For G = C,, we show that Hj (P (V'); Z) is multiplicatively generated by classes ag, for d | n,
in degree Zl;l_ d A! (Proposition 7.3). However, the relations turn out to be difficult to write down in
general, so we restrict our attention to prime powers #. In the process of figuring out the generators, we

realize that there are exactly m relations p; for 1 < j <m (n = p™), of the form
A A — P g
Uppi=t _ypi O, = a¢pj_1 + lower-order terms.

The explicit form turns out to be quite involved with Z-coefficients, so we determine them modulo p,
and prove the following results (see Theorems 7.30, 7.32, and 7.34).

Theorem C (a) Héz (CPE°Z) = Héz (pv)[€140]-
(b) As cohomology rings,

HE(BGS': 2/ p) = HE(pt 2/ )ty - -,/ (P1- - pm).

The relations p, are described by

r—2 p—]

— D p—1
Pr = ukpr_l_kpra¢pr _7;_1 +a)\1pr717;‘—1( l_[ Al) ’
i=0

where T; and A; are defined in (7.27).

(c) As cohomology rings,

HE(BgS?; 2/ p) = HG (Pt L/ p)Bagg: - - -+ Bag )/ (11 - - - 1m).

The relations ., are described by

2(p—1 =2 o\
Hr = (”Ap’_l —Apr" )2:32¢pr - ﬁf—l + a}hilr)—l )ﬁr—l (il:lo Ci) s
where L and C; are defined in Theorem 7.32.
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1.1 Organization In Section 2, we recall results in equivariant homotopy theory that are useful from
the viewpoint of ordinary cohomology. In Section 3, we recall previously known computations for
Z-coefficients, and extend them as necessary for the following sections. We prove the homology
decompositions for projective spaces in Section 4. These are applied to cohomology operations in
Section 5, and the slice tower in Section 6. The ring structures are described in Section 7.

1.2 Notation We use the following notation throughout the paper.

e Throughout this paper, G denotes the cyclic group of order n, and g denotes a fixed generator of G.
The unit sphere of an orthogonal G-representation V is denoted by S(V'), the unit disk by D(V'), and
SV the one-point compactification, which is homeomorphic to D(V)/S (V).

e We write 1¢ for the trivial complex representation and 1 for the real trivial representation, and the regular
representation p to mean pc (the complex regular representation) if not specified. The irreducible complex
representations of G are one dimensional, and up to isomorphism are listed as 1¢, A, A%, ..., A"~! where
A sends g to €277 the n™ root of unity.

e In the case n is even, we denote the sign representation by o. This is a one-dimensional real represen-
tation.

e The nontrivial real irreducible representations other than o are the underlying real representations of
the complex irreducible representations. The realization of A’ is also denoted by the same notation. Note
that A’ and A"~ are conjugate and hence their realizations are isomorphic by the natural R-linear map
z > Z which reverses orientation.

e Unless specified, the cohomology groups are taken with Z-coefficients and suppressed from the
notation.

e The notation / is used for the complete G-universe.

» The notation p is used for a prime not necessarily odd. The notation .4, denotes the nonequivariant
(mod p) Steenrod algebra.

e The linear combinations £ — (3 4., biA%) with € € Z and b; € Z>0 are denoted by ** C RO(G).
In the case n is even, we denote by x4y the gradings of the form £ — (Zdi n bikdf) —¢€o where £ € Z,
b; € Z>¢ and € € {0, 1}.

 The notation CP2° denotes the complex projective space with the C;-action given by conjugation.
Acknowledgements Basu would like to thank Surojit Ghosh for some helpful conversations in the context
of computations of 7, HZ. The research of Dey was supported by the NBHM grant no 16(21)/2020/11.

The results of this paper are a part of the doctoral research work of Karmakar. The authors would like to
thank the anonymous referee for detailed comments.
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2 Equivariant cohomology with integer coefficients

We recall some features of equivariant cohomology with coefficients in a Mackey functor, with a particular
emphasis on Z-coefficients, restricting our attention to cyclic groups G. For such G, a G-Mackey
functor M consists of abelian groups M (G/H) with G/ H-action, for every subgroup H < G, and they
are related via the following maps:

(1) the transfer map tri: M (G/K) — M (G/H),
(2) the restriction map reslf(l: M(G/H) —> M(G/K)

for K < H < G. The composite res{l trg satisfies a double coset formula (see [18, Section 3]).

2.1 Example The Burnside ring Mackey functor A4 is defined by A(G/H) = A(H). Here A(H) is
the Burnside ring of H, ie the group completion of the monoid of finite H-sets up to isomorphism.
The transfer maps are defined by inducing up the action S +— H xg S for K < H, and the restriction

maps are given by restricting the action. For the K-set K/ K, the double coset formula takes the form
res{’ trII({(K/K) = resf(H/K) = union of double cosets L\ H/K.

2.2 Example The constant G-Mackey functors are defined as follows. For an abelian group C, the
constant G-Mackey functor C is defined as
C(G/H)=C, resd =1d, u«f =[H:K]

for K < H < G. The double coset formula is given by resf trlf(l (x) =[H : K]x, for an element x € C.
We may also define its dual Mackey functor C* by

C*(G/H)=C, res# =[H:K], vl =1d.

2.3 Example For the group Cp, the Mackey functor (Z/ p) is defined by

C C
(Z)p)(Cp/Cp) =Z/p. (Z/p)(Cp/e)=0, res,” =0, tr,” =0.
The following Mackey functor will appear in Section 5.

2.4 Example For the group C,, we have the Mackey functor (A) described by

(AY(Cafe) =7/2, (A)(Ca/Cy) =0, ress?=0, ul2=0.
The equivariant stable homotopy category is the homotopy category of equivariant orthogonal spectra [27].
The Eilenberg—MacLane spectra are those whose integer graded homotopy groups vanish except in

degree 0. The following result shows that Eilenberg—MacLane spectra, and thus equivariant ordinary
cohomology theories, are uniquely determined from Mackey functors.

Algebraic & Geometric Topology, Volume 25 (2025)
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2.5 Theorem [14, Theorem 5.3] For every Mackey functor M, there is an Eilenberg—MacLane
G -spectrum HM which is unique up to isomorphism in the equivariant stable homotopy category.

For a G-spectrum X, the equivariant homotopy groups have the structure of a Mackey functor E,? (X)),
which on objects assigns the value
7 (X)(G/H) = mn(XT).
The grading may be extended to a € RO(G), the real representation ring of G, as
15 (X)(G/K) =[S* A G/K+. X]g.

which is isomorphic to nf (X). Analogously, equivariant homology and cohomology theories are
RO(G)-graded and Mackey functor valued, which on objects is defined by

HGX: M)(G/K) =[X A G/Ky. Z*HM]g,

HS(X: M)(G/K) =[S* A G/K+, X A HM]g.
For a constant Mackey functor C, the integer graded groups at orbit G/ G compute the cohomology of
the orbit space of X under the G-action, ie Hj(X;C) = H"(X/G; C).

As HZ is aring spectrum, the Mackey functor Z has a multiplicative structure, ie it is a commutative
Green functor [29, Chapter XIIL5]. As a consequence, H (X; Z) are Z-modules. These modules satisfy
the following property.

2.6 Proposition [38, Theorem 4.3] For any Z-module G-Mackey functor M , trg reslf(l is multiplication
by the index [H : K] for K < H < G.

For an element o« € RO(G) such that |a® | = 0 for all H < G, the representation sphere S* belongs to
the Picard group of G-spectra. We note from [1, Theorem B] that, for such «,
2.7 xS(HZASY =Z.

We recall a few important classes which generate a portion of the ring 7 (HZ).

2.8 Definition [18, Section 3] For a G-representation V, consider the inclusion S® < SV, Composing
with the unit map S — HZ, we obtain S° — S¥ — SV A HZ which represents an element in
an(HZ) ~ flg(SO; Z). This class is denoted by ayp .

2.9 Definition [18, Section 3] For an oriented G-representation of dimension 7, J_TS_V(H 7)) =17
[18, Example 3.10]. Define uy € nnG_V(H Z) = fInG (SY;Z) = Z to be the generator that restricts to the
choice of orientation in LI,? (SV:Z)(G/e) =~ Hy(S": Z) = Z.

The following result simplifies calculations for 7% (HZ).
2.10 Proposition [3, Theorem 3.6] Ifgcd(k,n) = 1, then
HZASY ~ HZ A SM
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Proposition 2.10 implies Mg Z ~ HZ if gcd(k,n) = 1. That is, in the graded commutative
ring ¥ HZ, there are invertible elements u; ki _; in degrees A! —AKi whenever ged(k, n) = 1. Therefore
to determine the ring 7 HZ it is enough to consider the gradings which are linear combinations of A4
for d | n.

The linear combinations £ — (Zd,» In bikdi) + €0 € RO(G) with £,b; € Z and € € {0, 1} are denoted
by *4iy. The last term eo occurs only when |G| is even. In the case of HZ, the ring n*Gdiv(H Z) is also
obtained from JT*G (HZ) by identifying all the u;xi _y; with 1. More precisely,

w8 (HLZ) =nl(HL)/(upri_yi —1) and w8 (HZ)=nxC (HL)ujri_yi | ged(k,n) = 1].
In fact, we choose u;xi_y: such that resC (uyki_;:) = 1 € HO(pt). This implies that u i _yi 13 = yxi.
The following proposition describes the relation between a,«: and a,; in ”Sﬁv (HZ) in the case G is of
prime power order (see Definition 2.8 for a description of the class a)«i ).

