Algebraic ¢r Geometric

Topology

Volume 25 (2025)

Building weight-free Fglner sets for Yu’s property A in coarse geometry

GRAHAM A NIBLO
NICK WRIGHT
JIAWEN ZHANG

:.msp






:. Algebraic € Geometric Topology 25:5 (2025) 3133-3144
msp DOI: 10.2140/agt.2025.25.3133
Published: 17 September 2025

Building weight-free Folner sets for Yu’s property A in coarse geometry

GRAHAM A NIBLO
NICK WRIGHT
JIAWEN ZHANG

We study the natural question of when the generalised Fglner sets exhibiting property A can be chosen
to be subsets of the space itself. We show that for many property-A spaces X, this is indeed possible.
Specifically this holds for all discrete bounded geometry metric spaces which coarsely have all components
unbounded, for all countable discrete groups, and for all box spaces.

51F30

1 Introduction

The notion of property A is a coarse geometric property introduced by Yu in [10], as a coarse analogue to
the notion of amenability which implies the coarse Baum—Connes conjecture. The coarse Baum—Connes
conjecture provides an algorithm to compute the K-theories of Roe algebras, which serve as receptacles for
higher indices of elliptic differential operators on open manifolds (see [5; 6]), and has fruitful applications
in geometry and topology (see, eg, [7; 9]).

Recall that a discrete metric space (X, d) has property A if for any R, € > 0 there exists a family {Ax }xex
of finite, nonempty subsets of X x N satisfying:

|[AxAdy|
[AxNAy]

(2) There exists an S > 0 such that for any x € X and (y,n) € Ay, we have d(x,y) < S.

(1) Forany x, y € X with d(x, y) < R, we have <e.

This should be compared with the definition of amenability for countable discrete groups in terms of
Fglner sets: a group G is amenable if for any R, € > 0 there exists a finite, nonempty subset 4 of G
satisfying:

Ix AAy Al
[xANyA|

(2) There exists an S > 0 such that for any x € G and y € x4, we have d(x, y) < S.

(1) Forany x, y € G with d(x, y) < R, we have <e.

Here xA := {xg : g € A}. The second condition holds vacuously in this case since A is finite, however
we include it here to emphasise the parallel between the definitions. It is required in the definition of
property A as a substitute for equivariance.
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Beyond the weakening of equivariance, there is another obvious difference in the definition of property A,
namely the fact that property A allows the generalised Fglner sets to be subsets of X x N. We may think
of this as allowing a single point to be included multiple times in the same set. This plays a key role
in allowing for noninjective maps between coarse spaces. In particular in the proof that property A is
inherited by subspaces (see [8; 10]), one needs to be able to retract neighbourhoods onto the subspace.

A large class of groups and spaces are known to have property A (see the survey article [8]), eg,
amenable groups, linear groups, hyperbolic spaces, CAT(0) cube complexes and spaces of finite asymptotic
dimension. On the other hand, there are examples where property A fails, eg, expander graphs and certain
box spaces of free groups constructed by Arzhantseva, Guentner and Spakula in [1].

We observe that some of these cases (eg, amenable groups and hyperbolic spaces) satisfy the following

simpler version of property A:

Definition 1.1 A discrete metric space (X, d) has naive property A if for any R, € > 0 there exists a
family { A }xex of finite and nonempty subsets of X satisfying:

|Ax DA,
[A.nd,] <€

(2) There exists an S > 0 such that for any x € X and y € A, we have d(x, y) < S.

(1) Forany x, y € X with d(x, y) < R, we have

The only difference between Definition 1.1 and property A is that the family of sets { A4 } xc x are required
to be in X rather than X x N. While it is obvious that naive property A implies property A, it is not
immediately clear how one might approach the converse.

The distinction between the definitions of property A and its naive form is one of weights and in this
respect it is analogous to the relationship between ULA (uniform local amenability) and ULA, introduced
in [3]. The task of establishing the equivalence of property A and naive property A is thus spiritually
similar to the result, proved by Elek [4], that ULA and ULA, are equivalent.

In this paper we establish the equivalence of property A and naive property A in key cases including
groups, box spaces and any coarsely connected space of bounded geometry.

