Algebraic ¢ Geometric

Topology

Volume 25 (2025)

The slices of quaternionic Eilenberg—Mac Lane spectra

:'msp



Algebraic & Geometric Topology 25:6 (2025) 3341-3384
:'msp DOI: 10.2140/agt.2025.25.3341
Published: 1 October 2025

The slices of quaternionic Eilenberg—-Mac Lane spectra

BERTRAND J GUILLOU
CARISSA SLONE

We compute the slices and slice spectral sequence of integral suspensions of the equivariant Eilenberg—
Mac Lane spectra H Z for the group of equivariance Qg. Along the way, we compute the Mackey functors
Tkp HZ.

55N91; 55P91, 55Q91

1. Introduction 3341
2. Background 3345
3. Inflation functors 3348
4. Qg-Mackey functors and Bredon homology 3354
5. Review of the Cy-slices of X" HZ 3361
6. Qg-slices 3363
7. Homology calculations 3370
8. Slice spectral sequences 3377
References 3383

1 Introduction

Let G be a finite group. The G-equivariant slice filtration was first defined in the context of G-equivariant
stable homotopy theory by Dugger in [6]; it came to prominence due to its role in the proof of the
Kervaire invariant one problem by Hill, Hopkins and Ravenel [9]. The slice filtration is an analogue
in the G-equivariant stable homotopy category of the classical Postnikov filtration of spectra. One can
also define a G-equivariant Postnikov filtration; on passage to fixed points with respect to any subgroup
H < G, this recovers the Postnikov filtration of the H-fixed point spectrum. However, there are many
equivariant spectra which possess a periodicity with respect to suspension by a G-representation sphere,
and this periodicity is not visible in the G-equivariant Postnikov filtration. The slice filtration was devised
by Dugger in order to display this periodicity for the case of the C,-spectrum KR.
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3342 Bertrand J Guillou and Carissa Slone

Since the groundbreaking work [9], a number of authors have calculated the slice filtration, as well as the
associated slice spectral sequence, for G-spectra of interest. A few cases are understood for an arbitrary
finite group G. If M is a G-Mackey functor, then the equivariant Eilenberg—Mac Lane spectrum Hg M
is always a 0O-slice [9] (in this article, we use the “regular” slice filtration, as introduced by Ullman
in [22]). The slice filtrations of X! HG M and ¥ ~! Hg M were described in [22]. The slices of certain
suspensions of equivariant Eilenberg—Mac Lane spectra were determined for G an odd cyclic p-group
by Angeltveit [1], Hill, Hopkins and Ravenel [10], and Yarnall [25]; for dihedral groups of order 2 p,
where p is odd, by Zou [27]; and for the Klein four-group by Guillou and Yarnall [7] and Slone [19]. A
majority of the work to date on the slice filtration has focused on cyclic groups of equivariance, with only
a few exceptions. We extend the literature by considering in this article the case of the nonabelian group

G:Qg.

The choice of the group Qs is not arbitrary, as we now explain. Some of the most far-reaching applications
of the slice filtration and associated spectral sequence have come in the case of cyclic p-groups of
equivariance. In addition to [9], this also includes Hill, Hopkins and Ravenel [11], Hill, Shi, Wang and
Xu [12], Meier, Shi and Zeng [18], and Sulyma [20]. In particular, in [12] the authors use slice technology
to understand a C4-equivariant, height 4 Lubin—Tate theory at the prime 2. For each height n, there is
a height n Lubin—Tate theory that comes equipped with a continuous action of the height n (profinite)
Morava stabilizer group. The homotopy fixed points with respect to this action gives a model for the
K(n)-local sphere, a central object of study in stable homotopy theory. However, the homotopy fixed
points with respect to the entire stabilizer group are quite difficult to calculate. More approachable are the
homotopy fixed points with respect to finite subgroups of the stabilizer group. At height 4, the Morava
stabilizer group contains a C4-subgroup (in fact a Cg), which gives the context for [12]. On the other
hand, at height 2m, where m is odd, the Morava stabilizer group contains a (Jg-subgroup. Therefore it is
reasonable to expect that Qg-equivariant slice techniques will eventually shed light on the K(7)-local
sphere when n = 2m and m is odd.

The focus of our article is the determination of the slices of X" Hg,Z, for n > 0. We list the slices in
Section 6 and describe the associated spectral sequence in Section 8. We rely heavily on the computation
of the slices of X" Hg,7Z given by the second author in [19]. The quotient map Qg — K4 allows us to
gain insight into the Qg-equivariant slices from the K4-case, as we now explain in greater generality.

Given a normal subgroup N < G, there are several constructions that will produce a G-spectrum from
a G/ N -spectrum. First is the ordinary pullback, or inflation, functor. If g: G — G/ N is the quotient,

G/N _, SpG; it is left adjoint to the NV -fixed point functor. This inflation

then inflation is denoted ¢*: Sp
functor plays an important role. For instance q*(Sg / ) s equivalent to Sg. However, from our point of
view, this construction has two deficiencies. First, the ordinary inflation does not interact well with the
slice filtration. Secondly, the inflation of an Hg,yZ-module does not have a canonical HgZ-module

structure.
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On the other hand, the “geometric inflation” functor [8, Definition 4.1; 16, Section I1.9]
PN SpG/N — SpC,

which is right adjoint to the geometric fixed points functor, interacts well with slices. Namely, if V is a
normal subgroup of order d and X is a G/ N -spectrum, then

S Pr(X) = PIE (SN X),
by [22, Corollary 4.5] (see also [8, Section 4.2]). However, in general the geometric inflation of an
Hg/nZ-module will not be an Hg Z-module.
The third variant is the Z-module inflation functor [26, Section 3.2]
\Ij}kv . MOdHG/NZ — MOngZ .
By design, the Z-module inflation of an Hg,y Z-module has a canonical Hg Z-module structure, though
in general this functor does not interact well with the slice filtration.

In some cases, these constructions agree. For instance, if N is a bottleneck subgroup (Definition 3.5)
and the underlying spectrum of the G/ N -spectrum X is contractible, then ¢* X >~ ¢}, X (see the proof
of Proposition 3.18). If X is furthermore an Hg,y Z-module, then the three inflation functors coincide
on X (Proposition 3.18).

The above discussion applies to the slices of X" Hg,nyZ: all slices, except for the bottom slice, have
trivial underlying spectrum. It follows that these inflate to give many of the slices of X" HgZ.

Our main result along these lines, Theorem 3.19, describes the higher slices of such an inflated HgZ-
module. In the case of G = Qg, N = Z(Qg), and G/N = Qg/Z = Ky, it gives the following:

Theorem 1.1 Let n > 0. Then the nontrivial slices of Z”HQ8 Z, above level 2n, are
PR (S"Ho,Z) ~ W% PK(S" Hy,Z) ~ ¢ PF (2" Hg, )
for k > n. Furthermore,
P (S"Hp,Z) ~ W% PX(S" Hg, Z)

for k > n.

As the slices of X" Hg,Z were determined by the second author in [19, Section 8], this immediately
provides all of the slices of X" Hg,Z above level 2n when n is positive. In particular, the slices of
X" Hg,Z occur in slice dimension 7 to 4(n —4), and it follows that the slices of X" Hp,Z occur in slice

dimension 7 to 8(n —4).

In more detail, the slices of X" Hy, Z are fully geometric (ie vanish at proper subgroups) in slice dimension
greater than 2(n — 3) and therefore occur only in slice dimensions a multiple of 4. It follows that the
slices of X" Hgp,Z are fully geometric in slice dimension greater than 4(n — 3) and only occur in slice
dimensions a multiple of 8. See Proposition 6.10 for a more precise answer.
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In slice dimensions from 7 4 1 to 2(n — 3), the second author showed that the K4-spectrum X" Hg, 7
has some fully geometric slices (in dimensions a multiple of 4) as well as slices detected at the order
two subgroups (in dimensions 4k if n is odd and 4k + 2 if n is even). It follows that the slices of
X" HgZ, in slice dimension from 2n + 1 to 4(n — 3), occur only in slice dimensions a multiple of 4.
See Proposition 6.11 for a more precise answer.

The remaining slices of X" Hp,Z, which occur in slice dimensions from # to 2n, are then given by
analyzing the slice tower of \IJ}“\,(P,’] Hg 7). We perform this analysis in Section 6.1.

Though we have stated Theorem 1.1, as well as Theorem 3.19, for n > 0, a similar result holds for n < 0.
The determination of the slices of X" Hg,Z in [19] includes the case of n < 0, and so the methods in this
article would similarly determine the slices of X" Hgp,Z for n < 0. See also Remark 3.20.

1.1 Notation

Throughout, whenever referencing the slice filtration, we will always mean the “regular” slice filtration
of [22].

We will often write simply Q and K to denote the quaternion group Qg and Klein four group K4,
respectively. We write Z for the central subgroup of Q of order two generated by z = —1. We write

L={), D=(k), R={(j)

for the normal, cyclic subgroups of Q of order 4. We also use the same names for the images of these
subgroups in Q/Z =~ K. In other words, the subgroup lattices of Qg and K4 are

OF; K4
RN VAN
L D R L D R
\Z/ N

e
Our nomenclature for the order 4 subgroups of Qg amounts to a choice of isomorphism Q/Z =~ K.