2.11 Proposition Let G = Cpm. If ged(k, p) =1, then
Uyi_pkilyki =kayi.
Thus, in the ring nfﬁv (HZ),
a)ki = kd)Li .
Proof By Proposition 2.10 we have
2.12) HZASY ~ HZ ASM.
Hence there exists uyki_yi € 7T0G (HZANS )‘ki_)‘i) such that the composition
v HZ A SN M08kt gy A SV A g7 A SMM L g A sMY
induces the equivalence (2.12). Since all the fixed-point dimensions of Ak _ A7 are zero,
x§(HLASM' ) =2
by (2.7). Choose uxi_;i € ng(HZ A S)‘ki_)‘i) to be the element such that res¥ (u; xi_;:) = 1. Multi-
plication by uy ki _yi,
i ki
Y tC(HZASY) > 28 (HZ A S,
sends a;; to uyki_yi - ayi. Consider the map
¢ki_klci : S)Li — S)”ki s
under which z — z¥, that is, the underlying degree of ¢yi_yki is k. Since ged(k, p) = 1, we may choose
k' such that k -k’ =1+ tp™. Then

1 HZ G
Upsi 3 =K )i 7 —1-tr (1)
HZ
i

asres@ (uyxi_yi) = k -k’ —tp™ = 1, where Byi i

is the Hurewicz image of ¢, _y«i. This implies
Uyki_yi ~dyi =k~ @yi_yki -ay —t-trf(l) cayi =k -ayni.
Consequently a; ki =k -ay;. O
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In particular, we obtain the following again assuming |G| = p™.

2.13 Proposition Letd = p* be a divisor of p™ and 1 <i < d. Note thati —d and i have the same
p-adic valuation. Then

dyi—d = ®i,d cdyi,

where ©; 4 = # which is well defined in Z/ p™.

The following computations of 7_19’ (HZ/ p) [10, Appendix B] will help us in the following sections. For
an odd prime p we have

Z/p if|a|=0,|a%| >0,
Z/p* if|a|=0,|a%| <0,

(2.14) 7$P(HZ)p) = {(Z/p) if |a| <0,|aC| = 0,and |a| even,
(Z/p) if |a] >0, ]a| <—1,and |a| odd,
0 otherwise,

and for the group Cj,

Z/2  if|a| =0, |a%2| >0,
Z)2*  if e =0, |«C2| <0,
Ay ifla| =0.]aC| = —1,
2) if la] <0, |a©2]| >0,
2) if o] >0, |«©2] < —1,
0 otherwise.

(2.15) n$AH(HZ/2) =

2.16 Anderson duality Let /g and I,z be the spectra representing the cohomology theories given
by X — Hom(7%,(X),Q) and X — Hom(7 %, (X),Q/Z), respectively. The natural map Q — Q/Z
induces the spectrum map /g — Iz, and the homotopy fiber is denoted by /7. For a G-spectrum X,
the Anderson dual I7 X of X is the function spectrum F(X, Iz). For X = HZ, one easily computes
IzHZ ~ HZ* ~ Y2~ HZ [6; 39] in the case G is a cyclic group.

In general, for G-spectra £, X, and « € RO(G), there is short exact sequence
2.17) 0 — Extr (Eq—1(X), Z) — I7(E)*(X) — Homp (Eo(X), Z) = 0.

In (2.17), Ext; and Homy, refer to levelwise Ext and Hom, which turn out to be Mackey functors.
In particular, for E = HZ and X = S°, we have the equivalence E(X) = gg (S%; Z). Therefore, one
may rewrite (2.17) as

(2.18) 0 — Exty (xS, , 4(HZ).Z) — nC,(HZ) — Homy (xS, ,(HZ).Z) 0
for each @ € RO(G).

Algebraic & Geometric Topology, Volume 25 (2025)
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3 =8 (HZ) for cyclic groups

This section describes various structural results of n*G (HZ) which helps us to construct the homology
decompositions in the later sections. With Burnside ring coefficients, Lewis [25] first described JTf P (HA).
The portion of the RO(Cpn)-graded homotopy of HZ in dimensions of the form k — V' was described
in [19; 20]. Using the Tate square, rr*c 2(HZ) was determined in [13] and nf "(HZ/ p) in [5]. For groups
of square free order 7% (HZ) was explored in [6], and for the group C P2 b3 (@ appeared in [39].

We use the notation nfe (HZ) to denote the part of n*GdiV(H Z) in gradings of the form k — V where V
does not contain the sign representation o. That is, *¢ C RO(G') consists of / — > dln ba\? with by > 0.

3.1 Theorem [2] The subalgebra nfe (HZ) of 19 (HZ) is generated over 7 by the classes dyd,Uyd
where d is a divisor of n, d # n with relations

(3.2) gaw —0,

d s
33 ———ays =— 5.
(3-3) gcd(d,s)a)“ Had ged(d, s) Daata

For a general cyclic group G and o € x¢, we observe that the expression above implies that naG (HZ) is
cyclic. This is generated by a product of the corresponding u-classes and a-classes, and (3.3) implies that
they assemble together into a cyclic group. The order of this is the least common multiple of the orders
of a product of a-classes and u-classes occurring in naG (HZ).

In Z_/p—coefﬁcients, (3.3) simplifies to the following.

3.4 Proposition In Z_/p—coefﬁcients,

@3.5) aypayda = payailypd = 0.
The space S(A?") fits into a cofiber sequence

G/Cpr . 178 G/Cpr . — SOLP") 4.
It follows that

(3.6) ng” (HLZ) =0 and ", (HZ) =0 = 7§ (SGP")) =0.
In the case r = 0, we may make a complete computation to obtain [6]

Z* if |a| =0,
3.7 7a(SM+ ANHZ) = Z if |a| =1,

0 otherwise.

Suppose « satisfies | | > 0 for all subgroups H. This means that S® has a cell structure with cells of
the type G/H x D" for n > |a® |. Therefore,

3.8 la® | > 0 for all subgroups H = J_rg(HZ) =0.

Algebraic & Geometric Topology, Volume 25 (2025)
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Now if & satisfies || < 0 for all subgroups H, B = —a satisfies the above condition. As S* is the
Spanier—Whitehead dual of S B, we may construct it using cells of the type G/H x D" for n < 0. Again,
789 (HZ) = 0. Thus,

(3.9 la| < 0 for all subgroups H = z¢(HZ) = 0.

Using Anderson duality, we extend these relations slightly in the following proposition. We say that a
representation « is even if all the fixed points of o are even dimensional.

3.10 Proposition Leta € RO(G) be such that o« is even, || > 0, and |« X | > 0 for all subgroups K # e.
Then 28 (HZ) = 0.

Proof By (2.18),
0— Exty (%, _3(HZ).Z) - xS (HZ) - Homp (z,,,,_,(HZ).Z) — 0.

Since |«| > 0, we have | — o + A — 2| < 0. Hence the right-hand side term is zero as the Mackey functor
7_r§a+k_2(HZ) only features torsion elements. Also, |(—a + A —3)#| < 0 for all H < G. Hence
7§ (HZ) = 0. O

The following theorem may be viewed as another extension of (3.8). It also provides the necessary input
in proving homology decompositions.

3.11 Theorem Leta € RO(G) be such that |a® | is odd for all subgroups H, and |« | > —1 implies
|aX| > —1 for all subgroups K 2 H. Then n% (HZ) = 0.

The second condition stated here may be equivalently expressed as |af| < —1 implies |« X| < —1 for
all subgroups K of H. The first condition implies that & does not contain any multiples of the sign

representation in the case |G| is even.

Proof It suffices to prove this for G of prime power order, via Proposition 2.6. For groups of odd prime
power order, this is proved in [3].

Let Fg = {@ € RO(G) |[VH C G, |af| > -1 = |aX| > —1 forall H C K}. We would like to show

that o € Fg implies o (HZ) = 0. If « € Fg with [«®| < —1, the hypothesis implies | | < —1 for all

subgroups H of G. For these «, 7_15 (HZ) = 0 by (3.9) as all the fixed points are negative.

Now let a € Fg, and H = Cpr is a subgroup such that laf| < —1. This implies that for all K C H,

|o®| < —1. For such an o, « — A?° € Fg for s <r. Also the cofiber sequence
SOy —> 80— s

gives the long exact sequence of Mackey functors

(3.12) 7S (SAP) AHZ) > nS (HLZ) > 78, s (HL) = 201 (SOP )4 A HL).
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The given condition on « implies that o« —¢ for # € {0, 1, 2} has negative-dimensional fixed points for

subgroups of Cps. It follows from (3.6) and (3.9) that 79 (HZ) = 7, _yps (HZ). In this way by adding

and subtracting copies of A?” for s <r while adhering to the condition |aX | < —1 for all subgroups K of H,

we may find a new B € Fg, satisfying |8X| = —1 for all K = Cps for s <r, and gg(HZ) ~ Eg(HZ).
A consequence of this maneuver is that it suffices to prove the result for those o € Fg such that |o ™ | > —1
for all subgroups H. Call this collection ]-'(Z;_l C F¢.

