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Exact Lagrangian tori in symplectic Milnor fibers constructed with fillings

ORSOLA CAPOVILLA-SEARLE

We use exact Lagrangian fillings and Weinstein handlebody diagrams to construct infinitely many distinct
exact Lagrangian tori in 4-dimensional Milnor fibers of isolated hypersurface singularities with positive
modality. We also provide a generalization of a criterion for when the symplectic homology of a Weinstein
4-manifold is nonvanishing given an explicit Weinstein handlebody diagram.

53Dxx; 57Kxx

1 Introduction

Given a Weinstein handlebody diagram of a Weinstein domain .X; �; �/, where ƒ is a link of Legendrian
attaching spheres, one can construct a closed exact Lagrangian submanifold † of .X; �; �/ by taking the
union of an exact Lagrangian filling† ofƒ and the core Lagrangian disks of the handles attached alongƒ.
For any such Lagrangian, Œ†� 2Hn.X/ is a primitive class. It is not known whether, for every closed
exact Lagrangian submanifold † of a Weinstein domain .X; �; �/ that is primitive in homology, there
exists a Weinstein handlebody diagram of .X; �; �/ such that † can be built from an exact Lagrangian
filling; see Casals and Murphy [7, Remark 2:22]. Vianna [41, Section 6.2] constructed an infinite family
of exact Lagrangian tori in the 4-dimensional Milnor fibers of parabolic singularities. We show that there
are infinite families of exact Lagrangian tori in a larger set of Milnor fibers of isolated hypersurface
singularities using fillings:

Theorem 1.1 For any p; r � 1 and q � 3 there exist infinitely many Hamiltonian nonisotopic exact
Maslov-0 Lagrangian tori in Milnor fibers of Tp;q;r singularities such that the Lagrangian tori are all
smoothly isotopic and primitive in homology.

We obtain the following corollary by either applying properties of Milnor fibers of adjacent singularities
to Theorem 1.1 or to Vianna’s result [41, Section 6.2].

Corollary 1.2 If Mf is the Milnor fiber of a positive-modality isolated hypersurface singularity f ,
then Mf contains infinitely many Hamiltonian nonisotopic exact Maslov-0 Lagrangian tori that are all
smoothly isotopic.

Milnor fibers of isolated hypersurface singularities have been extensively studied in homological mirror
symmetry, singularity theory and low-dimensional topology. An isolated hypersurface singularity is the
equivalence class of the germ of a holomorphic function, f WCnC1!C whose differential has an isolated
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zero at the origin. The Milnor fiber of such a singularity is the smooth manifold Mf D f �1."ı/\Bı.0/
for suitably small ı > 0 and "ı > 0 [36]. The modality of a singularity f can be thought of as the
dimension of a parameter space covering a neighborhood of f in the space of singularities after an
appropriate holomorphic reparametrization. Isolated hypersurface singularities of modality 0 and 1 have
been classified by Arnold, as summarized in [3, Chapter 2.3]. Unimodular isolated singularities are either
parabolic, Tp;q;r singularities or one of Arnold’s 14 exceptional singularities. We focus on the Milnor
fibers of Tp;q;r singularities which were shown by Keating [31, Section 2] to be exact symplectomorphic
to the affine variety

Tp;q;r D f.x; y; z/ 2C3
j xpCyqC zr C xyz D 1g;

for p; q; r 2 Z�1 and 1=pC 1=qC 1=r � 1.

The only possible exact Lagrangian submanifolds of 4-dimensional Milnor fibers of modality-0 singu-
larities are spheres; see Abouzaid and Smith [1] and Ishii, Ueda and Uehara [28]. This is not the case
for 4-dimensional Milnor fibers of positive-modality singularities. See Keating [33] for examples of
monotone Lagrangian surfaces in Milnor fibers of positive-modality singularities, and more generally
in Brieskorn–Pham hypersurfaces. Keating in [31, Theorem 5.7] constructed an exact Lagrangian torus
in the 4-dimensional Milnor fibers of unimodular singularities using explicit Lefschetz fibrations of the
4-dimensional affine varieties Tp;q;r . Shende, Treumann and Williams in [39, Example 6:3] outline an
argument that there are in fact infinitely many distinct Lagrangian tori that are not Hamiltonian isotopic
in Tp;q;r for p; q; r � 1. These potentially distinct tori are constructed from fillings of Legendrians in
distinct Weinstein handlebodies of Tp;q;r that are symplectomorphic but not yet shown to be Weinstein
homotopic. In contrast, the tori we construct in Theorem 1.1 are obtained as fillings from a single Weinstein
handlebody decomposition. See [27, Remark 3.17; 32, Section 7.4] for a description of Tp;q;r as D�T 2

with .pC qC r/ 2-handles attached along Legendrians. If .p; q; r/ 2 f.3; 3; 3/; .2; 4; 4/; .2; 3; 6/g, then
Tp;q;r compactifies to a del Pezzo surface; see [31, Proposition 5:19]. Vianna in [41, Section 6.2] used this
fact to construct infinitely many distinct exact Lagrangian tori in T3;3;3; T2;4;4 and T2;3;6 using different
almost toric fibrations of the corresponding del Pezzo surfaces.

The Lagrangian torus that Keating constructs in Tp;q;r [31] implies that the Fukaya category of Tp;q;r
is not split generated by any collection of vanishing cycles as it has one generator for which this is
true. Analogously, a corollary of Theorem 1.1 is that the wrapped Fukaya category Tp;q;r has an infinite
number of generators which are not split generated by the vanishing cycles.

We start by producing a Weinstein handlebody diagram of the 4-dimensional Weinstein manifold Tp;q;r
using an algorithm established by Casals and Murphy [7], called the affine dictionary, that allows one to
obtain the Weinstein handlebody diagram of a Weinstein manifold from particular Lefschetz fibrations,
such as the Lefschetz fibration of Tp;q;r given by Keating. A change in convention for the ordering of
vanishing cycles and the Hurwitz move between the affine dictionary and Keating’s Lefschetz fibration
of Tp;q;r resulted in an incorrect handlebody diagram in Figure 22 of [7]. We provide the corrected
Weinstein handlebody diagram in Figure 3.
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Proposition 1.3 The Weinstein 4-dimensional domains

Tp;q;r D f.x; y; z/ 2C3
j xpCyqC zr C xyz D 1g

have the Weinstein handlebody diagram shown in Figure 3 for p; q; r � 0.

We apply Legendrian Kirby calculus moves to the Weinstein handlebody diagram shown in Figure 3 to
find another Weinstein handlebody diagram of Tp;q;r for p; r � 1 and q � 3 that contains the Legendrian
sublinkƒ.ˇ22/ given by the .�1/ closure of the positive braid .�2�3�1�2/�21�

2
3 2BrC4 . The .�1/ closure

of a braid ˇ 2 BrCn is the Legendrian link given by placing ˇ in a standard contact neighborhood of the
standard max-tb Legendrian unknot in .R3; �std/. See the last diagram on the bottom right of Figure 7
for a front of ƒ.ˇ22/ as a .�1/ closure of a positive braid. Casals and Ng [8, Propositions 7.4 and 7.5]
proved that ƒ.ˇ22/ has infinitely many distinct exact Lagrangian fillings of genus 1 using Floer-theoretic
methods. We use their result in conjunction with one technical lemma (Lemma 3.2) to prove Theorem 1.1.

Weinstein handlebody diagrams can also allow one to determine whether certain symplectic invariants
vanish without computing them explicitly. Suppose that Xƒ is a 4-dimensional Weinstein manifold
whose 2-handles are attached along a Legendrian link ƒ. The symplectic homology of a Weinstein
manifold Xƒ can be computed using the Legendrian contact homology differential graded algebra of ƒ,
denoted by A.ƒI @/; see Bourgeois, Ekholm and Eliashberg [4] and Ekholm [16]. We extend a criterion
of Leverson [34, Corollary 1.5] for the nonvanishing of the symplectic homology of a Weinstein manifold
given a Weinstein handlebody diagram. Symplectic homology, denoted by SH, is a difficult invariant to
compute, and this extension gives an easy way to check whether it vanishes for a slightly broader class of
Weinstein manifolds.

