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The homotopy type of the PL cobordism category, I

MAURICIO GÓMEZ LÓPEZ

We introduce a bordism category CobPL
d whose objects are bundles of closed .d�1/-dimensional piecewise

linear manifolds and whose morphisms are bundles of d -dimensional piecewise linear cobordisms. In the
main theorem, we show that the classifying space BCobPL

d is weak homotopy equivalent to an infinite
loop space. We regard CobPL

d as the piecewise linear analogue of the category of smooth cobordisms
which has been studied extensively in connection with the Madsen–Weiss theorem, and our main result is
a first step towards obtaining Madsen–Weiss type results in the context of PL topology.

57Q20; 55P47

1 Introduction

1.1 Background and statement of the main result

The goal of the present paper and the recent article [5] is to prove a piecewise linear analogue of the
following theorem by Galatius, Madsen, Tillmann, and Weiss [3].

Theorem (Galatius, Madsen, Tillmann, and Weiss [3]) There is a weak homotopy equivalence

BCobd '�
1�1MTO.d/:

In this statement, MTO.d/ is the Madsen–Tillmann spectrum, whose N th space is the Thom space
Th.
?

d;N
/ of the vector bundle orthogonal to the universal vector bundle 
d;N defined over the Grass-

mannian Grd .RN /. The space on the left-hand side is the classifying space of the smooth cobordism
category Cobd , which has played a key role in the study of stable phenomena of diffeomorphism groups.

Let us give an outline of the definition of the category Cobd (see also [3]). The set of objects of Cobd
is defined as follows: Let BN denote the set of all .d�1/-dimensional closed submanifolds M in RN.
The natural inclusion RN ,! RNC1 induces a map BN ,! BNC1 and the set of objects Ob.Cobd / is
then defined to be the set of all tuples .M; a/ where a 2R and M is an element of the colimit B1 of the
sequence of maps

� � � ,! BN ,! BNC1 ,! � � � :

A nonidentity morphism between two objects .M0; a0/ and .M1; a1/ is a triple .W; a0; a1/, where W is
a d -dimensional compact submanifold of a product Œa0; a1��RN for which there is a value � > 0 such
that the following holds:

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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2528 Mauricio Gómez López

(i) W \ .Œa0; a0C �/�RN /D Œa0; a0C �/�M0.

(ii) W \ ..a1� �; a1��RN /D .a1� �; a1��M1.

(iii) @W DW \ .fa0; a1g �RN /.

Two morphisms .W1; a0; a1/ and .W2; a1; a2/ in Cobd are composable if the outgoing boundary of W1
is equal to the incoming boundary of W2. In this case, their composition is equal to the triple

.W1[W2; a0; a2/:

Galatius and Randal-Williams provided in [4] a more elementary proof of the main theorem from [3]
using scanning methods and the spaces of manifolds ‰d .RN / defined by Galatius in [2]. For a fixed
positive integer N , the underlying set of ‰d .RN / is the set of all d -dimensional submanifolds of RN

which are closed as subspaces. As indicated in [2], the spaces ‰d .RN / form a spectrum ‰d by letting
N vary, and the main result from [3] is obtained in [4] by showing that there are two weak equivalences,

BCobd '�
1�1‰d ;(1-1)

�1�1MTO.d/ '�!�1�1‰d :(1-2)

In this article, we introduce the d -dimensional PL cobordism category, denoted by CobPL
d

, which we
consider to be the appropriate piecewise linear analogue of the category of smooth cobordisms studied in
[3] and [4]. Our main result gives a piecewise linear version of the equivalence (1-1) given above. More
precisely, we prove the following theorem.

Theorem There is a weak homotopy equivalence

BCobPL
d
'
�!�1�1‰PL

d :

The spectrum ‰PL
d

that appears in this statement is a spectrum of PL manifolds, analogous to the one
defined by Galatius in [2]. The N th space of this spectrum is the geometric realization of a simplicial set
‰d .R

N /�, whose role in this article is similar to the one played in [4] by the space of smooth manifolds
‰d .R

N /. As it is the case with the equivalences indicated in (1-1) and (1-2), the superscript1� 1 in
�1�1‰PL

d
indicates we are taking the infinite loop space of the suspension of ‰PL

d
.

1.2 Outline of the proof

To prove our main theorem, we will follow a strategy similar to the one implemented by Galatius and
Randal-Williams in [4] to prove the weak equivalence (1-1). More precisely, we will introduce a filtration

(1-3)  d .N; 1/� ,!  d .N; 2/� ,! � � � ,!  d .N;N /� D‰d .R
N /�

similar to the one used in [4] and we will show that there are two weak equivalences,

BCobPL
d .R

N /' j d .N; 1/�j;(1-4)

j d .N; 1/�j
'
�!�N�1j‰d .R

N /�j;(1-5)

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2529

provided that N � d � 3. By allowing N !1, we obtain the weak equivalence stated in the main
theorem. In (1-4), CobPL

d
.RN / denotes a subcategory of CobPL

d
where morphisms (ie cobordisms between

.d�1/-dimensional closed manifolds) are contained in RN.

Even though our proof’s strategy is similar to the one from [4], our methods differ significantly from those
used by Galatius and Randal-Williams. This is especially the case for the proof of the weak equivalence
(1-4). In the smooth case, the equivalence (1-4) follows quickly from the following fact:

Fact Fix an m-dimensional smooth manifold M . Let W be a smooth .dCm/-dimensional submanifold
of M �R � .�1; 1/N�1 which is closed as a subspace and such that the projection � W W ! M is a
smooth submersion of codimension d . Moreover , fix a point �0 2M . If a 2R is a regular value for the
projection x1 W ��1.�0/!R onto the first component of R� .�1; 1/N�1, then a is also a regular value
for x1 W ��1.�/!R for all � sufficiently close to �0.

Let us discuss briefly why this result is true. Consider the fiber W�0 of the projection � over the point �0.
Saying that a is a regular value for the projection x1 W W�0 ! R is equivalent to saying that W�0 is
transversal to the hyperplane in RN given by x1 D a. Since transversality is an open condition in the
C1 topology, fibers of � that are near W�0 will also be transversal to this hyperplane. In other words, a
is also a regular value for x1 WW�!R for any � sufficiently close to �0.

Unfortunately, the above statement is not valid for PL manifolds in general. A counterexample can be
obtained as follows. First, we express the product Œ0; 1��R as a union Œ0; 1��RD A[B [C , where
AD Œ0; 1�� .�1; 0�, B is the convex hull of the points .0; 0/, .1; 0/ and

�
1; 1
2

�
, and C is the closure of

the complement of A[B . We can also express the subsets B and C in terms of linear combinations

B D
˚
˛.1; 0/Cˇ

�
1; 1
2

�
j 0� ˛ � 1; 0� ˇ � 1

	
;

C D
˚
�.0; 1/Cˇ

�
1; 1
2

�
j 0� �; 0� ˇ � 1

	
:

Next, we define a PL embedding f W Œ0; 1��R ,! Œ0; 1��R� .�1; 1/ by gluing the following three linear
maps:

� fA W A ,! Œ0; 1��R� .�1; 1/, defined by fA.t; x/D .t; x; 0/.

� fB W B ,! Œ0; 1��R� .�1; 1/, which maps .1; 0/ and
�
1; 1
2

�
to .1; 0; 0/ and

�
1; 0; 1

2

�
respectively.

We then extend fB linearly to the rest of B .

� fC W C ,! Œ0; 1��R� .�1; 1/, which maps .0; 1/ and
�
1; 1
2

�
to .0; 1; 0/ and

�
1; 0; 1

2

�
respectively.

Again, we extend fC linearly to the rest of C .

The image of the embedding f W Œ0; 1� �R ,! Œ0; 1� �R � .�1; 1/, which we will denote by W , is a
PL submanifold of Œ0; 1��R� .�1; 1/. Evidently, W is a closed subspace (in the topological sense) of
Œ0; 1��R� .�1; 1/. Since the map f commutes with the projection onto the interval Œ0; 1�, the projection
� WW ! Œ0; 1� is a trivial PL bundle with fiber R. In particular, � is a PL submersion of codimension 1
(see Section 2.2 for the definition of PL submersion). Moreover, the restriction of f on f0g�R commutes

Algebraic & Geometric Topology, Volume 25 (2025)



2530 Mauricio Gómez López

with the projection onto R. Thus, if W0 is the fiber over 0 2 Œ0; 1� of the map � WW ! Œ0; 1�, then x D 0
is a regular value for the projection W0!R. However, for any point � 2 Œ0; 1� with �¤ 0, the preimage
of x D 0 for the projection W� ! R is a codimension 0 submanifold. Therefore, x D 0 cannot be a
regular value for W�!R if �¤ 0 (see Section 3.1 for the definition of regular value for PL maps).

Since the fact stated above fails for PL manifolds, we cannot follow the argument from [4] too closely.
To fix this issue, we define a subsimplicial set  R

d
.N; 1/� of  d .N; 1/� for which the fiberwise regularity

described in the fact given above does hold. The definition of  R
d
.N; 1/� will be provided in Section 3.1.

We will then obtain (1-4) by showing that there are two equivalences of the form

(1-6) BCobPL
d .R

N /' j Rd .N; 1/�j
',�! j d .N; 1/�j

when N � d � 3. Proving that the inclusion  R
d
.N; 1/� ,!  d .N; 1/� is a weak equivalence is the core

of the present paper. It is also the part of the argument where we introduce most of our novel methods.
Similar fiberwise regularity issues arise in the proof of the weak equivalence (1-5), which we can also fix
by applying the techniques we use to establish (1-4).

1.3 Recent developments and related work

In the recent article [5], we introduced the PL Madsen–Tillmann spectrum MTPL.d/ and showed that
there is a weak homotopy equivalence

(1-7) �1�1MTPL.d/ '�!�1�1‰PL
d :

Together with this article’s main theorem, the weak equivalence given above completes the proof of the
piecewise linear analogue of the theorem proven by Galatius, Madsen, Tillmann, and Weiss in [3]. It is
worth pointing out that, in joint work with A Kupers, the author has proven in [6] the topological version
of the main result from [3]. More concretely, in [6], we introduce the topological cobordism category
Cob

Top
d

and the topological Madsen–Tillmann spectrum MTTOP.d/, and we show that there is a weak
equivalence of the form BCob

Top
d
'�1�1MTTOP.d/, provided that d ¤ 4. The reason we need the

restriction d ¤ 4 is that our proof for the topological version of the weak equivalence (1-7) relies on
smoothing theory for topological manifolds, which requires the condition d ¤ 4. However, an advantage
of the methods developed in [5] is that they can be easily adapted to the topological case, regardless
of the dimension. Thus, by carrying out the arguments from [5] in the topological setting, we obtain a
new proof of the weak equivalence BCob

Top
d
' �1�1MTTOP.d/ which works for all dimensions d ,

including d D 4. See [5] for more details.

We close this section by pointing out the main differences between the methods implemented in [6] and
those used by the author in [5] and the present paper. The proof of the weak equivalence BCob

Top
d
'

�1�1MTTOP.d/ follows a strategy similar to the one used by the author to prove the same result in the
PL category. Namely, the proof in [6] is broken down into the following steps:

(1-8) BCob
Top
d

.1/
' �1�1‰

Top
d

.2/
' �1�1MTTOP.d/:

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2531

Here, ‰Top
d

is the topological version of the spectrum ‰PL
d

. As mentioned before, the equivalence (2) in
(1-8) is established in [6] using smoothing theory, whereas the PL version of this equivalence is proven
in [5] using scanning techniques akin to those used by Galatius and Randal-Williams in [4]. On the
other hand, the first equivalence of (1-8) is proven in [6] using Gromov’s h-principle. A key result that
makes it possible to apply Gromov’s h-principle in the topological setting is a “respectful” version of the
isotopy extension theorem proven by Siebenmann (see [15, Theorem 6.5 and Complement 6.6]). While
it is claimed in [15] that this “respectful” version of the isotopy extension theorem holds for both the
TOP and PL categories, the proof of the PL version of this result does not exist in the literature to the
author’s knowledge, which is the main reason why Gromov’s h-principle cannot be used to prove the
first weak equivalence of (1-8) in the PL setting. Instead, in the present paper, we bypass Gromov’s
h-principle machinery by performing a delooping argument similar to the one carried out by Galatius and
Randal-Williams in [4].

Acknowledgements First and foremost, I would like to express my sincere gratitude to Oscar Randal-
Williams for being such a supportive advisor and mentor during my PhD at the University of Copenhagen.
This paper is based on the results I presented in my doctoral dissertation, and I would like to thank Oscar
for his guidance, patience, and time during the development of this project. I am also grateful to Søren
Galatius for helpful discussions and the referee for their valuable comments and suggestions.

2 Spaces of PL manifolds

2.1 Standard notions from piecewise linear topology

We start this section by recollecting a few standard definitions from piecewise linear topology that we
will use throughout this paper. A piecewise linear chart (or PL chart for short) for a topological space
X is a continuous embedding h W jKj !X , where jKj is the geometric realization of a finite simplicial
complex K. Two piecewise linear charts h1 W jKj ! X and h2 W jK 0j ! X are said to be compatible
if either h1.jKj/ and h2.jK 0j/ are disjoint, or there exists subdivisions of K and K 0 which triangulate
h�11 .h1.jKj/\ h2.jK

0j// and h�12 .h1.jKj/\ h2.jK
0j// respectively and such that the composition

h�11 .h1.jKj/\ h2.jK
0
j//

h1
�! h1.jKj/\ h2.jK

0
j/
h�12
��! h�12 .h1.jKj/\ h2.jK

0
j//

is linear on each simplex of the subdivision of K contained in h�11 .h1.jKj/\ h2.jK
0j//. A piecewise

linear space (or PL space for short) is a second countable Hausdorff space X together with a collection
ƒ of PL charts satisfying the following properties:

(i) Any two charts in ƒ are compatible.

(ii) For any point x 2X , there is a PL chart h W jKj !X in ƒ such that h.jKj/ is a neighborhood of x.

(iii) The collection ƒ is maximal. That is, if h W jKj !X is a PL chart which is compatible with every
chart in ƒ, then h W jKj !X must also belong to ƒ.

Algebraic & Geometric Topology, Volume 25 (2025)



2532 Mauricio Gómez López

The collection of charts ƒ is typically called a PL structure on X . Now, consider a PL space X with PL
structure ƒ, and let X0 �X be a subspace of X . We say that X0 is a PL subspace of X if, for any point
x 2X0, we can find a chart h W jKj !X in the PL structure ƒ whose image is contained in X0 and has
the property that Im h is a neighborhood of x in X0. Note that X0 is itself a PL space. The PL structure
on X0 is the subcollection ƒ0 of ƒ consisting of all charts h W jKj !X such that Im h�X0.

Now, consider two PL spaces X and Y . A continuous map f WX ! Y is said to be a PL map if, for each
x 2X , we can find PL charts h0 W jKj !X and h1 W jK 0j ! Y for X and Y satisfying the following:

(i) x is in the interior of h0.jKj/ and f .x/ is in the interior of h1.jK 0j/.

(ii) f .h0.jKj//� h1.jK
0j/.

(iii) The composition h�11 ıf ı h0 maps each simplex of K linearly to a simplex of K 0.

We say that f WX!Y is a PL homeomorphism if its both a PL map and a homeomorphism. Moreover, we
say that a PL map g WX! Y is a PL embedding if Img is a PL subspace of Y and the map g WX! Img

is a PL homeomorphism.

For any open set U in a Euclidean space Rn, we can define a canonical piecewise linear structure on U
by taking all PL charts compatible with inclusions of the form jKj ,!U , where K is any finite simplicial
complex consisting of linear simplices contained in U . We say that M is a PL manifold of dimension n
if M is a PL space and, for each x 2M , we can find a piecewise linear embedding h W U !M which
is defined on some open set U � Rn and whose image is a neighborhood of the point x. Similarly,
for any open set U �Rn, we can also define a canonical piecewise linear structure on the intersection
U \Rn

C
, where Rn

C
denotes the subspace of Rn defined by the inequality xn � 0. Then, we can define

an n-dimensional PL manifold with boundary to be a PL space M such that, for each x 2M , there is a
piecewise linear embedding h W U \Rn

C
!M whose image is a neighborhood of x.

2.2 Spaces of PL manifolds

Our goal in this subsection is to define the simplicial sets ‰d .U /� (where U is an arbitrary open set inside
some RN ) that will act as the PL analogues of the spaces of smooth manifolds defined by Galatius in [2].
However, instead of just defining a simplicial set ‰d .U /�, we will construct a much more general object.
Namely, for each open set U , we will define a PL set, ie a contravariant functor ‰d .U / W PLop

! Sets
defined on the category PL of PL spaces and PL maps. Roughly speaking, for a given PL space P , the
elements of the set ‰d .U /.P / will be families of d -dimensional PL submanifolds of U parameterized
by P . As we shall see later, there is a canonical embedding � W� ,! PL, where � denotes the category of
finite sets Œp� and order-preserving functions. The simplicial set‰d .U /� is then obtained by precomposing
‰d .U / W PLop

! Sets with the induced embedding �op W�op ,! PLop.

To define the sets ‰d .U /.P /, we will need the following notion from PL topology which perhaps is not
as standard as the material that we reviewed in the previous subsection.

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2533

Definition 2.1 A PL map � WE! P is said to be a PL submersion of codimension d if, for each x 2E,
there is an open neighborhood V of �.x/ in P and an open piecewise linear embedding h W V �Rd !E

such that x is in the image of h and � ı h is equal to the standard projection pr1 W V �Rd ! V .

Note that each fiber of a PL submersion � of codimension d is a d -dimensional PL manifold. An open
piecewise linear embedding h W V �Rd ! E satisfying � ı hD pr1 and x 2 Im h is typically called a
submersion chart around x. We will also need the following construction for the definition of the functor
‰d .U / W PLop

! Sets.

Definition 2.2 Fix a PL space P and an open set U � RN. Let W be a closed PL subspace of the
product P �U such that the projection � WW ! P is a PL submersion of codimension d . Given a PL
map f WQ! P , the subspace

f.q; x/ 2Q�U j f .q/D �.x/g

of Q�U will be called the pull-back of W along f , and we will denote it by f �W .

Since pull-backs of submersions are again submersions, we have that the standard projection Q� Wf �W !Q

is also a PL submersion of codimension d . Moreover, note that f �W is a closed PL subspace of Q�U .
With this construction at hand, we can now define the PL sets ‰d .U / W PLop

! Sets.

Definition 2.3 Given an open subset U � RN and a nonnegative integer d , we define the functor
‰d .U / W PLop

! Sets as follows:

� For each PL space P , ‰d .U /.P / is the set of all closed PL subspaces W of P � U with the
property that the standard projection � WW ! P is a PL submersion of codimension d .

� For a PL map f WQ!P , the function‰d .U /.f / W‰d .U /.P /!‰d .U /.Q/ will send an element
W of ‰d .U /.P / to the pull-back f �W of W along f . From now on, we will denote the function
‰d .U /.f / simply by f �.

Consider a PL space P . For an element W of ‰d .U /.P /, the fiber over a point � in P of the standard
projection � WW ! P is a d -dimensional PL submanifold of f�g�U which is also closed as a subspace.
Thus, we can view an element W of ‰d .U /.P / as a family of d -dimensional PL submanifolds of U ,
closed as subspaces, which are parameterized piecewise linearly by the base-space P .

In this paper, we will mostly be working with the functor ‰d .RN / W PLop
! Sets, ie the PL set corre-

sponding to U DRN. Besides ‰d .RN /, the following PL sets will also play a pivotal role in the proof
of our main theorem.

Definition 2.4 Fix two integers N >0 and d � 0. For any integer 0� k�N , let  d .N; k/ WPLop
! Sets

be the PL set defined as follows:

� For each PL space P , we define  d .N; k/.P / to be the subset of ‰d .RN /.P / consisting of all
elements W such that W �P �Rk � .�1; 1/N�k . That is, each fiber of the projection � WW !P

is a PL submanifold of RN contained in Rk � .�1; 1/N�k .
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� For a PL map f WQ! P , the function  d .N; k/.f / is equal to the restriction of the pull-back
function f � W‰d .RN /.P /!‰d .R

N /.Q/ on  d .N; k/.P /. By abuse of notation, we will also
denote  d .N; k/.f / simply by f �.

Note that ‰d .RN /D  d .N;N /. Also, for any PL space P , we evidently have that

 d .N; 0/.P /�  d .N; 1/.P /� � � � �  d .N;N � 1/.P /�‰d .R
N /.P /:

Thus, the PL sets  d .N; k/ form a filtration for ‰d .RN / W PLop
! Sets.

Convention 2.5 Before giving any more definitions, we need to fix the following conventions, which we
will use throughout the rest of this article:

(1) Unless noted otherwise, we will denote the elements of the standard basis of RpC1 by e0; : : : ; ep .
In particular, the indexing of the standard basis vectors will typically start at j D 0.

(2) For any nonnegative integer p, we define the standard p-simplex �p to be the convex hull of the
vectors e0; : : : ; ep of the standard basis in RpC1.

(3) For any morphism � W Œp�! Œq� in �, we will denote by Q� the linear map �p !�q defined by
ej 7! e�.j /.

The embedding � W�! PL that we referred to at the beginning of this subsection is defined by Œp� 7!�p

on objects and by � 7! Q� on morphisms. Then, for any PL set F W PLop
! Sets (not just those of the form

‰d .U /), we obtain a simplicial set F� by precomposing F with the induced embedding �op. We will
typically call F� the underlying simplicial set of F. Note that the set of p-simplices of F� is equal to
F.�p/. Clearly, any natural transformation 
 W F) G between PL sets will induce a simplicial set map

� W F�! G�. Moreover, it is evident that the operation 
 7! 
� respects compositions and identity maps.
Thus, the correspondences F 7!F� and 
 7! 
� define a functor � W PLsets! Ssets, where PLsets is the
category of PL sets. Morphisms in this category are given by natural transformations.

In the following remarks, we will make several useful observations about the PL sets‰d .U / WPLop
!Sets

and their underlying simplicial sets ‰d .U /�.

Remark 2.6 Note that, for any integer 0� k �N , the simplicial set  d .N; k/� underlying the functor
 d .N; k/ W PLop

! Sets is a subsimplicial set of ‰d .RN /�. Evidently, the filtration

 d .N; 0/�  d .N; 1/� � � � �  d .N;N � 1/�‰d .R
N /

of PL sets induces an analogous filtration for the simplicial set ‰d .RN /�.

Remark 2.7 (the basepoint of ‰d .U /�) We point out that, for any open set U �RN and any p� 0, the
empty manifold¿p��p�U is also an element of‰d .U /p . The empty simplices¿p form a subsimplicial
set of ‰d .U /�, which we will denote by ¿�. We will usually regard the geometric realization j¿�j as the
canonical basepoint for the space j‰d .U /�j.
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Remark 2.8 (the sheaf ‰d ) Given any two open sets U; V � RN with V � U , we can define a
restriction morphism rU;V W‰d .U /)‰d .V / between the PL sets ‰d .U / and ‰d .V /. Namely, let rU;V
be the natural transformation such that, for any PL space P , the component ‰d .U /.P /

rU;V
��!‰d .V /.P /

corresponding toP is the function which sends an elementW 2‰d .U /.P / to the intersectionW \.P�V /.
If O.RN / is the poset of open sets in RN, then the correspondences

(2-1) U 7!‰d .U /; V � U 7! rU;V

define a contravariant functor ‰d W O.RN /op! PLsets. In fact, it is not hard to prove that ‰d is actually
a sheaf of PL sets. This sheaf descends to a sheaf of simplicial sets ‰d W O.RN /op! Ssets via the functor
� W PLsets! Ssets that we defined immediately after Convention 2.5.

Remark 2.9 Given an element W of a set ‰d .U /.P / and a point � 2 P , we shall typically denote the
fiber of the projection � WW ! P over � by W�.

We end this subsection with the following proposition, which provides a convenient tool for producing
elements in a set of the form ‰d .U /.P /.

Proposition 2.10 Fix a PL space P and two open sets U; V � RN. Then , for any element W in
‰d .V /.P / and any open piecewise linear embedding H W P �U ! P � V which commutes with the
projection onto P , the preimage H�1.W / is an element of the set ‰d .U /.P /.

Proof First, it is clear that the intersection of W and ImH is a closed PL subspace of ImH . Since H is
a PL homeomorphism from P �U to ImH , it follows that H�1.W / is a closed PL subspace of P �U .
Next, note that the standard projection � W H�1.W /! P is equal to the composition of H jH�1.W /,
which is a PL homeomorphism from H�1.W / to W , and the standard projection Q� WW ! P . Since Q� is
a PL submersion of codimension d , then so is the projection � WH�1.W /! P .

2.3 Properties of ‰d.U /�

In this subsection, we will prove that any simplicial set of the form ‰d .U /� acts as a moduli space of PL
manifolds in the sense that, for any PL space P ,‰d .U /� classifies all elements of the set‰d .U /.P /. This
property of ‰d .U /� will be a consequence of Theorem 2.13, which states a more general classification
result for a special type of PL set, which we will introduce in Definition 2.11 below. For this definition,
we shall use the following terminology: Suppose that F W PLop

! Sets is a PL set. If P is a PL space and
Q is a PL subspace of P , then the map F.P /! F.Q/ induced by the inclusion Q ,! P shall be called
a restriction map.

Definition 2.11 A quasi-PL space is a PL set F W PLop
! Sets which satisfies the following gluing

condition: for any PL space P and any locally finite collection of closed PL subspaces fQigi which
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covers P , the diagram of restriction maps

(2-2) F.P /!
Y
i

F.Qi /�
Y
i;j

F.Qi \Qj /

is an equalizer diagram of sets.

Remark 2.12 It is worth pointing out that any quasi-PL space must also necessarily be a sheaf on PL
spaces. In other words, if F is a PL set satisfying the gluing condition described in Definition 2.11, then
it must also satisfy the analogous gluing condition for arbitrary open covers. One can prove this fact
using [9, Lemma 2.1.6] and standard subdivision arguments from PL topology. However, we shall not
use this property of quasi-PL spaces in the remainder of this paper.

Before we can state Theorem 2.13, we need to review yet another notion from PL topology: triangulations.
First, suppose that K is a locally finite simplicial complex in some Rm, possibly with mD1. Note that
the geometric realization jKj (ie the union of all the simplices in K) is itself a PL space. The PL structure
on jKj is the collection of all PL charts compatible with all inclusions of the form jLj ,! jKj, where L
is any finite subcomplex of K. A triangulation for a PL space P is a tuple .K; h/ where K is a locally
finite simplicial complex in Rm (possibly with mD1) and h is a PL homeomorphism jKj Š�! P . As
proven in [8], any PL space P admits a triangulation. If P is compact, we may assume that K is a finite
simplicial complex in some finite-dimensional Rm.

Consider a locally finite simplicial complex K in Rm (again, we allow mD1) and fix an ordering �
on the set of vertices of K. In order to state Theorem 2.13, we need to explain how the tuple .K;�/
induces a simplicial set K�. A p-simplex in K� is a nondecreasing sequence v0 � � � � � vp of vertices,
possibly with repetitions, with the property that the set fv0; : : : ; vpg spans a simplex ofK. For a morphism
� W Œq�! Œp� in the category �, the induced structure map �� WKp!Kq sends a p-simplex v0 � � � � � vp
to v�.0/ � � � � � v�.q/. Finally, we will also use the following notation in the statement of Theorem 2.13:

� Consider a PL set F. As we do for PL sets of the form ‰d .U /, we shall denote by f � the map
F.Q/! F.P / induced by a PL map f W P !Q. Moreover, as we also do for ‰d .U /, we shall
denote a generic element of a set F.P / by W .

� If v0; : : : ; vp is a collection of pC 1 points (possibly with repetitions) in Rm and if e0; : : : ; ep are
the elements of the standard basis of RpC1, then we will denote by sv0:::vp W�

p!Rm the linear
map defined by ej 7! vj .

Theorem 2.13 Consider a PL set F W PLop
! Sets. If F is a quasi-PL space , then F also has the

following properties:

(i) Fix a PL space P . For any choice of triangulation .K; h/ of P and ordering � on the vertices of K,
the function of sets

SK;h W F.P /! Ssets.K�;F�/

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2537

which sends an element W of F.P / to the morphism of simplicial sets FW WK�! F� defined by
FW .v0 � � � � � vp/D s

�
v0:::vp

h�W is a bijection.

(ii) The underlying simplicial set F� is Kan.

Remark 2.14 Before proving Theorem 2.13, let us make a few comments. At a first glance, the definition
of the morphism FW appearing in (i) might be hard to digest, so let us spell it out more carefully. Fix a
triangulation .K; h/ of P and an ordering � on Vert.K/. For any p-simplex v0 � � � � � vp of K�, the
image FW .v0 � � � � � vp/ is obtained by first taking the pull-back of W along the PL homeomorphism
h W jKj ! P , and then pulling back the element h�W 2 F.jKj/ along the linear map sv0:::vp W�

p!Rm

defined before the statement of Theorem 2.13. Note that, since the set fv0; : : : ; vpg spans a simplex of K,
the image of sv0:::vp lands in jKj. For this reason, it is possible to pull back h�W along sv0:::vp . We close
this remark by making three observations about the function SK;h defined in part (i) of Theorem 2.13:

� First, note that the function SK;h does not only depend on the triangulation .K; h/ but also on the
order relation we fix on Vert.K/.

� Second, note that it is possible to define the function SK;h W F.P /! Ssets.K�;F�/ even if F is
not a quasi-PL space. The point of the theorem is that, if F happens to be a quasi-PL space, then
the function SK;h is a bijection.

� Finally, it is worth pointing out that in the case when P D �p and .K; h/ is the canonical
triangulation of �p (ie take K to be the standard simplicial complex triangulating �p and h
to be the identity map �p ! �p), then the function SK;h agrees with the natural bijection
Fp! Ssets.�p

�
;F�/.

Proof of Theorem 2.13 To prove part (i), we shall need the following notation:

� Given pC 1 points v0; : : : ; vp in Rm, we defined sv0:::vp W�
p!Rm to be the linear map which

sends the element ej of the standard basis of RpC1 to vj . If the points v0; : : : ; vp are in general
position (ie their convex hull is a p-simplex), then sv0:::vp is a PL homeomorphism from �p to
the convex hull of v0; : : : ; vp. In this case, we will denote the inverse of sv0:::vp by tv0:::vp .

� We will denote the inverse of the PL homeomorphism h W jKj ! P by Qh.

� Finally, given a collection of points v0; : : : ; vp in Rm, we will denote its convex hull by hv0; : : : ; vpi.

Now, fix a PL space P , a triangulation .K; h/ of P , and an ordering � of the vertices of K. Also, let
K� be the simplicial set induced by the tuple .K;�/. If ƒ is the set of all nondegenerate simplices
v0 < � � �< vp of K�, then ˚

h.hv0; : : : ; vpi/
	
v0<���<vp2ƒ

is a collection of closed PL subspaces of P which is locally finite and covers P . For simplicity, we shall
denote each PL subspace h.hv0; : : : ; vpi/ by Qv0:::vp . We will prove that the function

SK;h W F.P /! Ssets.K�;F�/
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is a bijection by constructing an inverse, which we shall denote by TK;h. For any simplicial set map
g WK�! F�, we will construct the image TK;h.g/ under the inverse TK;h W Ssets.K�;F�/! F.P / as
follows:

� First, for any nondegenerate simplex v0 < � � �< vp of K�, we will denote the image

g.v0 < � � �< vp/ 2 Fp

by W v0:::vp.

� Next, for each nondegenerate simplex v0 < � � � < vp, take the element Qh�t�v0:::vpW
v0:::vp of

F.Qv0:::vp / obtained by first pulling backW v0:::vp along tv0:::vp , then pulling back t�v0:::vpW
v0:::vp

along the inverse of h W jKj ! P .

� Suppose that v0 < � � � < vp and v00 < � � � < v0q are two nondegenerate simplices of K� such
that the convex hulls hv0; : : : ; vpi and hv00; : : : ; v

0
qi have a nonempty intersection, and let Q be

the intersection of the closed subspaces Qv0:::vp and Qv00:::v0q . Then, since g W K� ! F� is a
morphism of simplicial sets, it is not hard to show that the restrictions of Qh�t�v0:::vpW

v0:::vp and
Qh�t�

v00:::v
0
q
W v00:::v

0
q over Q agree with each other. Therefore, given that F is a quasi-PL space, there

must exist a unique element W g of F.P / such that, for each nondegenerate simplex v0 < � � �< vp ,
the restriction of W g over Qv0:::vp is equal to Qh�t�v0:::vpW

v0:::vp . We define this element W g to
be the image TK;h.g/.

It is straightforward to verify that the function TK;h W Ssets.K�;F�/! F.P /, as we defined it above,
is indeed an inverse for SK;h. We can therefore conclude that SK;h is a bijection between F.P / and
Ssets.K�;F�/.

Now, let us turn to part (ii) of this theorem. Fix then a simplicial set map of the form g Wƒ
p

k�
! F�. To

prove that the simplicial set F� is Kan, we must show that g admits an extension of the form �p
�
! F�.

First, let K be the standard simplicial complex triangulating the horn ƒp
k

of the standard p-simplex �p .
If � is the canonical order relation among the vertices of ƒp

k
, then clearly the simplicial set K� induced

by .K;�/ is isomorphic to ƒp
k�

. Thus, part (i) of this theorem guarantees that there is a bijection of
sets F.ƒ

p

k
/ Š�! Ssets.ƒp

k�
;F�/, which we shall denote simply by S. If W is the element of F.ƒ

p

k
/

obtained by pulling back the map g W ƒp
k�
! F� along the bijection S, then W has the property that

g.v0 � � � � � vq/ D s
�
v0:::vq

W for any simplex v0 � � � � � vq of ƒp
k�

(again, sv0:::vq is the linear map
�q!ƒ

p

k
which sends ej to vj ). If we now pull back the element W along a PL retraction r W�p!ƒ

p

k
,

we obtain an element W 0 WD r�W of F.�p/ which (via part (i) of this theorem) induces a morphism of
simplicial sets f W�p

�
!F� which maps a simplex v0� � � � � vq of�p

�
to s�v0:::vqW

0. Since r W�p!ƒ
p

k

is a retraction, we have that W 0 agrees with W over ƒp
k

, which implies that s�v0:::vqW
0 D s�v0:::vqW for

any simplex v0 � � � � � vq of ƒp
k�

. It follows that f W�p
�
! F� extends g Wƒp

k�
! F�, and we have thus

proven that the underlying simplicial set F� is Kan.

The next theorem will allow us to interpret ‰d .U /� as a moduli space of PL manifolds.
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Theorem 2.15 Any PL set of the form ‰d .U / is a quasi-PL space and , therefore , satisfies the properties
listed in Theorem 2.13. In particular , the underlying simplicial set ‰d .U /� is Kan.

To discuss the proof of this theorem, it is convenient to introduce some notation.

Note 2.16 Fix an open set U �RN and a PL space P . Throughout the rest of this article, we shall adopt
the following notation: Let W be a PL subspace of P �U , and let � WW ! P be the standard projection
onto P (we are not assuming that � is necessarily a submersion). If S is a PL subspace of P , then we
will denote the preimage ��1.S/ by WS , and we will denote the restriction �jWS simply by �S . Note
that if W is an element of ‰d .U /.P /, then WS is an element of ‰d .U /.S/.

The key step in the proof of Theorem 2.15 is to show that compatible collections of PL submersions can
be glued together to produce a global PL submersion. Let us try to articulate this idea more clearly. Fix
an open subset U �RN, a PL space P , and a closed PL subspace W of P �U (we are not assuming that
W 2‰d .U /.P / for the time being). As we have done before, we shall denote the standard projection
W ! P by � . Now, suppose that fQigi2ƒ is a locally finite collection of closed PL subspaces that
covers P with the property that, for each i in ƒ, the restriction WQi is an element of ‰d .U /.Qi /. In
particular, the restriction �Qi is a PL submersion of codimension d . Then, as we shall see in the proof of
Theorem 2.15, the fact that each individual �Qi is a PL submersion of codimension d will imply that
the map � W W ! P is also a PL submersion of codimension d . Said differently, if � is locally a PL
submersion (with respect to a locally finite cover of closed PL subspaces), then it must also be so globally.
The following lemma is the key tool we will use to perform this gluing procedure for submersions.

Lemma 2.17 Let � be a p-dimensional simplex (with p > 0) inside some Rm, W an element of the set
‰d .U /.�/, �0 a point in @� , and y0 a point in the fiber over �0 of the projection � WW ! � . Suppose
that g W V �Rd !W@� and f W V 0 �Rd !W are submersion charts around y0 for �@� WW@� ! @� and
� WW ! � , respectively , with the property that Img � Imf . Then , after possibly shrinking V , we can
find an open neighborhood zV of �0 in � such that zV \ @� D V and a submersion chart Qg W zV �Rd !W

around y0 for the submersion � WW ! � such that QgjV�Rd D g.

Proof First, let h W V �Rd ! V �Rd be the PL embedding obtained by taking the composition

V �Rd
g
�! Img

f �1
��! V �Rd ;

where the second map is just the restriction of f �1 on Img. Note that h is actually an open PL embedding.
Next, let c W @� � Œ0; 1�! � be a collar for the boundary @� , ie c is a PL embedding with the property
that c.�; 0/D � for any point � 2 @� . After shrinking V if necessary, we can find a value 0 < ı < 1 such
that c.V � Œ0; ı//� V 0. Throughout the rest of this proof, we will denote the image c.V � Œ0; ı// by zV .
Now, let h2 W V �Rd ! Rd be the second component of the map h W V �Rd ! V �Rd , and define a
new PL embedding Qh W zV �Rd ! zV �Rd by setting Qh.c.�; t/; x/ D .c.�; t/; h2.�; x// for any point
.c.�; t/; x/ in zV �Rd . Our desired submersion chart Qg W zV �Rd !W will be defined as Qg WD f ı Qh. It is
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straightforward to verify that Qg.�0; 0/D y0 and that Qg commutes with the projection onto zV . Moreover,
since the image of h is open, it follows that the image of Qh is also open, which then implies that the image
of Qg is open in W . Thus, we can conclude that Qg is a submersion chart around y0 for the map � WW ! � .
Finally, we also have that Qg extends g since for any point .�; x/ 2 V �Rd we have

Qg.�; x/D f ı Qh.c.�; 0/; x/D f .c.�; 0/; h2.�; x//D f .�; h2.�; x//D f .h.�; x//D g.�; x/:

We will now give the proof of Theorem 2.15. To do so, we need to review some basic terminology from
PL topology. Let K be some locally finite simplicial complex and fix a vertex a0 of K. The star of a0
in K, denoted by st.a0; K/, is the subcomplex of K consisting of all simplices � 2K satisfying one of
the following two conditions:

(i) � contains a0, or

(ii) � is a face of a simplex � 0 2K that contains a0.

The link of a0 in K, denoted by lk.a0; K/, is the subcomplex of st.a0; K/ consisting of those simplices
that do not contain a0. It is not hard to show that the subspace jst.a0; K/j � jlk.a0; K/j is an open
neighborhood of the vertex a0 in jKj. We will also need the following definition: for a nonnegative
integer j � 0, the j th skeleton of K (denoted by Kj ) is the subcomplex of K consisting of all simplices
of dimension at most j .

Proof of Theorem 2.15 Consider an open set U � RN. Our goal in this proof is to show that the PL
set ‰d .U / satisfies the gluing condition described in Definition 2.11. Fix then a PL space P and let
fQigi2ƒ be a locally finite collection of closed PL subspaces of P which covers P . By [8, Theorem 3.6],
it is possible to find a triangulation h W jKj ! P of P which also triangulates each PL subspace of the
collection fQigi2ƒ. Thus, it is enough to prove that ‰d .U / satisfies the desired gluing condition in the
case when the locally finite cover of closed PL subspaces is of the form fh.�/g�2K , where .K; h/ is a
triangulation for P and the collection fh.�/g�2K is indexed by the simplices of K. In fact, by taking
pull-backs, it suffices to prove that ‰d .U / satisfies this gluing condition in the special case when P D jKj
for some locally finite simplicial complex K in Rm (possibly with mD1) and fQigi2ƒ is the collection
f�g�2K of simplices of K. We shall from now on only focus on this case. At this point, the reader is
encouraged to review the notation introduced in Note 2.16.

Take now an element .W � /�2K of the product
Q
�2K ‰d .U /.�/ with the property that, if ˇ is a face

of a simplex � 2K, then the restriction W �
ˇ

of W � over ˇ is equal to W ˇ . We need to show that there
is a unique element W of ‰d .U /.jKj/ such that, for any simplex � 2K, the restriction W� of W over
� agrees with W �. Our candidate for such a W is defined by taking the following union in the space
jKj �U :

(2-3) W WD
[
�2K

W � :

We must prove two things:
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(1) W is a closed PL subspace of jKj �U .

(2) The standard projection � WW ! jKj is a PL submersion of codimension d .

To prove the first claim, note that the right-hand side of (2-3) is a locally finite union of closed PL
subspaces. Then, since one can always find common triangulations for a finite collection of compatible
PL charts (see [8, Lemma 3.2]), any locally finite union of PL subspaces is also a PL subspace. We thus
have that W is a PL subspace of jKj �U . Moreover, via an elementary general topology argument, one
can prove that the union of a locally finite collection of closed subspaces in a topological space is itself
closed, which implies that W is indeed a closed PL subspace of jKj �U . This concludes the proof of
the first claim. It is evident that the element W we just constructed satisfies W� DW � for any simplex
� 2K. Also, since each W � was assumed to be an element of ‰d .U /.�/, the restriction of the projection
� WW ! jKj on any W� is a PL submersion of codimension d . Following the conventions we introduced
in Note 2.16, for each simplex � 2K we shall denote the restriction of � on W� by �� .

Next, we will prove that the projection � WW !jKj is a PL submersion of codimension d . Take any point
y0 in the PL space W , and denote the image �.y0/ by a0. After subdividing K if necessary, we may
assume that a0 is a vertex of K. Now, let st.a0; K/ be the star of a0 in K and let p be the maximal value
of the set fdim.�/ j � 2 st.a0; K/g. Our goal is to construct a submersion chart h WV �Rd!W around y0
for the map � WW ! jKj over an open neighborhood V of a0 contained in jst.a0; K/j � jlk.a0; K/j. We
will construct this chart via an induction argument on the skeleta Kj of K. In other words, starting with
j D 0, we will inductively produce submersion charts around y0 for each projection �jKj j WWjKj j!jK

j j.
Since p is the maximal value in fdim.�/ j � 2 st.a0; K/g, this induction will terminate when we reach
j D p. First, note that the 0th skeleton K0 is just a discrete set of points in Rm. In particular, each point
in K0 is its own neighborhood. Thus, producing a submersion chart around y0 in the case j D 0 simply
amounts to choosing a chart h WRd!Wa0 for the PL manifoldWa0 with the property that y0 2 Im h. This
takes care of the base case j D 0. Now, take any j in f0; : : : ; p� 1g and suppose we have a submersion
chart g W V �Rd ! WjKj j around y0 for the projection �jKj j W WjKj j ! jK

j j. By taking a smaller
open neighborhood of a0 if necessary, we may assume that V is contained in jst.a0; Kj /j � jlk.a0; Kj /j.
Using Lemma 2.17, we will extend g slightly (after possibly shrinking its image) over the interior of each
.jC1/-simplex of K that contains a0. Suppose then that �1; : : : ; �q are the .jC1/-simplices of K that
have a0 as a vertex. For each i 2 f1; : : : ; qg, Vi will denote the intersection V \@�i , and gi will denote the
restriction of the chart g W V �Rd !WjKj j on Vi �Rd . Additionally, V0 will denote the intersection of
V with the union of all simplices of K of dimension at most j that contain a0 but which are not contained
in any .jC1/-simplex, and g0 will denote the restriction of g W V �Rd ! WjKj j on V0 �Rd . Since
��i WW�i ! �i is a PL submersion of codimension d for each i 2 f1; : : : ; qg, we can find a submersion
chart fi W V 0i �Rd !W�i around a0 for each ��i . For each chart fi , the set V 0i is an open neighborhood
of a0 in �i . By shrinking V and reparameterizing g if necessary, we may assume that Imgi � Imfi for
all i in f1; : : : ; qg. Therefore, after possibly shrinking V further, Lemma 2.17 ensures that we can find
for each i 2 f1; : : : ; qg an open neighborhood zVi of a0 in �i and a submersion chart Qgi W zVi �Rd !W�i
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around y0 for the submersion ��i WW�i ! �i such that zVi \ @�i D Vi and Qgi jVi�Rd D gi . Note that any
two maps in the collection g0; Qg1; : : : ; Qgq are equal when restricted on the intersection of their domains.
Thus, if zV denotes the union of the sets V0; zV1; : : : ; zVq , we can produce a map Qg W zV �Rd !WjKjC1j by
gluing all the charts g0; Qg1; : : : ; Qgq . In other words, Qg W zV �Rd !WjKjC1j is the unique map satisfying
QgjV0�Rd D g0 and Qgj zVi�Rd D Qgi for each i 2 f1; : : : ; qg. By precomposing with a linear translation if
necessary, we can also guarantee that Qg.a0; 0/D y0, where 0 denotes the origin in Rd .

Recall that we assumed V � jst.a0; Kj /j � jlk.a0; Kj /j. Because of this assumption, we can choose the
sets zVi to be small enough so that the set zV is contained in jst.a0; KjC1/j � jlk.a0; KjC1/j. If this is
the case, then zV is a subspace of jst.a0; KjC1/j � jlk.a0; KjC1/j with the additional property that, for
any simplex ı 2KjC1 containing a0, the intersection zV \ ı is open in ı. It follows that zV is an open
neighborhood of a0 in jKjC1j. Moreover, it is evident that Qg W zV �Rd !WjKjC1j commutes with the
projection onto zV . Thus, to conclude that Qg is a submersion chart for the map �jKjC1j WWjKjC1j!jK

jC1j,
we would just need to prove that Qg is a PL homeomorphism onto its image. However, instead of proving
this, it is much easier to prove that Qg is a PL homeomorphism when restricted to an appropriate subspace
of zV �Rd that contains .a0; 0/. Indeed, pick an open neighborhood of a0 contained in zV . By abuse of
notation, we will denote this new open neighborhood of a0 by V . Also, let us choose V so that V � zV .
Since jst.a0; KjC1/j is compact and zV � jst.a0; KjC1/j, the condition V � zV guarantees that V is also
compact. By construction, the map Qg W zV �Rd !WjKjC1j is piecewise linear and a bijection onto its
image. Then, since V � Œ�1; 1�d is compact and WjKjC1j is Hausdorff, the restriction QgjV�Œ�1;1�d is a PL
homeomorphism from V �Œ�1; 1�d to Qg.V �Œ�1; 1�d /. Consequently, the restriction of Qg on V �.�1; 1/d

is also a PL homeomorphism onto its image. Finally, by reparameterizing the domain of QgjV�.�1;1/d
with a PL homeomorphism Rd Š�! .�1; 1/d , we obtain a submersion chart V �Rd !WjKjC1j around
y0 for the projection �jKjC1j WWjKjC1j! jK

jC1j.

By iterating the above procedure p times (where, recall, p D maxfdim.�/ j � 2 st.a0; K/g), we can
produce a submersion chart h W V �Rd ! WjKp j around y0 for the projection �jKp j W WjKp j! jKpj
over some open neighborhood V of a0 contained in jst.a0; Kp/j � jlk.a0; Kp/j. However, since p is
the maximal possible dimension of any simplex in st.a0; K/, we have that V \ jKj D V \ jKpj, which
implies that the projections � W W ! jKj and �jKp j W WjKp j ! jKpj agree over V . It follows that
h W V �Rd !WjKp j is actually a submersion chart around y0 for the projection � WW ! jKj. Since the
point y0 2W that we fixed at the beginning was arbitrary, we can conclude that � WW ! jKj is a PL
submersion of codimension d , and it follows that W is an element of ‰d .U /.jKj/.

Remark 2.18 The proof of Theorem 2.15 works verbatim to prove that the PL sets  d .N; k/ introduced
in Definition 2.4 are also quasi-PL spaces. In particular, each simplicial set of the form  d .N; k/� is Kan.

We shall adopt the following terminology in the remainder of this paper.

Definition 2.19 Fix a PL set F WPLop
!Sets (not necessarily a quasi-PL space), a triangulation .K; h/ for

a PL space P , and an order relation on the set of vertices Vert.K/. Also, let SK;h WF.P /! Ssets.K�;F�/

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2543

be the function defined in Theorem 2.13. For an element W in F.P /, we will say that the map of
simplicial sets FW WD SK;h.W / classifies W relative to the triangulation .K; h/.

If F happens to be a quasi-PL space, then Theorem 2.13 asserts that any morphism g WK�! F� can be
realized as the classifying map of some element in F.P /.

As we shall see in Proposition 2.21 below, we can use classifying maps (in the sense of Definition 2.19)
to produce homotopies of maps into spaces of the form jF�j, where F is an arbitrary PL set. For the
statement of Proposition 2.21, we shall need the following definition, which will play a fundamental role
in many of the arguments that will appear later in this paper. Even though we will mainly apply this
definition to PL sets of the form ‰d .U / and  d .N; k/, we choose to formulate it for arbitrary PL sets.

Definition 2.20 Fix a PL set F W PLop
! Sets, a PL space P , and two elements W0 and W1 of the

set F.P /. Also, let i0; i1 WP ! Œ0; 1��P be the embeddings defined by i0.�/D .0; �/ and i1.�/D .1; �/
respectively. We say that W0 and W1 are concordant if there is an element zW in F.Œ0; 1��P / such that
i�0
zW DW0 and i�1 zW DW1. In this case, we say that zW is a concordance from W0 to W1.

Now we turn to Proposition 2.21, which tells us that concordances are a good source of homotopies.

Proposition 2.21 Let F be a PL set , P a compact PL space , .K; h/ a triangulation of P , and � an order
relation on Vert.K/. By the compactness of P , we may assume that K is a finite simplicial complex in
some Euclidean space Rm. Moreover , consider two elements W and W 0 of the set F.P /, and let

FW WK�! F�; FW 0 WK�! F�

be the classifying maps of W and W 0 relative to the triangulation .K; h/ (see Definition 2.19). If
zW 2F.Œ0; 1��P / is a concordance from W to W 0, then zW induces a homotopy H W Œ0; 1��jK�j ! jF�j

with H0 D jFW j and H1 D jFW 0 j.

Proof First, identify the product Œ0; 1�� jKj with its image under the embedding Œ0; 1�� jKj ,!RmC1

defined by .t; x/ 7! .t; x/. Next, for each simplex � ofK, subdivide the product Œ0; 1��� with the simplicial
complex zK� obtained by pulling back the standard triangulation of the prism Œ0; 1���dim.�/ along the
obvious linear isomorphism Œ0; 1�� � Š�! Œ0; 1���dim.�/. By assembling all the triangulations zK� , we
obtain a simplicial complex zK which subdivides Œ0; 1��jKj and agrees withK on f0g�jKj and f1g�jKj.
Finally, fix an ordering z� on the vertices of zK which extends the order relation � on Vert.K/. Evidently,
the tuple . zK; IdŒ0;1� � h/ is a triangulation of the product Œ0; 1� � P . Now, let F zW W zK� ! F� be the
classifying map of the concordance zW relative to . zK; IdŒ0;1� � h/. Also, for j 2 f0; 1g, let Ij WK� ,! zK�

be the simplicial set map induced by the inclusion ij W jKj ,!j zKj defined by ij .�/D .j; �/. Since . zK; z�/
agrees with .K;�/ when restricted to the bottom and top face of Œ0; 1��jKj, we have that FW DF zW ıI0
and FW 0 DF zW ıI1. Thus, after identifying j zK�j with Œ0; 1��jK�j, the geometric realization of F zW gives
a homotopy H from jFW j to jFW 0 j.
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Remark 2.22 Fix a quasi-PL space F and let zF� be the semisimplicial set obtained by forgetting the
degeneracies of the underlying simplicial set F�. By doing an argument nearly identical to the one we did
in the proof of Theorem 2.13, one can obtain a version of this theorem for the semisimplicial set zF�. More
precisely, let P be a PL space, and fix a triangulation .K; h/ of P and an order relation < on Vert.K/.
Also, let �inj be the category of finite sets Œp� and injective order-preserving functions. The tuple .K;</
induces a semisimplicial set K� as follows: a p-simplex in K� is a strictly increasing chain of vertices
v0 < v1 < � � �< vp that span a simplex of K. Additionally, we define structure maps in exactly the same
way we did in the case of simplicial sets. Then, if Semi-Ssets denotes the category of semisimplicial sets,
one can show that the function

F.P /! Semi-Ssets.K�; zF�/

which sends an element W 2 F.P / to the morphism of semisimplicial sets FW WK�! zF� defined by
FW .v0 < � � � < vp/ D s

�
v0:::vp

h�W is a bijection. Also, the proof we did in part (ii) of Theorem 2.13
works verbatim for semisimplicial sets. Consequently, zF� is Kan if F is a quasi-PL space. Moreover,
Definition 2.19 and Proposition 2.21 admit versions that apply to semisimplicial sets, and the proof of
Proposition 2.21 can be replicated without any issues in the semisimplicial setting. All of the above
observations apply to the semisimplicial sets z‰d .U /� and Q d .N; k/� corresponding to the PL sets ‰d .U /
and  d .N; k/ respectively.

2.4 The subdivision map

In this subsection, we will perform a construction that works for PL sets in general, not just quasi-PL
spaces. In particular, all the constructions we shall describe in this subsection work for PL sets of the form
‰d .U / and  d .N; k/. Consider then an arbitrary PL set F W PLop

! Sets. As we did in Remark 2.22,
we shall denote by zF� the semisimplicial set obtained by forgetting the degeneracies of the underlying
simplicial set F�. Our goal is to show that it is possible to construct a map � W jzF�j ! jzF�j from the
geometric realization jzF�j to itself satisfying the following properties:

(1) � is homotopic to the identity map on jzF�j.

(2) For any morphism of semisimplicial sets f W X�! zF� and any nonnegative integer r , there is a
unique morphism g W sdr X�! zF� making the following diagram commute:

jX�j
jf j

// jzF�j

�r

��

jsdr X�j

Š

OO

jgj
// jzF�j

In the second property stated above, sdr X� denotes the r th barycentric subdivision of X�, and the left
vertical map in the previous diagram is the canonical homeomorphism from jsdr X�j to jX�j. In view of
this second property, the automorphism � will be called the subdivision map of zF�.
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To explain the construction of the map � W jzF�j ! jzF�j, we need to introduce some notation:

� By abuse of notation, we shall denote the canonical simplicial complex triangulating the standard
p-simplex �p simply by �p.

� For any face F of the standard p-simplex �p, we will denote its barycentric point by bF .

� sd�p will denote the first barycentric subdivision of the standard simplicial complex triangu-
lating �p. That is, sd�p is the simplicial complex whose vertices are all barycentric points
bF and whose higher-dimensional simplices are all possible convex hulls hbF0; bF1; : : : ; bFpi
corresponding to strictly increasing flags of faces F0 � F1 � � � � � Fp.

� We can define an order relation <sp on Vert.sd�p/ by setting bFi <sp bFj if and only if Fi � Fj .
Also, we will denote the obvious order relation on Vert.�p/ by <p.

� Fix a semisimplicial set Y�. As is typically done in the literature, we will denote by ExY� the
semisimplicial set whose p-simplices are all semisimplicial morphisms of the form sd�p

�
! Y�.

� For any PL set F, we will denote the semisimplicial set zF� simply by F�. Also, ifW is a p-simplex
of F�, we will denote its characteristic map �p

�
! F� by fW .

Note 2.23 (construction of the subdivision map) Fix a PL set F, and let �p
�

and sd�p
�

be the semisim-
plicial sets induced respectively by the ordered simplicial complexes .�p; <p/ and .sd�p; <sp/ (see
Remark 2.22). The key observation for constructing the subdivision map � is the following: Given any
p-simplex W of the semisimplicial set F� (ie an element of F.�p/), we can triangulate the base-space
�p with sd�p. Thus, by the semisimplicial version of Definition 2.19, the triangulation .sd�p; Id�p /
and the order relation <sp will induce a classifying map sd�p

�
! F�, which we will denote by fs;W

throughout this subsection. It is not hard to verify that the assignmentW 7! fs;W is natural with respect to
order-preserving inclusions � W Œq�! Œp�; ie for any p-simplex W of F� and any morphism � W Œq�! Œp�

in �inj, the following diagram commutes:

(2-4)

sd�q
�

�s
//

fs;��W

""

sd�p
�

fs;W

||

F�

The top arrow is the natural morphism between subdivisions induced by � (see Remark 2.24 below). It
follows that the assignments W 7! fs;W define a morphism of semisimplicial sets Q
 WF�! Ex F�. Then,
if 
 W sd F�!F� is the adjoint of Q
 , we define the subdivision map � W jF�j ! jF�j to be the composition

jF�j
h�1
��! jsd F�j

j
 j
�! jF�j;

where h�1 is the inverse of the canonical homeomorphism h W jsd F�j ! jF�j.

Remark 2.24 Let � W Œq�! Œp� be a morphism in �inj. The top map �s in (2-4) is defined by

bFi0 <sq � � �<sq bFim 7!
Q�.bFi0/ <sp � � �<sp Q�.bFim/;
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where Q� is the linear map �q ! �p that sends a basis vector ej 2 RqC1 to e�.j / 2 RpC1. We can
guarantee that each image Q�.bFik / is a barycentric point in �p because the map Q� is injective, and
it therefore maps barycentric points to barycentric points, which is a property that does not hold for
simplicial maps in general. This is the reason why we work with semisimplicial sets for the construction
of � instead of simplicial sets.

As mentioned earlier, the subdivision map satisfies the following fundamental property.

Proposition 2.25 The subdivision map � W jF�j ! jF�j is homotopic to the identity map on jF�j.

Proof The construction of the homotopy between the subdivision map � and IdjF�j is similar to the
construction of � itself, although it might seem substantially longer due to all the preliminaries we need
to discuss. First, consider the product Œ0; 1���p, which we will view as a subspace of RpC2. We will
triangulate Œ0; 1� ��p with a simplicial complex R�p defined as follows. On f0g ��p, R�p will
agree with the standard simplicial complex triangulating �p. On f1g ��p, R�p agrees with the first
barycentric subdivision sd�p. Finally, a subset of the form

f.0; ei0/; : : : ; .0; eik /g[ f.1; bFj0/; : : : ; .1; bFjk0 /g

will span a .kCk0/-simplex of R�p if and only if

(i) the convex hull hbFj0 ; : : : ; bFjk0 i is a simplex of sd�p, and

(ii) hei0 ; : : : ; eik i is a face of the smallest face in the collection fFj0 ; : : : ; Fjk0 g.

The reader may have perhaps noticed that R�p is the triangulation typically used to prove excision for
singular homology. Moreover, we can turn R�p into an ordered simplicial complex by defining the
following order <rp on Vert.R�p/:

� The restriction of <rp on f0g ��p and f1g ��p agrees with <p and <sp respectively.

� .0; ei / <rp .1; bFj / for any pair of vertices .0; ei / and .1; bFj /.

Now, let R�p
�

be the semisimplicial set induced by the pair .R�p; <rp/ and, for any morphism
� W Œq� ! Œp� in �inj, let �r W R�q

�
! R�p

�
be the morphism which maps a simplex of the form

.0; ei0/ <rq � � �<rq .0; eik / <rq .1; bFj0/ <rq � � �<rq .1; bFjk0 / to

.0; Q�.ei0// <rp � � �<rp .0; Q�.eik // <rp .1; Q�.bFj0// <rp � � �<rp .1; Q�.bFjk0 //:

In the previous definition, Q� denotes once again the linear map �q!�p which sends ej to e�.j /. To
proceed with our construction, we need to introduce a new kind of endofunctor on Semi-Ssets which
will play in this proof a role similar to the one played by the functor Ex. � / in the construction of the
subdivision map �. Namely, for any semisimplicial set Y�, we define Exr Y� to be the semisimplicial
set whose p-simplices are all semisimplicial maps of the form R�p

�
! Y�. The structure map of

Exr Y� induced by a morphism � 2 �inj.Œq�; Œp�/ is given by precomposition with �r. Next, we will
define a morphism F�! Exr F� as follows. For any p-simplex W of F�, the product Œ0; 1��W is an
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element of F.Œ0; 1� ��p/. Then, by the semisimplicial version of Definition 2.19, the triangulation
.R�p; IdŒ0;1���p / and the order relation <rp induce a classifying map R�p

�
!F� for Œ0; 1��W , which

we will denote by fr;W . As it was the case for the maps fs;W defined in Note 2.23, it is not hard to
verify that fr;W ı �r D fr;��W for all W 2 Fp and all morphisms � W Œq�! Œp� in �inj. Therefore, all the
assignments W 7! fr;W assemble into a map of semisimplicial sets F�! Exr F�, which we will denote
by z� throughout the rest of this proof.

In the same way that the functor Y� 7! ExY� is right adjoint to X� 7! sdX�, the functor Y� 7! Exr Y�

is right adjoint to a functor R W Semi-Ssets ! Semi-Ssets whose construction is similar to that of
sd W Semi-Ssets! Semi-Ssets; ie we define R via a colimit construction involving the simplex category.
Recall that, for any semisimplicial set X�, the simplex category � #X is the category whose objects are
semisimplicial set maps f W�p

�
!X�, and morphisms are commutative diagrams of the form

(2-5)

�p
�

f
//

�
��

X�

�q
�

g
// X�

The left vertical map in this diagram is induced by a morphism � W Œp�! Œq� in �inj. Then,

R W Semi-Ssets! Semi-Ssets

is the functor defined by X� 7! RX�, where RX� is the colimit of the functor � # X ! Semi-Ssets
which sends an object �p

�
!X� to R�p

�
and sends a morphism of the form (2-5) to �r (to obtain sdX�,

we would use instead the functor that sends �p
�
! X� to sd�p

�
, and a morphism (2-5) to �s). For any

semisimplicial set map g WX�! Y�, the induced map Rg is the one obtained via the universal property
of colimits. It is straightforward to verify that X� 7!RX� is left adjoint to the functor Y� 7! Exr Y�.

We are now ready to define the homotopy between IdjF�j and the subdivision map. Let then � WRF�!F�

be the adjoint of the map z� W F�! Exr F� given by W 7! fr;W . Note that for each p � 0, we have two
obvious inclusions j0;p W�p� ,!R�p

�
and j1;p W sd�p

�
,!R�p

�
. By the way we defined the morphisms

fr;W WR�
p
�
!F�, we have for each p-simplex W of F� that fW D fr;W ı j0;p and fs;W D fr;W ı j1;p .

Recall that fW is the characteristic map �p
�
! F� of W , and fs;W is the classifying map of W with

respect to the triangulation .sd�p; Id�p /. Then, by a standard colimit argument, the collection of maps
fj0;pgp�0 will induce an inclusion J0 W F� ,! RF� such that � ıJ0 D IdF� . Similarly, the collection
fj1;pgp�0 induces an inclusion J1 W sd F� ,! RF� with the property that � ı J1 D 
 , where 
 is the
morphism sd F� ! F� that we obtained in Note 2.23. The reader should think of J0 and J1 as the
inclusions into the “bottom” and “top” face of RF�. Finally, for j 2 f0; 1g, let ij be the inclusion
jF�j ,! Œ0; 1�� jF�j defined by x 7! .j; x/. Using the fact that the geometric realization functor j � j
commutes with colimits, we can show that there exists a homeomorphism H W jRF�j ! Œ0; 1�� jF�j

satisfying
H ı jJ0j D i0; H ı jJ1j D i1 ı h:
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In the right-hand equality, h is the canonical homeomorphism jsd F�j
Š
�! jF�j. Putting together all the

constructions discussed in this proof, we obtain the following commutative diagram:

(2-6)

jF�j

i1
��

jsd F�j

jJ1j
��

h
oo

j
 j

%%

Œ0; 1�� jF�j jRF�j
H

oo
j�j

// jF�j

jF�j

i0

OO

jF�j
IdjF�j

oo IdjF�j

99

jJ0j

OO

Recall that the subdivision map � is equal to the composition j
 jıh�1. Then, if H W Œ0; 1��jF�j! jF�j is
the map defined by H WD j�jıH�1, the commutativity of (2-6) implies that Hı i0D IdjF�j and Hı i1D �.
In other words, we have shown that H is a homotopy between IdjF�j and the subdivision map �, which
concludes the proof.

In the next proposition, we will prove the second property of the subdivision map that we discussed at the
beginning of this subsection.

Proposition 2.26 For any map of semisimplicial sets f W X� ! F� and any integer r > 0, there is a
unique morphism g W sdr X�! F� which makes the following diagram commute:

jX�j
jf j

// jF�j

�r

��

jsdr X�j

Š

OO

jgj
// jF�j

The left vertical map in this diagram is the canonical homeomorphism jsdr X�j
Š
�! jX�j.

Proof In the case r D 1, we simply take g D 
 ı sdf , where sdf is the map between subdivisions
induced by f WX�! F� and 
 W sd F�! F� is the map we defined in Note 2.23. For the case r > 1, we
just iterate the previous argument.

In the next result, we highlight a very useful special case of Proposition 2.26.

Proposition 2.27 Let .K; h/ be a triangulation of a PL space P and � an order relation on the set
of vertices of K. Also , fix an element W of the set F.P /. Then , if we apply Proposition 2.26 to the
classifying map f WK�!F� ofW relative to the triangulation .K; h/, the map g W sdr K�!F� appearing
at the bottom of the diagram

jK�j
jf j

// jF�j

�r

��

jsdr K�j

Š

OO

jgj
// jF�j

is the classifying map of W relative to the triangulation .sdr K; h/ of P .
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Proof It is enough to prove this result assuming that r D 1. First, we will consider the case when W is an
element of F.�p/ (ie W is a p-simplex of F�) and fW W�p� ! F� is the classifying map of W relative
to the standard triangulation .�p; Id�p / of �p (ie fW is the characteristic map of the simplex W ). In
this case, we need to check that the diagram

(2-7)

j�p
�
j
jfW j

// jF�j

�

��

jsd�p
�
j

Š

OO

jfs;W j
// jF�j

commutes, where the bottom map fs;W is the classifying map of W relative to the triangulation
.sd�p; Id�p / of �p (we are using the same notation that we introduced in Note 2.23). To show
this, we first note that (2-7) agrees with the outer rectangle of the diagram

(2-8)

j�p
�
j

jfW j
// jF�j

Š

��

jsd�p
�
j

Š

OO

jsdfW j
// jsd F�j

j
 j

��

jsd�p
�
j
jfs;W j

// jF�j

where the two vertical maps in the top rectangle are the obvious homeomorphisms, and the right-vertical
map in the bottom rectangle is the geometric realization of the morphism 
 W sd F�! F� that we defined
in Note 2.23. The top rectangle in (2-8) is clearly commutative. To see that the bottom rectangle also
commutes, let us consider first the diagram

(2-9)

�p
�

fW
// F�

Q


��

�p
�

QfW
// Ex F�

where the right-vertical map Q
 is the adjoint of 
 W sd F�!F� (see Note 2.23) and the bottom map is the
characteristic map of fs;W W sd�p

�
! F� (when viewed as a p-simplex of Ex F�). Since the morphism

Q
 maps W to fs;W , the diagram given in (2-9) is commutative. Thus, since the functors Y� 7! ExY�
and X� 7! sdX� are adjoint to each other, it follows that the bottom rectangle of (2-8) also commutes.
Consequently, we can conclude that (2-7) is commutative.

Now, consider a PL space P , and fix a triangulation .K; h/ of P and an order relation � on Vert.K/.
Moreover, pick an element W 2 F.P /, and let f WK�! F� and g W sdK�! F� be the classifying maps
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of W with respect to the triangulations .K; h/ and .sdK; h/ respectively. To finish this proof, we need to
show that the diagram

(2-10)

jK�j
jf j

// jF�j

�

��

jsdK�j

Š

OO

jgj
// jF�j

commutes, where the left-vertical map is the canonical homeomorphism from jsdK�j to jK�j. To show
this, it is enough to prove that this diagram is locally commutative. In other words, for any simplex �
of K, we must show that the diagram

(2-11)

j��j
jf j

// jF�j

�

��

jsd ��j

Š

OO

jgj
// jF�j

is commutative. In this last diagram, �� is the semisimplicial set induced by the order� and the subcomplex
of K which triangulates � . However, after identifying �� and sd �� with �p

�
and sd�p

�
respectively

(where p is the dimension of � ), (2-11) turns into a diagram of the form (2-7), which we already proved
is commutative. Therefore, (2-11) must also be commutative. Since we can do this argument for any
simplex � of K, we can conclude that (2-10) commutes.

The next proposition will be used in several of the arguments presented in Sections 4 and 5.

Proposition 2.28 Fix a PL set F and let F� be the semisimplicial set obtained by forgetting the
degeneracies of the underlying simplicial set of F. Also , let X� be a subsemisimplicial set of F� with
the property that jX�j is invariant both under the subdivision map � of F� and the homotopy H between
IdjF�j and � (see the proof of Proposition 2.25). Then , any map of pairs

.�p; @�p/
f
�! .jF�j; jX�j/

is homotopic , as a map of pairs , to a composite of the form

.�p; @�p/
f 0
�! .jK�j; jK

0
�
j/
jgj
�! .jF�j; jX�j/;

where .K�; K 0�/ is a pair of semisimplicial sets induced by a pair .K;K 0/ of finite ordered simplicial
complexes .K;K 0/.

Proof Since �p is compact, the image of f only intersects finitely many simplices of jF�j. Let L�
be the subsemisimplicial set of F� generated by these simplices, and let L0

�
be the subsemisimplicial

set of L� generated by those simplices which intersect the image f .@�p/. If i W L� ,!F� is the natural
inclusion from L� to F�, then Proposition 2.26 guarantees that there exists a map of semisimplicial sets
g W sd2L�! F� whose geometric realization makes the following diagram commute:
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jL�j
ji j

// jF�j

�2

��

jsd2L�j
jgj

//

h

OO

jF�j

The left-vertical map h is the canonical homeomorphism h W jsd2L�j ! jL�j. Now, let us express the map
f as the composition

.�p; @�p/
Of
�! .jL�j; jL

0
�
j/
ji j
�! .jF�j; jX�j/;

where Of is the map obtained by restricting the target of f to jL�j. Since the subdivision map � is
homotopic to the identity map IdjF�j, it follows that f is homotopic to the composite

(2-12) .�p; @�p/
f 0
�! .jsd2L�j; jsd2L0

�
j/
jgj
�! .jF�j; jX�j/;

where f 0D h�1 ı Of . In (2-12), we can guarantee that g.sd2L0
�
/�X� because we are assuming that jX�j

is invariant under the subdivision map �. Furthermore, since jX�j is also invariant under the homotopy H

between IdjF�j and �, the map given in (2-12) and f are homotopic as maps of pairs.

Finally, as explained in [12], the second barycentric subdivision sd2 Y� of a (locally) finite semisimplicial
set Y� is isomorphic to a semisimplicial set induced by a (locally) finite ordered simplicial complex.
Therefore, in (2-12) we can replace .sd2L�; sd2L0

�
/ with a pair .K�; K 0�/ induced by finite ordered

simplicial complexes .K;K 0/.

Remark 2.29 The reader might be wondering why we do not simply take .K;K 0/ to be a subdivision
of the pair .�p; @�p/ in the previous proposition and apply a semisimplicial version of the simplicial
approximation theorem to proof this result. To the author’s knowledge, there are two simplicial approx-
imation theorems that hold in the semisimplicial setting. Both of these can be found in [12] (in that
paper, semisimplcial sets are called �-sets). However, neither of these two simplicial approximation
theorems can be used to prove Proposition 2.28. For one of these, one needs X� to be Kan, a condition
that fails in all the cases in which we will apply Proposition 2.28 later in this paper. For the other version,
one needs the map @�p ! jX�j to be simplicial (the definition of simplicial map between geometric
realizations of semisimplicial sets can be found on page 327 of [12]). However, not all maps between
geometric realizations of semisimplicial sets are simplicial, so we cannot use this other version to prove
Proposition 2.28 either.

2.5 The spectrum of PL manifolds

As explained in the introduction, the spaces j‰d .RN /�j will be the stages of a spectrum, and it is the
purpose of this subsection to define the structure maps

EN W S
1
^ j‰d .R

N /�j ! j‰d .R
NC1/�j

of this spectrum.
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To define EN , we will first define a translation map TC W�1
�
�‰d .R

N /�!‰d .R
NC1/�. Geometrically,

this map will push any element W to C1 along the extra coordinate direction in RNC1. Let us fix once
and for all a PL homeomorphism

(2-13) f W Œ0; 1/! Œ0;1/:

The definition of the translation map TC requires several steps.

Step 1 For any nonnegative integer p, let Fp W Œ0; 1/ ��p �RN ! Œ0; 1� ��p �RNC1 be the PL
embedding defined by

.t; �; x1; : : : ; xN / 7! .t; �; x1; : : : ; xN ; f .t//:

For each p-simplex W 2 ‰d .RN /p, we will denote the image of Œ0; 1/�W under the PL embedding
Fp by zW C. It is straightforward to verify that zW C is an element of ‰d .RNC1/.Œ0; 1���p/. Moreover,
zW C is a concordance from W to ¿ when viewed as elements of ‰d .RNC1/p.

Step 2 Consider the product Œ0; 1���p, which we will view as a subspace of RpC2. Also, let Kp be
the canonical simplicial complex triangulating Œ0; 1���p (ie Kp is the simplicial complex typically
used to prove homotopy invariance for singular homology). We can define an order relation � on
Vert.Kp/D Vert.f0g ��p/[Vert.f1g ��p/ by ordering all vertices in f0g ��p and f1g ��p in the
obvious way, and declaring all top vertices to be greater than the bottom ones. It is not hard to see that,
after identifying Œ0; 1� with �1, the simplicial set Kp

�
induced by .Kp;�/ is equal to �1

�
��p

�
. Then, for

any p-simplex W of ‰d .RN /�, the concordance zW C that we defined in Step 1 will induce a map of the
form F zWC W�

1
�
��p

�
!‰d .R

NC1/�, ie F zWC is the map that classifies zW C relative to the triangulation
.Kp; IdŒ0;1���p /. From now on, for any W 2‰d .RN /p, we will denote the map F zWC simply by TW.

Step 3 Finally, for any p-simplex W of ‰d .RN /� and any morphism � W Œq�! Œp� in the category �,
the diagram

(2-14)

�1
�
��q

�

Id
�1�
��
//

T �
�W

��

�1
�
��p

�

TW

��

‰d .R
NC1/� ‰d .R

NC1/�

is commutative. Then, by a standard colimit argument, there exists a unique map

TC W�1
�
�‰d .R

N /�!‰d .R
NC1/�

such that TC ı .Id�1� � fW /D T
W for any p-simplex W in ‰d .RN /�. Again, recall that fW W�p� !

‰d .R
N /� is the characteristic map of the simplex W . This morphism TC is our desired translation map.

We can follow the procedure outlined above to define a negative translation map

T � W�1
�
�‰d .R

N /�!‰d .R
NC1/�

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2553

which pushes elements W of ‰d .RN /� to �1 along the extra coordinate direction in RNC1. For the
definition of T �, we need to use the PL homeomorphism �f W Œ0; 1/! .�1; 0� instead of the map
f W Œ0; 1/! Œ0;1/ that we fixed in (2-13).

Next, via canonical homeomorphisms, we can identify the domains of jTCj and jT �j with the products
Œ0; 1�� j‰d .R

N /�j and Œ�1; 0�� j‰d .RN /�j respectively. Once we do these identifications, we can glue
jTCj and jT �j along the subspace f0g � j‰d .RN /�j to produce a map

(2-15) TN W Œ�1; 1�� j‰d .R
N /�j ! j‰d .R

NC1/�j:

Finally, let us denote the canonical basepoints of j‰d .RN /�j and j‰d .RNC1/�j by �N and �NC1
respectively (see Remark 2.7). By construction, the map TN in (2-15) maps both Œ�1; 1�� f�N g and
f�1; 1g � j‰d .R

N /�j to the basepoint �NC1. Therefore, TN descends to a map of the form

(2-16) EN W S
1
^ j‰d .R

N /�j ! j‰d .R
NC1/�j:

We are now ready to give the following definition.

Definition 2.30 The spectrum of PL manifolds, denoted by ‰PL
d

, is the spectrum whose N th space is
equal to j‰d .RN /�j and whose structure maps EN are those defined in (2-16).

Remark 2.31 We close this section by observing that the weak homotopy type of the spectrum ‰PL
d

does not depend on the map f W Œ0; 1/ ! Œ0;1/ that we fixed in (2-13). Indeed, we can view any
PL homeomorphism Œ0; 1/ Š�! Œ0;1/ as a 0-simplex of the simplicial set H� whose p-simplices are
PL homeomorphisms �p � Œ0; 1/ Š�! �p � Œ0;1/ which commute with the projection onto �p. It
is not hard to prove that this simplicial set H� is contractible. Now, instead of just using one single
PL homeomorphism f W Œ0; 1/! Œ0;1/, we can define a spectrum ˆ where we use all possible PL
homeomorphisms Œ0; 1/ Š�! Œ0;1/ at once. More precisely, let ¿� denote once again the subsimplicial
set of ‰d .RN /� consisting of all the empty manifolds ¿ (see Remark 2.7). The N th stage of ˆ will
be the space XN obtained by taking the geometric realization j‰d .RN /� �H�j and then collapsing the
subspace j¿��H�j to a point, which we will denote by Q�N . From now on, we take Q�N to be the basepoint
of XN . The structure maps S1 ^XN ! XNC1 are obtained as follows:

� First, for any p-simplex .W;G/ of ‰d .RN /� �H�, we let zW G;C denote the image of Œ0; 1/�W
under the PL embedding Œ0; 1/��p �RN ! Œ0; 1���p �RNC1 defined by

.t; �; x1; : : : ; xN / 7! .t; �; x1; : : : ; xN ; G.�; t//:

Again, it is not hard to verify that zW G;C is an element of ‰d .RNC1/.Œ0; 1���p/.

� For each simplex .W;G/ of‰d .RN /��H�, let F zWG;C W�
1
�
��p

�
!‰d .R

NC1/� be the classifying
map of zW G;C relative to the triangulation .Kp; IdŒ0;1���p / of Œ0; 1���p . By essentially repeating
the same argument given in Step 3 above, we can glue all the morphisms F zWG;C together to
produce a translation map TC W �1

�
�‰d .R

N /� �H� ! ‰d .R
NC1/�. Then, we define a new

morphism TC W�1
�
�‰d .R

N /� �H�!‰d .R
NC1/� �H� by setting TC WD TC � IdH� .
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� In a similar fashion, we can also construct a map of simplicial sets of the form

T� W�1
�
�‰d .R

N /� �H�!‰d .R
NC1/� �H�:

Then, after identifying the domains of jTCj and jT�j with the products Œ0; 1�� j‰d .RN /� �H�j

and Œ�1; 0�� j‰d .RN /��H�j respectively, we can glue jTCj and jT�j together to produce a new
map

TN W Œ�1; 1�� j‰d .R
N /� �H�j ! j‰d .R

NC1/� �H�j:

The composition of TN and the quotient map j‰d .RNC1/� �H�j ! XNC1 maps both f�1; 1g �
j‰d .R

N /� �H�j and Œ�1; 1�� j¿� �H�j to the basepoint Q�NC1. Thus, TN descends to a map
zEN W S

1 ^XN ! XNC1. This is our desired structure map.

Now consider again the PL homeomorphism f W Œ0; 1/! Œ0;1/ that we fixed in (2-13). For each N ,
we can define a morphism ıN W ‰d .R

N /� ! ‰d .R
N /� �H� by setting W 7! .W; Id�p � f / for all

p-simplices W . These morphisms ıN induce a map of spectra ı W‰PL
d
!ˆ which, by the contractibility

of H�, is a weak homotopy equivalence. Thus, regardless of the PL homeomorphism f we use, the
spectrum ‰PL

d
will always have the same weak homotopy type as ˆ.

3 The piecewise linear cobordism category

In this section, we will introduce the piecewise linear cobordism category CobPL
d

, which is the central
object of study in this paper. Throughout this article, we have used simplicial sets to define piecewise
linear versions of the spaces studied in [4], and we will apply this strategy again for the definition of
CobPL

d
. In particular, CobPL

d
will be defined as a nonunital simplicial category, ie a nonunital category

whose sets of objects and morphisms are actually simplicial sets, and whose structure maps are morphisms
of simplicial sets.

Besides defining the piecewise linear cobordism category, in this section we will begin the proof of the
following result, which is the first step to prove the main theorem of this article.

Theorem 3.1 There is a weak homotopy equivalence

BCobPL
d ' j d .1; 1/�j:

In this statement,  d .1; 1/� is the colimit of the sequence

� � � ,!  d .N � 1; 1/�
iN�1,���!  d .N; 1/�

iN,�!  d .N C 1; 1/� ,! � � �

where iN is the map of simplicial sets induced by the inclusion RN ,!RNC1 defined by .x1; : : : ; xN / 7!
.x1; : : : ; xN ; 0/.

Before we define the nonunital category CobPL
d

, we need to introduce the notion of fiberwise regular
value.
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3.1 Fiberwise regular values

First, we shall discuss the notion of regular value for PL maps.

Definition 3.2 Let P and Q be PL spaces, and let f W P !Q be a proper PL map. A point q 2Q is
said to be a regular value of f if there is an open neighborhood U of q in Q and a PL homeomorphism
h W f �1.q/�U ! f �1.U / such that f ı h agrees with the standard projection f �1.q/�U ! U .

We remark that the notion of regular value for PL maps was already introduced by Williamson in [16].
However, in [16], this definition was only formulated for maps between compact PL spaces. In this
paper, we decided to define regular values for proper PL maps since the most prominent consequences
of regularity involve these kinds of maps. The same observation applies to the use of regular values in
differential topology, as exemplified by results such as Ehresmann’s fibration theorem.

The following proposition, which we will use frequently in the remaining sections, can be viewed as a
PL version of Sard’s theorem. For a proof of this result, see [16, Theorem 1.3.1], or [10, Lemma 1.7 of
Essay III].

Proposition 3.3 Let P be a compact PL space and f W P ! �p a PL map. Suppose that there is a
triangulation h W jKj !P of P such that the composition f ıh is a simplicial map when we take �p with
its standard simplicial complex structure. Then , any point �0 in Int�p is a regular value of f .

Remark 3.4 The following statement is a standard fact from piecewise linear topology: Let P be a PL
space. If P �R is a PL manifold of dimension mC 1, then P is a PL manifold of dimension m. This
result also holds for PL manifolds with boundary. By induction, we can generalize the previous statement
as follows: If P �Rp is a PL manifold (with boundary) of dimension mCp, then P is a PL manifold
(with boundary) of dimension m. Therefore, if M and N are PL manifolds and �0 2N � @N is a regular
value for a proper PL map of the form f WM !N , it follows that f �1.�0/ is a PL submanifold of M
of dimension dim.M/� dim.N /. Additionally, in the case when M is a PL manifold with boundary,
we have that f �1.�0/ is a proper PL submanifold, ie the intersection @M \ f �1.�0/ is equal to the
boundary of f �1.�0/.

Remark 3.5 The following discussion is a good example to illustrate how Proposition 3.3 plays in the
PL category a role similar to the one played by Sard’s theorem in differential topology. Let then P be a
PL space and W an element of the set  d .N; k/.P /. Also, fix a point � 2P , and let W� be the fiber over
� of the standard projection � WW ! P . As explained in Section 2.2, we can view the fiber W� as a PL
submanifold of RN which is closed as a subspace. In fact, by the definition of  d .N; k/, the fiber W�
is strictly contained in Rk � .�1; 1/N�k . Now, let xk WW�!Rk be the projection of W� onto the first
component of Rk � .�1; 1/N�k . Using Proposition 3.3, we can prove that the map xk WW�!Rk has an
abundance of regular values. Indeed, since W is a closed PL subspace of Rk�.�1; 1/N�k , the projection
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xk WW�!Rk is a proper PL map. Therefore, by [8, Theorem 3.6], we can find locally finite simplicial
complexes K and L such that jKj DW� and jLj DRk , and which make xk simplicial. Proposition 3.3
then implies that each point x 2Rk which lies in the interior of a k-simplex of L is a regular value of
xk WW�!Rk . Consequently, the set of regular values of xk is dense in Rk .

We are now ready to state the definition of fiberwise regular value. In this definition, given a point a 2Rk ,
B.a; ı/ will denote the open ball of radius ı > 0 centered at a with respect to the norm k � k in Rk defined
by

(3-1) k.x1; : : : ; xk/k Dmaxfjx1j; : : : ; jxkjg:

Definition 3.6 Fix a PL space P and letW �P�Rk�.�1; 1/N�k be an element of the set d .N; k/.P /.
Also, let � W W ! P be the standard projection onto P , and let xk W W ! Rk be the projection onto
the second factor of P �Rk � .�1; 1/N�k . A value a0 2 Rk is said to be a fiberwise regular value
of the projection xk WW ! Rk if for every point w in the preimage x�1

k
.a0/ there is a ı > 0, an open

neighborhood V of �0 D �.w/ in P , and a PL homeomorphism

h W V �B.a0; ı/� .�; xk/
�1..�0; a0//! .�; xk/

�1.V �B.a0; ı//

such that .�; xk/ ı h is equal to the standard projection onto V �B.a0; ı/.

Remark 3.7 Let us make a couple of comments about the previous definition. Fix again a PL space
P and an element W � P �Rk � .�1; 1/N�k of the set  d .N; k/.P /. As we have done before in this
article, for any point � in P , we will denote the fiber of the projection � W W ! P over � by W�. If
a0 is a fiberwise regular value of the projection xk WW ! Rk , then for any point � 2 P we have that
a0 is a regular value (in the sense of Definition 3.2) of the map W�!Rk obtained by restricting xk to
the fiber W�. In particular, for any � 2 P , the preimage .�; xk/�1..�; a0// will be a PL submanifold
of dimension d � k of W� (see the discussion given in Remark 3.4). However, besides guaranteeing
regularity on each fiber, Definition 3.6 also asserts that the restriction of the projection � WW ! P on
the preimage x�1

k
.a0/ is a PL bundle whose fibers are compact manifolds of dimension d � k. Thus,

after identifying P �fa0g� .�1; 1/N�k with P � .�1; 1/N�k , we have that the preimage x�1
k
.a0/ is an

element of the set  d�k.N � k; 0/.P /. Moreover, if P happens to be compact, we can make a stronger
claim. In this case, the compactness of P guarantees that there is a ı > 0 such that the restriction of the
map .�; xk/ WW !P �Rk on x�1

k
.B.a0; ı// is also a PL bundle whose fibers are compact PL manifolds

of dimension d � k. Thus, by considering the restriction of the projection .�; xk/ on x�1
k
.B.a0; ı//,

we can view x�1
k
.B.a0; ı// as an element of the set  d�k.N � k; 0/.P �B.a0; ı//. In fact, assuming

that P is compact, it is easy to prove the following equivalence: a0 2Rk is a fiberwise regular value of
xk WW !Rk if and only if there exists a ı > 0 such that the preimage x�1

k
.B.a0; ı// is an element of

 d�k.N � k; 0/.P �B.a0; ı//.

Notation 3.8 IfW is an element of d .N; k/.P / and a02Rk is a fiberwise regular value of xk WW !Rk ,
we will typically denote the preimage x�1

k
.a0/ by Wa0 .
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In this section and the next, we will mostly be concerned with projections of the form x1 W W ! R

where W is a simplex of  d .N; 1/�, ie W belongs to a set  d .N; 1/.�p/ for some p � 0. The following
simplicial set will be essential for our proof of the equivalence BCobPL

d
' j d .1; 1/�j.

Definition 3.9  R
d
.N; 1/� is the subsimplicial set of  d .N; 1/� which consists of all simplices W with

the property that the map x1 WW !R has a fiberwise regular value.

We point out that it is possible to construct elements of  d .N; 1/� which do not have any fiberwise
regular values. However, we will give an example of such an element W in Section 5 (more specifically,
Remark 5.21) since this construction will rely on methods that we will introduce in that section.

Our strategy to prove Theorem 3.1 goes as follows. First, we will prove in this section that we have an
equivalence of the form BCobPL

d
' j R

d
.1; 1/�j. Then, in Section 4, we will prove that the inclusion

 R
d
.N; 1/� ,!  d .N; 1/� is a weak homotopy equivalence, as long as we have N � d � 3.

Remark 3.10 Let us make a couple of comments regarding the simplicial set  R
d
.N; 1/�.

(1) First, we will discuss the kind of submersions that  R
d
.N; 1/� classifies. Let then P be a PL space

and .K; h/ a triangulation of P . Also, fix an order relation � on the set of vertices Vert.K/, and let K�
be the simplicial set induced by the pair .K;�/. Finally, let SK;h W‰d .R

N /.P /! Ssets.K�; ‰d .RN /�/
be the function defined in the statement of Theorem 2.13. Since SK;h is a bijection, it admits an inverse,
which we will denote by TK;h in this note. Now, consider an arbitrary simplicial set map of the form
g W K�!  R

d
.N; 1/�. Via the methods that we used in the proof of Theorem 2.13, we can produce an

element W g in the set  d .N; 1/.P /�‰d .RN /.P / which satisfies SK;h.W
g/D g. However, since the

target of g is  R
d
.N; 1/�, this element W g will have the following property:

(�) For each simplex � of K, the restriction of x1 WW g !R on W g

h.�/
has a fiberwise regular value.

In this statement, h.�/ is the image of � under the PL homeomorphism h W jKj ! P given in the
triangulation .K; h/, and W g

h.�/
is the restriction of W g over h.�/. On the other hand, if we start with

an element W 2  d .N; 1/.P / satisfying property (�), then it is not hard to verify that the image of the
simplicial set map FW WDSK;h.W / is contained in  R

d
.N; 1/�. Therefore, if we restrict the inverse TK;h

to Ssets.K�;  Rd .N; 1/�/, we obtain a bijection from Ssets.K�;  Rd .N; 1/�/ to the subset of  d .N; 1/.P /
consisting of all W satisfying property (�), ie all W which admit a fiberwise regular value when restricted
over the image h.�/ of a simplex � of K. However, such a W does not need to have a global fiberwise
regular value that works over all P .

(2) Let Q d .N; 1/� and Q R
d
.N; 1/� be the semisimplicial sets obtained by forgetting degeneracies in the

simplicial sets  d .N; 1/ and  R
d
.N; 1/ respectively. In Section 4, to prove that  R

d
.N; 1/� ,!  d .N; 1/�

is a weak homotopy equivalence, we will show that the corresponding inclusion of semisimplicial sets
Q R
d
.N; 1/� ,! Q d .N; 1/� is a weak equivalence. We will do this by proving that any map of the form

f W .�p; @�p/!
�
j Q d .N; 1/�j; j Q 

R
d .N; 1/�j

�
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represents the trivial class in �p
�
j Q d .N; 1/�j; j Q 

R
d
.N; 1/�j

�
. Ideally, we would like f to be homotopic

(as a map of pairs) to the realization of a morphism g W .�p
�
; @�p

�
/! . Q d .N; 1/�; Q 

R
d
.N; 1/�/ of pairs of

semisimplicial sets. Unfortunately, it is not necessarily true that f is homotopic to the realization of such
a morphism g because the semisimplicial set Q R

d
.N; 1/� is not Kan (the same goes for the simplicial

set  R
d
.N; 1/�). To get around this issue, we will use Proposition 2.28. By this proposition, f will be

homotopic (as a map of pairs) to a composition of the form

.�p; @�p/
f 0
�! .jK�j; jK

0
�
j/
jgj
�!

�
j Q d .N; 1/�j; j Q 

R
d .N; 1/�j

�
;

where .K�; K 0�/ is a pair of finite semisimplicial sets induced by a pair .K;K 0/ of finite ordered simplicial
complexes. Then, we will show that the realization of the morphism g W.K�; K

0
�
/!. Q d .N;1/�; Q 

R
d
.N;1/�/

is homotopic (as a map of pairs) to a map that sends jK�j to j Q Rd .N; 1/�/j. During this deformation of jgj,
we will keep the first map f 0 fixed.

3.2 The nonunital simplicial category CobPL
d

Before we give the definition of CobPL
d

, we need to clarify what we mean by nonunital simplicial category.
For this definition, we will use the following notation: given two maps f WX�!Z� and g W Y�!Z� of
simplicial sets, we will denote their fiber product by X f�g Y .

Definition 3.11 A nonunital simplicial category C consists of the following data:

(1) A simplicial set of objects O�.

(2) A simplicial set of morphisms M�.

(3) Maps of simplicial sets s; t WM�! O�, called respectively the source and target map of C.

(4) A map of simplicial sets � W M t�s M ! M�, called the composition map, which satisfies the
following conditions:
� s.�.f; g//D s.f / and t .�.f; g//D t .g/.
� �.�.f; g/; h/D �.f; �.g; h// whenever t .f /D s.g/ and t .g/D s.h/.

Typically, we will denote the image �.f; g/ by g ıf . Note that we can also define a nonunital simplicial
category as a simplicial object �op ! Non-Cat in the category of nonunital categories.This point of
view is more convenient for formulating the notion of nerve of a nonunital simplicial category, which
we will do in Definition 3.12 below. For this definition, we shall denote the category of simplicial sets
by Fun.�op;Sets/ and the category of semisimplicial sets by Fun.�op

inj;Sets/. Also, we shall denote by
N W Non-Cat! Fun.�op

inj;Sets/ the functor which sends a nonunital category to its nerve.

Definition 3.12 Let C W�op!Non-Cat be a nonunital simplicial category. The nerve of C is the functor
NC W �

op
inj ! Fun.�op;Sets/ obtained by applying the categorical exponential law to the composition

N ıC W�op! Fun.�op
inj;Sets/.
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Convention 3.13 To make our arguments easier to formulate, we shall make one small adjustment to the
definition of  d .N; 1/�. Namely, throughout the rest of this section, we shall suppose that p-simplices
of  d .N; 1/� are contained in R��p � .�1; 1/N�1 instead of �p �R� .�1; 1/N�1. Moreover, we
point out that fiberwise regular values are preserved by structure maps of  d .N; 1/�. In other words, if
W 2  d .N; 1/p and a 2 R is a fiberwise regular value of x1 WW ! R, then a will also be a fiberwise
regular value of x1 W ��W !R for any morphism � W Œq�! Œp� in the category �.

We can now start developing the definition of the PL cobordism category CobPL
d

. First, we will define a
version of this category in which morphisms are manifolds contained in RN for some fixed N (see [4,
Definition 3.7]). For this definition, it is important to keep in mind that if W is a p-simplex of  d .N; 1/�
and a is a fiberwise regular value of the projection x1 WW !R onto the first factor of R��p�.�1; 1/N�1,
then the preimage x�1.a/ (which we will denote by Wa) is a p-simplex of  d�1.N � 1; 0/� (see
Remark 3.7). Also, in this definition, we will use the following notation: if W 2  d .N; 1/p and a 2R,
then W C a will denote the image of W under the map R��p � .�1; 1/N�1!R��p � .�1; 1/N�1

given by .t; �; x/ 7! .t C a; �; x/. It is evident that W C a is also a p-simplex of  d .N; 1/�.

Definition 3.14 CobPL
d
.RN / is the nonunital simplicial category whose simplicial sets of objects and

morphisms O� and M�, and structure maps s, t , and � are defined as follows:

(1) O� D  d�1.N � 1; 0/�.

(2) The set of p-simplices of M� is the subset of  d .N; 1/p � .0;1/ of tuples .W; a/ which satisfy
the following conditions:
(i) a and 0 are fiberwise regular values of the projection x1 WW !R.

(ii) There exists an � > 0 such that

x�11 ..�1; �//D .�1; �/�W0;

x�11 ..a� �;1//D .a� �;1/�Wa:

Given a morphism � W Œq�! Œp� in �, the structure map �� W Mp ! Mq sends a p-simplex
.W; a/ to .��W; a/.

(3) s WM�!  d�1.N � 1; 0/� and t WM�!  d�1.N � 1; 0/� map a morphism .W; a/ to W0 and Wa
respectively.

(4) If .W; a/ and .W 0; a0/ are two morphisms with the property that Wa DW 00, then the map � sends
the tuple ..W; a/; .W 0; a0// to the morphism . zW ; aC a0/, where zW is equal to the union�

W \ x�11 ..�1; a�/
�
[
�
.W 0C a/\ x�11 .Œa;1//

�
:

For the definition of the PL cobordism category, we need versions of  d .N; 1/� and  d�1.N � 1; 0/�
in which the background space is infinite dimensional. First,  d .1; 1/� will denote the simplicial set
whose p-simplices are subsets W � R ��p � .�1; 1/1�1 for which we can find a positive integer
N such that W � R��p � .�1; 1/N�1 and W 2  d .N; 1/p. Structure maps for  d .1; 1/� are also
defined by taking pull-backs. It is evident how we can also define the infinite-dimensional version of
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 d�1.N � 1; 0/�, which we will denote by  d�1.1� 1; 0/�. With all of these preliminaries, we can
now state the central definition of this article.

Definition 3.15 The PL cobordism category CobPL
d

is the nonunital simplicial category obtained by
carrying out the construction given in Definition 3.14 with  d .N; 1/� and  d�1.N � 1; 0/� replaced by
 d .1; 1/� and  d�1.1� 1; 0/� respectively.

Remark 3.16 Let .W; a/ be a morphism in CobPL
d

with W 2  d .1; 1/p. Moreover, suppose that

W �R��p � .�1; 1/N�1;

and let x1 WW !R be the projection onto the first component of R��p � .�1; 1/N�1. Note that the
underlying PL manifold W is completely determined by the preimage x�11 .Œ0; a�/, which we will denote
by WŒ0;a�. Similarly, for any � 2�p , we will denote the intersection of the fiber W� of � WW !�p with
x�11 .Œ0; a�/ by W�;Œ0;a�. For a fixed �0 2�p, it is evident that W�0;Œ0;a� is a d -dimensional piecewise
linear cobordism whose boundary components are contained in f0g � .�1; 1/N�1 and fag � .�1; 1/N�1.
Moreover, since 0 and a are fiberwise regular values of x1 W W ! R, the PL version of Ehresmann’s
fibration theorem implies that the restriction �jWŒ0;a� WWŒ0;a�!�p is a trivial PL bundle whose fibers
are all PL homeomorphic to the cobordism W�0;Œ0;a�. This observation justifies the name PL cobordism
category.

Consider again the nonunital category CobPL
d
.RN /. For k � 1, we will describe a very explicit model

for the kth nerve (the simplicial set of k composable morphisms) of CobPL
d
.RN /, which we will denote

by NkCobPL
d
.RN /�. The set of p-simplices of NkCobPL

d
.RN /� will be the set of all tuples of the form

.W; a1 < � � � < ak/ such that 0 < a1, W 2  d .N; 1/p, .W; ak/ is a morphism in CobPL
d
.RN /, and

0; a1; : : : ; ak are fiberwise regular values of x1 WW !R. Moreover, there must exist an � > 0 such that

x�11 ..aj � �; aj C �//D .aj � �; aj C �/�Waj

for all j D 1; : : : ; k� 1. The structure maps of NkCobPL
d
.RN /� are again defined by taking pull-backs.

In the case k D 0, we set N0CobPL
d
.RN /� D  d�1.1� 1; 0/�.

Next, we will assemble the simplicial sets fNkCobPL
d
.RN /�gk�0 into a functor

NCobPL
d .R

N / W�
op
inj! Ssets

as follows. At the level of objects, we define Œk� 7!NkCob
PL
d
.RN /�. To describe the map

�� WNkCob
PL
d .R

N /�!Nk0Cob
PL
d .R

N /�

induced by a morphism � W Œk0�! Œk� in �inj, with k0 > 0, we consider two cases:

(i) If �.0/D 0, then

��..W; a1 < � � �< ak//D .W
0; a�.1/ < � � �< a�.k0//;

where W 0 D x�11 ..�1; a�.k0/�/[ .Œa�.k0/;1/�Wa�.k0//.

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2561

(ii) If �.0/ > 0, then

��..W; a1 < � � �< ak//D .W
0; a�.1/� a�.0/ < � � �< a�.k0/� a�.0//;

where W 0 is obtained by first taking the union

x�11 .Œa�.0/; a�.k0/�/[ ..�1; a�.0/��Wa�.0//[ .Œa�.k0/;1/�Wa�.k0//

and then taking the image of this union under the PL homeomorphism R��p � .�1; 1/N�1!

