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Nonuniform lattices of large systole
containing a fixed 3-manifold group

PAIGE HILLEN

Let d � 2 be a squarefree integer and Q.
p

d/ a totally real quadratic field over Q. We show there
exists an arithmetic lattice L in SL.8;R/ with entries in the ring of integers of Q.

p
d/ and a sequence of

lattices ƒn commensurable to L such that the systole of the locally symmetric finite volume manifold
ƒnnSL.8;R/=SO.8/ goes to infinity as n!1, yet every ƒn contains the same hyperbolic 3-manifold
group …, a finite index subgroup of the arithmetic hyperbolic 3-manifold vol3. Notably, such an example
does not exist in rank one, so this is a feature unique to higher rank lattices.

57R19, 22E40

1 Introduction

The relationship between the systolic genus, the minimal genus surface subgroup, and the systole, the
minimal length of a noncontractible closed geodesic, is notably different in higher rank. In 2012,
Belolipetsky [1] (see also [2]) showed that in the hyperbolic setting, the systolic genus is bounded from
below in terms of the systole. In contrast, Long and Reid [15] found a family of sequences of lattices
in SL.3;R/ (commensurable to an arbitrary nonuniform arithmetic lattice not commensurable to SL.3;Z/)
with systole going to infinity, yet with each containing a genus 3 surface subgroup. They found a similar
result in the uniform case. Hence in higher rank, the systolic genus is not linked to the systole in the same
way as in the hyperbolic setting.

Our result continues in this line of research. We expand Long and Reid’s result to the existence of a
fixed 3-manifold group in a sequence of commensurable lattices with arbitrarily large systole. More
specifically, we find an infinite family of nonuniform arithmetic lattices in SL.8;R/ each with a sequence
of commensurable lattices whose systole goes to infinity, however every lattice in the sequence contains
the same hyperbolic 3-manifold group. Our nonuniform arithmetic lattices are indexed by squarefree
numbers d � 2: for each such d , we consider the integral special unitary group

SU.I8IOd ; �/ WD fA 2 SL.8;Od / W �.A/
>AD I8g< SL.8;R/;

where I8 is the identity matrix in SL.8;R/, Od is the ring of integers of Q.
p

d/ and � 2Gal.Q.
p

d/=Q/

is the nontrivial involution sending
p

d to �
p

d .
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Theorem 1.1 Fix squarefree d 2Z�2 and let L WDSU.I8IOd ; �/. There exists a sequence of nonuniform
arithmetic lattices ƒn < SL.8;R/ commensurable to L such that

sys.ƒn/!1 as n!1;

yet every ƒn contains a fixed hyperbolic 3-manifold group …, a finite index subgroup of vol3.

In this setting, rank and determinant up to �-Hermitian square classify SU-equivalent �-Hermitian
forms [12]. In turn, equivalent �-Hermitian forms yield commensurable integral special unitary groups.
Hence SU.I8IOd ; �/ is commensurable to SU.J IOd ; �/ for any nondegenerate � -Hermitian form J over
Q.
p

d/8 such that det J is a � -Hermitian square.

Critical to the proof is an 8-dimensional version of the family of discrete and faithful representations �t

of the hyperbolic 3-manifold vol3 found by Cooper, Long, and Thistlethwaite [8] (see also [7]). We were
unable to choose values of t for which the entries of �t lie in a ring of integers. However, we are able
to choose such specialized values of t for a certain conjugate of �t ˚ �t . From this family, we obtain a
sequence of representations of vol3 into lattices SU.J IOd ; �/ for nondegenerate forms J. To ensure the
systole is going to infinity, we then consider principal congruence subgroups of each SU.J IOd ; �/ of
level p for an increasing sequence of primes p. We can no longer guarantee that vol3 is contained in a
principal congruence subgroup, but by carefully choosing the primes p, we can guarantee the fundamental
group of a certain fixed 320-sheeted cover of vol3 is still contained in each principal congruence subgroup.