Theorem 1.4 Let Xƒ be the Weinstein 4-manifold resulting from attaching 2-handles along a Legendrian
link ƒ�

�
#m.S1�S2/; �std

�
with n link components. If there is any sublink ƒ0 with l link components

for l � n such that its Legendrian differential graded algebra has a representation

� W .A.ƒ0IZŒt˙11 ; : : : ; t˙1l �/; @/! End.V /;

where V is a vector space over Q and �.tk/D�Id for k D 1; : : : ; l , then SH.Xƒ/¤ 0.

An important theme in symplectic and contact topology is understanding flexibility phenomena which
refers to when an object or situation is governed only by homotopy data. Flexible Weinstein manifolds
abide by an h-principle (see Cieliebak and Eliashberg [13]) and it is often difficult to determine whether
a Weinstein manifold is flexible. Since a flexible Weinstein manifold has vanishing symplectic homology
(see Cieliebak [12]), Theorem 1.4 also gives a criterion for when a Weinstein manifold is not flexible.

Corollary 1.5 Let Xƒ be the Weinstein 4-manifold resulting from attaching 2-handles along a Legendrian
link ƒ �

�
#m.S1 � S2/; �std

�
with n link components. Suppose there is a sublink ƒ0 with l link

components for l � n such that its Legendrian differential graded algebra has a representation

� W .A.ƒ0IZŒt˙11 ; : : : ; t˙1l �/; @/! End.V /;

Algebraic & Geometric Topology, Volume 25 (2025)
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where V is a vector space over Q and such that �.tk/D�Id for k D 1; : : : ; l . Then Xƒ is not a flexible
Weinstein manifold.

For an example of an application of Theorem 1.4 and Corollary 1.5, see work of the author and Acu,
Gadbled, Marinković, Murphy, Starkston and Wu [2, Corollary 9.7], which showed that the Weinstein
complement of certain divisors in toric 4-manifolds are not flexible.

Outline In Section 2 we provide definitions and background material on Weinstein 4-manifolds, exact
Lagrangian fillings and the Legendrian contact homology differential graded algebra. In Section 3 we
prove the technical lemmas that allow us to use results of Casals and Ng [8] in the proof of Theorem 1.1.
In Section 4 we give the necessary background on Milnor fibers and Lefschetz fibrations and prove
Theorem 1.1, Corollary 1.2 and Proposition 1.3. Finally, in Section 5 we prove the new nonvanishing
criterion for symplectic homology, Theorem 1.4.
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author thanks the referee for valuable comments and suggestions. This work was supported by the NSF
grants DGE-1644868 and DMS-1707652.

2 Background

2.1 Weinstein 4-manifolds

We consider only Weinstein 4-manifolds, which we will now briefly review. See [13] for more details
on Weinstein manifolds in general. Let .X; !/ be a symplectic manifold with nonempty boundary. A
1-form � is a Liouville 1-form if d�D !. The vector field Z� that is !-dual to � (�Z�! D �) is called
the Liouville vector field. A domain .X; �;Z�/ is a Liouville domain if the Liouville vector field Z�
is complete and transverse to the boundary @X , and points outward along @X . For a Liouville domain
.X; �;Z�/, there is an induced contact structure on @X given by ker.�j@X /. The completion of a Liouville
domain .X; �;Z�/ is the noncompact manifold constructed from X by attaching to the boundary of X
the symplectization of the boundary, X [@ .R� @.X//. A Weinstein domain .X; �;Z�; �/ is a Liouville
domain .X; �;Z�/ such that Z� is gradient-like with respect to an exhausting Morse function � WX!R.
A Weinstein homotopy on a Weinstein cobordism or manifold is a smooth family of Weinstein structures
.Xt ; �t ; Zt ; �t / for t 2 Œ0; 1�, where we allow birth–death type degenerations such that the associated
Liouville structures .Xt ; �t ; Zt / form a Liouville homotopy. If two Weinstein domains .X0; �0; Z0; �0/
and .X1; �1; Z1; �1/ are Weinstein homotopic, then their completions are symplectomorphic.

Algebraic & Geometric Topology, Volume 25 (2025)
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The model Weinstein handle H of index k in dimension 2n for k � n,�
Dk �D2n�k;

nX
iD1

yi dxi ; Zk; �k

�
� .R2n; !std/;

is described in detail in [42]. In particular, H has convex boundary Sk�1 �D2n�k (Zk points outward
to the handle), and concave boundary Dk � S2n�k�1 (Zk points inward to the handle). The convex
boundary has a natural contact structure induced by Zk . Then the components of the handle are

� the core of the handle Dk � f0g, a Lagrangian submanifold of H,

� the cocore of the handle f0g �D2n�k , a Lagrangian submanifold of H,

� the attaching sphere Sk�1�f0g, an isotropic sphere in the convex boundary .Sk�1�D2n�k/, and

� the belt sphere f0g �S2n�k�1 in the concave boundary .Dk �S2n�k�1/.

A Weinstein handlebody decomposition can then be given explicitly by attaching Weinstein handles each
with locally defined Morse functions that one can assemble into a global Morse function. Weinstein
handlebody decompositions only contain Weinstein k-handles for k � n [21]. In fact, the Weinstein
handlebody decomposition of any 2n-dimensional Weinstein manifold .X; �;Z�; �/ is encoded by the
Legendrian submanifold ƒ � .@X0; �;Z�; �/ corresponding to the attaching spheres of the critical
n-handles, where .X0; �;Z�; �/ is the Weinstein subcritical domain given by attaching handles of index
strictly less than n.

Weinstein 4-manifolds only admit handlebody decompositions with 0-, 1- and 2-handles. Attaching
m Weinstein 1-handles to a Weinstein 0-handle .D4; !std/ gives the 4-manifold whose boundary is�
#m.S1 � S2/; �std

�
. The attaching region of a 1-handle is S0 � D3. Diagrammatically, we will

consider S3 as R3 with a point at infinity and draw the attaching region of the 1-handle as a pair
of 3-balls that are identified with a reflection. A 2-handle is then attached along a Legendrian knot
ƒ �

�
#m.S1 � S2/; �std

�
. For a 4-dimensional Weinstein 2-handle attached along a nullhomologous

Legendrian link ƒ �
�
#m.S1 � S2/; �std

�
, the framing is given by tb.ƒ/ � 1, where tb.ƒ/ is the

Thurston–Bennequin number of ƒ. Although the Thurston–Bennequin number is not invariant under all
Legendrian isotopies in

�
#m.S1 � S2/; �std

�
, the canonical framing of the 2-handle is invariant under

contactomorphisms.

Gompf in [26, Theorem 2.2] showed that Legendrian links in
�
#m.S1 �S2/; �std

�
can be isotoped into a

standard form where the attaching spheres of the 1-handles are all vertically stacked and the Legendrian
links can run through the 1-handles but are otherwise contained to a rectangular area between the pairs
of 3-balls representing the 1-handles. Within this rectangular area, the contact structure, thanks to a
contactomorphism, is .R3; �std D ker.dz�y dx//, so we can use the front projection within this region
to draw the fronts of the Legendrian links. The resulting diagram on the plane is a Weinstein handlebody
diagram in Gompf standard form; see for example Figure 1. The Thurston–Bennequin number of a

Algebraic & Geometric Topology, Volume 25 (2025)
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h1

h2 h2C h1

h2

Figure 1: A Legendrian handle slide of h2 over h1.

Legendrian ƒ �
�
#m.S1 � S2/; �std

�
can be computed from the front projection as in the case of a

Legendrian link ƒ� .R3; �std/. Two Legendrian links in
�
#m.S1 �S2/; �std

�
are related by Legendrian

isotopies if and only if their front projections are related by a set of six moves [26], three of which are
the usual Legendrian Reidemeister moves and three of which are referred to as Gompf moves. Gompf
moves 4 and 5 correspond to passing cusps and crossings through 1-handles, respectively. Gompf move 6
corresponds to moving a Legendrian strand past the attaching region of a 1-handle.