The sign representation of C, will be denoted o, and we will write Z° for the corresponding C,-module.

1.2 Organization

The paper is organized as follows. In Section 2, we review the representations of Cy4, K4, and Qg, as
well as Mackey functors over C4 and K4. Then in Section 3, we introduce three inflation functors from a
quotient group G/ N of some finite group G as well as several results that will aid in the calculation of the
slices of X" Hp, HZ. The relevant Qg-Mackey functors and the homology of skrog HpZ are found in
Section 4. The slices of X" Hp,Z must restrict to the appropriate slices of X" H¢, Z; thus, we review this
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information in Section 5. We provide some slice towers and describe all slices of X" Hp,Z in Section 6.
We then compute the homotopy Mackey functors of the slices of X" Hp Z in Section 7. Finally, we
provide some examples of the slice spectral sequence for X" Hc,Z and X" Hp,Z in Section 8.

1.3 Acknowledgements

The authors are very happy to thank Agnes Beaudry, Michael Geline, Cherry Ng, and Mingcong Zeng
for a number of helpful discussions. The spectral sequence charts in Section 8 were created using Hood
Chatham’s spectralsequences package.

The authors were supported by NSF grant DMS-2003204.

2 Background

2.1 Background for C4

The Cy-sign representation oc, is the inflation p*oc, of the C,-sign representation along the surjection
C4 — C,. We will simply write o for oc,. Then the regular representation for Cy splits as

pc,=1®o DA,

where A is the irreducible 2-dimensional rotation representation of C4. The RO(C4)-graded homotopy
Mackey functors of Hc,Z are given in [11]. More specifically, the homotopy Mackey functors of
ykec, Hc,Z, E“HQZ, and Ek"HC4Z are given in [11, Figures 3 and 6]. Some C4-Mackey functors
that will appear below are displayed in Table 1. All of these Mackey functors have trivial Weyl-group
actions.

O=2 | ®=2Z"| Z(2.1) |o=B(2.0)

Z Z 7 z/4
S N B A R T
Z Z Z Z/2
1£ ’jl 1£
Z Z Z 0
e=g |s=¢"/ | ®=¢'F, | ¢'F*
F, 0 I, F,
b dl
0 ]FZ Fz IFZ
0 0 0 0

Table 1: Some C4-Mackey functors.
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Figure 1: The homotopy Mackey functors of \/,, £"* Hg, Z. The Mackey functor 7y X" Hg, Z
appears in position (k, 4n — k).

2.2 Background for K4

The Klein 4-group K4 = C, x C; has three sign representations, obtained as the inflation along the three
surjections K4 — C,. We denote these three surjections by py, m, and p,. Then the regular representation
of K4 splits as

PK, = 1@ plo@m*o @ pio.

Some K4-Mackey functors that will appear below are displayed in Table 2.

The homotopy Mackey functors of ¥"° Hg 7 were computed in [19, Section 9]. They are displayed
in Figure 1. The homotopy Mackey functors of ¥"? HgIF, were computed in [7, Section 7]. They are
displayed in Figure 2.

2.3 Background for Qg

The regular representation of Q splits as

po =H® pk.

where H is the 4-dimensional irreducible Qg-representation given by the action of the unit quaternions
on the algebra of quaternions and pg is the regular representation of K, inflated to Q along the quotient.
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O=2%Z =7 Z(2,1)
Z Z Z
1 1 1
VAIRNS PZINN BZCINN
Z Z Z Z Z Z Z Z Z
1 1 1
NP~ AN N7
Z Z Z
E=-F E=F,* o= B(2.,0)
F, T, Z/4
1 2
SOUNL | N Y
I, F, F, | F» I F, | Z/)2 72 72
T SO
]Fz ]Fz O
®=¢; pr(F2) ® = ¢ pp2)” ¢2DR(I)
F} F3 0
ypzl Y V TLZVY
I IFy F, | T, F, F, I, F> )
0 0 0
a =mg /A = _g* o=g
F3 F3 F,
LN | N
I, I F, | F, F, F, 0 0 0
0 0 0
m m*
F2 ]F2
AN 27N
Fz Fz Fz Fz ]F2 IFZ
0 0
w w*
0 0
Fz Fz Fz Fz ]Fz IF‘2
\ ll / \ Tl /
Fz ]FZ

Table 2: Some K4-Mackey functors.
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Figure 2: The homotopy Mackey functors of \/,, £"” Hg, IF,. The Mackey functor s X"* Hg,F»
appears in position (k, 4n — k).

Denoting by Cy4 any of the subgroups L, D, or R of Qg, we have that
igj pxk =2+20 and igf H = 2.

3 Inflation functors

3.1 Inflation and the projection formula

Let N < G be a normal subgroup and ¢: G — G/ N the quotient map. Recall that there is an induced
adjunction
SpG/ N (q—_*> SpG
>N
where the pullback functor ¢*, called inflation, is strong symmetric monoidal. We will also need a
description of the N -fixed points of an Eilenberg—Mac Lane G-spectrum. First note that there is a functor

3.1 Mack(G) 25> Mack(G/N)

given by
gx(M)(H) = M (H),
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where H = H/N < G/N whenever N < H. The functor ¢ is denoted by ' in [21, Lemma 5.4]. Then
the homotopy Mackey functors of the N -fixed points of a G-spectrum X are given by

(3.2) mn(XN) = quzn(X).
In the case of an Eilenberg—Mac Lane spectrum this yields an equivalence
(HoM)N =~ Hgn (g M).
The following result will be quite useful.
Proposition 3.3 (projection formula [14, Lemma 2.13; 2, Proposition 2.15]) Let N < G be a normal
subgroup and q: G — G/ N be the quotient map. Then for X € SpG/N and Y € SpG, there is a natural

equivalence of G/ N -spectra
@ XAY)N ~ X AYN,

We will frequently employ this in the case that X = SV for some G/ N -representation V and ¥ = Hg M
for some G-Mackey functor M. Then the projection formula reads

(34) STV AHM)Y ~ SV A Hoyn (g M).

See also [26, Corollary 5.8].

3.2 Geometric fixed points

For a normal subgroup N < G, we define the family of subgroups %[N | of G to consist of those subgroups
that do not contain N . Recall that the N -geometric fixed points spectrum of a G'-spectrum is defined as

N (X) = (EFIN]A X)V.

This notation is simultaneously used to denote the resulting G/ N -spectrum as well as the underlying
spectrum. The N -geometric fixed points has a right adjoint, given by the geometric inflation functor

¢} (Z) = EFINIAg*Z.
To sum up, we have an adjunction

ch
Sp¢ —><¢T SpY/N.
N

3.3 Bottleneck subgroups

The subgroup Z < Q plays an important role in this article. The primary reason is that it satisfies the
following property.

Definition 3.5 We say that N < G is a bottleneck subgroup if it is a nontrivial, proper subgroup such
that, for any subgroup H < G, either H contains N or N contains H.
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We now demonstrate that bottleneck subgroups only occur in cyclic p-groups or quaternion groups. The
following argument was sketched to us by Mike Geline.

Proposition 3.6 Let N < G be a bottleneck subgroup of G. Then N is cyclic, and G is either a cyclic
p-group or a generalized quaternion group.

Proof We will refer to a subgroup H < G which neither contains N nor is contained in NV as “adjacent”
to N. The assumption that N is a bottleneck subgroup means precisely that G has no subgroups that are
adjacent to N. To see that N must be cyclic, note that if g is not in N, then N < (g}, which implies that
N is cyclic.

We next observe that G is necessarily a p-group. This is because if N is contained in some Sylow
p-subgroup, then any Sylow g-subgroup, for a different prime ¢, would be adjacent. It follows that N
contains all of the Sylow subgroups and therefore is all of G.

Next, we recall [5, Theorem 4.3] that for a p-group G, the group contains a unique subgroup of order p
if and only if G is either cyclic or generalized quaternion. So we will argue that G contains a unique
subgroup of order p. The first step is to note that G cannot contain a subgroup isomorphic to Cp x Cp.
This is because such a subgroup would necessarily contain N. This would imply that N = C,, and then
N would have a complement in C, x Cp, which would be a subgroup adjacent to N in G.

Finally, note that the center Z(G) contains a subgroup of order p. If G has another subgroup of order p,
these two would generate a C), x Cp, contradicting the previous step. |

Remark 3.7 It follows from Proposition 3.6 that if N < G is a bottleneck subgroup, then G/ N is either
a cyclic p-group or a dihedral 2-group.

If N < G is a bottleneck subgroup, then geometric fixed points with respect to G can be computed in
terms of geometric fixed points with respect to the quotient group G/ N .