R��p � .�1; 1/N�1 defined by

.t; �; x/ 7! .t � a�.0/; �; x/:

When k0 D 0, the map �� W NkCobPL
d
.RN /� ! N0Cob

PL
d
.RN /� induced by � W Œ0� ! Œk� is given by

.W; a1 < � � �< ak/ 7!Wa�.0/ . That is, we just get the level set of the fiberwise regular value a�.0/. The
functor CobPL

d
.RN / W�op

inj! Ssets that we have just defined is the nerve of CobPL
d
.RN /. We can define

the nerve NCobPL
d

of the PL cobordism category CobPL
d

in a completely analogous fashion.

Note that, by forgetting degeneracies in NkCobPL
d
.RN /� and NkCobPL

d
, both NCobPL

d
.RN / and NCobPL

d

turn into functors of the form
�

op
inj! Semi-Ssets;

which we can view as bisemisimplicial sets NCobPL
d
.RN /�;� and NCobPL

d�;�
by the categorical exponential

law. We will use this observation to formulate the following definition.

Definition 3.17 The classifying spaces BCobPL
d
.RN / and BCobPL

d
are defined as the geometric realiza-

tions of NCobPL
d
.RN /�;� and NCobPL

d�;�
respectively.

3.3 The equivalence BCobPL
d
' j R

d
.1; 1/�j

In what remains of this section, we will show that BCobPL
d

is weak homotopy equivalent to j R
d
.1; 1/�j.

In order to do this, we need to introduce the following poset model for the nonunital category CobPL
d
.RN /.

For this definition, Q d .N; 1/� will denote once again the semisimplicial set obtained from  d .N; 1/�

after forgetting degeneracies.

Definition 3.18 Let Dd .R
N /�;� be the bisemisimplicial set defined as follows:

(i) The set of .p; q/-simplices is equal to the subset of Q d .N; 1/p � RqC1 consisting of tuples
.W; a0 < a1 < � � �< aq/ with the property that each ai is a fiberwise regular value of x1 WW !R.

(ii) Given morphisms � W Œp0�! Œp� and � W Œq0�! Œq� in�inj, the structure map .���/� WDd .RN /p;q!
Dd .R

N /p0;q0 induced by �� � is given by

.W; a0 < a1 < � � �< aq/ 7! .��W; a�.0/ < a�.1/ < � � �< a�.q0//:

In other words, maps in the p-direction are given by pull-backs, and in the q-direction they are
defined by forgetting fiberwise regular values.
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We also need a version of Dd .R
N /�;� where manifolds are required to be cylindrical near the fiberwise

regular values. More specifically, we define a bisemisimplicial set D?
d
.RN /�;� as follows:

(i) D?
d
.RN /p;q is the subset of Dd .R

N /p;q consisting of elements .W; a0 < � � �<aq/ for which there
is an � > 0 such that

x�11 ..aj � �; aj C �//D .aj � �; aj C �/�Waj

for all j D 0; : : : ; q.

(ii) The structure maps of D?
d
.RN /�;� coincide with those of Dd .R

N /�;�.

We will prove that BCobPL
d
' j R

d
.1; 1/�j by showing that there is a zigzag of weak equivalences

(3-2) kNCobPL
d .R

N /�;�k
'
 � kD?d .R

N /�;�k
'
�! kDd .R

N /�;�k
'
�! j Q Rd .N; 1/�j

'
�! j Rd .N; 1/�j

and then letting N go to infinity. The right-most equivalence is the natural quotient map from the
geometric realization of the semisimplicial set Q R

d
.N; 1/� to the geometric realization of  R

d
.N; 1/�. If

X� is a simplicial set and zX� is the semisimplicial set obtained by forgetting degeneracies, then the natural
quotient map zX�!X� is a weak homotopy equivalence. This fact is proven in [12].

In order to show that BCobPL
d
' j R

d
.1; 1/�j, we will start by comparing the spaces kNCobPL

d
.RN /�;�k

and kD?
d
.RN /�;�k. To do so, let us explain first how we will define a function

D?d .R
N /p;q

fp;q
��! NCobPL

d .R
N /p;q

for any pair p; q with p � 0 and q > 0. Given an element .W; a0 < � � �< aq/ of D?
d
.RN /p;q , we define

its image in NCobPL
d
.RN /p;q as follows:

� First, we take the preimage of Œa0; aq� under the map x1 WW !R. Using the same style of notation
that we used in Remark 3.16, we will denote this preimage by WŒa0;aq�. Next, we define W.a0; aq/
to be the union

WŒa0;aq�[ ..�1; a0��Wa0/[ .Œaq;1/�Waq /

where Wa0 and Waq are the level sets of x1 W W ! R corresponding to the values a0 and aq
respectively.

� Finally, define

fp;q..W; a0 < � � �< aq//D .W.a0; aq/� a0; a1� a0 < � � �< aq � a0/

whereW.a0; aq/�a0 is the image ofW.a0; aq/ under the PL automorphism of R��p�.�1; 1/N�1

given by .t; �; x/ 7! .t�a; �; x/. Note that 0 and a1�a0; : : : ; aq�a0 are indeed fiberwise regular
values of the projection x1 from W.a0; aq/� a0 to R.

In the case q D 0, we define fp;0.W; a0/DWa0 . It is straightforward to verify that all the functions fp;q
can be assembled into a map f�;� of bisemisimplicial sets. With this construction, we can now establish
the first equivalence in (3-2).
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Proposition 3.19 The morphism of bisemisimplicial sets D?
d
.RN /�;�

f�;�
��! NCobPL

d
.RN /�;� defined

above induces a weak homotopy equivalence

kD?d .R
N /�;�k

'
�! kNCobPL

d .R
N /�;�k:

Proof We will prove this proposition by showing that, for each q � 0, the map of semisimplicial sets
f�;q is a weak homotopy equivalence. For this argument, we shall identify the set NCobPL

d
.RN /p;0 with

the subset of  d .N; 1/p�R consisting of all tuples of the form .R�M; 0/, where M 2 d�1.N �1; 0/p .
By doing this identification, it will not be necessary to treat q D 0 as a separate case.

Fix an integer q � 0. If NCobPL
d
.RN /�;q

iq
�! D?

d
.RN /�;q is the obvious inclusion of semisimplicial sets,

then the composition f�;q ı iq is equal to the identity map on NCobPL
d
.RN /�;q . Therefore, it suffices

to show that the inclusion iq is a weak homotopy equivalence. Moreover, since both D?
d
.RN /�;q and

NCobPL
d
.RN /�;q are Kan, it is enough to prove that the geometric realization of a morphism of pairs of

the form

(3-3) h W .�k
�
; @�k

�
/! .D?d .R

N /�;q;NCobPL
d .R

N /�;q/

represents a trivial class in �k.jD?d .R
N /�;qj; jNCobPL

d
.RN /�;qj/. Fix then such a morphism h and let

.W; a0 < � � �< aq/ be the k-simplex of D?
d
.RN /�;q classified by h; ie if � is the unique nondegenerate

k-simplex of �k
�

, then h.�/D .W; a0 < � � �< aq/. Note that .W; a0 < � � �< aq/ satisfies the following
properties:

� a0 D 0.

� If x1 WW !R is the projection onto the first component of R��k � .�1; 1/N�1, then there is a
value � > 0 such that

x�11 ..aj � �; aj C �//D .aj � �; aj C �/�Waj

for all j D 0; : : : ; q.

� If ıi W�k�1 ,!�k is the inclusion that maps�k�1 to the i th face of�k , then .ı�i W; a1< � � �<aq/
is an element of NCobPL

d
.RN /k�1;q .

The essential step in this proof is to construct a concordance between W and W.0; aq/ by stretching
the preimages x�11 ..��; �// and x�11 ..aq � �; aqC �// towards �1 and1 respectively. To this end, fix
a value �0 such that 0 < �0 < � and pick an isotopy of open PL embeddings f W R� Œ0; 1�! R� Œ0; 1�

satisfying the following conditions:

� f0 is the identity on R.

� f fixes all points in Œ��0; aqC �0�� Œ0; 1�.

� f1 maps R onto .��; aqC �/.
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The product of maps f � Id�k�RN�1 , which we shall denote by e, is an open PL embedding from
R� Œ0; 1���k�RN�1 to itself which commutes with the projection onto Œ0; 1���k . Then, if Œ0; 1��W
denotes the constant concordance from W to itself, Proposition 2.10 guarantees that the preimage yW WD
e�1.Œ0; 1��W / is an element of the set  d .N; 1/.Œ0; 1���k/. By the way we defined the embedding e,
it is clear that yW is a concordance between W and W.0; aq/. Moreover, note that 0; a1; : : : ; aq are
fiberwise regular values of x1 W yW ! R. Thus, any homotopy H W Œ0; 1���k ! j d .N; 1/�j induced
by yW (see Proposition 2.21) will admit a lift zH W Œ0; 1� ��k ! jD?

d
.RN /�;qj with the property that

zH0 D jhj and zH1.�k/� jNCobPL
d
.RN /�;qj. Finally, since the embedding e does not change the fibers

of Œ0; 1��W over Œ0; 1�� @�k , the homotopy zH will map Œ0; 1�� @�k to jNCobPL
d
.RN /�;qj. Therefore,

the map h W .�p; @�p/!
�
jD?
d
.RN /�;qj; jNCobPL

d
.RN /�;qj

�
that we fixed represents the trivial class in

�k
�
jD?
d
.RN /�;qj; jNCobPL

d
.RN /�;qj

�
.

In Proposition 3.20 below, we will show that the inclusion D?
d
.RN /�;� ,! Dd .R

N /�;� induces a
weak homotopy equivalence between geometric realizations. Let us introduce some notation that we
will use in this proof. First, fix a p-simplex W � R � �p � .�1; 1/N�1 of  d .N; 1/�. Also, let
x1 WW !R and � WW !�p denote once again the projections onto the first and second components of
R��p � .�1; 1/N�1 respectively. For any subsets A��p and S �R, we shall denote the preimage
of S �A under the map .x1; �/ WW !R��p by WS;A. Moreover, for a fiberwise regular value a of
x1 WW !R, we shall continue to denote the preimage x�11 .a/ by Wa.

Proposition 3.20 The map kD?
d
.RN /�;�k!kDd .R

N /�;�k induced by the inclusion i�;� WD?d .R
N /�;� ,!

Dd .R
N /�;� is a weak homotopy equivalence.

Proof Since D?
d
.RN /�;q and Dd .R

N /�;q are Kan for all q � 0, it suffices to show that the geometric
realization of any map of the form

(3-4) h W .�k
�
; @�k

�
/! .Dd .R

N /�;q;D
?
d .R

N /�;q/

represents the trivial class in �k
�
jDd .R

N /�;qj; jD
?
d
.RN /�;qj

�
. Fix then a morphism h of the form (3-4)

and let .W; a0 < � � � < aq/ be the k-simplex classified by h. Moreover, for each j D 0; : : : ; q, let us
denote the restriction of Waj over @�k by Waj ;@�k . Since h.@�k

�
/ is contained in D?

d
.RN /�;q , there

exists an � > 0 with the property that

(3-5) W.aj��;ajC�/;@�k D .aj � �; aj C �/�Waj ;@�k

for all j D 0; : : : ; q. We can also assume that the value � is small enough so that all the intervals
.aj � �; aj C �/ are mutually disjoint. Our goal in this proof is to transform W , via a concordance, into
an element of  d .N; 1/k for which the property given in (3-5) holds globally over �k , not just @�k . In
other words, we want to make the level sets of x1 W W ! R constant near each aj . To do this, let us
fix a value j0 in f0; : : : ; qg. Since aj0 is a fiberwise regular value of x1 WW ! R, there exists a value
ı > 0 such that W.aj0�ı;aj0Cı/;�k is an element of the set  d�1.N � 1; 0/

�
.aj0 � ı; aj0C ı/��

k
�

(see
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Remark 3.7). By shrinking either � or ı, we may assume � D ı. To make the level sets near aj0 constant,
we will pull back W.aj0��;aj0C�/;�k along a PL homotopy

J W Œ0; 1�� .aj0 � �; aj0 C �/��
k
! .aj0 � �; aj0 C �/��

k

satisfying the following conditions:

(i) J0 is the identity map on .aj0 � �; aj0 C �/��
k , and J commutes with the projection onto �k .

(ii) J is the constant homotopy outside of Œaj0 � �=2; aj0 C �=2���
k .

(iii) If .t; x/ 2 Œ0; 1�� .aj0 � �; aj0C �/ is a point in the triangle spanned by .0; aj0/, .1; aj0C �=4/ and
.1; aj0 � �=4/, then J maps .t; x; �/ to .aj0 ; �/ for any point � 2�k .

Fix then such a PL homotopy J and denote the pull-back J �W.aj0��;aj0C�/;�k by zW . Since zW is an
element of the set  d�1.N � 1; 0/

�
Œ0; 1�� .aj0 � �; aj0 C �/��

k
�
, the projection

zW ! Œ0; 1�� .aj0 � �; aj0 C �/��
k

is a PL submersion of codimension d � 1. Thus, the projection � W zW ! Œ0; 1� � �k obtained by
forgetting the factor .aj0 � �; aj0 C �/ is a PL submersion of codimension d , and we can therefore
view zW as an element of the set ‰d

�
.aj0 � �; aj0 C �/ �RN�1

�
.Œ0; 1� ��k/. In this last statement,

‰d
�
.aj0 � �; aj0 C �/ �RN�1

�
is the PL set obtained by applying Definition 2.3 to the open subset

U D .aj0 � �; aj0 C �/�RN�1 of RN.

Let Œ0; 1��W denote again the constant concordance from W to itself. Since the functor

‰d W O.R
N /op

! PLsets

defined by U 7!‰d .U / is a sheaf of PL sets (see Remark 2.8), we can extend zW to a unique element yW
of ‰d .RN /.Œ0; 1���k/ satisfying the following:

(i�) yW agrees with zW when we restrict the first coordinate of the background space RN to .aj0��;aj0C�/.

(ii�) yW agrees with the constant concordance Œ0; 1��W when we restrict the first coordinate of the
background space RN to R� Œaj0 � �=2; aj0 C �=2�.

Moreover, it is evident that all the fibers of the projection yW ! Œ0; 1���k are contained in R�.�1; 1/N�1,
so yW is in fact an element of  d .N; 1/.Œ0; 1���k/. Now, consider the projection x1 W yW !R onto the
first component of the background space R� .�1; 1/N�1. Property (i�) above says that the preimage
x�1..aj0��; aj0C�// is equal to zW . Then, since zW is in  d�1.N �1; 0/

�
Œ0; 1��.aj0��; aj0C�/��

k
�
,

the equivalence stated at the end of Remark 3.7 implies that aj0 is a fiberwise regular value of the map
x1 W yW !R. On the other hand, since yW coincides with Œ0; 1��W in x�11 .R� Œaj0��=2; aj0C�=2�/, the
remaining values from the set fa0; : : : ; aqg are also fiberwise regular values for x1 W yW !R. Furthermore,
property (i) of the map J implies that the concordance yW starts at W , whereas property (iii) implies that
the other end of the concordance yW , which we shall denote by W 0, satisfies

(3-6) W 0
.aj0��=4;aj0C�=4/;�

k D
�
aj0 �

1
4
�; aj0 C

1
4
�
�
�Waj0 :
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Then, any homotopy H W Œ0; 1���k! j d .N; 1/�j induced by yW admits a lift

zH W Œ0; 1���k! jDd .R
N /�;qj

such that zH0 D jhj and zH1 is equal to the geometric realization of the map �k
�
! Dd .R

N /�;q that
classifies the tuple .W 0; a0 < � � � < aq/. Moreover, note that the construction of yW preserves the
condition given in (3-5) for all j D 0; : : : ; q. Thus, for all times t 2 Œ0; 1�, the homotopy zH maps @�k

to jD?
d
.RN /�;qj. By iterating this argument for each fiberwise regular value a0; : : : ; aq , we obtain a ho-

motopy Ft W .�k; @�k/! .jDd .R
N /�;qj; jD

?
d
.RN /�;qj/ such that F0D jhj and F1.�k/� jD?d .R

N /�;qj.
In other words, the map jhj represents the trivial class in �k.jDd .RN /�;qj; jD?d .R

N /�;qj/.

Finally, we compare the spaces kD.RN /�;�k and j Q R
d
.N; 1/�j.

Proposition 3.21 There is a weak equivalence kDd .RN /�;�k
'
�! j Q R

d
.N; 1/�j.

Proof For each p-simplex W of Q R
d
.N; 1/�, let .RW ;�/ be the subposet of .R;�/ consisting of all

values a 2R which are fiberwise regular values of the projection x1 WW !R. If we apply the geometric
realization functor along the second simplicial direction of Dd .R

N /�;�, we obtain a semisimplicial space
G� whose space of p-simplices is equal to

Gp D
a

W 2 R
d
.N;1/p

fW g �B.RW ;�/:

But since each B.RW ;�/ is contractible, it follows that each component of the map of semisimplicial
spaces g� W G�! Q Rd .N; 1/� defined by .W; �/ 7!W is a weak homotopy equivalence. Therefore, the
induced map between geometric realizations

jg�jW kDd .R
N /�k! j Q 

R
d .N; 1/�j

is also a weak homotopy equivalence.

By combining the previous three propositions, and by letting N !1 in (3-2), we obtain the following.

Proposition 3.22 There is a weak homotopy equivalence BCobPL
d
' j R

d
.1; 1/�j.

In the next section, we will prove that the inclusion  R
d
.N; 1/� ,! d .N; 1/� is a weak equivalence when

N � d � 3; thus completing the proof of Theorem 3.1.

4 The inclusion  R
d
.N; 1/� ,! d.N; 1/�

We will devote this entire section to proving the following result.

Theorem 4.1 IfN �d � 3, then the inclusion  R
d
.N; 1/� ,! d .N; 1/� is a weak homotopy equivalence.
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As we mentioned in Remark 3.10, instead of proving directly that the inclusion  R
d
.N; 1/� ,!  d .N; 1/�

is a weak homotopy equivalence, we will show instead that the corresponding morphism of semisimplicial
sets

Q Rd .N; 1/� ,!
Q d .N; 1/�

is a weak equivalence. This is sufficient for proving Theorem 4.1 because the natural quotient maps
j Q R
d
.N; 1/�j

'
�! j R

d
.N; 1/�j and j Q d .N; 1/�j

'
�! j d .N; 1/�j make the diagram

j Q R
d
.N; 1/�j

� � //

'

��

j Q d .N; 1/�j

'

��

j R
d
.N; 1/�j

� � // j d .N; 1/�j

commutative. As also explained in Remark 3.10, the reason we will prove Theorem 4.1 for semisimplicial
sets is that our proof will make use of Proposition 2.28, which is a result that only applies to semisimplicial
sets. Throughout this section, as we did in Section 2.4, we will denote the semisimplicial sets Q R

d
.N; 1/�

and Q d .N; 1/� simply by  R
d
.N; 1/� and  d .N; 1/� respectively.

Our essential tool to prove Theorem 4.1 is the following proposition.

Proposition 4.2 Suppose that N �d � 3. Also , fix a compact PL space P and let i0; i1 WP ,! Œ0; 1��P

be the inclusions defined by ij .x/ D .j; x/ for j D 0; 1. Given any W in  d .N; 1/.P / and any real
value ˇ, we can find a concordance zW 2  d .N; 1/.Œ0; 1��P / with the following properties:

(i) i�0
zW DW .

(ii) zW agrees with the constant concordance Œ0; 1� �W when we restrict the background space to
.�1; ˇ/� .�1; 1/N�1.

(iii) For the element W 0 D i�1 zW , there exists a finite open cover fUj gj2ƒ of P such that , for each
j 2 ƒ, the projection x1 W W 0Uj ! R onto the second component of Uj �R� .�1; 1/N�1 has a
fiberwise regular value aj > ˇ.

Proof of Theorem 4.1 At this point, it is convenient to give the proof of Theorem 4.1 assuming the
result given in Proposition 4.2. Consider then an arbitrary map of pairs

f W .�p; @�p/!
�
j d .N; 1/�j; j 

R
d .N; 1/�j

�
:

We wish to show that f represents the trivial class in �p
�
j d .N; 1/�j; j 

R
d
.N; 1/�j

�
. First, it is straight-

forward to verify that the space j R
d
.N; 1/�j is invariant both under the subdivision map � of  d .N; 1/�

and the homotopy H between � and the identity map Idj d .N;1/�j that we constructed in the proof of
Proposition 2.25 (we proved Proposition 2.25 for arbitrary PL sets; in particular, it holds for the PL
set  d .N; 1/). Then Proposition 2.28 implies that f is homotopic, as a map of pairs .�p; @�p/!�
j d .N; 1/�j; j 

R
d
.N; 1/�j

�
, to a composition of the form

(4-1) .�p; @�p/
f 0
�! .jK�j; jK

0
�
j/
jgj
�!

�
j d .N; 1/�j; j 

R
d .N; 1/�j

�
;
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where .K�; K 0�/ is a pair of semisimplicial sets induced by a pair of finite ordered simplicial complexes
.K;K 0/. Moreover, we may assume that .K;K 0/ is a pair of simplicial complexes in some Euclidean
space Rm. As we did in Section 2, we will denote the union of the simplices of K (resp. K 0) by
jKj (resp. jK 0j). Now, let W 2  d .N; 1/.jKj/ be the element classified (relative to the triangulation
.K; IdjKj/ of jKj) by the morphism g that appears in (4-1). If � is any simplex of K 0, then the condition
g.K 0

�
/�  R

d
.N; 1/� implies that the restriction of x1 WW !R on W� has a fiberwise regular value a� .

Pick such a fiberwise regular value a� for each simplex � 2K 0, and fix once and for all a real number ˇ
grater than maxfa� j � 2K 0g.

By applying Proposition 4.2 to W 2  d .N; 1/.jKj/ and the value ˇ we fixed above, we can produce a
concordance zW fromW to an elementW 02 d .N; 1/.jKj/ for which there is an open coverU1; : : : ; Up of
jKj and real values a1; : : : ; ap in .ˇ;1/with the property that aj is a fiberwise regular value of x1 WW 0Uj!
R for j D 1; : : : ; p. Then, by the version of Proposition 2.21 for semisimplicial sets (see Remark 2.22),
zW will induce a homotopy zH W Œ0; 1�� jK�j ! j d .N; 1/�j from jgj to the geometric realization of the

morphism g0 WK�!  d .N; 1/� which classifies the element W 0 relative to the triangulation .K; IdjKj/.
Moreover, according to Proposition 4.2, zW agrees with the constant concordance Œ0; 1� � W when
we restrict the background space to .�1; ˇ/ �RN�1. Thus, the homotopy zH maps Œ0; 1� � jK 0

�
j to

j R
d
.N; 1/�j. It follows that the composition zHt ıf 0 is a homotopy from jgj ıf 0 to jg0j ıf 0 which maps

@�p to j R
d
.N; 1/�j for all times t 2 Œ0; 1�.

Now, by the Lebesgue number lemma, we can find a large enough positive integer r such that the r th

barycentric subdivision sdr K is subordinate to the open cover fU1; : : : ; Upg (ie each simplex of sdr K is
contained in some open set Ui ). Recall that, for each set Ui in the cover fU1; : : : ; Upg, the projection
x1 WW

0
Ui
!R has a fiberwise regular value. Consequently, for each simplex � of sdr K, the projection

x1 WW
0
� !R has a fiberwise regular value. Now, let us apply Proposition 2.26 to the PL set  d .N; 1/.

According to this proposition, for the integer r that we fixed above, there exists a semisimplicial set map
g00 W sdr K�!  d .N; 1/� which makes the following diagram commute:

(4-2)

jK�j j d .N; 1/�j

jsdr K�j j d .N; 1/�j

jg 0j

�rŠ

jg 00j

In this diagram, the left-vertical map is again the canonical homeomorphism from jsdr K�j to jK�j and �r is
the map obtained by composing the subdivision map r times with itself. Furthermore, by Proposition 2.27,
the morphism g00 W sdr K�!  d .N; 1/� is equal to the classifying map of W 0 relative to the triangulation
.sdr K; IdjKj/ of jKj. However, as we mentioned before, W 0 is an element of  d .N; 1/.jKj/ with the
property that, for any simplex � 2 sdr K, the projection x1 W W 0� ! R has a fiberwise regular value.
It follows that the image of g00 must lie entirely in  R

d
.N; 1/� (see the discussion given in part (1) of

Remark 3.10. Even though we focused only on simplicial sets in that remark, the same observations
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hold for semisimplicial sets). Then, by the commutativity of (4-2), the image of �r ı jg0j is contained in
j R
d
.N; 1/�j. Also, since j R

d
.N; 1/�j is invariant under the homotopy H between Idj d .N;1/�j and the

subdivision map �, we have that �r ı jg0j ıf 0 and jg0j ıf 0 are homotopic as maps of pairs of the form
.�p; @�p/!

�
j d .N; 1/�j; j 

R
d
.N; 1/�j

�
.

Thus, we have obtained the following chain of homotopies:

(4-3) f � jgj ıf 0 � jg0j ıf 0 � �r ı jg0j ıf 0:

Since �r ı jg0j ıf 0 maps �p to j R
d
.N; 1/�j, and any two consecutive maps in (4-3) are homotopic as

maps of pairs .�p; @�p/!
�
j d .N; 1/�j; j 

R
d
.N; 1/�j

�
, we can conclude that f represents the trivial

class in �p
�
j d .N; 1/�j; j 

R
d
.N; 1/�j

�
.

Remark 4.3 We will spend most of this section developing the proof of Proposition 4.2. Before we
begin discussing the details of this argument, it is worth noting that it is enough to prove Proposition 4.2
in the case when the base-space P is a closed PL manifold. Indeed, suppose that we have proven this
proposition for all closed PL manifolds, and fix a compact PL space P and an elementW of  d .N; 1/.P /.
Since P is compact, we can assume that P is embedded in some sufficiently high-dimensional Euclidean
space Rm. Next, take a regular neighborhood M 0 of P in Rm, which exists by the compactness of P
(see [1; 13] for a thorough discussion of regular neighborhoods). This neighborhood M 0 satisfies the
following two properties:

(1) M 0 is an m-dimensional compact PL manifold with boundary such that P �M 0� @M 0.

(2) There exists a PL retraction r WM 0! P .

Thus, we can pull back W along the retraction r to produce an element r�W of  d .N; 1/.M 0/. Since
r WM 0!P is a retraction, the restriction of r�W over P is equal toW . Next, by taking a sufficiently high-
dimensional space Rn and a PL embedding j WM 0 ,! Œ0;1/�Rn such that j�1.f0g�Rn/D@M 0, we may
assume thatM 0 is a proper PL submanifold of Œ0;1/�Rn. In particular, we haveM 0\.f0g�Rn/D @M 0.
We will now construct a closed PL submanifold M of .�1;1/�Rn ŠRnC1 by doubling M 0; ie M is
the PL submanifold of RnC1 obtained as follows:

� First, we take the image M 00 � .�1; 0��Rn of M 0 under the piecewise linear map q WM 0!
.�1; 0��Rn which multiplies the first coordinate of any point x2M 0 by�1. Note that @M 0D@M 00

� Then, M is defined as the union M 00[M 0.

Observe that the pull-back q�r�W of r�W along the PL map q agrees with r�W over @M 0. Thus, since
 d .N; 1/ is a quasi-PL space (see Remark 2.18), we can glue q�r�W and r�W to produce an element
W 0 of  d .N; 1/.M/. Note that, by construction, W 0M 0 D r

�M . Consequently, since the restriction of
r�W over P is W , we also have that W 0P DW . Now, since we are assuming that Proposition 4.2 holds
for M , there exists a concordance zW 2  d .N; 1/.Œ0; 1� �M/ which starts at W 0 and satisfies all of
the desired properties. But since the restriction of W 0 over P is equal to W , the element zWŒ0;1��P of
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 d .N; 1/.Œ0; 1��P / obtained by restricting zW over Œ0; 1��P is a concordance which starts at W . It is
evident that zWŒ0;1��P will also satisfy all the properties listed in Proposition 4.2.

4.1 The isotopy extension theorem

The reason we need the codimension restriction N � d � 3 in Proposition 4.2 (and, therefore, also
in Theorem 4.1) is that our proof for this proposition will use the PL version of the isotopy extension
theorem. Before we recall the statement of this foundational result (Theorem 4.4 below), we need to
review the following terminology from PL topology. First, fix two PL manifolds Mm and Qq (possibly
with boundary) with m<q. Also, denote the interval Œ�1; 1� by I and the point .0; : : : ; 0/ in the cartesian
product In by 0. An n-isotopy of M in Q is a PL embedding f W In �M ! In �Q which commutes
with the projection onto In. We can think of an n-isotopy as a collection of PL embeddings ft WM ,!Q

parameterized by t 2 In. An n-isotopy f W In �M ! In �Q is said to be allowable if there is an
.m�1/-dimensional PL submanifold N of @M such that f �1t .@Q/DN for all t 2 In. In this definition,
we allow N D¿ and N D @M . Finally, we say that an n-isotopy of M in Q is fixed on a subset X �M
if ft jX D f0jX for all t 2 In.

Theorem 4.4 (the isotopy extension theorem) Fix two PL manifolds M and Q of dimensions m and q
respectively, and let f W In �M ! In �Q be an allowable n-isotopy of M in Q which is fixed on
f �10 .@Q/. If M is compact and q �m � 3, then there is a PL homeomorphism H W In �Q! In �Q

satisfying the following:

(i) H commutes with the projection onto In and H0 D IdQ.

(ii) Ht ıf0 D ft for all t 2 In.

(iii) Ht fixes @Q pointwise for all t 2 In.

A PL homeomorphism H W In �Q! In �Q satisfying the conditions given in (i) is called an ambient
n-isotopy of Q. If an ambient n-isotopy H of Q satisfies (ii) above, then we say that H extends f .
Property (iii) says that H is fixed on @Q. The proof of the isotopy extension theorem can be found in [7]
(see also Remark 4.9 below).

Remark 4.5 The isotopy extension theorem can be strengthened as follows. Suppose that f W In�M !
In �Q is an n-isotopy satisfying all the assumptions given in Theorem 4.4. In particular, we require
that dimQ� dimM � 3. Moreover, suppose that there is a PL subspace B of In with the following
properties:

� 0 2 B .

� B is a PL retract of In.

� There exists a PL homeomorphism h W B �Q! B �Q which commutes with the projection onto
B and extends the isotopy f over B . In other words, ht ıf0D ft for all t 2B . Moreover, assume
that h0 D IdQ.
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Then, with these additional assumptions, we can find an ambient n-isotopy H of Q which satisfies all
the claims given in the isotopy extension theorem, but which also agrees with h W B �Q! B �Q over
the PL subspace B , ie Ht D ht for any t 2 B . Let us explain why such an H exists. First, fix a PL
retraction r W In! B and an ambient n-isotopy zH W In �Q! In �Q satisfying all the claims listed in
the isotopy extension theorem. Next, consider the ambient n-isotopy H W In �Q! In �Q of Q given
by Ht D zHt ı zH�1r.t/ ıhr.t/ for any t 2 In. We claim that this H satisfies all the desired properties. First,
since r jB D IdB , it follows that Ht D ht for all t 2B . Moreover, by precomposing Ht with f0, we obtain

Ht ıf0 D zHt ı zH
�1
r.t/ ı hr.t/ ıf0 D zHt ı zH

�1
r.t/ ıfr.t/ D

zHt ıf0 D ft :

Thus, H extends f . Finally, it is straightforward to verify that H is fixed on @Q and H0 D IdQ.

Remark 4.6 The isotopy extension theorem only concerns isotopies parameterized by In for some n.
However, for several of the arguments given in this section, it will be convenient to work with isotopies
parameterized by more general base-spaces. With this in mind, we define the following: Let P be a PL
space. We say that a PL embedding f W P �M ! P �Q is an isotopy of M in Q over P if f commutes
with the projection onto P . We define ambient isotopies over P in a similar fashion.

There is another version of the isotopy extension theorem (also proven in [7]) which does not require the
codimension condition q�m� 3. To state this version, we need to introduce some terminology. First, let
us fix two PL manifolds M and Q (possibly with boundary) of dimensions m and q respectively. We say
that an n-isotopy f WM � In!Q� In is locally trivial if, for any point .x; t/ 2M � In, there are open
neighborhoods U of x inM and V of t in In, and a PL embedding ˛ W .�1; 1/q�m�U �V !Q�V which
commutes with the projection onto V and such that ˛jf0g�U�V D f jU�V once we identify f0g �U �V
with U �V . With this terminology in place, we can now state the following alternative version of the
isotopy extension theorem discussed in [7] (see also [11]).

Theorem 4.7 LetM andQ be PL manifolds (possibly with boundary) and suppose thatM is compact. If
f WM � In!Q� In is an allowable and locally trivial n-isotopy, then there exists an ambient n-isotopy
H WQ� In!Q� In which extends f and is fixed on @Q.

Throughout this article, we will mostly use the version of the isotopy extension theorem stated in
Theorem 4.4. We will only apply the version given in Theorem 4.7 in the proof of Proposition 5.9. It
is worth pointing out that Hudson proves the isotopy extension theorem in [7] assuming only that the
n-isotopy f is locally unknotted (see [7, page 652]), which is a property weaker than local triviality. As
shown in [7], Theorem 4.4 is a consequence of this version of the isotopy extension theorem that requires
only the n-isotopy to be locally unknotted.

In reality, for the proof of Proposition 4.2, we will mostly use the following corollary of Theorem 4.4.

Corollary 4.8 Let Q be a PL manifold of dimension q and M a compact submanifold of Q of dimen-
sionm. Moreover , suppose that f W In�M! In�Q is an allowable n-isotopy such that f0 is equal to the
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natural inclusion M ,!Q. Then , if q�m� 3, there exists an ambient n-isotopy H W In �Q! In �Q

satisfying all the claims listed in Theorem 4.4 and which is homotopic (via a homotopy of ambient
n-isotopies) to the identity ambient n-isotopy IdIn�Q. In other words , there is an ambient isotopy
zH W Œ0; 1��In�Q! Œ0; 1��In�Q of Q over Œ0; 1��In (see Remark 4.6 above) such that zH0DH and
zH1 D IdIn�Q. Moreover , we can also guarantee that zH fixes Œ0; 1�� In� @Q pointwise and zHs;0 D IdQ

for all s 2 Œ0; 1�.

Proof In this proof, we will modify our notation slightly and denote the point 0D .0; : : : ; 0/ of In by O0.
Also, we will denote the PL subspace

.Œ0; 1�� fO0g/[ .f1g � In/

of Œ0; 1��In byB . Note thatB is a PL retract of Œ0; 1��In. Let us fix then a PL retraction r W Œ0; 1��In!B .
Moreover, fix a PL homotopy c W Œ0; 1�� In! In such that c0.�/D � for all � 2 In and B � c�1.O0/.
For example, we can construct such a PL homotopy c as follows:

� First, fix a pair of simplicial complexes .K;L/ which triangulates .Œ0; 1� � In; B/. Moreover,
by subdividing K further if necessary, we may assume that K also has a subcomplex K 0 which
triangulates the face f0g � In.

� Next, we define c W Œ0; 1��In! In by setting c.s; �/D O0 for any vertex .s; �/2L and c.s; �/D �
for any vertex .s; �/ … L. Then, we extend c linearly to all higher-dimensional simplices of K.
Note that this definition forces c to map each vertex .0; �/ of K 0 to �. Therefore, c0 maps In

identically to itself. Also, by the way we defined c, it is clear that B is contained in c�1.O0/.

The map Qf W Œ�1; 1�� In�M ! Œ�1; 1�� In�Q defined by .s; �; x/ 7! .s; �; fcjsj.t/.x// is an isotopy
of PL embeddings of M in Q parameterized by Œ�1; 1�� In. In other words, Qf is an .nC1/-isotopy
of M in Q. Moreover, since f is allowable, so is Qf . Thus, since q�m� 3, we can apply the isotopy
extension theorem to produce an ambient isotopy zH W Œ�1; 1�� In �Q! Œ�1; 1�� In �Q of Q over
Œ�1; 1�� In which extends Qf and fixes Œ�1; 1�� In � @Q pointwise. For the rest of this proof, we will
only need to use the restrictions Qf jŒ0;1��In�M and zH jŒ0;1��In�Q. By abuse of notation, we shall denote
these restrictions simply by Qf and zH respectively. Note that, after we perform this change of notation,
zH still extends Qf .

Recall that fO0 is equal to the natural inclusion M ,!Q. Since B � c�1.O0/, it follows that Qf.s;t/ is equal
to the natural inclusion M ,!Q for any .s; �/ 2 B . Thus, the identity ambient isotopy IdŒ0;1��Œ�1;1�n�Q
extends Qf over B . Moreover, recall that we fixed a PL retraction r W Œ0; 1�� In! B at the beginning of
this proof. Then, by doing an argument almost identical to the one given in Remark 4.5, we may assume
that zH jB�Q D IdB�Q.

To complete this proof, let H W In �Q! In �Q be the ambient n-isotopy of Q defined by H WD zH0.
Since c0 maps In identically to itself, we have that Qf0 D f . Then, since zH extends Qf , it follows that
H extends f . On the other hand, since f1g � In � B and zH jB�Q D IdB�Q, the ambient n-isotopy zH1
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is equal to IdIn�Q. Thus, zH is a homotopy of ambient n-isotopies from H to IdIn�Q. As mentioned
before, zH fixes Œ0; 1�� In � @Q pointwise. Additionally, since Œ0; 1�� fO0g � B and zH jB�Q D IdB�Q,
we also have that zH

.s;O0/ D IdQ for all s 2 Œ0; 1�. Therefore, we have verified that H and zH satisfy all the
required properties, which completes the proof.

Remark 4.9 It is worth pointing out that the version of the isotopy extension theorem that appears in [7]
is slightly different from the one we stated in Theorem 4.4. In [7], the isotopy is defined over the cube
Œ0; 1�n, not Œ�1; 1�n. Moreover, the reference point used in [7] to perform the isotopy extension is also
0 2 Œ0; 1�n, but now this basepoint lies on the boundary of the base-space instead of its interior, as it is in
Theorem 4.4. Nevertheless, our version of the isotopy extension theorem can be derived easily from the
one given in [7].

4.2 Producing fiberwise regular values

Let us explain more concretely how we will use the isotopy extension theorem (or, more precisely,
Corollary 4.8) in the proof of Proposition 4.2. First, fix a closed PL manifold M , an element W of
 d .N; 1/.M/, and a fiber W� of the projection � WW !M over some point � 2M . Recall that we may
regard W� as a PL submanifold of R� .�1; 1/N�1 which is closed as a topological subspace of RN.
Since the projection x1 WW�!R onto the first component of R� .�1; 1/N�1 is a proper map, we can
find simplicial complexes K and L which triangulate W� and R respectively and which make the map
x1 WW�! R simplicial. Thus, by Proposition 3.3, any point a in the interior of a 1-simplex of L is a
regular value for the map x1 WW�!R. The idea is to then use the isotopy extension theorem to deform
W near the fiber W� (and near the height a) so that a becomes a fiberwise regular value of x1 WW !R

over an open neighborhood of �. We will make this procedure more explicit in the next lemma.

Lemma 4.10 Fix a closed PL manifold M of dimension m, an element W of  d .N; 1/.M/, a point
�0 2M , and a value � > 0. If a0 2R is a regular value of the projection x1 WW�0 !R, then there exists
an open neighborhood V of �0 inM and a PL automorphism F of Œ0; 1��V �R� .�1; 1/N�1 satisfying
the following properties:

(i) F is an ambient isotopy of R� .�1; 1/N�1 over Œ0; 1��V (see Remark 4.6). Thus , we can view
F as a family of PL automorphisms Ft;� of R� .�1; 1/N�1 parameterized by .t; �/ 2 Œ0; 1��V ,
or as a path Ft of PL automorphisms of V �R� .�1; 1/N�1 which commute with the projection
onto V .

(ii) F0 is the identity map on V �R� .�1; 1/N�1.

(iii) Ft;� is supported on .a0� �; a0C �/� .�1; 1/N�1 for all .t; �/ 2 Œ0; 1��V .

(iv) a0 is a fiberwise regular value of the projection x1 W F1.WV /!R, where WV is the restriction of
W over the open set V .

Proof Before we begin with the details of this proof, let us fix the following notation: For any point
� 2M and any interval I in R, we shall denote the intersection of the fiber W� with I � .�1; 1/N�1 by
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W�;I . Also, given any � 2M and any value a 2R, we will denote the preimage of a under the projection
x1 WW�!R by W�;a.

Since a0 is a regular value of the projection x1 WW�0!R, there exists a ı > 0 and a PL homeomorphism
h W .a0�ı; a0Cı/�W�0;a0!W�0;.a0�ı;a0Cı/ such that the composition x1 ıh agrees with the standard
projection pr1 W .a0 � ı; a0 C ı/ �W�0;a0 ! .a0 � ı; a0 C ı/. By shrinking the value ı if necessary,
we may assume that 0 < ı < �. As we have typically done throughout this paper, we will denote the
projection from W onto M by � . Recall that this projection is a PL submersion of codimension d . Also,
note that W�0;Œa0�ı;a0Cı� is a compact subspace of the fiber W�0 . Then, by the union lemma for PL
submersions (see [15, page 150]), we can find an open neighborhood V of �0 and a PL embedding
f W V �W�0;Œa0�ı;a0Cı�! ��1.V / satisfying the following properties:

� V is PL homeomorphic to Œ�1; 1�m and � ı f is equal to the standard projection onto V . Thus,
we can view f as a family of PL embeddings f� parameterized by � 2 V .

� f�0 maps W�0;Œa0�ı;a0Cı� identically to itself.

� f�.W�0;Œa0�ı;a0Cı�/� .a0� �; a0C �/� .�1; 1/
N�1 for all � 2 V .

Moreover, let us fix a value �0 > 0 which is less than ı. By shrinking the neighborhood V if necessary,
we can also assume that the map f W V �W�0;Œa0�ı;a0Cı�! ��1.V / satisfies the following condition:

(�) For any � 2 V , we have that W�;Œa0��0;a0C�0� � f�.W�0;.a0�ı;a0Cı//.

We will use this last condition in the final stage of this proof. Now, let us denote the product

Œa0� �; a0C ��� .�1; 1/
N�1

by Q. Once we identify V with Œ�1; 1�m, the first and third conditions given above imply that the map
f is an m-isotopy of W�0;Œa0�ı;a0Cı� (which is a compact d -dimensional PL manifold) in Q (which
is an N -dimensional PL manifold). In fact, f is an allowable m-isotopy because, for any � 2 V , the
preimage of @Q under the embedding f� is empty. Thus, since N �d � 3, the isotopy extension theorem
guarantees that there is an ambient m-isotopy H W V �Q! V �Q which extends f , fixes @Q pointwise,
and has the property that H�0 D IdQ. Moreover, by Corollary 4.8, we can choose H so that there is an
ambient isotopy

zH W Œ0; 1��V �Q! Œ0; 1��V �Q

of Q over Œ0; 1��V such that zHt;� fixes @Q pointwise for all .s; �/ 2 Œ0; 1��V , zH0DH , zH1D IdV�Q,

and zH.s;�0/ D IdQ for all s 2 Œ0; 1�.

Now, let F W Œ0; 1�� V �Q! Œ0; 1�� V �Q be the ambient isotopy of Q over Œ0; 1�� V obtained by
first precomposing zH with the product isotopy IdŒ0;1� �H�1, and then restricting this composition on
Œ0; 1��V �Q. Since both zH and IdŒ0;1��H�1 are fixed on @Q, so is F . Therefore, we can extend F to
an ambient isotopy of R� .�1; 1/N�1 over Œ0; 1��V which is fixed on the closure of the complement
of Q. To avoid introducing more notation, we will also denote this extension by F . Since zH0 DH , it
follows that F0 is the identity map on V �R� .�1; 1/N�1. Thus, if we apply the ambient isotopy F to
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the product Œ0; 1��WV 2  d .N; 1/.Œ0; 1��V /, we will obtain a concordance from WV to the element
F1.WV / 2  d .N; 1/.V /. From now on, we will denote the images F.Œ0; 1��WV / and F1.WV / by yW
and W 0 respectively. Note that, since F is fixed on cl.R� .�1; 1/N�1�Q/, the element yW agrees with
the constant concordance Œ0; 1��WV in the complement of Œ0; 1��V �Q.

Our next step is to examine the behavior of the concordance yW inside the product Œ0; 1��V �Q. More
specifically, we wish to show (after possibly shrinking V ) that a0 is a fiberwise regular value of the
projection x1 WW 0!R. To this end, let us consider again the PL embedding f WV �W�0;Œa0�ı;a0Cı�!WV
that we obtained via the union lemma at the beginning of this proof. Since H�1

�
ı f� D f�0 for all

� 2 V , and since f�0 is the standard inclusion W�0;Œa0�ı;a0Cı� ,! Q, the image of the composition
F1 ıf jV�W�0;.a0�ı;a0Cı/ is equal to the product V �W�0;.a0�ı;a0Cı/. Therefore, if

h W .a0� ı; a0C ı/�W�0;a0 !W�0;.a0�ı;a0Cı/

is the PL homeomorphism we obtained by using the fact that a0 is a regular value of x1 WW�0 !R, then
the map Qh W V � .a0� ı; a0C ı/�W�0;a0 !W 0 defined by Qh.�; t; x/D .�; h.t; x// is a PL embedding
whose image is equal to V �W�0;.a0�ı;a0Cı/. Moreover, Qh commutes with the projections onto V and
.a0� ı; a0C ı/. Thus, to conclude that a0 is indeed a fiberwise regular value of the map x1 WW 0!R, it
suffices to find some value 0 < ı0 � ı such that the image Qh.V � .a0� ı0; a0C ı0/�W�0;a0/, which is
equal to V �W�0;.a0�ı 0;a0Cı 0/, agrees with the preimage x�11 ..a0� ı

0; a0C ı
0//�W 0. To find such a

value ı0, we will use the condition (�) that we imposed on f . So let �0 > 0 be the value that appears in
that condition, and choose any number ı0 such that 0 < ı0 < �0. Note that F1;�0 D IdR�.�1;1/N�1 , which
implies that F1;�0.W�0/DW�0 . Then, by making the neighborhood V smaller if necessary, we can also
guarantee that

(4-4) W 0�;.a0�ı 0;a0Cı 0/ � F1;�.W�;.a0��0;a0C�0//

for all � 2 V . By combining (4-4) and condition (�), we obtain

(4-5) W 0�;.a0�ı 0;a0Cı 0/ � F1;�.f�.W�0;.a0�ı;a0Cı///

for all points � in V . Since F1;�.f�.W�0;.a0�ı;a0Cı/// is equal to W�0;.a0�ı;a0Cı/, we can rewrite (4-5)
as W 0

�;.a0�ı 0;a0Cı 0/
�W�0;.a0�ı;a0Cı/, which clearly implies that

(4-6) W 0�;.a0�ı 0;a0Cı 0/ �W�0;.a0�ı 0;a0Cı 0/:

On the other hand, since the embedding Qh W V � .a0 � ı; a0C ı/�W�0;a0 ! W 0 commutes with the
projection onto .a0� ı; a0C ı/ and its image is equal to V �W�0;.a0�ı;a0Cı/, we also have

(4-7) W�0;.a0�ı 0;a0Cı 0/ �W
0
�;.a0�ı 0;a0Cı 0/

for all �2V . Since (4-6) also holds for any point �2V , it follows that the preimage x�11 ..a0�ı
0; a0Cı

0//

is equal to V �W�0;.a0�ı 0;a0Cı 0/. Thus, we can conclude that a0 is a fiberwise regular value of the map
x1 WW

0!R. Moreover, it is clear that the ambient isotopy F satisfies all the other properties listed in
this lemma.
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4.3 Proof of Proposition 4.2

At this point, it is helpful to explain our strategy for proving Proposition 4.2. Let then M be a closed
PL manifold and W an element of  d .N; 1/.M/. Using Lemma 4.10, we can find a finite open cover
U1; : : : ; Up of M such that, for each j D 1; : : : ; p, there is an ambient isotopy F j of R� .�1; 1/N�1

over Œ0; 1��M which produces a fiberwise regular value over Uj . Naively, to prove Proposition 4.2, one
could try applying each isotopy F j successively with the hopes of producing a fiberwise regular value
over each Uj by the end of the process. However, the obvious problem with this approach is that if one
has two open sets Uj and Ui that overlap, then applying either F j or F i first might affect the output of
the other isotopy. To avoid this issue, we will prove that it is possible to define an open cover U1; : : : ; Up
and isotopies F 1; : : : ; F p such that F j produces a fiberwise regular value over Uj and, if Ui and Uj
overlap, F j and F i will have disjoint supports in R� .�1; 1/N�1. Thus, it will not matter if we apply
either F j or F i first. The following lemma is our first step to construct this data.

Lemma 4.11 Let M be a closed m-dimensional PL manifold , W an element of  d .N; 1/.M/, and �0
a point in M . Moreover , fix the following:

� a value ˇ 2R;

� mC 1 regular values a0; : : : ; am of the projection x1 W W�0 ! R with the property that aj 2�
ˇC j C 1

4
; ˇC j C 3

4

�
for each j D 0; : : : ; m;

� a value � > 0 such that .aj � �; aj C �/�
�
ˇC j C 1

4
; ˇC j C 3

4

�
for all j D 0; : : : ; m.

Then , if N �d � 3, we can find an open neighborhood V of �0 and mC1 ambient isotopies F 0; : : : ; Fm

of R� .�1; 1/N�1 over Œ0; 1��V such that , for each j D 0; : : : ; m, the 4-tuple .V; �; aj ; F j / satisfies
all the properties listed in Lemma 4.10.

Proof First of all, recall that the set of regular values of x1 WW�0 !R is dense in R (see Remark 3.5).
Therefore, it is indeed possible to pickmC1 regular values a0; : : : ; am such that aj 2

�
ˇCjC1

4
; ˇCjC3

4

�
for each j D 0; : : : ; m. Now, for any j in f0; : : : ; mg, we can find an open neighborhood Vj of �0 and
an ambient isotopy Gj of R � .�1; 1/N�1 over Œ0; 1� � Vj such that .Vj ; �; aj ; Gj / satisfies all the
properties from Lemma 4.10. Then, if V is any open neighborhood of �0 contained in V0\ � � � \Vm and
F j DGj jŒ0;1��V�R�.�1;1/N�1 for j D 0; : : : ; m, it is evident that each 4-tuple of the form .V; �; aj ; F

j /

will also satisfy the properties given in the statement of Lemma 4.10.

In Lemma 4.13 below, we will construct the type of open covers that we wish to use in the proof of
Proposition 4.2. For the statement of this lemma, and for its proof, we shall need the following technical
definition.

Definition 4.12 Let K be a simplicial complex in some Euclidean space Rm, and let � be a simplex of
K with barycentric point b.�/. A subset Q� of � is called a concentric subsimplex of � if:

(1) Q� D � if dim � D 0.

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2577

(2) If dim � > 0, then there is a value 0 < t0 < 1 such that

Q� D f.1� t / � b.�/C t � x j x 2 @�; 0� t � t0g:

In the next lemma, we shall use the following definition: a PL ball of dimension m is a PL space that is
PL homeomorphic to the cube Œ�1; 1�m.

Lemma 4.13 Fix a closed m-dimensional PL manifold M . Without loss of generality, we will suppose
that M is embedded in some Rn of sufficiently high dimension. Moreover , let U D fV˛g˛2ƒ be an
open cover of M , and K a finite simplicial complex which triangulates M and is subordinate to U (ie
for each simplex � 2K, there is a V˛ 2U such that � � V˛). Then , there exists a family of concentric
subsimplices f Q�g�2K such that Q� � � for each � 2K, and two collections , fU�g�2K and fU 0�g�2K , of
open sets in M which satisfy the following properties:

(i) Q� � U� and U � � U 0� for all � 2K.

(ii) For each � 2K, the closures U � and U 0� are PL balls of dimension m.

(iii) For each � 2K, the closure U 0� is contained in some open set V˛ of the collection U.

(iv) U 0�1 \U
0
�2
D¿ if �1 and �2 are distinct simplices of K of the same dimension.

(v) The collection fU�g�2K is an open cover of M .

Proof We are going to define the concentric simplices Q� and the open neighborhoods U� and U 0� by
induction on the dimension of the simplices of K. Let then ˛1; : : : ; p̨ be the vertices of K and, for each
i D 1; : : : ; p, let Vi be an open set of the cover U which contains ˛i . Since M is Hausdorff, we can find
a collection of p pairwise disjoint open sets U 0˛1 ; : : : ; U

0
˛p
�M such that ˛i 2U 0˛i and U 0˛i � Vi for each

i D 1; : : : ; p. Moreover, for each i D 1; : : : ; p, we may assume that U 0˛i is a PL ball of dimension m. By
shrinking each ball U 0˛i if necessary, we can also assume that the closures U 0˛1 ; : : : ; U

0
˛p

are pairwise
disjoint. To complete the first step of this induction argument, we take for each vertex ˛i 2K an open set
U˛i �M such that ˛i 2 U˛i and U ˛i � U

0
˛i

. Again, we can assume that each closure U ˛i is a PL ball
of dimension m.

Now, let q be a nonnegative integer less than m (recall that m is the dimension of M ), and let Kq denote
the q-skeleton of K. Suppose that, for each simplex � of Kq , we have defined a concentric subsimplex Q�
and a pair of open sets U� ; U 0� in M which satisfy the following:

� The collection of open sets fU�g�2Kq covers jKqj.

� The collection of open sets fU� ; U 0�g�2Kq satisfies properties (i), (ii), (iii), and (iv) given in the
statement of this lemma.

For each .qC1/-simplex ˇ of K, pick a concentric subsimplex Q̌ such that

cl.ˇ� Q̌/�
[
�2Kq

U�
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and an open set Vˇ 2 U which contains ˇ. If ˇ1 and ˇ2 are distinct .qC1/-simplices of K, then note
that Q̌1 \ Q̌2 D¿ since the interiors of ˇ1 and ˇ2 do not overlap. Since M is a normal space, we can
choose for each .qC1/-simplex ˇ an open neighborhood U 0

ˇ
�M of Q̌ so that U 0

ˇ1
\U 0

ˇ2
D¿ for any

two distinct .qC1/-simplices ˇ1 and ˇ2. In fact, for each .qC1/-simplex ˇ of K, we can choose U 0
ˇ

so that U 0
ˇ

is a PL ball of dimension m contained in Vˇ . For example, we can take U 0
ˇ

to be a regular
neighborhood of Q̌ in Vˇ . Since Q̌ is contractible and the dimension of M is m, then standard facts from
regular neighborhood theory ensure that U 0

ˇ
is a PL ball of dimension m. Moreover, by shrinking each

U 0
ˇ

if necessary, we can also guarantee that U 0
ˇ1
\U 0

ˇ2
D¿ for any pair of distinct .qC1/-simplices ˇ1

and ˇ2. Finally, to conclude the induction step, we just choose for each .qC1/-simplex ˇ an open subset
Uˇ �M with the property that Q̌ � Uˇ and U ˇ � U 0ˇ . Again, we may assume that U ˇ is a regular
neighborhood of ˇ contained in U 0

ˇ
, which would imply that U ˇ is a PL ball of dimension m. By the

way we chose the open sets Uˇ and U 0
ˇ

, we have that fU�g�2KqC1 is an open cover of jKqC1j and that
the collection fU� ; U 0�g�2KqC1 satisfies conditions (i), (ii), (iii), and (iv) listed in this lemma.

For the next remark, it is helpful to recall the following notation, which we used already in the statement
of Lemma 4.10: if f W Œ0; 1��V �M ! Œ0; 1��V �Q is an isotopy of M in Q over Œ0; 1��V , then we
shall denote the value of f at .t; �/ 2 Œ0; 1��V by ft;�.

Remark 4.14 For the proof of Proposition 4.2, we also need to discuss how to dampen isotopies over a
base-space of the form Œ0; 1��V . The space V in the product Œ0; 1��V shall typically be an open set in
a PL manifold. To explain this dampening procedure, let us fix an open set V in an m-dimensional PL
manifold and a PL isotopy f W Œ0; 1��V �M ! Œ0; 1��V �Q of M in Q over Œ0; 1��V . Additionally,
fix two nested open sets U � U 0 contained in V satisfying the following properties:

� U � U 0 and U 0 � V .

� U and U 0 are PL balls of dimension m.

Finally, fix a PL bump function ˛ W V ! Œ0; 1� such that ˛.U /D f1g and ˛.�/D 0 for all � in V �U 0.
We wish to use the bump function ˛ to produce a new isotopy g over Œ0; 1�� V which agrees with f
over Œ0; 1��U and has the property that gt;� D f0;� for all .t; �/ in Œ0; 1�� .V �U 0/. One might be
tempted to define this new isotopy g by setting gt;� D f˛.�/t;� for all .t; �/ in Œ0; 1��V , where ˛.�/t is
the product of the real values ˛.�/ and t . The problem with this definition is that the ordinary product
of real numbers is not a PL function, so this way of defining g might not give a PL isotopy. To fix
this problem, consider the function p W Œ0; 1�� V ! Œ0; 1� given by p.t; �/D ˛.�/t . Note that for any
point .t; �/ in Œ0; 1��U we have p.t; �/D t . On the other hand, p maps all points in Œ0; 1�� .V �U 0/
to 0. In particular, the restrictions pjŒ0;1��U and pjŒ0;1��.V�U 0/ are piecewise linear. Then, since both
Œ0; 1��U and Œ0; 1�� .V �U 0/ are closed PL subspaces of Œ0; 1��V , the relative version of the simplicial
approximation theorem (proven in [17]) guarantees that p is homotopic to a PL map q W Œ0; 1��V ! Œ0; 1�

which agrees with p on Œ0; 1��U and Œ0; 1��.V �U 0/. Thus, this new PL map q also satisfies q.t; �/D t
for all .t; �/ 2 Œ0; 1��U and q.t; �/D 0 for all .t; �/ 2 Œ0; 1�� .V �U 0/. It follows that the PL isotopy
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g W Œ0; 1��V �M ! Œ0; 1��V �Q defined by setting gt;� D fq.t;�/;� agrees with f over Œ0; 1��U and
satisfies gt;�D f0;� for all .t; �/ in Œ0; 1��.V �U 0/. In future arguments (eg the proof of Proposition 4.2,
which we will give immediately after this remark), if g is an isotopy obtained from another isotopy f via
the procedure described above, then we shall say that g is obtained by dampening f .

Proof of Proposition 4.2 As indicated in Remark 4.3, it is enough to prove this proposition in the case
when the base-space is a closed PL manifold. Let us fix then a closed PL manifold M of dimension m,
and let W be an element of  d .N; 1/.M/. For each point � in M , we will fix mC 1 regular values
a�;0; : : : ; a�;m of the projection x1 W W� ! R with the property that a�;j 2

�
ˇC j C 1

4
; ˇC j C 3

4

�
for j D 0; : : : ; m. The value ˇ that appears in each interval

�
ˇC j C 1

4
; ˇC j C 3

4

�
is the one that we

fixed in the statement of this proposition. Also, for each � 2M , we will fix a value �� > 0 such that
.a�;j � ��; a�;j C ��/ �

�
ˇ C j C 1

4
; ˇ C j C 3

4

�
for j D 0; : : : ; m. According to Lemma 4.11, for

each � 2M we can find an open neighborhood V� of � and mC 1 ambient isotopies F �;0; : : : ; F �;m of
R� .�1; 1/N�1 over Œ0; 1��V� with the following properties:

� For j D 0; : : : ; m, the isotopy F �;j is supported in .a�;j � ��; a�;j C ��/� .�1; 1/N�1 and F �;j0

is equal to the identity isotopy over V�.

� If WV� is the restriction of W over V�, then a�;j is a fiberwise regular value of the projection
x1 W F

�;j
1 .WV�/!R.

By the compactness of M , we can choose finitely many points �1; : : : ; �p 2 M such that the corre-
sponding open sets V�1 ; : : : ; V�p cover M . From now on, we will denote the open sets V�1 ; : : : ; V�p
by V1; : : : ; Vp and, for each i D 1; : : : ; p, we will relabel the fiberwise regular values a�i ;0; : : : ; a�i ;m
and the ambient isotopies F �i ;0; : : : ; F �i ;m corresponding to �i as ai;0; : : : ; ai;m and F i;0; : : : ; F i;m

respectively. Moreover, we relabel the values ��1 ; : : : ; ��p as �1; : : : ; �p.

Next, take a finite simplicial complex K which triangulates M and is subordinate to the open cover
fV1; : : : ; Vpg. By Lemma 4.13, we can construct two open covers UD fU�g�2K and U0 D fU 0�g�2K of
M which satisfy the following conditions:

� For each � 2K, U � �U 0� and U 0� is contained in some open set Vj of the collection fV1; : : : ; Vpg.

� For each � 2K, U � and U 0� are PL balls of dimension m.

� U 0�1 \U
0
�2
D¿ for any pair of distinct simplices �1; �2 of the same dimension.

For each � 2 K, let us fix an index i� 2 f1; : : : ; pg with the property that U 0� � Vi� . Additionally,
for each simplex � in K, let j� j denote the dimension of � . For each � 2 K, we can dampen the
isotopy F i� ;j� j (using the procedure described in Remark 4.14) to produce a new ambient isotopy
Gi� ;j� j of R� .�1; 1/N�1 over Œ0; 1��Vi� which agrees with F i� ;j� j over Œ0; 1��U � , and agrees with
the identity isotopy over the union .f0g � Vi� /[ .Œ0; 1�� .Vi� �U

0
� //. By this last property, we may

assume that Gi� ;j� j is defined over Œ0; 1� �M and that Gi� ;j� j agrees with the identity isotopy over
.f0g �M/[ .Œ0; 1�� .M �U 0� //. Since Gi� ;j� j was obtained by dampening F i� ;j� j, the isotopy Gi� ;j� j
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will also be supported in .ai� ;j� j� �i� ; ai� ;j� jC �i� /� .�1; 1/
N�1, where ai� ;j� j is the fiberwise regular

value over Vi� produced by the isotopy F i� ;j� j.

Note that any two distinct ambient isotopies in the collection fGi� ;j� jg�2K will commute with each other.
Indeed, if �1; �2 2K have different dimensions, then the intervals

Œai�1 ;j�1j
� �i�1 ; ai�1 ;j�1j

C �i�1 � and Œai�2 ;j�2j
� �i�2 ; ai�2 ;j�2j

C �i�2 �

do not intersect. Consequently, Gi�1 ;j�1j and Gi�2 ;j�2j have disjoint supports in R� .�1; 1/N�1. On the
other hand, if �1 and �2 have the same dimension, then the corresponding PL balls U 0�1 and U 0�2 do not
overlap, which then implies that Gi�1 ;j�1j and Gi�2 ;j�2j have disjoint supports in the base-space Œ0; 1��M .
Therefore, if we plug in the constant concordance Œ0; 1� �W in the ambient isotopy G obtained by
composing all the isotopiesGi� ;j� j in any given order, we will obtain an element zW 2 d .N; 1/.Œ0; 1��M/

which is a concordance from W to an element W 0 2 d .N; 1/.M/ with the property that, for any simplex
� 2K, the restriction W 0U� over U� agrees with F i� ;j� j1 .WU� /. In particular, for each � 2K, we have
that ai� ;j� j is a fiberwise regular value of the projection x1 WW 0U� !R. Thus, the concordance zW and
the open cover fU�g�2K satisfy properties (i) and (iii) of Proposition 4.2. To see that zW also satisfies
property (ii), just note that the support of each isotopy Gi� ;j� j in R� .�1; 1/N�1 lies above the height ˇ.
Therefore, zW agrees with the constant concordance Œ0; 1��W when we restrict the background space to
.�1; ˇ/� .�1; 1/N�1.

In Proposition 4.15 below, we shall give a modified version of Proposition 4.2 which we will use in the
next section. For the statement of this proposition and its proof, we will continue to use the following
notation: if W � P �Rk � .�1; 1/N�k is an element of the set  d .N; k/.P /, then xk WW !Rk shall
denote the standard projection from W to the second factor of P �Rk�.�1; 1/N�k. Also, we will denote
by x1 WW !R the projection from W onto the first coordinate of the factor Rk.

Proposition 4.15 Suppose that N � d � 3 and 1 < k �N . Fix a closed PL manifold M and an element
W 2  d .N; k/.M/. Moreover , let i0; i1 WM ,! Œ0; 1��M be the inclusions defined by � 7! .0; �/ and
� 7! .1; �/ respectively. Then , given any value ˇ2R, we can find a concordance zW 2 d .N; k/.Œ0; 1��M/

with the following properties:

(i) i�0
zW DW .

(ii) zW agrees with the constant concordance Œ0; 1� �W when we restrict the background space to
.�1; ˇ/�RN�1.

(iii) For the element W 0 D i�1 zW , there exists a finite open cover U of M such that , for each open set
U 2 U, the map xk W W 0U ! Rk has a fiberwise regular value a D .a1; : : : ; ak/ 2 Rk such that
a1 > ˇ.

Proof sketch To prove this result, we just need to adjust the proof of Proposition 4.2 at the right places.
Let us denote the dimension of M by m. Next, consider an arbitrary point � 2 M and fix a value
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i 2 f0; : : : ; mg. If we perform the proof of Lemma 4.10 with the projection xk W W ! Rk instead of
x1 WW !R, we can find an open neighborhood Vi �M of � and an ambient isotopy

F �;i W Œ0; 1��Vi �Rk � .�1; 1/N�k! Œ0; 1��Vi �Rk � .�1; 1/N�k

of Rk � .�1; 1/N�k over Œ0; 1��Vi with the following properties:

� F
�;i
0 D IdVi�Rk�.�1;1/N�k .

� The standard projection xk WF
�;i
1 .WVi /!Rk has a fiberwise regular value ai D .ai1; : : : ; a

i
k
/ with

the property that ai1 2
�
ˇC i C 1

4
; ˇC i C 3

4

�
.

� F �;i is supported on B.ai ; �i /� .�1; 1/N�k , where �i >0 is a value such that .ai1��i ; a
i
1C�i /��

ˇC i C 1
4
; ˇC i C 3

4

�
.

We can obtain such an isotopy F i;� for each i 2 f0; : : : ; mg. From now on, we will assume that all the
ambient isotopies F 0;�; : : : ; Fm;� are defined over the same product Œ0; 1��V�. For example, V� could
be the intersection of all the neighborhoods Vi .

By the compactness of M , we can find finitely many points �1; : : : ; �p 2M such that the corresponding
open neighborhoods V�1 ; : : : ; V�p cover M . Next, fix a finite simplicial complex K which triangulates
M and is subordinate to the open cover fV�1 ; : : : ; V�pg. By Lemma 4.13, we can find two collections
of open sets fU�g�2K and fU 0�g�2K in M indexed by K which are subordinate to fV�1 ; : : : ; V�pg and
satisfy the following properties:

(i) U � � U
0
� for all � 2K.

(ii) For all � 2K, the closures U � and U 0� are PL balls of dimension m.

(iii) U 0�1 \U
0
�2
D¿ if �1 and �2 are distinct simplices of K of the same dimension.

(iv) The collection fU�g�2K covers M , and the collection of PL balls fU 0�g�2K is subordinate to the
cover fV�1 ; : : : ; V�pg.

For each � 2 K, let us fix an open set of the collection fV�1 ; : : : ; V�pg that contains U 0� . From now
on, we will denote this open set containing U 0� by V� . Also, the ambient isotopies over Œ0; 1��V� that
we obtained at the beginning of this proof will be relabeled as F �;0; : : : ; F �;m, and the dimension of a
simplex � 2K will be denoted again by j� j. As we did in the last step of the proof of Proposition 4.2, we
can dampen the ambient isotopy F �;j� j to produce a new ambient isotopy G�;j� j of Rk�.�1; 1/N�k over
Œ0; 1��M which agrees with F �;j� j over Œ0; 1��U � and with the identity isotopy over Œ0; 1�� .M �U 0� /.
Doing an argument identical to the one we did at the very end of the proof of Proposition 4.2, we can
show that any two isotopies in the collection fG�;j� jg�2K will have disjoint supports. Thus, we can
compose all the maps G�;j� j in any order to produce an ambient isotopy G of Rk � .�1; 1/N�k over
Œ0; 1��M which is the identity at time t D 0, and agrees with F �;j� j over Œ0; 1��U� . Therefore, the
element zW of  d .N; k/.Œ0; 1��M/ obtained by applying G to Œ0; 1��W will be a concordance from
W to an element W 0 such that, for each � 2K, the projection xk WW 0U� ! Rk has a fiberwise regular
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value a 2Rk whose first coordinate is greater than ˇ. Finally, since the support of each isotopy F �;j� j

is contained in .ˇ;1/�RN�1, we also have that zW agrees with the constant concordance Œ0; 1��W
when we restrict the background space to .�1; ˇ/�RN�1.

5 The equivalence j d.N; 1/�j
'
�!�N�1j‰d.R

N /�j

5.1 The scanning map

To complete the proof of the main theorem, it remains to show that j d .N; 1/�j and�N�1j‰d .RN /�j have
the same weak homotopy type. Recall that the canonical basepoint of j‰d .RN /�j is the geometric realiza-
tion of the subsimplicial set ¿� consisting of all empty simplices in ‰d .RN /� (see Remark 2.7). This will
also be the canonical basepoint for any space of the form j d .N; k/�j. For the space �N�1j‰d .RN /�j,
the preferred basepoint will be the point corresponding to the constant map SN�1! j‰d .RN /�j which
sends all points in SN�1 to j¿�j.

The first thing we will do in this section is define the map j d .N; 1/�j !�N�1j‰d .R
N /�j that we will

use to compare the spaces j d .N; 1/�j and �N�1j‰d .RN /�j. First, for any integer 1� k �N � 1, we
will define a map of the form

(5-1) Sk W j d .N; k/�j !�j d .N; kC 1/�j:

This map Sk , which we will refer to as the scanning map, will be the adjoint of a map

E W S1 ^ j d .N; k/�j ! j d .N; kC 1/�j

whose construction is almost identical to that of the structure maps EN of the spectrum ‰PL
d

. However,
instead of pushing manifolds in an entirely new direction (as we did for the spectrum ‰PL

d
), we will define

the map E W S1 ^ j d .N; k/�j ! j d .N; kC 1/�j by pushing manifolds in the new open direction we
have available in  d .N; kC 1/�, ie the one corresponding to the coordinate xkC1.

As was the case with the structure maps EN of ‰PL
d

, the construction of the map

E W S1 ^ j d .N; k/�j ! j d .N; kC 1/�j

requires fixing an increasing PL homeomorphism f W Œ0; 1/! Œ0;1/. Next, for each p � 0, we define a
PL embedding

Fp W Œ0; 1/��
p
�RN ! Œ0; 1���p �RN

by setting

Fp.t; �; x1; : : : ; xk; xkC1; : : : ; xN /D .t; �; x1; : : : ; xk; xkC1Cf .t/; : : : ; xN /:

We can use these PL embeddings Fp to push a p-simplex W of  d .N; k/� to1 along the new open
direction xkC1. Then, following the same procedure we used in the definition of the structure maps of
‰PL
d

in Section 2.5, we can use the embeddings F p to construct a map

T W Œ�1; 1�� j d .N; k/�j ! j d .N; kC 1/�j
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which sends Œ�1; 1�� j¿�j and f�1; 1g � j d .N; k/�j to the basepoint j¿�j of j d .N; kC 1/�j. Conse-
quently, T induces a map of the form E W S1^ j d .N; k/�j ! j d .N; kC 1/�j. As mentioned earlier, we
define the scanning map as follows.

Definition 5.1 The scanning map

Sk W j d .N; k/�j !�j d .N; kC 1/�j

is the adjoint of the map E W S1 ^ j d .N; k/�j ! j d .N; kC 1/�j defined above.

The map zS W j d .N; 1/�j !�N�1j‰d .R
N /�j that we will use to compare the spaces j d .N; 1/�j and

�N�1j‰d .R
N /�j is defined as the following composition:

(5-2) zSD�N�2SN�1 ı � � � ıS1:

To finish the proof of the main theorem, we must show that zS is a weak homotopy equivalence. This will
be a consequence of the following result.

Theorem 5.2 The scanning map

Sk W j d .N; k/�j !�j d .N; kC 1/�j

is a weak homotopy equivalence if N � d � 3 and 1� k �N � 1.

The proof of Theorem 5.2 will occupy most of the rest of this section. Again, we include the condition
N � d � 3 because we will use the isotopy extension theorem at some point in our proof.

Note For the proof of Theorem 5.2, we shall assume that the underlying PL space W of a p-simplex in
 d .N; k/� is contained in �p �Rk � .0; 1/N�k.

5.2 Decomposition of the scanning map

To prove Theorem 5.2, we are going to express the scanning map Sk as the composition of three maps
(up to homotopy), and then show that each of these is a weak equivalence. To describe this decomposition
of the scanning map, we shall need the following definitions.

Definition 5.3 Let 1� k �N � 1.

(1)  ¿

d
.N; k/� will denote the path component of the vertex ¿ in  d .N; k/�.

(2)  0
d
.N; k/� will denote the subsimplicial set of  d .N; k/� whose set of p-simplices consists of

those elements W 2  d .N; k/p for which there is a piecewise linear function f W�p!R such
that

(5-3) W�\
�
Rk�1 � ff .�/g � .0; 1/N�k

�
D¿

for all � 2�p.
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It is clear how one can extend the simplicial set  0
d
.N; k/� to a functor of the form  0

d
.N; k/ W PLop

!

Sets. For the simplicial set  ¿

d
.N; k/�, we will explain how to define the corresponding extension

 ¿

d
.N; k/ W PLop

! Sets in Definition 5.16.

Remark 5.4 In this remark, we will show that any 0-simplex of  0
d
.N; k/� is concordant to the empty

0-simplex¿ of  d .N; k/�. Indeed, pick aW in  0
d
.N; k/0 and fix a value c 2R such that the intersection

of W and Rk�1 � fcg � .0; 1/N�k is empty. By translating W if necessary, we can assume that c D 0.
Since W is closed as a topological subspace of RN, we can find a value � > 0 such that W is disjoint
from .��; �/k � .0; 1/N�k . Thus, by stretching each interval .��; �/ to .�1;1/, we will produce a
concordance from W to the empty manifold ¿. In particular, this shows that  0

d
.N; k/� is a subsimplicial

set of  ¿

d
.N; k/�.

Remark 5.5 It is not hard to verify that the simplicial set  ¿

d
.N; k/� is Kan. On the other hand, we

claim that  0
d
.N; k/� is not Kan. To show this, we will produce a map g Wƒ20�! 0

d
.N; k/� of simplicial

sets which does not admit an extension of the form �2
�
!  0

d
.N; k/�. Before we start constructing the

map g Wƒ20�!  0
d
.N; k/�, let us recall some notational conventions that we set in Section 2:

� For any integer p � 0, we shall continue to denote the elements of the standard basis of RpC1

by e0; e1; : : : ; ep, and we declare the standard p-simplex �p to be the convex hull of the set
fe0; e1; : : : ; epg.

� For any set fv0; : : : ; vmg �RpC1, we will denote its convex hull by hv0; : : : ; vmi.

In this discussion, we will only use these conventions in the case when pD2. Now, fix a nonempty element
W 2  d .N; k � 1/0 (recall that the definition of the simplicial set  0

d
.N; k/� requires k � 1), and an

increasing PL homeomorphism f W Œ0; 1/! Œ0;1/. As we did in the construction of the scanning map in
Section 5.1, we can use the map f W Œ0; 1/! Œ0;1/ to produce a concordance zW C2 d .N; k/.Œ0; 1�/ from
W to ¿. More concretely, zW C is the trace that we obtain by pushing W to C1 along the direction xk .
In a similar fashion, we can obtain a concordance zW � 2 d .N; k/.Œ0; 1�/ from W to ¿ by pushing W to
�1 along the direction xk . Note that both zW C and zW � are elements of  0

d
.N; k/.Œ0; 1�/. Indeed, if

f0; f1 W Œ0; 1�!R are the constant functions defined by f0.�/D 0 and f1.�/D 1 for all �2 Œ0; 1�, then we
evidently have that zW C

�
\
�
Rk�1�ff0.�/g�.0; 1/N�k

�
D¿ and zW �

�
\
�
Rk�1�ff1.�/g�.0; 1/N�k

�
D¿

for any point � 2 Œ0; 1�. Moreover, if fe0; e1; e2g is the standard basis of R3, we can assume that
zW C 2  0

d
.N; k/.he0; e1i/ and zW � 2  0

d
.N; k/.he0; e2i/ by pulling back zW C along the linear map

hC W he0; e1i ! Œ0; 1� determined by e0 7! 0 and e1 7! 1, and by pulling back zW � along the linear map
h� W he0; e2i! Œ0; 1� given by e0 7! 0 and e2 7! 1. By the way we defined the maps hC and h�, the fibers
zW Ce0 and zW �e0 are both equal to W . Thus, since  d .N; k/ is a quasi-PL space (see Remark 2.18), we can

glue zW C and zW � along W to produce an element zW 2  d .N; k/.ƒ20/, where ƒ20 is the 0th horn of the
standard simplex�2. By Theorem 2.13, this element zW induces a simplicial set map g Wƒ20�! d .N; k/�.
In fact, since zW C and zW � are elements of  0

d
.N; k/.he0; e1i/ and  0

d
.N; k/.he0; e2i/ respectively, g

maps ƒ20� to  0
d
.N; k/�. Thus, we can view g as a map of the form g Wƒ20�! 0

d
.N; k/�. We now claim
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that this map g W ƒ20�!  0
d
.N; k/� does not admit a lift to �2

�
. If such a lift for g W ƒ20�!  0

d
.N; k/�

did exist, then it would be possible to find an element yW 2  d .N; k/.�2/ such that yWƒ20 D
zW and for

which there exists a PL function Qf W�2!R with the property that

(5-4) yW�\
�
Rk�1 � f Qf .�/g � .0; 1/N�k

�
D¿

for all points � 2�2. In particular, the pair . zW ; Qf jƒ20/ would satisfy (5-4) for all � 2ƒ20. However, by
the way we constructed zW , it is impossible to find a PL function f Wƒ20!R satisfying the condition
zW�\

�
Rk�1�ff .�/g� .0; 1/N�k

�
D¿ globally over all ƒ20. Thus, our map g Wƒ20�! 0

d
.N; k/� does

not have a lift to �2
�
, and we can therefore conclude that  0

d
.N; k/� is not Kan.

We will also need the following bisimplicial set for the proof of Theorem 5.2.

Definition 5.6 N d .N; k/�;� is the bisimplicial set whose set of .p; q/-simplices consists of all .qC2/-
tuples .W; f0; : : : ; fq/, where W is a p-simplex of  d .N; k C 1/� and the fi ’s are piecewise linear
functions �p!R satisfying the following properties:

(i) For any two consecutive functions fj and fjC1 in .f0; : : : ; fq/, we have either fj .�/ < fjC1.�/
for all � 2�p, or fj .�/D fjC1.�/ for all � 2�p.

(ii) For each function fj in .f0; : : : ; fq/, we have that

(5-5) W�\
�
Rk � ffj .�/g � .0; 1/

N�k�1
�
D¿

for all fibers W� of the projection � WW !�p.

The structure map .�� ı/� induced by a morphism �� ı W Œp0�� Œq0�! Œp�� Œq� in the category ��� is
defined by

.�� ı/�.W; f0; : : : ; fq/D .�
�W; fı.0/ ı Q�; : : : ; fı.q0/ ı Q�/;

where Q� W�p
0

!�p is the linear map induced by �.

Remark 5.7 The notation N d .N; k/�;� suggests that we can regard this bisimplicial set as the nerve
of a monoid. Even though we have not defined a monoid structure on  d .N; k/�, we can think of a
.p; q/-simplex .W; f0; : : : ; fq/ of N d .N; k/�;� as the result of multiplying q elements of  d .N; k/p
plus some manifolds that we can push to infinity (namely, the parts of W below f0 and above fq). Note
that, despite the notation N d .N; k/�;�, the first component of a .p; q/-simplex .W; f0; : : : ; fq/ is a
p-simplex of  d .N; kC 1/�, not  d .N; k/�.

Remark 5.8 Observe also that there is a forgetful map

(5-6) F W kN d .N; k/�;�k! j 
0
d .N; kC 1/�j

obtained by forgetting all the functions fj . Now, for each W 2 0
d
.N; kC1/p , define FW to be the poset

of all functions f W�p!R that satisfy

W�\
�
Rk � ff .�/g � .0; 1/N�k�1

�
D¿
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for all � in �p. For any p-simplex W of  0
d
.N; k/�, the poset FW has a contractible classifying space.

Thus, by doing an argument almost identical to the one we did in the proof of Proposition 3.21, we can
show that the forgetful map F is a weak equivalence.

We claim that the scanning map Sk is homotopic to a composition of the following form:

(5-7) j d .N; k/�j !�kN d .N; k/�;�k!�j 0d .N; kC 1/�j !�j ¿

d .N; kC 1/�j:

The second and third maps are induced respectively by the forgetful map (5-6) and the inclusion

 0d .N; kC 1/� ,!  ¿

d .N; kC 1/�:

By Remark 5.8, the second map in (5-7) is a weak equivalence. We will define the leftmost map of (5-7)
in Section 5.3. The rest of this section will be structured as follows: In Section 5.3, we will construct
the map j d .N; k/�j !�kN d .N; k/�;�k and prove that it is a weak equivalence. Also, in Section 5.3,
we will show that the composition (5-7) is homotopic to the scanning map Sk . Next, in Section 5.4, we
prove that the inclusion  0

d
.N; kC 1/� ,!  ¿

d
.N; kC 1/� is also a weak homotopy equivalence, which

would then conclude the proof of Theorem 5.2. Finally, in Section 5.5, we will give the final details of
the proof of the article’s main theorem.

5.3 The group completion argument

In Proposition 5.9 below, we collect several properties of the bisimplicial set N d .N; k/�;� that we will
need for the proof of Theorem 5.2. We shall use the following notation in the statement of Proposition 5.9
and its proof:

� If W is a p-simplex of  d .N; kC 1/� and f W �p ! R is a piecewise linear function, we will
denote by W C f the image of W under the piecewise linear automorphism of �p �RN defined
by

.�; x1; : : : ; xkC1; : : : ; xN / 7! .�; x1; : : : ; xkC1Cf .�/; : : : ; xN /:

It is clear that W Cf is also a p-simplex of  d .N; kC 1/�.

� For any value a 2 R, we will denote by ca the constant map �p ! R which sends all points
� 2�p to a.

� d1 WN d .N; k/�;2!N d .N; k/�;1 will be the map of simplicial sets which sends a p-simplex
.W; f0; f1; f2/ ofN d .N; k/�;2 to .W; f0; f2/. We will use this map in part (iv) of Proposition 5.9.

Proposition 5.9 (i) For any integer q > 0, the inclusion of simplicial sets

�q W  d .N; k/� � � � � � d .N; k/�„ ƒ‚ …
q

!N d .N; k/�;q

which sends a q-tuple .W1; : : : ; Wq/ to
�`q

jD1.Wj C cj�1/; c0; : : : ; cq
�

is a weak homotopy
equivalence.

Algebraic & Geometric Topology, Volume 25 (2025)



The homotopy type of the PL cobordism category, I 2587

(ii) If ¿� is the subsimplicial set of N d .N; k/�;0 consisting of all degeneracies of the 0-simplex
.¿; c0/, then the inclusion ¿� ,! N d .N; k/�;0 is a weak homotopy equivalence. In particular ,
jN d .N; k/�;0j is contractible.

(iii) If ǰ W Œ1�! Œq� is the morphism in � defined by ǰ .0/D j �1 and ǰ .1/D j , then the morphism

Bq
WD .ˇ�1 ; : : : ; ˇ

�
q / WN d .N; k/�;q!N d .N; k/�;1 � � � � �N d .N; k/�;1„ ƒ‚ …

q

is a weak homotopy equivalence.

(iv) If �W �0.N d .N; k/�;1/ � �0.N d .N; k/�;1/! �0.N d .N; k/�;1/ is the product obtained by
composing the bijection

�0.N d .N; k/�;1/��0.N d .N; k/�;1/
Š
�! �0.N d .N; k/�;2/

induced by B2 (see part (iii) of this proposition) and the function between path components induced
by the map d1 WN d .N; k/�;2!N d .N; k/�;1, then the tuple

�
�0.N d .N; k/�;1/; �

�
is a group.

Proof In order to make this proof easier to follow, we are going to switch the roles of the coordinates x1
and xkC1. Thus, if .W; f0; : : : ; fq/ is a .p; q/-simplex of N d .N; k/�;�, then

W�\
�
ffj .�/g �Rk � .0; 1/N�k�1

�
D¿

for all j in f0; : : : ; qg and all � in �p.

To prove (i), we start by noting that the simplicial sets N d .N; k/�;q and Im �q are both Kan. Thus,
to show that the inclusion �q is a weak homotopy equivalence, it suffices to show that the geometric
realization of any morphism of pairs g W .�p

�
; @�p

�
/! .N d .N; k/�;q; Im �q/ represents the trivial class

in �p
�
jN d .N; k/�;qj; jIm �qj

�
. Fix then such a morphism g, and let .W; f0; : : : ; fq/ be the p-simplex

of N d .N; k/�;q classified by g. Since g.@�p
�
/ � Im �q , for each j in f0; : : : ; qg we must have that

fj agrees with the constant map cj on @�p. In particular, by the way we defined the bisimplicial set
N d .N; k/�;�, we have strict inequalities f0.�/ < f1.�/ < � � �< fq.�/ for all � in �p . Our first step is
to deform the maps f0; : : : ; fq into c0; : : : ; cq respectively. We will do this inductively. In other words,
we first deform (relative to @�p) f0 into c0, then f1 into c1, and so on. To transform f0 into c0, the
reader might be tempted to use the linear homotopy Lt .�/D .1� t / �f0.�/C t �c0.�/. The problem with
this construction is that (despite the name) linear homotopies are in general not piecewise linear. However,
we can fix this issue by applying the simplicial approximation theorem. This result allows us to deform
(relative to @�p) the linear homotopy Lt into a piecewise linear one. Therefore, by inductively applying
the simplicial approximation theorem, we can construct qC 1 PL maps H 0; : : : ;H q from Œ0; 1���p to
R satisfying the following properties:

� For each j in f0; : : : ; qg, the PL map H j W Œ0; 1���p!R is a homotopy from fj to the constant
map cj .

� For any j 2 f0; : : : ; qg and any t 2 Œ0; 1�, the restriction H j
t j@�p is equal to cj j@�p .
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� Furthermore, for any j in f0; : : : ; q�1g, we can guarantee thatH j
t .�/<H

jC1
t .�/ for all t 2 Œ0; 1�

and � 2�p.

Consider now the mapH W Œ0; 1���p�f0; : : : ; qg! Œ0; 1���p�R defined byH.t; �; j /D .t; �;H j
t .�//.

In the domain Œ0; 1���p � f0; : : : ; qg of H , the reader should regard f0; : : : ; qg as a 0-dimensional sub-
manifold of R. The last property listed above ensures that H is a PL isotopy of embeddings of f0; : : : ; qg
in R over Œ0; 1���p (which we can view as a .pC1/-isotopy once we identify Œ0; 1���p with IpC1).
In fact, it is not hard to prove that H is actually a locally trivial isotopy (see the discussion given before
Theorem 4.7). Therefore, by the version of the isotopy extension theorem given in Theorem 4.7, we can
find an ambient isotopy yH W Œ0; 1���p�R! Œ0; 1���p�R of R over Œ0; 1���p which extendsH . That
is, for any point .t; �/ 2 Œ0; 1���p and any j 2 f0; : : : ; qg, we have that yH.t;�/.j /DH

j
t .�/. Moreover,

for any point .t; �/ in the union of Œ0; 1��@�p and f1g��p , the map H.t;�/ is just the natural inclusion
f0; : : : ; qg ,!R that maps each point in f0; : : : ; qg to itself. In particular, the identity ambient isotopy of
R over .Œ0; 1��@�p/[.f1g��p/ extends the isotopyH over the base-space .Œ0; 1��@�p/[.f1g��p/.
Therefore, since there is a PL retraction from Œ0; 1���p onto the union .Œ0; 1��@�p/[.f1g��p/, we can
use an argument identical to the one given in Remark 4.5 to ensure that yH agrees with the identity ambient
isotopy over Œ0; 1�� @�p and f1g��p . Finally, consider the PL automorphism yH0 W�

p �R!�p �R

obtained by restricting yH on f0g��p �R, and let zH W Œ0; 1���p �R! Œ0; 1���p �R be the ambient
isotopy defined by setting zH WD yH ı .IdŒ0;1� � yH�10 /. Note that this new map zH satisfies the following
properties:

� zH0 is equal to the identity map Id�p�R.

� For any point .t; �/ in Œ0; 1���p, we have zH.t;�/.fj .�//DH
j
t .�/.

Now, let F be the PL automorphism from Œ0; 1���p �RN to itself defined as F D zH � IdRN�1 , and let
zW denote the image of the constant concordance Œ0; 1��W under F . Note that zW is an element of

 d .N; kC 1/.Œ0; 1���
p/

with the property that, for each .t; �/ 2 Œ0; 1���p and each j 2 f0; : : : ; qg, the fiber zW.t;�/ does not
intersect the hyperplane fH j

t .�/g�RN�1. Thus, even though we never defined an extension PLop
!Sets

for the simplicial set N d .N; k/�;q , we can view the .qC2/-tuple . zW ;H 0; : : : ;H q/ as a concordance
between two elements of N d .N; k/p;q . More precisely, since H j is a PL homotopy from fj to cj ,
. zW ;H 0; : : : ;H q/ will act as a concordance from the element .W; f0; : : : ; fq/ to another element of the
form .W 0; c0; : : : ; cq/. Thus, by applying the construction we carried out in the proof of Proposition 2.21
to the concordance . zW ;H 0; : : : ;H q/, we can produce a homotopy h W Œ0; 1���p ! jN d .N; k/�;qj
from jgj to the geometric realization of the map g0 W�p

�
!N d .N; k/�;q which classifies the p-simplex

.W 0; c0; : : : ; cq/. Moreover, since each of the maps H 0; : : : ;H q satisfies H j
t j@�p D cj j@�p for all

times t 2 Œ0; 1�, we can guarantee that ht .@�p/ � jIm �qj for each t 2 Œ0; 1�. Finally, since the fibers
of W 0 do not intersect either f0g �RN�1 or fqg �RN�1, we can push to infinity those parts of W 0
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below f0g � RN�1 and above fqg � RN�1 to produce a concordance of the form . zW 0; c0; : : : ; cq/

between .W 0; c0; : : : ; cq/ and a p-simplex .W 00; c0; : : : ; cq/ which lies in the image of �q . This new
concordance will also induce a homotopy h0 W Œ0; 1���p!jN d .N; k/�;qj such that h0t .@�

p/� jIm �qj

for all t 2 Œ0; 1�. Therefore, by concatenating the homotopies h and h0, we obtain a homotopy of
maps of pairs .�p; @�p/ ! .jN d .N; k/�;qj; jIm �qj/ from jgj to a map that represents the trivial
class in �p

�
jN d .N; k/�;qj; jIm �qj

�
. This concludes the proof of part (i). Also, observe that the

arguments we used in the previous proof can be used to show that any map of pairs of the form
.�p
�
; @�p

�
/! .N d .N; k/�;0;¿�/ represents the trivial class in �p

�
jN d .N; k/�;0j; j¿�j

�
. This proves

claim (ii).

Part (iii) is basically a consequence of part (i) and of the techniques we used to prove that statement.
Indeed, consider the canonical homeomorphisms

P W

ˇ̌̌̌ qY
iD1

N d .N; k/�;1

ˇ̌̌̌
!

qY
iD1

jN d .N; k/�;1j; Q W

ˇ̌̌̌ qY
iD1

 d .N; k/�

ˇ̌̌̌
!

qY
iD1

j d .N; k/�j:

Applying the techniques we used to prove part (i), we can show that P ı jBqj ı j�qj is homotopic to
.j�1j� � � �� j�1j/ıQ. Since .j�1j� � � �� j�1j/ıQ is a weak homotopy equivalence, so is P ı jBqj ı j�qj.
In particular, we must have that Bq is also a weak homotopy equivalence.

To prove (iv), we are going to use the following notation: Given any open interval J � R, we will
denote by  J

d
.N; kC 1/� the subsimplicial set of  d .N; kC 1/� whose set of p-simplices is the subset

of  d .N; kC 1/p consisting of all W that are contained in �p �J �Rk � .0; 1/N�k�1. Also, for any
0-simplex W 2  d .N; kC 1/0 and any open interval J �R, we will denote by WJ the intersection of
W and J �Rk � .0; 1/N�k�1. Note that any 0-simplex of N d .N; k/�;1 is path connected to a vertex
.W 0; a; b/ with W 0 2  .a;b/

d
.N; k/0. Indeed, if .W; a; b/ is a 0-simplex of N d .N; k/�;1, then we can

obtain a concordance from .W; a; b/ to .W.a;b/; a; b/ by pushing W.b;1/ and W.�1;a/ to C1 and �1
respectively along the x1-direction. Thus, throughout the remainder of this proof, whenever we take a
0-simplex .W; a; b/ of N d .N; k/�;1, we may assume that W 2  .a;b/

d
.N; kC 1/�.

Taken together, statements (ii) and (iii) say that the bisimplicial set N d .N; k/�;� is a Segal space. In
particular, the product � on �0.N d .N; k/�;1/ that we defined in part (iv) of this proposition is both
unital and associative. The unit is the path component containing all 0-simplices of the form .¿; a; b/.
Thus, to conclude the proof of (iv), we just need to show that any element in �0.N d .N; k/�;1/ has
an inverse with respect to the product �. To do this, we again reverse the roles of x1 and xkC1. Thus,
a triple .W; a; b/ is a 0-simplex of N d .N; k/�;1 if it satisfies W \

�
Rk � fag � .0; 1/N�k�1

�
D ¿

and W \
�
Rk � fbg � .0; 1/N�k�1

�
D ¿. Pick then a 0-simplex .W; a; b/. Without loss of generality,

we may assume that a D 0, b D 1, and that W 2  .0;1/
d

.N; k C 1/0. In other words, we assume that
W 2 d .N; k/0. Also, let us pick a regular value a 2Rk of the standard projection xk WW !Rk , and let
M denote the preimage x�1

k
.a/. Note that such a value a 2Rk exists because the set of regular values of

xk WW !Rk is dense in Rk . By a technique that we will discuss in Remark 5.26, we can guarantee that
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Figure 1: The image of g.

there is a concordance zW 2  d .N; k/.Œ0; 1�/ from W to the product Rk �M . Note that Rk �M is also
a 0-simplex of  d .N; k/�. It follows that .W; 0; 1/ and .Rk �M; 0; 1/ lie in the same path component of
N d .N; k/�;1. Thus, without loss of generality, we can assume from now on that W DRk �M . Next,
pick a PL embedding g WR� .0; 1/!R� .0; 3/ whose image is equal to the one illustrated in Figure 1.

Moreover, let G WRk�1 �R� .0; 1/�RN�k�1!RN be the embedding defined by

G D IdRk�1 �g� IdRN�k�1 :

The image G.W / is a 0-simplex of  .0;3/
d

.N; kC1/� which is empty at all heights xk > 2. Therefore, we
can produce a concordance between G.W / and ¿ by pushing G.W / towards �1 along the xk-direction.
On the other hand, recall that W is of the form Rk �M . Thus, if we push G.W / towards xk D1, we
obtain a concordance from G.W / to a 0-simplex of the form W tW 0 with W 0 2 .2;3/

d
.N; kC1/0. This

implies that the product Œ.W; 0; 1/� � Œ.W 0; 2; 3/� is equal to Œ.¿; 0; 3/�, and we can therefore conclude
that the element Œ.W; 0; 1/� has an inverse with respect to �.

The following proposition, stated and proven in [14], will be our main tool to prove that the first map in
(5-7) is a weak homotopy equivalence (compare with [4, Lemma 3.14]). For any positive integer p and
any j in f1; : : : ; pg, we will denote again by ǰ the morphism Œ1�! Œp� in � defined by ǰ .0/D j � 1

and ǰ .1/D j .

Proposition 5.10 Let X� be a simplicial space such that , for each nonnegative integer p, we have that

.ˇ�1 ; : : : ; ˇ
�
p / WXp!X1 � � � � �X1„ ƒ‚ …

p

is a homotopy equivalence (when p D 0, this means that X0 is contractible). Then the adjoint X1 !
�X0 jX�j of the natural map Œ�1; 1��X1!jX�j is a homotopy equivalence if and only if X� is group-like ,
ie �0.X1/ is a group with respect to the product induced by the face map d1 WX2!X1.
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In this statement, �X0 jX�j denotes the space of paths in jX�j which start and end in X0, which we view
as a subspace of jX�j. If we apply the geometric realization functor to the first simplicial direction of
N d .N; k/�;�, we obtain a simplicial space whose space of q-simplices is equal to jN d .N; k/�;qj. The
following is an immediate consequence of Proposition 5.9.

Lemma 5.11 The simplicial space Œq� 7! jN d .N; k/�;qj satisfies the assumptions of Proposition 5.10.

We will now define the first map of (5-7). Recall that the preferred basepoint for any space of the form
j d .N; k/�j is the geometric realization of the subsimplicial set ¿� consisting of all empty simplices
¿ 2  d .N; k/p. On the other hand, our preferred basepoint for the space kN d .N; k/�;�k will be the
vertex corresponding to the .0; 0/-simplex .¿; 0/. We will denote this basepoint by x0.

Note 5.12 (construction of the first map in (5-7)) Recall that the scanning map Sk was induced by a
map T W Œ�1; 1�� j d .N; k/�j ! j d .N; kC 1/�j which sends Œ�1; 1�� j¿�j and f�1; 1g � j d .N; k/�j
to the basepoint j¿�j of j d .N; k C 1/�j. See the discussion given before Definition 5.1. In this
note, we will call this map T the adjoint of the scanning map. Also, let us denote the restriction
of T on Œ�1; 0� � j d .N; k/�j and Œ0; 1� � j d .N; k/�j by T� and TC respectively. To construct the
map zT W Œ�1; 1�� j d .N; k/�j ! kN d .N; k/�;�k that will induce the leftmost map in (5-7), we will
first modify T� and TC so that their targets become kN d .N; k/�;�k. However, once we do this
modification, the two maps will not agree on f0g�j d .N; k/�j. Thus, we will also define a map of the form
Œ�1; 1��j d .N; k/�j! kN d .N; k/�;�k that will allow us to transition between the new versions of T�

and TC. The rigorous details of the construction of the map zT W Œ�1; 1��j d .N; k/�j! kN d .N; k/�;�k
are given in the following steps:

Step 1 Let  <1
d
.N; kC 1/� be the subsimplicial set of  d .N; kC 1/� whose p-simplices are all the

W 2  d .N; kC 1/p such that W ��p �Rk � .�1; 1/� .0; 1/N�k�1. We also define  >0
d
.N; kC 1/�

in a similar fashion. That is, W is in  >0
d
.N; k C 1/p if W � �p �Rk � .0;1/ � .0; 1/N�k�1. It

is easy to check that Im T� � j <1
d
.N; kC 1/�j and Im TC � j >0

d
.N; kC 1/�j. Thus, we can view

T� and TC as maps into j <1
d
.N; kC 1/�j and j >0

d
.N; kC 1/�j respectively. Also, note that we can

define inclusions j� W  <1
d
.N; kC 1/� ,!N d .N; k/�;0 and jC W  >0

d
.N; kC 1/� ,!N d .N; k/�;0 by

setting j�.W /D .W; c1/ and jC.W /D .W; c0/. We will modify T� and TC by taking the following
compositions:

Œ0; 1�� j d .N; k/�j
T�
�! j <1d .N; kC 1/�j

jj�j
��! jN d .N; k/�;0j ,!kN d .N; k/�;�k;

Œ�1; 0�� j d .N; k/�j
TC
�! j >0d .N; kC 1/�j

jjCj
��! jN d .N; k/�;0j ,!kN d .N; k/�;�k:

In both compositions, the last map is the canonical inclusion of jN d .N; k/�;0j into kN d .N; k/�;�k.
In the remainder of this construction, we will label these compositions as zT� and zTC respectively.