It is worth remarking that our finite index subgroup … of vol3 contains surface subgroups. Therefore our
result provides an alternative proof to Long and Reid’s [15] result that systolic genus can be bounded in a
sequence of commensurable higher rank lattices whose systole is diverging to infinity.

1.1 Structure of the paper

Section 2 gives necessary background regarding systoles and lattices. Section 3 introduces the definition
of principal congruence subgroup and proves Proposition 3.3, regarding the growth of the systoles of
certain sequences of principal congruence subgroups. Section 4 recalls the main result we aim to prove,
and discusses the representation of the 3-manifold vol3 which is necessary for the proof. In Section 5,
we give the proof of the main theorem. Section 6 provides examples of finding sequences of algebraic
numbers which aid in the proof in Section 5. Section 7 makes a few observations about the result and
possible future research directions. Finally, the appendix lists the two explicit representations of vol3
mentioned in Section 4.
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2 Background

Consider the following measures of the geometry and topology of a space:

Definition 2.1 The systole of a Riemannian manifold M, denoted sys.M /, is the minimal length of a
noncontractible closed geodesic in M. We will interchangeably refer to the systole of M as the systole
of �1.M /.

Definition 2.2 Let Sg denote the closed surface with genus g � 2. The minimal g such that �1.Sg/

injects into �1.M / is called the systolic genus of M, denoted sysg.M / [1].

For hyperbolic manifolds, the behavior of the systole puts some restrictions on the behavior of the systolic
genus. This is clear for hyperbolic surfaces, since Besicovitch’s inequality

sys.Sg/
2
� 2 area.Sg/;

combined with the Gauss–Bonnet theorem (for a hyperbolic metric on Sg),

area.Sg/� 4�.g� 1/;

together show that a sequence of closed hyperbolic surfaces with systole going to infinity requires that
the genera of the surfaces also tend toward infinity. In fact, Belolipetsky showed that this generalizes to
higher dimensions in the following sense [1, Theorem 5.1]:

Theorem 2.3 Let MnDHm=�n be a sequence of closed hyperbolic m-manifolds such that sys.�n/!1

as n!1. Then the systolic genus sysg.Mn/ goes to infinity as well.

Intuitively, if the manifolds are getting complicated enough for the systole to grow arbitrarily large, their
topology must be getting complicated as well. However, once we leave the hyperbolic setting, this is no
longer true. In particular, the presence of flats seems to allow enough space for systoles to grow, without
the systolic genus increasing.

Definition 2.4 A discrete subgroup � < SL.m;R/ is a lattice if the quotient orbifold

M� WD �nSL.m;R/=SO.m/

has finite volume. Note that M� is a manifold if and only if � is torsion-free. A lattice � is uniform (or
cocompact) if M� is compact. Otherwise, � is nonuniform.

In the theory of lattices, passing to a finite index subgroup usually results in only minor differences. Since
we often like to ignore these minor differences, we usually care about lattices up to commensurability.

Definition 2.5 Lattices �1; �2 < SL.m;R/ are commensurable if for some g 2 SL.m;R/,

Œ�1 W �1\g�2g�1� <1:

Equivalently, their manifolds M�1
and M�2

have a common finite-sheeted cover (ie M�1\g�2g�1).

Algebraic & Geometric Topology, Volume 25 (2025)



3092 Paige Hillen

We review a construction of a family of nonuniform arithmetic lattices in SL.m;R/. See [16, Section 6.8]
for more details.

Construction 2.6 Fix a squarefree d 2 Z>1 and m� 3. Then:

� F DQ.
p

d/ is a totally real algebraic number field.

� � 2 Gal.F=Q/ is the nontrivial involution sending
p

d to �
p

d .