Two Weinstein handlebody diagrams in Gompf standard form represent equivalent Weinstein domains
if they are related by the following moves: isotropic or Legendrian isotopies of the attaching spheres,
handle slides, handle cancellations and handle additions. If one has two Weinstein k-handles h1 and h2,
a handle slide of h1 over h2 is given by isotoping the attaching sphere of h1 and pushing it through the
belt sphere of h2, where the isotopy is an isotropic or Legendrian isotopy. In the case of a handle slide
for a 4-dimensional 1-handle, one drags one of the 3-balls in the attaching region of h1 over h2 and
back, following a Legendrian path. If h1 and h2 are 4-dimensional Weinstein 2-handles, with attaching
spheres ƒ1; ƒ2 �

�
#m.S1 � S2/; �std

�
, then the Weinstein handlebody diagram after sliding h1 over

h2 has attaching spheres ƒ01 and ƒ2, where ƒ01 has a front projection given by taking a connect sum
of ƒ1 with a push off of ƒ2 [7, Proposition 2.14; 14, Proposition 1]. Figure 1 shows an example of a
handle slide for 4-dimensional Weinstein 2-handles. One can add or cancel a pair of Weinstein handles
h1 and h2 of indices k and k � 1, respectively, if the attaching sphere of h2 intersects the belt sphere
of h1 transversely at one point [7, Proposition 2.17]. We call such a pair of handles a canceling pair; see
Figure 2 for an example of a canceling pair.

2.2 Exact Lagrangian surfaces

Definition 2.1 Let .Y; ker.˛// be either .R3; �std/ or
�
#m.S1�S2/; �std

�
. LetƒC andƒ� be Legendrian

links in .Y; ker.˛//. An exact Lagrangian cobordism † from ƒ� to ƒC is an embedded oriented
Lagrangian surface in the symplectization .Rt �Y; d.e

t˛// that has cylindrical ends and is exact in the
sense that, for some N > 0:

(1) †\ .Œ�N;N ��Y / is compact.

(2) †\ ..N;1/�Y /D .N;1/�ƒC.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: A canceling pair of 4-dimensional 1- and 2-handles.

(3) †\ ..�1;�N/�Y /D .�1;�N/�ƒ�.

(4) There exists a function f W†!R and constants c˙ such that et˛j†Ddf , where f j.�1;�N/�ƒ�D
c� and f j.N;1/�ƒC D cC. We call f the primitive on †.

An exact Lagrangian filling † of a Legendrian link ƒ is an exact oriented Lagrangian cobordism from ¿
to ƒ.

The Maslov number of an exact Lagrangian surface † is the greatest common divisor of the Maslov
numbers of the closed loops in †. For a Legendrian ƒ, the Maslov number of ƒ is the Maslov number of
the surface R�ƒ. We will always assume that all Legendrians and Lagrangian cobordisms are Maslov-0.

Remark 2.2 A rank-n local system of an exact Lagrangian cobordism † is a representation �1.†/!
GL.n;F/, where F is a field. Local systems allow one to enrich various invariants by recording homotopic
data. By abuse of notation we refer to representations �1.†/! GL.1;Z/ D fC1;�1g for orientable
surfaces† as (rank-1) local systems over†. Furthermore, since GL.1;Z/ is abelian, it suffices to consider
the maps H1.†IZ/! GL.1;Z/.

One can find exact Lagrangian surfaces in a Weinstein manifold using its Weinstein handlebody decom-
position as follows. If †� .X0; �;Z�; �/ is an exact Maslov-0 Lagrangian filling of any of the critical
attaching spheres ƒ� @X0, then the union of † with the Lagrangian cores of the handles attached to ƒ is
a closed exact Maslov-0 Lagrangian †. See [7, Section 2.6] for some combinatorial constructions of exact
Lagrangian submanifolds obtained from fillings of Legendrian attaching spheres for high-dimensional
Weinstein manifolds. We will use the fact that distinct exact Lagrangian fillings †1 and †2 can lead
to distinct closed exact Lagrangian surfaces †1 and †2 [8, Proposition 7.11]. We first review how to
distinguish fillings using Floer-theoretic invariants in the following subsection.

2.3 Augmentations of the Legendrian contact differential graded algebra

The Legendrian contact homology differential graded algebra, .A.ƒIR/; @/, also known as the Chekanov–
Eliashberg dg-algebra, is a Legendrian link invariant that was first defined for Legendrian links of
.R3; ker.dz�y dx// in [11] and fits into the larger SFT framework of [22]. For a more recent survey on
this Legendrian invariant see [24].

Let ƒ�
�
#m.S1 �S2/; �std

�
be an oriented Legendrian link with n components ƒDƒ.1/[ � � � [ƒ.n/

and with k basepoints such that every component of ƒ has at least one basepoint decorated with a
monomial ˙t˙i . We will always assume that ƒ has rotation number zero. A Reeb chord a of ƒ is a
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trajectory of the Reeb vector field which begins and ends on ƒ. Let R.ƒ/ denote the set of Reeb chords.
For a Reeb chord a 2R.ƒ/, let aC and a� denote the points of ƒ at the end and beginning of the Reeb
chord. Then define r.a/; c.a/ 2 f1; : : : ; ng as follows: r.a/D i if a� �ƒ.i/, and c.a/D j if aC �ƒ.j /.
We say a is a mixed Reeb chord if r.a/¤ c.a/ and a pure Reeb chord otherwise. We denote by Ri;j .ƒ/
the set of Reeb chords a of ƒ such that c.a/D i and r.a/D j .

The generators of A.ƒI R/ The underlying algebra A.ƒIR/ is a unital noncommutative graded algebra
over the coefficient ring RDZŒt˙11 ; : : : ; t˙1

k
� that is generated by Reeb chords a 2R.ƒ/, and basepoints

labeled by monomials ˙t˙i for 1� i � k. There is a surjective map from ZŒs˙1 ; : : : ; s
˙
k
� to ZŒH1.ƒIZ/�

where each basepoint is mapped the homology class of the link component on which the basepoint lies.
We assume that the basepoints t˙i commute with the Reeb chords.

The grading on A.ƒI R/ The grading is defined on the Reeb chord generators via a Conley–Zehnder
index, and is defined on a word as the sum of the gradings of the letters in the word. See [17, Section 2.3]
or [24, Sections 3.1 and 3.5] for more details.

The differential @ The differential @ is defined by counting rigid J -holomorphic disks in the symplecti-
zation of

�
#m.S1 �S2/; �std

�
with boundary on R�ƒ. For Reeb chords a; b1; : : : ; bm of ƒ, denote by

M.aI b1; : : : ; bm/ the moduli space of J -holomorphic disks

u W .DmC1; @DmC1/! .R�R3;R�ƒ/

such that

� DmC1 is the disk withmC1 boundary points p; q1; : : : ; qm removed and labeled counterclockwise,

� u is asymptotic to Œ0;1/� a at p, and

� u is asymptotic to .1; 0�� bi at qi .

The quotient of M.aI b1; : : : ; bm/ by a vertical translation of R is denoted by �M.aI b1; : : : ; bm/. If
dim. �M.aI b1; : : : ; bm// D 0, then we say the disks u 2M.aI b1; : : : ; bm/ are rigid. One can count
such rigid J -holomorphic disks over the ring ZŒH1.ƒIZ/� as follows. For such a disk u, the boundary
segment between qi and qiC1 can be closed off on R�ƒ into a curve by concatenating with the capping
paths from q�i to tc.qi / and the capping path from tr.qiC1/ to qCiC1 since c.qi /D r.qiC1/. Let �i denote
the homology class of this curve. Then w.u/ is the product of the Reeb chords and homology classes
�0 � � � �mb1 � � � bm. Here we are setting b0 D a. Moreover, if ƒ is spin then the moduli spaces of the
J -holomorphic curves that we are considering admit a coherent orientation [18; 29], so one can assign a
sign sgn.u/ 2 f�1; 1g to each rigid J -holomorphic disk. For a Reeb chord a 2R.ƒ/, the differential is
then given by

(2-1) @.a/D
X

dim. �M.aIb1;:::;bm//D0

X
u2M.aIb1;:::;bm/

sgn.u/w.u/:

Let @t˙i D 0 for any basepoint ti , and extend the differential to A using the graded Leibniz rule:

@.uv/D @.u/vC .�1/juju@.v/:

Algebraic & Geometric Topology, Volume 25 (2025)
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There is a combinatorial way to compute the differential from the Lagrangian projection of ƒ. See
[24, Section 3] for ƒ� .R3; �std/ and [20] for ƒ�

�
#m.S1 �S2/; �std

�
.