Step 2 Next, we will define the map that we will use to interpolate between zT� and zTC. To do this,
consider the natural map q W�1�jN d .N; k/�;1j ! kN d .N; k/�;�k. From now on, in the domain of q,
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we will replace �1 with Œ�1; 1�. The map g W Œ�1; 1�� j d .N; k/�j ! kN d .N; k/�;�k that we will use
to interpolate from zT� to zTC is defined as the composition

Œ�1; 1�� j d .N; k/�j ! Œ�1; 1�� jN d .N; k/�;1j
q
�! kN d .N; k/�;�k;

where the first map is the product of IdŒ�1;1� and the geometric realization of the morphism

�1 W  d .N; k/�!N d .N; k/�;1

that we defined in part (i) of Proposition 5.9.

Step 3 In this step, we concatenate the maps zT�, g, and zTC. More concretely, we define a map
zT0 W Œ�1; 1�� j d .N; k/�j ! kN d .N; k/�;�k as follows:

(5-8) zT0.t; x/D

8̂<̂
:
zT�.2t C 1; x/ if t 2

�
�1;�1

2

�
;

g.2t; x/ if t 2
�
�
1
2
; 1
2

�
;

zTC.2t � 1; x/ if t 2
�
1
2
; 1
�
:

Step 4 Note that the map zT0 that we defined in Step 3 will not induce a map of the form j d .N; k/�j !
�kN d .N; k/�;�k since zT0 maps f�1g � j d .N; k/�j and f1g � j d .N; k/�j to different points in
kN d .N; k/�;�k. More precisely, the map zT0 sends f�1g � j d .N; k/�j to the vertex corresponding to
the 0-simplex .¿; 1/ and f1g � j d .N; k/�j to the vertex corresponding to the 0-simplex .¿; 0/ (which,
recall, we are denoting by x0). To fix this, and to give the definition of our desired map zT, consider the
characteristic map

c W�1 Š Œ0; 1�! jN d .N; k/�;1j

of the .0; 1/-simplex .¿; 0; 1/. Note that, by reversing the orientation of this edge, we obtain a path from
x0 to the vertex corresponding to .¿; 1/. Then, we define the map

zT W Œ�1; 1�� j d .N; k/�j ! kN d .N; k/�;�k

by setting

(5-9) zT.t; x/D

�
c.�t / if t 2 Œ�1; 0�;
zT0.�1C 2t; x/ if t 2 Œ0; 1�:

By construction, this map zT sends f�1; 1g� j d .N; k/�j to the basepoint x0 of kN d .N; k/�;�k. There-
fore, the adjoint of zT will be a map of the form

(5-10) H W j d .N; k/�j !�kN d .N; k/�;�k:

We take this H to be the first map in the composition (5-7). Note that H.j¿�j/ is not equal to the constant
loop Œ�1; 1�! x0, so H is not a pointed map. By following the construction given above, one can see
that H.j¿�j/ is homotopic to the loop which first traverses the image of c from c.1/ to c.0/, and then
traverses the image of c again from c.0/ back to c.1/. In particular, H.j¿�j/ is a nullhomotopic loop.

Now that we have introduced all the maps involved in the composition (5-7), we can prove the following
fact.
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Lemma 5.13 The composition given in (5-7) is homotopic to the scanning map Sk .

Proof To prove this lemma, we will show that the adjoint T W Œ�1; 1�� j d .N; k/�j ! j d .N; kC 1/�j

of the scanning map is homotopic to the adjoint of the map (5-7). The adjoint

g W Œ�1; 1�� j d .N; k/�j ! j 
¿

d .N; kC 1/�j

of (5-7) is equal to the composite

Œ�1; 1�� j d .N; k/�j
zT
�! kN d .N; k/�;�k

F
�! j 0d .N; kC 1/�j

i
�! j ¿

d .N; kC 1/�j;

where zT is the map we defined in Note 5.12, F is the forgetful map introduced in Remark 5.8, and i
is the inclusion from j 0

d
.N; kC 1/�j into j ¿

d
.N; kC 1/�j. Using the definition of the map zT given

in (5-9), it is easy to verify that for each .t; x/ 2 Œ�1; 1�� j d .N; k/�j we have

g.t; x/D T.�.t/; x/;

where � W Œ�1; 1�! Œ�1; 1� is the continuous function defined by

�.t/D

8̂̂̂<̂
ˆ̂:
�1 if t 2 Œ�1; 0�;

4t � 1 if t 2
�
0; 1
4

�
;

0 if t 2
�
1
4
; 3
4

�
;

4t � 3 if t 2
�
3
4
; 1
�
:

If h W Œ0; 1�� Œ�1; 1�! Œ�1; 1� is any homotopy between � and IdŒ�1;1� relative to the endpoints of Œ�1; 1�,
then the map

H W Œ0; 1�� Œ�1; 1�� j d .N; k/�j ! j d .N; kC 1/�j

defined by .s; t; x/ 7!T.h.s; t/; x/ is a homotopy between g and T which is fixed on f�1; 1g�j d .N; k/�j.
Consequently, the scanning map Sk is homotopic to the composition given in (5-7).

As we indicated earlier, the leftmost map in (5-7) has the following property.

Proposition 5.14 The map H W j d .N; k/�j !�kN d .N; k/�;�k defined in Note 5.12 is a weak homo-
topy equivalence.

Proof Denote the geometric realization of N d .N; k/�;0 by N0, and let �N0kN d .N; k/�;�k be the
space of paths Œ�1; 1�!kN d .N; k/�;�k which start and end at N0. Since N0 is contractible (part (ii)
of Proposition 5.9), the natural inclusion

� W�kN d .N; k/�;�k ,!�N0kN d .N; k/�;�k

is a weak homotopy equivalence. Thus, to prove this proposition, it suffices to show that the composition

(5-11) 
1 W j d .N; k/�j
H
�!�kN d .N; k/�;�k

�
�!�N0kN d .N; k/�;�k

is a weak equivalence. To this end, let us also consider the composition

(5-12) 
2 W j d .N; k/�j
j�1j
��! jN d .N; k/�;1j !�N0kN d .N; k/�;�k;
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where the first map is the geometric realization of the morphism of simplicial sets �1 defined in part (i) of
Proposition 5.9, and the second map is the adjoint of the natural map

q W Œ�1; 1�� jN d .N; k/�;1j ! kN d .N; k/�;�k:

Recall that we also used this map q in Step 2 of Note 5.12. By Propositions 5.9 and 5.10, and Lemma 5.11,
the map 
2 given in (5-12) is a weak homotopy equivalence. Thus, to conclude this proof, it is enough to
show that 
1 and 
2 are homotopic to each other. For this last step, we will use the following notation:
for any x 2 j d .N; k/�j and t 2 Œ�1; 1�, we will denote the image of t in the path 
1.x/ (resp. 
2.x/)
by 
1.x; t/ (resp. 
2.x; t/). A careful inspection of the definition of 
1 and 
2 yields the following
observations:

� For any x 2 j d .N; k/�j, we have that 
1.x; t/D 
2.x; 4t � 2/ if t is in
�
1
4
; 3
4

�
.

� For any x 2 j d .N; k/�j and any t 2
�
�1; 1

4

�
[
�
3
4
; 1
�
, the image 
1.x; t/ is in N0.

Therefore, we can define a homotopy from 
1 to 
2 by gradually shrinking the restrictions 
1.x/jŒ�1;1=4�
and 
1.x/jŒ3=4;1� for all x in j d .N; k/�j. Consequently, since 
2 is a weak homotopy equivalence, then
so is the map 
1.

5.4 The inclusion  0
d
.N; k/� ,! ¿

d
.N; k/�

It remains to show that the last map in the composite (5-7) is a weak homotopy equivalence. This will be
a consequence of the following proposition.

Proposition 5.15 If N � d � 3, then the inclusion  0
d
.N; k/� ,!  ¿

d
.N; k/� is a weak homotopy

equivalence when k > 1.

For the proof of this proposition, we need to extend the simplicial set  ¿

d
.N; k/� to a functor of the form

PLop
! Sets.

Definition 5.16  ¿

d
.N; k/ W PLop

! Sets shall be the functor that sends a PL space P to the subset
 ¿

d
.N; k/.P /� d .N; k/.P / consisting of allW 2 d .N; k/.P / with the property that each fiberW� is

concordant (when viewed as an element of  d .N; k/0) to ¿. Given any PL map f WQ! P , the functor
 ¿

d
.N; k/ will send f to the function f � W  d .N; k/.P /!  d .N; k/.Q/ defined by taking pull-backs.

Evidently, we have that  ¿

d
.N; k/.�p/D ¿

d
.N; k/p , so the functor defined above is indeed an extension

of  ¿

d
.N; k/�.

Note 5.17 As we did for Theorem 4.1, we will prove Proposition 5.15 by showing that the corresponding
inclusion of semisimplicial sets Q 0

d
.N; k/� ,! Q 

¿

d
.N; k/� is a weak homotopy equivalence. Throughout

the rest of this section, unless noted otherwise, we shall denote the semisimplicial sets Q 0
d
.N; k/�

and Q ¿

d
.N; k/� by  0

d
.N; k/� and  ¿

d
.N; k/� respectively. Also, for the proof of Proposition 5.15,
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we shall interchange once again the roles of xk and x1. Thus, a p-simplex W of  d .N; k/� is in
 0
d
.N; k/p if there is a piecewise linear function f W�p!R such that, for each � in �p, we have that

W�\
�
ff .�/g �Rk�1 � .0; 1/N�k

�
D¿.

Before we begin proving Proposition 5.15, we point out that, by adjusting the argument given in Remark 5.5
to the semisimplicial setting, we can show that the semisimplicial set  0

d
.N; k/� is also not Kan. Thus,

we run into the same issue we discussed in Remark 3.10. That is, if

f W .�p; @�p/!
�
j ¿

d .N; k/�j; j 
0
d .N; k/�j

�
represents an element in �p.j ¿

d
.N; k/�j; j 

0
d
.N; k/�j/, then we cannot guarantee that f is homotopic to

the geometric realization of a morphism of the form g W .�p
�
; @�p

�
/! . ¿

d
.N; k/�;  

0
d
.N; k/�/. To fix this,

as we did in the proof of Theorem 4.1, we will use again Proposition 2.28. The proof of Proposition 5.15
is practically identical to that of Theorem 4.1 once we have the following result.

Proposition 5.18 Fix a compact PL space P and let i0; i1 W P ,! Œ0; 1��P be the inclusions defined
by ij .x/ D .j; x/ for j D 0; 1. Given any W in  ¿

d
.N; k/.P / and any real value ˇ, we can find a

concordance zW 2  ¿

d
.N; k/.Œ0; 1��P / with the following properties:

(i) i�0
zW DW .

(ii) zW agrees with the constant concordance Œ0; 1� �W when we restrict the background space to
.�1; ˇ/�RN�1.

(iii) For the element W 0 D i�1
zW , there exists a finite open cover U1; : : : ; Uq of P and real values

a1; : : : ; aq 2 .ˇ;1/ such that , for each j 2 f1; : : : ; qg, we have that W 0
�
\ .faj g�RN�1/D¿ for

all � 2 Uj .

Proof of Proposition 5.15 Let us give the proof of Proposition 5.15 assuming Proposition 5.18. Consider
then an arbitrary map of pairs

(5-13) f W .�p; @�p/!
�
j ¿

d .N; k/�j; j 
0
d .N; k/�j

�
:

We need to prove that f represents the trivial class in �p.j ¿

d
.N; k/�j; j 

0
d
.N; k/�j/. First, note that both

j ¿

d
.N; k/�j and j 0

d
.N; k/�j are invariant under the subdivision map � of j‰d .RN /�j and the homotopy

between � and Idj‰d .RN /�j that we defined in Section 2.4. Thus, by Proposition 2.28, f is homotopic (as
a map of pairs) to a composite of the form

(5-14) .�p; @�p/
f 0
�! .jK�j; jK

0
�
j/
jhj
�!

�
j ¿

d .N; k/�j; j 
0
d .N; k/�j

�
;

where .K�; K 0�/ is a pair of finite semisimplicial sets induced by a pair of finite ordered simplicial complexes
.K;K 0/. Now, consider the bijective correspondence ‰d .RN /.jKj/! Semi-Ssets.K�; ‰d .RN /�/ given
by the version of Theorem 2.13 for semisimplicial sets (see Remark 2.22). Clearly, if we restrict this
function on  ¿

d
.N; k/.jKj/, we will obtain a bijection  ¿

d
.N; k/.jKj/ Š�! Semi-Ssets.K�;  ¿

d
.N; k/�/.

Thus, the map h WK�! ¿

d
.N; k/� that appears in (5-14) classifies (relative to the triangulation .K; IdjKj/)
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a unique element W 2  ¿

d
.N; k/.jKj/. Moreover, since h.K 0

�
/�  0

d
.N; k/�, for each simplex � 2K 0

we can find a PL function f� W � !R such that

W� \ .�.f� /�Rk�1 � .0; 1/N�k/D¿;

where �.f� / is the graph of the function f� . Now, fix a real constant ˇ such that Imf� � .�1; ˇ/

for all simplices � of K 0. Then, by applying Proposition 5.18 to W and ˇ, we can find a concordance
zW 2  ¿

d
.N; k/.Œ0; 1�� jKj/ from W to an element W 0 2  ¿

d
.N; k/.jKj/ for which there exists a finite

open cover U1; : : : ; Uq of jKj and real values a1; : : : ; aq > ˇ such that

(5-15) W 0Uj \
�
�.caj /�Rk�1 � .0; 1/N�k

�
D¿

for each j D 1; : : : ; q. In (5-15), �.caj / is the graph of the constant function caj W Uj !R which maps
every point in Uj to aj . Also, by Proposition 5.18, we can guarantee that zW agrees with the constant
concordance Œ0; 1� �W when we restrict the background space to .�1; ˇ/ �Rk�1 � .0; 1/N�k . At
this point, we have a scenario similar to the one we had in the proof of Theorem 4.1. In that proof, we
obtained an open cover U1; : : : ; Uq such that the corresponding element W 0 admitted a fiberwise regular
value over each Uj . On the other hand, in our current proof, the local condition that holds over each Uj
is the one expressed in (5-15). That is, for each Uj in our open cover, we have that W 0 does not intersect
the graph of the constant function caj over Uj . Therefore, by doing arguments almost identical to the
ones we did to conclude the proof of Theorem 4.1, we can prove that the map f in (5-13) represents the
trivial class in �p

�
j ¿

d
.N; k/�j; j 

0
d
.N; k/�j

�
.

The proof of Proposition 5.18 is rather intricate and it requires proving several preliminary lemmas.
Before jumping into any technicalities, we will spend a few moments motivating our strategy for this
proof. An essential idea that will underlie our argument is that nullbordisms can be pushed to infinity. In
the next definition, we clarify what we mean by nullbordism.

Definition 5.19 Let k, d , and N be nonnegative integers such that k < d < N . We say that a 0-simplex
M of  d�k.N � k; 0/� is nullbordant if there exists a compact PL submanifold C of Œ0; 1�� .0; 1/N�k

of dimension d � kC 1 which satisfies the following:

(i) @C DM and @C � f0g � .0; 1/N�k .

(ii) C \ .f1g � .0; 1/N�k/D¿.

A PL submanifold C of Œ0; 1�� .0; 1/N�k satisfying the above conditions will be called a nullbordism
for M .

The reason why we formulate Definition 5.19 for  d�k.N � k; 0/� instead of only  d .N; 0/� is because
we will typically use this definition while working with manifolds and ambient spaces whose dimensions
are smaller than our usual d and N . Before we continue motivating the proof of Proposition 5.18, we
need to recall the following notation:
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� For any PL space P and open set U in RN, ‰d .U /.P / is the set of all closed PL subspaces
W of P �U with the property that the standard projection � W W ! P is a PL submersion of
codimension d . Also, recall that ‰d .U /� is the simplicial set whose set of p-simplices is equal to
‰d .U /.�

p/.

� For any element W in ‰d .R
N /.P / (in particular, in  ¿

d
.N; k/.P /) and any point � 2 P ,

x1 W W� ! R shall continue to denote the standard projection from the fiber W� onto the first
coordinate of RN.

Now, let P be a compact PL space and W an element of  ¿

d
.N; k/.P /. To prove Proposition 5.18, we

need to show that it is possible to deform W so that each fiber W� has an empty level set of the form
x�11 .a/D¿. Moreover, throughout the deformation, the fibers of W need to remain unchanged below
the height ˇ that we fixed in the statement of Proposition 5.18. In Lemma 5.20 below, we will introduce
the basic maneuver that we will use to achieve this type of deformation. As the reader shall see, the fact
that we can push nullbordisms to infinity will play a crucial role in the proof of this lemma. We will use
the following terminology in the statement of Lemma 5.20: Fix an open set U in Rk , a 0-simplex M of
 d�k.N �k; 0/�, a PL space P , and an element W of  d .N; k/.P /. We shall say that a fiber W� of the
projection � WW ! P is M -standard in U if W�\ .U � .0; 1/N�k/D U �M .

Lemma 5.20 Fix integers 1 < k < d < N and let W be a 0-simplex of  d .N; k/�, which we can view
as the unique fiber of a map W !� onto a point. Suppose there is a 0-simplex M of  d�k.N � k; 0/�,
a real number a, and a value ı > 0 such that W is M -standard in .a� ı; aC ı/�Rk�1. Then , if M is
nullbordant , there exists a concordance zW 2  d .N; k/.Œ0; 1�/ with the following properties:

(i) zW is a concordance from W to an element W 0 2  d .N; k/0 with the property that

W 0\ .fag �RN�1/D¿:

(ii) zW agrees with the constant concordance Œ0; 1��W when we restrict the background space to the
complement of Œa� ı=2; aC ı=2��RN�1.

Proof Let W.ı/ denote the intersection of W with .a� ı; aC ı/�RN�1. This W.ı/ is a 0-simplex
of ‰d ..a� ı; aC ı/�RN�1/�. Moreover, since W is M -standard in .a� ı; aC ı/�Rk�1, we have
that W.ı/D .a� ı; aC ı/�Rk�1 �M . Our strategy for constructing the concordance zW is roughly
the following. First, we shall construct an element zMı of ‰d ..a� ı; aC ı/�RN�1/.Œ0; 1�/ which will
be a concordance between W.ı/ and another 0-simplex of ‰d ..a� ı; aC ı/�RN�1/� which does not
intersect the hyperplane fag �RN�1. Moreover, all the fibers of zMı will be M -standard in both�

a� ı; a� 1
2
ı
�
�Rk�1 and

�
aC 1

2
ı; aC ı

�
�Rk�1:

Note that the fibers of the constant concordance Œ0; 1��W are also M -standard in both of these open
sets of Rk . In fact, the fibers of Œ0; 1��W are M -standard in all of .a� ı; aC ı/�Rk�1. Then, we will
obtain the concordance zW by cutting out the subspace Œ0; 1�� .a� ı; aC ı/�Rk�1�M from Œ0; 1��W
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and then gluing in the concordance zMı . We will break down this proof into fours steps. In Steps 1, 2,
and 3, we will construct the concordance zMı . Finally, in Step 4, we carry out the gluing process that we
described above.

Step 1 We start by constructing a concordance between the product R�M (which is a 0-simplex of
 d�kC1.N �kC1; 1/�) and the empty manifold ¿. First, let us fix a nullbordism C � Œ0; 1�� .0; 1/N�k

of M (in the sense of Definition 5.19) and let D be the 0-simplex of  d�kC1.N � kC 1; 1/� defined as
the following union:

(5-16) D D ..�1; 0��M/[C:

That is, D is the “extended” nullbordism obtained by attaching the half-closed cylinder .�1; 0��M to
the boundary of C . Now, take the constant concordance Œ0; 1��D 2  d�kC1.N � kC 1; 1/.Œ0; 1�/ and
let e W Œ0; 1��R! Œ0; 1��R be an open PL embedding which commutes with the projection onto Œ0; 1�
and has the following properties:

� The image of the map e0 is the open interval .�1; 0/.

� The map e1=2 is equal to the identity map IdR.

� The image of the map e1 is the open interval .1; 2/.

If E W Œ0; 1��R� .0; 1/N�k! Œ0; 1��R� .0; 1/N�k is the open PL embedding defined by

E D e� Id.0;1/N�k ;

then Proposition 2.10 guarantees that the preimage E�1.Œ0; 1��D/ is an element of

 d�kC1.N � kC 1; 1/.Œ0; 1�/:

From now on, we will denote this new element by zC . By the way we chose the embedding e, we have
that zC satisfies the following three conditions:

zC0 DR�M; zC1=2 DD; zC1 D¿:

In particular, zC is a concordance from R�M to ¿. Intuitively, the process that is being described by the
concordance zC is the following. As we go from t D 1

2
to t D 1 along the interval Œ0; 1�, we are pushing

the extended nullbordism D towards �1. At time t D 1, we reach the empty manifold ¿. On the other
hand, if we go from t D 1

2
to t D 0, we are pulling D towards C1. At time t D 0, we reach the infinite

cylinder R�M .

Step 2 Consider again the 0-simplex W.ı/ of ‰d ..a � ı; aC ı/�RN�1/� obtained by intersecting
W with .a� ı; aC ı/�RN�1. Since W.ı/D .a� ı; aC ı/�Rk�1 �M , it follows that the obvious
projection x1 WW.ı/! .a� ı; aC ı/ is a PL submersion of codimension d �1. Thus, we can also regard
W.ı/ as an element of the set ‰d�1.RN�1/..a� ı; aC ı//, where the projection from W.ı/ onto the
base-space .a� ı; aC ı/ is given by x1 WW.ı/! .a� ı; aC ı/. In this step, we will show that W.ı/,
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when viewed as an element of ‰d�1.RN�1/..a� ı; aC ı//, is concordant to the empty manifold ¿. To
do this, consider the PL homeomorphism defined as the composition

(5-17)

.a� ı; aC ı/�Rk�2 � Œ0; 1��R� .0; 1/N�k

P
��

Œ0; 1�� .a� ı; aC ı/�Rk�2 �R� .0; 1/N�k

S
��

Œ0; 1�� .a� ı; aC ı/�Rk�1 � .0; 1/N�k

where P is the obvious permutation map and S is the map defined via the identification Rk�2�RŠRk�1.
Now, if zC 2  d�kC1.N � kC 1; 1/.Œ0; 1�/ is the concordance that we constructed in Step 1, then the
image of the product .a� ı; aC ı/�Rk�2 � zC under the PL homeomorphism S ıP will be an element
of ‰d�1.RN�1/.Œ0; 1�� .a� ı; aC ı//. It is not hard to verify that this element, which we will denote
by zW .ı/, is a concordance from W.ı/ 2 ‰d�1.R

N�1/..a � ı; aC ı// to ¿. We point out that it is
exactly in this step where we need the condition k > 1. Besides the x1-axis, where we have the interval
.a� ı; aC ı/, we need at least one more direction to push the fibers of x1 W W.ı/! .a� ı; aC ı/ to
infinity.

Step 3 To complete the construction of the concordance zMı , we need to fix a PL map

r W Œ0; 1�� .a� ı; aC ı/! Œ0; 1�� .a� ı; aC ı/

with the following properties:

(i) r.t; x/D .0; x/ if x 2 .a� ı; a� ı=2/[ .aC ı=2; aC ı/ or if t D 0.

(ii) r.t; x/D .t; x/ if x 2 Œa� ı=4; aC ı=4�.

We define zMı as the pull-back r� zW .ı/ of zW .ı/ along the PL map r . Since zW .ı/ is an element of
‰d�1.R

N�1/.Œ0; 1�� .a� ı; aC ı//, then so is zMı . In particular, the standard projection

� W zMı ! Œ0; 1�� .a� ı; aC ı/

is a PL submersion of codimension d�1. However, the obvious projection pr1 W Œ0; 1��.a�ı; aCı/! Œ0; 1�

is clearly a PL submersion of codimension 1. Therefore, the composition pr1 ı� W zMı ! Œ0; 1�, which we
shall denote by Q� , is a PL submersion of codimension d . Thus, if we take this projection Q� instead of � ,
we can regard zMı as an element of ‰d ..a� ı; aC ı/�RN�1/.Œ0; 1�/. As an element of this set, zMı

will satisfy the following properties:

(i�) Each fiber of Q� W zMı! Œ0; 1� isM -standard in .a�ı; a�ı=2/�Rk�1 and .aCı=2; aCı/�Rk�1.

(ii�) The fiber of Q� W zMı ! Œ0; 1� over t D 0 is equal to W.ı/.

(iii�) If W 0.ı/ is the fiber of Q� W zMı ! Œ0; 1� over t D 1, then W 0.ı/ is a 0-simplex of

‰d ..a� ı; aC ı/�RN�1/�

which does not intersect the hyperplane fag �RN�1.
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Properties (i�) and (ii�) follow easily from property (i) of the PL map r that we fixed at the beginning of this
step. To verify that property (iii�) also holds, we first note that property (ii) of the PL map r implies that
zMı is equal to the concordance zW .ı/ when we restrict the background space to .a�ı=4; aCı=4/�RN�1.

In particular, since the concordance zW .ı/ is equal to ¿ at t D 1, the fiber W 0.ı/ becomes empty when
we intersect it with the open set .a� ı=4; aC ı=4/�RN�1. In particular, W 0.ı/ and fag �RN�1 are
disjoint.

Step 4 Finally, we will give the details of the gluing process that we described at the beginning of
this proof. As we observed earlier, the fibers of zMı are M -standard in .a � ı; a � ı=2/ �Rk�1 and
.aC ı=2; aC ı/�Rk�1. Also, since the fibers of the constant concordance Œ0; 1��W are M -standard in
.a� ı; aC ı/�Rk�1, the intersection

(5-18) .Œ0; 1��W /\
�
Œ0; 1��

�
R�

�
a� 1

2
ı; aC 1

2
ı
��
�RN�1

�
will be an element of ‰d

�
.R� Œa� ı=2; aC ı=2�/�RN�1

�
.Œ0; 1�/ whose fibers are also M -standard

in .a � ı; a � ı=2/ �Rk�1 and .aC ı=2; aC ı/ �Rk�1. Then, by the gluing property of the sheaf
‰d W O.RN / ! Ssets (see Remark 2.8), we can glue together zMı and the manifold given in (5-18)
to produce an element of ‰d .RN /.Œ0; 1�/ which agrees with zMı in .a � ı; aC ı/ �RN�1 and with
Œ0; 1� �W in .R � Œa � ı=2; aC ı=2�/ �RN�1. As we indicated at the beginning of this proof, we
define zW to be the concordance obtained via this gluing argument. Evidently, zW satisfies conditions (i)
and (ii) listed in the statement of this lemma. To finish this proof, we need to explain why zW is an
element of  d .N; k/.Œ0; 1�/. To see this, note that any fiber of the projection Q� W zMı! Œ0; 1� is contained
in .a � ı; aC ı/ �Rk�1 � .0; 1/N�k . In particular, any fiber of this projection will be contained in
Rk � .0; 1/N�k . Since the same is true for the standard projection Œ0; 1��W ! Œ0; 1�, it follows that any
fiber of the projection � W zW ! Œ0; 1� is contained in Rk � .0; 1/N�k . In other words, zW is an element of
 d .N; k/.Œ0; 1�/.

Note that the concordance zMı that we constructed in Steps 1, 2, and 3 of the previous proof is independent
of the behavior of the manifold W outside of .a� ı; aC ı/�RN�1. Any 0-simplex of  d .N; k/� which
is M -standard in .a� ı; aC ı/�Rk�1 would give the same zMı . From now on, any concordance of the
form zMı will be called a standard M -concordance.

Remark 5.21 We can use the construction given in Step 1 of the previous proof to produce an elementW
in  d .N; 1/� which does not have a fiberwise regular value. More concretely, we will give an example of
an element in the set  d .N; 1/.Œ0; 1�/ (which we can identify with  d .N; 1/1) with no fiberwise regular
values. First, let us fix a nonempty nullbordant element M 2 d .N �1; 0/0. By replicating the argument
given in Step 1 of the previous proof, we can obtain a concordanceW 2 d .N; 1/.Œ0; 1�/ with the property
that W0 D R�M and W1 D ¿. As we have done several times already, we will denote the standard
projections from W � Œ0; 1��R� .0; 1/N�1 onto Œ0; 1� and R by � and x1 respectively. We claim that
the projection x1 WW !R does not have a fiberwise regular value. If a fiberwise regular value a 2R did
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exist, then we would have either that .�; x1/�1..�; a// is PL homeomorphic to M for all � 2 Œ0; 1�, or
that .�; x1/�1..�; a//D¿ for all � 2 Œ0; 1�. But neither of these two options hold for the concordance
W that we constructed. Therefore, x1 WW !R cannot have any fiberwise regular values.

Note 5.22 (outline of the proof of Proposition 5.18) First, as was the case with Proposition 4.2, it is
enough to prove Proposition 5.18 in the case when the base-space P is a closed PL manifold. Indeed,
assuming that Proposition 5.18 is true in this special case, one can then show that the result is also true
for any compact PL space P by doing an argument identical to the one given in Remark 4.3. Let us fix
then a closed PL manifold P , an element W 2  ¿

d
.N; k/.P /, and a value ˇ 2R. The overall structure

for the proof of Proposition 5.18 will be similar to that of Proposition 4.2. The proof of that proposition
had two essential parts:

(1) We showed how to produce fiberwise regular values locally.

(2) We then showed how to obtain an open cover U for the base-space P such that, over each open set
in U, it was possible to produce a fiberwise regular value.

We will divide the proof of Proposition 5.18 into two similar parts:

(1) For a fixed point �0 2 P , we will show that it is possible to deform W over a neighborhood V of
�0 so that all the fibers over V become disjoint from a hyperplane of the form fag �RN�1.

(2) We will then obtain an open cover fU1; : : : ; Uqg of P , real values a1; : : : ; aq , and a concordance
zW from W to an element W 0 with the property that each fiber of W 0 over Uj does not intersect

the hyperplane faj g �RN�1.

Moreover, we will never change the fibers ofW below the height x1Dˇ. The local deformation described
in (1) will be obtained via Lemmas 5.25 and 5.27. More specifically, in these two lemmas, we will
achieve the following: Fix a point �0 2 P and two nested PL balls V � V 0 � P of dimension m (where
m D dimP ) such that �0 2 IntV and V � IntV 0. In Lemma 5.25, we will show that the fibers of W
over V 0 can be made M -standard in .a � ı; aC ı/�Rk�1 for a suitable M 2  d�k.N � k; 0/0 and
suitable values a 2R and ı > 0. Then, in Lemma 5.27, we will use the maneuver from Lemma 5.20 to
make each fiber over the neighborhood V disjoint from fag �RN�1. In order to use the maneuver from
Lemma 5.20, we need to show that the manifold M is nullbordant. We will prove this in Lemma 5.24.
The data described in (2) will be produced using Proposition 4.15.

Notation 5.23 In order to avoid any notational ambiguities, we shall adopt the following conventions
throughout the rest of this section:

� We will use the letter a (or symbols of the form ai and a0) to denote real numbers, and we will use
the letter v (or alternatives of the form vj and v0) to denote points in Rk .

� Consider an element W � P �Rk � .0; 1/N�k of  d .N; k/.P / and let � WW ! P be the natural
projection onto the base-space P . From now on, the standard projection W !Rk onto the factor
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Rk will be denoted by Qxk . Similarly, the projection W !R onto the first coordinate of Rk will
be denoted by Qx1. On the other hand, for a single fiber W� of � W W ! P , we will denote the
corresponding projections W� ! Rk and W� ! R by xk and x1 respectively. The purpose of
these notational conventions is to make it clear to the reader whether we are projecting from the
total space W 2  d .N; k/.P / or from a single fiber W�.

Lemma 5.24 Let W �Rk � .0; 1/N�k be a 0-simplex of  d .N; k/�. Also , suppose that v0 2Rk is a
regular value of the projection xk WW !Rk (in the sense of Definition 3.2) and let M0 WD x

�1
k
.v0/. If

W 2  ¿

d
.N; k/0, then M0 must be nullbordant.

Proof The goal of this lemma is to construct a nullbordism C for M0. To do so, let us fix a concordance
zW 2  d .N; k/.Œ0; 1�/ from W to ¿. Such a concordance exists because we are assuming that W is

a 0-simplex of  ¿

d
.N; k/�. Note that zW is a PL manifold with boundary such that @ zW D W . Also,

since v0 is a regular value of xk WW ! Rk , there exists an open PL ball B.v0; ı/ � Rk (with respect
to the norm kxk Dmaxfjx1j; : : : ; jxkjg) and a PL homeomorphism h WM0 �B.v0; ı/! x�1

k
.B.v0; ı//

such that xk ı h is equal to the canonical projection pr2 WM0 �B.v0; ı/! B.v0; ı/. It follows that the
restriction of xk WW !Rk on x�1

k
.B.v0; ı// is a PL submersion of codimension d � k. Consequently,

we can regard the preimage x�1
k
.B.v0; ı// as an element of  d�k.N � k; 0/.B.v0; ı//.

Now, consider the standard projection Qxk W zW !Rk from zW � Œ0; 1��Rk � .0; 1/N�k to Rk . Since the
set of regular values of Qxk is dense in Rk (see Remark 3.5), we can find a regular value v1 for Qxk inside
the open ball B.v0; ı/. Moreover, by Remark 3.4, the preimage Qx�1

k
.v1/ (which from now on we will

denote by C 0) will be a compact and proper PL submanifold with boundary of zW of dimension d �kC1.
Consequently, after we identify Œ0; 1��fv1g� .0; 1/N�k with Œ0; 1�� .0; 1/N�k , C 0 will be a compact PL
submanifold of Œ0; 1�� .0; 1/N�k such that @C 0 � f0g� .0; 1/N�k and C \ .f1g� .0; 1/N�k/D¿ (this
last property follows from the fact that zW1D¿). Therefore, C 0 is a nullbordism for the preimage x�1

k
.v1/.

In the remainder of this proof, we will denote x�1
k
.v1/ by M1. Finally, we will obtain a nullbordism C

for M0 via the following steps:

(1) First, we embed C 0 in Œ1; 2�� .0; 1/N�k via the PL homeomorphism

t � Id.0;1/N�k W Œ0; 1�� .0; 1/
N�k
! Œ1; 2�� .0; 1/N�k;

where t is the unique increasing linear homeomorphism Œ0; 1�! Œ1; 2�. Let us denote the image of
C 0 under this embedding by C 00.

(2) Let s W Œ0; 1�! B.v0; ı/ be any PL embedding such that s.0/ D v0 and s.1/ D v1. Recall that
we can regard x�1

k
.B.v0; ı// as an element of the set  d�k.N � k; 0/.B.v0; ı//. By pulling

back x�1
k
.B.v0; ı// along the PL embedding s W Œ0; 1� ! B.v0; ı/, we obtain an element of

 d�k.N � k; 0/.Œ0; 1�/, which we shall denote by D. Note that D is a concordance from M0 to
M1 which is PL homeomorphic to Œ0; 1��M0.
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(3) Finally, we take the union D[C 00 � Œ0; 2�� .0; 1/N�k and define the nullbordism C for M0 as
the image of D[C 00 under the PL homeomorphism

j � Id.0;1/N�k W Œ0; 2�� .0; 1/
N�k
! Œ0; 1�� .0; 1/N�k;

where j is the unique increasing linear homeomorphism Œ0; 2�! Œ0; 1�.

Let P be a closed PL manifold and W an element in  ¿

d
.N; k/.P /. Moreover, fix a point �0 2 P and

two nested PL balls V � V 0 � P of dimension mD dimP satisfying �0 2 IntV and V � IntV 0. As we
explained in Note 5.22, we will show in Lemma 5.25 that it is possible to deform W so that its fibers over
V 0 become M -standard in a set of the form .a� ı; aC ı/�Rk�1. Then, in Lemma 5.27, we will make
the fibers over V disjoint from the hyperplane fag �RN�1. Since both Lemma 5.25 and Lemma 5.27
describe deformations that take place over a PL ball of dimension mD dimP , it is enough to prove these
two lemmas in the case when P D Œ�1; 1�m. This assumption will make it easier to carry out the local
constructions described above. As we have already done in this section, we shall continue to denote by
B.v; ı/ the open ball centered at v 2Rk of radius ı with respect to the norm kxk Dmaxfjx1j; : : : ; jxkjg.
Also, we will denote the point .0; : : : ; 0/ 2 Œ�1; 1�m by 0.

Lemma 5.25 Fix an element W of  d .N; k/.Œ�1; 1�m/ and suppose that v D .a1; : : : ; ak/ 2 Rk is a
fiberwise regular value for the standard projection Qxk WW !Rk . Additionally , let xk WW0!Rk be the
standard projection from W0 to Rk , and define M WD x�1

k
.v/. Then , for any values 0 < � < 1 and 0 < Qı,

there exists an element zW 2  d .N; k/.Œ0; 1�� Œ�1; 1�m/ with the following properties:

(i) zW is a concordance from W to an element W 0 2  d .N; k/.Œ�1; 1�m/ with the property that , for
each � 2 Œ��; ��m, the fiber W 0

�
is M -standard in an open set .a1 � ı; a1C ı/�Rk�1 for some

value ı > 0 satisfying 0 < 2ı < Qı.

(ii) zW agrees with the constant concordance Œ0; 1��W over an open neighborhood of Œ0; 1��@.Œ�1; 1�m/.
Also , zW will agree with Œ0; 1��W when we restrict the background space to

.R� Œa1� 2ı; a1C 2ı�/�RN�1:

Proof We will also split up this proof into several steps.

Step 1 Let us first review some facts that we discussed in Section 3. Let � W W ! Œ�1; 1�m be the
projection from W to Œ�1; 1�m. Recall that � must be a PL submersion of codimension d . As we
explained in Remark 3.7, since v D .a1; : : : ; ak/ is a fiberwise regular value of Qxk W W ! Rk , we
can find an open ball B.v; ı/ centered at v such that the restriction of the projection .�; Qxk/ W W !
Œ�1; 1�m � Rk on the preimage .�; Qxk/�1.Œ�1; 1�m � B.v; ı// is a PL bundle whose fibers are PL
homeomorphic to M D x�1

k
.v/. In particular, we can regard .�; Qxk/�1.Œ�1; 1�m�B.v; ı// as an element

of  d�k.N � k; 0/.Œ�1; 1�m �B.v; ı//. From now on, we will denote this element by zM . Also, we will
assume that the radius ı of B.v; ı/ is small enough so that 2ı < Qı.
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Step 2 In this step, we will transformW so that every fiber over Œ��; ��m becomesM -standard inB.v; ı/,
possibly after shrinking the value ı. In fact, we will accomplish this for a slightly bigger radius than �. Let
us then fix values �0, �00, ı0, and ı00 such that 0 < � < �0 < �00 < 1 and 0 < ı0 < ı00 < ı. Also, consider the
constant concordance Œ0; 1��W , which is a closed PL subspace of Œ0; 1�� Œ�1; 1�m�Rk� .0; 1/N�k . To
avoid introducing more notation, we will also denote the standard projections Œ0; 1��W ! Œ0; 1��Œ�1; 1�m

and Œ0; 1��W ! Rk by � and Qxk respectively. Note that the preimage of Œ0; 1�� Œ�1; 1�m �B.v; ı/
under the projection .�; Qxk/ W Œ0; 1��W ! Œ0; 1�� Œ�1; 1�m �Rk is equal to Œ0; 1�� zM , where zM is the
element of  d�k.N �k; 0/.Œ�1; 1�m�B.v; ı// that we constructed in Step 1. In particular, Œ0; 1�� zM is
an element of the set  d�k.N �k; 0/

�
Œ0; 1�� Œ�1; 1�m�B.v; ı/

�
. To make the fibers of W over Œ��; ��m

M -standard, we are going to pull back Œ0; 1�� zM along a PL map

f W Œ0; 1�� Œ�1; 1�m �B.v; ı/! Œ0; 1�� Œ�1; 1�m �B.v; ı/

which satisfies the following:

(i) f jf0g�Œ�1;1�m�B.v;ı/ D Idf0g�Œ�1;1�m�B.v;ı/.

(ii) f maps every point in f1g � Œ��0; �0�m �B.v; ı0/ to .1; 0; v/.

(iii) f fixes every point outside of Œ0; 1�� Œ�1; 1�m �B.v; ı00/.

(iv) f fixes every point outside of Œ0; 1�� Œ��00; �00�m �B.v; ı/.

Fix such a PL map f and take the pull-back of Œ0; 1�� zM along f . We will denote this pull-back by zMf .
Evidently, zMf is an element of  d�k.N � k; 0/

�
Œ0; 1�� Œ�1; 1�m �B.v; ı/

�
. Moreover, the standard

projection zMf ! Œ0; 1�� Œ�1; 1�m is a PL submersion of codimension d , so we can also regard zMf as
an element of the set

‰d .U1/.Œ0; 1�� Œ�1; 1�
m/;

where U1 D B.v; ı/ �RN�k . Now, let B.v; ı00/ be the closure of the open ball B.v; ı00/ and define
U2 D .Rk �B.v; ı00//�RN�k . We will use the open sets U1 and U2 to define the following elements:

� WU1 will be the element of ‰d .U1/.Œ�1; 1�m/ obtained by intersecting W with Œ�1; 1�m �U1.

� .Œ0; 1��W /U2 will be the element of the set ‰d .U2/.Œ0; 1�� Œ�1; 1�m/ obtained by intersecting
Œ0; 1��W with Œ0; 1�� Œ�1; 1�m �U2. We define .Œ0; 1��W /U1 in a similar fashion.

As an element of
‰d .U1/.Œ0; 1�� Œ�1; 1�

m/;

zMf is a concordance from WU1 to an element of ‰d .U1/.Œ�1; 1�m/ whose fibers over Œ��0; �0�m are
M -standard inB.v; ı0/. This is a consequence of properties (i) and (ii) of the PL map f . Also, if we define
U3 as U3 WD U1\U2, then property (iii) of the PL map f implies that zMf and .Œ0; 1��W /U2 become
equal when we intersect both concordances with Œ0; 1�� Œ�1; 1�m�U3. Thus, using the gluing property of
the sheaf ‰d W O.RN /! PL-Sets introduced in Remark 2.8, we can glue together zMf and .Œ0; 1��W /U2
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to produce a concordance yW 2  d .N; k/.Œ0; 1�� Œ�1; 1�m/ from W to an element W 00 whose fibers over
Œ��0; �0�m are M -standard in B.v; ı0/. Moreover, by the way we performed this construction, yW agrees
with Œ0; 1��W when we restrict the background space to U2. Also, by property (iv) of the PL map f , we
have that zMf agrees with .Œ0; 1��W /U1 over the complement of Œ0; 1�� Œ��00; �00�m. Therefore, yW and
Œ0; 1��W will also be equal outside of Œ0; 1�� Œ��00; �00�m. For the next step, we will relabel the radius ı0

as ı. Note that we have maintained the property 2ı < Qı.

Step 3 Consider the element W 00 2  d .N; k/.Œ�1; 1�m/ concordant to W that we obtained in Step 2.
Recall that the fibers of W 00 over Œ��0; �0�m are M -standard in B.v; ı/. In this step, we will deform W 00

(via a concordance) so that its fibers over Œ��; ��m become M -standard in the strip

.a1� ı; a1C ı/�Rk�1;

where a1 is the first component of the point vD .a1; : : : ; ak/. To do this, let us fix an isotopy of open PL
embeddings e W Œ0; 1��Rk! Œ0; 1��Rk such that e0 D IdRk and

e1.R
k/DR�

� kY
jD2

.aj � ı; aj C ı/

�
:

In other words, for each j D 2; : : : ; k, the isotopy e will compress the xj -axis into .aj � ı; aj C ı/ while
keeping the first coordinate fixed. Next, let E be the PL map from Œ0; 1�� Œ�1; 1�m �Rk � .0; 1/N�k to
itself which satisfies the following:

(i) E is an isotopy of open PL embeddings Rk � .0; 1/N�k ,! Rk � .0; 1/N�k parameterized by
Œ0; 1�� Œ�1; 1�m.

(ii) For any � 2 Œ�1; 1�m, we have that E.t;�/ D et � Id.0;1/N�k .

After fixing a suitable PL bump function � W Œ�1; 1�m ! Œ0; 1�, we can apply the technique described
in Remark 4.14 to dampen the isotopy E in order to obtain a new isotopy F of open PL embed-
dings Rk � .0; 1/N�k ,!Rk � .0; 1/N�k parameterized by Œ0; 1�� Œ�1; 1�m which agrees with E over
Œ0; 1�� Œ��; ��m, and agrees with the identity isotopy over the union

(5-19) .f0g � Œ�1; 1�m/[
�
Œ0; 1�� .Œ�1; 1�m� Œ��0; �0�m/

�
:

By Proposition 2.10, the preimage F�1. yW / (which from now on we will denote by yW 0) will be an element
of d .N; k/.Œ0; 1��Œ�1; 1�m/. SinceF agrees with the identity isotopy over f0g�Œ�1; 1�m and withE over
Œ0; 1��Œ��; ��m, the element yW 0 will be a concordance fromW 00 to an elementW 0 of  d .N; k/.Œ�1; 1�m/
such that, for each � 2 Œ��; ��m, the fiber W 0

�
is M -standard in .a1� ı; a1C ı/�Rk�1. Moreover, since

F also agrees with the identity isotopy over Œ0; 1�� .Œ�1; 1�m � Œ��0; �0�m/, the concordance yW 0 will
agree with Œ0; 1��W over a neighborhood of the product Œ0; 1��@.Œ�1; 1�m/. Therefore, by concatenating
the concordances yW from Step 2 and yW 0, we obtain a concordance zW satisfying conditions (i) and (ii)
given in the statement of this lemma.
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Remark 5.26 Now that we have proven Lemma 5.25, we can address one of the details of the proof
of Proposition 5.9. Namely, suppose that W is a 0-simplex of  d .N; k/�, let v D .a1; : : : ; ak/ 2Rk be
a regular value for the standard projection xk WW ! Rk , and define M WD x�1

k
.v/. In the last part of

the proof of Proposition 5.9, we claimed that W is concordant to the element Rk �M 2  d .N; k/0. We
can prove this as follows. First, we claim that W is concordant to an element of  d .N; k/0 which is
M -standard in an open ball B.v; ı/ for some suitable value ı > 0. This is similar to what we wanted to
prove in Step 2 of Lemma 5.25. In that step, we had a family of manifoldsW� 2 d .N; k/0 parameterized
by Œ�1; 1�m and a fiberwise regular value v for the projection onto Rk . Then, using the fiberwise regularity
of v, we made all the fibers W� over Œ��0; �0�m M -standard in an open ball B.v; ı/. On the other hand,
in this remark, we are working with a single manifold W (in other words, we can view W as a family
parameterized by a point �). Thus, by adjusting the argument given in Step 2 of Lemma 5.25 to the
case when we have a single manifold, we can obtain a concordance zW 2  d .N; k/.Œ0; 1�/ from W to
an element W 0 2  d .N; k/0 which is M -standard in some B.v; ı/. Now, pick an isotopy of open PL
embeddings e W Œ0; 1��Rk ! Œ0; 1��Rk such that e0 D IdRk and e1.Rk/D B.v; ı/, and define a new
isotopy of embeddings

E W Œ0; 1��Rk � .0; 1/N�k! Œ0; 1��Rk � .0; 1/N�k

by setting E D e� Id.0;1/N�k . By Proposition 2.10, the preimage E�1.Œ0; 1��W 0/ is an element of the
set  d .N; k/.Œ0; 1�/. In fact, by the way we defined the isotopy E, we have that E�1.Œ0; 1��W 0/ is a
concordance from W 0 to the element Rk �M . Therefore, by concatenating the concordances zW and
E�1.Œ0; 1��W 0/, we obtain a concordance from W to Rk �M .

Lemma 5.27 Fix an element W 2  ¿

d
.N; k/.Œ�1; 1�m/ and let v D .a1; : : : ; ak/ be as in Lemma 5.25.

Given any values 0 < � < 1 and 0 < Qı, there exists an element zW 2  ¿

d
.N; k/.Œ0; 1�� Œ�1; 1�m/ with the

following properties:

(i) zW is a concordance from W to an element W 0 2  ¿

d
.N; k/.Œ�1; 1�m/ with the property that , for

each � 2 Œ��; ��m, the fiber W 0
�

does not intersect the hyperplane fa1g �RN�1.

(ii) zW satisfies property (ii ) from Lemma 5.25. In particular , zW agrees with Œ0; 1��W when we restrict
the background space to .R� Œa1� 2ı; a1C 2ı�/�RN�1 for some value ı such that 0 < 2ı < Qı.

Proof As we did in Lemma 5.25, we will denote the point .0; : : : ; 0/ 2 Œ�1; 1�m by 0. Also, let
xk W W0! Rk be the standard projection onto Rk , and denote the preimage x�1

k
.v/ by M . Since we

can regard the fiber W0 as a 0-simplex of  ¿

d
.N; k/�, we have by Lemma 5.24 that the manifold M is

nullbordant, in the sense of Definition 5.19. Now, let Qı be the value given in this lemma and fix a value �0

such that � < �0 < 1. By virtue of Lemma 5.25, we may assume that each fiber of W over Œ��0; �0�m is
M -standard in .a1 � ı; a1C ı/�Rk�1, where ı > 0 is a value such that 0 < 2ı < Qı. The idea of this
proof is to perform the maneuver from Lemma 5.20 to make each fiber over Œ��; ��m disjoint from the
hyperplane fa1g �RN�1. More rigorously, we will do the following.
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Step 1 First, to make our notation less cumbersome, we will denote the open sets

.a1� ı; a1C ı/�RN�1 and
��
�1; a1�

1
2
ı
�
[
�
a1C

1
2
ı;1

��
�RN�1

in RN by U1 and U2 respectively. Also, let us denote the m-cube Œ��0; �0�m by V 0. Now, consider
the standard M -concordance zMı that we constructed in the proof of Lemma 5.20. Recall that zMı is
an element of ‰d .U1/.Œ0; 1�/. We will use zMı , V 0, U1, and U2 to define the following two elements
zM.�0; U1/ and zW .�0; U2/:

(1) zM.�0; U1/ will be the element of ‰d .U1/.Œ0; 1��V 0/ obtained by taking the image of the product
zMı �V

0 under the obvious permutation homeomorphism Œ0; 1��U1 �V
0 Š�! Œ0; 1��V 0 �U1.

(2) Next, let WV 0 be the restriction of W over the m-cube V 0. We define zW .�0; U2/ to be the ele-
ment of ‰d .U2/.Œ0; 1��V 0/ obtained by intersecting the constant concordance Œ0; 1��WV 0 with
Œ0; 1��V 0 �U2.

Recall that all the fibers of the concordance zMı are M -standard in the open set

(5-20)
��
a1� ı; a1�

1
2
ı
�
[
�
a1C

1
2
ı; a1C ı

��
�Rk�1:

However, we are also assuming that the fibers ofW areM -standard in the open set .a1�ı; a1Cı/�Rk�1.
It follows that the fibers of the elements zM.�0; U1/ and zW .�0; U2/ are also M -standard in the set given
in (5-20), which implies that zM.�0; U1/ and zW .�0; U2/ become equal when we intersect the fibers of
both elements with U1\U2. Therefore, using the gluing property of the sheaf ‰d W O.RN /! PL-Sets
defined in Remark 2.8, we can glue zM.�0; U1/ and zW .�0; U2/ together to produce an element yW of
 ¿

d
.N; k/.Œ0; 1��V 0/ which agrees with zM.�0; U1/ when we restrict the background space to U1 and

with zW .�0; U2/ when we restrict the background space to U2. Note that all the fibers of zM.�0; U1/ over
f1g �V 0 are disjoint from fa1g �RN�1. Consequently, the same property holds for all the fibers of yW
over f1g �V 0.

Step 2 Now, let V denote the m-cube Œ��; ��m. In this step, we will obtain our desired concordance
zW 2  ¿

d
.N; k/.Œ0; 1�� Œ�1; 1�m/ by pulling back the concordance yW along a PL map

f W Œ0; 1��V 0! Œ0; 1��V 0

with the following properties:

(i) f .t; x/D .0; x/ for all .t; x/ in Œ0; 1��V 00, where V 00 is some compact neighborhood of @V 0 such
that V 00\V D¿. For example, V 00 could be a collar of @V 0 disjoint from V .

(ii) f .t; x/D .t; x/ for all .t; x/ in .f0g �V 0/[ .Œ0; 1��V /.

As indicated earlier, we define zW as the pull-back f � yW . Since yW is an element of  ¿

d
.N; k/.Œ0; 1��V 0/,

so is zW . However, property (i) of the map f implies that zW agrees with the constant concordance
Œ0; 1��W over Œ0; 1��V 00. Therefore, we can make zW into an element of  ¿

d
.N; k/.Œ0; 1�� Œ�1; 1�m/

by setting zW D Œ0; 1��W over the set Œ0; 1�� .Œ�1; 1�m � V 0/. Also, by property (ii) of the map f ,
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zW agrees with yW over Œ0; 1� � V . In particular, the fibers of zW over f1g � V are disjoint from the
hyperplane fa1g �RN�1. Finally, in Step 1, we obtained yW from Œ0; 1��WV 0 without changing the
fibers of Œ0; 1��WV 0 in the open set U2. It follows that the concordance zW agrees with Œ0; 1��W when
we restrict the background space to U2. Thus, zW satisfies all the conditions listed in the statement of this
lemma.

Remark 5.28 Let W � P �Rk � .0; 1/N�k be some element of  d .N; k/.P /, and let � W W ! P

be the natural projection onto P . As we explained at the end of Remark 3.7, if the base-space P is
compact, we have the following alternative way of characterizing fiberwise regular values of the projection
Qxk W W ! Rk: a point v0 in Rk is a fiberwise regular value of Qxk if and only if there exists a ı > 0
such that the preimage Qx�1

k
.B.v0; ı// is an element of  d�k.N � k; 0/.P �B.v0; ı//. In this statement,

we are assuming that the projection from Qx�1
k
.B.v0; ı// onto P �B.v0; ı/ is the restriction of .�; Qxk/

on Qx�1
k
.B.v0; ı//. Let us assume then that P is compact and suppose that v0 is a fiberwise regular

value of Qxk W W ! Rk . Also, let ı > 0 be a value whose existence is ensured by the equivalence
stated above, and let us denote the preimage Qx�1

k
.B.v0; ı// by W0. The purpose of this remark is to

show that any other point in B.v0; ı/ is also a fiberwise regular value of Qxk W W ! Rk . Indeed, pick
any point v1 2 B.v0; ı/ and let ı0 > 0 be any value such that B.v1; ı0/ � B.v0; ı/. The restriction
of the projection .�; Qxk/jW0 W W0 ! P �B.v0; ı/ on W1 WD Qx�1k .B.v1; ı

0// is equal to the projection
.�; Qxk/jW1 WW1! P �B.v1; ı

0/. Since .�; Qxk/jW0 is a PL submersion of codimension d � k, then so
is .�; Qxk/jW1 . Therefore, W1 is an element of  d�k.N � k; 0/.P �B.v1; ı0//, which (according to the
equivalence stated above) implies that v1 is also a fiberwise regular value of Qxk WW ! Rk . It follows
that, for any compact PL space P and any W 2  d .N; k/.P /, the set of fiberwise regular values of
Qxk WW ! Rk is open in Rk . Thus, if v0 is a fiberwise regular value of Qxk WW ! Rk , any sufficiently
small perturbation of v0 will also be a fiberwise regular value of Qxk , as long as the base-space P is
compact. We will use these observations in the following argument.

Proof of Proposition 5.18 Fix a closed PL manifold P , an element W 2  ¿

d
.N; k/.P /, and a value

ˇ 2R. By applying Proposition 4.15, we can find a concordance yW 2  ¿

d
.N; k/.Œ0; 1��P / and a finite

collection UD fU 01; : : : ; U
0
qg of open sets in P which satisfy the following conditions:

(i) UD fU 01; : : : ; U
0
qg covers P .

(ii) yW is a concordance from W to an element W 00 2  ¿

d
.N; k/.P / with the property that, for each

U 0i 2U, the standard projection Qxk WW 00U 0
i

!Rk has a fiberwise regular value vi D .ai1; : : : ; a
i
k
/2Rk

such that ai1 > ˇ.

(iii) yW agrees with the constant concordance Œ0; 1� �W when we restrict the background space to
.�1; ˇ/�RN�1.

Next, by the compactness of P , we can find two finite collections fV˛g˛2ƒ, fV 0˛g˛2ƒ of subsets of P
(indexed by the same set ƒ) subordinate to U with the following properties:
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(i�) For each ˛ 2ƒ, both V˛ and V 0˛ are PL balls of dimension m, where m is the dimension of the
manifold P .

(ii�) V˛ � IntV 0˛ for each ˛ 2ƒ.

(iii�) The collection fIntV˛g˛2ƒ is an open cover for P .

From property (iii) of yW and U it follows that, for each ˛2ƒ, the projection Qxk WW 00V 0˛!Rk has a fiberwise
regular value. Pick such a fiberwise regular value for Qxk WW 00V 0˛ !Rk and denote it by v˛ D .a˛1 ; : : : ; a

˛
k
/.

Recall that the first coordinate of v˛ satisfies a˛1 > ˇ. By the discussion given in Remark 5.28, any
sufficiently small perturbation of v˛ will also be a fiberwise regular value of Qxk WW 00V 0˛ !Rk . Thus, if
necessary, we can perturb the fiberwise regular values v˛ to ensure that there are no repetitions in the
set of real numbers fa˛1 g˛2ƒ. We can perform this perturbation without altering the condition a˛1 > ˇ.
Next, pick a small enough value Qı > 0 so that all the intervals in the collection fŒa˛1 � Qı; a

˛
1 C
Qı�g˛2ƒ

are pairwise disjoint and so that ˇ < a˛1 � Qı for all ˛ 2 ƒ. Since all the intervals Œa˛1 � Qı; a
˛
1 C
Qı� are

pairwise disjoint, we can apply Lemma 5.27 to define inductively an element yW 0 2 ¿

d
.N; k/.Œ0; 1��P /

satisfying the following:

� yW 0 is a concordance between W 00 and an element W 0 in  ¿

d
.N; k/.P / such that, for each ˛ 2ƒ,

we have
W 0�\ .fa

˛
1 g �RN�1/D¿

for all points � 2 V˛.

� yW 0 agrees with the constant concordance Œ0; 1��W 00 when we restrict the background space to
.�1; ˇ/�RN�1.

The desired concordance zW is obtained by concatenating yW and yW 0. Evidently, zW satisfies claims (i)
and (ii) of Proposition 5.18. Moreover, let fU˛g˛2ƒ be the open cover of P defined by U˛ WD IntV˛.
Given any ˛ 2ƒ, it is straightforward to verify that W 0

�
\ .fa˛1 g �RN�1/D¿ for all � 2 U˛ . Thus, zW

also satisfies claim (iii).

5.5 Proof of the main theorem

Recall that in Lemma 5.13 we showed that the composition in (5-7) is homotopic to the scanning map
Sk W j d .N; k/�j !�j d .N; kC 1/�j. By Remark 5.8 and Proposition 5.14, the first two maps in (5-7)
are weak homotopy equivalences. On the other hand, from Proposition 5.15 it follows that the last map
in (5-7) is also a weak equivalence. Therefore, we have proven that the scanning map Sk is a weak
homotopy equivalence, as long as we have N � d � 3 and k > 1. This was the claim we made back in
Theorem 5.2. Using this theorem, we can prove the following by induction.

Theorem 5.29 If N � d � 3, then the map zS W j d .N; 1/�j ! �N�1j‰d .R
N /�j defined in (5-2) is a

weak homotopy equivalence.
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We will now indicate how to obtain the main theorem of this article from Theorems 3.1 and 5.29. Let
iN denote the obvious inclusion j d .N; 1/�j ,! j d .N C 1; 1/�j. By Theorem 5.29, there is a weak
homotopy equivalence

(5-21) hocolim
N!1

j d .N; 1/�j
'
�!�1�1‰PL

d ;

where the homotopy colimit on the left-hand side is the mapping telescope of the diagram

(5-22) � � � ! j d .N; 1/�j
iN
�! j d .N C 1; 1/�j

iNC1
���! j d .N C 2; 1/�j ! � � � :

Since each map in this diagram is an inclusion of CW-complexes, we have that the natural map
F W hocolimN!1 j d .N; 1/�j ! j d .1; 1/�j is a weak homotopy equivalence. Moreover, since both
j d .1; 1/�j and the mapping telescope of (5-22) are CW-complexes, the map F has a homotopy inverse

(5-23) j d .1; 1/�j
'
�! hocolim

N!1
j d .N; 1/�j:

Finally, we obtain the main theorem of this article by combining (5-21), (5-23) and the homotopy
equivalence from Theorem 3.1.

Theorem 5.30 There is a weak homotopy equivalence

BCobPL
d
'
�!�1�1‰PL

d :

References
[1] J L Bryant, Piecewise linear topology, from “Handbook of geometric topology”, North-Holland, Amster-

dam (2002) 219–259 MR Zbl

[2] S Galatius, Stable homology of automorphism groups of free groups, Ann. of Math. 173 (2011) 705–768
MR Zbl

[3] S Galatius, I Madsen, U Tillmann, M Weiss, The homotopy type of the cobordism category, Acta Math.
202 (2009) 195–239 MR Zbl

[4] S Galatius, O Randal-Williams, Monoids of moduli spaces of manifolds, Geom. Topol. 14 (2010) 1243–
1302 MR Zbl

[5] M Gómez López, The homotopy type of the PL cobordism category, II, Algebr. Geom. Topol. 25 (2025)
2613–2665

[6] M Gomez Lopez, A Kupers, The homotopy type of the topological cobordism category, Doc. Math. 27
(2022) 2107–2182 MR Zbl

[7] J F P Hudson, Extending piecewise-linear isotopies, Proc. Lond. Math. Soc. 16 (1966) 651–668 MR Zbl

[8] J F P Hudson, Piecewise linear topology, Benjamin, New York (1969) MR Zbl

[9] P T Johnstone, Sketches of an elephant: a topos theory compendium, II, Oxford Logic Guides 44, Oxford
Univ. Press (2002) MR Zbl

[10] R C Kirby, L C Siebenmann, Foundational essays on topological manifolds, smoothings, and triangula-
tions, Ann. of Math. Stud. 88, Princeton Univ. Press (1977) MR Zbl

Algebraic & Geometric Topology, Volume 25 (2025)

https://doi.org/10.1016/B978-044482432-5/50006-8
http://msp.org/idx/mr/1886671
http://msp.org/idx/zbl/0986.57021
https://doi.org/10.4007/annals.2011.173.2.3
http://msp.org/idx/mr/2784914
http://msp.org/idx/zbl/1268.20057
https://doi.org/10.1007/s11511-009-0036-9
http://msp.org/idx/mr/2506750
http://msp.org/idx/zbl/1221.57039
https://doi.org/10.2140/gt.2010.14.1243
http://msp.org/idx/mr/2653727
http://msp.org/idx/zbl/1205.55007
https://doi.org/10.2140/agt.2025.25.2613
https://doi.org/10.4171/dm/x27
http://msp.org/idx/mr/4574235
http://msp.org/idx/zbl/1531.57019
https://doi.org/10.1112/plms/s3-16.1.651
http://msp.org/idx/mr/202147
http://msp.org/idx/zbl/0141.40802
http://msp.org/idx/mr/248844
http://msp.org/idx/zbl/0189.54507
http://msp.org/idx/mr/2063092
http://msp.org/idx/zbl/1071.18001
https://www.jstor.org/stable/j.ctt1b9s024
https://www.jstor.org/stable/j.ctt1b9s024
http://msp.org/idx/mr/645390
http://msp.org/idx/zbl/0361.57004


The homotopy type of the PL cobordism category, I 2611

[11] N H Kuiper, R K Lashof, Microbundles and bundles, II: Semisimplical theory, Invent. Math. 1 (1966)
243–259 MR Zbl

[12] C P Rourke, B J Sanderson, �-sets, I: Homotopy theory, Q. J. Math. 22 (1971) 321–338 MR Zbl

[13] C P Rourke, B J Sanderson, Introduction to piecewise-linear topology, Ergebnisse der Math. 69, Springer
(1972) MR Zbl

[14] G Segal, Categories and cohomology theories, Topology 13 (1974) 293–312 MR Zbl

[15] L C Siebenmann, Deformation of homeomorphisms on stratified sets, Comment. Math. Helv. 47 (1972)
123–163 MR Zbl

[16] R E Williamson, Jr, Cobordism of combinatorial manifolds, Ann. of Math. 83 (1966) 1–33 MR Zbl

[17] E C Zeeman, Relative simplicial approximation, Proc. Cambridge Philos. Soc. 60 (1964) 39–43 MR Zbl

Department of Mathematics and Computer Science, University of Southern Denmark
Odense, Denmark

gomezlom@imada.sdu.dk

Received: 28 October 2016 Revised: 11 July 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1007/BF01452244
http://msp.org/idx/mr/216507
http://msp.org/idx/zbl/0142.22001
https://doi.org/10.1093/qmath/22.3.321
http://msp.org/idx/mr/300281
http://msp.org/idx/zbl/0226.55019
https://doi.org/10.1007/978-3-642-81735-9
http://msp.org/idx/mr/350744
http://msp.org/idx/zbl/0254.57010
https://doi.org/10.1016/0040-9383(74)90022-6
http://msp.org/idx/mr/353298
http://msp.org/idx/zbl/0284.55016
https://doi.org/10.1007/BF02566793
http://msp.org/idx/mr/319207
http://msp.org/idx/zbl/0252.57012
https://doi.org/10.2307/1970467
http://msp.org/idx/mr/184242
http://msp.org/idx/zbl/0137.42901
https://doi.org/10.1017/s0305004100037415
http://msp.org/idx/mr/158403
http://msp.org/idx/zbl/0119.38502
mailto:gomezlom@imada.sdu.dk
http://msp.org
http://msp.org




msp

Algebraic & Geometric Topology 25:5 (2025) 2613–2665
DOI: 10.2140/agt.2025.25.2613
Published: 17 September 2025

The homotopy type of the PL cobordism category, II

MAURICIO GÓMEZ LÓPEZ

In this article, we prove the PL analogue of the theorem of Galatius, Madsen, Tillmann, and Weiss which
describes the homotopy type of the smooth cobordism category. More specifically, we introduce the
PL Madsen–Tillmann spectrum MTPL.d/ and prove that there is a weak homotopy equivalence of the
form BCobPL

d '�
1�1MTPL.d/. We also discuss how to adjust the methods of this paper to obtain the

topological version of our main result.

57Q50, 57Q60; 55P47, 55R40

1 Introduction

The goal of the present paper is to complete the project initiated by the author in [5]. In that article, we
started the proof of the piecewise linear version of the main theorem of Galatius, Madsen, Tillmann, and
Weiss from [3]. This result gives an explicit description of the homotopy type of the smooth cobordism
category Cobd . More specifically, the authors of [3] proved that there is a weak homotopy equivalence

(1-1) BCobd '�
1�1MTO.d/;

where MTO.d/ is the Madsen–Tillmann spectrum.

In [5], our strategy was to adapt the proof of Galatius and Randall-Williams given in [4] for (1-1) in the
context of piecewise linear topology. To carry out this plan, we introduced a piecewise linear analogue
CobPL

d
of the smooth cobordism category. This construction required introducing a PL version ‰d .RN /

of the space of smooth manifolds defined by Galatius in [2]. As in the smooth case, our spaces of PL
manifolds assemble into a spectrum ‰d , and the main result from [5] is the following.

Theorem A There is a weak homotopy equivalence BCobPL
d
'�1�1‰d .

Our main theorem in the present paper is the following.

Theorem B There is a weak equivalence of spectra ‰d 'MTPL.d/.

Combining Theorems A and B, we obtain the PL analogue of the main theorem from [3].

Theorem C There is a weak homotopy equivalence BCobPL
d
'�1�1MTPL.d/.
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In the last two statements, MTPL.d/ denotes the PL Madsen–Tillmann spectrum, which we will introduce
in Section 4. The main results from PL topology that we will use as input for the proof of Theorem B are
the following:

� Any PL submersion is a microfibration. Moreover, we can guarantee the existence of microlifts
which are piecewise linear.

� The bundle representation theorem of Kuiper and Lashof, which asserts that any d -dimensional PL
microbundle contains a PL Rd -bundle.

Both of these results, along with other background material, will be reviewed in the appendices.

Let us give an outline of the proof for Theorem B. Roughly, the strategy is to make a PL adaptation of
the scanning argument sketched by Hatcher in [9], which goes as follows:

(i) Elements of the space of smooth manifolds which are far away from the origin 0 2RN get pushed
to infinity.

(ii) On the other hand, for an element W sufficiently close to 0, one chooses a point x in W and an
open ball B.x; �/ centered at x. The intersection of B.x; �/ with W must be diffeomorphic to a
disk of dimension d .

(iii) Then, scanning the ball B.x; �/, the manifold W is deformed into a d -dimensional plane. The
amount of scanning performed depends on how close W is to the origin.

In Section 2, we review the definition of the simplicial set of PL manifolds ‰d .RN / defined in [5]
and collect some of its basic properties. We will also discuss the construction of the spectrum ‰d . In
Section 3, we introduce a variant of the simplicial set ‰d .RN /, denoted by z‰d .RN /, in which manifolds
come equipped with basepoints. In particular, a 0-simplex of z‰d .RN / will be a PL submanifold W of
RN and a specified point x 2W . This will be the point at which we are going to scan W .

In Section 4, we define the PL analogues of the Grassmannian, the affine Grassmannian, and the
Thom space Th.
?

d;N
/, which will be denoted by Grd .RN /, AGrd .RN /, and AGrC

d
.RN / respectively.

Informally, we can describe the p-simplices of these simplicial sets as follows:

� In Grd .RN /, a p-simplex is a family, parameterized by �p, of locally flat d -dimensional PL
planes in RN which intersect the origin 0 2RN.

� A p-simplex in AGrd .RN / is a family over �p of locally flat d -dimensional PL planes in RN. In
this case, the planes are not required to intersect the origin.

� Finally, a p-simplex in AGrC
d
.RN / is a family over �p of PL submanifolds Wx of RN, where

either Wx is empty or is a locally flat d -plane.

In all of the above cases, the manifolds parameterized by �p in a p-simplex assemble into a manifold W
such that the projection W !�p is a piecewise linear submersion of codimension d (see Section A.1).
Following the line of ideas in [9], we view AGrC

d
.RN / as the one-point compactification of AGrd .RN /.
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The spaces in the sequence fAGrC
d
.RN /gN are going to be the levels of the PL Madsen–Tillmann

spectrum MTPL.d/.

In Section 4, we also introduce an enhancement of z‰d .RN /, denoted by z‰ Oı
d
.RN /, where we specify

normal data around the basepoints. For a 0-simplex .W; x/ in z‰d .RN /, this amounts to choosing an open
ball around x. For a simplex of degree p > 0, the open balls of all the fibers assemble into a fiber bundle.

To prove our main result, we will show that there is a chain of weak equivalences of the form

(1-2) AGrC
d
.RN /

.3/
�! z‰ Oıd .R

N /
.2/
�! z‰d .R

N /
.1/
�!‰d .R

N /:

Each one of these equivalences represents a step in the sketch given by Hatcher in [9]. In (1), we choose
the basepoints at which we are going to perform scanning. In (2), we fix the open balls that we are going
to scan. Finally, equivalence (3) is the result of the scanning process.

Letting GN denote the composite (1-2), we will have that the sequence fGN gN defines a map of spectra G,
which by the above discussion will be a weak equivalence.

We conclude this paper by pointing out that, with minor adjustments, our methods also work for spaces
of topological manifolds. Thus, after making the necessary modifications, we obtain an alternate proof
for the topological analogue of Theorem B, proven by A Kupers and the author in [6].
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1.1 Definitions from piecewise linear topology

In this paper, we will work mainly with objects and morphisms from the piecewise linear category. The
main definitions that the reader needs to know are the following.

Definition 1.1 Let X be a topological space. A piecewise linear chart (or PL chart for short) for X
is a continuous embedding h W jKj ! X , where jKj is the geometric realization of a finite simplicial
complex K. Two piecewise linear charts h1 W jKj ! X and h2 W jK 0j ! X are said to be compatible
if either h1.jKj/ and h2.jK 0j/ are disjoint, or there exists subdivisions of K and K 0 which triangulate
h�11 .h1.jKj/\ h2.jK

0j// and h�12 .h1.jKj/\ h2.jK
0j// respectively and such that the composition

h�11 .h1.jKj/\ h2.jK
0
j//

h1
�! h1.jKj/\ h2.jK

0
j/
h�12
��! h�12 .h1.jKj/\ h2.jK

0
j//

is linear on each simplex of the subdivision of K contained in h�11 .h1.jKj/\ h2.jK
0j//. A piecewise

linear space (or PL space for short) is a second countable Hausdorff space X together with a collection
ƒ of PL charts satisfying the following properties:

(i) Any two charts in ƒ are compatible.
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(ii) For any point x 2X , there is a PL chart h W jKj !X in ƒ such that h.jKj/ is a neighborhood of x.

(iii) The collection ƒ is maximal. That is, if h W jKj !X is a PL chart which is compatible with every
chart in ƒ, then h W jKj !X must also belong to ƒ.

A collection of charts satisfying conditions (i), (ii) and (iii) is called a PL structure for X .

Definition 1.2 Consider a PL space X with PL structure ƒ, and let X0 � X be a subspace of X . We
say that X0 is a PL subspace of X if, for any point x 2 X0, we can find a chart h W jKj ! X in the PL
structure ƒ whose image is contained in X0 and has the property that Im h is a neighborhood of x in X0.
Note that X0 is itself a PL space. The PL structure on X0 is the subcollection ƒ0 of ƒ consisting of all
charts h W jKj !X such that Im h�X0.

Example 1.3 If K is a locally finite simplicial complex, then jKj admits a canonical piecewise linear
structure. Namely, we take the collection of all charts which are compatible with the inclusions jLj ,!jKj,
where L is any finite subcomplex of K. Also, for any Euclidean space RN, we can define a natural
piecewise linear structure on RN by taking all charts which are compatible with inclusions of the form
jKj ,!RN, where K is any simplicial complex of linear simplices in RN.

Definition 1.4 A continuous map f W P !Q between two PL spaces .P;ƒP / and .Q;ƒQ/ is a PL
map if, for any x in P , we can find piecewise linear charts h0 W jKj ! P and h1 W jLj !Q near x and
f .x/ respectively which satisfy the following:

(i) f .Im h0/� Im h1, and Im h0 and Im h1 are neighborhoods of x and f .x/ respectively.

(ii) The composite h�11 ıf ı h0 maps each simplex of jKj linearly to a simplex of jLj.

The map f is a PL homeomorphism if its both a PL map and a homeomorphism between the underlying
topological spaces P and Q.

Definition 1.5 The category PL is the category whose objects are PL spaces and morphisms are PL
maps.

Using the notion of PL homeomorphism, we can formulate the following definition.

Definition 1.6 A PL space .M;ƒ/ is a d -dimensional PL manifold if every point x 2M has an open
neighborhood which is PL homeomorphic to an open subspace of the Euclidean space Rd (equipped with
the standard PL structure defined in Example 1.3). Moreover, we say that .M;ƒ/ is a d -dimensional
PL manifold with boundary if each x 2M has a neighborhood which is PL homeomorphic to an open
subspace of the half-space Rd

�0.

In Appendix A, we will give more detailed explanations of other notions from piecewise linear topology
that we will use in this article. Specifically, in Appendix A, we discuss PL submersions, PL microbundles,
and regular neighborhoods.
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2 Fundamentals of spaces of PL manifolds

2.1 Spaces of manifolds and quasi-PL spaces

In this section, we will review some of the basic constructions and results from [5] that we will use in
this paper. We start by defining the space of PL manifolds ‰d .U /, which was the main object studied
in [5]. As we did in [5], instead of just defining ‰d .U / as a simplicial set, we shall define it as a PL set.
We introduce this notion in the next definition.

Definition 2.1 A PL set is a functor of the form F W PLop
! Sets. The function F.f / W F.P /! F.Q/

induced by a PL map f WQ!P shall be denoted simply by f �. Moreover, we say that F0 W PLop
! Sets

is a PL subset of F if F0.P /� F.P / for all PL spaces P and, for any PL map f WQ! P , the induced
function f � W F0.P /! F0.Q/ is the restriction of the function f � W F.P /! F.Q/ on F0.P /.

In [5], we defined ‰d .U / assuming that U was an open subspace of some RN. However, in this paper,
we shall make this construction slightly more general.

Definition 2.2 Fix anN -dimensional PL manifoldM without boundary and a nonnegative integer d �N .
For an open set U ofM , the space of d -dimensional PL manifolds in U is the PL set‰d .U / WPLop

!Sets
defined as follows:

� For a PL spaceP ,‰d .U /.P / is the set of all closed PL subspacesW ofP�U with the property that
the restriction of the standard projection P �U ! P on W is a PL submersion of codimension d .

� The function f � W‰d .U /.P /!‰d .U /.Q/ induced by a PL map f WQ!P sends an elementW
to the pull-back f �W . That is, f �W is the PL subspace ofQ�U given by f.�; x/ j .f .�/; x/2W g.

In Section A.1, we review the definition of PL submersion and collect some basic facts about this type of
map.

Remark 2.3 Throughout this paper, whenever we consider a PL set of the form ‰d .U /, we shall always
assume that d � 1 and N � 2d C 2. The condition N � 2d C 2 will allow us to apply certain general
position results in some of our arguments (eg Proposition 4.7). On the other hand, the inequalities d � 1
and N � 2d C 2 combined imply that N � d � 3. By having N � d � 3, we can guarantee that every
d -dimensional PL submanifold W of U is locally flat. That is, for any x in W , we can find an open PL
embedding h W RN ! U which maps the origin 0 2 RN to x, and maps the subspace Rd � RN to W .
The fact that PL submanifolds are locally flat in codimension at least 3 is an immediate consequence
of [20, Theorem 1], which states that any proper pair of PL balls .BN ; Bd / with N � d � 3 is PL
homeomorphic to the standard ball pair .IN ; Id /, where IN (resp. Id ) is the N -fold (resp. d -fold)
cartesian product of Œ�1; 1� and where we identify Id with the PL subspace of IN defined by setting the
last N � d coordinates equal to 0. Furthermore, given any element W of a set ‰d .U /.P /, the condition
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N � d � 3 guarantees that the pair .�; �jW / consisting of the standard projection � W P �U ! P and
the restriction �jW WW ! P is a relative PL submersion. The definition of relative PL submersion is
given in Section A.1 (see Definition A.2).

Remark 2.4 Let F W PLop
! Sets be a PL set and P a PL space. If W is an element of F.P / and Q is

a PL subspace of P , we can obtain an element WQ of F.Q/ by restricting W over Q. In other words,
WQ is the pull-back of W along the obvious inclusion Q ,! P . Throughout this paper, we shall call WQ
the restriction of W over Q. If F is a PL set of the form ‰d .U /, the element WQ has a more concrete
geometric interpretation: If � WW ! P is the restriction of the standard projection P �U ! P on W ,
then WQ is the element of ‰d .U /.Q/ obtained by taking the fibers of � WW ! P over Q. In particular,
if Q is a one-point subspace fxg of P , the restriction Wfxg is the fiber of W over x. As we did in [5], we
shall denote the fiber Wfxg simply by Wx .

If V � U are open sets of the manifold M , we can define a restriction map rU;V W ‰d .U /! ‰d .V /

between PL sets (ie a natural transformation) which sends an element W of ‰d .U /.P / to the intersection
of W with P � V . Therefore, the assignments U 7! ‰d .U / and .V � U/ 7! rU;V define a functor
O.M/op! PLsets, where O.M/ denotes the poset of open sets of M and PLsets is the category of PL
sets. In fact, since the property defining a PL submersion is local, we can easily verify the following
result, which we state without proof.

Proposition 2.5 The correspondences U 7! ‰d .U / and .V � U/ 7! rU;V define a sheaf of PL sets
on M . That is , for any open set U of M and any open cover fUigi of U , we have an equalizer diagram
of PL sets of the form

‰d .U /!
Y
i

‰d .Ui /�
Y
i;j

‰d .Ui \Uj /:

As explained in [5], any PL set of the form ‰d .U / is in fact a quasi-PL space. We will review this notion
in the next definition.

Definition 2.6 A quasi-PL space is a PL set F W PLop
! Sets which satisfies the following gluing

condition: given any PL space P and any locally finite collection of closed PL subspaces fQigi which
covers P , the diagram of restriction maps

(2-1) F.P /!
Y
i

F.Qi /�
Y
i;j

F.Qi \Qj /

is an equalizer diagram of sets.

Definition 2.6 should be compared with that of a quasitopological space used by Gromov in [7]. In
Definition 2.6, we restrict to the category PL, and the gluing condition is required to hold for arbitrary
locally finite families of closed PL subspaces. On the other hand, for a quasitopological space, the
corresponding gluing condition is required only for finite collections of closed subsets. Moreover, we
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point out that any quasi-PL space F is automatically a sheaf on PL spaces, ie the gluing condition
described in (2-1) implies the analogous gluing condition for arbitrary open covers. This fact can be
proven using standard triangulation techniques from PL topology and [12, Lemma 2.1.6].

Next, we shall review how an arbitrary PL set F induces naturally a simplicial set F�. Before reviewing
this construction, we need to introduce some conventions.

Convention 2.7 For any nonnegative integer p, we will denote by Œp� the set f0; 1; : : : ; pg. As it is
normally done in the literature, we will denote by � the category whose objects are the sets Œp� and
morphisms are nondecreasing functions. In this paper, the standard geometric p-simplex �p will be the
convex hull of the vectors of the standard basis in RpC1. Note that any morphism � W Œp�! Œq� in the
category � induces a canonical linear map �p!�q between geometric simplices. We will denote this
linear map by Q�. Also, notice that the correspondences Œp� 7!�p and � 7! Q� assemble into an inclusion
functor of the form I W� ,! PL. Thus, we can regard � as a (nonfull) subcategory of PL.

Definition 2.8 For any PL set F W PLop
! Sets, we define the underlying simplicial set of F to be the

simplicial set F� obtained by taking the composition

�op Iop
,�! PLop F

�! Sets;

where I W� ,! PL is the functor defined in Convention 2.7.

Convention 2.9 Consider a PL set of the form ‰d .U / and let ‰d .U /� be its underlying simplicial
set. According to the previous definition, the structure map of ‰d .U /� corresponding to a morphism
� 2 �.Œq�; Œp�/ is the function Q�� W ‰d .U /p ! ‰d .U /q which sends an element W 2 ‰d .U /p D
‰d .U /.�

p/ to its pull-back Q��W along the canonical linear map Q�� W�q!�p induced by � W Œq�! Œp�.
From now on, we shall denote the structure map Q�� W ‰d .U /p! ‰d .U /q simply by ��, and we shall
denote any pull-back of the form Q��W by ��W .

Remark 2.10 We point out that ‰d .U /� is a pointed simplicial set, where the basepoint is the subsim-
plicial set of all simplices W such that W D¿. Equivalently, the basepoint consists of all degeneracies
of the empty 0-simplex.

Consider a PL set F and let F� be its underlying simplicial set. If F happens to be a quasi-PL space, the
simplicial set F� has the following property.

Proposition 2.11 The underlying simplicial set F� of a quasi-PL space F is Kan.

See [5, Theorem 2.13] for a proof of this proposition. As mentioned before, the PL sets ‰d .U / are
examples of quasi-PL spaces.

Proposition 2.12 Fix two nonnegative integers d �N . For any open set U �M in an N -dimensional
PL manifold M without boundary, the functor ‰d .U / W PLop

! Sets is a quasi-PL space. In particular ,
the underlying simplicial set ‰d .U /� is Kan.
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See [5, Theorem 2.15] for a proof of this result. We point out that, in [5], we proved that ‰d .U / is a
quasi-PL space in the special case when U is an open subset of RN. However, the proof given in [5]
follows through without much difficulty if we assume instead that U is contained in an arbitrary PL
manifold M without boundary.

One reason why PL sets (and, in particular, quasi-PL spaces) are useful is that they allow one to solve
homotopy-theoretical questions geometrically. To make this assertion more precise, we need to recall the
following notion introduced in [5].

Definition 2.13 Consider a PL set F and let P be an arbitrary PL space. Two elements W0 and W1
of the set F.P / are said to be concordant if there exists a yW in F.Œ0; 1��P / such that, for j D 0 and
j D 1, the element Wj is equal to the pull-back of yW along the canonical inclusion ij W P ,! Œ0; 1��P

defined by ij .x/D .j; x/. In this case, we say that yW is a concordance from W0 to W1.

Remark 2.14 Fix a PL set F, and let W0 and W1 be two elements of F.�p/. In other words, W0
and W1 are p-simplices of the underlying simplicial set F�. For j D 0 and j D 1, let fj W �p� ! F�

be the classifying map of Wj . In [5, Proposition 2.21], we described a procedure which takes as
input a concordance from W0 to W1 and produces a homotopy between the geometric realizations jf0j
and jf1j. Therefore, if W0 and W1 are p-simplices of ‰d .U /� with classifying maps f0 W �p� ! F�

and f1 W�p� !F� respectively, we can produce a homotopy from jf0j to jf1j by simply constructing a
concordance yW 2‰d .U /.Œ0; 1���p/ from W0 to W1. We will exploit this observation in many of the
arguments that we will elaborate in this paper.

Fix a PL set F W PLop
! Sets and let F0 be a PL subset of F. Evidently, the underlying simplicial set F0

�

is a subsimplicial set of F�. Using the subdivision techniques from [5], we can prove the following.

Proposition 2.15 Let F W PLop
! Sets be a PL set and suppose that F0 is a PL subset of F with the

property that , for any PL space P and any element W 2 F.P /, there exists an open cover U of P such
that , for each open set U 2U, the restriction WU is an element of F0.U /. Then , under these assumptions ,
the standard inclusion F0

�
,! F� is a weak homotopy equivalence.

The proof of this proposition will be postponed until Appendix B, where we will also review briefly the
subdivision methods from [5].

2.2 The spectrum of piecewise linear manifolds

In this paper, we will mainly focus on quasi-PL spaces of the form ‰d .R
N /; ie we will work with spaces

of PL manifolds inside RN.

In [5], we explained how to assemble the sequence of spaces fj‰d .RN /�jgN into a spectrum ‰d . In this
paper, we will use an alternative model for this spectrum ‰d , one where the levels of ‰d are given by
simplicial sets rather than topological spaces. Before we explain how to obtain this alternative definition
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of ‰d , we need to introduce the following simplicial set: Let R[f1g be the one-point compactification
of the real line R with its usual topology. From now on, we will denote by S1 the subsimplicial set of
Sing.R[ f1g/ consisting of those continuous functions f W �p ! R[ f1g whose restriction on the
complement �p �f �1.1/ is piecewise linear. Note that S1 is a pointed simplicial set; the basepoint is
defined by all constant functions �p! f1g. Also, recall that the natural basepoint of ‰d .RN /� is the
subsimplicial set consisting of all degeneracies of the empty 0-simplex ¿. As we did in [5], we shall
denote this subsimplicial set by ¿�.

Let � W ‰d .RN /� ,! ‰d .R
NC1/� be the inclusion of simplicial sets induced by the standard inclusion

RN ,! RNC1. In this discussion, we shall denote the image of a p-simplex W of ‰d .RN /� under �
simply by W . Now, given an arbitrary p-simplex .f;W / of the product S1 �‰d .RN /�, we can produce
a p-simplex in ‰d .RNC1/� by pushing the fibers of W towards infinity along the .NC1/-direction using
the function f . More rigorously, we can do the following:

� Let U denote the complement �p �f �1.1/, and let WU be the restriction of W over U .

� Let W C f be the image of WU under the PL embedding U �RN ! U �RNC1 defined by
.�; x1; : : : ; xN / 7! .�; x1; : : : ; xN ; f .�//.

Clearly, W C f is an element of the set ‰d .RNC1/.U /. However, since f W �p ! R [ f1g is a
continuous map, W C f is actually closed as a PL subspace of �p �RNC1. Therefore, W C f is a
p-simplex of ‰d .RNC1/� which has empty fibers over f �1.1/.

Note that if .W; f / is a p-simplex satisfying W D¿ or f .�p/D f1g, then W Cf will be the empty
p-simplex in ‰d .RNC1/�. Thus, for any positive integer N , the map of simplicial sets

(2-2) S1 �‰d .R
N /�!‰d .R

NC1/�; .W; f / 7!W Cf;

factors through the smash product S1 ^ ‰d .RN /�. With this observation, we can now define the
spectrum ‰d .

Definition 2.16 The spectrum of piecewise linear manifolds ‰d is the spectrum whose N th level is
‰d .R

N /� and whose structure maps S1 ^‰d .RN /�! ‰d .R
NC1/� are the morphisms of simplicial

sets induced by (2-2).

3 Spaces of manifolds with marking functions

In this section, we will introduce for any PL space P a variant of the set ‰d .RN /.P / where fibers come
equipped with basepoints. The main ingredient for this new construction is the following definition.

Definition 3.1 Let P be a PL space and let W be an element of ‰d .RN /.P /. A continuous map
f W P !RN [f1g is said to be a marking function for W if it satisfies the following conditions:

(i) For any x 2 P , f .x/D1 if and only if Wx D¿.
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(ii) If Wx ¤¿, then f .x/ must be a point in the fiber Wx .

(iii) If the fiber Wx contains the origin 0 2RN, then f .x/D 0.

(iv) The restriction of f on the preimage f �1.RN / is a piecewise linear map.

Remark 3.2 For any marking function f W P !RN [f1g of an element W 2‰d .RN /.P /, we will
often denote the preimage f �1.RN / by Vf . Note that if � WW ! P is the restriction of the standard
projection P �RN ! P on W , then Vf � P is equal to the image �.W /. Now, let Qf W Vf ,!W be the
piecewise linear inclusion defined by Qf .x/D .x; f .x//. Evidently, Qf maps Vf onto the graph of f jVf ,
which is a closed PL subspace ofW . Using the fact that � WW !P is a PL submersion of codimension d ,
one can easily verify that the diagram

Vf
Qf

,�!W �
�! Vf

is a d -dimensional PL microbundle (we will review the definition of microbundle in Section A.2). More
generally, since the map of pairs

.pr1; �/ W .P �RN ; W /! .P; P /

is a relative PL submersion of codimensions N and d (see Definition A.2), one can also verify that the
diagram

Vf
Qf

,�! .Vf �RN ; W /
.pr1;�/���! Vf

is a PL .N; d/-microbundle pair over Vf (the definition of microbundle pair will also be discussed in
Section A.2).

The following is the main definition of this section.

Definition 3.3 Let P be a PL space. We define z‰d .RN /.P / to be the set of all tuples .W; f /, where
W is an element of ‰d .RN /.P / and f W P !RN [f1g is a marking function for W .

For a PL map g WQ!P , let Qg� W z‰d .RN /.P /! z‰d .RN /.Q/ be the function defined by Qg�..W; f //D
.g�W; f ıg/. One can easily check that the correspondences P 7! z‰d .RN /.P / and g 7! Qg� define a
contravariant functor z‰d .RN / W PLop

! Sets. In fact, we have the following proposition.

Proposition 3.4 The functor z‰d .RN / is a quasi-PL space. In particular , the underlying simplicial set
z‰d .R

N /� is Kan.

Proof We need to prove that z‰d .RN / satisfies the gluing condition stated in Definition 2.6. Let then P
be a PL space and let fPigi2ƒ be a locally finite collection of closed PL subspaces covering P . For each
i 2ƒ, let .Wi ; fi / be an element of z‰d .RN /.Pi /. Moreover, suppose that for any two indices i and j the
pairs .Wi ; fi / and .Wj ; fj / agree over the intersection Pi \Pj . Since ‰d .RN / is a quasi-PL space, there
is a unique element W of ‰d .RN /.P / with the property that WPi DWi for all i 2ƒ (ie the restriction of
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W over Pi agrees withWi ). Also, by gluing all the functions fi , we obtain a function f WP !RN [f1g

which agrees with fi when restricted to Pi . It is evident that the function f satisfies properties (i), (ii),
and (iii) from Definition 3.1, so we only need to check that f is piecewise linear on f �1.RN /. To verify
this, we shall assume that P is the geometric realization jKj of a locally finite simplicial complexK. (It is
possible to make this assumption because any PL space admits a triangulation. See [10, Chapter 3] for a
discussion of triangulations of PL spaces.) Now, pick any point x in f �1.RN /� jKj. After subdividing
K if necessary, we can assume that the point x is a vertex of K and that all the simplices of the star
st.x;K/ (ie the union of all simplices of K which have x as a vertex) are contained in f �1.RN /. Also,
by subdividing K even further, we can assume that each simplex of st.x;K/ is contained in some PL
subspace Pi . All of these assumptions guarantee that f is piecewise linear on each simplex of st.x;K/.
Therefore, f is piecewise linear on st.x;K/, which is a neighborhood of x contained in f �1.RN /.
Thus, since x was arbitrary, we have shown that f is locally piecewise linear at any point of f �1.RN /.
Consequently, f is piecewise linear on all of f �1.RN /, and it follows that the pair .W; f / is an element
of z‰d .RN /.P /.

The previous argument shows that the diagram of restriction maps

(3-1) z‰d .R
N /.P /!

Y
i

z‰d .R
N /.Pi /�

Y
i;j

z‰d .R
N /.Pi \Pj /

is an equalizer diagram of sets. In other words, the functor z‰d .RN / W PLop
! Sets satisfies the gluing

condition stated in Definition 2.6.

Notice that a 0-simplex of z‰d .RN /� is a d -dimensional piecewise linear submanifold W of RN, which
is closed as a subspace, with a choice of basepoint. The basepoint has to be equal to the origin 0 of RN

if 0 2W . From now on, any 0-simplex of z‰d .RN /� with underlying manifold W shall be denoted by
.W; x/, where the second component indicates the basepoint. If W D¿, then we must have x D1.

3.1 Constructing concordances via scanning

In this section, we will explain how to use scanning to construct concordances between elements of
z‰d .R

N /.P /, assuming that P is a compact PL space. The following definition will play a central role in
our constructions.

Definition 3.5 Fix a value � > 0. A map F W Œ0; 1/�RN !RN is an elementary �-scanning map if it
satisfies the following:

(i) F is piecewise linear.

(ii) For all t in Œ0; 1/, Ft is a piecewise linear homeomorphism from RN to itself that preserves the
origin 0 2RN, ie Ft .0/D 0 for all t in Œ0; 1/.

(iii) F0 is equal to the identity map IdRN .

(iv) Given any value r > 0, there is a t0 in Œ0; 1/ such that Œ�r; r�N � Ft ..��; �/N / for all t � t0.
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One can construct elementary �-scanning maps via an iterated application of the isotopy extension theorem
(see [18, Chapter 4]). For many of the arguments that we will do in this section, it will be necessary to
modify elements .W; f / of a set z‰d .RN /.P / by pushing some fibers of W to infinity while keeping
other fibers fixed. This will be accomplished by applying the following construction as well as Lemma 3.8
below.

Definition 3.6 Let F W Œ0; 1/�RN!RN be an elementary �-scanning map and h WP ! Œ0; 1� a piecewise
linear function. Also, let Uh denote the preimage h�1.Œ0; 1//. The piecewise linear homeomorphism
yF W Uh �RN ! Uh �RN defined by the formula

yF .x; y/D .x; Fh.x/.y//

will be called the �-scanning map induced by F and h.

It is a routine exercise to check that the map yF is actually a PL homeomorphism. For the statement of
Lemma 3.8, we will need to use marking functions which are not necessarily globally defined.

Definition 3.7 Let W be an element of ‰d .RN /.P /. A function f W V ! RN [ f1g is a partially
defined marking function for W if

(i) the domain V is a nonempty open subset of P , and

(ii) f is a marking function for the element WV 2‰d .RN /.V / obtained by restricting W over V .

Lemma 3.8 Fix a compact PL space P , an element W of ‰d .RN /.P /, a value � > 0, an elementary
�-scanning map F W Œ0; 1/�RN ! RN, and a piecewise linear function h W P ! Œ0; 1�. Moreover , let
us denote the preimage h�1.Œ0; 1// by Uh. If for every x in h�1.1/ we have that the fiber Wx does
not intersect the cube Œ��; ��N, then there exists an element W F;h of ‰d .RN /.P / which satisfies the
following:

(i) For any x in Uh, the fiber W F;h
x is equal to Fh.x/.Wx/.

(ii) W
F;h
x D¿ for all x in P �Uh.

Furthermore , if f W V ! RN [ f1g is a partially defined marking function for W and the domain V
contains Uh, then the function f F;h W P !RN [f1g defined by

(3-2) f F;h.x/D

�
Fh.x/.f .x// if x 2 Uh\f �1.RN /;
1 if x 2 .P �Uh/[f �1.1/;

is a marking function for W F;h.

Before jumping into the proof of Lemma 3.8, let us say a few words about our strategy for proving this
result. Roughly speaking, we will construct the element W F;h of ‰d .RN /.P / by enlarging the cube
Œ��; ��N at each point x 2 P . In other words, W F;h will be obtained by performing scanning (via the
elementary �-scanning map F ) at each point x 2 P . The function h W P ! Œ0; 1� indicates how much
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scanning we will do at each point of P . If h.x/D 0, then we do not do any scanning at x. In this case,
W and W F;h will have the same fiber over x. If 0 < h.x/ < 1, then the elementary �-scanning map
F W Œ0; 1/�RN !RN will scan any part of the fiber Wx lying outside of Œ��; ��N away from the origin.
The closer h.x/ is to 1, the stronger the scanning. Finally, if h.x/ D 1, the fiber Wx is pushed all the
way to infinity, making the new fiber W F;h

x empty. If f W V !RN [f1g is a partially defined marking
function for W such that Uh � V , then the statement of Lemma 3.8 also says that we can scan the images
of f along with the fibers of W to produce a marking function f F;h W P !RN [f1g for W F;h (this is
the function defined in (3-2)). An interesting feature of the scanning process described in Lemma 3.8 is
that, even though the initial marking function f W V !RN [f1g might only be partially defined, the
new marking function f F;h W P !RN [f1g will be globally defined on all of P . As a final comment,
we point out that any nonempty fiber Wx over a point x 2 Uh will remain nonempty throughout the
scanning argument described above. This is the reason why we require Uh � V ; with this assumption,
we guarantee that any nonempty fiber W F;h

x will have a basepoint of the form f F;h.x/ by the end of the
scanning process. On the other hand, since all the fibers of W F;h over P �Uh will be empty, the value
f F;h.x/ for any point x … Uh will simply be1.

Proof of Lemma 3.8 Let yF WUh�RN !Uh�RN be the �-scanning map induced by the maps F and h
(in the sense of Definition 3.6), and let WUh be the restriction of W over Uh. We construct the element
W F;h as follows: First, take the image of WUh under the �-scanning map yF W Uh �RN ! Uh �RN, and
then include this image in P �RN via the obvious inclusion Uh �RN ,! P �RN. To show that W F;h

is indeed an element of ‰d .RN /.P /, we must verify two things:

(1) W F;h is a closed PL subspace of P �RN.

(2) The restriction of the standard projection P �RN ! P on W F;h is a PL submersion of codimen-
sion d .

Since yF is a PL homeomorphism, it follows that the image yF .WUh/ is a PL subspace of Uh�RN, which
in turn is a PL subspace of P �RN. Therefore, W F;h is a PL subspace of P �RN. To establish that
W F;h is a closed subspace of P �RN, we will prove the following claim:

Claim A For any point .x0; y0/ 2 P �RN �W F;h, there exists an open neighborhood Vx0 of x0 in P
and a value R > 0 such that Vx0 �B.y0; R/ is disjoint from W F;h.

In the previous statement, B.y0; R/ denotes the open cube
QN
jD1.y

j
0 �R; y

j
0 CR/, where yj0 is the j th

coordinate of the point y0. We will break down the proof of this claim into two cases:

Case A.1 The point x0 is in Uh.

Recall that W F;h is equal to the image yF .WUh/, where WUh is the restriction of W over Uh and
yF W Uh �RN ! Uh �RN is the �-scanning map induced by F and h. Since WUh is closed in Uh �RN

and yF is a PL homeomorphism, it follows that W F;h is closed in Uh �RN. Consequently, we can find
an open neighborhood Vx0 of x0 in Uh and a value R > 0 such that .Vx0 �B.y0; R//\W

F;h D¿.
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Case A.2 The point x0 is in P �Uh.