A small observation will now allow us to assume || > 1 in ]—"g_l. For, we have the long exact sequence
1g (SW+ AHL) — n(HL) = ng_; (HL) = ma-1(S(W)+ A HL),

by putting s = 0 in (3.12). Applying the computation of (3.7), we deduce gg (HZ) = Eg—k (HZ)
if || > 3, and if |o| =1, gg (HZ) = 0 implies Eg—k (HZ) = 0. The last conclusion is true because for
v=oa—1,|v| =0, and the map

Z* =n(SW+ A HL) — n ] (HL)
is an isomorphism at G/e, and hence injective at all levels.

Suppose that o € fé_l and |¢| > 1. By Proposition 2.6, gg(H Z) only features torsion elements as
7_rg(H Z)(G/e) = 0. Applying Anderson duality (2.18), we obtain

g (HZ) = Exty(z{_o_3(HL). Z).
Now note that all the fixed points of A —« — 3 are negative if o € ]_-5—1 and |a| > 1. Therefore,
79 (HZ) = 0 and the proof is complete. m|

We also have a calculation of 7_13 (HZ) if all the fixed points are > 0.

3.13 Proposition Let @ € RO(G) be such that || = 0, and |aX| > 0 even for all subgroups K # e.
Then y_rg (HZ) is isomorphic to the Mackey functor Z.

Proof The cofiber sequence
SM)4 — SO — st

implies the long exact sequence (by taking Mackey functor valued homotopy groups after smashing
with HZ)

18 S (SM4AHLZ) > 78 (HZ) > 7§ (HL) 78, (S 4AHL) =8, ((HLZ)—---

putting s = 0 in (3.12). Note that « + A — 1 satisfies the hypothesis of Theorem 3.11. The element o + A
has dimension 2, so by Proposition 2.6, the Mackey functor gg i 5 (HZ) features only torsion elements.
By Anderson duality (2.18), we have

78 (HZ) =Exty (z%,_,(HZ).Z).
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Clearly from the given hypothesis, all the fixed points of —3 — « are negative, therefore by (3.9),
J_ISJFA (HZ) = 0. We obtain

2S(HLZ) =78, (SM+AHL)=Z,
by (3.7). o

This helps us define the following classes.

3.14 Definition Let j be a multiple of i. Then by Proposition 3.13, the Mackey functor gfj Y, (HZ)

G

is isomorphic to Z. Define the class uyi_y; € 7% _

the orbit G/e corresponds to 1 € Z.

2 (HZ) to be the element which under restriction to

The multiplication of the class uyx _yax With ayax is a multiple of a, «. A similar description also appeared
in [20, page 395].

3.15 Proposition We have
Uyk_pdk Aydk = dayk
and

Upk _pdk Updik = Uk .

Proof Let ayax )« denote the map

k dk
a)hdk/)hki Sk — S)” s

under which z > z¢. Then, the underlying degree of this map is d. Moreover,
akdk/kk a)\’k = a)\dk .
Hence u)x_yax ajax = uyk_yax ayax jpx ayx, where
Uy _yak dya ke € HE(S% 2)(G/G) = Z.
Since resC (uyk_jax) = 1 and res¢ (ajpaxjpx) = d, we obtain
Uk _ydk Ayak = dayk.
Similarly, since res$ (uy x _yax tyar) = res@ (u;x) = 1, we have

Upk_pdk Updik = Upk. O
The following will be used in subsequent sections.

3.16 Proposition Leta = Al + ...+ A Then
Hz4(S% =0.
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Proof For a representation A’s, we have the cofiber sequence S(A’); ~> S0 - § a3 Hj is the
kernel of the representation A’s, then we also have the cofiber sequence
G/Hy, ~=% G/Hy, — S(\) 4.
To see H A (S%) = 0, consider the long exact sequence
0— Hz' (S(A')1) — Hg*"‘ (8% — HE(S®) L5 HE(S(A1)4) — -

The first term is zero as Hj(G/H1+) =0 for j < —1. Also, HO(S(Ai1)+) -~ HO(G/HH_) ~ 7.
Moreover, under this identification, the map r* is the restriction map res?, o (Z), and hence r* is an
isomorphism. Thus H A (S%) = 0. Using similar arguments, the result follows by induction. |

3.17 Example The Mackey functor H 0C2 (S?;Z) is zero. To see this consider the cofiber sequence
Cyfe, — S°—S°
and the associated long exact sequence in cohomology
0— HY (S%:2) —» HY (S%Z) —» HY (Ca/ey: L) — HL (S°:Z) —
The restriction map LI%Z(SO; 7)) — ﬂ%z (Cy/e; Z) is injective. Thus we have ﬂocz (S9:;Z)=0.
Next we describe a homology decomposition theorem for a cyclic group by generalizing Lewis’s approach.

3.18 Theorem Let X be a finite type (that is, with finitely many cells of each dimension) generalized
G -cell complex with only even-dimensional cells of the form D(W'). Suppose further that for cells D(W),
D(V') we have the condition

dimW# <dimVH = |WX| < |VvX| forevery subgroup K containing H.
Let C denote the collection of cells of X under the above description. Then,

HZAXy~HZv \/ HZASY.
D(W)ecC

Proof The main step of the proof involves a pushout diagram of the form
S(V)—— D(V)
(3.19) l l
X —Y
where we know that HZ A X =~ \/f-;l HZ A SYi. By looking at the cofiber sequence
HZAX - HZAY - HZASY,

we see that the connecting map goes from HZ A SV to \/f;l HZASViH! Leta =V —W;—1.
Then for each i, HZ A SV — HZ A SWit1is in ES(HZ). Using Theorem 3.11 for this o we get the
connecting map to be 0. Hence the result follows. |
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4 Additive homology decompositions for projective spaces

In this section, we show that HZ A P(V') is a wedge of suspensions of HZ in many examples. Along
the way, we also construct suitable bases for the homology which are used in later sections.

4.1 Cellular filtration of complex projective spaces For a complex representation V of G, the
equivariant complex projective space P (V) is the set of complex lines in V. It is constructed by attaching
even-dimensional cells of the type D (W) for representations W. We note that P(V) and P(V ® ¢) are
homeomorphic as G-spaces for a one-dimensional G-representation ¢. As G is abelian, the complex
representation V' is a direct sum of ¢; where dim(¢;) = 1. If we write V = V' @ ¢ for a one-dimensional
representation ¢, we have a cofiber sequence

P(V')— P(V)— S? '@
As a consequence, we obtain a cellular filtration of P(V'), which we proceed to describe now. Write
V=¢p14+¢2+:+¢yand V; = ¢1 + ¢ + -+ + ¢;. The cellular filtration is given by
P(V)) S P(V) S-S P(Vy)=P(V)
with cofiber sequences »
P(Vi) = P(Vigy) — SP01®7,
This shows that P(V; 1) is obtained from P (V;) by attaching a cell of the type D(W;) for W; = ¢ +11 RVj.

This filtration depends on the choice of the ordering of the ¢;. Via Theorem 3.18, we are looking for
decompositions of HZ A P(V') as a wedge of suspensions of HZ.

4.2 Example For G = C, where p is odd, consider P(V) for V = A% + 21 + 2. We write V =
A% 4+ A 4+ A + A? and obtain the corresponding cellular filtration on P (V). The corresponding cells are
D (W) where Wy, = ¢! ® Vyy—y for m < 4. Observe that |W;| < |W,| but |W3Cp| =2>0= |W4C”|
which means that the hypothesis of Theorem 3.18 is not satisfied. However a simple rearrangement allows
us to write down a homology decomposition. Writing V = A% 4+ A 4+ A% + A, we see that the resulting W;
satisfy the hypothesis of Theorem 3.18. This implies

HZAP(V)y~HZV(HZASY)V(HZAS*)v (HZASPH?).
In the following theorem, let V = ngA® + nyA! + -+ +n,_1AP~! be any Cp-representation. Except for

the fact that the n;’s are nonnegative, no other condition is imposed on 7;. We may assume ng > n; by
replacing V with V ® A~/ if necessary.

4.3 Theorem LetV =noA®+n Al +---+ np_lkp_l be a complex Cp-representation and ng > n; >0
for all i. Then

a—1 ayt+ar—2 (2721 aj)—no .
HZAP(V)y~HZv \/ S*Hzv ] S*2HZV...v \ ysirt2o-D g7
i=1 i=a1-1 =727 ap)—(no—1)

where a; is the cardinality of the set {nj :nj >i}.
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Proof We arrange the irreducible representations in V' in such a way that
V=A41+ A2+ -+ Any,

where 4] = anzl AL A, = Zn,-22 AL Apy = Znizno A, Then, g; is the number of summands

appearing in A;.

We consider the cell complex structure on P (V') associated to V = Z?inlc 4 ¢; where ¢;’s are defined by

. . “ee . — — l
it antt YOS apra S e = A= 2
ni>j
for j > 1, assuming a¢ = 0, and the powers of A above are arranged in increasing order from 0 to p — 1.
To prove the statement, we use induction on the sum ng +ny +---+n,_ =dimc V.

When ng +-+-+np_y = 1, thatis, no = 1 and n; = 0 forall 1 <i < p— 1, then V = A°. Thus
P(V);y =5%and
HZAP(V); ~HZAS°~HZ.