One of the main properties of the Legendrian dg-algebra is that it is functorial over exact Lagrangian
cobordisms. In particular, exact Lagrangian fillings of ƒ induce augmentations " of .A.ƒIR/; @/ [19; 29].

Definition 2.3 A (graded) augmentation of .A.ƒIR/; @/ to a ring of coefficients R supported in grading
zero is a chain map " W .A.ƒIR/; @/! .R; 0/ such that ".1/D 1, and for any element a 2 .A.ƒIR/; @/
with nonzero grading jaj ¤ 0 we have that ".a/D 0.

Theorem 2.4 [19; 29] Suppose that † is a spin oriented embedded Maslov-0 exact Lagrangian filling
of the Legendrian link ƒ� .S3; �std/. Then † induces a dg-algebra map

"† W
�
A.ƒIZŒH1.†IZ/�/; @

�
! .ZŒH1.†IZ/�; 0/;

where ZŒH1.†IZ/� is in grading 0. If † and †0 are Lagrangian fillings of ƒ such that there exists a
Hamiltonian isotopy from †1 to †2 through exact Lagrangian fillings of ƒ that fixes the boundary , then
the corresponding augmentations "† and "†0 are chain homotopic maps.

Augmented Reeb chords "†.a/2ZŒH1.†IZ/� count the number of rigid holomorphic disks u asymptotic
to a with boundary on † and record the homology class of each disk u. See [8, Sections 3.5 and 4] for
how to compute "† explicitly for decomposable exact Lagrangian fillings. Note that not all augmentations
are induced by embedded Maslov-0 exact Lagrangian fillings, but they are induced from immersed exact
Lagrangian fillings [37, Theorem 1.2]. We only consider embedded exact Lagrangian fillings from here
on out.

For an exact embedded Lagrangian filling †, the induced augmentation "† over ZŒH1.†IZ/� is a family
of augmentations over Z where each augmentation over Z corresponds to a choice of local system of †:

"† W
�
A.ƒIZŒH1.†IZ/�/; @

�
! .ZŒH1.†IZ/�; 0/! .Z; 0/:

One can also enlarge the coefficient ring ZŒH1.†IZ/� to include link automorphisms. Suppose that ƒ is
a link with n components and k basepoints such that each link component has at least one basepoint. Let
ti denote the product of basepoints on ƒ.i/ for 1� i � n, so that ti is in bijection with the generator of
H1.ƒ

.i/IZ/. Let e1; : : : ; en be a choice of units in Z. A link automorphism of ƒ is an automorphism  

of .A.ƒIZŒH1.†IZ/�/; @/ such that if a is a Reeb chord of ƒ that starts at the i th link component of ƒ
and ends at the j th link component, then  .a/D eie�1j a. Now consider ZŒH1.†IZ/�˚ZŒt˙1 ; : : : ; t

˙
n�1�,

where ti D ei=en for 1 � i < n. Any augmentation over ZŒH1.†IZ/� lifts to an augmentation over
ZŒH1.†IZ/˚Zn�1� by setting Q".a/ D eie�1j ".a/. The following definition allows one to work with
such augmentations:

Definition 2.5 [8, Definition 3.9] A k-system of augmentations of a Legendrian link ƒ is an algebra
map

" WA.ƒIZŒs˙11 ; : : : ; s˙1k �/! ZŒs˙11 ; : : : ; s˙1k �
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such that "ı@D 0, ".1/D 1 and ".a/D 0 for any a 2A.ƒIZŒs˙11 ; : : : ; s˙1
k
�/ with nonzero grading. Two

k-systems of augmentations

" WA.ƒIZŒs˙11 ; : : : ; s˙1k �/!ZŒs˙11 ; : : : ; s˙1k � and "0 WA.ƒIZŒs˙11 ; : : : ; s˙1k �/!ZŒs01
˙1
; : : : ; s0k

˙1
�

are equivalent if there exists a Z-algebra isomorphism

� W ZŒs˙11 ; : : : ; s˙1k �! ZŒs01
˙1
; : : : ; s0k

˙1
�

such that "0 D � ı ". The space of such isomorphisms is parametrized by Zk2 �GLk.Z/.

Remark 2.6 Let †1 and †2 be two spin oriented embedded Maslov-0 exact Lagrangian fillings of
an .nC1/-component Legendrian link ƒ. By [9, Theorem 1.4], both †1 and †2 realize the smooth
4-ball genus of ƒ, so rank.H1.†1IZ// D rank.H1.†2IZ// D k. Then by Theorem 2.4 they both
induce .kCn/-systems of augmentations "1 W A.ƒIR1/! R1 and "2 W A.ƒIR2/! R2, where Ri '
ZŒH1.†i IZ/�˚Zn. If †1 and †2 are Hamiltonian isotopic, then there exists a � 2 ZkCn2 �GLkCn.Z/
such that �.H1.†1IZ// D H1.†2IZ/. Then � ı "1 W A.ƒIR1/! R2, and � ı "1 is chain homotopic
to "2 by Theorem 2.4. See [6, Definition 5.5] for when two augmentations of a Legendrian link are chain
homotopic when working with coefficients over Z.

Systems of augmentations induced by fillings that are not equivalent up to linear transformations can be
used to distinguish exact Lagrangian fillings [5; 8].

2.4 Distinguishing exact Lagrangian surfaces in Weinstein 4-manifolds with augmentations

Let the Weinstein 4-manifold given by attaching 2-handles to a Legendrian link ƒ�
�
#m.S1�S2/; �std

�
be denoted by Xƒ. Recall that if † is an exact Maslov-0 Lagrangian filling of ƒ, then the union of †
with the Lagrangian cores of the handles attached to ƒ is a closed exact Maslov-0 Lagrangian †�Xƒ.
Let the system of augmentations induced by † be denoted by

"† W .A.ƒIZŒH1.†IZ/�/; @/! .ZŒH1.†IZ/�; 0/:

In general, composing "† with a local system on H1.†IZ/ results in a family of Z-valued augmentations.
Such a composition is well behaved under equivalence of local systems and systems of augmentations.
Since H1.†IZ/ and H1.†IZ/ are not in general isomorphic (namely, if ƒ is a link with more than one
component), not all local systems on † extend to local systems on †. We are interested in the systems of
augmentations where this extension is possible.

Definition 2.7 [8, Definition 7.9] Let† be an exact Lagrangian filling of a Legendrian linkƒ� .S3; �std/

that induces a system of augmentations "† W .A.ƒIZŒH1.†IZ/�/; @/! .ZŒH1.†IZ/�; 0/, where ƒ is
equipped with the null-cobordant spin structure. The restricted system of augmentations associated to †
is the composition

"† W .A.ƒIZŒH1.†IZ/�/; @/! .ZŒH1.†IZ/�; 0/! .ZŒH1.†IZ/�; 0/;

where the second map is induced by the quotient map H1.†IZ/!H1.†IZ/
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Suppose one starts with the Legendrian dg-algebra of ƒ .A.ƒIZŒH1.ƒIZ/�/; @/ such that ƒ has the Lie
group spin structure. To translate to the dg-algebra where ƒ has a null-cobordant spin structure we map
ti to �ti , where ti is the product of basepoints on the link component ƒ.i/ which represents H1.ƒ.i/IZ/.
Since each homology component of ƒ is nullhomologous in †, any restricted augmentation defined over
the null-cobordant spin structure must map ti to �1. For Legendrian knots, H1.†IZ/ is isomorphic to
H1.†IZ/ for nullhomologous knots ƒ, so all augmentations are restricted for knots.