Recall that Uh is equal to the preimage h�1.Œ0; 1//. Then, since x0 2P �Uh, we must have that h.x0/D 1.
Thus, by the assumptions given in the statement of this lemma, the fiber Wx0 is disjoint from the cube
Œ��; ��N. In fact, using the compactness of P , we can find a value 0< ı < 1 such that Wx\ Œ��; ��N D¿
for all x 2 h�1..1� ı; 1�/. We can prove the existence of such a ı > 0 as follows: Let V� be the subspace
of P of all points x such that Wx is disjoint from Œ��; ��N. The fact that W is closed and Œ��; ��N

is compact ensures that V� is open in P . Next, note that V� and the collection fh�1.Œ0; 1� s//g0<s<1
form an open cover for P . Then, the compactness of P implies that there is a ı > 0 such that V� and
h�1.Œ0; 1� ı// form an open cover for P . Consequently, since h�1..1� ı; 1�/ and h�1.Œ0; 1� ı// are
disjoint, we must have that h�1..1� ı; 1�/ � V�. Therefore, for any x 2 h�1..1� ı; 1�/, the fiber Wx
must be disjoint from Œ��; ��N.

Now, let us fix an arbitrary value R> 0. We claim that, for this R> 0, we can find an open neighborhood
Vx0 of x0 such that Vx0 � B.y0; R/ is disjoint from W F;h. To prove this, pick first a large enough
value r > 0 so that the cube Œ�r; r�N contains B.y0; R/. By condition (iv) from the definition of
elementary �-scanning map, it is possible to find a value ı0 in the open interval .0; ı/ such that Œ�r; r�N �
Fh.x/..��; �/

N / for all x in h�1..1 � ı0; 1�/. Then, since W F;h
x D Fh.x/.Wx/ for all x 2 Uh and

Wx \ Œ��; ��
N D¿ for all x 2 h�1..1� ı0; 1�/, it follows that

(3-3) W F;h
x \ Œ�r; r�N D¿ for all x 2 Uh\ h

�1..1� ı0; 1�/:

On the other hand, since W F;h is empty over P �Uh, we also have that

(3-4) W F;h
x \ Œ�r; r�N D¿ for all x 2 .P �Uh/\ h

�1..1� ı0; 1�/:

Thus, if we set Vx0 WD h
�1..1� ı0; 1�/, the statements given in (3-3) and (3-4) imply that

W F;h
x \ Œ�r; r�N D¿ for all x 2 Vx0 ;

which is equivalent to saying that Vx0 � Œ�r; r�
N does not intersect W F;h. Since Œ�r; r�N contains

B.y0; R/, the product Vx0 �B.y0; R/ is also disjoint from W F;h, and we have thus concluded the proof
of Claim A.

To prove that the restriction of the standard projection P �RN ! P on W F;h is a PL submersion of
codimension d , one just needs to observe that this map can be factored as

W F;h
!WUh ,!W ! P;

where the first map is the restriction of yF�1 on W F;h, which is a PL homeomorphism, the second map is
the inclusion of WUh into W , and the third map is the restriction of the standard projection P �RN !P

on W . Since the first two maps in this composition are PL submersions of codimension 0 and the third
one is a PL submersion of codimension d , we can conclude that the restriction of the standard projection
P �RN ! P on W F;h is a PL submersion of codimension d . Thus, we have proven that W F;h is an
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element of ‰d .RN /.P /. Also, by the way we constructed W F;h, it is evident that this element satisfies
conditions (i) and (ii) given in the statement of this lemma.

Now suppose that f W V !RN [f1g is a partially defined marking function for W such that V is an
open set containing Uh, and consider the function f F;h W P !RN [f1g defined in (3-2). Evidently, by
the definition given in (3-2), the preimage .f F;h/�1.1/ is equal to .P �Uh/[ f �1.1/. Also, note
that a fiber W F;h

x of W F;h is empty if and only if x is a point in .P �Uh/[ f �1.1/. In particular, the
function f F;h satisfies condition (i) from the definition of marking function, given in Definition 3.1. On
the other hand, for any x in the open set Uh \ f �1.RN / (which is the preimage of RN under f F;h),
condition (ii) from the definition of marking function guarantees that f .x/ 2Wx , which evidently implies
that Fh.x/.f .x// 2 Fh.x/.Wx/. Then, since f F;h.x/ D Fh.x/.f .x// and W F;h

x D Fh.x/.Wx/, we can
conclude that f F;h.x/ is a point in W F;h

x whenever x 2 Uh\f �1.RN /D .f F;h/�1.RN /. Therefore,
f F;h also satisfies condition (ii) from Definition 3.1. Furthermore, by condition (ii) from the definition
of elementary �-scanning map (Definition 3.5), the PL homeomorphism yF maps the product Uh � f0g to
itself, where 0 once again denotes the origin of RN. From this last observation, it follows that f F;h also
satisfies condition (iii) from the definition of marking function.

It remains to show that f F;h is piecewise linear on Uh \ f �1.RN / and continuous on all of P . To
show that f F;h is piecewise linear on Uh \ f �1.RN /, it is enough to observe that the formula given
in (3-2) asserts that f F;h is equal to a composition of PL maps when restricted to Uh\ f �1.RN /. In
particular, since any PL map is continuous, the function f F;h is continuous on Uh\ f �1.RN /. Thus,
it only remains to show that f F;h is continuous on .P � Uh/ [ f �1.1/. Fix then any point x0 in
.P �Uh/[f

�1.1/. Note that the fiber W F;h
x0 is empty. In particular, f F;h.x0/D1. Also, consider

the following family of open sets in RN [f1g:

(3-5)
˚
.RN [f1g/� Œ�r; r�N

	
r>0

:

SinceW F;h
x0 D¿, we can repeat the argument we did to establish (3-3) and (3-4) in the proof of Claim A to

show that, for any r > 0, there exists an open neighborhood Vr of x0 in P such that W F;h
x \ Œ�r; r�N D¿

for any x 2Vr . This then implies that f F;h.Vr/� .RN [f1g/� Œ�r; r�N. Since the family given in (3-5)
is a fundamental system of neighborhoods of the point f F;h.x0/D1 in RN [f1g, we can conclude
that f F;h is continuous at x0.

We shall adopt the following terminology throughout the rest of this section.

Definition 3.9 Let P , W , �, F , h, and f be as in the statement of Lemma 3.8. In particular, we
assume that f is defined on an open set V � P containing Uh WD h�1.Œ0; 1//. If W F;h is the element of
‰d .R

N /.P / produced via the procedure described in Lemma 3.8, we shall say that W F;h is the result of
performing .�; F; h/-scanning on W . Similarly, if f F;h W P ! RN [ f1g is the marking function for
W F;h obtained from f via Lemma 3.8, then we say that the pair .W F;h; f F;h/ is the result of performing
.�; F; h/-scanning on .W; f /.
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Remark 3.10 It is worth pointing out again that we can perform the type of scanning introduced in
Lemma 3.8 on a pair .W; f / even if f is just a partially defined marking function. Once we perform
.�; F; h/-scanning on both W and f , the resulting marking function f F;h will be defined on all of P .

Consider a compact PL space P . In the next proposition, we will show that the process of modifying
an element .W; f / 2 z‰d .RN /.P / via an .�; F; h/-scanning can be realized as a concordance (see
Definition 2.13). Note that, since .W; f / 2 z‰d .RN /.P /, we are implicitly assuming that the marking
function f is defined on all of P .

Proposition 3.11 Let P be a compact PL space and .W; f / an element of the set z‰d .RN /.P /. If
.W F;h; f F;h/ is the result of performing .�; F; h/-scanning on .W; f /, then there exists an element
. yW ; Of / of z‰d .RN /.Œ0; 1��P / with the following properties:

(i) . yW ; Of / is a concordance from .W; f / to .W F;h; f F;h/.

(ii) If the fiber Wx of W over a point x 2 P is empty, then yW is empty over the product Œ0; 1�� fxg.
In other words , any empty fiber of W will remain empty throughout the scanning process.

Proof Let .W F;h; f F;h/ be the result of performing .�; F; h/-scanning on .W; f /. Recall that F and h
represent the following:

(�) F W Œ0; 1/�RN !RN is an elementary �-scanning map.

(��) h W P ! Œ0; 1� is a PL function such that, for every x in the preimage h�1.1/, the fiber Wx does
not intersect the cube Œ��; ��N. Since f is defined on all of P , we trivially have that the set
Uh WD h

�1.Œ0; 1// is contained in the domain of f .

Besides these maps F and h, we shall also use the following objects in this proof:

� The constant concordance Œ0; 1��W from W to itself. That is, Œ0; 1��W is the element of the set
‰d .R

N /.Œ0; 1��P / whose fiber over a point .t; x/ 2 Œ0; 1��P is equal to Wx .

� The marking function Nf W Œ0; 1��P !RN [f1g for Œ0; 1��W defined by

Nf .t; x/D f .x/:

� The constant map c0 W P ! Œ0; 1� which maps every point of P to 0.

Using standard methods from PL topology, it is possible to construct a PL homotopyH W Œ0; 1��P ! Œ0; 1�

from c0 to h (ie H0 D c0 and H1 D h) so that H.t; x/ < 1 whenever t < 1. This last property of H
ensures that the concordance Œ0; 1��W satisfies the following condition:

(���) If H.t; x/D 1, then the fiber of Œ0; 1��W over the point .t; x/ is disjoint from the cube Œ��; ��N.

Note that H.t; x/D 1 necessarily implies that t D 1. By virtue of the condition given in (���), we can
perform .�; F;H/-scanning (where F is the same map appearing in (�)) on the element .Œ0; 1��W; Nf / to
obtain a new element in z‰d .RN /.Œ0; 1��P /. This new element, which we will denote by . yW ; Of /, is our
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desired concordance from .W; f / to .W F;h; f F;h/. Indeed, since H0 D c0 and H1 D h, we have that
. yW ; Of / is a concordance between the elements obtained by performing respectively .�; F; c0/-scanning
and .�; F; h/-scanning on .W; f /. In other words, . yW ; Of / is a concordance from .W; f / to .W F;h; f F;h/.
Finally, condition (ii) given in the statement of this proposition just follows from the fact that any empty
fiber of Œ0; 1��W will remain empty after we perform .�; F;H/-scanning.

The following definition will be essential for most of the scanning arguments that we will do in this
section.

Definition 3.12 Let P be a PL space. For an element W of ‰d .RN /.P /, the zero-set of W , denoted by
Z.W /, is the subspace of P consisting of all points x such that the fiber Wx contains the origin 0 of RN.

It is straightforward to prove that Z.W / is a closed PL subspace of P . We will use this definition in the
following example, which illustrates the main situation in which we will apply the scanning construction
introduced in Lemma 3.8. In this example, we will change some of our notational conventions. Specifically,
if P is a PL space and X is an arbitrary subspace of P , then we shall denote the closure of X by cl.X/
instead of X .

Example 3.13 Fix the following data:

� A compact PL manifold M with nonempty boundary and an element W of ‰d .RN /.M/ such
that Z.W /¤¿ and Z.W /�M � @M . Note that the compactness of M implies that the zero-set
Z.W / is also compact.

� A partially defined marking function f W V ! RN [ f1g for W such that Z.W / � V and
V �M � @M .

� Two regular neighborhoods R and R0 of Z.W / in V such that R � IntR0. See Section A.3 for the
definition of regular neighborhood.

� A PL homeomorphism k W cl.R0�R/! @R� Œ0; 1� which maps @R identically to @R�f0g and maps
@R0 onto @R�f1g. The existence of such a PL homeomorphism k is guaranteed by Proposition A.13
in Section A.3.

SinceR0 is a regular neighborhood ofZ.W /, we have in particular thatZ.W /� IntR0, which is equivalent
to saying that Z.W / is disjoint from cl.M �R0/. Then, since W is a closed subspace of M �RN, there
must exist a value � > 0 such that Wx \ Œ��; ��N D¿ for all fibers Wx over cl.M �R0/. Fix then such
a value � and choose an elementary �-scanning map F W Œ0; 1/ �RN ! RN corresponding to this �.
Additionally, let h WM ! Œ0; 1� be the piecewise linear function defined by

(3-6) h.x/D

8<:
0 if x 2R;
p2.k.x// if cl.R0�R/;
1 if cl.M �R0/;

where p2 is the standard projection @R � Œ0; 1� ! Œ0; 1� onto the second factor. A function h.x/ as
defined in (3-6) will sometimes be called a bump function relative to the pair R;R0. Since the set
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Uh WD h�1.Œ0; 1// is contained in V and all the fibers of W over h�1.1/ do not intersect the cube
Œ��; ��N, we can perform .�; F; h/-scanning on the pair .W; f / to produce an element .W F;h; f F;h/ of
z‰d .R

N /.M/. It is straightforward to check that the pair .W F;h; f F;h/ has the following properties:

� .W F;h; f F;h/D .W; f / over the regular neighborhood R.

� Over cl.M �R0/, the pair .W F;h; f F;h/ agrees with the trivial element .¿;1/ of z‰d .RN /.M/,
ie .¿;1/ is the unique element of z‰d .RN /.M/ whose underlying PL space is empty and whose
marking function is the constant map which sends all points to1.

We will use the construction given in this example when we compare the simplicial sets ‰d .RN /� and
z‰d .R

N /�.

In the case when Z.W /D¿, Proposition 3.11 yields the following important result.

Corollary 3.14 If P is a compact PL space and .W; f / is an element of z‰d .RN /.P / with Z.W /D¿,
then there is a concordance . yW ; Of / from .W; f / to the trivial element .¿;1/. Moreover , if the fiber of
W over a point x 2 P is empty, then yW can be chosen to be empty over the product Œ0; 1�� fxg.

Proof Since Z.W /D¿, the compactness of P (and the fact that W is closed in P �RN ) ensures that
there is an � > 0 such that every fiber Wx of W is disjoint from the cube Œ��; ��N. Fix then an elementary
�-scanning map F W Œ0; 1/�RN !RN corresponding to this �. Also, let c1 W P ! Œ0; 1� be the constant
function which maps every point of P to 1. Since the intersection Wx \ Œ��; ��N is empty for all x in P ,
we can perform .�; F; c1/-scanning on the pair .W; f /. The result of this scanning will be the trivial
element .¿;1/ of z‰d .RN /.P /. By Proposition 3.11, there is a concordance . yW ; Of / from .W; f / to
.¿;1/, which we can assume to be equal to the trivial element of z‰d .RN /.Œ0; 1��P / over the product
Œ0; 1��f �1.1/.

We can use Corollary 3.14 to prove the following property of the simplicial set z‰d .RN /�.

Corollary 3.15 The simplicial set z‰d .RN /� is path-connected.

Proof Recall that a 0-simplex of z‰d .RN /� is simply a pair .W; x/, where W is a d -dimensional
piecewise linear submanifold of RN (which is closed as a subspace) and x is a point in W . If W D¿,
then x D1, and if W intersects the origin 0 of RN, then we must have x D 0.

Since z‰d .RN /� is Kan, it is enough to show that any 0-simplex .W; x/ is concordant to the trivial element
.¿;1/ of z‰d .RN /0. Fix then an arbitrary element .W; x/ of z‰d .RN /0. We consider two cases:

Case 1 If the submanifold W does not intersect the origin 0 of RN, then Corollary 3.14 ensures that
there is a concordance . yW ; Of / between .W; x/ and .¿;1/.

Case 2 On the other hand, suppose that W contains the origin 0. In particular, we must have that x D 0.
To prove that .W; x/ is concordant to .¿;1/ in this case, we will first show that there exists a point P in
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RN such that the line segment 0P only intersectsW at 0. Indeed, sinceW is a closed PL subspace of RN,
we can find a simplicial complex K which triangulates RN and contains a subcomplex L triangulating W
(the existence of such a simplicial complex K follows from [10, Theorem 3.6]). Moreover, by subdividing
K if necessary, we can assume that 0 is a vertex of K. Now, consider the star st.0; K/, ie this is the
subcomplex of K obtained by taking the union of all simplices that contain 0 as a vertex and all faces of
such simplices. Evidently, the star st.0; L/ is a subcomplex of st.0; K/. By subdividing K further, we
can assume that st.0; L/ is full in st.0; K/, ie we can ensure that st.0; L/ has the following property: if
all the vertices of a simplex � 2 st.0; K/ are in st.0; L/, then � itself must be a simplex of st.0; L/ (see
[18, Section 3.2]). Now, consider an N -simplex � of st.0; K/. Evidently, � cannot belong to st.0; L/
and, by the fullness of st.0; L/, there must be a vertex P of st.0; K/ which does not belong to st.0; L/.
Then, the line segment 0P must be a 1-simplex of K which only intersects jLj DW at 0.

Now, let Ev be the vector in RN with tail at P and head at 0, and consider the PL ambient isotopy
H W Œ0; 1��RN ! RN defined by Ht .x/ D x � t Ev. Since H is a PL ambient isotopy, the collection
of PL manifolds fHt .W /gt2Œ0;1� defines an element yW 2 ‰d .RN /.Œ0; 1�/, ie yW is the element of
‰d .R

N /.Œ0; 1�/ with the property that yWt DHt .W / for each t 2 Œ0; 1�. In particular, yW is a concordance
from W to the element W 0 WDH1.W / 2‰d .RN /0. Moreover, since the line 0P only intersects W at 0,
any PL manifoldHt .W / with t 2 .0; 1� will not contain 0. Therefore, if Of W Œ0; 1�!RN is the PL function
defined by Of .t/DHt .0/ and x0 WDH1.0/, then the pair . yW ; Of / is an element of z‰d .RN /.Œ0; 1�/ which
is a concordance from .W; 0/ to .W 0; x0/. Since x0¤ 0, Corollary 3.14 ensures that there is a concordance
. yW 0; Of 0/ from .W 0; x0/ to .¿;1/. By concatenating . yW ; Of / and . yW 0; Of 0/, we produce a concordance
from .W; 0/ to .¿;1/.

3.2 Comparing spaces of manifolds

The simplicial sets in the sequence f z‰d .RN /�gN can also be assembled into a spectrum. For each positive
integer N , the basepoint that we will consider for z‰d .RN /� will be the subsimplicial set generated by
the 0-simplex .¿;1/. Using the same scanning process that we used to define the spectrum ‰d , we can
define structure maps

(3-7) Q�N W S
1
^ z‰d .R

N /�! z‰d .R
NC1/�

for all positive integers N . For any simplex .W; f / of z‰d .RN /�, the map Q�N will push all the values of
the function f towards1 while simultaneously pushing all the fibers of W towards the empty manifold.
These maps turn the sequence f z‰d .RN /�gN into a spectrum, which from now on we will denote by z‰d .

The reason for introducing z‰d is that this spectrum will serve as a bridge between the spectrum of PL
manifolds ‰d and the Madsen–Tillmann spectrum MTPL.d/, which we will introduce in Section 4.
More precisely, notice that for each positive integer N there is an obvious forgetful map

(3-8) FN W z‰d .R
N /�!‰d .R

N /�
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which maps any tuple .W; f / to W . All of these forgetful maps assemble into a map of spectra

(3-9) F W z‰d !‰d ;

and the main goal of this section is to prove the following theorem.

Theorem 3.16 The map of spectra F W z‰d !‰d defined in (3-9) is a weak equivalence.

Later, in Section 4, we will show that there is a weak equivalence MTPL.d/ ! z‰d , which would
complete the proof of our main theorem.

Remark 3.17 For any W 2 ‰d .RN /.P /, the restriction WZ.W / over the zero-set Z.W / admits only
one marking function. Namely, the function f0 W Z.W /! RN which maps all points of Z.W / to the
origin 0 2RN.

Let us give a brief outline of the proof of Theorem 3.16. To prove that the map (3-8) induces a surjection
between homotopy groups, we will show that, for any element W of ‰d .RN /.�p/ which is empty
over @�p , there exists an element of ‰d .RN /.�p/ which admits a marking function and is concordant
to W relative to @�p , ie the concordance we will construct will be empty over Œ0; 1�� @�p . This will be
done by first producing a partially defined marking function for W defined on a small open neighborhood
of Z.W / (which will be accomplished using Lemma 3.18) and then use the scanning techniques from the
previous section to turn this partially defined marking function into one which is globally defined. On the
other hand, the key step to prove that FN induces an injection between homotopy groups is to show that,
at least when we restrict to a sufficiently small open neighborhood of Z.W /, any two marking functions
for a p-simplex W are homotopic. This will be proven in Lemma 3.19.

Lemma 3.18 Let M be a compact PL manifold with @M ¤ ¿. If W is an element of ‰d .RN /.M/

such that Z.W /¤¿ and Z.W /�M � @M , then there exists a partially defined marking function f for
W defined on an open neighborhood V of Z.W / in M � @M . Moreover , the marking function f will
only take values in RN.

Proof Before we begin with the proof of this lemma, there are a few preliminary constructions we
need to discuss. First, let � W W ! M be the restriction of the standard projection M � RN ! M

on W . As observed at the end of Definition A.1 in Appendix A, the image of any PL submersion is
open. Therefore, we can find a regular neighborhood of Z.W / which is contained in the image �.W /.
Fix then a regular neighborhood R of Z.W / such that R � �.W /. According to Proposition A.12 in
Section A.3, there exists a piecewise linear map h W @R! Z.W / such that R is homeomorphic to the
mapping cylinder Cyl.h/. Moreover, if i denotes the obvious inclusion Z.W / ,! Cyl.h/, then we can
choose a homeomorphism H W Cyl.h/!R so that the composition

Z.W / i,�! Cyl.h/ H�!R

maps Z.W / identically to itself.
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As usual, we denote the restriction of W over R by WR. Also, for any � in the interval .0; 1/, we will
denote by R� the image of @R� Œ0; �/ under the composite @R� Œ0; 1�� Cyl.h/ H�!R, where the first
map is the quotient map from @R� Œ0; 1� onto Cyl.h/. Evidently, R� is an open neighborhood of Z.W /
in M � @M .

With all these preliminaries sorted out, we can now start with the details of the proof. Consider then the
commutative diagram

(3-10)

@R� f0g� _

��

// WR

�jWR
��

@R� Œ0; 1� // R

where the top and bottom horizontal maps are respectively the composites

@R� f0g
pr1
�! @R h

�!Z.W /
Qc0
�!WR;

@R� Œ0; 1�� Cyl.h/ H�!R:

The right-most map in the first composite is the inclusion defined by Qc0.x/D .x; 0/, where 0 denotes
once again the origin of RN. Since any submersion is a microfibration (see Section A.1), we can find
an � 2 .0; 1/ such that the bottom map in (3-10) admits a microlift with respect to �jWR defined on
@R� Œ0; �/, as illustrated in the following diagram:

(3-11)

@R� f0g� _

��

// WR

�jWR
��

@R� Œ0; �/

44

� � // @R� Œ0; 1� // R

It is readily seen that the microlift in (3-11) factors through R� , and we thus obtain a commutative diagram
of the form

(3-12)

WR

�jWR
��

R�

==

� � // R

where the bottom map is the obvious inclusion. From now on, we will denote the lift R�!WR appearing
in (3-12) by Qf . Now, fix a regular neighborhood R0 of Z.W / inside R� (which exists because R� is
open), and let f WR0!RN be the map obtained by taking the composite

(3-13) R0
Qf jR0��!WR ,!R�RN

pr2
�!RN ;

where the second map is the obvious inclusion and the third map is the standard projection from R�RN

onto RN. By construction, f is an RN -valued function, and it is straightforward to verify that f satisfies
conditions (ii) and (iii) given in the definition of marking function. Furthermore, by Remark A.4 in
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Section A.1, we can assume that the map Qf jR0 is piecewise linear, which would then imply that f is also
piecewise linear. Therefore, f WR0!RN is an RN -valued marking function for WR0 . By restricting f
to IntR0, we obtain a partially defined marking function for W .

Lemma 3.19 Fix a PL space P . Let W be an element of ‰d .RN /.P / with Z.W / nonempty and
compact , and let f; g W V ! RN [ f1g be two partially defined marking functions for W defined
on an open neighborhood V of Z.W /. Then , after possibly shrinking V , there exists a homotopy
F W Œ0; 1��V !RN [f1g satisfying the following:

(i) F0 D f and F1 D g.

(ii) F is a partially defined marking function for the constant concordance Œ0; 1��W .

Proof First of all, after shrinking the open neighborhood V , we can assume that the point1 is not in the
image of f or g. Let � WW ! P denote the restriction of the standard projection P �RN ! P on W ,
and let Qf ; Qg W V ,!W denote the piecewise linear inclusions defined respectively by Qf .x/D .x; f .x//
and Qg.x/D .x; g.x//. As pointed out in Remark 3.2, the fact that � is a piecewise linear submersion of
codimension d implies that � D .V;WV ; Qf ; �jWV / is a d -dimensional PL microbundle. Then, by the
representation theorem of Kuiper and Lashof (see Theorem A.6 in Section A.2), there exists an open
neighborhood zV of the section Qf .V / inWV such that �D .V; zV ; Qf ; �j zV / is a piecewise linear Rd -bundle
whose total space is zV (see Section A.2 for the definition of piecewise linear Rd -bundle).

By shrinking the open neighborhood V if necessary, we can assume that the image of Qg lies entirely in zV .
Thus, with this assumption, both Qf and Qg are sections of the bundle �, and since any two sections of an
Rd -bundle are fiberwise homotopic, we can find a PL homotopy zF W Œ0; 1��V ! zV such that zF0 D Qf ,
zF1 D Qg, and �. zF .t; x// D x for any .t; x/ in Œ0; 1� � V . Finally, by composing zF with the obvious

inclusions zV ,!WV ,! V �RN and the obvious projection V �RN !RN, we obtain a PL homotopy
F W Œ0; 1��V !RN from f to g. Moreover, it is straightforward to verify that F is indeed a marking
function for the constant concordance Œ0; 1��W over the product Œ0; 1��V .

We can now proceed to give the proof of Theorem 3.16.

Proof of Theorem 3.16 It suffices to prove that, for each positive integer N , the map

FN W z‰d .R
N /�!‰d .R

N /�

defined in (3-8) is a weak homotopy equivalence. In this proof, the basepoints that we will consider
for ‰d .RN /� and z‰d .RN /� will be the subsimplicial sets generated by the 0-simplices ¿ and .¿;1/
respectively.

Consider an element W in ‰d .RN /.�p/ which is empty over the boundary of �p. In other words, W
represents an element of the homotopy group �p.‰d .RN /�/. To prove that FN induces a surjection
between homotopy groups, we need to show that there exists an element yW of ‰d .RN /.Œ0; 1���p/
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which is empty over Œ0; 1��@�p and is a concordance betweenW and an element of‰d .RN /.�p/ which
admits a marking function. We will obtain such a concordance yW as follows. First, by Lemma 3.18, there
is a sufficiently small open neighborhood V of Z.W / on which we can define an RN -valued marking
function f W V ! RN for WV . Now choose two regular neighborhoods R and R0 of Z.W / inside V
such that R � IntR0. As we did in Example 3.13, we shall fix the following data: a value � > 0 such
that each fiber of W over cl.�p �R0/ is disjoint from the cube Œ��; ��N, an elementary �-scanning map
F W Œ0; 1/�RN !RN corresponding to this �, and a bump function h W�p! Œ0; 1� relative to the pair
.R;R0/ (see the function (3-6) defined in Example 3.13). By performing .�; F; h/-scanning on W and f ,
we obtain an element .W F;h; f F;h/ of z‰d .RN /.�p/ which agrees with .WR; f jR/ over R and with
.¿;1/ outside of R0. Then, by Proposition 3.11, there exists a concordance yW between W and W F;h

which is empty over the product Œ0; 1�� @�p.

To prove injectivity, consider two elements .W0; f / and .W1; g/ of z‰d .RN /.�p/ which agree with
the tuple .¿;1/ over @�p, and assume that the underlying PL spaces W0 and W1 represent the same
element in the group �p.‰d .RN /�/. Using this last assumption, we have to show that .W0; f / and
.W1; g/ represent the same class in �p.z‰d .RN /�/. We will do this by constructing a concordance from
.W0; f / to .W1; g/ which agrees with the trivial element .¿;1/ over Œ0; 1�� @�p. To construct this
concordance, we start by fixing a concordance zW 2‰d .RN /.Œ0; 1���p/ from W0 to W1 which is empty
over the product Œ0; 1�� @�p . Such a concordance zW exists because the simplicial set ‰d .RN /� is Kan
and because we are assuming that W0 and W1 represent the same element in �p.‰d .RN /�/. Next, by
Lemma 3.18, there is an open neighborhood V of Z. zW / on which we can define an RN -valued marking
function Qf W V !RN for the restriction zWV . Before we proceed any further, it is a good idea to introduce
some notation:

� For j 2 f0; 1g, let ij W�p ,! Œ0; 1���p be the inclusion given by ij .x/D .j; x/. From now on,
we shall denote the preimages i�10 .V / and i�11 .V / by V0 and V1 respectively.

� Also, we shall denote the compositions Qf ı i0jV0 and Qf ı i1jV1 by Qf0 and Qf1 respectively.

Now, there is no guarantee that Qf0 and Qf1 agree with the restrictions f jV0 and gjV1 respectively. However,
we can fix this issue as follows. First, let zW 0 be the element of ‰d .RN /.Œ�1; 2� ��p/ obtained by
gluing copies of the trivial concordances Œ�1; 0��W0 and Œ1; 2��W1 to the left and right-hand sides of
zW respectively, and let V 0 be the open set in the base-space Œ�1; 2���p obtained by gluing the sets
Œ�1; 0�� V0, V , and Œ1; 2�� V1. Note that V 0 is an open neighborhood of the zero-set Z. zW 0/. After
possibly shrinking V0 and V1 (which can be achieved by just shrinking V ), Lemma 3.19 guarantees
the existence of partially defined marking functions F W Œ�1; 0�� V0! RN and G W Œ1; 2�� V1! RN

for Œ�1; 0��W0 and Œ1; 2��W1 respectively such that F is a homotopy from f jV0 to Qf0, and G is a
homotopy from Qf1 to gjV1 . Then, we can glue the PL functions F , Qf , and G to obtain a partially defined
marking function Qf 0 W V 0!RN for zW 0. By rescaling the first factor of the base-space Œ�1; 2���p , we
can regard zW 0 as an element of ‰d .RN /.Œ0; 1���p/ and V 0 as an open neighborhood of Z. zW 0/ in
Œ0; 1���p. After this rescaling, Qf 0 W V 0!RN becomes a partially defined marking function with the
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property that Qf 00 D f jV0 and Qf 01 D gjV1 , which is exactly the condition we wanted to ensure. By abuse of
notation, we shall relabel zW 0 and Qf 0 by zW and Qf respectively.

Our next step is to use scanning to turn the partially defined marking function Qf into one which is globally
defined on Œ0; 1���p . To do this, choose two regular neighborhoods R and R0 of Z. zW / in V such that
R� IntR0, and fix again the following data: a value � >0 such that all the fibers of zW outside ofR0 do not
intersect the cube Œ��; ��N, an elementary �-scanning map F corresponding to this �, and a bump function
h W Œ0; 1���p ! Œ0; 1� relative to the pair R and R0. All of this data satisfies the conditions required
in Lemma 3.8, which means that we can perform .�; F; h/-scanning on the pair . zW ; Qf / to produce a
new element of z‰d .RN /.Œ0; 1���p/, which we will denote by . zW F;h; Qf F;h/. Now, if h0 W�p! Œ0; 1�

and h1 W�p! Œ0; 1� are the PL functions defined by h0.x/D h.0; x/ and h1.x/D h.1; x/ respectively,
then it is evident that . zW F;h; Qf F;h/ is a concordance between the element .W F;h0

0 ; f F;h0/ obtained
by performing .�; F; h0/-scanning on .W0; f / and the element .W F;h1

1 ; gF;h1/ obtained by performing
.�; F; h1/-scanning on .W1; g/. But since Proposition 3.11 guarantees that there are concordances from
.W0; f / to .W F;h0

0 ; f F;h0/ and from .W1; g/ to .W F;h1
1 ; gF;h1/, we can conclude that .W0; f / and

.W1; g/ are concordant elements of z‰d .RN /.�p/. Moreover, Proposition 3.11 also ensures that the final
concordance between .W0; f / and .W1; g/ is trivial over the product Œ0; 1�� @�p.

4 Spaces of piecewise linear planes

4.1 The PL Madsen–Tillmann spectrum

As indicated in the introduction, in this section we will introduce the PL Madsen–Tillmann spectrum
MTPL.d/. We will also prove that there is a weak equivalence of spectra MTPL.d/! z‰d .

To construct the spectrum MTPL.d/, we start by introducing the quasi-PL spaces which will play the
role of the smooth grassmannian and affine smooth grassmannian in the piecewise linear category.

Convention 4.1 We will use the following notation in our definitions:

� For an arbitrary PL space P , we will denote the standard projection P �RN ! P by � . Also, for
any element W of ‰d .RN /.P /, we will denote the restriction of � on W by �W .

� We will continue to denote the origin of RN by 0.

� s0 W P ,! P �RN will be the standard inclusion defined by s0.x/D .x; 0/.

� For any .W; f / in z‰d .RN /.P /, Vf will denote the preimage f �1.RN / and Qf W Vf !W will be
the map defined by Qf .x/D .x; f .x//. As pointed out in Remark 3.2, the image of Qf is the graph
of the marking function f .

Recall that, given two PL sets F;F0 W PLop
! Sets, we say that F0 is a PL subset of F if F0.P /� F.P /

for all PL spaces P and, for any PL map f WQ! P , the induced function f � W F0.P /! F0.Q/ is the
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restriction of the induced function f � WF.P /!F.Q/ on F0.P /. If, additionally, F and F0 happen to be
quasi-PL spaces, then we say that F0 is a quasi-PL subspace of F.

Definition 4.2 ‰ı
d
.RN / and Grd .RN / are the quasi-PL subspaces of ‰d .RN / such that, for any PL

space P , the sets ‰ı
d
.RN /.P / and Grd .RN /.P / are defined as follows:

� ‰ı
d
.RN /.P / is the subset of ‰d .RN /.P / consisting of all W that contain the product P � f0g.

In other words, an element W of ‰d .RN /.P / is in ‰ı
d
.RN /.P / if every fiber contains the origin

0 of RN.

� Grd .RN /.P / is the subset of ‰ı
d
.RN /.P / of all elements W such that the diagram

(4-1) P
s0,�! .P �RN ; W / �

�! P

is a piecewise linear .RN ;Rd /-bundle. The reader is referred to Section A.2 for the definition of
piecewise linear .RN ;Rd /-bundle.

We will call Grd .RN / the PL Grassmannian of d -planes in RN . Also, we define AGrC
d
.RN / and

AGrd .RN / to be the quasi-PL subspaces of z‰d .RN / whose values at any PL space P are the following:

� AGrC
d
.RN /.P / will be the set of all elements .W; f / with the property that the diagram

(4-2) Vf
Qf

,�! .Vf �RN ; W / �
�! Vf

is a piecewise linear .RN ;Rd /-bundle.

� AGrd .RN /.P / is the subset of AGrC
d
.RN /.P / of all elements .W; f / with f �1.1/D¿.

The quasi-PL space AGrd .RN / will be called the PL Grassmannian of affine d -planes in RN .

Remark 4.3 Given any element W of Grd .RN /.P /, the fact that the diagram in (4-1) is an .RN ;Rd /-
bundle implies that each fiber Wx is a locally flat piecewise linear d -plane in RN which goes through the
origin and is closed as a subspace. Similarly, for an element .W; f / of AGrd .RN /.P /, all the fibers are
also locally flat piecewise linear d -planes, but the fibers are not required to go through the origin 0, and
the marking function f in a tuple .W; f / measures how far away a given fiber is from 0. Finally, for an
element .W; f / of AGrC

d
.RN /.P /, fibers are allowed to be empty. As mentioned in the introduction,

we will interpret AGrC
d
.RN / as the one-point compactification of the affine Grassmannian AGrd .RN /.

Let AGrC
d
.RN /� be the underlying simplicial set of AGrC

d
.RN /. For each positive integer N , the

restriction of the structure map (3-7) of the spectrum z‰d on S1 ^AGrC
d
.RN /� gives a map

(4-3) QıN W S
1
^AGrC

d
.RN /�! AGrC

d
.RNC1/�:

These are the maps that we will use to define our model of the Madsen–Tillmann spectrum.

Definition 4.4 The PL Madsen–Tillmann spectrum is the spectrum MTPL.d/ whose N th level is
AGrC

d
.RN /� and, for each N , the structure map S1 ^AGrC

d
.RN /�! AGrC

d
.RNC1/� is the map QıN

introduced in (4-3).
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The canonical inclusions AGrC
d
.RN /� ,! z‰d .R

N /� assemble into a map of spectra

(4-4) I WMTPL.d/! z‰d ;

and in Theorem 4.27 we will show that this map is a weak equivalence.

4.2 Equivalence of PL Grassmannians

Let Grd .RN /� and ‰ı
d
.RN /� be the underlying simplicial sets of Grd .RN / and ‰ı

d
.RN / respectively.

An important intermediate step to prove Theorem 4.27 is to show that the canonical inclusion

JN W Grd .R
N /� ,!‰ıd .R

N /�

is a weak homotopy equivalence. For the proof of this weak equivalence, we require an alternative model
for the PL Grassmannian, which we will introduce in Definition 4.6. To introduce this new model of the
PL Grassmannian, we require a preliminary construction, which will be given in Definition 4.5. Before
reading the details of this construction, the reader is encouraged to review the definition of the PL set
‰d .U / W PLop

! Sets given in Definition 2.2. From now on, we shall typically use V instead of U to
denote open sets in RN.

Definition 4.5 Once again, let 0 denote the origin of RN.

(i) For any open neighborhood V of 0 in RN, let ‰ı
d
.V / be the quasi-PL subspace of ‰d .V / such

that, for any PL space P , ‰ı
d
.V /.P / is the subset of ‰d .V /.P / of all W that contain the product

P � f0g. If V DRN, we get the quasi-PL space ‰ı
d
.RN / introduced in Definition 4.2.

(ii) For any PL space P , let ‰d .0; P / be the disjoint union of setsa
V

‰ıd .V /.P /;

where V ranges over all open neighborhoods of 0 in RN. Two elements W1 and W2 of ‰d .0; P /
are said to be germ equivalent (expressed in symbols as W1 �g W2) if

W1\V
0
DW2\V

0

for some open neighborhood V 0 in P �RN of the zero-section P � f0g.

It is straightforward to verify that �g is an equivalence relation on ‰d .0; P /. From now on, the
equivalence class of an element W of ‰d .0; P / with respect to �g will be denoted by ŒW �. We shall
call ŒW � the germ of W near 0. Also, for our second model of the PL Grassmannian, we will adopt the
following notation: if V is any open neighborhood of the origin in RN, then f �V will denote the function
‰ı
d
.V /.P /!‰ı

d
.V /.Q/ induced by a PL map f WQ! P .

Definition 4.6 The germ PL Grassmannian is the quasi-PL space eGrd .RN / W PLop
! Sets defined as

follows:
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(1) For any PL space P , eGrd .RN /.P /D‰d .0; P /=�g . In other words, eGrd .RN /.P / is the set of
all germs ŒW � of elements W 2‰d .0; P /.

(2) The function f � W eGrd .RN /.P /! eGrd .RN /.Q/ induced by a piecewise linear map f WQ! P

is defined as follows: if W is an element in ‰ı
d
.V /.P /, then f �.ŒW �/D Œf �V W �.

It is not hard to verify that any function of the form f � W eGrd .RN /.P /! eGrd .RN /.Q/ is well defined,
and that the correspondences P 7! eGrd .RN /.P / and f 7! f � indeed define a functor of the form
PLop

! Sets. Also, it is straightforward to prove that eGrd .RN / satisfies all the requirements for being a
quasi-PL space (see Definition 2.6).

Before we proceed to prove the main results of this section, it is useful to first establish the following
property of the underlying simplicial set eGrd .RN /�.

Proposition 4.7 The underlying simplicial set eGrd .RN /� is path-connected.

Proof Consider two arbitrary 0-simplices ŒW0� and ŒW1� of eGrd .RN /�. To prove that eGrd .RN /� is
path-connected, we shall construct a concordance Œ zW � 2 eGrd .RN /.Œ0; 1�/ from ŒW0� to ŒW1�. First, let
V0 and V1 be open neighborhoods of the origin 0 in RN such that W0 2 ‰ıd .V0/0 and W1 2 ‰ıd .V1/0.
By shrinking V0 and V1 to a common open subspace (eg V0\V1) we can assume that V0 D V1. From
now on, we will denote both V0 and V1 by V . Also, throughout this proof, we will denote the d -fold
cartesian product Œ�1; 1�d by Dd . Finally, to avoid any notational confusion, we shall denote the origins
of Rd and RN by 0d and 0N respectively.

Since W0 and W1 are PL submanifolds of V , we can find PL embeddings f; g W Dd ,! V such that
f .0d /D g.0d /D 0N , Imf �W0, and Img �W1. The first step in this proof is to show that the PL
embeddings f and g are concordant; ie we will show that there is a PL embedding

F W Œ0; 1��Dd ,! Œ0; 1��V

satisfying the following conditions:

(i) F�1.f0g �V /D f0g �Dd and F�1.f1g �V /D f1g �Dd .

(ii) pr2 ıF ı i0 D f and pr2 ıF ı i1 D g, where pr2 W Œ0; 1��V ! V is the obvious projection onto V ,
and i0 (resp. i1) is the inclusion Dd ,! Œ0; 1��Dd defined by x 7! .0; x/ (resp. x 7! .1; x/).

Note that we do not require F to be level-preserving, except at t D 0 and t D 1. A PL embedding F
satisfying the above conditions is called a concordance from f to g. Furthermore, we shall require F to
satisfy the following additional condition:

(iii) F.t; 0d /D .t; 0N / for all t 2 Œ0; 1�.

We will construct such a concordance F W Œ0; 1��Dd ,! Œ0; 1��V as follows:

(1) First, we define a PL map G W Œ0; 1��Dd ! Œ0; 1�� V (not necessarily an embedding) satisfying
G�1.f0g � V / D f0g � Dd , G�1.f1g � V / D f1g � Dd , pr2 ı G ı i0 D f , pr2 ı G ı i1 D g, and
G.t; 0d /D .t; 0N / for all t 2 Œ0; 1�. In fact, we can define G so that it is levelwise constant near t D 0
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and t D 1. To do this, start by fixing a value � such that 0 < � < 1
2

. We can define the PL map G by first
setting G.t; x/D .t; f .x// for all .t; x/ 2 Œ0; ���Dd , G.t; x/D .t; g.x// for all .t; x/ 2 Œ1� �; 1��Dd ,
and G.t; 0d /D .t; 0N / for all t 2 Œ0; 1�. Then, we triangulate Œ0; 1��Dd with a simplicial complex K
which also triangulates the PL subspace

X0 WD .Œ0; ���D
d /[ .Œ1� �; 1��Dd /[ .Œ0; 1�� f0d g/;

and makes the map G linear on each simplex of K contained in X0. We then extend G linearly to all the
remaining simplices of K.

(2) Now, recall that we are assuming that N � 2d C 2 (see Remark 2.3). This condition ensures that the
PL mapG constructed in the previous step is PL homotopic to a PL embedding F W Œ0; 1��Dd ,! Œ0; 1��V

(see [1, Corollary 4.4]). Since G was already a PL embedding on the PL subspace X0, we can take
F to be PL homotopic to G relative to X0. In fact, if Hs is the PL homotopy from F to G, [1,
Corollary 4.4] tells us that we can choose Hs so that, for all s 2 Œ0; 1� and .t; x/2 Œ0; 1��Dd , the distance
between G.t; x/ and Hs.t; x/ is at most �

2
. This last condition ensures that the resulting PL embedding

F W Œ0; 1��Dd ,! Œ0; 1��V satisfies F�1.f0g�V /D f0g�Dd and F�1.f1g�V /D f1g�Dd . Finally,
since Hs is a PL homotopy relative to X0, we also have that pr2 ı F ı i0 D f , pr2 ı F ı i1 D g, and
F.t; 0d /D .t; 0N / for all t 2 Œ0; 1�. Therefore, F is a concordance from f to g satisfying the additional
condition (iii) listed above.

As also indicated in Remark 2.3, the dimensions N and d satisfy N � d � 3. This bound on N � d
allows us to apply a result of Hudson that tells us that concordant embeddings are always ambient isotopic
(in particular, isotopic), as long as we are working with codimension at least 3 (see [11, Theorem 1.1];
however, Corollary 1.4 of the same paper is a better fit for this proof). Consequently, by this result
of Hudson, our PL embeddings f; g WDd ! V are isotopic. In other words, we can find a PL isotopy
zF W Œ0; 1��Dd! Œ0; 1��V (ie a level-preserving PL embedding) such that zF0Df and zF1Dg. Moreover,

since we constructed the concordance F so that F.t; 0d /D .t; 0N / for any t 2 Œ0; 1�, we can also ensure
that zFt .0d /D 0N for all t 2 Œ0; 1�.

Using this PL isotopy zF W Œ0; 1��Dd ! Œ0; 1��V , we can now construct the desired concordance Œ zW �
between the 0-simplices ŒW0� and ŒW1� of eGrd .RN /� that we fixed at the beginning of this proof. First, let
us denote the image zF .Œ0; 1��Dd / by yW . Evidently, this yW is not an element of ‰ı

d
.V /.Œ0; 1�/ because

each fiber of the standard projection � W yW ! Œ0; 1� is a manifold with nonempty boundary. However,
we can pick a small enough open neighborhood V 0 of 0N in V so that the product Œ0; 1��V 0 is disjoint
from the image zF .Œ0; 1�� @Dd /. Then, by intersecting yW with Œ0; 1��V 0, we obtain an element zW of
‰ı
d
.V 0/.Œ0; 1�/. Also, recall that f .Dd /�W0 and g.Dd /�W1. Therefore, since zF is an isotopy from

f to g, the element zW 2‰ı
d
.V 0/.Œ0; 1�/ is (after possibly shrinking V 0) a concordance from W0\V

0 to
W1\V

0, which are both elements of ‰ı
d
.V 0/0. Since W0 and W1 are germ equivalent to W0\V 0 and

W1\V
0 respectively (in the sense of Definition 4.5), it follows that the germ Œ zW � 2 eGrd .RN /.Œ0; 1�/ of

zW is a concordance from ŒW0� to ŒW1�, which concludes the proof.
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Let GN W‰
ı
d
.RN /�! eGrd .RN /� be the morphism of simplicial sets which sends a p-simplex W to its

germ ŒW � near the origin. The following proposition is one of the results that we will use to establish that
the inclusion map JN W Grd .RN /� ,!‰ı

d
.RN /� is a weak homotopy equivalence.

Proposition 4.8 The morphism of simplicial sets GN W ‰
ı
d
.RN /� ! eGrd .RN /� is a weak homotopy

equivalence.

Proof This proof will be broken down into the following two steps:

Step 1 GN is a Kan fibration.

Consider any diagram of the form

(4-5)

ƒ
p
i�� _

��

// ‰ı
d
.RN /�

GN
��

�p
�

// eGrd .RN /�

where ƒpi� is the i th horn of �p
�

. To show that GN is a Kan fibration, we need to produce a lift
�p
�
!‰ı

d
.RN /�. First, observe that (4-5) can be represented with the following data:

� The bottom map is defined by an element W 0 of ‰ı
d
.V /.�p/, where V is some suitable open

neighborhood of the origin in RN.

� The top map is defined by an element W of ‰ı
d
.RN /.ƒpi /, where ƒpi is the i th horn of the

geometric simplex �p.

By the commutativity of (4-5), we can assume (after shrinking V if necessary) that the image of W under
the restriction map r W‰ı

d
.RN /!‰ı

d
.V / coincides with the element W 0

ƒ
p

i

. Now fix the following data:

� An open PL embedding
h W�p �Rd !W 0

which commutes with the projection onto �p and preserves the zero-section. We can produce such
an embedding by applying the Kuiper–Lashof theorem (see Theorem A.6) to the microbundle

�p
s0,�!W 0

�W 0
��!�p:

� A PL homeomorphism f Wƒ
p
i � Œ0; 1�!�p such that f .x; 0/D x for any x 2ƒpi .

Also, let r W�p!ƒ
p
i be the PL retraction defined by f .x; t/ 7! x, let Dd denote again the unit cube

in Rd , and let h0 be the restriction of h on �p �Dd . Since N � d � 3 (see Remark 2.3), we can apply
the isotopy extension theorem (see [1, Corollary 7.7]) to produce an ambient isotopy

H W�p �RN !�p �RN

over �p which preserves the zero-section and has the following two properties:

� H is the identity map on ƒpi �RN.
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� For any .x; t/ in ƒpi � Œ0; 1�, Hf .x;t/ ıh
0
f .x;t/

is equal to h0x , where h0
f .x;t/

and h0x are the values
of the isotopy h0 over f .x; t/ and x respectively. Similarly, Hf .x;t/ is the value of the ambient
isotopy H over the point f .x; t/.

Note that the pullback r�W ofW along the retraction r W�p!ƒ
p
i contains the imageH ıh0.�p�Dd / as

a PL subspace. Therefore, the image of r�W under the inverseH�1, which is an element of‰d .RN /.�p/,
contains the image h0.�p �Dd /. Finally, since H�1.r�W / is closed in �p �RN, we can find an open
neighborhood V 0 of the origin in RN contained in V such that the intersections of H�1.r�W / and W 0

with �p �V 0 are equal. In other words, the element H�1.r�W / defines a lift �p
�
!‰ı

d
.RN /� in (4-5).

Step 2 GN has contractible fibers.

Let ŒRd � denote the element of eGrd .RN /0 induced by the image of the standard inclusion Rd ,!RN,
and let eGrd .RN /ŒRd � denote the subsimplicial set of eGrd .RN /� which consists of all the degeneracies
of ŒRd �. In this step, we will show that the preimage of eGrd .RN /ŒRd � under GN , which we will denote
by G�1N .ŒRd �/�, is contractible. Note that the contractibility of G�1N .ŒRd �/� would then imply that all
fibers of GN are contractible, given that GN is a Kan fibration by Step 1 and eGrd .RN /� is path-connected
by Proposition 4.7. The basepoint that we will consider in the preimage G�1N .ŒRd �/� is the 0-simplex
corresponding to the image of the inclusion Rd ,! RN. From now on, we will denote this basepoint
by �Rd . Choose now aW in G�1N .ŒRd �/p which represents an element of the group �p.G�1N .ŒRd �/�;�Rd /.
In other words, W is an element whose restriction W@�p over @�p is equal to @�p�Rd and whose germ
near the section �p � f0g coincides with �p �Rd . By this last property, we can find a small enough
� > 0 so that

W \ .�p �DN� /D .�
p
�Rd /\ .�p �DN� /;

where DN� is the cube of radius � in RN. By scanning the cube DN� , we can produce a concordance
yW between W and the product �p �Rd . Furthermore, this scanning procedure will not change any

fibers of W which were equal to Rd , which implies that the restriction of yW over @�p � Œ0; 1� coincides
with the product .@�p � Œ0; 1�/ � Rd . Therefore, the element W represents the trivial element in
�p.G

�1
N .ŒRd �/�;�Rd /, and it follows that G�1N .ŒRd �/� is contractible.

One of our goals in this section is to show that the underlying simplicial sets of the PL Grassmannians
Grd .RN / and eGrd .RN / are actually weak homotopy equivalent. To establish this, we need to give a brief
discussion about spaces of PL automorphisms of RN. The following definitions that we will introduce
can also be found in [14].

Convention 4.9 To make it easier to formulate our definitions, we will borrow the following terminology
from [14]: Any PL automorphism f W�p �M !�p �M which commutes with the projection onto �p

will be called a PL bundle isomorphism. Similarly, any PL embedding g W�p�V !�p�M commuting
with the projection onto �p will be called a PL bundle monomorphism.

Also, in the following definitions, we will denote the image of the standard inclusion Rd ,!RN simply
by Rd.
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Definition 4.10 H.RN / is the simplicial group whose p-simplices are PL bundle isomorphisms

f W�p �RN !�p �RN

which preserve the zero-section. Also, H.RN ;Rd / will denote the simplicial subgroup of H.RN / whose
p-simplices are the PL bundle isomorphisms f W�p �RN !�p �RN which preserve the subspace
�p �Rd .

We also need to introduce simplicial groups whose simplices are germs of automorphisms. To define
these, we will use the following spaces of embeddings:

� For any open neighborhood V of the origin 0 in RN, EV .RN / is the simplicial set where p-simplices
are PL bundle monomorphisms g W�p �V !�p �RN which preserve the zero-section.

� E.RN / is the coproduct a
V

EV .R
N /

where V ranges over all possible open neighborhoods V of the origin 0.

� Also, E.RN ;Rd /will denote the subsimplicial set of E.RN /whose p-simplices are the embeddings
g W�p �V !�p �RN which map �p � .V \Rd / to �p �Rd .

The following simplicial group is what is commonly referred to as the structure group PLn in the literature
(see for example [14]).

Definition 4.11 PL.RN / is the quotient of E.RN / obtained by identifying two embeddings

fi W�
p
�Vi !�p �RN ; i D 1; 2;

if there exists an open neighborhood V3 of 0 in V1 \ V2 such that f1j�p�V3 D f2j�p�V3 . Similarly,
PL.RN ;Rd / is the quotient of E.RN ;Rd / obtained by performing the same identifications that we did
for PL.RN /.

Remark 4.12 The reason why PL.RN / is actually a simplicial group, and not just a simplicial set, is
because we are working with germs of embeddings. For any monomorphism f in EV .RN /, we will
denote its equivalence class in PL.RN / by Œf �. If we take two p-simplices f1 and f2 in EV1.R

N / and
EV2.R

N / respectively, then the product Œf2� � Œf1� is defined as the equivalence class Œf2 ı .f1j�p�V3/�,
where V3 is an open neighborhood of the origin contained in V1, chosen to be small enough so that
f1.�

p � V3/ � �
p � V2. Also, given any p-simplex f of EV .RN /, the inverse of Œf � will be the

equivalence class defined by f �1j�p�V 0 , where V 0 is an open neighborhood of the origin in RN such
that �p �V 0 � Imf .

Note 4.13 Recall that we can define the smooth Grassmannian as the quotient O.N/=O.d/�O.N �d/.
In the next proposition, we show that our PL Grassmannians Grd .RN /� and eGrd .RN /� admit similar
descriptions in terms of PL automorphisms. Before we state this result, we need to introduce the following
maps:
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(1) Let FN WH.RN /! Grd .RN /� be the simplicial set map which sends a p-simplex f of H.RN / to
the image f .�p �Rd /.

(2) Also, we define a simplicial set map zFN W PL.RN /! eGrd .RN /� as follows:

� First, we claim that any g 2 EV .RN / induces canonically an element in eGrd .RN /p. To see
this, fix a bundle monomorphism g W �p � V ! �p � RN, where V is an open set in RN

containing 0. By the compactness of �p, we can find an open neighborhood V 0 of 0 in RN such
that �p �V 0 � g.�p �V /. Since g W�p �V !�p �RN is a PL embedding, it is not hard to
show that the intersection of �p �V 0 with

g.�p � .V \Rd //

is ap-simplex of‰ı
d
.V 0/�, which we shall denote byW g . Then, we obtain an element in eGrd .RN /p

by taking the germ ŒW g �. Note that this germ does not depend on the open neighborhood V 0 we
chose.

� Next, we define a simplicial set map zFE
N W E.R

N /! eGrd .RN /� by setting zFE
N .g/D ŒW

g �. Recall
that E.RN / is the coproduct

`
V EV .RN /.

� Finally, it is straightforward to verify that two bundle monomorphisms g1; g2 2 E.RN /p with the
same germ near �p � f0g induce the same element in eGrd .RN /p, ie ŒW g1 �D ŒW g2 �. Therefore,
the map zFE

N W E.RN /! eGrd .RN /� factors through PL.RN /, and we define zFN W PL.RN /!eGrd .RN /� to be the map induced by zFE
N .

Proposition 4.14 The maps FN W H.RN /! Grd .RN /� and zFN W PL.RN /! eGrd .RN /� induce iso-
morphisms

H.RN /=H.RN ;Rd / Š�! Grd .R
N /�; PL.RN /=PL.RN ;Rd / Š�! eGrd .R

N /�:

Proof To prove that the induced map H.RN /=H.RN ;Rd /! Grd .RN /� is an isomorphism, it suffices
to observe that two maps f1; f2 W�p�RN !�p�RN have the same image when restricted to �p�Rd

if and only if f �12 ıf1 is a p-simplex of H.RN ;Rd /. Similarly, it is straightforward to verify that two
p-simplices Œf1�; Œf2� of PL.RN / have the same image in eGrd .RN /p under zFN if and only if the product
Œf2�
�1 � Œf1� is a p-simplex of PL.RN ;Rd /.

Recall that GN W ‰
ı
d
.RN /�! eGrd .RN /� is the map which sends a p-simplex W to its germ near the

origin. To avoid introducing new notation, we will also denote the restriction of this map on Grd .RN /�
by GN . Now consider the diagram of simplicial sets

(4-6)

H.RN ;Rd /

��

� � // H.RN /
FN
//

��

Grd .RN /�

GN
��

PL.RN ;Rd / �
�

// PL.RN /
zFN
// eGrd .RN /�
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where the first and second vertical maps are the obvious quotient maps. The next step is to prove that the
map GN W Grd .RN /�! eGrd .RN /� is a weak homotopy equivalence. Note that by Proposition 4.14, we
have that the top and bottom compositions in (4-6) are simplicial principal bundles. Therefore, since (4-6)
commutes, the next lemma implies that GN W Grd .RN /�! eGrd .RN /� is a weak homotopy equivalence.

Lemma 4.15 The quotient maps H.RN /! PL.RN / and H.RN ;Rd /! PL.RN ;Rd / are weak homo-
topy equivalences.

Proof The arguments for proving that the quotient map H.RN / ! PL.RN / is a weak homotopy
equivalence are given in [13; 14]. Let us give an overview of the main steps of this proof. From now
on, we will denote the quotient map H.RN /! PL.RN / by 
 . We point out to the reader that, in [14],
simplicial sets and simplicial groups are called semisimplicial sets and semisimplicial groups respectively:

(i) First, we will show that the quotient map 
 WH.RN /! PL.RN / is surjective. Fix then a p-simplex
Œf � of PL.RN /. Without loss of generality, we can suppose that f is a PL embedding over �p of
the form f W�p �B.0; �0/!�p �RN, where �0 > 0 is some suitable positive value and B.0; �0/
is the open ball of radius �0 centered at the origin 0 2RN. Now, fix any value � such that 0 < � < �0.
Using [13, Lemma 30 (PL)] (see page 12 of that article), we can find a PL homeomorphism
g W�p �RN !�p �RN over �p such that

(4-7) gj�p�B.0;�/ D f j�p�B.0;�/:

It follows that the germ Œg� is equal to Œf �. In other words, 
.g/D Œf �, and we can conclude that

 is surjective.

(ii) Next, let HN.0/.RN / be the simplicial subgroup of H.RN / whose p-simplices are all PL homeo-
morphisms f W�p �RN !�p �RN over �p which leave a neighborhood of the zero-section
fixed (this simplicial subgroup is a special case of a more general construction given on page 1
of [14]). We can define a free right HN.0/.RN /-action on H.RN / by setting f �g WD f ıg for any
p-simplices f and g in H.RN / and HN.0/.RN / respectively. It is not hard to show that the quotient
map 
 WH.RN /! PL.RN / factors through the simplicial set of orbits H.RN /=HN.0/.RN /, and
that the induced map H.RN /=HN.0/.RN /! PL.RN / is an isomorphism. Therefore, the quotient
map 
 is a principal HN.0/.RN /-bundle.

(iii) Finally, in [14, Lemma 1.6], it is proven that HN.0/.RN / is contractible. It now follows that the
quotient map 
 is a weak homotopy equivalence.

We can repeat the argument given above to show that the quotient map H.RN ;Rd /!PL.RN ;Rd / (which
we shall denote by Q
) is also a weak homotopy equivalence. First, as explained in [13], Lemma 30 (PL)
also holds for PL automorphisms which preserve PL subspaces of RN determined by equations of the
form xi D 0. Thus, if one starts with a PL embedding f W �p � B.0; �0/! �p �RN which maps
�p � .B.0; �0/ \Rd / to �p �Rd , one can use [13, Lemma 30 (PL)] to find a PL homeomorphism
g W�p �RN !�p �RN over �p which preserves �p �Rd and satisfies (4-7). Therefore, the quotient
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map Q
 is surjective. Next, we can define a simplicial subgroup HN.0/.RN ;Rd / of H.RN ;Rd / analogous
to HN.0/.RN /, and prove that the quotient map Q
 is a principal HN.0/.RN ;Rd /-bundle by repeating the
argument given in step (ii) above. Finally, the proof given in [14, Lemma 1.6] works verbatim to show
that HN.0/.RN ;Rd / is contractible. Therefore, the quotient map Q
 WH.RN ;Rd /! PL.RN ;Rd / is also
a weak homotopy equivalence.

By the discussion preceding this lemma, we have the following.

Proposition 4.16 The map GN W Grd .RN /�! eGrd .RN /� is a weak homotopy equivalence.

Finally, by combining Propositions 4.16 and 4.8, we obtain the result that we promised earlier in this
section.

Corollary 4.17 The inclusion JN W Grd .RN /� ,!‰ı
d
.RN /� is a weak homotopy equivalence.

Proof Clearly, the germ map GN W Grd .RN /�! eGrd .RN /� factors through ‰ı
d
.RN /� as follows:

Grd .R
N /�

JN,�!‰ıd .R
N /�

GN
�! eGrd .R

N /�:

Propositions 4.8 and 4.17 then imply that the inclusion JN is a weak homotopy equivalence.

Remark 4.18 Recall that we proved in Proposition 4.7 that eGrd .RN /� is path-connected. Then, it
follows from Proposition 4.16 and Corollary 4.17 that Grd .RN /� and ‰ı

d
.RN /� are also path-connected.

4.3 Spaces of manifolds with normal data

For the proof of the main theorem, we will use the following enhancement of the quasi-PL space‰ı
d
.RN /,

where manifolds come equipped with normal data near the origin.

Definition 4.19 ‰ Oı
d
.RN / is the quasi-PL space defined as follows:

� For an arbitrary PL space P , the elements of the set ‰ Oı
d
.RN /.P / are all possible tuples .W;U /,

with W an element of ‰ı
d
.RN /.P / and U a neighborhood of the zero-section P �f0g in P �RN

such that .U;W \U/ is a piecewise linear .RN ;Rd /-bundle.

� The function f � W‰ Oı
d
.RN /.P /!‰ Oı

d
.RN /.Q/ induced by a piecewise linear map f WQ! P is

defined by taking pull-backs.

Consider the forgetful map F W‰ Oı
d
.RN /�!‰ı

d
.RN /� given by .W;U / 7!W . It is a direct consequence

of Theorem A.7 in Section A.2 that this forgetful map is surjective. In fact, we can prove the following.

Proposition 4.20 The forgetful map F W ‰ Oı
d
.RN /� ! ‰ı

d
.RN /� is a weak homotopy equivalence.

Consequently, the inclusion Grd .RN /� ,!‰ Oı
d
.RN /� which takes any p-simplex W to .W;�p �RN / is

also a weak homotopy equivalence.
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Proof Consider any commutative diagram of the form

(4-8)

@�p
�

‰ Oı
d
.RN /�

�p
�

‰ı
d
.RN /�

F

Let W be the p-simplex classified by the bottom map in this diagram. Since this diagram commutes,
there is an open neighborhood U of the zero-section @�p�f0g in @�p�RN such that .U;W@�p \U/ is
an element of the set ‰ Oı

d
.RN /.@�p/. Also, we can assume that W is constant near @�p in the following

sense: Fix a piecewise linear collar c W @�p � Œ0; 1�! �p. Using c, we can define a piecewise linear
map Qc W�p !�p which maps the closure of the complement of c.@�p � Œ0; 1�/ onto �p, and which
maps any point of the form c.�; s/ to �. Then, for any value s 2 Œ0; 1�, the restriction of the pull-back
Qc�W over c.@�p �fsg/ is a translation of the restriction W@�p . Equivalently, we can view the restriction
of Qc�W over c.@�p � Œ0; 1�/ as a constant concordance from W@�p to itself. Since W and Qc�W are
concordant, we can replace W with Qc�W in (4-8), and relabel Qc�W as W .

Let z�p denote the closure of the complement �p � c.@�p � Œ0; 1�/. By Theorem A.7, we can find
an open neighborhood V of the section z�p � f0g in z�p �RN such that .V;Wz�p \ V / is a piecewise
linear .RN ;Rd /-bundle over z�p. Moreover, if we denote the restriction of V over @z�p by V

@z�p
, then

by Remark A.8 we have that the bundle .U;W@�p \U/ is isotopic to .V
@z�p

; W
@z�p
\ V

@z�p
/ once we

identify @z�p with @�p . Using this isotopy, we can construct a piecewise linear .RN ;Rd /-bundle over the
image c.@�p� Œ0; 1�/ which is a concordance between .U;W@�p \U/ and .V

@z�p
; W

@z�p
\V

@z�p
/. Since

‰ Oı
d
.RN / is a quasi-PL space, we can glue this concordance to .V;Wz�p \V / to obtain a piecewise linear

.RN ;Rd /-bundle . zU ; zU \W / over �p . Since . zU ; zU \W / clearly extends .U;W@�p \U/, this bundle
induces a lift �p

�
!‰ Oı

d
.RN /� in (4-8), which proves that the forgetful map F W‰ Oı

d
.RN /�!‰ı

d
.RN /�

is a weak homotopy equivalence.

For the second claim in this proposition, just note that the inclusion

JN W Grd .R
N /� ,!‰ıd .R

N /�

is equal to the composition of the inclusion Grd .RN /� ,!‰ Oı
d
.RN /� and the forgetful map F W‰ Oı

d
.RN /�!

‰ı
d
.RN /�. The result now follows immediately from Corollary 4.17.

Fix a PL space P . Recall that any element .W; f / of the set z‰d .RN /.P / withW ¤¿ defines a piecewise
linear microbundle pair of the form

Vf
Qf

,�! .Vf �RN ; W / �
�! Vf ;

where Vf denotes the preimage f �1.RN /, and Qf W Vf !W is the piecewise linear embedding defined
by � 7! .�; f .�//. As we did for ‰ı

d
.RN /, we can also define a variant of z‰d .RN / where manifolds

have normal data near the values of the marking function.
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Definition 4.21 z‰ Oı
d
.RN / will be the quasi-PL space such that, for any PL space P , the set z‰ Oı

d
.RN /.P /

will consist of all triples .W; f; U / satisfying the following:

(i) The pair .W; f / is an element of z‰d .RN /.P /.

(ii) If W D ¿, we require that U is also empty. On the other hand, if W ¤ ¿, then U is an open
neighborhood of the image of Qf in Vf �RN. In other words, U is a neighborhood of the graph
of f jVf .

(iii) Furthermore, if W ¤¿, then the diagram

Vf
Qf

,�! .U;W \U/ �
�! Vf

must be a piecewise linear .RN ;Rd /-bundle over Vf .

As we did for the simplicial set ‰ Oı
d
.RN /�, we can also prove that forgetting the normal data in z‰ Oı

d
.RN /�

gives a weak equivalence between z‰ Oı
d
.RN /� and z‰d .RN /�.

Proposition 4.22 The forgetful map zF W z‰ Oı
d
.RN /�! z‰d .R

N /� defined by .W; f; U / 7! .W; f / is a
weak homotopy equivalence.

Proof We start by observing that we can define the forgetful map zF at the level of PL sets; ie we can
define zF as the natural transformation zF W z‰ Oı

d
.RN /) z‰d .R

N / between PL sets such that, for any PL
space P , the component zFP W z‰ Oıd .R

N /.P /! z‰d .R
N /.P / maps any triple .W; f; U / 2 z‰ Oı

d
.RN /.P /

to .W; f /. Then, the morphism of simplicial sets given in the statement of this proposition is the map
zF� W z‰

Oı
d
.RN /� ! z‰d .R

N /� induced by this natural transformation. Henceforth, we shall denote the
forgetful map between simplicial sets by zF� and the one between PL sets by zF.

Next, note that by Theorem A.7 we have that each component zFp W z‰ Oıd .R
N /p ! z‰d .R

N /p of zF� is
surjective. To prove that zF� is indeed a weak homotopy equivalence, we will use the following PL subsets
of z‰ Oı

d
.RN /:

� F0 is the PL subset whose value at a PL space P is the subset F0.P /� z‰ Oıd .R
N /.P / of all elements

.W; f; U / such that all fibers of W are nonempty.

� F1 is the PL subset whose value at a PL space P is the subset F1.P /� z‰ Oıd .R
N /.P / of all elements

.W; f; U / such that each fiber of W is disjoint from the origin 0 in RN.

� F is the PL subset whose value at a PL space P is F0.P /[F1.P /.

Moreover, let S0 and S1 be the PL subsets of z‰d .RN / obtained by taking the images of F0 and F1
respectively under the forgetful map zF. In other words, S0 (resp. S1) is the PL subset of z‰d .RN / whose
value at a PL space P is S0.P / D zFP .F0.P // (resp. S1.P / D zFP .F1.P //). Also, let S be the PL
subset of z‰d .RN / such that S.P /D S0.P /[S1.P / for any PL space P . It is clear that we have that
F� D F0�[F1� and S� D S0�[S1�, where F0�, F1�, F�, S0�, S1�, and S� are the underlying simplicial
sets of F0, F1, F , S0, S1, and S respectively.
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Now, consider the following push-out diagrams of simplicial sets:

(4-9)
F0�\F1� F1� S0�\S1� S1�

F0� F� S0� S�

Note that the conditions used to define the PL subsets F0 and F1 are actually open conditions. In other
words, if W is an element of z‰ Oı

d
.RN /.P / and x is a point in P such that the fiber Wx is nonempty,

then we can find an open neighborhood U of x such that each fiber of WU is nonempty. Similarly, if
we assume instead that Wx does not intersect the origin, then we can find an open neighborhood V of
x such that each fiber of WV does not intersect the origin either. It follows from Proposition 2.15 that
the standard inclusion F� ,! z‰ Oıd .R

N /� is a weak homotopy equivalence. In a similar fashion, we can
prove that the standard inclusion S� ,! z‰d .RN /� is also a weak homotopy equivalence. Therefore, to
finish this proof, it suffices to show that the restriction zF�jF� W F�! S� is a weak homotopy equivalence.
Moreover, since all the maps in the diagrams given in (4-9) are inclusions, it is enough to show that the
restrictions

zF�jF0� W F0�! S0�; zF�jF1� W F1�! S1�; zF�jF0�\F1� W F0�\F1�! S0�\S1�

are weak homotopy equivalences. By doing proofs identical to the one we did for Proposition 4.20, we
can show that the restrictions zF�jF0� and zF�jF0�\F1� are weak homotopy equivalences. On the other
hand, using the scanning techniques from Section 3, we can show that both F1� and S1� are contractible.
This automatically implies that zF�jF1� is also a weak homotopy equivalence.

4.4 Spherical fibrations over spaces of manifolds

To show that the map of spectra I WMTPL.d/! z‰d introduced in (4-4) is a weak equivalence, we will
need the following four quasi-PL spaces.

Definition 4.23 S;T;S0;T0 W PLop
! Sets are the quasi-PL spaces such that, for any PL space P , the

sets S.P /, T.P /, S0.P /, and T0.P / are defined as follows:

� T.P / is the set of tuples .W; f / where W 2Grd .RN /.P / and f W P !RN is a PL map with the
property that, for any x 2 P , either f .x/ …Wx or f .x/D 0. As usual, 0 denotes the origin of RN.
On the other hand, S.P / is the subset of T.P / of all tuples .W; f / such that f .x/ …Wx for all
x 2 P .

� T0.P / is the set of triples .W;U; f / such that .W;U / 2 ‰ Oı
d
.RN /.P / and f W P ! RN is a PL

map satisfying the following two properties:
– The graph of f is contained in U .
– For any x 2 P , we have either f .x/ …Wx or f .x/D 0.

On the other hand, S0.P / is the subset of T0.P / of all triples .W;U; f / satisfying f .x/ …Wx for
all x 2 P .
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Structure maps for S, T, S0, and T0 are defined by taking pull-backs.

Note that there is a canonical inclusion S) S0 of PL sets which maps any tuple .W; f / 2 S.P / to
.W;P � RN ; f / 2 S0.P /. We can also define an inclusion T ) T0 in exactly the same way. The
induced inclusions S� ,! S0

�
and T� ,! T0

�
between the corresponding underlying simplicial sets have

the following property.

Proposition 4.24 The inclusions S� ,! S0
�

and T� ,! T0
�

are weak homotopy equivalences.

Proof We will start this proof by showing that the obvious forgetful maps

F W S�! Grd .R
N /�; F 0 W S0

�
!‰ Oıd .R

N /�;

G W T�! Grd .R
N /�; G0 W T0

�
!‰ Oıd .R

N /�

are Kan fibrations. We will only do this for the mapG0, the proof for the other three maps being completely
analogous. Fix then an i in f0; : : : ; pg, and consider a commutative diagram of the form

(4-10)

ƒ
p
i� T0

�

�p
�

‰ Oı
d
.RN /�

G0

As we did in the proof of Proposition 4.8, we will denote the i th horn of the geometric simplex �p by ƒpi .
This diagram is represented by an element .W;U / of ‰ Oı

d
.RN /.�p/ and a piecewise linear function

f Wƒ
p
i !RN such that the triple .Wƒp

i
; Uƒp

i
; f / is an element of T0.RN /.ƒpi /. Since the base-space

�p is contractible, we can find a piecewise linear homeomorphism H W�p �RN ! U which commutes
with the projection onto �p and maps the subspace �p �Rd onto W \U . Let Hx denote the value
of H at a point x 2 �p. Also, pick a piecewise linear homeomorphism h W ƒ

p
i � Œ0; 1�! �p which

maps ƒpi � f0g identically to ƒpi . Note that the map Qf W ƒpi ! RN defined by Qf .x/ D H�1x .f .x//

can be extended to a map Qg on �p by setting Qg.h.x; t//D Qf .x/. Then, the map g W�p!RN defined
by g.y/DHy. Qg.y// extends f , and its graph is contained in U . Also, by the way we constructed the
map g, it is not hard to verify that, for any x 2 �p, we have either g.x/ … Wx or g.x/ D 0. In other
words, the triple .W;U; g/ defines a lift �p

�
! T0

�
in (4-10).

To conclude this proof, note that the canonical inclusions Grd .RN /� ,!‰ Oı
d
.RN /�, S� ,! S0

�
, T� ,! T0

�

and the fibrations F , F 0, G, G0 fit into the following pull-back diagrams:

S�
� � //

F
��

S0
�

F 0

��

T�
� � //

G
��

T0
�

G0

��

Grd .RN /�
� � // ‰ Oı

d
.RN /� Grd .RN /�

� � // ‰ Oı
d
.RN /�

Since the bottom inclusion in both diagrams is a weak homotopy equivalence by Proposition 4.20, we
immediately have that S� ,! S0

�
and T� ,! T0

�
are also weak homotopy equivalences.
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Remark 4.25 First, observe that Proposition 4.20 and Remark 4.18 imply that ‰ Oı
d
.RN /� is path-

connected. Next, consider again the Kan fibration F W S�!Grd .RN /� defined by .W; f / 7!W . Denote
by Rd the 0-simplex of Grd .RN /� induced by the standard inclusion Rd ,!RN and let Grd .RN /Rd be
the subsimplicial set consisting of all degeneracies of Rd . The preimage F�1.Grd .RN /Rd / is equal to
the simplicial set H.x;RN nRd /� where p-simplices are PL functions of the form �p!RN nRd . As
proven in [14], the geometric realization jH.x;RN nRd /�j is weak homotopy equivalent to RN nRd . It
follows that F W S�! Grd .RN /� is a spherical fibration whose fibers are weak homotopy equivalent to
SN�d�1. Since F W S�! Grd .RN /� is a pull-back of F 0 W S0

�
! ‰ Oı

d
.RN /�, we also have that F 0 is a

spherical fibration.

Recall that AGrC
d
.RN / is the quasi-PL subspace of z‰d .RN / such that, for any PL space P , the set

AGrC
d
.RN /.P / consists of all tuples .W; f / with the property that the diagram

(4-11) Vf
Qf

,�! .Vf �RN ; W / �
�! Vf

is a piecewise linear .RN ;Rd /-bundle. Again, in the above diagram, Vf denotes the preimage f �1.RN /.
Also, recall that the map of spectra I W MTPL.d/ ! z‰d was obtained by assembling the canonical
inclusions AGrC

d
.RN /� ,! z‰d .R

N /�. Note that, for each N , the inclusion AGrC
d
.RN /� ,! z‰d .R

N /�

can be expressed as the composition

(4-12) AGrC
d
.RN /�

Qj
,�! z‰ Oıd .R

N /�
zF
�! z‰d .R

N /�;

where zF is the forgetful map given by .W; f; U / 7! .W; f /, and the first map is the inclusion

AGrC
d
.RN /� ,! z‰

Oı
d .R

N /�

which sends a tuple .W; f / to .W; f; Vf �RN /. Recall that we proved in Proposition 4.22 that the
forgetful map zF W z‰ Oı

d
.RN /� ! z‰d .R

N /� is a weak homotopy equivalence. Thus, to establish that
I WMTPL.d/! z‰d is a weak equivalence of spectra, we just need to prove the following proposition.

Proposition 4.26 The inclusion Qj W AGrC
d
.RN /� ,! z‰

Oı
d
.RN /� defined by

.W; f / 7! .W; f; Vf �RN /

is a weak homotopy equivalence.

Proof This proof is similar to that of Proposition 4.22. First, we define the inclusion Qj at the level of PL
sets, ie we define Qj W AGrC

d
.RN /) z‰ Oı

d
.RN / to be the natural transformation of PL sets which maps

each tuple of the form .W; f / 2 AGrC
d
.RN /.P / to .W; f; Vf �RN / 2 z‰ Oı

d
.RN /.P /, where Vf is the

preimage f �1.RN /. Then, the map given in the statement of this proposition is the map of simplicial
sets AGrC

d
.RN /�! z‰

Oı
d
.RN /� induced by this morphism Qj . From now on, as we did in the proof of

Proposition 4.22, we shall denote by Qj� the map of simplicial sets AGrC
d
.RN /�! z‰

Oı
d
.RN /� induced by

Qj W AGrC
d
.RN /) z‰ Oı

d
.RN /.

Now, let F0, F1, and F be the PL subsets of z‰ Oı
d
.RN / whose values at a PL space P are the following:
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� F0.P / is the subset of z‰ Oı
d
.RN /.P / of all triples .W; f; U / such that each fiber of W is nonempty

and the product P � f0g is contained in U .

� F1.P / is the subset of z‰ Oı
d
.RN /.P / of all triples .W; f; U / such that each fiber of W is disjoint

from the origin 0 2RN.

� F.P /D F0.P /[F1.P /.

Additionally, let V0, V1, and V be the PL subsets of AGrC
d
.RN / whose values at a PL space P are the

following:

� V0.P / is the subset of AGrC
d
.RN /.P / of all tuples .W; f / such that each fiber of W is nonempty.

� V1.P / is the subset of AGrC
d
.RN /.P / of all tuples .W; f / such that each fiber of W is disjoint

from the origin 0 2RN.

� V.P /D V0.P /[V1.P /.

Evidently, the underlying simplicial sets F� and V� of F and V are equal to the unions F0� [F1� and
V0�[V1� respectively. Also, note that V0�, V1�, and V� are the preimages of F0�, F1�, and F� respectively
under the inclusion Qj� W AGrC

d
.RN /� ,! z‰

Oı
d
.RN /�.

Now consider the following push-out diagrams of simplicial sets, where all the maps are the obvious
inclusions:

(4-13)

V0�\V1� //

��

V1�

��

F0�\F1� //

��

F1�

��

V0� // V� F0� // F�

By arguments similar to those used in the proof of Proposition 4.22, the inclusions

V� ,! AGrC
d
.RN /�; F� ,! z‰

Oı
d .R

N /�

are both weak homotopy equivalences. Then, since all the maps in (4-13) are inclusions, it suffices to
prove that

V1� ,! F1�; V0� ,! F0�; V0�\V1� ,! F0�\F1�

are all weak equivalences. We discuss each one of these maps separately:

(V1� ,! F1�) Again, since both V1� and F1� are contractible, we immediately have that this inclusion is
a weak homotopy equivalence.

(V0� ,! F0�) In this step of the proof (and the next one), we shall use the following notation: Given
any PL function f W�p!RN, let H�f W�p �RN !�p �RN be the PL homeomorphism defined by
H�f .�; Ex/D .�; Ex�f .�//. For any PL subspace Q of �p �RN, we will denote the image H�f .Q/
by Q�f .
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Now, let T� and T0
�

be the underlying simplicial sets of the quasi-PL spaces T and T0 introduced in
Definition 4.23, and note that the inclusions T� ,! T0

�
and V0� ,! F0� fit in the commutative diagram

V0�
� � //

��

F0�

��

T�
� � // T0

�

where the left and right vertical maps are defined respectively by

.W; f / 7! .W �f;�f / and .W; f; U / 7! .W �f;�f; U �f /:

Both of these maps are clearly isomorphisms. Therefore, by Proposition 4.24, the map V0� ,! F0� is a
weak homotopy equivalence.

(V0�\V1� ,! F0�\F1�) This step is practically identical to the previous one. First, let S� and S0
�

be
the underlying simplicial sets of the quasi-PL spaces S and S0 we introduced in Definition 4.23. We can
fit the inclusions S� ,! S0

�
and V0�\V1� ,! F0�\F1� in the commutative diagram

V0�\V1�
� � //

��

F0�\F1�

��

S�
� � // S0

�

where, once again, the left and right vertical maps are defined respectively by

.W; f / 7! .W �f;�f / and .W; f; U / 7! .W �f;�f; U �f /:

Since both of these vertical maps are isomorphisms, Proposition 4.24 implies that V0�\V1� ,! F0�\F1�

is also a weak homotopy equivalence.

We can now prove the following.

Theorem 4.27 The map of spectra I WMTPL.d/! z‰d is a weak equivalence.

Proof As mentioned earlier, the map IN W AGrC
d
.RN /�! z‰d .R

N /� between the corresponding N th

levels is equal to the composition

AGrC
d
.RN /�

Qj
,�! z‰ Oıd .R

N /�
zF
�! z‰d .R

N /�:

Then, by Propositions 4.22 and 4.26, it follows that IN is a weak homotopy equivalence.

By combining this last result with Theorem 3.16, we obtain the main theorem of this paper, which was
presented as Theorem B in the introduction.

Theorem 4.28 There is a weak equivalence MTPL.d/ '�!‰d .
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Proof Define the map of spectra MTPL.d/!‰d to be the composition

MTPL.d/ I
�! z‰d

F
�!‰d ;

where F is the map defined in (3-9). By Theorems 4.27 and 3.16, this is a weak equivalence.

4.5 The homotopy type of the Madsen–Tillmann spectrum

In this subsection, we justify why it is appropriate to call our spectrum MTPL.d/ the PL Madsen–Tillmann
spectrum. Let GrDiff

d .RN / be the smooth Grassmannian of d -planes in RN. In other words, GrDiff
d .RN /

is the set of all d -dimensional linear subspaces of RN (see [15] for a discussion of the topology of this
space). Also, let S GrDiff

d .RN / be the space of tuples .x; P / with P 2 GrDiff
d .RN / and x 2 RN n P .

Finally, recall that theN th level of the Madsen–Tillmann spectrum MTO.d/ is the Thom space Th.
?
d;N

/,
where 
?

d;N
is the standard orthogonal vector bundle over GrDiff

d .RN /. One can easily show that Th.
?
d;N

/

is weak homotopy equivalent to the mapping cone of the forgetful map S GrDiff
d .RN /! GrDiff

d .RN /,
which is a spherical fibration over GrDiff

d .RN /. In the next proposition, we give a similar result for the
levels of MTPL.d/.

Proposition 4.29 Let S W PLop
! Sets be the quasi-PL space introduced in Definition 4.23 and let

F W S�! Grd .RN /� be the obvious forgetful map. Then the simplicial set AGrC
d
.RN /� has the same

weak homotopy type as the mapping cone of F .

Proof We will use again the following two PL subsets of AGrC
d
.RN / that we used in the proof of

Proposition 4.26:

� V0 is the PL subset whose value at a PL space P is the subset V0.P / � AGrC
d
.RN /.P / of all

tuples .W; f / such that each fiber of W is nonempty.

� V1 is the PL subset whose value at a PL space P is the subset V1.P / � AGrC
d
.RN /.P / of all

tuples .W; f / such that each fiber of W is disjoint from the origin 0 2RN.

Once again, let us denote the underlying simplicial sets of V0 and V1 by V0� and V1� respectively. As
explained in the proof of Proposition 4.26, the inclusion V0�[V1� ,! AGrC

d
.RN /� is a weak homotopy

equivalence. Moreover, if V denotes the diagram

(4-14) V1� - V0�\V1� ,! V0�;

then we also have that the natural map hocolim.V/ ! V0� [ V1� is a weak homotopy equivalence.
Therefore, it suffices to show that hocolim.V/ and the mapping cone of F W S�! Grd .RN /�, which we
will denote by C.F /, are weak homotopy equivalent. Recall that C.F / is defined as the push-out of

(4-15) C.S�/ - S� ,!M.F /:

In this diagram, M.F / and C.S�/ denote the mapping cylinder of F and the cone of S� respectively. The
right-hand map is the inclusion of S� into the top face of M.F /, and the left-hand map is the inclusion
into the bottom face of the cone C.S�/.
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Consider now the diagram

(4-16)

V1�

��

V0�\V1�? _oo � � //

��

V0�

��

C.S�/ S�?
_oo � � // M.F /

where the top row is V, the bottom row is (4-15), the left-vertical map is the constant map which sends
all simplices to the basepoint of C.S�/, the middle map is defined by .W; f / 7! .W �f;�f /, and the
right-vertical map is the composition of the map V0�! Grd .RN /� defined by .W; f / 7!W �f and the
canonical inclusion Grd .RN /� ,!M.F /. For the definition of the middle and right-vertical maps, we are
using the same notation we introduced in the proof of Proposition 4.26. Before we continue, let us discuss
why each vertical map in (4-16) is a weak homotopy equivalence. This is obvious for the left-vertical
map, since both its domain and target are contractible. This is also evident for the middle-vertical map,
since this map is an isomorphism of simplicial sets (a fact that we also pointed out in the proof of
Proposition 4.26). To see that the right-vertical map is also a weak homotopy equivalence, consider
again the PL set T we introduced in Definition 4.23, and let T� be its underlying simplicial set. The
canonical inclusion Grd .RN /� ,!M.F / is evidently a weak homotopy equivalence. Thus, to prove that
the right-vertical map in (4-16) is a weak homotopy equivalence, we just need to show that the map
V0�!Grd .RN /� given by .W; f / 7!W �f is also a weak homotopy equivalence. We can express this
map V0�! Grd .RN /� as the composition

(4-17) V0�! T�
G
�! Grd .R

N /�;

where the left-hand map is defined by .W; f / 7! .W � f;�f / and G is the obvious forgetful map. As
pointed out in the proof of Proposition 4.26, the left-hand map in (4-17) is an isomorphism of simplicial
sets. On the other hand, we proved in Proposition 4.24 that the map G W T� ! Grd .RN /� is a Kan
fibration. Moreover, using the simplicial approximation theorem, we can show that the fibers of G are
contractible. Therefore, G is a weak homotopy equivalence, and it follows that the right-vertical map in
(4-16) is also a weak homotopy equivalence.

Now, diagram (4-16) is not commutative, but the right-hand and left-hand squares are commutative up to
homotopy. This allows us to define a map hocolim.V/! C.F/. Since all the vertical maps in (4-16) are
weak homotopy equivalences, it follows that hocolim.V/! C.F/ is also a weak homotopy equivalence,
and we can therefore conclude that AGrC

d
.RN /� has the same weak homotopy type as C.F/.

4.6 Spaces of topological manifolds

We close this section by pointing out that it is possible to adapt the proofs of this article to prove an
analogue of Theorem 4.28 for spaces of topological manifolds. To do this, one needs to work with the
simplicial sets ‰Top

d
.RN /� introduced in [6]. A p-simplex of ‰Top

d
.RN /� is a closed subspace W of

�p�RN with the property that the standard projection � W�p�RN !�p and the restriction �jW form
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a relative submersion in the sense of Definition A.2. The relative dimensions of the pair .�; �jW / are N
and d . In particular, we can view any p-simplex of ‰Top

d
.RN /� as a family of locally flat topological

d -dimensional submanifolds of RN, closed as subspaces, parameterized by �p . As also explained in [6],
‰

Top
d
.RN /� can be extended to a quasitopological space ‰Top

d
.RN / W Topop

! Sets, in the sense of [7].

To define the topological analogue of z‰d .RN /, one needs to use continuous marking functions. That
is, continuous functions which take values in RN [ f1g and satisfy conditions (i), (ii), and (iii) from
Definition 3.1. Then, to prove Theorem 4.28 in the topological category, one just needs to repeat the
argument given in this paper, replacing all piecewise linear definitions and results with their topological
counterparts. In particular, we need to make the following changes:

� Replace piecewise linear bundles and microbundles with topological bundles and microbundles
respectively.

� Use the topological version of the isotopy extension theorem whenever we use the piecewise linear
version.

� Apply the Kister–Mazur theorem instead of the theorem of Kuiper and Lashof in each step where
the latter is used.

By making these adjustments and following the same argument we gave here, we obtain an alternate
proof for the following result proven in [6].

Theorem 4.30 There is a weak equivalence of spectra

‰Top
'MTTop.d/;

where MTTop.d/ denotes the topological Madsen–Tillmann spectrum.

The N th level of MTTop.d/ is the mapping cone of the forgetful map F W STop
� ! GrTop

d
.RN /�, where

GrTop
d
.RN /� is the topological Grassmannian and S

Top
� is the topological analogue of the underlying

simplicial set S� of the quasi-PL space S introduced in Definition 4.23; ie a p-simplex of GrTop
d
.RN /� is

an element W 2‰Top
d
.RN /p containing the zero-section �p � f0g such that the diagram

�p
s0,�! .�p �RN ; W / �

�!�p

is a topological .RN ;Rd /-bundle, and a p-simplex of S
Top
� is a pair .W; f / where W 2 GrTop

d
.RN /p

and f W�p!RN is a continuous function with the property that f .x/ …Wx for all x 2�p (see also [6,
Section 7.2]).

Appendix A Basic notions from piecewise linear topology

In this appendix, we will collect some of the basic definitions and results from piecewise linear topology
that we used in this paper.
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A.1 PL submersions

In the definition of the space of manifolds ‰d .U /, we used the following notion.

Definition A.1 Let f WP !Q be a piecewise linear map. We say that f is a piecewise linear submersion
of codimension d if, for any x 2 P , we can find an open neighborhood V �Q of f .x/ and a piecewise
linear map h W V �Rd ! P satisfying the following:

(i) h is an open piecewise linear embedding and the image of h is contained in f �1.V /.

(ii) h.f .x/; 0/D x, where 0 is the origin in Rd .

(iii) h makes the following diagram commutative:

V �Rd
h

//

##

f �1.V /

f
{{

V

where the left diagonal map is the standard projection onto V .

A map h W V �Rd ! P satisfying conditions (i), (ii), and (iii) is called a piecewise linear submersion
chart around x. It follows immediately from this definition that the image of any PL submersion is open.

In this paper, we also worked with pairs of submersions which are compatible in the following sense.

Definition A.2 (see [19]) Let P and Q be PL spaces, and let P 0 be a PL subspace of P . A piecewise
linear map of pairs f W .P; P 0/! .Q;Q/ is a relative PL submersion of codimensions N and d if it
satisfies the following:

(i) f W P !Q is a PL submersion of codimension N .

(ii) For each x in P 0, there is an open neighborhood V of f .x/ in Q and an open piecewise linear
embedding h W V � .RN ;Rd /! .P; P 0/ such that h.f .x/; 0/D x and the composition f ı h is
the standard projection onto V .

One important property of PL submersions used in Section 3 is the following.

Proposition A.3 Any PL submersion f WW !Q of codimension d is a microfibration. Moreover , any
microlift with respect to f WW !Q can be assumed to be piecewise linear.

Recall that a microfibration is a map f WW !Q which satisfies the microlifting property. That is, given
any compact PL space P and a commutative diagram of the form

P� _

��

// W

f
��

P � Œ0; 1� // Q
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we can find a positive value 0 < � < 1 and a map Qg W P � Œ0; ��! W which lifts the restriction of the
bottom map on P � Œ0; ��. We illustrate this in the following diagram:

P� _

��

// W

f
��

P � Œ0; �� //

Qg

44

P � Œ0; 1� // Q

The method to prove Proposition A.3 is similar to the one used in [8] to show that a fiber bundle has the
homotopy lifting property (see [8, Proposition 4.48]). Moreover, by using the simplicial approximation
theorem, the microlift Qg W P � Œ0; ��!W can be assumed to be piecewise linear if f WW !Q is a PL
submersion.

Remark A.4 The second statement in Proposition A.3 can actually be made more general. Namely, if
f WW !Q is a PL submersion and g WQ0!Q is a PL map for which there exists a lift Qg WQ0!W of
the form

W

Q0 Q

f

g

Qg

then we can guarantee that Qg is also PL via the simplicial approximation theorem.

A.2 PL microbundles

In the piecewise linear category, there are two analogues of the notion of smooth vector bundle. We
introduce both of these in the following definition.

Definition A.5 A diagram of PL maps

(A-1) �d W P �,�!E.�/ �
�! P

is a d -dimensional PL microbundle if it satisfies the following:

(i) The image of � is closed in E.�/ and � ı �D IdP .

(ii) For any x 2 P , we can find open neighborhoods U � P and V �E.�/ of x and �.x/ respectively
for which there exists a PL homeomorphism h W U �Rd ! V which makes the following diagram
commute:

(A-2)

U �Rd

U U

V

h

p2i0

�jU �jV

In this diagram, i0 WU ,!U �Rd and p2 WU �Rd !U are defined respectively by i0.x/D .x; 0/
and p2.x; y/D x. As usual, 0 denotes the origin of Rd .
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A map h W U �Rd ! V which makes (A-2) commute is called a microbundle chart. We say that � is a
PL Rd -bundle if in (ii) we can take V D ��1.U /.

Two PL microbundles � W P
��
�! E.�/

��
�! P and � 0 W P

��0
�! E.� 0/

��0
�! P of dimension d over P are

said to be isomorphic if we can find open neighborhoods V0 �E.�/ and V1 �E.� 0/ of ��.P / and ��0.P /
respectively for which there is a piecewise linear homeomorphism h W V0! V1 commuting with all the
relevant maps. The following fundamental theorem of N Kuiper and R Lashof (see [13]) says that any
d -dimensional PL microbundle is isomorphic to a PL Rd -bundle.

Theorem A.6 Given any PL microbundle �d W P �
�!E.�/ �

�! P , there is a neighborhood V of �.P /
in E.�/ such that � W P �

�! V
�jV
�! P is a PL Rd -bundle. Moreover , any two PL Rd -bundles �0 and

�1 contained in � are isomorphic , ie if V0 � E.�/ and V1 � E.�/ are the total spaces of �0 and �1
respectively , then there exists a PL homeomorphism h W V0! V1 which commutes with all the structure
maps.

In this article, we also found it necessary to work with pairs of microbundles. More precisely, a PL
.n; d/-microbundle pair is a diagram of pairs

(A-3) .�n; �d / W .P; P / �,�! .E;E 0/ �
�! .P; P /

such that �n W P �
�! E �

�! P and �d W P �
�! E 0

�jE0��! P are PL microbundles over the PL space P
and, for each x in P , there is a microbundle chart h W U �Rn! V for �n whose restriction on U �Rd

is a microbundle chart for �d. Similarly, we say that .�n; �d / is a PL .Rn;Rd /-bundle if for the chart
h W U �Rn! V we can take V D ��1.U /. Typically, in a diagram of the form (A-3), we shall write P
instead of .P; P /.

The analogue of Theorem A.6 for microbundle pairs is also proven in [13].

Theorem A.7 Given a PL .n; d/-microbundle pair .�; � 0/ WP �
�! .E;E 0/ �

�!P , there is a neighborhood
V of �.P / in E such that .�; �0/ W P �

�! .V;E 0\V /
�jV
�! P is a PL .Rn;Rd /-bundle. Also , any two PL

.Rn;Rd /-bundles .�0; �00/ and .�1; �01/ contained in .�; � 0/ are isomorphic , ie if V0�E.�/ and V1�E.�/
are the total spaces of �0 and �1 respectively, then there exists a PL homeomorphism h W V0! V1 which
commutes with all the structure maps and which maps E 0\V0 to E 0\V1.

Remark A.8 Let H.Rd / and PL.Rd / be the simplicial sets introduced in Definitions 4.10 and 4.11
respectively. Also, let ERd .R

d / be the simplicial set of bundle monomorphisms �p �Rd !�p �Rd

which preserve the zero-section (see Convention 4.9). Note that the quotient maps H.Rd /! PL.Rd /
and ERd .R

d /! PL.Rd / fit in a commutative diagram of the following form:

(A-4)

H.Rd /� _

��

'

))

PL.Rd /

ERd .R
d /

55
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Using standard scaling arguments, we can prove that the quotient map ERd .R
d /! PL.Rd / is a weak

homotopy equivalence. Therefore, by Lemma 4.15, we also have that the inclusion H.Rd / ,!ERd .R
d / is

a weak homotopy equivalence. Using this fact, one can prove that any two Rd -bundles �0 and �1 contained
in a PL microbundle �d WP �

�!E.�/ �
�!P are isotopic. That is, if V0; V1 �E.�/ are the total spaces of

�0 and �1 respectively, then we can find an open piecewise linear embeddingH WV0�Œ0; 1�!E.�/�Œ0; 1�

which commutes with the projection onto P � Œ0; 1�, preserves the zero-section, maps V0 identically to
itself at time t D 0, and maps V0 PL homeomorphically onto V1 at time t D 1. A similar discussion also
works to show that any two PL .RN ;Rd /-bundles contained in a microbundle pair .�; � 0/ are isotopic.

A.3 Regular neighborhoods

In this appendix, we collect the essential facts about regular neighborhoods that we used in this paper. To
state the definition of regular neighborhood, we first need to introduce some terminology. Throughout
this appendix, In will denote the n-dimensional PL ball Œ0; 1�n. Also, in the next definition, we shall
identify the PL ball In�1 with the face Œ0; 1�n�1 � f0g of In, and thus regard In�1 as a PL subspace of
In contained in the boundary @In.

Definition A.9 Fix a PL spaceX . If Y is a PL subspace ofX such that the pair .cl.X�Y /; cl.X�Y /\Y /
is PL homeomorphic to the pair .In; In�1/ for some n, then we say that there is an elementary collapse
from X to Y , and we write X&e Y . More generally, we say that X collapses to Y , and write X& Y , if
there is a sequence of elementary collapses

X DX0&e X1&e X2&e � � � &e Xp D Y:

If X& Y , then we can also say that Y expands to X , and write Y %X . Similarly, an elementary collapse
X &e Y can also be called an elementary expansion from Y to X , which we denote by Y %e X .

Typically, regular neighborhoods are defined in the literature using the notion of derived subdivision, which
involves taking triangulations of PL spaces. However, in this appendix, we opt for a triangulation-free
characterization of regular neighborhoods, which we will give in the next definition.

Definition A.10 Consider a PL manifold M of dimension m, possibly with boundary, and let X be
a compact PL subspace of M contained in M � @M . A PL subspace R of M is called a regular
neighborhood of X in M if:

(i) R �M � @M and R is a compact neighborhood of X in M .

(ii) R is an m-dimensional PL manifold with boundary.

(iii) R&X (or equivalently, X %R).

Take a PL manifold M . It is a standard fact of PL topology that any compact PL subspace X �M � @M
admits a regular neighborhood in M (see [10, Theorem 3.8] for a proof of this result). In fact, as also
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proven in [10, Theorem 3.8], any two regular neighborhoods R0 and R1 of X in M are ambient isotopic,
ie there is an isotopy ht W M ! M of PL homeomorphisms such that h0 D IdM , h1.R0/ D R1, and
ht .x/D x for all x 2X and t 2 Œ0; 1�.

Remark A.11 Consider again a PL manifold M , possibly with @M ¤¿. Using standard subdivision
techniques, it can be proven that any compact PL subspace X �M � @M admits regular neighborhoods
that are arbitrarily thin, ie if U is an arbitrary open set in M containing X , then it is always possible to
find a regular neighborhood R of X such that R � U .