� The ring of integers of F is

Od D

�
ZŒ
p

d � if d � 2; 3 .mod 4/;

Z
�

1
2
.1C
p

d/
�

if d � 1 .mod 4/:

Let J 2Mm�m.F / be a sesquisymmetric matrix with respect to � (ie J> D �.J /). We view J as a
� -Hermitian form on the F -vector space Fm. The associated special unitary group is

SU.J IF; �/D fM 2 SL.m;F / WM �JM D J g;

where M � WD �.M />. The integer points of this group form the associated integral special unitary group

SU.J IOd ; �/D fM 2 SL.m;Od / WM
�JM D J g:

Definition 2.7 �-Hermitian forms J and J 0 on Fm are SU-equivalent if J 0 D P�JP for some change
of basis matrix P 2 GL.m;F /.

Observe that
SU.P�JP IF; �/D P�1.SU.J IF; �//P:

The corresponding integral groups may not be conjugate, but P 2 GL.m;F / is in the commensurator of
both integral groups, so they are commensurable lattices. Our interest in commensurability classes of
arithmetic lattices with entries in Od leads to the question: when are two �-Hermitian forms over Fm

equivalent?

Definition 2.8 Let F DQ.
p

d/ and � 2Gal.F=Q/ be the involution sending
p

d to�
p

d . A � -Hermitian
square is an element g 2 F such that g D �.h/h for some h 2 F .

By Landherr [12] (see [14, Section 3]), an equivalence class of �-Hermitian forms on Fm for m� 3 is
uniquely determined by

� the rank of the form, and

� the discriminant of the form up to � -Hermitian square.1

Proposition 2.9 Suppose J is a full rank �-Hermitian form on Fm. Then the group SU.J IOd ; �/ as
constructed above is a nonuniform arithmetic lattice. Moreover , SU.J IOd ; �/ is commensurable to
SU.J 0IOd ; �/ for any full rank � -Hermitian form J 0 such that jdet J � det J 0j is a � -Hermitian square.

1Since .
p

d/�.
p

d/D�d , there is no signature in this setting.
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Proof That SU.J IOd ; �/ is an arithmetic lattice follows from [16, Proposition 6.8.14]. The same
proposition tells us our lattice is nonuniform if and only if there exists a nonzero x2Fn such that x�JxD0.

By the classification above, SU.J IOd ; �/ is commensurable to SU.diag.1;�1;�det J; 1 : : : ; 1/IOd ; �/.
For x D Œ1; 1; 0; : : : ; 0�, clearly

x� diag.1;�1;�det J; 1; : : : ; 1/x D 0:

Thus SU.J IOd ; �/ is nonuniform.

3 Systolic growth

We find a way to control the systole of certain lattices commensurable to those built by Construction 2.6.
There is a 1-1 correspondence between closed geodesics in M� and �-conjugacy classes of semisimple
elements in � . The length of the geodesic corresponding to the conjugacy class of a semisimple 
 2 �
is proportional to the translation length of 
 on the geodesic it leaves invariant in SL.m;R/=SO.m/.
Let l.
 / denote this length. Hence

sys.�/D inffl.
 / W 
 2 � is semisimpleg:

The translation lengths are then bounded from below in terms of the trace [13, Theorem 3.1]:

Theorem 3.1 (trace-length bounds) Let 
 2 SL.m;R/ be semisimple with jtr.
 /j � 1. Then

l.
 /�
p

2 arccosh
�

max
�

1;
jtr.
 /j

m

��
:

Since limx!1 arccosh.x/D1, we can control the lower bound for the systole of M� by controlling
the lower bound for the traces of semisimple elements in � . Our tool for controlling the lower bound of
the trace is principal congruence subgroups.

Definition 3.2 Let p be a rational prime and � < SL.m;R/ an arithmetic lattice with entries in a ring of
integers O. Then

�.p/ D Ker
�
�p W �! SL.m;O=.p//

�
is the principal congruence subgroup of � of level p, where �p is projection modulo .p/.

The subgroup �.p/ is a normal subgroup of finite index in � . We will need the following proposition,
whose proof uses ideas from the proof of Theorem 5.1 and Corollary 5.2 in [13].