To state our results in full generality, we begin with a definition. Recall that for a metric space (X, d),
the r-Rips complex of X is the simplicial complex whose simplices are {xg, X1,...,Xs} S X with
d(xj,xj)<rforanyi,j=0,1,...,n.

Definition 1.2 We say that a metric space coarsely has unbounded components if for some r every
connected component of the r-Rips complex is unbounded.

As usual, a discrete metric space (X, d) is said to have bounded geometry if the number sup,.c y | B(x, R)|
is finite for any R > 0, where B(x, R) :={y € X :d(y,x) < R}.

Our main result is the following:
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Theorem A Let X be a discrete bounded geometry metric space which coarsely has unbounded compo-
nents. Then X has property A if and only if X has naive property A.

The proof of Theorem A uses a new technique to construct flows in the space to redistribute mass out
towards infinity, allowing us to do this whenever the space has coarsely unbounded components, without
requiring any further constraints on the geometry.

Given that naive property A agrees with property A in such a wide range of cases it is natural to ask
if naive property A is a coarse invariant. Just as with the case of subspaces, the argument for coarse
invariance of property A relies on the multiplicities allowed by the definition. However in the case of
coarse equivalence for bounded geometry metric spaces we use uniform bounds on the multiplicities to
demonstrate that this does preserve naive property A.

Theorem B If X is a bounded geometry metric space with naive property A, then any bounded geometry
metric space coarsely equivalent to X also has naive property A.

We do not know whether naive property A is preserved when passing to subspaces. Indeed we note the
following:

Theorem C Naive property A is equivalent to property A for the class of discrete metric spaces of
bounded geometry if and only if naive property A is preserved when passing to subspaces.

This follows from the observation that if X is a discrete bounded geometry property-A metric space,
then X x N is a discrete bounded geometry property-A metric space which coarsely has unbounded
components, and which contains X as a subspace.

While the class of spaces covered by Theorem A is extremely broad, there are a number of natural
examples which are not covered by this class. In particular for box spaces of residually finite groups, the
components of any Rips complex are all bounded. The same is also true for infinite direct sums of finite
groups when equipped with their natural coarse geometry arising from any left invariant proper metric.
Nonetheless we also obtain the following results:

Theorem D A countable discrete group with proper left-invariant metric has property A if and only if it
has naive property A.

Theorem E Let G be a residually finite group, and G = Ny > N1 > N, > --- be a sequence of normal
subgroups with finite index and (\ywo Nx = {1}. Let X be the associated box space. Then X has
property A if and only if it has naive property A.
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2 Coarse invariance

In this section we will prove Theorem B.

It is clear that naive property A pushes forward under injective coarse equivalences. More precisely,
if f: X — Y is such a map then given sets A5 in X demonstrating naive property A we can define sets
By, CY givenby f(Ax) where f(x) is a nearest neighbour of y in the image f(X).

For a general coarse equivalence f of bounded geometry metric spaces, pick a section g of the map
f:X — f(X)and set Z = g(f(X)). Then f yields an injective coarse equivalence from Z to Y.
Hence it suffices to show that the inclusion of Z into X allows one to pull back naive property A.

Let S be an upper bound for the distance between a point x and its image g(f(x)) in Z (which is
finite since f is a coarse equivalence) and using bounded geometry let M be an upper bound for the
cardinality of S-balls in X'. We may thus choose an injection ¢ from X into Z x {0,..., M — 1} such

that t(x) € Bs(gf(x)).

By construction, ¢ gives an injective coarse equivalence (where Z x {0, ..., M — 1} is given any sensible
metric). Hence naive property 4 for X pushes forward to Z x {0, ..., M — 1}. Therefore, the proof of
Theorem B reduces to the question of whether naive property A for Z x {0, ..., M — 1} implies naive
property A for Z.

Thus suppose that Z x {0, ..., M — 1} has naive property A. Fix R,e >0 and let e’ =€/M . Let A(, j)
denote naive property-A subsets satisfying
1A B A,
[A(z,j) N A,

when the distance from (z, j) to (z/, j’) is at most R.
Now for z € Z set
A, = {w €Z: Ao N({wyx{0,...,M —1})is nonempty}.