Proposition 3.8 Let N < G be a bottleneck subgroup. Then ®¢ X ~ ®9/N YN for any X € SpG.
Proof If N <G is a bottleneck subgroup, then q*E PG/N = E Pag. Thus
OOX = (EPG A X)% ~ ((¢*EPg/n A X)N)F/N.
By the projection formula (Proposition 3.3), this is equivalent to
(EPg/n AXN)GIN = @G/N x N O
Proposition 3.8 also follows from the more general [15, Proposition 9].
3.4 Inflation for Z-modules
Given a surjection ¢: G — G/ N, the inflation functor
¢n: Mack(G/N) — Mack(G)
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does not send Z-modules for G/ N to Z-modules for G. We now describe a modified inflation functor
that exists at the level of Z-modules. This functor previously appeared in [26, Section 3.2] and [3,
Section 3.10].

Definition 3.9 Let BZ C Modz[g) denote the full subcategory of permutation G-modules. Recall [26,
Proposition 2.15] that Zg-modules correspond to additive functors %Z‘ép — Ab. Then the Z-module

inflation functor
vy Modgz,;,y — Modz,;

is defined to be the left Kan extension along the inflation functor BZ g,y — BZLg.

The following is an immediate corollary of the definition as a left Kan extension.

Proposition 3.10 The functor W}, is left adjoint to the functor gx: Modz — Modz,; ,~» defined as
in (3.1).

Proposition 3.11 [3, (3.11)] For M € Modg,; ., the Zg-module Wy, (M) satisfies
(1) (W3 (M) is M, and
2) i% (W (M) is the constant Mackey functor at M (e).

Note that Proposition 3.11 completely describes Wy, (M) if N is a bottleneck subgroup. The following
result states that Z-module inflation agrees with ordinary inflation on geometric Mackey functors.

Proposition 3.12 Let M € Modg,, ., and let N < G be a bottleneck subgroup. If M (e) = 0, then
WEM =3 M.

Proof This follows immediately from Proposition 3.11. |

Remark 3.13 Note that Proposition 3.12 is not true without the bottleneck hypothesis. For instance,
if N = C3 < X3, then Lg; (\IJaM ) =~ M. In particular, it is not true that \Da]\_d is concentrated over
N = C5 when M (e) = 0.

We now discuss the extension to equivariant spectra.
Proposition 3.14 The N-fixed points functor

(=) : Modp,z — Modg; vz
for HZ-modules has a left adjoint

Yy Modg,;, vz — Modg,z -

If N < G is a bottleneck subgroup, then the spectrum-level functor W} extends the functor Wy, of
Definition 3.9, in the sense that

3.15) \I/}kag/NM ~ Hg(Vy M)
for M in Modg;, -
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Proof For an Hg,nZ-module X, the inflation ¢* X is canonically a module over ¢* Hg/yZ. We then
define the spectrum-level functor W3, by the formula

\Ij}k\,X =HZ Ng*HZ (q*X)
We leave it to the reader to verify that this is indeed left adjoint to the N -fixed points functor.

To see that (3.15) holds, we show first that this holds on the indecomposable projective Z g, y-modules.

These are of the form Tg//]]VV Z, and the diagram of commuting adjoint functors

YN
MOdHG/NZ (:N> Modg,z

=)
el e
N

Modpgy vz (ﬁ) Modg, z

shows that
v (H, Uy (Hg/NZ HygZ7Z ~ H, Z~ Hgv% (1SN 2
N( G/N TK/N ) TK n(Hg/NL) =~ TK K& GTK G N(TK/N )

Since the functor Wy, : Modgz;,, — Modg,; is exact [26, Lemma 3.14], it follows that if Modgz;,,, has
finite global projective dimension, then (3.15) will hold for any Z g, y-module M. By [4, Theorem 1.7],
this is the case precisely when G/ N is as described in Remark 3.7. |

Example 3.16 Let X € Sp®/" and M € Mack(G/N), with M (e) = 0. Again assume that N is a
bottleneck subgroup. Then Propositions 3.12 and 3.14 give that

VN (X AHgNM) ~q*(X) ANVN(HgnM) ~q*(X) Ny Ho/ NM =~ ¢n(X A HgynM).

We will employ this equivalence when X is a representation sphere.

Proposition 3.17 Let N < G be a bottleneck subgroup. Then for any G/ N -representation V and
Z)n-module L, we have

7n(WiS  Hg/nL) = Wi nn(SY Hg/nL).

Proof Let us write X = \D}"VZVHg/NI: ~ E‘J*VHG\P}"\,L. Since N is a bottleneck subgroup, it is
enough to describe ig wpX and g4, X. Now

»Lg TpX =y »1«5\;[ X = EnzdimVHNL(N/N)~
This is a constant Mackey functor. On the other hand, by (3.2) and (3.4), we have
gxtp X = En(XN) = En(EVHG/NL)-
By Proposition 3.11, this agrees with \IJ]"Q,Q,,(EVHg/NI_J). |
More generally, we have an extension of Proposition 3.12 to H Z-modules:
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Proposition 3.18 Let X € Modgyz,, and let N < G be a bottleneck subgroup. If the underlying
spectrum ¢§ NX is contractible, then UL (X) ~pnX.

Proof If the underlying spectrum of X is contractible, then X ~ E(G/N) A X. The assumption that N
is a bottleneck subgroup implies that E(G/N) = ¢*(E(G/N)) is the universal space for the family of
subgroups of N, so E(G/N) A E@**[N] ~ E(G/N), and it follows that

¢*X ~ E(G/N)Ag*X ~ E(G/N) A3 (X) ~ ¢} X.

Now
Wy (X) = HGZ Ng*Hg/nz 4" (X) = HGL Ng*Hg nz (E(G/N) A g™ (X)).
Since E (G/N) is smash idempotent, this can be rewritten as
Wk (X)~ E(G/N) A HGZ AE(G/N)Ag* Hoyw E(G/N) A g*(X).
It remains only to show that

E(G/N)AHGZL =~ E(G/N)Aq*Hg/NL.

Both sides restrict trivially to an N -equivariant spectrum, so it suffices to show an equivalence on &%,
where H properly contains N. Without loss of generality, we may suppose that H = G. Since
CIJG(E(G/N)) ~ S9, it suffices to show that

®CHgZ ~ ®°q* Hg N L.

According to Proposition 3.8, the left side is ®9/N |, /N 4. Similarly, Proposition 3.8 and the projection
formula (Proposition 3.3) show that the right side is

®C¢* Hg nZ ~ /N (Hg N Z A (SQ)N) = @9/N He nZ A 09N (SN ~ 05/N H vZ. O
We now establish our main result, which partially describes the slice filtration of inflated H Z-modules.

Recall that PL X = fib P'X — P"~1 X denotes the slice approximation of X that contains the slices of

X in dimensions 7 to ¢.

Theorem 3.19 Letn=>0andlet N <G be a bottleneck subgroup of order p, a prime. Let M € Modg;,
such that P}/ X" Hg/n M is of the form ZVHG/NL, for some G/ N -representation V and L € Modg; -
Then the nontrivial slices of the Eilenberg—Mac Lane G -spectrum X" Hg (W3 M), above level pn, are

k
PEE(S" Ho (W3 M) ~ Wi PE(S" Hoyy M) ~ ¢ P (Z" Hoyn M)
for k > n. Furthermore,
PPR(S" Ho (Wi M)) = Wk PK(S" Hg M)
for k > n.

Proof Applying the functor WY, to the slice tower for X" Hg/y M produces a tower of fibrations
whose layers are \IJ}"\, P]f (X" Hg/ny M) for k > n. We wish to show that this is a partial slice tower for
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Y"Hg(WyM). For k > n, the k-slice P]f (X" Hg/n M) has trivial underlying spectrum. It follows from
Proposition 3.18 that

Wy P (Z" Hoyn M) = ¢ PE(S" Hoyn M)
for k > n. As the geometric inflation of a k-slice, this is a pk-slice.
It remains to show that
Wk P "HoynM) ~ VSV Ho/nL ~ 2V Hg Wy L

has no slices above level pn. First, note that the restriction of EVHG lIl}"VL to N is the N-spectrum
S"Hy L(N), where L(N) is being considered as a constant N -Mackey functor at the value L(G/N).
It follows that this Nﬁtmm has no slices above dimension |N|-n = pn. Therefore, to show that
>V Hg WL L is less than or equal to pn, it suffices to show that

(G4 Agr SKPEFT SV HGWH LIG =0

for any N < H < G and integers r > 0 and k such that k| H| > pn. Without loss of generality we
consider the case H = G.

Denote by U a complement of pg,n in pg, so that

PG = pG/N ®U.
We then have a cofiber sequence

S(kU)4 A SkP6/N s skeain _, gkea
and a resulting exact sequence
[S1S(kU)4 A SkPo/NFTr sV Howk L] — [shPotr sV Hewy L1°
— [Skea/ntr sV Howk LI = 0.
We must show that the left term vanishes. Note that the G-action on S(kU) is free, since N is order p.

Then the desired vanishing follows from the fact that 21 S(kU)+ A S kpc/N=V is G-connected, since
dimkpg/n > dimV =n. |

Remark 3.20 While we have chosen to state Theorem 3.19 in the case of n > 0, an analogous result
holds for negative suspensions. There, we have

Tk (ETTHG (WA M) =~ W P (S Hg/ v M)

for k >n > 0. That Wy P2/ (X" Hg/n M) ~ E_VHG\IJ;‘\,L is at least —pn can be seen from Hill and
Yarnall’s characterization of slice connectivity in terms of geometric fixed points [13, Theorem 2.5].