Proposition 3.3 Fix squarefree d 2 Z�2. Let F DQ.
p

d/, Od be the ring of integers of F , and � be
the nontrivial Galois automorphism of F over Q. Suppose fJngn2N is a sequence of �-Hermitian forms
over Fm. For each n, let

�n D SU.JnIOd ; �/:
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If fpngn2N is a sequence of rational primes diverging to1, then

sys.�.pn/
n /!1;

where �.pn/
n denotes the principal congruence subgroup of �n of level pn.

Proof Let k 2R. Since limx!1 arccosh.x/D1, there exists M � 2 such that

2
p

2

m
arccosh.M � 1/� k:

Since pn!1, there exists N 2 N such that pn > mM for all n � N . Fix n � N and suppose that

 2 �

.pn/
n is semisimple. Then for each power q of 
 , 
 q is a semisimple element of �.pn/

n . Hence
tr.
 q/�m .mod pn/, so

tr.
 q/D pn˛qCm

for some ˛q 2Od . By the argument in the second paragraph2 of the proof of Theorem 5.1 in [13], there
exists an integer q, jqj � 1

2
m, such that tr.
 q/¤m. Set ˛ WD ˛q . Since tr.
 q/¤m, we have that ˛ ¤ 0.

Hence
jtr.
 q/j>m.M j˛j � 1/ and j�.tr.
 q//j>m.M j�.˛/j � 1/:

For any ˛ 2Od , max.j˛j; j�.˛/j/� 1. Thus

max
�
jtr.
 q/j

m
;
j�.tr.
 q//j

m

�
>M � 1:

By definition of the special unitary group, 
 � D Jn

�1J�1

n . Hence

�.tr.
 q//D tr..
 q/�/D tr.
�q/:

Since l.
 q/D l.
�q/, Theorem 3.1 implies

l.
 q/�
p

2 arccosh
�

max
�

1;
jtr.
 q/j

m
;
j�.tr.
 q//j

m

��
:

Since arccosh is increasing on Œ1;1/ and M � 2,

l.
 q/�
p

2 arccosh.M � 1/:

Since l.
 q/D jqjl.
 / and jqj � 1
2
m,

l.
 /�
2
p

2

m
arccosh.M � 1/� k:

Hence,
sys.�.pn/

n /� k:

Since k is arbitrary, this completes the proof.
2The argument in the aforementioned paragraph does not use that � is derived from a central simple algebra, only that 
 is a
semisimple element and Newton’s identities to obtain a formula for the characteristic polynomial of 
 in terms of the trace of
powers of 
 .
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4 Result

Theorem 1.1 Fix squarefree d 2Z�2 and let LD SU.I8IOd ; �/. There exists a sequence of nonuniform
arithmetic lattices ƒn < SL.8;R/ commensurable to L such that

sys.ƒn/!1 as n!1;

yet every ƒn contains a fixed hyperbolic 3-manifold group …, a finite index subgroup of vol3.

Remark The 3-manifold group … contains surface groups, so each ƒn contains a fixed surface group.
In particular, the systolic genus of these lattices is bounded from above for all n.

The manifold vol3 is an arithmetic hyperbolic 3-manifold with the third lowest volume in the census. The
fundamental group of vol3, which we will also refer to as vol3, has presentation

vol3D ha; b j aabbABAbbI aBaBabaaabi;

where A D a�1 and B D b�1. The hyperbolic representation of vol3 into SO.3; 1/ admits discrete
and faithful deformations in SL.4;R/. An explicit one-parameter family of these deformations was
found by Cooper, Long, and Thistlethwaite [7]. The group vol3 covers an orbifold, denoted vol3=hui,
commensurable to L which has a simpler representation

�t W vol3=hui ! SL.4;Q.t;
p

t2
� 1;

p
t2
C 2// for t � 1:

The representation in [7] uses parameter v instead of t , with the substitution v D 2t . Two elements,
denoted here u and c, generate vol3=hui, and the image of these elements under �t are listed in the
appendix, as well as in the accompanying Mathematica file [10]. To recover the manifold group, one
can use the relations aD u2c and b D .aua/�1u. In practice, we work with the orbifold group when
interacting with the explicit matrix representation.