First note that | A, A A,/ | <|A;.0) A A0y, since w € A, A A, means that A, 0)N({w}x{0,..., M~1})
is nonempty while 4,/ oy N ({w} x {0, ..., M —1}) is empty or vice versa.

On the other hand, we claim that M -|A,NA,/| > |A(z,00NA(z,0y|- This follows as (w, k) € A(z,0)NA(z,0)
implies w € A, NAy giving a map from the former set to the latter. This map is at most M to 1 giving
the required inequality.

It now follows that . -
Az AN Ay
| z z | < M /

|4, N A

as required, which completes the proof of Theorem B.
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3 Uniformly finite chains and nonamenable spaces

The notion of amenability for metric spaces was introduced by Block and Weinberger in [2], generalising
the notion for groups. Recall that a discrete metric space (X, d) is amenable if for any R, € > 0, there
exists a finite subset U € X such that |0gU| < €|U| where dgU :={x € X\ U :d(x,U) < R}.

In this section, as a motivation for the general result, we prove a special case of Theorem A: if X is a
discrete bounded geometry space which is nonamenable then X has property A if and only if X has naive
property A. This will be sufficient to establish Theorem D.

The fact that this is a special case of Theorem A follows from the observation that if a discrete metric
space (X, d) does not coarsely have unbounded components, then it must be amenable.

We will use the tool of uniform finite homology established in [2]. Let (X, d) be a discrete metric space.
For each i € N U {0}, denote by X?*! the (i 4+1)-Cartesian product of X equipped with the metric

d((xo.. ... xi), (yo. ... yi)) := Orélj_léid(xjvyj)-
Here we take the liberty of using the same notation d for the metric on X**! which should not cause any
confusion.
Denote by Cl.“f(X ) the abelian group of infinite formal sums
c= Za;f,

where X € X'*1 and ax € Z, satisfying the following:

(1) There exists L > 0 such that |ax| < L.

(2) For any s > 0 there exists Ny > 0 such that for any ¥ € X’*!, we have

{x € B(y.,s):ax # 0} = Ny.

(3) There exists r > 0 such that ax = 0 if X = (xo, ..., x;) and diam{xy, ..., x;} > r.

Condition (2) holds trivially if (X, d) has bounded geometry.

For each i € N, define the boundary map 0: Cl.“f(X ) —> CI.LEI (X) by

i
0(xq. ... x0) =Y _ (=1) (x0... .. R i)

j=0
and extend ‘by linearity’ to the infinite sums. The pair (C'{(X), d) defines a chain complex and its
homology group, the uniformly finite homology of X, is denoted by Hl.“f(X ).

Block and Weinberger showed that the nonamenability of X is equivalent to the vanishing of H(‘;f(X ).
This vanishing is characterised as follows:

Algebraic & Geometric Topology, Volume 25 (2025)
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Lemma3.1 [2,Lemma?2.4] Let(X,d) be adiscrete metric space of bounded geometry with H(‘)lf(X )=0.
Then for every x € X there exists t, € Cluf(X) such that 0ty = x and ), tx € C{‘f(X).

The proof of this lemma shows that each 1-chain 7, can be taken to have the form Z}";O(tj“ +1,ZJ?C)

where the initial point 7 is x. As this is a uniformly finite chain in particular the distances d (15", 17", )

are uniformly bounded. We introduce the following terminology to describe the properties that these
sequences enjoy:

Definition 3.2 Let (X, d) be a discrete metric space of bounded geometry. A uniform cover of X by
tails is a family of sequences {tj?‘ :J € NU{0}}xex in X such that 1§ = x for each x € X, and there
exist constants » > 0 and K € N satisfying:

(1) Foreach x € X, t]?‘ are distinct where j € N U {0} and d(t]?‘, tj?‘H) <r.

(2) Forany z € X, we have |{x€X:Z=tj?‘ for some j € {0} UN}| < K.
Now suppose that X is a discrete bounded geometry space which has property A and is nonamenable.
By nonamenability it admits a uniform cover by tails for some fixed r, K.

