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Noncommutative divergence and the Turaev cobracket

Toyo TANIGUCHI

The divergence map, an important ingredient in the algebraic description of the Turaev cobracket on a
connected oriented compact surface with boundary, is reformulated in the context of noncommutative
geometry using a flat connection on the space of 1-forms on a formally smooth associative algebra.
We then extend this construction to homologically smooth associative algebras, which allows us to give a
similar algebraic description of the Turaev cobracket on a closed surface. We also look into a relation
between the Satoh trace and the divergence map on a free Lie algebra via geometry over the Lie operad.

57K20; 16D20, 58B34

1 Introduction

The Turaev cobracket is a loop operation introduced in [17] by Turaev, which endows a structure of an
involutive Lie bialgebra on the space of nontrivial free loops on an oriented surface together with the
Goldman bracket (the involutivity is due to Chas [2]). These topologically defined operations have several
interesting algebraic descriptions by Massuyeau [11] and by Kawazumi and Kuno [7], a combinatorial
description by Chas [2], and also relate to the necklace Lie bialgebra in quiver theory.

Since connected oriented and closed surfaces are distinguished by their fundamental group, one would
expect to recover a significant amount of topological information from the group, including those loop
operations. In that case, an algebraic description of the Goldman bracket was given by Vaintrob [18], and it
is the one induced from the commutator bracket of derivations combined with the Poincaré—Van den Bergh
duality. In the case of connected oriented compact surfaces with nonempty boundaries, another algebraic
description of the Turaev cobracket is given in the remarkable paper [1] by Alekseev, Kawazumi, Kuno
and Naef, where an interesting relation between two-dimensional topology and Kashiwara—Vergne groups
is revealed. They introduced a noncommutative analogue of the divergence map, which is the main object
of this paper.

We now quickly recall the notion of a connection, or a covariant derivative, in terms of noncommutative
geometry in the sense of Kontsevich and Ginzburg (and many others); for details, see Sections 3, 4 and 7.
Let B be a unital associative algebra over a field K of characteristic zero, Q! B the space of 1-forms
on B, and M a left B-module. A connection is a K-linear map

V:M > Q'Bg M
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3104 Toyo Taniguchi

satisfying the Leibniz rule V(bm) = db ® m + bV(m). The associated divergence of a derivation
f: B — B is defined by the formula

DivV(f) =Tr(Ly — (if ®id) o V),

in which we use the Lie derivative Ly, the contraction map iy, and the trace map whenever defined;
in fact, the trace is well defined if and only if M is dualisable (ie finitely generated and projective) over B.
This map gives a Lie algebra 1-cocycle if the connection is flar: VZ = 0.

We then apply this to the case B = A® and M = Q! A4 for another unital associative algebra A. In this
setting, ! A being dualisable is equivalent to the condition that A is cohomologically one-dimensional,
called formal smoothness. We further extend this construction in the case of homologically smooth algebras
by considering a projective resolution of M and a family of connections on it, which we call a homological
connection, similar to that having finite cohomological dimension is called homologically smooth.

The divergence map in the context of geometry over an operad was already studied in [14] by Powell,
where they defined the standard divergence map on free algebras and showed the 1-cocycle property. This
standard divergence can be recovered in our construction by taking a canonical flat connection on a free
algebra; for the concrete formulation, see Section 5. Our motivation to introduce another formulation of
divergences is to deal with other associative algebras, namely, the group algebra on free groups, which
are isomorphic to the fundamental group of a surface with boundaries.

The Turaev cobracket and the divergence map are deeply related to the family of “trace maps” in Johnson
theory. The original trace map goes back to [13] by Morita, where their motivation was to study the
cokernel of the Johnson homomorphism in the context of the mapping class groups of a surface. Later,
the Morita trace is refined in their study of the automorphism group of a free group in [15] by Satoh and
applied to the mapping class group of a surface in [4] by Enomoto and Satoh.

Our construction of the divergence map leads us to an aspect of the Satoh trace on the automorphism
group of a free group. It was combinatorially defined in [15], but it can be realised as the divergence
map associated with a noncommutative version of a flat connection, briefly discussed in Section 6. For
the relation between the Turaev cobracket and the mapping class groups of surfaces, see Theorem 1.14
and Section 9 of [1] for a detailed explanation. A pre-existing interpretation of the Satoh trace is studied
in [12] by Massuyeau and Sakasai, where they introduce several variants of the trace map and relate it to
the Magnus representation of the group of certain automorphisms on a free Lie algebra.

Finally, the goal of this paper is to give an algebraic description of the Turaev cobracket in the case of
connected oriented and closed surfaces by utilising the tools developed above. Let K be a unital ring,
3 such a surface, and & = 71 (X) the fundamental group of a surface. The symbol |- | denotes the cyclic
quotient so that the space |Kr| is the free K-module spanned by the homotopy classes of free loops on X.
The main result is the following. Recall that the divergence takes the form Derg (K7 ) — |K7¢| = |K7|®2,
and the first Hochschild cohomology HH' (K1) of the group ring K is regarded as the space of outer

derivations.
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Theorem We have a K-linear map
Div: HH! (K7) — |Kn/K1|®?
constructed from a flat homological connection (see Definition 7.7), such that the composite
|Kr| 2> HH (K7) 2Y5 |K7/K1|®2

with Vaintrob’s map v recalled in Section 8 is the Turaev cobracket.
For more precise statements, see Theorem 8.2 and Corollary 8.3.

Organisation of the paper In Section 2, we recall the Turaev cobracket and the divergence map defined
in [1]. Sections 3-5 introduce the language of noncommutative geometry and reformulate the divergence
map. In Section 6, which is logically independent of later sections, we look into divergence maps on
Hopf algebras and then in geometry over the Lie operad and its relation with the Satoh trace. Finally, the
case of closed surfaces is dealt with in Sections 7 and 8.

Acknowledgements The author would like to thank Nariya Kawazumi for insightful advice, Florian
Naef for useful comments on the draft of this paper, Yusuke Kuno for generously sharing their notes on
this topic, Anton Alekseev for pointing out some important references, and the referee for improving
many details and suggesting the reorganisation of Section 6.

Conventions K is a field of characteristic zero throughout this paper. All K-algebras contain K1 in their
centre. Unadorned tensor products are always over K.

2 The Turaev cobracket and its algebraic description

Let X be a connected oriented surface possibly with boundary, and 7 = 71 (X) its fundamental group.
Put |Kz| = Krr/[Kx, K], the cyclic quotient of the algebra K, which is a free K-module spanned
by the homotopy classes of free loops on . The Turaev cobracket is a map §: |Kn| — |Kz/K1|®?
defined by, for a generically immersed free loop «: [0, 1]/{0, 1} — X,

Sy= > sign(e:tr.22)ely ) ® i),

t1#t,€[0,1]
a(t)=a(t2)

where sign(o; t1, t2) is the local intersection number with respect to the orientation of ¥. This map is
well defined up to birth-deaths of monogons, and hence takes its value in |Kz/K1|®2. If ¥ admits a
framing fr (ie a smooth nonvanishing vector field), we can upgrade it to the map

8 |Kn| — |Kr|®2
by taking a rotation-free representative of o.
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Now let n > 0 and assume that X is a connected oriented compact surface Xg ,+1 of genus g withn +1
boundary components numbered from 0 to 7, and take a base point on the 0" boundary component. Then,
an algebraic description of § involving the noncommutative divergence is given in [1] as follows. Firstly,
o is defined as the based version of the Goldman bracket

(D o:|Km| — Derg (K)
from the space of free loops to the space of K-linear derivations on K. It is given by
o(a)(x) = Z sign(o, x; p)a *p x
PEANX

for generic representatives of a free loop « and x € . Here a *, x is a based loop obtained by traversing x
until it reaches p, then going along o, and finally following the rest of x. (In [1], o is described as the
map induced from the double bracket «, but we omit the details here.)

Next, take the free-generating system C = (a;, b;, {j)1<i<g,1<j<n Of 7 so that {; is homotopic to the
loop represented by the j™ boundary component with the induced orientation, and

o= (ar.b1)---(ag.bg)l1--Cn

1

holds (see Figure 10 of [1]). Here (x,y) = xyx~'y~! is the group commutator. This induces an

isomorphism 7 = F,¢ 5, which we fix throughout this paper. For all «, the derivation o () vanishes on
the subalgebra K (o) generated by o in K, which we write as

o:|Kx| — Derk (¢,) (K).
The divergence map associated with C is defined by, for f € Derg (Kx),

©) DIve(f) =) 19:(f(e)—1®c " f(e)] € [Krr| ® [K],

ceC

where d. is the double derivation (see the end of the next section) defined by
8c(c/) = Sc,c/l ® 1.

