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Holomorphic polygons and the bordered Heegaard Floer homology
of link complements

THOMAS HOCKENHULL

We describe the construction of an Ay, multimodule in terms of counts of holomorphic polygons in a
series of Heegaard multidiagrams. We show that this is quasi-isomorphic to the type-A bordered-sutured
invariant of a link complement with a view to calculating, in the sequel, these invariants in terms of the
link Floer homology of the corresponding link.

5TM27; 5TM25

1 Introduction

Suppose that L C S* is a link of 4 components, and A is a choice of framing for L. The purpose of this
paper is to introduce an As, multimodule associated to (L, A) over T”, where T is the algebra associated
to a parameterised torus, from Lipshitz, Ozsvath and Thurston [14]: we call this Poly(L, A). The A
quasi-isomorphism type of Poly(L, A) is an invariant of the pair (L, A), or, indeed, the three-manifold
with parameterised boundary (S3 — L, A) —and is closely related to the bordered-sutured Heegaard
Floer invariants of this three-manifold.

Poly(L, A) is defined in terms of holomorphic polygons, and is closely related to the invariants CF for
closed three-manifolds, as defined by Ozsvéth and Szabd [18]. At its root, the chain complex CF (Y)is
defined as a chain complex arising from counting holomorphic discs in a symplectic manifold associated
to a Heegaard diagram corresponding to Y'; that is, (/ZI\J(Y) is @(D) for some Heegaard diagram D
representing Y. More generally, one may consider a Heegaard n-diagram for any n > 2, and count
corresponding z#-gons in an associated symplectic manifold. A Heegaard n-diagram corresponds with a
sequence Y01, y1.2 yn=2.n=1 yn=10 of three-manifolds, and counting holomorphic 7-gons yields
maps
mu: CEY*) ®---®@ CE(Y""2"~1) - CF(Y"~19).

These are well known to satisfy an A relation, which is shown by counting the number of ends of one-
dimensional moduli spaces and showing that they are of even parity. These moduli spaces decompose by
homology classes, and, in fact, the parity of the ends of a one-dimensional moduli space remains even when
restricted to curves of a given homology class. We exploit this extra information to define Poly(L, A).
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3146 Thomas Hockenhull

Broadly speaking, this multimodule is defined by associating a series of /& sequences of elements of the
torus algebra 7 to each fixed homology class, in such a way that the Ay, relations for each homology
class are compatible with the algebra— yielding an .4, multimodule over the algebra T

The main theorem we show is:

Theorem 1.1 The invariant Poly(L, A) is quasi-isomorphic to the bordered-sutured multimodule
BSA(S3 —L,A).

The drawback of the invariants BSA is that they are often rather tricky to compute (see eg Hanselman [6],
Levine [9], and Lipshitz, Ozsvath and Thurston [11; 14]). The module Poly(L, A), whilst somewhat
involved in its definition, is built from objects which have in one guise or other been present from the
advent of Heegaard Floer homology for closed three-manifolds. There is a close relationship between
the types of polygon maps used to build Poly(L, A) and the invariants CFL™ (L) — see, for instance,
Manolescu and Ozsvath [15], Ozsvath and Szabé [17; 21; 22], and Rasmussen [23], or see Section 1.1
below.

Conceptually, our approach is perhaps advantageous to that of [14] in that — besides generalising directly
to the case of general link complements — its connections with preexisting gluing type results in closed
Heegaard Floer homology are clear; see the discussion in the next section.

1.1 Motivation

The invariant Poly(L, A) is rather daunting at first, but has many precursors in Heegaard Floer homology
that make it a natural object to study. To orient the reader, we touch upon some of these here — but leave
the explicit details to future work.

1.1.1 The mapping cone theorem By the pairing theorems of Lipshitz, Ozsvath and Thurston [14]
and Zarev [26], for some choice of framing A = (Ay,...,A||) the invariant CFA(E (L), A) determines
the invariant CF(S3,(L)) ® IF£® ILI=T gor any choice of framing A’ = (\/,, ... ,)»1 1) More specifically,
beginning with the invariant CFA(E (L), A), one takes a series of box tensor products with type D
invariants of appropriately framed solid tori, such that the sutured three-manifold formed by gluing
these solid tori to £ (L) according to the framing A and the framings on the solid tori is the sutured
manifold S 13\, less |L| — 1 spheres with standard meridional sutures.

Historically, the invariants CF (S 13\,) have been computed using a sort of proto-gluing theorem, the mapping
cone theorem —see [21] for the case of L = K a knot, and [15] for the more general case where L is a
general link. This takes the input data of the associated invariants CFL™ (L), together with some “flip”
maps (see [15] for more detail of the precise data required), and writes down the invariants CF (S3,))in
terms of a complex built as a mapping cone of associated complexes.
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We thus have two ways to compute the same quantity. The optimistic question is: to what extent do the
quantities CFA(E (L), A) and CFL™ (L) (together with the “flip” maps) determine one another? More
heuristically, does the recipe for CF (S13v) in terms of CFL™ (L) factor through CFA(E (L), A)?

The case where L = K is a knot is the most well understood, and, indeed, it turns out not so optimistic:

Theorem 1.2 [14, Chapter 11] The invariant CFK™ (K) together with the extra information of the “flip”
map determines the invariant CFD(E (K), n) for any framing n.

By taking a box tensor product with the invariant CFAA(I), this gives the desired relationship.

The results of this paper give a concrete reason to expect this to generalise to links. In particular, the proof
of the mapping cone theorem hinges upon a detailed understanding of the relationship between CFL™ (L)
and cobordism maps between three-manifolds S 13\0 and SI3\1’ for Ag C A1 C A. These cobordism maps
are defined in terms of the holomorphic polygons used in the definition of the invariant Poly(L, A) in
this paper; thus we have a first step towards associating CFL™ (L) and Poly(L, A) = CFA(E(L), A).

The invariant Poly(L, A), however, tracks extra information about these holomorphic polygons, in the
form of an associated set of sequences of algebra elements, which are unseen by the corresponding
cobordism maps and higher polygon counting maps in the classic set-up. It transpires, however, that much
of this extra information can be packaged in terms of gradings on the chain complexes involved. More
about this, and the relationship between the invariants CFL™ (L), “flip maps”, and bordered Heegaard
Floer homology is to be made explicit in [7].

1.1.2 The spectral sequence of the branched double-cover, and an alternative proof In [19, Sec-
tion 4.2], a chain complex is associated to a framed /#-component link. As a set, this complex is given
by X =P,c (m, 1} (/ZI\J(Y(I )), where Y (/) is the manifold formed by surgering Y along L according to
the framing induced by A and I. The differential D counts a sum of polygon maps that respect a fixed
ordering of the vertices of 1 h,

The invariant Poly(L, A) is defined in a very similar manner, but with two main differences. First,
polygon maps in Poly(L, A) do not obey the ordering of the vertices: instead, we must consider all
possible polygon maps —ie the maps in Poly(L, A) split as sets of maps, where each set respects a
fixed ordering of the vertices of 1 . The other clear difference is that Poly(L, A) is an Aso-module,
whereas X (L, A) is a chain complex. This can be reconciled by considering instead the differential
graded module (P, d) := Poly(L, A) ® T* (here, we write 7* to denote the tensor algebra associated
to the torus algebra; see [14, page 10]). Both P and X (L, A) split as a direct sum over idempotents of
the torus algebra, and the provision of an extra basepoint for each component of L in the corresponding
Heegaard multidiagram gives a filtration upon the differential of X (L, A), which corresponds with the
splitting of d according to corresponding sequences of algebra elements. When L is a knot, this should
be compared to Eftekhary [5].
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More recently, the complex X (L, A) has been studied from the perspective of bordered Heegaard Floer
homology, to understand the difference between two spectral sequences between the reduced Khovanov
homology of the mirror of a link L’ and the Heegaard Floer homology HF(Z(L’)), where £(L') is the
branched double cover of L’: the one given by Ozsvéth and Szabé [19], and another defined in terms of
bordered Heegaard Floer homology by Lipshitz, Ozsvath and Thurston [13]. This relationship follows
naturally from Theorem 1.1, but, perhaps more interestingly, the methods of [13] can be applied, together
with a model computation, to give a different proof of Theorem 1.1 to the one in the present paper.

We sketch the main idea. The main result of [13] is a pairing theorem for holomorphic polygons in
bordered Heegaard multidiagrams (see Section 4.6 below). Approximately, this states that if D; and D,
are bordered Heegaard k- and /-diagrams respectively (ie D; has B!, ..., B¥ sets of attaching circles
and one set « of attaching arcs and circles, and similar for D;), a pair of holomorphic polygons u; and
u, with appropriate boundary conditions (encoded by elements of the torus algebra) corresponds to a
holomorphic polygon in a diagram D. Here, D corresponds roughly with the diagram formed by gluing
D and D, together along a common boundary; but in order to make sense of attaching circles, it is often
necessary to add a series of perturbed “copies” of some B to D; or D5, to promote D; to a bordered
Heegaard /-diagram (if k </, say).

Consider a cube of framings with vertices given by elements I € {m,/}2. To this we may associate a
type D structure given by the sum of the invariants CFD(D([)), where each D(]) is a bordered Heegaard
multidiagram for the torus, with attaching circles specified by /. We may promote this type D structure
to a type DA-bimodule by assigning to each domain B for D(/) a sequence of elements of the torus
algebra p(B), and defining m x(x, p) to be a map counting holomorphic curves in homology class B
with p(B) = p, such that summing these 7 x (x, ) over all sequences of p gives the structure map §'
for the invariant CFD(D([/)). By direct calculation, one can see that this DA-bimodule is equivalent to
the identity DA-bimodule for the torus, CFDA(I). As such,

CFA(E(L)) = CFA(E(L)) XCFDA(),
but, by the pairing theorem and the above discussion, we know that this is equal to the sum

@ CFA(E(L)) X CED(D(1)),
I

which is a sum of polygon maps in a bordered Heegaard multidiagram with | L| — 1 boundary components,
splitting by the algebra element associated to the restriction of their domain to the portion D(7). Iterating
this for all boundary components of E (L) gives an identification of CFA(E (L)) with a module defined
in terms of polygon maps in closed Heegaard diagrams, with extra algebra information stemming from
how the associated domain behaves in the regions corresponding to D(/) — this is precisely the way the
object Poly(L, A) is defined.

This should be compared with the results of Auroux [2, Section 6.2]; in particular, the sketched argument
above is approximately equivalent to the sketch proof of Proposition 6.5 given in that paper, but recast in
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a setting and language that is perhaps more accessible to the reader with background in Heegaard Floer

homology, rather than more broad symplectic geometry.

1.2 Organisation

In Section 2 we recall the algebraic definitions of .4, multimodules necessary for the rest of the paper,
and some relevant constructions and properties of the torus algebra 7. Then, in Section 3, we consider
the close relationship between bordered-sutured Heegaard diagrams which represent the complement
of a link, and a corresponding family of “partially splayed” and “splayed” Heegaard diagrams. The
invariant Poly(L, A) is defined in terms of the splayed diagrams, which are a family of closed Heegaard
multidiagrams — but we will need to consider a series of auxiliary modules Poly, (L, A) defined in
terms of partially splayed diagrams, which are bordered-sutured k-multidiagrams. These correspond
roughly with the final & algebra inputs into a structure map m, being contributed not by asymptotics at a
puncture in the Heegaard diagram, but instead by algebra elements associated to the homology class of a
holomorphic curve. In particular, when k is zero, all algebra elements are contributed by asymptotics at a
puncture, and so these recover the bordered sutured Floer homology of the link complement; when k is
large enough, these modules stabilise and there is no interesting behaviour near the puncture — so these
modules may be identified with Poly(L, A).

In Section 4, we define a series of moduli spaces of holomorphic polygons which will be instrumental
in our definition of the invariants Poly(L, A), and the auxiliary modules Poly; (L, A). We carefully
analyse the possible boundary of these moduli spaces, thus ensuring that the A, relations hold for these
multimodules. We also lay the foundations of a neck-stretching argument which will allow us, in the final
section, to identify all of the modules Poly, (L, A) for each k, thus proving Theorem 1.1.
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2 Algebraic background

We spend this section recalling the algebraic background of the bordered sutured invariants — although
these are defined in [26, Section 8], the algebraic structure is not discussed at length.

2.1 The torus algebra

We first define the algebras that we will work over for most of this paper. These are the forus algebra, T,
and the products
TR =T xT.
~—————
k times
The torus algebra is generated by eight elements as an F,-module, which are the two idempotents
tm and (;, and the six Reeb chords p1, p2, p3, P12, p23 and py23. The differential is trivial, and the

idempotents satisfy (,,t; = tjt; = 0— we also write 1 for the element ¢, + ¢;. The Reeb chords satisfy
P1P2 = P12, P23 = P23 and p1p23 = p12p3 = p123. The other nonzero products are
tmpP1 = pP1t = P1, L p2 = P2lm = P2, lmpP3 = pP3t] = P3,
lmP12 = P12tm = P12, P23 = P234 = P23, mP123 = P123L] = P123.

These algebra elements may be interpreted in terms of Reeb chords. Let Z denote an oriented circle with
four marked points @ = {ay,...,a4} C Z, together with a basepoint b € Z \ a — we suppose that a is
numbered in such a way that a positive path from b encounters them in order. A Reeb chord p € (Z\ b, a)
is an immersed arc in Z \ b with endpoints in a, and orientation agreeing with that on Z. To each Reeb
chord p we associate the algebra element a(p) := p; j], Where dp = a; —a; and [i, j] is the unique
substring of 123 beginning with i and ending with j — 1. We will often conflate a Reeb chord with its
corresponding algebra element.

We say that two Reeb chords p and p’ are composable if the product pp’, which we call their composition,
is nonzero. More generally, we call sequence (p!,... ,pk ) of Reeb chords composable if for every
i=1,...,k—1,the chords p’ and p'T! are composable. If 5 is a sequence of Reeb chords, then there is
an associated sequence of Reeb chords 5’ formed by replacing any composable subsequences of Reeb
chords with their composition, which we call the reduction of p. There is an equivalence relation upon
sequences of Reeb chords, given by saying that p and g’ are composable-equivalent if and only if their

reductions agree.
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In a similar manner, we say that two chords, p and o', are 123-composable if they are composable and
their composition is o123, and make a similar definition for the 123-reduction of a sequence of Reeb
chords. We shall say that a pair of sequences of Reeb chords are 123-equivalent if and only if their
123-reductions agree.

Remark 2.1 Being 123-composable depends only upon pairs of adjacent chords. In particular, the
sequence (p1, P2, p3) is 123-reduced, whereas the sequence (o1, p23) has 123-reduction p153.

One can see from the definition of the torus algebra that some Reeb chords behave rather differently to
others with respect to products by the elementary idempotents. If 5 - p 7% 0 we will say that (g (0) = (s,
and if p- 15 # 0 we will say that tenq(p) = t5.

It is straightforward to see that a for a sequence of Reeb chords p = (p!, ..., p™), the tensor product
o' ®---®p™ over the ring of idempotents of 7 is nonzero if and only if teng(0") = tstart(0° 7). Accordingly,
we make the convention throughout this paper that a sequence of Reeb chords satisfies this condition — ie
that it is shorthand for an element of the tensor product 7%

Definition 2.2 Suppose that g = (o', ..., p) is a sequence of elements of the torus algebra. To the
sequence p we associate the sequence of its jumping chords. That is, the subsequence

Jump() := (o' € B tsrart(p°) # tena(0'))

of all chords in the sequence that have different starting to ending idempotent.
Example 2.3 For instance, the sequence p = (02, P12, - ., P12, p1) has jump(p) = (02, p1).

We turn our attention to what we term a splicing of a series of Reeb chords. These should be thought of
as something between a set of elements l;l, e ,Ek where bi € T ®h and a set of sequences of elements
dy,...,dp where each a; € 75 . The point is that, later, we will make constructions (of diagrams) which
correspond with a given set of sequences of Reeb chords: these depend upon the corresponding set of
sequences of jumping chords (and ignore any nonjumping chords), and manifestly depend upon some
overall ordering of the jumping chords from all of the sequences —a splicing is a way to specify this
overall ordering.

Definition 2.4 Suppose that py, ..., g are a series of sequences of Reeb chords p; := (,0} s p;.j )
with corresponding jumping sequences jump(py), . .., jump(p;).
An m-splicing of py, ..., py is an ordered length m partition P; := (le, ..., P") of each jump(p;),

allowing for parts P} to be empty, and such that
. |P}| <1 for every i and j, and

e for each 7, the union Pf u..-u PIZ; is nonempty.
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Every splicing ¢ has an underlying set of unordered partitions, which we shall often denote by o. We
often write |6| = m to indicate that & is an m-splicing. We also write Col(c') for the number of elements
in the set

{i] P; is nonempty for more than one j}.
We shall say that ¢ is an interleaving of py,. .., py, or that & is interleaved if Col(c) = 0; that is, for
every i, precisely one P} is nonempty.

Example 2.5 For instance, consider 51 = (p1, p23, p2) and g = (p12, p1). A noninterleaved 2-splicing of
these is given by P; = (p1, p2) and P, = (p1, @); an interleaved 3-splicing 1 is given by Py = (p1, @, p2)
and P, = (J, p1, D).

If we are given two sets of sequences of Reeb chords X = Xl, . ,Xh and g = g Loovoes gh’ where each
s j is of length /; and each ] ; is of length k;, there is a corresponding set of sequences of Reeb chords
X % § defined by (A *g)j = (Xj,gj). Similarly, given splicings 61 = Py,..., P, and 6, = Q1 --- Oy,
for 5 and § respectively, then there is a corresponding splicing 1 * 65 of o x 3, formed by (61 xG3) =

(P1. Q1).-... (Pp, Q).

Example 2.6 With p = py, p, as in Example 2.5, and X = Ay, Ay for Ay = (p23) and Ay = (p2), with

corresponding splicing 6, given by Q1 = (&) and Q» = (p;), we have that (0 * X)l = (p1, P23, P2, L23)
and (0xA)2 = (p12, p1, p2). The corresponding splicing is (61 0> ), given by the partitions (o1, &, p2, &)

and (&, p1, G, p2).
A splicing naturally gives rise to a sequence of sets of idempotents in the torus algebra:

Definition 2.7 Let p:=py, ..., pj be a series of sequences of algebra elements p;, andleto = Py, ..., Py
be an m-splicing for p.
For each j, let P} LI P]ﬁjump(ﬁﬂl denote the parts of P; which are nonempty, and let p;." denote the

(unique) Reeb chord in each P;". Each P;"' has an associated sequence of parts

pik . iy ir+1 ir41—1
Pl = (pik, Pkl pleniThy

its trailed sequence, where only P;"' € P;" is nonempty. The sequence P; decomposes as a union

ljump(5;)|
pp= |J P*
k=0
where we define f’;o to be the union of the empty partitions (le, ey P; 1=,

We define a set of idempotents by

o tsan (') if Pie PP ori =0,
tend(p*) if Pl € P}k #0.
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We collect these into sequences of idempotents o by U= Lll, R 12, and denote by (5 =

@,....7m).

Example 2.8 With p =, g, and 61 as in Example 2.5, we have corresponding sequences of idempotents

0= (b, tm), T = (47, tm), T2 = (17, 17) and 13 = (4, 7).

We can also go in the other direction, associating a splicing to a pair of a set of sequences of Reeb chords
and a set of sequences of idempotents:

Definition 2.9 Suppose that we are provided with a set of sequences of Reeb chords g1, ..., p;, and a
sequence of sets of idempotents ¢ = (70, ..., ™) where each = Lil, R LZ satisfies that for j = 1,..., 4,

the sequence of idempotents ¢ := t}), .

m
4 has
] N / i—1 . -
{ej €7 1 #4573 = ljump(p))],
and that for every i =1, ..., m there is some j such that L;- % L§_1.
i—1

There is a corresponding splicing given by setting Pj? = @ when ¢/ = (7!, and for each L;k £ L;k ! we

. ; . i
set P to be the part {p}*}, where p}* is the k'™ chord in jump(p;) — we call this 6 (g, 7).

Example 2.10 Suppose p = ;. o, are as in Example 2.5, and 7 = (1°,...,7™) as in Example 2.8. The
corresponding splicing is the interleaved splicing given in Example 2.5.

We will also need to consider splitting a sequence of Reeb chords in two — roughly, in what follows, one
half g4 corresponds with genuine asymptotic behaviour of a holomorphic curve, whereas g will be
extracted from the topology of the homology class of the curve.

Definition 2.11 Suppose that p = g1, ..., oy, is a set of sequences of Reeb chords, and & is an interleaved
splicing of p. We shall say that a k-shipping of (p, ) is a pair pg, pg, (Where pg = pg 1.....pg j and
P = P 1----+ Py p) together with a pair of splicings 64,0y such that

e for some j, we have that ,5;,5’ ;j begins with a jumping chord,;
e Gy is a k’-splicing of pg,, where
k' = min{|jump(p)| + -+ + |jump(ps) |, k };
* (pa,08) * (P, G4s) = (5, 5).
If (g, 0¢) and (P4, 04) form a k-shipping of (p, ), and (5,67, ) and (0, p}y ) form a (k +1)-shipping
of (p,5) then we shall say that the pair (5,5, ) and (0}, p) splays (pa,0g) and (b4, 04)-
Example 2.12 Suppose 5 = p1, p; and 61 are as in Example 2.5.

Let . .
Pa.1=(p1,p23), Pgx1 = (p2),

ﬁé,zZ(P127P1)» /_)’ijzzza
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so that we have
Po1*Px = (P1.P23.02) =P1.  Pas*Psy = P2

Letting
6&,1 = (/Olv ®)v 6&,1 = (/02)’

3&,2 = (®7 IOI)S 8{11,2 = (®)7

we see that
Op,1*0s,1 = (p1.D.p2) = P1. Op %04, =(2,01.9) = Ps.

As Gy = (041,04 ) is a l-splicing of (41, s ) it follows that ((Ag 1, P ), (0x,1,04,)) is a
1-shipping of (p,071).
Similarly, a 2-shipping of (p, o) is given by

pa.1 = (p1.p23). Pz = (p2).

ﬁé,Z = (,012), IBCE,Z = (pl)v

with corresponding splicings
a1 =(p1), 0g,;=(2,p2),

Oor=(2)., 0z,=(p1.9).
Another 2-shipping is given by
pe1=(p), Pa1 = (p23,02),
Panr=(p12). Pz = (1),

with corresponding splicings
0,1 =(p1), 04, =(2,p2),

8&,2 = (®)7 5\1‘4,2 = (/017 Q)
2.2 A, multimodules

We begin with Ax-modules as a warm-up. Let A be a differential graded algebra over F,, with
differential 0, multiplication p and ring of idempotents Z C A. A (right) Ax module over A is a module
over [F, with right action of Z and maps

M1 MR TARIR®-- @1 A— M,

satisfying the Ao relation

n
0= muyit1(mit1(x.ay.....a)ai1.....an)
i=0

n—1 n
+Zmn(xvalv-~~7/~’(/(aiaai+1)vai+29'~-’an)+Zmn+l(x9a19~--9aaiv---va}1)
i=1 i=1

forevery x e M and ay,...,a, € A.
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More general is the notion of an A multimodule. If Ay, ..., Ay are differential graded algebras over I,
each with corresponding ring of idempotents Zy, ..., Zj, then a (right) A~ multimodule over A1, ..., Ay
is a module M over I, with a right action of 7 :=7; ® - - - ® Zj,, and equipped with maps

Miy,.in: M ®1 A?ll R ® A;?lh S M,
where A?’f is the result of taking the tensor product of A; with itself i; times, over the ring 7;.

