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Noncommutative divergence and the Turaev cobracket

TOYO TANIGUCHI

The divergence map, an important ingredient in the algebraic description of the Turaev cobracket on a
connected oriented compact surface with boundary, is reformulated in the context of noncommutative
geometry using a flat connection on the space of 1-forms on a formally smooth associative algebra.
We then extend this construction to homologically smooth associative algebras, which allows us to give a
similar algebraic description of the Turaev cobracket on a closed surface. We also look into a relation
between the Satoh trace and the divergence map on a free Lie algebra via geometry over the Lie operad.

57K20; 16D20, 58B34

1 Introduction

The Turaev cobracket is a loop operation introduced in [17] by Turaev, which endows a structure of an
involutive Lie bialgebra on the space of nontrivial free loops on an oriented surface together with the
Goldman bracket (the involutivity is due to Chas [2]). These topologically defined operations have several
interesting algebraic descriptions by Massuyeau [11] and by Kawazumi and Kuno [7], a combinatorial
description by Chas [2], and also relate to the necklace Lie bialgebra in quiver theory.

Since connected oriented and closed surfaces are distinguished by their fundamental group, one would
expect to recover a significant amount of topological information from the group, including those loop
operations. In that case, an algebraic description of the Goldman bracket was given by Vaintrob [18], and it
is the one induced from the commutator bracket of derivations combined with the Poincaré–Van den Bergh
duality. In the case of connected oriented compact surfaces with nonempty boundaries, another algebraic
description of the Turaev cobracket is given in the remarkable paper [1] by Alekseev, Kawazumi, Kuno
and Naef, where an interesting relation between two-dimensional topology and Kashiwara–Vergne groups
is revealed. They introduced a noncommutative analogue of the divergence map, which is the main object
of this paper.

We now quickly recall the notion of a connection, or a covariant derivative, in terms of noncommutative
geometry in the sense of Kontsevich and Ginzburg (and many others); for details, see Sections 3, 4 and 7.
Let B be a unital associative algebra over a field K of characteristic zero, �1B the space of 1-forms
on B , and M a left B-module. A connection is a K-linear map

rWM !�1B˝BM
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3104 Toyo Taniguchi

satisfying the Leibniz rule r.bm/ D db ˝ mC br.m/. The associated divergence of a derivation
f W B! B is defined by the formula

Divr.f /D Tr.Lf � .if ˝ id/ ır/;

in which we use the Lie derivative Lf , the contraction map if , and the trace map whenever defined;
in fact, the trace is well defined if and only if M is dualisable (ie finitely generated and projective) over B .
This map gives a Lie algebra 1-cocycle if the connection is flat: r2 D 0.

We then apply this to the case B D Ae and M D�1A for another unital associative algebra A. In this
setting, �1A being dualisable is equivalent to the condition that A is cohomologically one-dimensional,
called formal smoothness. We further extend this construction in the case of homologically smooth algebras
by considering a projective resolution ofM and a family of connections on it, which we call a homological
connection, similar to that having finite cohomological dimension is called homologically smooth.

The divergence map in the context of geometry over an operad was already studied in [14] by Powell,
where they defined the standard divergence map on free algebras and showed the 1-cocycle property. This
standard divergence can be recovered in our construction by taking a canonical flat connection on a free
algebra; for the concrete formulation, see Section 5. Our motivation to introduce another formulation of
divergences is to deal with other associative algebras, namely, the group algebra on free groups, which
are isomorphic to the fundamental group of a surface with boundaries.

The Turaev cobracket and the divergence map are deeply related to the family of “trace maps” in Johnson
theory. The original trace map goes back to [13] by Morita, where their motivation was to study the
cokernel of the Johnson homomorphism in the context of the mapping class groups of a surface. Later,
the Morita trace is refined in their study of the automorphism group of a free group in [15] by Satoh and
applied to the mapping class group of a surface in [4] by Enomoto and Satoh.

Our construction of the divergence map leads us to an aspect of the Satoh trace on the automorphism
group of a free group. It was combinatorially defined in [15], but it can be realised as the divergence
map associated with a noncommutative version of a flat connection, briefly discussed in Section 6. For
the relation between the Turaev cobracket and the mapping class groups of surfaces, see Theorem 1.14
and Section 9 of [1] for a detailed explanation. A pre-existing interpretation of the Satoh trace is studied
in [12] by Massuyeau and Sakasai, where they introduce several variants of the trace map and relate it to
the Magnus representation of the group of certain automorphisms on a free Lie algebra.

Finally, the goal of this paper is to give an algebraic description of the Turaev cobracket in the case of
connected oriented and closed surfaces by utilising the tools developed above. Let K be a unital ring,
† such a surface, and � D �1.†/ the fundamental group of a surface. The symbol j � j denotes the cyclic
quotient so that the space jK�j is the free K-module spanned by the homotopy classes of free loops on †.
The main result is the following. Recall that the divergence takes the form DerK.K�/!jK�

ejŠ jK�j˝2,
and the first Hochschild cohomology HH1.K�/ of the group ring K� is regarded as the space of outer
derivations.
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Theorem We have a K-linear map

DivWHH1.K�/! jK�=K1j˝2

constructed from a flat homological connection (see Definition 7.7), such that the composite

jK�j v�! HH1.K�/ Div
��! jK�=K1j˝2

with Vaintrob’s map v recalled in Section 8 is the Turaev cobracket.

For more precise statements, see Theorem 8.2 and Corollary 8.3.

Organisation of the paper In Section 2, we recall the Turaev cobracket and the divergence map defined
in [1]. Sections 3–5 introduce the language of noncommutative geometry and reformulate the divergence
map. In Section 6, which is logically independent of later sections, we look into divergence maps on
Hopf algebras and then in geometry over the Lie operad and its relation with the Satoh trace. Finally, the
case of closed surfaces is dealt with in Sections 7 and 8.

Acknowledgements The author would like to thank Nariya Kawazumi for insightful advice, Florian
Naef for useful comments on the draft of this paper, Yusuke Kuno for generously sharing their notes on
this topic, Anton Alekseev for pointing out some important references, and the referee for improving
many details and suggesting the reorganisation of Section 6.

Conventions K is a field of characteristic zero throughout this paper. All K-algebras contain K1 in their
centre. Unadorned tensor products are always over K.

2 The Turaev cobracket and its algebraic description

Let † be a connected oriented surface possibly with boundary, and � D �1.†/ its fundamental group.
Put jK�j D K�=ŒK�;K��, the cyclic quotient of the algebra K� , which is a free K-module spanned
by the homotopy classes of free loops on †. The Turaev cobracket is a map ıW jK�j ! jK�=K1j˝2

defined by, for a generically immersed free loop ˛W Œ0; 1�=f0; 1g !†,

ı.˛/D
X

t1¤t22Œ0;1�
˛.t1/D˛.t2/

sign.˛I t1; t2/˛jŒt1;t2�˝˛jŒt2;t1�;

where sign.˛I t1; t2/ is the local intersection number with respect to the orientation of †. This map is
well defined up to birth-deaths of monogons, and hence takes its value in jK�=K1j˝2. If † admits a
framing fr (ie a smooth nonvanishing vector field), we can upgrade it to the map

ıfrW jK�j ! jK�j˝2

by taking a rotation-free representative of ˛.
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3106 Toyo Taniguchi

Now let n� 0 and assume that † is a connected oriented compact surface †g;nC1 of genus g with nC 1
boundary components numbered from 0 to n, and take a base point on the 0th boundary component. Then,
an algebraic description of ıfr involving the noncommutative divergence is given in [1] as follows. Firstly,
� is defined as the based version of the Goldman bracket

(1) � W jK�j ! DerK.K�/

from the space of free loops to the space of K-linear derivations on K� . It is given by

�.˛/.x/D
X

p2˛\x

sign.˛; xIp/˛ �p x

for generic representatives of a free loop ˛ and x 2� . Here ˛�px is a based loop obtained by traversing x
until it reaches p, then going along ˛, and finally following the rest of x. (In [1], � is described as the
map induced from the double bracket �, but we omit the details here.)

Next, take the free-generating system C D .ai ; bi ; �j /1�i�g;1�j�n of � so that �j is homotopic to the
loop represented by the j th boundary component with the induced orientation, and

�0 D .a1; b1/ � � � .ag ; bg/�1 � � � �n

holds (see Figure 10 of [1]). Here .x; y/ D xyx�1y�1 is the group commutator. This induces an
isomorphism � Š F2gCn, which we fix throughout this paper. For all ˛, the derivation �.˛/ vanishes on
the subalgebra Kh�0i generated by �0 in K� , which we write as

� W jK�j ! DerKh�0i
.K�/:

The divergence map associated with C is defined by, for f 2 DerK.K�/,

(2) DivC.f /D
X
c2C

j@c.f .c//� 1˝ c
�1f .c/j 2 jK�j˝ jK�j;

where @c is the double derivation (see the end of the next section) defined by

@c.c
0/D ıc;c01˝ 1:

Theorem 2.1 [1, Theorem 5.16] Let fr be the framing such that all generators xi are rotation-free. Then ,
the composite DivC

ı � is equal to the framed Turaev cobracket ıfr.

