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Cobordism groups and cut and paste groups of manifolds arise from imposing two different relations on
the monoid of manifolds under disjoint union. By imposing both relations simultaneously, a cobordism
cut and paste group SK,, is defined. We extend this definition to manifolds with boundary, obtaining
the group ST(Q, and study the relationship of the group to an appropriately defined cobordism group of
manifolds with boundary. The main results are the construction of a spectrum that recovers on 7 the
cobordism cut and paste groups of manifolds with boundary, S_K?l, and a map of spectra that lifts the
canonical quotient map SKz — SK?2.
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1 Introduction

The classical notion of cut and paste equivalence for closed manifolds was first introduced by Karras, Kreck,
Neumann, and Ossa [8]. The cut and paste operation on closed n-dimensional manifolds is described by
the following procedure. Given a manifold, one cuts along a separating codimension-1 submanifold with
trivial normal bundle and glues the resulting two pieces back together along an orientation-preserving
diffeomorphism to obtain a new manifold. Manifolds M and N are called SK-equivalent (SK stands for
“schneiden und kleben”, German for “cut and paste”) if N can be obtained from M by a sequence of
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finitely many cut and paste operations. Equivalence classes of #n-manifolds up to SK-equivalence form
the groups SK;, of cut and paste invariants of manifolds, with the operation given by disjoint union.

In [7] the notions of SK-equivalence and SK-groups were generalized to the case of manifolds with
boundary. Allowing boundary made it possible to formulate a suitable notion of a pointed category with
squares Mfd?l that fits into the framework of K-theory with squares due to [3]. Their construction is a
modified version of the Thomason construction of the K-theory spectrum for Waldhausen’s category, but
it allows more flexibility for the category. The distinguished squares for the category Mfdz correspond
to pushout squares that glue manifolds along a common codimension-0 submanifold, and these can be
shown to encode the SK?-relations. The K -theory spectrum K5 (Mfdg), constructed in [7], recovers the
SK,B, as its zeroth homotopy group.

A different notion of equivalence of manifolds is cobordism. Two n-dimensional manifolds M and N
are cobordant if their disjoint union forms the boundary of an (74 1)-dimensional manifold. Cobordism
classes of n-manifolds again form a group €2, under disjoint union. The cobordism cut and paste group
SK,, is given by quotienting n-manifolds by both cobordism and SK-equivalence. For oriented manifolds
it was shown in [8] that the only cobordism cut and paste invariant is the signature.

Here we generalize the definition of the SK-groups to the case of manifolds with boundary, and denote
the corresponding group by S_Kz In order to define this group we need to quotient by an appropriate
notion of cobordism for manifolds with boundary. The usual notion of cobordism for manifolds with
boundary allows for cobordisms with corners and free boundary components, but in this setting any two
manifolds of the same dimension are cobordant. To fix this issue we restrict to cobordisms that are trivial
on the boundary, meaning that when restricted to the boundary of the in- and outgoing manifolds, the
cobordism is diffeomorphic to a cylinder. We show that the groups S_K,a, are related to the classical SK,
groups via an exact sequence analogous to the one found for SKE in [7]:

Ii7 o Qo B
0 — SK,, T SK, TNE Cy—1—0.

Here C,,_1 is the group completion of the monoid of orientation-preserving diffeomorphism classes of
bounding (n—1)-manifolds under disjoint union. This is a free abelian group.

Next we construct a K-theory spectrum that recovers the S_Kg as its zeroth homotopy group. For this
we take inspiration from the K-theory with squares construction of [3] and generalize it in several ways.
The input for the K™-construction is a category with squares C, which is a pointed category with two
subcategories of morphisms referred to as horizontal (denoted by <) and vertical maps (denoted by >—),
and distinguished squares

O ——

—
O
—

O™

satisfying certain conditions; see [3; 7].
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Given a category with squares C, one associates to it a bisimplicial set N,C*, where the set of (k,/)-
simplices NiC @ is given by the set of all k x / diagrams

Coo © > Cop © > e © > Co

Y Y Y

O O O

Cio < > Cr1 S SRRRI s Cyy
O O O
O O O

Cro © > Ck1 © b © > Ciy

with face maps given by deleting a corresponding row or column and degeneracy maps given by inserting
the copy of the corresponding row or column. The squares K-theory space of C is

KB(C) ~ Qo|N.C|,

where €2 is the based loop space, based at the distinguished object O € NyC ). For our purposes we
generalize the construction as follows.

(i) Instead of having two simplicial directions and distinguished squares we will have three directions
(=, > and ~>) and distinguished cubes as part of the data. It is easy to see that the construction of [3]
has a straightforward generalization for the categories with distinguished m-cubes for any m > 2.

(i) The substantial modification is that we do not require morphisms corresponding to different simplicial
directions to come from the same category. In our application, objects are n-dimensional manifolds
with boundary, but the three classes of morphisms are of a different nature: two simplicial directions,
horizontal (<) and vertical (>), come from a particular type of embeddings of manifolds that we refer to
as SK-embeddings; the third (depth) simplicial direction (~>) is given by cobordisms between manifolds
that are cylindrical on the boundary. We moreover have SK-embeddings between the cobordisms as part
of the data defining a cube.

(iii) We take the topology into account by means of a fourth simplicial direction, in the spirit of [11]. As
a result of this modification, we obtain a topological version of the cut and paste spectrum of manifolds
(for the discrete one see [7]), which also has SK,‘? as its y. We denote it by K E'(M_fd;r’l).

We construct a certain quadrisimplicial set X*, | with (r, k, [, m)-simplices given by k x / x m diagrams
consisting of distinguished cubes fibered over A” and show that its geometric realization is an infinite
loop space. Since the resulting space is connected, its o does not say anything interesting, and we shift
o by looking at the space of loops instead. We denote the resulting spectrum by Kﬁg(m,‘z), where
the &P notation reflects the three simplicial directions given by maps of manifolds that are used in the

Algebraic & Geometric Topology, Volume 25 (2025)



3290 Renee S Hoekzema, Carmen Rovi and Julia Semikina

construction, Mfd?, refers to the nature of objects, and the bar over it is present to emphasize the topology
captured in the fourth simplicial direction. Let us denote by K?D(Mfdg) the mr; of the spectrum.

