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Cocycles of the space of long embeddings and BCR graphs
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The purpose of this paper is to construct nontrivial cocycles of the space Emb(R/, R") of long embeddings.
We construct the cocycles through configuration space integrals, associated with Bott—Cattaneo—Rossi
graphs with more than one loop. As an application, we give a nontrivial cycle of long embeddings in
the path component of the trivial long embedding, for odd n, j withn — j > 2 and j > 3. This cycle is
constructed from a chord diagram on directed lines. The nontriviality is shown by cocycle-cycle pairing,
described by pairing between graphs and chord diagrams.
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Introduction

A long embedding is an embedding of R/ into R”, which is standard outside a disk in R/. A long n-knot
is a long embedding R” — R”*2. In this paper, we produce some geometric nontrivial cocycles of the
space Emb(R/, R") of long embeddings through integrals associated with graphs. This kind of approach,
which we call configuration space integrals, has its quantum field theoretical origin in E Witten’s work [39]
and its mathematical formulation has been developed by M Kontsevich [18], D Bar-Natan [5], R Bott [6],
C Taubes [7], G Kuperberg, D Thurston [19], A S Cattaneo and C A Rossi [11] and some others from the
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1990s to 2000s. Recently, this approach attracted much attention thanks to T Watanabe [36], who in 2018
disproved the 4-dimensional Smale conjecture based on a series of his works [33; 34; 35].

Bott [6] and Cattaneo and Rossi [11] defined 1-loop graphs (graphs with b; = 1) with two types of
edges and vertices. We call these graphs BCR graphs. Using specific linear combinations of BCR graphs
called graph cocycles, they defined configuration space integral invariants for long n-knots. K Sakai and
Watanabe [27; 29] generalized their construction and systematically gave nontrivial higher cocycles of
Emb(R/, R") for n — j > 3 from BCR graph cocycles.

The graphs used in this paper are similar to theirs, but our graphs have more than one loop (b1 > 2). Using
such higher-loop graphs plays an essential role in getting cocycles of higher degree when the codimension
n — j is exactly two. The framework of applying higher-loop BCR graphs was already considered by
Sakai [27]. However, no nontrivial cocycle corresponding to higher-loop graphs has been given so far.

In this paper, we show the following. (See Section 3.)

Theorem 0.1 Let n, j be odd and satisfyn — j > 2 and j > 3. Then the linear combination H of
2-loop BCR graphs gives an explicit nontrivial 3n —2j —7 (co)cycle of Emb(R/, R™), the space of long
embeddings modulo immersions.

This theorem is shown by cocycle-cycle pairing. We systematically construct cycles of the space of
long embeddings, which we call generalized ribbon cycles, from chord diagrams on directed lines. This
diagrammatic construction makes it possible to compute cocycle-cycle pairing through pairing between
graphs and diagrams. This diagrammatic computation is analogous to the diagrammatic description of
cohomology-homology pairing of configuration spaces that D P Sinha introduced in [31].

As a corollary, we give a nontrivial S2-family of trivial long 3-knots. Budney and Gabai [9] and
Watanabe [37] already showed that the (n—1)% homotopy group of the path component of the trivial
long n-knots, 7,_; (Emb(R”, R”*2),) (n > 2), has an infinite-rank subgroup, by different approaches
from ours. However, their families of long n-knots are constructed through Diffy(D"T! x S') or
Emby (D!, D"T1 x S1). It would be interesting to compare our construction of families with theirs. Note
that our approach has the possibility to produce an infinite-rank subgroup of 7,_; (Emb(R”, R"*2),)
using more general 2-loop graphs.

Moreover, our graph cocycles with more than one loop further support the interesting similarity between
the BCR graph complex and the graph complex introduced by G Arone and V Turchin [2; 3]. Their
complex arises from a homotopy theoretical approach to embedding spaces: embedding calculus developed
by Goodwillie, Klein and Weiss [14; 15; 38]. The significant point of their complex is that its graph
homology has the full information about the dimension of the rational homology of Emb(R/, R") for
n>2j +2.! They mentioned in [3] that some of their graphs are very similar to BCR graphs with no
m Turchin and Willwacher generalized the results of [3] to n — j > 3. Note that their approach consists of the

Goodwillie-Weiss embedding calculus tower and its mapping space model. The latter is applicable to any codimension, though
the former works forn — j > 3.
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more than one loop. The point there was that Arone and Turchin’s graph complex allows graphs with any
number of loops. The 2-loop graph cocycle we give in this paper has the 2-loop graph

similar to a graph which appears as a nontrivial element in [3]. Since BCR graph cohomology can
give information for any codimension more than one, we would be able to say that the stability of high
codimensions that is described by this graph also survives in the range n — j = 2.

Although we can apply our framework to the case when n and j are even, we have got no nontrivial
cocycles of the space of long embeddings. The main cause is that we have not got a nontrivial graph
cocycle for n, j even. But one will be able to guess nontrivial cocycles from the computation of the 2-loop
part of Arone and Turchin’s graph homology [12]. Note that the graph homology is infinite dimensional.

The paper is organized as follows. First, in Section 1, we review the framework of configuration space
integrals associated with BCR graphs. After that, some definitions and notation are given in Section 2.
The main result is stated in Section 3. Then in Section 4, we construct the well-defined cocycles of
Emb(R”, R"*2). After reviewing Sakai and Watanabe’s construction of cycles in Section 5, we construct
cycles from chord diagrams on directed lines in Section 6. In Section 7, we show preliminary lemmas
used in the proof of the main result. Finally, in Section 8, we give the proof of the main result by pairing
the cocycles and the cycles of Sections 4 and 6, described by graph-diagram pairing.
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1 Background

1.1 The BCR graph complex and the de Rham complex of Emb(R/, R")

Sakai [27] defined the BCR graph complex (QZ)I;’I, 8) and constructed a linear map from this space to
the de Rham complex of Emb(R/, R”) through configuration space integrals. This correspondence

Algebraic & Geometric Topology, Volume 25 (2025)
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gives a higher dimensional analog (in the sense j > 2) of the correspondence developed by Cattaneo,
Cotta-Ramusino and Longoni [10]. Refer to Sections 2.2 and 2.3 for the definition of the BCR graph
complex (and the definitions of k, g and /).
Theorem 1.1 [27, Theorem 1.2] Let kK > 1 and g > 0. Configuration space integrals give a linear map
k(n—j—2)+(@-1(—-D+! j
1:ak! o QM=+ DU=DH pyp R, RY)).

Moreover, if either

e n—jiseven,n—j >2,j>2andg =0, or

e nand j areodd,n> j>3andg =1,
then the map I gives a cochain map.
Based on the above theorem, it is expected that we can obtain nontrivial cohomology classes of

Emb(R/,R") if the graph cohomology is nontrivial and the map on the cohomology level induced
from [ satisfies injectivity.

From this perspective, Sakai and Watanabe conducted further research on g = 1 (and / = 0) in [29], where
configuration space integral invariants are put together into the universal one. Their work is based on the
theory of finite type invariants for ribbon n-knots developed by Habiro, Kanenobu and Shima [17; 16].

Theorem 1.2 [29, Theorem 1.1] Let (n, j, k) satisfy some conditions. Let &Q’f be the quotient of the
space of 1-loop graphs by some relations (such as the STU relations of Jacobi diagrams). Then there
exists a linear and injective map

a: % — Hg_ ;o (Emb(R/,R"), R).

In fact, the universal configuration space integral invariant z;, gives a closed (n — j — 2)k form, and
detects the nontriviality of the above cycles. We review the construction of the cycles in Section 5.