3 Preliminaries on noncommutative geometry

In this section, we recall some definitions in noncommutative geometry. Let A be a unital associative
K-algebra with the multiplication map �WA˝A!A, and Ae DA˝Aop its enveloping algebra. We use
the following notation: Nx is the copy of x 2 A in Aop, and elements of Ae are written without the tensor
symbol. Therefore, we have x Ny D Nyx and Nx Ny D yx. We identify A-bimodules with left Ae-modules.
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Definition 3.1 � The left Ae-module structure on A is given by

x Ny � aD xay for a 2 A and x Ny 2 Ae:

� The left Ae-module structure on A˝A, the outer structure, is given by

x Ny � .a˝ b/D xa˝ by for a˝ b 2 A˝A and x Ny 2 Ae;

while the right Ae-module structure, the inner structure, is given by .a˝ b/ � x Ny D ax˝yb. The natural
identification Ae Š A˝A is an isomorphism of Ae-bimodules.

� �1A D Ker.�WA˝A! A/ is the space of noncommutative 1-forms. This is a left Ae-submodule
of A˝A, since � is a left Ae-module homomorphism. The universal derivation d WA!�1A is defined
by daD 1˝ a� a˝ 1.

� ��A D
L
m�0.�

1A/˝Am is the tensor algebra over A generated by 1-forms, which is a graded
A-algebra.

Let AD A=K1. Then �1A is canonically isomorphic to A˝A as a left A-module by the map given by

A˝A!�1A; a0˝ Œa1� 7! a0da1 WD a0˝ a1� a0a1˝ 1:

Its inverse is given by the projection A˝A� A˝A. Similarly, �1A is also isomorphic to A˝A as
a right A-module. With this notation, every element of ��A can be written as a linear combination of
elements of the form a0da1 : : : dan, abbreviating the tensor symbol.

Now let B be another associative K-algebra, M a left B-module, and M �DHomB.M;B/ the dual space
of M . Then, M � is naturally a right B-module by

.� � b/.m/D �.m/b for � 2M �; b 2 B and m 2M:

Definition 3.2 A left B-moduleM is said to be dualisable if it is finitely generated and projective over B .

Proposition 3.3 For a left B-module M , the following statements are equivalent :

(1) M is dualisable.

(2) There exists a nonnegative integer r and maps eWB˚r!M , e�WM !B˚r such that e ıe�D idM .

(3) For any left B-module N , the map

M �˝B N ! HomB.M;N /; � ˝n 7! .m 7! �.m/n/;

is an isomorphism.

Proof .1/) .2/ Since M is finitely generated, there exists a nonnegative integer r and a surjective
B-module homomorphism eWM !B˚r . By the projectivity of M , we can take a section e�WM !B˚r

of e.
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.2/) .3/ Denote by ei D e.0; : : : ; 1; : : : ; 0/ 2M the value on the i th standard unit vector on B˚r and
by e�i WM ! B the projection of e� to the i th component. The map

HomB.M;N /!M �˝B N W !
X
i

e�i ˝ .ei /

gives the inverse, which follows from e ı e� D idM .

.3/) .2/ Write the corresponding element to idM 2HomB.M;M/ in M �˝BM by
P
1�i�r e

�
i ˝e

i .
This defines the maps

eWB˚r !M; .0; : : : ; 1; : : : ; 0/ 7! ei ; and e�WM ! B˚r ; m 7! .e�i .m//1�i�r ;

which are what we want.

.2/) .1/ We have the following split exact sequence of B-module maps:

0! Ker e! B˚r !M ! 0:

Therefore M is a direct summand of B˚r .

We will use the above proposition later to define the trace map.

Definition 3.4 An algebra A is said to be formally smooth if it is finitely generated as a K-algebra with
Ae-projective �1A.

This smoothness condition is convenient yet very restrictive. First, if A is a finitely generated algebra,
�1A is finitely generated as an Ae-bimodule by the Leibniz rule. Therefore, A being formally smooth
forces �1A to be dualisable over Ae. We will see two examples of formally smooth algebras.

Example 3.5 Let r � 0. The free associative algebra ADKhz1; : : : ; zri of rank r is formally smooth.
In fact, we have the standard Ae-free resolution of A:

0! A˝Kfz1; : : : ; zrg˝A
ı
�! A˝A �

�! A! 0;

ı.1˝ zi ˝ 1/D 1˝ zi � zi ˝ 1D dzi ;

which shows that �1A is an Ae-free module with the basis .dzi /1�i�r .

The other example is the group algebra of a finitely generated free group. Before the proof, we define a
useful functor.

Definition 3.6 Let .A; �;�; �; "; S/ be a Hopf algebra over K. The functor ˆA is defined by

(3) ˆA W A-Mod! Ae-Mod; M 7!ˆA.M/;  7!  ˝ idA:

Here we set ˆA.M/DM ˝A as a K-module with the Ae-action given by, for a; x; y 2 A and m 2M ,

x � .m˝ a/ �y D x.1/m˝ x.2/ay;

using the coproduct �.x/D x.1/˝ x.2/.
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Remark 3.7 We have canonical isomorphisms of A-bimodules: for x; y 2 A and k 2K,

(4) F WˆA.A/Š A
˝2; x˝y 7! x.1/˝S.x.2//y; and ˆA.K/Š A; k˝ x 7! kx:

In addition, ˆA admits the right adjoint ‰A given, for an A-bimodule N , by ‰A.N / D N with the
conjugation action

x �nD x.1/nS.x.2// for x 2 A and n 2N

and ‰A. /D  for a morphism  .

Proposition 3.8 Let r � 0. Then , the group algebra ADKFr of the free group Fr is formally smooth.

Proof The following is the proof the author learned from Florian Naef. First, we fix a free-generating
system .xi /1�i�r of Fr . Then we have an exact sequence of left A-modules:

0!
M
1�i�r

A˝K � .xi � 1/
�
�! A "

�!K! 0;

where � is the summation map and " is the augmentation map. The inverse of � is given by the direct sum
of Fox derivatives

@

@xi
W Ker "! A˝K � .xi � 1/;

which is uniquely specified by the formulae
@

@xi
.ab/D

@

@xi
.a/C a

@

@xi
.b/ and

@

@xi
.xj /D ıij ;

and satisfies
a� ".a/D

X
1�i�r

@

@xi
.a/ � .xi � 1/:

By applying the functor in Definition 3.6 to the resolution above, we obtain an acyclic complex

0!ˆA

� M
1�i�r

A � .xi � 1/

�
�˝id
���!ˆA.A/

"˝id
���!ˆA.K/! 0:

Transporting the differentials using the isomorphisms (4), we have a left Ae-free resolution of A:

0!
M
1�i�r

A˝K � .xi � 1/˝A
ı 0
�! A˝2 �

�! A! 0;

ı0.1˝ .xi � 1/˝ 1/D xi ˝ x
�1
i � 1˝ 1D�dxix

�1
i :

Therefore �1A is an Ae-free module with the basis .dxix�1i /1�i�r .

We need some more definitions from noncommutative geometry.

Definition 3.9 � For a K-subalgebra R of A and an A-bimoduleM , an R-linear derivation on A intoM
is a K-linear map f WA!M such that

f .ab/D f .a/ � bC a �f .b/ for a; b 2 A and f .r/D 0 for r 2R:

The space of all such derivations is denoted by DerR.A;M/. Set DerR.A/D DerR.A;A/.
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� For f 2 DerK.A;M/, the A-bimodule homomorphism if W�
1A!M is defined by

if .da/D f .a/ for a 2 A;

which gives a canonical isomorphism of K-modules

DerK.A;M/! HomAe.�1A;M/; f 7! if ;

with the inverse given by the composition with the universal derivation d . Conversely, the pair .�1A; d/
is characterised by the following universal property: for any A-bimodule M and a K-linear derivation
f WA!M , there is a unique Ae-module map if W�1A!M such that if ı d D f holds.

� For f 2 DerK.A/, the corresponding map if W�1A! A is extended to the A-linear, degree .�1/
derivation if W��A!��A with Koszul signs, which is called the contraction map.

� A double derivation is a K-linear map � WA! A˝A satisfying

�.ab/D �.a/ � bC a � �.b/ for a; b 2 A:

DDerK.A/ denotes the space of K-linear double derivations on A, which is isomorphic to HomAe.�1A;Ae/.
This is an A-bimodule by the inner structure of A˝A.

� The universal derivation d WA!�1A is extended to theA-linear, degree-one derivation d W��A!��A

with Koszul signs, which is called the exterior derivative on A.

� For f 2DerK.A/, the Lie derivative Lf W��A!��A is the K-linear, degree-zero derivation given by

Lf D Œd; if �D d ı if C if ı d;

and it is determined by

Lf .a/D f .a/ and Lf .da/D df .a/:

Then, the map

LWDerK.A/! DerK.�
�A/.0/; f 7! Lf ;

is a Lie algebra homomorphism. The superscript .0/ denotes the degree-zero part.

� The Hochschild homology and cohomology of A with coefficients in A are defined by

HH�.A/D TorA
e

�
.A;A/ and HH�.A/D Ext�Ae.A;A/:

The space HH0.A/ is called the trace space of A and is briefly denoted by jAj, regarded as the cyclic
quotient. The space HH1.A/ is identified with the space of outer derivations.
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4 Connections and divergences

In this section, we recall the definition of a noncommutative connection, which we use to define the
associated divergence map further. Let B be a unital associative K-algebra as before.