Theorem A There is an isomorphism K?(mﬁ) ~ S_K,al.

From our definition of the quadrisimplicial set X, .":.’. we automatically deduce a topological analogue of
the squares cut and paste spectrum, whose infinite loop space is obtained from a trisimplicial space X,
by taking the loop space of its geometric realization. We show that the inclusion of the trisimplicial into
the quadrisimplicial set provides a categorification of the quotient map SKz — S_Kg.

Theorem B The map of spectra
KB Mfd?) — KP(Mfd?)

coming from the inclusion X, ; — X, | induces the canonical quotient map

SKz — S_K?,

on the zeroth homotopy groups.

The paper is organized as follows. In Section 2 we introduce an appropriate trivial boundary cobordism
relation and corresponding cobordism groups Qg for smooth compact oriented n-manifolds with boundary.
Then we define S_Ka-groups (“cut and paste cobordism groups”) for manifolds with boundary. We relate
these new groups to the classical ones for closed manifolds via exact sequences. In Section 3 we construct
a quadrisimplicial set X, :’j.,. in the spirit of the construction of [3], which gives rise to a spectrum

KGD(M_fd?,). In Section 5 we verify that [ X', | is indeed an infinite loop space. In Section 4 we prove
Theorem A, and finally in Section 6 we prove Theorem B.

Conventions All manifolds in this paper will be smooth, oriented and compact. All maps between
manifolds/cobordisms will be smooth and orientation preserving.
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2 Cobordism cut and paste groups of manifolds with boundary

2.1 Classical SK groups

The cut and paste group SK, and the cobordism group €2, are both formed by quotienting the monoid
of manifolds under disjoint union by the cut and paste relation in the first case, and by the cobordism
relation in the second. There are no natural maps from one group to the other in either direction. They
can be compared by quotienting the monoid of manifolds by both relations, forming the cobordism cut
and paste group SK,,. The following pair of short exact sequences from [8] describe the kernels of the
two quotients:

1) Fy—Q, — S_Kn,
(2) I, —>SK,, — SK,,.

In even dimensions 7, is the subgroup of SK, generated by spheres S”. In odd dimensions 1, is zero.
The group F,, C 2, is the subgroup of bordism classes of closed manifolds that fiber over S!. It was
shown in [8] that the only cut and paste invariants of oriented manifolds are the Euler characteristic y and
the signature o. Noting that o and y have the same parity, we have

0 for n odd,
SK, = JZ forn =2 (mod4) given by %X,
7% forn =0 (mod 4) given by (%(X —0),0).
In €2, two manifolds are in the same class if and only if their Stiefel-Whitney and Pontrjagin numbers
agree. In particular the signature, which is expressed as a linear combination of Pontrjagin numbers by
the Hirzebruch signature theorem, is a cobordism invariant, as well as the Euler characteristic modulo 2
given by the top-dimensional Stiefel-Whitney number. In the cobordism cut and paste group only the

signature remains:

K. o 0 forn =0 (mod4),
"= 12z forn=0 (mod4) given by o.

2.2 Cobordism with trivial boundary

Definition 2.2.1 Let M?, be the monoid of diffeomorphism classes of smooth compact oriented n-
dimensional manifolds with boundary under disjoint union. We define the trivial boundary cobordism
monoid S~22 to be /\/l?, quotiented by the following relation. Two classes of manifolds [M ] and [M] with
boundary are equivalent if there exists a cobordism W with boundary and corners, where the boundary
consists of three parts: one that is diffeomorphic to M, one that is diffeomorphic to A’ and one that is
diffeomorphic to M x I 2 M’ x I. Recall that M stands for manifold M’ with an opposite orientation.

Definition 2.2.2 The trivial boundary cobordism group 522 is defined to be the group completion of s"é;'j.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 2.2.3 The trivial boundary cobordism monoid 9 is not cancellative.

A trivial boundary cobordism corresponds to the trace of a sequence of surgery operations applied to the
interior of the ingoing manifold, leaving its boundary unchanged. On closed manifolds of dimension 4k,
a surgery operation leaves the signature invariant. The fact that this is also true for a surgery on the interior
of a manifold with boundary follows from applying Wall’s nonadditivity theorem [9; 14] to the gluing of
manifolds with boundary along entire connected components of the boundary. Wall’s nonadditivity of the
signature features a correction term involving codimension-2 data that is empty in this situation. The theo-
rem therefore reduces to a version of Novikov additivity [1, Proposition 7.1] for manifolds with boundary,
provided that the inclusion maps of the two pieces take boundary components entirely to the boundary
or to the interior (the maps should be a cut and paste embeddings as defined below in Definition 3.2.1).
Hence the signature for manifolds with boundary is an invariant of trivial boundary cobordism.

Lemma 2.2.4 Foreveryn > 1, QZ fits in the following exact sequence of abelian groups:

i o ad B
0= Fn = @ rmiary o sy Cnm1 = 0

Here C,— is the group completion of the monoid of orientation-preserving diffeomorphism classes of
bounding (n—1)-manifolds under disjoint union, which is a tfree abelian group, and F}, is the subgroup of
2, generated by mapping tori.

Proof Two closed manifolds that are cobordant in €2,, stay cobordant in Qg and hence the map « taking
a cobordism class of closed manifolds to the class containing the same manifolds in Qg is well defined.
The equivalence relation in Q?, preserves the diffeomorphism class of the boundary, and therefore the
map B taking a class of manifolds to the diffeomorphism class of the boundary is well defined.

We show exactness at £2,. A manifold that can be written as a twisted double M Uy M is zero in Qg as
we have the relation
[M Uy M]+[M] = [M],

as illustrated in Figure 1, if we set N to equal M. It was shown in [15] that any twisted double M Uy M
is canonically cobordant to the mapping torus of ¢; hence Fj, is in the kernel of «. Consider [M] an
element in ker o, where M is a closed manifold. The signature for manifolds with boundary restricts to
the ordinary signature on closed manifolds, and therefore [M | € Gr(M},) has signature zero. It follows
that [M] lies in the image of F}, by [8, Theorem 1.3].