Fix R,e >0, and let ¢ = ¢/ K. It is a well-known fact (see, eg, [8, Theorem 1.2.4“(3)=(1)"]) that X
having property A implies that there exists an M > 0 and a family {A }ycx of finite, nonempty subsets
of X x{0,1,2,..., M} satisfying:

e Forany x, y € X with d(x, y) < R, we have % <é€.

e There exists an S > 0 such that for any x € X and (y,n) € A, we have d(x, y) < S.
The constant M depends on R, € but is independent of x € X.

Now we would like to transport the “N-direction” of A into X along the tail 7. More precisely, consider
the map
T:Xx{0,1,2,.... M} =X, (x,n)—1ty_,.

Setting Ay := T(Ax) € X for each x € X, we claim that the family {A,}xex provides the naive
property-A sets for parameters R, €.

First note that for any x € X and (y,n) € Ay, we have
d(t]};,l_n,x) < d(t]{},[_n,ty) +d(tg,x) <(M-nyr+d(y,x) <Mr+S.
Hence we obtain that Ax = T (Ax) € B(x, Mr + S).

On the other hand, due to the second condition for tails we obtain that for any finite Z € X' x{0,1,2,..., M}
we have |Z| < K -|T(Z)|. In particular, we have

~ ~ 1
[Ax NAy| = [T(Ax) NT(Ay)| = [T(Ax N A4y)| = E-|A)C NAy|
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for each x, y € X. Also
Ax\ Ay =T(Ax)\T(Ay) S T(Ax\ 4y)

for any x, y € X, and hence we have
[Ax & Ayl = [Ax \ Ayl + Ay \ Ax] = |4\ Ay| + 4y \ Ax| = [Ax A 4.
Combining them together, we obtain that, for any x, y € X with d(x, y) < R,

Ax DAy _ o [Ax D4

= = < < Ké' =e.
|Ax N A4y |Ax N 4y

Hence we prove the claim, and X has naive property A.

Proof of Theorem D In the case of a countable discrete group with proper left-invariant metric, there is
a dichotomy: either the group is amenable, in which case it has naive property A, exhibited by translating
the Fglner sets, or it is nonamenable, in which case the above argument shows that naive property A is
equivalent to property A. O

4 Spaces which coarsely have unbounded components

This whole section is devoted to proving Theorem A. The idea is similar to the nonamenable case presented
in Section 3, however we cannot simply use tails to smear the property-A sets. Instead, we need to
transport the “N-direction” of the property-A sets along some maximal tree.

Recall Definition 1.2: a discrete bounded geometry space coarsely has unbounded components if for
some r every component of the r-Rips complex is unbounded. Given such a space we will fix r, and
take a maximal tree in each component of the r-Rips complex. Bounded geometry ensures that each tree
contains an embedded ray which we use to choose a point at infinity (in each component). We now orient
the edges of the tree to point towards the chosen basepoint.

This yields a uniformly finite 1-chain on the original space with the following properties:

(1) For every x there is exactly one edge leaving x, whose other end we denote by o (x).

(2) For every x the sequence x,0(x),0(o(x)),... is proper, that is any bounded set contains only
finitely many of these points.

We think of the map o as giving a flow on the space (in the place of tails for the nonamenable case) and
use this to smear out the families of functions arising from property A to obtain characteristic functions
exhibiting naive property A.

For a function a on X, we denote its £!-norm by |a||; := Y ,c x |a(x)| and its support by suppa :=
{x € X :a(x) # 0}. We say that a is positive if a(x) > 0 for any x € X.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof of Theorem A The implication from naive property A to property A is trivial.

Supposing that X has property A, for each R, € we have a family of finite, nonempty subsets { A }xex
of X x N as specified in the definition of property A. As in Section 3, we can find an M > 0 such that
the family {4 }xcx can be chosen to be subsets of X x{0,1,2,..., M}.

From these we define uniformly bounded positive integer 0-chains on X by ax(z) = |4Ax N ({z} X N)|
for z € X. The conditions on the sets A, translate as:
(1) Forany x, y € X with d(x, y) < R we have

llax = aylly
lax Aayllx

where a A b denotes the pointwise minimum of two chains.
(2) There exists an S > 0 such that for any x € X, supp ay is contained in Bg(x).
(3) There is a uniform bound (given by M and the cardinality bound on S-balls) on the norm ||ax||1

forx e X.