Definition 4.1 Let M be a left B-module.

� A connection is a K-linear map rWM !�1B˝BM satisfying the Leibniz rule:

r.b �m/D db˝mC b � r.m/ for b 2 B and m 2M:

This extends to a degree-one derivation on ��B˝BM by

r.!˝m/D d!˝mC .�1/p! � r.m/ for ! 2�pA and m 2M:

� The curvature of a connection r is defined by RDr2WM !�2B˝BM , which is a B-module map.

� A connection r is flat if the curvature R vanishes identically.

Remark 4.2 Since M is K-free, M admits a (K-linear) connection if and only if M is B-projective
(see, for example, Corollary 8.2 of [3]). The existence of flat connections is more subtle; one sufficient
condition is that M is B-free. In fact, a connection on a free module is uniquely specified by its values
on a free basis. One necessary condition, on the other hand, is the vanishing of the Chern classes; for the
definition, see [5].

Definition 4.3 Let r be a connection on a B-module M . Its push-out by a K-algebra homomorphism
 W B! C is the connection  �r on C ˝BM defined as follows: first of all, we have the induced map
 ˝ idW�1B˝BM !�1C ˝BM . Then, we define  �r by

 �rWC ˝BM !�1C ˝BM; c˝m 7! dc˝mC c .r.m//;

with the target naturally identified with �1C ˝C .C ˝BM/.

Next, we recall the trace of a module endomorphism over a noncommutative algebra. Firstly, we have the
evaluation map

jevjWM �˝BM ! jBj; � ˝m 7! j�.m/j:

IfM is a dualisableB-module, we have the isomorphism EndB.M/ŠM �˝BM as seen in Proposition 3.3,
and the composite

TrWEndB.M/ ��!M �˝BM
jevj
��! jBj

is known as the Hattori–Stallings trace [6; 16].

Remark 4.4 Explicitly, once we take maps .e; e�/ by Proposition 3.3, the trace of  2 EndB.M/ is
given by

Tr. /D
X
i

e�i . .ei //:

Algebraic & Geometric Topology, Volume 25 (2025)
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Proposition 4.5 Let M and N be dualisable B-modules. Then , for B-module homomorphisms
f WM !N and g WN !M , we have Tr.f ıg/D Tr.g ıf /.

Proof For f D � ˝n 2M �˝B N and g D '˝m 2N �˝BM , we have

f ıg D '˝ �.m/n and g ıf D � ˝'.n/m;

and therefore
Tr.f ıg/D j�.m/'.n/j D j'.n/�.m/j D Tr.g ıf /:

We need a suitable action of derivations on M to define the associated divergence.

Definition 4.6 A derivation action on a left B-module M is a triple .d; '; �/, where d is a Lie algebra,
and 'W d! DerK.B/ and �W d! EndK.M/ are Lie algebra homomorphisms satisfying the compatibility
condition:

(5) �.f /.bm/D '.f /.b/ �mC b � �.f /.m/ for f 2 d; b 2 B and m 2M:

Given a homomorphism ', jBj is naturally a d-module by the composite

d '
�! DerK.B/! EndK.jBj/

of Lie algebra homomorphisms.

Definition 4.7 Let r be a connection on a dualisable M . The divergence map associated with r and a
derivation action .d; '; �/ is defined by

Div.r;';�/W d! jBj; f 7! Tr.�.f /� .i'.f /˝ idM / ır/:

Note that �.f /� .i'.f /˝ idM / ır is a B-module homomorphism by the compatibility condition.

Now assume that A is formally smooth until the end of this section, so that �1A is dualisable and

DDerK.A/˝Ae �1AŠ EndAe.�1A/

holds. The trace map now takes the form TrWEndAe.�1A/! jAej. Setting B D Ae and M D �1A,
we have the default derivation action given by dD DerK.A/,

(6)
'assocWDerK.A/! DerK.A

e/; f 7! Qf WD f ˝ idAop C idA˝f;

�assocWDerK.A/! EndK.�
1A/; f 7! Lf :

The compatibility condition is automatically satisfied as Lf is a degree-zero derivation on ��A. Thus,
we obtain the divergence

Divr WDerK.A/! jA
e
j; f 7! Tr.Lf � .i Qf ˝ id�1A/ ır/

associated with a connection rW�1A!�1Ae˝Ae �1A and the default derivation action. In this case,
we have an interpretation of Divr in terms of the horizontal lift:
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Definition-Lemma 4.8 For a connection rW�1A!�1Ae˝Ae �1A, there is a unique K-linear map

. � /HWDerK.A/! DerK.�
�A/.0/; f 7! f H;

satisfying the following properties: for f 2 DerK.A/,

(1) f H.a/D f .a/ in AD�0A for a 2 A; and

(2) f H.˛/D .i Qf ˝ id�1A/ ır.˛/ in Ae˝Ae �1AŠ�1A for ˛ 2�1A.

The map . � /H is called the horizontal lift by r.

Proof The uniqueness follows from the fact that ��A is generated as a K-algebra by A and �1A. Then,
as ��A is the tensor algebra of �1A over A, it suffices to show that (1) and (2) are compatible to see that
f H is well defined. We compute, for x; y 2 A and ˛ 2�1A,

f H.x˛y/D .i Qf ˝ id�1A/ ır.x Ny �˛/ (by the definition of the horizontal lift)

D .i Qf ˝ id�1A/.d.x Ny/˝˛C x Ny � r.˛// (since r is a connection)

D Qf .x Ny/ �˛C x Ny �f H.˛/ (by the definition of the contraction map)

D f .x/˛yC xf H.˛/yC x f̨ .y/ (by the definition of Qf ).

For the original definition of the horizontal lift in Riemannian geometry, see [21].

There is a simple criterion for Divr to be a Lie algebra 1-cocycle with coefficients in jAej.

Proposition 4.9 If r is a flat connection , then Divr D Tr.L� . � /H/ is a Lie algebra 1-cocycle.

We need some preparation for the proof. First, define the action of DerK.A/ on DDerK.A/ by

f � � D Œf; �� WD .f ˝ idC id˝f / ı � � � ıf for f 2 DerK.A/ and � 2 DDerK.A/

with the commutator taken in the space DerK.T .A//, where T .A/ denotes the tensor algebra generated
by A over K. Next, define the action of DerK.A/ on EndAe.�1A/ by

f � D ŒLf ;  � for f 2 DerK.A/ and  2 EndAe.�1A/:

With these actions, the isomorphism of K-modules DDerK.A/˝Ae �1AŠ EndAe.�1A/ becomes one of
DerK.A/-modules.

Lemma 4.10 The trace map Tr is a DerK.A/-module homomorphism.

Proof For � ˝ da 2 DDerK.A/˝Ae �1AŠ EndAe.�1A/ and f 2 DerK.A/, we have

f � .� ˝ da/D Œf; ��˝ daC � ˝Lf .da/;

by the definition of the action, so that

Tr.f � .� ˝ da//D jŒf; ��.a/C �.f .a//j D jf .�.a//j D f �Tr.� ˝ da/:

The DerK.A/-equivariance of the trace follows.
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Lemma 4.11 LetR be the curvature of r and f; g2DerK.A/. Then we have Œf; g�HD Œf H; gH�Ci Qf i QgR

in EndK.�
1A/.

Proof For ˛ 2�1A, put r˛ D
P
!˝ˇ for some ! 2�1Ae and ˇ 2�1A. Dropping the summation

symbol and denoting i Qf ˝ id�1A simply by i Qf , we have

Œf H; gH�˛ D f H.i Qgr˛/�g
H.i Qf r˛/

D f H.i Qg.!˝ˇ//�g
H.i Qf .!˝ˇ//

D f H.i Qg! �ˇ/�g
H.i Qf ! �ˇ/:

Since f H and gH are derivations by Definition-Lemma 4.8, this is equal to

Qf .i Qg!/ �ˇCi Qg! �f
H.ˇ/� Qg.i Qf !/ �ˇ�i Qf ! �g

H.ˇ/D Qf .i Qg!/ �ˇCi Qg! �i Qf rˇ� Qg.i Qf !/ �ˇ�i Qf ! �i Qgrˇ

together with the definition of the horizontal lift. On the other hand, for the curvature, we have

R.˛/Dr.!˝ˇ/D d!˝ˇ�!rˇ and i Qf i QgR.˛/D i Qf i Qgd! �ˇ� i Qg! � i Qf rˇC i Qf ! � i Qgrˇ:

Therefore, the right-hand side of the claim is equal to

.Œf H; gH�C i Qf i QgR/.˛/D .
Qf .i Qg!/� Qg.i Qf !/C i Qf i Qgd!/ �ˇ

D Œi Qf ; L Qg �! �ˇ D iŒ Qf ; Qg�! �ˇ

D i
Œ Qf ; Qg�
r˛ D Œf; g�H.˛/:

Proof of Proposition 4.9 Consider the following split sequence of Lie algebras:

0! DerA.��A/.0/
incl
��! DerK.�

�A/.0/
resA
L
�� ����!�� DerK.A/! 0;

where resA is the restriction to A. Indeed, if two elements in DerK.�
�A/.0/ restrict to the same derivation

on A, their difference is an A-linear derivation, and therefore contained in the image of incl.