The hyperbolic representation at t D 1 and for real values t � 1 is the holonomy of a real projective
structure on vol3, and is thus discrete and faithful. It is not clear how to specialize t to ensure the entries
of the image all lie in a ring of integers over some field. As luck would have it, we found 16 specific
elements f1;g1; : : : ;g15g 2 vol3=hui such that:

� Bv D f�v.1/; �v.g1/; : : : ; �v.g15/g is a basis for the vector space M4�4.R/.

� The left regular representation of vol3=hui with respect to the basis Bv yields a representation

�t W vol3=hui ! SL.16;Q.t;
p

t2
� 1//:

� Both �t .u/ and �t .c/ have entries in ZŒt;
p

t2� 1�.

In an attempt to find an integral representation of smaller dimension, we study invariant subspaces of this
16-dimensional representation. By considering eigenspaces of elements in the centralizer of �t .vol3=hui/,

Algebraic & Geometric Topology, Volume 25 (2025)
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we were able to find an 8-dimensional invariant subspace, whose corresponding representation has entries
in ZŒt;

p
t2� 1�. Let

!t W vol3=hui ! SL.8;ZŒt;
p

t2
� 1�/

denote this representation. The matrices !t .u/ and !t .c/ are listed in the appendix. This representation
is conjugate to �t ˚ �t ; hence is faithful. Computations confirming !t is conjugate to �t ˚ �t , the
16-dimensional representation �t , as well as the explicit 8-dimensional subspace mentioned above can all
be found in the accompanying Mathematica file [10].

5 Proof

For the remainder of this paper, fix squarefree d 2 Z�2 and let L WD SU.I8IOd ; �/. Interpreting t as
transcendental, let � 2 Gal.Q.t;

p
t2� 1/=Q.t// be the involution sending

p
t2� 1 to �

p
t2� 1. For a

� -Hermitian form Jt 2 .Q.t;
p

t2� 1//m, let

SU
�
Jt IQ.t;

p
t2
� 1/; �

�
WD
˚
M 2 SL.m;Q.t// WM �JtM D Jt

	
for M � WD �.M />.

We start the proof of Theorem 1.1 by finding a sequence of arithmetic lattices commensurable to L which
contain vol3.

Lemma 5.1 There exists a family of Hermitian forms Jt 2 SL.8;Q.t// such that :

� For t � 1, Jt is full rank with det Jt equal to a square in Q.t/.

� !t .vol3/ < SU.Jt IQ.t;
p

t2� 1/; �/.

Moreover , there exists a sequence tn!1 such that

!tn
.vol3/ < SU.Jtn

IOd ; �/ for all n 2N:

By Proposition 2.9, the SU.Jtn
IOd ; �/ are commensurable to L for n� 0.

Proof The first part of the lemma follows from a computation: we solve for J D Jt 2 GL.8;R/ such
that !t .u/

�J!t .u/D J and !t .c/
�J!t .c/D J. By replacing J with J C J�, we can ensure that J is

sesquisymmetric. There are four free variables in the solution for J, and by making a choice of numerical
value for each free variable,3 we obtain a � -Hermitian form J which is full rank (for all but finitely many
choices of t ). Indeed,

det Jt D
16.3� 4t2/4

.1� 4t2/2
;

which is a square in Q.t/. For t � 1, det Jt is nonzero, so Jt is full rank. The matrix Jt can be found in
the accompanying Mathematica file [10].

3Even leaving all four free variables in J as unknowns, the determinant of J is a square in Q.t/. Thus choosing values in Q.t/
for the free variables does not change the resulting commensurability class of the lattice.
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To guarantee !t .vol3/ lies in an integral special unitary group, it is necessary for the entries of !t .a/

and !t .b/ to lie in Od . It is sufficient to choose t 2N so that
p

t2� 1 2Od . Equivalently, we need to
find infinitely many integral solutions .t;y/ to Pell’s equation

t2
� dy2

D 1:

It is well known that for any positive nonsquare d 2 Z, Pell’s equation has a fundamental solution
.t1;y1/ 2N2 and the other solutions are exactly the integers .tn;yn/ such that

un
D tnCyn

p
d

for uD t1Cy1

p
d . Therefore, for this sequence ftng1nD1

,

!tn
.vol3/ < SU.Jtn

IOd ; �/

for all n 2N. We can write tn D
1
2
.unCu�n/, so the sequence tn goes to infinity as n!1.