The relations these maps must satisfy are more difficult to write down; we roughly follow Hanselman’s
presentation in [6, Section 2.1], with some modifications. If a; = (a IEEE a’ ) € A 7isa sequence of
elements of A;, then for every 0 < k <i; we define the truncations

> - 1 k ko=~ . k ij
Ty(aj) :==(aj,....a;), T (aj).z(aj,...,aj’),
and the maps
k. 1 k—1 k k+1y k+2 ij
M (aj)':(aja~"aaj ’I’L(aj’aj+ ) a-+ ,...aj]),

é(cfj)::Z(a!,...,a laak k+1 ..ai.j).

J ] J

This allows us to define the sequence

k- - . - k- -
wj(ay,....ap) = (ay,....m (@), ....ap).

With this in mind, and omitting subscripts, the relations which the multiplication maps must satisfy is
given by

0= m(m(x,Tj,@),.... Tj, @), T (@), ..., T ()
Jsessdn
ij—1
+ Z Z m(x, i k@, ....apn)+ Z m(x.,dy, ... a1, 0(dk), Agpts- - dp).
j=1k=1 =1

When Ay, ..., Ay are all copies of the torus algebra, we will have cause to consider decompositions of
these maps according to the extra data of a splicing of a1, ..., d, — the easiest way to define the Ao
structure maps we will be interested in later in the paper is in terms of a series of auxiliary maps which
sum to give the structure maps, and themselves satisfy a relation that implies the A relations for their
sums. First, we need to discuss operations upon interleaved splicings which are compatible with the
operations T, T* and ,11;

Fix an interleaved splicing & of a set of sequences of Reeb chords p = py, ..., p,. We shall say a pair of
indices (i, j) is compatible with (p, o) if either

(1) ,0] ’+1 is nonzero and precisely one of ,0] or p;'H is jumping (in part P}‘, say), or

ki . . .
i+l P] “*1 are jumping, and we have that they are in

2) ,o] ’+1 is nonzero, both of,o € P " and P;
l+1 c Pkt

consecutive parts — that is, ,oJ € P " and P; *1 for some ki.
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If (i, j) are compatible with p, g, then there is an associated splicing of i} J (p) which we call 8' In

case (1), we set 0 to be the splicing of [i Ty I (p) obtained from & by replacing Pk with the part { p’ ’+1 1.

In case (2), we set U to be the splicing given by omitting, for each /, the parts Pk’ and Pk’ + from P;.

If ¢ is interleaved, we shall say that an index 0 < k < m is collidable for (p, &) if for every j we have that

only one of P}‘ and P}‘H is nonempty. In this circumstance, we can define an associated (m—1)-splicing
of 4 associated to ¢ and k which we call 6 (k), the collision of & at k. 6 (k) consists of the partitions O,

where each Q; is formed by

P;’ ifi <k,
Q== PLUPIT! ifi=k,
P;'“ ifi>k+1.

In words, we amalgamate the k and (k+1)® parts of each partition. Colliding does not preserve being
interleaved.

Example 2.13 Suppose that g = p; = (02, p12, £3, 02, p3), With splicing & = (p3, p3, p2, 03). The
indices (2, 1) are compatible, in case (1), as p12 - p3 = p123 # 0 and pj3 is the only jumping chord of
the two — here, the associated splicing of /1%(,5) is given by (02, 0123, 2, 3). The indices (4, 1) are
compatible, in case (2), as (trivially) the final p, and p3 belong to consecutive parts of & — the associated
splicing of () is given by (02, p3).
Suppose that /52 = (/0127 P15 P23, /02)7 and let

82 = (Qvg’plvg?pZ’Q)v 81 = (/02’103v®?/02’®v103)'

Together, (61, 6,) form an interleaved splicing of (01, 0») and we have that the index 1 is not collidable
as Pl1 and P12 are both nonempty. The index 3, on the other hand, is collidable: the collision of (61, 67)
at 3 is given by ((p2, p3, p2, D, p3), (3, D, p1, P2, D)) which is no longer interleaved.

Definition 2.14 Let 6 (iy,...,i;) denote the set of all splicings of all sets of sequences of Reeb chords
in A?” K& A,?”‘. We shall say a sequence of maps

i MR7AZ @ @ AP X G(iy,... i) > M

.....

satisfies a partial Ao relation if, for every x € M, set of sequences of Reeb chords p, and interleaving &
of p, we have that

lo]—1
0= Y n((x135).8.5)+ Y a@(@.6)+ Y nx.p.5k),
Axd=p i,j compatible k collidable

G1*G2=0

Proposition 2.15 Let n;, ... i, be a sequence of maps satisfying the partial A relation. Then the maps

.....

Miy,.in- M ®I.A(18)il ®"'®A}?ih - M
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defined by
mi,..ip(x, p) 1= Z iy ,....in (X, 0, 0)

G an interleaving for p

satisfy the Ao relations.

Proof This follows readily by fixing x and p, and summing the partial Ao relations over all interleavings
for p. The first two terms in the partial relation sums to the first two terms in the A relations, and the
final terms cancel in pairs where ¢ and 6" are the two unique interleavings which satisfy 6 (k) = ¢’(k). O

3 Diagrams

In this section, we will be concerned with diagrams of various sorts. The reader is encouraged to read
Sections 3.0.1 and 3.0.3 before this section, for some precise cases of the construction and for some
examples. We make a broad but vague definition here to try and minimise repetition of associated
definitions later:

Definition 3.1 A diagram is a tuple D = (X, y; b, p) consisting of the following data:

(1) a connected, oriented surface X of genus g, possibly with boundary;

(2) an ordered tuple of attaching curves y = {y', ..., y™}, where each y' is a set of embedded curves
and arcs in X;

(3) a finite set of marked points b C 0%;
(4) a finite set of distinguished points p C Int(X).

We make the following broad definition:
Definition 3.2 Let D be a diagram with two sets of attaching curves and arcs, y and y’. A generator for

(¥, y’) is a set of intersection points x = {x1, ..., X, } where the x; are members of y Ny’, such that

e every closed curve in y and y’ contains precisely one x;, and
l

 exactly half of the arcs in each of y and y’ contain precisely one x;.

We will denote the set of generators for (y, y’) by G(y, y’). With the genericity of the above definition
of a diagram, of course, it is possible that G(y, ') is empty.

In more generality, we will say a sequence of generators for a diagram with more than two sets of attaching

curves y!, ..., y™is asequence x 2, ... x"™! where x*'T1 € G(p’, y'T1) (here, the superscripts are
taken modulo m).
If D is a diagram with m sets of attaching curves, then for any subset U C {1, ..., m} of size [, there is

an associated set of attaching curves y(U) := {y’ | i € S}, and the data D|y := (Z; y(U); p; b) also
constitutes a diagram, which we call an /-subdiagram of D.
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0 =2m
91,2
92,3
03
0=mn
0=0

Figure 1: A neighbourhood of an attaching curve y, shown in red, and the images of the Hamil-
tonian isotopy H (y,t) for various ¢ € [0, €], where the curves get progressively more orange as ¢
nears €.

We will later be interested in perturbing some of the curves in a diagram. A way to do this is given in
[10, Lemma 11.8]. Namely, Lipshitz describes a Hamiltonian H: 3 — R which is supported within
a tubular neighbourhood of a set of attaching curves, such that the corresponding Hamiltonian isotopy
H(x,t) behaves as in Figure 1 (6 refers to the S! coordinate of the tubular neighbourhood, identified
with S x [0, 1]).

Definition 3.3 Suppose y is a collection of curves in some diagram. Then we define the e-small m-fold
approximation of y to be the set of sets of arcs and curves y (g, m) = {y'(e,m), ..., y/ (¢, m)}, where
yi(e,m) = H(y.ie/m). We shall sometimes write /™ for yi(e, m) when it is more convenient.

If p!, ..., p™ is a sequence of curves that may be written as y (¢, m) for some y, & and m, we will often
say that y!, ..., p™ are small approximations of one another, and, when m = 2, we shall write y! ~ y2.
If y!,»? C X are small approximations of one another for some &, we will say that the subset of

given by ref0.e]) H(Y 1 t) is the approximation region for y', y2. More generally, if y!,..., »™ are all

small approximations of one another, we say the approximation region for y!, ..., »™ is the union of the
approximation regions for each y’ ~ y+1
Note that in an e-small m-fold approximation, any consecutive set of arcs and curves y’, ' *! constitute

the ¢/m-small 2-fold approximation of y. For any 2-fold approximation y’, »'*!, we can choose a
distinguished generator 0%i+1: a choice of, for everyi = 1,...,g + k, one of the two elements of
y Ny’. Hence, given an g-small m-fold approximation, we may choose a distinguished generator for

each consecutive pair y*, p'*! to give a set of distinguished generators § = {§ -2, ... 9™~ 1.m,
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We will be largely concerned with a canonically defined set of distinguished generators. Namely:

i+

Example 3.4 Consider the intersection points (9’ ’+1 € yj Y ! as shown in Figure 1. The collection

of 0’ i+l U 9' l+1 for every i gives a set of dlstlngulshed generators 0+

Sometimes, we refer to the other choice of intersection point in y]? N y; as 02’;71.

Definition 3.5 Suppose y and p’ are two collections of arcs and curves in some diagram, and let
x €G(y,y’) be a generator.

If p&/mil . p&/mm s the e-small m-fold approximation to y, then, provided ¢ is sufficiently small,
there are a series of canonical nearest point maps, which are given by, for each i, the map

0i: Gy, y) — Gym™ ')

which sends x; € y; Ny’ () O the canonical nearest point xg/m e ys/m N v, ()"

If we are given a set of distinguished generators 9 for the approximation, then this allows us to associate

to any pair of generators x, y € G(y, p’) a sequence of generators

(x/’ 01,2’ e om—l,m’ yl)

in the set
g(y/’ ys/m;l) % g(ys/mgl’ ya/m;Z) X e X g(ya/m;m—l’ J,,s/m;m) > g(ys/m;m’ }’/),

where x’ = x, and y’ = ¢, (y). We call this sequence the e-small m-fold splaying of (x, y), and shall
often abuse notation and write (x, 012, ..., 8™~ 1" y) for the relevant generator.

3.0.1 Toroidal bordered Heegaard diagrams One of the main instances of a diagram we shall consider
is when D specifies a three-manifold with boundary that is a disjoint union of tori. The definition we
shall use is:

Definition 3.6 Suppose that D = (Z; y; b; p) is a diagram. Then we shall say that D is a foroidal
bordered Heegaard diagram if:

(1) X isa genus g surface with s boundary components.

(2) p consists of only two sets of pairwise disjoint curves  and B, which intersect transversely,
such that 8 consists of g — 1 4+ /& simple closed curves, and & can be partitioned into two sets,
a = a? Ua‘, where a? consists of 2/ arcs and a¢ consists of g — 1 closed curves.

I
10

the point b; € 3%; as shown in Figure 2, and is disjoint from 9X; fori # j.

(3) The set «? can be written a? = {a™, « ,a™ ol where o™ and o! intersect 9%; relative to
1 h>"h i i

(4) Every region of the surfaces ¥ —a and X — 8 meets some basepoint b; € b (we sometimes call

this homological linear independence).

(5) The set of points p is empty (we therefore usually omit this from the notation).
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Figure 2: Labelling conventions for " and ozf .

An example of a toroidal bordered Heegaard diagram with 2 boundary components can be found on the
left of Figure 8.

In the case where D is a toroidal bordered Heegaard diagram with |0X| = 1, this constitutes a bordered
Heegaard diagram compatible with a manifold with torus boundary in the sense of [14]. When |dX| > 1, the
data corresponds to a bordered sutured Heegaard diagram in the sense of [26]. The dataof b ={bq, ..., by}
corresponds to a series of arcs [, C 0%, so that « and I'j specify an embedding of the disjoint union of
h arc diagrams for the torus into X; that is, D is equivalent to a bordered sutured Heegaard diagram for a
three-manifold with / torus boundary components. We will tend to ignore the distinction between D and

the corresponding bordered sutured diagram.

Convention 3.7 To avoid proliferation of adjectives, we will often refer to a toroidal bordered Heegaard

diagram as simply a bordered diagram.

Note that when D is a bordered diagram, a generator for D is a set of intersection points Xy, ..., Xg 441,
where xq,...,xp €a? NP and xpqq, ..., Xgp—1 €N B. Without loss of generality, fori =1,...,A,
we have that x; € oz;s" NBs iy, where §; € {m, [} and o is some permutation of {1, ..., g}. If 6 = (J1,...,6p)
is a sequence of elements of {m,/}, then we can associate the idempotent ¢(§) = (t5,,...,t5,) in Th.

Accordingly, we may associate to any generator x the corresponding idempotent ¢ (x) := ¢(§) — this is
called I4(x) in [14].

It will be of use to us later to note that although the set p is empty if D is a bordered diagram, there is a
set of points p(h) C Int(X) given by pushing each b; € b slightly off of the boundary d%; into the region
of ¥ —a — B adjacent to b;.

3.0.2 Link diagrams Another important instance of a diagram is what we term a 2h-pointed link
diagram; cf [20, Definition 3.1] where these are called 2/-pointed Heegaard diagrams; these are

Definition 3.8 Let D = (X; p; b; p) be a diagram. Then we say D is a 2h-pointed link diagram if:

(1) X is a closed surface of genus g.
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(2) y consists of two sets of pairwise disjoint curves y! and y?2, which intersect transversely, such

that each is a set of g + /4 — 1 simple closed curves (ie none of them are arcs).

(3) Each set y’ spans a g-dimensional sublattice of H;(X). Equivalently, for each i, the surface ¥ —p*
has precisely /1 components A4, ..., 4].

(4) The set b is empty (this is implied by X being closed, and we will often omit it from the notation).

(5) The set p can be ordered as p = (wy, 21, ..., Wy, z), such that wj, zj € A} n Aj?. We will often
write p = w U z for the partition of p into (wyq,...,wy) and (zy, ..., zp) respectively.

Often, we write y! := B and y2 := . For an example of a 4-pointed link diagram with g = 0 and s = 2,
please see Figure 3 — at this stage, the purple and orange curves are to be ignored. Another example of a
link diagram with basepoints omitted can be found on the right of Figure 8.

3.0.3 Heegaard multidiagrams Another important instance of a diagram is a Heegaard multidia-
gram. We follow approximately the treatment given in [13], though the notion goes back as far as [18,
Section 8.1.5].

Definition 3.9 Let D = (X; y; b; p) be a diagram. Then we say D is a Heegaard m-diagram if:

(1) X is a closed surface of genus g.

(2) y consists of m sets of g + h — 1 pairwise disjoint simple closed curves y’, such that each p*

intersects y/ transversally for i # .
(3) For each i, the surface X — ' has precisely 47 components A}, ..., 4}.
(4) The set b is empty (this is implied by X being closed, and we will often omit it from the notation).

(5) The set p consists of / points, p = (z1, ..., z), such that (without loss of generality) z; € ﬂ;"zl A;

Examples of 3- and 4-diagrams with basepoints omitted can be found on the left and right (respectively)

of Figure 10.

3.0.4 Bordered multidiagrams We roughly generalise both a toroidal bordered diagram and a Heegaard

m-diagram:

Definition 3.10 Let D =D = (X; yo, yl, e ym_l ;b; p) be a diagram. Then we say D is a foroidal
bordered multidiagram if:
(1) X is a surface with s boundary components 9%, ..., 0%.

(2) (Z.y% yl.b) is a toroidal bordered Heegaard diagram (such that y° are closed curves, and
y! =y l@Uyple splits as a series of 2/ arcs and g — 1 closed curves).

(3) For i > 2 each of the sets of curves p’ is a set of g + & — 1 pairwise disjoint simple closed curves

such that each y’ intersects y/ transversally for i # ;.
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(4) For each i > 1, the surface ¥ — p’ has precisely # components A’ , ..., AZ.
(5) Theset p={(zy,...,z,)is given by the push-off p(b), and (without loss of generality) z; € (/= A;

Given a toroidal bordered multidiagram, there are two associated surfaces which we will have cause to
mention later. The first is the associated compact surface X, which comes with associated arcs y' — we
may view X as X —9%. The second is the surface =z which is the result of collapsing each boundary circle
0X; of ¥ down to a point ej‘?o — thus we can also view X as a punctured surface ¥z \{e?°, ..., ¢;°}. This
comes endowed with natural closed curves yz; which are the closures of y under this identification, and
basepoints p; such that D; = (Xz; yz; pe) is a diagram, which we sometimes call the east compactification
of D.

3.0.5 Converting between diagrams Most of the content of this paper is in relating counts of certain
moduli spaces related to bordered diagrams with those related to multipointed Heegaard multidiagrams.
As such, we will need to have a dictionary between concepts for the above two diagrams.

We will work with a special class of diagrams in both cases. We first need to introduce the notion of a
handle. Please see Figure 6 for a picture of the closed —6-twisted handle with the curves B¢ and o (/)
pictured; and Figure 5 for a picture of a closed handle with the curves B¢ and o (m) shown. A bordered
—6-twisted handle is also shown in Figure 4.

Definition 3.11 For n € Z, the closed n-twisted handle is a tuple
(n) = (H;ag(m), s, a5(1): ps),
where

e H is the tube S! x [—1, 1], with left and right ends $; := S! x {1} and Hg := S! x {1}
respectively;

g (m) is the curve S x {0};
By is the arc {0} x[—1, 1];
ag (/) is the arc {(e™7 1) |t €[—1, 1]}

* pg is the pair of basepoints (wg, zg) as defined below.

For the definition of pg, we choose a disc neighbourhood of the point a.g (172) Neegy (/) which is sufficiently
small that the triple (D, ag(m) N D, ag(/) N D) is modelled on the unit disc D C C, together with the

imaginary and real axes respectively. Under this identification, we put wg = %837[ i/4 %8_371 i/4,

The bordered n-twisted handle is a tuple $(n) = (H;ag(m), Bg,as(/); b), where H, g (m), Bg and
o (/) are the punctured tube and arcs induced from H, ag(m), B and ag (/) by removing D from H.

and zg =

Under the identification of D with D, the boundary of H consists of three components: $7, 9 g and a
new circle $3; modelled upon S! = 9D. We define b to be the point in 1y that corresponds to e ™™ i/4,
It will be useful for us to note here that there is a clear bijection between the sets of curves ag (1), B, g (/)
and a g (m), Bg, ag (/) respectively, given by the map Np(y) =y N (X \ D).
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We will shortly construct some diagrams by gluing handles to a multipointed Heegaard multidiagram in a
way specified by some fixed data. First, we consider sequences of idempotents:

Definition 3.12 An /-splaying sequence of idempotents is a sequence { of m + 1 sequences of elements

in the subring of idempotents of the A-torus algebra; 1 =17°, ..., 7™, where [’ = (Lli, ey LZ) and each L;.-
is one of ¢y, or (;.
Note that if p = py,..., oy is a set of sequences of Reeb chords and ¢ is a splicing for p, the associated

sequence [ is an A-splaying sequence of idempotents. In general, the data we shall require is as follows.

Definition 3.13 Suppose D is a link diagram (X; ¢, 8; p), where | p| = 2h. By definition, we can number
the regions 4 of ¥ —a and B of ¥ — B by the numbers 1, ..., / so that the points p ={w1, z1,..., Wy, Z4}
satisfy (w;, z;) € A; N B;.

A set of stabilisation data for D is atuple d = (Ay,z, Az w. 1, €, 1), where:

(D) Awz={Aw,,z;s--sAwy,z, ) and Az oy = {Az, ;.- .., Az, w,  are oriented arcs in X chosen such
that
® a)\w,-,z,- =Zi —wj,
® 8)\2,',11),' = w; —zj,
* AyNa =g, and
e AwNP=0a.
(2) n=(ny,...,ny) is a sequence of integers.
(3) ¢ is a small approximation parameter.

(4) 7 is an h-splaying sequence of idempotents.

This is demonstrated in Figure 3 for a specific choice of link diagram. (This is a 4-pointed Heegaard
diagram for the Hopf link in S3.)

We now describe the process of gluing handles to a link diagram. The reader is strongly encouraged to
refer to Figure 4 either whilst or instead of reading the following definition.

Definition 3.14 Let D= (Z;«, B; p) be a link diagram, where | p| =24, and letd = Ay z, Az, 11, €,7)
be a set of stabilisation data for D. Suppose that (1, ..., $3) is a set of bordered handles.

We label the elements of p by (wq, z1, ..., Wy, z), where w; and z; both belong to the same component
of ¥ —a and X — B. Choose a pair of small neighbourhoods N;* and N/ around w; and z; which are
holomorphically identified with the unit disc D C C in such a way that the basepoint z; is identified with
the origin and the arcs A; y, N N and Ay, ;; N N7 are identified with the positive and negative sides
of the real axis respectively; and that Ay, z; N N* and Ay, -, N N are identified with the positive and
negative sides of the real axis respectively.
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Figure 3: Stabilisation data for a 4-pointed link diagram. Here, the & curves are shown in red and
the B in blue.

Now choose homeomorphisms hiL (resp. hf) from S)iL (resp. $ IR ) to AN (resp. dN/?), in such a way that
hE(ag, (YNHE) =hz; w, ANY and hE (B, NHF) = kw2, AN (resp. hR (g, (DNHE) = Az, NN P
and hR (B, N HE) = hw, 2 NNP).

Form the surface
Z(d) = (E—le—sz—'--—N}:U—th) UhL,hR (H],...,Hh)

by gluing the handles to ¥ via the homeomorphisms / lL and & iR. We denote by glue the composition of
the projection map from ¥ to (¥ — N — Nj —---— N,’ — NJ) with the gluing map; that is, it is a map

glue: XU H U---UH, —> X(d).

There is a set of /1 curves B¢ := (Ay, 7, UpL 4R Bsys-eshwy,z, Uh,f,h,’f Bs,) contained in X(d), and
also a sequence of arcs ey given by a“(m;) := glue(ag, (m)) and a“(/;) := o, (/) Uh,’;,h}f Az w,» for
i=1,....h

Zj Wi w; zj )\wizi

Zi wi

Nf
Figure 4: The bordered stabilisation of a link diagram at one pair of basepoints.
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U, (WZ)

vi(m;)

Figure 5: The closed stabilisation of a link diagram at one pair of basepoints w;, z;, with merid-
ional corresponding idempotent.

These allow us to form the bordered diagram D(d) = (X (d), a(d)?, a(d)¢, B(d), b(d)), where
e X(d) is as above,
* o(d)? are the arcs a,
e a(d)¢ are the images glue(a),
e B(d) is the union of B¢ and the images glue(B), and
e b(d) is the image glue(b($H1)U---Ub(Hy)).