Remark 1.3 In Theorem 1.1, we can observe that when n — j = 2 we have to use graphs with g > 2 or
! > 1 to obtain cocycles of higher degree.

Remark 1.4 The case / > 1 is out of the scope of this paper. For the case j = 1, some progress has been
made by Longoni [23], Sakai [26; 28], and Pelatt and Sinha [25]. In these works, new types of cycles are
constructed generalizing the case / = 0.

2 Definitions

2.1 The space of long embeddings

First, We define the space of long embeddings and some related spaces.

Algebraic & Geometric Topology, Volume 25 (2025)
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Definition 2.1 A long embedding is an embedding R/ — R” which coincides with the standard linear
embedding (: R/ C R” outside a disk in R/. A long embedding R” — R”*2 is called a long n-knot.
We equip the space Emb(R/, R”) of long embeddings with the induced topology from the weak C'*
topology. We define the space of long immersions Imm(R/, R”) similarly.

Remark 2.2 Budney showed in [8] that Emb(S/, ") ~ SO,4 xs0,_; Emb(R/, R"). That is, the
difference between the two spaces Emb(S/, S”) and Emb(R/, R”) is given by the Stiefel manifold
SO;+1/SOp—j, whose homotopy groups are well-studied.

Remark 2.3 We often consider Emby (D7, D"), the space of embeddings D/ — D" which are standard
near the boundary, instead of Emb(R/, R”). The homotopy types of these two spaces are equivalent.

For technical reasons, sometimes we think of the space of embeddings modulo immersions.

Definition 2.4 We write Emb(R/, R") for the homotopy fiber of the inclusion
Emb(R/, R") <> Imm(R/, R")

at the standard linear embedding (: R/ C R”. That is, an element of Emb(R/, R") is a one-parameter
family {I?,},e[o,l] of long immersions which satisfies Ko = ¢, K1 € Emb(R/, R"). Let

r: Emb(R’, R") — Emb(R/, R")
be the natural projection.
Notation 2.5 Write (: R/ — R” for the standard linear embedding. The path component of Emb(R/, R")

which ¢ belongs to is denoted by Emb(R/, R"),. We often call this component the unknot component.
Write Emb(R/, R"), for the component of the trivial family of the standard linear immersion.

2.2 BCR graphs

We move on to the definition of BCR graphs and their complex. See Section 3 for examples of BCR
graphs. Although we basically follow the definitions of [6; 11; 27; 29; 32], we restate them since there
are some differences in conventions among these papers.

Definition 2.6 A BCR graph is a graph which satisfies the following conditions.

(1) There are two types of vertices, white and black.
(2) There are two types of edges, dashed and solid.
(3) Each white vertex has only dashed edges, and its valency is at least three. Each black vertex has at

least one dashed edge and has an arbitrary number of solid edges.

Algebraic & Geometric Topology, Volume 25 (2025)
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(4) White vertices have no small loop:

Black vertices have no small loop consisting of a solid edge only:

9

Example 2.7 Here are typical examples of vertices of BCR graphs:

(See Remark 2.8 below.)

1
1
1
A ®----monoe- .
/7 N R4
e \ R4
7 N\ R4
7/ N\ .

and double loops:

Leo Yoshioka

We write the set of small loops of I' as L¢(I") and the set of double loops as L4(I"). Set L(I') =
Lg(T")uL4z(I). Inour case (n and j are odd), double loops vanish by the third relation in Definition 2.19.

Notation 2.9 Let I' be a BCR graph. We denote the set of solid edges of I by E,(I"), and the set of
dashed edges by Ey(I"). Edges of small loops and double loops are included in these sets. The set of

edges E(T") is decomposed as
EI) =E,(I")u Eg().

We denote the set of black vertices of I by B(I"), and the set of white vertices by W(I"). The set of

vertices V(I") is decomposed as
V() =BT)uw().

Definition 2.10 (defect of a graph) Let v be a vertex of a BCR graph I'. We define the defect /(v) of v

as .
Iv) = {#Eg(v)—3 if ve W(I),

#Eq(v)—1 ifve B().

Algebraic & Geometric Topology, Volume 25 (2025)
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Here Eg(v) is the number of dashed edges v has. The defect /(I") of T is defined as
I(T) = Z I(v),

velV(I')
and is equal to

2#Eo (D) — 3#W(T) — #B(T).

Remark 2.11 The defect of a graph measures how the graph is different, in terms of edge contractions,
from graphs in which each black vertex has exactly one dashed edge and each white vertex has exactly
three dashed edges.

Definition 2.12 (order of a graph) The order k£(T") of a BCR graph I is given by
k(T)=#Eo(") —#W(T).

Remark 2.13 When the defect is 0, we have k = %#V(F).

Definition 2.14 (g-loop graphs) A BCR graph is a g-loop graph if the first Betti number of any
component is g. Here, we consider small and double loops as points, and we do not count them as loops.

Definition 2.15 (labels of a graph) We give a label of I" by an ordering of V(I'), an ordering of E(I"),
an orientation of each edge e € E(I") and an ordering of L¢(I"). Here, an ordering of a set X with m
elements is a bijective map from {1,2,...,m} to X. We choose an ordering so that black vertices and
solid edges come first.

Definition 2.16 (orientations of a graph) An orientation s of a graph I" is a choice

s Edet(RV(F)@ &b RH(e)).

ecE()
Here H(e) is the set of two half-edges of e. A labeled graph determines an orientation of the underlying
graph.

Remark 2.17 In this paper, we only handle the case n and j are odd. The above definitions of labels
and orientations are only for this case. We can define orientation of graphs so that the definition depends
only on the parities of n and ;.

Remark 2.18 An ordering of L¢(T") is used to define the configuration space integral associated with .
However, since we define configuration space integrals for graphs of defect 0, we do not use this data in
the rest of this paper.

2.3 The BCR graph complex

Definition 2.19 We define relations of the vector space spanned by labeled BCR graphs of order k and
defect /. We denote the quotient space by gkl

Algebraic & Geometric Topology, Volume 25 (2025)
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(1) Two labels with the same orientation are identified, and ones with opposite orientations are given
opposite signs.

(2) T =0 for any graph I" with a double edge:
R —_
(3) T' =0 for any graph I" with a double loop. (On the other hand, a graph with small loops may
survive.)

(4) When !/ =0, we set I' = 0 for any “nonadmissible” graph I". A graph I" is nonadmissible
(1) if it has a black vertex whose eta-valency is at least three, such as

(i) if it has a multiple edge

Notation 2.20 We write the subspace of gkt generated by graphs with g loops as Qb];’l. (Here, we count
neither small nor double loops as loops.)

Remark 2.21 The fourth condition is just to make the computation of the top cohomology easier, and it
follows the conventions of [29]. So far, the author has yet to find precise reasons to exclude the possibility
that we can construct a graph cocycle (of defect 0) essentially using these nonadmissible graphs. But one
possible reason is that we can change nonadmissible graphs to admissible graphs by the Arnold relation
(see Section 2.4) with respect to solid edges.

Remark 2.22 One possible variant of 9 is the graph complex % that is the same as @ for / > 0 but has
defect (—1) part %~ Here a graph with defect (—1) is a graph that has vertices of defect 0 and exactly
one black vertex with three solid edges and no dashed edge. Contractions of the three solid edges adjacent
to the black vertex yield the Arnold relation.

Next, we define the coboundary map §: QZ)I;’I — 92)?“’1 of the graph complex.

Definition 2.23 (contraction of a BCR graph [27]) We define the contraction I' /e of a BCR graph I at
an edge e as follows.

(a) When e = (p,q) € E;(I') (except multiple edges).