Theorem 2.1 [1, Theorem 5.16] Let fr be the framing such that all generators x; are rotation-free. Then,
the composite Div’ o o is equal to the framed Turaev cobracket §.

3 Preliminaries on noncommutative geometry

In this section, we recall some definitions in noncommutative geometry. Let A be a unital associative
K-algebra with the multiplication map u: A ® A — A, and A° = A ® AP its enveloping algebra. We use
the following notation: X is the copy of x € A in A°P, and elements of A® are written without the tensor
symbol. Therefore, we have xy = yx and Xy = yx. We identify A-bimodules with left A°-modules.
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Definition 3.1 e The left A°-module structure on A is given by
xy-a=xay foraeAandxye A°.
e The left A°-module structure on A ® A, the outer structure, is given by
xy-(a®b)y=xa®by fora®be AR Aand xy € A°,

while the right A°-module structure, the inner structure, is given by (@ ® b) - xy = ax ® yb. The natural
identification A® = A ® A is an isomorphism of A®-bimodules.

o Q'A=Ker(u:A® A — A) is the space of noncommutative 1-forms. This is a left A°-submodule
of A® A, since p is a left A°-module homomorphism. The universal derivation d: A — Q!4 is defined
byda=1®a—-a®1l.

e QA = @sz(QlA)@@Am is the tensor algebra over A generated by 1-forms, which is a graded

A-algebra.

Let A = A/K1. Then Q!4 is canonically isomorphic to A ® A as a left A-module by the map given by
AR A— QA ag®[a1]— aodar :==agQai —aga; ® 1.

Its inverse is given by the projection A ® A — A ® A. Similarly, Q14 is also isomorphic to A ® A4 as
a right A-module. With this notation, every element of 2°A can be written as a linear combination of
elements of the form agda; ...da,, abbreviating the tensor symbol.

Now let B be another associative K-algebra, M a left B-module, and M* = Homp (M, B) the dual space
of M. Then, M* is naturally a right B-module by

(0-b)(m) =0(m)b for 0 e M*, be Bandm <€ M.
Definition 3.2 A left B-module M is said to be dualisable if it is finitely generated and projective over B.

Proposition 3.3 For a left B-module M , the following statements are equivalent:

(1) M is dualisable.
(2) There exists a nonnegative integer r and maps e: B®" — M, e*: M — B®" such that e o e* = idyy.

(3) For any left B-module N, the map
M*®pg N - Homg(M,N), 0®n+> (m+— 0(m)n),

is an isomorphism.

Proof (1) = (2) Since M is finitely generated, there exists a nonnegative integer r and a surjective
B-module homomorphism e: M — B®". By the projectivity of M, we can take a section e*: M — B®"
of e.
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(2) = (3) Denote by e/ =e(0,...,1,...,0) € M the value on the i standard unit vector on B®" and
by ef: M — B the projection of e* to the i component. The map

Homp(M.N) = M*®p N:y — > e} @y (e;)

1

gives the inverse, which follows from e o e* = idyy.

(3) = (2) Write the corresponding element to idys € Homp (M, M) in M*®@pg M by ) 1 ;.. e/ ® el
This defines the maps

e:B® > M, (0,....1,...,0)—>¢', and e*:M — B®7, m > (e (m))1<i<r,
which are what we want.
(2) = (1) We have the following split exact sequence of B-module maps:
0 — Kere - B®" — M — 0.

Therefore M is a direct summand of B®". O
We will use the above proposition later to define the trace map.

Definition 3.4 An algebra A is said to be formally smooth if it is finitely generated as a K-algebra with
AC-projective Q1 A.

This smoothness condition is convenient yet very restrictive. First, if A is a finitely generated algebra,
Q1A is finitely generated as an A°-bimodule by the Leibniz rule. Therefore, A being formally smooth
forces 21 A to be dualisable over A°. We will see two examples of formally smooth algebras.

Example 3.5 Let r > 0. The free associative algebra A = K(zq, ..., z,) of rank r is formally smooth.
In fact, we have the standard A°-free resolution of A:

0> A®K{z1,....2;} ® A2 A® AL> A0,
8(1®z,~®1)=1®z,~—z,~®1=dz,-,

which shows that Q!4 is an A°-free module with the basis (dz;)1<i <.

The other example is the group algebra of a finitely generated free group. Before the proof, we define a
useful functor.

Definition 3.6 Let (A4, 1, A, n, e, S) be a Hopf algebra over K. The functor ®4 is defined by

3) ®y : A-Mod — A°-Mod, M+ Oy(M), ¥ —> ¥ Qidy.

Here we set ®4(M) = M ® A as a K-module with the A®-action given by, fora,x,y € Aandm € M,
x-(m®a)-y= xWm ®x(2)ay,

using the coproduct A(x) = x(M @ x@.

Algebraic & Geometric Topology, Volume 25 (2025)



Noncommutative divergence and the Turaev cobracket 3109

Remark 3.7 We have canonical isomorphisms of A-bimodules: for x,y € A and k €K,
@) F:d4A)=4%2, x0y—>xPVesx@P)y, and @qK)=4, kx> kx.
In addition, ®4 admits the right adjoint W4 given, for an A-bimodule N, by W4(N) = N with the
conjugation action
xX-n= x(l)nS(x(z)) for xe Aandn e N
and Wy () = ¢ for a morphism .
Proposition 3.8 Letr > 0. Then, the group algebra A = K F; of the free group F) is formally smooth.

Proof The following is the proof the author learned from Florian Naef. First, we fix a free-generating
system (x;)1<;<r of F». Then we have an exact sequence of left A-modules:
0— EB AQK - (xi—1) - A 55K — 0,
1<i<r
where ¢ is the summation map and ¢ is the augmentation map. The inverse of ¢ is given by the direct sum

of Fox derivatives

0
—:Kere > AQK-(x; — 1),
0x;

which is uniquely specified by the formulae

d 0 d 0

—(ab) = — — (b d —(x;)=26;;.

3 @) = 5@ Fag () and () =8
and satisfies

3
a—e@)= Y W(a) S(xi = 1).

- i
1<i<r

By applying the functor in Definition 3.6 to the resolution above, we obtain an acyclic complex

o—>q>A( @ A-(x,-—l)) @, §,(4) £29, @y (K) — 0.

1<i<r

Transporting the differentials using the isomorphisms (4), we have a left A°-free resolution of A:

0> P 40K (xi—1)® 425 492 L5 40,

1<i<r
8’(1®(x,-—1)®1)=xi®xl-_1—1®1:—dx,-xl-_l.
Therefore Q14 is an A°-free module with the basis (dx; xX; 1)15,5,. O

We need some more definitions from noncommutative geometry.

Definition 3.9 ¢ For a K-subalgebra R of A and an A-bimodule M, an R-linear derivation on A into M
is a K-linear map f: A — M such that

f(ab)= f(a)-b+a- f(b) fora,beA and f(ry=0 for r e R.
The space of all such derivations is denoted by Derg (A4, M). Set Derg(A) = Derg (A4, A).
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e For f € Derg (A4, M), the A-bimodule homomorphism iy: Q'4 — M is defined by
ir(da) = f(a) foraeA,
which gives a canonical isomorphism of K-modules
Derg (A, M) — HomAe(QlA, M), [ ir,

with the inverse given by the composition with the universal derivation d. Conversely, the pair (2! A4, d)
is characterised by the following universal property: for any A-bimodule M and a K-linear derivation
f:A— M, there is a unique A°-module map iy: Q!4 — M such that irod = f holds.

e For f € Derg(A), the corresponding map iy: Q!4 — A is extended to the A-linear, degree (—1)
derivation iy: 2°A — 2° A with Koszul signs, which is called the contraction map.

e A double derivation is a K-linear map 6: A — A ® A satisfying
O(ab) =6(a)-b+a-0(b) for a,be A.