We call this diagram the bordering of D; any bordered diagram that arises as D(d) for some (D, d) we
will call stable.

Note that in this construction, the elements of the approximation data ¢ and 7 were redundant. A small
adaptation of the above also gives us a multipointed Heegaard multidiagram (illustrated in Figures 5
and 6):

Definition 3.15 Let D= (Z;«, B; p) be alink diagram, where | p| =2h, andletd = (A2, Az, 1, €,7)
be a set of stabilisation data, such that 7 consists of a single idempotent of 7" h = (tsy»---ts,) where
each §; € {m,[}. Suppose further that (1, ..., ) is a set of closed handles.

One can imitate the construction of the surface X (d) from the previous definition, but with (1, ..., )
in place of (81, ..., ) to yield a surface X(d, ¢) := X Uy pr (Hy, ..., Hy) by gluing the handles to
> via homeomorphisms hiL and hiR. We denote by glue the corresponding gluing map

glue: XU H U---U Hp — X(d, ).

Again, there is a set of /1 curves Bg: = (Aw,;,z; UpL 48 Boy.- - A,z Uhﬁ hR Bs,,) contained in X (d, ¢).
There is also a sequence of curves contingent on ¢, given by the set a5 (d, t) = {y:(6;)}, where
glue(ag, (m)) if §; = m,
yi(8i) = oo _
@s; (D Upt yR Az i 8 =1.
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Figure 6: The closed stabilisation of a link diagram at one pair of basepoints w;, z;, with longitu-
dinal corresponding idempotent.

These allow us to form the diagram D(d, ) = (X(d, 1), a(d, 1), B(d, 1), p(d,t)), where
e X(d,t) is as above,
e «(d,u) is the union of ag(d, ¢) and the images glue(e),
e B(d,1) is the union of B¢ and the images glue(f), and
e p(d,u) is the image glue(pgs, U---U pg,).

Note that Np : $ — $) extends to amap Np : D — D(d, t), which yields a bijection Np: B(d, 1) = B(d). It
no longer yields a bijection of the sets at(d, t); rather, it gives an injective map sending glue(e) — glue(o)
bijectively, and each element y;(;) € e (d, ¢) to the corresponding arc Np (y;(6;)) = a?(8;). It follows
that to every generator x € G(D) we may associate a generator 051 (x) € D(d, t(x)) (we often abuse
notation for this generator and also denote it by x).

The diagram D(d, ¢) as defined above constitutes a multipointed Heegaard multidiagram (in fact a simple
Heegaard diagram), but does not use the information & from the approximation data d, and is restricted to
the case where 7 is a single set of idempotents. In more generality, we make a similar construction:

Definition 3.16 Let D= (Z;«, B; p) be alink diagram, where |p| =2k, andletd = (A z, Az, 1, €,7)

be a set of stabilisation data for D such that 7 = (!, ..., /.

The splayed diagram associated to the pair (D, d) is the tuple
D(d) := (Z(d).a' (d).....a"(d). B(d). p(d))
given by:
o 3(d)=%(d, ") (this is the same as = (d, !) for any 7).
e a'(d) is given by the e-small approximation H(et(d, t(1;), ie/m) to the set of curves a(d, 1(1;))

foreachi = 1,...,m, as described in Definition 3.15.
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pj

Figure 7: A splayed diagram near e;-"’.

Here, foreach i =1, ..., h, if we denote by «(d, ¢, $;) the curve of a(d, 1) which intersects £);,
then we chose the identification of the tubular neighbourhood N («, i) of a(d, ¢, $);) with S1 x [0, 1]
so that the intersection of the complementary curve a(d, (¢, $;) with N(«, i) coincides with the
arc 7 x [0, 1]. (See Figure 7.)

e B(d) is given by the set B(d, (1) (this, again, is really independent of ¢).
e p(d) is given by the set | Ji_, ps;.
If D is a stable bordered diagram D = D(d) for some d and D, then we will refer to the corresponding

splayed diagram D(d) as the splaying of D. We will often denote this simply by D(g,7), as these are the
only parts of the splaying data d not determined by the bordered diagram D(d).

There is one further variant which we shall need to consider:

Definition 3.17 Suppose that D is a link diagram, and that d is a set of stabilisation data for D. Consider
the corresponding splayed diagram

D(d,0):= (2(d), &' (d), ..., a™(d), B(d), p(d)).

We note that each &’ (d) is disjoint from the points e®°. It follows that there is an induced set of sets of
curves in the surface X (d), given by the images of the a’(d) under the map Np. As such, there is a
corresponding bordered multidiagram D(d,7) given by

DY(d,7) = (2(d.7),a%(d.T) Ua(d.0), ' (d.7).....a"(d.7), B(d.T), p(d.7)).
(We often relabel so that X (d,7) = X(d), etc.)

We call this the partial splaying of D associated to the data d, 1.
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Later, we will need to perturb subdiagrams into a more standard form:

Definition 3.18 Suppose that D is a splayed or partially splayed diagram, and consider a subdiagram D’
with attaching curves y = p’1, ..., pi. Lety’ = yii e yi;c’ denote the subsequence of these attaching
curves obtained by omitting any y% such that -1 = p¥

i’ -il . -ih
Each set of curves y'i is given either by H (ee(d,7" ,i 1&/m) for some sequence of idempotents (' oris
equal to a or B —say there are m’ curves of the first sort. We let yr, denote the sequence of attaching

curves obtained from p’ by replacing each yif/' of the first sort with the perturbation

yie = H(a(d,77, je/m"),
and D;eg be the diagram obtained from D’ by replacing the attaching curves used with pye,.

We shall call this diagram the regularisation of D'.

The bordered stabilisation and splaying of a Heegaard diagram exhibit a number of similarities.

Let D := (Z;a, B; p) be a link diagram, and d = (Ay,z, Az, 1, &,7) some stabilisation data for D.

Recall that associated to the curves a are the m-fold & approximations ee!, ..., a™.

The image of a’ under the map glue coincides with a set of g — 1 of the closed stabilisation curves

al(d) C D(d) = (Z(d);al(d),...,a™(d); B(d); p(d)), or similarly in the partlal splaying of D. We
number the & (d) so that these g — h curves are given by the set {ozh (), + 1@} Ca i(d). 1t
follows that to any distinguished generators 0 approx = =05 dpprox, e, 0;’;pr§x for the m-fold e-approximation

of @ we may associate a corresponding set of partial generators glue(éapprox) for the splayed or partially
splayed diagram D(d ), which we also denote by 0 ypprox.

The curves in each &’ (d) not in the image of glue(e?), which we assume are labelled by a’i, cees a;l such
that, for each i either:

tlisa single point efo’l (this corresponds with the idempotents L§ and t;-—H being different).

i+1

. oz’. ﬂ(x’.

o ! i and ;" are Hamiltonian isotopic (in fact, they are &/m-small approximations of one another).

In the second case, there are two points in a N a +l

9114—1

. For every such i, j, we choose an element

€ a N oe’Jrl We term such a choice a splaymg extension of the distinguished generators Oapprox.

00,i,i+1 911+1 011+1

For every ﬁxed i, we collect the intersection points e; and into a set 0. ., and set

oHi+1 Oéxltﬂ U Oflp’pfoi this is a bona fide set of generators dependent upon both the choice of

distinguished generators and the choice of splaying extension.

Example 3.19 Suppose that 5approx is the distinguished set of generators 5+ described in Example 3.4.

Then we shall call the corresponding set of #%/*1 by the same name 03}“ —and hope that this does

not cause confusion.

If we wish to draw attention to the number of generators in ] +, we will write ] +(k), where k = |5 +(K)].
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D

Figure 8: The splayings of the diagram in Figure 3 with splaying data d as stated in Example 3.21.
On the left is shown the bordered stabilisation with a pair of generators x (violet) and y (lime
green); on the right is shown the splaying by the length one sequence of pairs of idempotents
((4m, 17)) together with the corresponding splayed generator.

Recall there are corresponding generators (x’, y”) in the splayings D(0, t(x)) and D(0,t(y)), given by
the map ﬂl_)l (see the discussion following Definition 3.15). The nearest point map gives a generator y
corresponding with y’ in the set of generators G(a™, B); it follows that the tuple (x, 012, ..., 8™~ 17 3)
constitutes a sequence of generators for the splayed or partially splayed diagram D(e,7). We call this
sequence the splaying of (x, y).

Remark 3.20 For sufficiently small ¢, for each j all of the points ejc.’o’i may all be assumed to be
contained in a small disc neighbourhood N; of e]‘?" which is disjoint from the curves B (d).

Example 3.21 Figures 8, 9 and 10 show the bordered stabilisation of the diagram in Figure 3 by the data
d=Awz Azw,n,e7), where Ly, » and A ; 4, are as given in Figure 3, n = (0, 0), & isn’t pictured, and 7
is stated below each figure. Also demonstrated are a series of generators, and their respective splayings.

Figure 9: The splayings of the diagram in Figure 3 with splaying data d as stated in Example 3.21.
On the left is shown the bordered stabilisation with a pair of generators x (violet) and y (lime
green); on the right is shown the splaying by the length two sequence of pairs of idempotents
((tms tm), (U1, tm)), together with the corresponding splayed generators. Here, the distinguished
generator is shown in dark grey.
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Figure 10: The splayings of the diagram in Figure 3 with splaying data d as stated in Example 3.21.
On the left is shown the bordered stabilisation with 8 in blue and « in red, with a pair of generators
x (violet) and y (lime green). On the right is shown the splaying by the length three sequence of
pairs of idempotents ((t, 1), (t7, 1), (7, tm)), Where B is blue, e is red, &, is orange and &3 is
yellow, together with the corresponding splayed generators. Here, the distinguished generators
are shown in dark grey and light grey respectively.

Convention 3.22 From here on, we will label the attaching curves of a splayed or partially splayed
diagram D(g,7) or D?(£,7) by y°, ..., p™, where y° = B, and the curves y!, ..., p™ are given by the
splayed curves y* = a’(d), or, for a partially splayed diagram, y! = @ = @ U &€ and the subsequent
curves are the closed curves y! = a’(d).

3.1 Domains

Suppose that D = (Z;p°,...,p™; b; p) is a diagram. In the next chapter, we will be interested in maps
1:(S,08) = (B x Dy 1,0 x €O U= U p™ x ™)

where S is a Riemann surface with boundary and punctures upon its boundary, and D,,, 1 is an (m+1)-

0,1
..

gon—that is, a disc with m + 1 boundary punctures v ..,v"™0 (see Section 4.1) — with sides

e, ..., e™. Given any such u, one can postcompose with the projection maps 7x;: ¥ x Dy, 11 — 2 and
7p: XX Dyy1 = Dyy4q to yield corresponding maps uy, and up.
i,i+1

Near any boundary puncture ¢ of S that is mapped to v under u p, the maps u which we study will

be asymptotic to a point 75+1(q) of the form
i,i+1

[i,i-H i,i+1

() :=x""""(q)xv

for some point x"*t1(g) € y* Ny’ *1, such that the set
ii+1._ U i,i+1
x = X (q)
qeul_)l (vi.i+1)
constitutes a generator for (X, y’, p'+1) —that is, the sequence G(u) := (x%1, ..., x"9) is a sequence

of generators for D.
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We label the following objects:
Cl:=y'xe, I"!.= U %),  §7:= @2\ b)xe’.
q€u51 wi-i+1)
It will follow from our assumptions on u that there is an associated map u# which represents some class in
the relative homology group

Hy (S x Iy x I, (COU---uC™y U (x®1U---u 1m0 (x™0)) U §%)).

We denote by w5 (x%1, ... x™9) the set of all elements of the above group which map to the relative
fundamental class of 7%1(x%1)U-..uI™0(x™9) under the composition of the boundary homomorphism

and collapsing the remainder of the boundary.

A related notion is that of a domain. Namely, if D is a diagram, then a domain is an element of the
homology group
Dom(D) := H,(Z,y' U---Upy™ U IT).

This homology group is generated by the regions R; of ¥ — y, and thus any domain is given by a formal
linear combination Y r; R;.

A periodic domain is a domain with zero multiplicity (coefficient) at all regions R; where R; N (zUb) # @
and with boundary equal to a linear combination of (full) curves and arcs from y. A provincial periodic
domain is a domain which further has zero multiplicity at all regions R; such that R; N 0% # @.

We say a diagram D is admissible if every periodic domain in D has both positive and negative coefficients;
we say it is provincially admissible if every provincial periodic domain in D has both positive and negative
coefficients.

Any homology class B in the group m,(x%!, ..., x™9) can be projected under 75 to an element of
Dom(D), which we call its domain. One can see that a homology class is uniquely determined by the
corresponding domain; thus we often conflate the two notions.

Given a sequence of Reeb chords (p', ..., ,ok ) of the torus algebra, there is an associated homology class
(5] = [p']+[p?]+ - - +[0*], where [p'] is the image of the Reeb chord 5 in the relative homology group
H\(S',a). If D is a toroidal Heegaard multidiagram with / boundary components, each of the relative
homology groups H;(dX;, a;) are identified with H; (S 1 a).

Definition 3.23 Suppose that B € 7, (x%!, ..., x™9) is a domain. We shall say that B is p-compatible
for p = (p1.....py) if, for each j, we have that the image of B in H;(0%;, a;) is equal to [p;].

Convention 3.24 When D is the splaying of a diagram D, if x, y € G(D) are generators, we shall often
abbreviate the corresponding group

ma(x' 0% 0Ty
as n20+ (x,y) C Dom(D(d)).
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We end this subsection with a brief discussion of generators and domains in east-compactified diagrams,
which will be useful in Section 4.6.1. Recall that to any diagram D is associated a corresponding
east-compactified diagram D;. Generators for D have obvious counterparts in Dz, and we generally
abuse notation and call these by the same label; any homology class B for D has a corresponding
east-compactified class Bz in the relative homology group

Hz(Zé X Dy, ((yél Xel) U.--uU (}’m Xem)) U (10,1 N Im—l,O)).

3.1.1 Splaying domains We would like to understand the relationship between domains in a bordered
diagram D = (X; «, B; b) and a corresponding (partial) splaying D (e, 7). First, we set up some notation
for describing different qualities of sequences of Reeb chords.

Fix a stable bordered Heegaard diagram D, generators x, y € G(D), a set of sequences of Reeb chords
po = Pg 1+---+Pg j» and a sequence of idempotents 7. Consider the partially splayed diagram D(e,7)
and the splayed diagram D(g,7). We shall associate to any p4-compatible domain B € nzo T(x,y) C
Dom(D?(&,7)), or any domain B € ng +(x,y) C Dom(D(s,7)) a sequence of Reeb chords 5(B).

Convention 3.25 Recall from the beginning of the section that any homology class in Dom(D) corre-
sponds with a homology class in Dom(D;) — we make this identification for the rest of this section, and
consider domains in diagrams where the underlying surface is closed.

Consider a small neighbourhood N; of ej‘.’o € Xz, which is disjoint from B and such that for every 7, ejc.’o’i
is contained in Nj, as in Remark 3.20. Suppose that B € 7120 +(x, y) is a domain, and that u is a map
from a surface with boundary and punctures upon the boundary to ¥ x Dy, or ¥z x Dy, with homology
class B. If S denotes the restricted source (y o u)" Y (N i), then the map u; = ulg; takes the form of a
map

u;: (Sj,3Sj) = (Nj X Dypy1, 0N; U yjl xelU---U yixe™).

Maps of this form are in bijection with maps
1j: (Sj.98)) = (Nj X Dpug1,ON; US! x el U U™ xe™),
where 5}, .. .,51’.”/ is the subsequence of yjl, e, yjm formed by deleting every arc y} such that )/}
approximates yj? ~1 On the level of domains, the map u j has an associated domain
Bj € Hy(Nj,ON; U (8} U---U8™))
which can be described by choosing a point x g for every region of N; — ()/j1 U.--u yj’”) not contained in

the approximation regions between any two adjacent curves y} , yj *1 which approximate one another:

B; is the domain given by requiring that the multiplicity of B; at each x g is the same as the multiplicity
of B|y; at each xg.

In what follows, it will help us to have an understanding of the homology groups H,(N;, dN; U 8]’:) and
Hy(Nj, ON; Ust Uit
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Figure 11: A series of examples of various domains (shaded green) in the neighbourhood N;
of ¢7°. On the left is an example of D'(p13), and on the right is D! (p,3).

The pair (Nj;, 8;'.) is modelled upon either the pair (D, M) or (D, J) depending upon whether 8; is
meridional or longitudinal. In these cases, the groups H (D, %) and H, (D, J) are generated by the
half-discs D — and D — 3 respectively, only one of which has multiplicity zero at the basepoint p; in each
case. We label these homology classes D(p13) and D(p,3) respectively, and the corresponding domain
under the identification with (N}, 81’:) by DJ’: (p12) and D; (p23) respectively (see Figure 11). We generalise
this to length n; repeated sequences of these chords, by setting DJ’. (P12,...,p12) :==n; - D]’. (p12), and
similar for p;3 — in both instances, we allow the degenerate length 0 sequence with associated domain
equal to zero. If 8} and 8}“ are not small approximations of one another, there are two models for the
ordered triple (N;, 8]’ 5;“) depending upon the configuration of the curves:

o (D,3,N)if 5]’: is meridional and 5]’:“ longitudinal,

* (D, %, ) if 8 is longitudinal and §;*" is meridional,
H, (D, N U J) is generated by four quadrants B(pg), B(p1), B(p2) and B(p3), where B(pg) is the
quadrant of (ID, i U J) containing the point p;, and the others are given in the order they are encountered
clockwise from B(pg) (see Figure 12). There is a natural identification ¢: Hy (S, a;) — Hy(D, R U ),

and we denote B(p) := ¢(p). We denote by Bj’-' (p) the corresponding domain in H,(N;, ON;U (51". U8§+1)).
(Please see Figure 13 for some examples.)

B(p2) B(p3)

Figure 12: The four quadrants of D.
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Figure 13: A series of examples of various domains (shaded green) in the neighbourhood N;
of e]‘-’°. On the left is an example of B!(p;), and on the right is B%(p,). We note how the sum of
these domains has an obtuse corner at the intersection of yjl and yjz.

We also extend this assignment to the case where D is partially splayed and y ! N N = ()/j1 My yjl ’l) NN;.
Noting that (N;, y! N N;) may be identified with (D, 3 U i), we may associate to a sequence of Reeb
chords p the corresponding domain B(p) identified with ¢(0), in the homology group

Hy(N;j,dN; U (y' N N))).
Recall that two sequences of Reeb multichords, p and p’, are 123-equivalent if their corresponding
123-composed sequences agree. We introduce a related notion for domains:
Definition 3.26 We shall say that a sequence of domains
_(pl pl p2 p2 k pk pk+1
S—(D~,Bj,Dj,Bj,...,Dj,Bj,Dj ),

is a sequence of Reeb domains if each DJ’: is equal to D} (%) for some repeated sequence p' :=
(o', p', ..., p") of a nonjumping chord p’ € T, and each B]’.' is equal to Bj’: (gi) for some jumping
chord gi € T. For such a sequence, denote by 5(S) the sequence of Reeb chords

(p'Up'UpPU---UpF U ).

If S’ is another sequence of Reeb domains, we shall say that S and S’ are composable-equivalent if the
homology classes in Ha(N;, dN; U 5} U.--u 8]’."/) formed by summing S and S’ are the same.

As the name suggests, this relation is closely related to the composable-equivalence of corresponding
Reeb chords:

Proposition 3.27 Suppose S and T are sequences of Reeb domains. Then they are composable-
equivalent if and only if the sequences p(S) and p(T') are 123-equivalent.

Proof Suppose that S is a sequence of Reeb domains and consider the corresponding sequence of Reeb
chords £(S). One can see there is a unique sequence U(.S) of Reeb domains that is composable-equivalent
to S, and such that 5(U(S)) is the 123-reduction of 5(.S).
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Indeed, 5(S) is not 123-reduced if and only if there are two adjacent chords pg, px1+1 € A(S) that
are either equal to the torus algebra chords pq, p23 or p12, p3. In the first case, if BJ’: = B'(p;) and
D]’:H = n;41 Bt 1(py3) are the corresponding domains in S then one can see that the sequence S’ given
by replacing B]’: by B (pi23) = B'(p1) + B'(p23) and D]’:“Ll by (n;11 — 1) B**1(p,3) is composable-
equivalent to S, and the corresponding p(S’) differs from 5(S) by replacing pg, pgx+1 With pg - pr+1-
Similar holds when (pg, px+1) = (P12, p3). Repeating this process for any 123-composable chords yields
the U(S) required.

It follows that S and T are composable-equivalent if and only if U(S) = U(T'), which holds if and only
if the 123-reductions of p(S) and p(T') agree, and so the result follows. a

Proposition 3.28 Suppose that B € 7'[20 *(x, y) is a domain which carries a holomorphic representative,
and is pg -compatible. Then for every j = 1,. .., h, the domain Bj — B(ﬁé,j) may be written uniquely,
up to composable-equivalence, as a sequence of Reeb domains.

Proof We construct an explicit sequence of Reeb domains S inductively. If there is only one set of
y-curves, Bj is an element of the group Hy(N;j, ON; U § }), which, as discussed, is equal to nlle (p) for
some nonjumping p € 7.

e
of the domain of B to MJ.1 is modelled upon n{ B(p1) + ny B(py) + n3 B(p3) for some ny,n,,n3 > 0.

Consider a small disc neighbourhood M jl of ejoo’l, disjoint from all other " and e]‘?o. The restriction

There are three cases:
o If ij is meridional, write D} = n3B} (p23) and B} = le (p2).
* If y} is longitudinal and 7y > ny, write D} :=ny B} (p12) and B} := B} (p1).
o If ij is longitudinal and n < n,, write D} :nlle (p12) and le = le (p3).

It follows that the domain Bj/. = B — (D} + B }) has the same multiplicity upon either side of yjz. As
such, B]’. is an element of Hy(N/,dN/ U (8 JB’ U.--u 511.‘ )), and the result follows by induction. |

With this in mind, we may make a definition:

Definition 3.29 Let B € ng +(x, y) be a domain which carries a holomorphic representative u, and
let S be a decomposition of each B; into Reeb domains given by the construction in Proposition 3.28.
We denote by [6(B);] the 123-equivalence class of Reeb multichords defined by [6(B);] := [5(S})]. We
often collect these together, writing [5(B)] = ([5(B)1], . ... [s(B)x]).

By construction, [6(B)1], ..., [p(B),] satisfies that for any set of representatives p(B)1, ..., p(B); of
each corresponding 123-equivalence class, the sequence of idempotents 7 := t}, cees L;”H has

[ €T |4 # 071 = ljump(5)),
as in Definition 2.9. As such:
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Definition 3.30 If B€ Dom(D(s,7)) is a domain, then there is a well-defined splicing of p(B)1, . .., p(B)},
given by 6(B) := 5 (p, 7).