Definition 2.8 A Legendrian link ƒ is aug-infinite if the collection of all Z-valued augmentations
"†.A.ƒIZ/; @/! .Z; 0/ induced by Maslov-0 exact Lagrangian fillings † of ƒ, ranging over all such
fillings, is infinite. A Legendrian link ƒ is restricted aug-infinite if the collection of all Z-valued restricted
augmentations "†.A.ƒIZ/; @/! .Z; 0/ induced by Maslov-0 exact Lagrangian fillings † of ƒ, ranging
over all such fillings, is infinite.

Remark 2.9 To check whether a Legendrian ƒ is restricted aug-infinite one must work with the null-
cobordant spin structure, whereas to check whether a Legendrian ƒ is aug-infinite one might have to also
work with the Lie group spin structure. Also, the number of basepoints on a link component does not
matter, as we always consider the product of basepoints representing the homology of that link component.

Proposition 2.10 [8, Proposition 7.11] Let ƒ� .S3; �std/ be a Legendrian link and †1; †2� .D4; !std/

two exact Lagrangian fillings of ƒ. Suppose that the two restricted systems of augmentations

"†1 WA.ƒ/! ZŒH1.†1IZ/�; "†2 WA.ƒ/! ZŒH1.†2IZ/�;

are not dg-algebra homotopic. Then the exact Lagrangian surfaces †1; †2 �W.ƒ/ are not Hamiltonian
isotopic in the Weinstein 4-manifold Xƒ.

The proof of this proposition relies on the fact that for such a Weinstein 4-manifold, Xƒ, the wrapped
Fukaya category of Xƒ is generated by the union of cocores of the Weinstein 2-handles of Xƒ [10].
Then, by considering the Yoneda embedding Hom.C;�/ WD CW.C;�/, they show CW.C;†1/ and
CW.C;†2/ are distinct as CW.C /-modules and conclude that†1 and†2 are distinct objects in W.Xƒ/.

3 Exact Lagrangian fillings and restricted augmentations

In this section we prove that certain Legendrians are restricted aug-infinite to conclude that Weinstein
manifolds whose Weinstein handlebody diagrams contain a restricted aug-infinite Legendrian sublink then
have infinitely many distinct closed exact Lagrangians. We begin by upgrading the following proposition:

Proposition 3.1 [8, Proposition 7.5] Suppose ƒ� is an aug-infinite Legendrian link in .R3; �std/. If
there exists a decomposable Maslov-0 exact Lagrangian cobordism † from ƒ� to ƒC, then ƒC is also
aug-infinite.
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Decomposable exact Lagrangian cobordisms are the concatenation of three types of elementary cobor-
disms [19]: perturbations of Legendrian isotopy traces, minimum cobordisms (essentially the unique
lagrangian disk filling of the max-tb unknot U [23]), and saddle cobordisms. In the following proof
we use the combinatorial framework given in [8, Section 3.5] to construct systems of augmentations of
decomposable fillings. We will call a product of basepoints on a link component ƒ.i/ distinguished if
they represent the generator of H1.ƒ.i/IZ/.

Lemma 3.2 Suppose ƒ�; ƒC � .R3; �std/ are Legendrians links such that there exists a decomposable
exact Maslov-0 Lagrangian cobordism from ƒ� to ƒC. Then any restricted augmentation of ƒ� lifts to a
restricted augmentation of ƒC.

Proof Let "� denote a restricted augmentation induced by a filling on ƒ� and "C the augmentation on
ƒC induced by concatenating with an elementary cobordism † from ƒ� to ƒC. It suffices to check that
for each link component of ƒC the distinguished product of basepoints is mapped to �1 by "C.

If † is induced by a Legendrian isotopy, then both Legendrians have the same number of link components
which we can decorate with a single basepoint ti so that "C.ti / D "�.ti /. By assumption, ti is a
distinguished basepoint on both Legendrians and "� is a restricted augmentation. So "�.ti /D�1 and
therefore "C.ti / D �1. If † is a minimum cobordism, then ƒC D U t ƒ�. Decorate ƒC with n
basepoints so each link component is decorated with a single basepoint and U is decorated with t0. Then
"C.t0/ D �1, and "C.ti / D "�.ti / for i ¤ 0. For i ¤ 0, ti is a distinguished basepoint on each link
component of ƒ�, so "C.ti /D "�.ti /D�1.

Suppose that † is a saddle cobordism. Then ƒC has one more or one fewer link component than ƒ�.
Suppose it is the j th and kth link component of ƒC or ƒ� which merge into one. Let � denote the
unstable manifold on † and mark with basepoints s and �s�1 the two endpoints of � on ƒ�. See for
example [8, Figure 16]. Then

"C.tj /D "�.tj /s and "C.tk/D�"�.tk/s
�1;

where tj and tk are the basepoints on the link component that is split or merged by † in ƒC.

If ƒC has one fewer link component than ƒ�, then tj tk is a distinguished basepoint on ƒC which
represents the homology class of one of its link components. Since ƒ� is assumed to be restricted
aug-infinite, "�.tj / D "�.tk/ D �1. Therefore "C.tj tk/ D �"�.tj /"�.tk/ss�1 D �1. If ƒC has one
more link component than ƒ�, then "�.tj tk/D �1. Choose a local system such that �.s/D �"�.tj /.
Then � ı "C.tj /D "�.tj /�.s/D�1, and � ı "C.tk/D�"�.tk/�.s�1/D�1. In both cases, for all other
basepoints we have "C.ti / D "�.ti / D �1. Thus a restricted augmentation on ƒ� lifts to a restricted
augmentation on ƒC.

The following corollary is an immediate consequence of Lemma 3.2 and Proposition 3.1:

Algebraic & Geometric Topology, Volume 25 (2025)



Exact Lagrangian tori in symplectic Milnor fibers constructed with fillings 3237

Corollary 3.3 Suppose ƒ� is a restricted aug-infinite Legendrian link in .R3; �std/. If there exists a
decomposable Maslov-0 exact Lagrangian cobordism † from ƒ� to ƒC, then ƒC is also restricted
aug-infinite.

Corollary 3.4 The Legendrian links ƒ.ˇab/� .R3; �std/ given by the .�1/ closure of the positive braid
.�2�1�3�2/

4�a1 �
b
3 2 BrC4 , for a; b � 1 are restricted aug-infinite.

Proof For a; b > 1 there exists a Maslov-0 exact Lagrangian cobordism from ƒ.ˇ11/ to ƒ.ˇab/
constructed using saddle cobordisms. In particular, this cobordism is constructed by pinching a� 1 and
b� 1 crossings of ƒ.ˇab/ to obtain ƒ.ˇ11/. Casals and Ng showed that ƒ.ˇ11/ is restricted aug-infinite
in the proof of [8, Corollary 1.7]. By Corollary 3.3, we can then conclude that ƒ.ˇab/ are restricted
aug-infinite for a; b � 1.

We apply Proposition 2.10 and Corollary 3.4 to conclude the following corollary. The fact that the
Lagrangian surfaces we consider are smoothly isotopic follows from [8, Theorem 1.1 and Proposition 7.1].

Corollary 3.5 Let X be a Weinstein manifold that has a Weinstein handlebody diagram containing as
a Legendrian sublink the link ƒ.ˇab/ for some a; b � 1. Then X contains infinitely many Hamiltonian
nonisotopic Lagrangian surfaces of genus 1

2
.aC b � c C 2/, where 2 � c � 4 is the number of link

components of ƒ.ˇab/. These surfaces are all Maslov-0, smoothly isotopic and primitive in homology.