Since any A-linear derivation on ��A is uniquely determined by its restriction to �1A, the space
DerA.��A/.0/ is isomorphic to EndAe.�1A/ as a Lie algebra. Then we define

cWDerK.A/! EndAe.�1A/; f 7! f H
�Lf ;

using this isomorphism. By Lemma 4.11 and the flatness of r, . � /H is a Lie algebra homomorphism.
Then c satisfies the nonabelian 1-cocycle condition:

(7) c.Œf; g�/D f � c.g/�g � c.f /C Œc.f /; c.g/�:

To check this, we compute

c.Œf; g�/D Œf; g�H�LŒf;g� D Œf
H; gH�� ŒLf ; Lg �D Œc.f /; g

H�C ŒLf ; g
H�� ŒLf ; Lg �

D Œc.f /; c.g/�C Œc.f /; Lg �C ŒLf ; g
H
�Lg �D Œc.f /; c.g/�� ŒLg ; c.f /�C ŒLf ; c.g/�

D Œc.f /; c.g/��g � c.f /Cf � c.g/:

Finally, applying the trace to (7) and using Proposition 4.5 and Lemma 4.10, Divr D�Tr ı c is indeed a
Lie algebra 1-cocycle.
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Remark 4.12 Proposition 4.9 remains true for the general case Div.r;';�/ in Definition 4.7; the proof is
almost identical, just less conceptual.

Similar formulations of a connection and the associated divergence map in differential geometry can be
seen in the context of Lie algebroid theory. For example, a connection is defined using an analogous
exact sequence to the above in Definition 3.8 of [9], and the corresponding divergence formula can be
found in Proposition 3.11 of [20].

An operad-theoretic formulation of the divergence map, on the other hand, has been studied in [14],
where they defined the standard divergence map on a free O-algebra for a reduced operad O. The standard
divergences are also discussed in the next two sections, only in the case of operads controlling associative
algebras and Lie algebras. As we will see below, they correspond to those associated with the canonical
flat connections naturally defined from free-generating systems in our formulation.

5 Examples of flat connections

In this short section, we look into two examples of flat connections.

Firstly, we consider the caseADKhz1; : : : ; zri. We define the standard connection rz on�1A associated
with the free-generating system zD .zi /1�i�r by rz.dzi /D 0 for all i . Then, this connection is obviously
flat. Now, since .dzi /1�i�r is a Ae-free basis of �1A, we can take its dual basis .@i /1�i�r , which
comprises of double derivations. More precisely, they are given by

@j .zi /D ıij � 1˝ 1 for 1� i; j � r:

For f 2 DerK.A/, we compute

.Lf �f
H/.dzi /D df .zi /� i Qf rz.dzi /D

X
j

@j .f .zi // � dzj ;

Divrz .f /D Tr.Lf �f
H/D

X
i

j@i .f .zi //j;

which recovers the standard (double) divergence map.

Next, we investigate the case ADK� . Recall that the divergence DivC associated with a free-generating
system C D .ai ; bi ; �j /1�i�g;1�j�n, introduced in (2), is given by

DivC.f /D
X
c2C

j@c.f .c//� 1˝ c
�1f .c/j 2 jAj˝ jAj:

Here @c is given by @c.c/D ıc;c0 � 1˝ 1. Since .dc c�1/c2C is an Ae-free basis of �1A as we proved in
Proposition 3.8, we define the connection rC associated with C by rC.dc c

�1/D 0 for all c 2 C, which is
also flat. The equality rC.dc c

�1/D 0 is equivalent to

0D Nc�1rC.dc/C d Nc
�1
˝ dc or rC.dc/D d Nc Nc

�1
˝ dc:

Here we used d.c�1/D�c�1dc c�1.
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Now, we compute the associated divergence. We know that .dc/c2C is also a free Ae-basis of �1A since
c is invertible in A. Then, we have

.Lf �f
H/.dc/D df .c/� i Qf rC.dc/D

�X
c02C

@c0.f .c// � dc
0

�
� .f . Nc/ Nc�1/ � dc;

DivrC .f /D
X
c2C

j@c.f .c//�f . Nc/ Nc
�1
j;

which coincides with DivC.f / using the identification jAej Š jAj˝ jAj, jx Nyj 7! jxj˝ jyj.

6 Connections on Hopf algebras and geometry over the Lie operad

The two connections in the previous section are induced by connections involving geometry over the Lie
operad, as shown below. However, we will not use any operad explicitly. We first discuss a correspondence
of connections over a Hopf algebra and then apply it to the enveloping algebra of a Lie algebra. At the
end of this section, we briefly discuss the relation between the divergence map and the Satoh trace. This
section may be skipped since this material is not used in the following sections.

Let .A; �;�; �; "; S/ be a Hopf algebra and denote by

DerHopf.A/D ff 2 DerK.A/ W .f ˝ idC id˝f / ı�D� ıf g

the space of Hopf algebra derivations. We have two algebra homomorphisms:

Q� WD .id˝S/ ı�WA! Ae and id˝ "WAe
! A:

Recall the functor ˆA W A-Mod! Ae-Mod, M 7!M ˝A, in Definition 3.6.

Definition-Lemma 6.1 Define the natural transformation j W idA-Mod!ˆA by , for an A-module M ,

jM WM !ˆA.M/; m 7!m˝ 1:

Then , each jM is a module homomorphism over Q�.

Proof It is clear that j defines a natural transformation. Next, we check that jM is a module homomor-
phism over Q�. For m 2M and x 2 A, we have

Q�.x/ � jM .m/D x
.1/
� .m˝ 1/ �S.x.2//

D x.1/m˝ x.2/S.x.3//

by the definition of the Ae-action on ˆA.M/. Since we have

x.1/˝ x.2/S.x.3//D x.1/˝ ".x.2//D x˝ 1

for a Hopf algebra by the defining property of the antipode, we obtain

Q�.x/ � jM .m/D xm˝ 1D jM .xm/:
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Next, we show that the functor ˆA extends to the space of connections. Recall the notation x Ny 2Ae where
x; y 2 A. With this notation, dx Ny and Nydx are elements of �1Ae, but they are not necessarily equal.

Definition-Lemma 6.2 Let M be an A-module and rWM !�1A˝M be a connection. Then , there is
a unique connection ˆA.r/ on ˆA.M/ that makes the following diagram commute:

M �1A˝AM

ˆA.M/ �1Ae˝Ae ˆA.M/

r

jM Q�˝jM

ˆA.r/

Furthermore , ˆA preserves flat connections.

Proof We define ˆA.r/ by

ˆA.r/.m˝ a/D d Na˝ .m˝ 1/C Na � . Q�˝ jM /.r.m//:

Then, the square above is clearly commutative. We check that this defines a connection. For m 2M and
x; y; a 2 A, we have

ˆA.r/.x � .m˝ a/ �y/DˆA.r/.x
.1/m˝ x.2/ay/

D d.x.2/ay/˝ .x.1/m˝ 1/C x.2/ay � . Q�˝ jM /.r.x
.1/m//:

The first term is equal to

d.x.2/ay/˝ .x.1/m˝ 1/D d.x.3/ay/x.1/˝ .m˝S.x.2///

D d.x.3/ay/x.1/S.x.2//˝ .m˝ 1/;

while the second term is equal to

x.2/ay � . Q�˝jM /.r.x
.1/m//D x.2/ay � . Q�˝jM /.dx

.1/
˝mCx.1/ �r.m//

D x.2/ay �
�
d Q�.x.1//˝ .m˝1/C Q�.x.1// � . Q�˝jM /.r.m//

�
D x.3/ay �

�
d.x.1/S.x.2///˝ .m˝1/Cx.1/S.x.2// � . Q�˝jM /.r.m//

�
:

The sum of the coefficients of m˝ 1 in the above two is now equal to

d.x.3/ay/x.1/S.x.2//C x.3/ay d.x.1/S.x.2///D d.x.3/ay x.1/S.x.2///

D d.x.1/S.x.2//x.3/ay/D d.xay/ :

In addition, the coefficient of . Q�˝ jM /.r.m// is equal to

x.3/ayx.1/S.x.2//D x.1/S.x.2//x.3/ay D xay:

Therefore, we obtain

ˆA.r/.x � .m˝ a/ �y/D d.xay/˝ .m˝ 1/C xay � . Q�˝ jM /.r.m//

D d.x Ny Na/˝ .m˝ 1/C x Ny Na � . Q�˝ jM /.r.m//

D .d.x Ny/ NaC x Nyd Na/˝ .m˝ 1/C x Ny Na � . Q�˝ jM /.r.m//

D d.x Ny/˝ .m˝ a/C x Ny �ˆA.r/.m˝ a/;
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which shows that ˆA.r/ is a connection. The uniqueness follows from the fact that the image of jM
generates ˆA.M/ as an Ae-module.

Finally, if r is flat, the composite

. Q�˝ jM / ır ır DˆA.r/ ıˆA.r/ ı jM

is zero. This forcesˆA.r/2 to be zero since, again, the image of jM generatesˆA.M/ as anAe-module.