We shall later be interested in domains which look similar between splayed diagrams. A useful construction
to bear in mind (cf [13, Definition 3.34]) is:

Definition 3.31 Fix an A-splaying sequence of idempotents ¢, and consider an additional tuple of
idempotents ¢ = (i1, ...,t). Let i’ = (1,7) and consider the partially splayed diagrams D?(e,7) and
D(e,7"); we label the curves in each by y°, ..., y™ and 6°, ..., 8™%! respectively. For every i > 1, the
curves y’ and §°*! are small approximations of one another (with associated approximation region R,
and the curves y? are small approximations of some subset of the curves yél in the east-compactification
D (e, 7)|5 (with associated approximation region R').

For every curve y]? € y', choose a pair of basepoints on either side of y} such that the basepoints are
disjoint from each of the approximation regions R’. For any

B emy(x,02,...,6" " ) c Dom(D? (e, 7)),
we let ¢ (B’) denote the unique domain
Bem(x,0%3,...,0™ 1" ) C Dom(D? (e, 7))

with the same multiplicities at each of these basepoints as B’ (here we abuse notation and write the same
symbols for generators which are identified by the nearest-point map). We sometimes call ¢(B’) the
domain obtained from B’ by taking multiplicities away from the approximation region, and shall say that
B’ splays B if ¢(B’) = B.

4 Moduli spaces of holomorphic curves and polygons

In this section, we define a series of moduli spaces which are required in the definition of the invariants
Poly(D); we also examine the structure of these moduli spaces and establish results which restrict the
possible elements which may occur in the boundaries of their compactifications, in order to show that
Poly(D) satisfies the A relations, and also to understand the behaviour of Poly(D) under a neck-
stretching argument which we use in Section 5 to identify Poly(D) with the bordered-sutured Heegaard
Floer invariants of the bordered Heegaard diagram.

4.1 Complex structures on polygons

Before we describe the moduli spaces that the results of the paper will be based upon, we need to fix
notation for moduli spaces of polygons. Most of this section follows [24, Chapter 9].

Let Dy, denote a disc, with m punctures upon the boundary (we often view these as marked vertices).

m—1

Choose a distinguished edge ¢® C dD,,, and label the remaining edges e!, ..., e anticlockwise
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from e?; also label the vertices by p» T, so that the vertex p»T! lies between ¢’ and e/ ™! (here,

superscripts are taken modulo #2).

Let Conf(Dy,) denote the moduli space of equivalence classes of positively oriented complex structures
upon the disc Dy, up to biholomorphism that preserves the labelling of the edges (and vertices). The
moduli space Conf(Dy,) has a natural compactification by trees of holomorphic polygons which we

summarise now.

Definition 4.1 An m-leaved tree is a properly embedded planar tree 7 C R? with m + 1 semi-infinite
edges, one of which is distinguished and called the root of T', and the others we call the leaves. We
denote by V(T') the set of vertices of 7', and Ed'™ the set of interior (finite) edges of 7.

A flag in T is an oriented pair of a vertex and adjacent edge, (V, e), oriented so that the edge e begins
at V. We orient T so that every path from the root to a leaf is positively oriented. To every vertex v of T’
we can associate a series of flags, given by the pair (V, ¢) and oriented accordingly. One of these flags is
negative with respect to V, in the sense that the orientation on e induced by 7" differs from that stemming
from the flag (ie the edge points “into” V'), and the others are positive. It follows that we can order the
flags originating at any given vertex V by saying fo(V') is the unique negative flag at V', and ordering
the remainder f1(V),..., fjy|—1(V) so that they are encountered in order from fo(V'), anticlockwise.
We call this the root-ordering of the flags.

Suppose we are given an m-leaved tree 7', and a collection of Riemann surfaces S = {S(V)}y ey () with
boundary and punctures on the boundary, such that the boundary punctures of S(V') are in one-to-one
correspondence with the flags f (V). To each interior edge ¢ in T connecting V7 and V), there are
thus two related boundary punctures: one in S(V;) corresponding to the flag (V;, e), and one in S(V>)
corresponding to the flag (V5, ¢). There is an operation upon the surface S given by deleting a small open
neighbourhood of each of these punctures, and identifying the two new resultant boundary arcs to yield a
new surface. Performing this operation iteratively over all interior edges gives a connected (topological)
surface, SY(T).

For disks, we require more predictable behaviour near the punctures.

Definition 4.2 Let D be a representative for some equivalence class in Conf(D;). A choice of strip-like
ends for D is a choice of open neighbourhood N1 of each boundary puncture p’**! —such that
NHF+I N NI+ = g fori # j — together with a choice of a biholomorphism between each N/ +!
and the strip R x [0, 1] for every i # 0, and between N %! and the strip R_ x [0, 1].

Suppose T is a d-leaved tree, and that we are given a collection of Riemann surfaces S = {S(V)}pep (1),
where each S (V') represents some equivalence class in Conf(D|y|) and is endowed with a choice of strip-
like ends (ie a tree of holomorphic discs with strip-like ends). We shall say that a map p: Ed"(T") — (0, c0)
is a length assignment for T — thus giving T the structure of a metric graph. We often omit p from the
notation.
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We refine the construction of SY(7T'). There is a natural correspondence between the flags of each
vertex V' and the punctures of D)y, between the puncture phitl e Dy and the flag f;(V). When
we delete neighbourhoods of punctures corresponding with a negative flag (V7, e) and positive flag
(V3, e), we take these to be the open neighbourhoods identified by the choices of strip-like ends with
(—o0, —log(p(e)) x [0, 1] C R_ x [0, 1] and (log(p(e), c0) x [0, 1] C R4+ x [0, 1] respectively.

This construction yields an element D7 in some equivalence class of Conf(Dy,) — an m-pointed disc with

Riemann surface structure, with vertices labelled po’l, el pm_l’o

starting from the one corresponding
with the root of 7" (and edges labelled accordingly). Moreover, there is a natural choice of strip-like ends

upon Dt induced by those upon the punctures corresponding with the semi-infinite flags of 7.

Allowing edge lengths to degenerate and take the value 0 allows us to describe the compactification of the
moduli space Conf(D,,). If a given edge length is zero, we omit this edge from the cutting and pasting
procedure described above — effectively cutting the edge into two semi-infinite edges, and thus the tree
into more components, upon which we perform the gluing process individually. The resulting collection
of discs is described by a tree 7, which is given by collapsing all internal edges of nonzero length, and
assigning to each vertex v of T a |v|-pointed disc in Conf(Dyy)).

There is a canonical way to label the edges of T in a way compatible with those of 7. We first label
the semi-infinite flags of T by (0, 1), (1,2), ..., (m, 0) anticlockwise from the root of 7. The task now
is to label the interior flags of T’ by labels compatible with these; in such a way that the edges of the
corresponding disks Dy can be labelled by 0, 1, ...,m, so that an edge between punctures (7, k) and
(k, j) is labelled by k. The way to do this is to first label the vertices which just have semi-infinite flags
and one in-coming flag—in this case, the semi-infinite flags are already labelled anticlockwise by some
contiguous subsequence (j, j +1),(j+1,j+2),...,(j +k—1, j + k), so the root flag is forced to be
labelled by (j + k., j). We can then delete this vertex from 7" and replace the root flag with a semi-infinite
flag labelled by (j + k, j), and repeat the process until all edges of T are labelled.

Definition 4.3 Suppose that D is a diagram with m sets of attaching curves !, ..., ", and let T be a
(possibly degenerate) m-leaved metric tree. Then a generator assignment for T is an assignment of a
generator x>/ € G(y*, y/) to each edge of T labelled by (i, j). If X is a generator assignment for T, we
refer to the sequence of generators corresponding to the edges adjacent to a vertex V € T, ordered by
root-ordering, by X (V). Note that a generator assignment for 7" has a well-defined overall sequence of
generators X(T') € G(y!,...,y™), given by the set of generators labelling the exterior edges of T'.

Given a generator assignment X, a family of compatible domains is a set { BV}VeV(T) of domains such
that By is a member of the group m» (¥ (V). The juxtaposition B(T') = ZVEV(T) By is, accordingly, a
member of the group 7, (X(7)).

We would like to work with bona fide representatives of each equivalence class for Conf(D,,), with strip-
like ends. Once these are chosen, the compactification of the moduli space Conf(Dy,) is then described by
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the set UT, o Dr, indexed over all d-leaved trees and all (possibly degenerate) length assignments p. As
edge lengths in this space degenerate to zero, the surface Dy degenerates to a disjoint union of surfaces
{D V}Ve V(T)*

To make this make sense, one must choose representatives D and choices of strip-like ends for every
d < m and each equivalence class of Conf(D,), so that at these boundary strata the strip-like ends chosen
agree with those induced by those chosen upon D. This is possible; see, for instance, [24, Section 9g].

From this point, we fix such a set of choices of representatives for equivalence classes with strip-like
ends such that this works (ie we have consistency on the boundary strata), and abuse notation by
identifying elements of Conf(D,,) with these representatives. We also fix a choice of symplectic forms
{j}jeconf(D,,) Where w; is compatible with j, so that if (j,);2, € Conf(Dy,) is a sequence of complex
structures converging to the collection { jﬁ}aeV(T) € 0Conf(Dy,), then wj, — {wj; }; eV(T)-

We will also have need to fix identifications 7 of a small neighbourhood N (e?) of each edge e in the
polygons (D, j) € Conf(D,,) with R x [0, ¢), so that on each of these N(e) the symplectic form wj
agrees with the pullback of the standard symplectic form on R?. To make this make sense, we require that
these identifications are continuous, consistent with the choice of strip-like ends, and consistent across
boundary strata of Conf(Dy,) (see [13, Section 3.3; 24, Section 10e], for instance).

We will later need to single out some vertices of our trees:

Definition 4.4 Let T be a tree. Then the set of comb vertices of T is the set of vertices of T visited
by the path in 7 connecting the exterior edge labelled by (0, 1) (ie the root of 7') with the exterior edge
labelled by (1,2). The set of spinal vertices of T is the set of vertices of T which have a flag £} labelled
by (i, j) where one of i or j is equal to 0. The set of easterly vertices of T is the set of nonspinal vertices
of T.

If V is spinal, we associate to it its storied tree T’ C T, given by the maximal connected subtree of T
which contains V' and no other spinal vertices (so, it contains V' and a series of easterly vertices).

4.2 Sources

In this section, we define what shall be the sources of the various types of holomorphic curves considered
in the remainder of this chapter. We first fix positive integers m and /, and a disc Dy, € Conf(Dy,).

Definition 4.5 A topological (h, m)-source is a surface S, with boundary and punctures punc(.S) together
with a labelling A : punc(S) — punc(D,,) U T of the boundary punctures of S by either a puncture in
0Dy, or a Reeb chord in 7. We will write E(S) for the subset of “east” punctures A~ (7), and also
require that E£(S) is partitioned into 4 subsets E1(S),..., E;(S).

An (h,m)-source is a topological (&, m)-source together with a choice of complex structure jg which
gives S the structure of a smooth (not nodal) Riemann surface.

It will be useful to have some more adjectives to describe various types of source.
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Definition 4.6 We give names to the following specific varieties of (%, m) source:

¢ A (topological) bordered source is a (topological) (/, 2)-source.
¢ A (topological) polygonal m-source is a (topological) (0, m)-source such that E(S) = &.

* A (topological) tooth source is a (topological) (&, m)-source together with a further labelling of the
punctures E(.S) by either “e” or “w”. We will usually denote these by 7', and shall abuse notation
to write E;(S) (resp. W;(S)) for the set of punctures labelled by “e” (resp. “w”) in part E;(S).

¢ In the degenerate case where m = 1, ie D,;, = H is the upper-half plane, with one boundary
puncture at co, we call a (topological) (%, 1) source an anchor source.

Later, we will need to fix the behaviour of holomorphic curves near a certain subset of noneast punctures.
The relevant kind of source is:

Definition 4.7 A (topological) splayed (h, m)-source is a (topological) (%, m) source together with
a distinguished set p1,23(S) C punc(S) — E(S), and a partition Q of p123(S) into three sets, Q =
(Q123, 01,23, Q12,3)-

If we are given a metric tree T, then we can associate to every vertex V of the corresponding tree T
a (topological) (%, |V|) source Sy . If, for each V and V' connected by an edge of T, we are given a
bijection between the punctures of Sy and Sy~ corresponding with this edge, we can associate to 7" a
corresponding topological preglued (h, m) source S, where m is the number of noninterior edges of 7.
This is formed by deleting small semi-infinite strip neighbourhoods of punctures of .S’ corresponding
with an edge of 7', and gluing the resultant ends together according to the chosen bijection. There are
natural decorations of S7 induced by those upon Sy : each east puncture in a source Sy is preserved
by the gluing process, and thus has a corresponding puncture in S7; we label the resultant punctures by
the corresponding element of 7, and partition them according to E;(St) = UVGV(T) E;(Sy). If some
sources Sy are also endowed with the extra data of a distinguished set p153(S})) and partition Qy as in
Definition 4.7, the resultant source has a natural distinguished set p;,3(S7) given by the union of all of
the p123(Sy ) after the gluing procedure — where we omit any elements of p153(Sy) which are glued
along, and regard a (topological) (&, m) source as a splayed source with empty distinguished set.

Remark 4.8 The definition of the source Sz differs from the definition of the surface SV (7T') defined in
Section 4.1 in that (in addition to the extra data of labellings, etc) each of the sources S(V') can have
multiple punctures corresponding to the same edge of 7. It is also worth noting that we have not specified
any complex structure on the surface underlying S; the construction gives a purely topological source.

If T only has two vertices, V; and V5, then we sometimes denote the corresponding source by S v, 1Sy,.
A similar construction can also be made for tooth sources: if .S is a bordered source and 7 is a tooth
source, with a bijection between E(S) and W(T'), we can form a glued source S fj T given by deleting
small neighbourhoods of E(S) and W(T') and identifying the resultant “stubs” via the bijection.

Algebraic € Geometric Topology, Volume 25 (2025)



Holomorphic polygons and the bordered Heegaard Floer homology of link complements 3181

4.3 Moduli spaces of holomorphic curves

We will now define a series of moduli spaces of holomorphic curves. Suppose that D = (X; y; b; p) is a
diagram, where y = {p',..., »™}. We shall be concerned with holomorphic maps from an m-source
into the four-manifold Xp ;, := X x Dy,. We assume that X is endowed with a symplectic form wy;, and
choose a complex structure jy upon X which is compatible with wy.

We also assume that jy is cylindrical near the boundary, in that we fix small neighbourhoods N; C Xz
of each ejc?o, together with a symplectic identification of each U; = N; — ej‘?o with ST x (0, 1). Under
this identification we assume that the complex structures (/x)|y; and arcs y N U; are also invariant in
the (0, 1)-direction. It follows from this assumption that the complex structure jyx can be extended to a
complex structure jz; upon Xz.

We denote by
ty:2X Dy — ¥ and 7mp:Xx Dy — Dy,

the relevant projection maps.

Definition 4.9 An admissible family of almost-complex structures for D is a collection J = J,,>1 Jm
of families of almost-complex structures Jy,; = {J; }jeconf(D,,) Upon Xp s satisfying:

(1) The projection map wp: X X Dy, — Dy, is (J;, j)-holomorphic for each ;.
(2) The fibres of the maps 7p are Jj-holomorphic for every ;.
(3) Each J; is adjusted to the split symplectic form wy @ w; on X x Dy,.

(4) Near the punctures €{° X Dp, ..., €;° X Dy, the almost complex structures J; are split.

For fixed m, we shall study moduli spaces of maps into Xp ,, which are J € Jy,-holomorphic. We will
require some form of consistency for the family J, so that for any family of elements of Conf(D,;)
converging to some point in dConf(Dy,), the corresponding family of almost-complex structures upon
Xp,m converges to the correct tree of almost-complex structures. Namely:

Definition 4.10 Suppose J is a family of admissible almost-complex structures. Recall that for any
m and sequence of m-leaved metric trees (7;),>0 converging to some degenerate tree 7', the chosen
family of equivalence classes Conf(D,,) satisfies that the corresponding almost-complex structures
Jn:=Jj1,, € Conf(D,) converge to a tree of complex structures { jy }y ey (r), Where each ji € Conf(D|y)).

We say that J is consistent if the family J;, converges to the corresponding tree {J;,, } ey (1) — Where
each Jj,, is an almost-complex structure on Xp |p|.

Given a diagram D, there are corresponding Lagrangian “cylinders” inside the four-manifold Xp. At
their most basic, these are given by the sets of cylinders and half-cylinders C? := y’ x ¢; C = x ¢;. In
Section 4.7, we will perturb these cylinders slightly, replacing C? with cylinders C?(¢) associated to some
Hamiltonian perturbation of X. In this case, the corresponding definition is to be made by replacing C?
with C(g) below.
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With these definitions in mind, we specify the types of holomorphic curves we shall be interested in.

Definition 4.11 Let D = (Z;y: b; p) be a diagram with attaching curves y = !, ..., ™, and write
y! =y’ Uy for the partition of each p? into arcs and closed curves, respectively. Suppose also that
we are given a partition of the points p = w U z, where either part may be empty.

Fix a consistent, admissible family J of almost complex structures for D, and a source S, endowed with
a complex structure jg. We consider pairs (u, j), where j € Conf(D,,) and

u: (8,98) = (Xpm, C'U---UC™)
is a map that satisfies the following conditions:
(M-1) uis (js, Jj)-holomorphic.
M-2) u:S — ¥ x Dy is proper.
(M-3) u has finite energy.
(M-4) The image of u is disjoint from the sets b x Dy, and z X Dy,.
(M-5) u extends to a proper map uz: Sz — Xz X Dy,. (This is only meaningful when ¥p has boundary.)
(M-6) mp oug is a g-fold branched cover.
(M-7) u is an embedding.
(M-8) At each puncture ¢ of S labelled by p»i*1, lim; 4 (mpou)(z) = phitl,
When Xp has boundary, we require three further conditions:
(BOR-1) At each puncture g € E(S);, wx ou is asymptotic to the Reeb chord labelling ¢ upon the
boundary component 9%;.

(BOR-2) Foreveryi=1,...,mand j=1,...,g+h—1,andevery €e’, we require that u ! (y;’cx{t})
consists of a single point.

(BOR-3) Strong boundary monotonicity Foreveryi =1,...,mand j =1,...,2k;, and every ¢ € ¢’,
we require that 1! (y; *“ % {t}) consists of at most one point.

From these conditions, it is clear that near each puncture ¢ of S which is labelled by p’*!, the map u is
asymptotic to

Ii,i-i-l(q) = xi,i-i-l(q) % pi,i+1
where x*1(g) is a point in y’ N yi*!
P = B () | M(g) = piita),

for each i, and collect the points 7> 1(g) into corresponding sets 75+ 1 (xHi+1),

. We collect these into sets of points

We will be concerned with a few specific instances of this construction, which we spend the next sections
giving more thorough names to.
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4.4 For bordered diagrams

This section briefly recounts [14, Section 5.2].

Suppose that D is a toroidal bordered diagram, D = (X; e, 8;b). We relabel C! := C®* and C? := C#
for clarity’s sake, and consider the case when S is a bordered source.

Given generators x and y, a choice of almost-complex structure J upon Xp , a fixed decorated source
S and a homology class B € m5(x, y), we shall write M2 (x, y; ) for the moduli space of curves u
with source S which satisfy (M-1)—(M-8) and (BOR-1)—(BOR-3) with respect to J, in the homology
class B, with asymptotics (x, y). Sometimes, to make explicit which almost-complex structure we are
using, we will write M B (x, y; S; J).

If u e M8 (x,y:S) is a holomorphic curve, then there is a corresponding evaluation map for each
puncture ¢ of S labelled by a Reeb chord, evg(u) :=t ouz(g). Sometimes, if u is implied, we refer to
evy(u) as the height of g. There are evaluation maps

evj = 1_[ evq:Mg(x,y;S;J)—>R|EJ(S)|,
9€E;(S)

which fit together into a single map ev: M2 (x, y;S:J) — RIEM®)I given by ev:=evy X+ X evy.
If we fix a partition P; of E;(S), there is a corresponding subspace Ap C RIEi (5! given by
{xp =xq | P} € Pj,p.gqc P]’}

This allows us to further split the moduli space above by requiring that the heights of punctures in each
part coincide; namely:
Definition 4.12 Let x, y be generators, B € m,(x, y), S be a decorated source, and P := (Py,..., Py)
partitions of the set E{(S),..., E;(S). Then we write

/\/lg(x,y; S;P1,..., Pp):= ev_l(Ap1 XX Ap,)C Mg(x,y; S).
Again, we sometimes write Mg (x,y;8; Pq,..., Py; J) tomake explicit which almost-complex structure
we are using, and often abbreviate to M2 (x, y:S; P).

A further refinement is obtained by endowing each partition P; with an ordering of its parts, ﬁj. We can
then write M8 (x, y; S; 13) for the subset of the set of curves u € MB (x, y;S; P;,..., Py) for which
the ordering of each 13]- agrees with that given by dictating P} < P} "if evgi(u) <ev P (u) for all (any)
q' € P} and ¢' € P;/- Often we abbreviate P := (}31, e, f’h).

If we are given a set of sequences of Reeb chords pga = (ﬁé’l, ey 5é’h), then we shall say the pair
( P, S) is compatible with pg if the sequence of sets of Reeb chords gotten from P; by replacing each
part P} with the set of Reeb chords labelling the punctures g € P; C E;j(S) is equal to /oié i and we
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shall often write M2 (x, y; S: p,) for the moduli space M2 (x, y: S: 13), where (13 ,S) are compatible
with pg. If (13, S) are pg-compatible, for any p € ,BQ’ j € po we shall write ¢(p) for the corresponding
puncture of S.

Remark 4.13 The moduli space M2 (x, y:S:52) has an action by R, induced by translating in the
R-direction of D, =[0, 1]xR. Unless S is a disjoint union of g strips, each with two boundary punctures,
and the map u has trivial homology class, this translation is free — and we say u is stable. We will have
cause to consider the quotient moduli space M2 (x, y;S:p4)/R which we term MB(x,y:S:; 13).

In [14], what we call M., is called M, and the moduli space we call here M is simply called M. We
reserve the latter for certain moduli spaces of bordered polygon with constraints on behaviour near certain
corners; however, in the case where the bordered polygon is in fact a bigon, this does not present a further
constraint and thus M = M, agreeing with the previous notation in the literature.

In [14], a number of properties of these moduli spaces are explored. We presently restate those that shall
be of use to us.

Proposition 4.14 [14, Proposition 5.6] For each x, y, S, there is a dense set of admissible J such
the moduli spaces MB (x,y:S;J) are transversally cut out by the 5—equat1'ons. Moreover, for any
countable set {M;} of submanifolds of RIES there is a dense set of admissible J which satisfy that
eviMEB (x,y:8;7)— RIEW js transverse to all of the M;; ie there is a dense set of admissible J such
that the moduli spaces M B (x,y: S pga; J) are also transversely cut out.

In particular, the set of sufficiently generic admissible almost complex structures — those for which
the moduli spaces M2 (x,y:S:;pg;J) are transversally cut out for all choices of x,y, S, py —is
nonempty.