The following proposition (whose proof can be found in [1]) provides a useful link between regular
neighborhoods and mapping cylinders.

Proposition A.12 LetM be a PL manifold (possibly with @M ¤¿) and let X be a compact PL subspace
contained inM �@M . IfR is a regular neighborhood of X inM , thenR is homeomorphic to the mapping
cylinder Cyl.f / of a piecewise linear map f W @R!X .

The previous result is proven in [1] assuming that M is an arbitrary PL space, not necessarily a PL
manifold. However, in this paper (eg the proof of Lemma 3.18), we only needed this result in the case
whenM was assumed to be a PL manifold. We close this section of the appendix with the following result
regarding nested regular neighborhoods, which we used in Example 3.13. A proof of this proposition can
be found in [18, Chapter 3].

Proposition A.13 Fix a PL manifold M (possibly with @M ¤¿) and let X be a compact PL subspace
in M � @M . If R0 and R1 are two regular neighborhoods of X in M such that R0 � IntR1, then there
exists a PL homeomorphism h W @R0 � Œ0; 1�! cl.R1 �R0/ such that h0.x/ D x for all x 2 @R0 and
h1.@R0/D @R1.

Appendix B Subdivision methods

The purpose of this appendix is to outline the subdivision methods developed in [5]. To do so, we first
need to fix the following notation:

(i) �inj will denote the subcategory of� whose set of objects is equal to Obj.�/ and whose morphisms
are all the injective functions in �.

(ii) Let I W�,!PL be the inclusion functor defined in Convention 2.7, and let Iinj denote the restriction
of I on �inj. For any PL set F W PLop

! Sets, we will denote by F� the semisimplicial set obtained
by precomposing F with the inclusion I

op
inj W�

op
inj ,! PLop.

(iii) �
p
� will denote the semisimplicial set induced by the usual order on the set of vertices of the

geometric simplex �p.
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For any positive integer r , let sdr �p be the r th barycentric subdivision of �p, and denote by vF the
barycentric point of a face F of sdr�1�p . We can define an order relation on the set of vertices of sdr �p

by setting vF0 � vF1 if and only if F0 is a face of F1. We will denote by sdr �p� the semisimplicial set
induced by this order. Note that any ascending chain

vF0 < vF1 < � � �< vFk

of k C 1 vertices will span a k-simplex of sdr �p. Also, it is straightforward to verify that sdr �p�
is isomorphic to the usual r th barycentric subdivision of �p� (see [16] for a treatment of barycentric
subdivisions of semisimplicial sets).

In Proposition B.1 below, we will collect a couple of results proven in [5, Section 2.4]. Before stating this
proposition, we need to introduce some notation: Fix a PL set F and suppose that f W�p� ! F� is the
classifying map of a p-simplex W 2 Fp of the semisimplicial set F�. Then, given any positive integer r ,
we define Qfr W sdr �p� ! F� to be the morphism of semisimplicial sets which sends a k-simplex

vF0 < vF1 < � � �< vFk

of sdr �p� to the pull-back of W along the composition

�k Š�! conv.vF0 ; vF1 ; : : : ; vFk / ,!�p;

where conv.vF0 ; vF1 ; : : : ; vFk / is the convex hull of the points vF0 ; vF1 ; : : : ; vFk , and the first map
is the linear isomorphism which maps the vertices of �k to those of conv.vF0 ; vF1 ; : : : ; vFk / in an
order-preserving fashion. Borrowing the terminology from [5], we call this map Qfr the classifying map of
W with respect to the triangulation .sdr �p; Id�p / of �p (see [5, Definition 2.19]).

Proposition B.1 For any PL set F W PLop
! Sets, there exists an explicit map � W jF�j ! jF�j satisfying

the following properties:

(i) There exists a homotopy H between the identity map IdjF�j and �.

(ii) For any p-simplex W of F� and any positive integer r , the following diagram is commutative:

(B-1)

j�
p
� j

jf j
//

Š

��

jF�j

�r

��

j sdr �p� j
j Qfr j

// jF�j

In this diagram , the top map is the geometric realization of the classifying map f W�p� !F� of W ,
the right-vertical map is the r-fold composition of � with itself , the left-vertical map is the inverse
of the canonical homeomorphism from j sdr �p� j to j�

p
� j, and the bottom map is the geometric

realization of the map Qfr defined before the statement of this proposition.

In [5], we call the map � W jF�j ! jF�j appearing in this proposition the subdivision map of F. An
explicit construction of the homotopy H from part (i) is given in the proof of [5, Proposition 2.25]. On
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the other hand, part (ii) is a special case of [5, Proposition 2.27]. Namely, it is the special case obtained
by applying that proposition to the PL space �p and the canonical triangulation of �p.

Remark B.2 Consider an arbitrary PL set F. The construction of the subdivision map � W jF�j ! jF�j
of F is given in [5, Note 2.23]. Also, as mentioned before, the homotopy H appearing in part (i) of
Proposition B.1 was constructed in the proof of [5, Proposition 2.25]. Now, suppose that F0 is a PL
subset of F, and let �0 W jF0�j ! jF

0
�j be the subdivision map of F0. Moreover, let H0 be the homotopy

between IdjF0�j and �0 obtained by following the construction given in the proof of [5, Proposition 2.25].
Even though it is not stated as a result in [5], we claim that the constructions given in Note 2.23 and the
proof of Proposition 2.25 of [5] are respectful with respect to PL subsets. In other words, the maps �;H
corresponding to F and the maps �0;H0 corresponding to F0 are related in the following manner:

(B-2) �jjF0�j D �
0; HjŒ0;1��jF0�j DH0:

We reiterate that this fact was not presented as a result in [5]. Nevertheless, a careful inspection of the
constructions given in Note 2.23 and the proof of Proposition 2.25 in [5] would reveal to the reader that
the identities in (B-2) indeed hold for any pair .F;F0/ of PL sets.

We are now going to use Proposition B.1 (as well as Remark B.2) to prove Proposition 2.15, which we
stated without proof back in Section 2.

Proof of Proposition 2.15 Let F be a PL set and suppose that F0 is a PL subset of F satisfying the
following property:

� For any PL space P and any element W of F.P /, there exists an open cover U of P such that, for
each open set U 2U, the restriction WU is an element of F0.U /.

Using this assumption, we will prove that the map F0
�
,!F� between underlying simplicial sets is a weak

homotopy equivalence. We will do this by first showing that the corresponding inclusion of semisimplicial
sets F0� ,! F� is a weak homotopy equivalence. Consider then a continuous map g W�q! jF�j such
that g.@�q/� jF0�j. By the compactness of �q , there is a finite semisimplicial set L� � F� such that
g.�q/ � jL�j and g.@�q/ � jL� \F0�j. By our assumptions, and using the fact that L� is finite, we
can find a positive integer r such that, for any element W 2 Lp � F.�p/ and any simplex � of sdr �p ,
the restriction of W over � is in F0.�/. It then follows from part (ii) of Proposition B.1 that the image
of the map Qg WD �r ı g is contained in jF0�j, where �r is the r-fold composition of the subdivision
map � W jF�j ! jF�j with itself. But, if H is the homotopy from IdjF�j to � provided by part (i) of
Proposition B.1, we obtain a homotopy zH from g to Qg by setting

zHt WD .Ht /
r
ıg;

where, for each t 2 Œ0; 1�, the map .Ht /
r is the r-fold composition of Ht with itself. Furthermore, by

the observations we made in Remark B.2, the homotopy zH has the property that zHt .@�
q/� jF0�j for all

t 2 Œ0; 1�. We can therefore conclude that the inclusion F0� ,! F� is a weak homotopy equivalence.
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To finish this proof, note that the natural maps jF�j ! jF�j and jF0�j ! jF
0
�
j obtained by collapsing

degeneracies fit into the following commutative diagram:

jF0�j
� � //

'

��

jF�j

'

��

jF0
�
j
� � // jF�j

Since both vertical maps are weak homotopy equivalences (see [17]), it follows that F0
�
,!F� is also a

weak homotopy equivalence.
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Pullbacks of metric bundles and Cannon–Thurston maps

SWATHI KRISHNA

PRANAB SARDAR

Metric (graph) bundles were defined by Mj and Sardar (Geom. Funct. Anal. 22 (2012) 1636–1707). In
this paper, we introduce the notion of morphisms and pullbacks of metric (graph) bundles. Given a
metric (graph) bundle X over B where X and all the fibers are uniformly (Gromov) hyperbolic and
nonelementary, and a Lipschitz quasiisometric embedding i WA! B, we show that the pullback i�X is
hyperbolic and the map i� W i�X !X admits a continuous boundary extension, ie the Cannon–Thurston
(CT) map @i� W@.i�X /!@X . As an application of our theorem, we show that given a short exact sequence
of nonelementary hyperbolic groups 1!N !G

�
�!Q! 1 and a finitely generated quasiisometrically

embedded subgroup Q1 <Q, G1 WD �
�1.Q1/ is hyperbolic and the inclusion G1!G admits the CT

map @G1! @G. We then derive several interesting properties of the CT map.
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1 Introduction

Given a hyperbolic group G and a hyperbolic subgroup H a natural question to ask is if the inclusion
H !G always extends continuously to @H ! @G (see [3, Q 1.19]). This question was posed by Mahan
Mitra (Mj) motivated by the seminal article of Cannon and Thurston [7]. In [7] the authors found the
first instance of this phenomenon where H is not quasiisometrically embedded in G. It follows from
their work that if G D �1.M / where M is a closed hyperbolic 3-manifold fibering over a circle and
H D �1.S/ with S (an orientable closed surface of genus at least 2) being the fiber, then the boundary
extension @H ! @G exists. More generally, one may ask for a pair of (Gromov) hyperbolic metric spaces
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2668 Swathi Krishna and Pranab Sardar

Y �X if there is a continuous extension of the inclusion Y !X to @Y ! @X . Such an extension is by
definition unique (see Definition 2.47) when it exists and is popularly known as the Cannon–Thurston
map or “CT map” for short in geometric group theory. The above question of Mahan Mitra (Mj) has
motivated numerous works. The reader is referred to [22] for a detailed history of the problem. Although
the general question for groups has been answered in the negative recently by Baker and Riley [2], there
are many interesting questions to be answered in this context. In this paper, we pick up the following:

Question Suppose 1! N ! G
�
!Q! 1 is a short exact sequence of hyperbolic groups. Suppose

Q1 <Q is quasiisometrically embedded and G1 D �
�1.Q1/. Then does the inclusion G1 <G admit the

CT map?

It follows by the results of Mj and Sardar [24] that G1 is hyperbolic (see [24, Remark 4.4]), and so the
question makes sense. In this paper, we answer the above question affirmatively. However, we reformulate
this question in terms of metric (graph) bundles as defined in [24] (see Section 3) and obtain the following
more general result. One is referred to Lemma 2.41 and the discussion following it for the definition of
barycenter map. Coarsely surjective maps are introduced in Definition 2.1(3).

Theorem 5.2 Suppose � WX ! B is a metric (graph ) bundle such that

(1) X is hyperbolic and

(2) all the fibers are uniformly hyperbolic and nonelementary, ie there are ı � 0 and R� 0 such that
any fiber F is ı-hyperbolic and the barycenter map @3

s F ! F is R-coarsely surjective.

Suppose i W A! B is a Lipschitz , quasiisometric embedding and �Y W Y ! A is the pullback bundle
under i (see Definition 3.18). Then i� W Y !X admits the CT map.

There are two main sources of examples of metric graph bundles mentioned in this paper where the above
theorem can be applied. The first one is that of short exact sequences of groups.

Theorem 6.1 Suppose 1!N !G
�
!Q! 1 is a short exact sequence of hyperbolic groups. Suppose

Q1 < Q is quasiisometrically embedded and G1 D �
�1.Q1/. Then G1 is a hyperbolic group and the

inclusion G1 <G admits the CT map.

We note that special cases of Theorems 5.2 and 6.1, namely when A is a point and Q1D .1/, respectively,
were already known. See [20, Theorem 4.3; 24, Theorem 5.3]. Another context where Theorem 5.2
applies is that of complexes of hyperbolic groups. We refer to Section 3.3.2 for relevant definitions.

Suppose Y is a finite simplicial complex and G.Y/ is a developable complex of nonelementary hyperbolic
groups over Y . Suppose that for all face � of Y , G� is a nonelementary hyperbolic group and for any two
faces � � � the corresponding homomorphism G� !G� is an isomorphism onto a finite index subgroup
of G� . Suppose that the fundamental group of the complex of groups, G say, is hyperbolic. Suppose we
have a good subcomplex Y1 � Y ie one for which the following two conditions are satisfied.

Algebraic & Geometric Topology, Volume 25 (2025)
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(1) The natural homomorphism �1.G;Y1/! �1.G;Y/ is injective.

Let G1 D �1.G;Y1/. Suppose G1 and G are both endowed with word metrics with respect to some finite
generating sets. Let yG and yG1 be the coned off spaces à la Farb [10], obtained by coning off all the face
groups in G and G1 respectively.

(2) Then the induced map yG1!
yG of the coned off spaces is a quasiisometric embedding. With these

hypotheses we have:

Theorem 6.2 The group G1 is hyperbolic and the inclusion G1!G admits the CT map.

Particularly interesting cases to which the above theorem applies are obtained in [18; 12]. There graphs of
groups are considered where all the vertex and edge groups are either surface groups [18] or free groups
of rank � 3 [12], respectively.

Next, we explore properties of the Cannon–Thurston map @Y ! @X proved in Theorem 5.2. Suppose F is
a fiber of the bundle Y over A. Then there is a CT map for the inclusions iF;X WF!X and iF;Y WF! Y,
and the map i� W Y !X . Since @iF;X D @i� ı @iF;Y , if ˛; ˇ 2 @F are identified under @iF;X then under
@i� the points @iF;Y .˛/ and @iF;Y .ˇ/ are identified too. It turns out that a sort of “converse” of this is
also true.

Theorem 6.25 Suppose we have the hypotheses of Theorem 5.2 and also that the fibers of the bundle are
proper metric spaces. Suppose 
 is a (quasi )geodesic line in Y such that 
 .1/ and 
 .�1/ are identified
by the CT map @i� W @Y ! @X . Then �Y .
 / is bounded. In particular , given any fiber F of the metric
bundle , 
 is at a finite Hausdorff distance from a quasigeodesic line of F.

On the other hand as an immediate application of Theorem 6.25 (in fact, see Theorem 6.26 and
Proposition 6.6) we get the following:

Theorem Suppose we have the hypotheses of Theorem 5.2 and also that the fibers of the bundle are
proper metric spaces. Let F be the fiber over a point b 2 A. Then the CT map @iF;X W @F ! @X is
surjective if and only if the CT maps @iF;Y� W @F ! @Y� are surjective for all � 2 @B, where Y� is the
pullback of a (quasi )geodesic ray in B asymptotic to � .

In particular , @iF;Y W @F ! @Y is surjective if @iF;X W @F ! @X is surjective.

Following Mitra [19] we define the Cannon–Thurston lamination @.2/
X
.F / to be˚

.z1; z2/ 2 @F � @F W z1 ¤ z2; @iF;X .z1/D @iF;X .z2/
	

and following Bowditch [5, Section 2.3] we define for any point � 2 @B a subset of this lamination
denoted by @.2/

�;X
.F / or simply @.2/

�
.F / when X is understood, where .z1; z2/ 2 @

.2/

�;X
.F / if and only if

@iF;X .z1/D @iF;X .z2/D z
 .1/, where z
 is a quasiisometric lift in X of a (quasi)geodesic ray 
 in B

converging to �. If .z1; z2/ 2 @
.2/

�;X
.F / and ˛ is a (quasi)geodesic line in F connecting z1; z2, then ˛ is

referred to be a leaf of the lamination @.2/
�;X
.F /. Leaves are assumed to be uniform quasigeodesics in the

following theorem using Proposition 2.37.
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Theorem (properties of @.2/
X
.F /; see Lemmas 6.17–6.24) (1) @

.2/
X
.F /D

`
�2@B @

.2/

�;X
.F /.

(2) @
.2/
X
.F / and @.2/

�;X
.F / are all closed subsets of @.2/F , where @.2/F Df.z1; z2/2 @F �@F W z1¤ z2g.

(3) The leaves of @.2/
�1;X

.F /; @
.2/

�2;X
.F / are coarsely transverse to each other for all �1 ¤ �2 2 @B: given

�1 ¤ �2 2 @B and D > 0 there exists R > 0 such that if 
i is leaf of @.2/
�i ;X

.F /, i D 1; 2 then

1\ND.
2/ has diameter less than R.

(4) If �n! � in @B and ˛n is a leaf of @.2/
�n;X

.F / for all n 2N which converge to a geodesic line ˛ then
˛ is a leaf of @.2/

�;X
.F /.

(5) @
.2/

�;X
.F /D @

.2/

�;Y
.F / for all � 2 @A if we have the hypothesis of Theorem 5.2.

Finally, we also prove the following interesting property of the CT lamination.

Theorem 6.30 Suppose X is a metric (graph ) bundle over B satisfying the hypotheses of Theorem 5.2
such that X is a proper metric space. Let F D Fb , where b 2 B. Suppose @F is not homeomorphic to a
dendrite and also the CT map @F ! @X is surjective.

Then for all � 2 @B we have @.2/
�;X
.F /¤∅.

This applies in particular to the examples of short exact sequence of hyperbolic groups and the complexes
of hyperbolic groups mentioned in Theorems 6.1 and 6.2 above.

Outline of the paper In Section 2 we recall basic hyperbolic geometry, Cannon–Thurston maps, etc.
In Section 3 we recall the basics of metric (graph) bundles and we introduce morphisms of bundles,
pullbacks. Here we prove the existence of pullbacks under suitable assumptions. In Section 4 we mainly
recall the machinery of [24] and we prove a few elementary results. Section 5 is devoted to the proof of the
main theorem. In Section 6 we derive applications of the main result and we mention some related results.

Acknowledgements The authors gratefully acknowledge all the helpful comments, inputs, and sug-
gestions received from Mahan Mj and Michael Kapovich. We are very thankful to the referee also for
suggesting many changes that helped to improve the exposition of the paper and for pointing out a
number of gaps and inaccuracies in an earlier version of the paper. Sardar was partially supported by
DST INSPIRE grant DST/INSPIRE/04/2014/002236 and DST MATRICS grant MTR/2017/000485 of
the government of India. Finally, we thank Sushil Bhunia for a careful reading of an earlier draft of the
paper and for making numerous helpful suggestions.

2 Hyperbolic metric spaces

In this section, we remark on the notation and convention to be followed in the rest of the paper and
we put together basic definitions and results about hyperbolic metric spaces. We begin with some basic
notions from large scale geometry. Most of these are quite standard, eg see [13; 14]. We have used [24]
where all the basic notions can be quickly found in one place.
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Notation, convention and some metric space notions One is referred to [6, Chapters I.1, I.3] for the
definitions and basic facts about geodesic metric spaces, metric graphs and length spaces.

(0) For any set A, IdA will denote the identity map A!A. If A� B then we denote by iA;B WA! B

the inclusion map of A into B.

(1) If x 2 X and A � X then d.x;A/ will denote inffd.x;y/ Wy 2 Ag and will be referred to as the
distance of x from A. For D � 0 and A � X, ND.A/ WD fx 2 X W d.x; a/ � D for some a 2 Ag will
be called the D-neighborhood of A in X. For A;B � X we shall denote by d.A;B/ the quantity
inffd.x;B/ Wx 2Ag and by Hd.A;B/ the quantity inffD > 0 WA�ND.B/; B �ND.A/g and will refer
to it as the Hausdorff distance of A;B.

(2) If X is a length space we consider only subspaces Y �X such that the induced length metric on Y

takes values in Œ0;1/, or equivalently for any pair of points in Y there is a rectifiable path in X joining
them which is contained in Y. We shall refer to such subsets as rectifiably path connected. If 
 is a
rectifiable path in X then l.
 / will denote the length of 
 .

(3) All graphs are connected for us. If X is a metric graph then V.X / will denote the set of vertices of X.
Generally, we shall write x 2X to mean x 2 V.X /. In metric graphs (see [6, Chapter I.1]) all the edges
are assumed to have length 1. In a graph X the paths are assumed to be a sequence of vertices. In other
words, these are maps I \Z!X , where I is a closed interval in R with end points in Z[f˙1g. We
shall informally write this as ˛ W I !X and sometimes refer to it as a dotted path for emphasis. Length
of such a path ˛ W I ! X is defined to be l.˛/D

P
d.˛.i/; ˛.i C 1//, where the sum is taken over all

i 2 Z such that i; i C 1 2 I . If ˛ W Œ0; n�! X and ˇ W Œ0;m�! X are two paths with ˛.n/D ˇ.0/, then
their concatenation ˛ � ˇ will be the path Œ0;mC n�! X defined by ˛ � ˇ.i/D ˛.i/ if i 2 Œ0; n� and
˛ �ˇ.j /D ˇ.j � n/ if j 2 Œn;mC n�.

(4) If X is a geodesic metric space and x;y 2X then we shall use Œx;y�X or simply Œx;y� to denote a
geodesic segment joining x to y. This applies in particular to metric graphs. For x;y; z 2 X we shall
denote by �xyz some geodesic triangle with vertices x;y; z.

(5) If X is any metric space then for all A�X , diam.A/ will denote the diameter of A.

2.1 Basic notions from large scale geometry

Suppose X , Y are any two metric spaces and k � 1, � � 0, �0 � 0.

Definition 2.1 [24, Definition 1.1.1] (1) A map � W X ! Y is said to be metrically proper if there
is an increasing function f W Œ0;1/! Œ0;1/ with limt!1 f .t/D1 such that for any x;y 2 X and
R 2 Œ0;1/, dY .�.x/; �.y// � R implies dX .x;y/ � f .R/. In this case we say that � is proper as
measured by f .

(2) A subset A of a metric space X is said to be r -dense in X for some r � 0 if Nr .A/DX.

Algebraic & Geometric Topology, Volume 25 (2025)
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(3) Suppose A is a set. A map � WA! Y is said to be �-coarsely surjective if �.A/ is �-dense in Y. We
will say that it is coarsely surjective if it is �-coarsely surjective for some � � 0.

(4) A map � W X ! Y is said to be coarsely .�; �0/-Lipschitz if for every x1;x2 2 X , we have
d.�.x1/; �.x2// � �d.x1;x2/C �

0. A coarsely .�; �/-Lipschitz map will be simply called a coarsely
�-Lipschitz map. A map � is coarsely Lipschitz if it is coarsely �-Lipschitz for some � � 0.

(5) (i) A map � WX ! Y is said to be a .k; �/-quasiisometric embedding if for every x1;x2 2X , one
has

��C d.x1;x2/=k � d.�.x1/; �.x2//� �C kd.x1;x2/:

A map � W X ! Y will simply be referred to as a quasiisometric embedding if it is a .k; �/-
quasiisometric embedding for some k � 1, � � 0. A .k; k/-quasiisometric embedding will be
referred to as a k-quasiisometric embedding.

(ii) A map � WX ! Y is a .k; �/-quasiisometry (resp. k-quasiisometry) if it is a .k; �/-quasiisometric
embedding (resp. k-quasiisometric embedding) and moreover, it is D-coarsely surjective for
some D � 0.

(iii) A .k; �/-quasigeodesic (resp. a k-quasigeodesic) in a metric space X is a .k; �/-quasiisometric
embedding (resp. a k-quasiisometric embedding) 
 W I !X , where I �R is an interval.

We recall that a .1; 0/-quasigeodesic is called a geodesic.

If I D Œ0;1/, then 
 will be called a quasigeodesic ray. If I D R, then we call it a quasigeodesic
line. One similarly defines a geodesic ray and a geodesic line. We refer to the constant(s) k (and �) as
quasigeodesic constant(s).

Quasigeodesics in a metric graph X will be maps I \Z!X , informally written as I !X where I is a
closed interval in R.

(6) Suppose �; �0 WX ! Y are two maps and � � 0.

(i) We define d.�; �0/ to be the quantity supfdY .�.x/; �
0.x// Wx 2 X g provided the supremum

exists in R; otherwise we write d.�; �0/D1.

(ii) A map  W Y ! X is called an �-coarse left (right) inverse of � if d. ı �; IdX / � � (resp.
d.� ı ; IdY /� �).

If  is both an �-coarse left and right inverse then it is simply called an �-coarse inverse of �.

(7) Suppose S is any set. A map f W S ! X satisfying some properties P1; : : : ;Pk will be called
coarsely unique if for any other map g W S !X with properties P1; : : : ;Pk there is a constant D such
that d.f;g/�D.
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The definition (7) above is taken from [24]. See the definition following Lemma 2.9 there. In places
where this definition will be used the properties may not be explicitly stated but they will be clear from
the context. If S is finite then we talk about a finite subset of X to be coarsely unique, eg see the remark
following Lemma 2.56.

Remark on terminology (1) All the above definitions are about certain properties of maps and in each
case some parameters are involved.

(i) When the parameters are not important or they are clear from the context then we say that the map
has the particular property without explicit mention of the parameters, eg “� WX ! Y is metrically
proper” if � is metrically proper as measured by some function.

(ii) When we have a set of pairs of metric spaces and a map between each pair possessing the same
property with the same parameters then we say that the set of maps “uniformly” have the property,
eg uniformly metrically proper, uniformly coarsely Lipschitz, uniform qi embeddings, uniform
approximate nearest point projection etc.

(2) We often refer to a quasiisometric embedding as “qi embedding” and a quasiisometry as “qi”.

The following gives a characterization of quasiisometry to be used in the discussion on metric bundles.

Lemma 2.2 [24, Lemma 1.1] (1) For every K1;K2�1 and D�0 there are K2:2DK2:2.K1;K2;D/,
such that the following holds:
A K1-coarsely Lipschitz map with a K2-coarsely Lipschitz, D-coarse inverse is a K2:2-quasiisometry.

(2) Given K� 1, �� 0 and R� 0 there are constants C2:2DC2:2.K; �;R/ and D2:2DD2:2.K; �;R/

such that the following holds:
Suppose X;Y are any two metric spaces and f W X ! Y is a .K; �/-quasiisometry which is
R-coarsely surjective. Then there is a .K2:2;C2:2/-quasiisometric D2:2-coarse inverse of f.

The following lemmas follow from simple calculations and hence we omit their proofs.

Lemma 2.3 (1) Suppose we have a sequence of maps X
f
! Y

g
! Z where f;g are coarsely L1-

Lipschitz and L2-Lipschitz, respectively. Then g ıf is coarsely .L1L2;L1L2CL2/-Lipschitz.

(2) Suppose f WX ! Y is a .K1; �1/-qi embedding and g W Y !Z is a .K2; �2/-qi embedding. Then
g ıf WX !Z is a .K1K2;K2�1C�2/-qi embedding.

Moreover , if f is D1-coarsely surjective and g is D2-coarsely surjective then gıf is .K2D1C�2CD2/-
coarsely surjective.

In particular , the composition of finitely many quasiisometries is a quasiisometry.
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Lemma 2.4 Suppose X 0 is any connected graph and r > 0. Suppose X is another graph obtained
from X 0 by introducing some new edges to X 0 where e D Œv; w� is an edge in X but not in X 0 implies
dX 0.v; w/� r . Then the inclusion map X 0!X is a quasiisometry.

The following lemma appears in [17, Section 1.5] in a somewhat different form. We include a proof for
the sake of completeness.

Lemma 2.5 Let X be any metric space , x;y 2 X , 
 be a (dotted ) k-quasigeodesic joining x;y and
˛ W I ! X is a (dotted ) coarsely L-Lipschitz path joining x;y. Suppose moreover , ˛ is a proper
embedding as measured by a function f W Œ0;1/! Œ0;1/ and that Hd.˛; 
 /�D for some D � 0. Then
˛ is (dotted ) K2:5 DK2:5.k; f;D;L/-quasigeodesic in X .

Proof Suppose 
 is defined on an interval J . Let a; b 2 I . Then we have

d.˛.a/; ˛.b//�Lja� bjCL �! .1/

since ˛ is coarsely L-Lipschitz. Now let a0; b02J be such that d.˛.a/; 
 .a0/�D and d.˛.b/; 
 .b0//�D.
Let R D d.˛.a/; ˛.b//. Then by triangle inequality d.
 .a0/; 
 .b0// � 2D C R. Since 
 is a k-
quasigeodesic we have �kCja0�b0j=k � d.
 .a0/; 
 .b0//� 2DCR. Hence, ja0�b0j � k.2DCR/Ck2.
Without loss of generality suppose a0 � b0. Consider the sequence of points a0

0
D a0; a0

1
; : : : ; a0nD b0 in J

such that a0
iC1
D 1Ca0i for 0� i � n�2 and a0n�a0

n�1
� 1. We note that n� 1Ck.2DCR/Ck2. Let

ai 2 I be such that d.
 .a0i/; ˛.ai//�D, 0� i � n, where a0 D a, an D b. Once again by the triangle
inequality we have

d.˛.ai/; ˛.aiC1//� 2DC d.
 .a0i/; 
 .a
0
iC1//� 2DC 2k

for 0� i � n�1 since 
 is a k-quasigeodesic. This implies jai�aiC1j � f .2DC2k/ since ˛ is a proper
embedding as measured by f. Hence,

ja� bj �

n�1X
iD0

jai � aiC1j � nf .2DC k/� .1C k.2DCR/C k2/f .2DC 2k/:

Thus we have

�
1C 2kDC k2

k
C

1

kf .2DC 2k/
ja� bj �RD d.˛.a/; ˛.b// �! .2/:

Hence, by (1) and (2) we can take

K2:5 D 1C 2DC kC kf .2DC 2k/CL:

The following lemma is implicit in the proof of [24, Proposition 2.10]. The proof of this lemma being
immediate we omit it.
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Lemma 2.6 Suppose X is a length space and Y is any metric space. Let f WX!Y be any map. Then f is
coarsely C -Lipschitz for some C �0 if for all x1;x22X , dX .x1;x2/�1 implies dY .f .x1/; f .x2//�C .

Remark We spend quite some time restating some results proved in [24] in the generality of length
spaces since the main result in our paper is about length spaces. For instance (1) the existence of pullback
of metric bundles to be defined below is unclear within the category of geodesic metric spaces; and (2)
we observe that for the definition of Cannon–Thurston maps the assumption of (Gromov) hyperbolic
geodesic metric spaces is rather restrictive and unnecessary.

In a length metric space geodesics may not exist joining a pair of points. However, we still have the
following.

Lemma 2.7 Suppose X is a length space.

(1) Given any � > 0, any pair of points of X can be joined by a continuous , rectifiable , arc length
parametrized path which is a .1; �/-quasigeodesic.

(2) Any pair of points of X can be joined by a dotted 1-quasigeodesic.

Metric graph approximation to a length space Given any length space X , we define a metric graph Y

as follows. We take the vertex set V .Y /DX . We join x;y 2X by an edge (of length 1) if and only if
dX .x;y/ � 1. We let  X W X ! V.Y / � Y be the identity map. Let �X W Y ! X be defined to be the
inverse of  X on V.Y / and for any point y in the interior of an edge e of Y we define �X .y/ to be one
of the end points of the edge e. The following hold.

Lemma 2.8 [17, Lemma 1.32] (1) Y is a (connected ) metric graph.

(2) The maps  X and �X jV.Y / are coarsely 1-surjective , .1; 1/-quasiisometries.

(3) The map �X is a .1; 3/-quasiisometry and it is a 1-coarse inverse of  X .

Remark We shall refer to the space Y constructed in the proof of the above lemma as the (canonical)
metric graph approximation to X. We also preserve the notation  X and �X to be used in this context only.

Definition 2.9 (Gromov inner product) Let X be any metric space and let p;x;y 2X . Then the Gromov
inner product of x;y with respect to p is defined to be the number 1

2
.d.p;x/C d.p;y/� d.x;y//. It is

denoted by .x:y/p.

Lemma 2.10 Suppose X is a length space and x1;x2;x3 2X . Let 
ij , i < j , 1� i; j � 3 denote .1; 1/-
quasigeodesics joining the respective pairs of points xi ;xj . Suppose there are points w1 2 
23, w2 2 
13

and w3 2 
12 such that d.w1; wi/�R for some R� 0, i D 2; 3. Then j.x2:x3/x1
�d.x1; w1/j � 3C2R.
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Proof By triangle inequality we have jd.x2; w1/ � d.x2; w2/j � R, jd.x3; w1/ � d.x3; w2/j � R,
jd.x1; w1/� d.x1; wi/j �R, i D 2; 3. Since the 
ij ’s are .1; 1/-quasigeodesics it is easy to see that

d.x1; w3/C d.w3;x2/� d.x1;x2/C 3; d.x1; w2/C d.w2;x3/� d.x1;x3/C 3;

d.x2; w1/C d.w1;x3/� d.x2;x3/C 3:

It then follows by a simple calculation that

2d.x1; w1/� 6� 4R� d.x1;x2/C d.x1;x3/� d.x2;x3/� 2d.x1; w1/C 3C 4R:

Hence, we have j.x2:x3/x1
� d.x1; w1/j � 3C 2R.

Definition 2.11 (1) Suppose X is a length space and Y1;Y2;Z are nonempty subsets of X. We say
that Z coarsely disconnects Y1;Y2 in X if (i) Yi nZ ¤∅, i D 1; 2 and (ii) for all K � 1 there is
R � 0 such that the following holds: for any yi 2 Yi , i D 1; 2 and any K-quasigeodesic 
 in X

joining y1;y2 we have 
 \NR.Z/¤∅.

(2) Suppose Y;Z �X , Y1;Y2� Y. We say that Z coarsely bisects Y into Y1;Y2 in X if Y D Y1[Y2

and Z coarsely disconnects Y1;Y2 in X .

(3) Suppose fXig is a collection of length spaces and there are nonempty sets Yi ;Zi�Xi , Y Ci ;Y
�
i �Yi

such that Yi D Y Ci [Y �i , Y Ci nZi ¤∅, and Y �i nZi ¤∅ for all i . We say that Zi’s uniformly
coarsely bisect Yi’s into Y Ci ’s, and Y �i ’s if for all K � 1 there is RDR.K/� 0 with the following
property: for any i , and for any xCi 2 Y Ci , x�i 2 Y �i and any K-quasigeodesic 
i �Xi joining x˙i
we have NR.Zi/\ 
i ¤∅.

We note that the first part of the above definition implies Y1\Y2 �NR.1/.Z/. Moreover one would like
to impose the condition that Yi nZ are of infinite diameter. Keeping the application we have in mind we
do not assume that.

Definition 2.12 (approximate nearest point projection) (1) Suppose X is any metric space, A�X ,
and x 2X . Given � � 0 and y 2A we say that y is an �-approximate nearest point projection of
x on A if for all z 2A we have d.x;y/� d.x; z/C �.

(2) Suppose X is any metric space, A�X and � � 0. An �-approximate nearest point projection map
f WX !A is a map such that f .a/D a for all a 2A and f .x/ is an �-approximate nearest point
projection of x on A for all x 2X nA.

For � D 0 an �-approximate nearest point projection is simply referred to as a nearest point projection.
A nearest point projection map from X onto a subset A will be denoted by PA;X W X ! A or simply
PA WX !A when there is no possibility of confusion.

We note that given a metric space X and A � X a nearest point projection map X ! A may not be
defined in general but an �-approximate nearest point projection map X !A exists by axiom of choice
for all � > 0.
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Lemma 2.13 Suppose X is a metric space and A � X. Suppose y 2 A is an �-approximate nearest
point projection of x 2 X . Suppose ˛ W I ! X is a .1; 1/-quasigeodesic joining x;y. Then y is an
.�C3/-approximate nearest point of x0 on A for all x0 2 ˛.

Proof Suppose z 2 A is any point. Then we know that d.x;y/ � d.x; z/C �. Since ˛ is a .1; 1/-
quasigeodesic it is easy to see that d.x;x0/C d.x0;y/ � d.x;y/C 3. Hence, d.x;x0/C d.x0;y/ �

d.x; z/C3C� which in turn implies that d.x0;y/� d.x; z/�d.x;x0/C3C�� d.x0; z/C�C3. Hence,
y is an .�C3/-approximate nearest point projection of x0 on A.

Corollary 2.14 Suppose X is any metric space and x;y; z 2X . Suppose ˛, ˇ are .1; 1/-quasigeodesics
joining x;y and y; z, respectively. If y is an �-approximate nearest point projection of x on ˇ then ˛ �ˇ
is .3; 3C�/-quasigeodesic.

Proof Let x0 2 ˛ and y0 2 ˇ. Let ˇ0 denote the segment of ˇ from y to y0. Then y is an �-approximate
nearest point projection of x on ˇ0 too. Hence, by the previous lemma y is an .�C3/-approximate nearest
point projection of x0 on ˇ0. Without loss of generality, suppose ˛.a/D x0, ˛.aCm/D y, ˇ.0/D y, and
ˇ.n/D y0. Now, d.x0;y/� d.x0;y0/C�C3. Hence d.y;y0/� d.x0;y0/Cd.x0;y/� 2d.x0;y0/C�C3.
Since ˛; ˇ are both .1; 1/-quasigeodesics it follows that m � 1 � d.x0;y/ � d.x0;y0/C � C 3 and
n� 1 � d.y;y0/ � 2d.x0;y0/C �C 3. Adding these we get mC n� 2 � 3d.x0;y0/C 2�C 6. On the
other hand, d.x0;y0/� d.x0;y/C d.y;y0/�mC nC 2. Putting everything together we get

1
3
.mC n/� 1

3
.2�C 8/� d.x0;y0/� .mC n/C 2

from which the corollary follows immediately.

2.2 Rips hyperbolicity vs Gromov hyperbolicity

This subsection gives a quick introduction to some basic notions and results about hyperbolic metric
spaces. One is referred to [1; 13; 14] for more details. The following definition of hyperbolic metric
spaces is due to E Rips and hence we refer to this as the Rips hyperbolicity.

Definition 2.15 (1) Suppose�x1x2x3 is a geodesic triangle in a metric space X and ı�0, K�0. We
say that the triangle�x1x2x3 is ı-slim if any side of the triangle is contained in the ı-neighborhood
of the union of the remaining two sides.

(2) Let ı � 0 and X be a geodesic metric space. We say that X is ı-hyperbolic (in the sense of Rips)
if all geodesic triangles in X are ı-slim.

A geodesic metric space is said to be (Rips) hyperbolic if it is ı-hyperbolic in the sense of Rips for some
ı � 0.

However, in this paper we need to deal with length spaces a lot which a priori need not be geodesic. The
following definition is more relevant in that case.
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Definition 2.16 (Gromov hyperbolicity) Suppose X is any metric space, not necessarily geodesic and
ı � 0.

(1) Let p 2X . We say that the Gromov inner product on X with respect to p, ie the map X �X !R

defined by .x;y/ 7! .x:y/p, is ı-hyperbolic if

.x:y/p �minf.x:z/p; .y:z/pg� ı

for all x;y; z 2X.

(2) The metric space X is called ı-hyperbolic in the sense of Gromov if the Gromov inner product on
X is ı-hyperbolic with respect to any point of X .

A metric space is called (Gromov) hyperbolic if it is ı-hyperbolic in the sense of Gromov for some ı � 0.

However, it is a standard fact that for geodesic metric spaces the two concepts are equivalent. See [14,
Section 6.3C], or [6, Proposition 1.22, Chapter III.H] for instance. In this subsection we observe an
analog of Rips hyperbolicity in Gromov hyperbolic length spaces using the next two lemmas.

The following lemma is a crucial property of Rips hyperbolic metric spaces.

Lemma 2.17 (stability of quasigeodesics in a Rips hyperbolic space [13]) For all ı � 0 and k � 1,
� � 0 there is a constant D2:17 DD2:17.ı; k; �/ such that the following holds:

Suppose Y is a geodesic metric space ı-hyperbolic in the sense of Rips. Then the Hausdorff distance
between a geodesic and a .k; �/-quasigeodesic joining the same pair of end points is less than or equal
to D2:17.

One is referred to [25, Theorems 3.18, 3.20] for a proof of the following lemma.

Lemma 2.18 Suppose X is a metric space which is ı-hyperbolic in the sense of Gromov. If f WX ! Y

is a R-coarsely surjective , .1;C /-quasiisometry then Y is D DD2:18.ı;R;C /-hyperbolic in the sense
of Gromov.

Using metric graph approximations to length spaces (Lemma 2.8) and the fact that for geodesic metric
spaces Gromov hyperbolicity implies Rips hyperbolicity we obtain the following three corollaries.

Corollary 2.19 (stability of quasigeodesics in a Gromov hyperbolic space) Given ı � 0, k � 1, � � 0

there is D DD2:19.ı; k; �/ such that the following holds:

Suppose X is metric space which is ı-hyperbolic in the sense of Gromov. Then given .k; �/-quasigeodesics

i , i D 1; 2 with the same end points we have Hd.
1; 
2/�D.
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Corollary 2.20 (analog of Rips hyperbolicity for length spaces) Suppose X is a length space. If X is
ı-hyperbolic in the sense of Gromov then for all K � 1, � � 0 all .K; �/-quasigeodesic triangles in X are
D2:20 DD2:20.ı;K; �/-slim.

Conversely if all .K; �/-quasigeodesic triangles in X are R-slim for some R� 0 and for some sufficiently
large K; � then X is �2:20 D �2:20.R;K; �/-hyperbolic in the sense of Gromov.

Slimness of triangles immediately implies slimness of polygons:

Corollary 2.21 (slimness of polygons) Suppose that X is a length space. If X is ı-hyperbolic in the
sense of Gromov then for all K � 1, � � 0 all .K; �/-quasigeodesic n-gons in X are .n�2/D2:20 D

.n�2/D2:20.ı;K; �/-slim.

Convention 2.22 For the rest of the paper a ı-hyperbolic (or simply hyperbolic) space will refer either
to (1) a ı-hyperbolic (resp. hyperbolic) space in the sense of Rips if it is a geodesic metric space or
(2) a ı-hyperbolic (resp. hyperbolic) space in the sense of Gromov if it is not a geodesic metric space.
However, in this case the space will be assumed to be a length space. The constant ı will be referred to
as the hyperbolicity constant for the space involved.

2.3 Quasiconvex subspaces of hyperbolic spaces

Definition 2.23 Let X be a hyperbolic geodesic metric space and let A�X . For K � 0, we say that A

is K-quasiconvex in X if any geodesic with end points in A is contained in NK .A/.

If X is a Gromov hyperbolic length space and A�X then we will say that A is K-quasiconvex if any
.1; 1/-quasigeodesic joining a pair of points of A is contained in NK .A/.

A subset A�X is said to be quasiconvex if it is K-quasiconvex for some K � 0.

The following lemma relates quasiconvexity with qi embedding. It is straightforward and is proved in the
context of geodesic metric spaces in [17, Chapter 1, Section 1.11]. Hence we skip the proof.

Lemma 2.24 (1) Given ı � 0 and k � 0 there are constants D DD.ı; k/ and K DK.ı; k/ such that
the following holds:
Suppose X is a ı-hyperbolic metric space and A � X is k-quasiconvex. Then ND.A/ is path
connected and with respect to the induced path metric on ND.A/ from X the inclusion map
ND.A/!X is a K-qi embedding.

(2) Suppose X is a hyperbolic metric space and Y is a quasiconvex subset. Suppose Y is path connected
and with respect to the induced path metric on Y from X the inclusion map Y !X is metrically
proper. Then the inclusion map is a qi embedding.
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In this subsection, in a Gromov hyperbolic setting, we prove a number of results about quasiconvex sets
analogous to those in [24, Section 1.2] which were proved in a Rips hyperbolic setting. The importance
of the following lemma for this paper can be hardly exaggerated.

Lemma 2.25 (projection on a quasiconvex set) Let X be a ı-hyperbolic metric space , U � X a
K-quasiconvex set and � � 0. Suppose y 2 U is an �-approximate nearest point projection of a point
x 2 X on U. Let z 2 U. Suppose ˛ is a (dotted ) k-quasigeodesic joining x to y and ˇ is a (dotted )
k-quasigeodesic joining y to z. Then ˛ �ˇ is a (dotted ) K2:25 DK2:25.ı;K; k; �/-quasigeodesic in X.

In particular , if 
 is k-quasigeodesic joining x; z then y is contained in the D2:25.ı;K; k; �/-neighborhood
of 
 .

Proof Without loss of generality we shall assume that X is a ı-hyperbolic length space. Suppose ˇ1

is a .1; 1/-quasigeodesic in X joining y; z. Since U is K-quasiconvex it is clear that y is an .�CK/-
approximate nearest point projection of x on ˇ1. Hence, if ˛1 is a .1; 1/-quasigeodesic joining x;y

then ˛1 � ˇ1 is a .3; 3C�CK/-quasigeodesic in X by Corollary 2.14. By stability of quasigeodesics
Hd.˛; ˛1/�D2:19.ı; k; �/, and Hd.ˇ; ˇ1/�D2:19.ı; k; �/. Hence, Hd.˛�ˇ; ˛1�ˇ1/�D2:19.ı; k; �/.
By Lemma 2.5 it is enough to show now that 
 D ˛�ˇ is uniformly properly embedded. Let 
1D ˛1�ˇ1

and R D D2:19.ı; k; �/. Suppose ˛ W Œ0; l � ! X with ˛.0/ D x, ˛.l/ D y and ˇ W Œ0;m� ! X with
ˇ.0/D y, ˇ.m/D z. Let s � t 2 Œ0; l Cm� and d.
 .s/; 
 .t//�D for some D � 0. We need to find a
constant D1 such that t � s �D1, where D1 depends on ı; k;K and D only. However, if s; t 2 Œ0; l � or
s; t 2 Œl; l Cm� then we have �kC .t � s/=k �D since both ˛; ˇ are k-quasigeodesics. Hence, in that
case t � s � k2C kD.

Suppose s 2 Œ0; l/ and t 2 .l;m�. In this case 
 .s/ D ˛.s/, 
 .t/ D ˇ.t � l/. Let x0 2 ˛1, y0 2 ˇ1

be such that d.x0; 
 .s// � R and d.y0; 
 .t// � R. Then d.x0;y0/ � 2RCD. Suppose 
1.s
0/ D x0,


1.t
0/D y0, 
1.u/D y, where s0 � u� t 0. Since 
1 is a .3; 3C�CK/-quasigeodesic we have js0� t 0j �

3.3C �CK/C 3d.x0;y0/ � 3.3C �CK/C 3.2RCD/. It follows that js0 � uj and ju� t 0j are both
at most 3.3C �CK/C 3.2RCD/D 9C 3�C 3KC 6RC 3D. Hence, d.x0;y/; d.y;y0/ are both at
most 3.9C 3�C 3K C 6RC 3D/C 3C �CK D 30C 10�C 10K C 18RC 9D D D0, say. Hence,
d.
 .s/;y/, d.y; 
 .t// are both at most RCD0. Since ˛; ˇ are k-quasigeodesics it follows that l � s

and t � l are both at most k2C k.RCD0/. Hence, t � s � 2.k2C k.RCD0//. Hence, we can take
D1 D 2k2C 2kRC 2kD0. This completes the proof of the existence of K2:25.

Clearly one can set D2:25.ı;K; k; �/DD2:19.ı;K2:25.ı;K; k; k/;K2:25.ı;K; k; k//.

Corollary 2.26 Suppose X is a ı-hyperbolic metric space and ˛ is a k-quasigeodesic in X with an end
point y. Suppose x 2 X and y is an �-approximate nearest point projection of x on ˛. Suppose ˇ is a
k-quasigeodesic joining x to y. Then ˇ �˛ is a K2:26.ı; k; �/-quasigeodesic.
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Proof We briefly indicate the proof. One first notes by stability of quasigeodesics that images of uniform
quasigeodesics are uniformly quasiconvex. Then one applies the preceding lemma.

The following corollary easily follows from Lemmas 2.25 and 2.13. For instance, the proof is similar to
that of [24, Lemma 1.32].

Corollary 2.27 (projection on nested quasiconvex sets) Suppose X is a ı-hyperbolic metric space and
V � U are two K-quasiconvex subsets of X. Suppose x 2 X and x1 2 U, x2 2 V are �-approximate
nearest point projection of x on U and V, respectively. Suppose x3 is an �-approximate nearest point
projection of x1 on V. Then d.x2;x3/�D2:27.ı;K; �/.

In particular , for any two �-approximate nearest point projections x1;x2 of x on U we have

d.x1;x2/�D2:27.ı;K; �/:

Corollary 2.28 Given ı � 0;K � 0; � � 0 there are constants LDL2:28.ı;K; �/, D DD2:28.ı;K; �/

and RDR2:28.ı;K; �/ such that the following hold :

(1) Suppose X is a ı-hyperbolic metric space and U is a K-quasiconvex subset of X . Then for all � � 0

any �-approximate nearest point projection map P WX ! U is coarsely L-Lipschitz.

(2) Suppose V is another K-quasiconvex subset of X and v1; v2 2 V and ui D P .vi/, i D 1; 2. If
d.u1;u2/�D then u1;u2 2NR.V /.

In particular , if the diameter of P .V / is at least D then d.U;V /�R.

Proof (1) Suppose x;y 2 X with d.x;y/ � 1. Then P .x/ is an .�C1/-approximate nearest point
projection of y on U. Hence, by Corollary 2.27 we have d.P .x/;P .y// �D2:27.ı;K; �C 1/ and we
may take L2:28.ı;K; �/DD2:27.ı;K; �C 1/ by Lemma 2.6.

(2) Consider the quadrilateral formed by .1; 1/-quasigeodesics joining the pairs .u1;u2/; .u2; v2/; .v2; v1/

and .v1;u1/. This is 2D2:20.ı; 1; 1/-slim by Corollary 2.21. Let ı0 D 2D2:20.ı; 1; 1/. Suppose no
point of the side v1v2 is contained in a ı0-neighborhood of the side u1u2. Then there are two points
say x1;x2 2 v1v2 such that xi 2 Nı0.uivi/, i D 1; 2 and d.x1;x2/ � 2. Hence there are points
yi 2 uivi , i D 1; 2 such that d.y1;y2/ � 2 C 2ı0. However, ui is an .�C3/-approximate nearest
point projection of yi on U by Lemma 2.13. Hence, by the first part of Corollary 2.28 we have
d.u1;u2/�L2:28.ı;K; �C 3/C .2C 2ı0/L2:28.ı;K; �C 3/. Hence, if the diameter of P .V / is bigger
than D DL2:28.ı;K; �C 3/C .2C 2ı0/L2:28.ı;K; �C 3/ then there is a point x 2 v1v2 and y 2 u1u2

such that d.x;y/ � ı0. Since U is K-quasiconvex we have thus x 2NKCı0.U /. Thus we may choose
RDKC ı0.

The second part of the above corollary is implied in Lemma 1.35 of [24] too. The next lemma roughly
says that the nearest point projection of a quasigeodesic on a quasiconvex set is close to a quasigeodesic.
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Lemma 2.29 Given K� 0, R� 0, ı� 0 there is a constant DDD2:29.R;K; ı/ such that the following
holds:

Suppose X is a ı-hyperbolic metric space and A is a K-quasiconvex subset of X. Suppose x;y 2X and
Nx; Ny 2 A, respectively, are their 1-approximate nearest point projections on A. Let Œx;y�; Œ Nx; Ny� denote
1-quasigeodesics in X joining x;y and Nx; Ny, respectively. Suppose z 2 Œx;y� and Nz is a 1-approximate
nearest point projection of z on A and d.z; Nz/�R. Then d.z; Œ Nx; Ny�/�D.

Proof By Corollary 2.21, quadrilaterals in X formed by 1-quasigeodesics are 2D2:20.ı; 1; 1/-slim.
Hence, there is z0 2 Œx; Nx�[ Œ Nx; Ny�[ Œy; Ny� such that d.z; z0/ � 2D2:20.ı; 1; 1/. If z0 2 Œ Nx; Ny� then we
are done. Suppose not. Without loss of generality let us assume that z0 2 Œx; Nx�. Then d.z0;A/ �

d.z; z0/Cd.z;A/� 2D2:20.ı; 1; 1/CR. Since Nx is a 1-approximate nearest point projection of x on A,
Nx is a 4-approximate nearest point projection of z0 on A by Lemma 2.13. Hence, by Corollary 2.28,
d. Nx; Nz/�L2:28.ı;K; 4/d.z

0; z/�L2:28.ı;K; 4/.2D2:20.ı; 1; 1/CR/. But d.z; Nz/�R. Hence,

d.z; Nx/�RCL2:28.ı;K; 4/.2D2:20.ı; 1; 1/CR/:

Thus we can take D2:29.R;K; ı/Dmax
˚
2D2:20.ı; 1; 1/; RCL2:28.ı;K; 4/.2D2:20.ı; 1; 1/CR/

	
:

The following lemma asserts that quasiconvexity and nearest point projections are preserved under qi
embeddings.

Lemma 2.30 Suppose X is a ı-hyperbolic metric graph and Y �X is a connected subgraph such that
the inclusion .Y; dY /! .X; dX / is a k-qi embedding. Suppose A� Y is K-quasiconvex in Y. Then the
following hold :

(1) A is K2:30.ı; k;K/-quasiconvex in X.

(2) For any x 2 Y if x1;x2 2A are the nearest point projections of x on A in Y and X , respectively ,
then dY .x1;x2/�D2:30.ı; k;K/.

Proof (1) Suppose x;y 2A and let ˛; ˇ be geodesics joining x;y in Y and X , respectively. Since Y

is k-qi embedded, ˛ is a .k; k/-quasigeodesic in X by Lemma 2.3. Hence, by stability of quasigeodesics
Hd.˛; ˇ/ �D2:17.ı; k; k/. However, A being K-quasiconvex in Y, ˛ �NK .A/ in Y and hence in X

as well. Thus ˇ �NKCD2:17.ı;k;k/.A/ in X . Hence, we can take K2:30.ı; k;K/DKCD2:17.ı; k; k/.

(2) Suppose K1 D K2:30.ı; k;K/. Then x2 2 ND.Œx;x1�X / in X , where D D D2:25.ı;K1; 1; 1/.
We have Hd.Œx;x1�Y ; Œx;x1�X / � D2:17.ı; k; k/ by stability of quasigeodesics. Thus there is a point
x0

2
2 Œx;x1�Y such that dX .x2;x

0
2
/ � D CD2:17.ı; k; k/ D D1, say. Then dY .x2;x

0
2
/ � k.D1 C k/

since Y is k-qi embedded in X . Since x1 is a nearest point projection of x on A in Y, it is also a
nearest point projection of x0

2
on A in Y. Hence, dY .x

0
2
;x1/ � dY .x

0
2
;x2/ � k.D1 C k/. Hence,

dY .x1;x2/� 2k.D1C k/ by triangle inequality. Thus we can take D2:30.ı; k;K/D 2k.D1C k/.
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Definition 2.31 Suppose X is a ı-hyperbolic metric space and A;B are two quasiconvex subsets.
Let R > 0. We say that A;B are mutually R-cobounded, or simply R-cobounded, if the set of all
1-approximate nearest point projections of the points of A on B has a diameter at most R and vice versa.

When the constant R is understood or is not important we just say that A;B are cobounded.

The following corollary is an immediate consequence of Corollary 2.28(2).

Corollary 2.32 [24, Lemma 1.35] Given ı � 0; k � 0 there are constants D D D2:32.ı; k/ and
RDR2:32.ı; k/ such that the following holds:

Suppose X is a ı-hyperbolic metric space and A;B �X are two k-quasiconvex subsets. If d.A;B/�D

then A;B are mutually R-cobounded.

The following proposition and its proof are motivated by an analogous result due to Hamenstädt [16,
Lemma 3.5]. See also [24, Corollary 1.52]. Before we state the proposition let us explain the set-up.

(P0) Suppose X is a ı-hyperbolic metric graph and Y �X is a K-quasiconvex subgraph, for some ı � 0,
K � 0. Suppose I is an interval in R with end points in Z[f1;�1g and … W Y ! I is a map such that
I \Z�….Y /. Let Yi WD…

�1.i/ for all i 2 I \Z and Yij D…
�1.Œi; j �/ for all i; j 2 I \Z with i < j

such that the following hold:

(P1) All the sets Yi and Yij , i; j 2 I , i < j are K-quasiconvex in X.

(P2) Yi uniformly coarsely bisects Y into Y �i WD…
�1..�1; i �\ I/ and Y Ci WD…

�1.Œi;1/\ I/ for
all i 2 I . Let R� 0 be such that any geodesic in Y joining Y Ci and Y �i passes through NR.Yi/ for all
i 2 I \Z.

(P3) d.YiiC1;YjjC1/ > 2KC 1 for all i; j 2 I if j C 1 2 I and i C 1< j .

(P4) There is D � 0 such that the sets Yi and Yj are D-cobounded in X for all i; j 2 I \Z with i < j

unless j D i C 1 and i; j are the end points of I .

The proposition below is about a description of uniform quasigeodesics in X joining points of Y.

Proposition 2.33 Given ı � 0, K � 0, D � 0, �� 1, � � 1 and R� 0 there are

�0 D �2:33.ı;K;D; �; �;R/� 1 and �2:33 D �2:33.ı;K;D; �;R/� 0

such that the following holds.

Suppose we have the aforementioned hypotheses (P0)–(P4). Suppose m; n 2 I \Z and y 2 Ym, y0 2 Yn.
Suppose yi 2 Y, m � i � n are defined as follows: ym D y, yiC1 is an �-approximate nearest point
projection of yi on YiC1 for m� i � n�1. Suppose ˛i � YiiC1 is a �-quasigeodesic in X joining yi and
yiC1, m� i � n� 1 and ˇ is a �-quasigeodesic joining yn and y0.

Then the concatenation of the all the ˛i’s and ˇ is a �0-quasigeodesic in X joining y;y0. Moreover , each
yi is an �2:33-approximate nearest point projection of y on Yi for mC 2� i � n.
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Proof The proof is broken into the following three claims. In course of the proof we shall denote the
concatenation of the ˛i’s and ˇ by ˛.

Claim 1 Suppose x 2 Y �i for some i . Let Nx be an �-approximate nearest point projection of x on Yi .
Then Nx is an �0-approximate nearest point projection of x on Y Ci where �0 depends only on � and the
parameters ı;D;K and R.

Proof Suppose x0 is a 1-approximate nearest point projection of x on Y Ci . Since Y Ci is K-quasiconvex,
Œx;x0� � Œx0; Nx� is a K2:25.ı;K; 1; 1/-quasigeodesic by Lemma 2.25. Let k1 DK2:25.ı;K; 1; 1/. Then
by stability of quasigeodesics there is a point z 2 Œx; Nx� such that d.x0; z/ � D2:17.ı; k1/ D D1, say.
We claim that z is uniformly close to Yi . Since Y �i is K-quasiconvex there is a point w 2 Y �i such
that d.z; w/ � K. It follows that d.w;x0/ � D1 CK. By (P2), there is a point z1 2 Œw;x

0� such
that d.z1;Yi/ � R. Since d.z1; w/ � d.w;x0/ � D1CK and d.w; z/ �K, it follows by the triangle
inequality that d.z;Yi/� 2KCD1CR. Now, by Lemma 2.13 Nx is an .�C3/-approximate nearest point
projection of z on Yi . Hence, d.x0; Nx/ � d.x0; z/C d.z; Nx/ � D1C �C 3C d.z;Yi/. It follows that
�0 D 3C �C 2KC 2D1CR works. G

Note We shall use D1 again in the proof of Claim 3 to denote the same constant as in the proof of Claim 1
above.

Claim 2 Next we claim that for all mC 2� i � n� 1 there is uniformly bounded set Ai � Yi such that
�-nearest point projection of any point of Y �j , j < i on Yi is contained in Ai .

Proof Consider any Yi , mC 2� i � n� 1. Let Bi � Yi be the set of all 1-approximate nearest point
projections of points of Yi�1 on Yi in X . Then the diameter of Bi is at most D by (P4). Suppose x 2 Y �j ,
j < i . Let x1;x2 be �-approximate nearest point projections of x on Yi�1 and Yi , respectively. Let x3 be
an �-nearest point projection of x1 on Yi . Now, by Step 1 x1 is an �0-approximate nearest point projection
of x on Y C

i�1
and x2, x3 are �0-approximate nearest point projection of x and x1, respectively, on Y Ci .

Therefore, by the first part of Corollary 2.27 we have d.x2;x3/�D2:27.ı;K; �
0/. However, if x0

1
2 Bi

is a 1-approximate nearest point projection of x1 on Yi then by the second part of Corollary 2.27 we have
d.x3;Bi/� d.x3;x

0
1
/�D2:27.ı;K; �/ since � � 1. Hence, d.x2;Bi/� 2D2:27.ı;K; �/. Therefore, we

can take Ai DN2D2:27.ı;K ;�/.Bi/\Yi . G

Let r D supmC2�i�n�1fdiam.Ai/g. We note that r �DC 2D2:27.ı;K; �/.

Claim 3 Finally we claim that (1) ˛ is contained in a uniformly small neighborhood of a geodesic joining
y;y0 and (2) ˛ is uniformly properly embedded in X .

We note that the proposition follows from Claim 3 using Lemma 2.5.

Proof of Claim 3 Suppose x;x0 2 ˛, ….x/ < ….x0/. Choose smallest k; l such that x 2 ˛ \ YkkC1,
x0 2 ˛\Yl lC1, where m� k � l � n. Let 
 be a geodesic in X joining x;x0.
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(1) It is enough to show that the segment of ˛ joining x to x0 is contained in a uniformly small
neighborhood of 
 . Hence, without loss of generality k < l . Due to Corollary 2.21 it is enough to prove
that the points yi , kC 1� i � l � 1 are contained in a uniformly small neighborhood of 
 in order to
show that the segment of ˛ joining x to x0 is contained in a uniformly small neighborhood of 
 . (We
note that the path ˛n�1 �ˇ is a D2:25.ı;K; �; �/-quasigeodesic joining yn�1 and y0.) For this first we
note that x is on ˛k . Let 
k be a geodesic joining yk ;ykC1. Then by stability of quasigeodesics there
is a point x1 2 
k such that d.x1;x/ � D2:19.ı; �; �/. Since ykC1 is an �-approximate nearest point
projection of yk on YkC1, by Lemma 2.13 ykC1 is an .�C3/-approximate nearest point projection of x1

on YkC1. Hence, ykC1 is an .�C3CD2:19.ı; �; �//-approximate nearest point projection of x1 on YkC1.
Let �1 D �C 3CD2:19.ı; �; �/. By Step 1 ykC1 is an �0

1
-nearest point projection of x on Y C

kC1
, where

�0
1
D 3C �1 C 2D1 CC2K CR. Now the concatenation of a geodesic joining ykC1 to x0 with the

segment of ˛ from x to ykC1 is a uniform quasigeodesic by Lemma 2.25. Thus by Corollary 2.19 ykC1

is uniformly close to 
 . On the other hand by Step 2 yi is an .�Cr/-approximate nearest point projection
of x on Yi and hence an .�Cr/0-approximate nearest point projection on Y Ci for all kC 2 � i � l � 1.
Hence, again by Lemma 2.25 and Corollary 2.19 yi is within a uniformly small neighborhood of 
 . This
proves (1).

(2) Suppose LD supfd.yi ; 
 / W kC1� i � l�1g. Suppose x;x0 2 ˛ as above with d.x;x0/�N. Once
again, without loss of generality k < l . We claim that l � kCN. To see this consider two adjacent vertices
vi ; viC1 on 
 . If vi 2 NK .YssC1/ and viC1 2 NK .Yt tC1/ with s < t then by (P3) we have t D sC 1.
The claim follows from this. Suppose ˛.sk/D x, ˛.si/D yi for kC 1� i � l � 1 and ˛.sl/D x0. We
note that d.˛.si/; ˛.siC1//�N C 2L for k � i � l � 1. Since l � k �N and since the segments of ˛
joining ˛.si/; ˛.siC1/, k � i � l � 1 are uniform quasigeodesics, we are done. G

For the second part of the proposition we have already noticed that yi is an .�Cr/-approximate nearest
point projection of any point Y �j , in particular of y, on Yi for all j < i , mC 2� i � n� 1. On the other
hand, yn�1 is an .�C r/0 D .�C r C 3C 2D1C 2KCR/-approximate nearest point projection of y

on Y C
n�1

. Hence, by Corollary 2.27 if y0n is a 1-approximate point projection of y on Yn � Y C
n�1

then
d.y0n;yn/�D2:27.ı;K; .�C r/0/. Thus yn is an .1CD2:27.ı;K; .�C r/0//-approximate nearest point
projection of y on Yn.

Lemma 2.34 Given ı � 0, k � 1, � � 0, there is a constant D DD2:34.ı; k; �/ such that the following
is true:

Suppose X is a ı-hyperbolic metric space. Suppose x1;x2;p 2X and ˛ is a .k; �/-quasigeodesic in X

joining x1;x2. Then j.x1:x2/p � d.p; ˛/j �D.

Proof Without loss of generality, we shall assume that X is a length space ı-hyperbolic in the sense
of Gromov. Let w 2 ˛ be a 1-approximate nearest point projection of p on ˛. Let ˇ1; ˇ2 be .1; 1/-
quasigeodesics joining the pairs of points .x1;p/; .x2;p/, respectively. Let 
 be a .1; 1/-quasigeodesic
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joining p; w and let ˛0 be a .1; 1/-quasigeodesic joining x1;x2. Let C D D2:19.ı; k; � C 1/. Now,
by Corollary 2.19 Hd.˛; ˛0/ � C and ˛ is C -quasiconvex. Let ˛1 be the portion of ˛ from x1 to w
and let ˛2 be the portion of ˛ from w to x2. Then ˛1 � 
 , ˛2 � 
 are K D K2:25.ı;C; k C �; k C �/-
quasigeodesics. Hence by Corollary 2.19 Hd.ˇi ; ˛i � 
 / � D2:19.ı;K;K/. Let wi 2 ˇi be such that
d.w;wi/ � D2:19.ı;K;K/. Since Hd.˛; ˛0/ � C , there is a point w0 2 ˛0 such that d.w;w0/ � C .
Hence, d.w0; wi/�CCD2:19.ı;K;K/DR, say. Now by Lemma 2.10 j.x1:x2/p�d.p; w0/j � 3C2R.
It follows that j.x1:x2/p � d.p; w/j � 3C 2RCC . Since w is a 1-approximate nearest point projection
of p on ˛ we have for all z 2 ˛, d.p; w/ � d.p; z/ C 1. Thus jd.p; ˛/ � d.p; w/j � 1. Hence,
j.x1:x2/p � d.p; ˛/j � 4C 2RCC .

2.4 Boundaries of hyperbolic spaces and CT maps

Given a hyperbolic metric space, there are the following three standard ways to define a boundary. Some
of the results in this subsection are mentioned without proof. One may refer to [1; 6] and for details.

Definition 2.35 (1) Geodesic boundary Suppose X is a (geodesic) hyperbolic metric space. Let G
denote the set of all geodesic rays in X . The geodesic boundary @X of X is defined to be G=�,
where � is the equivalence relation on G defined by setting ˛ � ˇ if and only if Hd.˛; ˇ/ <1.

(2) Quasigeodesic boundary Suppose X is a hyperbolic metric space in the sense of Gromov. Let Q
be the set of all quasigeodesic rays in X . Then the quasigeodesic boundary @qX is defined to be
Q=�, where � is defined as above.

(3) Gromov boundary or sequential boundary Suppose X is a hyperbolic metric space in the sense
of Gromov and p2X. Let S be the set of all sequences fxng in X such that limi;j!1.xi :xj /pD1.
All such sequences are said to converge to infinity. On S we define an equivalence relation where
fxng � fyng if and only if limi;j!1.xi :yj /p D1 for some (any) base point p 2X. The Gromov
boundary or the sequential boundary @sX of X , as a set, is defined to be S=�.

Notation and convention (1) The equivalence class of a geodesic ray or a quasigeodesic ray ˛ in @X
or @qX is denoted by ˛.1/. It is customary to fix a base point and require that all the rays start from
there to define @X and @qX but it is not essential.

(2) If ˛ is a (quasi)geodesic ray with ˛.0/ D x, ˛.1/ D � then we say that ˛ joins x to �. We use
Œx; �/ to denote any (quasi)geodesic ray joining x to � when the parametrization of the (quasi)geodesic
ray is not important or is understood.

(3) If ˛ is a quasigeodesic line with ˛.1/D �1, ˛.�1/D �2 2 @qX then we say that ˛ joins �1; �2.
We denote by .�1; �2/ any quasigeodesic line joining �1; �2 when the parameters of the quasigeodesic are
understood.
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(4) If � D Œfxng� 2 @sX then we write xn ! � or � D limn!1 xn and say that the sequence fxng

converges to � .

(5) We shall denote by yX the set X [ @sX .

The following lemma and proposition summarizes all the basic properties of the boundary of hyperbolic
spaces that we will need in this paper.

Lemma 2.36 [9, Theorem 11.108] Let X , Y be hyperbolic metric spaces.

(1) Given a qi embedding � WX ! Y we have an injective map @� W @sX ! @sY.

(2) (i) If X
�
! Y

 
!Z are qi embeddings then @. ı�/D @ ı @�.

(ii) @.IdX / is the identity map on @sX .
(iii) A qi induces a bijective boundary map.

The following proposition relates the three definitions of boundaries.

Proposition 2.37 (1) For any metric space X the inclusion G!Q induces an injective map @X!@qX .

(2) Given a quasigeodesic ray ˛, limn!1 ˛.n/ is well defined and ˛ � ˇ implies limn!1 ˛.n/ D

limn!1 ˇ.n/. This induces an injective map @qX ! @sX .

(3) If X is a proper geodesic hyperbolic metric space then the map @X ! @qX is a bijection.

(4) The map @qX ! @sX is a bijection for all Gromov hyperbolic length spaces.

In fact , given ı � 0 there is a constant k2:37 D k2:37.ı/ such that given any ı-hyperbolic length space X ,
any pair of points x;y 2 yX can be joined by a k2:37-quasigeodesic.

Proof Properties (1), (2), (3) are standard. See [6, Chapter III.H], for instance. Property (4) is proved for
geodesic metric spaces in Section 2 of [24]. See Lemma 2.4 there. The same result for a general length
space then is a simple consequence of the existence of a metric graph approximation of a length space
and the preceding lemma.

Lemma 2.38 (ideal triangles are slim) Suppose X is a ı-hyperbolic metric space in the sense of Rips
or Gromov. Suppose x;y; z 2 yX and we have three k-quasigeodesics joining each pair of points from
fx;y; zg. Then the triangle is RDR2:38.ı; k/-slim.

In particular , if 
1; 
2 are two k-quasigeodesic rays with 
1.0/ D 
2.0/ and 
1.1/ D 
2.1/ then
Hd.
1; 
2/�R.

The proof of the above lemma is pretty standard and hence we omit it. However, slimness of ideal
triangles immediately implies slimness of ideal polygons:
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Corollary 2.39 (ideal polygons are slim) Suppose X is a ı-hyperbolic metric space in the sense of
Rips or Gromov. Suppose x1;x2; : : : ;xn 2

yX are n points and we have n k-quasigeodesics joining pairs
of points .x1;x2/; .x2;x3/; : : : ; .xn�1;xn/ and .xn;x1/. Then this n-gon is RDR2:39.ı; k; n/-slim , ie
every side is contained in R-neighborhood of the union of the remaining n� 1 sides.

The following lemma gives a geometric interpretation for sequential boundary in terms of quasigeodesics.

Lemma 2.40 Let x 2 X be any point. Suppose fxng is any sequence of points in X and ˇm;n is a
k-quasigeodesic joining xm to xn for all m; n 2 N. Suppose ˛n is a k-quasigeodesic joining x to xn.
Then:

(1) fxng 2 S if and only if limm;n!1 d.x; ˇm;n/D1 if and only if there is a constant D such that
for all M > 0 there is N > 0 with Hd

�
˛m\B.xIM /; ˛n\B.xIM /

�
�D for all m; n�N.

(2) Suppose moreover � 2 @sX and 
n is a k-quasigeodesic in X joining xn to � for all n 2N and ˛ is
a k-quasigeodesic joining x to �.

Then xn! � if and only if d.x; 
n/!1 if and only if there is constant D > 0 such that for all M > 0

there is N > 0 with Hd
�
˛\B.xIM /; ˛n\B.xIM /

�
�D for all n�N .

We skip the proof of this lemma. In fact, the first statement of the lemma is an easy consequence of
Lemma 2.34 and stability of quasigeodesics. The second statement is a simple consequence of Lemma 2.34,
stability of quasigeodesics and Lemma 2.38.

The following lemma is proved in Section 2 of [24] (see Lemmas 2.7 and 2.9 there) for hyperbolic
geodesic metric spaces. The same statements are true for length spaces too. To prove it for length spaces
one just takes a metric graph approximation. Since the proof is straightforward we omit it.

Lemma 2.41 (barycenters of ideal triangles) Given ı � 0 there is r0 � 0 such that for any ı-hyperbolic
length space X , any three distinct points x;y; z 2 yX and any three k2:37.ı/-quasigeodesics joining x;y; z

in pairs there is a point x0 2X such that Nr0
.x0/ intersects all the three quasigeodesics.

We refer to a point with this property to be a barycenter of the ideal triangle �xyz. There is a constant
L0 such that if x0;x1 are two barycenters of �xyz then d.x0;x1/�L0.

Thus we have a coarsely well-defined map @3
s X !X . We shall refer to this map as the barycenter map.

It is a standard fact that for a nonelementary hyperbolic group G if X is a Cayley graph of G then the
barycenter map @3

s X !X is coarsely surjective and vice versa. If X is a hyperbolic metric space such
that the barycenter map for X is coarsely surjective then X will be called a nonelementary hyperbolic
space. In Sections 4 and 5 we deal with spaces with this property.

The following lemma is clear. For instance, we can apply the proof of [24, Lemma 2.9].

Lemma 2.42 Barycenter maps being coarsely surjective is a qi invariant property among hyperbolic
length spaces.
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2.4.1 Topology on @sX and Cannon–Thurston maps

Definition 2.43 (1) If f�ng is a sequence of points in @sX , we say that f�ng converges to � 2 @sX if the
following holds: Suppose �nD Œfxn

k
gk � and �D Œfxkg�. Then limn!1.lim infi;j!1.xi :x

n
j /p/D1.

(2) A subset A� @sX is said to be closed if for any sequence f�ng in A, �n! � implies � 2A.

The definition of convergence that we have stated here is equivalent to the one stated in [1]. Moreover,
that the convergence mentioned above is well-defined follows from [1] and hence we skip it. The next
two lemmas give a geometric meaning of the convergence.

Lemma 2.44 Given k � 1 and ı � 0, there are constants D D D2:44.k; ı/, L D L2:44.k; ı/ and
r D r2:44.k; ı/ with the following properties:

Suppose ˛; ˇ are two k-quasigeodesic rays starting from a point x 2X such that ˛.1/¤ ˇ.1/ and 
 is
a k-quasigeodesic line joining ˛.1/ and ˇ.1/. Then the following hold :

(1) There exists N 2N such that j.˛.m/:ˇ.n//x � d.x; 
 /j �D for all m; n�N .
In particular , j lim infm;n!1.˛.m/:ˇ.n//x � d.x; 
 /j �D.

(2) Suppose RD d.x; 
 / then Hd.˛\B.xIR� r/; ˇ\B.xIR� r//�L.

Proof (1) Since ˛.1/¤ ˇ.1/ by Lemma 2.38 there is N 2N such that for all m; n �N , ˛.m/ 2
NR2:38

.
 / and ˇ.n/ 2NR2:38
.
 /. Let xm;yn 2 
 be such that

d.xm; ˛.m//�R2:38 and d.yn; ˇ.n//�R2:38:

Then by joining xm; ˛.m/ and yn; ˇ.n/ and applying Corollary 2.21 we see that Hausdorff distance
between any .1; 1/-quasigeodesic joining ˛.m/; ˇ.n/, say cm;n and the portion of 
 between xm;yn is at
most R2:38C2D2:20.ı; k; k/. It is clear that for large enough N, d.x; 
 / is the same as the distance of x

and the segment of 
 between xm;yn if m; n�N. Thus for such m; n we have jd.x; cm;n/�d.x; 
 /j �

R2:38 C 2D2:20.ı; k; k/. But by Lemma 2.34, j.˛.m/:ˇ.n//x � d.x; cm;nj � D2:34.ı; k; k/. Hence,
j.˛.m/:ˇ.n//x � d.x; 
 /j �R2:38C 2D2:20.ı; k; k/CD2:34.ı; k; k/ for all large m; n.

(2) To see this we take a 1-approximate nearest point projection, say z, of x on 
 . Let xz denote a
1-quasigeodesic joining x; z. Then by Corollary 2.26 concatenation of xz and the portions of 
 joining z

to 
 .˙1/ respectively are both K2:26.ı; k; k/-quasigeodesics. Call them ˛0 and ˇ0, respectively. Note
that ˛.1/ D ˛0.1/ and ˇ.1/ D ˇ0.1/. Let K D maxfk;K2:26.ı; k; �/g. Then by the last part of
Lemma 2.38 it follows that z 2 Nr .˛/\Nr .ˇ/ where r D R2:38.ı;K/. Suppose x0 2 ˛, y0 2 ˇ are
such that d.z;x0/� r and d.y0; z/� r . By Corollary 2.20 the Hausdorff distance between xz and the
portions of ˛ from x to x0 and the portion of ˇ from x to y0 are each at most D2:20.ı; k; k/C r . Thus
these segments of ˛ and ˇ are at a Hausdorff distance at most LD 2D2:20.ı; k; k/C 2r from each other.
This completes the proof.
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Lemma 2.45 Let x 2X be any point. Suppose f�ng is any sequence of points in @sX . Suppose ˇm;n is a
k-quasigeodesic line joining �m to �n for all m; n 2N and ˛n is a k-quasigeodesic ray joining x to �n for
all n 2N. Then:

(1) limm;n!1 d.x; ˇm;n/D1 if and only if there is a constant D DD.k; ı/ such that for all M > 0

there is N > 0 with Hd
�
˛m \B.xIM /; ˛n \B.xIM /

�
� D for all m; n � N and in this case

f�ng converges to some point of @sX.

(2) Suppose moreover � 2 @sX , 
n is a k-quasigeodesic ray in X joining �n to � for all n, and ˛ is a
k-quasigeodesic ray joining x to � . Then �n! � if and only if d.x; 
n/!1 if and only if there is
constant D0 DD0.k; ı/ such that for all M > 0 there is N > 0 with

Hd
�
˛\B.xIM /; ˛n\B.xIM /

�
�D

for all n�N . In this case limm;n!1 d.x; ˇm;n/D1.

Proof (1) The “if and only if” part is an immediate consequence of Lemma 2.44. We prove the last
part. Let ni be an increasing sequence in N such that for all m; n� ni we have

Hd.˛m\B.xI i/; ˛n\B.xI i//�D:

Let yi be a point of ˛ni
\B.xI i/ such that d.x;yi/C 1 � supfd.x;y/ Wx 2 ˛ni

\B.xI i/g. We claim
that yi converges to a point of @sX . Clearly d.x;yi/!1. Given i � j 2N we have d.yi ; ˛n/�D and
d.yj ; ˛n/�D for all n� nj . By slimness of polygons we see that any .1; 1/-quasigeodesic joining yi ;yj

is uniformly close to ˛n. It follows that limi;j!1.yi :yj /x D1. Let � D Œfyng�. It is clear that �n! � .

(2) Both if and only if statements are immediate from Lemma 2.44. The last part follows from slimness
of ideal triangle since d.x; 
n/!1.

Corollary 2.46 Suppose fxng is a sequence of points in yX such that fxng �X or fxng � @sX . Suppose
xn! � 2 @sX and 
n is a k-quasigeodesic joining xn to � for each n. Let yn 2 
n such that d.x;yn/!1.
Then limn!1 yn D � .

Definition 2.47 (Cannon–Thurston map [21]) If f W Y !X is any map of hyperbolic metric spaces
then we say that the Cannon–Thurston or the CT map exists for f or that f admits the CT map if f
gives rise to a continuous map @f W @Ys! @Xs in the following sense:

Given any � 2 @sY and any sequence of points fyng in Y converging to � , the sequence ff .yn/g converges
to a definite point of @sX independent of the fyng and the resulting map @f W @sY ! @sX is continuous.

Generally, one assumes that the map f is a proper embedding but for the sake of the definition it is
unnecessary. We note that the CT map is unique when it exists. The following lemma gives a sufficient
condition for the existence of CT maps.
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Lemma 2.48 (Mitra’s criterion [21, Lemma 2.1]) Suppose X , Y are geodesic hyperbolic metric spaces
and f W Y !X is a metrically proper map. Then f admits the CT map if the following holds:

(�) Let y0 2Y. There exists a function � WR�0!R�0, with the property that �.n/!1 as n!1 such
that for all geodesic segments Œy1;y2�Y in Y lying outside the n-ball around y0 2 Y, any geodesic
segment Œf .y1/; f .y2/�X in X joining the pair of points f .y1/; f .y2/ lies outside the �.n/-ball
around f .y0/ 2X .

Remark (1) The main set of examples where Lemma 2.48 applies comes from taking Y to be a
rectifiably path connected subspace of a hyperbolic space X with induced length metric and the map f
is assumed to be the inclusion map. One also considers the orbit map G!X where G is a hyperbolic
group acting properly by isometries on a hyperbolic metric space X . In these examples, the map f is
coarsely Lipschitz as well as metrically proper. The proof of the lemma by Mitra also assumes that X ,
Y are proper geodesic metric spaces and Mitra considered the geodesic boundaries. However, these
conditions are not necessary as the following lemma and examples show.

(2) The proof of Lemma 2.48 by Mitra only checks that the map is a well-defined extension of f rather
than it is continuous. However, with very little effort the condition (�) can be shown to be sufficient for
the well-definedness as well as the continuity of the CT map.

(3) One can easily check that the condition (�) is also necessary provided X;Y are proper hyperbolic
spaces and f is coarsely Lipschitz and metrically proper.

The following lemma is the main tool for the proof of our theorem of Cannon–Thurston map. We shall
refer to this as Mitra’s lemma.

Lemma 2.49 Suppose X;Y are length spaces hyperbolic in the sense of Gromov , and f W Y !X is any
map. Let p 2 Y.

(��) Suppose for all N > 0 there is M DM.N / > 0 such that N !1 implies M !1 with the fol-
lowing property: for any y1;y2 2 Y, any .1; 1/-quasigeodesic ˛ in Y joining y1;y2 and any .1; 1/-
quasigeodesic ˇ in X joining f .y1/; f .y2/, B.p;N /\˛ D∅ implies B.f .p/;M /\ˇ D∅.

Then the CT map exists for f W Y !X .

Proof Suppose fyng is any sequence in Y. Suppose ˛i;j is a .1; 1/-quasigeodesic in Y joining
yi ;yj and suppose 
i;j is a .1; 1/-quasigeodesic in X joining f .yi/; f .yj /. Then by Lemma 2.34
limi;j!1.yi :yj /p D1 if and only if limi;j!1 d.p; ˛i;j /D1 and limi;j!1.f .yi/:f .yj //f .p/ D1

if and only if limi;j!1 dX .f .p/; 
i;j / D1. On the other hand, by (��), limi;j!1 d.p; ˛i;j / D1

implies limi;j!1 dX .f .p/; 
i;j /D1. Thus fyng converges to a point of @sY implies ff .yn/g converges
to a point of @sX . The same argument shows that if fyng and fzng are two sequences in Y representing
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the same point of @sY then ff .yn/g and ff .zn/g also represent the same point of @sX . Thus we have a
well-defined map @f W @sY ! @sX .

Now we prove the continuity of the map. We need to show that if �n! � in @sY then @f .�n/! @f .�/.
Suppose �n is represented by the class of fyn

k
gk and � is the equivalence class of fykg. Then

lim
n!1

.lim inf
i;j!1

.yn
i :yj /p/D1:

By Lemma 2.34 then we have
lim

n!1
.lim inf
i;j!1

d.p; ˛n
i;j /D1

for any .1; �/-quasigeodesic ˛n
i;j in Y joining yn

i and yj . By (�) then we have

lim
n!1

.lim inf
i;j!1

d.f .p/; 
 n
i;j /D1;

where 
 n
i;j is any .1; �/-quasigeodesic in X joining f .yn

i /; f .yj /. This in turn implies by Lemma 2.34
that

lim
n!1

�
lim inf
i;j!1

.f .yn
i /:f .yj //f .p/

�
D1:

Therefore, @f .�n/! @f .�/ as was required.

Examples and remarks (1) Suppose f WR�0!R�0 is the function f .x/D ex � 1. Then f is not
coarsely Lipschitz but f admits the CT map.

(2) One can easily cook up an example along the line of the above example where metric properness
is also violated but the CT map exists as we see in the example below. We will see another interesting
example in Corollary 6.10.

(3) The condition (�) in the above lemma is also not necessary in general for the existence of the CT
map. Here is an example in which both metric properness and (�) fail to hold but nevertheless the CT
map exists. Suppose X is a tree built in two steps. First we have a star, ie a tree with one central vertex
on which end points of finite intervals are glued where the lengths of the intervals are unbounded. Then
two distinct rays are glued to each vertex of the star other than the central vertex. Suppose Y is obtained
by collapsing the central star in X to a point and f is the quotient map. Then clearly the CT map exists
but (�) is violated.

The following lemma is very standard and hence we skip mentioning its proof.

Lemma 2.50 (functoriality of CT maps) (1) Suppose X;Y;Z are hyperbolic metric spaces and
f WX ! Y and g W Y !Z admit the CT maps. Then so does g ıf and @.g ıf /D @g ı @f.

(2) If i WX !X is the identity map then it admits the CT map @i which is the identity map on @sX .

(3) If two maps f; h WX ! Y are at a finite distance admitting the CT maps then they induce the same
CT map.
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(4) Suppose f W X ! Y is a qi embedding of hyperbolic length spaces. Then f admits the CT map
@f W @sX ! @sY which is a homeomorphism onto the image.

If f is a quasiisometry then @f is a homeomorphism. In particular , the action by left multiplication of a
hyperbolic group G on itself induces an action of G on @G by homeomorphisms.

2.4.2 Limit sets

Definition 2.51 Suppose X is a hyperbolic metric space and A�X . Then the limit set of A in X is the
set ƒX .A/D flimn!1 an 2 @sX W fang is a sequence in Ag.

When X is understood then the limit set of A�X will be denoted simply by ƒ.A/. In this subsection,
we collect some basic results on limit sets that we need in Section 6 of the paper. In each case, we briefly
indicate the proofs for the sake of completeness. The following is straightforward.

Lemma 2.52 Suppose X is a hyperbolic metric space and A;B � X with Hd.A;B/ < 1. Then
ƒ.A/Dƒ.B/.

Lemma 2.53 Suppose X is a hyperbolic metric space and Y �X . Suppose Z � Y coarsely bisects Y

in X into Y1;Y2 where Z � Y1\Y2. Then ƒ.Y1/\ƒ.Y2/Dƒ.Z/.

Proof This is a straightforward consequence of Lemma 2.34.

Lemma 2.54 Suppose X is a ı-hyperbolic metric space and A�X is �-quasiconvex. Suppose � 2ƒ.A/
and 
 is a K-quasigeodesic ray converging to � . Then there are N 2N and D DD2:54.ı; �;K/ > 0 such
that 
 .n/ 2ND.A/ for all n�N .

Proof Rather than explicitly computing the constants we indicate how to obtain them. Suppose fxng

is a sequence in A such that xn ! �. Let y1 2 
 be a 1-approximate nearest point projection of x1

on 
 . Let ˛1 denote a .1; 1/-quasigeodesic joining x1;y1. Then the concatenation, say 
1, of ˛1 and the
segment of 
 from y1 to � is a uniform quasigeodesic by Corollary 2.26. For all m> 1, let ym denote a
1-approximate nearest point projection of xm on 
1. Then ym is contained in 
1 for all large m. However,
once again by Corollary 2.26 the concatenation of the portion of 
1 between x1;ym and a 1-quasigeodesic
joining xm;ym is a uniform quasigeodesic. Now it follows by stability of quasigeodesics that the segment
of 
1 between y1;ym is contained in a uniformly small neighborhood of A since A is quasiconvex.

Lemma 2.55 Suppose X;Y are hyperbolic metric spaces , and f W Y !X is any metrically proper map.
Suppose that the CT map exists for f . Then we have ƒ.f .Y //D @f .@Y / in each of the following cases:

(1) Y is a proper metric space.

(2) f is a qi embedding.

Algebraic & Geometric Topology, Volume 25 (2025)



2694 Swathi Krishna and Pranab Sardar

Proof (1) It is clear that @f .@Y / �ƒ.f .Y //. Suppose yn is any sequence such that f .yn/! � for
some � 2 @sX . Since f is proper fyng is an unbounded sequence. Since Y is a proper length space
it is a geodesic metric space by Hopf–Rinow theorem (see [6], Proposition 3.7, Chapter I.3). Now it
is a standard fact that any unbounded sequence in a proper geodesic metric space has a subsequence
converging to a point of the Gromov boundary of the space. Since Y is proper, we have a subsequence
fynk
g of fyng such that ynk

! � for some �2 @sY. It is clear that @f .�/D � . Hence ƒ.f .Y //� @f .@Y /.

(2) Let y 2 Y and x D f .y/. Suppose fyng is a sequence of points in Y such that

lim
m;n!1

.f .ym/:f .yn//x D1 and �D Œff .ym/g�:

Then by Lemma 2.34 for any 1-quasigeodesic ˇm;n in X joining f .ym/; f .yn/ for all m; n 2N, we have
limm;n!1 dX .x; ˇm;n/D1. Since f is a qi embedding if ˛m;n is a 1-quasigeodesic in Y joining ym;yn

for all m; n 2N then f .˛m;n/ are uniform quasigeodesics in X . Hence, by stability of quasigeodesics in
X we have Hd.f .˛m;n/; ˇm;n/ <D for some constant D � 0. Thus limm;n!1 dX .x; f .˛m;n//D1.
Since f is a qi embedding and x D f .y/ it follows that limm;n!1 dY .y; ˛m;n/ D 1. Therefore,
limm;n!1.ym:yn/y D1 again by Lemma 2.34. Hence, if � D Œfyng� then @f .�/D �.

Lemma 2.56 (projection of boundary points on quasiconvex sets) Given ı � 0 and k � 0 there is a
constant RDR2:56.ı; k/ such that the following holds:

Suppose X is a ı-hyperbolic metric space , A�X is k-quasiconvex and � 2 @X nƒ.A/. Then there is a
point x 2A with the following property: Suppose fxng is any sequence where xn! �. Then there is an
N > 0 such that for all n�N we have PA.xn/ 2A\B.x;R/.

Proof Suppose fxng; fyng are two sequences in X such that xn ! � and yn ! �. Let ˛m;n be a
1-quasigeodesic in X joining xm;yn for all m; n 2N. Let PA WX !A be a 1-approximate nearest point
projection on A.

Claim There is a constant R0 > 0 depending only on ı and k and there is N > 0 such that

diam.PA.˛m;n//�R0 for all m; n�N .

We first note that limm;n!1 d.A; ˛m;n/ D1. In fact, if this is not the case then there is r > 0 such
that for all N > 0 there are mN ; nN � N with d.A; ˛mN ;nN

/ � r . In that case let aN 2 A be such
that d.aN ; ˛mN ;nN

/� r . It is then clear that aN ! � by Lemma 2.40(1), contradicting the hypothesis
that � 62 ƒ.A/. By stability of quasigeodesics, any 1-quasigeodesic is uniformly quasiconvex in X

and A is given to be k-quasiconvex. Hence, by Corollary 2.32 there are constants D0;R0 such that
d.A; ˛m;n/ >D0 implies that diam.PA.˛m;n//�R0. Since, limm;n!1 d.A; ˛m;n/D1 there is N > 0

such that d.A; ˛m;n/ >D0 for all m; n�N. This proves the existence of N and R0.
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Now, by specializing the claim to the case fxng D fyng we have N0 > 0 such that if ˇm;n is a 1-
quasigeodesic joining xm;xn then diam.PA.ˇm;n// � R0 for all m; n � N0. Let x D PA.xN0

/. Now,
given any sequence fx0ng in X with x0n! � by the claim there is M > 0 such that for all m; n �M ,
d.PA.xm/;PA.x

0
n//�R0. Hence, if N DmaxfN0;M g then

d.x;PA.x
0
n//� d.x;PA.xN //C d.PA.xN /;PA.x

0
n//� 2R0:

Thus we can take RD 2R0.

Since the point x 2A in the above lemma is coarsely unique we shall call any such point to be the nearest
point projection of � on A and we shall denote it by PA.�/.

3 Metric bundles

In this section, we recall necessary definitions and some elementary properties of the primary objects
of study in this paper namely, metric bundles and metric graph bundles from [24]. We make a minor
modification (see Definition 3.2) to the definition of a metric bundle but use the same definition of metric
graph bundles as in [24].

3.1 Basic definitions and properties

Definition 3.1 (metric bundles [24, Definition 1.2]) Suppose .X; d/ and .B; dB/ are geodesic metric
spaces; let c � 1 and let � W Œ0;1/! Œ0;1/ be a function. We say that X is an .�; c/-metric bundle over
B if there is a surjective 1-Lipschitz map � WX ! B such that the following conditions hold:

(1) For each point z 2 B, Fz WD �
�1.z/ is a geodesic metric space with respect to the path metric dz

induced from X. The inclusion maps i W .Fz; dz/!X are uniformly metrically proper as measured
by �.

(2) Suppose z1; z2 2B, dB.z1; z2/� 1 and let 
 be a geodesic in B joining them. Then for any point
z 2 
 and x 2 Fz there is a path z
 W Œ0; 1�! ��1.
 /�X of length at most c such that z
 .0/ 2 Fz1

,
z
 .1/ 2 Fz2

and x 2 z
 .

If X is a metric bundle over B in the above sense then we shall refer to it as a geodesic metric bundle in
this paper. However, the above definition seems a little restrictive. Therefore, we propose the following.

Definition 3.2 (length metric bundles) Suppose .X; d/ and .B; dB/ are length spaces, c � 1 and we
have a function � W Œ0;1/! Œ0;1/. We say that X is an .�; c/-length metric bundle over B if there is a
surjective 1-Lipschitz map � WX ! B such that the following conditions hold:

(1) For each point z 2 B, Fz WD �
�1.z/ is a length space with respect to the path metric dz induced

from X . The inclusion maps i W .Fz; dz/!X are uniformly metrically proper as measured by �.
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(2) Suppose z1; z2 2 B, and let 
 be a path of length at most 1 in B joining them. Then for any point
z 2 
 and x 2 Fz there is a path z
 W Œ0; 1�! ��1.
 /�X of length at most c such that z
 .0/ 2 Fz1

,
z
 .1/ 2 Fz2

and x 2 z
 .

Given length spaces X and B we will say that X is a length metric bundle over B if X is an .�; c/-length
metric bundle over B in the above sense for some function � WRC!RC and some constant c � 1.

Convention 3.3 From now on whenever we speak of a metric bundle we mean a length metric bundle.

Definition 3.4 (metric graph bundles [24, Definition 1.5]) Suppose X and B are metric graphs. Let
� W Œ0;1/! Œ0;1/ be a function. We say that X is an �-metric graph bundle over B if there exists a
surjective simplicial map � WX ! B such that:

(1) For each b 2V.B/, Fb WD�
�1.b/ is a connected subgraph of X and the inclusion maps i WFb!X

are uniformly metrically proper as measured by � for the path metrics db induced on Fb .

(2) Suppose b1; b2 2 V.B/ are adjacent vertices. Then each vertex x1 of Fb1
is connected by an edge

with a vertex in Fb2
.

Remark Since the map � is simplicial it follows that it is 1-Lipschitz.

For a metric (graph) bundle the spaces .Fz; dz/, z 2 B will be referred to as fibers and the dz-distance
between two points in Fz will be referred to as their fiber distance. A geodesic in Fz will be called a fiber
geodesic. The spaces X and B will be referred to as the total space and the base space of the bundle
respectively. By a statement of the form “X is a metric bundle (resp. metric graph bundle)” we will mean
that it is the total space of a metric bundle (resp. metric graph bundle).

Most of the results proved for geodesic metric bundles in [24] have their analogs for length metric bundles.
We explicitly prove this phenomenon or provide sufficient arguments for all the results needed for our
purpose.

Convention 3.5 Very often in a lemma, proposition, corollary, or theorem we shall omit explicit mention
of some of the parameters on which a constant may depend if the parameters are understood.

Definition 3.6 Suppose � WX ! B is a metric (graph) bundle.

(1) Suppose A�B and k � 1. A k-qi section over A is a k-qi embedding s WA!X (resp. s W V.A/!X )
such that � ı s D IdA (resp. � ı s D IdV.A/), where A has the restricted metric from B and IdA (resp.
IdV.A/) denotes the identity map on A!A (resp. V.A/! V.A/).

(2) Given any metric space (resp. graph) Z and any qi embedding f WZ!B (resp. f W V.Z/! V.B/) a
k-qi lift of f is a k-qi embedding Qf WZ!X (resp. Qf W V.Z/! V.X /) such that � ı Qf D f.
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Convention 3.7 (1) Most of the time we shall refer to the image of a qi section (or a qi lift) to be the qi
section (resp. the qi lift).

(2) Suppose 
 W I ! B is a (quasi)geodesic and z
 is a qi lift of 
 . Let b D 
 .t/ for some t 2 I . Then
we will denote z
 .t/ by z
 .b/ also.

(3) In the context of a metric graph bundle .X;B; �/, when we talk about a point in X , B or a fiber, we
mean that the point is a vertex in the corresponding space.

The following lemma is immediate from the definition of a metric (graph) bundle. Hence we briefly
indicate its proof.

Lemma 3.8 (path lifting lemma) Suppose � WX ! B is an .�; c/-metric bundle or an �-metric graph
bundle.

(1) Suppose b1; b2 2 B. Suppose 
 W Œ0;L�! B is a continuous , rectifiable , arc length parametrized
path (resp. an edge path ) in B joining b1 to b2. Given any x 2 Fb1

there is a path z
 in ��1.
 /

such that l.z
 /� .LC 1/c (resp. l.z
 /DL) joining x to some point of Fb2
.

In particular , when X is a metric graph bundle over B, any geodesic 
 of B can be lifted to a
geodesic starting from any given point of ��1.
 /.

(2) For any k � 1 and � � 0, any dotted .k; �/-quasigeodesic ˇ W Œm; n�! B has a lift ž starting from
any point of Fˇ.m/ such that the following hold , where we assume c D 1 for metric graph bundles.
For all i; j 2 Œm; n� we have

��C
1

k
ji � j j � dX . ž.i/; ž.j //� c � .kC �C 1/ji � j j:

In particular it is a c � .kC�C1/-qi lift of ˇ. Also we have

l. ž/� ck.kC �C 1/.�C dB.b1; b2//:

Proof (1) We fix a sequence of points 0D t0; t1; : : : ; tn D L in Œ0;L� such that l.
 jŒti ;tiC1�/D 1 for
0� i < n� 1 and l.
 jŒtn�1;tn�/� 1 for the metric bundle case. For the metric graph bundle 
 .ti/ are the
consecutive vertices on 
 , 0� i �LD n. Now given any x DW x0 2 Ft0

we can inductively construct a
sequence of points xi 2 Fti

, 0 � i � n and a sequence of paths ˛i of length at most c (resp. an edge)
joining xi to xiC1 for 0� i � n� 1. Concatenation of these paths gives a candidate for z
 .

The second statement for metric graph bundles follow because � WX ! B is a 1-Lipschitz map.

(2) We construct a lift ž of ˇ starting from any point x 2 Fˇ.m/ inductively as follows. We know that
dB.ˇ.i/; ˇ.i C 1// � kC �. Let ˇi be a path in B joining ˇ.i/ to ˇ.i C 1/ which is of length at most
kC �C 1 for m � i � n� 1. We can then find a sequence of paths of length at most .kC �C 1/ � c in
��1.ˇi/ (where c D 1 for metric graph bundle) m� i � n� 1 using the first part of the lemma such that
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ˇm starts at x and ˇiC1 starts at the end point of ˇi for mC 1� i � n� 1. Let xi be the starting point
of ˇi for m � i � n� 1 and let xn be the end point of ˇn�1. Then we define ž by setting ž.i/ D xi ,
m� i � n.