We can extend a derivation action along ˆA under a suitable assumption.

Definition-Lemma 6.3 Let .d; '; �/ be a derivation action on an A-module M . If the image of
'W d! DerK.A/ is contained in DerHopf.A/, we have the induced derivation action .d; ˆA.'/;ˆA.�//
on ˆA.M/ given by

ˆA.'/W d
'
�! DerK.A/

'assoc
���! DerK.A

e/;

ˆA.�/W d! EndK.ˆA.M//; f 7! .m˝ a 7! �.f /.m/˝ aCm˝'.f /.a//:

Proof We check the compatibility condition (5). For f 2 d, m 2M and x; y; a 2 A, the left-hand side
of (5) is equal to

ˆA.�/.f /.x �.m˝a/�y/DˆA.�/.f /.x
.1/m˝x.2/ay/

D �.f /.x.1/m/˝x.2/ayCx.1/m˝'.f /.x.2/ay/

D'.f /.x.1//m˝x.2/ayCx.1/�.f /.m/˝x.2/ay

Cx.1/m˝'.f /.x.2//ayCx.1/m˝x.2/'.f /.a/yCx.1/m˝x.2/a'.f /.y/:

On the other hand, the right-hand side of (5) is equal to

ˆA.'/.f /.x Ny/ � .m˝ a/C .x Ny/ �ˆA.�/.f /.m˝ a/

D '.f /.x/ � .m˝ a/ �yC x �ˆA.�/.f /.m˝ a/ �yC x � .m˝ a/ �'.f /.y/

D '.f /.x/.1/m˝'.f /.x/.2/ayC x.1/�.f /m˝ x.2/ayC x.1/m˝ x.2/'.f /.a/y

C x.1/m˝ x.2/a'.f /.y/:

Therefore, they are equal if

'.f /.x.1//˝ x.2/C x.1/˝'.f /.x.2//D '.f /.x/.1/˝'.f /.x/.2/

holds. This equality follows from .'.f /˝ idC id˝'.f //ı�D�ı'.f /, which, in turn, follows from
the assumption that '.f / is a Hopf algebra derivation.

The correspondence between connections is reflected in the associated divergences.

Theorem 6.4 Let M be a dualisable A-module , rWM ! �1A˝AM a connection , and .d; '; �/ a
derivation action on M with Im' � DerHopf.A/. Then , we have

Div.ˆA.r/;ˆA.'/;ˆA.�// D Q� ıDiv.r;';�/

as maps d! jAej.
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Lemma 6.5 LetM be a dualisableA-module , eWA˚r!M and e�WM!A˚r the maps in Proposition 3.3,
and F WˆA.A/! Ae the isomorphism in (4).

(1) The Ae-module maps ˆA.e/ ı .F�1/˚r WAe˚r ! ˆA.M/ and F˚r ıˆA.e�/WˆA.M/! Ae˚r

satisfy
ˆA.e/ ı .F

�1/˚r ıF˚r ıˆA.e
�/D idˆA.M/:

(2) ˆA.M/ is a dualisable Ae-module.

Proof (1) This is clear from the condition e ı e� D idM .

(2) This follows from (1) together with Proposition 3.3.

Proof of Theorem 6.4 By (2) of the lemma above, talking about the trace map (and hence divergence
maps) on ˆA.M/ makes sense. Define ei and e�i as in the proof of Proposition 3.3,

"i WDˆA.e/ ı .F
�1/˚r.0; : : : ; 1˝ 1; : : : ; 0/D ei ˝ 1D jM .e

i /;

and "�i to be the i th component of F˚r ıˆA.e�/. Then, we have "�i ı jM D F ı jA ı e
�
i since j is a

natural transformation. For f 2 d, we compute,

Div.ˆA.r/;ˆA.'/;ˆA.�//.f /

D

X
i

ˇ̌
"�i
�
ˆA.�/.f /."

i /�.iˆA.'/.f /˝id/ıˆA.r/."i /
�ˇ̌

(by Remark 4.4)

D

X
i

ˇ̌
"�i
�
ˆA.�/.f /.jM .e

i //�.iˆA.'/.f /˝id/ıˆA.r/.jM .ei //
�ˇ̌

(by the definition of "i )

D

X
i

ˇ̌
"�i
�
jM .�.f /.e

i //�.iˆA.'/.f /˝id/ı. Q�˝jM /.r.ei //
�ˇ̌

(by the definition of ˆA.�/ and ˆA.r/)

D

X
i

ˇ̌
"�i
�
jM .�.f /.e

i //�jMı.i'.f /˝id/.r.ei //
�ˇ̌

(since '.f / is a Hopf derivation)

D

X
i

ˇ̌
F ıjAıe

�
i

�
�.f /.ei /�.i'.f /˝id/.r.ei //

�ˇ̌
(since "�i ıjM DF ıjAıe

�
i )

D

X
i

ˇ̌
Q�ıe�i

�
�.f /.ei /�.i'.f /˝id/.r.ei //

�ˇ̌
(since F ıjAD Q�)

D Q�.Div.r;';�/.f //:

Remark 6.6 We can also go in the opposite direction. Namely, we have the functor

„A D � ˝AK W Ae-Mod! A-Mod

and the natural transformation j 0W idAe-Mod!„A given by

j 0N WN !N ˝AK; n 7! n˝ 1;

which is a module homomorphism over id˝ ". We have the natural isomorphism „AˆA Š id, but not
the other way around.
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Now, we move on to Lie algebras. Let g be a Lie algebra over K and U g its enveloping algebra, which is
endowed with the Hopf algebra structure given, for x 2 g, by

�.x/D x˝ 1C 1˝ x; S.x/D�x; ".x/D 0:

Definition 6.7 � For a g-moduleM , DerLie.g;M/ is the space of all K-linear derivations (ie Lie algebra
1-cocycles) on g into M . Set DerLie.g/D DerLie.g; g/.

� For f 2 DerLie.g/, denote by Uf the natural extension of f to U g.

� �1Lieg D Ker."WU g! K/ is the space of Lie 1-forms. This is a left U g-submodule of U g, and we
have the universal derivation d W g! �1Lieg given by dx D x. The pair .�1Lieg; d / is characterised by
the following universal property: for any g-module M and a derivation f W g!M , there is a unique
U g-module homomorphism if W�

1
Lieg!M such that if ı d D f holds.

� Let a 2 U g and x; y 2 g. The element ax of �1Lieg is formally written as adx, with the Leibniz rule

dŒx; y�D xdy �ydx:

� For f 2 DerLie.g/, the Lie derivative Lf W�1Lieg!�1Lieg is defined by

Lf .adx/D .Uf /.a/dxC adf .x/ for a 2 U g and x 2 g:

� A Lie algebra g is said to be formally smooth if g is finitely generated as a Lie algebra, and �1Lieg is
dualisable as a U g-module.

Lemma 6.8 We have the isomorphism of U g-bimodules ˆU g.�
1
Lieg/Š�

1U g given by

adx˝ b 7! � Nb Q�.a/ � dx for a 2 U g and x 2 g:

Proof By the definition of Lie 1-forms, we have an exact sequence

0!�1Lieg! U g "
�!K! 0

of left U g-modules. Applying the functor ˆU g, the isomorphisms in (4) yield a commutative diagram

0 ˆU g.�
1
Lieg/ ˆU g.U g/ ˆU g.K/ 0

0 �1U g U g˝2 U g 0

ˆA."/

� �

�

of U ge-modules with the two rows exact. Hence, we obtain the isomorphism ˆU g.�
1
Lieg/Š�

1U g. The
map is explicitly given by adx˝ b 7! � Nb Q�.a/ � dx for a; b 2 U g and x 2 g, by chasing the diagram

adx˝ b ax˝ b

�Nb Q�.a/ � dx Nb Q�.a/ � .x˝ 1� 1˝ x/D Nb Q�.ax/
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Remark 6.9 Formally smooth Lie algebras are of cohomological dimension one (see Proposition 21.1.19
of [5]), and one example is a finitely generated free Lie algebra L.z1; : : : ; zr/. The existence of cohomo-
logically one-dimensional nonfree Lie algebras is an open problem over a field of characteristic zero; see
the introduction of [22]. If g is formally smooth, U g is automatically formally smooth as an associative
algebra as the functor (3) admits the right adjoint ‰A, as seen in Remark 3.7.

Now suppose that g is formally smooth and that we are given a connection rW�1Lieg!�1U g˝U g�
1
Lieg.

We consider the divergence map, defined in Definition 4.7, associated with the following data: B D U g,
M D�1Lieg, dD DerLie.g/,

'LieWDerLie.g/! DerK.U g/; f 7! Uf;

�LieWDerLie.g/! EndK.�
1
Lieg/; f 7! Lf :

From these, we obtain the associated divergence map

divr WDerLie.g/! jU gj:

This single divergence map is related to the double ones in the associative setting:

Corollary 6.10 Let Ur be the connection on �1U g obtained from ˆU g.r/ via the isomorphism in
Lemma 6.8. Then , we have

DivUr.Uf /D Q�.divr.f //

for f 2 DerLie.g/ in U ge.