By the implicit function theorem, it follows that for sufficiently generic J the moduli space of u €
MEB (x,y:8:J;pg) satisfying ind(Dd(u)) = k is a k-dimensional manifold. The index at any given u
satisfies a formula in terms of the topology of S and B, contingent on the Euler measure of a domain:

Definition 4.15 Let B € 7,(x%!, ..., x%%) be a domain. Then its Euler measure, e(B), is given by
e(B):=x(B)— %ac(B) + %ob(B),

where x(B) denotes the Euler characteristic, and ac(B) and ob(B) are the number of acute and obtuse
corners in B respectively.

The relevant index formula is:

Proposition 4.16 [14, Proposition 5.8] The expected dimension of M8 (x,y:S: pa; J) is given by
ind(B, S, P) = g = x(S) +2¢(B) +|pe 1| + -+ [beul,

where |,5é’j | is the number of Reeb chords in ﬁé,j, and e(B) is the Euler measure of B.
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It follows from this that for fixed B and S, the dimension of the moduli space MB (x, y: S FISWARR
well defined. There is a further interpretation of this formula solely in terms of data about the domain [u],
though we do not pursue this here; the important related fact for us will be:

Proposition 4.17 [14, Proposition 5.69] Whether or not a holomorphic curve u € M« (x,y:S; pa: J)
is embedded is determined solely by the Euler characteristic of the source S: the curve u is embedded if
and only if x(S) = xemp(S) for some well-defined quantity Xemb(S).

Though the moduli spaces MEB(x,y:S:; pa; J) form manifolds, they are not compact except when the
moduli space MEB (x,y;S;pg; J) is zero-dimensional. They admit certain compactifications in terms of
holomorphic combs, which we consider in Section 4.6.3.

44.1 Spllcmgs and moduli spaces Suppose that S is a bordered source and Pisa sequence of partitions
Pl, .. Ph, such that (S, P) is compatible with a sequence of sets of Reeb chords p = (o1, ..., op).

The definitions of the moduli spaces M2 (x, y;S; P) and M8 (x, y; S; P) stipulate relations on the
relative heights of punctures from each set E; (S), as compatible with the sequence 5. More generally,
we could consider constraints upon relative heights of punctures which belong to E£;(S) and Ej/(S) for

J#J
Suppose we are given an m-splicing 6 = 61, ..., 0y, of p, and that (S, 13) is p-compatible. There are m
corresponding sets
0" :={q(p) | peojU---Uay}

of punctures. In turn, these yield corresponding submanifolds of RIES) specified by

o =1{xp=xq|p.qeQ'}.
This allows us to define moduli spaces MZ(x, y:S; P,o) and MB(x, y;S; P, 0), given by

ev I(AL ... A™

for the evaluation maps from M2 (x, y;S; P) and MB(x,y:S; 13), respectively, to RIEGI These are
transversally cut out for sufficiently generic J by Proposition 4.14.

The corresponding index formula is given by
ind(B, S, P.o) =g —x(S)+2e(B) +|pg 1|+ +|pg nl — Col(0),

and is proved in a similar manner as [14, Proposition 5.8] — each height constraint coming from o drops
the expected dimension by one.

These moduli spaces only depend upon the unordered partitions in o. The extra information of the order
of the partitions in ¢ allows us to define even more restricted moduli spaces MB (x,y:S; 13, o) as the set
ofue MB(x,y;S; P, o) such that the ordering of the parts in o according to ¢ agrees with the ordering
of the parts in o by dictating that Q' < Qi/ if evg, (1) < evg,, (u) for every (any) q' € Q' and qi/ € Qi/.
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4.5 Heegaard multidiagrams

We now turn our attention to the relevant moduli spaces when D is a Heegaard m-diagram, D =
(Z,y°,....y™ 1 p), where p splits as w U z.

Fix a collection of admissible compatible almost-complex structures J. As X is closed, the conditions
(BOR-1)-(BOR-3) do not apply, and we are concerned with pairs (u, j) where j € Conf(D,,) and u is a
(/s Jj)-holomorphic curve satisfying (M-1)—(M-8) disjoint from the set z x Dy,.

i,i+1

The conditions imply that x is a generator for the pair (¢, y’*!). In particular, the sequence

x¥ = (x%1, ... x™1.0) constitutes a sequence of generators for D.

For m > 2, we collect the holomorphic curves (u, j) with source S and given asymptotics X in homology
class B € m,(xX) satisfying (M-1)—(M-8) into moduli spaces /\713(55; S). If m = 2, as in the previous
section the relevant moduli space has a free R-action, and so we denote by M2 (¥; S) the result of taking
the quotient by this. We call an element of one of these moduli spaces a holomorphic m-gon. As in the
previous section, we sometimes include the family J in the notation to draw attention to it; writing things
like MB(%; S; J), for instance.

For any subset U C {0,...,m — 1} with |U| = [, we can apply the above construction to D|y to define
corresponding moduli spaces MB(xi(”il, ..., xli=tio, g J).

The relevant transversality result for holomorphic m-gons is:
Proposition 4.18 [13, Proposition 3.8] There is an admissible, compatible family of almost-complex
structures J for D, such that for every source, every [ -subdiagram of D, every sequence of generators for

such a subdiagram, and every almost-complex structure J € J;, the corresponding moduli spaces are all
transversally cut out.

There is a corresponding index formula:

Proposition 4.19 Suppose that (u, j) € MB(x%1, . . xk=1k k0. 8) isa holomorphic polygon. Then
the index of the D9 operator at (u, J) is given by

ind(B, S) = 3(3—k)g — x(S) +2e(B).
Once more, it follows from this and the implicit function theorem that these moduli spaces are manifolds

of dimension ind(B, S) + k — 2 (the k — 2 stems from the space Conf(Dy,) having moduli), though in
general noncompact.

4.6 Bordered polygons

In this section, we construct relevant moduli spaces of polygons for bordered multidiagrams, generalising
both of the previous two sections. For our purposes, it will be enough to consider bordered polygons that
only have east asymptotics during the first edge of D,, which we have called e! above.
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We fix a toroidal bordered Heegaard m-diagram D. Supposing that J is a collection of consistent,

admissible almost-complex structures, we again consider pairs (u, j) of j € Conf(Dy,) and (js, Jj)-

holomorphic curve u with source S satisfying (M-1)—(M-8) and (BOR-1)—(BOR-3), mapping into
(Ex Dy, COU--.uC™ Y,

The conditions imply that the sequence of points ¥ = (x%1, ..., x"~1:0) form a sequence of generators

for D. As per usual, such (u, j) have a homology class B in the group 7, (X), and so we collect these
maps into moduli spaces M B (¥;5).

Once again, if we wish to draw attention to the family J in question, we include it in the notation; eg
MB (%;5:;J). We often refer to a holomorphic curve (u, j) by solely u, and hope that this does not
cause undue confusion.

As in Section 4.4, there is an evaluation map at each east puncture g of S, evg(u): MB B(x¥:85)—=e! coDy,.
These fit together to form evaluation maps

evj:Mg(i; S) — (e1)|Ef'(S)|
for each j = 1,..., h, which in turn fit together to give a map
ev: MB (%;8) = (e") EG.

As such, for any partitions P := (Py,..., Py) of E{(S),..., E;(S) there is once more a corresponding

moduli space
MEB (%,8; P):=evl(Ap, x---x Ap,) Cc MB (3;5).

Furthermore, ordering the parts of the P; as f’j = (le, cees Pj ks ) yields a corresponding moduli space

ME (38 P),
where we further require that the orderings of the punctures induced by the evaluation maps ev; agree
with that of P;.
Now consider the set of sequences of Reeb chords g = p1,...,0r. We will say that a map u is
compatible with pg if for each i and j, we have that {p(q)} gepl = ,0; Sometimes we shall write

J

ME (%181 5e)

for the moduli space of curves in M2 (x; S; 13) which is compatible with pg.

As in Section 4.4.1, if we are given an m-splicing ¢ = G1,...,0y, there are corresponding sub-
manifolds Aé, oo, A2 of RIES)I and thus we may define the moduli spaces MB (¥;S; P; o) and
MB (%,:8; P; ;0) by ev_l(A .. )for the evaluation maps from M2 (¥; S; P) and M2 (¥; S; P)
to RIES)I respectively. We also write M8 (¥,; S P &) for the subset of M8 (¥,:5; P o) such that
the ordering upon jumping punctures induced by the evaluation maps agrees with the ordering dictated
by G.

Algebraic € Geometric Topology, Volume 25 (2025)



3188 Thomas Hockenhull

As the group of Mobius transformations acts three-transitively upon boundary points of the disc, we can
assume that the greatest height of an east puncture of S labelled by a jumping chord of 7 is 0. When
m # 2, this does not alter the moduli spaces we study; when m = 2, these moduli spaces are precisely
the bordered moduli spaces Mg(x, ¥:S:pa:0) described in Section 4.4, and the effect of fixing the
height to be zero is to instead consider the quotient moduli spaces MEB(x, v:S;pa;0). In general, we
denote the relevant moduli space of curves with greatest height of an east puncture fixed to be zero by
replacing any instances of M, with M in the above definitions.

There is a corresponding transversality result:

Proposition 4.20 There is an admissible, compatible family of almost-complex structures J for D, such
that for every [ -fold subdiagram of D, every source, every sequence of generators for the subdiagram,
every set of sequences of Reeb chords py and every corresponding splicing &, the corresponding moduli

spaces MEB(%;S; pg;0) are all transversally cut out by the 3 equations. In this instance, we shall say
that J is generic.

Proof This is a minor modification of [13, Proposition 4.18]. O
In fact, the proof of Proposition 4.20 contains a little more information. Namely:

Proposition 4.21 Let U denote the space of all admissible, compatible families almost-complex struc-
tures, and suppose that J is a generic family of admissible, compatible almost-complex structures. For
any path J;: [0, 1] — U which satisfies that Jo = J , there is some ¢ such that J; is generic for all t € [0, ¢).
This should be compared with, for instance, [16, Remark 3.2.8].

The common generalisation of Theorems 4.16 and 4.19 is below, and proved in a very similar manner; cf
[13, Lemma 4.7].

Proposition 4.22 Suppose that (u, j) € MB(¥; S; pa,0) is a bordered holomorphic polygon. Then the

index of the D operator at u is given by

ind(B. S. g 0) = 23— m)g — x(S) +2e(B) + |pe 1|+ + B 4] — Col(0).
And, much like Proposition 4.17, we have the following:

Proposition 4.23 [13, Proposition 4.9] Whether or not a holomorphic curve in MEB(x;S; pa,0) I
embedded is determined solely by the Euler characteristic of the source S.

4.6.1 Compactifying at east infinity We now consider the effect of compactifying a toroidal bordered
diagram at east infinity upon the corresponding moduli spaces. If D = (Z; !, ..., p™; p: b) is a toroidal
bordered multidiagram, recall that there is a corresponding compactified diagram D;, where dX; is
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replaced by a single point ej‘?o, and completing the arcs ¥ ¢ to curves yél **There is a corresponding
complex structure jx, (resp. symplectic form) upon Xz which agrees with jx (resp. wyx) outside of
arbitrarily small neighbourhoods of ¢¢°, and is such that the compactified )/l.l *“ are smooth curves (ie
the angles between them are correct). Similarly, to every family of (generic, admissible, consistent)
almost-complex structures J = | J,,, J™ there is a corresponding family Jz = J,,, J2", compatible with
the corresponding split symplectic form wy, X wp, . Any sequence of generators X € Q(D) has an obvious
counterpart in Dz, which we call X’ here but usually abuse notation and also call X¥. Similarly each
domain B € 7, (X) has a corresponding domain B; € 7, (x’).

To any map u: S — Xpm X Dp, there is a corresponding map u": S — Xp, X Dp,. We can do slightly
better, though: because of the conformal structure upon Xp, near east infinity, punctures corresponding
to nonjumping chords can be removed completely from S. To any bordered polygonal source S we may
associate the source S; given by compactifying .S at its east punctures labelled by p1, or p3. We then
consider the space of pairs (1, Jz) where J; € Jz and u is a Jz-holomorphic curve satisfying analogues
of properties (M-1)—-(M-8) and (BOR-1)—-(BOR-3).

We denote the moduli space of such pairs in homology class Bz with asymptotics described by ¥ =
(x®1, ... xm L0 byM (O  xm 0G5 ).

This is closely related to the moduli space M2 (¥;S:J). In particular, if « is a holomorphic curve
in M8 (¥;5:J), there is a corresponding map u; € M, f ¢(x; Sz: Jz) which can be constructed as
follows.

In a small neighbourhood of an east puncture of S the map u takes the form u = (ux,up,), as the
almost-complex structure J is split near east infinity. By the Schwarz reflection principle and Riemann
removable singularities theorem, the map uy can be extended holomorphically across the puncture. By
the uniqueness in Schwarz and Riemann’s theorems, this identifies the moduli space MZ (¥;S; J) with
Mefe (¥: Sz: J;), and we denote the image of M B (¥; S; pa.5: J) under this identification by

B; %S
M(—)é (X, eapé e)

Ifue Me-e(x Se: Je), then for j = 1,..., A, there is a sequence of partitions P; of E (Sz) =
(rgou)” (e°°) determined by dictating that ¢ and ¢’ belong to the same part if and only if ev(q) =ev(q’).
These may be ordered as Pj, where for parts P; and P’ we say that P; < P/ if and only if for some
ge Pjandg' € Pj’ we have that ev;j(q) < ev(q’).

IfgeE j(Sé), then there is an associated Reeb chord p(g) defined by first choosing a small disc
neighbourhood M; of ejc.’o such that S, := (7T§ ou) " (M 1) is a small half-disc neighbourhood of ¢ € S
which is disjoint from all other elements of E;(Sz). The homology class of (7y o u)(Sy) is given by
B(p(g)) for p(q) some element of the torus algebra, as described in Section 3.1.1. It follows that u has a
corresponding set of sequences of algebra elements p(u) := p1,. .., pp, given by replacing each ¢ € ﬁj

by p(q).
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The subspace

MoDe(%: 85 50,51 Jz) C MoD2(X: 85 J5)
can be characterised as the set of u such that p(u) = pg, and such that the ordered partition of the
punctures of Sz (which correspond with jumping chords in gg) induced by the evaluation maps agrees
with the splaying &.
As with the moduli spaces M2 (%: S pg;0), we may assume that the highest height of an east puncture
of S is 0 — calling the corresponding moduli spaces /\7155 (x;Sz:Jz) and /\715% (xX;Sz; pp,0; J3).
If g contains no jumping chords, then along the edge ¥z x e!, u(0S;) is contained in a set of g +/h — 1
cylinders which are a subset of C él = yél x el Tt follows that:

Proposition 4.24 If py has no jumping chords, then the moduli space Mf °(X; Sz; pa; D; Jz) defined
by counting (bordered) polygons associated with the partially splayed diagram D(e,7) is identified with
the moduli space M B¢ (¥; S; J;), defined by counting polygons with respect to the (not partially) splayed
Heegaard multidiagram D(e, 7).

4.6.2 Fixing cut behaviour Now we consider the case where D is a splayed or partially splayed
diagram D’ (g, T) or D?(g,7), and suppose that B € Dom(D) is a domain where 6(B) =a!,...,5% (see
Definition 3.30).

If p(B) = ([p1(B)].....[pn(B)]), let p; = (,5}, e, ﬁ;j) be the 123-reduced representative of [pj(B)],
and denote by pg := (01,...,p04)- If S is a decorated k-source, we denote by p1,23(S, u) the set of
punctures of .S which are mapped by u to a point e}’o’i such that the i chord ,6;"' in jump(p;) satisfies
ﬁ;q = p123-

We will impose extra conditions upon the moduli spaces MB (X; S; pga;0) based upon the behaviour of
u near any g € p123(S, u). Namely, fix such a ¢ which is mapped to e}’o’i. We shall say that » has a cut
at g if wy, ou has a boundary branch point along one of the arcs y} or V; *1 There are three cases:
ii+1

(1) If there is a boundary branch point upon y , we will say that ¢ is of (p12, p3)-type.

(2) When there is a boundary branch point upon %1, we will say that ¢ is of (p;, p23)-type.

(3) When there is no boundary branch point we shall say that g is of p;;3-type.

This has an equivalent descyiption: if there is a branch point along )/]? then there is some small disc
neighbourhood S(g) of e}x’” such that when restricted to the component S(g) of u|g(4) containing ¢,
the homology class of 7x o u(S(g)) is modelled upon B(p3). Similarly, if the branch point appears
upon y; +1 there is a corresponding S(g) such that the homology class of 7x o u(S(q)) is modelled
upon B(p1). Finally, if there is no cut at ¢, every sufficiently small disc neighbourhood M J’ of ¢ satisfies

that, restricted to the component S(g) containing ¢, the map 7y, o u is modelled upon B(p;23).

We would like to impose conditions upon our moduli spaces that dictates which of these cases holds for
each ¢g. We first choose sensible notation, and then rewrite the conditions in a way for which transversality
and index formulae are more apparent.
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Definition 4.25 Fix B € m,(X) with associated sets of sequences of Reeb chords 54, and fix also a
splayed source S with corresponding partition of p123(S) into QO = (Q123, 01,23, Q12,3)-

We shall write M B (¥;S: 5a, 0123;7) for the subset of u € MB(¥; S pa:5) where p123(S, u) = p123(S)
and each ¢ € Q123 is of pj23-type (with respect to ). Similarly, we shall write M2 (¥;S; 54, 0;5) for
the subset of MB(¥;S; 54, Q123:5) such that each ¢ € Q1 23 is of (py, p23)-type, and each ¢ € Q123
is of (p12, p3)-type.

We often use a shorthand for these moduli spaces:

Definition 4.26 Write py, (0, u) for the representative for the 123-equivalence class [o(B)] given by

replacing each p € py, which is equal to p123 by p12, p3 if ¢(p) € Q12,33 by p1, p23 if g(p) € Q1,23;
and, finally, leaving it as p123 if ¢(p) € Q123.

If g4 is a representative of [p(B)], define by

MB(x? Sv IBQ’ /3¢§ 6)
the moduli space
MB(%:5:ps.0:0),

where 5 = 55 (0. 1).
We call an element of MB(x, S, pa, ps:0) a splayed bordered holomorphic polygon.

To ensure the corresponding moduli spaces are transversally cut out, we rephrase this condition in a way
more compatible with the language of almost-complex structures (cf [18, Lemma 9.4; 1, Chapter 6]).
First, a definition:

Definition 4.27 Letu € MB(¥;S; 54, 0;5), and let ¢ € Q1 23 or Q1,.3. Denote the corresponding
boundary branch point by b, and the arc of 9.5 connecting ¢ and (7 ou)~!(b) by Ag.b- We define the
length of the cut at ¢ to be the length of the arc }_\q,b := (wx ou)(Ag,p) with respect to the metric induced
upon X by the uniformisation theorem.

We focus initially upon curves where the cut behaviour near each g € p1,23(S) is fixed so that either there
is no cut, or such that the length of the cut at ¢ is short enough that the corresponding boundary branch

point b is contained in a disc neighbourhood N J’ of ej(?o’i which is holomorphically identified with the

unit disc in C. We also require that this disc is small enough that for each ¢, the component S(g) of
(rxou)™! (Nji ) containing ¢ is a half-disc with ¢ its only boundary puncture. Denote by (u;'., j') the
restriction of (u, j’) to (g ou) "1 (N ji ) (we recall that we have been writing u for the pair (u, j') where
j' € Conf(Dy,)).

We can modify the complex structure upon N ]’ so that the angle between the arcs in BBJ’: (p123) is  (by

2/3

composing with the map ¢: z — z“/°, say), and modify the (split) almost-complex structure J | NI X j’
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over N Ix Dp, accordmgly, to a corresponding almost-complex structure J 3 N x j'. To u we may associate
a correspondmg v with respect to this new almost-complex structure: moreover if u had no boundary
branch point then thls new map does not either, and so there is a corresponding holomorphlc map from the
half-disk S(g) with boundary puncture ¢ removed to the manifold Xp ,, (by the removable singularities
theorem and Schwarz reflection principles).

Similarly, if uj. had a boundary branch point then so does v]’ We further modify the complex structure by
composing the chart on N ji with the Riemann mapping which takes the open disc with slit of length ¢

along ga(y”"l

a family of almost- complex structures J%; upon N; ! for each ¢ € (—1, 1), such that for every (J NiX Jjh-
1 i+1

) (resp. slit of length —¢ along (p(y} )) to the open half-disc. These Riemann mappings yield
holomorphic curve u*, ] with a cut of length ¢ along Y; (resp. length —¢ along y} ), the corresponding
curve (which we also denote by v j) with respect to J i X j’ has no cut, and thus can be completed to a
holomorphic map with source given by the half-disk.

We would like to modify the almost-complex structures J; to agree with this J ]’V], x j’ in a neighbourhood of
u(q) and then apply the transversality result of Proposition 4.20, but this does not make sense with respect
to other components of u 1(N ). The solution, as in [14, Proposmon 6.36] (see also [25]) is to instead
consider, for f = {tq}gep123(5)- related moduli spaces of J*- g holomorphic sections u#: S — S x X5 x Dn,
where each J7 is an almost- -complex structure on S x Xz x D, equal upon each (s, z, w) to some ] s xJg. /
We choose J 7 50 that for s near any puncture q € p123(S), the almost-complex structure J! | N; D
agrees with the split almost-complex structure Ja N x j’ described in the previous paragraph, and away
from this agrees with J.

The proof of transversality for such families follows closely along the lines of [10, Chapter 3]. As such,
the moduli spaces M5B (%: S Pa, Q123;0) are transversally cut out. Moreover the moduli space

MBS g, p123(S);5) € MB(%;S; g, 0123:5)

of curves with no cut at any member of p;,3(S) is also transversally cut out and, along the lines of
Proposition 4.21, for some &, the moduli spaces defined with respect to J T for7 e (—e, £)lP123(S)= Q12
are also transversally cut out— thus each curve u € MB(¥; S: pa, p123(S), 5) has a neighbourhood in
MB(%:8:ps. Q123;5) homeomorphic to MB(%:8:5s, 0123:6) x (—¢, £)P123(5) =123

Suppose that u, u’ € MB(%;S; g, O123:55), and that with respect to u a puncture g € p123(S) — Q123
is of (p12, p3)-type, and with respect to u’ the same puncture is of (o1, p23)-type. The topology upon
the moduli spaces described in Definition 4.34 is metrizable (cf [4, Appendix B]), and for each ¢q €
0123(S) — Q123 the length of the curve )_\q,b is continuous with respect to this metric. As such (by the
intermediate value theorem), the curves u and u’ belong to different path-components of

MB(X:8;5q, Q123:5) — MB(¥;S: B, p123(5); ).
It follows that:
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Proposition 4.28 There is an admissible, compatible family of almost-complex structures J for D, such
that for all choices of argument, the moduli spaces MB(¥;S; P, Q;54) are all transversally cut out, and
of expected dimension

ind(B, S, P,Q,0):=ind(B, S, P,o) —#123(04).
Proof Transversality is explained in the lead-up to the statement of the proposition. The index formula

follows along similar lines to [10, Section 4.1]: we do not count “corners” stemming from punctures of
p123-type, as with respect to the relevant J? they are not corners at all. a

Convention 4.29 In the course of this paper, we will be considering a number of different partial splayings
of a bordered Heegaard diagram, which has the potential to become confusing. By Definition 2.7, a
splicing & of a set of sequences of Reeb chords gy, determines a sequence of sets of idempotents ¢3; as
such, we may indicate the diagram being considered for a specific moduli space by using the notation

MP(x:8: g, psiGe.0x)
to refer to the moduli space
MB(x:S: By, psiTs)
defined using the diagram D9 (e, La‘t).
Similarly, to keep notation compact, when it is clear from the context we will write
MP (xS ps; s)
for the moduli space
MB(x:S:2,p4:0.64)
defined using the closed multidiagram D(e, tz), and
ind(B, S, Qs):=ind(B, S, J, 04, 9D),
where B is a domain in D(e, t3).
4.6.3 Compactifications As in [14], the aforementioned moduli spaces admit natural compactifications
in terms of holomorphic combs.
To discuss these, we need the notion of a holomorphic tooth; this is a map
v:(T,0T) > (Rx (3 —b) x Dy, R xa xel)

where T is a tooth source, and the codomain is endowed with the obvious split symplectic form and the
split complex structure J = jx X jp,. We denote by N (T") the moduli space of such maps satisfying:

(1) wvis (j,J)-holomorphic for some almost complex structure j upon 7.