DDerg (A) denotes the space of K-linear double derivations on A, which is isomorphic to Homge (21 4, 4°).
This is an A-bimodule by the inner structure of 4 ® A.

e The universal derivation d: A — Q' 4 is extended to the A-linear, degree-one derivation d: Q*A — Q* A
with Koszul signs, which is called the exterior derivative on A.

» For f € Derk(A), the Lie derivative Ly: Q2*A — Q° A is the K-linear, degree-zero derivation given by

Ly =|[d,if]=doir+ifod,
and it is determined by
Ly(a)= f(a) and Lys(da)=df(a).
Then, the map
L:Derg (A4) — DerK(Q'A)(O), f =Ly,

is a Lie algebra homomorphism. The superscript (0) denotes the degree-zero part.
e The Hochschild homology and cohomology of A with coefficients in A are defined by
HH,(A) = Tor"(A, A) and HH®(A) = Ext}.(4, A).

The space HHg(A) is called the trace space of A and is briefly denoted by |A|, regarded as the cyclic
quotient. The space HH! (A) is identified with the space of outer derivations.
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4 Connections and divergences

In this section, we recall the definition of a noncommutative connection, which we use to define the
associated divergence map further. Let B be a unital associative K-algebra as before.
Definition 4.1 Let M be a left B-module.
e A connection is a K-linear map V: M — Q! B ® g M satisfying the Leibniz rule:
Vb-m)=db®m+b-V(m) for be Bandm e M.

This extends to a degree-one derivation on Q2°B ®p M by

Viwem)=do@m+ (—1)P’w-V(m) for v € QPAandme M.
e The curvature of a connection V is defined by R = V2: M — Q2B @ M, which is a B-module map.
e A connection V is flat if the curvature R vanishes identically.
Remark 4.2 Since M is K-free, M admits a (K-linear) connection if and only if M is B-projective
(see, for example, Corollary 8.2 of [3]). The existence of flat connections is more subtle; one sufficient
condition is that M is B-free. In fact, a connection on a free module is uniquely specified by its values

on a free basis. One necessary condition, on the other hand, is the vanishing of the Chern classes; for the
definition, see [5].

Definition 4.3 Let V be a connection on a B-module M. Its push-out by a K-algebra homomorphism
¥ : B — C is the connection ¥,V on C ® p M defined as follows: first of all, we have the induced map
v ®id: Q!B M — QIC ®p M. Then, we define ¥4V by

VeV:iCRpM — QICQp M, c®mr>dc®m+cy(V(m)),

with the target naturally identified with Q1C ®¢ (C ®p5 M).

Next, we recall the trace of a module endomorphism over a noncommutative algebra. Firstly, we have the

evaluation map
lev M*®g M — |B|, 0Q@m |0(m)].

If M is a dualisable B-module, we have the isomorphism Endg (M) =~ M *®p M as seen in Proposition 3.3,
and the composite
Tr: Endg (M) => M* @5 M 2% |B|

is known as the Hattori—Stallings trace [6; 16].

Remark 4.4 Explicitly, once we take maps (e, e*) by Proposition 3.3, the trace of { € Endg (M) is
given by
Tr(y) = ) ef (Y ().
i
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Proposition 4.5 Let M and N be dualisable B-modules. Then, for B-module homomorphisms
f:M—Nandg: N — M, we have Tr(f og) =Tr(go f).
Proof For f =0 ®neM*®p N andg=¢9®m e N* ®p M, we have

fog=9p®0(m)n and go f =0Qpn)m,
and therefore

Tr(f o g) = |0(m)e(n)| = |p(n)8(m)| = Tr(g o f). O
We need a suitable action of derivations on M to define the associated divergence.

Definition 4.6 A derivation action on a left B-module M is a triple (9, ¢, p), where 0 is a Lie algebra,
and ¢: 9 — Derg (B) and p: 0 — Endg (M) are Lie algebra homomorphisms satisfying the compatibility
condition:

5) p(f)bm)=p(f)b)-m+b-p(f)im) for fe€d,be Bandme M.

Given a homomorphism ¢, | B| is naturally a 9-module by the composite
9 % Derk (B) — Endg (| B))
of Lie algebra homomorphisms.
Definition 4.7 Let V be a connection on a dualisable M. The divergence map associated with V and a

derivation action (9, ¢, p) is defined by

Div(V9:0 5 |B|, [ Te(p(f) — iy ) ®idpr) 0 V).

Note that p(f) — (iy(r) ®idps) o V is a B-module homomorphism by the compatibility condition.
Now assume that A is formally smooth until the end of this section, so that 2! 4 is dualisable and
DDerk (4) ®4c ' A = Endye (2! 4)

holds. The trace map now takes the form Tr: Endge(Q2'A4) — |A4°|. Setting B = A° and M = Q' A4,
we have the default derivation action given by ? = Derk (A),

Passoc: Derg (4) — Derg (4°), i fi= f Qidgor +idy @ f,

(6)
Passoc: Derg (4) — Endg (' 4), f+ Ly.

The compatibility condition is automatically satisfied as Ly is a degree-zero derivation on 2°A. Thus,
we obtain the divergence

Div¥:Derg (4) — |A°|, f > Tr(Ls — (i7 ®idg14) 0 V)

associated with a connection V: Q14 — Q1 4¢ @ 4c Q! A and the default derivation action. In this case,
we have an interpretation of DivY in terms of the horizontal lift:
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Definition-Lemma 4.8 For a connection V: Q' A — Q1 A° ® 4. Q! A, there is a unique K -linear map
(-): Derg (4) — Derg (2°4) @, f > fH,
satistying the following properties: for f € Derg(A),
(1) fH(a) = f(a)in A= QA fora € A; and
2) o) = (7 ®idgig) o V(e) in A° @4 Q' A = Q' A fora € Q' A.
The map (-)Y is called the horizontal lift by V.
Proof The uniqueness follows from the fact that 2* 4 is generated as a K-algebra by 4 and Q! 4. Then,

as 2° A is the tensor algebra of QLA over A, it suffices to show that (1) and (2) are compatible to see that
fHis well defined. We compute, for x,y € A and o € Q1 4,

fHxay) =@ 7 ® idgi14)oV(xy - -a) (by the definition of the horizontal lift)
= (if~ ®idg1 4)(d(xy) @ +xy-V(x)) (since V is a connection)
= f (x7)-a+xj- fHa) (by the definition of the contraction map)
= f(x)ay +xfH @)y + xaf(y) (by the definition of f). ad

For the original definition of the horizontal lift in Riemannian geometry, see [21].

There is a simple criterion for DivY to be a Lie algebra 1-cocycle with coefficients in |A€|.

Proposition 4.9 If V is a flat connection, then Div¥ = Tr(L — (- )¥) is a Lie algebra 1-cocycle.

We need some preparation for the proof. First, define the action of Derg (A4) on DDerg (A) by
f-0=[f0]l'=(fRid+id®f)of—0o f for f €Derkg(A) and 6§ € DDerg (A)

with the commutator taken in the space Derg (7'(A4)), where 7'(A) denotes the tensor algebra generated
by A over K. Next, define the action of Derg (4) on Endge (2! A4) by

f-¥=[Lg ¢] for f €Derg(A)and ¢ € End: (' A4).

With these actions, the isomorphism of K-modules DDerg (A4) ® 4¢ 21 A 22 End 4. (2! 4) becomes one of
Dergk (A)-modules.

Lemma 4.10 The trace map Tr is a Derg (A)-module homomorphism.

Proof For 6 ® da € DDerg (A) ®4c Q' A = Endge(Q! A) and f € Derg (A), we have
f-(0®da)=[f0]®da+0Q Ly (da),
by the definition of the action, so that

Tr(f - (0 ® da)) = |[f.0](a) + O(f (@) = [f(B(a))| = f - Tr(0 Q@ da).

The Derg (A)-equivariance of the trace follows. |
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Lemmad4.11 Let R be the curvature of V and f, g € Dery (A). Then we have [ f, g]" = [ fH, g!] +zf igR
in Endg (21 A).