Every class in C,,_; is the boundary of an n-dimensional manifold; hence B : Q,al — 5,1_1 is surjective, and
therefore so is the corresponding map on group completions, which is 8. We show exactness at 522. Itis
clear that Im o € ker 8. Let x € ker . We can write x =[M]|—[N], where M and N are compact smooth
oriented n-manifolds with boundary. As §(x) = 0, we have that dM and dN are diffeomorphic. Choose a
diffeomorphism ¢: 9M — 9N . Let us view a cylinder on M Uy N as a cobordism from M Ug N to itself.
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Figure 1: Relation in Q7.

Consider the outgoing copy of M Uy N and choose a one-sided collar in M of the glued boundary dM .
This gives the decomposition of the outgoing boundary of the cylinder as M U (0M x I) Uy N. Finally,
this can be viewed as a trivial boundary cobordism from (M Uy N)UN to M, where the collar is used
to produce the boundary piece of cobordism diffeomorphic to dM x I. For illustration see again Figure 1.
The following relation holds in ﬁg

[M]=[M Uy N1+ [N].
Therefore in Q?, we have
x=[M]—[N]=[MU¢]V]eIma. d

23 SK groups of manifolds with boundary

We first recall the definition of SKa—equivalence from [7]. A cut and paste operation for manifolds with
boundary is defined as follows: we cut an n-dimensional manifold M along a codimension-1 smooth
separating submanifold 3 with trivial normal bundle that is disjoint from the boundary of M. We paste
back the two pieces together along an orientation-preserving diffeomorphism of X. In particular, all the
cutting boundaries are pasted back together, and the existing boundary of M is left unchanged. We call
two manifolds with boundary SKa—equivalent if they can be obtained from one another through a finite
sequence of cut and paste operations.

In other words, given compact oriented manifolds M and M,, closed submanifolds ¥ € dM; and
Y/ C dM,, and orientation-preserving diffeomorphisms ¢, ¥ : ¥ — X/, we set

M1 U¢M2 ~gK? M] Ul/, Mz.
Definition 2.3.1 The cobordism cut and paste group of manifolds with boundary S_K,‘Z is defined as the
Grothendieck group of diffeomorphism classes of #-dimensional manifolds with boundary where addition

is given by disjoint union, Gr(M?,), quotiented by the relation of cobordism with trivial boundary as well
as the relation of cutting and pasting of manifolds with boundary.

Algebraic & Geometric Topology, Volume 25 (2025)
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Lemma 2.3.2 The cobordism cut and paste group of manifolds with boundary S_Kg is isomorphic to the
trivial boundary cobordism group 92,

Proof Consider the diagram

& B

Lok

SK, —%— SK? .,

where a sends a cobordism cut and paste class of closed manifolds to their class as manifolds with
boundary, and B’ takes a class of manifolds to their boundary, which is preserved up to diffeomorphism
by both cut and paste and cobordism relations. The map y is the canonical isomorphism coming from (1)
and the map from 92 to S_Kz is the canonical surjection. Both squares clearly commute.

The top line is a short exact sequence by Lemma 2.2.4. As the cut and paste relation for manifolds with
boundary preserves signature of manifolds with boundary, the signature map is a splitting for ¢/, as it is
for @. Hence «’ is injective. Both the cut and paste and trivial boundary cobordism relations preserve
the boundary up to diffeomorphism; hence ' is surjective. Let x be an element in the kernel of B’, and
X a preimage of x in Qg Then X is in the kernel of 8; hence we can find an element y in 2,/ F}, that
maps to it. Hence x = &’(y(»)), so the lower sequence is exact. By the five lemma, the middle groups
are isomorphic. O

2.4 Fibrations of cobordism categories

We can also consider trivial boundary cobordism from the point of view of a fiber sequence of cobordism
categories that includes into Genauer’s fiber sequence for the cobordism category of manifolds with
boundary [5; 6]. We will make this precise in the proposition below. Let Cobg‘i
topological cobordism category with boundary, with objects n-dimensional manifolds with boundary and

| be the weakly unital

morphisms given by (n+1)-dimensional cobordisms with boundary, as defined in [13]. As a subcategory

Oanl Oriv
of Cob," |, n+

with morphisms given by (n+1)-dimensional cobordisms that are trivial on the boundary of the objects,

we consider the weakly unital category Cob,"", of n-dimensional manifolds with boundary,

meaning that in the cobordism direction, their boundary is diffeomorphic to dM x [0, 1] if M is the source
alriv

(or equivalently target) object. The boundary map from Cobz“_lil_1 to Cob, in [13] restricted to Cob, ",

then has image given by the subcategory Triv,;0 defined below.

Definition 2.4.1 Let dM, and dM; be nullbordant (n—1)-dimensional manifolds. We call a trivial
cobordism (a cobordism that is diffeomorphic to a cylinder) from dM to dM; extendable if there are
nullbordisms My and M, of dM, and oM, respectively, and an (n+1)-dimensional trivial boundary
cobordism W with My = dWj, and M| = dW,y, where dWj, is the incoming boundary and W, is the
outgoing boundary of W (see Figure 2).
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The category Triv,;0 has objects (n—1)-dimensional nullbordant manifolds and morphisms #-dimensional
extendable trivial cobordisms. This is a subcategory of Cob,‘lz , the full subcategory on bounding manifolds
inside Coby.

Proposition 2.4.2 The following diagram is a pullback diagram of weakly unital locally fibrant topologi-
cal categories and weakly unital continuous functors:

Cobl 0 Triv?

n+1
Cob?  — 9 Cob?
n+1 n

Proof First note that Triv? is weakly unital in the sense of [13, Section 2], and the inclusion into Cob?
is weakly unital continuous. The morphism space of the category Triv,? consists of a union of connected
components of the morphism space of Cob,;0 , and hence it is locally fibrant in the sense of [13] as Coby, is.

On the level of objects, we have the following diagram, which is clearly a pullback:
{n-dimensional manifolds with boundary} SN {(n—1)-dimensional closed nullbordant manifolds}
lid lid
{n-dimensional manifolds with boundary} SN {(n—1)-dimensional closed nullbordant manifolds}

The morphism spaces of the above diagram of categories also form a pullback diagram. It is enough to
check the pullback property for the morphisms spaces between any two (n+1)-dimensional manifolds M
and M. In this case, the diagram is

Space of cobordisms between M and M’ that 5 _ Space of extendable trivial cobordisms

have boundary diffeomorphic to M x [0, 1] from 0M to oM’
lincl J/incl
Space of cobordisms with boundary (in 9 . Space of cobordisms
Genauer’s sense) between M and M’ " from M to OM'
This is indeed a pullback diagram in the category of topological spaces. |

We apply [13, Theorem 2.3] to the pullback square of categories in Proposition 2.4.2. By [13, Lemma 4.4],

the boundary map from Cobgz‘_‘i‘_1 to Coby, is a level cartesian and cocartesian fibration. We hence obtain a
homotopy pullback square of classifying spaces

8riv BJ /)
BCob,"; —— BTriv,

! |

BCobl! | —2% BCob?