Let �n WD SU.Jtn
IOd ; �/ for the sequence ftngn2N from Lemma 5.1. Our next goal is to find finite index

subgroups of �n whose systole goes to infinity as n!1. This is accomplished by considering the
principal congruence subgroups described in Section 3. We will let

ƒn WD �
.pn/
n

for carefully chosen primes pn!1. By Proposition 3.3, sys.ƒn/!1 as n!1.

We will choose primes pn so that !tn
.…/<ƒn for a finite index subgroup…<vol3. More specifically, set

…D Ker
�
!0 W vol3! SL.8;ZŒi �/

�
:

At t D 0, one can check computationally that j!0.vol3/j D 320, so … is indeed finite index in vol3.

Consider the following diagram:

…
� � //
� _

��

Ker
�
�p W SU.Jt ;Od ; �/! SL.8;Od=.p//

�
� _

��

vol3 �
� !t

//

!0

��

SU.Jt ;Od ; �/

�p

��

SL.8;ZŒi �/
�p
// SL.8;ZŒi �=.p//

f�
// SL.8;Od=.p//

The primes we choose will divide t . Since our choice of t solves Pell’s equation, we have .pk/2�1D dy2

for integers k and d . Thus
f W ZŒi �=.p/!Od=.p/;

induced by sending N1 to N1 and N{ to y
p

d , is a ring homomorphism. This induces a group homomorphism

f� W SL.8;ZŒi �=.p//! SL.8;Od=.p//:

Algebraic & Geometric Topology, Volume 25 (2025)
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Our purpose in constructing this diagram is in the observation that, as long as the diagram commutes,
we can guarantee that !t .…/ < Ker.�p/. In fact, by inspecting the representation (see the appendix),
p dividing t is sufficient to guarantee that the diagram commutes.

Lemma 5.2 Let ftng be as in Lemma 5.1. Possibly passing to a subsequence of tn, there exists a sequence
of primes pn!1 with each pn dividing tn. Hence ,

!tn
.…/ < �.pn/

n for all n 2N:

Proof For each n, we would like a prime pn dividing tn, but not dividing tm for m < n. The latter
condition will ensure a subsequence of pn is strictly increasing. Some results from number theory will
help us accomplish this. We start with the following definition from [3]:

Definition 5.3 A pair of algebraic integers .˛; ˇ/ is called a Lucas pair if ˛Cˇ and ˛ˇ are nonzero
coprime rational integers and ˛=ˇ is not a root of unity.

By [5; 3, Theorem A], if .˛; ˇ/ is a Lucas pair, then for n� 0 the nth term of the sequence

Sn WD ˛
n
Cˇn

has a primitive prime divisor, ie a prime pn such that pn divides Sn but not Sm for m< n.

Claim Let uD t1Cy1

p
d be as in the proof of Lemma 5.1. Then .u; 1=u/ is a Lucas pair.

Observe that
2tn D un

C

�
1

u

�n
:

Therefore, pending the claim above, the sequence 2tn has a corresponding sequence of primitive prime
divisors pn for n� 0. Passing to a subsequence, we may assume the pn are strictly increasing, each
prime pn¤ 2. Hence each pn divides tn and pn!1. Hence, the diagram above commutes and therefore

!tn
.…/ < �.pn/

n :

Proof of claim Since u 2 ZŒ
p

d ��Od , we know that u is an algebraic integer. Since t2
1
� dy2

1
D 1,

1

u
D t1�y1

p
d :

Hence 1=u is also an algebraic integer. Further, uC 1=uD 2t1 and u.1=u/D 1, so uC 1=u and u.1=u/

are nonzero coprime rational integers. Moreover u=.1=u/D u2 is not a root of unity. Hence .u; 1=u/ is a
Lucas pair.