Proof Fora € Q'A, put Va =) o ® B for some w € Q1 A° and B € Q! A. Dropping the summation
symbol and denoting i 7® idg1 4 simply by i 7.we have
[ g%Ma = fM(igVe) —g"(i7Va)
= Mgl ®p) —g"(i; (@ p))
= fMizow-B)—g"(;0-p).
Since fH and gH are derivations by Definition-Lemma 4.8, this is equal to
fligw)-B+igo- fAB)-2li;w)-f—ifo-g"(B) = [lizw)-B+igw-izVB—§i;0)-f—i;w-igVP
together with the definition of the horizontal lift. On the other hand, for the curvature, we have
R(@)=V(®p)=do®B—wVE and ij;ig,R(a) = ij;igda)-ﬂ —iga)-ij;Vﬂ +ij;a)-i§Vﬂ.
Therefore, the right-hand side of the claim is equal to
(M gM+izig (@) = (flizw) - §li;0) +ifigdw)- B
=lipLglo-B=ijf go-p
=l[f~’§]va= [f g]™ (). |
Proof of Proposition 4.9 Consider the following split sequence of Lie algebras:
0 — Derg (2°4)@ 2L, Derg (Q°4)© =2 M Derg (A) — 0,
where resy is the restriction to A. Indeed, if two elements in Derg (Q'A)(O) restrict to the same derivation
on A, their difference is an A-linear derivation, and therefore contained in the image of incl.

Since any A-linear derivation on Q°*A is uniquely determined by its restriction to Q2! 4, the space
Dery (2°A)©@ is isomorphic to End4e (2! A) as a Lie algebra. Then we define

¢:Derg (A) — Endge (' 4), foH_Lf’

using this isomorphism. By Lemma 4.11 and the flatness of V, (-)! is a Lie algebra homomorphism.
Then c satisfies the nonabelian 1-cocycle condition:

@) c(lfigh=r1-c@—g-c(f)+]c(f).c(@)]
To check this, we compute
c(lfe) =1/l = Lirar =" &=Ly, Lgl = [c(/). "]+ [Lr.g"1 = [Lys, Lg]
=[c(f).c@+[c(f), Lel + Ly, g" = Lgl = [e(f), c(@)] = [Lg, ()] + Ly, c(g)]
=lc(f).c@l=g-c(f)+ f-c(g).
Finally, applying the trace to (7) and using Proposition 4.5 and Lemma 4.10, Div¥ = —Troc is indeed a
Lie algebra 1-cocycle. |
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Remark 4.12 Proposition 4.9 remains true for the general case Div(V#-?) in Definition 4.7; the proof is
almost identical, just less conceptual.

Similar formulations of a connection and the associated divergence map in differential geometry can be
seen in the context of Lie algebroid theory. For example, a connection is defined using an analogous
exact sequence to the above in Definition 3.8 of [9], and the corresponding divergence formula can be
found in Proposition 3.11 of [20].

An operad-theoretic formulation of the divergence map, on the other hand, has been studied in [14],
where they defined the standard divergence map on a free O-algebra for a reduced operad O. The standard
divergences are also discussed in the next two sections, only in the case of operads controlling associative
algebras and Lie algebras. As we will see below, they correspond to those associated with the canonical
flat connections naturally defined from free-generating systems in our formulation.

S Examples of flat connections

In this short section, we look into two examples of flat connections.

Firstly, we consider the case A =K(z1, ..., z;). We define the standard connection V, on 2 1 4 associated
with the free-generating system z = (z;) 1 <j <, by V;(dz;) =0 for all i. Then, this connection is obviously
flat. Now, since (dz;)1<i<r is a A%-free basis of Q1 A, we can take its dual basis (0i)1<i<r, Which
comprises of double derivations. More precisely, they are given by

0j(zi)=48;;-1®1 for 1 <i,j=<r.
For f € Derk(A), we compute

(Ly = f™(dzi) = df (z) = ipVa(dzi) = ) 0;(f(20)) - dz;,
J

Div¥=(f) =Tr(Ly — 1) = D" 10; (f ).

which recovers the standard (double) divergence map.
Next, we investigate the case A = K. Recall that the divergence DivC associated with a free-generating

system C = (a;, b;, {j)1<i<g,1<j<n, introduced in (2), is given by

Dive(f) =D [0c(f(e) —1®c7" f(e)| € || ®|A].
ceC
Here 0 is given by d.(c) = d¢,.- 1 ® 1. Since (dc ¢ Dcec is an A°-free basis of Q! A4 as we proved in
Proposition 3.8, we define the connection V¢ associated with C by Ve (dc ¢~1) = 0 for all ¢ € C, which is
also flat. The equality Ve(dc ¢™1) = 0 is equivalent to
0=¢"'"Ve(de)+de ' ®@dc or Ve(de)=déé ' @de.

Here we used d(c™!) = —c ldc L.
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Now, we compute the associated divergence. We know that (dc)cec is also a free A%-basis of Q1 A4 since
c is invertible in A. Then, we have

(Ly = £de) = df(©)=i7Ve(de) = ( X der(f@)-de' ) = (F@)de,

c’eC

Div¥e(f) = Y 13:(f(e) = f(@F ",

ceC

which coincides with Div’( f) using the identification |A®| 2 |4A| ® |A[, |x 7| — |x| ® |¥].

6 Connections on Hopf algebras and geometry over the Lie operad

The two connections in the previous section are induced by connections involving geometry over the Lie
operad, as shown below. However, we will not use any operad explicitly. We first discuss a correspondence
of connections over a Hopf algebra and then apply it to the enveloping algebra of a Lie algebra. At the
end of this section, we briefly discuss the relation between the divergence map and the Satoh trace. This
section may be skipped since this material is not used in the following sections.

Let (A, u, A, n,¢&,S) be a Hopf algebra and denote by
Derpopr(A) = {f € Derg(A) : (f ®id+id®@ f)o A= Ao f}
the space of Hopf algebra derivations. We have two algebra homomorphisms:
A:=@1d®S)oA:A—> A° and idQe: A°— A.
Recall the functor ®4: A-Mod — A%-Mod, M +— M ® A, in Definition 3.6.

Definition-Lemma 6.1 Define the natural transformation j :id4.neqa — P4 by, for an A-module M ,
MM —>D4(M), m—>mel.
Then, each jps is a module homomorphism over A.

Proof It is clear that j defines a natural transformation. Next, we check that jjs is a module homomor-
phism over A. Form € M and x € A, we have

A(x)- ju(m)=xD - (m@1)-5x)
= xOme x(z)S(x(3))
by the definition of the A®-action on ®4(M ). Since we have
* D & x(z)S(x(3)) =xVg s(x(z)) =x®1
for a Hopf algebra by the defining property of the antipode, we obtain
A) - ju(m) =xm 1 = jp(xm). m
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Next, we show that the functor ®4 extends to the space of connections. Recall the notation xy € A® where
X,y € A. With this notation, dx y and ydx are elements of Q! A°, but they are not necessarily equal.

Definition-Lemma 6.2 Let M be an A-module and V: M — Q' A ® M be a connection. Then, there is
a unique connection ®4(V) on ®4 (M) that makes the following diagram commute:

M—Y s QlAuM

le l&@j}u
®4(V) 1 4e
Pa(M) —25 QLA Qe Py(M)

Furthermore, ®4 preserves flat connections.
Proof We define ®4(V) by
PUV)m®a)=da® (m®1)+a-(A® jau)(V(m)).

Then, the square above is clearly commutative. We check that this defines a connection. For m € M and
x,y,a € A, we have

DA(V)(x-(m®a)-y) = Da(V)(xVm @ xPay)

=d(x@ay) @ xOm 1) +x@ay - (A ju)(V(xDPm)).
The first term is equal to

d(x@ay) ® (x(l)m ®1)= d(x(3)ay)x(1) ® (M S(x(z)))
=d(x®ay)xVSx@) 0 (me1),

while the second term is equal to
x@ay-(A® ju)(V(xDm) = x@ay - (A® jar)(dxD @m+xD-V(m)

= x@ay [dAGD) @@ 1) +AD)- (A ® ju)(Vim)]

= x®ay - [dxV5(x)) @ (@ 1) +xDSD)- (A& jar) (V(m))].
The sum of the coefficients of m ® 1 in the above two is now equal to

d(x®ay)xVS(x@) + x®ay d(xVS(x@)) = d(xBPay xV§(x@))
= d(xMS(@)xPay) = d(xay).
In addition, the coefficient of (A ® jar)(V(m)) is equal to
x@ayxW5(x@) = xW5(x@)xGay = xay.