Collapse e to the black vertex at the ends of e with a smaller label, and then reassign labels to vertices of
the collapsed graph in a natural way (that is, assign min{p, ¢} to this collapsed vertex, and subtract 1
from all vertex-labels greater than max{p, g}):

— emin{p,
5 : {r.q}
r I'/e

Algebraic & Geometric Topology, Volume 25 (2025)
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(b) When e = (p,q) € Eg(I') and at least one of p and ¢ is white.

If exactly one is white, collapse e to the black vertex. If both are white, collapse e to the white vertex

with a smaller label. The way to reassign labels is similar to (a):

S o emin{p,q} =

5 : {p.9}=¢q
r I'/e

O mmm e o omin{p,

5 g {p.q}
r I'/e

(¢) Whene = (p,q) € Eg(I") and both p and ¢ are black vertices.

We construct a small loop.? If the number of small loops of T is a, the label of this loop is (a + 1):

(@+1)

@ — e . \./I/nin s

s : {r.q}
r /e

(d) When e = (p, q) is the solid edge of a multiple edge.

We construct a double loop, which vanishes by the third relation in Definition 2.19. We do not perform
contractions of dashed edges of multiple edges.

Definition 2.24 (coboundary map [27]) We define the coboundary map §: QZ)I;’I — QZJI;’[H of QDI;’I as

8 = Z o(e)/e.

ec E(I')\{loops}
Here, the sign o (e) of an edge e is defined as

=D? ifp<gq.

ole=(p.q) = {(_1)p+1 if p>gq.

Proposition 2.25 (QD];’*, 8) is a cochain complex.
Proof This follows from the fact that reversing the order of two contractions changes the sign. |

2.4 Comparing with the Arone-Turchin graph complex

Arone and Turchin [2; 3] defined two graph complexes €/-" and HH/>" (j and n come from Emb(R/, R")).
These complexes both arise from a homotopy theoretical approach: the description of the space of long
embeddings as a space of derived maps between modules over an operad.

2Though [27] introduces sign of small loops, it seems unnecessary.
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The complex €/-" consists of so-called hairy graphs with two types of vertices and with one type of
edges. Graphs of HH/-" have two types of edges as graphs of 9. The differences between HH/*" and
our complex & = %/ " are:

(1) Their graphs have only black vertices.

(2) Their graphs do not have cycles that consist of one type of edges. In particular, there are no small
loops, double loops or double edges.

(3) Their coboundary map is the sum of contractions of only solid edges.

(4) Their complex has another relation called the Arnold relation [1] as follows (the edges in the figure
must be the same type, either dashed or solid):

k k
=0
— > °
(1) (2)

Note that our convention for solid and dashed edges are opposite from [2; 3]: we follow the convention
that solid edges correspond to R/ of the domain.

2.5 Configuration space integrals

From now on, for simplicity, we assume that graphs used to define configuration space integrals are
connected and satisfy / = 0.

Notation 2.26 We write Cs(R") for the configuration space of s points in R”:

Cs(R™) = (R™)" \ all diagonals.
Definition 2.27 (configuration space) Let K: R/ — R” be a long embedding. Then we define the
configuration space Cy (K, R") as
Cot (K. R™") = {(x1, X2, ..., Xg, Xg 1, ., Xs4r) € (R")*T\ all diagonals | Vi € {1,...,s},x; € K}.
Hence Cs (K, RR") is the pullback of the following diagram:

Cst (K. R") —— Cotr(R7)

\L J/restriction

Co(RT) —E= co(rm)

Definition 2.28 (direction map) Let I be a labeled BCR graph, s = #B(I") and t = #W(I"). Let
e = (i, j) be an edge of I". Depending on if e € E¢(I") or e € E,(I"), the direction map ¢, = ¢;; from
Cs.: (K, R™) to a sphere is defined as follows:

Algebraic & Geometric Topology, Volume 25 (2025)
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n O e
H./v

Figure 1: Graph and its direction maps.
o Ife=(i.j)e Eg(D),
¢ij: Cs.r (K, R") — Co(R") = Co »(,R") — S" 1,
o Ife=(i. )€ Ey(D),
¢ij: Coa(K.R") = C(RY) = C2,0(K.R") — S/
In both cases, the first map is the restriction
(X1,X2, 0oy Xgy X1y - -+ Xs4r) > (X3, X)),

and the second is defined as

(x,y) .
[y — x|

Intuitively, dashed edges measure the direction between two points in R”, while solid edges measure the
direction in R/ .

Definition 2.29 (propagator) We define the differential form w(K,I') on Cs (K, R") of degree
(n—D#Eg (') + (j — D#Ey(T) by
o(K.D)= N ¢iogi-t [\ drosg-1.
ecE, () ecEy(T)
Here, the order of the wedge products is arbitrary, since both wg;—1 and wgn—1 are even forms when n
and j are odd. We can use the order of edges, for example.

Remark 2.30 The forms ¢ wg;—1 and ¢ wgn—1 are often called propagators. Leturcq [22] has given
more flexible propagators to define invariants of embeddings into rational homology n-spheres.

The next proposition ensures the convergence of integrals we later define.

Proposition 2.31 [4; 7, Proposition 1.2; 30] There exists a canonical compactification C 5.0 (K, R™)
of Cy;(K,R™) such that ¢;;j can be extended to the whole Cs.(K,R™). The codimension 1 part of
dCys (K, R") is
|| Ca(K,R"),
AcC{l1,...,s,s+1,...,s+1,00}

where C 4 (K,R™) is “the configuration space with A being infinitely close”. (See Section 4.3 for details.)

Algebraic & Geometric Topology, Volume 25 (2025)
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Definition 2.32 We classify C‘A(K, R"(AcC{l,...,s,s+1,...,5+¢, 00} and #4 > 2) into four types
as follows (I'y4 is the subgraph of I generated by vertices of A).

o Infinite faces oo € A.
e Principal faces #A4 = 2.
* Hidden faces #4 > 3 and I'y4 is not the whole I'; 'y C T

e Anomalous faces #4 > 3 and I'4 is the whole I'; 'y =T'.

Notation 2.33 We write E;(R/, R") for the bundle over Emb(R/, R”) whose fiber at a long embedding
K is the configuration space Cs (K, R"). More precisely, Es ¢(R/,R") is the pullback of the following
diagram:

Es,t(Rj,Rn) — G+ (R")

l lrestriction

Cs(R7) x Emb(R/, R”) -~Sxauation, ¢ (gn)

By abusing notation, we also write Es,t(]Rj , R™) for the bundle whose fiber is 53,,(K, R™). We write
E 4(R7R™) for the bundle over Emb(R/, R") whose fiber at a long embedding K is the configuration
space éA(K, R™).

As in Definition 2.28, we can construct the direction map
be: Es (R, R") — S" ! or ¢,: Eg;(R/,R") — §/7!

depending on the type (solid or dashed) of e.

Notation 2.34 We write w(I") for the form on Ej ; (R7,R") defined by pulling back the standard volume
forms wgn—1 and wgj—1 (in the same way as Definition 2.29).

Definition 2.35 (configuration space integrals) Let Cy; (and C s,t) be a typical fiber of the bundle
7 Es:(R/,R") — Emb(R/,R"). Let I be a labeled BCR graph. We define the configuration space
integral associated with I" by the fiber integral

I(F):/CM w(r):/C“ o).

The form I(T") on Emb(R/, R”) is sometimes written as mwxw(T).