(2) v is proper.

(3) mpovmaps dT toe!.
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(4) Near each west puncture ¢ € W;(T') labelled by a Reeb chord p,
211_1;1’6117'[2 ov(z) = p C{—o0} x0%;.

(5) Near each east puncture ¢ € E;(T) labelled by a Reeb chord p,
lim 5 0v(z) = p C {+00} x 0%;.
z—>q

These moduli spaces can once more be refined by requiring the evaluation maps evy := lim; 4 o v(2)
partition the east and west punctures of 7" in a prescribed manner. Explicitly, if Py, := (Py,1,.... Py )
and Pe := (P,,1,..., P, p) are partitions of the sets W(T') = (Wi(T),..., Wy(T)) and E(T) =
(E((T),..., Ey(T)) respectively, denoting
eVy,j i= l_[ evg: N(T) — (eH"i DI,
q€W;(T)
eVe,j i= 1_[ evg: N(T) — (el)|Ef(T)|,
q€E;(T)
and evy 1= eVy, | X+ X eVy p and Ve 1= eVe | X -+ X eV, py, We write N(T'; Py, P.) for the moduli
space

(evy xeve)_l(pr.1 X+ X Ap XAP&1 X oo X Ape’h);

w.h
omitting Py, from the notation if it is the discrete partition. If we are given a splicing o, of the
corresponding sequence of Reeb chords given by replacing each g € P, by the Reeb chord labelling it, we
can restrict these moduli spaces even further, writing N'(T'; Py, Pe; o) for the subset ev (A (1, el Ag)

for the evaluation maps from NV (7T'; Py, Pe; 0¢) — el.

Transversality is known in a simple case:

Proposition 4.30 [14, Proposition 5.16] If all components of T are topological disks, then N'(T') is
transversally cut out by the E_)—equations for any choice of split almost-complex structure J .

This will allow us to describe the compactifications of our moduli spaces, as in [14, Section 5.4]. We
firstly consider small constituent pieces:

Definition 4.31 A simple holomorphic m-comb is a pair (u#, v) of a bordered holomorphic polygon
(u, j) € MB (¥;S) and holomorphic teeth v € N(T') for some bordered polygon source S and tooth
source 7', together with a one-to-one correspondence between E(.S) and W(T') that preserves labelling
by Reeb chords, such that evy, (v) = ev(u).

In more generality, we must consider curves with even more degenerate behaviour at east infinity:

Definition 4.32 A holomorphic m-storey is a sequence U = (u, vy, ..., vg) for some k > 0, where, for
some B, bordered polygonal source S and collection of tooth sources 77, ..., Tk,

e ue MB (¥;9);
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* v e N(Ty);
e (u,v;) is a simple holomorphic m-comb;

¢ there is a correspondence between E(7;) and W(T;4;) fori = 1,...,k — 1 which preserves
labelling by Reeb chords; and

o eve(v;) =evy(viyq) forevery i.

If £ =0, we say that U is roothless.
In full generality, we need to consider trees of holomorphic stories.

Definition 4.33 A tree of holomorphic combs is:

(1) A metric tree (7, p) with corresponding reduced tree T .

(2) A generator assignment X (T') for T’; a tree of X (T )-compatible domains B(T'); a comb-tree of
sources S(T'); and a tree of admissible, generic, compatible tree of almost-complex structures
JrcJ.

(3) A set of holomorphic stories {UV}VeV(T)v such that each Uy is a J(V')-holomorphic |V |-storey
in the moduli space /\/lg(V) (x(V); S(V)), and for every noncomb vertex V € T, the storey Uy is
toothless.

If |V(T)| = k, we often say that U has height k, and we often refer to a height k tree of holomorphic
combs by its vertices: ie T = (uy,...,ux).

A priori, we must allow holomorphic curves to have nodal sources to ensure compactness holds. As in
[14, Section 5.4], we refer to a tree of elementary holomorphic combs as nodal or smooth if we want to

explicitly allow or forbid nodes.

Recall that to each spinal vertex Vi, ...,V of T we may associate its storied tree 7'(V;). Each of these
has an associated domain B(V;), equal to the sum of the domains {B(V’)}p cr(y;), and so we may
associate to any 7 -tree U the domain B given by the sum of the B(V;). We can also associate to U a set
of well-defined Reeb chords which is given by the Reeb chords of the right-most tooth of each storey in

the spine.

As in [14, Section 5.4], we call a component C of a T-tree U X-stable (resp. D-stable) if (mx o U)|¢
(resp. (mpoU)|c) is a stable map, and X-unstable (resp. D-unstable) otherwise. We modify the definition
of convergence from [14] to general T -trees of elementary combs:

Definition 4.34 We shall say that a sequence (u, j,) of holomorphic n-gons in Xz X Dy, converges to
a holomorphic tree U if:

(1) Let Sy denote the result of collapsing all X-unstable components of U. Then the map {7y ou,}
converges to my o U |g,,, in the sense of [4, Section 7.3].
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(2) The complex structures j, on Dy, converge to the tree of almost complex structures { j, }yeT Over
{XZe X Dyy|}ver-

(3) Let Sp be the result of collapsing all D-unstable components of U. Then {7 p o u,} converges to
np oUls, in the sense of [4, Section 7.3].

(4) For n sufficiently large, all u, represent the same homology class B = [U].
As is tradition, to avoid drowning in notation, we leave the more general definition of convergence of
T -trees of elementary holomorphic combs to the reader.

With this in hand, we make the following definition:

Definition 4.35 Denote by

. MB (x;.S) the space of all trees of elementary holomorphic combs with corresponding preglued
source S in homology class B, asymptotic to the sequence of generators ¥ = (x%1!, ..., x™~1.0),
compatible with the almost complex structures J';

o MHB(¥;S) the closure of the moduli space ME(¥;S) in /ﬁB(f; S);

. MEB (x;S; P;0) the space of all relevant holomorphic trees respecting the partition P;

e MB(%:S; P;0) the closure of MB(%;S; P:0) in /\:/IB(SC'; S; P).
To save on ink and patience, we observe the convention that for all other moduli spaces M B (x), we
denote by M8 (x) the closure of M5 (x) in the corresponding moduli space MZ(¥; S; P;0).

Indeed, these are the required notions for compactifying the moduli spaces:

Proposition 4.36 The spaces above are compact; ie if {U,} is a tree of holomorphic polygon combs in
a fixed homology class with fixed preglued topological source S, then {U,} has a subsequence which
converges to a tree of holomorphic polygon combs U in the same homology class.

Proof The argument from [14, Proposition 5.24] carries over readily to this more general case. In
particular, [14, Propositon 5.27] applies to a general symmetric cylindrical almost-complex manifold, and
doubling both source and Xp ;, is still a manifold of this type. |

4.7 Holomorphic anchors and perturbations
We discuss modifying the Lagrangian cylinders used in the definition of the moduli spaces
MP(¥:S:Pg. 2:00.5s).

4.7.1 Interpolating cylinders Fix a partially splayed bordered diagram D’ = D9 (g, 7) with attaching
curves %, y1, ..., p™, and recall the east-compactified curves yél = yél AU yél’c with corresponding
cylinders in the east-compactification of Xpr ,, given by

le =y; xel CTgxel
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We can perturb these cylinders using the Hamiltonian A as described in Section 3. Namely, we put

H(y},0)xt for 1 € (—o00, —£].
Cle) = H(y}, 2(2;:;_81))xz fort e [-%.%].

H(yz i) xt fort €[5, 00).

(recall that we fixed an identification of a neighbourhood of el with R x [0,¢)). For t < —£, these
cylinders coincide with the cylinders Cl = yél x el, and for t > %, they coincide with the cylinders
(CYY = H(y!l 5. &/(m+1))x el. They are Lagrangian with respect to a perturbed symplectic form upon
the east compactification of Xpr ,, as described in [13, Equation 3.25].

4.7.2 Moduli spaces with perturbed cylinders Consider again a partially splayed diagram D? (g, 7),
with attaching curves labelled y°, ..., ™. We consider the moduli space of holomorphic curves
MZ4(¥: Se: Pa P 85 J2),
which are defined by replacing the unperturbed cylinders sz =C! (yé) in the definition of the east-
compactified moduli space
MZe(%: Se: po. pri6: o)
with cylinders such that

e CY%e) are the cylinders yg x e,

o C!(g) are the perturbed cylinders C!(g), and
o Ci(e) are the cylinders H (y! s(m—i) ) x e foralli > 2.

Y m(m+1)
Note that if ¢t = (¢q,...,ty) is a set of idempotents, then for the corresponding partially splayed diagram
Da(s, 1 UT) with attaching curves 80,81, ...,8™m1 we have that

o CYe) agree with 83 x e?,
e C!(¢) agrees with 8 for ¢ < —5 and with 82 fort > %, and

o foreveryi >2, Ci(¢) agrees with the cylinders 811 x ¢’.

Proposition 4.37 For small enough ¢, all of the moduli spaces of the form
M(Jz) = Mfé(f: Se: Pa. P 0: Jz)
are identified with the corresponding moduli space
Me(Jg) := MP2(¥: S: Ba. s 63 Jo).
Proof For every m > 2, consider a Lagrangian isotopy ¢; = ¢(x,¢): Xpm %[0, 1] = Xp » which is
supported in a e-neighbourhood of each Xz x e/, and satisfies that ¢, (C é") = sz (g/t) for every t €0, 1].
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A holomorphic curve in the moduli space M;.(J;) is the same as a holomorphic curve in the moduli
space M (J ét), where J ét is the family of perturbed almost-complex structures ¢/ J. Thus we may identify
these two moduli spaces. Moreover, the family of almost-complex structures J ef constitutes a smooth
path in the space of families of admissible almost-complex structures. As such, by Proposition 4.21, there
is some 7" € (0, 1) such that
U M= | MWD
t€[0,T] t€[0,T]

provides a cobordism between M(Jz) = Mo (Jz) and M7,.(J3); thus choosing ¢ = Te provides the
result. O

Remark 4.38 There is a similar construction for subdiagrams: if D’ := D (e, 7)|s is a subdiagram of
DY(g,7), and ¥’ is a set of generators for D', there is a corresponding perturbed moduli space

Bz = gt o
Mz (¥ Sz: pas Je)
formed by replacing the cylinders {C* | i € S} used in the definition of
MPE(R'; Sk o Jz)
with the corresponding perturbed cylinders {C(g) | i € S}. The proof of Proposition 4.37 carries over to
this case to identify these two moduli spaces.

Similarly, for regularisations of diagrams (Definition 3.18) we also have:

Proposition 4.39 Let D|g be a subdiagram of D, and (D|g ), be its regularisation. Then the moduli
space Mieg := Mgg(f; S pa. Pyg:0) defined using the diagram (D|g e agrees with the moduli space

M|s := M(X;S; pg, pg:0) defined using D|s.

Proof This follows closely along the lines of the proof of Proposition 4.37 — one perturbs the cylinders

for D|g to agree with those for (D|g)re,. When y! and y'*! are small approximations of one another,

this identifies M|g with a moduli space of curves with boundary contained in Lagrangians y’ x e’ and
y! x et applying the removable singularities theorem to extend any ' in this moduli space to a bona

fide map in M., yields the result. O

4.7.3 Holomorphic anchors and stretching the neck Later on, we will stretch the neck of the almost-
complex structures J along a hypersurface, forcing degenerations of moduli spaces. In this section, we
fix notation in preparation for this; although we later largely restrict possible degenerations, we begin
here in full generality.

Fix an almost-complex structure J4 upon Xz x H, where H denotes the upper-half plane {z € C | J(z) > 0}.
Consider the moduli space of maps

g (Sg.08s) — (S x H,C'(e) xR),
where S is an anchor source.
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We require these to satisfy:

(1) ug is (j, J¢)-holomorphic for some almost complex structure j upon Sy ;
(2) uyg is proper;

(3) ug4 has finite energy;

(4) ug is disjoint from p, b;

(5) the map mpy o uy is a branched covering;

(6) ug is an embedding;

(7) At each puncture g of Sy labelled by oo, lim; 4 (rp o u)(z) = oo.

(8) At each puncture g of S labelled by a Reeb chord p, we have that upon some neighbourhood
n(q) of g, (rx ou)(n) is modelled upon B(p).

(9) ForeveryteR andeach j =1,..., A, we have that u~! (le |=x{r}) consists of at most one point,
and foreach j =h+1,...,g+h—1,thesetu™! (le |z x{s}) consists of exactly one point.

From these conditions, it follows that near each puncture ¢ of Sy labelled by oo, the map uy is
asymptotic to a chord of the form §1:2(¢) x oo, such that -2 = | q 61-2(g) is a generator for the pair
(yé1 ,H (yé1 ,&/(m +1))), or, more transparently, for the pair (§', §2) described in the previous subsection.
Each such map has an associated homology class By in the relative homology group H,(Zz x H, C(¢)).
We call such curves holomorphic anchors and collect them into moduli spaces Mg* (012; S4). We shall
later see that in fact, for the moduli spaces to be nonempty, the generator  !*> must be the distinguished
generator 0_1,_’2.

As with all of our other moduli spaces, we can cut these down according to various partitions of the east
punctures of Sg. If Py is a set of partitions Py = (Py y,..., Pg ), where each Py j 1s a partition of
E;(S4), there is a corresponding evaluation map

evi= ] evgr MEIH(812:Sg)) — () EGSHI,
qeE(Sy)
and we write

ME4(812;S5: Py)

for the moduli space (ev) ™! (A p, ). If we are further provided with a splicing o4 of the set of punctures
of Sy labelled with a jumping chord, we can define the moduli spaces Mgi (012;Sy: Ps:0y) for the
subset ev~! (A},i, e, Agi), where ev: Mﬁ‘ (012;Ss: Py) — el

It transpires that for particularly simple sources S, the moduli spaces Mii (812; S) are always transver-

sally cut out:

Proposition 4.40 Let Sy be a disjoint union of topological discs. Then the moduli spaces M+ (0%, Sy)
are always transversally cut out by the E_i—equatjons, for any choice of almost-complex structure J .
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Proof This follows along the lines of [14, Proposition 5.16] —namely, any ¥ = (#x, upy) doubles to a
pair of maps from a punctured CP! to a punctured CP'. The first Chern class of these doubled maps is
equal to the Maslov index of uy and up, which is —1 in both cases (it is straightforward to see that each
is a small anticlockwise disc). Thus by [16, Lemma 3.3.1], D is surjective for this doubled map, which
implies surjectivity for the original map — see, for instance, [8, page 158]. a

These anchors will arise as the result of “stretching the neck” of bordered holomorphic polygons. Explicitly,
for every m fix an e-radius half-disc neighbourhood 1™ of the point {0} € e! C dD,,. We consider the
family J obtained from J by inserting a neck of length ¢ along the boundary of each n?, as described
in [10, Section A.2].

Suppose that ind(B, S, pg, ps.04) = 0, and let
ME (x:S: s, P2:00.54: )
denote the set |, MPB(¥;S:04.01:04.04; J"). By a standard transversality argument, for generic
choice of J and generic 7', the moduli spaces
MEp = ME(X:S: e pa:Ger 0 I")
are one-dimensional manifolds. Moreover, for small enough ¢, the moduli spaces

M

7 2. g - s - . t

T.6.6(X: 86100, 0:0¢,04:J7)

defined to be equal to | J,>r Mgi(f; Sz Pa, Pai0a,04; J) are also transversally cut out, and form
one-manifolds homeomorphic to MET (cf Proposition 4.37). By Gromov compactness, in both instances,
there is some 7" such that for every ¢ > T, each constituent moduli space MB(¥;S: g, ps:0a.04:J")
(resp. Mgf; (X; Sz: pg. pa:0g.04; J")) is transversally cut out.

The perturbed moduli spaces admit compactifications similar to the aforementioned trees of holomorphic
polygons; but there is one more possible type of degeneration which we force in the neck-stretching

process. This is an anchored holomorphic curve:

Definition 4.41 An anchored holomorphic polygon is a pair (u, ug) where
ue MB(x, 0%, 02 .. 0™ 10 y:S:ba, pri0s.05: )
is a bordered holomorphic polygon and uy € My (0'%; Sy ; P;0y) is a holomorphic anchor. (See

Figure 14 for a schematic.)

We write
MES; (F: 551 o paiGe.5a: ")
for the compactification of
MES . (F:S5: o priGa.Gxi ),
which can be defined in much the same way as in Definition 4.35, but allowing for the bordered polygons
in each definition to be anchored holomorphic polygons.
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Figure 14: A schematic of an anchored holomorphic polygon. The pink dot indicates wp o u of
an east puncture of the source S.

4.8 Gluing for trees of elementary holomorphic combs and anchors

We now quote the relevant gluing results, and then explore their consequences.

Proposition 442 Let U = (uy,u;) be a height 2 tree of (bordered) holomorphic polygons where
uy € MB1 (X(V1),S1: P1,01:01) and u, € MBZ(E(VZ), S»; Py, Q,; 0,) are spinal.

Let B= By * B,, S denote the splayed source ST = S111.5,, with induced distinguished set of noneasterly
punctures Q = Q1 U Q», and finally let 0 = o1 * 03.

For some sufficiently small open neighbourhoods U1 of u; and U, of u,, there is an open neighbourhood
of (uy,uz) in MB(X(T), S; Py » Py, Q; ) which is homeomorphic to U; x U, x [0, 1).

We also require gluing for two-storey combs with one easterly vertex:

Proposition 4.43 Let U = (uq,u,) be a height 2 tree of (bordered) holomorphic polygons where
uy € MBUR (), S1; P1. Q;01) is spinal and u, € MPB2(¥(V,), S»: Py; 0) is easterly.

Let B = B; * B;, S denote the splayed source ST = S 1S, with induced distinguished set of noneasterly
punctures Q’, and finally let 6 = 01 * 05.

For some sufficiently small open neighbourhoods Uy of u; and U, of u,, there is an open neighbourhood
of (uy,us) in MB(X(T), S; P; x Py, Q;0) which is homeomorphic to U; x U, x [0, 1).

We also require gluing for simple combs:

Proposition 4.44 Let (u,v) be a simple m-comb, with u € /\~/lB(i; S;0;:J), andv € N(T, P;0),
and suppose the corresponding moduli spaces are transversally cut out at u and v respectively, and the
evaluation maps ev: MEB(x:S; 0:J) —e! and evy: N(T; Po;0) — e are transverse at (u, v).
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If we denote by S” = S T, and Q' the corresponding set of distinguished noneasterly punctures
induced by S, then for sufficiently small open neighbourhoods U, of u and U, of v, there is an open
neighbourhood of (u,v) in MB(¥;S’; P, Q; o) homeomorphic to (U, X Uy) x [0, 1).

Finally, we require the following result for anchored holomorphic curves:

Proposition 4.45 Let u’ be a splayed holomorphic polygon in
ME (x,64(k), y; S P, Q;0; D),

andugy € Mﬁ‘ (012;S4: Ps;04: J4) a holomorphic anchor, and suppose that these moduli spaces are
transversally cut out at u and u g respectively.

Denote by B = B’ x By, S the surface formed by gluing S’ and Sy at punctures labelled by v!:2,
P =P % P;,0 =0 %03, and Q the set of distinguished noneast punctures of S induced by Q’. Then,
for sufficiently small open neighbourhoods U and Uy, containing u and u 4 respectively, there is an open
neighbourhood of (u,u4) in the moduli space

Msr(x,04(k—1),p:S; P, Q;0)

homeomorphic to U x Ug x[0,1).

Proof of Propositions 4.42, 4.43, 4.44 and 4.45 A straightforward combination of [14, Proposition 5.30]
and [13, Proposition 4.21] gives the first three of these results when dropping the relevant instances of the
letter Q from the statements, and the last follows similarly. In each case, as the punctures of each relevant
source are mapped either to east infinity or to some boundary puncture of the relevant disc, the fact that the
manifolds Xp ,; have two types of infinity is irrelevant, so the result follows by standard gluing techniques
(the provision of splicings behaves no differently than the other partitions of east punctures). To include
the provision of cut behaviour, one sees that the nearby families of holomorphic curves constructed by
the implicit function theorem in the proof of [14, Proposition 5.30] and [13, Proposition 4.21] must have
small cuts near the relevant punctures themselves — thus, by the discussion in Section 4.6.2 there are
nearby families of curves with no cut at these punctures.

For example, for Proposition 4.42, one constructs preglued maps u; fjg u, with sources S; f S> which
converge to the two-storey building. One shows that Dé(ul fruy) = 0 as R — oo, and applies the
implicit function theorem to find a neighbourhood Ng = Ng(u; [ g u;) such that the set of zeroes of the
E_)—equations in Ng form a smooth manifold of the correct dimension. As such, choosing R sufficiently
large finds families of solutions to the 5—equations near to u1 g us.

If S; and S, have distinguished sets of punctures Q1 and Q, respectively, where Q; U O, = Q, it
follows that the preglued maps u; ] g #, have no cut at the corresponding punctures of S; § S,. As such,
any holomorphic curve in the neighbourhood Ny has (a priori) at least a very small cut at the relevant
punctures. By the discussion in Section 4.6.2, it follows that the set 971(0) N Nj can be parameterised
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Figure 15: A schematic picture of a one-dimensional moduli space (left), with two types of spinal
ends shown (centre and right). The breaks in the boundary indicate punctures of D,,, whereas the
dots indicate east punctures — with punctures corresponding to one east infinity shown in grey,
and a puncture corresponding to another shown in white.

by cut length as MB(¥;S; pa, Q:5) x (—¢, €)¥ for some k. It follows by the triangle inequality that
the set M5B (X;S;pa, Q;0) intersects Bg, and thus provides a family of holomorphic curves with the
correct cut behaviour near to #1 g u, and thus near to (11, u3), as in [10, Section A.4] (see also [3,
Section 5.3.3]). O

4.9 Restrictions upon easterly curves and the boundary of one-dimensional moduli spaces

In this section, we prove the main result which we shall use to show that maps we define in the next
section satisfy the partial A, relations. We will need to understand the modulo-two count of the ends
of moduli spaces of expected dimension 1 in more detail. As in [14, Definition 5.58], we give names
to the types of ends that occur. Some of these are illustrated in Figures 15, 16 and 17 — recall that we
distinguished some special types of vertices of a tree in Definition 4.4.