Algebraic & Geometric Topology, Volume 25 (2025)
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The lower line of this diagram is the well-known Genauer fibration with fiber BCob,, 4. Therefore the
upper line is also a fibration with homotopy equivalent fiber:

BCoby 1 — BCob™, — BTriv?.

By construction this fibration is surjective.
The fibration above gives rise to the long exact sequence in homotopy
w1 BCoby 41 — nlBCobZ‘j_Vl — JTIBTI‘iV’? — Q= ﬁg — 5n—1 — 0,

where 13,,_1 is the monoid of nullbordant oriented (n—1)-dimensional manifolds up to extendable trivial
cobordism and 52,‘3 is the trivial boundary cobordism monoid. On 7y we have based the sets at & to define
the exact sequence, and note that the maps are also monoid maps. The group 7y BCob,, 4 is also known
as the controlled cut and paste group SKK,,1; see for example [8]. It is clear that the map of monoids
Qy— S~22 is injective; hence we have the last three terms as a short exact sequence of monoids.

3 Cubes of manifolds with boundary

In what follows, we will define a trisimplicial set X, 3.’. of cubes of manifolds. Two of three simplicial
directions are defined the same way as in the bisimplicial construction used in the K-theory of manifolds
from [7]. These two directions encode the cut and paste data. The third direction corresponds to
cobordisms that fit into our description of trivial boundary cobordism (See Section 2.2 and Figure 2).

On the faces in the cobordism direction we have a cut and paste square of the cobordisms themselves that
extends the cut and paste squares of manifolds on the front and the back of the cube. The cobordisms
with boundary will have collars both in the composition direction (of width &, — 0) as well as in the
trivial cobordism boundary direction (of width ¢5 — 0).

Instead of directly giving this trisimplicial set a topology, we add a fourth simplicial direction encoding
topology and view the initial trisimplicial set as a value at [0] of a simplicial object in the category of
trisimplicial sets. This approach was introduced in [11] to define parametrized cobordism categories and is
also applied in [13, Section 4]. In the new simplicial direction in level r, we will have (0, 0, 0)-simplices

Rt - w OWour X &¢
in X &¢ -

8Wbdy X &)y

Figure 2: The ¢, and &5 collars on a cobordism with trivial boundary.
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given by fiber bundles £ — A”, with fibers being manifolds with boundary and generic trisimplicial
datum described further.

3.1 The simplicial set X, , of manifolds with boundary

Definition 3.1.1 Let M be a smooth oriented submanifold of R4 x R®®, with dM = M N ({0} x R*®).
Then we say that M is neat (in the sense of [6; 13]) if it is cylindrical near the boundary, ie there exists

an g3 > 0 such that
M N ([0,e5) x R®) =10, e5) x IM.

We say an embedding e of eyg-neat manifold M into Ry x R is gy-neat if the following diagram

commutes: incl

[0,e5) x OM —2 5 a1

lidxelaM le

[0,69) x R® —— R*® xR,

We now define the simplicial set X 6" 0.0 O be, on level % = r, the set of fiber bundles £ — A" with fibers
being smooth manifolds with boundary, which is fiberwise gj-neatly embedded into A" x R4 x R for
some g5 > 0.

3.2 The simplicial sets X* ) ;and X, , of SK-embeddings

Definition 3.2.1 Let M and N be neat n-dimensional manifolds. We define a cut and paste embedding
or SK-embedding from M to N to be a smooth orientation-preserving embedding of manifolds (not
necessarily neat) that satisfies the following conditions. Each boundary component of M maps either
entirely to dN, or entirely to the interior of N as a submanifold with trivial normal bundle.

For E,E' € X g 0.0 manifold bundles over A", let SK-Emb(E, E’) denote the set of bundle maps from
E to E’ which are fiberwise SK-embeddings, which we refer to as bundle SK-embeddings. We define the

sets X{ 0,0 and X, 5’1’0 to be all bundle SK-embeddings between the corresponding source and target, ie

Xlr,o,o = Xg,1,0 = I_l SK-Emb(E, E').

r r
X0.0.0%%0.0.0

3.3 The simplicial set X, | of cobordisms with trivial boundary

In the third simplicial direction, (0,0,1)-simplices are given by trivial boundary cobordisms. Given two
£y-neat manifolds M, M’ € X, 0,0,0- @ (0,0, 1)-simplex between them (ie a simplex with a source M and
target M) is given by a neat cobordism defined as follows. For / > 0 and ., &5 > 0, an (&, £9)-neat
cobordism (I, W) from M to M’ is an (n—+1)-dimensional submanifold (with corners) of [0, /]x R4 xR,
with boundary consisting of three pieces dWi, = M, 0Wyy = M’ and 0Wpgy, that are the intersections of
W with {0} x R4 x R, {/} x R4 x R* and [0, /] x {0} x R, respectively, adhering to the following
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conditions. We have that W is ¢.-cylindrical (¢ for composition) near the in- and out-components of the
boundary, ie
WN([0,60) xRy xR®)=[0,e.)x M, WN((l —ec,[]xRyxR®)=(—sgc,1]xM.
Moreover W is gy-cylindrical near the dW;,q, component
212y (W 0 ([0.1]x [0, €3] x R®)) = [0, £9] x 3WWhay.

where 7(12) swaps the first two coordinates. Lastly, the cobordism is required to be diffeomorphic to a
cylinder on Wy, ie
aVVbdy = VVl[O,l]x{O}x]R"O = [0, l] X M.