By Stokes’ theorem (see [7, Appendix] and [32, Appendix A.2]), we have
dI(T") = mydo(T) + (=1)" 7lw(T)

_ /C do) 41y /a L o= /a ., oD =Y /C o(T)

Algebraic & Geometric Topology, Volume 25 (2025)
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where r is the degree of |. aC, a)(F) Hence for the closedness of 7(I"), we should check that the integral
over each C '4 vanishes or is canceled

Contributions of infinite faces vanish for dimensional reasons. (Recall that all our embeddings are standard
outside a disk.)

Theorem 2.36 [27, Theorem 5.10, Lemma 5.18] If oo € A, the integral fEA w(I") vanishes.

On the other hand, contributions of principal faces are canceled when we sum up the configuration space

integrals for graphs in a graph cocycle (with their coefficients).

Theorem 2.37 [27, Theorem 5.11] Let #4 = 2. The integral [, ¢, w(T") survives only when A = e for

some edge e of I'. Moreover,
/~ o) = —/ w(8.I).3
Ce Cr(r/e

Here Cy(r¢) is the configuration space of vertices of T'/e.

3 Main result

Recall : Emb(R/, R”) — Emb(R/, R") is the natural projection defined in Definition 2.4.
Theorem 3.1 Let (n, j) = (odd, odd) with j > 3.
(1) The linear combination of 2-loop BCR graphs of order 3

21
H=> wyl;

i=1
is a graph cocycle. For the definition of I'; and its coefficient w(I';), see Figure 2.
(2) Let ¢(H) be the correction term defined in Definition 4.6. Then

23 =r*I(H) +&(H) € Q) > 7 'Emb(R/,R")

is closed and [z ] € Hp n=2j- 7Emb(RJ R™) is nontrivial. In fact we can explicitly construct
Ve Hyy oj 7 Emb(RJ , R”) and its lift Y, so that the pairing zg (V) is nontrivial. See Figure 10
for , which is constructed from the presentation in Figure 13.

(3) Moreover, if H;Z_j_6(Vn,j (R)) =0, there is a nontrivial element zg’ € H;,?Q_Zj_7 (Emb(R/, R")).
Here V, j = Vy,j (R) is the real Stiefel manifold SO(n)/SO(n — j).

Remark 3.2 [24, Theorem 3.14] When (n, j) = (odd, odd),
* ~
HdR(Vn=~I) = /\(el’l—j ) eZ(n—j)+3 s eZ(n—j)+7» s e2(n—j)+2j—3)‘
In particular, if j = 3 then H % /~°(Vy,; (R)) = 0.
3We follow the inward normal convention for orientations of boundaries, which causes the sign of the right-hand side.
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1
+5 : +5

Figure 2: Nontrivial graph cocycle H (odd, odd).

Remark 3.3 A similar graph to the first graph I'y of Figure 2 appears in [3, Table C] as one of the
rational homology generators of €”"", the graph complex of hairy graphs. One can also check that
H H"™" has the last graph as one of the rational generators.
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We can take the above nontrivial cycle ¥ from the unknot component, and also over the 2-sphere when
the codimension is 2.

Corollary 3.4 7, (Emb(R3,R%),) @ Q # 0.

4 Construction of the cocycles

In this section, we show r*I(H) + ¢(H) is closed. According to the paragraphs after Definition 2.35,
what to show is the vanishing of contributions of principal, hidden and anomalous faces.

4.1 H s a graph cocycle

We can show that H is a graph cocycle, by direct computation of the coboundary map § (defined in
Definition 2.24). In this computation, we need to put together isomorphic graphs with different labels,
taking their orientations into account. This will be the most difficult part when computing the graph
cohomology through computer calculus.

Note that for the top degree, § is described by a matrix (see Figure 3). We can easily see that the matrix
is decomposed into blocks depending on the type of edges contracted:

(A) oo
(B) o--e
(C) o---

(D) e—-e
4.2 Vanishing of contributions of hidden faces

Here, we show that contributions of hidden faces vanish. The fundamental approach is the following
proposition. The cancellation using the symmetry as below was first introduced by Kontsevich [18].
Lescop gave a detailed explanation of it in [20; 21].

Proposition 4.1 Lets =#B(I"),t = #W(I') and CyC 0Cs,¢ (K, R™) be a hidden face. If the subgraph
'y of T satisfies one of the following conditions, the contribution of the integral over C4 vanishes.
(Below, u and b stand for univalent and bivalent, respectively.)

(1) TI'4 is not connected.

(2) T'4 has a bivalent vertex of the following form (gray vertices can be both black and white):

[ ] /O\

7/ AS
v1(b) REGIOAN
/7 AN
’ N

[ 4 o
Uy U3 Uy U3
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4W =4 #W =0
c|p
c|Dp
c|p
c|D
*
A
* *
B |4
*
B
A
*
B
B
B

Figure 3: An example of the matrix of §. For our cocycle H, the blocks with * are 0. The blocks
with » do not appear.

(3) T'4 has a univalent vertex of the following form:
vi(u) Qui(u)

e e

Proof For (2), we use the involution of vy with respect to the middle point of v, and v3:
V1 > Uy +v3 — .

When (n, j) = (odd, odd), this involution reverses the orientation, while the integrand form does not
change.

For (3), the group R4 acts on Cy by rescaling the edge e. Since the form w(I") can be constructed
through the projection
Cq— Cyq/Ry,

where the quotient space on the right-hand side has less dimension, we can see the integral over C 4 1S
Zero.

For (1), we can use the action of R that increases or decreases the distance between two components. [
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Unfortunately, our graph cocycle H has hidden faces that satisfy none of the above conditions. However,
since (n, j) = (odd, odd) we can apply the following proposition that was shown in [27].

Proposition 4.2 e If n— j = evenand I'4 is a 0-loop (namely, b;(I"4) = 0), the contribution of
C '4 vanishes.

e If (n,j) = (odd, odd) and T4 is a 1-loop (namely, b1 (T"4) = 1), the contribution of C4 vanishes.

Remark 4.3 The second vanishing argument is also useful to cancel the contribution of the anomalous
face, when (n, j) = (odd, odd) and the first Betti number of the graph is odd.

Proof The first statement is a consequence of similar involutions and rescaling to those of Proposition 4.1.
We review the involution used to prove the second statement. This is an involution of all the vertices of A
with respect to one black vertex of A4:

(X1, X0, e ey Xy Xgb1s Xsh2y - v v s Xs4t)
= (1, 2X1 — X2, .., 2X1 — Xg, 20(X1) — Xg41, 20(X1) — Xg42, - -5 20(X1) — Xs41)-

Here, (1 R/ — R” is the linear injective map defined by the differential of the embedding. (If all the
vertices of A are white, take a white vertex as the central vertex xy.) O

If a subgraph I'4 of I'; in the cocycle H is 2-loop, it satisfies one of (1), (2) or (3). Hence, it follows that
all the contributions of hidden faces of H do vanish.

4.3 Construction of correction terms for anomalous faces

We now proceed to construct a correction term to cancel the contribution of the integral over the anomalous
face éV(I‘)- If H_;R(V”’ j(R)) vanishes on a certain degree, we can construct a correction term ¢ as a
form on Emb(R/, R"). Otherwise we construct one on Emb(R/,R"), the space of long embeddings
modulo immersions. Sakai in [27] follows the first approach, while Sakai and Watanabe do the second
one in [29].

For the above purpose, we first describe the structure of each codimension one face C 4. Readers
can also refer to [6; 10; 27] for more detailed explanations. We only describe it when the subset
AcVT)={1,...,s,s+1,...,5 +t} has at least one element of {1,...,s}. The anomalous face is
the case where A is equal to the entire V(I").