Now suppose that the statement is true for integers less than ng +n + --- +n,_1. Using the notation
Vie= Zle ¢; as above, the inductive hypothesis implies the result for X = P(V}) whenever k <dimc V.
In particular, letting m =) n; — 1,

V:Vm+¢dimCV:Vm+)\-s

for some integer s. Let a;., n; and A;. denote the values for V}, that correspond to a;,n; and A; for V.
Observe that @} = a; if i <n,, a;,O = ap, — 1, and our choice of the ¢; implies that ny = ng. The induction
hypothesis implies

aj—1 a\+a,-2 ( 72161})—”6

. . . /
4.4) HZAP(Vy)+~HZv \/ S*HZV PNLREY  AVERY, yirt20-D gy,
4 + & & 4 4
i=1 i=a’ —1 1
=0 =2, a)—(ny—1)

We see that either s = 0 or if s # 0, ny = ng. We first consider the latter case. Then n6 = ny, a;. = a;
whenever i < ng and aﬁ,o = ay, — 1. Thus (4.4) reduces to

aj—1 ar+ar—2 2 a)—(no+1)
HZAP(Vp)y ~HZV \/ *HZV \/ S*T2HZv---v \/ itt200-D g7,
i=1 i=ai-1 =1 ap)—(no—1)

As ny = ng, the coefficient of A* in Vj;;, = V — A% is ng — 1 = ng — 1, which in turn implies the coefficient
of A% in A™5 ® Vi, is ng — 1. Thus |(A™° ® V;,)?| = 2(ng — 1). We look at representations i A + jA°
where i € {0,1,...,a0+a; +---+ay,—1 —1—ngjand j €{0,1,...,n9—1}. Then,

A+ jA0 P =2] <200 —1) = |A7° @ Vi) 7.
Therefore the hypothesis of Theorem 3.18 is satisfied in this case.
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When s = 0 we have ny = ng — 1, a; = a; for all i <ny. In this case, (4.4) reduces to

a;—1 aj+az—2 (27011“1 —(no—1)
HZAP(Vm)y~HZv \/ =*Hzv \/ =*P?HZv...v \/ sitt20-2D gy
i=1 i=al_1 i= (Z] ) a]) (n() 2)

Note that a,, = 1, that is, ay, —1 = 0. So we can rewrite the equation as

a;—1 ai+ar—2 (2711 a;j)—no
HZAP(Vy)y~HZv \/ =*Hzv \/ =*2HZv...v \/ siAt20-2 gy,
i=1 i=a;—1 i= (Z] ) a]) (no—2)

Since s = 0, we have A™* ® V;, = V;,. Now for all representations of the form iA + jA® where
i€{0,1,...,(ap+ay+---+ay,—1 —no)yand j €{0,1,...,(ng —2)} we have

2+ jAOCP | =2 <2(no—2) < 2(ng—1) = [V | = |75 & Vi) .
These calculations imply that both cases satisfy the hypothesis of Theorem 3.18. Thus, we obtain
HZAP(V)y~(HZANPVi)s)V (HLZASY ®Vm).
Using the facts HZ A S* ~ HZ A S* and HZ A S*° ~ HZ A S2,
HZAP(V)y = (HLZ A P(Vin)4) v (HZ A SEi21a7m0)h+200=1)
for both s =0 and s # 0. |

We elaborate this theorem with an example below.

4.5 Example Let V =31%42A+42 be acomplex C p-representation. Since among the three coefficients
appearing in the expression for V here, 4 is the largest, we consider V @ A 72 = 410 4+ 3422 4 2,71,
For simplicity, we call this also as V. We now write V' as a sum of A;, thatis, V = A1 + Ay + A3 + Ay,
where 4] = A0+ AP 2 4 AP7 1 Ay =20 4 AP 2 0P~ A3 =20 40272 4, = A0,

Note that @y = 3, ap = 3, as = 2 and a4 = 1. From Theorem 4.3, we conclude that
HZAP(V)4 > (HZA P(Vin)+) vV (HZAST™),
which is the same as
2 . 4 . 5 .
HZ v \/ EZKHZ v \/ El)u-i-ZHZ V. \/ El)u+4HZ V. \/ 25A+6HZ-
i=1 i=2 i=4

4.6 Decompositions over general cyclic groups We now proceed towards the equivariant homology
decomposition of complex projective spaces where the group G is any cyclic group C,. Note that a
complete C,-universe &/ may be constructed as
U= h_n)l mp,
m
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where p is the regular representation. In the remaining part of the section, we stick to these representations
to avoid the involved expressions as in Theorem 4.3 for the general cyclic groups.

4.7 Theorem We have the decomposition
nm—1
HZAP(mp)y~ \/ HZAS?,
i=0
where ¢g = 0 and ¢; = A" (1c + A + A2 +---+ A7) fori > 0. Passing to the homotopy colimit, for a
C,,-universe U, we obtain o
HZAPWU)y~\/ HZAS?.
i=0
Proof We use induction on k to show that
k
HZAP(Vi)y ~\/ HLAS?
i=0

for Vj, = Z;{:o A!. The statement holds for k = 0 since Vo =A% = 1c and HZ A P(Vy)+ ~ HZ A S°.
Now let the statement be true for Vi, ie HZ A P(Vi)+ =~ \/f:o HZ A S?% . We have the cofiber sequence
P(Vi)+ = P(Vip1)4 — SP1,
Smashing with HZ we have
HZAP(Vi)+ = HZ A P(Vig1)+ — HZ A SP1,

Thus the connecting map goes from HZ A S®+1 to \/5;0 HZ A S®*1. For each i < k the map
HZ A S+t — HZ A S%T1 belongs to 7r0C” (HZ A SPiT1=%k+1) ~ ”;:1+1—¢,-—1(HZ)' Taking o =
dr+1—¢i — 1, we have |o] is odd. Note that

k+1 H
= lofl It -1=| (3 ) ‘—1 - 1.
j=i+1
By Theorem 3.11 the connecting map is 0. Thus
k+1
HZAP(Viy)+~ \/ HZA S O
i=0

We may also consider a variant in the case G = C, which acts on CP" by complex conjugation. The
resulting C,-space is denoted by CP” for 1 < n < co. Then, (CP?)¢2 ~ R P" which shows that this
example is homotopically different from the example above.

4.8 Theorem There is a decomposition

n n

HZACP!, ~\/ HZA ST ~\/ HZ A S™.
i=0 i=0
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Passing to the homotopy colimit,

o0 o0
HZACP®, ~\/ HLAS'™° ~\/ HZ A S™.
i=0

T
i=0

Proof The method of the proof is exactly same as Theorem 4.7. The main step involves the cofiber
sequence
CPI', < CPI' — S"t".

Smashing with HZ gives
HZACP!™', — HZACP!, — HZAS"*"°.

The connecting homomorphism goes from
n—1
I{Z/\Sn+n0—9'\/I{Z/\SFHG+P
i=0
as HZ ACP"=', ~\/"_) HZ A §"t"9 by the inductive hypothesis. For each 0 <i <n—1, up to
homotopy, the map HZ A S"T"% — HZ A S'Ti°+1 belongs to

no(Si+1—n+(i—n)a AHZ) = ngl_"ﬂi_")a(SO),

which is 0 when i < n —1 as all the fixed-point dimensions are negative. Ati =n — 1, we get the Mackey
functor (S™° A HZ) equals LIE;’ (S Z), which is zero by Example 3.17. O

4.9 Quaternionic projective spaces As in the complex case, the quaternionic projective spaces may
be equipped with a cell structure that turns out to be useful from the perspective of homology decom-
positions [8]. The quaternionic C,-representation " is given as multiplication by e on H. As a
complex C,-representation, ¥ = A" + A~". The equivariant projective space Pp(V') for a quaternionic
representation V is the set of lines in V, that is, Py (V) = V \ {0}/ ~ where v ~ hv for all v € V \ {0}
and for all # € H \ {0}. Define pg = H ®¢ pg, and note that as H-representations,

n—1 )
pH =Y V'
i=0

We write Vj, = Zf-:(} ¥!and Wy, = A% ®¢ Vj. We recall from [8] that Py (mpp) is a G-cell complex
with cells of the form D(Wy,) for k <mn — 1.

4.10 Theorem Let G = C,. We have the splitting
mn—1
HZ A Pu(mpu)+ ~ \/ HZAS™.
i=0
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Passing to the homotopy colimit, we obtain

o0
HZABgS} ~ HL A Pu(Uu)+ ~ \/ HZ A SW.
i=0
Proof We proceed as in Theorem 4.7 by showing via induction on & that

k—1
HZAP(Vi)y~\/ HZAS™.
i=0

Along the way we are required to check |WkH — WiH — 1] = —1 for i <k which implies Theorem 3.11
applies to prove the result. Indeed, it is true as

o (D
I (E T

is a nondecreasing function of i. a

4.11 Construction of a homology basis We now define the classes «g, which serve as additive
generators of HF (P (U)). Let Wy and ¢y be the representations

4.12) Wyi=1lc+i+--+A' and ¢y =2 Uc+Ar+---+2151).
Consider the cofiber sequence
P(Wy_1)4 = P(Wp)4 25 8%
At deg ¢y, the associated long exact sequence is
e HG T PWemr)4) = HE(S) 25 HE(P(Wp)4) — HE(P(We—r)4) > -

Note that ﬂqéz_l(P(We_l)+)(G/€) ~ H?71(P(CY) = 0. So, the restriction of the map x* at the
orbit G/e is an isomorphism. Hence, the Mackey functor diagram says that the image of 1 € H, g‘ (S%) ~
Hg (pt) = Z under the map x* is nonzero. Define ozgf to be the element x*(1). We often omit the
superscript and simply write g, .