Proof Recall that the double divergence is associated with the derivation action .DerK.U g/; 'assoc; �assoc/.
Therefore, Divr ı'Lie is associated with .DerLie.g/; 'assocı 'Lie; �assocı 'Lie/. On the other hand, we have
Im'DDerHopf.U g/. Then, by Theorem 6.4, Q�ıdivr is equal to Div.ˆUg.r/;ˆUg.'Lie/;ˆUg.�Lie//. We will
show that these two are equal.

By definition, ˆU g.'Lie/D 'assoc ı 'Lie. Next, we check that the following diagram is commutative for
any f 2 DerLie.g/:

ˆU g.�
1
Lieg/ ˆU g.�

1
Lieg/

�1U g �1U g

ˆUg.�Lie/.f /

� �

�assocı'Lie.f /

adx˝ b Uf .a/dx˝ bC adf .x/˝ bC adx˝Uf .b/

�Nb Q�.a/ � dx �Nb Q�.Uf .a// � dx� Nb Q�.a/ � df .x/�Uf .b/ Q�.a/ � dx

This shows that the two derivation actions agree via the isomorphism in Lemma 6.8. Hence we have

Q� ı divr D Div.ˆUg.r/;ˆUg.'Lie/;ˆUg.�Lie// D Div.Ur;'assocı'Lie;�assocı'Lie/ D DivUr ı'Lie:
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Remark 6.11 All the constructions above work just as well on topological algebras, provided everything
is continuous.

Let us get back to the flat connections in the previous section.

Example 6.12 (1) The connection rz on �1Khz1; : : : ; zri can be written as Ur 0z where the connec-
tion r 0z on �1LieL.z1; : : : ; zr/ is defined by r 0z.dzi /D 0 for all i .

(2) Similarly, the connection rC on �1KFr is induced from ˆKFr
.r 0C/, where the connection r 0C on

Ker."/D
M
c2C

A˝K � .c � 1/

is defined by r 0C.1˝ .c � 1// D 0 for all c 2 C. We use the isomorphism ˆKFr
.Ker."// Š �1KFr

analogous to Lemma 6.8 to transport ˆKFr
.r 0C/ onto �1KFr .

On the other hand, rC is not induced from a connection on a Lie algebra since KFr is not of the form U g

for any g. However, we have the following:

Proposition 6.13 Let 3KF2gCn be the completion of KF2gCn with respect to the augmentation ideal

Ker."WKF2gCn!K/:

Then , the continuous extension of the connection rC is induced from a connection on �1LieP .
3KF2gCn/,

where P denotes the primitive part.

Proof After the completion, 3KF2gCn is isomorphic, as a complete Hopf algebra, to the completed free
associative algebra Khhz1; : : : ; z2gCnii by the map

3KF2gCn ŠKhhz1; : : : ; z2gCnii; xi 7! ezi for xi 2 C;

which induces an isomorphism on the primitive parts

P .3KF2gCn/Š L..z1; : : : ; z2gCn//;
where L..z1; : : : ; z2gCn// is the completed free Lie algebra of rank 2gCn. Under this identification,

dxi x
�1
i D 1˝ 1� xi ˝ x

�1
i D

Q�.1� xi /D Q�.1� e
zi /

D Q�

�
ezi � 1

zi

�
Q�.�zi /D Q�

�
ezi � 1

zi

�
� dzi D Q�

�
ezi � 1

zi
dzi

�
;

which shows that the continuous extension of rC is induced from the connection r 00C on the space
�1LieL..z1; : : : ; z2gCn// defined by

r
00
C

�
ezi � 1

zi
dzi

�
D 0:

Finally, recall the Satoh trace map introduced in [15]. Let H D Kfz1; : : : ; zng be a free K-module,
H�DHomK.H;K/ its dual space, and gDL.z1; : : : ; zn/. Then ADU g is isomorphic to Khz1; : : : ; zni
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as a Hopf algebra. The Satoh trace map TrSatoh is defined as the composite

TrSatohWH
�
˝L.H/

incl
��!H�˝A

cont
��! A

proj
��! |A|;

where the contraction map is defined by

cont.z�j ˝ zi1 � � � zi`/D ıi1;j � zi2 � � � zi` :

Satoh showed in [15] that the kernel of TrSatoh stably coincides with the image of the Johnson homo-
morphism on the automorphism group of a free group. On the other hand, the map TrSatoh is exactly the
map divr

0
z , as is also observed in Section 9 of [1]. Our construction enables us to deduce the important

1-cocycle property of the Satoh trace with no combinatorial difficulties.

For an introduction into geometry over an operad, see the last section of [5], for example. The divergence
maps on algebras over other operads can be constructed similarly as long as universal enveloping algebras
are defined. Some aspects in this direction are also discussed in Appendix B in [14].

7 Perfect complexes and homological connections

In this section, we define the divergence associated with a connection on a not-necessarily-projective
module. Since the existence of a connection is closely tied in with projectivity, as we have seen in
Remark 4.2, we have to modify the definition to work with them.

Conventions A projective resolution of aB-moduleM is of the formP D . � � �!P1
@1
�!P0

@0
�!M!0/.

We set P�1 DM .

Definition 7.1 For a B-module M and f 2 DerK.B/, a K-linear map u W M ! M is called an f -
derivation if

u.bm/D f .b/mC bu.m/

holds for b 2 B and n 2M . Denote by Derf .M/ the space of f -derivations on M .

Lemma 7.2 Let f; g 2 DerK.B/.

(1) If Derf .M/ is nonempty, it is an affine space modelled on EndB.M/.

(2) If M is projective , Derf .M/ is nonempty.

(3) If u 2 Derf .M/ and u0 2 Derg.M/, then Œu; u0� is an Œf; g�-derivation.

Proof (1) If u; u0 2 Derf .M/, then u�u0WM !M is clearly B-linear.

(2) Assume that M is projective so that we can take a surjective B-module map qWB˚I �M for some
index set I , as well as its B-linear section sWM ! B˚I . Define 
 WM !M by the composite


 WM
s
�! B˚I

f˚I

��! B˚I
q
�!M:
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Then, we have, for b 2 B and m 2M ,


.bm/D q ıf ˚I ı s.bm/

D q ıf ˚I .bs.m//

D q
�
f .b/s.m/C bf ˚I .s.m//

�
D f .b/mC b
.m/;

using the fact that f is a derivation and q and s are B-linear. This shows that 
 is an f -derivation.

(3) Let b 2 B and m 2M . We proceed by direct computation:

Œu; u0�.bm/D u.g.b/mC bu0.m//�u0.f .b/mC bu.m//

D f .g.b//mCg.b/u.m/Cf .b/u0.m/C bu.u0.m//

�g.f .b//m�f .b/u0.m/�g.b/u.m/� bu0.u.m//

D f .g.b//mC bu.u0.m//�g.f .b//m� bu0.u.m//

D Œf; g�.b/mC bŒu; u0�.m/:

Remark 7.3 Given a derivation action .d; '; �/ on M considered in Definition 4.6, the compatibility
condition says that, for f 2 d, each �.f / is a '.f /-derivation.

Proposition 7.4 Let .P; @/ be a projective resolution of M , f 2 DerK.B/, and uWM ! M an f -
derivation. Then , u admits a lift �Œu� W P ! P comprised of f -derivations satisfying Œ@; �Œu�� D 0.
Furthermore , such a lift is unique up to homotopy.

Proof Take an arbitrary family of f -derivations .
n W Pn! Pn/n�0 by Lemma 7.2. We construct maps
by following these steps: First, we set

�Œu��1 D u WM !M;

and, for n� 0,
'Œu�n D �Œu�n�1 ı @n� @n ı 
n W Pn! Pn�1;

Q'Œu�n W Pn! Pn so that @n ı Q'Œu�n D 'Œu�n;

�Œu�n D Q'Œu�nC 
n W Pn! Pn:

We check that this inductive procedure is well defined. Let n � 0 and suppose that �Œu�n�1 is an
f -derivation. Then, 'Œu�n is a B-module map: for b 2 B and p 2 Pn,

'Œu�n.bp/D �Œu�n�1.@n.bp//� @n.
n.bp//

D �Œu�n�1.b@n.p//� @n.f .b/pC b
n.p//

D f .b/@n.p/C b�Œu�n�1.@n.p//�f .b/@n.p/C b@n.
n.p//

D b'Œu�n.p/:
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Next, we check @n�1 ı'Œu�n D 0. If nD 0, this is true since @�1 is defined to be zero. If n� 1, we have

@n�1 ı'Œu�n D @n�1 ı .�Œu�n�1 ı @n� @n ı 
n/

D @n�1 ı . Q'Œu�n�1C 
n�1/ ı @n

D .'Œu�n�1C @n�1 ı 
n�1/ ı @n

D .�Œu�n�2 ı @n�1� @n�1 ı 
n�1C @n�1 ı 
n�1/ ı @n

D 0;

which shows that we can take a lift of 'Œu�n. Lastly, it is clear that �Œu�n is an f -derivation. This shows
the well-definedness. Next, we have

@n ı�Œu�n D @n ı . Q'Œu�nC 
n/

D 'Œu�nC @n ı 
n

D �Œu�n�1 ı @n� @n ı 
nC @n ı 
n

D �Œu�n�1 ı @n;

which is briefly denoted by Œ@; �Œu��D 0.