4 (Qg-Mackey functors and Bredon homology

We display a number of the Qg-Mackey functors that will be relevant in Table 3. In these Lewis diagrams,
we are using the subgroup lattice of Qg as displayed in Section 1.1. We will also often abuse notation and
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0=2 M=2* o= B(3.0)
ooz z. 1 Z/8 .
VNI I ZA NN AN
Z Z 1 z z 1 z z 7/4 2 Z/41 Z/4
W | ONIA AN

Z/2
lﬁZ Tl /
Z zZ 0
Z(3.2)=VHZ(2.1) Z(3.1) = V32" 9 =¢%(B(2.0)
Z z 7.4
BZCINN PZINN 2 Qz\\g
Z z oz Z, T Z Z/2 Z/)2 7)2
NV N 7
z z 0
1 1
Z Z 0
®_4F, ® —grF" ® = mgw
F2 F2 2p1 IFZZ i1q
P U S NG 2 TN
I, F, Fy | 2 IF, Fo | zo/4 "9 79/4%P2 " g0/4
Nl A SN A AN
F, > 7/2
0 0 0

Table 3: Some Qg-Mackey functors.

write the name for a K4-Mackey functor, such as m or mg, to denote the resulting inflated Qg-Mackey
functor. We will only write the symbol ¢7, when it is necessary to resolve an ambiguity, for instance
between ¢7, I, and [F5.

In [10, Section 2.1], the authors introduce “forms of Z” Mackey functors Z(i, j), where i > j > 0, in
the case of G = Cpyn. From our point of view, Qg behaves very similarly to Cg, and we similarly write
Z(i, j) for the Mackey functor that looks like Z* between the subgroups of order 2/ and 2/ and looks like
Z outside of this range. We will at times follow [10] in denoting by B(i, j) the cokernel of Z(i, j) — Z,
although we will often instead use the descriptions given in Proposition 4.1.

These Mackey functors fit together in exact sequences as follows, using notation from Table 3:
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Proposition 4.1 There are exact sequences of Mackey functors
() Z(3,2) > Z —> g,
(2) Z(3.1) > Z > ¢z B(2,0),
(3) Z(3.1) > Z(3,2) > m*,
4 22.1)—>Z—>m,
(5) Z(1,0) > Z — ¢,
6) Z* —Z— B(3.0),

(7 mg — mgw —»> w.
4.1 RO(Qs)-graded Mackey functor Z-homology of a point

We will now compute the homology of S kpo | with coefficients in Z, as a Mackey functor. The starting
point is that the regular representation of Q splits as

po =H®® pk,

where H is the 4-dimensional irreducible Q-representation given by the action of the unit quaternions on
the algebra of quaternions and pg is the regular representation of K, inflated to Q along the quotient.
We begin by computing the homology of S¥H . See also [17, Section 2] for an alternative viewpoint.

First, Proposition 3.3 and [19, Proposition 9.1] combine to yield the following.

Proposition 4.2 For k > 0, the nontrivial homotopy Mackey functors of ykex HgZ are

z if n = 4k,
mg ifn=4k -2,

Tn(SFPK HpZ) = { g3 @Wh=n—D if n € [2k, 4k — 3] and n is odd,
g%(“k—”—“) ® @7 ppF2 if n €2k, 4k —3] and n is even,
gk ifnelk,2k—1].

Next, we employ the cofiber sequence
4.3) S(H)4 — S° — SH

to obtain the homology of S?2 from that of SPX.

Proposition 4.4 The nontrivial homotopy Mackey functors of S(H)4+ A HpZ are

YA if n=3,
mp(SH)+ AHZ) = {mgw ifn=1,
Z* ifn=0.

Proof Since the action of Q on S(H) is free, we can write down an equivariant cell structure using only
free cells. Viewing S(IH) as the one-point compactification of R?, there is a straight-forward cell structure
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Figure 3: The 1-skeleton of S(H).

in which the subgroups L, D, and R act freely on the x-, y-, and z-axes, respectively. We display the
1-skeleton in Figure 3, and the cell structure is described by the following complex of Z[Q]-modules:

e j
—e —i k e e k
e k (—e —e. i i.) ‘ .
Z[OP = gt A L= I grop I KR, i),

This yields an associated complex of induced Mackey functors

z[Q) — Z[0]* — Z[QF — Z[0]

leading to the claimed homology Mackey functors. a

Remark 4.5 A smaller chain complex for computing the homology of S(IH) is given by

i—e et+i etk . .
2101 k). zpop i fesi), grop e izo, 510

We gave a less efficient chain complex in the proof of Proposition 4.4 for geometric reasons.
Using (4.3), this immediately yields the following.

Corollary 4.6 The nontrivial homotopy Mackey functors of sHp oZ are
Z ifn=4,
Zn(ZHHQZ) > mgw ifn=2,
B(3,0) ifn=0.
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We will use this to compute the homology of S”9, using the following periodicity result.

Proposition 4.7 [23, Proposition 4.1] For any orientable representation V of dimension d and free
Q-space X, the orientation uy € Hy(SY'; Z) induces an equivalence

S9X4 AHQZ ~ =V X4 A Hp.
We now compute the homology of S*9.

Proposition 4.8 The nontrivial homotopy Mackey functors of X°° HpZ are
Z ifn=2§,

mgw if n =06,
wn(XPPHQZ) = { B(3,0) ifn=4,
mg ifn=2,

g ifn=1.

Proof The representation pg is orientable. For example, using the basis {1,1, j, k} for pg = R[K], the
matrix pg (i) is given by

0-10 0
: 1 000
0010
which has determinant equal to 1. By Proposition 4.7, we have
Z ifn="7,
T (S(H)4 ASPKHQZ) = {mgw ifn =35,
z* if n =4.
The result then follows from the cofiber sequence
S(H)4+ AXPKHQZ — XPKHpZ — PP HQZL. d

Corollary 4.6 generalizes as follows.

Proposition 4.9 The nontrivial homotopy Mackey functors of EkHHQ Z, for k > 0 are

YA if n =4k,
En(EkHHQZ) > mgw if 0 <n <4k and n =2 (mod 4),
B(3,0) if0<n<4kand n=0 (mod4).

Proof This follows by induction, using the cofiber sequence
S(H)4 A SEDH _, gh=DH _, gkH
and Proposition 4.7. The latter applies since H], and therefore also (k — 1)H, is orientable. O
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Combining this with the cofiber sequence
S(kH)1 A S*PK HpZ — SkPk Ho7 — skPo o7,

and Proposition 4.7 gives the following result.

Proposition 4.10 The nontrivial homotopy Mackey functors of $kro HgZ, for k > 0, are

Z if n = 8k,
Tn(SkPO H 7)) = mgw if 4k <n <8k and n =2 (mod 4),
- == 1B3.0) if 4k <n <8k and n =0 (mod 4),

¢y an(S*PK HR L)  if n <4k,

where the latter Mackey functors are listed in Proposition 4.2.

The homotopy Mackey functors of xkpo HgZ are displayed in Figure 4. When k is negative, the
computation follows the same strategy. The initial input, which can again be computed using the chain

complex given in Proposition 4.4, is that

Z*  ifn=3,
(4.11) H"(S(H):Z) = 7 —(F(S(H) ., HgZ)) = {mgw ifn =2,
Z if n = 0.

Using this and [19, Proposition 9.2] leads to the following answer.

Proposition 4.12  The nontrivial homotopy Mackey functors of ¥ kPo H, oZ, for k > 0, are

Z* if n = 8k,

mgw if n € [4k,8k] and n = 3 (mod 4),

B(3,0) if n €[4k +5,8k]and n =1 (mod 4),
(S0 HZ) = ¢;i_3(2,0) 1:fn:4k+1,

mg ifn=4k —1,

g ifne[2k +4,4k —2]and n =0 (mod 2),

€37 @ ppla* ifne2k +3,4k —2]and n =1 (mod 2),

gk if nelk+4,2k+2].

Remark 4.13 The “gap theorem” [9, Proposition 3.20] predicts that the groups an E_kaQZ vanish
for k > 0 and n € [—3, —1], as indicated in Figure 4. Actually, for k > 2 the argument there proves more.

It tells us that for k£ > 2, the cohomology groups H”Q (S*P: M) vanish for positive n < k + 1. This is

equivalent to saying that ngn x ke Hgp M vanishes, with the same conditions on k and n.

4.2 Additional homology calculations

We will also need the following auxiliary calculations in Section 6.
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Figure 4: The homotopy Mackey functors of \/,, "? HpZ. The Mackey functor ;X" HpoZ
appears in position (k, 8n — k).
Proposition 4.14 The nontrivial homotopy Mackey functors of Pk —H HgZ are
_ oL, ifn=1,
mn(SPK o) = 1722
2 o) {z* ifn=0.