Now we lift g, by induction to get the generator aé’e (or simply «,) which belongs to Hg‘Z (PUL)).
For this we successively add representations (one at a time) to Wy in a proper order to reach /. Let U’ CU
be a representation containing Wy. Assume that for U’ the class «g, has been defined for H‘Gbe (P(U").
Suppose U = U’ + A/. Consider the cofiber sequence

PU): & P —» SV
and thus the long exact sequence
@13) - BV S APy L HE(P(U) ) — BETN(SYTU)

Algebraic & Geometric Topology, Volume 25 (2025)



Equivariant cohomology of projective spaces 3069

By Proposition 3.16 and Theorem 3.11, the first and the fourth term in (4.13) are zero. So the map 6* is
an isomorphism. Hence a unique lift of g, exists in Hé’“Z (P(U)) along the map

0*: HZ' (P(U)+) — HG (P(U')+).
Since the restriction of the map x™* to the orbit G/e is an isomorphism, we get

4.14) reseG (ag,) = xt.

4.15 Additive generators of H 5 (P(U)) By Theorem 4.7, we may express the additive structure of
the cohomology of P(Uf) as

oo n—1

(4.16) HE(PW) =D @ HE % (py).

k=0i=0

where ¢; = A7 (Ic + A +---+ Ai"1) and ¢y = 0. The above construction defines the generators
Ok +o; € Hé¢” *+ (P (U)) which corresponds to the factor Hé_k¢”_¢i (pt) in (4.16). Summarizing the
above, we get the following.

4.17 Proposition Additively, the classes a4, +¢; generate Hj(P(U)) as a module over H (pt).

5 Application: cohomology operations

Let G = Cp (p not necessarily odd). Recall that A, is the mod p Steenrod algebra. We consider

¢ =I[HZ/p.Z"HZ/plc.
for n € Z, and the map
Q: AG — Ap,

as its restriction to the identity subgroup. We demonstrate that the additive decomposition of Section 4
recovers the following result of Caruso [7].

5.1 Theorem Let 6 be a degree-r (r is even) cohomology operation not involving the Bockstein 3. For
such 0, there does not exist an equivariant cohomology operation

0:HZ/p— S HL/p
such that Q(é) =6.

Before going into the proof, let us look at some examples.

5.2 Example Let p be odd. We claim that there does not exist an equivariant cohomology operation
PU.HZ/p— $2P"2HT/p
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such that Q(}F;l) = P!, where P! is the power operation. The existence of such a P! would lead to a
map of Mackey functors

HE(X:Z/p) - HG " (X:Z/p) for « €RO(G),

which is natural in X. In particular, let us take X = P({) and @ = A. We observe that

HA(PWUYT) p) —F s HSP 2Py 2/ p)

(53) lg lg

Z/p Z/p®

An explanation for this is as follows. For the group Cp, the additive decomposition in Theorem 4.7 tells us

oo p—1
(5.4) PuAHZ = \/ \/ S¥T ™ AHZ such that (k.i) # (0.0).
k=0 i=0
As a result,
2N ki
™~ % ok — —i .
Hs(PU):Z/p) = DD g """ (% Z/p). (k1) #(0.0).
k=0i=0

Leta =A+2p—2—kpp—ik. So|a| =2p—2kp—2i and |«®?| = 2p —2 —2k. Applying (2.14),
A+2p—2
we conclude that HG+ PTHPWU);Z) p) = 7] p*.

As P1(x) = x? for a generator x € H*(CP), the diagram (5.3) yields a commutative diagram

pl
Zjp——Z/p
1 (/ /)0 0(/ /j 1
Z)]p———1L/p
which is a contradiction.

The technique used in Example 5.2 does not work when p = 2. This is because the Mackey functor Z /2
may now appear in the right-hand side of the diagram (5.3), and so the contradiction drawn oumf
comparing the Mackey functor diagram fails. Below we argue differently to show that Sq? is not in the
image of 2.

5.5 Example Let p = 2. There does not exist an equivariant cohomology operation

—_—

Sq*: HZ/2 — X*HZ/2

such that (Sq?) = Sq?. The existence of such an equivariant cohomology operation would lead to a
map of Mackey functors

HE(X:Z/2) > HET(X:Z/2) for a € RO(G).
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Let X = CP2, the complex projective space with the conjugation action. Taking &« = p = 1 + o,

~

HY,(CP%Z)2) s, HEA(CP22)2)

(5-6) lg <[li

z/2

To see this recall from Theorem 4.8 that

2
CP}AHZ~\/ S NHL.
i=1

Hence
2

He, (CP22/2) = P HE ™7 (S 2/2).
i=1

Applying (2.15), we obtain the required Mackey functors in (5.6). Since Sq*(x) = x?2 for a generator
x € H?(CP™>), the diagram (5.6) yields the commutative diagram

which is a contradiction.

Now we demonstrate the result in general. Let P(/)"" be the smash product of r copies of P(f).
Equation (5.4) gives us

F(PUY™' HZ/p) ~ Fuz moa(PU)™ A HLZ, HZ/ p)

oo p—l
- \/ \/ §—(kigptitht-tkrgp+ird) NHZ/p,
kj=0i;=0

where j € {1,...,r} and (kj,ij) # (0,0). The last equivalence comes from the fact that P(U)"" A HZ
is a wedge of suspensions of HZ with finitely many ¥ HZ of a given dimension V. Hence

oo p—1
7 x AF. ~ x—(k1¢p+itA++kydp+ird) 0.
a. (P z/p) = P P G P02/ p).
kj=0i;=0
where j € {1,...,r} and (k;,ij) # (0,0). We are now ready to prove Theorem 5.1.
Proof of the Theorem 5.1 when p is odd Let 6 be a cohomology operation of degree r for r even,

such that 6 does not involve the Bockstein. This condition implies (p — 1) | r. Let s = ﬁ. Consider the
element x; ® - ® xg € H* (CP®; 7./ p), where each x; is a generator of H*(CP®>; Z/p). By an
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argument analogous to [30, Chapter 3, Theorem 2], we obtain 8(x; ® --- ® x5) 7 0. Now suppose we
have a map
0:HZ/p— X" HZ/p

such that ©2(8) = 6. This will lead to a map of Mackey functors
0: HE(X:Z/p) — HE (X Z/p).

Let us take X = P(U/)" and a = sA. We observe that

HM P2/ p) —2— HI (PU)™: 2/ p) —2 7./ p*

5.7 J/g l

12

Z/p z/p*® @ (z/p)*
for some integer t > 1 and £ > 0. To see this, let « = sA — ky¢pp —i1A — -+ — kspp — isA and
ad=sh+r—kipp— Ih—-- —lgsqbp — igh. The condition (kj,ij) # (0,0) implies

| =25 —2pk1 +---+ks)—2(i1 +---+1i5) <0.

If || < 0, then the Mackey functor is zero by (2.14). So the left-hand side of diagram (5.7) turns out to
be Z/ p. However the Mackey functor Z / p cannot appear in the right-hand side as the condition |&| = 0
forces |@C7| to be > 0. This is because

@l =2s+r—2p(ky +---+ks) =20+ +i5) =0

implies some i; # 0. Now if |G| =r —2(ky +---+k,) <0 then
|G| <25+ Q—2p)ky +--+ky) =2 +---+ir) <O.
So |@%»| > 0. Since O(x; ® --- ® x;) # 0, the map Z/ p(G/e) — Z/ p*(G/e) is an isomorphism. As in
the Example 5.2, this gives a contradiction. |
As before, the p = 2 case requires a different argument which we detail below.
Proof of Theorem 5.1 when p =2 Let 6 be a cohomology operation of degree 2r, such that 6 does not
involve the Bockstein. By an argument analogous to [30, Chapter 3, Theorem 2], we obtain
O(x1® ®x,) #0,

where each x; is a generator of H? (CP®;Z/p)and x| ®---Qx; € ﬁzr((CP"oAr; 7./ p). Now suppose
we have a map
0: HZ/2— S* HL/2

such that Q(#) = 6. This will lead to a map of Mackey functors
6: HE(X:2/2) —» HE™ (X:1/2).
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Let us take X = (CP?ON and o = rp = r + ro. With the help of Theorem 4.8 and (2.15) we derive that

H(CPEN 2/2) —— HE (CPEN:2/2) —2 22"

I l

Z]2 Z/2* @(2/2)®

Il

for some integer £ > 0. Since 6(x ®---® x;) # 0, the map Z/2(G/e) — Z/2*(G/e) is an isomorphism.
As in the examples, this gives a contradiction. |

6 The slice towerof P(V) . AHZ

The slice filtration in the equivariant stable homotopy category was introduced by Hill, Hopkins and
Ravenel in their proof of the Kervaire invariant-one problem [18] (see also [17]). The associated slice
tower is an equivariant analogue of the Postnikov tower. We use the regular slice filtration on equivariant
spectra (see [33]), which differs from the original formulation by a shift of one [33, Proposition 3.1].

6.1 Definition Let 7>, denote the localizing subcategory of genuine G-spectra which is generated by
G-spectra of the form G+ Ag S kpr | where pm is the (real) regular representation of H and k|H| > n.

Let E be a G-spectrum. Then E is said to be slice n-connective (written as £ > n) if £ € t>,, and E is
said to be slice n-coconnective (written as £ < n) if

[skertr g1H =
for all subgroups H < G such that k|H| > n and for all r > 0. We say FE is an n-slice if n < E <n.
In [22], the authors provide an alternative criterion for a G-spectrum being slice connective using the
geometric fixed-point functor.