Therefore, we obtain
PA(V)(x-(m®a)-y) =d(xay) ® (m® 1)+ xay - (A ® jar)(V(m))
=d(x7a) @ (m® 1)+ xya-(A® juy)(V(m))
= (d(xP)a+xyda)® (m 1)+ xja-(A® jy)(V(m))
=d(xy)@m®a)+xy-Ps(V)(mQa),
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which shows that ®4(V) is a connection. The uniqueness follows from the fact that the image of jas
generates ®4(M) as an A°-module.

Finally, if V is flat, the composite
(A® jm)o VoV =d4(V)oa(V)o ju
is zero. This forces ®4(V)? to be zero since, again, the image of js generates ®4(M ) as an A°-module. O

We can extend a derivation action along ®4 under a suitable assumption.

Definition-Lemma 6.3 Let (0, ¢, p) be a derivation action on an A-module M. If the image of
¢:0 — Derg (A) is contained in Derpop(A), we have the induced derivation action (0, ®4(¢), ®4(p))
on &4 (M) given by
D4(p): 0 2> Derg (A) 225 Derg (A4°),
®4(p):0 = Endg (P4(M)), [ mQar p(f)m)@a+mQe(f)a)).
Proof We check the compatibility condition (5). For f €9, m € M and x, y,a € A, the left-hand side
of (5) is equal to
S4(p) () (x-(m®a)-y) = Pa(p) (/) xVm@xPay)
=p(NEVm)@xPay +xVm@e(f)(xPay)
= (N mexPay+xOp(f)m)@xPay

+xUm@e(f)(x@)ay +xOmex@o(f)@)y+xPm@xPap(f)().
On the other hand, the right-hand side of (5) is equal to
PAW)()(F) (M@ a) + (x7) Pa(p)(f)m @)

=o(/)x)-(m®a)-y+x-Pa(p)(Hm®@a)-y+x-(ma)-¢(f)(y)
=o(NN)Pm @ e(N)0)Pay +xWp(ym @ xPay +xWm @ xPo(f)(@)y
+xOm@xPap(f)().
Therefore, they are equal if
e(NED) @@ +xD (@) = (NP @ (/)0
holds. This equality follows from (¢( f) ®id +id ® ¢(f)) o A = Ao @(f), which, in turn, follows from
the assumption that ¢( f') is a Hopf algebra derivation. O
The correspondence between connections is reflected in the associated divergences.
Theorem 6.4 Let M be a dualisable A-module, V:M — Q'A ®4 M a connection, and (9, ¢, p) a
derivation action on M with Im ¢ C Deryopr(A). Then, we have
Div(®4(M),24(0),24(0) — A o Diy(V-9:0)

as maps 0 — |A®|.

Algebraic & Geometric Topology, Volume 25 (2025)



Noncommutative divergence and the Turaev cobracket 3119
Lemma 6.5 Let M be a dualisable A-module, e: A®" — M and e*: M — A®" the maps in Proposition 3.3,
and F: ®4(A) — A® the isomorphism in (4).

(1) The AS-module maps ®4(e) o (F~1)®: 4°®" — & (M) and FO" o O y(e*): Dy(M) — A®"
satisty
D4(e)o (FTH® o FO 0 dy(e™) = ido, ().

(2) D4(M) is a dualisable A°-module.

Proof (1) This is clear from the condition e o e* = idyy.

(2) This follows from (1) together with Proposition 3.3. O

Proof of Theorem 6.4 By (2) of the lemma above, talking about the trace map (and hence divergence
maps) on ®4 (M) makes sense. Define ¢! and e’ as in the proof of Proposition 3.3,

g = DPy(e) o (FH®(0,....1®1,....00=¢' ® 1= jp(e),

and &7 to be the i™ component of F®” o ®4(e*). Then, we have gfojy = Fojqoe’ since jisa
natural transformation. For f € 0, we compute,

Div(®4(V),24(9),P4(0)) (f)

=Y |ef [@a(0) (f)(E)—(ia,(0) (1) ®iD)oPA(V)(")]| (by Remark 4.4)
= er [@a(0) (/) nr(€))—=(ia, () 1) ®id)o@a(V) (e (e )] (by the definition of ')

=i [im (€N —liw o)1) ®id)o(Ajm)(V(e')]|  (by the definition of By (p) and ©4(V))

= Z |eX [ ((f) (e )= jmoliyry®id)(V(e))]] (since ¢( f) is a Hopf derivation)

= 2_|Fojacel [p(f)(e)—(ipir) BV (]| (since £} 0 jag = Fo jgoe})

= Z |Aoe [p(f)(e)—(iy s ®id)(V(e))]| (since Fojs=A)

= Al(Div(V""’p)( ). 0

Remark 6.6 We can also go in the opposite direction. Namely, we have the functor
Eq=- -®4K: A°-Mod — A-Mod

and the natural transformation j’:idge_voq — E4 given by
jI’V:N—>N®AK, n—n®l,

which is a module homomorphism over id ® €. We have the natural isomorphism & 4®4 = id, but not
the other way around.
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Now, we move on to Lie algebras. Let g be a Lie algebra over K and U g its enveloping algebra, which is
endowed with the Hopf algebra structure given, for x € g, by

AX)=x®14+1®x, Sk)=-—x, &x)=0.
Definition 6.7 ¢ For a g-module M, Derpi.(g, M) is the space of all K-linear derivations (ie Lie algebra
I-cocycles) on g into M. Set Deri.(g) = Derpic(g, g).
e For f € Dergic(g), denote by Uf the natural extension of f to Ug.

. Qiieg = Ker(e: Ug — K) is the space of Lie 1-forms. This is a left U g-submodule of Ug, and we
have the universal derivation d: g — Qiieg given by dx = x. The pair (Qiieg, d) is characterised by
the following universal property: for any g-module M and a derivation f:g — M, there is a unique
U g-module homomorphism iy: Q{,.g — M such thatiy od = f holds.

e Letae Ugandx,y €g. The element ax of Q]{ieg is formally written as adx, with the Leibniz rule
d[x,y]=xdy—ydx.
» For f € Dergic(g), the Lie derivative Ly: Qiieg — Qiieg is defined by
Ly(adx) = (Uf)(a)dx +adf(x) foraeUgandx €g.

* A Lie algebra g is said to be formally smooth if g is finitely generated as a Lie algebra, and Qiieg is
dualisable as a U g-module.

Lemma 6.8 We have the isomorphism of U g-bimodules ® 4 (Qbeg) ~ QlUg given by
adx ® b+ —bA(a)-dx foraeUgandx € g.

Proof By the definition of Lie 1-forms, we have an exact sequence
0->Ql.g—>Ug>K—0
of left U g-modules. Applying the functor ®y 4, the isomorphisms in (4) yield a commutative diagram

D 4(e)
0 —— Opy(QL g) —— Pyy(Ug) —=25 dyg(K) — 0

I I

00— QlUug —— Ug®? P, ug s 0

of U g®-modules with the two rows exact. Hence, we obtain the isomorphism <I>Ug(52iie 9) = QUg. The
map is explicitly given by adx ® b +— —bA(a)-dx fora,b € Ug and x € g, by chasing the diagram

adx @b ——— > ax®b

!

—bA(a)-dx — bA(@)- (x®1—1Qx) = bA(ax) m
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Remark 6.9 Formally smooth Lie algebras are of cohomological dimension one (see Proposition 21.1.19
of [5]), and one example is a finitely generated free Lie algebra L(zy, ..., z,;). The existence of cohomo-
logically one-dimensional nonfree Lie algebras is an open problem over a field of characteristic zero; see
the introduction of [22]. If g is formally smooth, U g is automatically formally smooth as an associative
algebra as the functor (3) admits the right adjoint W4, as seen in Remark 3.7.

Now suppose that g is formally smooth and that we are given a connection V: Qiieg —QlUg Quyg Qiie g.
We consider the divergence map, defined in Definition 4.7, associated with the following data: B = Ug,
M = Q{, 8,0 = Derric(g),

¢Lic: DerLie(9) — Derg (Ug),  f > UJ,

pLie: Derpie(9) — Endk (2 ,.8), [+ Ly.

From these, we obtain the associated divergence map
divY: Deryic(g) — |Ug|.

This single divergence map is related to the double ones in the associative setting:

Corollary 6.10 Let UV be the connection on QU g obtained from ®y4(V) via the isomorphism in
Lemma 6.8. Then, we have

Div?Y(Uf) = AdivY (f)
for f € Derie(g) in U g°®.