The space Ey4 (R7,R") is defined as the pullback of the following diagram. The configuration space
Cy (K,R"™) is the fiber of the projection E4 (R/,R") — Emb(R/, R") at an embedding K:

EqRI,R") —— By

4’ 1y

Ep/4(RI,R") —2— Inj(R/, R")

In

Emb(R/, R")
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Here, Inj(R/, R") is the space of linear injective maps from R/ to R”. E VA (R7,R") is the bundle
over Emb(R/, R”) whose fiber is the configuration space Cy g of V(I')/A. B4 is the bundle over
Inj(R/, R") with the “normalized configuration space” of A as the fiber; see Notation 4.4. D is a map
from Eyp 4 (R7,R™) to Inj(R/, R") which assigns the differential at the collapsed point 4/ A.

Notation 4.4 We define the configuration spaces Cy/4 and B4 as follows. Write V(I')/A and A4 as
VID)/A={i1,....0g 041, 0s/+¢'},
A= {jl’ e "jS”’jS”-i-l” .o ’.js”-i-t”}’

where s'+s” =s+1andt'+1" =t. Then Cy; 4(K) for K € Emb(R/,R") and B4([) for I € Inj(R/,R")
are defined as
Cyra(K) =Cyr(K), Ba(l)=Csryn(I)/~.

Here, ~ is a relation generated by (a) rescalings (b) translations in the / direction:

@ (Xjysee e s Xy Xjgrggs e v s Xjinrpn) ~T(Xjys oo s Xjis Xjir s e oo s Xy ) fOr r € Ruo

(®) (Xjys e s Xjgrs Xy oo s X)) ~ VA (Xjys oo s Xjrs Xy s s Xjry ), for v/ 1
Observe that if A = V(I), (the restriction of) the form w(T") on E 4(R/,R") is described as the pullback
of a form on B4, for which we write w(I"), abusing notation.
Let H =) ; I'; be a g-loop graph cocycle of order k. In the next proposition, we construct a correction

term for anomalous faces when H fliR (Inj(R/,R")) = HjR(Vn, j) =0 for a certain d.

Proposition 4.5 Assume that contributions of hidden faces of H are canceled. For each I" of H, set
A = V(') and consider the bundle b: B4 — Inj(R/, R"). Then the fiber integral

bew(H) =Y buor(Ty) € QU p(j(R). RY). d =k(n—j -2+ (g~ D~ D+ +1).

is closed. Moreover, when byw(H) is exact, we can construct a correction term of the anomalous face by
using 1 € Q41 (Inj(R/ | R™)) which satisfies dp = (—1)" "' byw (H), forr = d — j:

c(H) =m«D* .

Proof Without loss of generality, assume H = I'y 4+ I'». The first assertion follows because the integrals
b1+o(T'1) and b, ,.@(I'1) do not have anomalous faces, while contributions of hidden and principal faces
of the integrals are canceled.

Next, we show that I(H)+c(H) is closed. Using Stokes’ theorem (see the paragraph after Definition 2.35),
we have

(=1)'dI(H) = /~ w(T) 4—/~ o) = 7 D*b1 (1) + 1 D*by0(Ty).
Cyarp Cr(ry)
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On the other hand,

(=) de(H) = (=1) drs D*pn = (=) me D*dp + w2 D* 1t = =04 D*by w(Ty) — 15 D* by sr(T'2).
sod(I(H)+c(H))=0. |
Next, we consider the case H jR (Inj(R/,R™)) = 0 is not satisfied. In this case, we construct a correction

term of
r*I(H) € Qk(n—j—2)+(g—1)(j—l)m)(Rj’Rn)’

where r: Emb(R/, R"”) — Emb(R/, R") is the natural projection defined in Definition 2.4. Define
D:[0,1]x C;(RY) x Emb(R/, R") — Inj(R/, R")
by D(t,x, K) = Dx(K;), where D is the differential. Note that D(1) = D o (id x ). Let
P23:10,1]x C;(R7) x Emb(R’, R") — C; (R’) x Emb(R/, R")

be the projection to the second and the third factors.

Definition 4.6 We define the correction term for I' by
&) = (=1 (1) p23. D*broo(ID).
For a graph cocycle H =) ; I';, set ¢c(H) =) _; c¢(I').
Proposition 4.7 Let H =) ; I'; be a graph cocycle such that contributions of hidden faces are canceled.
Then ¢(H) is a correction term of r*I(H).
Proof By using the closedness of bxw(H) = b1, (I'y) + byew(I'2), we have
(=17 de(H) = (=D wed (p23, D*brx(T) + (=D id (23, D*b240(T2)
= —75(id X r)* D*b1 0 (T1) — 4 (id x 1) * D*by y0(T3)
= —1* 1 D*b1,,0(T1) —r*me D*by 0 (T3)
=—(=1)"d(r*I(H)).
See the diagram below:

Emb(R/, R") ¢+———— C;(R/) x Emb(R/, R")

q o] T2

Emb(R/,R") +—— C;(R/) x Emb(R/, R") nj(R7, R") 4—— By(r)

MT /

[0,1] x C;(R7) x Emb(R/, R") i
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S Review of Sakai and Watanabe’s construction of the wheel-like cycles

Here, we review Sakai and Watanabe’s construction [29, Section 4] of the wheel-like cycles

¢ (S"7T7HK 5 Emb(R/,RY), v > @r
and
&r: (8" 7% L Emb(R/,R™)

for k > 2. The long embeddings ¢, are constructed by “perturbating” [29, 4.1.1] the original long
embedding ¢i. The long embedding ¢y, is constructed from a specific oriented immersed 2-disk in R3,
called the wheel-like ribbon presentation. This embedding ¢ has specific k parts called “crossings”,
where we can perform the perturbation to the direction v; € S”/=2 (i = 1,..., k). This perturbation
is analogous to the perturbation for constructing k(n—3)-cycles in Emb(R!, R”). (See [10].) These
crossings can be described as images of several standard disks and annuli in R/ [29, 4.2.2], which look
like “planetary systems”. See [29, Figure 4.6].

Below, we often consider R” as the product R? x R”~/~2 xR/ =1 In this section, the standard embedding
1: R/ C R” is considered as X1 xpand X = Xp—jy for2<i < j.

5.1 The wheel-like ribbon presentations

The original embedding ¢ is constructed from the wheel-like ribbon presentation P C R3 (defined
below) by thickening P and taking the boundary. The embedding ¢y is realized in R3 x 0 x R/,

Definition 5.1 [29, Definition 4.1] The wheel-like ribbon presentation P = % U9 of order k is a based
oriented, immersed 2-disk in R3 such that
e %= DyUDjU---U Dy are disjoint (k + 1) disks,
e B=ByUByU---U By are disjoint k bands (B; &~ I x I),
e B;y1 connects Do with D; sothat B;+1 N Dy ={0}x1 and B; 1N D; ={1}x 1 (B; is considered
as By1),

* B; intersects transversally with the interior of Dy,

e the base point * is on the boundary of Dy (but not on the boundaries of B;).
Near the intersection of B; and D;, they look, using a local coordinate, like
B ={(x1.x2.x3) € R | |x1] < 3. |x2| < 3.x3 =0},
D = {(x1.x2,x3) € R? | |x1 > +|x3]> < 1,x; = 0}.
See the left picture in Figure 4.
Definition 5.2 [29, Definition 4.2] We define the ribbon (j+1)-disk Vp by
Vp=(@x[-1 1 Yu@x[-1 1) cRP x0x R/,
Note that the thicknesses of bands and that of disks are different.
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X2 X2

% B
x1
x3

D B(v)

Figure 4: Perturbation of a crossing.

Definition 5.3 After smoothing corners of Vp, the embedding ¢ is defined by the connected sum
dVp#1(R/) at the base point.