We now define the set X 3 o1

with fibers compact, smooth 7 + 1 trivial boundary cobordisms fiberwise (e, £5)-neatly embedded into

to be, on level * =r, amap /: A" — (0, 00) and a fiber bundle over A"

A" x[0,/]x R4 x R for some &, > 0 and &5 > 0.
We then define
X(io,l = X(;,o,o U /\73,0,1~
The first term can be thought of as cobordisms of length zero, which are the image of the degeneracy
map from Xy, 0,0 to Xp,0,1. The second summand encodes cobordism bundles of nonzero length.

3.4 The simplicial set X, | of cut and paste squares

This set is given by the set of cut and paste squares that are distinguished squares of the category with
squares Mfd,a, from [7]. Recall that those squares are given by the commutative diagrams

My —— M,

l I

M, —— M, UMO M,

where maps are SK-embeddings and the diagram is a pushout square in the category of spaces, ie the
pushout My Upy, M, is a smooth manifold.

,
1,1,0

ie the set of diagrams of total spaces of bundles

On the simplicial level * = r, the set X’ is given by the set of squares of manifold bundles over A”,

Ey — E;

]

Ey, —— Ej3

which over every point of A” restrict to the distinguished squares of manifolds as above.

3.5 The simplicial sets X', | and X, | of SK-embeddings of cobordisms

Analogously to how we defined SK-embeddings of manifolds with boundary, we now define SK-
embeddings of neat cobordisms.
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R+

Figure 3: SK embedding of cobordisms.

Definition 3.5.1 Let V and W be neat (n+1)-cobordisms in [0, /] x R4 x R*°. An SK-embedding F
from V to W is a smooth orientation-preserving embedding such that the following holds.

(i) F sends 0Vi, and Vo to 0Wj, and 0Wyy, correspondingly; the restriction maps Fjy;, are Fjay,,
are SK-embeddings of neat manifolds with boundary.

(ii) F preserves the collars at in- and outgoing boundary components, ie F is cylindrical near dVj,
and 0Vy.

(iii) F sends every component of dVyqy either entirely to dW,ay or entirely (apart from the corner points)
to the interior of W, with the image being a submanifold of W with trivial normal bundle.

Figure 3 shows an example of an SK-embedding of cobordisms.

For D, D" € X[, , trivial cobordism bundles over A", let SK-Emb(D, D’) denote the set of bundle
maps from D to D’ which are fiberwise SK-embeddings of trivial boundary cobordisms, preserving the
length / fiberwise. We define the sets X| ,, and X, | to be all bundle SK-embeddings between the

corresponding source and target trivial cobordism bundles, ie
X;=X ;= || SKEmb(E.Ehu || SK-Emb(D, D).

E,E'€X; .0 D,D’e X

3.6 The simplicial set X, | of cubes of manifolds

We define a cut and paste square of trivial boundary cobordism as a quadruple (F, F,, F3, F4), where
F; are SK-embeddings of cobordisms of the same length that fit into a commutative square, which is a
pushout square on the level of topological spaces

ﬂFz ﬂF‘l
F3
W, = W, Uwy, W,
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7

On the simplicial level * = r, the set X7 | |

is then given by the set of squares of cobordism bundles over
A', ie the set of diagrams
Dy —— D,

Ao

such that over each point of A” this restricts to a cut and paste square of trivial boundary cobordisms
as above. Fiberwise we have a cube of manifolds, trivial boundary cobordisms and SK-embeddings of
cobordisms extending the SK-embeddings on manifolds at the in- and outgoing boundary, as illustrated

below:
14/( l}/
F
ey
A C H B
Fy l Fy
c'e— | —|—Dp
F3
Wy = WU, W,
Cc¢ D

Note that the cubes compose in each of the three directions. The horizontal and vertical stacking of cubes
is given by composing the SK-embeddings of cobordisms fiberwise. In the cobordism direction, the
fiberwise composition of two cobordisms bundles with corresponding manifold bundles on the boundary is
defined to be a cobordism bundle over A” where the maps / and /” are added fiberwise and the cobordisms
are fiberwise composed along the common boundary over a point in A”.

3.7 General construction of X *

o,0,0

Now we use elements of X, = witha, b, c € {0, 1} as building blocks to define the simplices of arbitrary
size. Any admissible composition of the building blocks over A” that form a diagram of size k x / x m
with k,l,m € Z>( represents an element in X/:lm' Note that for k,/,m > 1, the set X]:l ., Of all

(k, 1, m)-simplices over A” is given by a set of all “cubical” diagrams of size k x [ x m, consisting of
klm copies of size-1 cubes fibered over A”.

4 Recovering cobordism cut and paste groups as K Eﬂ

In this section we build a spectrum out of the quadrisimplicial set X*, | and show it recovers the cobordism
cut and paste group with boundary S_K,al on 1. The proof of the latter (Theorem 4.3) is a generalization
of [3, Theorem 3.1], but requires more complicated simplicial combinatorics to deal with the additional
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I

Figure 4: Composing squares (or cubes) that coincide in only one vertex is not always possible

simplicial directions. We define X, to be the diagonal of the quadrisimplicial set. Note that for a
quadrisimplicial set, the realization of the diagonal simplicial set is homotopy equivalent to the realization
of the quadrisimplicial set itself

| Xo| >~ | X,

Remark 4.1 Note that X, cannot be interpreted as the nerve of a topological category as there is no
natural way to define a composition map

Xl XXo Xl —)Xz.

Given two cubes over A! that agree on the appropriate vertex, it is not always possible to find a 2 x 2 x 2
cube over A? incorporating the two. This also holds on the level of squares of SK-embeddings in X’ . 0"
For an example, see Figure 4.

Definition 4.2 We define
KP(MFd)) := Q| X1, | ~ Qg X.|.

In the proofs below we will use a bracket to denote 1-simplices (cubes over A!) and 2-simplices (2 x 2 x 2
cubes over A?) that are generated from the diagram inside brackets by extending with degeneracies in all
other directions. For example

A%B ,/}fA/ A’ A’

4 A A

(4> B]:= 4 ””9 H wa |27 ] -—Ail 4 I
2

H H% [ e I C/:I: c

C e A
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where we think of vertices of the cubes on the right as being the total spaces of fiber bundles over A,
which fiberwise has the shape of the prescribed cube. Note that the diagonal face maps ensure that the
source and target of a 1-simplex are single manifolds with boundary, fibered over A® = x.