6.2 Theorem [22, Theorem 3.2] The representation sphere SV is in t>, if and only if for all H C G,

dimvH > "
| H |

We note the following result from [17, Proposition 2.23].

6.3 Proposition If X isint>¢ andY isin t>,, then X AY isin t>,.

There has been a large number of computations of slices for equivariant spectra. They have been either
carried out in the case of MU or its variants [18; 20; 21] or for spectra of the form X" HZ [12; 15; 19;
31; 37]. We show that our cellular filtration yields the slice filtration for P(U/)+ A HZ up to a suspension.
In addition, the additive decomposition proves that the slice tower is degenerate in the sense that the maps
possess sections.
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6.4 Theorem The slice towers of X2 P(U)+ A HZ and %2 P(np)+ A HZ are degenerate and these
spectra are a wedge of slices of the form SV A HZ.

Proof Theorem 4.7 allows us to write

o0
PU AHZ~\/ HLAS?,
£=0
where ¢y = A~! (A +---+ A1) and ¢ = 0. We claim that each of £2S%¢ A HZ is a 2£ + 2-slice. Let
H = Cy,, a subgroup of G. We verify

[Ska-i-r’ gresa (Pe)+2 5 HZ]H ~ HgI(S();Z) =0

fork|H|> 20+ 2 and o =resg (¢y) +2—r —kpg. We may write £ = gm + s, where s < m, and thus
resg (¢¢) =2gpg +A+---+A5. Since km > 2042 =2gm + 25 + 2, we get k > 2q. Let k =2q + j,
so that

o =—r—QT 4 A" = (= Dpn.

Therefore either by Proposition 3.16, or using the fact that all the fixed-point dimensions of « are negative,
we have Hp; (5%2)=0.
To show S +2 A HZ > 2{ + 2, using Proposition 6.3, it is enough to prove S?*2 € 15,0, 5 as HZ is
a 0-slice [18, Proposition 4.50]. Appealing to Theorem 6.2, S#¢*2 € 15,5 as
2042 25 +2
=2q +

<2¢+2=dim(S?*?)# forall HCG. 0

6.5 Theorem The slice towers of %* P(Uy)+ A HZ and =* P(npy )+ A HZ are degenerate and these
spectra are a wedge of slices of the form SV A HZ.

Proof Theorem 4.10 allows us to write

(o,]
PUp)4 AHZ ~ \/ HZ A S*,
{=0

where £ = ¢! +--- + ¢! and & = 0. Let H = C,,, a subgroup of G. We may write £ = gm + s,
where s < m. Consequently, resgr (§,) = 4gpg + A + - - -+ A®. Proceeding as in the case of Theorem 6.4,
we deduce that each of 4S8 A HZ is a 4¢ + 4-slice. O

7 Ring structure of BgS'!

The objective of this section is to compute the equivariant cohomology ring Hj,(Bg S ) for G = Cpm,
p prime and m > 1. We use the identification BGS! ~ P(U) where U is a complete G-universe. The

additive decomposition of Section 4 already provides a basis for the cohomology as a module over
HE () = w8, (HZ).
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7.1 Multiplicative generators of H 5 (P(U)) The fixed-point space P(1/)° is a disjoint union of
n-copies of CP* which are included in P(1{) as P(coA’) = colimy P(kA') for 0 <i <n—1. Let
gi: P(coA?) — P(U) denote the inclusion. In particular, we have

(7.2) go: P(C*®) — PU).
For the trivial G-action on C P®°, we get

HEG(CP™) = H*(CP®)® Hi(pt) = H (py)[x],
where x is the multiplicative generator of H2(CP>;7Z).

Recall from Section 4.11 that the classes a4, +¢; form an additive generating set for Hg,(P(U)). The
following notes the multiplicative generating set.

7.3 Proposition The collection {a, | d divides n} generates Hj(P(U)) as an algebra over H (pt).

Proof We show by induction that each @y, 14, may be expressed as a sum of monomials on the o, .

Suppose we know that all generators with degree lower than a4, 4. can be written in terms of g, ’s.
=S i . k o r kén+oi

Leti = Zj=0 rj p? where 0 <r; < p—1. The class oe¢noz¢’;£ ---ad)‘i also belongs to H (P)).

So we may express the class as

(7.4 agna;‘;z ---a;‘i = C, U, +* F Chipy+¢; Ukp+;» Where cg. € HE(pt).

Note that in (7.4), a generator a4, 1, With degree greater than the degree of a4, +¢; cannot appear;
this is because for { = k¢, + ¢; — (t¢pn + ¢ps), the group Hé (pt) equals 0 by (3.8) as all the fixed-point
dimensions of ¢ are negative. Now, except the class cx¢, 14, the degree of the other ¢4 must be greater

re n+i _ G
¢ = resy (Xkg, +4;)

by (4.14). Therefore, ¢, 44, must be 1. a

than zero; hence their restriction to G/e is zero. Thus, resf (ag o - a;‘l) =X
n

7.5 Example Let G = Cp. The two classes oy, and oy, generate Hép (P(U)). The computations of
Lewis [25, Section 5] may be adapted to prove

p—1

(7.6) HE(PQD) = HE (0], g, )/ (1109, — g, T1 (0 +0tg))).
i=1

The relation is obtained by restriction to various fixed points.

The proof of Proposition 7.3 also demonstrates that one may change the basis of H (P (U)) over H(pt)
from {axg, +¢, } tO {a{; a;ee e oz;(i} where 0 <r; < p— 1. Therefore, there exists a relation of the form
n ¥p

p

o
oy

= cocd,pj ot lower-order terms.

By restricting to G/e, we see that ¢ must be u _ypi+1- The lower-order terms will be calculated by

ar/
restriction to fixed points. The next result describes ¢g (g, ).
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7.7 Proposition qq(0tp,) = upx.

Proof Atdeg, H}(CP®) has a basis given by ay and uyx. So g;(ag,) = c1ay + caupx. In the
notation of (4.12), Wi = I¢ + A. Consider the map i : P(W;) = S PU{) and f:pt— CP*>,
Consider the commutative diagram

HACP®) % 1A (Pl — s FA (S
( )« Hg(PU) — Hg/( )

G

*

HA(CP®) = ph@p®y —L" Ao
G G'\P

(%

By (4.14), reseG (ctg,) = x. So the left commutative square implies ¢, must be 1. Next, observe that the
map i* sends a, to the generator corresponding to 1 € Hg (S ~ ﬁé (SHc H(); (S*). The cofiber se-
quence P(1¢)4 ~ S° 4% P(W;)4 — S* implies qqi* (g, ) =0.Socy =0, and thus gg (g, ) =upx. O

7.8 Restrictions to fixed points We adapt the approach of Lewis [25] to our case for calculating g (g, )
For asubset I of d —1:={1,2,...,d — 1}, define

wlzk_d(l(c+2ki) and Vig=lc+ Y M+2+k I,

iel iel
for k > 0. Consider the cofiber sequence
P(Vio—A%)y — P(Vro)4 X5 S°1,
which implies the long exact sequence
oo HYTH P (V=) 4) > HEN (S X5 HE(P(Vi0)+) > HE (P(Vio—2h)4) — -+

Define AZ{,'O € HZ'(P(Vr)) to be x*(1). Next we lift the class AZ’I'O uniquely to the class AZ’I”‘ €
Hé" (P (V7 k)) with the help of the cofiber sequence P(Vy ¢)+ LN P(Vigs1)+ — SVie At degree wy
we get

e HONSV10) > HEN(P(Vygg1)1) 2 A2 (P(Vi)) — BN (SY10) > oo

We claim 92‘ is an isomorphism. To see this we observe that as i < d and d is a power of p, all the
fixed-point dimensions of A’ ~4 and A are same. Hence all the fixed-point dimensions of w; — V7 ¢ are

less than or equal to —2, so H(a;)'_V” (pt) = 0 and HgIH_V” (pt) = 0 for £ > 0. As the restriction
of x* to the orbit G/e is an isomorphism, we have
(7.9) resd (Agh*) = xITIH1,

In the same spirit, using the cofiber sequence
PV + = P(Vies1)+ 2 SV,
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we may define the class Q ”“ eHVI (PVigt1)) tobethe1mage of x*(1) where 1 eH . K(SV”) ~7.

As for Awi , this lifts umquely to define the class Q Vik HG] Z(P(VI ©)). We define Q Vik — 0. 1t

restriction to the orbit G/e is

Vi
reSG(Q 1.k |I|+e+2‘

) =X
Fori € I, let 7; . (or simply 7;) be the inclusion map P(Vp\gy k) = P(Vik).

7.10 Proposition For the map t; ; we get the following:

* Viky Viniy.k oVnax
@ 7 (Do) =0 q-a3i Mgy " i QVI\{i},o'
Viky _ Viviis .k o VK <
2) k(Q ) ai QVI\{i}.z +uy QVI\{:‘}.Z—H for0 </{ <k.

Proof We prove (1). The proof of (2) is analogous. We start with the representation V7 o, and successively
add 1¢ to reach Vj k. First consider the following diagram:

P(VI\{i},g — Ay —— P(Vio - A4

T,
(7.11) P(VI\{i},O)+%O> P(Vi0)+

a,i—d

SO} S@r

Since i < d, the p-adic valuation of i — d is the same as i. Thus

(712) ayi—d = ®i,d cdyi
by Proposition 2.13. At deg wy, the bottom commutative square gives us
Vio V.o
riﬂ:O(AwI =0jq-a,i Aw,\f,( .