5.2 Perturbation of crossings

Here, we define the perturbation ¢} of the original embedding ¢y . First, we define the perturbation Py of
the ribbon presentation P. The embedding ¢} is constructed from Py in the same way as ¢. Recall that
the ribbon presentation P is constructed in R* x 0 x 0, and the thickened presentation V) is constructed
in R3 x 0 x R/~!. The perturbation is performed using the coordinates (x4, . .. ,Xp—jy1) of R/ 2
and the coordinate x5 of R3.

Notation 5.4 We consider the (n— j —2)-dimensional sphere S”~/~2 as
S = Sn_j_2 = {(X3,...,Xn_j+1) ERn_j_l | (X3 - 1)2+X2 +"'+X,3_j+1 = 1}
Note that if n — j —2 =0, S is the set of two points S* = {x3 = 0, x3 = 2}.
Notation 5.5 The band obtained by perturbing B to the v € S direction is written as B(v). (See the
right picture in Figure 4)
B(v) = {(x1,x2,7(x2)v) € R* x R" /71 | |x;] < §, |x2] < 3},

Here y () is a test function defined as

() = {eXp(—yz/v9—y2) if [y <3,

0 if |y| > 3.

Definition 5.6 We define B;(v;), for v; € S, as the band in R3 x R”~/~2 constructed from B; by
replacing B x 0 by B(v;). More precisely, let U; C R3 x R”~/~2 be a small neighborhood of the crossing
B; N D;, and let

£ U —[-3,3]"/T1

be a local coordinate that maps B; to B x 0 and D; to D x 0. Then B;(v;) coincides with
(Bi \Up) U& (B(v)).
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Bi(e) = B4(e) B;(¢) B;(¢)

Figure 5: ;> as embeddings from standard disks and annuli.

Notation 5.7 Let v = (vy,..., ) € (S ~2). We define %, by

By = B1(v1) U Ba(v2) U+ U By (vg).
The perturbation P, C R”~/*1 of the wheel-like ribbon presentation P is defined by Py = % U B,. Set

i—1 i—1
Ve, = (Box[-3. 3] )U@x[-3.3]") CR"
Definition 5.8 As a submanifold in R”, the perturbation ¢} of ¢ is defined by the connected sum
aVp, #i (R7). The parametrization of this submanifold is described in Section 5.3.
Definition 5.9 We define the wheel-like cycle ¢ by
e (S"772)F S Emb(R/,R"), v @

Notation 5.10 [29, Definition 4.6] Let (7,- =U; x [—%, %]j _1. Inside the neighborhood (71-, there are
two components D; and §,~(v,~) of ¢ Dj is homeomorphic to the punctured j-disk, while Ei(vi) is

homeomorphic to the annulus 7 x S J—1, 5,- and Ei(vi) correspond to D; and B;(v;) respectively. The
pair (ﬁi, D; U Ei(vi)) is called the i™ crossing of Pp-

5.3 The path to the trivial immersion

In the previous subsections, we have given a continuous (S”~7/~2)*¥_family of embedded R/ in R”. To
give a parametrization to this submanifold ¢; for each v, we consider sequential resolutions of crossings.
(See [29, Remark 4,3].) These resolutions are possible in the space of immersions. More precisely, we
consider a path from ¢} to the trivially immersed R/, associated with the following moves.

(m1) Pull the disk D; of each crossing to the x;-direction so that D; and B;(v;) do not intersect.

(m2) Pull back D; and B;(v;) to the based disk Dy.

Using this path, we can equip each point of the submanifold ¢; with a coordinate. This parametrization
is continuous with respect to v. Moreover, this path gives a lift ¢ of ¢} to Emb(R/, R"). We define the
cycle & : (S"/72)k — Emb(R/, R") by v — @7.

Algebraic & Geometric Topology, Volume 25 (2025)



Cocycles of the space of long embeddings and BCR graphs with more than one loop 3407
A A A

W&, x® [
()

01 O O

Figure 6: The cycle c¢3 as a chord diagram on three directed lines.
5.4 Crossings as embeddings from standard disks and annuli

In [29], Sakai and Watanabe deformed ¢} by isotopy to give embeddings goz’s. In this deformation, we
“shrink” D; and B;(v;) by ¢ . See [29, 4.2.1] for the precise definition. This shrinking aims to make
pairing arguments with cocycles easier. We write D; (g) (resp. B;(v;, €)) for the image of D; (resp. B; (v;))
by this deformation.

The i crossing ((7,-, D; (&)U §,~(v,~, ¢)) of (pZ’S is described as an image of a standard disk and annulus
Di(e) U Bi(e):

Di(e) ={(x1.....x;)) R/ | (x; = pi)? + x5 + -+ x] < ()} (1<i<k),
Bi(e) ={(x1.....x)) R/ | Be/4)* < (x1 — pim)* + x5+ +x] <&’} (1<i<k+]),
where p; =i/k (1 <i <k—1)and py = pr = 0. Recall that B;(¢) = By1(€).
The subset |J; D; UJ; Bi(e) looks like “planetary systems” on R/. (See Figure 5.)

Remark 5.11 In Section 6, the cycle ci: v — (pz"9 is described as the chord diagram on & directed lines
as in Figure 6.

6 Construction of the cycles

In this section, we construct a cycle of the space of long embeddings from what we call “a set of planetary
systems” on R/. Furthermore, we will see that such a set of planetary systems is described by a chord
diagram on directed lines. The sets of planetary systems corresponding to Sakai and Watanabe’s wheel-like
cycles are the ones in which each planetary system has exactly one planetary orbit. (See Figure 5.) In
terms of ribbon presentations, we use ribbon presentations with more than one node, while wheel-like
ribbon presentations have exactly one node, the based disk Dy.

6.1 Planetary systems and chord diagrams on directed lines

Using the terminology “planetary system” for configuration spaces appears in Sinha’s work [31].
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Definition 6.1 (a set of planetary systems on R/) A set of planetary systems & on R/ of order k
consists of the following:

(1) points a; at (i,0,...,00eR/ (i =1,...,s),
(2) spheres S(Lf,a,-) (I =1,...,t) with radius Llj centeredata; i =1,...,5).
Here, s and #; (i = 1,...,s) are nonnegative integers such that the total number of points and spheres

is 2k.* We also assume Lﬁ is sufficiently smaller than 1, and assume Lg is sufficiently smaller than Lg/
if | <I'. For example, set § = 1/10V and L! = §+1=D,

Below we call points of (1) fixed stars. We call spheres of (2) planetary orbits. Each fixed star forms one
planetary system which consists of #; planetary orbits.

Definition 6.2 An ordered pairing {p;};—;,. x for ¥ is a pairing among the set of fixed stars and
planetary orbits. Fixed stars must be paired with planetary orbits. Planetary orbits may be paired with
other planetary orbits (orbit-orbit pairing). The order of two elements of each pair is taken so that the
fixed star (if it exists) is the first.

A set of planetary systems and its ordered pairing can be described by a chord diagram on directed lines.

Definition 6.3 (chord diagram on directed lines) A chord diagram on s directed lines of order & consists
of the following data.
e Integers#; >0 (i =1,...,s) such that

N

> G+ 1) =2k.

i=1
* An ordered pairing {p;};—;, . x among 2k points V = {(i,/) € Z21<i<s5,0<I<t}.

Such a chord diagram is drawn as:

The ordered pairing must be taken so that it satisfies:

e At least one of the two points of each pair is not on the x-axis (that is, its second coordinate is not
ZEero).

e Any point v = (i, 0) on the x-axis must be the first of some ordered pair.