Conditions (2), (3) are obvious. For (1) we note that ||ax—ay |1 <|Ax A A, | while |laxAay|[1 > |AxNAy|

since
lax Aaylr = Zmin{‘Ax N({z} xN)

Ay N({z} x N)‘}

’

>3 AN ({2} x N)N Ay N ({2} x N)| = [Ax N 4y,

lax —aylly =Y [|4x N ({2} x N)| = [4, N ({z} x N) |
V4
<D |(Ax N ({2 xN)) A (4y N ({2} x N)))]
z
= Z [(Ax A Ay) N ({2} x N)| = [Ax A 4.
z
We think of values of a(x) which are greater than 1 as giving ‘towers’ over the point x. The idea is to

use o to shift the towers of a thus reducing the overall height.

Given a positive integer 0-chain ¢ on X, let b(a), the base of a, denote the characteristic function of the
support of a. Let 7(a), the towers of a, denote a — b(a). We define s1(a) by

s1(a)(x) =b(a)(x) + Z t(a)(y) for x e X.
yeX
o(y)=x

We remark that s; preserves the £!-norm (by positivity of ). Moreover, we have:

Claim 4.1 s, is positive in the sense that a < a’ implies s1(a) < s1(a’) (for a, a’ positive). (Here “<”
means pointwise.)

Algebraic & Geometric Topology, Volume 25 (2025)
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To see this, we first observe that @ < a’ implies containment of the supports so b(a) <b(da’). If b(a)(x) =0
then #(a)(x) is also zero so #(a)(x) < t(a’)(x), while if b(a)(x) = 1 we also have b(a’)(x) = 1 so
t(a)(x) < t(a’)(x) follows from a(x) < d’(x). Since b(a) < b(a’) and t(a) < t(da’), it follows that
s1(a) < s1(a’) which establishes the claim.

We define s, to be the n-fold composition of s1, noting that s, is also positive.

Claim 4.2 For n sufficiently large, sy (a) is 0, 1-valued. The least such n can be bounded depending only
on the £'-norm of a.

Once sy (a) is 0, 1-valued, it follows that s (s,(a)) = s, (a) so the sequence is ultimately constant.

Proof of Claim 4.2 Note first that the support of s, (¢) is a nondecreasing sequence of sets and, since sy
preserves the £!-norm, s,(a) is 0, 1-valued if and only if the support of s,(a) has cardinality ||a]|;.

Let x € suppt(a). Consider the least 7 such that 6" (x) does not lie in the support of ¢ and let y = ¢”(x).
Such an n must exist by properness of the sequence o (x). Since 0% (x) lies in supp a for all k < n, and
these points are all distinct (again by properness), it follows that z is at most the cardinality of suppa
which in turn is bounded by ||«||;.

For each k =0, 1,...,n— 1, we have 0 (x) in the support of (s (a)): this is true by definition when
k = 0 and by induction for all k. It follows that y = ¢”(x) lies in the support of s, (a) (though depending
on the value of #(a)(x) it may not itself be a tower).

Since y lies in the support of s, (a) but not the support of ¢ we deduce that the support of s, () is strictly
greater than that of a. Hence

lsn(@)lly — [supp su(@)| = [l (sn(@)ll1 < llally — |suppal = [[z(a)]1.

Hence repeating the process at most ||#(a)||; times reduces the difference to zero and the resulting function
is 0, 1-valued as required. Specifically this holds provided that n > |a||1||#(a)||1, which concludes
Claim 4.2. |

We now write Soo(a) for the value of s,(a) when n > ||al|[|t(a)| 1. Note that s is also a positive map
because if a < a’ then for n sufficiently large soo(a) = sp(a) < sp(d’) = so0(a’). Hence

(D Soo(x Nay) = Sooldx) N Soo(ay).

We will write a \ b :=a— (a Ab) = (a — b) v 0, where Vv denotes the pointwise maximum.