4 Constructing infinitely many distinct Lagrangian tori in Milnor fibers

Let f WCnC1!C be a holomorphic function such that f .0/D 0, df j0 D 0 and df ¤ 0 on Br.0/nf0g
for a sufficiently small r 2R>0. An isolated hypersurface singularity at 0 is the equivalence class of the
germ of such a holomorphic function f , up to biholomorphic changes of coordinates that fix 0. For an
isolated hypersurface singularity f , the Milnor fiber of f is the smooth manifold

Mf WD f
�1."ı/\Bı.0/

for suitable choices of ı > 0 and "ı > 0 which depends on our choice of ı. Milnor proved that Mf
is independent of the aforementioned choices [36]. As the intersection of a hypersurface with a ball,
the Milnor fiber has an exact symplectic structure inherited from

�
CnC1; d

�
1
4
i
Pn
iD0.zi d Nzi ^ Nzi dzi /

��
.

Furthermore, the negative Liouville flow is given by the gradient flow of h.x/ with respect to the standard
Kähler metric. Choose a cut-off function

hA.x/D kAxk
2

for some A 2 GLnC1.C/. Then
f �1."ı/\fhA.x/� ıg
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is an exact symplectic manifold with contact-type boundary since the negative gradient flow of h points
strictly inwards at any point of the hypersurface kAxk2 D ı. Thus we can describe the Milnor fiber as
a Liouville domain which we can then complete by attaching cylindrical ends. Call this the completed
Milnor fiber of f and denote it by Mf . Keating [31, Lemmas 2.6 and 2.7] showed that Mf is independent
of the choice of holomorphic representative of f , A, ı and "ı up to exact symplectomorphisms.

Isolated hypersurface singularities are equivalent to polynomials. This follows from the fact that the
.�C1/-jet of a function f at an isolated critical point with Milnor number � is sufficient. That is, for any
other function g with the same .�C1/-jet, there exists a biholomorphic change of coordinates between f
and g. The k-jet of a function is the Taylor series of the mapping truncated at degree k and deleting the
constant term. The Milnor number � of f is the number of isolated nondegenerate singularities near 0 in
a Morsification of f .

One important property of a singularity is its modality. The group G of germs of diffeomorphisms
.Cn; 0/ ! .Cn; 0/ acts on the space of function germs f W .Cn; 0/ ! .C; 0/. The modality of a
singularity f is the least integer m such that a sufficiently small neighborhood of f is covered by
a finite number of m-parameters of orbits. Moreover, this action of G on the space of function germs
f W .Cn; 0/! .C; 0/ induces an action on the k-jet space of these function germs. In fact, the modality
of a singularity f is the modality of any of its k-jets for k � �.f /C 1, where � is the Milnor number
of f . Isolated hypersurface singularities of modality 0 and 1 are classified [3]. There are three families
of unimodular isolated singularities: three parabolic singularities, the hyperbolic series Tp;q;r and 14
exceptional singularities. The hyperbolic singularities Tp;q;r are given by

xpCyqC zr C axyz;

where a 2C�, p; q; r 2 Z�0 and 1=pC 1=qC 1=r < 1. The three parabolic singularities are the Tp;q;r
singularities such that 1=pC1=qC1=rD1 (ie .p; q; r/2f.3; 3; 3/; .2; 4; 4/; .2; 3; 6/g). If f is a weighted
homogeneous function with a single isolated singularity at 0, then Mf is exact symplectomorphic to any
of the hypersurfaces f �1."/ for any " 2C� equipped with the standard Kähler exact symplectic form.
The Tp;q;r singularities are not in general weighted homogeneous, but Keating [31, Lemma 2.16] proved
that they are independent of a 2C�, so we can set aD 1.

In summary, Keating [31] showed that the Milnor fiber of Tp;q;r singularities are given by the affine
varieties Tp;q;r D f.x; y; z/2C3 j xpCyqCzrCxyzD 1g �C3 for p, q and r such that p; q; r 2Z�0
and 1=pC1=qC1=r � 1. In [30] she gave a Lefschetz fibration „ W Tp;q;r!C shown with regular fiber
„�1.0/ symplectomorphic to a thrice-punctured torus and pC qC r C 3 distinct critical values, which
we will use to construct a Weinstein handlebody diagram of Tp;q;r . We will now briefly review Lefschetz
fibrations for 4-manifolds. See [38] for a comprehensive treatment of Lefschetz fibrations.

Definition 4.1 Let D2 �C denote the closed unit disk, and let X be a compact complex manifold with
corners of real dimension 4. A Lefschetz fibration � WX !D2 is as follows:
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� The map � is a proper smooth fibration except for a finite number of critical points crit.�/ in the
interior of X .

� Near each critical point p 2 crit.�/ there are local holomorphic coordinates in which � is given by
.z1; z2/! �.p/C z21 C z

2
2 . All critical values are distinct.

� Each smooth fiber of � is a Liouville domain.

Consider a Lefschetz fibration on an affine variety � WX!C, and denote the regular fiber ��1.0/ by F�
and critical values by c1; : : : ; cs in the interior of D2. For every critical value ci there is an associated
vanishing cycle Vi � F� , which is the boundary of an embedded Lagrangian disk �i �X . The image
of the Lagrangian embedded disk �.�i / is an embedded path 
i W Œ0; 1�!D2 with endpoints 
i .0/D 0
and 
i .1/ D ci . The vanishing cycle Vi is then �i \ F� , a Lagrangian sphere in the regular fiber. A
Lefschetz fibration � WX !C can be recuperated from the data of the regular fiber F� and the ordered
set of vanishing cycles, whose ordering is determined by the cyclic ordering of the vanishing paths.

Giroux and Pardon [25, Theorem 1.5] proved that any 2n-dimensional Weinstein manifold .X; �;Z; �/
admits a Lefschetz fibration � W .X; �;Z; �/! C. In the case that X is an affine variety it is possible
to construct a Lefschetz fibration up to isotopy by using a generic hyperplane section [35]. In fact, one
can obtain a Weinstein handle decomposition of X from the data of the Lefschetz fibration, that is, from
the regular fiber F� and the set of vanishing cycles fV1; : : : ; Vsg. We will now describe this process for
4-dimensional Weinstein manifolds. Start with the Weinstein domain F� �D2 with contact boundary
F� �S

1 � @.F� �D2/ and attach Weinstein 2-handles along the Legendrian lifts of the exact Lagrangian
vanishing cycles V1; : : : ; Vn. The ordering of the vanishing cycles determines the relative Reeb height
of the Legendrian lifts. Thus the data of a Lefschetz fibration, a regular fiber F and an ordered set
of vanishing cycles fV1; : : : ; Vsg, determines a Weinstein domain which we denote by lf.F IV /. Two
Weinstein manifolds lf.F IV /, and lf.F 0IV 0/ are Weinstein equivalent if F 0 is Weinstein equivalent to F
and the vanishing cycles V 0 are Hamiltonian isotopic to those the vanishing cycles V , up to a cyclic shift.
Moreover, there are two additional Weinstein equivalences given by changing the Lefschetz fibration by
stabilization or Hurwitz moves. Hurwitz moves are given by

lf.F; fV1; : : : ; Vi ; ViC1; : : : ; Vsg/D lf.F; fV1; : : : ; ViC1; �ViC1.Vi /; : : : ; Vsg/;

lf.F; fV1; : : : ; Vi ; ViC1; : : : ; Vsg/D lf.F; fV1; : : : ; ��1Vi .ViC1/; Vi ; : : : ; Vsg/;

where � is a Dehn twist.

Casals and Murphy [7, Recipe 3.3] establish an algorithm they call the affine dictionary, which inputs
certain Lefschetz fibrations lf.F IV / of complex affine varieties and outputs a Weinstein handlebody
diagram of lf.F IV / by providing the fronts of the Legendrian lifts of the vanishing cycles V . We apply
the affine dictionary to Keating’s Lefschetz fibration „ W Tp;q;r ! C in order to produce a Weinstein
handlebody diagram of Tp;q;r . Note that we are using the conventions for Lefschetz fibrations from [7]
where we order vanishing cycles counterclockwise and also use the Hurwitz move convention in [7]
where fVi ; ViC1g ! f��1Vi ViC1; Vig.
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V�2

V�1

V0

V1

Vp

VpC1

VpCq

VpCqC1

VpCqCr

Figure 3: A Weinstein handlebody diagram of the Milnor fiber of a Tp;q;r -singularity where
p; q; r � 0.