We now prove our main theorem, which recovers the cobordism cut and paste groups with boundary as
7o of the cubes K-theory of manifolds spectrum. The strategy for this proof will start by contracting all
vertices to a single vertex in the diagonal of the quadrisimiplicial set X, .":.’., and subsequently compute ¢

(corresponding to g of the spectrum) using direct combinatorial arguments.

Theorem 4.3 There is an isomorphism

o KP(Mfd)) = SK?.

Proof LetY :=|X.|. We have
ﬂoKﬁg(mg) =T |Xi.’.| ~ Y.

First we will contract all vertices in Y to a single vertex. Consider the set of 1-simplices of the form
[4 < B]. For each cube of this shape, there is a canonical 2-simplex of the shape

g A— B

[ [ [
3) g <> A< B

| I I
<A~ B

where we extend twice in the cobordism direction using identity cobordisms and the induced SK-
embeddings on the cobordisms. This 2-simplex has boundary

[@ < A]+[A — B]—[@ — B].

The subset generated by all 0-simplices together with the 1- and 2-simplices above form a subsimplicial
set X! of X,, of which the realization Y’ is homeomorphic to a cone over all nondegenerate 1-simplices
of the shape [4 < B] for A # @, with cone point &. As a cone is contractible and Y and Y’ form a CW
pair, we can perform a topological quotient in Y leaving the homotopy type unchanged. The realization
of a quotient of simplicial sets is the quotient of the realizations, so Y >~ Y/Y’ =~ | X,/ X/|. Compare
also with the proof of [3, Theorem 3.1].

We will now compute 1Y = 71| X,/ X/|. Note that the fundamental group of a simplicial set with a
single vertex has a presentation with generators given by all 1-simplices and relations given by 2-simplices,

N

A———C

where a 2-simplex
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«_ . B

Aﬂ? A{”’le Bﬂ
e V=

|

A/
/

C ——-——= ¢ . D
(o ce |l o D
c col D”’/’
C C ¢ D/
Figure 5

induces the relation '+ g—/ = 0. In practice this means that a 2-simplex represented by a (2x2x2)-cube
over A induces the relation that the initial plus the final cubes as A!-bundles equals the composite cube

over Al viewed as 1-simplices.
First we will reduce the generators of 1Y using 2-simplices.

Consider a generic 1-simplex (pictured in red). Extending via identities, we obtain the 2-simplex in
Figure 5.

This implies the relation

A C'——— D
4) 1|+ Vfﬂ_;x ij?l = [generic 1-simplex].
C C——D

Analogously, we can construct the 2-simplex in Figure 6 and deduce the relation

A/ c s B/ B/
) Wj_r’] uj_l,_ﬂ'?‘ + I = [generic 1-simplex].
A— B D’

Next we consider the 2-simplex in Figure 7, which is obtained by extending the (nongeneric) cube in

green. This establishes the relation

A A ——> B

o = Bl= | T g

A A— B
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A’ o B’ B’

il B’{;_"_B//
7

A B H
A’ = B _ B’
a |, BZ _____Y_ B’/
|
A 7 B 7 B _,.,-1"7
C/ | / D/ _ D/
- e - Y =
C ”/]( D —~ D 7
Figure 6
But [4" < B’] was contracted, therefore
wo A ot T Y
© i I
A Ae— B
A A’ C B’
. A,/ I A,/ I B,/
0 Wo wi
T T, ;,H/
A’ A — o B
s _“> B’/
I
A "Jﬂﬂ A c_"> B "JJ/
A A |— s B
: ~17 =
) A . A |——s B
A A B /ﬂ
Figure 7
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Analogously, one can construct a 2-simplex to obtain the relation

B A ———— B
UoB+| M =] % "
B A— B
so that
Wi B Wi A W, B
(7) 1 — 0 1
T

From (6) and (7) we see that cobordisms that fit into a square are in the same class.

We leave out the length of the cobordism in our notation since cobordisms either have constant length 0
over Al, or they have varying nonvanishing length /: A! — (0, 00). The 1-simplices

A

E‘ﬂ,o

A

with cobordisms of length 0 are degenerate and these do not contribute any nontrivial loops. Now note
that any cobordism W fits into a cube of the shape

ge———— B

i o
g ——— B
This implies that

®) W= S

Consider any 2-simplex with three sides of the form

[1]:= f’jﬂ N

1]

g
N
153

b —

where the three functions / are given by

Such a 2-simplex exists for nondegenerate sides whenever /3(0) > /;(0) and /5(1) > /5(1). For instance,
we have let /| be a generic function /: A — (0, 00), I, = (0) + 1 := ¢ and /3 = 1, which imposes the
relation

[[] =[]+ [1].
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Now consider /; = A, [, = B and /3 = C with constants C > A, B. This imposes the relation
[C]=[4]+[B].

Taking A = B =1and C > 1 we get [C] = 2[1]; thus in particular [/] = 3[1]. We also have [3] =[2] 4 [1]
and [3] = [2] = 2[1], so we conclude that [1] = 0, and hence [/] = 0.

From the above and (8) we deduce that there are no additional generators given by cobordism, since the
class of an empty cobordism (of nonzero length) is zero.

Therefore, from (4) and (8), we see that ;Y is generated by cubes of the form

A

!

C

Since we established that cubes of the shape

Wi A Wi B
0 1

represent trivial loops, from (4) and (5) we get that

A B’
©) [generic 1-simplex] = | | [=| |
C D’
We can deduce from the relations of cubes
[ 4= 4 B ]
r ¥ 7 4 A< B
(10) | c=c—D|=| ] |+[C>D-| ¥ ¥ |=0
I I I C C — D
| C =C <= D |
[ 4~ B=— B ]
I I I B A< B
(1) 0| A B=2B |=[A=Bl+| [ |-| ¥ ¥ |=0
J A\ A\ D C — D
| C < D =D |
that
A< B A B
(12) v v |=l1l=]1
C — D C D
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Note that the composition of embeddings & — 4 and A — C is an embedding @ — C, and the 2-simplex
corresponding to this composition gives the relation

A %} %)
(13) Ti=|11I-]1]=lc-141
C C | A
So we deduce that 1Y can be generated by 1-simplices of the form
Rz
y

that we denote by [A] for A4 any manifold bundle over A!.