Proof The fiber sequence

E"’K_HHQZ — XPKHoZ — F(S(H)4+, XK HpZ) ~ S4F(S(H) ., HpZ)
yields an isomorphism 7o (ZPx —H HpZ) = Z* and shows that the homotopy vanishes for 7 outside
of [0, 2]. Given that the restriction to any Cy4, which is the Cy4-spectrum y2+20-24 Hc,Z, has a trivial

1y [26, Theorem 6.10], the long exact sequence further shows that &, vanishes as well, and it implies

that we have an extension
w e (ST HZ) > g.

It remains to show this is not the split extension. The fiber sequence

TZQ) El+20’—2AHC4z_)El+pTU+p;0’—HHQ2_)EpK—HHQZ
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shows that 7, (P —H HgZ) injects into
mo(1 227 He, Z) = 1592,
It follows that 1 (2P "H H7) = ¢% F,. o

Proposition 4.15 The nontrivial homotopy Mackey functors of $Pk ~H HpZ(3,2) are

w  ifn=1,

s HH,7.3,2)) =
Zn( 0Z(.2) {z* ifn=0.

Proof The short exact sequence
ZB.) > L—>g
gives rise to a cofiber sequence
P M He7.(3,2) > 2P M Ho7 — s,k M Hpe ~ N Hpg.
Using a naturality square, the second map factors as
P M HeZ — PK HpZ — %' Hog,
where the first map is an epimorphism on m; by the proof of Proposition 4.14 and the second is an

isomorphism on 1. The conclusion follows. |

Proposition 4.16 The nontrivial homotopy Mackey functors of SH—Px HpZ(2,0) are
Z ifn=0
sHx Hp2.(2,0)) = {~ ’

Zn( 0L(2.0) {w* ifn=-2.

Proof This follows from Proposition 4.15 by duality. In more detail, Proposition 4.15 gives a fiber

sequence
S How — 2P M 57.(3,2) — HoZ*.

Applying Anderson duality (see [19, Section 2.2]) gives a fiber sequence
I(S'How) < 1(2°x B H7.(3,2)) < I(HoZ"),

or in other words
>~ (How) < 9Pk Hp7,(2,0) < HpZ.

But as the Mackey functor w is torsion, the Anderson dual is the desuspension of the Brown—Comenetz
dual. In other words, I(How) =~ E_IIQ/ZHQw o~ Z_IHQw*. m]

5 Review of the Cy-slices of X" H Z

In this section, we review the slices of X" Hc,Z from [24]. Note that the slices as listed in [24] are
written using the classical slice filtration, whereas we use the regular slice filtration. The only difference
is a suspension by one. The Mackey functors that appear here were introduced in Table 1.

Algebraic € Geometric Topology, Volume 25 (2025)



3362 Bertrand J Guillou and Carissa Slone

According to [24, Section 4.2], the C4-spectrum X" Hc, Z is an n-slice for 0 <n <4. Forn > 5, X" Hc,Z
has a nontrivial slice tower. Yarnall’s method for determining these slice towers is to splice together

suspensions of the cofiber sequences

>"'He,g —> $*He,Z — £*° He, Z,
=7 He,¢8, Fo* — S He, Z — S He, Z(2, 1),
>~'He,B(2,0) > 2 He,Z — $* He, Z,
in combination with the equivalences
S?He,Z ~ % He, (2. 1),
ST Heyp Fo* ~ 577 Hey o8, f ~ ' 727 He, o & Fs.

We first review these slices for odd .

Proposition 5.1 [24, Theorem 4.2.6] Let n > 5 be odd. The bottom slice of X" Hc,Z is

T PAto e 7 ifn=1 (mod8),
ST P He, 2 if n =73 (mod 8),
ST P30 gL 7 ifn=5 (modS8),
TP 7 ifn=7 (mod8).

PI(S"He,Z) ~

Proposition 5.2 [24, Lemma 4.2.5] Letn > 5 be odd. The nontrivial 4k -slices of X" Hc,Z are

>kPHe,B(2,0) if 4k € [n+1,2(n—3)] and k is even,
Pf(S"He,Z) ~ { S* He,¢* f if 4k € [n+1,2(n —3)] and k is odd,
>**He, g if 4k € [2(n—1),4(n —3)] and k is even.

The 4k-slices can also be read off of [11, Figure 3]. When # is odd, these are the only nontrivial slices of
X"Hc,Z

We now recall the slices of X" Hc,Z for even n.

Proposition 5.3 [24, Theorem 4.2.9] Let n > 6 be even. The bottom slice of X" Hc,Z is

BT PO 7 ifn=0 (mod8).
B"FPT30 L 7 ifn =2 (mod8),
" P4 e, Z if n =4 (mod 8),

n—=6

Y@ pHAt20ge 7 if n=6 (modS8).

PI(S" He,Z) ~

Proposition 5.4 [24, Lemma 4.2.7] Let n > 6 be even. The nontrivial 4k -slices of X" Hc,Z are
P (S"He,Z) ~ =% He,g.  k odd

for 4k in the range [n + 2,4n — 12].

Again, the 4k-slices can also be read off of [11, Figure 3].
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Proposition 5.5 [24, Theorem 4.2.9] Let n > 6 be even. The 4k+2-slices of £" Hc,Z are
P2 (" He, Z) ~ 5P Hg

PYTE(S" He, ) ~ 23 2K0 H* I,

for 8k + 2 or 8k + 6 in the range [n 4+ 2,2n — 6].

We may also view these slices through the perspective of the Z-module inflation functor. By Theorem 3.19,
\1122 :Modg,.,z — Modg,., 7

will provide all slices of X" Hc,Z above level 2n. Let r = n (mod 4) with 3 <r < 6. It follows from
[19, Proposition 3.5] that the slices of X" Hc,Z in level at least 2n + 2r — 4 are

PiF(S"He,Z) ~ WE ¥ He,g ~ ¥ He, g
for 4k € [2n + 2r —4,4(n — 3)]. The rest of the slices then follow from determining the slices of
Wi PIS"He, L = W BP0t He, 2 ~ 3" T3 e, 7.

The slice tower for this C4-spectrum can be found by splicing together the cofiber sequences listed at the
start of this section.

6 Qg-slices

The slices of X" Hg Z were determined by the second author in [19, Section 8]. As stated in Theorem 3.19,
it follows that the Z-module inflation functor

\IJ*Z . MOdHI(Z — MOdHQZ

of Proposition 3.14 will produce all slices of X" HpZ in degree larger than 2, as the inflation of the
slices of X" Hg 7 above degree n.

The remaining slices of X" HpZ will be given as the slices of W7, (P,:’(E”HKZ)). By [19, Proposi-
tion 8.5], these are of the form

(6.1) Wk (2 HPK Hg 7)) ~ ST HIPK o7,

where r € {3,4, 5}, if n #% 2 (mod 4). In the case n = 2 (mod 4), the same result states that this is
Wk (Z2HPK e 7(1,0)) >~ 22K 7.2, 1).

But the cofiber sequence (Proposition 4.1)

(6.2) 2P Hom — S*HPK Ho 7,2, 1) — 22 HPK Hp 7,

reduces the computation of slices of X2+/Pk H, 0Z(2, 1) to the question of the slice tower for »2tirk 0oZ,
given that S1T/PK Hom ~ ¢% (S11/PK Hym) is an 8/ +4-slice [19, Proposition 5.7]. We determine
the slices of X7 TJ/Pk HpZ, forr € {2,...,5} in Section 6.1.
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6.1 Slice towers for X' */°k Hy7Z,

The Ky4-spectrum X7 1/PK Hg 7, is an n-slice for r € {2,...,5} [19, Proposition 7.1]. However, the
inflation of this to Qg is no longer a slice. We here determine the slice towers of these inflations.
Throughout, we will implicitly use Proposition 6.7, which does not rely on the following material.

6.1.1 r =2 First, we observe that X2,k HpZ is a 6-slice. To see this we first note that it restricts to
a 6-slice at every proper subgroup by Proposition 5.3. It therefore remains only to show that it does not
have any 8k-slices for k > 1. This is equivalent to showing that 7 _, (XPk —kro HgZ) vanishes for k > 1.
In the case k = 1, (4.11) shows that E_HHQZ is (—3)-truncated, in the sense that it has no homotopy
Mackey functors above dimension —3. This remains true after further desuspending by copies of pg.

Next, the tower for £212°K H, 7 is given by

Pllf — E_HZPQHQW* y 22+2PKHQZ

!

Pl2 =%'""POHom ——— S*tP0 Hp7,(2,0)

!

Pl =x2TPoHyZ(1,0)

This uses the computation (see Proposition 4.16)

_ Z ifn=0,
1 (SHPK HpZ(2,0)) = {;

ifn=-2,

to produce the first cofiber sequence.

Finally, for j > 3, the tower may be obtained by recursively using

P;}__zz = z—1+jPQHQw* -y ¥2tirk HoZ

|

pdi- 4 = 21H+G=Deo Hom ——— S2HU=Dextro 47,2, 0)

|

PS] —6 21-‘,-(] l)pQHQ¢* ]FZ - 22+(] 2)pK+pQHQZ(1 0)

8j—6 l

$2+(—2)px+p0 HoZ
We have proved the following result.