Proposition 1.3 The Weinstein domains

Tp;q;r D f.x; y; z/ 2C3
j xpCyqC zr C xyz D 1g

have the Weinstein handlebody diagram shown in Figure 3 for p; q; r � 0.

Proof We start with the Lefschetz fibration „ W Tp;q;r !C from [30] which has vanishing cycles that
can be written as Dehn twists of the four curves four curves T , P , Q and R on the regular fiber „�1.0/
shown in Figure 4. These vanishing cycles are:

V�2 D �P �Q�RT; V1 DQ; V4 D � � � D VpC3 D P;

V�1 D T; V2 DR; VpC4 D � � � D VpCqC3 DQ;

V0 D P; V3 D T; VpCqC4 D � � � D VpCqCr DR:

We apply three Hurwitz moves and obtain the following collection of vanishing cycles:

V�2 D �P �Q�RT; V0 D �
�1
P ��1Q ��1R T; VpC1 D � � �VpCq DQ;

V�1 D T; V1 D � � � D Vp D P; VpCqC1 D � � � D VpCqCr DR:

V�2

VpCqCr

T

P

Q

R

Figure 4: A Lefschetz fibration of Tp;q;r whose vanishing cycles are Dehn twists of the four
curves T , P , Q and R on the regular fiber.
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We now apply the affine dictionary and obtain the Weinstein handlebody diagram shown in Figure 3. First
we use the Lefschetz fibration on the regular fiber „�1.0/ where the Lagrangian skeleton of consists
of Lagrangian spheres T , P , Q and R. We already know how to write the vanishing cycles of „ as
Dehn twists of these four curves T , P , Q and R, so we are in Step 5 of the affine dictionary and can
use [7, Proposition 2.23] to draw the front projection of their Legendrian lifts. Note that the order of the
vanishing cycles determines the Reeb height of the Legendrian lifts.

Theorem 1.1 For any p; r � 1 and q � 3, the Weinstein 4-manifold Tp;q;r contains infinitely many
Hamiltonian nonisotopic exact Maslov-0 Lagrangian tori that are all smoothly isotopic and primitive in
homology.

Proof We start with the Weinstein handlebody diagram of Tp;q;r obtained in Proposition 1.3 and shown
in Figure 5. After performing Legendrian isotopy, Legendrian handle slides and handle cancellations,
as described in Figures 5, 6 and 7, we find a Weinstein handlebody diagram of Tp;q;r that contains a
sublink that is Legendrian isotopic to ƒ.ˇ22/ if p; r � 1 and q � 3. It follows from Corollary 3.5 that if
p; r � 1 and q � 3, then Tp;q;r contains infinitely many Hamiltonian nonisotopic Lagrangian tori that are
smoothly isotopic and primitive in homology.

We will now give a brief summary of the Legendrian isotopies, handle slides and handle cancellations
employed in Figures 5, 6 and 7. For simplicity of notation we do not change the notation for the attaching
sphere of a 2-handle after handle slides, although they are distinct as Legendrians. We first simplify the
Weinstein handlebody diagram of Tp;q;r as shown in Figure 5: A–B perform various handle slides, C
cancels out the 1-handles, D–E perform Legendrian Reidemeister moves and F uses the fact that one
can handle slide an N -copy of the unknot to a chain of N unknots. As soon as one cancels the 1-handles
one can check that Tp;q;r has the correct intersection form for p; q; r � 1. One can also check that T0;0;0
is Weinstein homotopy equivalent to D�T 2, that is that there exists a sequence of handle slides and
Legendrian isotopies that takes the Weinstein handlebody diagram of T0;0;0 to the standard Weinstein
handlebody diagram of D�T 2. We are now ready to use the Weinstein handlebody diagram of Tp;q;r to
find closed exact Lagrangian surfaces in Tp;q;r .

From here on out we do not include the vanishing cycles that are chains of unknots, as they do not play an
active role in the computation. Next we simplify the Weinstein handlebody diagram of Tp;q;r as shown
in Figure 6: A handle slides VpC1 under V0, B–D perform Legendrian Reidemeister moves, E handle
slides V�1 over VpC1, F performs Legendrian Reidemeister moves, G handle slides VpC2 under VpC1,
H performs Legendrian Reidemeister moves, I handle slides VpC2 over V0, J performs Legendrian
Reidemeister moves, K handle slides VpC2 over V�1, L performs Legendrian Reidemeister moves and
M handle slides V�1 over VpC2. Finally, as described by Figure 7, we perform a series of Legendrian
Reidemeister moves on a sublink from the last diagram in Figure 6 to prove that it is Legendrian isotopic
to ƒ.ˇ22/, the .�1/ closure of the braid .�2�1�3�2/4�21�

2
3 2 BrC4 .
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A

B

C

D

E

F

Figure 5: We simplify the Weinstein handlebody diagram of Tp;q;r for p; q; r � 1 as follows:
A–B perform various handle slides, C cancels out the 1-handles, D–E perform Legendrian
Reidemeister moves and F uses the fact that one can handle slide an N -copy of the unknot to a
chain of N unknots.

Algebraic & Geometric Topology, Volume 25 (2025)



Exact Lagrangian tori in symplectic Milnor fibers constructed with fillings 3243

VpC2
VpC1

V�1

V0

A B

C

D E

F

G H

I

J K

L

M �

Figure 6: We find a Weinstein handlebody diagram of Tp;q;r that contains as a sublink ƒ.ˇ22/
when p; r � 1 and q � 3. The steps A, E, F , I , K and M are handle slides, and the steps B–D,
F , H , J and L are Legendrian Reidemeister moves.

Algebraic & Geometric Topology, Volume 25 (2025)



3244 Orsola Capovilla-Searle

R2 R3 R1–R3

R2–R3

R2–R3 R3

Figure 7: A sequence of Legendrian Reidemeister moves on the Legendrian link ƒ.ˇ22/, the
.�1/ closure of .�2�3�1�2/4�23�

2
1 2 BrC4 . We indicate which types of Legendrian Reidemeister

moves are used at each intermediate step.

There are also important relations between singularities that one can consider, one of which is whether a
singularity is adjacent to another. A singularity Œf � is adjacent to Œg� if there exists an arbitrarily small
perturbation p such that Œf Cp�D Œg�.

Lemma 4.2 [30, Lemma 9.9] Suppose Œf � and Œg� are singularities such that Œf � is adjacent to Œg�.
Then there exists an exact symplectic embedding from a noncompleted Milnor fiber of g into a completed
Milnor fiber of f .

Each of Arnold’s exceptional singularities is adjacent to one of the three parabolic singularities. For
p0 � p, q0 � q and r 0 � r , Tp0;q0;r 0 is adjacent to Tp;q;r . More generally, Durfee showed:

Theorem 4.3 [15] Any positive-modality hypersurface singularity is adjacent to a modality-1 hypersur-
face singularity.

Corollary 1.2 If Mf is the Milnor fiber of a positive-modality isolated hypersurface singularity f ,
then Mf contains infinitely many Hamiltonian nonisotopic exact Maslov-0 Lagrangian tori that are all
smoothly isotopic.