Moreover, whenever A, B, C and D fit into a square

A— B
A N
C — D
we obtain the square relation
(14) [C]—[A] =[D]-[B].
In particular, we have the square
[, R,
N T

A S A9 x[0,1]

where Ag x [0, 1] denotes a bundle over A! with fiber A that is a trivialization of the bundle A. This

shows that any manifold bundle representative can be reduced to a product bundle, which we denote by
its fiber, ie [A4o]:

(15) [A] = [4o].
We have the pushout square of manifolds
g — M
A N
N — MUN
from which we conclude that
(16) [N]=[MUN]-[M].

Hence the operation in 711 Y corresponds to disjoint union of manifolds.

So far we have established that 7Y is generated by classes represented by manifolds adhering to the
square relation (14). We now establish the full set of relations on the generators.

Consider a generic 2-simplex with vertices labeled as 4;;x, where 0 <i, j,k < 2 (see the figure below).
From the arguments above, we know that a generic cube can be represented by a cube with one nontrivial
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vertical arrow and identities in horizontal directions, where any of the four vertical arrows can be chosen
as a representative. This means that the relation arising from a generic 2-simplex can be expressed as (17)
as illustrated by

Aooo

Ao20 A120

where

<
Il

R
+

<

which we can write as

(17) [A020] —[Ao00] = [A121] = [A101]-

By (15), we can represent these manifold bundles by a single manifold, for example their fiber over {0}.
Take the lower part of the 2-simplex to be given by the equalities in the vertical direction. Then we also have
(18) [4o10] —[4000] = [A111]—[A4101] = [4011]—[4001].

where the last equation follows from (14). Finally consider the cube with Agg9 = 401 = 2

Ao1o

We deduce that
(19) [do10] —[2] = [Ao11] - [2],
and hence we obtain a relation that cobordant manifolds Ag1¢ and A¢1; represent the same elementin 1Y .
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The square relation in (14) was shown in [7] to induce the SK? relation.

At this point we have shown that cobordism and cut and paste relations are relations in ;Y. To show
that these are the only relations, we need to check that the generic relation in (17) can be obtained using
the cobordism and cut and paste relations.

First note that using the cut and paste relation in a generic cube allows us to write
[4020] —[Aoo0] = [4120] — [4100]-

From the cobordism relation, we know that
[A120] = [4100] = [A121] = [4101]-

Combining these two equations we obtain the generic relation in (17). O

5 K%is a spectrum

We use Segal’s machinery of I'-spaces to show that the geometric realization of the simplicial space X,
is an infinite loop space, and hence gives an Q2-spectrum. We first briefly recollect the basic definitions of
I"-spaces.

Let I'°P be a skeleton of the category of finite pointed sets. By this we mean that objects in I'°P are given
by the pointed sets n4+ = {*, 1, ..., n} for nonnegative integers » and morphisms are pointed maps of
sets. The object 04 = {x*} is initial and terminal in I'°P. A T"-space is a covariant functor from I"°P to the
category of pointed spaces Sx. A functor from I'°P to the category S2” of simplicial spaces is called a
simplicial T'-space.

The i Segal map is a map e;: n4 — 14 defined by
. x if j #£1,
er(/) = {1 i j=1.
A I'-space A:1"°P — S, is called special if the Segal map
n
[T4e): Amp) - T4
i=1 n

is a weak homotopy equivalence for all positive integers 7. In this case the set 7o(A(14)) inherits the
structure of an abelian monoid with addition coming from the zigzag

A1) x A(1y) LA 40 ) 4D, 414,

where the first map is the Segal map and the second map is induced by V:24 — 14 with V(1) =V (2) = 1.
A is called very special if it is special and the monoid wo(A(14)) is a group.

Segal showed how to associate to a very special I'-space 4 an 2-spectrum whose infinite loop space is
A(14); see [2; 12].
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We now construct a ['-space A such that A4(14) is the geometric realization of X,. Let us set up some
terminology. We say that an element « in X}, is decomposable if there exist nonzero elements 8,y € X}
such that @ = 8 LI y, where by a zero element we mean the degenerate k-simplex induced from the zero
simplex given by the empty manifold @ € X,. Recall that any element in X}, is given by a k x k x k
cube diagram over Ak — by the disjoint union of two such cubes we mean the cube given by the vertex-,
edge- and facewise disjoint union (if it exists, ie if the corresponding embeddings into R are disjoint).
An example of a decomposable element in X is depicted below (in this diagram edges and faces of the
cube should also be marked by the corresponding disjoint unions, but we have omitted these):

AgU A < > ByU B}
T T T
Aol Ay © \L > Bo U B
I CoUCy < I > Dy U D]
T T
CoUCy © > Do U D
Ay —— By A} —— B

Ay — By Ay — By

- ! r !
I Gy ‘—I—> Dy I Cy ‘—I—> D
o A o -

Co — Dy Ci —— Dy

A ﬂl A ﬂ]

Since we require all manifolds to be compact, every vertex of a cube diagram has only finitely many
connected components. Hence every element in X can be written as a disjoint union of finitely many
indecomposable elements. It is not difficult to see that such a decomposition is unique up to permutation,
and we will call the indecomposable summands of an element its indecomposable components.

We define A (n+). to be a simplicial set for which the set of k-simplices A (n4) is given by pairs (o, L),
where o # @ € X, and L is a labeling of indecomposable components of o by nonbasepoint elements
of ny. For n = 0 the simplicial set A (04 ). consists of one point, being the empty manifold &. We treat
the @ € A (n4)o (and the corresponding degenerate simplices) differently than others and don’t equip it
with any labeling. Note that /T(1+). is just X,.

Lemma 5.1 The simplicial sets {/T (n+)e}n>0 assemble into a simplicial T - set.

Proof Given a morphism f:m4 — n4 of based sets, we define the induced map
Am > Ape. (@ L) @ L)

in the following way. We first relabel the indecomposable components of «, ie the components that had
label i € {1,...,m} will be labeled by f(i) instead. Next we remove those components that got labeled
by the basepoint and call the resulting element (', L"). O
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Lemma 5.2 The simplicial T"-set A is levelwise special in the sense that the I'-set n4 +— ;f(mr)k is
special for every k.