Proof Recall that the double divergence is associated with the derivation action (Derg (U g), @assoc Passoc)-
Therefore, DivY o @Lie 18 associated with (Derpie(g), @assoc© PLies Passoc© PLie). On the other hand, we have
Im ¢ = Derpopr(U g). Then, by Theorem 6.4, A odivY is equal to Div(®Us(V):®ua(@ric). Pug(onic))  We will
show that these two are equal.

By definition, ®yg(@Lie) = Passoc © PLie- Next, we check that the following diagram is commutative for
any f € Derpie(g):

Dy g(oLie) (f)
qDUg(Q]{ieg) L) qDUE(Qiieg)

|- 5

Ql Ug passocopric(f) 5 QlUg

adx @b ——  Uf(a)dx ®b +adf(x) @b +adx @ Uf (D)

| I

—bA(a)-dx —— —bAUf(a))-dx —bA(a)-df (x) —Uf(b)A(a)-dx
This shows that the two derivation actions agree via the isomorphism in Lemma 6.8. Hence we have

A o lev — Div(q:'Ug(v)anUg((pLic)a(bUg(pLic)) f— DiV(UVa¢ass0c°(pLicapassoco(oLic) — DIVUV o (PLie- O
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Remark 6.11 All the constructions above work just as well on topological algebras, provided everything
is continuous.

Let us get back to the flat connections in the previous section.

Example 6.12 (1) The connection V; on QlK(zl, ..., Zr) can be written as UV, where the connec-
tion V} on Q. L(z1,....z,) is defined by V}(dz;) =0 for all i.

(2) Similarly, the connection V¢ on Q'K F, is induced from ®k r, (V/-), where the connection V, on

Ker(e):@A@K-(c—l)

ceC

is defined by V(1 ® (c —1)) = 0 for all ¢ € C. We use the isomorphism @k r, (Ker(e)) = QIKF,
analogous to Lemma 6.8 to transport @k r, (V/) onto QUK F,.

On the other hand, V¢ is not induced from a connection on a Lie algebra since K F} is not of the form U g
for any g. However, we have the following:

Proposition 6.13 Let m be the completion of K F»¢ 1, with respect to the augmentation ideal
Ker(e: K Fog 1 — K).

Then, the continuous extension of the connection V¢ is induced from a connection on QiieP(K Fagin),

where P denotes the primitive part.

Proof After the completion, m is isomorphic, as a complete Hopf algebra, to the completed free

associative algebra K((z1, ..., z2¢+5)) by the map
Km ~K{(z1,....22¢4n), Xxir>e* for x; €C,

which induces an isomorphism on the primitive parts
P(KFogtn) 2 L(Z1 - Z2g-4n),
where L((z1,...,22g+nr)) is the completed free Lie algebra of rank 2g + n. Under this identification,
dxix7'=101-x®x7 = A(l —x;) = A(1 — %)

L feFi —1Y - ~ (eFi—1 L feFi—1
=A(e )A(—Zi)zA(e )-dzi =A(e dzl-),
Zj Zj Zj

which shows that the continuous extension of V¢ is induced from the connection Vé/ on the space
QiieL((Zl, ..., Z2g+n)) defined by

efi —1
Vg( dZ,') =0. O
Zj
Finally, recall the Satoh trace map introduced in [15]. Let H = K{z1,...,z,} be a free K-module,

H* =Homg (H,K) its dual space, and g = L(z1,...,z,). Then A = Ug is isomorphic to K(z1, ..., z,)
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as a Hopf algebra. The Satoh trace map Trsyon is defined as the composite
Trsaon: H* @ L(H) 2L H* @ 4 2% 4 29, 14,
where the contraction map is defined by
cont(z; ® zjy =+ Zi,) = 8iy,j  Zin *** Ziy -

Satoh showed in [15] that the kernel of Trsyep Stably coincides with the image of the Johnson homo-
morphism on the automorphism group of a free group. On the other hand, the map Trgyon i exactly the
map divvé, as is also observed in Section 9 of [1]. Our construction enables us to deduce the important
1-cocycle property of the Satoh trace with no combinatorial difficulties.

For an introduction into geometry over an operad, see the last section of [5], for example. The divergence
maps on algebras over other operads can be constructed similarly as long as universal enveloping algebras
are defined. Some aspects in this direction are also discussed in Appendix B in [14].

7 Perfect complexes and homological connections

In this section, we define the divergence associated with a connection on a not-necessarily-projective
module. Since the existence of a connection is closely tied in with projectivity, as we have seen in

Remark 4.2, we have to modify the definition to work with them.

Conventions A projective resolution of a B-module M is of the form P =(---— Py LI Py LNy YN 0).
Weset P.1 =M.

Definition 7.1 For a B-module M and f € Derg(B), a K-linear map u: M — M is called an f-

derivation if

u(bm) = f(b)ym + bu(m)
holds for b € B and n € M. Denote by Dery (M) the space of f-derivations on M.

Lemma 7.2 Let f, g € Derg(B).
(1) If Dery(M) is nonempty, it is an affine space modelled on Endg (M ).
(2) If M is projective, Dery (M) is nonempty.
(3) Ifu €Ders(M) andu’ € Derg (M), then [u,u’] is an [ f, g]-derivation.
Proof (1) Ifu,u’ €Dery(M), then u —u’: M — M is clearly B-linear.

(2) Assume that M is projective so that we can take a surjective B-module map ¢: B®! — M for some
index set I, as well as its B-linear section s: M — B®!_ Define y: M — M by the composite

@
y: M 2 gl L2 per 4,y
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Then, we have, forb € Bandm e M,
y(bm) =qo f® os(bm)
=qo f&(bs(m))
= q(f(b)s(m) +bf® (s(m)))
= f(bym + by (m).

using the fact that f is a derivation and ¢ and s are B-linear. This shows that y is an f-derivation.

(3) Letb € B and m € M. We proceed by direct computation:
[, u'](bm) = u(g(b)m + bu'(m)) —u'(f(b)m + bu(m))
= f(g(b))m + g(byu(m) + f(byu'(m) + bu(u’(m))
—g(f(b))ym — f(b)u'(m)— g(byu(m) —bu'(u(m))
= f(g®))m + bu(u'(m)) — g(f(b))m —bu'(u(m))
= [£. gl(b)m + blu, u'|(m). O

Remark 7.3 Given a derivation action (0, ¢, p) on M considered in Definition 4.6, the compatibility
condition says that, for f €0, each p(f) is a ¢( f)-derivation.

Proposition 7.4 Let (P, d) be a projective resolution of M, f € Derg(B), and u: M — M an f-
derivation. Then, u admits a lift A{u]: P — P comprised of f -derivations satisfying [0, A[u]] = 0.
Furthermore, such a lift is unique up to homotopy.

Proof Take an arbitrary family of f-derivations (y,: P, — Py)n>0 by Lemma 7.2. We construct maps
by following these steps: First, we set
Aul-i=u: M - M,

and, forn >0,
@uln =Aulp—100y, —0n0yn: Pn = Pp_1,

@u]n: Pn — Py so that 0, o @[ul, = @[ula,
Auln = @uln + vu: Pn — Pyp.

We check that this inductive procedure is well defined. Let n > 0 and suppose that A[u],—;1 is an
f -derivation. Then, ¢[u], is a B-module map: for b € B and p € P,,

@[uln(bp) = Aluln—1(3,(bp)) — 90 (vn(bp))
= Auln—1(00n(p)) = 8 (f (D) p + byn(p))
= [ (0)0n(p) + bA[uln—1(0n(p)) = f(D)0n(p) + b3n(yn(p))
= bo[uln(p).
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Next, we check 0,—1 o p[u], = 0. If n = 0, this is true since d—; is defined to be zero. If n > 1, we have
In—10¢[ulp = 0n—10(Aulp—100n —dp 0 yn)
= On—10(@[uln—1+ Yn—1) 0 9n
= (@[uln—1+ 0n—10yYn—1) 0 dn
= (Au]ln—200n—1—0n—1°Yn—1+0n—10Yn—-1) 00y
=0,

which shows that we can take a lift of ¢[u],. Lastly, it is clear that A[u], is an f-derivation. This shows
the well-definedness. Next, we have

In 0 Aulp = 0n o (@luln + yn)
= ¢[uln +0noyn
= Auln—100n —0poyn +dnoyn
= AMu]p—100n,
which is briefly denoted by [d, A[u]] = 0.