Claim 4.3 500 (@x) \ Soo(ay)ll1 =< llax \ ayll:-
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To see this we write
laxli = l[(ax —ax ANay) +ax ANayl
=< llax —ax Aaylly + llax Aaylly
= [lax \ayll1 + [|sco(ax A ay)lly
< llax \ayll1 + [soo(@x) A soo(ay) |1

by (1). Now note that

[[$00(@x) \ Soo(@y) 11 = 1500 (ax) — Soo(ax) A Soolay) |1
= [|sco(@x)ll1 — |00 (@x) A Sco(ay) 1
= [laxll1 = [I5c0(@x) A s (ay) 11
=< llax \ayl:.

From Claim 4.3 it follows that

500 (ax) _Soo(ay)” = [|Soo(@x) \Soo(ay)”l + ”Soo(ay) \Soo(ax)|l1 = llax _ay”l»

while, again by (1), we have
lax Aay|l1 < [[Seo(a@x) A Soo(ay)ll1.

Soif d(x, y) < R then

||Soo(ax)_5c>o(ay)”1 < ||ax_ay||1
[s00(ax) Asooclay)lli — llax Aaylls

Now taking the supports of the 0, 1-valued functions, Ay = supp Seo(ax) for x € X, we have

|dx A Ayl
-~ ~ < €.
|Ax N Ax|
While Claim 4.2, combined with the observation that the support of s;(«) lies in the r-neighbourhood

in X of the support of a, ensures that each set Ay is supported uniformly close to x. Thus we have shown
that X has naive property A. O

The aim in both the proof above and that given in Section 3 is to achieve a uniform bound on the heights of
the towers which is independent of R, €; of course for fixed R, € we have such a bound. In Section 3 this
uniform bound was provided by the uniformity of the tails: the flow provided by these has the property
that for any given point, there is a uniform bound on the number of other points whose towers will flow
through this. Therefore in that case it is sufficient to flow by the height of the towers. By contrast in the
general case there is no uniform bound on the number of towers being pushed onto any given point by the
flow, therefore instead we need to continue flowing until we achieve the required uniform bound (in this
case 1) for the heights of the towers. The time required to achieve this is bounded using the bounded
geometry of the space.
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S Spaces with bounded coarse components

Our theorem leaves open the question of whether naive property A is equivalent to property A for spaces
which are a coarse disjoint union of bounded pieces (with the distance between pieces tending to infinity).
We finish by considering a couple of natural examples arising from groups.

Consider first the example of B, cpy Z/2 equipped with a proper metric. This is not covered by Theorem A
since every connected component of each Rips complex is bounded. However it is of course covered by
Theorem D. Indeed it is amenable so has naive property A.

Secondly we consider box spaces associated to residually finite groups with a given tower of normal
subgroups. Again Theorem A does not apply, however in these examples the equivalence of property A
and naive property A is again true:

Proof of Theorem E We only need to show the sufficiency. It is well known that X has property A if
and only if G is amenable. Hence for any € > 0 and R > 0, there exists a finite subset /' C G such that
|gF AhF|<e|gFNhF|whendg(g,h) <R.

Set S = max{diam(F), dg (e, F)}. By the assumption, we know that there exists J € N such that for any
Jj > J the quotient map 7;: G — G/N; is an isometry restricted to any ball with radius at most R 4 2.
Enlarging J if necessary, we can also assume that d(G/N;, G/N;) > R forany j,[ > J.

Now for g € G/N;, we set
)& mi(F) if j > J,
UL, 6N i<
We show that these Az provide naive property-A sets for R, e.
First note that for any g € G we have dg (g, gF) =dg(e, F) <S, which implies that d (7 (g), 7; (§F)) < S
for any j. On the other hand, for any g,/ € G/N; with d(g, ) < R for some j > J, we can choose
their representatives g, 1 € G satisfying dg(g, ) < R. Note that diam(gF U F) < R+ 2S5, and hence
the quotient map 7; is an isometry on gF U hF. Therefore, we obtain

Az A A7l = |75 (gF) & i (hF)| = |7 (gF AWF)| = |gF ARF],
and similarly,

|A§ﬂA}7| = |gFﬂhF|.

Combining these, we complete the proof. a
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