Proof We need to show that for every k, the Segal map is a weak homotopy equivalence

~ n_ e ~
Ay M= 2 TT Ak, @ L) (@i om),
n

where A (e;) sends («, L) to ;, the union of indecomposable components of « that are labeled by i. Note
that in A (14) there is no choice for the labeling, all components have to be labeled by the element 1.
The image of the Segal map is given by the subset

B:= {(ﬂl, B e[ A ( Bi disjoint from ; for i # j},

where two k x k x k diagrams 8 and y are called disjoint if the cobordisms (viewed as subsets in
[0,1] x R4 x R®®) coming from the corresponding edges of the diagrams 8 and y are disjoint. More
precisely, if we denote by B, p [¢,c+1] the restriction of the diagram B to the edge that connects the
vertices (a, b, ¢) and (a, b, ¢ + 1) and encodes an embedded cobordism, then we require the cobordisms
Ba,blc,c+1] and Vg p [c,c+1] to be disjoint for all @, b € {0, ...k} and c € {0,... . k —1}.

We show that B is a weak deformation retract of the product set [ [, A (14)k. Analogous to the way it
was done in [10] for the usual cobordism category, we use the “shift-map” to make the diagrams disjoint.
For the sake of completeness we present the proof here, but we recommend to check [10] for a beautiful
visualization of the shift-map.

For r € R consider the shift-map
Fr:R® >R, (x1,x2,...) > (r, X1, X2,...).

It is clear that F, is homotopic to the identity map. For any nonnegative integer k, the map F, induces a
self-map of X} = Z(l.,.)k by taking the k x k x k diagram over AX o € X} and postcomposing all of
its vertices, edges and faces (all of these are represented by the embeddings of manifolds/cobordisms)
with F,. Namely, given an embedding of a cobordism W into [0, 1] x R4 x R, we modify it by
postcomposing with

idjo,1) xidr, X Fp:[0, 1] xRy xR® — [0, 1] x Ry x R*.

Analogously the postcomposition with F, is defined for the embedded manifolds, SK-embeddings of
manifolds and SK-embeddings of cobordisms. These actions agree and assemble into a new diagram
F; oa € Xj. The induced map X — X}, is again homotopic to the identity.

Choose n pairwise different real numbers rq, ..., r, and consider the map
[[40 k= []A0 0k
n n
given by applying F,, to the i factor. This map is the desired deformation retraction. |
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Corollary 5.3 The I'-space A: '’ — S, defined by realizing A at every n, ie

Ang) = A4
is special.

Proof A simplicial map that is a degreewise weak homotopy equivalence induces a weak homotopy
equivalence on fat realizations, and hence

i 7oy Aley) ~
| Al H=2C, T .. o
n

Finally, the space ||/T (14).]| is connected and therefore the I'-space A is very special. Hence we conclude
that || X, || is an infinite loop space as was claimed.

6 Maps from B mit_ﬁ and KU (Mfd?)

In this section we consider maps into the constructed spectrum K@(Mfdg).

The simplicial set X, , is the nerve of a unitalization (in the sense of [4]) of a parametrized version
(see [11]) of the coborzii’sm category with trivial boundary Cobz‘f;_vl described in Section 2.4. Note that the
parametrized cobordism category is defined as a simplicial object in nonunital categories in [11], and we
here use a unital version. We write (N.Cobg‘ivl)* for the bisimplicial set that is the parametrized nerve
of the unital trivial boundary cobordism category.!

Let 7 be the inclusion map

i1 (N.Cob)™ )x — X, ..
Note that on 7o of realizations this map is trivial, since | X'

: . 3 riv
realization | (N.Cobnl T )]

is connected. Denote by BC; 4 the

o,o|

Theorem 6.1 For Q|i|: QBCy4+1 — Kﬁ(mg), the map induced by the inclusion,

mylil: wy BCuyy — | X, | = S_Kz
is the O map.

Proof BC, is the realization of a bisimplicial set, and hence 7| BC,; is generated by 1-simplices in
the diagonal modulo relations imposed by 2-simplices in the diagonal. Under the map 7, any 1-simplex in

(N.Cob?l‘j_vl)* is mapped to a cube of the shape
l;/
ol
B

in X', ., which by the proof of Theorem 4.3 is zero in | X', |. Hence 7y |i| is the zero map. |

9
e,0.0

Tproposition 3.8 in [4] shows that unitalization induces weak homotopy equivalences on classifying spaces for weakly unital
topological categories, although this is a slightly different setting.
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Another (tri)simplicial subset of X ,"j.’, that is of interest to us is X .”:.,0, defined in Section 3.4. A spectrum
associated to the infinite loop space Q|X, || is the topological version of the cut and paste spectrum
K Ij(Mfd?,) defined in [7], and will be den’o’ted by K I:'(M_fdfl). Here the bar denotes that we are taking
topology on manifolds into account by means of the extra simplicial direction.

Recall that K| (l):' (Mfdg) =~ SKS. We show that the topological cut and paste spectrum also has SKg as its
zeroth homotopy group.

Theorem 6.2 There is an isomorphism

K5 (Mfd?) = SK9.

Proof We want to compute 71| X, ,|. Write
Z = |diag(X', o).

The 2-simplices of the form given by (3) are all in Z; hence we can perform the contraction of vertices
as before. Now (10)—(14) in the proof of Theorem 4.3 show that the 7; Z satisfies the SK relations. To
conclude that these are all the relations in 71 Z, one can show that the relations coming from a generic
2-simplex given by a 2 x 2 square over A2 can be expressed in terms of the SK relations. |

We denote the map of spectra induced from the inclusion X, ; — X/, | by
j: KB(Mfd?) — KP(Mfd?).

Theorem 6.3 Under the identifications KOD (Mfd?) = SK?, and K?(mg) >~ SK?, jo induces the
quotient map
SK,al — S_K?,

Proof This is evident from comparing the proofs of Theorems 4.3 and 6.2. O

Remark 6.4 Analogously to how it was done in Section 5, one can show that the spaces K (l\mz) and
QBC,4 1 are infinite loop spaces. As before, the I"-space structure comes from the operation of taking the
disjoint union of manifolds. One can also check that the obvious map between the corresponding I"-spaces
for QBCp41, K I:|(M_fdf],) and K@(M_fdg) restricts to the maps i and j on the first spaces. Therefore 2|i |
and j are maps of spectra.
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