Now suppose we have two such lifts A[u] and A[u]’. Then the difference A[u] — A[u]’ is a B-module map
by Lemma 7.2, and at the same time, is a lift of the zero map 0: M — M. Hence, this is null-homotopic,
and this completes the proof. a

Definition 7.5 Let (C, d) be a chain complex of B-modules.

e We put IHom% (C,C) ={(Yn: Cy, = Cy)pn : B-module maps}, the space of degree-zero maps.
IHom stands for the internal hom-set.

e (C,0) is called a perfect complex if it is of finite length and each C,, is B-dualisable. In this case,
the trace map is defined by

Tr: IHom} (C.C) — [Bl.  (Yn)n > Y (=1)" Tr(n).
n
e A B-module M is perfect if it admits a projective resolution by a perfect complex.

Lemma 7.6 Let (C,d) be a perfect complex of B-modules and (h,,: C, — Cy+1), be a family of
B-module maps. Then we have Tr([0, h]) = 0.

Proof By definition, we have

Te([.h]) = > (=1)" Tr(dn41 0 hn + hin—10 On)
=Y D" Tr@n+10hn) + ) (=) Tr(hy 0 8p11).

Since Tr(hy, 0 9y+1) = Tr(d,+1 © hy) by Proposition 4.5, we obtain Tr([d, k]) = 0. O
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Now, we can define a connection on a B-module and the divergence associated with it.

Definition 7.7 Let M be a B-module.
e A homological connection on M is a pair V = (P, V,) where P is a projective resolution of M
and {V,: P, —» Q!B ®p P, }n>0 is a family of usual connections.

e The curvature of V is defined to be R = {(V,)?: P, — Q2B ®p Py}n>0, which is a family of
B-module maps. A homological connection V is flat if the curvature R is the zero map.

The collection V of connections above is not required to be a chain map.

Definition 7.8 Let V = (P, V,) be a homological connection on M with P perfect, and (9, ¢, p) be a
derivation action on M. The associated divergence Div(Y:#?) is defined by

Div(V#P: 0 [B|.  f Y (=1 Tr(A[p(f)]n — (ig(r) ®id) 0 V).
n>0
Note that A[o( f)]» and (i,(r) ® id) o V,, are both ¢( f')-derivations, so that we can take the trace of their
difference. This is well defined by Proposition 7.4 and Lemma 7.6.

Proposition 7.9 If V = (P, V,) is flat, Div(V>#*?) js a Lie algebra 1-cocycle.

Proof Let f,g € 0 and take lifts A[p(f)] and A[p(g)] of p(f) and p(g) to P, respectively. Then
[Alp(f)], Alp(g)]] is a chain map, and also a [ f, g]-derivation by Lemma 7.2(3). Therefore A[p([ f, g])] is
homotopic to [A[p( f)], A[p(g)]] by Proposition 7.4. The rest is analogous to the proof of Proposition 4.9. O

We also have a relaxed version of smoothness (see Definition 8.1.2 of [8]).

Definition 7.10 An algebra A is said to be homologically smooth if A is finitely generated as a K-algebra
and Q!4 is a perfect module over A°.

In this case, we obtain a divergence map Div": Derg (A) — | A®|, associated with V and the default action
given in (6), generalising the construction given in Section 4.

8 The closed surface case

Let X4 1 be an oriented surface of genus g with one boundary component, and pick a base point on
the boundary. Denote by { = {o the only simple boundary loop in m1(Zg,1). Recall that we fixed an
isomorphism

71(Xg1) = Fag = {ai bi (1 =i <g))

in Section 2 so that { = (a1,b1) -+ (ag, bg) holds. Then the closed surface X is obtained by capping
the boundary with a disk, with the base point induced from Xg 1. Put 7 = m1(Zg).
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Definition 8.1 The map v: K| — HH! (Kr) is defined by
v(a)(x) = Z sign(o, x; p)a *p x

PEANX

for generic representatives of a free loop o and x € m. It is originally denoted by p in [19], and its
well-definedness is due to Vaintrob (Lemma 1 of [19]).

In this section, we will show the following theorem, which gives an algebraic description of the Turaev co-
bracket on a closed surface. Put R =IK(¢), the subalgebra of K F>¢ generated by . Then, we have the natu-
ral map Derg (K F,4) — Derk (K) since 7 is the quotient of F», by the normal subgroup generated by .

Theorem 8.2 LetC = (a;,b;)1<i<g be a free-generating system of w1 (Xg,1) with{ = (a1,b1)---(ag,bg).
Then we have the commutative diagram

K Fag| —% Derg(KFag) —225 |KFyp|®2

®) Derg (K) K |®2

¥ ¥ ¥

. v/
Kr| —2— HH!'(K7) 2 [Kr/K1|®2

for some homological connection V' on QK.
Corollary 8.3 The composite DivVo v is equal to the Turaev cobracket §.

Proof By Theorem 2.1, Div’ oo is equal to the suitably framed version of the Turaev cobracket 8.
On the other hand, we have the commutative diagram

K Fagl —3" 5 K Fyg1®2

Krl —3— IKz/K11®2

with the same maps on the top, left, and right with the outer square of (8). Therefore, the composite
DivY'o v coincides with the Turaev cobracket § by the surjectivity of the map |KFp4| — |Kr|. |

To prove Theorem 8.2, we first construct a homological connection V. To do so, we have to choose
a projective resolution of Kz, which we can take to be a perfect complex since K is homologically
smooth.
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Lemma 8.4 LetV =K{a;,b;}1<i<g be a free K-module of rank 2g. We have a Kn®-free resolution
of Krm:

) OeKn@Kn&Kn@V@KnﬂKn@Kn S Kr —o0,
di(1®@)= > (a1.b1)-+(@i-1.bi—1)(1®a; ®bia; 'b; ' +a;®b;®a; 'b; ' —a;bia; ' ®a; ®a; ' b}
1=i=s —a;bia; ' b7 @b ®b; 1) (@i +1.bit1) -+ (ag.be),
do(1®vRl)=1Qv—uv®1.

Proof We follow the method by R Lyndon [10]. By Section 11 of [10], we have a left K -free resolution
of K using the Fox derivative:

O—>Kﬁa—‘>Kn®Va—°>KnL>K—>O,

=y (E ®a; +£®bi)

- da; ab;
1<i<g

= Z (a1,b1)-+-(ai—1,bi—1)(1 ®a; +a; ®b; —a;ibia;' ® a; —a;bia; b7 @ by),

I<i<g

00(1®c)=c—1 for cefa;, bi}i<i<g.
Applying the functor (3) and isomorphisms in (4), we obtain a left Kz °-free resolution

0—>K71®K718—‘>K71®V®K7r 8—0>K71®K71L>K71—>0,
0, (181)= Y (a1.b1)-+-(@i-1.bi—1)(1®a;®a;bja; ' b ' +a;®b;®b;a; ' b ' —a;bja; ' ®a; @b

1<i<g

—aibia; b7 @b ® 1)(ait1.bit1) - (ag. bg).
86(1 Rec®l)= cc'—1®1 force {ai.bit1<i<g-
Finally, swapping the second-to-left term by the automorphism
T Krn@VQKr - Kr®VKr, 19c®1—1 ®c®c ! for ¢ €l{ai.bi}1<i<g,

gives the proclaimed resolution: d; = 709} and do = —9j ot 1.

Now we define a homological connection on 'Kz . Truncating (9) yields the resolution
O—>Kﬂ®Kﬂd—‘>K7r®V®Knd—o>QlKn—>O.
On each degree, we set
Vol®a; ®a; ') =0, Vo(1®bi®b71)=0, Vi(1®1)=0.

V, is the push-out of V¢ by the natural map p: K F,g — K. To compute the associated divergence,
we need to lift Lie derivatives on QK.
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Lemma 8.5 Let f € Derg(KFsg), and f € Derk (K) the induced derivation. Then the f -derivations
defined by

/\[f]()iK]T@V@Kﬂ—)KT[@V@KJT, Iv®1l— Z (0. f(v) ®c® p(dl f(v)),

cefaibiti<i<g
/\[f]l:Kn@Kn > Kr®Knr, 1®1+0,
give alift of L ;: QKn — QK.