Proposition 6.3 Let j > 1. The bottom slice of X>+/PK HQZ is

si+ex+'3t00 7% if j is odd,

2+4J(z2+JpKH 7) ~
Pata; e 22+7/’QHQZ if j is even.
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6.1.2 r =3 By (4.11), the cohomology of S™ is given by
z* ifn=4

A" 2)~2r " HyZ
( Z) =z-n 0Z) = {mgw if n =23.

Suspending by 3 + p¢ leads to the cofiber sequence

P§ = XPOHomgw ——— S3TPKHpZ

!

Pl =xro lHyZ*

The tower for X31/°K HpZ, where j > 2, is then given recursively by

P:jj = EJ"’QHngw > 23+1”KHQZ

|

E(j—l)PK‘H’Q_lHQZ*

péi—4 _ y2+0- l)pQHQ¢ F, — $3+U=2ex+r0 Hy7,(1,0)

8j—4 l

33+ —2)px+p0 HoZ
The last cofiber sequence arises from Proposition 4.1. We have proved the following result.
Proposition 6.4 Let j > 1. The bottom slice of X3T/PK HgpZ is
s+ o gpz if j s odd,

3+4] (E3+J’OKH Z) )
Fita) E3+15PQHQZ if j is even.

6.1.3 r =4 The tower for 24Pk HgZ is given by

P2 =3rPot Homg —— S4TPKHpZ ~ $2PK HyZ,(3, 1)

!

P!y =xrotly > T2PK HpZ(3,2)

!

P§ =XPOHQL*

This uses the short exact sequence (Proposition 4.1)
Z(3,1) = Z(3,2) = m",
the equivalence P Hgm* ~ %2 H, xkmg [7, Proposition 4.8], and the computation (see Proposition 4.15)

w ifn=1,

>Px M H,57.(3,2)) =
Zn( 0Z(.2) {z* it n =0.
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The tower for X4 +/PK HgpZ, where j > 2, may then be obtained recursively from

8j+4 j j j
P8}+4 = 21+]PQHQm_g - 24+JPKHQZ ~ Z(J-H)/OKHQZB’ 1)

l

P8f+22 = ltiroy 5 E(j‘f‘l)PKHQZ(:’j’z)

8j+

Z(j—l)PK‘H)QHQZ*

pé—2 _ 3+0G- l)pQHQ¢Z[g2 ——— 24 U-Dextro iy 7,(1,0)

8j—2 l

4+0G 2ok +p0 HoZ

Proposition 6.5 Let j > 1. The bottom slice of X*1/PK HgpZ is

si3e0 Hpz*  if j is odd,

pAt4 (na4t+iok ;
4+4 (= HQZ) {24+sz@ng if j is even.

6.1.4 r =5 Here, we start with the slice tower for ZSHQZ, as this is not a slice. The short exact
sequence

Z(3,1) > Z—>» ¢7B(2,0)
gives rise to a cofiber sequence
P§ =XPOHpp%h B(2,0) » 2 HoZ ~ ' TPK Hp7.(3,1) — X' TPk Hp 7.

Now the argument showing that £2+PK [, 0Z is a 6-slice, given above in Section 6.1.1, also applies to
show that X1 TPK 04 is a 5-slice. Thus, this cofiber sequence is the slice tower for R HopZ.

Next, the tower for > TPk HgZ is given by

P!é =%2P0Hp¢% B(2,0) —— S3TPKHpZ ~ T2k Hp7,(3,1)

!

P12 22+pQHQ¢* F, N El+2pKHQZ

!

Py =x!tPoH,7*

where the bottom cofiber sequence arises from the computation (Proposition 4.14)

oL, ifn=1,

mn (2 Hol) = {Z* ifn=0
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The tower for X3T/Px H 0Z, where j > 2, may then be obtained recursively from

ngjf:s = E(j‘f‘l)PQHQ(p}E(Z’O) - 25+jPKHQZ

El+(j+1)PKHQZ(3, 1)

!

P8j+4 _ Ez+ijHQ¢}& _ N El+(j+1)pKHQZ

8j+4

P:Jf = %P0 Hy B(3,0) — R1+U—Dex+eo f, 7+

!

s1+G-Dox+po HoZ

Proposition 6.6 Let j > 1. The bottom slice of £3T/PK HypZ is
s1+3 00 oz if j s odd,

pit4i (25+ijH Z) ~ ;
5+4j o= 21+PK+%PQHQZ if j is even.

6.2 Slicesof X"HpZ
In this section, we describe all slices of X" HpZ for n > 0.
Proposition 6.7 The Qg-spectrum X" HpZ is an n-slice for 0 <n < 4.

Proof Since this is true after restricting to any C4 (see Section 5), any higher slices would necessarily be
geometric and therefore occur in slice dimension at least 8. But we can show directly that X" HpZ < 8 if
n € [0, 4]. This follows from the vanishing of 7,, X" HpZ = 7, %™ P9 HpZ as displayed in Figure 4. O

It remains to determine the slices of X" HpZ when n > 5. Note that Theorem 3.19 applies by [19,
Proposition 8.5]. We first describe the bottom slice.

Proposition 6.8 (the n-slice) Forn > 5, write n = 8k + r, where r € [5,12]. Then the n-slice of
EnHQZ is

sitex+keo g,z if r =35,

2tk tkoo [57,(3,2) if r =6,

E—l-‘r(k-H)PQHQZ* ifr=17,

E(k-i-l)PQHQZ* ifr=38

n n ~ — '

P, (X"HQZ) ~ s1+k+Doo [, 7+ ifr =09,
EZ—}—(k-H)PQHQZ(], 0) ifr =10,
E3+(k+1)PQHQZ ifr =11,
Z4+(k+1)PQHQZ ifr=12.
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Proof By Theorem 3.19, the n-slice of X" HpZ is the n-slice of the Z-module inflation of the n-slice of
Y"HgZ. By [19, Proposition 8.5], writing n = 4j + rq with r4 € {2, 3,4, 5}, we have

22+J’/JKHQZ(2, 1) ifn=2 (mod4),

* n n ~
Wz Py (X" Hy, L) =~ {Er4+f»01< HoZ otherwise.

If n % 2 (mod 4), the slice tower was given in Section 6.1. For the case of n = 2, since X! T/Pk Hom ~
¢}(El+j PK Hgm) is an 8 j +4-slice [19, Proposition 5.7], the cofiber sequence (Proposition 4.1)
(6.9) SIHIPK Hom — S2HIPK 7,2, 1) — S2TPK Hp 7,
combines with the work of Section 6.1.1 to show that
P} TP HpZ(2,1)) ~ PI(E*TIPK Hp 7).

The latter is given in Proposition 6.3. |

Proposition 6.10 (the 8k-slices) Forn > 5 and 8k > n, the 8k -slice of X" HpZ is

sk Hogn =3 if 8k € [4n —8,8n —32],

skeo Hog*5" if 8k €[2n+4,4n—16] and n = 0 (mod 2),

skPo Hog ™3™ @ ¢F prFa* if 8k €[2n+4,4n—12]and n =1 (mod 2),
PSS (S"HoZ) ~ { =kPo Homg* if 8k = 2n 42,

xkPo Hp¢% B(2,0) if 8k =2n—2,

EkaHQ§(3,0) if 8k e[n+3,2n—10]and n =1 (mod 4),

xkPo Homgw if 8k €[n+1,2n] and n =3 (mod 4).

Proof This is a translation of Proposition 4.12. Alternatively, the slices above dimension 27 follow from
Theorem 3.19 and [19, Proposition 8.6]. The slices in dimensions 27 and lower follow from the towers
computed in Section 6.1. a

Proposition 6.11 (the 8k +4-slices) For n > 5 and 8k + 4 > n, the 8k +4-slices of X" HpZ are

E3+kPQHQ¢zDRIF_2 if 8k +4 €[2n+4,4n—12] and n is even,
22+kPQHQ¢}F_2 if 8k +4 €[n+1,2n—4] and n is odd,
Zl+k”QHQm if 8k +4 €[n+2,2n] and n =2 (mod 4),
EHkaHQ”Lg if 8k +4€n+4,2n—4]and n =0 (mod 4).

PY NS HQL) ~

Proof The first case follows from [19, Proposition 8.7]. The remaining cases follow from (6.9) and
Section 6.1. O

Proposition 6.12 (the 4k +2-slices) Letn >5. If n is odd, then £" HpZ has no nontrivial 4k +-2-slices
if 4k +2 > n. If n is even and 8k + 2 > n, then the 8k+2-slice of X" HpZ is nontrivial only if
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8k + 2 € [n+1,2n], in which case the slice is

xi+keo How if n=0 (mod 4),

koo o¢%Fy if n =2 (mod4).

Similarly, if n is even and 8k — 2 > n, the 8k —2-slice is nontrivial only if 8k —2 € [n + 1, 2n], in which

P o) ~ |

case the slice is
1+keo Ho¢ Fy*  if n=0 (mod 4),

>
8k 2/

X"HolZ

8k 2( Z) ~ { H'kaHQw* if n =2 (mod 4).