Clearly dX . ž.i/; ž.j //� c � .kC �C 1/ji � j j. Also,

dB.� ı ž.i/; � ı ž.j //D dB.ˇ.i/; ˇ.j //� dX . ž.i/; ž.j //

since � is 1-Lipschitz. Since ˇ is a dotted .k; �/ quasigeodesic, we have ��C 1
k
ji �j j � dB.ˇ.i/; ˇ.j //.

This proves that
��C

1

k
ji � j j � dX . ž.i/; ž.j //� c � .kC �C 1/ji � j j:

For the last part of (2) we see that

l. ž/D

n�1X
iDm

dX . ž.i/; ž.i C 1//�

n�1X
iDm

c � .kC �C 1/D .n�m/c � .kC �C 1/:

On the other hand since ˇ is a .k; �/-quasigeodesic we have ��C 1
k
.n�m/� dB.b1; b2/. The conclusion

immediately follows from these two inequalities.

The following corollary follows from the proof of Proposition 2.10 of [24]. We include it for the sake of
completeness.

Corollary 3.9 Given any metric (graph ) bundle � W X ! B and b1; b2 2 B we can define a map
� W Fb1

! Fb2
such that dX .x; �.x// � 3c C 3cdB.b1; b2/ (resp. d.x; �.x// D dB.b1; b2/) for all

x 2 Fb1
.

Proof The statement about the metric graph bundle is trivially true by Lemma 3.8(1). For the metric
bundle case, fix a dotted 1-quasigeodesic 
 joining b1 to b2. Then for all x 2 Fb1

fix for once and all a
dotted lift z
 as constructed in the proof of Lemma 3.8 which starts from x and set �.x/D z
 .b2/. The
statement then follows from Lemma 3.8(2).

Remark For all b1; b2 2 B any map f W Fb1
! Fb2

such that dX .x; f .x//�D for some constant D

independent of x will be referred to as a fiber identification map.

The proof of the first part of the following lemma is immediate from Corollary 3.9 whereas the next two
parts essentially follow from the proof of Proposition 2.10 of [24]. Hence we skip the proofs.

Lemma 3.10 Suppose � W X ! B is an .�; c/-metric bundle or an �-metric graph bundle and R � 0.
Suppose b1; b2 2 B. The we have the following.

(1) Hd.Fb1
;Fb2

/� 3cC 3cdB.b1; b2/ (resp. Hd.Fb1
;Fb2

/D dB.b1; b2/).
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(2) Suppose �b1b2
W Fb1

! Fb2
is a map such that for all x 2 Fb1

, d.x; �b1b2
.x//�R for all x 2 Fb1

.
Then �b1b2

is a K3:10 DK3:10.R/-quasiisometry which is D3:10-surjective.

(3) If  b1b2
W Fb1

! Fb2
is any other map such that d.x;  b1b2

.x// � R0 for all x 2 Fb1
then

d.�b1b2
;  b1b2

/� �.RCR0/.
In particular , the maps �b1b2

are coarsely unique (see Definition 2.1(7)).

In this lemma, we deliberately suppress the dependence of K3:10 on the parameter(s) of the bundle.

Corollary 3.11 Suppose � W X ! B is a metric (graph ) bundle and b1; b2 2 B (resp. b1; b2 2 V.B/)
such that dB.b1; b2/�R. Suppose �b1b2

W Fb1
! Fb2

is a fiber identification map as constructed in the
proof of Corollary 3.9. Then �b1b2

is a K3:11 DK3:11.R/-quasiisometry.

Proof By Corollary 3.9 dX .x; �b1b2
.x// � 3c C 3cdB.b1; b2/ � 3c C 3cR for all x 2 Fb1

(resp.
dX .x; �b1b2

.x// D dB.b1; b2/ � R for all x 2 V.B/). Hence by Lemma 3.10(2) �b1b2
is K3:11 D

K3:10.3cC3cR/-qi for the metric bundle and K3:11 DK3:10.R/-qi for the metric graph bundle case.

The following corollary is proved as a simple consequence of Lemma 3.10 and Corollary 3.9. (See
Corollaries 1.14 and 1.16 of [24].) Therefore, we skip the proof of it.

Corollary 3.12 (bounded flaring condition) For all k 2R, k � 1 there is a function �k WN!N such
that the following holds:

Suppose � W X ! B is an .�; c/-metric bundle or an �-metric graph bundle. Let 
 � B be a dotted
.1; 1/-quasigeodesic (resp. a geodesic) joining b1; b2 2 B, and let z
1, z
2 be two k-qi lifts of 
 in X .
Suppose z
i.b1/D xi 2 Fb1

and z
i.b2/D yi 2 Fb2
, i D 1; 2.

Then

db2
.y1;y2/� �k.N /maxfdb1

.x1;x2/; 1g:

if dB.b1; b2/�N .

In the rest of the paper, we will summarize the conclusion of Corollary 3.12 by saying that a metric
(graph) bundle satisfies the bounded flaring condition.

Remark (metric bundles in the literature) Metric (graph) bundles appear in several places in other
people’s work. In [5, Section 2.1] Bowditch defines stacks of (hyperbolic) spaces which can easily be shown
to be quasiisometric to metric graph bundles over an interval in R. Conversely, a metric (graph) bundle
whose base is an interval in R is clearly a stack of spaces as per [5, Section 2.1]. In [26] Whyte defines
coarse bundles which are also quasiisometric to metric graph bundles but with additional restrictions.
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3.2 Some natural constructions of metric bundles

In this section, we discuss a few general constructions that produce metric (graph) bundles.

Definition 3.13 (1) Metric bundle morphisms Suppose .Xi ;Bi ; �i/, i D 1; 2 are metric bundles.
A morphism from .X1;B1; �1/ to .X2;B2; �2/ (or simply from X1 to X2 when there is no possibility
of confusion) consists of a pair of coarsely L-Lipschitz maps f WX1!X2 and g W B1! B2 for some
L� 0 such that �2 ıf D g ı�1, ie this diagram is commutative:

X1 X2

B1 B2

f

�1 �2

g

(2) Metric graph bundle morphisms Suppose .Xi ;Bi ; �i/, i D 1; 2 are metric graph bundles. A
morphism from .X1;B1; �1/ to .X2;B2; �2/ (or simply from X1 to X2 when there is no possibility of
confusion) consists of a pair of coarsely L-Lipschitz maps f W V.X1/! V.X2/ and g W V.B1/! V.B2/

for some L� 0 such that �2 ıf D g ı�1.

(3) Isomorphisms A morphism .f;g/ from a metric (graph) bundle .X1;B1; �1/ to a metric (graph)
bundle .X2;B2; �2/ is called an isomorphism if there is a morphism .f 0;g0/ from .X2;B2; �2/ to
.X1;B1; �1/ such that f 0 is a coarse inverse of f and g0 is a coarse inverse of g.

We note that for any morphism .f;g/ from a metric (graph) bundle .X1;B1; �1/ to a metric (graph) bundle
.X2;B2; �2/we havef .��1

1
.b//���1

2
.g.b// for all b2B1. We will denote byfb W�

�1
1
.b/!��1

2
.g.b//

the restriction of f to ��1
1
.b/ for all b 2 B1. We shall refer to these maps as the fiber maps of the

morphisms. We also note that in the case of metric graph bundles coarse Lipschitzness is equivalent to
Lipschitzness.

Lemma 3.14 Given k � 1;K � 1 and L � 0 there are constants L3:14;K3:14 such that the following
holds.

Suppose .f;g/ is a morphism of metric (graph ) bundles as in the definition above. Then the following
hold :

(1) For all b 2 B1 the map fb W �
�1
1
.b/! ��1

2
.g.b// is coarsely L3:14-Lipschitz with respect to the

induced length metric on the fibers.

(2) Suppose 
 W I ! B1 is a dotted .1; 1/-quasigeodesic (or simply a geodesic in the case of a metric
graph bundle) and suppose z
 is a k-qi lift of 
 . If g is a K-qi embedding then f ı z
 is a
K3:14 DK3:14.k;K;L/-qi lift of g ı 
 .
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Proof We shall check the lemma only for the metric bundle case because for metric graph bundles the
proofs are similar and in fact easier.

Suppose �i WXi! Bi , i D 1; 2 are .�i ; ci/-metric bundles.

(1) Let b 2 B1 and x;y 2 ��1
1
.b/ be such that db.x;y/ � 1. Since f is coarsely L-Lipschitz,

dX2
.f .x/; f .y// � LC LdX1

.x;y/ � LC Ldb.x;y/ � 2L. Now, the fibers of �2 are uniformly
properly embedded as measured by �2. Hence, dg.b/.f .x/; f .y//� �2.2L/. Therefore, by Lemma 2.6
the fiber map fb W �

�1
1
.b/! ��1

2
.g.b// is �2.2L/-coarsely Lipschitz. Hence, L3:14 D �2.2L/ will do.

(2) Let 
2D gı
 and z
2D f ı z
 . Then clearly, �2ı z
2D 
2 whence z
2 is a lift of 
2. By Lemma 2.3(1)
z
2 D f ı z
 is coarsely .kL; kLCL/-Lipschitz. Hence, for all s; t 2 I we have

dX2
.z
2.s/; z
2.t//� kLjs� t jC .kLCL/:

On the other hand, for s; t 2 I we have

dX2
.z
2.s/; z
2.t//� dB2

.�2 ı z
2.s/; �2 ı z
2.t//D dB2
.
2.s/; 
2.t//:

However, by Lemma 2.3(2) 
2 D g ı 
 is a .K; 2K/-qi embedding. Hence, we have

dX2
.z
2.s/; z
2.t//� dB2

.
2.s/; 
2.t//� �2KC
1

K
js� t j:

Therefore, it follows that z
2 is a K3:14 Dmaxf2K; kLCLg-qi lift of 
2.

The following theorem characterizes isomorphisms of metric (graph) bundles.

Theorem 3.15 If .f;g/ is an isomorphism of metric (graph ) bundles as in the above definition then the
maps f;g are quasiisometries and all the fiber maps are uniform quasiisometries.

Conversely, if the map g is a qi and the fiber maps are uniform qi then .f;g/ is an isomorphism.

Proof We shall prove the theorem in the case of a metric bundle only. The proof in the case of a metric
graph bundle is very similar and hence we skip it.

If .f;g/ is an isomorphism then f;g are qi by Lemma 2.2(1). We need to show that the fiber maps are
quasiisometries.

Suppose .f 0;g0/ is a coarse inverse of .f;g/ such that

dX2
.f ıf 0.x2/;x2/�R and dX1

.f 0 ıf .x1/;x1/�R

for all x1 2X1 and x2 2X2. It follows that for all b1 2B1; b2 2B2 we have dB1
.b1;g

0 ıg.b1//�R and
dB2

.b2;g ıg0.b2//�R since the maps �1; �2 are 1-Lipschitz. Suppose f 0;g0 are coarsely L0-Lipschitz.
Let L1 D �2.2L/ and L2 D �1.2L0/. Then for all u 2 B1, fu W �

�1
1
.u/ ! ��1

2
.g.u// is coarsely

L1-Lipschitz and for all v 2 B2, f 0v W �
�1
2
.v/! ��1

1
.g0.v// is coarsely L2-Lipschitz by Lemma 3.14(1).
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Let b 2 B1. To show that fb W �
�1
1
.b/ ! ��1

2
.g.b// is a uniform quasiisometry, it is enough by

Lemma 2.2(1) to find a uniformly coarsely Lipschitz map ��1
2
.g.b//! ��1

1
.b/ which is uniform coarse

inverse of fb . We already know that f 0
g.b/

is L2-coarsely Lipschitz. Let b1 D g0 ı g.b/. We also
noted that dB1

.b; b1/ � R. Hence, it follows by Corollaries 3.9 and 3.11 that we have a K3:10.R/-qi
�b1b W �

�1
1
.b1/ ! ��1

1
.b/ such that dX1

.x; �b1b.x// � 3c1 C 3c1R for all x 2 ��1
1
.b1/. Let h D

�b1b ıf
0

g.b/
. We claim that h is a uniformly coarsely Lipschitz, uniform coarse inverse of fb . Since f 0

g.b/

is L2-coarsely Lipschitz and clearly �b1b is K3:10.R/-coarsely Lipschitz, it follows by Lemma 2.3(1)
that h is .L2K3:10.R/CK3:10.R//-coarsely Lipschitz.

Moreover, for all x 2 ��1
1
.b/ we have

dX1
.x; h ıfb.x//� dX1

.x; f 0g.b/ ıfb.x//C dX1
.f 0g.b/ ıfb.x/; h ıfb.x//�RC 3c1C 3c1R:

Hence, db.x; h ıfb.x//� �1.RC 3c1C 3c1R/. Let y 2 ��1
2
.g.b//. Then

dX2
.y; fb ıh.y//D dX2

.y; f ı�b1b ıf
0.y//� dX2

.y; f ıf 0.y//CdX2
.f ıf 0.y/; f ı�b1b ıf

0.y//

�RCL.3c1C3c1R/CL;

since dX1
.f 0.y/; �b1b ıf

0.y//� 3c1C3c1R. Hence, dg.b/.y; fb ıh.y//� �2.RCL.3c1C3c1R/CL/.
Hence by Lemma 2.2(1), fb is a uniform qi.

Conversely, suppose all the fiber maps of the morphism .f;g/ are .�; �/-qi which are R-coarsely surjective
and g is a .�1; �1/-qi which is R1-surjective. Let g0 be a coarsely .K;C /-quasiisometric, D-coarse
inverse of g where K D K2:2.�1; �1;R1/, C D C2:2.�1; �1;R1/ and D D D2:2.�1; �1;R1/. For all
u 2 B1, let Nfu be a D1-coarse inverse of fu W Fu! Fg.u/. We will define a map f 0 WX2!X1 such that
.f 0;g0/ is morphism from X2 to X1 and f 0 is a coarse inverse of f as follows.

For all u 2 B2 we define f 0u W Fu! Fg0.u/ as the composition Nfg0.u/ ı �ug.g0.u// where �ug.g0.u// is a
fiber identification map as constructed in the proof of Corollary 3.9. Collectively this defines f 0. Now we
shall check that f 0 satisfies the desired properties.

(i) We first check that .f 0;g0/ is a morphism. It is clear from the definition that �1 ıf
0D g0 ı�2. Hence

we will be done by showing that f 0 is coarsely Lipschitz. By Lemma 2.6 it is enough to show that for all
u2; v2 2B2 and x 2Fu2

;y 2Fv2
with dX2

.x;y/� 1, dX1
.f 0.x/; f 0.y// is uniformly small. We note that

dB2
.u2; v2/� 1. Let u1Dg0.u2/ and v1Dg0.v2/. Then dB1

.u1; v1/�KCC , dB2
.u2;g.u1//�D and

dB2
.v2;g.v1//�D. This means dX2

.x; �u2g.u1/.x//� 3Dc2C3c2 and dX2
.y; �v2g.v1//� 3Dc2C3c2

by Lemma 3.8 and Corollary 3.9. Hence,

dX2
.�u2g.u1/.x/; �v2g.v1/.y//� 1C 6c2C 6Dc2:

Let x2 D �u2g.u1/.x/, y2 D �v2g.v1/.y/, x1 D f
0.x2/ D Nfg.u1/.x2/ and y1 D f

0.y2/ D Nfg.v1/.y2/.
Therefore, dX2

.x2;y2/� 1C 6c2C 6Dc2 DR2, say and we want to show that dX1
.x1;y1/ is uniformly

small. Let x0
2
Df .x1/Dfu1

.x1/, y0
2
Df .y1/Dfv1

.y1/. Then dX2
.x2;x

0
2
/�D1 and dX2

.y2;y
0
2
/�D1.
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Hence, dX2
.x0

2
;y0

2
/ � R2 C 2D1. Since dB1

.u1; v1/ � K C C there is a point y0
1
2 Fu1

such that
dX1

.x1;y
0
1
/� .KCC /c1C c1. Hence, dX2

.x0
2
; f .y0

1
//� ..KCC /c1C c1/:LCL. Hence,

dX2
.f .y01/;y

0
2/� dX2

.f .y01/;x
0
2/C dX2

.x02;y
0
2/� ..KCC /c1C c1/:LCLC 2D1CR2:

This implies that dv2
.f .y0

1
/; f .y1//� �2...KCC /c1C c1/:LCLC2D1CR2/DD2, say. Since fv1

is a .�; �/-qi we have ��C 1
�

dv1
.y1;y

0
1
/�D2. Hence, dv1

.y1;y
0
1
/� .�CD2/�. Thus,

dX1
.x1;y1/� dX1

.x1;y
0
1/C dX1

.y01;y1/� .KCC /c1C c1C .�CD2/�:

(ii) We already know that g0 is a coarse inverse of g. Hence we will be done by checking that f 0 is a
coarse inverse of f. We will check only that d.f 0ıf; IdX1

/<1 leaving the proof of d.f ıf 0; IdX2
/<1

for the reader. Suppose b 2 B1 and x 2 ��1
1
.b/. Then

f 0.f .x//D Nfg0ıg.b/ ı�g.b/gıg0.g.b// ıfb.x/:

We want to show that dX1
.x; f 0.f .x/// is uniformly small. Let hD fg0ıg.b/ ı

Nfg0ıg.b/. Then

dX2

�
f .x/; f

�
f 0.f .x//

��
D dX2

.fb.x/; h ı�g.b/gıg0.g.b// ıfb.x//

� dX2

�
fb.x/; �g.b/gıg0.g.b//.fb.x//

�
C dX2

�
�g.b/gıg0.g.b//.fb.x//; h ı�g.b/gıg0.g.b// ıfb.x/

�
:

Now since, d.g ıg0; IdB2
/�D,

dX2

�
fb.x/; �g.b/gıg0.g.b//.fb.x//

�
� 3Dc2C 3c2:

Since d.h; IdFg.g0.g.b///
/ � D1 we have dX2

�
�g.b/gıg0.g.b//.fb.x//; h ı �g.b/gıg0.g.b// ı fb.x/

�
� D1.

Thus dX2

�
f .x/; f

�
f 0.f .x//

��
� 3Dc2 C 3c2 CD1. Hence, it is enough to show that f is a proper

embedding. Here is how this is proved. Suppose b; b0 2 B, x 2 ��1
1
.b/ and x0 2 ��1

1
.b0/. Suppose

dX2
.f .x/; f .x0//�N for some N �0. This implies dB2

.g.b/;g.b0//DdB2
.�2ıf .x/; �2ıf .x

0//�N .
Since g is a .�1; �1/-qi we have ��1CdB1

.b; b0/=�1�N , ie dB1
.b; b0/� .N C�1/�1DN1, say. Hence

by Corollary 3.9 there is a point x00 2 ��1
1
.b0/ such that dX1

.x;x00/� 3N1c1C 3c1. Since f is coarsely
L-Lipschitz we have dX2

.f .x/; f .x00//�L.3N1c1C 3c1/CL. It follows that

d.f .x0/; f .x00//� d.f .x0/; f .x//C d.f .x/; f .x00//�N CL.3N1c1C 3c1/CLDN2;

say. Hence, dg.b0/.f .x
0/; f .x00//� �2.N2/. Since fb0 is a .�; �/-qi we have dX1

.x0;x00/� db0.x
0;x00/�

�.�C �2.N2//. Hence, dX1
.x;x0/� dX1

.x;x00/C dX1
.x0;x00/� 3N1c1C 3c1C�.�C �2.N2//.

Definition 3.16 (subbundle) Suppose .Xi ;B; �i/, i D 1; 2 are metric (graph) bundles with the same
base space B. We say that .X1;B; �1/ is subbundle of .X2;B; �2/ or simply X1 is a subbundle of X2 if
there is a metric (graph) bundle morphism .f;g/ from .X1;B; �1/ to .X2;B; �2/ such that all the fiber
maps fb , b 2 B are uniform qi embeddings and g is the identity map on B (resp. on V.B/).
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X1 X

B1 B

Y

f

�1

g

�
�2

f Y

f 0

Figure 1

The most important example of a subbundle that concerns us is that of ladders which we discuss in a later
section. The following gives another way to construct a metric (graph) bundle. We omit the proof since it
is immediate.

Lemma 3.17 (restriction bundle) Suppose � W X ! B is a metric (graph ) bundle and A � B is a
connected subset such that any pair of points in A can be joined by a path of finite length in A (resp. A

is a connected subgraph ). Then the restriction of � to Y D ��1.A/ gives a metric (graph ) bundle with
the same parameters as that of � WX ! B where A and Y are given the induced length metrics from B

and X , respectively.

Moreover , if f WY !X and g WA!B are the inclusion maps then .f;g/ W .Y;A/! .X;B/ is a morphism
of metric (graph ) bundles.

Definition 3.18 (1) Pullback of a metric bundle Given a metric bundle .X;B; �/ and a coarsely
Lipschitz map g W B1 ! B a pullback of .X;B; �/ under g is a metric bundle .X1;B1; �1/ together
with a morphism .f WX1!X; g W B1! B/ such that the following universal property holds: Suppose
�2 W Y ! B1 is another metric bundle and .f Y; g/ is a morphism from Y to X . Then there is a coarsely
unique morphism .f 0; IdB1

/ from Y to X1 making the diagram of Figure 1 commutative.

(2) Pullback of a metric graph bundle In the case of a metric graph bundle, the diagram is replaced
by one where we have the vertex sets instead of the whole spaces.

The following lemma follows by a standard argument.

Lemma 3.19 Suppose we have a metric bundle .X;B; �/ and a coarsely Lipschitz map g W B1! B for
which there are two pullbacks ie metric bundles .Xi ;B1; �i/ together with morphisms

.fi WXi!X; g W B1! B/; i D 1; 2

satisfying the universal property of Definition 3.18. Then there is a coarsely unique metric (graph ) bundle
isomorphism from X1 to X2.
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X1 X

B1

Y

f

�1
�2

f Y

f 0

Figure 2

With the above lemma in mind, in the context of Definition 3.18, we say that f WX1!X is the pullback
of X under g WB1!B or simply X1 is the pullback of X under g when all the other maps are understood.

Lemma 3.20 Suppose we are given L� 0 and functions �1; �2 W Œ0;1/! Œ0;1/ and the commutative
diagram of maps between metric spaces shown in Figure 2 satisfies these three properties:

(1) All the maps (except possibly f 0) are coarsely L-Lipschitz.

(2) If dB1
.b; b0/�N then Hd.��1

1
.b/; ��1

1
.b0//� �1.N / for all b; b0 2 B1 and N 2 Œ0;1/.

(3) The restrictions of f on the fibers of �1 are uniformly properly embedded as measured by �2.

Then there is a function � W Œ0;1/! Œ0;1/ such that dY .y;y
0/�R implies dX1

.f 0.y/; f 0.y0//� �.R/

for all y0;y 2 Y and R 2 Œ0;1/. In particular , if Y is a length space or the vertex set of a connected
metric graph with restricted metric then f 0 is coarsely �.1/-Lipschitz.

Moreover , f 0 is coarsely unique , ie there is a constant D > 0 such that if f 00 W Y ! X1 is another map
making the above diagram commutative then d.f 0; f 00/�D.

Proof Suppose y;y0 2 Y with dY .y;y
0/�R. Let xD f 0.y/;x0D f 0.y0/. Then dB1

.�1.x/; �1.x
0//D

dB1
.�2.y/; �2.y

0//�LRCL. Let b D �2.y/; b
0 D �2.y

0/. Then

Hd.��1
1 .b/; ��1

1 .b0//� �1.LRCL/DR1;

say. Let x0
1
2 ��1

1
.b0/ be such that dX1

.x;x0
1
/ � R1. Then dX .f .x/; f .x

0
1
// � LR1 C L. On the

other hand dX .f .x/; f .x
0// D dX .f

Y .y/; f Y .y0// � LR C L. By triangle inequality, we have
dX .f .x

0/; f .x0
1
// � LR C L C LR1 C L D 2L C RL C R1L. Hence, by the hypothesis (3) of

the lemma dX1
.x0;x0

1
/� �2.2LCRLCR1L/. Thus

dX1
.x;x0/� dX1

.x;x01/C dX1
.x0;x01/�R1C�2.2LCRLCR1L/:

Hence, we may choose �.t/D �1.Lt CL/C�2.2LC tLCL�1.Lt CL//.

If Y is a length space or the vertex set of a connected metric graph, it follows by Lemma 2.6 that f 0 is
coarsely �.1/-Lipschitz.
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Lastly, suppose f 00 W Y ! X1 is another map making the diagram commutative. In particular we have
f Y D f ı f 0 D f ı f 00. Hence for all y 2 Y we have f .f 0.y// D f .f 00.y//. Since �1.f

0.y// D

�1.f
00.y// D �2.y/ by the hypothesis (3) of the lemma it follows that dX1

.f 0.y/; f 00.y// � �2.0/.
Hence d.f 0; f 00/� �2.0/.

Remark We note that the condition (2) of the lemma above holds when �1 WX1!B1 is a metric (graph)
bundle.

Proposition 3.21 (pullbacks of metric bundles) Suppose .X;B; �/ is a metric bundle and g W B1! B

is a Lipschitz map. Then there is a pullback.

More precisely the following hold : Suppose X1 is the set theoretic pullback with the induced length
metric from X �B1 and let �1 WX1!B1 be the projection on the second coordinate and let f WX1!X

be the projection on the first coordinate. Then:

(1) �1 WX1!B1 is metric bundle and f is a coarsely Lipschitz map so that .f;g/ is a morphism from
X1 to X .

(2) f WX1!X is the metric bundle pullback of X under g.

(3) All the fiber maps fb W �
�1
1
.b/! ��1.g.b//, b 2 B1 are isometries with respect to induced length

metrics from X1 and X , respectively.

Proof By definition X1 D f.x; t/ 2X �B1 Wg.t/D �.x/g. We put on it the induced length metric from
X �B1. Let �1 WX1!B1 be the restriction of the projection map X �B1!B1 to X1. We first show that
X1 is a length space. Suppose g is L-Lipschitz. Let .x; s/; .y; t/ 2X1. Let ˛ be a rectifiable path joining
s; t in B1. Then g ı˛ is a rectifiable path in B of length at most l.˛/L. By Lemma 3.8 and Corollary 3.9
this path can be lifted to a rectifiable path in X starting from x and ending at some point say z in Ft such
that the length of the path is at most 3cC 3cLl.˛/. By construction this lift is contained in X1. Finally
we can join .y; t/; .z; t/ by a rectifiable path in Ft . This show that .x; s/ and .y; t/ can be joined in X1

by a rectifiable path. This proves that X1 is a length space. Now, since ��1
1
.t/D ��1.g.t// is uniformly

properly embedded in X for all t 2 B1 and X is properly embedded in X �B1, ��1
1
.t/ is uniformly

properly embedded in X1 for all t 2 B1. The same argument also shows that any path in B1 of length
at most 1 can be lifted to a path of length at most 3cC 3cL verifying the condition (2) of metric bundles.

Hence .X1;B1; �1/ is a metric bundle. Let f W X1 ! X be the restriction of the projection map
X �B1!X to X1. Clearly f WX1!X is a morphism of metric bundles. Finally, we check the universal
property. If there is a metric bundle �2 W Y ! B1 and a morphism .f Y; g/ from Y to X then there is
a map f 0 W Y ! X1 making the diagram 1 commutative since we are working with the set theoretic
pullback. That f 0 is a coarsely unique, coarsely Lipschitz map now follows from Lemma 3.20. In fact,
condition (2) of that lemma follows from Lemma 3.10(1) since �1 WX1! B1 is a metric bundle and (3)
follows because fibers of metric bundles are uniformly properly embedded and in this case the restriction
of f , ��1

1
.b/! ��1.g.b//�X is an isometry with respect to the induced path metric on ��1

1
.b/ and

��1.g.b// for all b 2 B1.
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X1 X

B1 B

X2

f

�1

g

�
�2

f2

h

Figure 3

Corollary 3.22 Suppose .X;B; �/ is a metric bundle and g W B1 ! B is a Lipschitz map. Suppose
�2 W X2! B1 is an arbitrary metric bundle and .f2 W X2! X;g/ is a morphism of metric bundles. If
X2 is the pullback of X under g and f2 WX2!X is the pullback map then for all b 2 B1 the fiber map
.f2/b W �

�1
2
.b/! ��1.g.b// is a uniform quasiisometry with respect to the induced length metrics on

the fibers of �2 and � , respectively.

Proof Suppose X1 is the pullback of X under g as constructed in the proof of Proposition 3.21. Then
the fiber maps fb W �

�1
1
.b/! ��1.g.b// are isometries with respect to the induced metrics on the fibers

of �1 and � , respectively. On the other hand by Lemma 3.19 there is a coarsely unique metric bundle
isomorphism .h; Id/ from X2 to X1 making the diagram of Figure 3 commutative.

Now, by Theorem 3.15 the fiber maps hb W �
�1
2
.b/! ��1

1
.b/ are uniform quasiisometries with respect to

the induced length metrics on the fibers of �2 and �1, respectively. Since .f2/b D fb ı hb for all b 2 B1

are done by Lemma 2.3(2).

Example Suppose .X;B; �/ is a metric bundle and B1 �B which is path connected and such that with
respect to the path metric induced from B, B1 is a length space. Let X1 D �

�1.B1/ be endowed with
the induced path metric from X . Let �1 W X1! B1 be the restriction of � to X1. Let g W B1! B and
f WX1!X be the inclusion maps. It is clear that .X1;B1; �1/ is a metric bundle and also that X1 is the
pullback of g.

Remark The notion of morphisms of metric bundles was implicit in the work of Whyte [26]. Along the
line of [26], one can define a more general notion of metric bundles by relaxing the hypothesis of length
spaces. In that category of spaces, pullbacks should exist under any coarsely Lipschitz maps. However,
we do not delve into it here.

Proposition 3.23 (pullbacks for metric graph bundles) Suppose .X;B; �/ is an �-metric graph bundle ,
B1 is a metric graph and g W V.B1/! V.B/ is a coarsely L-Lipschitz map for some constant L� 1. Then
there is a pullback �1 WX1! B1 of g such that all the fiber maps fb W �

�1
1
.b/! ��1.g.b//, b 2 V.B1/

are isometries with respect to induced length metrics from X1 and X , respectively.
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V.X1/ V.X /

V.B1/ V.B/

V.Y /

f

�1

g

�
�2

f Y

f 0

Figure 4

Proof The proof is a little long. Hence we break this into steps for the sake of clarity.

Step 1 (construction of X1 and �1 W X1 ! B1 and f W V.X1/! V.X /) We first construct a metric
graph X1, a candidate for the total space of the bundle. The vertex set of X1 is the disjoint union of the
vertex sets of ��1.g.b//, b 2 V.B1/. There are two types of edges. First of all for all b 2 V.B1/, we
take all the edges appearing in ��1.g.b//. In other words, the full subgraph ��1.g.b// is contained
in X1. Let us denote that by Fb . For all adjacent vertices s; t 2 B1 we introduce some other edges with
one end point in Fs and the other in Ft . We note that Fs;Ft � X1 are identical copies of Fg.s/ and
Fg.t/, respectively. Let fs W Fs! Fg.s/ denote this identification. Let e be an edge joining s; t and let
˛ be a geodesic in B joining g.s/;g.t/. Now for each x 2 Fs we lift the path ˛ starting from fs.x/

isometrically by Lemma 3.8(1) to say z̨. For each such lift we join x by an edge to y 2 V .Ft / if and
only if ft .y/D z̨.g.t//. This completes the construction of X1. We note that dB.g.s/;g.t//� 2L and
hence l.z̨/� 2L too. Now we define f W V.X1/! V.X / by setting f .x/D f�1.x/.x/ for all x 2 V.X1/.
It is clear that this map is 2L-Lipschitz.

Step 2 (�1 WX1! B1 is a metric graph bundle and .f;g/ is a morphism) We need to verify that the
fibers are uniformly properly embedded in X1 so that X1 is a metric graph bundle. Suppose x;y 2Fs and
dX1

.x;y/�D. Let ˛ be a (dotted) geodesic in X1 joining x;y. Then f ı˛ is a (dotted) path of length
at most 2LD. Thus dX .f .x/; f .y//� 2LD. Since X is an �-metric graph bundle dg.s/.f .x/; f .y//�

�.2LD/. Since f is an isometry when restricted to Fs we have ds.x;y/ � �.2LD/. This proves that
X1 is a metric graph bundle over B1.

On the other hand, f is 2L-Lipschitz by step 1 and g is coarsely L-Lipschitz by hypothesis. It is also
clear that � ıf D g ı�1 by the definition of f. Thus .f;g/ is a morphism of metric graph bundles from
X1 to X .

Step 3 (X1 is a pullback) Now we check that X1 is a pullback of X under g. Suppose �2 W Y ! B1 is
a metric graph bundle and .f Y;g/ is a morphism of metric graph bundles from Y to X where f Y is
coarsely L1-Lipschitz We need to find a coarsely unique, coarsely Lipschitz map f 0 W V.Y /! V.X1/

such that .f 0; Id/ is a morphism from Y to X1 and the whole diagram of Figure 4 is commutative, where
Id W V.B1/! V.B1/ is the identity map.
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The map f 0 For all s 2 V.B1/ we define f 0 on V.��1
2
.s// as the composition f �1

s ıf Y
s . Collectively

these maps define f 0. It is clear that f 0 makes the whole diagram above commutative.

The rest of the argument follows from Lemma 3.20. In fact, condition (2) of that lemma follows from
Lemma 3.10(1) since �1 WX1!B1 is a metric graph bundle and (3) follows because fibers of metric graph
bundles are uniformly properly embedded and in this case the restriction of f, ��1

1
.b/!��1.g.b//�X

is an isometry with respect to the induced path metric on ��1
1
.b/ and ��1.g.b// for all b 2 V.B1/.

The corollary below follows immediately from the proof of the above proposition.

Corollary 3.24 Suppose � W X ! B is a metric graph bundle. Suppose A is a connected subgraph
of B. Let g W A! B denote the inclusion map. Let XA D �

�1.A/, �A be the restriction of � and let
f WXA!X denote the inclusion map. Then XA is the pullback of X under g.

The proof of the following corollary is similar to that of Corollary 3.22 and hence we omit the proof.

Corollary 3.25 Suppose .X;B; �/ is a metric graph bundle and g WV.B1/!V.B/ is a coarsely Lipschitz
map. Suppose �2 WX2!B1 is an arbitrary metric graph bundle and .f2 WV.X2/!V.X /;g/ is a morphism
of metric graph bundles. If X2 is the pullback of X under g and f2 W V.X2/! V.X / is the pullback map
then for all b 2 V.B1/ the fiber map .f2/b W V.��1

2
.b//! V.��1.g.b/// is a uniform quasiisometry with

respect to the induced length metrics on the fibers of �2 and � , respectively.

3.3 Some examples

In this section we discuss in detail two main sources of examples for metric graph bundles to which the
main theorem of this paper will be applied.

3.3.1 Short exact sequence of groups Given a short exact sequence of finitely generated groups

1!N !G
�
!Q! 1

we have a naturally associated metric graph bundle. This is the main motivating example of metric graph
bundles. We recall the definition from [24, Example 1.8] with a minor modification.

Suppose H < Q is a finitely generated subgroup. Let G1 D ��1.H /. We fix a generating set SN

of N, a generating set S � SN of G such that S contains a generating set S1 of G1, SN � S1

and N \ S D SN . Let SQ D �.S/ n f1g and SH D �.S1/ n f1g. Then we have a metric graph
bundle � W �.G;S/ ! �.Q;SQ/. Clearly �.H;SH / is a subgraph of �.Q;SQ/ and �.G1;S1/ D

��1.�.H;SH //. Hence, by Corollary 3.24 it follows that �.G1;S1/ is the pullback of �.G;S/ under
the inclusion �.H;SH / ,! �.Q;SQ/.
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3.3.2 Complexes of groups For this example, we refer to [15]. Suppose Y is a finite simplicial complex
and G .Y/ is a developable complex of groups defined over Y . (See [15, Definition 2.2].) For any
face � of Y , let K� be a K.G� ; 1/-space. Then by [15, Theorem 3.4.1] there is a complex of spaces
p W X ! Y (compare with good complexes of spaces due to Corson [8]) which is a cellular aspherical
realization (see [15, Definition 3.3.4]) of the complex of groups G .Y/ such that inverse image under p

of the barycenter of each face � is K� . It follows from the construction of X that there is a continuous
section s of p W X ! Y over the 1-skeleton Y.1/ of Y . We fix a maximal tree of s.Y.1// and a base vertex
v0 2 Y.0/ in it. Let G D �1.X ; s.v0//. Thus for any v 2 Y.0/ we have a natural injective homomorphism
�1.Xv; s.v//!G. We identify the image of the same with Gv. Next following Corson [8] we take the
universal cover �X W zX ! X . We put a CW complex structure on zX in the standard way so that �X is a
cellular map. Then for all y 2 Y , we collapse each connected component of .p ı�X /

�1.y/ to a point.
Suppose B is the quotient complex thus obtained and let q W zX ! B be the quotient map. Then we note
that there is a cellular map �X W B! Y making the following diagram commutative:

zX B

X Y

q

�X �X

p

Now for our purpose, we shall also assume that all the face groups G� are finitely generated, the 0-skeleton
of each K� is a point x� , the 1-skeleton is a wedge of finitely many circles and the developable complex
of groups satisfies the qi condition as defined below.

Definition 3.26 Suppose we have a developable complex of groups .G;Y/.

(1) We say that it satisfies the qi condition if for any faces � � � of Y the corresponding homomorphism
G� !G� is an isomorphism onto a finite index subgroup of G� .

(2) If all the face groups of G� satisfies a group theoretic property P then we shall say that .G;Y/ is a
developable complex of groups with property P .

For instance, we shall work in Section 6 with the developable complexes of nonelementary hyperbolic
groups.

However, we now aim to associate to the complex of groups a metric graph bundle as follows. Let
X 0 D .p ı �X /

�1.Y.1//.1/ and B D ��1
X .Y.1//.1/, where we denote by Z.1/ the 1-skeleton of any

CW complex Z. Now we construct a metric graph bundle � W X ! B as follows. For all v 2 B.0/

let Fv WD q�1.v/.1/. Suppose v;w 2 B.0/ are connected by an edge e. We look at the subcomplex
zX Œv;w�D q�1.Œv; w�/. Let v0D�X .v/, w0D�X .w/ and e0D�X .e/. Then zX Œv;w����1

X .p�1.Œv0; w0�/.
However, we recall from Haefliger [15] how p�1.Œv0; w0�/� X is built from the spaces the Kv0

;Kw0
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and Ke0
. There are injective homomorphisms Ge0

! Gv0
and Ge0

! Gw0
. We choose cellular maps

f0 WKe0
!Kv0

, and f1 WKe0
!Kw0

such that the induced maps in the fundamental groups are those group
homomorphisms. Then one glues Ke0

� Œ0; 1� to Kv0

F
Kw0

by gluing Ke0
� f0g to Kv0

and Ke0
� f1g

to Kw0
using the maps f0; f1, respectively. Let m0 be the midpoint of xe0

� Œ0; 1�� p�1.Œv0; w0�/ and
let m 2 e be the midpoint of e. Then through any a 2 q�1.m/.0/ we lift xe0

� Œ0; 1�. The lift is a 1-cell
joining av 2 q�1.v/.0/ to aw 2 q�1.w/.0/. Let us denote the map a 7! av by fe;v and the map a 7! aw

by fe;w.

Lemma 3.27 (1) The map fe;v W q
�1.m/.0/! q�1.v/.0/ is uniformly coarsely surjective with respect

to the graph metric on q�1.m/.0/, q�1.v/.0/ coming from q�1.m/.1/, q�1.v/.1/, respectively.

(2) A similar statement holds for fe;w.

Proof We will only prove (1) as the proof of (2) is similar. The group Gv < G is isomorphic to Gv0

and q�1.v/ is a universal cover of Kv0
since the complex of groups is developable. The groups Gv acts

properly discontinuously with quotient Kv0
. Since the action is cellular the action of Gv on q�1.v/.1/ is

simply transitive. Similarly the action of Gm is simply transitive on q�1.m/.1/. We note that Gm <Gv

and the map fe;v is equivariant. It is also clear that ŒGv WGm�D ŒGv0
WGe0

�. Finally we note that q�1.v/.1/

is naturally isometric to a Cayley graph of Gv when q�1.v/.1/ is given graph metric where each edge has
length 1. The lemma is immediate from this.

Let R> 0 be such that fe;v is coarsely R-surjective for all 0-cell v and 1-cell e of B where e is incident
on v. Then we construct a graph X from X 0 by introducing new edges as follows. Given v;w 2 B.0/

connected by an edge e we join all x 2 q�1.v/ to y 2 q�1.w/ by an edge if there is a 2 q�1.me/
.0/ such

that d.x; fe;v.a//�R and d.y; fe;w.a//�R, where the distances are taken in the respective 1-skeletons
of q�1.v/ and q�1.w/.

Proposition 3.28 Suppose we identify G as the group of deck transformation on the covering map
�X W zX ! X . Then we have the following:

(1) G acts on X and on B through simplicial maps. The map q is G-equivariant.

(2) The G-action is proper and cofinite on X but it is only cofinite on B. Also B=G is isomorphic
to Y.1/.

(3) For all v 2 Y.0/ and Qv 2 ��1
X .v/, GQv is a conjugate of Gv in G.

(4) The action of GQv on XQv D q�1. Qv/ is proper and cocompact. In fact the action on V .XQv/ is transitive
and on E.XQv/ is cofinite. In particular if the Gv is hyperbolic for all v 2 Y.0/ then for all v 2 Y.0/

and Qv 2 ��1
X .v/, XQv is uniformly hyperbolic.

(5) � WX ! B is a metric graph bundle.

Proof The group G acts through deck transformations of the covering map �X W zX !X . Hence it follows
that G permutes the connected components of .p ı�X /

�1.y/ for all y 2 Y . The action is also simplicial.
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Hence, (1) follows from this. For (2) we note that the action of G on X 0 is proper and cofinite. On
the other hand, the inclusion map X 0!X is a G-equivariant quasiisometry by Lemma 2.4. Hence the
G-action on X is proper and cofinite. Clearly, B=G is isomorphic to Y.1/ whence the G-action on B is
cofinite. Property (3) is a consequence of a basic covering space argument using the G-equivariance of
the map q. In (4) the properness follows from the properness of the action of G on X 0. Cocompactness
is due to the fact that X 0=G is finite. The second part also follows from the nature of K.Gv; 1/ used
to construct X , where v D �X . Qv/. The last part follows from the second by Milnor–Schwarz lemma.
What remains is to prove (5). For all Qv 2 V .B/, let XQv D �

�1. Qv/. Since B=G is finite and the map q

is G-equivariant the XQv’s are uniformly properly embedded in X 0 if and only if for all w 2 V .B=G/

there is one zw 2 ��1
X .w/ such that X zw is uniformly properly embedded in X 0. However, each inclusion

XQv!X 0 is GQv-equivariant, the GQv action on XQv is proper and cocompact and GQv is a finitely generated
subgroup of G. Since each finitely generated subgroup of a finitely generated group is uniformly properly
embedded it follows that XQv is properly embedded in X 0. Since X 0 is quasiisometric to X , it follows that
the XQv’s are properly embedded in X . This verifies property (1) of metric graph bundles. Property (2)
follows from Lemma 3.27 and the construction of the new edges.

Subcomplexes of groups In the above set-up we now assume further that we have a connected sub-
complex Y1 � Y . Let X1 D p�1.Y1/. We shall assume that the base point x0 2 X is contained in X1

and a maximal tree of s.Y.1/
1
/ is chosen so that it is contained in the chosen maximal tree of s.Y.1//.

Suppose the inclusion X1!X is �1-injective. Then the restriction G .Y1/ of G .Y/ to Y1 is a developable
complex of groups by [6, Corollary 2.15]. Let G1 D �1.X1;x0/. However, X1! Y1 is a complex of
spaces which is a cellular aspherical realization of the complex of groups G .Y1/. Hence, we can build a
metric graph bundle �1 WX1! B1 as described in Proposition 3.28.

In fact fixing a point Qx0 2 �
�1
X .x0/ we may identify G as the group of deck transformations on zX . Then

G1 stabilizes the connected component of ��1.X1/ containing Qx0. Since X1! X is �1-injective this
connected component, say zX 1, is a universal cover of X1. We set B1 D q. zX 1/\B and X1 D �

�1.B1/.
The following proposition records these in a nutshell.

Proposition 3.29 Suppose Y is a finite connected simplicial complex and G .Y/ is a developable complex
of groups with qi condition and with fundamental group G and suppose Y1 is a connected subcomplex
of Y . Suppose G1 is the fundamental group of G .Y1/. Suppose the inclusion G .Y1/!G .Y/ induces
injective homomorphism G1!G.

Then there is a metric graph bundle � W X ! B, a connected subgraph B1 � B such that the following
hold :

(1) G acts on X and on B through simplicial maps. The map � is G-equivariant. The action is
proper and cofinite on X but it is only cofinite on B. Also , there is a simplicial G-equivariant map
B! Y.1/ with trivial action on Y.1/ inducing an isomorphism of graphs B=G! Y.1/. The group
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Gb < G is a conjugate of G Nb in G, where Nb is the image of b under the map B! Y.1/. Also the
Gb-action on Fb is proper and cofinite for all b 2 V .B/.

(2) Let X1 D �
�1.B1/. Then G1 stabilizes X1 and the G1-action on X1 is proper and cofinite. Also

the restriction of the map B=G! Y.1/ to B1=G1 is an isomorphism of graphs B1=G1! Y.1/
1

.

Later on we shall work with rather special subcomplexes of groups as defined below.

Definition 3.30 Suppose Y is a finite connected simplicial complex and .G;Y/ is a developable complexes
of groups with qi condition over Y . We shall call a connected subcomplex Y1 � Y a good subcomplex if
the following hold:

(1) The induced natural homomorphism �1.G;Y1/! �1.G;Y/ is injective. Suppose the image is G1.

(2) If � WX ! B is a metric graph bundle obtained as in Proposition 3.28 from .G;Y/ and B1 � B is
as in Proposition 3.29. Then the inclusion B1 � B is a qi embedding.

We note that X is quasiisometric to G and X1 is quasiisometric to G1. Thus it follows that B is
quasiisometric to the “coned-off” space à la Farb [10] obtained from G by coning off the cosets of the
various face groups of .G;Y/. Similarly B1 is obtained by coning off various cosets of the face groups
of .G;Y1/. Thus condition (2) of the above definition is intrinsic and independent of the particular metric
graph bundle obtained from .G;Y/.

4 Geometry of metric bundles

In this section, we recall some results from [24] and also add a few of our own which are going to be
useful for the proof of our main theorem in the next section. Especially some of the results which were
stated for geodesic metric spaces in [24] but whose proofs require little adjustments to hold true for length
spaces are mentioned here.

4.1 Metric graph bundles arising from metric bundles

An analog of the following result is proved in [24, Lemmas 1.17–1.21]. We give an independent and
relatively simpler proof here. We also construct an approximating metric graph bundle morphism starting
with a given metric bundle morphism. However, one disadvantage of our construction is that the metric
graphs so obtained are never proper.

Proposition 4.1 Suppose � 0 WX 0!B0 is an .�; c/-metric bundle. Then there is a metric graph bundle
� WX ! B along with quasiisometries  B W B

0! B and  X WX
0!X such that

(1) � ı X D  B ı�
0 and

(2) for all b 2 B0 the map  X restricted to � 0�1.b/ is a .1; 1/-quasiisometry onto ��1. B.b//.

Moreover , the maps  X ;  B have coarse inverses �X , �B , respectively, making the diagram of Figure 5
commutative.
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X 0 X

B0 B

 X

�X

� 0 �
 B

�B

Figure 5

Proof (1) For the proof we use the construction of Lemma 2.8. We shall briefly recall the construction
of the spaces. We define V.B/D B0 and s; t 2 V.B/ are connected by an edge if and only if s ¤ t and
dB0.s; t/� 1. This defines the graph. We also have a natural map  B WB

0!B which is just the inclusion
map when B0 is identified with the vertex set of B. To define X , we take V.X /DX 0. Edges are of two
types.

Type 1 edges For all s 2 B0, x;y 2 � 0�1.s/ are connected by an edge if and only if ds.x;y/� 1.

Type 2 edges If s¤ t 2B0, x 2 � 0�1.s/ and y 2 � 0�1.t/ then x;y are connected by an edge if and only
if dB0.s; t/� 1 and dX 0.x;y/� c.

The map  X WX
0!X is defined as before to be the inclusion map. By Lemma 2.8  B is a qi. We also

note that � ı X D B ı�
0. We need to verify that  X is a qi. For that, it is enough to produce Lipschitz

coarse inverses �X , �B as claimed in the second part of the proposition and then apply Lemma 2.2 since
it is clear that  X is 1-Lipschitz. We first choose a coarse inverse �B of  B as follows. On V.B/ it is
simply the identity map. The interior of each edge is then sent to one of its end points. The map �X on
V.X / is also defined as the identity map. The interior of a type 1 edge is sent to one of its end points.
Then interior of each type 2 edge e D Œx;y� is sent to one of the end points x or y according as the edge
�.e/ is mapped by �B to �.x/ or �.y/, respectively. It follows that the diagram of Figure 5 commutes.
We just need to check that �X is coarsely Lipschitz, since �B; �X are inverses of  B;  X , respectively
on a 1-dense subset, they will be coarse inverse automatically. However, by Lemma 2.6 it is enough to
show that edges are mapped to small diameter sets. This is again clear. In fact, the image of an edge has
diameter at most c. This proves the first part of the proposition.

(2) This is immediate from the definition of  X and the construction in Lemma 2.8.

(3) Finally, we need to check that .X;B; �/ is a metric graph bundle. Let s 2 B and x;y 2 ��1.s/

such that dX .x;y/�M for some M > 0. Since �X is a quasiisometry, dX 0.x;y/�M 0, where M 0 > 0

depends on M and �X . Since � 0�1.�B.s// is properly embedded in X 0 as measured by �, we have
d�B.s/.x;y/ � �.M

0/. Now, using the above fact that � 0�1.�B.s// is .1; 1/-quasiisometric to ��1.s/,
we have ds.x;y/ � �.M

0/C 1. Hence, ��1.s/ is uniformly properly embedded in X. Next we check
the condition .2/ of Definition 3.4. Suppose s; t 2 V.B/ are adjacent vertices. Then, dB0.s; t/� 1. Let ˛
be a path in B0 joining s; t with lB0.˛/� 1. Then, for any x 2 � 0�1.s/, ˛ can be lifted to a path of length
at most c, joining x to some y 2 � 0�1.t/. Then there exists an edge joining x and y in X , which is a lift
of the edge joining s and t in B.
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Remark We shall refer to the metric graph bundle X obtained from X 0 as the canonical metric graph bun-
dle associated to the bundle X . Since we are working with length metric spaces some of the machinery of
[24] may not apply directly. Proposition 4.1 then comes to the rescue. We sometimes modify our definitions
suitably to make things work. Consequently, all the results proved for metric graph bundles have their close
analogs in metric bundles. We shall make this precise for instance in Proposition 4.3 and Definition 4.5.

Approximating a metric bundle morphism Suppose � 0 WX 0! B0 is a metric bundle and g WA0! B0

is a Lipschitz map. Suppose Y 0 is the pullback of the bundle under the map g as constructed in the proof
of Proposition 3.21, ie Y 0 is also the set theoretic pullback. Let g�� 0 W Y 0! A0 be the corresponding
bundle projection map and f W Y 0! X 0 be the pullback map. Suppose we use the recipe of the above
proposition to construct metric graph bundles �X WX!B, �Y WY !A with quasiisometries  A WA

0!A,
 B WB

0!B,  Y W Y
0! Y and  X WX

0!X such that �Y ı Y D  A ıg�� 0 and �X ı X D  B ı�
0.

Suppose �X ; �B; �Y ; �A are the coarse inverses (as constructed in the proposition above) of  X ,  B ,  Y ,
and  A, respectively. We then have a commutative diagram

Y Y 0 X 0 X

A A0 B0 B

 Y

�Y

f  X

�X

�Y g�� 0 � 0 �X

 Y

 A

�A

g  B

�B

Let Nf ; Ng denote the restrictions of  X ıf ı�Y and  B ıgı�A on the vertex sets of Y and A, respectively.

Proposition 4.2 (1) The pair of maps . Nf ; Ng/ gives a morphism of metric graph bundles from Y to X.
Moreover , if Y 0 is the pullback of X 0 under g and f is the pullback map then Y is the pullback of
X under Ng and Nf is the pullback map.

(2) If X 0;Y 0 are hyperbolic , then f admits the CT map if and only if Nf does also.

Proof (1) Since all the maps in consideration, ie  X ; f; �Y ;  B;g; �A are coarsely Lipschitz the maps
Nf ; Ng are also coarsely Lipschitz by Lemma 2.3(1). It also follows that �X ı

Nf D Ng ı�Y . Thus . Nf ; Ng/ is a
morphism.

Suppose Y 0 is a the pullback of X 0 under g. To show that Y is the pullback of X we need to verify
the universal property. Suppose �1 W Y1!A is any metric bundle and f1 W V.Y1/! V.X / is a coarsely
Lipschitz map such that the pair .f1; Ng/ is a morphism of metric graph bundles from Y1 to X . We note that
� 0 ı .�X ıf1/D g ı .�A ı�1/. Since Y 0 is a set theoretic pullback there is a unique map f2 W V.Y1/! Y 0

making the whole diagram of Figure 6 commutative.
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Y Y 0 X 0 X

A A0 B0 B

Y1

 Y

�Y

f  X

�X
�Y g�� 0 � 0 �X

 Y

 A

�A

g  B

�B

f1

�1

f2

Figure 6

Now, by Lemma 2.3(1) the maps �X ı f1 and �A ı �1 are coarsely Lipschitz. Hence, it follows by
Lemma 3.20 and the subsequent Remark on page 2706 that the map f2 is coarsely Lipschitz. Let
hD  Y ıf2. Then h is coarsely Lipschitz by Lemma 2.3(1) and we have Nf ı hD f1 and �Y ı hD �1.
Hence, .h; IdA/ is a morphism from Y1 to Y. Finally coarse uniqueness of h follows from Lemma 3.20.

(2) This is a simple application of Lemma 2.50.

4.2 Metric bundles with hyperbolic fibers

For the rest of this section we shall assume that all our metric (graph) bundles � W X ! B have the
following property:

(|) Each of the fibers Fb , b 2 B (resp. b 2 V.B/) is a ı0-hyperbolic metric space with respect to the
path metric db induced from X .

We will refer to this by saying that the metric (graph) bundle has uniformly hyperbolic fibers. Moreover,
the following property is crucial for the existence of (global) qi sections:

(||) There is N � 0 such that for all b 2B the barycenter map �b W @
3Fb!Fb is coarsely N-surjective.

(Recall that barycenter maps were defined right after Lemma 2.41.)

Proposition 4.3 (global qi sections for metric (graph) bundles [24, Propositions 2.10, 2.12]) For all
ı0; c � 0, N � 0 and � W Œ0;1/! Œ0;1/ there exists K0 DK0.c; �; ı

0;N / such that the following holds.

Suppose p WX 0! B0 is an .�; c/-metric bundle or an �-metric graph bundle satisfying (|) and (||). Then
there is a K0-qi section over B0 through each point of X 0 (where we assume c D 1 for the metric graph
bundle).

Convention 4.4 (1) With the notation of Proposition 4.1, we note that for any qi section † in X over B,
�X .†/D† since �X is the identity map when restricted to V.X /. We shall refer to it as a qi section of
the metric graph bundle transported to the metric bundle.

(2) Whenever we talk about a K-qi section in a metric bundle we shall mean that it is the transport of a
K-qi section contained in the associated canonical metric graph bundle.
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Definition 4.5 [24, Definition 2.13] Suppose †1 and †2 are two K-qi sections of the metric graph
bundle X. For each b 2 V.B/ we join the points †1\Fb , †2\Fb by a geodesic in Fb . We denote the
union of these geodesics by L.†1; †2/, and call it a K-ladder (formed by the sections †1 and †2).

For a metric bundle by a ladder, we will mean one transported from the canonical metric graph bundle
associated to it (by the canonical map �X as in Proposition 4.1.)

The following are the most crucial properties of a ladder summarized from [24].

Proposition 4.6 Given K � 0, ı� 0 there are C DC4:6.K/� 0, RDR4:6.K/� 0 and K4:6.ı;K/� 0

such that the following holds:

Suppose � WX ! B is an �-metric graph bundle satisfying (|). Suppose †1; †2 are two K-qi sections in
X and LD L.†1; †2/ is the ladder formed by them. Then the following hold :

(1) Ladders are coarse Lipschitz retracts There is a coarsely C -Lipschitz retraction �L W X ! L

defined as follows:

For all x 2X we define �L.x/ to be a nearest point projection of x in F�.x/ on L\F�.x/.

(2) Given a k-qi section 
 in X over a geodesic in B, �L.
 / is a .CC2kC /-qi section in X contained in
L over the same geodesic in B.

(3) QI sections in ladders If X also satisfies (||) then through any point of L there is .1C2K/C -qi
section contained in L.

(4) Quasiconvexity of ladders The R-neighborhood of L is (i) connected and (ii) uniformly qi
embedded in X .

In particular if X is ı-hyperbolic then L is K4:6.ı;K/-quasiconvex in X .

Proof (1) This is stated as Theorem 3.2 in [24].

(2), (3) These are immediate from (1) or one can refer to Lemma 3.1 of [24].

(4) This is proved in Lemma 3.6 in [24] assuming (||). However, we briefly indicate the argument here
without assuming (||).

(4)(i) Suppose b; b0 2 B, dB.b; b
0/ D 1. Let x 2 L\ Fb . Then there is a point x0 2 Fb0 such that

d.x;x0/ D 1. Hence, d.�L.x/; �L.x
0// D d.x; �L.x

0// � 2C . If we define R D 2C then clearly the
R-neighborhood of L is connected.

(4)(ii) We first claim that the NR.L/D Y say, is also properly embedded in X . Suppose x0;y0 2 Y with
dX .x

0;y0/ � N . Let x;y 2 L be such that d.x;x0/ � R and d.y;y0/ � R. Then d.x;y/ � 2RCN .
Hence, dB.�.x/; �.y//� 2RCN . Let ˛ be a geodesic in B joining �.x/; �.y/. Then by Lemma 3.8
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there is a geodesic lift z̨ of ˛ starting from x. It follows that for all adjacent vertices b1; b2 2 ˛ we have
d.�L.z̨/.b1/; �L.z̨/.b2//� 2C . Hence, the length of �L.z̨/ is at most 2C.2RCN /. Hence,

d
�
y; �L

�
z̨.�.y//

��
� d.x;y/Cd

�
x; �L

�
z̨.�.y//

��
� 2RCN C l.�L.z̨//� 2RCN C2C.2RCN /:

Hence, d�.y/
�
y; �L

�
z̨.�.y//

��
� �.2RCN C 4CRC 2CN /. Since �L.z̨/� Y,

dY .x;y/� d�.y/
�
y; �L

�
z̨.�.y//

��
C l.�L.z̨//� �.2RCN C 4CRC 2CN /C 4CRC 2CN:

Hence, dY .x
0;y0/� 4CRC 2CN C �.2RCN C 4CRC 2CN /.

Finally we prove the qi embedding. Let f .N /D �.2RCNC4CRC2CN /C4CRC2CN for all N 2N.
Given x;y 2L, dX .x;y/D n and a geodesic 
 W Œ0; n�!X joining them. By the proof of (4)(i) we have
dY .�L.
 .i//; �L.
 .iC1//�f .2C / for all 0� i �n�1, whence dL.x;y/�nf .2C /Df .2C /dX .x;y/.
Clearly dX .x;y/� dL.x;y/. This proves the qi embedded part.

It follows that for all x;y 2 L a geodesic joining x;y in Y is a .f .2C /; 0/-quasigeodesic in X. Since X

is ı-hyperbolic stability of quasigeodesics implies that L is uniformly quasiconvex. In fact, we can take
K4:6.ı;K/DRCD2:19.ı; f .2C /; 0/.

Remark Part (3) and (4) are clearly also true for metric bundles which satisfy the properties (|) and (||).

The following corollary is immediate.

Corollary 4.7 (ladders form subbundles) Suppose � WX ! B is an �-metric graph bundle satisfying
(|) and (||). Let C;R be as in the previous proposition. Suppose LDL.†1; †2/ is a K-ladder. Consider
the metric graph Z obtained from L by introducing some extra edges as follows: Suppose b; b0 2 B

are adjacent vertices then for all x 2 L \ Fb , x0 2 L \ Fb0 we join x;x0 by an edge if and only if
dX .x;x

0/� C C 2KC. Let �Z WZ! B be the simplicial map such that � D �Z on V.Z/ and the extra
edges are mapped isometrically to edges of B.

Then Z is a metric graph bundle and the natural map Z! X gives a subbundle of X which is also a
(uniform) qi onto NR.L/ and hence a (uniform) qi embedding in X .

In the next section of the paper, we will exclusively deal with bundles � WX ! B which are hyperbolic
satisfying (|) and (||) and we will need to understand geodesics in X. Since ladders are quasiconvex we
look for quasigeodesics contained in ladders. The lemma below is the last technical piece of information
needed for that purpose. However, we need the following definitions for stating the lemma.

Definition 4.8 Suppose X is a metric graph bundle over B and suppose †1; †2 are any two qi sections.

(1) Neck of ladders [24, Definition 2.16] Suppose R� 0. Then the set

UR.†1; †2/D fb 2 B W db.†1\Fb; †2\Fb/�Rg

is called the R-neck of the ladder L.†1; †2/.
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For a metric bundle the R-neck of a ladder will be defined to be the one transported from the canonical
metric graph bundle associated to it, ie the image under �B .

(2) Girth of ladders [24, Definition 2.15] The quantity minfdb.†1\Fb; †2\Fb/ W b 2Bg is called
the girth of the ladder L.†1; †2/ and it will be denoted by dh.†1; †2/.

Motivated by the hallway flaring condition of Bestvina and Feighn [4], flaring conditions for metric
(graph) bundles were defined in [24, Definition 1.12]. Below we slightly modify those definitions to suit
to our context and to add a little more clarity.

Definition 4.9 (flaring for metric graph bundles [24, Definition 1.12]) (1) Let k � 1 be a constant. We
say that a metric graph bundle � WX ! B satisfies a flaring condition for k-qi lifts if there exist constants
� > 1, and n;M 2N such that the following holds:

Suppose 
 W Œ�n; n�! B is any geodesic, and suppose z
1 and z
2 are any two k-qi lifts of 
 in X . If
d
.0/.z
1.0/; z
2.0//�M, then we have

�:d
.0/.z
1.0/; z
2.0//�max
˚
d
.n/.z
1.n/; z
2.n//; d
.�n/.z
1.�n/; z
2.�n//

	
:

(2) We say that the metric graph bundle � WX ! B satisfies a flaring condition if it satisfies a flaring
condition for k-qi lifts for all k � 1.

We note that the assertion that a metric graph bundle “satisfies a flaring condition” means that for any k� 1

there are three constants � > 1, and n;M 2N (depending on k) with the said property in Definition 4.9(1).
However, when we wish to emphasize the dependence of these three numbers on k, we say that the metric
bundle satisfies a .�k ;Mk ; nk/-flaring condition. This property is independent of the hypotheses about
metric graph bundles and the conditions (|) and (||) mentioned in the beginning of this subsection.

Definition 4.10 (flaring for metric bundles) We shall say that a metric bundle � W X ! B satisfies a
.�k ;Mk ; nk/-flaring condition if the canonical metric graph bundle associated to it satisfies a .�k ;Mk ; nk/-
flaring condition.

Remark (1) Since the base for a metric bundle need not be a geodesic metric space, it is not reasonable
to use [24, Definition 1.12] of flaring for metric bundles. However, one can formulate analogous flaring
of qi sections over uniform quasigeodesics in the base and then show that this is indeed equivalent to
Definition 4.10. Since this discussion is not directly related to the rest of the paper we move it to the end
of the paper and we include it as an appendix. See Lemmas A.5 and A.6.

(2) This definition of flaring for metric bundles is equivalent to [24, Definition 1.12] in the case of
geodesic metric bundles. In fact it follows from Lemmas A.5 and A.6 that a geodesic metric bundle
satisfies flaring as per [24, Definition 1.12] if and only if the canonical metric graph bundle associated to
it also satisfies flaring.
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The following lemma will be crucial for the next section of the paper.

Lemma 4.11 (quasiconvexity of necks of ladders [24, Lemma 2.18]) Let X be an �-metric graph bundle
over B satisfying .�k;Mk;nk/-flaring condition for all k � 1. Then for all c1 � 1 and R> 1 there are
constants D4:11 DD4:11.c1;R/ and K4:11 DK4:11.c1/ such that the following holds:

Suppose †1; †2 are two c1-qi sections of B in X and let L�maxfMc1
; dh.†1; †2/g.

(1) Let 
 W Œt0; t1�! B be a geodesic , t0; t1 2 Z, such that
(a) d
.t0/.†1\F
.t0/; †2\F
.t0//DLR,
(b) 
 .t1/ 2 UL WD UL.†1; †2/ but for all t 2 Œt0; t1/\Z, 
 .t/ 62 UL.
Then the length of 
 is at most D4:11.c1;R/.

(2) For any b1; b2 2 UL and any geodesic Œb1; b2� joining them in B, we have Œb1; b2��NK4:11
.UL/.

In particular , if B is hyperbolic then UL is K4:11-quasiconvex in B.

(3) If dh.†1; †2/�Mc1
then the diameter of the set UL is at most D0

4:11
DD0

4:11
.c1;L/.

Part (2) of the above lemma is slightly different from that of [24, Lemma 2.18] but the proof there actually
showed this. However, ladders with short necks to which Lemma 4.11 applies are given a special name:

Definition 4.12 (small girth ladders) Given two K-qi sections†1; †2 in a metric graph bundle satisfying
a flaring condition the ladder L.†1; †2/ is called a small girth ladder if UL.†1; †2/¤∅, where LDMK .

Remark Suppose X 0!B0 is a metric bundle and X!B is the canonical metric graph bundle associated
to it. Suppose a flaring condition holds for X . This is the case for instance when X or equivalently X 0 is
hyperbolic. In such a case, a small girth ladder in X 0 for us will be, by definition, the transport of a small
girth ladder from X under �X (as in Proposition 4.1).

We end this section with two simple lemmas. We note that flaring condition is not needed for these to
hold.

Lemma 4.13 Given D � 0, K � 1 there is RDR4:13.D;K/ such that the following holds.

Suppose † is K-qi section in X and x 2X. Let b D �.x/. Then d.x; †/�D if db.x; †\Fb/�R.

Proof Suppose y2† a nearest point from x. Let ˛�† be the lift of a geodesic Œb; �.y/� joining b to �.y/
joining y to†\Fb . We note that dB.b; �.y//�d.x;y/. Hence, d.y; ˛.b//�Kd.x;y/CK. Therefore,
d.x; ˛.b// � d.x;y/C d.y; ˛.b// � .K C 1/d.x;y/CK. This implies d.x;y/ �

1

KC1
d.x; ˛.b//

since all distances are integers in this case. Now fibers of X are properly embedded as measured by �.
Thus if db.x; ˛.b//� �..KC 1/D/ then d.x;y/�D. Hence, we can take RD �.KDCD/.

The corollary below gives a relation between the girth of a ladder L.†1; †2/ and d.†1; †2/.

Corollary 4.14 Given D � 0;K � 1 there is an RDR4:14.D;K/ such that the following holds:

Suppose †1; †2 are two K-qi sections in X . Then d.†1; †2/�D if UR.†1; †2/D∅.
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The next lemma is a generalization of Lemma 4.13. Nevertheless we keep both of them since they are
used many times in the next section.

Lemma 4.15 Given K;D there is RDR4:15.K;D/ such that the following holds.

Suppose †1; †2 are two K-qi sections in X and LD L.†1; †2/. Suppose x 2 X and �.x/D b. Then
d.x;L/�D if db.x;L\Fb/�R.

Proof Suppose y 2L is a nearest point from x. Let ˛ be a geodesic lift of any geodesic Œb; �.y/� joining
b to �.y/ such that ˛ joins y to Fb . Now �L.˛/ is a 2C -qi lift of Œb; �.y/� where C D C4:6.K/. Thus
d.y; �L.˛/.b//� 2CdB.b; �.y/C 2C � 2Cd.x;y/C 2C . Hence,

d.x;L\Fb/� d.x;y/C d.y; �L.˛/.b//� .2C C 1/d.x;y/C 2C:

Therefore, d.x;y/�
1

2CC1
d.x;L\Fb/. Hence, we can take RD �..2C C 1/D/.

5 Cannon–Thurston maps for pullback bundles

In this section, we prove the main result of the paper. Here is the set-up. From now on we suppose that
� WX ! B is an .�; c/-metric bundle or an �-metric graph bundle satisfying the following hypotheses:

(H1) B is a ı0-hyperbolic metric space.

(H2) Each of the fibers Fb , b 2B is a ı0-hyperbolic metric space with respect to the path metric induced
from X.

(H3) The barycenter maps @3Fb ! Fb , b 2 B (resp. b 2 V.B/) are N0-coarsely surjective for some
constant N0.

(H4) The .�k ;Mk ; nk/-flaring condition is satisfied for all k � 1.

The following theorem is the main result of [24]:

Theorem 5.1 [24, Theorem 4.3 and Proposition 5.8] If � W X ! B is a geodesic metric bundle or a
metric graph bundle satisfying (H1)–(H3) then X is a hyperbolic metric space if and only if X satisfies a
flaring condition.

5.1 Proof of the main theorem

We are now ready to state and prove the main theorem of the paper.

Theorem 5.2 (main theorem) Suppose � WX ! B is a metric (graph ) bundle satisfying the hypotheses
(H1)–(H4). Suppose g W A! B is a Lipschitz k-qi embedding and suppose p W Y ! A is the pullback
bundle. Let f W Y !X be the pullback map.

Then Y is a hyperbolic metric space and the CT map exists for f W Y !X .
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Proof We first note that X is hyperbolic. This follows from Theorem 5.1 if X is a metric graph bundle
(or a geodesic metric bundle). If X is a (length) metric bundle, one may first pass to the canonical metric
graph bundle associated to it, and then verify the hypotheses of Theorem 5.1 for it. In fact, if any metric
bundle satisfies (H1), (H2), and (H3) then the canonical metric graph bundle associated to it also has these
properties with possibly different values of the respective parameters. Flaring condition (H4) follows
from Definition 4.10. It then follows that the metric graph bundle is hyperbolic. Consequently, X is
hyperbolic by Proposition 4.1. We shall assume that X is ı-hyperbolic. We begin with the following
reductions:

(1) It is enough to prove the theorem only for metric graph bundles.

Indeed this follows from Proposition 4.2(2). So for the rest of the proof we shall assume that � WX ! B

is a metric graph bundle satisfying (H1)–(H4).

Since we work with graphs from now, for the rest of the section by hyperbolicity we shall mean Rips
hyperbolicity.

(2) We may moreover assume that A is a connected subgraph, g WA! B is the inclusion map and Y is
the restriction bundle for that inclusion. In particular, f W Y !X is the inclusion map and Y D ��1.A/.

Since g WA! B is a k-qi embedding and B is ı0-hyperbolic, g.A/ is D2:19.ı0; k; k/-quasiconvex in B.
Let A0 be the D2:19.ı0; k; k/-neighborhood of g.A/ in B. Then clearly A0 is connected subgraph of B

and g W A! A0 is a quasiisometry with respect to the induced path metric on A0 from B. Clearly A0

is .1; 4D2:19.ı0; k; k//-qi embedded. Let � 0 WX 0 D ��1.A0/!A0 be the restriction of � on X 0. Then
� 0 WX 0!A0 is a metric graph bundle by Lemma 3.17. Also, we note that .f;g/ W Y !X 0 is a morphism
of metric graph bundles. By Corollary 3.25 the fiber maps of the morphism f W Y !X 0 are uniform quasi-
isometries and hence by Theorem 3.15 we see that f W Y !X 0 is an isomorphism of metric graph bundles.
Since (Rips) hyperbolicity of graphs is a qi invariant, we are reduced to proving hyperbolicity of X 0 and
also by Lemma 2.50(1) we are reduced to proving the existence of the CT map for the inclusion X 0!X .

Hyperbolicity of Y Y is hyperbolic by Remark 4.4 of [24]. In fact, by Theorem 5.1 it is enough to
check that flaring holds for the bundle Y !A. This is a consequence of flaring of the bundle � WX !B

and bounded flaring.

Remark (1) The sole purpose of (H3) is to have global uniform qi sections through every point of X

which is guaranteed by Proposition 4.3. For the rest of this section, we shall also assume:

(H30) Through any point of X there is a global K0-qi section.

(2) Clearly Y is an �-metric graph bundle over A satisfying (H2) and (H3). We shall assume that A is
ı0

0
-hyperbolic. We shall also assume the bundle Y satisfies a .�0

k
;M 0

k
; n0

k
/-flaring condition for all k � 1.
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Existence of CT map Outline of the proof : To prove the existence of the CT map we use Lemma 2.49.
The different steps used in the proof are as follows. (1) Given y;y0 2 Y first we define a uniform
quasigeodesic c.y;y0/ in X joining y;y0. This is extracted from [24]. (2) In the next step we modify
c.y;y0/ to obtain a path Nc.y;y0/ in Y. (3) We then check that these paths are uniform quasigeodesics
in Y. (4) Finally we verify the condition of Lemma 2.49 for the paths c.y;y0/ and Nc.y;y0/. Since X;Y

are hyperbolic metric spaces, stability of quasigeodesics and Lemma 2.49 finishes the proof. To maintain
modularity of the arguments we state intermediate observations as lemma, proposition etc.

Remark Although we assumed that y;y0 2 Y as is necessary for our proof, c.y;y0/ as defined below is
a uniform quasigeodesic for all y;y0 2X as it will follow from the proof.

However, we would like to note that description of uniform quasigeodesics in a metric graph bundle with
the above properties (H1)–(H4) is already contained in [24], eg see Propositions 3.4 and 3.14 of [24]. We
make it more explicit with the help of Proposition 2.33.

Step 1 (descriptions of the uniform quasigeodesic c.y;y0/) The description of the paths and the proof
that they are uniform quasigeodesics in X is broken up into three further substeps.

Step 1(a) (choosing a ladder containing y;y0) We begin by choosing any two K0-qi sections †;†0

in X containing y;y0, respectively. Let L.†;†0/ be the ladder formed by them. Throughout Step 1 we
shall work with these qi sections and ladder. The path c.y;y0/ that we shall construct in Step 1(c) will be
contained in this ladder.

Step 1(b) (decomposition of the ladder into small girth ladders) We next choose finitely many qi
sections in L.†;†0/ after [24, Proposition 3.14] in a way suitable for using Proposition 2.33. This
requires a little preparation. We start with the following.

Lemma 5.3 For all K � 1 there is D5:3.K/ such that the following holds in X.

Suppose †1; †2 are two K-qi sections and dh.†1; †2/�MK . Then †1; †2 are D5:3.K/-cobounded.

Proof We note that †1; †2 are K0 D D2:19.ı;K;K/-quasiconvex in X . Suppose P W X ! †1 is a
1-approximate nearest point projection map and the diameter of P .†2/ is bigger than DDD2:28.ı;K

0; 1/.
Then d.†1; †2/�RDR2:28.ı;K

0; 1/. If x 2†2 such that d.x; †1/�R and b D �.x/ then

db.x; †1\Fb/�R4:13.R;K
0/DR;

say. Hence, �.P .†2//�UR.†1; †2/. However, by Lemma 4.11 the diameter of UR.†1; †2/ is at most
D0

4:11
.K0;R/. It follows that the diameter of P .†2/ is at most KCKD0

4:11
.K0;R/. Hence we may

choose D5:3.K/DmaxfD2:28.ı;K
0; 1/; KCKD0

4:11
.K0;R/g.

Lemma 5.4 Suppose†1; †2 are two K-qi sections and†�L.†1; †2/ is K-qi section. Then† coarsely
uniformly bisects L.†1; †2/ into the subladders L.†1; †/ and L.†;†2/.
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Proof First of all any ladder formed by K-qi sections is K4:6.ı;K/-quasiconvex. Let K0 DK4:6.ı;K/.
Let k � 1, and xi 2†i , i D 1; 2 be any points. Let 
x1x2

W I!X be a k-quasigeodesic joining them where
I is an interval. Then there are points t1; t2 2 I with jt1�t2j� 1 such that 
x1x2

.t1/2NK 0.L.†1; †// and

x1x2

.t2/ 2NK 0.L.†;†2//. Let y1 2L.†1; †/ and y2 2L.†;†2/ be such that d.yi ; 
x1x2
.ti//�K0,

i D 1; 2. We note that d.
x1x2
.t1/; 
x1x2

.t2//� 2k. Hence, d.y1;y2/� 2K0C2k. Let bD�.y1/. Then
db.y1;L.†;†2/\Fb/ � R4:15.K; 2K0C 2k/. This implies db.y1; †\Fb/ � R4:15.K; 2K0C 2k/.
Thus d.
x1x2

.t1/; †/�K0CR4:15.K; 2K0C 2k/. This proves the lemma.

Lemma 5.5 If Q is a K-qi section in X then Q\Y is a K5:5.K/-qi section of A in Y.

Proof Suppose s W B!X is the K-qi embedding such that s.B/DQ. Let s also denote the restriction
on A. Since the bundle map Y !A is 1-Lipschitz we have dA.u; v/� dY .s.u/; s.v// for all u; v 2A.
Thus it is enough to show that s WA! Y is uniformly coarsely Lipschitz. Suppose u; v 2A are adjacent
vertices. Then dX .s.u/; s.v// � 2K. Now, there is a vertex x 2 Fv adjacent to s.u/ 2 Fu. Hence,
dX .s.v/;x/ � 1C 2K. Therefore, dv.s.v/;x/ � �.1C 2K/. Hence, dY .s.u/; s.v// � 1C �.1C 2K/.
It follows that for all u; v 2A we have dY .s.u/; s.v//� .1C �.1C 2K//dA.u; v/. Hence, we can take
K5:5.K/D 1C �.1C 2K/.

The following corollary is proved exactly as Lemma 5.3. Hence we omit the proof.

Corollary 5.6 For all K � 1 there is D5:6.K/� 0 such that the following holds.

Suppose †1; †2 are two K-qi sections in X and dh.†1; †2/�MK . Then †1\Y; †2\Y are D5:6.K/-
cobounded in Y.

Before describing the decomposition of ladders the following conclusions and notation on qi sections and
ladders will be useful to record.

Convention 5.7 (C0) We recall that A is k-qi embedded in B. We let k0 DD2:17.ı0; k; k/ so that A

is k0-quasiconvex in B. Finally we assume that Y is ı0 hyperbolic.

(C1) Let KiC1 D .1C 2K0/C4:6.Ki/ for all i 2 N where K0 is as in (H30). Therefore, through any
point of a Ki-ladder in X , there is a KiC1-qi section contained in the ladder. Let K0i DK5:5.Ki/.

(C2) We let �i Dmax
˚
D2:19.ı;Ki ;Ki/;K4:6.ı;Ki/;D2:19.ı

0;K0i ;K
0
i/;K4:6.ı

0;K0i/
	

so that any Ki-
qi section Q� X and any ladder L� X formed by two Ki-qi sections in X are �i-quasiconvex in X

and moreover Q\Y and L\Y are �i-quasiconvex in Y.

(C3) If †1; †2 are two Ki-qi sections in X and dh.†1; †2/�MKi
then they are Di-cobounded in X,

as are †1\Y , †2\Y in Y , where Di DmaxfD5:3.Ki/;D5:6.Ki/g.
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(C4) For each pair of Ki-qi sections †1; †2 in X that satisfies

dh.†1; †2/ > ri DmaxfR4:14.2�i C 1;Ki/;R4:14.2�i C 1;K0i/g

we have dX .†1; †2/ > 2�i C 1 and dY .†1\Y; †2\Y / > 2�i C 1.

The following proposition is extracted from Proposition 3.14 of [24]. The various parts of this proposition
are contained in the different steps of the proof of [24, Proposition 3.14].

Let us fix a point b0 2A once and for all. Suppose ˛ W Œ0; l �! Fb0
\L.†;†0/ is an isometry such that

˛.0/D†\Fb0
and †0\Fb0

D ˛.l/.

Proposition 5.8 (see [24, Corollary 3.13 and Proposition 3.14]) There is a constant L0 such that for
all L�L0 there is a partition 0D t0 < t1 < � � �< tn D l of Œ0; l � and K1-qi sections †i passing through
˛.ti/, 0� i � n inside L.†;†0/ such that the following hold :

(1) †0 D†, †n D†
0.

(2) For 0� i � n� 2, †iC1 � L.†i ; †
0/.

(3) For 0 � i � n � 2 either (I) dh.†i ; †iC1/ D L, or (II) dh.†i ; †iC1/ > L and there is a K2-
qi section †0i through ˛.tiC1 � 1/ inside L.†i ; †iC1/ such that dh.†i ; †

0
i/ < C C CL, where

C D C4:6.K1/.

(4) dh.†n�1; †n/�L.

However, we will need a slightly different decomposition of L.†;†0/ than what is described here. It is
derived as the following corollary to Proposition 5.8.

Convention 5.9 We shall fix LDL0CMK3
C r3 and denote it by R0 for the rest of the paper. Also

we shall define R1 D C CCR0, where C D C4:6.K1/. Thus we have the following.

Corollary 5.10 (decomposition of L.†;†0/) There is a partition 0D t0 < t1 < � � � < tn D l of Œ0; l �
and K1-qi sections †i passing through ˛.ti/, 0� i � n inside L.†;†0/ such that the following hold :

(1) †0 D†, †n D†
0.

(2) For 0� i � n� 2, †iC1 � L.†i ; †
0/.

(3) For 0� i � n� 2 either (I) dh.†i ; †iC1/DR0, or (II) dh.†i ; †iC1/ >R0 and there is a K2-qi
section †0i through ˛.tiC1� 1/ inside L.†i ; †iC1/ such that dh.†i ; †

0
i/ <R1.

In either case dX .†i ; †iC1/ > 2�1C 1 and †i ; †iC1 are D1-cobounded in X.

(4) dh.†n�1; †n/�R0.
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We note that the second part of (3) follows from (C1), (C2), (C3) above. However, a subladder L.†i ; †iC1/

of L.†;†0/will be referred to as a type (I) subladder or a type (II) subladder according as dh.†i ; †iC1/D

R0 or dh.†i ; †iC1/ >R0 respectively.

Remark (1) We note that by the choice of R0;R1 it follows that dY .†i \Y; †iC1 \Y / > 2�1C 1

and †i \Y; †iC1\Y are D1-cobounded in Y for 0� i � n� 2.

(2) We shall use †i to mean qi sections in L.†;†0/ exactly as in the corollary above for the rest of this
section.

(3) Finally we note that †n; †n�1 need not be cobounded in general and the same remark applies to
†n\Y , †n�1\Y.

Lemma 5.11 Let… WL.†;†0/! Œ0; n� be any map that sends †i to i 2 Œ0; n�\Z and sends any point of
L.†i ; †iC1/ n f†i [†iC1g to a point in .i; i C 1/. Then the hypotheses of Proposition 2.33 are verified
for both … and its restriction L.†;†0/\Y ! Œ0; n�.

Proof For both … and its restriction to L.†;†0/\Y, (P0) and (P1) follow from (C2), (P2) follows from
Lemma 5.4, and (P3) follows from (C4). For … (P4) follows from (C3) and for the restriction of … to
L.†;†0/\Y from (1) of the Remark.

Step 1(c) ( joining y;y0 inside L.†;†0/) We now inductively define a finite sequence of points yi 2†i ,
0� i � nC 1 with y0 D y, ynC1 D y0 such that each yi , 1� i � n, is a uniform approximate nearest
point projection of yi�1 on †i in X . We also define uniform quasigeodesics 
i in X joining yi ;yiC1.
The concatenation of these 
i’s then forms a uniform quasigeodesic in X joining y;y0 by Proposition 2.33
and Lemma 5.11.

We define 
n to be the lift of Œ�.yn/; �.ynC1/� in †0.

Suppose y0; : : : ;yi and 
0; : : : ; 
i�1 are already constructed, 0 � i � n� 2. We next explain how to
define yiC1 and 
i .

Case I Suppose Li D L.†i ; †iC1/ is of type (I) ie dh.†i ; †iC1/ D R0 or i D n � 1. Then,
UR0

.†i ; †iC1/ is nonempty. Let ui be a nearest point projection of �.yi/ on UR0
.†i ; †iC1/. We

define yiC1 D †iC1 \ Fui
. Let ˛i be the lift of Œ�.yi/;ui � in †i , and let �i be the subsegment of

Fui
\Li joining ˛i.ui/ and yiC1. We define 
i to be the concatenation of ˛i and �i . Then clearly 
i is a

.K1CR0/-quasigeodesic in X . That yiC1 is a uniform approximate nearest point projection of yi on
†iC1 follows from the following lemma.

Lemma 5.12 Given K � 1 and R�MK there are constants �5:12.K;R/ and �0
5:12

.K;R/ such that the
following holds.
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Suppose Q1;Q2 are two K-qi sections and dh.Q1;Q2/ � R. Let x 2 Q1 and let U D UR.Q1;Q2/.
Suppose b is a nearest point projection of �.x/ on U. Then Q2\Fb is �5:12.K;R/-approximate nearest
point projection of x on Q2.

If dh.Q1;Q2/�MK then for any b0 2U the point Q2\Fb0 is an �0
5:12

.K;R/-approximate nearest point
projection of any point of Q1 on Q2.

This lemma follows from Corollary 1.40 and Proposition 3.4 of [24] given that ladders are quasiconvex.
However, we give an independent proof using the hyperbolicity of X .

Proof Suppose Nx is a nearest point projection of x on Q2 and let x0DQ2\Fb . Let 
xx0 be the concate-
nation of the lift in Q1 of any geodesic in B joining �.x/ to b and any geodesic in Fb joining Q1\Fb

to Q2\Fb . Clearly it is a .KCR/-quasigeodesic in X . Also by Lemma 2.25 the concatenation of any
1-quasigeodesics joining x; Nx and Nx;x0 is a K2:25.ı;K; 1; 0/-quasigeodesic. Hence, by stability of quasi-
geodesics we have Nx 2ND.
i/ where D DD2:19.ı;K

0;K0/ and K0 DmaxfKCR;K2:25.ı;K; 1; 0/g.
This implies there is a point z 2 
xx0 such that d.z; Nx/ �D. If z 2 Fb \ 
xx0 then d. Nx;x0/ �DCR

and hence x0 is a .DCR/-approximate nearest point projection of x on Q2.

Suppose z 2 Q1 \ 
xx0 . Then d�.z/.z;Q2 \F�.z// � R4:13.D;K/. Hence, by Lemma 4.11 we have
dB.�.z/; b/�D4:11.K;R

0/, where R0 DR4:13.D;K/=R. Therefore,

d. Nx;x0/� d. Nx; z/C d.z;Q1\Fb/C d.Q1\Fb;x
0/�DC .KCKD4:11.K;R

0//CR:

Hence in this case x0 is a .DCKCKD4:11.K;R
0/CR/-approximate nearest point projection of x on Q2.

We may set �5:12.K;R/DDCKCKD4:11.K;R
0/CR.

For the last part, we note that the diameter of U is at most D0
4:11

.K;R/. Thus clearly �0
5:12

.K;R/D

�5:12.K;R/CKCKD0
4:11

.K;R/ works.

Case II Suppose Li D L.†i ; †iC1/ is of type (II), ie dh.†i ; †iC1/ >R0. In this case there exists a
K2-qi section †0i inside Li D L.†i ; †iC1/ passing through ˛.tiC1� 1/ such that dh.†i ; †

0
i/�R1. We

thus use Case (I) twice as follows. First we project yi on †0i . Suppose the projection is y0i . Then we
project y0i on †iC1 which we call yiC1 and so on. Here are the details involved.

Let vi be a nearest point projection of �.yi/ on UR1
.†i ; †

0
i/ and let wi be a nearest point projection vi on

UR1
.†0i ; †iC1/. Then yiC1 D†iC1\Fwi

. In this case we let ˛i denote the lift of Œ�.yi/; vi � in †i and
let ˇi denote the lift of Œvi ; wi � in †0i . Then 
i is the concatenation of the paths ˛i , Œ†i \Fvi

; †0i \Fvi
�vi

,
ˇi and Œ†0i \Fwi

; †iC1\Fwi
�wi

. That yiC1 is a uniform approximate nearest point projection of yi on
†iC1 and that 
i is a uniform quasigeodesic follow immediately from Lemma 5.12 and the last part of
Proposition 2.33.
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Remark We note that L.†;†0/\Y is a ladder in Y formed by the qi sections †\Y and †0\Y defined
over A. However, in this case the subladders L.†i ; †iC1/\Y may not be of type (I) or (II). Therefore,
we cannot directly use the above procedure to construct a uniform quasigeodesic in Y joining y;y0.

Step 2 (modification of the path c.y;y0/) In this step we shall construct a path Nc.y;y0/ in Y joining
y and y0 by modifying c.y;y0/. For 0 � i � n, let bi be a nearest point projection of �.yi/ on A and
let Nyi D Fbi

\†i . We define a path 
 i � Y joining the points Nyi ; NyiC1 for 0� i � n. Finally the path
Nc.y;y0/ is defined to be the concatenation of these paths. The path 
 n is the lift of Œ�.ynC1/; �. Nyn/�A in
†0\Y. The definition of 
 i , for 0� i � n� 1, depends on the type of the subladder Li D L.†i ; †iC1/

given by Corollary 5.10(3).

Case 2(I) Suppose Li is of type (I) or i D n�1. Let ˛i denote the lift of Œbi ; biC1�A in †i starting at Nyi .
The path 
 i is defined to be the concatenation of ˛i and the fiber geodesic FbiC1

\L.†i ; †iC1/.

Case 2(II) Suppose Li is of type (II). In this case, we apply Case 2(I) to each of the subladders
L.†i ; †

0
i/ and L.†0i ; †iC1/. Let y0i be as defined in Step 1(c). Let b0i 2A be a nearest point projection

�.y0i/ on A and Ny0i D �
�1.b0i/ \†

0
i . Next we connect Nyi ; Ny

0
i and Ny0i ; NyiC1 as in Case 2(I) inside the

ladders L.†i \ Y; †0i \ Y / and L.†0i \ Y; †iC1 \ Y / respectively. We shall denote by ˛i and ˇi the
lift of Œbi ; b

0
i �A in †i \ Y and Œb0i ; biC1�A in †0i \ Y respectively. The concatenation of the paths ˛i ,

Œ†i\Fb0
i
; †0i\Fb0

i
�b0

i
�L.†;†0/, ˇi and Œ†0i\FbiC1

; †iC1\FbiC1
�biC1

�L.†;†0/ is defined to be 
 i .

Step 3 (proving that Nc.y;y0/ is a uniform quasigeodesic in Y ) To show that Nc.y;y0/ is a quasigeodesic
it is enough, by Proposition 2.33, to show that the paths 
 i are all uniform quasigeodesics in Y and that
for 0� i � n�1, NyiC1 is an approximate nearest point projection of Nyi in †iC1\Y. The proof of this is
broken into three cases depending on the type of the ladder Li . We start with the following lemma as a
preparation for the proof.

The lemma below is true for any metric bundle that satisfies the hypotheses (H1)–(H4) and (H30), although
we are stating it for X only. For instance, it is true for Y too.

Lemma 5.13 Suppose b 2 B, x;y 2 Fb . Suppose for all K � K0 and R �MK there is a constant
D DD.K;R/ � 0 such that for all x0;y0 2 Œx;y�b and any two K-qi sections Q1 and Q2 in X passing
through x0;y0, respectively, either UR.Q1;Q2/ D ∅ or dB.b;UR.Q1;Q2// � D. Then the following
hold :

(1) Œx;y�b is a �5:13-quasigeodesic in X, where �5:13 depends on the function D (and the parameters
of the metric bundle).

(2) If Q and Q0 are two K-qi sections passing through x;y respectively then x is a uniform approximate
nearest point projection of y on Q and y is a uniform approximate nearest point projection of x

on Q0.
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Proof (1) Since the arc length parametrization of Œx;y�b is a uniform proper embedding, by Lemma 2.5
it is enough to show that Œx;y�b is uniformly close to a geodesic in X joining x;y.

Claim Suppose †x; †y are two K0-qi sections passing through x;y respectively. Given any z 2 Œx;y�b

and any K1-qi section†z passing through z contained in the ladder L.†x; †y/ the nearest point projection
of x on †z is uniformly close to z.

We note that once the claim is proved then applying Proposition 2.33 to the ladder L.†x; †y/ D

L.†x; †z/[L.†z; †y/ it follows that z is uniformly close to a geodesic joining x;y. From this (1)
follows immediately.

Proof of Claim First suppose UMK1
.†x; †z/¤∅. Then we can find a uniform approximate nearest

point projection of x on †z using Step 1(c), Case I and Lemma 5.12 above which is uniformly close to z

by hypothesis. G

Now suppose UMK1
.†x; †z/D∅. Let ˛zx W Œ0; l �!Fb be the unit speed parametrization of the geodesic

L.†x; †z/\Fb joining z to x. By Corollary 5.10 there is a K2-qi section †z0 contained in the ladder
L.†x; †z/ passing through z0D ˛zx.t/ for some t 2 Œ0; l � such that L.†z; †z0/ is a K2-ladder of type (I)
or (II). Let x0 be a nearest point projection of x on †z0 . By the last part of Proposition 2.33 applied to
L.†x; †z/, it is enough to find a uniform approximate nearest point projection of x0 on †z which is
also uniformly close to z. However, in this case †z; †z0 are D2-cobounded. Hence it is enough to find a
uniform approximate nearest point projection of z0 on †z which is uniformly close to z. The proof of
this is broken into two cases as follows.

(I) Suppose dh.†z; †z0/DR0. By the last part of Lemma 5.12 if v 2 UR0
.†z; †z0/ then Fv \†z is a

uniform approximate nearest point projection of any point of †z0 . Since dA.b; v/ is uniformly small by
hypothesis, d.z;Fv \†z/ is also uniformly small.

(II) Suppose dh.†z; †z0/ > R0. Then there is a K3-qi section †z00 in L.†z; †z0/ passing through
z00D ˛zx.t �1/ such that UR0

.†z; †z00/¤∅. Let v0 be a nearest point projection of b on UR0
.†z; †z00/.

Then by hypothesis d.b; v0/ is uniformly small whence d.z;Fv0 \†z/ is uniformly small. Also by
Lemma 5.12 the point †z \Fv0 is a uniform approximate nearest point projection of z00 on †z . It follows
that z is a uniform approximate nearest point projection of z00 on †z . Finally, since d.z0; z00/� 1, z is a
uniform approximate nearest point projection of z0.

(2) We shall prove only the first statement since the proof of the second would be an exact copy. Suppose
x1 2Q is a nearest point projection of y on Q. Consider the K-qi section over Œb; �.x1/� contained in Q.
This is a K-quasigeodesic of X joining x;x1. Since Q is a K-qi section, by stability of quasigeodesics
it is D2:17.ı;K;K/-quasiconvex in X . Hence by Lemma 2.25 the concatenation of this quasigeodesic
with a geodesic in X joining y to x1 is a K2:25.ı; zK;K; 0/-quasigeodesic where zK DD2:17.ı;K;K/.
Let k 0 Dmaxf zK; �5:13g. Since Œx;y�b is a �5:13-quasigeodesic, by stability of quasigeodesics we have
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x1 2 N2D0.Œx;y�b/, where D0 D D2:17.ı; k
0; k 0/. Suppose z 2 Œx;y�b be such that d.x1; z/ � 2D0.

Then dB.�.x1/; �.z//D dB.�.x1/; b/� 2D0. Hence, d.x;x1/�KC2D0K. Thus x is a .KC2D0K/-
approximate nearest point projection of y on Q.

Remark The proof of the first part of the above lemma uses the hypothesis for K �K3 only whereas
the proof of the second part follows directly from the statement of the first part and is independent of the
hypotheses of the lemma.

The following lemma is actually a trivial consequence of flaring (Lemma 4.13) and it is going to be used
in the next two lemmas following it.

Lemma 5.14 Given R � 0, K;K0 � 1 and R0 �MK 0 , there is a constant R5:14.R;R
0;K;K0/ and

D5:14.R;R
0;K;K0/ such that the following holds.

Suppose u 2 B and PA.u/D b, where PA W B!A is a nearest point projection map. Suppose x;y 2 Fb

and let 
x; 
y be two K-qi sections over Œu; b�. Let Q1;Q2 be two K0-qi sections over A in Y and
U D UR0.Q1;Q2/. If du.
x.u/; 
y.u// � R and U ¤ ∅, then db.x;y/ � R5:14.R;R

0;K;K0/ and
dA.b;U /�D5:14.R;R

0;K;K0/.

Proof Suppose U ¤∅ and du.
x.u/; 
y.y//�R. Let b0 2 UMK 0
.Q1;Q2/ be any point and let Œb; b0�

denote a geodesic in A joining b; b0. Then the concatenation Œu; b� � Œb; b0� is a K2:25.ı0; k0; k; 0/-
quasigeodesic in B by Lemma 2.25 since A is k-qi embedded and k0-quasiconvex. Concatenation of

x; 
y with the qi sections over Œb; b0� contained in Q1;Q2 respectively defines maxfK;K0g-qi sections
over Œu; b�� Œb; b0� passing through x;y, respectively. Let k 0DK2:25.ı0; k0; k; 0/ and k 00DmaxfK;K0g.
Then by Lemma 2.3 these qi sections are .k 0k 00; k 00k 0Ck 00/-quasigeodesics in X. Since X is ı-hyperbolic
and d.
x.u/; 
y.u//�R and d.Q1\Fb0 ;Q2\Fb0/�R0, by Corollary 2.21 x is contained in the D0 WD

.RCR0C2D2:20.ı; k
0k 00; k 0k 00Ck 00//-neighborhood of the qi section over Œu; b��Œb; b0� passing through y.

Applying Lemma 4.13 to the restriction bundles over Œu; b� and Œb; b0� we have db.x;y/ � R0
1
, where

R0
1
DR4:13.D

0;K/. Hence, we can take R5:14.R;R
0;K;K0/DR0

1
. Finally by Lemma 4.11 dA.b;U /�

D4:11.K
0;R0

1
=MK 0/. This completes the proof by taking D5:14.R;R

0;K;K0/DD4:11.K
0;R0

1
=MK 0/.

We recall that the paths Nc.y;y0/ were constructed from c.y;y0/ by replacing parts of c.y;y0/ by some
fiber geodesic segments. The main aim of the following three lemmas is to proving that these fiber
geodesic segments are uniform quasigeodesics in Y. Depending on how the corresponding subladders of
X intersect Y we have three scenarios and hence we divided the proof into three lemmas.

Lemma 5.15 Given K � K0 and R � MK , there are constants K5:15 D K5:15.K;R/, �5:15 D

�5:15.K;R/ and D5:15 DD5:15.K;R/ such that the following holds.

Suppose Q;Q0 are two K-qi sections in X and dh.Q;Q0/ � R in X. Let U D UR.Q;Q0/. Suppose
dh.Q\Y;Q0\Y /�R in Y. Then the following hold :
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(1) The projection of U on A is of diameter at most D5:15.

(2) For any b 2 PA.U /, Fb \ L.Q;Q0/ is a K5:15-quasigeodesic in Y ; moreover , Fb \ Q is an
�5:15-approximate nearest point projection of any point of Q0 on Q and vice versa.

Proof (1) We know that A is k0-quasiconvex in B. By Lemma 4.11 U is K4:11.K/-quasiconvex in B.
Let �0 Dmaxfk0;K4:11.K/g. Suppose PA WB!A is a nearest point projection map and a; a0 2 PA.U /

with dB.a; a
0/ � D2:28.ı; �

0; 0/. Then there are u;u0 2 U such that dB.a;u/ � R2:28.ı; �
0; 0/ and

dB.a
0;u0/�R2:28.ı; �

0; 0/. Let DDR2:28.ı; �
0; 0/. We know du.Q\Fu;Q0\Fu/�R. Hence by the

bounded flaring condition we have da.Q\Fa;Q0\Fa/� �K .D/R. Similarly

da0.Q\Fa0 ;Q0\Fa0/� �K .D/R:

Let R1 D �K .D/R. Thus, a; a0 2 UR1
.Q \ Y;Q0 \ Y /. Since R1 � MK , by Lemma 4.11 we

have diam.UR1
.Q \ Y;Q0 \ Y // � D4:11.K;R1/. This proves (1). In fact, we can take D5:15 D

maxfD2:28.ı; �
0; 0/;D4:11.K;R1/g.