Now we put these pieces together to prove the main theorem:

Theorem 1.1 Fix squarefree d 2Z�2 and let L WDSU.I8IOd ; �/. There exists a sequence of nonuniform
arithmetic lattices ƒn < SL.8;R/ commensurable to L such that

sys.ƒn/!1 as n!1;

yet every ƒn contains a fixed hyperbolic 3-manifold group …, a finite index subgroup of vol3.

Algebraic & Geometric Topology, Volume 25 (2025)
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n un tn pn n un tn pn

1 2C
p

3 2 2 1 9C 4
p

5 9 3

2 7C 4
p

3 7 7 2 161C 72
p

5 161 7

3 26C 15
p

3 26 13 3 2889C 1292
p

5 2889 107

4 97C 56
p

3 97 97 4 51841C 23184
p

5 51841 1103

5 362C 209
p

5 362 181 5 930249C 416020
p

5 930249 2521

Table 1

Proof For each n 2N, let �n WD SU.Jtn
IOd ; �/ for forms Jtn

from Lemma 5.1 and let ƒn WD �
.pn/
n be

the principal congruence subgroup of �n of level pn for primes pn from Lemma 5.2. By Lemma 5.1,
each �n is a nonuniform lattice commensurable to L. Since ƒn is a finite index subgroup of �n, each ƒn

is also a nonuniform lattice commensurable to L. By Lemma 5.2, !tn
.…/ < ƒn and by Proposition 3.3,

sys.ƒn/!1 as n!1.

6 Examples

Example 6.1 We describe how to find the first few terms of the sequence .tn;pn/ in the case that d D 3.
Since 3 6� 1 .mod 4/, we have O3 D ZŒ

p
3�.

To guarantee that the entries of !t .u/ and !t .c/ lie in O3, we solve for t in Pell’s equation

t2
� 3y2

D 1:

The fundamental solution is .t1;y1/D .2; 1/. Let uD 2C
p

3. Powers of u allow us to find all the other
solutions; see Table 1 (left). To ensure that the diagram commutes and consequently that !t .…/ < �

.p/
n ,

we need to find corresponding primes pn such that tn D 0 .mod pn/. Observe that each prime does not
divide any of the previous values of tn.

Example 6.2 Let d D 5. Since 5� 1 .mod 4/, we have that O5 D Z
�

1
2
.1C
p

5/
�
. We first solve Pell’s

equation
t2
� 5y2

D 1:

The fundamental solution is .t1;y1/D .9; 4/. Following the same process as above, we find the first five
terms of the sequences tn and pn, as shown in Table 1 (right).

7 Further questions and observations

(1) Thin 3-manifold group Our 8-dimensional representation ! is conjugate to two copies of the
original representation �. By the proof of Theorem 2.1 in [9], �t .vol3/ is Zariski dense in SL.4;R/.
Therefore the Zariski closure of !t .vol3/ in SL.8;R/ is a subgroup isomorphic to SL.4;R/. We also
observe that for any of our chosen values of t , !t .…/ is infinite index in SU.Jt IOd ; �/. To see this,
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observe that SU.Jt IOd ; �/ is an irreducible arithmetic lattice of R-rank � 2. Thus, by Margulis’s
normal subgroup theorem, if !t .vol3/ were finite index in SU.Jt IOd ; �/, then the abelianization of
!t .vol3/ would be finite. However, vol3 is an arithmetic hyperbolic 3-manifold with positive first Betti
number. Thus vol3 must have infinite virtual first Betti number, so the abelianization cannot be finite [6].
It would be interesting to know whether !t .vol3/ is infinite index in the intersection of SU.Jt IOd ; �/

and Zcl.!t .vol3//Š SL.4;R/. If so, then !t .vol3/ is a thin 3-manifold group.