45 and t; here are not related to s and ¢ of Cs ;.
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A set of planetary systems and its ordered pairing determines a chord diagram on directed lines in an
expected way. Namely, points on the x-axis are fixed stars. Other points are planetary orbits. Conversely,
a chord diagram on directed lines determines a set of planetary systems (up to rescalings) and its ordered
pairing.

Let C be a chord diagram on directed lines. Remember that the set of chords (pairings) E(C) is ordered,

and each chord is oriented.

Definition 6.4 (induced ordering of V(C)) We order the set of vertices V(C) in a canonical way using
the above ordering and orientations. That is, the initial vertex of the i chord is labeled by (2i — 1). The
end vertex of the i chord is labeled by 2i.

Using the ordering of V(C), let the image of t: {1,...,g—1} —{1,...,2k} = V(C) be the first vertices
of orbit-orbit pairing; g = k —s. We assume that 7 preserves the orders.

6.2 Construction of the cycles

Once we fix a set of planetary systems and its ordered pairing, namely a chord diagram on directed lines,
we can construct a “generalized ribbon cycle”. These generalized cycles have more parameters than the

wheel-like cycles in Section 5.

Definition 6.5 (generalized ribbon cycles) Let ¥ be a set of planetary systems of order k. Let
{Pi}i=1,...k be an ordered pairing. Let (g — 1) be the number of orbit-orbit pairings. From this data, we
constructa k(n — j —2) + (g —1)(j — 1) cycle ¥ = ¥ (¥, {pi}i=1... k) in the following. We call this
cycle the generalized ribbon cycle associated with (¥, {pi};i=1

.....

the following case:

e There is only one fixed star a; (and hence one planetary system).
e There are three planetary orbits S(L;,a;) for/ = 1,2, 3.
e The pairing is taken as (ay, S(L>2)), (S(L1), S(L3)).

The corresponding chord diagram is

2

O

The cycles corresponding to other (¥, {p;};=1,. . k) are constructed similarly.
Below we construct a cycle in Emb(R/, R"),

$: S/ x §"72 % §"7/72 _, Emb(R/, R").
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Dy (e) Dy (e)

S(L2) S(L%)

Figure 7: Preimage on R/ of ¢ (left) and v (right).

Let S(L) and D(L) denote the (j—1)-sphere and j-ball respectively, of radius L centered at O in R/.
And let Ly, L, L,, L3 € R satisfy

0<L0<L1<L2<L3 <L4=1,

where L; is sufficiently smaller than L, (for example, set L; = §*~%). For each § € S/~!, we write
Dy (¢) for the ball of radius ¢ centered at 6 € S(L ). We assume ¢ is sufficiently smaller than L;. (See
Figure 7.) Steps 1 and 2 below are to construct a cycle ¢g: "/ 72 x §#~/=2 — Emb(R/, R") for each
parameter @ € S/~1. Let 0 < hy < h3 < hy < hy < hg be coordinates of the Xj41 axis.

Step 1 Deform D(L3) by isotopy in R/ x R € R” to the Xj41 direction, so that R/ is embedded in
R/*+1 a5
S(r) x (ha, ho)

in the range h4 < xj11 < ho. Here S(L3), S(L3) and S(L;) are mapped to S(r) x {h3}, S(r) x {ha}
and S(r) x {h} respectively. We assume r is sufficiently small compared to min{|h; — h;41]}i.

Step 2 For L = L,, L3, let S(L) x I be the tubular neighborhood of S(L) in R/ with width 2e.
Construct a ribbon crossing of S(L3) x I and Dg(e) near S(r) x /3, and a ribbon crossing of S(L,) x 1
and D(L) near S(r) x h,. Here, a ribbon crossing is the crossing given by the perturbation of a crossing
of a ribbon presentation as in Section 5.2. See Figure 8. Then we obtain a cycle

$p: S"I72 x §"/72 > Emb(R/,R").
We describe a ribbon presentation corresponding the cycle ¢y in Section 6.3. By choosing a ribbon

presentation suitably, we can construct this cycle in the unknot component.

Step3 Move Dg(g) on S(L1). In R/T1, we change the behavior only near /;. At the height /1, we turn
the branch tube around the stem tube. See Figure 8. Then we get the desired cycle ¢. The parametrization
of ¢ is given in Section 6.4.
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behavior near /1

ha L

Figure 8: Image on R/*1,

3411

ST (r)xth}

We describe Step 3 more precisely. We write U for the stem tube S7/~1(r) x (h4, ho). In Figure 8, we
draw the core ¢y of U in blue. For 6 € S/, let dDg(g) be mapped to the @ side of U. For the initial
point O = (1,0,...,0) € S/~!, we construct, near /1, a branch tube 7" = T'(O) with small radius which

starts from U and goes to the x{-direction. We draw the core ¢ = ¢(O) of T in red.

For 6 € /=1, we replace the core ¢ with ¢(6) defined as follows.

e () starts from the point g;(8) = (r0,h;) € S/71(r) x {h;} and goes straight to the point

(RO, hy) € STH(R) x {h }(R > r).

o Next, ¢() runs down to S/~1(R) x {h; — 8§} preserving # € S/~1(R) and reaches the point

q2(0) = (RO, hy = §).
e Then ¢(#) connects g,(6) and ¢»(O) through the shortest geodesic of S/~1(R).

6] =0 O<H9H<09ﬁr 0.957 < 6] <7
S(R) —> f!\
' |
0] == 0957 < |0 < 0< 0] <0.95x

| | |

DD G R
| | |
Figure 9: The replaced core ¢(0) near iy (a = 0.057).
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However, there is one problem. When 6 is the antipode 4 € S/~ of the base point O, there are infinitely
many geodesics from g, (A4) to g, (0). To avoid this, c(6) takes a short-cut from g, (6) to g(0O) inside
the ball D/ (R), when @ is in a small neighborhood of A. At the same time, when 6 is near A, we perturb
c(0) to the x; 4 »-direction.

More precisely, let

I-11: 8771 — [0, 7]

be the function that assigns the geodesic distance from the base point O. Then in the range |0 > 7 —a
for a sufficiently small @, we assume that the core ¢(6) approaches the core ¢y of U, and assume that

they intersect with each other in R/*! when |6 = 7. At this time, we perturb ¢(6) in the positive
direction of the x;, axis. See Figure 9.

Then we take a tubular neighborhood N(6) € R/*!, which is perturbed to the x 42 direction when
|6]] > = — a. The replaced tube T'(0) is defined as the boundary of N(6).

As a candidate of a dual cycle of H, we construct the generalized ribbon cycle in Figure 10 from the

diagram
A A

%) ()
(2)

The ribbon presentation corresponding to the cycle i is given in Section 6.3. The cycle v is also

constructed in the unknot component. In general, cycles have parameters 6] € S Ili=1,...,g—-1)
and y; € S"I72 (j=1,...,k).]

6.3 Ribbon presentations with more than one node

Here, we give ribbon presentations corresponding to the (cycles of) long embeddings in Section 6.2. (We
review the notation of ribbon presentations at the beginning of this subsection.) These ribbon presentations
have a node other than the based disk Dy, and this node is connected (by two bands) to two leaves. Using
moves of ribbon presentations, we show that the cycles of Section 6.2 are in the path component of the
trivial long embedding. The key point is the way the two leaves intersect with bands.

Definition 6.6 A ribbon presentation P = % U % of order k is a based oriented, immersed 2-disk in R3
such that
e 9= DygUD;U---U Dy are disjoint (k + 1) disks,

SWe change the notation for the parameter moving on S/ 1, from “6” to “6’”. In Section 7, we use the letter “6” for a different
parameter.
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€

EAEA

Figure 10: The cycle .