(2) We derive this from Lemma 5.13 as follows. Let u 2 U be such that PA.u/ D b and let x;y 2

Fb \L.Q;Q0/. Suppose Q1;Q01 are two K0-qi sections in Y passing through x;y, respectively and
U 0DUMK 0

.Q1;Q01/. Suppose U 0¤∅. Consider the restriction Z of the bundle X on Œu; b��B. In this
bundle Q\Z;Q0\Z are K-qi sections. By Proposition 4.6(3) there are .1C2K0/C4:6.K/-qi sections
over ub contained in the ladder L.Q\Z;Q0\Z/ passing through x;y. Call them 
x; 
y , respectively.
We note that d.
x.u/; 
y.u// � R. Now applying Lemma 5.14 we know that dB.b;U

0/ is uniformly
small. This verifies the hypothesis of Lemma 5.13. Thus Q\Fb is a uniform approximate nearest point
projection of Q0 \Fb on Q. Since dh.Q\ Y;Q0 \ Y / � R �MK the qi sections Q\ Y;Q0 \ Y are
uniformly cobounded by Lemma 5.3. This shows that Q\Fb is a uniform approximate nearest point
projection of any point of Q0 on Q. That Q0\Fb is a uniform approximate nearest point projection of
any point of Q on Q0 is similar and hence we skip it.

Lemma 5.16 Given D � 0, K � K0 and R � MK there are constants K5:16 D K5:16.D;K;R/

�5:16 D �5:16.D;K;R/ and D5:16 DD5:16.D;K;R/ such that the following holds.

Suppose Q;Q0 are two K-qi sections in X and dh.Q;Q0/�R in X . Let U DUR.Q;Q0/. Suppose U ¤∅
and diam.U /�D. Then the following hold :

(1) diam.PA.U //�D5:16.

(2) For any b 2 PA.U /, Fb \L.Q;Q0/ is a K5:16-quasigeodesic in Y.

(3) Fb \Q is an �5:16-approximate nearest point projection of any point of Q0 on Q and vice versa.

Proof (1) Since B is ı0-hyperbolic and A is k0-quasiconvex in B any nearest point projection map
PA W B!A is coarsely L WDL2:28.ı0; k0; 0/-Lipschitz. Hence, diam.PA.U //�LCDL.
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(2), (3) We can derive these from Lemma 5.13 and the hypotheses of Lemma 5.13 can be verified
using Lemma 5.14. The proof is an exact copy of the proof of Lemma 5.15(2),(3). Hence we omit
it. The only part that requires explanation is why Q \ Y, Q0 \ Y are uniformly cobounded in Y. If
dh.Q\ Y;Q0 \ Y / > R then we are done by Lemma 5.3. Suppose this is not the case. Then by the
hypothesis diam.UR.Q\Y;Q0\Y //� k.kCD/ since A is k-qi embedded in B. Then we are done by
the first part of Lemma 5.12.

Lemma 5.17 Given K � K0 and R � MK there is a constant D5:17 D D5:17.K;R/ such that the
following holds.

Suppose Q;Q0 are two K-qi sections in X and dh.Q\Y;Q0 \Y / �R. Let U D UR.Q;Q0/. Then for
any b 2 PA.U /, db.Q\Fb;Q0\Fb/�D5:17.

Proof Suppose u 2 U and PA.u/D b. If u 2 A then b D u and db.Q\Fb;Q0 \Fb/ � R. Suppose
u 62A. We note that U \Y D U.Q\Y;Q0\Y /¤∅. Let v 2 U.Q\Y;Q0\Y /. Then by Lemma 2.25
Œu; b� � Œb; v� is a K2:25.ı0; k0; 1; 0/-quasigeodesic in B. Since U is K4:11.K/-quasiconvex in B. Let
k 0DK2:25.ı0; k0; 1; 0/. Hence, by Lemma 2.17, b 2ND.U /, where DDD2:17.ı0; k

0; k 0/CK4:11.K/.
Finally by the bounded flaring db.Q\Fb;Q0\Fb/�R maxf1; �K .D/g. Hence we can take D5:17 D

R maxf1; �K .D/g.

Finally, we are ready to finish the proof of Step 3.

Lemma 5.18 For 0� i � n� 1 we have the following.

(1) NyiC1 is a uniform approximate nearest point projection of Nyi on †iC1\Y.

(2) 
 i is a uniform quasigeodesic in Y.

Proof The proof is broken into three cases depending on the type of Li .

Case 1 (i � n� 2 and Li is of type (I)) By Lemma 4.11 UR0
.†i ; †iC1/ has uniformly small diameter.

Hence by Lemma 5.16(2), Œ†i \ FbiC1
; †iC1 \ FbiC1

�biC1
is a uniform quasigeodesic in Y. By the

part (3) of the same lemma †iC1\FbiC1
is a uniform approximate nearest point projection of †i\FbiC1

on †iC1 \ Y and †i \FbiC1
is a uniform approximate nearest point projection of †iC1 \FbiC1

on
†i \Y in Y. Hence the second part of the lemma follows, in this case, by Lemma 2.25.

Case 2 (i � n� 2 and Li is of type (II)) Suppose Li is a ladder of type (II). In this case, it is enough,
by Proposition 2.33, to show the following two statements .20/ and .200/:

(20) Ny0i is a uniform approximate nearest point projection of Nyi on †0i \Y in Y and the concatenation
of ˛i and the fiber geodesic Œ†i \Fb0

i
; †0i \Fb0

i
�b0

i
is a uniform quasigeodesic in Y.
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We know that dh.†i ; †
0
i/ � R1. Depending on the nature of dh.†i \ Y; †0i \ Y / the proof of .20/ is

broken into the following two cases.

Case (20)(i) Suppose dh.†i \Y; †0i \Y /�R1. In this case db0
i
.†i \Fb0

i
; †0i \Fb0

i
/ is uniformly small

by Lemma 5.17. By Lemma 5.12 if b00i is a nearest point projection of �. Nyi/ on UR1
.†i \Y; †0i \Y /

then Fb00
i
\†0i is a uniform approximate nearest point projection of Nyi on †0i \Y in Y. Thus it is enough

to show that dB.b
00
i ; b
0
i/ uniformly bounded to prove that Ny0i is a uniform approximate nearest point

projection of Nyi on †0i \Y in Y. Then since †i \Y is K0
1
-qi section in Y and db0

i
.†i \Fb0

i
; †0i \Fb0

i
/ is

uniformly small it will follow that the concatenation of ˛i and the fiber geodesic Œ†i \Fb0
i
; †0i \Fb0

i
�b0

i

is a uniform quasigeodesic in Y.

That dB.b
00
i ; b
0
i/ uniformly bounded is proved as follows. Let U D UR1

.†i ; †
0
i/ and V D U \A D

UR1
.†i \Y; †0i \Y /. Since B is ı0-hyperbolic, A is k-qi embedded in B and V is �2-quasiconvex in

A, V is K2:30.ı0; k; �2/-quasiconvex in B. Let k 0 Dmaxf�2; k0;K4:11.K2/;K2:30.ı0; k; �2/g. Then
A;U;V are all k 0-quasiconvex in B. By the definitions of yi’s we know that �.y0i/ is the nearest point
projection of �.yi/ on U. Let Nb0i be a nearest point projection of �.y0i/ on V. Also b0i D �. Ny

0
i/ is the

nearest point projection of �.y0i/ on A. On the other hand, bi D �. Nyi/ is a nearest point projection of
�.yi/ on A and b00i is the nearest point projection of bi on V. Therefore, dB.b

00
i ;
Nb0i/� 2D2:27.ı0; k

0; 0/

by Corollary 2.27.

Now, by Lemma 5.17 db0
i
.†i \Fb0

i
; †0i \Fb0

i
/�D5:17.K2;R1/. Hence, by Lemma 4.11 dA.b

0
i ;V /�

D4:11.K2;D5:17.K2;R1/=R1/DD1, say. Let v 2 V be such that dA.b
0
i ; v/ �D1. Then dB.b

0
i ; v/ �

kD1C k. Hence,
Hd.Œ�.y0i/; b

0
i �B; Œ�.y

0
i/; v�B/� ı0C kC kD1:

However, the concatenation Œ�.y0i/; Nb
0
i �B � Œ

Nb0i ; v�B is a K2:25.ı0; k
0; 1; 0/-quasigeodesic. Hence, there is a

point w 2 Œ�.y0i/; v�B such that dB.w; Nb
0
i/�D2:17

�
ı0;K2:25.ı0; k

0; 1; 0/;K2:25.ı0; k
0; 1; 0/

�
DD2, say.

Thus there is a point w0 2 Œ�.y0i/; b
0
i � such that dB.w

0; Nb0i/�D2C ı0C kC kD1 DD3, say. But b0i is a
nearest point projection of �.y0i/ on A and Nb0i 2 V �A. Thus dB.w

0; b0i/�D3. Thus dB. Nb
0
i ; b
0
i/� 2D3.

Hence, dB.b
0
i ; b
00
i /� dB.b

00
i ;
Nb0i/C dB. Nb

0
i ; b
0
i/� 2D2:27.ı0; k

0; 0/C 2D3.

Case (20)(ii) Suppose dh.†i \Y; †0i \Y /�R1. In this case Lemmas 5.15 and 2.25 do the job.

(200) NyiC1 is a uniform approximate nearest point projection of Ny0i on †iC1\Y in Y and the concatena-
tion of ˇ and the fiber geodesic Œ†0i \FbiC1

; †iC1\FbiC1
�biC1

is a uniform quasigeodesic joining
Ny0i to NyiC1 in Y.

In this case dh.†
0
i \Y; †iC1\Y /� 1 hence we are done as in Case (20)(i).

Case 3 (i D n� 1) The proof of this case is also analogous to that of the proof of Case (20)(i) since
dh.†n�1; †n/�R0.

Remark The conclusion of Lemma 5.16 is subsumed by Lemmas 5.15 and 5.17. But we still keep
Lemma 5.16 for the sake of ease of explanation.
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Thus by Lemmas 5.11 and 5.18, we have proved the following.

Proposition 5.19 Let x;y 2Y and let† and†0 be two K0-qi sections in X through x and y, respectively.
Let c.x;y/ be a uniform quasigeodesic in X joining x and y which is contained in L.†;†0/ as constructed
in Step 1(c). Then the corresponding modified path Qc.x;y/, as constructed in Step 2, is a uniform
quasigeodesic in Y.

Step 4 (verification of the hypothesis of Lemma 2.49)

Lemma 5.20 (proper embedding of the pullback Y ) The pullback Y is metrically properly embedded
in X. In fact , the distortion function for Y is the composition of a linear function with �, the common
distortion function for all the fibers of the bundle X.

Proof As was done in the proof of the main theorem, we shall assume that g is the inclusion map and
Y D ��1.A/ and p is the restriction of � . Let x;y 2 Y such that dX .x;y/ �M. Let �.x/D b1 and
�.y/Db2. Then, dB.b1; b2/�M and hence dA.b1; b2/�kCkM. Let Œb1; b2�A be a geodesic joining b1

and b2 in A. This is a quasigeodesic in B. By Lemma 3.8, there exists an isometric section 
 over Œb1; b2�A,
through x in Y. Clearly, 
 is a qi lift in X , say k 0-qi lift. We have, lX .
 /� k 0.kM Ck/Ck 0 DWD.M /.
The concatenation of 
 and the fiber geodesic Œ
 \Fb2

;y�Fb2
is a path, denoted by ˛, joining x and y

in X. So,

dX .
 \Fb2
;y/� dX .
 \Fb2

;x/C dX .x;y/� lX .
 /C dX .x;y/�D.M /CM:

Now, since Fb2
is uniformly properly embedded as measured by �, we have,

db2
.
 \Fb2

;y/� �.D.M /CM /:

Now, ˛ lies in Y and lY .
 /� kM C k. Then,

dY .x;y/� lY .˛/� lY .
 /C dY .
 \Fb2
;y/� kM C kC db2

.z
 \Fb2
;y/:

Therefore, dY .x;y/ � kM C kC �.D.M /CM /. Setting �0.M / WD kM C kC �.D.M /CM /, we
have the following: for all x;y 2 Y, d.x;y/�M implies dY .x;y/� �0.M /.

We recall that we fixed a vertex b0 2A to define the paths c.y;y0/ in the last step. Let y0 2Fb0
. However,

the following lemma completes the proof of Theorem 5.2.

Lemma 5.21 Given D > 0, there is D1 > 0 such that the following holds:

If dX .y0; c.y;y
0//�D then dY .y0; Nc.y;y

0//�D1.

Proof Let x 2 c.y;y0/ be such that dX .y0;x/ � D. This implies that dB.�.x/; b0/ � D. We recall
that the path c.y;y0/ is a concatenation of 
j , j D 0; 1; : : : ; n. Suppose x 2 
i , 0 � i � n. We claim
that there is a point of 
 i uniformly close to y0. Now, 
i is either a lift of geodesic segments of B in a
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K2-qi section †i or possibly †0i or it is the concatenation of such a lift and a fiber geodesic of length at
most R1. Let Q denote the corresponding qi section and suppose c.y;y0/\Q joins the points z 2Q to
w 2Q. If i D n then 
i is a qi lift of Œ�.z/; �.w/�B in Q joining z; w. Otherwise there is a fiber geodesic
� � c.y;y0/\F�.w/ connecting Q to the next qi section Q0, say. Then both the points z and Q0\ � are
one of the yi’s or y0j ’s. Let z0 D Q0 \ � and b0 D �.z0/. Let b be the nearest point projection of �.x/
on A. It follows that dB.�.x/; b/�D.

Suppose x 2 � . By the definition of Nc.y;y0/ we have Q0 \ Fb 2 Nc.y;y
0/. However, dB.b; b0/ �

dB.b; �.x//CdB.b0; �.x//� 2D. Since A is k-qi embedded in B we have dA.b; b0/�kC2Dk. Hence,
dY .Q0\Fb0

;Q0\Fb/�K2C.kC2Dk/:K2. On the other hand in this case �.x/Db0 and db0.z
0;x/�R1.

Hence, dX .z
0;y0/ � R1CD. Thus dX .y0;Q0 \Fb0

/ � dX .y0;x/C dX .x; z
0/C dX .z

0;Q0 \Fb0
/ �

DCR1CK2CDK2 since dB.b; b0/� 2D. Hence,

dY .y0;Q0\Fb0
/� db0

.y0;Q0\Fb0
/� �.DCR1CK2CDK2/:

Thus
dY .y0;Q0\Fb/� dY .y0;Q0\Fb0

/C dY .Q0\Fb;Q0\Fb0
/

� dY .y0;Q0\Fb0
/CK2CK2dA.b; b0/

� �.DCR1CK2CDK2/CK2C .kC 2Dk/K2:

Hence, in this case dY .y0; Nc.y;y
0//� .1C kC 2Dk/K2C �.DCR1CK2CDK2/.

Otherwise suppose x is contained in the lift of Œ�.z/; �.w/�B in Q. We note that �.x/ 2 Œ�.z/; �.w/�B
and dB.�.x/;A/�D. Now A is k0-quasiconvex in B. Hence, by Lemma 2.29 we have

dB.�.x/; Œ�.z/; �.w/�B/�D2:29.D; k0; ı/:

where �.z/, �.w/ are nearest point projections of �.z/; �.w/, respectively, on A. Since A is k-qi
embedded in B by stability of quasigeodesics Hd.Œ�.z/; �.w/�B; Œ�.z/; �.w/�A/�D2:17.ı; k; k/. Hence,
dB.�.x/; Œ�.z/; �.w/�A/ � D2:29.D; k0; ı/CD2:17.ı; k; k/. Let ˛ be the lift of Œ�.z/; �.w/�A in Q.
Then ˛ � Nc.y;y/. On the other hand,

dX .x; ˛/�K2CK2dB.�.x/; Œ�.z/; �.w/�A/�K2CK2.D2:29.D; k0; ı/CD2:17.ı; k; k//DD1;

say. Hence, dX .y0; ˛/� dX .y0;x/C dX .x; ˛/�DCD1. This implies that dY .y0; ˛/ is also bounded
by a function of D and the other parameters of the metric graph bundles X and Y, by Lemma 5.20.

5.2 An example

For the convenience of the reader, we briefly illustrate a special case of our main theorem where
B DR;AD .�1; 0�. This discussion will also be used in the proof of the last proposition of the next
section. We shall assume b0 D 0 here.

As in the proof of Lemma 5.21, suppose Q;Q0 are two qi sections among the various †i ; †
0
j ’s and let

w0 2Q0, z; w 2Q be points of c.y;y0/, where �.w0/D�.w/, d�.w/.w;w
0/�R1 and the concatenation
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wz

w0

w

w0

F�.z/ F0 F�.w0/

Q

Q0

Nz
w D w

w0 D w0

z

F�.w0/ F0 F�.z/

Q

Q0

zNz

w0

w

w0

F0 F�.z/ F�.w0/

Q

Q0

Figure 7: Top: Case 2. Middle: Case 3. Bottom: Case 4. The dashed lines denote the portion of
c.y;y0/, the thick lines denote the portion of Nc.y;y0/ and dotted lines are portions of the qi
sections Q;Q0.

of the lift say ˛, of Œ�.z/; �.w/� in Q and the vertical geodesic segment, say � , in F�.w/ is a part of
c.y;y0/. The following are the possibilities:

Case 1 If w0; z 2 Y \ c.y;y0/ then ˛ � � � Y and it is the corresponding part of Nc.y;y0/.

Case 2 (z 2Y, w0 62Y ) In this case, the modified segment is formed as the concatenation of subsegment
of ˛ joining z to Q\F0 and the fiber geodesic ŒQ\F0;Q0\F0�0. See Figure 7, top.

Case 3 (w0 2 Y, z 62 Y ) In this case the modified segment is the concatenation of the segment of ˛
from Q\F0 to w and the fiber geodesic segment � . See Figure 7, middle.

Case 4 (z; w0 62 Y ) In this case the modified segment is the fiber geodesic ŒQ\F0;Q0 \F0�0. See
Figure 7, bottom.
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6 Applications, examples and related results

As the first application of our main theorem, we have the following. Given a short exact sequence of
finitely generated groups there is a natural way to associate a metric graph bundle to it as mentioned in
Example 1.8 of [24]. See also the example of Section 3.3.1. Having said that, Theorem 5.2 gives the
following as an immediate consequence.

Theorem 6.1 Suppose 1! N ! G
�
!Q! 1 is a short exact sequence of hyperbolic groups where

N is nonelementary hyperbolic. Suppose Q1 is a finitely generated , qi embedded subgroup of Q and
G1 D �

�1.Q1/. Then the G1 is hyperbolic and the inclusion G1!G admits the CT map.

The next application is in the context of complexes of hyperbolic groups. Suppose Y is a finite, connected
simplicial complex and G.Y/ is a developable complex of nonelementary hyperbolic groups with qi
condition defined over Y (see Section 3.3.2) such that the fundamental group G of the complex of groups
is hyperbolic. Suppose we have a good subcomplex Y1 � Y and G1 is the image of �1.G;Y1/ in G under
the natural homomorphism �1.G;Y1/! �1.G;Y/. Then we have the following pullback diagram as
obtained in Proposition 3.29 satisfying the properties of Theorem 5.2:

X1 X

B1 B

f

�1 �

i

Thus we have:

Theorem 6.2 The group G1 is hyperbolic and the inclusion G1!G admits the CT map.

Remark The rest of the paper is devoted to properties of the boundary of metric (graph) bundles and
Cannon–Thurston maps. We recall that qi sections, ladders etc for a metric bundle are defined as transport
of the same from the canonical metric graph bundle associated to it. All the results in the rest of the section
are meant for metric bundles as well as metric graph bundles. However, using the dictionary provided by
Proposition 4.1 it is enough to prove the results only for metric graph bundles. Therefore, we shall state
and prove results only for metric graph bundles in what follows starting with the convention below.

Convention 6.3 (1) For the rest of the paper we shall assume that � WX !B is a ı-hyperbolic �-metric
graph bundle over B satisfying the hypotheses (H1), (H2), (H30) and (H4) of Section 5.

(2) By Proposition 2.37 any point of @B can be joined to any point of B[@B and any point of @X can be
joined to X[@X by a uniform quasigeodesic ray or line. We shall assume that these are �0-quasigeodesics.

(3) We shall assume that any geodesic in B has a c-qi lift in X using the path lifting lemma for metric
graph bundles.

(4) We recall that through any point of X there is a K0-qi section over B.
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6.1 Some properties of @X

Lemma 6.4 Suppose ˛; ˇ W Œ0;1/! B are two k-quasigeodesic rays for some k � 1 with ˛.1/ D
ˇ.1/ D �. Suppose ž is a K-qi lift of ˇ for some K � 1. Then there is a K0-qi lift z̨ of ˛ such that
z̨.1/ D ž.1/, where K0 depends on k, K, dB.˛.0/; ˇ.0// and the various parameters of the metric
graph bundle.

Proof Suppose ˛; ˇ W Œ0;1/!B are two k-quasigeodesic rays for some k � 1 with ˛.1/D ˇ.1/D � .
This means Hd.˛; ˇ/ <1. Let RDHd.˛; ˇ/. Then for all s 2 Œ0;1/ there is t D t.s/ 2 Œ0;1/ such
that dB.˛.s/; ˇ.t//�R. Let �ts W Fˇ.t/! F˛.s/ be fiber identification maps such that dX .x; �ts.x//�

3cC 3cR for all x 2 Fˇ.t/, t 2 Œ0;1/, where c D 1 for metric graph bundles. (See Lemma 3.10.) Let ž

be a K-qi lift of ˇ. Now, for all s 2 Œ0;1/ we define z̨.s/D �ts. ž.t//. It is easy to verify that z̨ thus
defined is a uniform qi lift of ˛. Also clearly z̨ �N3cC3cR. ž/. It follows that z̨.1/D ž.1/

Corollary 6.5 Let � 2 @B and let ˛ be a quasigeodesic ray in B joining b to � . Let

@�˛X WD f
 .1/ W 
 is a qi lift of ˛g:

Then @�˛X is independent of ˛; it is determined by � .

Due to the above corollary, we shall use the notation @�X for all � 2 @B without further explanation. The
following proposition is motivated by a similar result proved by Bowditch [5, Proposition 2.3.2].

Proposition 6.6 Let b 2 B be an arbitrary point and F D Fb . Then we have

@X Dƒ.F /[

� a
�2@B

@�X

�
:

Proof We first fix a point x 2 F . Let 
 be a quasigeodesic ray in X starting from x. Let bn D �.
 .n//.
Let ˛n be a .1; 1/-quasigeodesic in B joining b to bn. Let z̨n be a K0-qi lift of ˛n joining 
 .n/ to
z̨n.b/D xn 2 F . There are two possibilities.

Suppose fxng has an unbounded subsequence say fxnk
g. Then d.xnk

;x/!1. We note that the z̨nk
’s

are uniform quasigeodesics in X whose distance from x is going to infinity by Lemma 4.13. Hence, by
Lemma 2.34 xnk

! 
 .1/ and thus 
 .1/ 2ƒ.F /.

Otherwise, suppose fxng is a bounded sequence.

Claim In this case � ı 
 is a quasigeodesic ray.
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Proof of Claim We note that by stability of quasigeodesics (Corollary 2.19) and slimness of triangles
(Corollary 2.20) Hd.z̨n; 
 jŒ0;n�/ is uniformly small for all n. This implies that Hd.˛n; .� ı 
 /jŒ0;n�/ is
uniformly small for all n; in particular dB.bm; ˛n/ is uniformly small for all n�m. Next we note that
dB.b; bn/!1 for otherwise d.
 .n/;x/ will be bounded. Then it follows that limm;n!1.bm:bn/b D1.
Let � D limn!1 bn and let ˛ be a �0-quasigeodesic ray in B joining b to � . Now, to show that � ı
 is a
quasigeodesic it is enough to show by Lemma 2.5 that � ı 
 is (1) uniformly close to ˛ and (2) properly
embedded.

(1) Fix an arbitrary m 2N and consider all n�m. Since limn!1 bn D ˛.1/D � , by Lemma 2.45(2)
for any �0-quasigeodesic ray ˇn joining bn to � we have d.b; ˇn/!1. Since the triangles with vertices
bn; b; � are uniformly slim by Lemma 2.38 and dB.bm; ˛n/ are uniformly small it follows that bm is
uniformly close to ˛. This shows (1).

(2) Since � is Lipschitz and 
 is a quasigeodesic it follows that � ı 
 is coarsely Lipschitz. Suppose
dB.bn; bm/�D for some D� 0 and m; n2N, m� n. We claim that dX .
 .m/; 
 .n// is uniformly small.
Note that this would then imply that n�m is uniformly small since 
 is quasigeodesic, and also that 

is a qi lift of � ı 
 . We know that Hd.z̨n; 
 jŒ0;n�/ �R for some constant R independent of n. Hence,
dX .
 .m/; z̨n/ �R. Let ym;n 2 z̨n be such that dX .
 .m/;ym;n/ �R. Since � is 1-Lipschitz we have
dX .bm; �.ym;n//�R. Then dB.�.ym;n/; bn/� dB.�.ym;n/; bm/C dB.bm; bn/�RCD. Since z̨n is
K0-qi lift of ˛n and � ı z̨.n/D bn it follows that dX .ym;n; z̨.n//D dX .ym;n; 
 .n//�K0.RCD/CK0.
Hence, dX .
 .m/; 
 .n// � dX .
 .m/;ym;n/C dX .ym;n; 
 .n// � RCK0.RCD/CK0. Since 
 is
quasigeodesic it follows that .n�m/ is uniformly small. This proves (2) and along with this the claim. G

It follows that 
 .1/ 2 @�X .

It remains to check that for all �1; �2 2 @B, @�1X \ @�2X ¤ ∅ implies �1 D �2. Suppose 
i is a
�0-quasigeodesic ray in B joining b to �i , i D 1; 2. Suppose z
i is a qi lift of 
i , i D 1; 2 such that
z
1.1/D z
2.1/, ie Hd.z
1; z
2/ <1. Then Hd.
1; 
2/ <1 because � WX ! B is 1-Lipschitz. Thus
�1 D �2. This finishes the proof.

Corollary 6.7 Suppose F is a bounded metric space. Then @X D
`
�2@B @

�X .

For instance suppose †1; †2 are two qi sections and LD L.†1; †2/ then by Corollary 4.7 there is a
metric graph subbundle �Z WZ!B of X where the bundle map Z!X is a qi embedding onto a finite
neighborhood of L. It follows that Z is hyperbolic and fibers are uniformly quasiisometric to intervals.
Therefore, the conclusion of Corollary 6.7 applies to the metric bundle Z too. Hence, informally speaking
we have the following.

Corollary 6.8 For any ladder LD L.†1; †2/ we have

@LD
a
�2@B

@�L:
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Lemma 6.9 Suppose b 2 B and ˛n W Œ0;1/! B is a sequence of uniform quasigeodesic rays starting
from b. Suppose z̨n is a uniform qi lift of ˛n for all n such that the set fz̨n.0/g has finite diameter.
If z̨n.1/ ! z 2 @X then limn!1 ˛n.1/ exists. If � D limn!1 ˛n.1/ and ˛ W Œ0;1/ ! B is a
�0-quasigeodesic ray joining b to � then there is a uniform qi lift z̨ of ˛ such that z̨.1/D z.

Proof Since z̨n.1/ ! � there is a constant D such that for all M > 0 there is N D N.M / > 0

with Hd.z̨mjŒ0;M �; z̨njŒ0;M �/ � D for all m; n � N by Lemma 2.45(1). It follows that for all M > 0,
Hd.˛mjŒ0;M �; ˛njŒ0;M �/�D for all m; n�N . Hence, again by Lemma 2.45(1) ˛n.1/ converges to a
point of � 2 @B. Let ˛ be a �0-quasigeodesic ray in B joining b to �. We claim z 2 @�X . Given any
t 2 Œ0;1/ by Lemma 2.45(2) there is N 0 DN 0.t/ 2N such that d.˛.t/; ˛n/�D0 for all n�N 0 where
D0 depends only on �0 and ı. Let N0 DmaxfN.t/;N 0.t/g. Let t 0 be such that dX .˛.t/; ˛N0

.t 0//�D0.
Define z̨.t/D �uv.z̨N0

.t 0// where uD ˛N0
.t 0/, v D ˛.t/ and �uv is a fiber identification map. It is now

easy to check that this defines a qi section over ˛ and z D z̨.1/.

Corollary 6.10 If fibers of the metric (graph ) bundle are of finite diameter then the map @X DS
�2@B @

�X ! @B defined by sending @�X to � for all � 2 @B is continuous.

6.2 Cannon–Thurston lamination

Suppose b0 2 B is an arbitrary point and F D Fb0
. Then we know that the inclusion i D iF;X W F ,!X

admits the CT map @i W @F ! @X . For any set S we define

S .2/ D f.a; b/ 2 S �S W a¤ bg:

Now, following Mitra [19] we define the following.

Definition 6.11 (1) Cannon–Thurston lamination Let @.2/
X
.F /Df.˛; ˇ/2 @.2/F W @i.˛/D @i.ˇ/g.

(2) Suppose � 2 @B. Let @.2/
�;X
.F /Df.˛; ˇ/2 @.2/F W @i.˛/D @i.ˇ/2 @�X g. We shall denote @.2/

�;X
.F /

simply by @.2/
�
.F / when X is understood.

In this subsection we are going to discuss the various properties of the CT lamination. First we need
some definitions. We recall that for all b; s 2B we have the fiber identification map �bs WFb!Fs which
is a uniform quasiisometry depending on dB.b; s/. This induces a bijection @�bs W @Fb! @Fs . Suppose
z 2 @Fb . Let zs D @�bs.z/ for all s 2 B.

Convention 6.12 For the rest of the subsection, by “quasigeodesic rays” or “lines”, we shall always
mean �0-quasigeodesic rays and lines in the fibers of a metric (graph) bundle unless otherwise specified.
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Definition 6.13 (1) Semi-infinite ladders Suppose †1 is a qi section over B in X . For all s 2 B let

s �Fs be a (uniform) quasigeodesic ray joining †1\Fs to zs D @�bs.z/. The union of all the rays will
be denoted by L.†1I z/.

This set is coarsely well-defined by Lemma 2.38. We shall refer to this as the semi-infinite ladder defined
by †1 and z.

(2) Bi-infinite ladders Suppose b 2B and z; z0 2 @Fb , z ¤ z0. Now for all s 2B join zs D @�bs.z/ to
z0s D @�bs.z

0/ by a (uniform) quasigeodesic line in Fs . The union of all these lines will be denoted by
L.zI z0/.

As before, this set is coarsely well-defined by Lemma 2.38. We shall refer to this as the bi-infinite ladder
defined by z and z0.

We shall refer to either of these ladders as an “infinite girth ladder”.

Lemma 6.14 (properties of infinite girth ladders) Suppose L is an infinite girth ladder.

(1) Coarse retract There is a uniformly coarsely Lipschitz retraction �L WX ! L such that for all
b 2B and x 2Fb , �L.x/ is a (uniform approximate) nearest point projection of x in Fb on L\Fb .
Consequently, infinite girth ladders are uniformly quasiconvex and their uniformly small neighbor-
hoods are qi embedded in X .

(2) QI sections in ladders Through any point of L, there exists a uniform qi section contained in L.

(3) QI sections coarsely bisect ladders Any qi section in L coarsely bisects it into two subladders.

Proof We shall briefly indicate the proofs comparing with the proof of the analogous results for finite
girth ladders. Property (3) follows exactly as Lemma 5.4. Property (2) is immediate from (1). In fact
given x 2 L one takes a K0-qi section † in X containing x and then �L.†/ is the required qi section.
Therefore, we are left with proving (1). This is an exact analog of Proposition 4.6(1). The reader is
referred to [19, Theorem 4.6] for supporting arguments.

Convention 6.15 All semi-infinite ladders L.†I z/ are formed by K0-qi section †. We shall assume
that through any point of an infinite girth ladder there is a K0-qi section contained in the ladder. Also, all
infinite girth ladders are assumed to be �0-quasiconvex.

6.2.1 Properties of the CT lamination @.2/

X
.F / In this subsection, we prove many properties of the

CT lamination using coarse bisection of ladders by qi sections. These are motivated by analogous results
proved in [5; 19]. For the rest of the subsection, we will use the following set up. Let b0 2 B and
F D Fb0

. Suppose .z1; z2/ 2 @
.2/ D @

.2/
X
.F / and LD L.z1I z2/. Let 
 WR! F be a �0-quasigeodesic

line in F joining z1 to z2 such that Im.
 /D L\F . Let iF;X W F ! X denote the inclusion map and
@iF;X W @F ! @X denote the CT map.
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Lemma 6.16 Suppose † is any qi section contained in L. Then @iF;X .zi/ 2ƒ.†/, i D 1; 2.

Proof Let † be a qi section contained in L. Then † coarsely separates L in X into L1 D L.†I z1/

and L2 D L.†I z2/. We note that @iF;X .z1/ D @iF;X .z2/ 2 ƒ.L1/\ƒ.L2/. Hence we are done by
Lemma 2.53.

Lemma 6.17 Suppose .z1; z2/ 2 @
.2/
X
.F / and L D L.z1I z2/. There is a unique � 2 @B such that

.z1; z2/2 @
.2/

�;X
.F /. Moreover , for any �0-quasigeodesic ˇ W Œ0;1/!B joining b0 to � and any qi section

† contained in L, if ž is the lift of ˇ in † then ž.1/D @iF;X .z1/D @iF;X .z2/.

In particular @.2/
X
.F /D

`
�2@B @

.2/

�
.F /.

Proof Let � WB!X be a qi section with image † contained in L. By Lemma 6.16 @iF;X .z1/ 2ƒ.†/.
But ƒ.†/D @�.@B/ by Lemma 2.55. Hence, there is a �0-quasigeodesic ray ˇ W Œ0;1/! B such that
@�.ˇ.1//D @iF;X .z1/. Let �Dˇ.1/. If žD� ıˇ then ž is a qi lift of ˇ and @iF;X .z1/D ž.1/2 @

�X .
Thus .z1; z2/ 2 @

.2/

�;X
.F /. This shows the existence of � . Thus we have @.2/

X
.F /D

S
�2@B @

.2/

�
.F /. Also

for �; � 0 2 @B, � ¤ � 0 we have @�1X \ @�2X D ∅ by Proposition 6.6 which immediately implies
@
.2/

�;X
.F /\ @

.2/

�0;X
.F /D∅. This shows that the point � is independent of the chosen section † in L. The

last part of the lemma is immediate from these observations.

We next aim to show that the sets @.2/
�;X
.F / are closed subsets of @.2/

X
.F /. Let ˇ W Œ0;1/ ! B be a

continuous, arc length parametrized �0-quasigeodesic in B with ˇ.0/D b0 and ˇ.1/D � as in the proof
of Lemma 6.17. Let AD ˇ.Œ0;1//. Let Y D ��1.A/ be the restriction of the bundle X over A. Let
iY;X W Y !X , iF;Y W F ! Y be inclusion maps.

Lemma 6.18 If .z1; z2/ 2 @
.2/

�;X
.F / then @iF;Y .z1/D @iF;Y .z2/, ie .z1; z2/ 2 @

.2/

�;Y
.F /.

Proof Let †n be any qi section in L over B passing through 
 .n/, n2Z. Then by Lemma 6.17, †m\Y

and †n\Y are asymptotic for all m; n 2 Z in X . Since Y is properly embedded in X by Lemma 5.20
they are still asymptotic in Y. Clearly dY .
 .0/; †n \ Y /!1 as n!˙1. Thus by Lemma 2.45(1)
limn!˙1 
 .n/D ž0.1/ in Y where ž0 is the lift of ˇ in †0. This completes the proof.

Corollary 6.19 Let ž be any qi lift of ˇ in L. Then ž.1/D @iF;X .z1/. In particular any two qi lifts of
ˇ in L are asymptotic.

Proof We know that ž coarsely separates L\ Y into two semi-infinite ladders, LC and L� in Y. It
follows that ƒ.LC/\ƒ.L�/Dƒ. ž/D ž.1/. It then follows that the limit of 
 .n/ in @L is ž.1/.

Corollary 6.20 (1) @.L\Y / is a point. (2) ƒY .L\Y / is a point. (3) ƒX .L\Y / is a point.
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Proof We know by Lemma 6.14(1) (see also Proposition 4.6(4)) that a small neighborhood, say L0
Y
D

NR.L\ Y /, of L\ Y in Y is qi embedded in Y and hence it is a hyperbolic metric space by its own
right. Also, this is a subbundle of Y by Corollary 4.7.

(1) The first part is an informal way of saying that @.L0
Y
/ is a point. However, this is immediate from

Proposition 6.6 and Corollary 6.19.

(2) By Lemma 2.55 ƒY .L
0
Y
/ is the image of the CT map for the inclusion L0

Y
! Y since L0

Y
is qi

embedded in Y. But @L0
Y

is a point by the first part. Thus ƒY .L
0
Y
/ is a singleton. Finally, ƒY .L

0
Y
/D

ƒY .L\Y / by Lemma 2.52. Hence we are done.

(3) Lastly, it follows that L\ Y is quasiconvex in X too since by Corollary 6.19 L\ Y is the union
of qi lifts of ˇ contained in L\ Y all of which converge to the same point of @X . Hence L0

Y
is also

quasiconvex in X . Since Y is properly embedded in X by Lemma 5.20 and L0
Y

is qi embedded in Y it
follows that L0

Y
is properly embedded in X . Thus L0

Y
is qi embedded in X by Lemma 2.24(2). As in (2)

we are done by Lemma 2.55.

Corollary 6.21 @
.2/
Y
.F /D @

.2/

�;Y
.F /D @

.2/

�;X
.F /.

In particular , each @.2/
�;X
.F / is a closed subset of @.2/F .

Proof The first equality follows from Lemma 6.17 applied to the metric bundle Y over A. We will now
prove the second one. Since @iF;X D @iY;X ı @iF;Y , clearly @.2/

�;Y
.F /� @

.2/

�;X
.F /. The opposite inclusion

is an immediate consequence of Lemma 6.18.

Since @iF;Y is continuous it follows that @.2/
�;X
.F / is a closed subset of @.2/F . One has to use the standard

fact that the Gromov boundaries are Hausdorff spaces.

The following three results are motivated by similar results proved in [19]. The proof ideas are very
similar. However, we get rid of the group actions that were there and in our setting properness is never
needed.

Definition 6.22 Suppose Z1;Z2 are hyperbolic metric spaces. Suppose f WZ1!Z2 is a metrically
proper map that admits the CT map. If 
 �Z1 is a quasigeodesic line such that @f .
 .1//D @f .
 .�1//
then we refer to 
 as a leaf of the CT lamination @.2/

Z2
.Z1/.

We recall that in our context the quasigeodesic lines are assumed to be �0-quasigeodesic lines.

Lemma 6.23 Suppose �1¤ �2 2 @B. Given D> 0 there exists RDR6:23.D/> 0 such that the following
holds:

Suppose 
1 is a leaf of @.2/
�1;X

.F / and 
2 is a leaf of @.2/
�2;X

.F /. Then 
1\ND.
2/ has diameter less than R.
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Proof Let ˛ be a �0-quasigeodesic line in B joining �1; �2. Let b0
0
2 ˛ be a nearest point projection of b0

on ˛. Let c be a geodesic in B joining b0 to b0
0
. Let ˛i be the concatenation of c with the portion of ˛ joining

b0
0

to �i , i D 1; 2. We note that �0-quasigeodesics in B are D2:17.ı0; �0; �0/-quasiconvex by stability of
quasigeodesics. Let K DD2:17.ı0; �0; �0/. Hence, the ˛i’s are K2:25.ı0;K; �0; 1/-quasigeodesics by
Lemma 2.25(2). Let k DK2:25.ı0;K; �0; 1/.

Next suppose xi ;x
0
i 2 
i , i D 1; 2 are such that dF .x1;x2/�D and dF .x

0
1
;x0

2
/�D. Let †i ; †

0
i be two

qi sections in each Li D L.
i.1/; 
i.�1// passing through xi and x0i , respectively, i D 1; 2. Let z̨i
and z̨0i be lifts of ˛i in Li through xi and x0i respectively for i D 1; 2. We now look at the quasigeodesic
hexagon in X with vertices xi ;x

0
i ; �i , i D 1; 2, where the z̨i’s and z̨0i’s form four sides and the other

two sides are formed by geodesics joining x1 to x2 and x0
1

to x0
2
, respectively. We note that the infinite

sides of this polygon are all .kK0CkCK0/-quasigeodesics. Let Qk D kK0C k CK0. Hence, such a
hexagon is R2:39.ı; Qk; 6/-slim by Corollary 2.39. Let R1 D R2:39.ı; Qk; 6/. Let b2 be a point on ˛2

such that dB.b2; ˛1/DDCR1C 1DR, say and let y2 D z̨2.b2/. Then y2 2NR1
.z̨0

2
/. In particular,

y2 2NR.†
0
2
/. Hence, by Lemma 4.13 db2

.†2\Fb2
; †0

2
\Fb2

/�R4:13.K0;R/. It follows by bounded
flaring that db0

.x2;x
0
2
/� � Qk.R4:13.K0;R//.

Lemma 6.24 If �n! � in @B, .zn; wn/ 2 @
.2/

�n;X
.F / and .zn; wn/! .z; w/ 2 @.2/F . Then

.z; w/ 2 @
.2/

�;X
.F /:

Proof Since @iF;X .zn/ D @iF;X .wn/ for all n and @iF;X is continuous it follows that @iF;X .z/ D

@iF;X .w/, whence .z; w/ 2 @.2/
X

F . Let Œzn; wn�; Œzn; z�; Œwn; w� and Œz; w� denote �0-quasigeodesic lines
in F joining these pairs of points. Let x 2 Œz; w�\F and let ˛ be a �0-quasigeodesic ray in B joining b to � .

Claim There is a uniform qi lift z̨ of ˛ through x such that z̨.1/D @iF;X .z/D @iF;X .w/.

Proof of Claim Since zn ! z and wn ! w by Lemma 2.45(1), we have db0
.x; Œzn; z�/ ! 1 and

db0
.x; Œwn; w�/ ! 1. Hence, by Corollary 2.39 there is N 2 N such that db0

.x; Œzn; wn�/ � R D

R2:39.ı0; �0; 4/ for all n � N . Now, let xn 2 Œzn; wn� such that db0
.x;xn/ � R. Let ˛n be a �0-

quasigeodesic ray in B joining b to �n. Then by Corollary 6.19 we know that there is a uniform qi lift z̨n
of each ˛n, n�N such that z̨n.0/D xn and z̨n.1/D @iF;X .zn/. Hence, by Lemmas 6.9 and 6.4 there
is a qi lift z̨ starting from x such that z̨.1/D @iF;X .z/D @iF;X .w/. G

However, this means that @iF;X .z/D @iF;X .w/ 2 @
�X . Therefore, .z; w/ 2 @.2/

�;X
.F /.

6.2.2 Leaves of CT laminations for pullback bundles The following result is motivated by a similar
result proved in [17] for trees of hyperbolic spaces which in turn was suggested by Mahan Mj. We
gratefully acknowledge the same.

Suppose we have the hypotheses of Theorem 5.2. We identify Y as a subspace of X and A as a subspace
of B. Similarly, @A is identified as a subset of @B. With that in mind, we have the following:
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Theorem 6.25 Suppose we have a metric graph bundle satisfying the hypotheses of Theorem 5.2 such
that the fibers of the bundle are all proper metric spaces. Suppose 
 is a quasigeodesic line in Y such that
.
 .1/; 
 .�1// 2 @

.2/
X
.Y /. Let F D Fb be any fiber of Y.

Then:

(1) 
 .˙1/ 2 @iF;Y .@F /.

(2) There is a point � 2 @B n @A determined by 
 .˙1/ such that if z˙ 2 @F with @F;Y .z˙/D 
 .˙/

then .zC; z�/ 2 @
.2/

�;X
.F /.

(3) �.
 / is bounded. Moreover , 
 is within a finite Hausdorff distance from a �0-quasigeodesic line �
of F so that @iF;Y .�.˙1//D 
 .˙1/. Also , .�.1/; �.�1// 2 @.2/

�;X
.F / for some � 2 @B n @A.

(4) If b is a nearest point projection of � on A. Then � (as defined in (3)) is a uniform quasigeodesic
line in Y.

Proof We have @Y DƒY .F /[
�S

�2@A @
�Y
�

by Proposition 6.6. Also since F is a proper metric space,
by Lemma 2.55ƒY .F /D @iF;Y .@F /. Thus @Y D @iF;Y .@F /[

�S
�2@A @

�Y
�
. We shall use the following

observation a few times in the proof, which is immediate from the fact that A is qi embedded in B:

Suppose ˛ is a quasigeodesic ray in A and z̨ is a qi lift of ˛ in Y. Then z̨ is a quasigeodesic ray in Y as
well as in X. Also any pair of such rays are asymptotic in Y if and only if they are asymptotic in X since
Y is properly embedded in X.

(1) The proof of this assertion is by elimination of the possibilities coming from the decomposition
@iF;Y .@F /[

�S
�2@A @

�Y
�

of @Y.

Suppose 
 .1/ 2 @�1Y and 
 .�1/ 2 @�2Y for some �1; �2 2 @A. However, this case is not possible due
to the above observation.

Suppose 
 .1/ 2 @�Y for some � 2 @A and 
 .�1/ 2 @iF;Y .@F / n
S
�2@A @

�Y or vice versa. We show
below that this case is also not possible.

Let ˛ be a �0-quasigeodesic ray in A joining b to � and let z̨ be a K0-qi lift of ˛ in Y such that
z̨.1/D 
 .1/. Also let ˇ be a �0-quasigeodesic ray in F such that @iF;Y .ˇ.1//D 
 .�1/. Now, for
all n 2 N let †n be a K0-qi section in X passing through ˇ.n/ and let Ln D L.†n; ˇ.1//. Then Ln

is �0-quasiconvex in X . Clearly 
 .1/ D z̨.1/ 2 ƒX .Ln/. Hence, by Lemma 2.54, z̨ is asymptotic
to Ln. It follows by Proposition 4.6 and Lemma 4.15 that �Ln

.z̨/ is a uniform qi lift of ˛ and it
is asymptotic to z̨. Since Y properly embedded in X by Lemma 5.20, it follows that these qi lifts
are asymptotic in Y too. In particular, �Ln

.z̨/.1/ D 
 .1/. Now, since dF .ˇ.0/; ˇ.n// ! 1, by
Lemma 4.15 dY .ˇ.0/; �Ln

.z̨//!1. It follows from Lemma 2.45 that limn!1 ˇ.n/D 
 .1/ in @Y.
This gives a contradiction since limn!1 ˇ.n/D 
 .�1/¤ 
 .1/.
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Therefore, the only possibility is that


 .˙1/ 2 @iF;Y .@F / n
[
�2@A

@�Y;

proving part (1) of the theorem.

Let z; z0 2 @F be such that @iF;Y .z/D 
 .1/ and @iF;Y .z
0/D 
 .�1/.

(2) Since @iF;X D@iY;X ı@iF;Y by Lemma 2.50(1), we have .z; z0/2@.2/
X
.F / and hence .z; z0/2@.2/

�;X
.F /

for some � 2 @B by Lemma 6.17. From Corollary 6.21 it follows that � 2 @B n @A. This proves part (2)
of the theorem.

(3) Let LDL.zI z0/ be the bi-infinite ladder in X formed by z; z0. Let � DL\F which is an arc length
parametrized �0-quasigeodesic line in F joining z; z0. Let ˛ be a �0-quasigeodesic ray in B joining b

to �.

Let †n be a K0-qi section in L passing through �.n/, n 2N. By Corollary 6.19 qi lifts of ˛ contained in
these qi sections are asymptotic. Denote the qi section of ˛ contained in †n by z̨n. We note that these
are k D .K0�0CK0C�0/-quasigeodesics by Lemma 2.3(2). Hence, by Lemma 2.38 given m; n 2N we
have z̨n.i/ 2NR.z̨�m/ (and z̨�m.i/ 2NR.z̨n/), where RDD2:38.ı; k/ as long as z̨n.i/ (resp. z̨�m.i/)
is not contained in the R-neighborhood of any 1-quasigeodesic joining �.�m/; �.n/. In particular for
such i we have z̨n.i/ 2NR.†�m/, z̨�m.i/ 2NR.†n/. Hence, by Lemma 4.13 we have

d˛.i/.z̨n.i/; z̨�m.i//�R1 DR4:13.R;K0/

for all such i . Let R2 DmaxfR1;MK 0
g. Thus for all n 2N, Un D UR2

.†n; †�n/¤∅. Let bn 2 Un

be a nearest point projection of b on Un and let b0n be a nearest point projection of bn on A. Then it
follows from Lemma 5.18 that the concatenation of the segments of z̨n; z̨�n over the portion of ˛ joining
b; b0n and the fiber geodesic segment L \ Fb0n

is a uniform quasigeodesic in Y joining �.˙n/. Call
it 
 0n. Since limn!1 �.n/¤ limn!1 �.�n/ in Y there is a constant D � 0 such that dY .�.0/; 


0
n/�D

by Lemma 2.34. We claim that this means dB.b; b
0
n/ is bounded. In fact dY .�.0/; z̨˙n/ ! 1 by

Lemma 4.13. Thus for all large n we have dY .�.0/;L\Fb0n
/�D, whence dB.b; b

0
n/�D. It follows

from Proposition 4.6(3) that the Hausdorff distance of L\Fb0n
and the segment of � between �.n/ and

�.�n/ is at most .1C2K0/C4:6.K0/. Since � is a proper embedding in Y it follows by Lemma 2.5 that �
is a uniform quasigeodesic in Y depending on D. Let K�1 be such that both � and 
 are K-quasigeodesics
in Y. Then, since Y is ı0-hyperbolic, Hd.�; 
 /�R2:39.ı

0;K; 2/. Thus diam.�.
 //�R2:39.ı
0;K; 2/.

We note here that diam.�.
 // as well as the quasigeodesic constant of � depends only on maxfdB.b; b
0
n/g.

(4) We shall use the notation of the proof of (3). Thus we know that there is Dn � 0 such that for
all i � Dn we have d˛.i/.z̨n.i/; z̨�n.i// � R1 whence ˛.i/ 2 Un for all i � Dn. Also we know that
the sets Un are K4:11.K0/-quasiconvex in B by Lemma 4.11. Let tn � maxfDn; dB.b; bn/g. Then
˛.tn/ 2 Un. Thus Œb; bn�B � Œbn:˛.tn/�B is a K2:25.ı0;K4:11.K0/; �0; �/-quasigeodesic segment. Let
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K0 D maxf�0;K2:25.ı0;K4:11.K0/; �0; �/g. Hence, by stability of quasigeodesics (Lemma 2.17) we
get that bn 2NR0.˛/ where R0 DD2:17.ı0;K

0;K0/. We also note that dB.b; bn/!1 by the bounded
flaring condition (Corollary 3.12) since db.z̨n.0/; z̨�n.0//!1. This implies that bn! �. Hence by
Lemma 2.56 there exists N > 0 such that d.b0n; b/�R2:56.ı0; k0/ for all n�N since B is ı0-hyperbolic
and A is k0-quasiconvex. Hence, we are done by the note left at the end of the proof of (3).

Surjectivity of the CT maps

Theorem 6.26 Suppose we have the hypotheses of Theorem 5.2 such that the fibers of the bundle are
proper metric spaces. Let F be the fiber over a point b 2 A. Suppose the CT map @iF;X W @F ! @X is
surjective. Then the CT map @iF;Y W @F ! @Y is also surjective.

Conversely for any geodesic ray ˛ W Œ0;1/! B with ˛.0/D b, let Y˛ D �
�1.˛/. If for all z 2 @B and

for some (any) geodesic ray ˛ joining b to z the CT map @F;Y˛ W @F ! @Y˛ is surjective then the CT map
@F;X W @F ! @X is also surjective.

Proof Let � 2 @Y. We want to show that � 2 Im.@iF;Y /. Since @iF;X W @F ! @X is surjective there
exists z 2 @F such that @iF;X .z/ D @iY;X .�/. If @iF;Y .z/ D � we are done. Suppose not. However,
@iF;X D @iY;X ı @iF;Y . Hence, @iY;X .@iF;Y .z//D @iY;X .�/. Then by Theorem 6.25(3) we are done.

The converse part is a direct consequence of Corollary 6.5 and Proposition 6.6.

Corollary 6.27 Suppose � W X ! B is a metric (graph ) bundle such that X;B are hyperbolic and the
fibers are all proper , uniformly quasiisometric to the hyperbolic plane H2. Then for all b 2 B, the CT
map @Fb;X W @Fb! @X is surjective.

Proof This is an immediate consequence of the second part of Theorem 6.26 and the following proposition
of Bowditch.

Proposition 6.28 [5, Proposition 2.6.1] Suppose � W X ! B is a metric (graph ) bundle where B D

Œ0;1/, X is hyperbolic and the fibers are all uniformly quasiisometric to the hyperbolic plane H2. Then
for all b 2 B, the CT map @Fb;X W @Fb! @X is surjective.

We would like to remark that Bowditch stated the above proposition in the case that the fibers are all
isometric to the hyperbolic plane, but the same proof goes through for fibers uniformly quasiisometric to
the hyperbolic plane.

A special case of the following result was proved by E Field [11, Theorem B].

Theorem 6.29 Suppose 1!N !G
�
!Q! 1 is a short exact sequence of infinite hyperbolic groups.

Suppose A�Q is qi embedded and Y D ��1.A/. Then the CT map @N ! @Y is surjective.

Proof Since N is a normal subgroup of the hyperbolic group G it is a standard fact that ƒ.N /D @G.
Thus by Lemma 2.55 the CT map @N ! @G is surjective. Now we are done by Theorem 6.26.
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Fibers of the CT maps

Theorem 6.30 Suppose X is a metric (graph ) bundle over B satisfying the hypotheses of Theorem 5.2
such that X is a proper metric space. Let F D Fb , where b 2 B. Suppose @F is not homeomorphic to a
dendrite and also the CT map @F ! @X is surjective.

Then for all � 2 @B we have @.2/
�;X
.F /¤∅.

Proof Suppose ˛ is an arc length parametrized �0-quasigeodesic ray in B joining b to � . Let Y D��1.˛/.
Since the CT map @F ! @X is surjective, the map @iF;Y W @F ! @Y is also surjective by Theorem 6.26.
Now, @.2/

�;X
.F /D @

.2/

�;Y
.F / by Corollary 6.21. Hence, it is enough to show that @.2/

�;Y
.F /¤∅. However,

@
.2/

�;Y
.F / D ∅ if and only if @iF;Y is injective. It follows that @.2/

�;Y
.F / D ∅ if and only if @iF;Y is

bijective. Since X is proper, so are F and Y. Hence, @F and @Y are compact metrizable spaces. (See
[6, Chapter III.H, Propositions 3.7 and 3.21] for instance.) Hence, @iF;Y is bijective implies @iF;Y is a
homeomorphism between @F and @Y. Since @F is not a dendrite this is impossible due to the following
result of Bowditch. Hence, @.2/

�;Y
.F /¤∅.

Theorem 6.31 [5, Proposition 2.5.2] Suppose X is hyperbolic metric (graph ) bundle over B D Œ0;1/

satisfying the hypotheses (H1)–(H4) of Section 5. Suppose moreover that X is a proper metric space.
Then @X is a dendrite.

We note that a special case of interest of Theorem 6.30 is when the fibers are uniformly quasiisometric to
the hyperbolic plane. For instance, we have the following.

Corollary 6.32 Suppose we have an exact sequence of infinite hyperbolic groups 1!N !G!Q! 1

where N is either the fundamental group of an orientable closed surface of genus g � 2 or a free group
Fn on n� 3 generators. Then for all � 2 @Q, @.2/

�;G
.N /¤∅.

Remark We remark that much stronger results than the above corollary were already proved by Mj and
Rafi [23]. For instance, see Theorems 3.12, 5.7 and Proposition 5.8 there.

Another context is that of complexes of groups where Theorem 6.30 can be applied.

Corollary 6.33 Suppose G is the fundamental group of a finite developable complexes of nonelementary
hyperbolic groups .G;Y/ with qi condition. Suppose X is the metric bundle over B obtained from this
data as constructed in Section 3.3.2. Suppose G is hyperbolic.

Then for all � 2 @B and any vertex group Gv, v 2 V .Y/ we have @.2/
�;G
.Gv/¤∅.
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Proof We need to check the hypotheses of Theorem 6.30. It is a standard fact that the boundary of
a hyperbolic group is not a dendrite. Since the fibers of the metric bundle under consideration are
quasiisometric to nonelementary hyperbolic groups @F is not a dendrite for any fiber F . We also note that
the metric bundle satisfies (H1)–(H4) of Section 5. Finally, G acts on X and B so that the map � WX !B

is equivariant, the action of G on X is proper and cocompact and on B is cocompact. Thus any orbit
map G!X is a qi by Milnor–Schwarz lemma and therefore induces a homeomorphism @X ! @G.

Now, given any fiber F and g 2 G, gF is another fiber of the metric bundle. By Lemma 3.10(1)
Hd.F;gF / < 1. Hence, by Lemma 2.52 ƒ.F / D ƒ.gF / D gƒ.F /. It is a standard fact that the
action of a nonelementary hyperbolic group on its boundary is minimal, ie the only invariant closed
subsets are the empty set and the whole set. Hence, it follows that ƒ.F / D @X . By Lemma 2.55 we
have ƒ.F / D @iF;X .@F /. Thus the CT map @iF;X W @F ! @X is surjective. Finally, clearly X is a
proper metric space. Hence, we have @.2/

�;X
.F /¤∅ by Theorem 6.30. Finally since Gv acts properly and

cocompactly on Xv , any orbit map Gv!Xv is a quasiisometry. Hence, this induces a homeomorphism
@Gv! @Xv. Therefore, taking F DXv we are done.

Definition 6.34 Suppose Z is any hyperbolic metric space and S �Z. Then a point z 2ƒ.S/� @Z

will be called a conical limit point of S if for some (any) quasigeodesic 
 converging to z in Z there is a
constant D > 0 such that ND.
 /\S is a subset of infinite diameter in Z.

Proposition 6.35 Suppose we have the hypotheses of Theorem 5.2. Let @iY;X W @Y ! @X be the CT
map. If � 2 @X is a conical limit point of Y, then j@i�1

Y;X
.�/j D 1.

Proof Suppose z ¤ z0 2 @Y such that @iY;X .z/ D @iY;X .z
0/ D �. Then by Theorem 6.25 there is

�B 2 @B n @A and a qi lift of 
 of a quasigeodesic ray joining b to �B such that � D 
 .1/. Since
�B 2 @B n @A and A is quasiconvex �B is not a limit point of A in @B. Thus it is clear that � is not a
conical limit point of Y. This gives a contradiction and proves the proposition.

6.3 QI embedding fibers in a product of bundles

The lemma below is the product of answering a question due to Misha Kapovich.

Lemma 6.36 Suppose � W X ! R is a metric (graph ) bundle satisfying the hypotheses of Section 5
and X˙ are the restrictions of it to Œ0;1/ and .�1; 0�, respectively. Then the diagonal embedding
f W F0!XC �X� is a qi embedding where the latter is given the l2 metric.

Proof Without loss of generality, we assume .X; d/ is a metric graph bundle. Let d˙ be the in-
duced length metric on X˙, respectively. Then the l2 metric dY on Y WD XC � X� is given by
dY ..x1;x2/; .y1;y2//

2 D dC.x1;y1/
2C d�.x2;y2/

2 for all x1;y1 2 XC and x2;y2 2 X�. We note
that the inclusion maps F0!X˙ are 1-Lipschitz.
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Let x;y 2 F0. Then,

dY .f .x/; f .y//
2
DdY ..x;x/; .y;y//

2
DdC.x;y/

2
Cd�.x;y/

2
�d0.x;y/

2
Cd0.x;y/

2
D2d0.x;y/

2;

which implies that dY .f .x/; f .y//�
p

2d0.x;y/. A reverse inequality is obtained as follows.

Let †;†0 be a pair of K0-qi sections in X through x;y respectively. Let LD L.†;†0/ be the ladder
formed by them. Let � D L\ F0. This is a geodesic in F0 joining x;y. Now, suppose c.x;y/ is a
uniform quasigeodesic in X joining x;y constructed as in Section 5 by decomposing L into subladders
using the qi sections †i’s and †0j ’s. Let NcC WD NcC.x;y/; Nc� WD Nc�.x;y/ be the modified paths joining
x;y in XC;X�, respectively. By our main theorem in Section 5, NcC; Nc� are uniform quasigeodesics in
XC;X�, respectively. Suppose these are K-quasigeodesics. As in the discussion at the end of Section 5,
suppose Q;Q0 are consecutive qi sections in the decomposition of LD L.†;†0/ and z; w 2Q; w0 2Q0

with b0D �.w/D �.w0/ are such that L.Q;Q0/\ c.y;y0/ is made of the fiber geodesic Œw;w0�b0 and the
lift of Œ�.z/; �.w/�B in Q. However, if b0 2 Œ0;1/ then �\L.Q;Q0/� Nc� and similarly if b0 2 .�1; 0�

then �\L.Q;Q0/� NcC. Thus �� NcC[ Nc�. Therefore we have,

d0.x;y/� lC. QcC/C l�. Qc�/�KdC.x;y/CKCKd�.x;y/CK

DK.dC.x;y/C d�.x;y//C 2K

D 2KdY ..x;x/; .y;y//C 2K D 2KdY .f .x/; f .y//C 2K:

Thus, �1C
1

2K
d0.x;y/� dY .f .x/; f .y//�

p
2d0.x;y/. Hence, f is .2K; 1/-qi embedding.

In the same way, we obtain the following.

Lemma 6.37 If v0 is a cut point of B and removing it produces two quasiconvex subsets A1;A2 and
Y1;Y2 are the restrictions of the bundle to A1;A2 respectively then the diagonal map Fv0

! Y1 �Y2 is a
qi embedding.

Corollary 6.38 If v0 is a cut point of B and removing it produces finitely many quasiconvex subsets Ai ,
1 � i � n and Yi’s are the restrictions of the bundle to Ai’s , respectively, then the diagonal map
Fv0
!…iYi is a qi embedding.

Remark In [19] Mitra defined an ending lamination for an exact sequence of groups. Given any point
� 2 @Q he defined a lamination ƒ� and then showed that ƒ� D @

.2/

�;X
.F /. However, for formulating and

proving these sorts of results one needs additional structure on the bundle, eg action of a group on the
bundle through morphisms which has uniformly bounded quotients when restricted to the fibers. Results
of this type are proved in [23, Section 3]; see also [5, Section 4.4].
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Appendix Flaring in a metric bundle and its canonical metric graph bundle

Suppose � 0 W X 0! B0 is an .�; c/-metric bundle and � W X ! B is the canonical metric graph bundle
associated to it. We shall assume that B0 and B are both ı-hyperbolic. However, there will be no
assumption about the fibers of the bundles. We shall freely use the notation from Section 4 of the paper.
The purpose of this appendix is to show that a metric bundle satisfies a sort of “generalized flaring
property” (see Property .|/ below) if and only if the associated canonical metric graph bundle satisfies a
flaring condition.

Note If b0; b1; : : : ; bn are consecutive vertices on a geodesic in B then ˛0 W i 7! bi is a dotted .1; 3/-
quasigeodesic of B0 by Lemma 2.8. Thus there is a constant D0 such that if ˇ0 is any .1; 1/-quasigeodesic
in B0 joining b0; bn then Hd.˛0; ˇ0/�D0. We will preserve D0 to denote this constant for the rest of
this section.

Suppose b 2 V .B/ and p 2 B0 are such that dB0.p; b/ � D0. Then for any x 2 ��1.b/ we can lift a
.1; 1/-quasigeodesic of B0 joining b to p to X 0 which starts from x and ends at x0, say. This way we
get a “fiber identification map” V .��1.b//! � 0�1.p/. If we denote this map by fbp then we have the
following lemma. Since the proof is evident we skip it.

Lemma A.1 We have

�C0C
1

C0
db.x;y/� d 0p.fbp.x/; fbp.y//� C0CC0db.x;y/

for all x;y 2 ��1.b/ and for some uniform constant C0 where db is the fiber distance in ��1.b/ for the
metric graph bundle X and d 0p is the fiber distance in � 0�1.p/ for the metric bundle X 0.

Suppose ˛ is a geodesic in B and z̨ is a C -qi lift of ˛ in X . Let ˛0 be a .1; 1/-quasigeodesic in B0

joining the end points of ˛. Let � W ˛! ˛0 be any map such that dB0.b; �.b// �D0 for all b 2 ˛. Let
Qp D fbp.z̨.b// 2 �

0�1.p/ for all b 2 ˛, where p D �.b/. Now it is easy to find a uniform qi lift z̨0 of ˛0

such that z̨0.�.b//D Qp, where p D �.b/ for all b 2 ˛. We record this as a lemma.

Lemma A.2 There is a constant C 0 depending on C and a C 0-qi lift z̨0 of ˛0 such that z̨0.�.b// D Qp,
where p D �.b/ for all b 2 ˛.

The following lemma roughly says that if two qi leaves start flaring in one direction then they keep on
flaring in the same direction. The proof follows immediately from the definition of flaring. One may also
look up the proof of [24, Lemma 2.17(1)].

Lemma A.3 (persistence of flaring in graph bundles) Suppose the metric graph bundle satisfies the
.�k ;Mk ; nk/-flaring condition for all k � 1. Suppose ˛ W Œ�m; n�! B is a geodesic where m � nk ,
n� nk and z̨1 and z̨2 are two k-qi lifts of ˛ in X with d˛.0/.z̨1.0/; z̨2.0//�Mk . Suppose

d˛.snk/.z̨1.snk/; z̨2.snk//� �kd˛.0/.z̨1.0/; z̨2.0//;
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where s is either 1 or �1. Let t be the largest integer smaller than n=nk or m=nk according as s D 1

or �1. Then for all integers 1� l � t we have

d˛.lsnk/.z̨1.lsnk/; z̨2.lsnk//� �
l
kd˛.0/.z̨1.0/; z̨2.0//:

The same idea of proof gives the next lemma also. We will need a definition.

Property .|/ We shall say that the metric bundle X 0 has Property .|/ if for any k � 1, there exist �k > 1

and nk ;Mk 2N such that the following holds:

Suppose ˛0 W Œ�nk ; nk � ! B0 is a 1-quasigeodesic and z̨0
1

and z̨0
2

are two k-qi lifts of ˛0 in X 0. If
d
.0/.z
1.0/; z
2.0//�Mk then we have

�k � d˛0.0/.z̨
0
1.0/; z̨

0
2.0//�max

˚
d˛0.nk/.z̨

0
1.nk/; z̨

0
2.nk//; d˛0.�nk/.z̨

0
1.�nk/; z̨

0
2.�nk//

	
:

Note that one could define the flaring condition for a length metric bundle using Property .|/.

Lemma A.4 (persistence of flaring in metric bundles) Suppose the metric bundle satisfies .|/. Let
k � 1. Suppose ˛0 W Œ�m; n�! B is a geodesic where m� nk , n� nk and z̨0

1
and z̨0

2
are two k-qi lifts of

˛0 in X with d˛0.0/.z̨
0
1
.0/; z̨0

2
.0//�Mk . Suppose

d˛0.snk/.z̨
0
1.snk/; z̨

0
2.snk//� �kd˛0.0/.z̨

0
1.0/; z̨

0
2.0//;

where s is either 1 or �1. Let t be the largest integer smaller than or equal to n=nk or m=nk according as
s D 1 or �1. Then for all integer l � t we have

d˛0.lsnk/.z̨
0
1.lsnk/; z̨

0
2.lsnk//� �

l
kd˛0.0/.z̨

0
1.0/; z̨

0
2.0//:

Following is one of the main results of this appendix.

Lemma A.5 Suppose the metric bundle X 0 has Property .|/. Then the canonical metric graph bundle
� WX ! B associated to X 0 satisfies a . O�k ; yMk ; O�k/-flaring condition.

In particular if a geodesic metric bundle satisfies a flaring condition (see [24, Definition 1.12]) then its
canonical metric graph bundle satisfies the flaring condition.

Proof Suppose ˛ W Œ�n; n�! B is a geodesic and z̨; zz̨ are two k-qi lifts of ˛ in X , where n 2 N and
k � 1. Let ˛0 be a .1; 1/-quasigeodesic in B0 joining ˛.n/ and ˛.�n/. Then there are k 0-qi lifts z̨0; zz̨0

of ˛0, respectively, as in Lemma A.2. We shall choose a parametrization ˛0 W Œ�m0; n0�! B0 so that
˛0.n0/D ˛.n/, ˛0.�m0/D ˛.�n/ and dB0.˛.0/; ˛

0.0//�D0. Note that

d 0˛0.0/.z̨
0.0/; zz̨0.0//� �C0C

1

C0
d˛.0/.z̨.0/; zz̨.0//
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by Lemma A.1. Hence, if we assume d˛.0/.z̨.0/; zz̨.0//�C0.C0CMk0/ then d 0
˛0.0/

.z̨0.0/; zz̨0.0//�Mk0 .
Clearly, if we choose n large enough then we have nk0 < minfm0; n0g. (In the course of the proof
we will be more precise.) Without loss of generality we shall assume �k � d

0
˛0.0/

.z̨0.0/; zz̨0.0// �

d 0
˛0.nk0 /

.z̨0.nk0/; zz̨
0.nk0//. Let l be the greatest integer less than or equal to n0=nk0 . Then by Lemma A.4

(1) �l
k � d

0
˛0.0/.z̨

0.0/; zz̨0.0//� d 0˛0.lnk0 /
.z̨0.lnk0/; zz̨

0.lnk0//:

Note that dB0.˛
0.lnk0/; ˛

0.n0// � 2nk0 . Let b0 D ˛0.lnk0/ and b00 D ˛0.n0/. Then by Corollary 3.11
the fiber identification map �b0b00 referred to in that corollary is a K3:11.2nk0/-quasiisometry. Let
K DK3:11.2nk0/. Note that

(2) dX 0.z̨
0.lnk0/; z̨

0.n0//� k 0C 2nk0k
0

since z̨0 is a k 0-qi section and dB0.˛
0.lnk0/; ˛

0.n0//� 2nk0 . Also, by Corollary 3.9 we have

(3) dX 0
�
z̨
0.lnk0/; �b0b00.z̨

0.lnk0//
�
� 3cC 6cnk0 :

Using the inequalities (2) and (3) we have

dX 0
�
z̨
0.n0/; �b0b00.z̨

0.lnk0//
�
� 3cC 6cnk0 C k 0C 2nk0k

0:

Since X 0 is an .�; c/-metric bundle we have

d 0˛0.n0/
�
z̨
0.n0/; �b0b00.z̨

0.lnk0//
�
� �.3cC 6cnk0 C k 0C 2nk0k

0/:

In the same way we have

d 0˛0.n0/
�
zz̨
0.n0/; �b0b00.zz̨

0.lnk0//
�
� �.3cC 6cnk0 C k 0C 2nk0k

0/:

Now using the fact that �b0b00 is a K-quasiisometry and letting R1 D 2�.3cC 6cnk0 C k 0C 2nk0k
0/, we

have by triangle inequality

(4) d 0˛0.lnk0 /
.z̨0.lnk0/; zz̨

0.lnk0//� .K
2
C 2R1K/CKd 0˛0.n0/.z̨

0.n0/; zz̨0.n0//:

However, by Lemma 2.8 and Proposition 4.1(2) we have

(5) d 0˛0.n0/.z̨
0.n0/; zz̨0.n0//� 3C d˛.n/.z̨.n/; zz̨.n//:

Then it follows from the inequalities (1), (4) and (5) that

(6) �l
k � d

0
˛0.0/.z̨

0.0/; zz̨0.0//�RKCKd˛.n/.z̨.n/; zz̨.n//;

where RD 3CKC 2R1. Finally since d 0
˛0.0/

.z̨0.0/; zz̨0.0//��C0C
1

C0

d˛.0/.z̨.0/; zz̨.0// using (6) we
have

(7) �l
k0

�
�C0C

1

C0
d˛.0/.z̨.0/; zz̨.0//

�
�RKCKd˛.n/.z̨.n/; zz̨.n//:

Recall that we assumed d˛.0/.z̨.0/; zz̨.0//� C0.C0CMk0/. Hence,

(8) �C0C
1

C0
d˛.0/.z̨.0/; zz̨.0//�

�
1

C0
�

1

C0CMk0

�
d˛.0/.z̨.0/; zz̨.0//:
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Let
�D

1

K

�
1

C0
�

1

C0CMk0

�
:

Then we have, using (7) and (8),

(9) �l
k0 �� � d˛.0/.z̨.0/;

zz̨.0//�RC d˛.n/.z̨.n/; zz̨.n//:

It is clear that
�RC �l

k0 �� � d˛.0/.z̨.0/;
zz̨.0//� 1

2
��l

k0d˛.0/.z̨.0/;
zz̨.0//

if d˛.0/.z̨.0/; zz̨.0//� 2R=.��l
k0
/. In particular, since �l

k0
> 1, we have

(10) 1
2
��l

k0d˛.0/.z̨.0/;
zz̨.0//� d˛.n/.z̨.n/; zz̨.n//

using (9) if d˛.0/.z̨.0/; zz̨.0//� 2R=�. Thus it is enough to choose

yMk Dmax
n

2R

�
;C0.C0CMk0/

o
; O�k D 2

and to show that if n is sufficiently large then l is so large that 1
2
��l

k0
� 2 which will give a choice for Onk .

This is easy to verify and hence left to the reader.

The converse of Lemma A.5 is also true and has an exactly similar proof. However, in this case one uses
Lemma A.3 instead of Lemma A.2. We state it without proof to avoid repetition.

Lemma A.6 Suppose the metric graph bundle � WX ! B satisfies a .�k ;Mk ; nk/-flaring condition for
all k � 1. Then the metric bundle � 0 WX 0! B0 satisfies Property .|/ for three functions �0

k
;M 0

k
; n0

k
of k.
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Product set growth in virtual subgroups of mapping class groups

ALICE KERR

We study product set growth in groups with acylindrical actions on quasitrees and, more generally,
hyperbolic spaces. As a consequence, we show that for every surface S of finite type, there exist ˛; ˇ > 0
such that for any finite symmetric subsetU of the mapping class group MCG.S/we have jU nj>.˛ jU j/ˇn,
so long as no finite-index subgroup of hU i has infinite centre. This gives us a dichotomy for the finitely
generated subgroups of mapping class groups, which extends to virtual subgroups.

As right-angled Artin groups embed as subgroups of mapping class groups, this result applies to them,
and so also applies to finitely generated virtually special groups. We separately prove that we can quickly
generate loxodromic elements in right-angled Artin groups, which by a result of Fujiwara (Groups
Geom. Dynam. 19 (2025) 109–167) shows that the set of growth rates for many of their subgroups are
well ordered.

20F36, 20F65, 20F67, 20F69

1 Introduction

For a finite subset U of a group G, we define its nth product set to be

U n D fu1 : : : un W u1; : : : ; un 2 U g:

The study of growth in groups is the study of how jU nj behaves as n varies. For infinite groups, the
classical notion of group growth is when G is taken to be finitely generated, and U is taken to be a ball
in G with respect to the word metric induced by some finite generating set S . The usual question that
is asked is whether jU nj grows like a polynomial function as n!1, an exponential function, or if it
lies somewhere between the two. This is known to have links to the algebraic properties of the group,
the most famous example being Gromov’s proof that the groups of polynomial growth are exactly the
virtually nilpotent groups [22].

In finite groups, on the other hand, there is little interest in estimating jU nj for large powers of n, as this is
bounded above by the size of the group, and so will eventually become constant. Instead, questions about
group growth in this setting tend to focus on getting precise bounds on low powers, such as jU 2j or jU 3j.

The question we are interested in here combines aspects of these two cases. Our focus will be on infinite
groups, and for U a general finite subset we would like to estimate jU nj for every n 2N. On the other
hand, instead of only being concerned with the asymptotic profile of jU nj, we will be interested in getting
an explicit lower bound on jU nj, with this lower bound dependent on the size of U .
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More specifically, we will be interested in when there exist ˛; ˇ > 0 such that a finite subset U satisfies
jU nj > .˛ jU j/ˇn for every n 2 N. If all of the finite (symmetric) generating sets of an infinite group
satisfy this inequality for the same constants ˛ and ˇ, then we say that the group has uniform product
set growth. The aim here, however, is not just to prove this property for the group itself, but to find a
dichotomy for its finitely generated subgroups.

Question 1.0.1 For a group G, does there exists a class of subgroups H such that the following hold?

� Every finitely generated subgroup H …H has uniform product set growth , for the same ˛; ˇ > 0.

� No finitely generated subgroup H 2H has uniform product set growth , for any ˛; ˇ > 0.

This question has been completely answered in the case of free groups [46], hyperbolic groups [16],
and Burnside groups of odd exponent [13], with H being the virtually cyclic groups. In these cases the
growth was shown for all finite subsets generating nonvirtually cyclic groups, rather than restricting to the
symmetric subsets. A similar dichotomy for the nonelementary subgroups of relative hyperbolic groups
was shown by Cui, Jiang, and Yang [14]. This was recently expanded to the nonsymmetric case by Wan
and Yang [51], along with several other product set growth results, including a dichotomy for subgroups
of fundamental groups of Riemannian manifolds with pinched negative curvature. For a more complete
history of such results, see Section 3.4 of [32].

Our main result is that we can answer Question 1.0.1 for virtual subgroups of mapping class groups.

Theorem 1.0.2 (Corollary 4.4.2) Let MCG.S/ be a mapping class group , and let G be a group which
virtually embeds into MCG.S/. There exist ˛; ˇ > 0 such that for every finite symmetric U �G, at least
one of the following must hold :

(1) hU i has a finite-index subgroup with infinite centre.

(2) jU nj> .˛ jU j/ˇn for every n 2N.

Remark 1.0.3 Here we use the definition of mapping class groups where punctures in the surface are
allowed to permute, but boundary components are fixed pointwise. A brief discussion of the variation in
definitions of the mapping class group is given in Remark 4.1.21.

Answering Question 1.0.1 completely for a group also answers it for all of its subgroups. One class of
groups that is known to embed in mapping class groups are right-angled Artin groups (see the work of Clay,
Leininger, and Mangahas [10], for example). In particular, this means that we can answer Question 1.0.1
for finitely generated virtually special groups [24], which includes finitely generated Coxeter groups [25].

Theorem 1.0.4 (Corollary 4.3.3) Let � be a finite graph , and A.�/ the right-angled Artin group
associated to � . Let G be a group which virtually embeds into A.�/. There exist constants ˛; ˇ > 0 such
that for every finite symmetric U �G, at least one of the following must hold :

(1) hU i has a finite-index subgroup with infinite centre.

(2) jU nj> .˛ jU j/ˇn for every n 2N.

Algebraic & Geometric Topology, Volume 25 (2025)
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The following proposition tells us that the subgroups in the first cases of Theorem 1.0.2 and Theorem 1.0.4
cannot have uniform product set growth for any ˛ and ˇ, which justifies that these results do indeed give
a dichotomy for the finitely generated subgroups.

Proposition 1.0.5 (Corollary 2.2.2) Let G be a finitely generated group , and suppose that G has a
finite-index subgroup H with infinite centre. Then for any constants ˛; ˇ > 0, we can find a finite
generating set U of G such that jU nj< .˛ jU j/ˇn for some n 2N.

The intuitive reason as to why such groups cannot have uniform product set growth is easier to see in
the case that G itself has infinite centre. In this case, the idea is that we can add arbitrarily many central
elements to any generating set U . As these elements are contained in an abelian subgroup, which does
not have exponential growth, this has minimal impact on the long term growth of U n. This means that
we cannot link the growth of U n with the size of U in a meaningful way. As a consequence, if our group
contains subgroups with exponential growth but infinite centres, any dichotomy of subgroups we get in
answer to Question 1.0.1 is likely to be different to the dichotomy given by the Tits alternative, if such an
alternative exists for the group in question. For example, the dichotomy in Theorem 1.0.2 is not the same
as the one given by the Tits alternative for mapping class groups [29; 43].

Question 1.0.1 has strong links to the more commonly studied notion of uniform exponential growth.
Specifically, any finitely generated group which has uniform product set growth will necessarily have
uniform exponential growth. Moreover, the finitely generated subgroups that do not lie in H will have
uniform uniform exponential growth, in the sense that they will have a common lower bound on their
exponential growth rates. Such properties have already been shown for a wide range of groups, including
mapping class groups and right-angled Artin groups [38], although the question of uniform exponential
growth is still open more generally for acylindrically hyperbolic groups.

On the other hand, Proposition 1.0.5 tells us that uniform product set growth is a strictly stronger property
than uniform exponential growth. If H has uniform exponential growth then so does H �Z, however
Proposition 1.0.5 tells us that this product does not have uniform product set growth. The key difference
is that, as mentioned above, uniform product set growth asks for the lower bound on the growth to be
given in terms of the size of the set, whereas uniform exponential growth just asks for some common
lower bound. Linking growth rates with the size of the generating set in question is a key step in proofs
about growth rates being well ordered; see Theorem 1.0.14 and the work of Fujiwara and Sela [20; 21].

A positive answer to Question 1.0.1 has consequences for other types of product set growth as well,
namely Helfgott-type growth, as observed by Jack Button [8]. Uniform product set growth also has
links with approximate groups, as any approximate group that satisfies the relevant inequality must have
bounded size. More details on these applications are given in Section 2.1.

Proposition 1.0.6 (Proposition 2.1.7) Let G be a group , and let k > 1, ˛; ˇ > 0. Suppose U is a
k-approximate group in G satisfying jU nj> .˛ jU j/ˇn for every n 2N. Then jU j6 .2k2/6=ˇ=˛2.
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As previously mentioned, Delzant and Steenbock were able to answer Question 1.0.1 for hyperbolic
groups [16]. Alongside this, they were also able to generalise their methods to groups acting acylindrically
on trees and hyperbolic spaces. The subgroup structure of an acylindrically hyperbolic group may in
general be much more complicated than the subgroup structure of a hyperbolic group, so it is not usually
sufficient to simply rule out the virtually cyclic subgroups when looking for uniform product set growth,
as we can see in Theorem 1.0.2. In particular, it is hard to say anything about subsets whose image under
the orbit map have small diameter.

Delzant and Steenbock ruled out such subsets by using a certain notion of displacement. If .X; d/ is a
hyperbolic space that a group G acts on by isometries, and U �G is finite, then we pick x0 2X such
that

P
u2U d.x0; ux0/ is (almost) minimised. The displacement of U is �0.U /Dmaxu2U d.x0; ux0/.

For a more detailed definition, see Definition 3.2.1. An alternative approach can be found in [13].

Delzant and Steenbock’s result for acylindrical actions on hyperbolic spaces included logarithm terms
that were not present in their other results, due to the use of Gromov’s tree approximation lemma. In [33],
it was shown that tree approximation is uniform if the space in question is a quasitree, rather than a
hyperbolic space. We will use this to improve Delzant and Steenbock’s bounds in the quasitree case by
removing these logarithm terms. This generalises their result for actions on trees.

Theorem 1.0.7 (Theorem 3.2.13) Let G be a group acting acylindrically on a quasitree. Then there
exist constants K > 0 and ˛ > 0 such that for every finite U �G, at least one of the following must hold :

(1) hU i is virtually Z.

(2) �0.U / < K.

(3) jU nj> .˛ jU j/b.nC1/=2c for every n 2N.

Remark 1.0.8 By an observation of Safin,
�
nC1
2

˘
is the best possible exponent for a lower bound on

product set growth in free groups, and so this will also be the best possible exponent for any wider class
of groups.

A result of Balasubramanya tells us that every acylindrically hyperbolic group admits some acylindrical
action on a quasitree [3], so the above theorem applies to all such groups. The class of acylindrically
hyperbolic groups is a wide one, including the hyperbolic groups and relatively hyperbolic groups that
are not virtually cyclic, as well as many cubical groups, right-angled Artin groups, and most mapping
class groups of surfaces without boundary [45]. The above statement is also interesting because it is not
restricted to symmetric sets, and instead holds for all finite subsets.

We will want to apply Theorem 1.0.7 to investigate uniform product set growth for subgroups of acylin-
drically hyperbolic groups, however we cannot do this immediately, as the displacement condition is
a condition on sets, rather than on the subgroups they generate. In Section 3.2 we will show that one
possible way of overcoming this is to find loxodromic elements in the action.
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Proposition 1.0.9 (Corollary 3.2.20) Let G be a group acting acylindrically on a quasitree. There exist
˛; ˇ > 0 such that for every finite U �G such that U k contains a loxodromic element for some k 2N,
and hU i is not virtually Z, we have that jU nj> .˛ jU j/ˇn=k for every n 2N.

In other words, if we can find loxodromic elements uniformly quickly in the generating sets of a subgroup,
then we will have the uniform product set growth that we are looking for. Fujiwara has recently shown
a very similar result for actions on hyperbolic spaces, using an alternative method of generating free
subgroups of large enough rank [20]. The downside to this result compared to Proposition 1.0.9 is that it is
restricted to symmetric sets, however it is very useful in the cases where no well-understood acylindrical
action on a quasitree exists, such as in the proof of Theorem 1.0.2.

Another useful tool in the proof of Theorem 1.0.2 is the fact that we already know that we can generate
loxodromic elements uniformly quickly in mapping class groups. In the following result we can think of
finding an element with the same active subsurface as our subgroup as being roughly the same as finding
a loxodromic element in the given subgroup.

Theorem 1.0.10 [39] Consider a mapping class group MCG.S/, where S is a nonsporadic connected
surface without boundary. There exists a constant N D N.S/ 2 N such that for any finite symmetric
U �MCG.S/, there exists n6N and f 2 U n such that f has the same active subsurface as hU i.

As mentioned previously, the result for right-angled Artin groups follows directly from the fact that they
embed as subgroups of mapping class groups. It is however also interesting to consider the right-angled
Artin group case separately, as in doing so we prove a result for right-angled Artin groups analogous to
Theorem 1.0.10. In other words, we can show that we can quickly generate elements of full support in
our subgroup, which allows us to quickly find loxodromic elements in the action of the subgroup on the
associated extension graph. In the case considered in Corollary 1.0.13, this extension graph will be a
quasitree, which allows us to apply Proposition 1.0.9.

Notation 1.0.11 For a finite graph � D .V;E/ we have that A.�/ is the associated right-angled Artin
group, �e is the associated extension graph, and for a subset V 0 � V we have that �.V 0/ is the induced
subgraph on those vertices. Given U � A.�/, we say that esupp.U /� V is the essential support of U .
For more detailed definitions, see Section 4.1.

Theorem 1.0.12 (Theorem 4.2.11) Let � be a finite graph. There exists a constant N DN.�/2N such
that for every finite symmetric U �A.�/, there exists n6N and g 2U n such that esupp.g/D esupp.U /.

Corollary 1.0.13 (Corollary 4.2.12) Let � be a finite graph. There exists a constant N DN.�/ 2N

such that for every finite symmetric U � A.�/, where �.esupp.U // is connected , and is neither a vertex
nor a join , there exists n6N such that U n contains a loxodromic element on �.esupp.U //e.
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A recent result of Fujiwara states that if a group G has an acylindrical and nonelementary action on a
hyperbolic graph, and the product of any finite generating set of G contains a loxodromic element within
a bounded power, then the set of exponential growth rates of G (with respect to its finite generating
sets) will be well ordered so long as G is equationally Noetherian [20]. Linear groups are equationally
Noetherian [4], and right-angled Artin groups are linear [28], so we are able to use Corollary 1.0.13 to
obtain the following result.

Theorem 1.0.14 (Theorem 4.2.14) Let � be a finite graph. Suppose thatG 6A.�/ is finitely generated ,
and is not contained nontrivially in a direct product where the projection of G to more than one factor has
exponential growth. Then the set of exponential growth rates of G (with respect to its finite generating
sets) is well ordered.

Structure of the paper In Section 2, we give a few of the applications of product set growth, as well as
some fundamental results about which groups can and cannot have uniform product set growth. In Section 3,
we combine uniform tree approximation for quasitrees from [33] with Delzant and Steenbock’s methods
in [16], which allows us to get new results for product set growth in acylindrically hyperbolic groups.
In Section 4, we apply the results of the previous sections to answer Question 1.0.1 for virtual subgroups
of mapping class groups. We also prove a result about quickly generating loxodromic elements in
right-angled Artin groups.
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2 Product set growth

Recall that for a finite subset U of a group G, its nth product set is U n D fu1 : : : un W u1; : : : ; un 2 U g.
We are interested in estimating the size of U n as n increases, specifically in the case that G is an infinite
group. As mentioned in the introduction, when considering infinite groups the most commonly studied
form of group growth is the asymptotic growth of balls in a finitely generated group.
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Definition 2.0.1 Let G be a finitely generated group, and let S be a finite generating set of G. Let
BS .n/ denote the ball of radius n under the word metric induced by S , centred at the identity e 2G. The
exponential growth rate of G with respect to S is

!.G; S/D lim
n!1

jBS .n/j
1=n:

If !.G; S/ > 1 for some (equivalently any) finite generating set S , then G has exponential growth.

Remark 2.0.2 In the notation of product sets, it is easy to see that whenU DBS .1/we haveU nDBS .n/.

The fact that !.G; S/ > 1 for some finite generating set if and only if it is true for every generating set is
a standard result, and is not hard to check. We therefore only need to prove this inequality for a single
generating set, so in many cases exponential growth can be a relatively easy property to prove. On the
other hand, although this tells us that all finite generating sets will exhibit some kind of exponential
growth, there is not necessarily any control over their rates of growth, which may be arbitrarily close to 1.
If we wish to have this type of control, then we will need to prove something stronger.

Definition 2.0.3 Let G be a finitely generated group, and let

S D fS �G W S is a finite generating set of Gg:

The exponential growth rate of G is
!.G/D inf

S2S
!.G; S/:

If !.G/ > 1 then G has uniform exponential growth.

Clearly uniform exponential growth implies exponential growth. Most groups that are known to have
exponential growth also have uniform exponential growth, including free groups, hyperbolic groups,
and relatively hyperbolic groups [53]. Away from nonpositively curved groups, it is known that every
elementary amenable group that has exponential growth also has uniform exponential growth [44], and the
same is true for any finitely generated subgroup of GLn.C/ [18]. This is not true in general, however [52],
and there are other cases where this equivalence is still open, such as for acylindrically hyperbolic groups.

If we do understand the growth of a group, then it makes sense to investigate the growth of its subgroups.
One possible question is to ask if there is a common lower bound on the exponential growth rates of the
subgroups with uniform exponential growth.

Definition 2.0.4 Let G be a group, and let H be a collection of finitely generated subgroups of G. We say
that the collection H has uniform uniform exponential growth if infH2H !.H/ > 1.

For most of this paper, however, we will not just be considering the growth of balls, but rather the case
that U is a general finite subset of our group. We also recall from the introduction that we are interested
in getting a specific lower bound on jU nj, where this lower bound is dependent on the size of U .
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Definition 2.0.5 Let G be an infinite finitely generated group. We say that G has uniform product set
growth if there exist ˛; ˇ > 0 such that for every finite (symmetric) generating set U of G, we have that
jU nj> .˛ jU j/ˇn for every n 2N.

Remark 2.0.6 If the groupG in question was finite, then this would be trivially satisfied by letting ˛D 1
jGj

.
For this reason we will generally only be interested in determining this property for infinite groups.

The aim of Question 1.0.1 is to find out which of the finitely generated subgroups of a group G have
uniform product set growth, ideally for the same ˛ and ˇ. In Section 2.1 we will prove some consequences
of a group or subgroup having this property. Section 2.2 will then be spent discussing some cases in which
we can determine whether a subgroup has uniform product set growth or not. This will be important in
Section 4, where we will answer Question 1.0.1 for virtual subgroups of mapping class groups.

2.1 Applications of uniform product set growth

In this section we will give some properties that are implied by uniform product set growth.

2.1.1 Uniform exponential growth Here we check that uniform product set growth implies uniform
exponential growth, even when using the weaker form where we only ask that the inequality holds for
symmetric generating sets.

Lemma 2.1.1 Let G be a finitely generated group. Suppose there exist constants ˛; ˇ > 0 such that for
every finite symmetric generating set U of G, we have that jU nj> .˛ jU j/ˇn for every n2N. Then either
G is finite with jGj6 1

˛
, or G has uniform exponential growth.

Proof Suppose that G is finite. Then G is a finite generating set of itself, and Gn DG for every n 2N.
Therefore jGj> .˛ jGj/ˇn for every n 2N, so jGj6 1

˛
.

Now suppose that G is infinite, and let S be a finite generating set of G. We want to calculate a lower
bound on !.G; S/ D limn!1 1

n
log jBS .n/j. We begin by noting that BS .n/ D BS .1/n, so for every

n 2 N we have that jBS .n/j > .˛ jBS .1/j/
ˇn. If jBS .1/j 6 1

˛
then our equation would tell us nothing

about jBS .n/j, however to calculate the limit it is sufficient to consider a subsequence, so we just have to
start this subsequence with a large enough set.

For any m 2 N we have that BS .m/ is also a finite generating set of G, and BS .m/n D BS .mn/ for
all n 2 N, so jBS .mn/j > .˛ jBS .m/j/

ˇn. We can also see that jBS .m/j > m� 1C jS j, so choosing
mD

˙
1
˛

�
C 1 we get that

˛ jBS .m/j> ˛
�l
1

˛

m
CjS j

�
> 1C˛ jS j> 1:

With this choice of m we now get that

jBS .mn/j
1=.mn/ > .˛ jBS .m/j/

ˇ=m > .1C˛ jS j/ˇ=.d1=˛eC1/:
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Hence we have that

!.G; S/D lim
n!1

jBS .n/j
1=n
D lim
n!1

jBS .mn/j
1=.mn/ > .1C˛ jS j/ˇ=.d1=˛eC1/;

so as S was arbitrary, and jS j> 1, we get that

!.G/D inf
S2S

!.G; S/> .1C˛/ˇ=.d1=˛eC1/ > 1:

Remark 2.1.2 If some finite generating set U of an infinite group satisfies jU nj > .˛ jU j/ˇn for
every n 2N, then this is enough to imply that the group has exponential growth. A set U contained in a
group with subexponential growth can only satisfy this inequality in the trivial case that jU j6 1

˛
.

A natural corollary of this is that if we have a positive answer to Question 1.0.1, that is, we have uniform
product set growth for a collection of infinite subgroups with the same ˛ and ˇ, then that collection has
uniform uniform exponential growth.

In the other direction, it is not hard to see that uniform product set growth is actually a strictly stronger
property than uniform exponential growth. An example of this difference will be given in Section 2.2,
where we consider a direct product where one of the factors has uniform exponential growth and another
does not.

2.1.2 Helfgott-type growth As mentioned in the introduction, the study of product set growth for
arbitrary sets has often previously focussed on estimating the size of double and triple products of those
sets. Here we give a link between uniform product set growth and the growth of triple products.

Definition 2.1.3 [8] An infinite group G has Helfgott-type growth if there exist c; ı > 0 such that any
finite U �G, where hU i is not virtually nilpotent, satisfies jU 3j> c jU j1Cı .

It is known that if the size of the triple product is bounded, then the size of every higher product can also
be bounded. The following is not explicitly stated in [26], however it can be directly obtained from the
work there.

Lemma 2.1.4 [26] Let G be a group , and let U �G be finite. If jU 3j6K jU j for some K > 0, then
jU nj6 .8K3/n�2jU j for every n> 3.

Proof Let U D U [U�1. It is shown in [26] that

jU nj

jU j
6
�
jU 3j

jU j

�n�2
for n> 3. Clearly jU nj6 jU nj, so it remains to bound jU 3j=jU j above by a function of jU 3j=jU j. By
considering all possible terms in U 3, we can see that

jU 3j6 2.jUUU jC jUUU�1jC jUU�1U jC jU�1UU j/:
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Here we use that UU�1U�1 D .UUU�1/�1, so they have the same cardinality. Similar logic applies to
the other products. In [26] it is shown that the cardinality of each of these products is bounded above by
jU j.jU 3j=jU j/3, and therefore

jU 3j

jU j
6 8

�
jU 3j

jU j

�3
:

Combining these inequalities, we see that

jU nj

jU j
6
�
8

�
jU 3j

jU j

�3�n�2
:

If jU 3j6K jU j for some K > 1, then substituting this into our above inequality gives us the result that
we were looking for.

When uniform product set growth is given in the form jU nj > .˛ jU j/b.nC1/=2c for every n 2 N, we
automatically get Helfgott-type growth by simply taking nD 3, cD ˛2, and ıD 1. However Lemma 2.1.4
allows us to also obtain Helfgott-type growth in the case of the more general type of uniform product set
growth, that is, when jU nj> .˛ jU j/ˇn for every n 2N. This observation, and the following proof, were
given by Jack Button.

Proposition 2.1.5 Let G be a group , and let U � G be finite. If there exist ˛; ˇ > 0 such that
jU nj> .˛ jU j/ˇn for every n 2N, then jU 3j>

�
˛ˇ

8

�1=3
jU j1Cˇ=6.

Proof This is trivially true if jU j D 1, as in this case our inequality tells us that ˛ˇ 6 1. We therefore
assume that jU j> 2, and suppose that jU nj> .˛ jU j/ˇn for every n 2N, but jU 3j<

�
˛ˇ

8

�1=3
jU j1Cˇ=6.

We can now take
�
˛ˇ

8

�1=3
jU jˇ=6 to be our K from Lemma 2.1.4, and obtain

.˛ jU j/ˇn 6 jU nj6 .8K3/n�2jU j D .˛ˇ jU jˇ=2/n�2jU j D
.˛ˇ jU jˇ=2/njU j

.˛ˇ jU jˇ=2/2

for every n> 3. We therefore have that

jU jˇn=2 6
jU j

˛2ˇ jU jˇ

for every n > 3. However, as jU j > 2, we also have that jU jˇn=2 tends to infinity. This contradicts
the existence of a fixed upper bound, as given in the above inequality, and hence we must have that
jU 3j>

�
˛ˇ

8

�1=3
jU j1Cˇ=6.

2.1.3 Approximate groups One other possible motivation for studying product set growth is its link
with approximate groups, as defined in [50].

Definition 2.1.6 Let G be a group, and let k > 1. A finite symmetric subset U �G is a k-approximate
group if there exists a finite subset X �G such that jX j6 k and U 2 �XU .
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It is standard that approximate groups have small tripling, which led Button to observe that Helfgott-type
growth can be used to bound the size of approximate groups [8]. Using the same reasoning as Button,
we can use Proposition 2.1.5 to obtain a bound on the size of any approximate groups which satisfy the
inequality in the definition of uniform product set growth.

Proposition 2.1.7 Let G be a group , and let k > 1, ˛; ˇ > 0. Suppose U is a k-approximate group in G
satisfying jU nj> .˛ jU j/ˇn for every n 2N. Then jU j6 .2k2/6=ˇ=˛2.

Proof Let X �G be such that jX j6 k and U 2 �XU . Then U 3 �XU 2 �X2U , so

jU 3j6 jX2U j6 jX j2jU j6 k2jU j:

By Proposition 2.1.5 we have that jU 3j>
�
˛ˇ

8

�1=3
jU j1Cˇ=6. We therefore have that�

˛ˇ

8

�1=3
jU j1Cˇ=6 6 k2jU j D) jU jˇ=6 6 k2

�
8

˛ˇ

�1=3
D) jU j6

.2k2/6=ˇ

˛2
:

2.2 Obstructions and sufficient conditions

Here we will prove a collection of results about when certain classes of subgroups can or cannot have
uniform product set growth. We will begin by showing that any group with a finite-index subgroup with
infinite centre cannot have uniform product set growth. Our focus will then switch to subgroups of direct
products, as there are cases where the uniform product set growth property can pass from the factors to
the subgroup, and cases where certain factors make uniform product set growth impossible. We will also
show that uniform product set growth passes to finite-index supergroups. These tools will be vital in
Section 4, when attempting to answer Question 1.0.1 for virtual subgroups of right-angled Artin groups
and mapping class groups.

2.2.1 Infinite-order central subgroups So far the only subgroups we have completely ruled out when
attempting to find those with uniform product set growth have been those that do not have uniform
exponential growth (see Lemma 2.1.1). This may be enough to get us a dichotomy in certain cases,
however it will not be sufficient in general.