(2) Non-Hitchin surface subgroups At v D 2 the image �2.vol3/ lies in SO.3; 1/, so every nontrivial
semisimple element has a pair of eigenvalues with the same modulus. Thus �2 is not Borel Anosov (for
example, by the characterization of Anosov in Theorem 4.3 of [11]). The restriction to any subgroup is
also not Borel Anosov. Hence for any value of v � 2 and any surface subgroup H , �v.H / is a discrete
and faithful representation in SL.4;R/ which is not on the Hitchin component. This is notable, since
many examples of interesting representations of surface subgroups in the literature are in the Hitchin
component. In particular, if one can find a surface subgroup of �v.vol3/ which is Borel Anosov for some
value of v > 2, then it would be an example of a non-Hitchin Borel Anosov representation, answering a
question posed by Canary [4, Question 50.6].

Appendix

A.1 The original 4-dimensional representation of vol3

The hyperbolic 3-manifold vol3 has presentation

vol3D ha; b j aabbABAbbI aBaBabaaabi;

where A D a�1 and B D b�1. The orbifold group vol3=hui which contains vol3 as a subgroup is
generated by u and c, of order 4 and 2 respectively. To recover vol3, we have aD u2c and bD .aua/�1u.
A conjugate of the image of u and c under the original 4-dimensional representation from Section 2.4
of [8] with the substitution t D 1

2
v is

�t .u/D

0BBBB@
1 0 0 0

0 1 0 0

0 0
q

t2�1
2Ct2 1

0 0 �1C2t2

2Ct2 �

q
t2�1
2Ct2

1CCCCA ;

�t .c/D

0BBB@
1
2
.t C

p
2C t2/ 0 1

2
.1� t2� t

p
2C t2/ 0

0 1
2
.t �

p
2C t2/ 0 1

2
.�1C t2� t

p
2C t2/

1 0 1
2
.�t �

p
2C t2/ 0

0 �1 0 1
2
.�t C

p
2C t2/

1CCCA :
The exact representation from [8] and the matrix which conjugates it to �t listed above can be found in
the accompanying Mathematica file [10].
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Let � 2 Gal.Q.t;
p

t2� 1/=Q.t// sending
p

t2� 1 to �
p

t2� 1. There is one �-Hermitian form (up to
scalar multiples) which both generators �t .u/ and �t .c/ preserve, that is

Mt D

0BBBBB@
�

2
p

2Ct2

2tCt3�
p

2Ct2Ct2
p

2Ct2
0 0 0

0 2.2Ct2/

.1C2t2/.1�t2Ct
p

2Ct2/
0 0

0 0 1 0

0 0 0 2Ct2

1C2t2

1CCCCCA :

For t D 1, we have
p

t2� 1 D 0, so the involution � is trivial. Since M1 is a diagonal matrix with
signature .3; 1/, it is clear that �1 lies in SO.3; 1/.

A.2 The explicit 8-dimensional representation of vol3

Our 8-dimensional representation which is integral for values of t solving Pell’s equation is generated by

!t .u/D

0BBBBBBBBBBB@

1 0 0 2t �2t 2t 0 0

0 1 0 t �
p

t2� 1 �t C
p

t2� 1 t �
p

t2� 1 1 0

0 0 1 �1 1 �1 0 0

0 0 1 0 0 0 0 0

0 0 1 0 0 1 �t C
p

t2� 1 �t �
p

t2� 1

0 0 1 �1 0 1 �t C
p

t2� 1 �t �
p

t2� 1

0 0 0 0 0 0 0 �1

0 0 0 0 0 0 1 0

1CCCCCCCCCCCA
;

!t .c/D

0BBBBBBBBBBB@

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 �1 1

0 0 0 0 0 0 �1 0

0 0 0 0 0 �1 0 0

0 0 0 0 1 �1 0 0

1CCCCCCCCCCCA
:

An explicit computation found in the Mathematica file [10] shows this representation is conjugate to
�t ˚ �t . One can also find the � -Hermitian form Jt which both !t .u/ and !t .c/ preserve in said file.
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