Proof First of all, L 70 do=dpoA| f Jo is clear from the construction. Next, we have

Alflocd)(1®1)
= x[f]o( > (@b (@ic1.bim)(1®a; @ bia; b +a; @ b @ a; b

1<i<g

—aibia7' ®a; ®a; b —aibia;7 b @ b ®bl-_1)(ai+1,bi+1)"'(ag»bg))
by the definition of d;, and this equals
Y Ffl@by) @i bic)(1®a; ® biay b7t +a; ® by @ a; b}
1=i=s —aibia; ' ®a; ®a; bt —aibia; ' b @ by ® b ') (ai1.bit1) - (ag. bg)
+ (a1, b1) -+ (@im1, bim)Aflo (1@ a; @ bia; b +a; @ b @ a; b
—aibia; ' ®a; @ a7 bt —aibia; b @ by @ bV ) (a1, bit1) - (ag. be)
+(a1,b1) - (ai—1,bi—1)(1 ®a; ®bja; 'b; ' +a; @ b; ®a; 'b; !
—aibia7' ®a; ® a7 bt —aibia; bt @ b ® b7 Y) f (@i, bit1) -+ (ag, by))
by the definition of A[ f Jo, which is an f -derivation. Using the isomorphism
(10) QKFy 2KF @V ®KFs, dv1Qv®]1,
the above equals

Y f@rby) -+ (@imr, bim1))d(ai, bi) (@i, bivr) - (ag, bg)

SISE 4 (a1 by) e (@imn, bim)df (@i, bi) @i, bign) - (ag. bg)
+(a1.by) - (@im1. bi—1)d (@i, bi) [ (@i+1.bip1) - (ag. bg)) = (p ®idy ®p)(df (©)).
which is zero since f(¢) = 0. |

Lemma 8.6 Letx € KFyg, X € K its image and ad; = [X, -] the inner derivation by X on Kz. Then
the ad; -derivations defined by

Aadz]lo: Krn @V QRKr - Kz @ VeKr, 1Qv®l— Z p(d.[x,v]) ® c ® p(87[x, v]),
cela; biti<i<g

AMadi1: Kn @ K > Kr @K, 11 —>XQ1—-1Q%,
give alift of Ly : Q'Krm — Q'Kn.
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Proof As in the previous lemma, L,q; o do = do o A[adg]o is clear. Next, we have

(Aladglocd)(1®1)= 3 [%,(a1.b1)-+(ai—1.bi—1)](1®a; ®b;a; 'b;i ' +a; ®b; ®a; ' b;!

1<i<
—a,-é;),-al-_l®a,~®ai_1bl-_1—a,-b,-ai_lbi_l®b,-®b,-_1)(ai+1,bi+1)"'(ag’bg)
+(ar,b1)-(@i—1,bi—1)A[adz]o(1®a; ®b;a; ' b ' +a; ®@b; @a; b
—ajbia; ' ®a;®@a; b —a;bia;7 b @b @by ) (ait1,biv1) - (ag.bg)
+(a1,b1)---(ai_l,bi_l)(1®a,~®bial~_1bi—1+ai®bi®ai—1bi_l
—aibia; ' ®a;®a; b —a;bia; b @b @b )[R, (ait1.bi+1) -+ (ag, bg)],
which is equal to, using the isomorphism in (10),
> [X.(a1.by) - (ai-1.bi-1)]d(ai. bi)(ait1.biv1) -+ (ag.bg)
1==e +(a1,b1) -+ (@i-1,bi—0)d [x, (@i, b)) (@it1.bi41) -~ (ag. bg)
+ (a1,b1)---(ai—1.bi—1)d(a;, bi)[X, (aj+1.bi+1) - (ag, bg)]
= ). Xa1.by) - @i-1,bi-1)d(ai. bi)(@itv1.biv1) -+ (ag. bg)

ISI=8 —(a1,b1) e (@1, bim)Rd (@i, bi) (@i 41, bitr) -+ (ag. by)
+(a1,b1) -+ (aj—1.bi—1)dx(a;,bi)(ai+1.bi+1)--- (ag, bg)
+(a1,b1) -+ (aj-1.bi—1)Xd(a;, bi)(ai+1.bi+1) -+ (ag.bg)
—(ai,b1) -+ (@i—1,bi—1)(a;i, bi)dx(ai+1,bi+1)---(ag,bg)
—(ar,b1) - (@i—1,bi—1)d(a;, bi)X(ai41,bit+1) - (ag,bg)
+(a1,b1) -+ (aj—1,bi—1)d(a;, bi)X(aj+1.bi+1) -+ (ag, bg)
—(a1,b1)---(@i—1.bi—1)d(a;, bi)(ajt1,biy1) - (ag,bg)X

= ) X(ai1,b1)---(ai—1,bi—1)d(a;,b;)(ai+1.bi+1) - (ag.bg)

I=si=s —(ar,b1) - (@i—1,bi—1)d(a;. bi)(ai+1,bi+1) - (ag,bg)X
=xd1(1®1)—-di1(1x1)x
=(d1oAladg])(1®1). m

Lemma 8.7 For a free-generating system (x;)1<j<2g of Fog and y € KFg, we have

> iy xill=Qe-Dly®1-1®y|
1<i<2g
in |K Fpg |®2.

Proof Write y = xfll --~xfr’ for some gj € {1, —1}. Then, we have

(1) > ily.xill= 2 19i(xi—xiy)l= > 18:i()xi—xdi(y)+y®@1-1Qy|.
1<i<2g 1<i<2g 1<i<2g

For the first two terms on the right-hand side, we have
100X —xidi ()= X 18 ()t e x ) = x93 (] - xT)]

1<i<2g 1<i<2g
— 2 xRy X s xBU 9 (xERY L xEr
—_— Z |.Xll "'alk(xl-k) .Xlr Xlk )Clkxl-] alk(.xl'k) xlr

1<k=<r
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since 0; (x‘?k) is nonzero only if i = iy. If g = 1, the k" term is equal to

€1 Ek—1 8k+1 Er .. .. &1 Ek—1 Ek+1 &r
|xl'1 Kir—1 ®x Kir41 Xip X = Xie Xy X ®xlk+1 xir|
= 81 .o 8k 1 k+1 .o £r —_— 81 LY Sk 1 k+l DR 8r
- |xi1 Xik—1 @ Xy X ik+1 Yip — X, Nig—y Yik ®xlk+l X, 1
If &, = —1, the k™ term is equal to
J— €1 ce e Ek— l -1 8k+1 ce e &r . . €1 PP Ek— 1 -1 €k+l oo Er
| xil xik 1 l ®X lk+1 xir xlk +xlkx' xik 1 l ®X lk+1 xi,'
f— —_— 81 .o 8k 1 k+1 .o .o Sk 1 1 8k+1 DR 8,‘
= Xiy Kig—1 Yix ®xlk+1 xir +xi1 Xir_1 ®x Ykt X 1+
Therefore, in either way, they are equal to
€1 Ek—1 &k, &r _ &1, Sk Ek+1 L &r
|xi1 Xir_1 ®x Xiy i ®x Xik41 Xip 1+

by cancelling x;, and Xi, ! cyclically. Hence, the sum above is equal to

Z |x§1.nx€k 1®x8k . x.s"—xf?‘-- 8k®x8k+1 . xf‘rr|=|1®y_y®1|.

I lk—1 Iy I lk+1
1<k<r

Adding 2¢g|y ® 1 — 1 ® y| in the third and fourth term in (11), we obtain the equality in the statement. O

Proof of Theorem 8.2 The left square is commutative by the construction of o and v. Next, by
Lemmas 8.6 and 8.7, the divergence of an inner derivation takes its values in (K7 ® 1 + 1 ® K), so the
map DivY’ descends to HH!(K7) — |K7/K1|®2. By Lemma 8.5, we have, for f € Derr(KFag),

AL =G,y ®id)oV)) (1@ 1) =0
AL To—Gyy®ioVe)(1@cRD = 55 (p(@ f()®® P f(c)~18e® [ (c),

c’ela;,bi}1<i<g
so that

DivV' (/)= X pldcf(e))) = pDiv¥e(f))

celai,bit1<i<g

modulo (K7 ® 1 + 1 ® Kr). Thus, the right square is also commutative; this completes the proof. O
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