In the next step, we add 1¢ to the representations in the middle row of the diagram (7.11). This fits into
the following diagram:

Ti,0
P(Vl\i\i},o)-i-;’ P(V140)+
+1¢ +lc

T,
(7.13) 1”(Vl\{i},1)+;l> P(Vi1)+

SVnao_—  §V1o
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Since we have built P(Vj\(;y,0) by attaching cells in a proper order, the boundary maps in the cohomology
long exact sequence induced by the left-hand cofibration sequence are trivial. Moreover, Hj (P (Vy\(i3,0))
is free as an Hg (pt)-module. So

—Visi
HEN(P(Vigiya) = He'(P(Vivino) ® Hg' N0 (py).
Further, Hé”_VI\”"’O (pt) = Z generated by the class u,;. So the diagram (7.13) implies

Vi _ AVI\{i},

* ) 1 oV
Ti,l(sz = 0, 4-ayi o +cuyi2

Vitit.o
for some ¢ € Z. We claim that ¢ = 1. For this, consider the diagram
Ti1
P(Vl\i\i},l)—i-;) P(Vi1)+

+1¢ +1c¢

T2
P(Vpiy2)+——— P(Vi2)+

SsVnaa gV

All the fixed-point dimensions of w; — Vy\g;3,1 are less than or equal to —2. Hence Hg’ Vi (pt) = 0.
Consequently, Hg;)l(P(VI\{i},z)) =~ H{ ' (P(Vy\(iy,1))- Furthermore, HgI_V“ (pt) = 0. As a result,

Vi Vi Vivgy
* 1.2y L. X IN{i}.,2 . X IN{i}.2
Ti2(Boy™) = Ojig-ayi Aoy~ +¢ ”A'QV,\“}@

Repeating this process, we obtain

* Viks _ AV O Vn\K
Tk (Bo ™) = Oia - ayi Doy + ¢ upiSdy, .

The map Tl.*k at the orbit G/e is an isomorphism. Moreover, by (7.9),

G aViky _ _I+1 _ . .GV k
res, (Ay, ) =X =res, (QVI\{”,O).

So ¢ must be 1, otherwise, we get a contradiction by restricting to the orbit G/e. |
In the case d = p™, the following simplification occurs as pl—a 3 = 0Dby (3.2).

7.14 Proposition For the map t; j, we get

VI k

Vi Viveis
Tifk(sz = a3 A oy QN

@1\ M3 Vngivo

If we work with Z/ p-coefficients, then a;i—a« = a,: as ®; 4 = 1 (mod p) by Proposition 2.13. This
simplification leads to the following.
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7.15 Proposition In Z/ p-coefficients

Vieis.k o Vnik
zk(sz = @i Ao,y +”K’QVI\{H.O'

The value of rl.":k (2 Zj 2 ) remains the same as in Proposition 7.10.
7.16 Remark For the group Cp,, we have P(Vg i) = P(Ck+2). Hence the class A, @ ¥ is the class
x € HZ(P(Ck+2)), and the class QV;Z is the class x¢t12 € Hée+4(P((Ck+2)).
7.17 Proposition In the case when I = &, we obtain
() 75 (Ael

) Td,k(QVg:g’) =aya - X fuya X2

) =Uya-X,

Proof Recall that V, ; = 1¢ + A% 4k -1¢. The cofiber sequence
P(c)+ 242 P(1c 4+ 194 — S

implies t 4 O(A ‘%) = 0. The rest of the proof is quite similar to Proposition 7.10. So we describe it
briefly. In the next step, we have

Td,
P(1¢)+ —— P(Vz0)+

Td.1
PQ2-1c)+“——— P(Vz,1)+

S2——— ,§Veo

At degree wy, H; neT 2(pt) =~ Z{uya}, and H @o—Ve.0 (pt) = 0. Using restriction to the orbit G/e, we may

conclude that Td 1(Awik) =15 k(AZg’ ) = Uja - X. O
The following is a direct calculation.

7.18 Proposition LetZ = {iq,...,i,}. Then

Ve r
T4 T, ---‘Ei,,(QV;’;‘) = xt—H(Clkd +uya-x) [ (ayis + xuyis)-
' s=1
Proof LetZ ={iy,...,i,}. Propositions 7.10 and 7.17 give
t+r Vo k
TqTiy " T, (QV” )= fd[ > (QV;@ > Up it == Upie—r @y ie—r 41 ---am)].

L=t ' {jla'“aj@—t}gz
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Applying t4 to QKZ ;‘ , we get

t+r
Vik L+1 L+2
tdr,-l---ri,,(QV”)z > ((awpx +upa-x"T7) > Upiy = Updo—s Ay dg—rqr " Air
L=t {1sede—t}ET
t+1 g £—t
=x""(aya +uya-x) > x ( > Upir = Upig—r Ay ie—r+1 "'akfr)
L=t Ulsesde—1YET
,
= X’“(axd +upa-x) Y xe( > Upir = Upie@yieqn ---am).
£=0 {J1sesJe}CT
This easily factorizes to imply the result. O

Now we are in a position to determine g (g, ).

7.19 Proposition The image of oy, under the map ¢ is

d—1 i d
q(’,‘(%d) =2 [( [1 ®j,dakj)uki+1x [T (ays —I—u;hsx)].
i=0 " "j=1 s=i+2
Proof Consider the map i: P(Vd 1.d) = P(L() given by inclusion. We claim l*(O[¢ d) = Z[Z:lld
The reason is as follows: both the classes " e 4 and Aw i1 11 ¥ were defined to be x*(1) using the cofiber

sequence P(Wy_)y < P(Wy)y X5 S% (see Sections 4.11 and 7.8). So these two classes are the
same. Then we extended these classes through a chain of isomorphisms by successively adding the

representation A’ (resp 1¢) to define the class g, (resp A ). In the end, we have P (Va=1,4) = PU),

Vd 1.d
s0 i*(ag,) = Apg—

wdl

To determine g (ag, ). it is enough to work out g (Aw’; 11 ). For this, we successively remove all the

nontrivial representations from V;_; 4. Now

Vi_
gDy ) =1a- fzfi(Awd !
Applying Proposition 7.15, this becomes

(7-20) 772(®1d akA Va— 1\{1}d)+fd TZ(MKQ Va— 1\{1}d)

@d—1\{1} Va—1\{13.0
Let zg = a)s + u)sx. The second term can be simplified by Proposition 7.18 to

d

d
upx [] (aps +upsx) =upx ] zs.
s=2 s=2

Now applying 7; in (7.20) and repeating the above procedure, we get

d
Va—1\11.23.4
d13(01,4-a) 00 g2 A=\ 5y ) Hupx l_[ Zs + 014 ayupax [ zs.
§s=2 §s=3
Repeating this process up to 7z we obtain the description of gg (ctg, ). |
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When d = p™, in the expression of tl.*:k (AZ’I"‘ ), the numbers ®; ; become 1 (see Propositions 7.14
and 7.10). Using Proposition 7.14 we obtain the following simplification.

7.21 Proposition The image of oy ,, under the map qq is

" "
qo (@g,m) = T (@i +xupi) — [] a.

i=1 i=1

Proof Since pllaw' = 0 by (3.2), from Proposition 7.19 we get

pn’l_l _ l pWI
sk
9o @p,m) = 2 ( [ au)umlx [T (as +uxsx)]

i=0 -Yj=1 s=i+2
pm_l _ l pm

= ( I1 akj)uli+1x I1 zs]
i=0 “Vj=1 s=i+2
pm—l B i pm i+1 pm

=Y [(Haw) T z-(Hau) T =]
i=0 “j=1 s=i+1 ji=1 s=i+2
pm pm

= Zg — ayi,
i=1 i=1

where zg = a)s + uysX. O

Either taken in Z/ p-coefficient or in the case of d = p™, the expression of rifk(AZ;”‘) is the same (see

Propositions 7.14 and 7.15). As a result we may proceed as in Proposition 7.21 to obtain the following.

7.22 Proposition With Z/ p-coefficients,
. d d
qo(a¢d) = l_[ (aki +Xuki) - l_[ ayi.
i=1 i=1

Once we have the expressions for gy on the multiplicative generators, we relate them to obtain the relations
in the cohomology ring. The following proposition states that ¢y is injective, which means that the image
of g3 may be used to detect relations.

7.23 Proposition Forevery j > 1, the map q; is injective at the degree Cpi =h+--+ VA Y L

Proof Recall from the additive decomposition of Theorem 4.7 that

HE(PW)) = @ H " (p){ag, ).

i=0

The notation hzere means that o, generat%s the factor Hé_(bf (pt) of the free H(pt)-module Hj (P (U)).
Therefore, H "(P(U)) = f’;o H ! ’(pt){a(pi}. The higher-degree generators (04(,)1”.+l onwards)
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cannot appear as by Proposition 3.10 the group H_ pi ~Opite (pt) is zero for £ > 1. Fori < p/ —1,

Weg use Theorem 3.1 to note that the element g j—¢; *= Api+1 " dypi_1d; pi—1 GENErates the group
H7 & (pt) ~7/p™7*1! (look at the dlscussmn following Theorem 3.1). Therefore the element
ag ;—¢;%; € Hg r/ (P(U)) also has order p"™~/T1, Hence,

HY (PU) =T & (Z/p" T+,
Similarly,
HE(P(oole)) = @D HE > (p){x'}.

i>0

i P gy Spi 20 i . . . pi—20, o
So Hg (P(oolc?) =@P;_, Hg (pY{x'}. By the discussion following Theorem 3.1, H 4 (pt) =
7./ phii fori < pJ, where

tii= max[m—max{vp(sl), e Up(Spi— )t st spimg €41, Lpl =1, pj_l}].
This tells us
”] (P(colg) =Z@Z/p'iv/-1 &--- &L/ p'i.