Now suppose we have two such lifts �Œu� and �Œu�0. Then the difference �Œu���Œu�0 is a B-module map
by Lemma 7.2, and at the same time, is a lift of the zero map 0 WM !M . Hence, this is null-homotopic,
and this completes the proof.

Definition 7.5 Let .C; @/ be a chain complex of B-modules.

� We put IHom0B.C; C / D f. n W Cn ! Cn/n W B-module mapsg, the space of degree-zero maps.
IHom stands for the internal hom-set.

� .C; @/ is called a perfect complex if it is of finite length and each Cn is B-dualisable. In this case,
the trace map is defined by

Tr W IHom0B.C; C /! jBj; . n/n 7!
X
n

.�1/n Tr. n/:

� A B-module M is perfect if it admits a projective resolution by a perfect complex.

Lemma 7.6 Let .C; @/ be a perfect complex of B-modules and .hn W Cn ! CnC1/n be a family of
B-module maps. Then we have Tr.Œ@; h�/D 0.

Proof By definition, we have

Tr.Œ@; h�/D
X
n

.�1/n Tr.@nC1 ı hnC hn�1 ı @n/

D

X
n

.�1/n Tr.@nC1 ı hn/C
X
n

.�1/nC1 Tr.hn ı @nC1/:

Since Tr.hn ı @nC1/D Tr.@nC1 ı hn/ by Proposition 4.5, we obtain Tr.Œ@; h�/D 0.
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Now, we can define a connection on a B-module and the divergence associated with it.

Definition 7.7 Let M be a B-module.

� A homological connection on M is a pair r D .P;r�/ where P is a projective resolution of M
and frn W Pn!�1B˝B Pngn�0 is a family of usual connections.

� The curvature of r is defined to be R D f.rn/2 W Pn!�2B ˝B Pngn�0, which is a family of
B-module maps. A homological connection r is flat if the curvature R is the zero map.

The collection r of connections above is not required to be a chain map.

Definition 7.8 Let r D .P;r�/ be a homological connection on M with P perfect, and .d; '; �/ be a
derivation action on M . The associated divergence Div.r;';�/ is defined by

Div.r;';�/ W d! jBj; f 7!
X
n�0

.�1/n Tr
�
�Œ�.f /�n� .i'.f /˝ id/ ırn

�
:

Note that �Œ�.f /�n and .i'.f /˝ id/ırn are both '.f /-derivations, so that we can take the trace of their
difference. This is well defined by Proposition 7.4 and Lemma 7.6.

Proposition 7.9 If r D .P;r�/ is flat , Div.r;';�/ is a Lie algebra 1-cocycle.

Proof Let f; g 2 d and take lifts �Œ�.f /� and �Œ�.g/� of �.f / and �.g/ to P , respectively. Then
Œ�Œ�.f /�; �Œ�.g/�� is a chain map, and also a Œf; g�-derivation by Lemma 7.2(3). Therefore �Œ�.Œf; g�/� is
homotopic to Œ�Œ�.f /�; �Œ�.g/�� by Proposition 7.4. The rest is analogous to the proof of Proposition 4.9.

We also have a relaxed version of smoothness (see Definition 8.1.2 of [8]).

Definition 7.10 An algebra A is said to be homologically smooth if A is finitely generated as a K-algebra
and �1A is a perfect module over Ae.

In this case, we obtain a divergence map Divr WDerK.A/!jA
ej, associated with r and the default action

given in (6), generalising the construction given in Section 4.

8 The closed surface case

Let †g;1 be an oriented surface of genus g with one boundary component, and pick a base point on
the boundary. Denote by � D �0 the only simple boundary loop in �1.†g;1/. Recall that we fixed an
isomorphism

�1.†g;1/Š F2g D hai ; bi .1� i � g/i

in Section 2 so that � D .a1; b1/ � � � .ag ; bg/ holds. Then the closed surface †g is obtained by capping
the boundary with a disk, with the base point induced from †g;1. Put � D �1.†g/.
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Definition 8.1 The map vW jK�j ! HH1.K�/ is defined by

v.˛/.x/D
X

p2˛\x

sign.˛; xIp/˛ �p x

for generic representatives of a free loop ˛ and x 2 � . It is originally denoted by � in [19], and its
well-definedness is due to Vaintrob (Lemma 1 of [19]).

In this section, we will show the following theorem, which gives an algebraic description of the Turaev co-
bracket on a closed surface. PutRDKh�i, the subalgebra of KF2g generated by �. Then, we have the natu-
ral map DerR.KF2g/!DerK.K�/ since � is the quotient of F2g by the normal subgroup generated by �.

Theorem 8.2 Let CD.ai ;bi /1�i�g be a free-generating system of �1.†g;1/with �D.a1;b1/ � � �.ag ;bg/.
Then we have the commutative diagram

(8)

jKF2g j DerR.KF2g/ jKF2g j˝2

DerK.K�/ jK�j˝2

jK�j HH1.K�/ jK�=K1j˝2

� DivC

v Divr
0

for some homological connection r 0 on �1K� .

Corollary 8.3 The composite Divr
0

ı v is equal to the Turaev cobracket ı.

Proof By Theorem 2.1, DivC
ı � is equal to the suitably framed version of the Turaev cobracket ıfr.

On the other hand, we have the commutative diagram

|KF2g | |KF2g |˝2

|K� | |K�=K1|˝2

ı fr

ı

with the same maps on the top, left, and right with the outer square of (8). Therefore, the composite
Divr

0

ı v coincides with the Turaev cobracket ı by the surjectivity of the map jKF2g j ! jK�j.

To prove Theorem 8.2, we first construct a homological connection r 0. To do so, we have to choose
a projective resolution of K� , which we can take to be a perfect complex since K� is homologically
smooth.
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Lemma 8.4 Let V DKfai ; big1�i�g be a free K-module of rank 2g. We have a K�e-free resolution
of K� :

(9) 0!K�˝K� d1
�!K�˝V˝K� d0

�!K�˝K� �
�!K�! 0;

d1.1˝1/D
X
1�i�g

.a1;b1/ � � �.ai�1;bi�1/
�
1˝ai˝bia

�1
i b�1i Cai˝bi˝a

�1
i b�1i �aibia

�1
i ˝ai˝a

�1
i b�1i

�aibia
�1
i b�1i ˝bi˝b

�1
i

�
.aiC1;biC1/ � � �.ag ;bg/;

d0.1˝v˝1/D 1˝v�v˝1:

Proof We follow the method by R Lyndon [10]. By Section 11 of [10], we have a left K�-free resolution
of K using the Fox derivative:

0!K� @1
�!K� ˝V @0

�!K� "
�!K! 0;

@1.1/D
X
1�i�g

�
@�

@ai
˝ ai C

@�

@bi
˝ bi

�
D

X
1�i�g

.a1; b1/ � � � .ai�1; bi�1/.1˝ ai C ai ˝ bi � aibia
�1
i ˝ ai � aibia

�1
i b�1i ˝ bi /;

@0.1˝ c/D c � 1 for c 2 fai ; big1�i�g :

Applying the functor (3) and isomorphisms in (4), we obtain a left K�e-free resolution

0!K� ˝K�
@01
�!K� ˝V ˝K�

@00
�!K� ˝K�

�
�!K�! 0;

@01.1˝1/D
X
1�i�g

.a1; b1/ � � � .ai�1; bi�1/
�
1˝ai˝aibia

�1
i b�1i Cai˝bi˝bia

�1
i b�1i �aibia

�1
i ˝ai˝b

�1
i

� aibia
�1
i b�1i ˝ bi ˝ 1

�
.aiC1; biC1/ � � � .ag ; bg/;

@00.1˝ c˝ 1/D c˝ c
�1
� 1˝ 1 for c 2 fai ; big1�i�g :

Finally, swapping the second-to-left term by the automorphism

� WK� ˝V ˝K�!K� ˝V ˝K�; 1˝ c˝ 1 7! 1˝ c˝ c�1 for c 2 fai ; big1�i�g ;

gives the proclaimed resolution: d1 D � ı @01 and d0 D�@00 ı �
�1.

Now we define a homological connection on �1K� . Truncating (9) yields the resolution

0!K� ˝K� d1
�!K� ˝V ˝K� d0

�!�1K�! 0:

On each degree, we set

r
0
0.1˝ ai ˝ a

�1
i /D 0; r 00.1˝ bi ˝ b

�1
i /D 0; r 01.1˝ 1/D 0:

r 00 is the push-out of rC by the natural map pWKF2g � K� . To compute the associated divergence,
we need to lift Lie derivatives on �1K� .
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Lemma 8.5 Let f 2 DerR.KF2g/, and Of 2 DerK.K�/ the induced derivation. Then the Of -derivations
defined by

�Œ Of �0WK� ˝V ˝K�!K� ˝V ˝K�; 1˝ v˝ 1 7!
X

c2fai ;bi g1�i�g

p.@0cf .v//˝ c˝p.@
00
cf .v//;

�Œ Of �1WK� ˝K�!K� ˝K�; 1˝ 1 7! 0;

give a lift of L Of W�
1K�!�1K� .