Our main example of this will be when our group has a finite-index subgroup with infinite centre, although
we can in fact show a slightly more general result. We first consider any infinite normal subgroup without
exponential growth, where this subgroup is a union of finite conjugacy classes. The obstruction given by
central subgroups was initially pointed out by Jack Button, and the extension below came from discussions
with Ric Wade.

Proposition 2.2.1 Let G be a finitely generated group , and suppose that it has an infinite normal
subgroup H , where no finitely generated subgroup of H has exponential growth , and for every h 2H the
conjugacy class of h in G is finite. Then for any constants ˛; ˇ > 0 we can find a finite generating set U
of G such that jU nj< .˛ jU j/ˇn for some n 2N.
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Proof Let G and H be as above, and note that G must be infinite as it has an infinite subgroup. Fix
constants ˛; ˇ > 0, and let U be some finite generating set of G. As H is infinite, we can pick a finite
set V 0 �H such that jV 0j> 1

˛
jU j1=ˇ . Let V be the union of conjugacy classes

S
v2V 0fgvg

�1 W g 2Gg.
As H is a normal subgroup of G, and conjugacy classes are finite, we have that V is a finite subset of H ,
and jV j> jV 0j> 1

˛
jU j1=ˇ .

Let W DU [V . Then W is a finite generating set of G. Suppose that jW nj> .˛ jW j/ˇn for every n2N.
Note that jW j> jV j, so jW nj> .˛ jV j/ˇn.

We can also note that, as V is closed under conjugation by elements of G, we have that W n D

U n [ U n�1V [ � � � [ UV n�1 [ V n. We can see this by considering w1; : : : ; wn 2 W , and sup-
posing that wk … U . Then wk 2 V , and w1 : : : wn D w1 : : : wk�1wkC1 : : : wnw

0
k

, where w0
k
D

.wkC1 : : : wn/
�1wkwkC1 : : : wn. As this is a conjugate of wk 2 V , we have that w0

k
2 V . We can

therefore say that jW nj6 .nC 1/jU njjV nj6 .nC 1/jU jnjV nj.

By our assumption, we therefore have that jV nj> .˛ jV j/ˇn

.nC1/jU jn
. Hence

!.hV i; V /D lim
n!1

jBV .n/j
1=n > lim

n!1
jV nj1=n > lim

n!1

.˛ jV j/ˇ

.nC 1/1=njU j
D
.˛ jV j/ˇ

jU j
> 1:

Therefore hV i has exponential growth. However hV i 6 H , so this is a contradiction. Hence jW nj <

.˛ jW j/ˇn for some n 2N.

The following corollary was partially suggested by the referee.

Corollary 2.2.2 Let G be a finitely generated group , and suppose that G has a finite-index subgroup H
with infinite centre. Then for any constants ˛; ˇ > 0, we can find a finite generating set U of G such that
jU nj< .˛ jU j/ˇn for some n 2N.

Proof It is a standard fact that H contains a subgroup N , such that N is normal and finite index in both
H and G. Let Z.H/ denote the centre of H , and Z.N/ denote the centre of N . As Z.H/\N 6Z.N/,
Z.H/\N has finite index in Z.H/, and Z.H/ is infinite, we have that Z.N/ is infinite.

We now note that Z.N/ is an abelian group, so finitely generated subgroups of Z.N/ will not have
exponential growth. As Z.N/ is characteristic in N , we get that Z.N/ is a normal subgroup of G.

For h 2Z.N/, the conjugacy class of h in G is the orbit of h under the conjugation action, and N is a
subgroup of the stabiliser of h. The orbit-stabiliser theorem therefore tells us that the size of any such
conjugacy class is bounded by the index ofN inG. We can now apply Proposition 2.2.1 to get the result.

An important example of where the conditions in Corollary 2.2.2 are satisfied is when we have a direct
product with a free abelian group.

Lemma 2.2.3 Let G be a finitely generated subgroup of H �Zm for some m 2N, where the projective
map from G to H is not injective. Then the centre of G is infinite.
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Proof As the projective map is not injective, we can find g 2H and a; b 2 Zm such that a ¤ b and
.g; a/; .g; b/ 2 G. Hence .e; a�1b/ 2 G, and so f.e; .a�1b/k/ W k 2 Zg is an infinite central subgroup
of G.

2.2.2 Direct products with nonexponential factors Lemma 2.2.3 shows that certain subgroups of
direct products with Zm do not have uniform product set growth. This is clearly not necessarily true for
all subgroups of direct products.

Example 2.2.4 Consider F2�Z, where F2 D ha; bi. Let H D h.a; 1/; .b; 1/i. Then H is a subgroup of
F2 �Z with nontrivial projection to Z, however for each g 2 F2 there exists a unique n 2 Z such that
.g; n/ 2H . In other words, H Š F2, and so H has uniform product set growth by the main theorem
of [46].

We would like to understand more about when direct products and their subgroups have uniform product
set growth, and when they do not. We begin by considering a direct product where one of the factors
does not have uniform exponential growth.

Proposition 2.2.5 Let H1 �H2 be a finitely generated direct product of groups such that H2 is infinite
and does not have uniform exponential growth. Then for any constants ˛; ˇ > 0 we can find a finite
generating set U of H1 �H2 such that jU nj< .˛ jU j/ˇn for some n 2N.

Proof Fix constants ˛; ˇ > 0. Suppose that for every finite generating set U of H1 �H2, we have that
jU nj> .˛ jU j/ˇn for every n 2N. We will show that this gives a contradiction to H2 not having uniform
exponential growth.

We fix a finite V1 � H1 such that hV1i D H1, and then let V2 � H2 be finite with hV2i D H2. Let
B D BV1.1/�BV2.1/. Then we have that hBi D H1 �H2. We note that Bn D BV1.n/�BV2.n/ for
every n 2N, so jBnj D jBV1.n/jjBV2.n/j.

As B generates H1�H2, by our assumption jBnj> .˛ jBj/ˇn for every n2N, and every possible choice
of V2. This means that for every n 2N we have that

jBnj> .˛ jBj/ˇn D) jBV1.n/jjBV2.n/j> .˛ jBV2.1/j/
ˇn

D) lim
n!1

.jBV1.n/jjBV2.n/j/
1=n > .˛ jBV2.1/j/

ˇ

D) !.H1; V1/!.H2; V2/> .˛ jBV2.1/j/
ˇ

D) !.H2; V2/>
.˛ jBV2.1/j/

ˇ

!.H1; V1/
:

In particular, this means that if jBV2.1/j>
.2!.H1;V1//

1=ˇ

˛
, then !.H2; V2/> 2. Let kD

˙ .2!.H1;V1//1=ˇ
˛

�
,

recalling that V1 was fixed.
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For an arbitrary finite V2�H2 such that hV2iDH2 we let V2DBV2.k/. This is also a finite generating set
of H2, with the additional property that jBV2.1/j D jBV2.k/j> k. We therefore have that !.H2; V2/> 2,
and so

26 !.H2; V2/D lim
n!1

jBV2.n/j
1=n
D lim
n!1

jBV2.nk/j
1=n
D !.H2; V2/

k;

which implies !.H2; V2/> 21=k . Recalling that k was fixed, we therefore have that !.H2/> 21=k > 1,
so H2 has uniform exponential growth. This is a contradiction, so there must exist some finite generating
set U of H1 �H2 such that jU nj< .˛ jU j/ˇn for some n 2N.

The key to the above proof was being able to say something about the growth of every ball in H2. This
will usually not be possible using a subgroup of such a direct product, as it may not be able to give us
sufficient information about H2 to determine whether it has uniform exponential growth or not. On the
other hand, if we instead consider a direct product where one of the factors does not have exponential
growth, a similar idea can still work.

For a direct product H1 �H2, consider the projection map ' WH1 �H2!H1. For U �H1 �H2, we
can also consider the restriction 'jhU i. This restricted map is a group homomorphism. In Example 2.2.4,
this homomorphism is injective, allowing us to see hU i as a subgroup of H1, and effectively allowing us
to ignore the direct product.

More generally, the fact that this map is a homomorphism means that it will always be k-to-one, where k
is the cardinality of ker.'jhU i/. So long as this cardinality is finite, it turns out that uniform product set
growth for hU i can be inherited from its projection to H1.

Lemma 2.2.6 Let H1 and H2 be groups , and let U �H1�H2 be finite. Suppose that for some ˛; ˇ > 0
the projection U1 of U to H1 satisfies jU n1 j > .˛ jU1j/

ˇn for every n 2 N, and that the projective map

from hU i to H1 is k-to-one for some k 2N. Then jU nj>
�
˛
k
jU j

�ˇn for every n 2N.

Proof As the projective map is k-to-one we have that jU j D k jU1j, so combined with the fact that
jU nj> jU n1 j, we obtain our inequality.

Remark 2.2.7 If one of the factors in a direct product is finite, then the projection to the other factors
will always be finite-to-one. Consequently, in this case a subgroup will have uniform product set growth
if and only if its projection to the other factors has uniform product set growth [32, Lemma 3.6.7]. This is
why the assumption of H2 being infinite was necessary in Proposition 2.2.5.

On the other hand, if the cardinality of the projection is infinite, then this can form an obstruction to
uniform product set growth.

Proposition 2.2.8 LetH1 andH2 be groups , where no finitely generated subgroup ofH2 has exponential
growth. Let G 6H1 �H2 be finitely generated , such that the projective map from G to H1 is infinite-to-
one. Then for any constants ˛; ˇ > 0 we can find a finite generating set U ofG such that jU nj< .˛ jU j/ˇn

for some n 2N.

Algebraic & Geometric Topology, Volume 25 (2025)



Product set growth in virtual subgroups of mapping class groups 2771

Proof Fix constants ˛; ˇ > 0. Suppose that for every finite generating set U of G, we have that
jU nj > .˛ jU j/ˇn for every n 2 N. We will show that this gives a contradiction to H2 not having
exponential growth.

Let GH1 and GH2 be the projections of G to H1 and H2, respectively. Note that as the projection of G
to GH1 is infinite-to-one, for every g 2GH1 there exists infinitely many h 2H2 such that .g; h/ 2G.

We fix a finite V �G such that hV i DG. Let VH1 and VH2 be its projections to H1 and H2, respectively.
As VH2 is finite we can write it as VH2 D fv1; : : : ; vmg. Pick g 2 VH1 , then for some k 2 N choose
fxv1; : : : ; xvkg �H2 such that fv1; : : : ; vmg\ fxv1; : : : ; xvkg D∅ and .g; xvi / 2G for every i 2 f1; : : : ; kg.
Let V D V [f.g; xvi / W i 2 f1; : : : ; kgg. Then hV i D hV i DG, where VH1 D VH1 and jVH2 j> k. Note
that the choice of k here was arbitrary.

As V generates G, by our assumption jV nj> .˛ jV j/ˇn for every n 2N. Note that

jV nH2 j6 jV
n
j6 jV nH1 jjV

n
H2
j D jV nH1 jjV

n
H2
j6 jBVH1 .n/jjBVH2 .n/j:

Hence, by the same reasoning as in Proposition 2.2.5, we get that

!.GH2 ; VH2/>
.˛ jVH2 j/

ˇ

!.GH1 ; VH1/
:

In particular, if we pick k such that k > .2!.GH1 ;VH1 //
1=ˇ

˛
, then we have that jVH2 j>

.2!.GH1 ;VH1 //
1=ˇ

˛
,

which implies that !.GH2 ; VH2/ > 2. This tells us that GH2 has exponential growth, which is a
contradiction, as GH2 is a finitely generated subgroup of H2. We conclude that there must exist some
finite generating set U of G such that jU nj< .˛ jU j/ˇn for some n 2N.

2.2.3 Direct products of groups with uniform product set growth In the previous subsection we
dealt with the case where we have a subgroup of a direct product where one of the factor groups does not
have exponential growth. We will now consider a very different direct product case, which is a subgroup
of a direct product where all of the factors have uniform product set growth. We will show that the growth
of the factors passes to the growth of the subgroup, so long as the number of factors is bounded. The first
thing to note here is the standard fact that if we have a subset of a direct product, we can always relate
the size of the original set to the size of one of its projections.

Lemma 2.2.9 Let G DG1 � � � � �Gm be a group , and let U �G be finite , with Ui the projection of U
to the factor Gi . Then maxfjU1j; : : : ; jUmjg> jU j1=m.

Proof This follows from noting that U � U1 � � � � �Um.

This almost immediately gives us that if all of the projections of a subset U of a direct product satisfy the
uniform product set growth inequality, then so will U , with a change of constants that depends on the
number of factors in the direct product.

Algebraic & Geometric Topology, Volume 25 (2025)



2772 Alice Kerr

Corollary 2.2.10 Let G D G1 � � � � �Gm be a group , and let U � G be finite , with Ui the projection
of U to the factor Gi . Suppose there exist ˛; ˇ > 0 such that jU ni j > .˛ jUi j/

ˇn for every n 2 N and
i 2 f1; : : : ; mg. Then jU nj> .˛mjU j/ˇn=m for every n 2N.

Proof By Lemma 2.2.9 we choose Ui such that jUi j> jU j1=m. We can then conclude that

jU nj> jU ni j> .˛ jUi j/
ˇn > .˛ jU j1=m/ˇn D .˛mjU j/ˇn=m

for every n 2N.

The above result tells us that if we know about the growth of the projections of a specific subset, then
we can say something about the growth of the whole subset. This naturally means that if we can say
something general about the growth of subsets of the factor groups, then we can also say something
general about the growth of subsets of the direct product. Using [16, Theorem 1.1], one place we can
apply this idea is to subgroups of direct products of hyperbolic groups.

Definition 2.2.11 We say a group is contained nontrivially in a direct product when it is a subgroup of a
direct product, and none of its projections to any of the factor groups are injective.

Proposition 2.2.12 Let G D G1 � � � � �Gm be a direct product of hyperbolic groups. There exists a
constant ˛ > 0 such that for every finite U �G, at least one of the following must hold :

(1) hU i is virtually Z.

(2) hU i is contained nontrivially in a direct product of the form H1 �H2, where H2 is virtually Z.

(3) jU nj> .˛ jU j/n=.2m/ for every n 2N.

Proof The statement of [16, Theorem 1.1] says that for each hyperbolic group Gi there exists ˛i > 0
such that for every finite Vi � Gi where hVi i is not virtually Z, we have that jV ni j > .˛i jVi j/

n=2 for
every n 2N. Let ˛ Dminf˛1; : : : ; ˛mg.

Suppose U �G is finite, where hU i is not virtually Z, and is not contained nontrivially in a direct product
H1 �H2 where H2 is virtually Z. If any projection hUi i to Gi is virtually Z, we therefore have that
the projection to the product of the other factors is injective, so we can ignore the virtually Z factor. As
a consequence, we can assume that every Ui has the property that jU ni j > .˛ jUi j/

n=2 for every n 2N.
Therefore jU nj> .˛mjU j/n=.2m/ for every n 2N, by Corollary 2.2.10.

Proposition 2.2.12 does not give us a dichotomy of subgroups, as demonstrated by Example 2.2.4.
We might be tempted to try to use the work in the previous subsection to get such a dichotomy, however in
the general case this is not possible, as using finite-to-one projections to get down to the factors with uniform
product set growth will only work if we have some control over the size of the projections. On the other
hand, it turns out we do have some control over these projections in the case of virtually torsion-free groups.
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Lemma 2.2.13 Let H1 and H2 be groups , where H2 has a torsion-free subgroup H 02 of index d 2N.
Let G �H1 �H2 be finitely generated , such that the projective map from G to H1 is k-to-one. Then
either k 6 d , or k is infinite.

Proof Let GH1 and GH2 be the projections of G to H1 and H2, respectively. Suppose that the projective
map is k-to-one for some k such that k > d , or is infinite. We will show that it must be infinite.

The kernel of the projective map has cardinality k, so by the pigeonhole principle there must exist
a; b 2GH2 such that a¤ b, .e; a/; .e; b/ 2G, and a; b 2 hH 02 �H2. That is, they are in the same coset
of H 02 in H2.

This means that there exist na; nb 2H 02 such that na¤ nb and aD hna, bD hnb , so a�1bD n�1a nb ¤ e.
Therefore .e; n�1a nb/ 2G, and has infinite order as H 02 is torsion-free. In particular this is in the kernel
of the projective map, so the kernel must have infinite cardinality.

We can therefore get a dichotomy for the subgroups of direct products of virtually torsion-free hyperbolic
groups. The fact that the statement below gives us a dichotomy follows from Proposition 2.2.8.

Proposition 2.2.14 Let GDG1�� � ��Gm be a direct product of virtually torsion-free hyperbolic groups.
There exist ˛; ˇ > 0 such that for every finite U �G, at least one of the following must hold :

(1) hU i is contained a direct product of the form H1 �H2, where H2 is virtually free abelian and the
projection of hU i to H1 is infinite-to-one.

(2) jU nj> .˛ jU j/n=.2m/ for every n 2N.

Proof For every Gi , there exists a torsion-free subgroup G0i of finite index. Let that index be di 2N.
Then G01 � � � � �G

0
m is a torsion-free subgroup of G with index d D d1 � � � dm. Hence every subgroup

of G has a torsion-free subgroup with index at most d .

Let U � G be finite. Assume that if hU i is contained in a direct product of the form H1 �H2, where
H2 is virtually Z, then the projection of hU i to H1 is finite-to-one. This allows us to rule out the case
that hU i is virtually free abelian, as otherwise we could see hU i as a subgroup of feg � hU i, where the
projection to feg is infinite-to-one.

Let Ui be the projection of U to Gi , so hU i 6 hU1i � � � � � hUmi. We rewrite the Ui as V1; : : : ; Vk;
W1; : : : ; Wm�k , where the hVi i are not virtually Z, and the hWi i are virtually Z. The set fV1; : : : ; Vkg is
nonempty, as otherwise hU i would be an infinite subgroup of a virtually free abelian group, and so would
itself be virtually free abelian. On the other hand, fW1; : : : ; Wm�kg may be empty.

Let U 0 be the projection of U to hV1i � � � � � hVki. The projection of U 0 to each of these factors is
simply Vi . As hVi i is not virtually Z, [16, Theorem 1.1] tells us there exists ˛i > 0, dependent only
on Gi , such that jV ni j> .˛i jVi j/

n=2 for every n 2N. Let ˛ Dminf˛1; : : : ; ˛mg. Noting that k 6m, we
have that j.U 0/nj> .˛mjU 0j/n=.2m/ for every n 2N by Corollary 2.2.10.
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We know that hW1i � � � � � hWm�ki has a torsion-free subgroup of index at most d , so as the projection
of hU i to hV1i � � � � � hVki is finite-to-one, by Lemma 2.2.13 it is at most d -to-one. It therefore follows
that jU nj>

�
˛m

d
jU j

�n=.2m/ for every n 2N by Lemma 2.2.6.

Remark 2.2.15 Whether all hyperbolic groups are virtually torsion-free or not is an open question, and
is equivalent to the problem of whether all hyperbolic groups are residually finite [31].

The method used in the above proof is similar to the methods we will use in Section 4, where we will be
considering right-angled Artin groups and mapping class groups, which are virtually torsion-free and
have bounds of the number of factors in any subgroup that is a direct product.

2.2.4 Passing to finite-index supergroups We now move away from direct products, and consider
another way that uniform product set growth can be inherited. It is well known that uniform exponential
growth passes to finite-index supergroups [48, Proposition 3.3]. This can be shown by checking that for
any finite generating set of the supergroup, there exists a finite generating set of our finite-index subgroup
where each generator has bounded length. We can adapt this method to show that uniform product set
growth also passes to finite-index supergroups, at least in the case of symmetric sets.

The question of whether uniform exponential growth passes to finite-index subgroups is still open, and
this is also open for uniform product set growth. A partial answer is given by Corollary 2.2.2.

To prove that uniform product set growth passes to finite-index supergroups, we first need to collect some
preliminary results.

Lemma 2.2.16 [40, Proposition 2.3] LetG be a finitely generated group , and let U be a finite generating
set of G. Let H 6G such that ŒG WH�D d . There exists a set of representatives of the right cosets of H
such that each representative has length at most d � 1 in the word metric induced by U .

The following is not stated explicitly in [40], but follows from the work there.

Proposition 2.2.17 Let G be a finitely generated group , and let U be a finite generating set of G. Let
H 6 G such that ŒG W H� D d . There exists a finite generating set V of H such that jV j > 1

d
jU j and

V � BU .2d � 1/.

Proof Let fg1; : : : ; gd g �G be a set of representatives of the right cosets of H such that each represen-
tative has length at most d �1 in the word metric induced by U , which we know exists by Lemma 2.2.16.
We can assume that 1 2 fg1; : : : ; gd g.

For each i 2 f1; : : : ; dg and u 2 U [U�1, let �.i; u/ 2 f1; : : : ; dg be such that g�.i;u/ is the right coset
representative ofHgiu. Proposition 2.1 in [40] tells us that V Dfgiug�1�.i;u/ W i 2f1; : : : ; dg; u2U[U

�1g

is a finite generating set for H . For u; v 2 U such that u ¤ v, we have that g1ug�1�.1;u/ D g1vg
�1
�.1;v/

implies that �.1; u/¤ �.1; v/. This means that for any d C 1 elements in U , we can construct at least
two different elements in V , and so forth. Therefore jV j> 1

d
jU j. We also note that each giug�1�.i;u/ has

length at most 2d � 1 in the word metric induced by U , so V � BU .2d � 1/.
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Lemma 2.2.18 Let U be a finite symmetric subset of a group G. Then jU nj6 jBU .n/j6 2jU nj.

Proof The lower bound follows from the fact that U n�BU .n/. For the upper bound, U being symmetric
means that U n � U nC2 for every n 2N. Therefore

BU .n/D feg[U [ � � � [U
n
D U n�1[U n

for any n2N. This means that jBU .n/j6jU n�1jCjU nj, so as jU n�1j6jU nj we get that jBU .n/j62jU nj.

We can now prove that uniform product set growth passes to finite-index supergroups.

Proposition 2.2.19 Let G be a finitely generated group , and let U be a finite symmetric generating
set of G. Let H 6 G such that ŒG WH�D d . Suppose that there exist ˛; ˇ > 0 such that for any finite
symmetric generating set V of H , we have that jV nj> .˛ jV j/ˇn for every n 2N. Let mD 2d �1. Then

jU nj>
�

˛

2m=ˇd
jU j

�̌ n=m

for every n 2N.

Proof We know from Proposition 2.2.17 that there exists a finite symmetric generating set V of H such
that jV j > 1

d
jU j and V � BU .m/. Let n 2 N. Using Lemma 2.2.18 we know that jBU .n/j 6 2jU nj,

as U is symmetric.

For every n 2N we have that

.2jU nj/m > jBU .n/jm > jBU .n/mj D jBU .m/nj

> jV nj> .˛ jV j/ˇn >
�
˛

d
jU j

�̌ n

:

Therefore

jU nj> 1

2

�
˛

d
jU j

�̌ n=m

D

�
˛

2m=.ˇn/d
jU j

�̌ n=m

It now only remains to note that 21=n 6 2 for every n 2N, and the conclusion follows.

The above result has recently been generalised to the nonsymmetric case [51, Lemma 5.6].

3 Growth in acylindrically hyperbolic groups

The focus of this section will be to prove some results about product set growth for certain subsets of
acylindrically hyperbolic groups. This will provide us with some of the tools that we will need in Section 4
when trying to answer Question 1.0.1 for virtual subgroups of mapping class groups.

In Section 3.1, we will give some necessary background information regarding quasitrees, hyperbolic
spaces, and acylindrically hyperbolic groups. In Section 3.2, we will use the fact that tree approximation
is uniform in quasitrees [33] to get a generalisation of Delzant and Steenbock’s result for groups acting
acylindrically on trees [16, Theorem 1.11] to groups acting acylindrically on quasitrees. As noted
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below in Theorem 3.1.12, it was shown by Balasubramanya that every acylindrically hyperbolic group
has an acylindrical action on a quasitree. Hence this generalisation to quasitrees can be seen as being
complementary to Delzant and Steenbock’s statement for groups acting acylindrically on hyperbolic
spaces [16, Theorem 1.14].

We will also use Section 3.2 to give a more concrete method by which we can use this generalisation
to answer Question 1.0.1 for certain subgroups of acylindrically hyperbolic groups, namely by quickly
finding loxodromic elements in the action on a quasitree. In Section 3.3 we will note that, by a result of
Fujiwara [20], this method can also be used when the acylindrical action is on a hyperbolic space. This is
a more practical setting for many groups, although it comes at the cost of having to restrict to symmetric
subsets.

3.1 Acylindrically hyperbolic groups

3.1.1 Hyperbolic spaces and quasitrees

Definition 3.1.1 Let .X; d/ be a metric space. Let x0; x; y 2X . The Gromov product of x and y at x0 is

.x; y/x0 D
1
2
.d.x0; x/C d.x0; y/� d.x; y//:

Notation 3.1.2 For x; y in a geodesic metric space, we will use the notation Œx; y� to represent any
geodesic from x to y.

Definition 3.1.3 Let .X; d/ be a geodesic metric space. We say that X is ı-hyperbolic, for some ı > 0,
if for every x; y; z 2X any choice of geodesic triangle Œx; y�[ Œy; z�[ Œz; x� is ı-slim, meaning that if
p 2 Œx; y� then there exists q 2 Œy; z�[ Œz; x� such that d.p; q/6 ı.

Convention 3.1.4 Every hyperbolic space we work with in this paper will be assumed to be geodesic.

Remark 3.1.5 A 0-hyperbolic space is an R-tree [12, page 42].

A quasitree is most commonly defined as being a geodesic metric space that is quasi-isometric to a
simplicial tree, which is equivalent to being quasi-isometric to an R-tree [33]. Here, however, we will use
Manning’s characterisation of these spaces.

Theorem 3.1.6 (Manning’s bottleneck criterion [41]) A geodesic metric space .X; d/ is a quasitree
if and only if there exists a constant �> 0 (the bottleneck constant) such that for every geodesic Œx; y�
in X , and every z 2 Œx; y�, every path between x and y intersects the closed ball B.z;�/.

Remark 3.1.7 It follows from Theorem 3.1.6 that a quasitree with bottleneck constant � > 0 is �-
hyperbolic.
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A key property of hyperbolic spaces is Gromov’s tree approximation lemma, which essentially states that
every finite subset of a hyperbolic space can be approximated by an R-tree, with error dependent on the
number of points being approximated. In quasitrees this approximation is uniform, in the sense that the
error does not depend on the subset being approximated.

Proposition 3.1.8 [33] Let .X; d/ be a ı-hyperbolic quasitree , with bottleneck constant � > 0. Let
x0 2X , and let Z �X . Let Y be a union of geodesic segments

S
z2Z Œx0; z�. Then there is an R-tree T

and a map f W .Y; d/! .T; d�/ such that :

(1) For all z 2Z, the restriction of f to the geodesic segment Œx0; z� is an isometry.

(2) For all x; y 2 Y , we have that d.x; y/� 2.�C 2ı/6 d�.f .x/; f .y//6 d.x; y/.

3.1.2 Acylindrical actions and loxodromic elements When we look at groups acting on quasitrees
and hyperbolic spaces, we will be specifically interested in the cases where that action is acylindrical.
The following terminology comes from [15].

Definition 3.1.9 We say that an isometric action of a group G on a ı-hyperbolic space is acylindrical, or
.�0; N0/-acylindrical for �0 > ı and N0 > 1, if for every x; y 2X with d.x; y/> �0 we have that

jfg 2G W d.x; gx/6 100ı and d.y; gy/6 100ıgj6N0:

Remark 3.1.10 By a result in [15], if ı > 0, then this is equivalent to the more common definition of
acylindricity, which can be found in papers such as [45].

It turns out that every group admits an acylindrical action on a hyperbolic space, simply by considering
the trivial action on a point. To have a meaningful class of groups to consider, we therefore need another
condition on the action.

Definition 3.1.11 An acylindrical action by a group G on a hyperbolic space X is nonelementary if G
is not virtually cyclic and all orbits are unbounded. A group is acylindrically hyperbolic if it admits a
nonelementary acylindrical action on a hyperbolic space.

This is a wide class of groups, which includes (nonvirtually cyclic) hyperbolic groups, most mapping
class groups, most right-angled Artin groups, and Out(Fn) for n> 2. See the appendix of [45] for a more
complete list.

In Section 3.2, we will be interested in the acylindrically hyperbolic groups that have an acylindrical action
on a quasitree. By a theorem of Balasubramanya, this is in fact the entire class of acylindrically hyperbolic
groups. This means that any result for groups acting acylindrically on quasitrees can automatically be
applied to every acylindrically hyperbolic group, which helps motivate Section 3.2.

Theorem 3.1.12 [3] Every acylindrically hyperbolic group admits a nonelementary acylindrical action
on a quasitree.
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In Sections 3.2 and 3.3, we will show that we can say something about the growth of a subset of an
acylindrically hyperbolic group if that subset contains a loxodromic element.

Definition 3.1.13 Let G be a group acting by isometries on a hyperbolic space X . We say that g 2G
is an elliptic element if some (equivalently any) orbit of hgi in X has bounded diameter. We say that
g 2G is a loxodromic element if hgi has unbounded orbits, and fixes exactly two points on the Gromov
boundary @X . We call these fixed points gC and g�.

A result of Bowditch tells us that these two types classify all elements in an acylindrical action on a
hyperbolic space.

Proposition 3.1.14 [6] Let G be a group acting acylindrically on a hyperbolic space X . Every element
g 2G is either elliptic or loxodromic.

We finish this section with the following notation.

Definition 3.1.15 Let G be a group acting acylindrically on a hyperbolic space X , and let g be a
loxodromic element in this action. Denote by E.g/ the maximal virtually cyclic subgroup containing g.

Remark 3.1.16 This maximal virtually cyclic subgroup exists by Lemma 6.5 in [15], and is exactly the
stabiliser of fgC; g�g in G.

3.2 Growth from actions on quasitrees

In this section we will be interested in a theorem of Delzant and Steenbock [16, Theorem 1.14], where
they give a lower bound on the growth of U n for certain subsets of acylindrically hyperbolic groups. As a
direct result of the fact that tree approximation is uniform in quasitrees [33] we will be able to improve this
theorem in the case of groups acting acylindrically on quasitrees. By Theorem 3.1.12 this improvement
will apply to every acylindrically hyperbolic group, as every such group admits an acylindrical action on
a quasitree.

Before we can state the result that we wish to improve, we must first give a few definitions.

Definition 3.2.1 [16] Let U be a finite set of isometries of a ı-hyperbolic space .X; d/, with ı > 0.
The normalised `1-energy of U is

E.U /D inf
x2X

1

jU j

X
u2U

d.x; ux/:

We then fix a basepoint x0 2X such that it minimises E.U / up to ı, so
1

jU j

X
u2U

d.x0; ux0/6E.U /C ı:

The displacement of U is then defined to be

�0.U /Dmax
u2U

d.x0; ux0/:
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Remark 3.2.2 Another version of displacement which is sometimes used is to instead take the infimum
of maxu2U d.x; ux/ over any x 2 X , which is clearly a lower bound for �0.U /. For a comparison of
such quantities, see [7].

The result that Delzant and Steenbock obtained for groups acting acylindrically on hyperbolic spaces is
the following.

Theorem 3.2.3 [16] Let G be a group acting .�0; N0/-acylindrically on a ı-hyperbolic space. Assume
�0 > ı and N0 > 1. There exist constants ˛ D ˛.ı; �0; N0/ > 0 and K DK.�0/ > 0 such that for every
finite U �G, at least one of the following must hold :

(1) hU i is virtually Z.

(2) �0.U / < K log2.2jU j/.

(3) jU nj>
�

˛

log62.2jU j/
jU j

�b.nC1/=2c for every n 2N.

Remark 3.2.4 The action in Theorem 3.2.3 is not assumed to be nonelementary, and as stated before
every group G acts acylindrically on some hyperbolic space. However, if the action in question is
elementary, then any finite subset U of G must satisfy that hU i is virtually Z, or �0.U / < K log2.2jU j/,
or be such that jU j6 1

˛
, by Proposition 4.4 in [16].

We would like to restate this theorem for groups acting acylindrically on quasitrees, but with the logarithm
terms removed. To do this we will first check that the step in Delzant and Steenbock’s proof in which the
logarithm terms are introduced can be improved in the case of quasitrees, and then combine this with the
rest of their results. We will then consider the theorem we obtain in the context of Question 1.0.1, which
means that we would like to understand which subsets have large enough displacement that our theorem
will allow us to say something about their product set growth.

3.2.1 The reduction lemma for quasitrees The logarithm terms in Theorem 3.2.3 are introduced in a
key step that Delzant and Steenbock call the reduction lemma, which we state below.

Notation 3.2.5 By .Ux0; Vx0/x0 6R we mean that .ux0; vx0/x0 6R for every u2U; v 2V , as in [16].

The constant �0 is chosen such that �0 > ı, and will generally be taken from the acylindrical action on
the space, as in Theorem 3.2.3.

Lemma 3.2.6 (reduction lemma [16]) Let U be a finite set of isometries of a ı-hyperbolic met-
ric space X , with ı > 0. If at most 1

4
of the isometries u 2 U have displacement d.x0; ux0/ 6

1010�0 log2.2jU j/, then there exist U0; U1 � U with cardinalities at least 1
100
jU j such that

.U�10 x0; U1x0/x0 6 1000 log2.2jU j/ı and .U0x0; U
�1
1 x0/x0 6 1000 log2.2jU j/ı:

In addition , for all u0 2 U0 and u1 2 U1 we have that

d.x0; u0x0/> 1010�0 log2.2jU j/ and d.x0; u1x0/> 1010�0 log2.2jU j/:
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U0x0 U�10 x0

U1x0

U�11 x0

x0

Figure 1: The reduction lemma.

Figure 1 gives a representation of how such sets U0 and U1 may look when applied to x0. Every
element displaces x0 by a large distance, while U�10 and U1 (respectively, U0 and U�11 ) translate x0 in
opposite directions in the space. Once such sets are found, Delzant and Steenbock estimate jU 2nC1j by
instead considering j.U0U1/nU0j, and showing that a lower bound on this can be given in terms of jU0jn.
As jU0j> 1

100
jU j, a lower bound can then be given in terms of jU jn.

The logarithm terms in the reduction lemma are introduced because the proof makes use of Gromov’s
tree approximation lemma. In their paper Delzant and Steenbock remark that if the space being acted
on is a quasitree, then the logarithm terms in Theorem 3.2.3 should disappear (see [16, Remark 1.18]).
We are able to check that this is indeed the case. We include the proofs here for completeness, however
the method and ideas are the same as those used in [16], with the substitution of Proposition 3.1.8 in
place of Gromov’s tree approximation lemma.

In everything that follows, we will assume that x0 has been chosen to minimise E.U / for our given set
of isometries U , as in Definition 3.2.1. For the purposes of the reduction lemma the constant �0 only
needs to satisfy �0 > �, where � is the hyperbolicity or bottleneck constant for the space, however
when this lemma is applied to an acylindrical action it will be taken to be the acylindricity constant from
Definition 3.1.9.

Remark 3.2.7 To reduce the number of constants, we recall from Remark 3.1.7 that a quasitree with
bottleneck constant �> 0 is �-hyperbolic, so we will use this � for both.

We will first consider subsets of U of the form

Uy;z D fu 2 U W d.x0; ux0/> 1010�0; .x0; ux0/y 6�; .x0; u
�1x0/z 6�g;

where y; z 2 S.x0; 1000�/, the sphere of radius 1000� centred at x0 in X . Note that some of these sets
may be empty.

The following result is key to the proof of the reduction lemma.
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Lemma 3.2.8 (minimal energy [16]) Let U be a finite set of isometries of a �-hyperbolic metric
space X , with �> 0. Let y0 2 S.x0; 1000�/, and Y D B.y0; 100�/ \S.x0; 1000�/. Thenˇ̌̌ S

y;z2Y

Uy;z

ˇ̌̌
6 2
3
jU j:

The idea of the minimal energy lemma is that if too many of the isometries in U and U�1 send x0 in the
same direction, then this would contradict our choice of x0 as minimising E.U /D 1

jU j

P
u2U d.x; ux/.

In particular, y0 would be a better choice.

The statement of the reduction lemma for quasitrees is as follows.

Lemma 3.2.9 (reduction lemma) Let U be a finite set of isometries of a quasitree X with bottleneck
constant �> 0. If at most 1

4
of the isometries u 2 U have displacement d.x0; ux0/6 1010�0, then there

exist U0; U1 � U with cardinalities at least 1
100
jU j such that

.U�10 x0; U1x0/x0 6 1000� and .U0x0; U
�1
1 x0/x0 6 1000�:

In addition , for all u0 2 U0 and u1 2 U1 we have that

d.x0; u0x0/> 1010�0 and d.x0; u1x0/> 1010�0:

To prove the reduction lemma we need two preliminary lemmas, for which we will assume that X and U
are as above. As with everything in this subsection, their proofs follow their analogues in [16], with the
only difference being the substitution of constants to match the uniform tree approximation lemma.

We first set up our notation. Let r D 1000� and S D S.x0; r/. Consider

V D
S

x2Ux0[U�1x0

Œx0; x�:

As U is finite, by Proposition 3.1.8 there exists an R-tree .T; d�/ and a map f W .V; d/! .T; d�/ such that:

(1) For all x 2 Ux0[U�1x0, the restriction of f to the geodesic segment Œx0; x� is an isometry.

(2) For all y; z 2 V , we have that d.y; z/� 6�6 d�.f .y/; f .z//6 d.y; z/.

Let S be the sphere of radius r centred at f .x0/ in T . As f restricted to any geodesic segment Œx0; x�
is an isometry, we have that S D f .S \V /. For any P;Q � S , we let k D 1010�0 and define

UP;Q D
˚
u 2 U W d.x0; ux0/> k; and there exists p 2 P; q 2Q such that

.f .x0/; f .ux0//p D 0 and .f .x0/; f .u�1x0//q D 0
	
:

This is equivalent to saying that u 2 U with displacement d.x0; ux0/ > k is in UP;Q if and only if
Œf .x0/; f .ux0/� intersects S at P , and Œf .x0/; f .u�1x0/� intersects S at Q.

The proof of Lemma 3.2.10 follows the proof of Lemma 6.9 in [16].
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Lemma 3.2.10 Let P � S and Q � S nP . Then

.U˘;Q
�1x0; UP;?x0/x0 6 r;

where ˘ and ? are used as placeholders for any subsets of S .

Proof Let u0 2 UP;?, and u1 2 U˘;Q. This means that Œf .x0/; f .u0x0/� intersects S at P , and
Œf .x0/; f .u

�1
1 x0/� intersects S at Q. As P \QD∅, and we are in a tree, this means that

.f .u0x0/; f .u
�1
1 x0//

�
f .x0/

6 r:

As f is an isometry on Œx0; u0x0� and Œx0; u�11 x0�, and d�.f .u0x0/; f .u�11 x0//6 d.u0x0; u
�1
1 x0/, we

get that

.f .u0x0/; f .u
�1
1 x0//

�
f .x0/

D
1
2

�
d�.f .x0/; f .u0x0//C d

�.f .x0/; f .u
�1
1 x0//� d

�.f .u0x0/; f .u
�1
1 x0//

�
> 1
2
.d.x0; u0x0/C d.x0; u

�1
1 x0/� d.u0x0; u

�1
1 x0//

D .u0x0; u
�1
1 x0/x0 ;

and therefore

.u0x0; u
�1
1 x0/x0 6 r:

Sets of the form UP;? and U˘;Q therefore have the required Gromov product, and have the required
displacement by definition. If we can find such sets that have cardinalities at least 1

100
jU j, then we will

be done.

The proof of Lemma 3.2.11 follows the proof of Lemma 6.11 from [16]. Let P � S , and Q D S nP .
Fix p 2 P . Let P 0 D P n fpg, and Q0 DQ[fpg. Note that jUP 0;P 0 j6 jUP;P j, and jUQ0;Q0 j> jUQ;Qj.

Lemma 3.2.11 Suppose at most 1
4

of the isometries u 2 U have displacement d.x0; ux0/6 k, and that
we have the following:

(1) jUP;Qj6 1
100
jU j, jUQ;P j6 1

100
jU j, and jUQ;Qj6 1

100
jU j.

(2) jUP 0;Q0 j6 1
100
jU j, jUQ0;P 0 j6 1

100
jU j, and jUQ0;Q0 j> 1

100
jU j.

Then jUP 0;P 0 j> 1
100
jU j.

Proof Suppose that jUP 0;P 0 j6 1
100
jU j. We want to get a lower bound on jUp;pj, and use this to get a

contradiction with the minimal energy lemma.

First note that as QD S nP and T is a tree, the sets UP;P , UP;Q, UQ;P , and UQ;Q are disjoint and

fu 2 U W d.x0; ux0/> kg D UP;P tUP;Q tUQ;P tUQ;Q:
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We know that jfu 2 U W d.x0; ux0/> kgj> 75
100

, so jUP;P j> 72
100

, and therefore jUP;P nUP 0;P 0 j> 71
100

.
We also have that

jUP;P nUP 0;P 0 j D jUP 0;pjC jUp;P 0 jC jUp;pj

6 jUP 0;Q0 jC jUQ0;P 0 jC jUp;pj

6 2
100
jU jC jUp;pj:

Hence jUp;pj> 69
100

.

To get a contradiction with the minimal energy lemma, we want to show that Up;p is a subset ofS
y;z2B.y0;6�/\S

Uy;z for some y0 2 S .

Consider the set f �1.p/. As p 2 S , and f maps geodesics from x0 isometrically, we have that
f �1.p/�S . Fix y0 2f �1.p/. For any z 2f �1.p/, we get that d.y0; z/6d�.f .y0/; f .z//C6�D6�.
Hence f �1.p/� B.y0; 6�/\S .

It therefore suffices to show thatUp;p is a subset of
S
y;z2f �1.p/ Uy;z . Let u2Up;p . The function f maps

Œx0; ux0� isometrically onto Œf .x0/; f .ux0/�, and p lies on Œf .x0/; f .ux0/�, so there exists y 2 f �1.p/
such that y 2 Œx0; ux0�. This means that .x0; ux0/y D 0 < �. Similarly, we can pick z 2 f �1.p/ such
that .x0; u�1x0/z D 0 < �. Hence u 2 Uy;z , so

69
100

6 jUp;pj6
ˇ̌̌ S
y;z2f �1.p/

Uy;z

ˇ̌̌
6
ˇ̌̌ S
y;z2B.y0;6�/\S

Uy;z

ˇ̌̌
:

This contradicts the minimal energy lemma, so jUP 0;P 0 j> 1
100
jU j.

We will now use these results to prove the reduction lemma.

Proof of reduction lemma We want to find two sets U0 and U1 of the form UP;? and U˘;Q, with P � S
and Q � S nP , such that jUP;?j> 1

100
and jU˘;Qj> 1

100
.

Let P .0/ D S and Q.0/ D ∅. Note that S is finite, so we can write P .0/ as P .0/ D fp1; : : : ; pN g for
some N 2N. We now recursively define P .n/ D P .n�1/ n fpng, and Q.n/ DQ.n�1/[fpng.

If for any n we have that jUP .n/;Q.n/ j>
1
100

or jUQ.n/;P .n/ j>
1
100

, then we can set U0 D U1 to be this
set, and we are done. Suppose otherwise, so jUP .n/;Q.n/ j6 1

100
and jUQ.n/;P .n/ j6 1

100
for all n. We can

see that jUQ.n/;Q.n/ j is an increasing sequence, with jUQ.0/;Q.0/ j D 0 and

jUQ.N/;Q.N/ j D jUS;S j D jfu 2 U W d.x0; ux0/> kgj> 75
100
:

Hence there exists n such that jUQ.n�1/;Q.n�1/ j6 1
100

and jUQ.n/;Q.n/ j>
1
100

. By Lemma 3.2.11 we also
get that jUP .n/;P .n/ j>

1
100

, so we can set U0 D UP .n/;P .n/ and U1 D UQ.n/;Q.n/ .

The subsets used in [16] actually take a slightly stronger form, where the displacement of x0 by one
subset is greater than that of the other, however as in [16] such sets are easily obtainable as a corollary of
the reduction lemma.
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Corollary 3.2.12 Let U be a finite set of isometries of a quasitree X with bottleneck constant � > 0.
If at most 1

4
of the isometries u 2U have displacement d.x0; ux0/6 1010�0, then there exist U0; U1 �U

with cardinalities at least 1
200
jU j such that

.U�10 x0; U1x0/x0 6 1000� and .U0x0; U
�1
1 x0/x0 6 1000�:

In addition , for all u0 2 U0 and u1 2 U1 we have that

1010�0 6 d.x0; u0x0/6 d.x0; u1x0/:

Proof Let U 00 and U 01 be the sets chosen in the reduction lemma. Let m0 be the median of the set
fd.x0; ux0/ W u 2 U

0
0g, and m1 be the median of the set fd.x0; ux0/ W u 2 U 01g.

Ifm06m1, then let U0Dfu2U 00 W d.x0; ux0/6m0g and U1Dfu2U 01 W d.x0; ux0/>m1g. Ifm1<m0
then let U0D fu 2U 01 W d.x0; ux0/6m1g and U1D fu 2U 00 W d.x0; ux0/>m0g. In both cases note that
U0 and U1 have cardinalities at least half of that of the original sets.

3.2.2 Growth of sets with large displacement When combined with the rest of the work in [16],
Corollary 3.2.12 gives us the desired result for acylindrical actions on quasitrees.

Theorem 3.2.13 Let G be a group acting .�0; N0/-acylindrically on a quasitree X with bottleneck
constant � > 0. Assume �0 > � and N0 > 1. There exist constants ˛ D ˛.�; �0; N0/ > 0 and
K DK.�0/ > 0 such that for every finite U �G, at least one of the following must hold :

(1) hU i is virtually Z.

(2) �0.U / < K.

(3) jU nj> .˛ jU j/b.nC1/=2c for every n 2N.

In particular , we can take ˛ D �2

1052N 60 �
2
0

and K D 1014�0.

Proof This follows by combining Corollary 3.2.12 from this paper with Corollary 5.6 and Proposition 6.18
from [16], using d D 1, b D 10, and ı D�.

Remark 3.2.14 This is a generalisation of Delzant and Steenbock’s result for groups acting acylindrically
on trees [16, Theorem 1.11].

Recall Theorem 3.1.12, which states that every acylindrically hyperbolic group admits a nonelemen-
tary acylindrical action on a quasitree. This allows us to apply Theorem 3.2.13 to the entire class of
acylindrically hyperbolic groups.

We emphasise here, however, that this is not a direct improvement of Theorem 3.2.3, as in both statements
the displacement condition is dependent on the action under consideration. In particular, for a certain
acylindrically hyperbolic group G, and finite subset U of G, we may have that the displacement of U is
large under the acylindrical action of G on some general hyperbolic space, but small under the acylindrical
action of G on a quasitree.
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3.2.3 Loxodromic elements and displacement To use Theorem 3.2.13 to say anything about the growth
of finite subsets of a specific acylindrically hyperbolic group, we must first be able to say something
about which finite subsets will have large displacement under some action on a quasitree.

One difficulty with this is that the displacement �0 is dependent on the choice of basepoint x0, which is
dependent on the finite set U . It is easier instead to try to find sets U such that maxu2U d.x; ux/ is large
for every point x in the space being acted on. As is often the case with exponential growth questions, this
can be done by finding loxodromic elements, due to the following result of Bowditch.

Definition 3.2.15 Let G be a group acting by isometries on a metric space X . For g 2 G, the stable
translation length of g is

�.g/D lim
n!1

d.x; gnx/

n
;

where x 2X is arbitrary.

Proposition 3.2.16 [6] Let G be a group acting acylindrically on a ı-hyperbolic space. There exists
� > 0, dependent only on ı and the acylindricity constants , such that if g 2G is loxodromic then �.g/> �.

We also need the following lemma.

Lemma 3.2.17 Let G be a group acting acylindrically on a hyperbolic space X , and let U �G be finite.
Suppose that U k contains a loxodromic element for some k 2N, and hU i is not virtually Z. Then for
all n 2N, we have that hU ni is not virtually Z.

Proof Let g 2 U k be loxodromic. Suppose that for some n 2 N, we have that hU ni is virtually Z.
As gn 2 U kn, we have that hU ni6E.g/, so in particular U nfgC; g�g D fgC; g�g.

We want to show that for every u 2 U and 1 6 m 6 n, we have that UmfgC; g�g D umfgC; g�g.
We know that this is true when m D n. Suppose that this is true for some 2 6 m 6 n. Let u 2 U .
Then uUm�1fgC; g�g � UmfgC; g�g D umfgC; g�g. As uUm�1fgC; g�g is nonempty we must have
equality, so Um�1fgC; g�g D um�1fgC; g�g. This proves the claim by induction.

We therefore have that AD ffgC; g�g; ufgC; g�g; : : : ; un�1fgC; g�gg does not depend on the choice
of u2U , and as un 2E.g/ we have that A is closed under applying any element of U . Given that for any
u 2N we can rewrite A as fufgC; g�g; : : : ; unfgC; g�gg, we also get that A is closed under applying
any element of U�1. This means that A is the orbit of fgC; g�g under the action of hU i. However A is
finite, and hU i has a nonelementary acylindrical action on X , so this is a contradiction by [23, 8.2.D].

The above two results can then be applied to Theorem 3.2.13, the idea of which was originally pointed
out by Thomas Delzant.

Proposition 3.2.18 Let G be a group acting acylindrically on a quasitree. There exist ˛; ˇ > 0 such that
for every finite U �G such that U contains a loxodromic element , and hU i is not virtually Z, we have
that jU nj> .˛ jU j/ˇn for every n 2N.
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Proof Let X be the quasitree on whichG acts acylindrically. Let u2U be our given loxodromic element.
By Proposition 3.2.16 we know that there exists � > 0, dependent only on the bottleneck constant of X
and the acylindricity constants, such that �.u/> �. Let K > 0 be as in Theorem 3.2.13, and let mD

˙
K
�

�
.

It is clear from the definition of the stable translation length that �.um/Dm�.u/>K.

Let x 2X be arbitrary, and note that for n 2N we have that d.x; unmx/6 nd.x; umx/, which implies
�.um/ 6 d.x; umx/. Therefore, as um 2 Um, we conclude that �0.Um/ > K. By Lemma 3.2.17 we
have that hUmi is not virtually Z, so we can apply Theorem 3.2.13 to say that

jU nmj> .˛ jUmj/b.nC1/=2c > .˛ jU j/b.nC1/=2c;

for all n 2N, where ˛ > 0 is chosen in such a way that it is dependent only on the bottleneck constant
of X and the acylindricity constants of the action.

Suppose i 2N is such that i >m. Then there exists n 2N such that nm6 i < .nC 1/m. Therefore

jU i j> jU nmj> .˛ jU j/b.nC1/=2c > .˛ jU j/i=.4m/:

Now suppose i <m. If ˛ jU j<1 then it is trivial that jU i j> .˛ jU j/i=.4m/, as jU i j> 1. If we instead have
that ˛ jU j>1, then Theorem 3.2.13 tells us that ˛<1, so jU i j> jU j>˛ jU j> .˛ jU j/i=.4m/, as i

4m
<1.

Remark 3.2.19 The constants ˛ and ˇ are dependent on the acylindricity constants of the action, and
the bottleneck constant of the space being acted on, so two different acylindrical actions on quasitrees by
the same group will give different constants.

Corollary 3.2.20 Let G be a group acting acylindrically on a quasitree. There exist ˛; ˇ > 0 such that
for every finite U � G such that U k contains a loxodromic element for some k 2 N, and hU i is not
virtually Z, we have that jU nj> .˛ jU j/ˇn=k for every n 2N.

Proof By Lemma 3.2.17, the set U k satisfies the conditions of Proposition 3.2.18, so we have that

jU nj> jU nkj1=k > .˛ jU kj/ˇn=k > .˛ jU j/ˇn=k :

The growth we get for a certain subset of our group is therefore dependent on k, however if we can find an
upper bound on k, then we will have a lower bound for the growth. In other words, given a class of finite
subsets of G, if we can always generate a loxodromic element on a quasitree within a bounded product of
each set, then every U in this class will satisfy jU nj> .˛ jU j/ˇn for some uniform constants ˛; ˇ > 0.

These loxodromic elements do not have to be obtained from a single acylindrical action on a quasitree.
Instead, we only require that the quasitrees and associated acylindrical actions in question admit an upper
bound on the bottleneck constants and acylindricity constants. In particular, this will automatically be
satisfied if the loxodromic elements can be found from a finite collection of quasitrees and acylindrical
actions, as then the associated constants will automatically be bounded.
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Remark 3.2.21 Suppose G is a finitely generated group with a nonelementary acylindrical action on
a simplicial tree, without edge inversions. For any finite generating set U of G, it is known that U 2

contains a loxodromic element in this action [47, page 64], so the conditions of Corollary 3.2.20 are
satisfied for uniform k. The growth result we get from applying Corollary 3.2.20 to this kind of action
also follows from [16, Theorem 1.11].

3.3 Growth from actions on hyperbolic spaces

In the previous section we showed that being able to quickly generate loxodromic elements in an
acylindrical action on a quasitree is enough to prove uniform product set growth. Theorem 3.1.12 tells
us that every acylindrically hyperbolic group admits an acylindrical action on a quasitree, however this
construction does not necessarily give us an easy way to find loxodromic elements. There are groups
with more natural actions on quasitrees where this is possible to do, as we will see in Section 4, however
for many acylindrically hyperbolic groups their most natural acylindrical action is on a hyperbolic space
that is not a quasitree.

In such a case, we can instead use a result of Fujiwara, who showed that the statements we proved in
Section 3.2.3 also hold for finite symmetric subsets of groups that act acylindrically on hyperbolic spaces,
using the idea of generating free subgroups with rank proportional to the size of the initial set [20]. This
does not replace the generality of Theorem 3.2.13, as Fujiwara’s result only considers symmetric subsets,
and does not allow for other possible ways of finding sets of large displacement. On the other hand, it does
give us a practical way of answering Question 1.0.1 for a wider variety of acylindrically hyperbolic groups.

Proposition 3.3.1 [20] Let G be a group acting acylindrically on a hyperbolic space. There exist
a; b 2 N such that for every finite symmetric U � G such that U k contains a loxodromic element for
some k 2N, and hU i is not virtually Z, we have that there exists F � U bk such that jF j > jU j

a
and F

generates a free subgroup of rank jF j.

This allowed Fujiwara to obtain an alternative version of Corollary 3.2.20, for finite symmetric subsets of
groups with acylindrical actions on hyperbolic spaces.

Corollary 3.3.2 [20] Let G be a group acting acylindrically on a hyperbolic space. There exist ˛; ˇ > 0
such that for every finite symmetric U �G such that U k contains a loxodromic element for some k 2N,
and hU i is not virtually Z, we have that jU nj> .˛ jU j/ˇn=k for every n 2N.

Proof By Proposition 3.3.1, there exist a; b 2 N that are not dependent on U such that we can find
F � U bk , where jF j> jU j

a
and F generates a free subgroup of rank jF j. This gives us that

jU nj> jU nbkj1=.bk/ > jF nj1=.bk/ D jF jn=.bk/ >
�
1

a
jU j

�n=.bk/
:

Letting ˛ D 1
a

and ˇ D 1
b

completes the proof.
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As in the quasitree case, this means that if we have a collection of subgroups that each act acylindrically
on one of a collection of hyperbolic spaces, such that all the constants involved are bounded, and for each
symmetric generating set of a subgroup we can quickly generate a loxodromic element in one of these
actions, then this will give us our desired uniform product set growth.

4 Applications to virtual subgroups of mapping class groups

In this section we will apply the results of Sections 2 and 3 to answer Question 1.0.1 for virtual subgroups
of mapping class groups. That is, we would like to find a dichotomy for the finitely generated virtual
subgroups of our mapping class group, where either jU nj> .˛ jU j/ˇn for every symmetric generating set
of our subgroup, with ˛; ˇ > 0 dependent only on the mapping class group in question, or our subgroup
cannot satisfy this property for any ˛; ˇ > 0.

Answering this question for mapping class groups also answers it for any group that embeds as a subgroup
of a mapping class group, which includes right-angled Artin groups. We will however deal with the
right-angled Artin group case separately here. The reason for doing this is that right-angled Artin groups
have a natural acylindrical action on an associated quasitree called the extension graph, and so in proving
something about the growth of these groups we have to prove that we can quickly generate loxodromic
elements on these extension graphs. This is analogous to an already known result regarding the action of
mapping class groups on curve complexes [39]. In addition, the existence of these loxodromic elements
has an application to the set of exponential growth rates of a right-angled Artin group.

The other reason for treating right-angled Artin group separately is that, as they naturally act acylindrically
on quasitrees, the only reason we need to restrict ourselves to symmetric subsets is because of the method
we use to find loxodromic elements. If a nonsymmetric way of doing this were to be found, then a nonsym-
metric version of uniform product set growth would automatically follow from the results in this paper.

In Section 4.1, we will recall some the necessary background information about right-angled Artin
groups and mapping class groups. In Section 4.2, we will prove our result regarding the uniformly quick
generation of loxodromic elements in right-angled Artin groups, and in Section 4.3 we use this to obtain a
product set growth result. We then finish by extending this result to mapping class groups in Section 4.4.

4.1 Background on right-angled Artin groups and mapping class groups

4.1.1 Right-angled Artin groups

Definition 4.1.1 For a finite simple graph � D .V;E/, its right-angled Artin group is

A.�/D hV j Œv; w�D 1 if fv;wg 2Ei:

Example 4.1.2 If � does not contain any edges, then A.�/ will be the free group of rank jV j. If � is a
complete graph, then A.�/ is the free abelian group of rank jV j.
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Remark 4.1.3 Right-angled Artin groups are always torsion-free.

Every right-angled Artin group has another associated graph called the extension graph, denoted by �e

(for a definition, see [34]). So long as the defining graph � is connected, we get the following result.

Theorem 4.1.4 [34; 35] Let � be a finite connected graph. The extension graph �e is a quasitree , and
the action of A.�/ on �e is acylindrical.

In Section 4.2 we will be interested in generating loxodromic elements in the action of A.�/ on �e . This
is made easier by the fact that there exists a characterisation of these elements, given in [35]. To state this
characterisation, we first need to give some terminology.

Remark 4.1.5 With the exception of the extension graph, all other graphs in the context of right-angled
Artin groups will be assumed to be finite and simple.

Notation 4.1.6 We denote the vertex set of a graph � by V , and the edge set by E. We denote the
complement of a graph � by �c . If V 0 � V , we denote the subgraph of � induced by V 0 as �.V 0/.

Definition 4.1.7 The join of two graphs �1 and �2 is �1 ��2 D .�c1 t�
c
2/
c .

Alternatively, we can see that if �1 D .V1; E1/ and �2 D .V2; E2/ then �1 ��2 D .V1[V2; E/, where
E DE1[E2[ffs1; s2g W s1 2 V1 and s2 2 V2g.

Definition 4.1.8 A graph � is said to split as a nontrivial join if � D �1 � �2, where �1 and �2 are
nonempty graphs. A subjoin of a graph is an induced subgraph that splits as a nontrivial join.

Example 4.1.9 If � D �1 ��2, then A.�/D A.�1/�A.�2/.

Let � D .V;E/ be a graph. Recall that A.�/ is generated by V , so g 2 A.�/ can be represented by a
word w written in the alphabet V [V �1.

Definition 4.1.10 A word w representing g 2 A.�/ in the alphabet V [V �1 is reduced if its length is
the same as the word length of g. In other words, it is a minimal length representative of g. We will often
identify g with a reduced word representing it, and say that g is reduced.

The word w is cyclically reduced if every cyclic permutation of w is also reduced. Equivalently, it is a
minimal length representative of the conjugacy class of g.

Remark 4.1.11 This is very similar to the notions of reduced and cyclically reduced words in a free
group. The difference is that in the free group every element has a unique reduced word representing it,
whereas in a right-angled Artin group each reduced representative is only unique up to being able to swap
the order of vertices when they commute. See Section 2 of [1] for a more detailed explanation of this.
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Remark 4.1.12 Every reduced word w can be written in the form wD uw0u�1, where w0 is a cyclically
reduced word, and u is a possibly empty word. This w0 is a minimal length representative of the
conjugation class of w.

The following terminology is defined more generally for graph products, see [1], for example, however
here we will only be using it for right-angled Artin groups.

Definition 4.1.13 For U �A.�/, the essential support of U , denoted esupp.U /� V , is the minimal set
V 0 � V under inclusion such that U is conjugate into A.�.V 0//. For g 2 A.�/, we denote esupp.fgg/
by esupp.g/.

This is well defined by [17, Proposition 2.6].

Remark 4.1.14 For g 2 A.�/, esupp.g/ coincides with the letters in the word g0, where g0 is as in
Remark 4.1.12. By Remark 4.1.11, this does not depend on the reduced word chosen.

The characterisation of elliptic and loxodromic elements in the action of A.�/ on �e is then as follows.

Theorem 4.1.15 [35] Let � be a connected graph that is not an isolated vertex, and suppose that
1¤ g 2 A.�/. Then g is elliptic in the action of A.�/ on �e if and only if esupp.g/ is contained in a
subjoin of � .

4.1.2 Mapping class groups We now give some basic definitions and facts about mapping class groups.

Convention 4.1.16 All surfaces in this paper will be assumed to be of finite type, which means that they
can be obtained from an oriented compact (possibly disconnected) surface by removing finitely many
points from its interior. These surfaces will have finite genus, and finitely many boundary components,
punctures, and connected components.

Definition 4.1.17 Let S be a surface. The mapping class group of S , denoted by MCG.S/, is the group
of orientation preserving isotopy classes of homeomorphisms of S that restrict to the identity on the
boundary @S , where the isotopies fix components of the boundary pointwise. These isotopy classes are
called mapping classes.

Definition 4.1.18 The sporadic surfaces are the sphere with up to four punctures, and the torus with up
to one puncture.

The mapping class group of a sporadic surface is hyperbolic [19; 45]. On the other hand, most mapping
class groups are not hyperbolic, however, as in the right-angled Artin group case, it turns out that many
mapping class groups have an acylindrical action on an associated hyperbolic space.

Theorem 4.1.19 [6; 42] Let S be a nonsporadic connected surface without boundary. The mapping
class group MCG.S/ acts acylindrically on the curve complex associated to the surface S , which is a
hyperbolic space.
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Remark 4.1.20 The hyperbolicity constant of the curve complex is independent of S [2; 11; 27].

Remark 4.1.21 The mapping class group of a surface with nonempty boundary would have an infinite
finitely generated centre [19], and so would not have uniform product set growth by Corollary 2.2.2.
It would also not be acylindrically hyperbolic [45], and partially for this reason the mapping class group
is sometimes defined either for surfaces without boundary, or the boundary is fixed setwise rather than
pointwise. In the latter case the boundary components can effectively be seen as punctures that are not
allowed to permute, and this version of the mapping class group is a finite-index subgroup of the version
where the punctures are allowed to permute. Although in our definition we fix our boundary pointwise,
we will later see that we can easily reduce to the case where we only consider punctures.

The curve complex in Theorem 4.1.19 is defined in many places, including [42], where its hyperbolicity
was first proved. As with the extension graph for right-angled Artin groups, we will not need the exact
definition of it here. The important facts are the ones given by the above theorem, and that, again as with
the extension graph, we have a characterisation of the loxodromic elements in this action.

Definition 4.1.22 A simple closed curve on a surface S is essential if it is not homotopic to a point,
a puncture, or to any component of the boundary @S .

Definition 4.1.23 A mapping class f 2 MCG.S/ is a pseudo-Anosov if there is no isotopy class of
an essential simple closed curve in S that is fixed by a power of f . A mapping class f is said to be
pseudo-Anosov on a connected subsurface S 0 if there exists a representative of f such that its restriction
to S 0 gives a pseudo-Anosov mapping class in MCG.S 0/.

Proposition 4.1.24 [42] Let S be a nonsporadic connected surface without boundary. A mapping
class f 2MCG.S/ is a loxodromic element in the acylindrical action on the curve complex associated
to S if and only if it is a pseudo-Anosov.

When we consider mapping class groups, we will therefore not talk about loxodromic elements, but refer
to pseudo-Anosovs instead. In other words, to apply our results from Section 3 to mapping class groups,
we will need the ability to quickly generate pseudo-Anosovs, which is provided by the following theorem.

Theorem 4.1.25 [39] Let S be a nonsporadic connected surface without boundary. There exists a
constant N D N.S/ 2 N such that for any finite symmetric U � MCG.S/, where hU i contains a
pseudo-Anosov, there exists n6N such that U n contains a pseudo-Anosov.

The problem with using the above statement to show that subgroups of mapping class groups have uniform
product set growth is that many interesting subgroups may not contain a pseudo-Anosov on the whole
surface. The standard way to deal with this situation is to cut our surface in some canonical way, and
consider the groups induced by the restrictions of our mapping classes to the remaining subsurfaces.

Algebraic & Geometric Topology, Volume 25 (2025)



2792 Alice Kerr

Proposition 4.1.26 (cutting homomorphism [19, Proposition 3.20]) Let S be a surface , and let
f
1; : : : ; 
kg be a set of disjoint and isotopically distinct essential simple closed curves in S . We denote
by MCG.S; f
1; : : : ; 
ng/ the subgroup of MCG.S/ containing the mapping classes that fix this set of
curves. Then there exists a natural homomorphism ' W MCG.S; f
1; : : : ; 
ng/! MCG

�
S n

Sk
iD1 
i

�
,

with kernel hT
1 ; : : : ; T
k i, where T
i is a Dehn twist around 
i .

We refer elsewhere for the definition of a Dehn twist around a curve 
 , for example, [19]. The important
facts for us to know here about Dehn twists are that they are infinite-order elements, and are central in
any group that fixes 
 .

Lemma 4.1.27 [19, Fact 3.7] Let 
 be a simple closed curve in a surface S . Let T
 be a Dehn twist
around 
 . Then for every g 2MCG.S/ we have that gT
g�1 D Tg.
/.

Corollary 4.1.28 [19, Fact 3.8] Let 
 be a simple closed curve in a surface S . The Dehn twist T

commutes with every mapping class in MCG.S; f
g/.

In particular, Dehn twists around disjoint and homotopically distinct simple closed curves commute with
each other, so in Proposition 4.1.26 we have that hT
1 ; : : : ; T
k i Š Zk .

Recall from Section 2.1.1 that if a group has an infinite-order element in its centre, then it does not
have uniform product set growth. This means that if we work with subgroups of MCG.S/ that fix
individual curves (rather than possibly permute a set of them), then ruling out the subgroups that have
such infinite-order central elements will mean that the restriction of ' in Proposition 4.1.26 will give us
an injective homomorphism into MCG

�
S n

Sk
iD1 
i

�
. If we further assume that our subgroup does not

permute the connected components of S n
Sk
iD1 
i , then this will be a map into a direct product, which

Section 2.2 tells us how to deal with.

For these reasons, it makes sense for us to temporarily restrict ourselves to thinking about the pure
subgroups of mapping class groups.

Definition 4.1.29 A mapping class f 2MCG.S/ is said to be pure if there exists a set f
1; : : : ; 
kg of
disjoint and isotopically distinct essential simple closed curves in S such that f fixes each 
i , does not
permute the connected components of S n

Sk
iD1 
i , and there exists a representative of f such that the

restriction of this representative to any connected component of S n
Sk
iD1 
i is either pseudo-Anosov or

the identity. A subgroup of MCG.S/ is pure if every element in that subgroup is a pure mapping class.

Not only are pure subgroups easier to work with, it turns out that every subgroup of a mapping class
group has a pure subgroup of finite index, by the following theorem.

Theorem 4.1.30 [30] Every mapping class group has a pure normal subgroup of finite index.
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A common approach to studying subgroups is therefore to first work with the pure subgroups, and then
extend what we find to their supergroups. This is the approach we will take when trying to prove uniform
product set growth for certain subgroups of mapping class groups, with the extension to supergroups
allowed by Proposition 2.2.19. Specifically, given a subgroup of a mapping class group, we can take a
pure finite-index subgroup, cut along a set of curves that are fixed by this pure subgroup, and consider the
restriction to subsurfaces on which our group is not the identity.

Definition 4.1.31 For a pure subgroup G 6 MCG.S/, the canonical reduction multicurve � is the
(possibly empty) union of all isotopically distinct essential simple closed curves 
 in S such that G
fixes 
 , but if any other essential simple closed curve � intersects 
 then G does not fix � .

Theorem 4.1.32 [30] Let G 6 MCG.S/ be a pure subgroup of a mapping class group. Let f
1; : : : ; 
kg
be the set of curves in the canonical reduction multicurve for G. Let S be the set of connected com-
ponents of S n

Sk
iD1 
i . Then the homomorphism in Proposition 4.1.26 restricts to a homomorphism

' W G!…†2SMCG.†/, with kernel hT
1 ; : : : ; T
k i \G. Moreover , the projection of G to any factor
MCG.†/ is either trivial , or contains a pseudo-Anosov on †.

Remark 4.1.33 By Corollary 4.1.28, hT
1 ; : : : ; T
k i\G is central in G, as g.
i /D 
i for every g 2G.

To apply our results from Section 2.2.3 to the direct product in Theorem 4.1.32, we need a bound on the
number of factors. The following result allows us to do this.

Theorem 4.1.34 [5] Let S be a surface of genus g with p punctures , and c connected components.
A free abelian subgroup of MCG.G/ has rank at most 3gCp� 3c.

Mangahas’ result regarding the quick generation of pseudo-Anosovs (see Theorem 4.1.25) was in fact a
particular case of a more general result that she proved. The rough idea is that if we take the union of all
subsurfaces on which some element of our group acts as a pseudo-Anosov, then we can find an element
that acts as a pseudo-Anosov on this entire union within some bounded product of our generating set.
The language defined here will also be useful in our work on right-angled Artin groups.

Definition 4.1.35 The active subsurface A.G/ of a pure subgroup G 6 MCG.S/, with canonical
reduction multicurve � , is the union of the connected components of S n � such that some mapping class
in G is pseudo-Anosov on that connected component, plus the annuli that are the neighbourhood of any

 2 � that are not in the boundary of an already selected component. The active subsurface of a pure
mapping class f is the active subsurface of hf i.

The fact that every subgroup of a mapping class group has a pure finite-index subgroup allows the
extension of the definition of an active subsurface to all subgroups of the mapping class group.

Definition 4.1.36 The active subsurface A.G/ of an arbitrary subgroup G 6 MCG.S/, with pure
finite-index subgroup H , is given by A.G/DA.H/.
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This subsurface does not depend on the choice of finite-index subgroup [30]. With these definitions we
can now state Mangahas’ full result.

Theorem 4.1.37 [39] Let S be a nonsporadic connected surface without boundary. There exists a
constantN DN.S/2N such that for any finite symmetric U �MCG.S/, there exists n6N and f 2U n

such that f has the same active subsurface as hU i.

Many of the tools that we have introduced here require that the surface in question has no boundary.
As noted in Remark 4.1.21, if the surface had nonempty boundary then the mapping class group would
have infinite centre, namely the subgroup generated by a Dehn twist around a curve parallel to the
boundary. This means that it would not be acylindrically hyperbolic, so many of our tools would not
apply, however Corollary 2.2.2 tells us that it would also not have uniform product set growth.

To deal with subgroups of such groups, we will employ the capping homomorphism, which effectively
says that either our subgroup has infinite centre, or we can view it as a subgroup of a mapping class group
of a surface without boundary.

Proposition 4.1.38 (capping homomorphism [19, Theorem 3.18]) Let S be a surface with boundary
components f�1; : : : ; �lg, and let S 0 be the surface obtained from S by capping each boundary component
by a once punctured disc. Then there exists a natural homomorphism  WMCG.S/!MCG.S 0/, with
kernel hT�1 ; : : : ; T�l i, where T�i is a Dehn twist around �i .

Remark 4.1.39 As every element of MCG.S/ fixes the boundary components by definition, we have by
Corollary 4.1.28 that hT�1 ; : : : ; T�l i is central in MCG.S/.

4.2 Short loxodromics in right-angled Artin groups

Recall that the aim of this section is to say something about product set growth in virtual subgroups of
right-angled Artin groups and mapping class groups. In the right-angled Artin group case we would
like to use Corollary 3.2.20 to prove uniform product set growth for as many subgroups as possible.
To do so we need to show that we can quickly generate loxodromic elements in the action of our group
on its extension graph. We already have a characterisation of these loxodromic elements, as given by
Theorem 4.1.15, and we also have a result about the quick generation of pseudo-Anosovs in subgroups of
mapping class groups from Theorem 4.1.37.

In this section we will use these facts to get a result for right-angled Artin groups analogous to
Theorem 4.1.37, using the existence of a natural embedding of right-angled Artin groups into mapping
class groups [10]. The idea is that we can embed any subgroup H of a right-angled Artin group into a
mapping class group, then use Theorem 4.1.37 to quickly generate a mapping class which has the same
active subsurface as the embedded subgroup. This will then correspond to an element in H with the same
essential support as H . Under certain circumstances this will be a loxodromic element in the original
right-angled Artin group.
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There are several ways to see right-angled Artin groups as subgroups of mapping class groups; see, for
example, Section 7.3 of [37]. The construction we use here is taken from Section 2.4 of [10], and for a
more detailed picture of it we refer to there.

Given a finite simple graph � , with vertex set V D fs1; : : : ; skg, there exists a closed surface S and a
collection of subsurfaces XD fX1; : : : ; Xkg such that:

� Each Xi is a twice punctured torus.

� Xi \Xj D∅ if and only if fsi ; sj g is an edge in � .

� Xi \Xj ¤∅ if and only if Xi and Xj cannot be isotoped to be disjoint.

� If Xi \Xj ¤∅ then this intersection is homeomorphic to a disc.

� Xi and Xj cannot be isotoped such that Xi �Xj when i ¤ j .

A picture of such a surface can be found in Figure 4 of [10]. For each Xi we then pick an fi in MCG.S/
that is pseudo-Anosov on Xi , and the identity elsewhere.

Theorem 4.2.1 [10] Given the collection F D ff1; : : : ; fkg, there exists M 2 N such that the map
� W A.�/!MCG.S/ defined by �.si /D f Mi is an injective homomorphism.

This statement allows us to see A.�/ as a subgroup of MCG.S/. In particular, every element of A.�/
will be sent to a mapping class that is pseudo-Anosov on some collection of connected subsurfaces of S ,
and is the identity elsewhere. These subsurfaces can be constructed explicitly. The following notation is
taken directly from [10].

Notation 4.2.2 Let fX1; : : : ; Xrg �X. We denote by Fill.X1; : : : ; Xr/ the minimal union of essential
subsurfaces of S that contains X1[ � � � [Xr . That is, if X1[ � � � [Xr has any discs in its complement
then we add these discs to get Fill.X1; : : : ; Xr/.

Remark 4.2.3 We can assume Fill.X1; : : : ; Xr/ is connected if and only if X1[ � � � [Xr is connected,
and that Fill.Xi /\Fill.Xj /D∅ if and only if Xi \Xj D∅.

Notation 4.2.4 Suppose that 1¤ g 2 A.�/ is cyclically reduced, and that r is the minimal number such
that g is a word in the first r generators s1; : : : ; sr , changing the indices if necessary. Then we say that
Fill.g/D Fill.X1; : : : ; Xr/. If g D hg0h�1 for some h; g0 2 A.�/ then Fill.g/D �.h/Fill.g0/. If g D 1,
we say that Fill.g/D∅.

Theorem 4.2.5 [10] For any g 2 A.�/ we have that �.g/ is pseudo-Anosov on each connected
component of Fill.g/, and is the identity elsewhere.

Remark 4.2.6 In other words, Theorem 4.2.5 tells us that A.�/ can be seen as a pure subgroup
of MCG.S/, and for any g 2 A.�/ the active subsurface of �.g/ is exactly Fill.g/.
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Given a finite symmetric subset U of a right-angled Artin group, our aim will be to generate g 2 U n,
for n bounded, such that the essential support for g is the same as for U . The first step in finding such an
element is Lemma 4.2.8, the proof of which requires the following terminology.

Definition 4.2.7 For a vertex v in a graph � , the link of v, denoted by link.v/, is the set of vertices
adjacent to v in � .

The method used in the following proof was suggested by Ric Wade.

Lemma 4.2.8 Let � be a finite graph , and let U � A.�/ be finite , where U ¤ f1g. Then for every
s 2 esupp.U /, there exists g 2 U 2 such that s 2 esupp.g/.

Proof As essential supports are invariant under conjugation, without loss of generality we can assume
that U � A

�
�.esupp.U //

�
. Let s 2 esupp.U /. By Remark 4.1.14 and the fact that right-angled Artin

groups are torsion-free, we can see that if s 2 esupp.u/ for some u 2 U , then s 2 esupp.u2/. We can
therefore assume that for all u 2 U we have that s … esupp.u/.

Let V 0 D esupp.U / n fsg, and note that every u 2 U is conjugate into A.�.V 0//. Consider H D
A
�
�.V 0 \ link.s//

�
6 A.�.V 0//, and let ' be the identity map on H . From the definition of a HNN-

extension, we can see that this homomorphism gives us that A
�
�.esupp.U //

�
D A.�.V 0//�H . That is,

if A.�.V 0//D hV 0 jRi then

A
�
�.esupp.U //

�
D hV 0[fsg jR[fsvs�1 D v j v 2 V 0\ link.s/gi:

Consider the action of hU i6A
�
�.esupp.U //

�
on the Bass–Serre tree associated with this HNN-extension.

As every u 2 U is conjugate into A.�.V 0//, every u has a fixed point in this action. If the same was true
of every g 2 U 2, then by [47, page 64] we would have that hU i has a fixed point in this action, and so
U would be conjugate into A.�.V 0//. This would contradict the minimality of esupp.U /, therefore for
some g 2 U 2 we have that s 2 esupp.g/.

We also need the following lemma.

Lemma 4.2.9 For any s 2 V and g 2A.�/, there exists a genus-one subsurface T .g/ of Fill.s/ such that
�.g/T .g/ is also a subsurface of Fill.s/.

Proof Let s 2 V , and consider g 2 A.�/ written as a reduced word g D g1 : : : gn, where each gi is a
vertex or its inverse. We will prove our statement by induction on how many of the gi ’s are not equal to s
or s�1, so let �.g/D jfgi W gi ¤ s˙1gj.

We begin with the base case, �.g/ D 0. Then as each gi D s˙1 we have that �.gi /Fill.s/ D Fill.s/,
so �.g/Fill.s/D Fill.s/. We therefore have that T .g/ D Fill.s/ is our required subsurface.

Suppose that the statement is true for every g2A.�/ such that�.g/Dk. Now consider g2A.�/ such that
�.g/D kC1. Let gi be the first letter in g1 : : : gn such that gi ¤ s˙1. Then �.giC1 : : : gn/D k, so there
exists a genus-one subsurface T .giC1:::gn/ of Fill.s/ such that �.giC1 : : : gn/T .giC1:::gn/ � Fill.s/.
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Let Y D Fill.s/ n
S
s02V nfsg Fill.s0/, which is the part of Fill.s/ that is fixed under the action of �.s0/

for any s0 2 V n fsg. Consider Y \�.giC1 : : : gn/T .giC1:::gn/, and note that some connected component
must have genus one, as each intersection that we remove is a disc in Fill.s/ that can be isotoped to be
disjoint to any genus-one subsurface. Let T be this component. We then have that �.gi /T D T , and
hence �.g1 : : : gi /T � Fill.s/, as for each j < i we have that gj D s˙1.

Let T .g/D�.giC1 : : :gn/�1T . As T ��.giC1 : : :gn/T .giC1:::gn/ we get that T .g/�T .giC1:::gn/�Fill.s/.
We also have that �.g/T .g/D �.g1 : : : gi /T � Fill.s/, so this is our required genus-one subsurface. This
concludes our induction, and as a consequence the statement is proved.

We can now say something about the genus of Fill.g/, depending on the number of vertices in its essential
support.

Proposition 4.2.10 Let � be a finite graph. For every U � A.�/, and g 2 hU i, if Fill.g/ has the same
genus as the active subsurface of �.hU i/, then esupp.g/D esupp.U /.

Proof Suppose esupp.g/ ¤ esupp.U /. As hU i is conjugate into A
�
�.esupp.U //

�
, so is g, and so

esupp.g/¨ esupp.U /. We want to show that Fill.g/ has strictly smaller genus than the active subsurface
of �.hU i/. As Fill.g/ is a subsurface of the active subsurface of �.hU i/, it suffices to show that there is
a genus-one subsurface of the active subsurface of �.hU i/ that is not contained in Fill.g/.

Let s 2 esupp.U / n esupp.g/. Lemma 4.2.8 tells us that there exists h 2 hU i such that s 2 esupp.h/.
Suppose hD h0a.h0/�1 as a reduced word, and that a is cyclically reduced. Then s or s�1 is a letter of a,
and �.h0/Fill.s/ is a subsurface of �.h0/Fill.a/D Fill.h/, which is a subsurface of the active subsurface
of �.hU i/.

It is therefore sufficient to show that there is a genus-one subsurface of �.h0/Fill.s/ which is disjoint
from Fill.g/. Suppose g D g0b.g0/�1 as a reduced word, and that b is cyclically reduced. Note that
neither s nor s�1 is a letter of b. We have that Fill.g/D �.g0/Fill.b/, and we can note that any genus-one
subsurface disjoint from

S
s02esupp.g/ Fill.s0/ can also be isotoped to be disjoint from Fill.b/.

By Lemma 4.2.9, there exists a genus-one subsurface T of Fill.s/ such that �..g0/�1h0/T is also a
subsurface of Fill.s/. Let Y D Fill.s/ n

S
s02V nfsg Fill.s0/, which is the part of Fill.s/ that is fixed under

the action of �.s0/ for any s0 2 V n fsg. Consider Y \ �..g0/�1h0/T , and note that some connected
component must have genus one, as each intersection that we remove is a disc in Fill.s/ that can be isotoped
to be disjoint to any genus-one subsurface. Let T 0 be this component, and let T 00 D �..h0/�1g0/T 0.

We then have that T 00 � T � Fill.s/, and �..g0/�1h0/T 00 D T 0, so �..g0/�1h0/T 00 is a subset of
Fill.s/ n

S
s02V nfsg Fill.s0/, and so is disjoint from Fill.b/. Therefore �.g0/�..g0/�1h0/T 00 D �.h0/T 00,

which is a genus-one subsurface of �.h0/Fill.s/, is disjoint from �.g0/Fill.b/D Fill.g/.

This allows us to get a result for right-angled Artin groups analogous to Theorem 4.1.37.
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Theorem 4.2.11 Let � be a finite graph. There exists a constant N D N.�/ 2 N such that for every
finite symmetric U � A.�/, there exists n6N and g 2 U n such that esupp.g/D esupp.U /.

Proof Let S be the surface constructed from � in Theorem 4.2.1, and note that S is nonsporadic and
without boundary. Let N be the constant from Theorem 4.1.37.

Now take any finite symmetric U � A.�/, and consider �.U /�MCG.S/, as given by Theorem 4.2.1.
By Theorem 4.1.37 there exists n 6 N and f 2 �.U /n D �.U n/ such that f has the same active
subsurface as h�.U /i D �.hU i/.

As � is injective, there exists g 2U n such that �.g/Df . By Theorem 4.2.5, the active subsurface of �.g/
is exactly Fill.g/. We can therefore apply Proposition 4.2.10 to conclude that esupp.g/D esupp.U /.

Finding elements of full essential support means that under certain circumstances we can quickly generate
loxodromic elements in A.�/. The following corollary is obtained by combining Theorem 4.2.11
with Theorem 4.1.15.

Corollary 4.2.12 Let � be a finite graph. There exists a constant N D N.�/ 2 N such that for every
finite symmetric U � A.�/, where �.esupp.U // is connected , and is neither a vertex nor a join , there
exists n6N such that U n contains a loxodromic element on �.esupp.U //e.

As mentioned in the introduction, the ability to quickly generate these loxodromic elements has an
application to �.G/D f!.G; S/ W S is a finite generating set of Gg, the set of exponential growth rates
of G with respect to its finite generating sets. In particular, the fact that loxodromic elements can be used
to link the growth of a set with its size is a key step in the proof of the following theorem.

Theorem 4.2.13 [20] Let G be a group with an acylindrical and nonelementary action on a hyperbolic
graph X . Suppose that there exists a constant k 2N such that for any finite symmetric generating set S
of G, the product set Sk contains a loxodromic element on X . Assume that G is equationally Noetherian.
Then , �.G/ is a well-ordered set.

We can combine this with Corollary 4.2.12 to obtain the following. Note that it is a standard fact that if
H 6G1� � � � �Gm is a finitely generated subgroup of a direct product, with finite generating set S , then
sup16i6m !.Hi ; Si /6 !.H; S/6 !.H1; S1/ � � �!.Hm; Sm/, where Hi and Si are the projections to Gi
of H and S , respectively.

Theorem 4.2.14 Let � be a finite graph. Suppose thatG6A.�/ is finitely generated , and is not contained
nontrivially in a direct product where the projection of G to more than one factor has exponential growth.
Then �.G/ is a well-ordered set.

Proof We begin by noting that there is a bound on the number of factors of any direct product subgroup
of a right-angled Artin group, as a consequence of Theorem 4.1.34 and the fact that right-angled Artin
groups are subgroups of mapping class groups [10].
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If G does not have exponential growth, then �.G/Df1g, which is trivially well ordered. We can therefore
assume that G is not Z, so esupp.G/ is not a vertex, and we can also assume that G is not contained in a
direct product where none of the factors have exponential growth.

Now suppose G is contained in a direct product, and the projection of G to exactly one factor has
exponential growth. Then we have that the set of growth rates of G is the same as the set of growth rates
of the projection of G to this factor. We can therefore assume that G is not contained nontrivially in
a direct product, as the only remaining case is the one ruled out in the statement of the theorem. This
means that if G is contained in a direct product, its projection to one of the factors is injective, so we can
equally see G as a subgroup of that factor. As a consequence, we can assume that esupp.G/ is not a join.

Note that G is a subgroup of a right-angled Artin group, so it is linear [28], and therefore is equationally
Noetherian [4]. If �.esupp.G// is connected, then we conclude using Corollary 4.2.12 and Theorem 4.2.13.
If �.esupp.G// is not connected, we instead use its action on the associated Bass–Serre tree (see
Example 1.7 in [20]), and again conclude using Theorem 4.2.13.

4.3 Product set growth in right-angled Artin groups

We can now use the results of the previous section to answer Question 1.0.1 for right-angled Artin
groups, and their virtual subgroups. For certain finite symmetric sets U � A.�/, we will use either
Corollary 4.2.12, or the action of a free product on its Bass–Serre tree, to quickly generate a loxodromic
element in the action of hU i on one of a finite collection of quasitrees. This will allow us to apply
Corollary 3.2.20. We will then be able to extend this using some of our observations about direct products
from Section 2.2.

When working with direct products, the constants that we obtain depend on the number of factors in
the direct product. Fortunately for us, it is a well-known fact that the maximal rank of a free abelian
subgroup of a right-angled Artin group A.�/ is equal to the number of vertices in a maximal complete
subgraph of � , and that this also bounds the number of factors in a nontrivial direct product subgroup.
See, for example, [9; 36], or Section 5.3 of [32] for a proof. As mentioned previously, the maximal rank
being bounded is also a trivial consequence of Theorem 4.1.34 and the fact that right-angled Artin groups
are subgroups of mapping class groups, however it is useful to have a specific bound linked directly to
the properties of � .

Remark 4.3.1 When applying Corollary 3.2.20 in the following, we assume that various subgroups are
not Z, rather than not virtually Z. This is possible as A.�/ is torsion-free, so as any torsion-free virtually
free group is free [49], we have that any virtually Z subgroup of A.�/ is in fact isomorphic to Z.

Theorem 4.3.2 Let � be a finite graph. There exist constants ˛; ˇ > 0 such that for every finite
symmetric U � A.�/, at least one of the following must hold :

(1) The centre of hU i is nontrivial.

(2) jU nj> .˛ jU j/ˇn for every n 2N.
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Proof Let U �A.�/ be finite and symmetric, such that hU i has trivial centre. Suppose that hU i is finite.
As right-angled Artin groups are torsion-free, this means that hU i is trivial. Therefore, so long as we
ensure that ˛ 6 1, we will have that U satisfies jU nj> .˛ jU j/ˇn for every n 2N.

We now assume that hU i is infinite. We can say that hU i is contained nontrivially in a direct product
G1 � � � � �Gm 6 A.�/, where we allow for the possibility that mD 1, and let Ui be the projection of U
to Gi . We note that each Ui is finite and symmetric.

Suppose that some hUi i6Gi is contained nontrivially in a direct product Gi;1 �Gi;2 6Gi . Then hU i is
contained nontrivially in G1 � � � � �Gi�1 �Gi;1 �Gi;2 �GiC1 � � � � �Gm. We know that there exists
N D N.�/ 2N that bounds the number of factors in a direct product in A.�/, so we can assume that
each hUi i is not contained nontrivially in a direct product, and that m6N . This means that if any hUi i
is contained in a direct product, then its projection to one of the factors is injective, so we can see hUi i as
a subgroup of that factor. As a consequence, we can assume that esupp.Ui / is not a join.

Suppose that some hUi i is Z. Then, by Lemma 2.2.3, the projection of hU i toG1�� � ��Gi�1�GiC1�� � ��Gm
is injective, as otherwise hU i would have infinite centre. This contradicts the assumption that hU i is
contained nontrivially in G1 � � � � �Gm. We can therefore assume that no hUi i is Z, and so esupp.Ui / is
not a vertex.

We will now show that, for each i 2 f1; : : : ; mg, the set Ui satisfies the required product set growth in-
equality. As product set growth is invariant under conjugation, we can assume that Ui �A

�
�.esupp.Ui //

�
.

There are now two cases for us to consider.

The first case is that �.esupp.Ui // is connected, which means that we can apply Corollary 4.2.12. Let
N 0 DN 0.�/ 2N be the constant that we get from this corollary. Then there exists k 6N 0 such that U ki
contains a loxodromic in the action on �.esupp.Ui //e, which is a quasitree. By Corollary 3.2.20, there
exist ˛i ; ˇi > 0, determined by esupp.Ui / and N 0, such that jU ni j> .˛i jUi j/

ˇin for every n 2N.

The second case is that �.esupp.Ui // is disconnected. Write �.esupp.Ui //D �1 t�2. Then

A
�
�.esupp.Ui //

�
D A.�1/�A.�2/;

and we recall the standard fact that any free product acts acylindrically and without edge inversions on its
associated Bass–Serre tree.

If hUi i fixes a vertex in this tree, then hUi i is contained in the stabiliser of that vertex. This implies Ui is
conjugate intoA.�1/ orA.�2/, which contradicts the minimality of esupp.Ui /. Therefore hUi i does not fix
a vertex, so U 2i must contain a loxodromic element in this action by [47, page 64]. By Corollary 3.2.20, we
again get that there exist ˛i ; ˇi >0, determined by esupp.Ui /, such that jU ni j> .˛i jUi j/

ˇin for every n2N.

As � is finite, there are only finitely many possibilities for esupp.Ui /. We can therefore take ˛ D inf˛i
and ˇ D infˇi over all possibilities for esupp.Ui /, and we will have that ˛; ˇ > 0, with the property that
jU ni j> .˛ jUi j/

ˇn for every n 2N and i 2 f1; : : : ; mg.
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We can now apply Corollary 2.2.10 to get that

jU nj> .˛ jU j1=m/ˇn > .˛ jU j1=N /ˇn D .˛N jU j/ˇn=N :

Let ˛0Dminf˛; ˛N ; 1g and ˇ0D ˇ
N

. Combining the cases, we have shown that for every finite symmetric
U � A.�/, where hU i has trivial centre, we have that jU nj> .˛0jU j/ˇ

0n for all n 2N.

Given that Corollary 2.2.2 tells us that any group with an infinite-order element in its centre cannot have
uniform product set growth, and the fact that right-angled Artin groups are torsion-free, this is the best
result we can hope for in this case. We have therefore answered the symmetric version of Question 1.0.1
for right-angled Artin groups.

We can also combine Theorem 4.3.2 with Proposition 2.2.19 to get the following. This gives a dichotomy
of subgroups for all virtual subgroups of right-angled Artin groups, which in particular includes finitely
generated virtually special groups [24], such as finitely generated Coxeter groups [25].

Corollary 4.3.3 Let � be a finite graph , and let G be a group which virtually embeds into A.�/. There
exist constants ˛; ˇ>0 such that for every finite symmetric U �G, at least one of the following must hold :

(1) hU i has a finite-index subgroup with infinite centre.

(2) jU nj> .˛ jU j/ˇn for every n 2N.

Proof Let H be a fixed finite-index subgroup of G, where ŒG WH�D d , and H embeds as a subgroup
of A.�/. Let U � G be finite and symmetric. Then hU i \H is a torsion-free finite-index subgroup
of hU i, where ŒhU i W hU i \H�6 d . Suppose the first case does not hold. By this assumption, hU i \H
has trivial centre.

As hU i \H is a finite-index subgroup of a finitely generated group, it is also finitely generated. Let
V be a finite symmetric generating set of hU i \H . Then by Theorem 4.3.2 there exist ˛; ˇ > 0, only
dependent on � , such that jV nj> .˛ jV j/ˇn for every n 2N. Let mD 2d � 1. Then Proposition 2.2.19
tells us that

jU nj>
�

˛

2m=ˇd
jU j

�̌ n=m

for every n 2N.

The symmetry requirement in these results come from the use of Theorem 4.1.37 in the proof of
Theorem 4.2.11. If a more direct proof for Theorem 4.2.11 could be found, without requiring symmetry,
then we could extend the above results to the nonsymmetric case.

Question 4.3.4 Is Corollary 4.3.3 true for nonsymmetric sets?
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4.4 Product set growth in mapping class groups

We now move on to the more general case of subgroups of mapping class groups. We begin by considering
only the pure subgroups, which allows us to get a product set growth result that we can then extend to all
virtual subgroups.

The general structure of the proof for pure subgroups is the same as in the previous section. That is, we
consider our subgroup as a subgroup of a direct product. With the exception of certain cases, we show
that each of the factor groups in the direct product satisfy uniform product set growth. We can then apply
Corollary 2.2.10 to get growth for the whole subgroup.

Theorem 4.4.1 Let G 6 MCG.S/ be a pure subgroup of a mapping class group. There exist ˛; ˇ > 0
such that for every finite symmetric U �G, at least one of the following must hold :

(1) The centre of hU i is nontrivial.

(2) jU nj> .˛ jU j/ˇn for every n 2N.

Proof Suppose U �G is symmetric and finite, and that the centre Z.hU i/ is trivial. Suppose that hU i is
finite. As pure subgroups are torsion-free, this means that hU i is trivial. Therefore, so long as we ensure
that ˛ 6 1, we will have that U satisfies jU nj> .˛ jU j/ˇn for every n 2N.

We can now assume that hU i is infinite. Let f�1; : : : ; �lg be the (possibly empty) set of curves in the
boundary of S , and recall that T�i is the Dehn twist about �i . Let S 0 be the surface obtained from S by
capping each boundary component by a once punctured disc. By Proposition 4.1.38 we have a natural
homomorphism  W hU i !MCG.S 0/, with kernel hT�1 ; : : : ; T�l i \ hU i.

Recall from Corollary 4.1.28 that the group hT�1 ; : : : ; T�l i \ hU i is central in hU i, and therefore by our
initial assumption hT�1 ; : : : ; T�l i \ hU i is trivial. This means that  is injective, and we can therefore
suppose without loss of generality that S has no boundary.

Now let f
1; : : : ; 
kg be the (possibly empty) set of curves in the canonical reduction multicurve for hU i.
Let S be the set of connected components of S n

Sk
iD1 
i . By Theorem 4.1.32 we have a natural

homomorphism ' W hU i !…†2SMCG.†/, with kernel hT
1 ; : : : ; T
k i \ hU i.

Recall from Corollary 4.1.28 that the group hT
1 ; : : : ; T
k i \ hU i is central in hU i, and therefore by our
initial assumption hT
1 ; : : : ; T
k i \ hU i is trivial. This means that ' is injective, and it therefore makes
sense to talk about the projection of hU i to a factor of …†2S MCG.†/.

Consider the projection of hU i to such a factor MCG.†/. By Theorem 4.1.32, this projection is either
trivial, or contains a pseudo-Anosov on †. If the projection is trivial, we can ignore this factor, and
consider hU i as a subgroup of the direct product of the remaining factors. If the projection is Z, then we
can similarly ignore this factor, as Lemma 2.2.3 tells us that either the projection to the remaining factors
is injective, or hU i has infinite centre.
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Let S 0 be the surfaces † in S such that the projection of hU i to MCG.†/ is neither trivial nor Z. The
above reasoning tells us that we can see hU i as a subgroup of …†2S0 MCG.†/. Let U† be the projection
of U to MCG.†/ for some † 2 S 0. As hU†i contains a pseudo-Anosov on †, Theorem 4.1.25 tells us
that there is some N 2N, dependent only on S , such that for some k 6N we have that U k† contains a
pseudo-Anosov on †.

We first suppose that † is nonsporadic. As hU†i contains a pseudo-Anosov on †, Theorem 4.1.25 tells
us that there is some N 2N, dependent only on S , such that for some k 6N we have that U k† contains a
pseudo-Anosov on †. Recall that the action of hU†i on the curve complex associated to † is acylindrical,
and this curve complex is hyperbolic. Therefore, as hU†i is not Z, Corollary 3.3.2 tells us that there
exist ˛†; ˇ† > 0, determined by † and N , such that jU n†j> .˛†jU†j/

ˇ†n for every n 2N.

Alternatively, if † is sporadic, then MCG.†/ is hyperbolic. Therefore, as hU†i is not Z, Theorem 1.1
in [16] tells us that again there exist ˛†; ˇ† > 0 determined by † such that jU n†j > .˛†jU†j/

ˇ†n for
every n 2N.

There are only finitely many homeomorphism classes of essential subsurfaces of S , that is, the subsurfaces
with boundary components that are either in @S or are essential in S , so we can take ˛ D inf˛† and
ˇ D infˇ† over all possible subsurfaces, and we will get that ˛; ˇ > 0.

Now let g be the genus of S , c be the number of connected components, and recall that if our original
surface had b boundary components and p punctures, then by our use of Proposition 4.1.38 the surface
that we are now considering has bCp punctures. By Theorem 4.1.34, the maximal rank of a free abelian
subgroup of MCG.S/ is 3g C b C p � 3c. Therefore as each factor of …†2S0MCG.†/ contains an
infinite-order element, we must have that jS 0j6 3gC bCp� 3c. Let

˛0 Dminf˛; ˛3gCbCp�3cg

and let

ˇ0 D
ˇ

3gC bCp� 3c
:

Then by Corollary 2.2.10 we have that jU nj> .˛0jU j/ˇ
0n for every n 2N.

Combining this with the case that hU i is finite, we see that if we let ˛00 Dminf˛0; 1g, then any set U that
satisfies our initial hypotheses will also satisfy jU nj> .˛00jU j/ˇ

0n for every n 2N.

By Corollary 2.2.2, this is a dichotomy of subgroups, and so answers the symmetric case of Question 1.0.1
for the pure subgroups of mapping class groups.

Theorem 4.1.30 tells us that every subgroup of a mapping class group has a pure subgroup of finite index.
As with right-angled Artin groups, we can therefore combine Theorem 4.4.1 with Proposition 2.2.19 to
get the following.
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Corollary 4.4.2 Let MCG.S/ be a mapping class group , and let G be a group which virtually embeds
into MCG.S/. There exist ˛; ˇ > 0 such that for every finite symmetric U � G, at least one of the
following must hold :

(1) hU i has a finite-index subgroup with infinite centre.

(2) jU nj> .˛ jU j/ˇn for every n 2N.

Proof Let H be a fixed finite-index subgroup of G, such that H embeds as a subgroup of MCG.S/. Let
P be a fixed finite-index pure subgroup of MCG.S/. Then H \P is a finite-index subgroup of G, as well
as a pure subgroup of MCG.S/. The rest of the proof follows the same format as Corollary 4.3.3.

This is a dichotomy of subgroups by Corollary 2.2.2, so answers the symmetric case of Question 1.0.1
for all of the virtual subgroups of mapping class groups.

Remark 4.4.3 As right-angled Artin groups embed as pure subgroups of mapping class groups,
Theorem 4.4.1 reproves Theorem 4.3.2, and Corollary 4.4.2 reproves Corollary 4.3.3.
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