We observe that the element

¢ j—2i
Uy A j—¢; "= UAUR2 “+ UpiGyitt == @y i@y pi—1 € HF (pt)

has order p/*1. So ag, ,—¢,”¢,x € Hg i (P(oco0lg)) is also of order pm j+1 1n Z/tJ, Since
resG (ag;) = x!, we have resG(q0 (ag;)) = x!. This implies g5 (og,) = ug, x" + Z clx for some
coefficients ¢;. Thus

i—1

j l
qg(al’pj —¢;%;) = dg —pi o (0g;) = dg —piUg; X' +a§pj—¢i chx .
=0

Therefore g5 as a map
7 @ (Z/pm_j“)@pj SZ®L)piri-1 @ DL pio

is a lower triangular matrix of the form

1
* * ki
where kj ; = pli—m+i=1 Hence qq 1s injective at the degree {,;. |
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7.24 Relations for complex projective spaces If d = p™, thena;s =0and u;« =1, so Proposition 7.21

simplifies to g5 (g, ) = ]_[::11 x(ayi + xuyi). For the group Cp, using Proposition 2.13, this further

p—1

reduces to ¢g(ag,) = x [[;_, (fax +uyx). Using the fact that ¢ (g, ) = uy x from Proposition 7.7,

p—1
qg(uka¢p — g, ]_[ (fay +ag,)) =0.

i=1
Moreover, Proposition 7.23 tells us that g is injective. So the relation we obtain for Cj, is
p—1
upag, —ag, [ ({a) +ag,).
=1

i
For general Cpm of order n = p™, there are m relations of the form

. , —of .
Uil ol O =g, + lower-order terms,

for 1 <i < m. In fact, the proof of Proposition 7.3 implies that the coefficients of the lower-order
terms are expressible as a sum of monomials with coefficients that are linear combinations of products
of a, ;. The naive idea is to apply q(’; to such an equation to determine all the coefficients. However, the
expression in Proposition 7.19 does not directly yield a simple closed relation. We are able to obtain a
simple expression after mapping to Z/ p-coefficients.

The first observation when we look at Z / p-coefficients is that ¢; is no longer injective. For, in the proof
of Proposition 7.23, the diagonal entries in the lower triangular matrix, other than at the top corner, turn
out to be 0 (mod p). We use the formula for ¢ and that it is injective with Z-coefficients. Let R4 denote
the algebra

Zluyi,ay;, Mkpd—l_kpd]/l,

where [ is the ideal generated by the relations (3.2), those in Proposition 2.11 and
Uypd=1_y pd Uy pd = Uy pd—1, Uy pd—1_4pdly pd = Pay pd—1,

which maps to 7—. HZ = H{;(pt). The algebra R contains the classes u;: and a,; but they are not
required to satisfy (3.3). Form the algebraic ¢; map

Qo: Ralag ; [0 =j =m]— Rqlx]

given by the formula in Proposition 7.19. In the absence of (3.3) in R4, the lower triangular matrix
in the proof of Proposition 7.23 gets replaced by one where the diagonal entries are inclusions of
the corresponding summand. This becomes injective even after tensoring with Z/p. The algebra
Ra [O‘c’)pj | 0 < j <m]is denoted by R, (P U)).

We thus work with the diagram
v
Ra(PU)) —— Z/p @ Ra(PU))
lQo lQo
Ralx] —— Z/p ® Rylx]

Algebraic & Geometric Topology, Volume 25 (2025)



3084 Samik Basu, Pinka Dey and Aparajita Karmakar

and seek relations y which map to 0 in Z/ p ® R 4[x]. It follows that y = 0 (mod p) in R4 (P(U)) and
thus gives a relation in Hj (P (U);Z/ p). We note from Proposition 2.13 that

(7.25)  apr—14 =(1 +kpr1 -i_l)aki, and hence, a,,,r—1; = ayi (mod p) fori < p L

The following is a consequence of the identity 1—[;;—11 (x+i)=xP"1—1 (mod p).

7.26 Lemma There is a relation
Pl 1 1
.]_[1 (fa; pr—1 + XUy pr—1) = (XU r—1)P 70 = (ay r—1) P70
=

We write P(z,w) = (z —w)?~! —w?~! and define the notation

p—1
By = [] (a3 +uyix) € Ry[x],

i=1

pr
T =ag, + [ a0 € Ra(PU)).

i=1

(7.27) T, = Qo(Tr) = By - (xuypr +a,,r) (mod p) by Proposition 7.22,
j—1
Ao = P(Tg.a3), andinductively, A; = P(Tj,a“,- 1l A,-),
i=0
j—1
Ag=P(To,a), and Aj=P(Tj.a,, [[A),  sothat Qo(A)) = Aj.
i=0

We now have the following relation with Z/ p coefficients:

p'—1
By = [] (ayi +uyix)

i=1

pr—1 p—1
= [T (api+upix) [] (a; jpr—1 + Uy jpr—1X)
l'=1,p"_1+i j=1

p—1
= Bf—l .1_[1 (ja)\pr—l +Mkpr—l X)
]=

P -1 p—1
:Br_l((xukpr—l )p —akpr_l)

= Br—l((Tr—l - Br—la)\prfl)p_l - (Br—la)kp"*l )p—l)
:Br—IP(Tr—laaApr*IBr—l),

where the third equality is by (7.25) and Proposition 2.13. From the expression, it inductively follows that
r—1

(7-28) Br == l_[ Ar.
i=0

We finally obtain the following.
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7.29 Proposition With Z / p-coefficients, the class g, satisfies
p r—2 p—]
Uppr=1 o Xgpr = T2 AP’ 1 Tr=1 ( .Ho Ai)
1=

Proof As observed above, it suffices to prove with Z/ p-coefficients that

_ p—1
Qouypr1_yprag,) =T —a’! (1‘[ A,) =T? —a®7', T,,B°7].

)\pr 1

We verify

QO(u)Lprfl_)‘pra(ﬁpr) = u)\prfl_)\‘pr< 1_[ (xu)‘] +a)\.1)_ 1_[1 a)\])

= Brxu, pr-1

1
=B (((xuy pr—1)? — )I:p, 1 XUy pr—1)

—_mP 14 1
=T, —Br_l(a o] +a prilxukpr—l)

—_ TP p—l pl
Trl A’l B O

We now summarize the computation in the following theorem.

7.30 Theorem As cohomology rings,

Hé(BgSl;M) = H;(pt Z/ p)legy. - - - @,/ (P15 - - - > Pm)-
The relations p, are described by

p r—2 p—l
Pr = uk,,r—l_“rcxd,p, _7;_1 )J” 17; 1( l_[ Al) >
i=0

where T; and A; are defined in (7.27).
7.31 Ring structure of BGSU(2) As in the complex case, we get the multiplicative generators B4,

of Hf(P(Um)) at the degrees 2¢,4 for divisors d of n. The construction is the same as the previous
construction of the class «y,. Consider the representation

Wa=la+y' +y> 4+ +y7.

We have the cofiber sequence
P(Wyo1)4 — P(Wy)4 — S*“8cWam,
At degree 2¢, the associated long exact sequence is
s> HPPTH(P(Way)4) — H?P4(S290) — H*P4(P(Wy) 1) — H*(P(Wy_1)4) > -+
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since A~4 Q¢ Z ()J +17) = ?:_01 2A1=4 = 2¢,. We define the classes B24, to be the image of 1
in H29d (S?%4) ~ 7. By induction, we extend B4, to get the generator of BGSU(2) at degree 2¢,.
We use the notation £; for (,32¢ ; T+ ]_[l_l (a)"i)z). As in the complex case with Z/ p-coefficients we
have the following.

7.32 Theorem As cohomology rings,

HE(BgS?; 2/ p) = HG (Pt L/ p)Bagg: - - -+ Bag )/ (11 - - 1em).

The relations ., are described by
2(p—1 r=2 \Pl
Hr = (ukpr—l_lp")2ﬂ2¢pr Ep | ta E,I: 1)£r—1( [1 Ci) )
i=0
where C; is inductively defined as Co = P (Lo, a3), andC; = P(L;,a? a,; H Ci).
We conclude this section with the ring structure computation of CP2°.

7.33 Ring structure for CP° Recall the cofiber sequence from Theorem 4.8:
CpPr-l', —cCpr X §"tre,
This implies the long exact sequence
N Hn+na(Sn+nU) Hn—}—na(C ) N ﬁn—}—na((cpgt—l_i_) e

Observe that x*(1) is nonzero where 1 € H"’L”“(S’“L””) >~ 7. Let €y4no € H”+”"(C ") be the
element x*(1). As the restriction of x* to the orbit C, /e is an isomorphism, we have resec (€n+no) =
x" e H™ (CP"). We claim H, (C - +) is the polynomlal ring H, (pt)[61+g] This follows from the
fact that H”+’"’ (CPX)=Z and rest 2 (entng) = 1€S¢ 2(6
have the followmg.

n_l_,w) Hence €ntno = 61+a. Therefore, we

7.34 Theorem We have an isomorphism of cohomology rings

HE,(CP) = HE, (pY)ler4o]-
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