) -
I i

Figure 16: A schematic picture of two types of mixed ends of the one-dimensional moduli space
on the left of Figure 15.

) -
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Figure 17: A schematic picture of a composition end (left) and a collision end (right) of the
moduli space on the left of Figure 15.

Definition 4.46 Let M := MB(x,04,(k),y:S: Pa, Pg:04,04) be a one-dimensional moduli space.
Then:

(1) A spinal two-storey end of M is a height two spinal tree of prescribed-cut polygons (u, v), where
we MBI (x 0, w: S\:PyPy:04.0%)
and
ve MB2(w, 0, p:8::53.5%:0%.02)
are spinal, and such that By € 7r20+ (x,w) and B, € 7T20+ (w, z) are such that By * B, = B, S11S5, =35,
ﬁlé *ﬁi = pa, ,51i *ﬁzé = pg, Oé *O’i =0a andadlC *O'i =0y.
(2) A mixed two-storey end of M is a height two tree (u, v) such that

ok—l,k

/ —_ - -
ue M5B (x,0}r’2,...,0" 1’”,0"”‘“,0_’1”"”“‘“,..., Ly S Py Pri0g.04)

+

is spinal and
B K,k+1 K+A—1,6+A +A,K. .2
ve MBE@LT L0k 0T SE; pE)

is easterly, and such that B’ * Bg = B and S’ Sg = S.

(3) An (i, j)-composition end is an element of MB(x, 0, (k), y:S’; PysPs: 0y, 04), Where py is

given by ;15. (pg) for some i, J; cr’é is given by 0} ; and S’ is obtained from S by contracting the arc of

dS connecting the punctures corresponding with ,0; and ,o;.+1, and labelling the corresponding puncture
i i+l

Pipj -

(4) A «k-collision end is an element of M B (x, 67+(k), V:S:pa,ps:04(K),08).

(5) A cut-vanishing end of M is a prescribed-cut polygon u in the moduli space

MPE(x, 01.(k). y: s Py Ply: 0. 0%)
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such that o}y » p; is a 123-reduction of 4 % py, formed by replacing an adjacent pair py, p23 or pi2, 3
with p1,3, where p; (resp. p3) is an element of py . Here, S’ is given by contracting the arc in 0.5 between
the punctures corresponding with p1, p23 (resp. pi2, p3) and labelling the resultant puncture by p13.

(The condition on a cut-vanishing end essentially is the same as ,5’i being a 123-reduction of py,, except
there is a possibility for the first chord of p &, to have been p3 and the final chord of ﬁé, j to have
been p1,.)

With this in mind, we state the first main theorem of this section:

Theorem 4.47 Suppose that
M = MB(x’ 0+(k)’y; S;ﬁé’ﬁi;o—é’o—&)

is one-dimensional. Then the total number of spinal two-storey ends of M, mixed two-storey ends of M,
(i, j)-composition ends of M, k-collision ends of M, and cut-vanishing ends of M is even.

Proof This follows readily along the same lines as the proof of [14, Theorem 5.61]. In particular,
trees of height greater than two are ruled out in a very similar way to [14, Proposition 5.43]. In our
situation, however, there are two types of two-storey ends. Height one combs still degenerate, but due to
the simplicity of the diagram near the boundary, join or shuffle curves cannot appear, just sequences of
split curves (corresponding with composition and collision ends of M). A priori, nodal curves can still
degenerate, but are ruled out along the lines of [14, Section 5.6.3].

One may truncate M near composition and collision ends, as in the proof of [14, Theorem 5.61] to give a
moduli space /\_/lcmpped which is a compact 1-manifold with boundary. This has spinal two-storey ends if
the complex structure on Dy 1, degenerates along an arc with one end on the edge ¢°, mixed two-storey
ends if an arc without an end upon e° degenerates, a composition or collision end if a holomorphic
tooth degenerates at east infinity, and finally a cut-vanishing end if the length of a cut at some corner
of p123(S) degenerates to zero. Ends where more than one cut degenerates, or a cut degenerates at the
same time as another type of degeneration, are ruled out by the index formula in Proposition 4.28 — each
degenerated length subtracts one from the expected dimension; thus if more than one cut degenerated the
corresponding moduli spaces would have negative dimension and so be empty. |

We now examine the types of mixed two-storey ends which may occur. Fix a partially splayed diagram

D = D'(e,7) with attaching curves y°, p!,..., p™, where we recall that y! splits as y! = p 19U p 1€,
Fix also a subdiagram D|g where S is a contiguous subsequence of {1, ..., m}. For clarity’s sake, relabel
the attaching curves of this subdiagram by §!, ... ,8*, and the corresponding sequence of generators by
(Ofr’KH, e, 0i+)”_1"<+)“) = §+(k) and 0 = 0%T2% c G(8*,81). We call the resultant generator for

Dls by ] )= (§+ (1), 0). We first restrict Bg to some fairly manageable possibilities:

Proposition 4.48 Let Bg € w1, (5 (A)) € Dom(D|s). Then it is supported within the approximation
region for the curves § L 8*.
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Proof This follows from the homological linear independence of the bordered diagram D’. The
corresponding domain B% € Dom(D’) given by taking multiplicities away from the approximation
region has boundary contained solely in & and multiplicity zero at h — contradicting homological linear
independence unless all multiplicities away from the approximation region are zero. |

It follows from this that the domain Bg decomposes as a sum Bg = By +---+ Bg1p_1, where each

Bj is supported in the approximation region for St 8}"‘1.

The next step is to separate the curves into the more widely studied case where they are each approximations
of one another, and the case where they change in a given index. As such, we let

Ii={je{l.....h}|jump(Pg ;) =@ and §} ~ -~ 8y U{h+1,....g+h—1},
and T :={1,....h}— (T N{l,... h}).

We now show that the domains of the less widely studied case are supported within the handles.

Proposition 4.49 Suppose that Bg € , (5 (1)), and let j € T. Then the domain B ;i is supported within
the handle $);.

Proof Any domain B; not supported within §); but supported within the approximation region can only
have corners upon points of the form 6. ’]l." *! where 8]’."' A 5;." *1. As j €T, either one coordinate O(A)§
is equal to some e;?o”, or B; is required to have a corner at ej‘?o —neither of which are of this form. O

Foreach j €T, then, if § is a set of 2/ arcs, any map u € MBE (0 (1); Sg: p ) has boundary in just one of
the cylinders & Jl Mxelord Jl ! % e1. We label the corresponding curve § 11 Let 31 denote the surface given
by removing the handles (_J ieT £);j from the east-compactified splayed s.urface )y _(8, 1)é, and X the result
of collapsing the remaining boundary components )7 ; and g ; in Xr to 2|I'| single points pg. This
contains the curves Si; = {82 j | j € I'}, which approximate one another and basepoints pr :={p; | j € I'}
and thus we form the closed multidiagram Dr given by the tuple (Xr; 611, . ,8%; pr U py).

It follows from the above proposition that for j € I' the domains B; are contained in >r, and thus
have a corresponding domain Br € Dom(Dr ), given by the sum of their images in X1. Moreover, the
domain Br lives in the homology group 7, (6 (A)|r), where 6 (A)|r is the restriction of @ (1) to the curves
RS 1

ror

Considering the surface Ep as a subset of both surfaces X (g,7)z and X, we choose a family of almost-
complex structures J' upon X x D; such that their restriction to >rx Dy agrees with the restriction
of J.

For every j € ', we identify the handle £ ; with the punctured torus ¥; := T? - ej°° formed by gluing
the ends $)7, ; and $Hg ; (more properly, we identify the handle with its end circles removed with an
open subset of the torus). The curves and arcs § Jl NYj,..., 5]).‘ M $; have natural images in 7' 2 for
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which we abuse notation and call & }, cees 5]}.‘. Together with the image of the basepoint b;, the tuple
Dj = (X j;S}, e 8]).‘; bj) forms a toroidal bordered Heegaard multidiagram. The domain B; has a
natural image in Dom(D;) which we also denote by Bj, and lives in the group 7, (8(1)},..., 9()»)3.‘).

We choose a family of almost-complex structures J; upon X; x D; which agree with the almost-complex
structure J upon §); x D;,.

It follows that the moduli space MBE (6 (A); SE; pg) splits as a fibred product
MBE@O(L); SE: BE) = Mr Xcont(Dy) M1 XConf(Dy) * - XCont(Dy) M.

where Mp = MBr (67 (AM)|r; St: J’) is the moduli space defined by counting holomorphic polygons
according to Dr as defined in Section 4.5, and each M; is the moduli space
. ; A, .
MBI} 0 Sy pa i )

defined by counting bordered polygons according to D;, as defined in Section 4.6.

Proposition 4.50 There is a unique homology class Dr € Dom(Dr) which carries a holomorphic
representative in the moduli space Mr. This lives in the homology group m; (6+ (M)|r). Moreover,
the projection of the moduli space Mr onto Conf(D;) has degree one for this homology class; thus
MBE(Q(L); Sg: pg) is nonempty only if the corresponding Br = Dr, and é(k)|p = 5+ (AM)|r. In this
case, MBE (5()»); SE; pg) has the same number of elements as

My XConf(Dy) *** XConf(Dy) M|f|-
Proof This is well known; see, for example, [13, Lemma 3.50] or [15, Lemma 6.17]. O

Proposition 4.51 Let B;, S; and py ; be such that ind(Bj, Sj, pg ;) = 2—A. For each j, the moduli
space MPBi (G(A)Jl-’z, cee 9()\);"1 ;Sj; Pg,j: Jj) (of expected dimension zero) is nonzero only if either

e A=2and ,BQJ contains a single jumping chord, or

* A =3andpg ; is empty.

In these cases there is only a single domain for which the moduli space is nonempty, and in these cases it
contains a unique element.

Proof We assume that ,BQ’ j 1s empty — the case where it is nonempty follows similarly, requiring only
the minor modification of changing which index formulae are used. Suppose initially that A > 3.

If, for some (noncyclically) consecutive i,7 + 1, the curves 5]’: , 8]’:+1

are approximations of one another,
then by Proposition 4.45 and [10, Lemma 11.8] (cf Proposition 4.61 below), there is a suitable holomorphic
anchor which may be glued to any curve u € MBi (0()»)}’2, e, G(A)j."l; Sj; ,Bé,j) of index 2—A to yield

an element ' of the moduli space
{ s P . . . )\" X X N
M =MPIOM); 2,000 00)T R 0SB ;)
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Dj pj

Figure 18: Ruling out A > 3. On the left is shown the case where A = 4, and the only possible
domain connecting the intersection points shown has the incorrect orientation. On the right is
shown the case where A = 5: the domain shown has index —3; thus the corresponding moduli
space is of negative expected dimension.

where the domain Bj’. has Euler measure e(Bj/.) = e(Bj) —1/4. It follows from the index formula that

3-(A—1)
2

which implies that the moduli space M’ has negative expected dimension. As we are working with a

ind(B}, S}, pg,;) = — x(S}) + 2e(B}) = ind(B;, S, pa ;)

generic family of almost-complex structures, this implies that such a #” (and thus such a «) does not

exist— thus if any (noncyclically) adjacent §¢, 51’:“ approximate one another, the corresponding moduli

space is empty.

So we may assume that the family 8!, ..., 5]}.‘ satisfies:
(1) Foreveryi=1,...,A—1, 8]’: and 5}:“ intersect transversally in a single point.
(2) Foreveryi =1,...,A—2, the curves 8;. , 8]’:“ are small approximations of one another.

(3) If A is even, then the curves 5]}.‘, 5 Jl intersect transversally in a single point; if A is odd, then the

curves 8}‘, 8 Jl are small approximations of one another.
If A is even, then it follows that 0; € SJI. Nné Jl is uniquely determined and it is straightforward to see that
the corresponding homology group is empty (see Figure 18 for a picture when A = 4).

If A > 3 is odd, then 6; is also uniquely determined for nonempty moduli spaces; if 6; = 6; 4 then a
similar gluing argument to above shows that the corresponding moduli space is empty. We can see that
for general odd A, there is a unique element of (9(k)}’2, e, 9()»);” ’1) —an embedded A-gon with
%()\ + 3) acute corners and %(k — 3) obtuse corners. It follows from the index formula that the expected
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”» 82 ® 83 *® | §!

0

Figure 19: Three possible configurations for the curves, and the corresponding domains are shown
(assuming that A = 3) — the other three are obtained by rotating these diagrams by 90 degrees
clockwise. On the left is a (o1, p2)-composition piece, and on the right are two collision pieces, a
precollision and postcollision respectively. Rotating these gives a (o2, p3)-composition piece and
two collision pieces respectively.

§ 53 8' 52 2 53

dimension of ij ((H(A)}’z, e 9()\);"1 ; §j) is equal to %(3 —A). As such, this domain has index 3 —A
if and only if A = 3, as claimed in the proposition. (See Figure 18 for the case where A = 5.)

There are six different possible configurations for the curves, with corresponding unique domain —as
shown in Figure 19. m|

We give things names:

Definition 4.52 We separate the possible domains near e}’o described in Proposition 4.51 into types, as

indicated in Figure 19: (p1, py)-composition pieces, (p2, p3)-composition pieces and collision pieces.

Suppose that A = 3 and Bg € 7, (é (1)) is a domain with no Reeb chords. We say Bg is a (o1, 02, j)-
composition domain (resp. (pa, p3. j)-composition domain) if the set T has two elements, j and j’, and
Bj is a (p1, p2)-composition piece (resp. (o2, p3)-composition piece) and Bj- is a collision piece.

Similarly, we say B is a collision domain if T has two elements, j and j’, and Bj and Bj: are both
collision pieces.

A similar definition may be made for the case A = 2, where the corresponding domain has at most one
jumping Reeb chord upon each boundary component.

It follows almost immediately that these are all of the possibilities for easterly domains:

Proposition 4.53 Suppose B, is such that MBE (5 (A); S; pg) is nonempty. Then A =3 or 2, and either

QI.C,K+)» — QK,K.-F}» and elc,lc+k _ QK,K—I-A,
| - . =

e Bpisa(pi, p2, j)-composition domain for some j, and ; g et

Kk+A K:K+)\
gt = gt

. . .. . . K,k+A _ pkk+A
e Bpgisa(p,, p3, j)-composition domain for some j, and ’ and 9j+1 = 9+,j+1,

. .. . K,k+A _ pk,k+A K,k+A _ pk,k+A .
e BpE is a collision domain, and we have that 0]. = 0+’j and 9j+1 = 9+,j+1 for some j.

(and similar for A = 2). In these cases, MBE (5 (A); S; pa) contains a unique holomorphic curve.
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Proof By Proposition 4.50, the domain is uniquely determined by its restriction to handles §); where
j €T, and by Proposition 4.51 we know that A = 3 or A = 2.

As we assumed 0 * 03 was interleaved, the set I’ having more than two elements is impossible: only
one curve in 82 is not an approximation of one in § !, and only one curve in §3 is not an approximation of
one in §2. As such, we only need check the possibilities for B ; near each element j, j’ of T. There are
two cases which may occur for this: either (without loss of generality), B; is a composition piece and Bj-
is forced to be a collision piece (else too many curves from §! are not approximations of curves from §2);
or Bj is a precollision piece, forcing Bjs to be a postcollision piece (for the same reason). The case where
one piece is a composition piece splits depending upon whether & ]1 is meridional or longitudinal.

A similar argument applies for the case where A = 2. a
We use this to give names to types of mixed two-storey trees of holomorphic curves:

Definition 4.54 Let .
M= MB(x,0,(k).y:S:pa.Ps:04.0%)

be a one-dimensional moduli space, and U = (u, v) be a height two tree of prescribed-cut polygons in a
mixed end of the boundary of M, where

ue MB/(x, §+(k —0),w; S’ pa. fy:05.0%)
is spinal and v € MBE (5()»); SEg: pE) is easterly.
We shall say that U is
e a (k, j)-composition end if Bg is a (p1, p2, j)-composition or (o3, p3, j)-composition domain, or
e ak-collision end if Bg is a collision domain.
By Proposition 4.53, any mixed U € dM is either an (i, j)-composition end or a k-collision end.

We conclude this section by identifying composition and collision ends with recognisable moduli spaces:
Proposition 4.55 Suppose that
) B 1,2 k=l prux+3 pk+3.k+4 =1k . qr.z =
M =M (x, 07,0571 043 01 v 007y S By, Pl 0s.0)),
ME = MBE(oi’K—i_l, 0i+1,K+2, 0K+2,K; SE’ /BE)7
are such that M’ x M g C M.

If B is a (p1., pa, J)-composition domain (resp. (03, p3, j)-composition domain), then M’ x Mg
contains the same number of elements modulo two as the moduli space

Meomp := MP (x,04.(k = 1), y: S': o 15 (71): 0005 (00)5).
Similarly, if Bg is a collision domain, then the moduli space M’ x M g contains the same number of
elements modulo two as

Meot =M (x. 0, (k—1),y:S"; PPy 0. 04 (K)).
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Proof By Proposition 4.53, the projection of each M’ x M g onto M’ has degree one; hence we only
have to show that, in each case, M’ has the same number of elements as the moduli spaces in question.

By Proposition 4.39, as the diagram D¢opp used for the definition of Mcomp (resp. Deonr and Mcoy) is
the regularisation of the diagram D’ used in the definition of M’, we know that if Bg is a composition
domain, M’ is identified with a subset of the moduli space

B’ 1,2 k—1,k pk+3,k+4 k—1,k . or. = .
_/\/l (x,0+,...,0+ ,0+ ,---70+ ,y,S,pé,Q,(Ué)f)s
and it remains to be seen that this subset is precisely Momp.

Assume first that Bg is a (p1, p2, j)-composition domain, and suppose that for each j' =1,..., /&, the
sequences
. 1 pl p2 p2 k pk pk+1
Rj/ = (Dj/,Bj/,Dj/,Bj/,...,Dj/,Bj/,Dj/ )

form a sequence of Reeb domains for B. For every j’ # j, the corresponding domain B]/., (as discussed in
Section 3.1.1) is equal to Bj- —it follows that in this case R; is also a sequence of Reeb domains for B;.
For j = j, we have that B]’.‘ decomposes as the sum C ]f‘ + AEJK where C]f‘ is a (p1, p2)-composition
domain. It follows that, by definition, BJ’.‘ = B]'.C (p1), and that B]’.‘ = BJ’.‘ (p1)—C ]f‘ has multiplicity one in

the south-west region adjacent to ejc.’o”‘ +1

The domain B’ has no corner at the intersection between )/]f‘ and ny€+1 — it has the same multiplicity upon

either side of )/f“. As such, EJK + B}CH has no corners at ejOO’KJrl and so B]'.CJrl = BJ'.CH(,oz)—and
we have that D}‘H = D}‘ +1(@). 1t follows (by comparing multiplicities away from the approximation
region between y]f‘ and y}‘+2) that if DJ’: :=n; B (p;), BJ’: = Bi(p;) and we denote by

ni B (p;), fori =1,...,k—1,
EJ’ = (ne +neqn + 1) B (p;), fori =k,
ni12 B (pi+2), fori=«x+1,....k—1,
and .
Fle B'(p}) fori=1,...,k—1,
I Bi(,o;+2) fori =«,....k—2,
then

1 1 2 k—2 k—2 k—1
(E}.F} E}.... Ef2 FF2 EF7Y)

is a sequence of Reeb domains for BJ’. and the result follows. Similar holds for Bg a (p2. p3.j)-
composition domain.

If BEg is a collision domain then it is completely supported within the approximation regions between
yl and y,lc"'l. As such, subtracting the domain Bg has no effect upon the sequence p4(B), and thus
p4(B") = pg,(B). The jumping chords previously in partitions P]’.‘ and Pj’.‘/Jrl are now determined by
corners at the copies of east infinity, e}‘ and e}‘,, and thus the corresponding partition is given by o4 (k),

as required. O
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4.10 Behaviour of holomorphic anchors and stretching the neck

In this section, we will try and understand the moduli spaces M Bz (91:2; Sy ).

B;
>T,e,e
holomorphic polygons, converging to some two-storey building

Proposition 4.56 Suppose that (u,;) € M (X;Sz; P, Q;0p,04: "), is a sequence of splayed
W ug) e MB (x,0%1,...,0m710 pi S P Q0,5 ) x MB(B(my); Sy Py o).

Then u 4 is a holomorphic anchor.

Proof For notational convenience, we let g’ = g + & — 1. We note that x(S”) + x(Sg) — g’ = x(S)
and mg +m' —1 =m, s0 5—m = 6 — (mg + m’). Denoting by e¢(By) := e(B) —e(B’), Colg :=
Col(og) —Col(oy) and #4 := | Q] —|Q’|, we have that
ind(B, S, P,Q,04) = %(3 —m)g’ — x(S) +2e(B) + | P| —Col(cg) — | Q|

= 33—m)g' = (x(S") + x(Sg) — &) + 2¢(B) + | P| —Col(og) — | Q|

= 3(5—m)g' = x(S) = x(Ss) +2e(B) + | P| = Col(og) —| Q|

=33 =m")g' — x(S") + 2¢(B") + | P'| — Col(ay) — | O]

+3(3—my)g' — x(Sg) +2e(By) + | Py| - Coly —#s

=ind(B",S", P', Q' o))+ 1(3—my)g — x(Sg) +2e(By) + | Py | — Coly, —#y .

Denote by ind’ the first term in this final sum, and indg the remainder. If u4 were not an anchor (ie

my > 1), by Proposition 4.37 we can unperturb the Lagrangian C’(g) to give a corresponding bordered
holomorphic polygon u’i which lives in a moduli space of curves of index indy..

It follows that 2 —m —ind’ = ind4 . Noting that ind’ > 2 — n’, it follows that
indy <2—-m—Q2-m)=m'—m=1—my,
and so L/i lives in a moduli space of negative expected dimension, so does not exist— and thus nor

does u 4. Therefore, u 4 is a holomorphic anchor as required. |

Proposition 4.57 The domain By is supported within the approximation region for the curves, and B’
splays B.

Proof The first half of the statement follows along similar lines to Proposition 4.48. If we fix points
away from the approximation region between y ! and y?2 in the diagram corresponding with the moduli
space for u’, then each curve u, has the same multiplicity at these points and thus so does ' —so B’
has the same multiplicity as B everywhere away from this approximation region, which is precisely the
definition of B’ splaying B. O

‘We need a lemma about the acute corners of anchored curves:
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Lemma 4.58 Suppose that
/ - B
W ug) e MB (x, 0%, ... 0™ 10 pi S P Qo). 5 ) x M, T (0% Sy Py 0)
is an anchored holomorphic curve in the boundary of the moduli space
B; Z. Q.. .
M 7:.(X:8e: P, Q104,04).