Proof By Theorem 1.1, the Milnor fiber of any of the three parabolic singularities, that is the Tp;q;r
singularity for .p; q; r/2 f.3; 3; 3/; .2; 4; 4/; .2; 3; 6/g, has infinitely many Hamiltonian nonisotopic exact
Maslov-0 Lagrangian tori that are smoothly isotopic. All positive-modality singularities f are adjacent to
a unimodular singularity by Theorem 4.3, and all unimodular singularities are adjacent to at least one of
the three parabolic singularities. By Lemma 4.2, there then exists an exact symplectic embedding of the
noncompleted Milnor fiber of such Tp;q;r singularities into Mf .
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5 Criterion for the nonvanishing of the symplectic homology of a Weinstein
4-manifold

Bourgeois, Ekholm and Eliashberg in [4; 16] gave a relation between Legendrian invariants of the critical
attaching Legendrian spheres of 2-handles and symplectic invariants of the resulting Weinstein manifold.
In particular, they showed that

SH.Xƒ/D LHH0.ƒ/;

where LHH0.ƒ/ is the homology of the Hochschild-like complex associated to the Legendrian contact
homology differential graded algebra of ƒ over Q. Leverson in [34, Corollary 1.5] used this result to
show that if ƒ has a graded augmentation, then the symplectic homology SH.Xƒ/ does not vanish. We
provide a generalization of this nonvanishing criterion, where now for Legendrian links ƒ that have at
least one sublink with a graded augmentation or a graded representation, SH.Xƒ/ ¤ 0. See Figure 8
for three such Legendrians. The first two Legendrian links shown on the left of Figure 8 do not have a
graded augmentation but have a sublink (the max-tb unknot link component) that does. The Legendrian
knot m.10132/ whose front is shown on the right of Figure 8 has a graded representation but no graded
augmentations or finite graded representations [40, Section 2.2] (the proof is written over Z2 but also
holds with minor modifications over Z).

Theorem 1.4 Let Xƒ be the Weinstein 4-manifold resulting from attaching 2-handles along a Legendrian
link ƒ�

�
#m.S1�S2/; �std

�
with n link components. If there is any sublink ƒ0 with l link components

for l � n such that its differential graded algebra has a graded representation

� W .A.ƒ0IZŒt˙11 ; : : : ; t˙1l �/; @/! End.V /;

where V is a vector space over Q and �.tk/D�Id for k D 1; : : : ; l , then SH.Xƒ/¤ 0.

There is a fair amount of work that goes into defining a chain complex and differential of LHH0.ƒ/ in [4].
For the reader’s convenience we recall the relevant definitions and notation, with the slight modification
that chain complexes are denoted by C instead of CH .

The generators of LCH0.ƒ/ Consider the Legendrian contact homology differential graded algebra
.A.ƒIZ/; @/, with the null-cobordant spin structure on each ƒ.i/. For the purposes of this section, we

Figure 8: Weinstein handlebody diagrams of Weinstein 4-manifolds with nonvanishing symplectic
cohomology. The two Legendrian links on the left have one link component that does not have
a graded augmentation and one link component (the max-tb unknot) that does have a graded
augmentation. The m.10132/ Legendrian knot on the right has a graded representation but no
graded augmentations.
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assume the dg-algebra also had generators ei , where ei is an idempotent element associated to the link
component ƒ.i/ and which we refer to as an empty Reeb chord. Moreover, we also require the empty
Reeb chords to satisfy the relations

e1C � � �C en D 1; ei � ej D ıij ;

and

ei � c D

�
c if c 2Rij .ƒ/ for some j;
0 otherwise;

c � ej D

�
c if c 2Rij .ƒ/ for some i;
0 otherwise:

The subalgebra LCO.ƒ/�A.ƒ/ is generated by cyclically composable monomials of Reeb chords, while
LCOC.ƒ/ WD LCO.ƒ/=he1; : : : ; eni is the subalgebra generated by nontrivial cyclically composable
monomials of nonempty Reeb chords. Let zLCOC.ƒ/ WD LCOC.ƒ/ and bLCOC.ƒ/ WD LCOC.ƒ/Œ1�.
For any element w D c1 � � � cj 2 LHOC.ƒ/, write the corresponding elements Lw 2 zLCOC.ƒ/ and
Ow 2 bLCOC.ƒ/ as Lw D Lc1 � � � cn and Ow D Oc1 � � � cn. The chain complex is then

LCH0.ƒ/D zLCOC.ƒ/˚ bLCOC.ƒ/˚Qh�1; : : : ; �ni;

where each �i has grading 0. Each �i is in bijective correspondence with each ei and thus with each
Legendrian link component ƒ.i/.

The differential dH0
Given an element

�
Lw; Ov;

Pn
iD1mi�i

�
in LCH0.ƒ/, where Ov D Oc1 � � � ck and

mi 2Q, the differential is given by

dH0

�
Lw; Ov;

nX
iD1

mi�i

�
WD . LdLCOC. Lw/C Lc1 � � � ck � c1 � � � Lck;

OdLCOC. Ov/; ıH0. LwC Ov//:

The differentials LdLCOC and OdLCOC are the differential of A.ƒ/ restricted to zLCOC.ƒ/ and bLCOC.ƒ/,
respectively. The differential ıH0 is defined as follows:

� If c is a nonempty pure Reeb chord beginning and ending on ƒ.i/, then ıH0. Lc/D nci �i , where nci
is the count of the zero-dimensional moduli space of holomorphic disks asymptotic at C1 to c.

� If w is a nonlinear monomial, then ıH0. Lw/D 0.

� For any element Ov, ıH0. Ov/ WD 0.

Proof Our goal is to construct a representation Q� W .LCH0.ƒ/; dH0/ ! .End.V ˚n/; 0/ such that
Q�ıdH0 D 0. We use such a representation Q� to show that dH0.�k/D 0 and �k … Im.dH0/ for kD 1; : : : ; n.
We can then conclude that LCHH0.ƒ/ D SH.Xƒ/ is nonzero. We will label the link components in
ƒDƒ.1/[ � � � [ƒ.n/ so that ƒ0 is given by the first l link components, ƒ.1/[ � � � [ƒ.l/.

First define a graded map �0 WA.ƒ/˚Qh�1; : : : ; �ni ! End.V ˚n/ as follows. For 1� k � l ,

�0.tk/ij D

�
Id if i D j D k;
0 otherwise:
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For k > l ,
�0.�k/ij D 0:

For 1� k � l ,

�0.�k/ij D

�
Id if i D j D k;
0 otherwise:

If c 2Rkr.ƒ/ is a Reeb chord beginning on ƒk and ending on ƒr and 1� k; r � l , then

�0.c/ij D

�
�.c/ if i D k and j D r;
0 otherwise:

If c 2Rkr.ƒ/ but l < k or l < r , then
�0.c/ij D 0:

Thus, for any element
�
Lw; Ov;

Pn
iD1mi�i

�
2 LCH0.ƒ/, where Ov D Oc1 � � � ck , and mi 2Q, define

Q�

�
Lw; Ov;

nX
iD1

mi�i

�
D �0.w/C �0.mi�i /:

We need to check that Q� ı dH0 D 0:

Q�

�
dH0

�
Lw; Ov;

nX
iD1

mi�i

��
D Q�.dwC Lc1 � � � cj � c1 � � � Lcj ; OdLCOC. Ov/; ıH0. LwC Ov//

D �0. LdLCOC. Lw/C c1 � � � ck � c1 � � � ck/C �
0.ıH0. LwC Ov//

D �0. LdLCOC. Lw/C ıH0. Lw//:

By definition of ıH0 there are two cases to consider. If w is a nonlinear monomial that begins and ends
on the link component ƒk for 1� k � n, then

Q�

�
dH0

�
Lw; Ov;

nX
iD1

mi�i

��
D �0. LdLCOC. Lw/C 0/;

and by definition of �0

�0. LdLCOC. Lw//ij D

�
�.dw/ if i D j D k;
0 otherwise;

since LdLCOC D d jzLCOC
. If w D c is a Reeb chord beginning and ending on the link component ƒk for

1� k � n, and because we can identify �i with the empty Reeb word ei 2 LCO.ƒ/, we can conclude that

Q�

�
dH0

�
Lw; Ov;

nX
iD1

mi�i

��
D �0. LdLCOC. Lc/Cnck�k/D �

0.dLCO.c//:

Then
�0.dLCO.c//ij D

�
�.d.c// if i D j D k;
0 otherwise:

Since we started with a representation � such that � ı @ D 0, we can conclude that Q� ı dH0 D 0.
Finally, we observe that �k for k D 1; : : : ; n is a cycle because dH0.0; 0; �k/ D .0; 0; 0/. Moreover,
Q�.�k/D �.tk/D�Id¤ 0 and Q� ı dH0 D 0, so we can conclude that �k … Im.dH0/ for k D 1; : : : ; n.
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