Proof According to [19], the K4-spectrum X" Hg Z does not have any nontrivial slices in odd dimensions,
except for the n-slice. By Theorem 3.19, this implies that X" HpZ does not have any 4k +2-slices above
dimension 2n. The slices in dimensions below 27 are given in Section 6.1, using (6.1). O

6.3 Slice towers for X" HpZ

By Proposition 6.7, X" HpZ is an n-slice for n € {0, ..., 4}. The slice tower for ESHQZ was given in
Section 6.1.4. We now display a few more examples of slice towers.

Example 6.13 The slice tower for E(’HQZ is

Pl§=%*Hgg ——— S°HQL

|

P} =3""PHom —— S2TPKHGZ(2,1)

|

PS =%t HpZ
This follows immediately from combining [19, Example 8.2], (6.9), and Section 6.1.1.
Example 6.14 The slice tower for E7HQZ is

P} =%*Hpg ——  L"HpZ

~

P!S =%*PoHom —— S3TPKHGZ(2, 1)

~

P = XPOHomgw ——— X3Pk H, 7,

~

P] = 00 Ho 2"
This follows immediately from combining [19, Example 8.3] and Section 6.1.2.
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Example 6.15 The slices, but not the slice tower, for >3H 'k Z were determined in [19, Section 8]. Let
us denote by F the fiber of the map HypZ — Hgp¢y prlF; induced by the map of Qg-Mackey functors
Z — ¢1.pRrF, that is surjective at L, D, and R. Then the nontrivial homotopy Mackey functors of F' are
wo(F)~Z2,1)and n_{(F) = gz. The slice tower for ZSHQZ is

P2 =3%%Hogg —— S HoZ ~ S*TPK Hp7Z,(3. 1)

l

P}l =%*Hpg? y TP HGZ(2,1)
P30 = 3P0 Hoot 1R y DHPKF

|

P35 =3"%POHomg ——— S*TPKHpZ ~ S2PK HpZ(3, 1)

l

Plo =xrotly > D2PKHQZ(3,2)

!

P{ =XPOHQZ*

where the bottom of the tower comes from Section 6.1.3.

7 Homology calculations

In Section 6, we described the slices of X" HpZ. In Section 8 below, we will give the corresponding
slice spectral sequences. The E,-pages of those spectral sequences are given by the homotopy Mackey
functors of the slices. We describe those homotopy Mackey functors here.

7.1 The n-slice

We start with the n-slices in the order listed in Proposition 6.8. The homotopy Mackey functors of
»jro HgZ were calculated in Proposition 4.10. We use the same methods to determine the homotopy
Mackey functors of Pk T/rP0 H oZ.

Proposition 7.1 For j > 1, the homotopy Mackey functors of XK tiro HpZ are

Z ifi =8j 44,
ni(SPKTIPO H 7)) =~ mgw ifiel4j+4,8j+3andi =2 (mod4),
i Q&) = B(3,0) ifi €l4j+4,8j +3]and i =0 (mod 4),

¢Lmi(SUTDPK HpZ) ifie[j+1,4j +3].
See Proposition 4.2 or Figure 1 for the homotopy Mackey functors of »U+Dex Hi 7.
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We may now use Proposition 7.1 and the exact sequence Z(3, 2) < Z —» g to get the homotopy Mackey
functors of Pk +/Po HpZ(3,2).

Proposition 7.2 For j > 1, the homotopy Mackey functors of XK tiro HpZ(3,2) are

z ifi =8j+4,
(SPK+IP0 H,7.(3.2)) mguw ifi €[4j+4,8j+3]and i =2 (mod 4),
Ti ,2)) = —2— .
2 Q= B(3,0) ifie[4j+4,8/ +3]and i =0 (mod4),

¢Lmi(SUTDPK HE 7)) ifi€[j+2,4j +3].

The key point here is that the homotopy Mackey functors of Pk +/f0 [, 0Z(3,2) are the same as that of
yrxtiro HgZ, except that the g in degree j + 1 has been removed.

In Proposition 4.12 we list the homotopy Mackey functors of X ~/°2 HgZ. Anderson duality then
provides us with the homotopy Mackey functors of X/°2 HoZ*.

Proposition 7.3 For j > 1, the homotopy Mackey functors of X/P0 HQZ* are

Z ifi =8,
mgw ifie[4j+1,8j —1]and i =2 (mod4),
7/ (/P9 HpZ*) = { B(3,0) ifi€[4j+1,8j —1]and i =0 (mod 4),
¢ B(2,0) ifi =4j,
¢y ni—o(SUTVPKHRZ) ifie[j+3.4j 1]

Finally, the homotopy Mackey functors of X/ HpZ(1,0) follow from the exact sequence

Z(1,0) - Z —»d)}IF_z

Proposition 7.4 For j > 1, the homotopy Mackey functors of X/P0 HpZ(1,0) are

z ifi =8j,

mgw ifiel4j+1,8j—2]and i =2 (mod 4),
7i(ZP0 HyZ(1,0)) = { B(3,0) ifie[4j+1,8j —2]and i =0 (mod4),

¢§§(2,0) ifi =4j,

¢ymi(Z/PKHRZ) ifi€[j,4j—1].

7.2 The 8k-slices
We now move on to the 8k-slices.

Proposition 7.5 For j = 1, the homotopy Mackey functors of X/P0 Ho¢?, B(2,0) are
mg ifi =2,

(ZPPHpp% B(2,0)) = 1 —
ni(00 oy B0y = {2 L7

Algebraic € Geometric Topology, Volume 25 (2025)



3372 Bertrand J Guillou and Carissa Slone

For j > 2, they are

¢rprF2 ifi=2],

, 3 if i €[j+2,2j —1],
71 (2P0 Hpgl B(2.0) = 4 & ifreli+2.2/-1]
52 ifi=j+1,
g ifi =j.

Proof Because ¢7, B(2,0) is a pullback,
/P Hod% B(2,0) ~ /PK Hpd% B(2,0).
The exact sequence of K-Mackey functors m* — B(2,0) — g provides us with
%/PK Hgm* — $/PK Hg B(2,0) — £/PK Hg g.

The conclusion follows from [7, Propositions 4.8 and 7.4] and the resulting long exact sequence in
homotopy. |

We may again use this strategy of reducing the calculations from Q to K for determining the homotopy
Mackey functors of %/P0 HpB(3,0).

Proposition 7.6 For j = 1 the homotopy Mackey functors of %P0 H, 0B(3,0) are

$LF, ifi =4,
7 (2P Hg B(3,0)) = {mg ifi =2,
g ifi =1.

For j > 2, the homotopy Mackey functors of X/°0 H 0B(3,0) are

¢5F, ifi =4j,

mg ifi=4j—1,

¢ ppF2®gY 271 ifie€2j+2.4j 2],
7/ (X/P9 Hp B(3,0)) =  g2k—2D+1 ifi =2j+1,

;SZDRFJ@EZU_”H ifi=2j,

gi=i=n ifi €[j+3,2j-1],

g/t ifi €[j,j+2]

Proof Because the underlying spectrum of Hg B(3, 0) is contractible,
XPOHpB(3,0) ~ ZPK Hy B(3,0).

Now, we may consider B(3,0) as a pullback ¢, B := B(3, 0); thus the calculation is reduced to one of
K-Mackey functors. The sequence of K-Mackey functors Z* 2, Z — B provides us with

EijHKZ* N EijHKZ N EijHKE-
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Except for i = 4; — 2, the result follows from the associated long exact sequence in homotopy. In degree

4j — 2 we have an extension
mg — m4j-2(X/PK HB) — g.

We need to show this is not the split extension. This follows from the exact sequence B(2,0) — B — I,
of K-Mackey functors. a

Proposition 7.7 For j = 1 and j = 2, the homotopy Mackey functors of %/P© Homguw are

o3 Fs ifi =4,

[ (ZP9H, w) =
(X7 Homgw) {¢;1_3(2,0) ifi=2.

and ]

¢ ifi =8,

mg ifi =7,

F, ifi=6,

7i(520 Homguw) = { #1PRE2 111

e g ifi =5,

mg ifi =4,

g ifi =3.

For j > 3, the homotopy Mackey functors of %/P0 Hgomguw are

AN ifi =4j,
mg ifi=4j—1,
$1pRF2 ® g4 ~172 i €[2j +2.4j 2],
7i(TP0 Homgw) = { g21=3 ifi=2j+1,
- ézf_5@¢LDRIF_2 ifi=2j,
g2—i)—2 ifi €[j+2,2j-1],
g ifi=j+1.

Proof We first deal with the case j = 1. The short exact sequence of Mackey functors
w* < mgw —» mg*

combines with Propositions 7.17 and 7.9 to show that the only nontrivial Mackey functors are ¢7 [F,
in degree 4 and an extension of m by g in degree 2. It remains to see that this extension is ¢, B(2,0).
According to Proposition 4.12, the Postnikov tower for X7°2 HpZ is

Y Hp¢yB(2,0) —— T POHQZ

|

E_7Hngw — X

|

S8 HoZ*
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Desuspending this diagram once by pg gives a tower for computing the homotopy Mackey functors
of £72°0 HpZ. The homotopy Mackey functors for £8P0 HyZ* and %P2 HyW* B(2, 0) follow,
using Anderson duality, from Propositions 4.10 and 7.5. Long exact sequences in homotopy then imply
that

n_o(Z77 PO Homgw) = ¢ B(2,0).
Dualizing gives that 7, (X2 Hgmgw) is ¢%, B(2,0).
We now have a fiber sequence
(7.8) X Ho¢hFy — 2P0 Homgw — £*Hpe% B(2,0).