If A denotes the number of acute corners of B’ at the points ¢®!, then the difference between the number
of acute corners of B and B’ satisfies

ac(B') —ac(B) = A —2(|P| - |P')).

with equality holding only if every component of Sy has at most one east puncture.

Proof The acute corners of B and B’ consist of two types: east acute corners and main acute corners.
Here, a main acute corner is an acute corner corresponding with a noneast puncture of S (resp. S’), and
east acute corners correspond with intersections of arcs in ! with dX. The main corners of B’ split into
two sets: those 4 at ¢! and all others. As B’ approximates B, it follows that the number of main acute
corners of B’ not at ¢! is precisely the number of main acute corners of B. As such,

ac(B')—ac(B) = A+ Ay — Ag,
where A’ and A are the number of easterly acute corners of B’ and B respectively.

The quantities A g and A/E may be read from the multiplicity of B and B’ in a neighbourhood of each e]‘?".
Indeed, each puncture in E;(S) (resp. S’) contributes two acute corners (at the start and end of the
corresponding Reeb chord) unless there is some other puncture labelled with the subsequent chord. If
we choose a small neighbourhood N; of east infinity and three points pq, p», p3 in the corresponding
regions of N; — yjl, this translates as

Ag =np (B) + |np, (B) —np,(B)| + |np,(B) —nps (B)| + np;(B),
AIE =nNp, (B/) + |np, (B/) —Hp, (B/)| + |np, (B/) —Hp; (B/)| +np; (B/)-
We extend this to By, setting
Ag g =np, (Bg) + |np (Bg) —np, (Bg)| + [np, (Bg) —npy(Be)| + nps (By).

This final quantity is less than or equal to 2- | E;(Sy )|, with equality holding only if | E; (S )| = 1. By
the triangle inequality, A%y + Ay g > Ag and hence Agp — Ay < Ay g < 2-|E;(S4)|, with equality
holding only if |E;(Sg)| = 1.

Summing over all j, it follows that
ac(B')—ac(B)=A+ Ay —Ag = A=2(|P|—|P'))
as required; with equality only if |E;(S4)| = 1 for each ;. a
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Proposition 4.59 Suppose that u, € MlgT (x;S; P, Q;04,64) is a sequence of splayed holomorphic
polygons, converging to some anchored holomorphic curve

' ug) e MB (x, 0%, ... 0™ 10 3.8 P, Q05,05 J0) x/\/li*(é’l’z; Ss: Py.0).

Then Sy, a disjoint union of topological discs, where |E;(Sy)| < 1 for every j, and either A =1 and Q'
consists of the punctures of S’ induced by Q, or A = 0 and Q' consists of the punctures of S’ induced
by Q, together with a single puncture labelled by v'>2.

Proof Letg'=g+/h—1,e(By):=e(B)—e(B’), Coly := Col(og) —Col(oy) and #4 := |Q| — Q']
as in the proof of Proposition 4.56, and observe that the quantities Coly, and #4 are negative. Note also
that x(S4) < g’, with equality if and only if S is a disjoint union of topological disks.

The argument in Proposition 4.56 tells us that ind(B, S, P, Q,05) — ind’ is equal to

(4.60) 3(3—mg)g — x(Si) +2e(By) + | Py | — Coly, —#s .

As ug is an anchor, it follows that ind’ > 2—(m+1) = 1 —m. By assumption, ind(B, S, P, Q,05) =2—m
and so the formula (4.60) is less than or equal to 1.

We examine the quantity 2(e(B) —e(B’)) = 2e(By). It is clear that x(B) = x(B’), and thus
2e(By) = 3(0b(B) —ob(B’) —ac(B) + ac(B)).

If we let A denote the number of acute corners at the vertices e;’o’l, e, eZo’l, then as no corners at east
infinity are obtuse we can see that ob(B) —ob(B’) = (1 — g + (4 —h)) = —g’ + A. By the previous
lemma, we know that ac(B") —ac(B) > A—2(| P|—|P’|) and as such 2(e(B) —e(B’)) > —g'+ A—|Py|.
Hence

12 33 -mg)g — x(Sg) +2e(By) + | Py| —Coly —#5 = 0
and at most one of the terms A, g’ — x(Sg), Colg or #4 is positive (and equal to one).

Assume first that x(Sy) = g’, so that S is a disjoint union of topological disks. There are a series of
cases for this:

e If A =1, then Coly =#4 =0 (so |Q| = |Q’|) and each component of S3 has at most one east
puncture.
o If A = 0, then either:
- #; =1,50|0|=|Q’| -1, Colg = 0 and each component of Sy, has at most one east puncture.
— Colg =1, #4 = 0 and each component of S has at most one east puncture: this does not
occur as gluing (u’,u4) gives a nearby curve in some MB(J?; S; P, Q; 0’9,53;; J"), where
Col(a/é) > 0 — such moduli spaces have negative expected dimension.
— Or, finally, Ag — Agr = 2(| P| — | P|) — 1: this does not occur as the left hand side of this
equation is even.

If x(Sg) = g’ — 1, then one component of Sy is a topological annulus without an “c0” puncture on one
boundary component. Any nearby curve u in MB(x;S; P, Q; 0; ,04;J") has a boundary component
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with no noneast puncture upon it, so that wp o u is constant on this component or violates the maximum
modulus principle — hence this case does not occur (compare [ 14, Proposition 5.43]). a

Proposition 4.56 tells us that if (u',uy) € 3/\_/1§T (x;S;pg,P4:04,04,J"), each component of the
source Sy has at most one puncture which is mapped to e}’o for each j. By definition, each of these
punctures is labelled by some element of the torus algebra p;, and we shall write MBx(912,84:5,0)
to refer to the moduli space of curves in Mgi (01:2;: S4: Py, 0) where Py is the discrete partition and
p=1pj | pj € Ej(Ss)}.
In a similar manner to Section 4.9, we can define
F={je L...,h | Ej(Sg) # 9}

and show that the moduli space MBx(01:2; Sy : 5, o) splits as a product

MBL(912: 8,5, 0) = Mg x Mg g X X Mg .-

Here My is a moduli space of one-gons in a closed Heegaard multidiagram D', , and each My jisa
moduli space of one-gons defined using a bordered multidiagram Dy, ; = (X ;; )/J.l ;bj), where Xy, ; is
a torus.

Proposition 4.61 There is a unique homology class B/i which carries a holomorphic representative in
the moduli space M g . Moreover, Bft € m; (0rle’s? ), where Orz’s? 4
generator 041;2 to the diagram D, . As such, the moduli space MBx (012, S, p, o) is nonempty only if
B; = B; + Zjef B\t,j, where each Bi,j is supported within the handle $);, and 0 L2 — 041_’2, in which

case it has the same number of elements as ) jer Ma j-

is the restriction of the distinguished

Proof This is considered in [10, Lemma 11.8], though as stated there the proof is incorrect; see the
corrections. d

As such, we need only to understand the moduli spaces My, ;.

Proposition4.62 Let Sy, ; be an anchor source with underlying surface a disc, and with unique east punc-
ture q. For the evaluation map evy: MBe.j (Gjl’z; Sg,j: pj) — R, the moduli space My, ;(0) = ev_1(0)
contains a unique element for every p;.

Proof This follows by a model computation for each choice of p;, and Proposition 4.45. For instance,
consider the bordered Heegaard diagram and Heegaard multidiagrams as shown in Figure 20.

The moduli space
MB(x,y:8: p3. 21 {p3}. @)

clearly contains a unique element, as does the moduli space
! L2 g .
MB (x,0+ sy7S,?®’p3’®?{IO3})'
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)y 1,27
0, Y

Figure 20: A model computation for Proposition 4.62.
Therefore, by Proposition 4.45,
IMP(x, p:8:p3. @43} @) = |IMP (x.6,%, y:5":2. p3: @, {p3))] - [ M ; O)].
hence [My ;(0)] = 1, as required. |
This lets us rule out anchored curves with holomorphic anchors that have more than one easterly puncture:

Proposition 4.63 Suppose that
W ug) e MP (x, 012, 0"10 y: S P Q' 0}, J) x ME* (812 Sy 5,5)
is an anchored holomorphic curve in the boundary of the moduli space

Then 5& is interleaved, and hence Sy consists of a disjoint union of topological disks, only one of which
has an east puncture.

Proof We already know that each component of Sy is a disk, with at most one east puncture. Suppose
that 6, were not interleaved. By Proposition 4.62, there is a (unique) element vy, of M g* (0'2;S4:p,0)
where the height of each east puncture is 0. As such, by Proposition 4.45, we could glue u’ to vy to get
an element of a moduli space ./\/llg 7(x:S: 0. pgi00: T ") with Col(og) > 0; but this moduli space has
negative expected dimension. O

The final result we need is to understand the implied asymptotics of curves in the boundary:
Proposition 4.64 Suppose that
W ug) e MB (x,012,...,0"710 y S P Q' 0}, 5} J) x MEH(812 Sy; Py, 0)
is an anchored holomorphic curve in the boundary of the moduli space
MB L (¥:5:po. Py Ga.0s).
Thenu' € MB (x, 012, ... gm=10 5. 8" PysPy04,0%;J), where the pair (p,0,) and (5 ,07%)
splay (Bg.0g) and (By. o).
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eOO
s ou (Mjl) contains a single point of the set E := nx ou

Proof Consider a small disc neighbourhood M jl of ¢! which satisfies that each component of

1 (ej?o’l) (we include the puncture ¢
which is mapped to e}’o’l in this set) — label the components by S(£) so that £ € E is contained in S(§).
The set E splits into three sets: ¢, the set E7 of points mapped to e by mp ou’, and the set E g of

points mapped to e! by wp ou’. There are corresponding restricted sources Sy, := USeg , S(§) and
Sr:=Ugeg, SE).

The homology class of 5 o u’|g, is modelled upon - B(p) for some nonjumping p (which is equal to
p12 if yjz is meridional, and p,3 if yjz is longitudinal), and the homology class of 75 ou’|g(4) is modelled
upon B(p’) for some jumping o’. It follows (by considering multiplicities away from the approximation
region between y! and y?) that if

(D}.B}.D}. B}.....DF. B DI

were a sequence of Reeb domains for B;, the sequence obtained by replacing each DJ’: = n; B'(p;) with
n; BT 1(p;) and each Bj’: = Bi(p;) with Bi+1(p§), adjoining BJ‘.) = B} (p") and replacing D} = B'(p1)
by n- B%(p) +nyB?(p;) is a sequence of Reeb domains for BJ/. — B(,F)é’j).
It remains to show that the sequence

p=\p,....p)

—_—
n times

satisfies that ﬁ’é] *p=pg_ ;- To see this, we note that the domain B(p4) must agree with B'(5,)+B'(p)

away from the approximation region. As such, B(p) = B(ps) — B(p,). This latter quantity, however,
may be written in a more useful way.

Let Q =mnyxo u/_l(e]‘.’o), and let Q" denote the subset of Q given by {g € Q| ev;j(g) < 0}. If we fix a
small neighbourhood M j°° of ej‘?o such that each component of 7y o u’ -1 (M j°°) contains a unique point
in Q, the domains B(p4) and B (,5’&) can be written as a sum over points in Q or Q’, respectively, of the
quantities B(p(q)), where p(q) is such that (s o u’)(S(¢g)) is modelled upon B(p(g)) C MJFX’ —and
S(¢g) denotes the component of 7y o ' M j°°) containing ¢. It follows by considering the multiplicity
of u’ at basepoints in each of the four quadrants of M that B(ps) — B(p}) coincides with the sum
over points ¢ in Q@ — Q" of B(g), and thus is equal to B(p), where p satisfies 15/9] *p = pg_ ;. As such,
B(p) = B(p) and so p must lie in the same 123-equivalence class as p. The cardinality of the sets Q and
QUEL Uiq} agree, so in fact p = p. ) O

We finish this section by utilising the results above to understand properly the behaviour of moduli spaces
under the neck-stretching operation.

Proposition 4.65 Let B, S, pg, pg and G4 be such that
. B; 2. g2 2 .2 o
Mer = M7, (X156 pg. pg:04.04)
is one-dimensional, and G4 is interleaved.
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Say, as shorthand, that (B’; ﬁ/é,a’é; ,5;, 0 ) splays (B; pg.,04; ps,03) if B splays B, and (,T)/é, U,é)
and (7. 0,) splay (o 0) and (5. 0.
Denote by

Mplayed := U MB (x84 (k—1),p:8" 5y, By:0% .08 ).

’ 2>/

(B30 007,07 )
splays

(B;,Bgﬂééﬁ\t,ﬂ\t)

Then M7 is a compact one-manifold with boundary given by the disjoint union of
B LQeR Bz =
Mze(x,04(k—2),y:5:pg.p1:00,04)

and Mplayed ¥ MBx (012 Sy p), where p is the unique jumping chord in the final part of .
Therefore, the moduli spaces

and Mpayeq contain the same number of elements modulo two.

Proof By Proposition 4.64, we know that any curve in M7 lives in the moduli space
Msp]ayed X MB& (4 1’2» S, p).

By Proposition 4.56, we know that Sy is a disjoint union of topological disks, and thus by Proposition 4.45,
M7 is a compact one-manifold with boundary given.

The second part follows from the identification of
Bg - S-S
Mze(x, 04 (k—2),y:5:pg.p1:04,04)
with
MB(x.04(k—2).y:8:pg.ps:0s.54)

given in Propositions 4.6.1 and 4.7.2, and the fact that M B« (912, S ; p) has one element modulo two
by Proposition 4.62. a

5 Statement and proof of theorems

After all this formality, we are at long last ready to state some theorems.

Let D be a bordered diagram with /s boundary components. We shall define a right Ao, multimodule
over the torus algebra, which we call Poly(D). We first define a series of auxiliary modules Poly; (D).

Consider the module generated over [F, by the set of generators G(D). This has an obvious right action
by the ring of idempotents of 77, defined by setting

£ _.
x‘L:{x if1(x)=1

0 otherwise.
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We define an A4, module structure upon Poly, (D) by first defining maps

nk ;, - Poly; (D) ®z 7'1®i1 ®z- Q1 7;l®ih x 6 (i1,...,ip) — Poly, (D),

il,...,l

where G (i1, . .., i) denotes the set of all splicings of all sets of sequences of Reeb chords in
7—1®11 ® .'.®7;l®l.h.

Suppose that p = py, ..., pj is a set of sequences of Reeb multichords in T", where |pj| =1i;. For every
interleaved splicing o of p, we define the coefficient

d(x.y.pe)= Y > #MP(x.0,.(1551-2). y": S: pa. P2:Gs.04)
(5é,&é),(5¢,3¢) Ben20+(x,J’)
is a k—shipping X(S)=Xemb (S)

of (B:5)  ind(B,S.pg.Py:05)=2—15]

where the nearest-point map takes y’ to y, and hence put

..... o
We define . ,
mf, i, Polye(D) @7 AP ® -+ ® A" — Poly (D)

by
m{.c]s'“sih (x’/_j) = Z nf?]a"wh‘l (x’,b" 5-).

o an interleaving for p

Proposition 5.1 For sufficiently generic choice of J, the definition of Poly, (D) above agrees with the
definition of the multimodule BSA(D) described in [26, Section 8.3].

Proof In the case where k = 0, the above moduli spaces are formed of bigons in the bordered diagram D,
with constraints upon evaluation maps given by the interleaving o. To see that these are precisely the
bigons counted in the definition of BSA(D), we note that for any (B, S, g3 ) such that the moduli space
M(x,y;S; pg) is zero-dimensional (as counted in the definition of the BSA multiplication maps), the
subspace of M(x, y; S; pg) where the heights of any punctures ¢, ¢ labelled by a jumping chord coincide
is given by M(x, y; S; pg;0) for o some noninterleaved splicing of p4. By the formula at the end
of Section 4.4.1 (or Proposition 4.22), ind(B, S, p3,,0) < 1 and so the corresponding moduli space is
empty; ie the multiplication maps in BSA(D) do not count curves where heights coincide. (This should
be compared with [12, Section 2.4.3].)

As such, the moduli space M(x, y;S; pg) splits as a union over all interleaved splicings of moduli

spaces M(x, y;S; pg;0), which is precisely what the maps m?l , count. |

..... i

Proposition 5.2 (compare [14, Lemma 7.7; 26, Theorem 7.8]) Suppose that the diagram D is provin-
cially admissible. For any fixed generators x and y, and a set of nonempty sets of Reeb chords, there are
at most finitely many B € 7r20+ (x,y) such that MB(x,0,(k—2),y":S; pa, ps) are nonempty — ie the
sums in the definition of the maps my, are finite.
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Moreover, if D is admissible, then there is a constant k depending only upon D for which every map mi‘
with i > K is zero, independent of k.

Proof We proceed by induction. In the case k = 0, by Proposition 5.1 the proposition coincides with
[26, Theorem 7.8.].

For higher k, we prove the first half of the proposition by noting that by Proposition 4.45, if there were an
infinite number of B € 5 (x, 04 (k), y) with an element up € MB(x, 0, (k—2), y';:S: pp. ps:0a.04),
we can glue u g to a holomorphic anchor to give a curve ug € MB (x, 0, (k—3), y"; S’; PpsPy:04:0%)
where (0},,0,), (P}, 0% ) is a k — 1 shipping of (p,5). By our induction hypothesis, this is impossible.
For the second half, we let « be the corresponding constant for m?. Again, if some i > k does not satisfy

k

that mf‘ = 0, we may glue the corresponding polygon to a holomorphic anchor, implying that 71} —lis

also nonzero. By our induction hypothesis, this is, again, impossible. |

We now turn to the main definition and theorem of the paper. Consider the 2" elementary splayings
D(1(8)), where § € {m,[}". The module Poly(D) is generated over the field F, by the sum G :=
Dsc im,yh 9(D( (6))). We endow this module with the obvious right action of the ring of idempotents of

Th by setting
x if x € G(D((3))),

0 otherwise.

x-1(8) = {
We define an .4, module structure upon Poly(D) by first defining maps
i iy POLY(D) @7 T ® - @ TP X 5 (01 i) > Poly(D),
where G (i1, ..., i) denotes the set of all splicings of all sets of sequences of Reeb chords in
T®i1 ® .“®7;l®ih
1 .
Suppose that 5g = pi,.... y is a set of sequences of Reeb multichords in 7", where |5;| = i;. For
every interleaved splicing 64 of o4, we define
Miyoiy (X P2 0g) 1= Y > HME(x,01(165]—2), 5" S: P 0) - ¥,

Y€G(D) Ben;""(x,y)

X(8)=Xemv (S)

where the nearest-point map takes y’ to y.
We define . .
Mi,....i - Poly(D) ®z A?“ R & Af?'h — Poly(D)
by
Miy ..oy (X, P) 1= Z Riy,..in (X, 0, G).

G an interleaving for o

We first verify that the modules Poly; (D) are A, modules.
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Theorem 5.3 The maps {ni.‘l i Viv,....in satisfy the partial Ao relation. As such, the data
(Poly, (D). {mf . 1% )

1 ,...,ih i] ,...,ih

forms an Ao, module over Th.

Proof Recall the relation which we need to verify is

lo]—1
0= ) n(@x.Aa6).8.60+ ) nG@G(@.6)+ Y, nlx.p.5k)).
Axd=p i,j compatible K’ collidable

C_;l *52=U
Consider a one-dimensional moduli space M = MB(x, 0, (k), y;S:; pp.ps:0a.01), Where 6o 53 =3,
and G4 is a k-splicing. By Theorem 4.47, the ends of this moduli space are formed of the following.
¢ Spinal two-storey ends, corresponding with terms in the first sum in the statement of the theorem.

¢ Mixed two-storey ends, which, by Proposition 4.53 are either composition ends or collision ends
(see Definition 4.54). Composition ends correspond (by Proposition 4.55) with terms in the second
sum in the statement where 7, j satisfy that ,oj. € P]?/ €o fori’ >k, and ,o;'., p}“ are equal to pq, pa
or py, p3; collision ends correspond with terms in the third sum in the statement where k” > k.

e (i, j)-composition ends which correspond with terms in the second sum where i, j satisfy that
,0;. € P}/ fori’ < k.

e k’-collision ends, which correspond with terms in the third sum where k&’ < k.

¢ Cut-vanishing ends, corresponding with terms in the second sum in the statement where 7, j satisfy

that ,oj. € P}/ € o fori’ >k, and p;'. .p;'."'l is equal to p123.

By Theorem 4.47, the number of these is zero modulo two; it corresponds that the sum is zero, as
required. O

We will not show directly that Poly, (D) is an invariant of D up to equivalence —indeed, we have not
discussed any notion of equivalence for diagrams. Instead, we just need to understand how Poly, (D)
depends upon the choice of generic admissible compatible almost-complex structures J.

Proposition 5.4 Let Jy and J; be generic, admissible, compatible families of almost-complex structures.
Then the Ax, modules Poly, (D, Jy) and Poly, (D, J;) are Ax homotopy equivalent.

Proof This follows by modifying [14, Section 7.3.1] to the case of splayed polygons — combining it
with, say, [13, Proposition 3.30], and the proof of Theorem 5.3 above. O

Theorem 5.5 Let k > 0 be an integer. Then the Ao, modules Poly; (D, J) and Poly, (D, J) are Ao
homotopy equivalent.
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Proof By Proposition 4.65, and the finiteness of the zero-dimensional moduli spaces involved in the

k+1

definition of the m and m; there is some 7" > 0 such that, for every x, y, B, S, p and &, the moduli

spaces ./\/lB(x,0+(k),y,S,5é,,5¢;8é,8¢, JT) and
Mipiayed := U M0k —1).p:8 5y, 5y:85.65: ).
(B30 007,07 )
splays
are identified.

It follows that if we sum the number of elements of moduli spaces of both types over all B € ng t(x,y),
we get the same number modulo 2. These are the coefficients of y in the maps n i (x, p), defined

k+1

with respect to J 7, and of y in n; (x, ), defined with respect to J, respectlvely. It follows that the

Ao modules Poly, (D, J Ty and Polyk (D, J) are isomorphic as A, modules.

By Proposition 5.4, Poly, (D, JT) is Ax homotopy equivalent to Poly, (D, J), and so the proposition
follows. O

We finally state and prove the main theorem of this paper:
Theorem 5.6 Poly(D) is an Ao, module, and Poly(D) is As, homotopy equivalent to BSA(D).

Proof Let « denote the constant defined in Proposition 5.2. The only nonzero maps in Poly, are
determined by moduli spaces M8 (x,0.(k), y:S: D, ps:;D,04:J), which, by Proposition 4.24, are
all identified with the moduli spaces used in the definition of the structure maps of Poly(D). As such,
Poly(D) is an As,-module which is A isomorphic to Poly, (D). Moreover, by Proposition 5.1 and
Theorem 5.5,

BSA(D) = Polyy(D) = Poly,(D) = - -- = Poly,_,; (D) = Poly, (D) = Poly(D). d
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