Proof First of all, L Of ı d0 D d0 ı�Œ
Of �0 is clear from the construction. Next, we have

.�Œ Of �0 ı d1/.1˝ 1/

D �Œ Of �0

� X
1�i�g

.a1; b1/ � � � .ai�1; bi�1/
�
1˝ ai ˝ bia

�1
i b�1i C ai ˝ bi ˝ a

�1
i b�1i

� aibia
�1
i ˝ ai ˝ a

�1
i b�1i � aibia

�1
i b�1i ˝ bi ˝ b

�1
i

�
.aiC1; biC1/ � � � .ag ; bg/

�
by the definition of d1, and this equalsX
1�i�g

Of ..a1; b1/ � � � .ai�1; bi�1//
�
1˝ ai ˝ bia

�1
i b�1i C ai ˝ bi ˝ a

�1
i b�1i

� aibia
�1
i ˝ ai ˝ a

�1
i b�1i � aibia

�1
i b�1i ˝ bi ˝ b

�1
i

�
.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/�Œ Of �0
�
1˝ ai ˝ bia

�1
i b�1i C ai ˝ bi ˝ a

�1
i b�1i

� aibia
�1
i ˝ ai ˝ a

�1
i b�1i � aibia

�1
i b�1i ˝ bi ˝ b

�1
i

�
.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/
�
1˝ ai ˝ bia

�1
i b�1i C ai ˝ bi ˝ a

�1
i b�1i

� aibia
�1
i ˝ ai ˝ a

�1
i b�1i � aibia

�1
i b�1i ˝ bi ˝ b

�1
i

�
Of ..aiC1; biC1/ � � � .ag ; bg//

by the definition of �Œ Of �0, which is an Of -derivation. Using the isomorphism

(10) �1KF2g ŠKF2g ˝V ˝KF2g ; dv 7! 1˝ v˝ 1;

the above equalsX
1�i�g

Of ..a1; b1/ � � � .ai�1; bi�1//d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/df .ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi / Of ..aiC1; biC1/ � � � .ag ; bg//D .p˝ idV ˝p/.df .�//;

which is zero since f .�/D 0.

Lemma 8.6 Let x 2KF2g , Ox 2K� its image and ad Ox D Œ Ox; � � the inner derivation by Ox on K� . Then
the ad Ox-derivations defined by

�Œad Ox�0WK� ˝V ˝K�!K� ˝V ˝K�; 1˝ v˝ 1 7!
X

c2fai ;bi g1�i�g

p.@0cŒx; v�/˝ c˝p.@
00
c Œx; v�/;

�Œad Ox�1WK� ˝K�!K� ˝K�; 1˝ 1 7! Ox˝ 1� 1˝ Ox;

give a lift of Lad Ox W�
1K�!�1K� .
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Proof As in the previous lemma, Lad Ox ı d0 D d0 ı�Œad Ox�0 is clear. Next, we have

.�Œad Ox�0ıd1/.1˝1/D
P

1�i�g

Œ Ox;.a1;b1/ � � �.ai�1;bi�1/�
�
1˝ai˝bia

�1
i b�1i Cai˝bi˝a

�1
i b�1i

�aibia
�1
i ˝ai˝a

�1
i b�1i �aibia

�1
i b�1i ˝bi˝b

�1
i

�
.aiC1;biC1/ � � �.ag ;bg/

C.a1;b1/ � � �.ai�1;bi�1/�Œad Ox�0
�
1˝ai˝bia

�1
i b�1i Cai˝bi˝a

�1
i b�1i

�aibia
�1
i ˝ai˝a

�1
i b�1i �aibia

�1
i b�1i ˝bi˝b

�1
i

�
.aiC1;biC1/ � � �.ag ;bg/

C.a1;b1/ � � �.ai�1;bi�1/
�
1˝ai˝bia

�1
i b�1i Cai˝bi˝a

�1
i b�1i

�aibia
�1
i ˝ai˝a

�1
i b�1i �aibia

�1
i b�1i ˝bi˝b

�1
i

�
Œ Ox;.aiC1;biC1/ � � �.ag ;bg/�;

which is equal to, using the isomorphism in (10),P
1�i�g

Œ Ox; .a1; b1/ � � � .ai�1; bi�1/�d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/d Œx; .ai ; bi /�.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi /Œ Ox; .aiC1; biC1/ � � � .ag ; bg/�

D
P

1�i�g

Ox.a1; b1/ � � � .ai�1; bi�1/d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

� .a1; b1/ � � � .ai�1; bi�1/ Oxd.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/dx.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/ Oxd.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

� .a1; b1/ � � � .ai�1; bi�1/.ai ; bi /dx.aiC1; biC1/ � � � .ag ; bg/

� .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi / Ox.aiC1; biC1/ � � � .ag ; bg/

C .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi / Ox.aiC1; biC1/ � � � .ag ; bg/

� .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/ Ox

D
P

1�i�g

Ox.a1; b1/ � � � .ai�1; bi�1/d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/

� .a1; b1/ � � � .ai�1; bi�1/d.ai ; bi /.aiC1; biC1/ � � � .ag ; bg/ Ox

DOxd1.1˝ 1/� d1.1˝ 1/ Ox

D.d1 ı�Œad Ox�1/.1˝ 1/:

Lemma 8.7 For a free-generating system .xi /1�i�2g of F2g and y 2KF2g , we haveP
1�i�2g

j@i Œy; xi �j D .2g� 1/jy˝ 1� 1˝yj

in jKF2g j˝2.

Proof Write y D x"1

i1
� � � x

"r

ir
for some "k 2 f1;�1g. Then, we have

(11)
P

1�i�2g

j@i Œy; xi �j D
P

1�i�2g

j@i .yxi � xiy/j D
P

1�i�2g

j@i .y/xi � xi@i .y/Cy˝ 1� 1˝yj:

For the first two terms on the right-hand side, we haveP
1�i�2g

j@i .y/xi � xi@i .y/j D
P

1�i�2g

j@i .x
"1

i1
� � � x

"r

ir
/xi � xi@i .x

"1

i1
� � � x

"r

ir
/j

D
P

1�k�r

jx
"1

i1
� � � @ik .x

"k

ik
/ � � � x

"r

ir
xik � xikx

"1

i1
� � � @ik .x

"k

ik
/ � � � x

"r

ir
j
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since @i .x
"k

ik
/ is nonzero only if i D ik . If "k D 1, the kth term is equal to

jx
"1

i1
� � � x

"k�1

ik�1
˝ x

"kC1

ikC1
� � � x

"r

ir
xik � xikx

"1

i1
� � � x

"k�1

ik�1
˝ x

"kC1

ikC1
� � � x

"r

ir
j

D jx
"1

i1
� � � x

"k�1

ik�1
˝ xikx

"kC1

ikC1
� � � x

"r

ir
� x

"1

i1
� � � x

"k�1

ik�1
xik ˝ x

"kC1

ikC1
� � � x

"r

ir
j:

If "k D�1, the kth term is equal to

j�x
"1

i1
� � � x

"k�1

ik�1
x�1ik ˝ x

�1
ik
x
"kC1

ikC1
� � � x

"r

ir
xik C xikx

"1

i1
� � � x

"k�1

ik�1
x�1ik ˝ x

�1
ik
x
"kC1

ikC1
� � � x

"r

ir
j

D j�x
"1

i1
� � � x

"k�1

ik�1
x�1ik ˝ x

"kC1

ikC1
� � � x

"r

ir
C x

"1

i1
� � � x

"k�1

ik�1
˝ x�1ik x

"kC1

ikC1
� � � x

"r

ir
j:

Therefore, in either way, they are equal to

jx
"1

i1
� � � x

"k�1

ik�1
˝ x

"k

ik
� � � x

"r

ir
� x

"1

i1
� � � x

"k

ik
˝ x

"kC1

ikC1
� � � x

"r

ir
j:

by cancelling xik and x�1ik cyclically. Hence, the sum above is equal toP
1�k�r

jx
"1

i1
� � � x

"k�1

ik�1
˝ x

"k

ik
� � � x

"r

ir
� x

"1

i1
� � � x

"k

ik
˝ x

"kC1

ikC1
� � � x

"r

ir
j D j1˝y �y˝ 1j:

Adding 2gjy˝ 1� 1˝yj in the third and fourth term in (11), we obtain the equality in the statement.

Proof of Theorem 8.2 The left square is commutative by the construction of � and v. Next, by
Lemmas 8.6 and 8.7, the divergence of an inner derivation takes its values in .K�˝ 1C 1˝K�/, so the
map Divr

0

descends to HH1.K�/! jK�=K1j˝2. By Lemma 8.5, we have, for f 2 DerR.KF2g/,

.�Œ Of �1�.i'. Of /˝id/ır 01/.1˝1/D 0;

.�Œ Of �0�.i'. Of /˝id/ır 00/.1˝c˝1/D
P

c02fai ;bi g1�i�g

�
p.@0c0f .c//˝c

0
˝p.@00c0f .c//

�
�1˝c˝c�1 Of .c/;

so that
Divr

0

. Of /D
P

c2fai ;bi g1�i�g

p.j@cf .c/j/D p.DivrC .f //

modulo .K� ˝ 1C 1˝K�/. Thus, the right square is also commutative; this completes the proof.
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