Suspending this sequence by pg immediately gives the homotopy Mackey functors of »2p0 Homguw.
The same is true in the case j = 3, except that we have an extension

g 76X PO Homgw — ¢LDRF>.
We claim that, more generally, any extension of Z-modules

g" <= E — ¢rprF»

is necessarily the split extension. To see this, first note that ¢ prIF; is, by definition, the direct sum
¢7F2 @ ¢y @ ¢RI, It therefore suffices to show that the only Z-module extension of ¢ IF, by g™

is the split extension. Since any such extension will vanish at the subgroups D and R, the Z-module

m+1

structure forces the value at Q to be 2-torsion and therefore equal to [, . Since there is a nontrivial

restriction to the subgroup L, the Z-module structure forces the transfer from L to vanish. Thus the
extension must be the split extension.

The suspension by (j —1)pg of (7.8) gives the homotopy Mackey functors of x/ro Hgmgw in degrees
2j + 1 and higher. Now we argue by induction that the Mackey functors for /72 H omgw are as claimed,
for j > 3. For instance, since the bottom Mackey functor is

Ej(E(j_l)pQHQM) ~ g,
we see by decomposing »(=Dpro Hgmguw using the Postnikov tower that
7j41(S/PO Homgw) = g.
The values of the Mackey functors m;, fori < 2j — 2, follow in a similar way. The values
72j-2(SY VP Homgw) = g*77 @ ¢ prFFa,

and

72j-1(BVTP0 Homgw) = g2/~
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give that

72j—1(Z/PC Homgw) = g*/~*
and that we have an extension of Z-modules
§2j_5 < 715 (£/P° HyZ) — ¢1 prF>.

By the argument given above, this must be the split extension. O
The homotopy Mackey functors for the remaining 8% -slices follow from [19, Propositions 9.5 and 9.8].

Proposition 7.9 [7, Proposition 4.8; 19, Proposition 9.5] We have the equivalence
%P0 Homg* ~ £*Hgm.
For j > 2, the homotopy Mackey functors of %/P0 HQm_g* are
¢rpgF2 ifi=2],

7i(ZP° Homg*) = 1 g3 ifielj+2,2j—1],
g ifi=j4+1.

Proposition 7.10 [19, Proposition 9.8] We have equivalences

S2H¢S ppS  ifj =1,

jp * * ~

Then for j > 3, the nontrivial homotopy Mackey functors of %P0 Hey ppF2™ are

, ¢F plFa ifi =27,
mi(SP0 Hogy pplFa®) = { LPR=2 77— = .
g ifielj+2,2j—1]

7.3 The 8k +4-slices

Similarly, the homotopy Mackey functors of the 8k +4-slices follow from [19, Proposition 9.8] and [7,
Corollary 7.2, Propositions 7.3 and 7.4].

Proposition 7.11 [7, Proposition 3.6] For j > 1, the homotopy Mackey functors of $/0 H, 097 prF2
are

. ¢rprF2 ifi=2j,
(30P0 B % ) = ) PLDRE2
i 0% pr2) {g3 ifi €[j,2j—1].
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Proposition 7.12 [7, Corollary 7.2] For j > 1, the homotopy Mackey functors of X$/P0 Ho¢?, ¥, are

* T, ifi =4j,
¢Z_ J
; mg ifi =4j -1,
i (Z/PO HpptFo) = s — o
i 09z ¢;DR&@g4J—2—’ ifi €[2j,4j-2],
g2(=i)+1 ifielj,2j—1].

Proposition 7.13 [7, Proposition 7.3] For j > 1, the homotopy Mackey functors of X/P0 Hgm are

_ ¢rprF2 ifi=2],
7i(2/P° Hom) = 1 g° ifielj+1,2j—1],
g ifi =j.
Proposition 7.14 [7, Proposition 7.4] For j > 1, the homotopy Mackey functors of %/P0 Hgmg are
. ¢rprE2 ifi=2],
g,-(EprHQm_g); 53 ifielj+1,2j—1],
g’ ifi =j.
7.4 The 4k+2-slices

The homotopy Mackey functors of the 4k +2-slice &1+keo Hg¢?, I, are given in Proposition 7.12. The
homotopy Mackey functors of the remaining 4k +2-slices are as follows.

Proposition 7.15 [7, Proposition 4.8, Corollary 7.2] We have the equivalence £°° Ho¢?, [Fy* ~
E4HQ¢}IF_2. For j > 2, the homotopy Mackey functors of %/°P0 Ho¢?,Fy* are

$1F, ifi =4j,

i (/PO Hpop% Fy*) = { —= j—2—i

7 09zF2") ¢ ppFa @27 ifie[2j+2,4j-2],
g2(i=)=s if i €[j+3,2j +1].

Finally, we have the homotopy of £/72 Hyw and £/P0 Hpw*.

Proposition 7.16 For j > 1, the homotopy Mackey functors of X/P0 How are

‘ mg ifi =4j—1,
i (Z/PCHow) = 4j=2—i  jfi 4]
¢LDR]F_2®g 1fl€[2]74]_2]’
g2+ ifi elj+1,2j—1].
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Proof The underlying spectrum of X/P0 Hgw is contractible; thus,
ijQHQw ~ Ej'OKHQw.

Then, because w is a pullback over Z, the calculation is essentially K-equivariant. Consider the
short exact sequence of K-Mackey functors w — F — g and the corresponding cofiber sequence
YJPK Hpw — SJPK H, kFy — YJ/PK Hy g. The statement follows immediately from the resulting long
exact sequence in homotopy. - |

Proposition 7.17 For j = 1, the homotopy Mackey functors of %70 How* are

oL, ifi =4,

.EjPQH *) ~
i ow’) {g ifi =2,

For j > 2, they are

o5 F, ifi =4,
mg iti =4j —1,

T (9P How*) = g7 peFa @ g4 7271 ifi €[2j +2,4j - 2],
g2i=i=s ifi €[j+3,2j+1],
g ifi =j+1.

Proof The proof is the same as that in Proposition 7.16, except that we start with the exact sequence of
K-Mackey functors g — Fo* — w*. |

8 Slice spectral sequences

Here we include the slice spectral sequences for X" HpZ for several values of n between 5 and 15. See
Figures 5-9. In some cases, we use the restriction to the C4-subgroups to determine some of the slice
differentials.

The grading is the same as that in [9, Section 4.4.2]. The Mackey functor £ tz_"’t is 7w, PI(X). We also
follow the Adams convention, where 7, P! (X) has coordinates (1, ¢ —n) and the differential

.S, s+r,t+r—1
dr: EY' — E3

points left one and up r.

0=2 | T=¢iF: | @=0],cF | ®=mgu

0o=B(3.0)|P=¢5B2.0)| m=mg | W=g

Table 4: Symbols for Q-Mackey functors.
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0=z ?=¢32& o=B(2,0) |e=g

Table 5: Symbols for C4-Mackey functors.

The Q-Mackey functors that appear in these spectral sequences are listed in Table 4. We also display some
companion Cy-slice spectral sequences, and the C4-Mackey functors that appear are listed in Table 5.

Example 8.1 In the spectral sequences for ESHQ Z, EGHQ Z, and E7HQZ, because we must be left
with
xu(PyE"HoZ) = L,

all differentials are forced.

Example 8.2 For ESHQ Z, the pattern of differentials emanating from the Mackey functor
m6(PsS* HoZ)

is forced; no other pattern of differentials wipes out all classes in this region. The shorter differentials
clearing out the smaller region are then similarly forced.

16
14
S°HoZ
12
10 10
8 S Hol 8
6 a 6
4 4
2 2
0 O 0 O
0 2 4 6 8 o 2 4 6 8

Figure 5
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28

26

24

2 HoZ
22 22
20 20
2"HoZ
18 18
16 16
14 14
12 12
10 10
8 8
6 6
4 4
2 2
0 o 0 O
0 2 4 6 8 10 0 2 4 6 8 10
Figure 6

Example 8.3 In the cases of X" HpZ for n = 10, 12, and 15, we also display the corresponding slice
spectral sequence for X" Hc,Z, where we use Cy4 to indiscriminately refer to any of the subgroups
L,D,R < Q. The slice differentials in the C4-case force many of the slice differentials for the Q-
equivariant spectra.
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48
46
44
42
40
38
36
34
32
30
28 28
26 26
X
24 24
22 22
20 20
18 18
16 16
14 . 14
12 12 .
10 10 .
SRR N\
6 6
4 4
2 2
0 O 0 0
0 2 4 6 8 10 12 o 2 4 6 & 10 12

Figure 7
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30
28
*
24
22
20
18
16
14
12
10

"

A~

0 2 4 6 8 10 12

Figure 8
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26 | [SCH,Z 28

—_

S N B

S
s

L

o = o

d

0 2 4 6 8 10121416 02 46 810121416

Figure 9
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