/

e B=B{UByU---U By are disjoint k bands (B; ~ I x I),
e cach band connects two different disks,
e B; can intersect transversally with the interior of disks,

* the base point * is on the boundary of Dy (but not on the boundaries of B;).

Notation 6.7 [17, Definition 3.1] A disk without intersecting bands is called a node. A disk is called a
leaf if it has at least one intersecting band and it is incident to exactly one band. We draw a gray disk for
a node except for the based disk Dy. We call a ribbon presentation simple if each leaf intersects with
exactly one band.

In [17], Habiro and Shima introduced moves of ribbon presentations that do not change the isotopy class
of the ribbon 2-knot represented by the presentation. The following are examples of the moves.

Notation 6.8 We define S'1 and S4 moves as in Figure 11.

To the chord diagrams

2 )
(1) and C, = A
O 0

Algebraic & Geometric Topology, Volume 25 (2025)
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. .~
ol .
N .
h v
' '

3 —>

\ 3

' ’ S1

. ’

e s

Figure 11: S'1 and S4 moves.

we assign the simple ribbon presentations P; in Figure 12 and P, in Figure 13. Each directed line
corresponds to a sequence of bands and nodes that connects the based disk Dy and a leaf. The origin of
each directed line corresponds to this leaf. Each chord corresponds to a crossing. The initial point of
each chord corresponds to the disk (leaf) of the crossing. If this initial point is not an origin, this leaf is
connected to a node by a band. The target point of each chord corresponds to a small segment of the
band of the crossing.

Bs D (— B2

By

Dy

Figure 12: Ribbon presentation P; corresponding to Cj.
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Figure 13: Ribbon presentation P, corresponding to C,.

Observe that our chord diagrams C; and C, have a subdiagram of the form

A

A

/.

\

1

Recall that we have constructed a crossing for each chord. There are two ways to construct a crossing,

depending on which orientation the band intersects with the disk. In the part

A

A

/.

\

v

we choose the left presentation of Figure 14. That is, we assume that two crossings have opposite

orientations. We can write this crossing information on chord diagrams by assigning a sign to each chord.
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Figure 14: Suitable ribbon presentation (left).

\ y
o + + #

. N4
and /\

For Cy and C,, we choose

Notation 6.9 Let ¢ and ¥ be the cycles constructed from the ribbon presentations P; and P, in
Section 6.2. If n — j = 2, define the cycle
¥(0,0,0): S/~! — Emb(R/, R/ *?)

as the (0,0,0) € S x S x S° component of v, that is, the component where no crossing is resolved.
Define ¢ (0, 0) similarly.

Proposition 6.10 The ribbon presentations Py and P, are equivalent to the trivial presentation. Thus,

when n— j > 3, both ¢ and  are in the unknot component. When n— j =2, both ¢ (0, 0) and (0, 0, 0)
are in the unknot component.

ﬂ
\o
E

—9

Figure 15: Resolving the pair of two crossings.
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(m3) (m2)

L A ey

Figure 16: Lift of ¢ to Emb(R/, R").

Proof By using moves of ribbon presentations including S4, we can resolve the pair of two crossings of
opposite orientations as in Figure 15. Then, we can show the resulting ribbon presentation is equivalent
to the trivial presentation. |

6.4 Lifting the cycles to Emb(R/, R")

Finally, we give a parametrization to the cycle ¢ and the cycle ¥ respectively. We give this parametrization
by using a path to the trivially immersed R/ as in Section 5.3. Moreover, this path gives a lift of ¢ and v/
to Emb(R/, R").

The path is constructed as follows. Let 5,- be the ball of crossings corresponding to Dg(e). In the ribbon
presentation, the disk D; is connected to the node. First, we resolve each crossing, by the move (m1) of
Section 5.3. Then

(m3) pull back 5,- to the stem tube (see Figure 16).

Finally, we deform the immersion to the trivial immersion by the move (m2) of Section 5.3.

7 Some lemmas for computing cocycle-cycle pairing

In this section, we state preliminary lemmas which are used to calculate pairings between cocycles and
cycles of the space of long embeddings, as pairings between graphs and diagrams (see Theorem 7.14).
Readers who are familiar with configuration space integrals may skip until Lemma 7.7. Graphs in this
section are admissible (see Definition 2.19) graphs of defect 0.
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7.1 Preliminary lemmas

Lemma 7.1 (symmetry lemma) Let a labeled BCR graph I' have an even symmetry ¢ (a change of
labels of even sign that produces the same labeled graph). Consider the involution on Cs ;

o (XI,XZ, vy Xgy Xg1se e 7xs+t) = (xt_l(l)’XL_I(Z)’xt_l(s)’xt_l(s-l—l)’ ey xt_l(s—i-t))'

Let the two disjoint submanifolds X and Y of Cy; satisfy o(X) =Y. Then [, I(T') = [, I(T").

Proof We observe that

/Y 1) = / L@,

since the changes of signs are canceled. O

Lemma 7.2 (localizing lemma [29, Lemma 4.7]) Let I" be a BCR graph of order k, #B(I") = s and
#W (') =t. Let Y be a generalized ribbon cycle with crossings py, ..., pi. Recall that each crossing
consists of the image of a ball Dp, (or Dp, (8;-1(2;_1))) and the image of an annulus I x Sp, . Let Cy be
the subspace of C; () which consists of configurations (X1, Xz, ..., Xs, Xg41, ..., Xg+¢) satisfying the
following:

 There exists i such that either D), or I x S}, has no black vertex.

Then fCo I(T') =0.

Proof Let p; be such a crossing. Then the contribution of the integral vanishes by dimensional reasons
(or is canceled) with respect to the parameter y; of the crossing p;. |

Set , _ _
Y. — Dy, or Dp, (91—1(21'—1)) ifoa=2i—-1,
* xSy, if o = 2i.
By the localizing lemma, we only consider the graph with s = 2k and ¢ = 0, and configurations that there
are some black vertex x,—1(y) in Xo. We write the set of these configurations as Co, 0 € Gpo. If 0 # 7,
Co and C; have no intersection.

Lemma 7.3 (pairing lemma [29, Lemma 4.9]) If X;-1(2;_1) € Dp; and x,-1(3;) € I X Sp; are not
connected by dashed edges, fCa I(')y=0.

Proof This can be shown by a similar dimensional reason to the proof of Lemma 7.2. |

Lemma 7.4 (same system lemma [29, Lemma 4.8]) Let I" be a BCR graph of order k (and defect 0),
#B(I') = 2k and #W(I') = 0. Let ¥ be a generalized ribbon cycle with crossings py, ..., px. If Xy
and Xg are in different planetary systems, and x,-1(,) and X,-1(gy are connected by solid edges (see

Figure 17), fCo I(T)=0.
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O 9,

Xo

Figure 17: An edge connecting different systems.

Proof This is because the direction
Xo—1(B) ~ Yo~ 1(a)

e s/!
”xa*l(ﬂ) _xafl(oc)”

varies in a small neighborhood of a point in S/~ |

Remark 7.5 More precisely, |, c, ! (T') = 0 above means |, c, ! (I") approaches 0 as the radii of the two
planetary systems approach 0.

Lemma 7.6 (ingoing lemma) Let I' be a BCR graph of order k, #B(I") = 2k and #W(I") = 0. Let
Y be a generalized ribbon cycle with crossings (pairings) pi,..., pr. Let X, be a planetary orbit in a
planetary system. Assume that all solid edges adjacent to x -1, are outgoing. That is, if X,—1 () and
Xg—1(p) are connected by solid edges, X is outside Xo (see Figure 18). Then fCo‘ I(T)=0.

Proof Since the integrand form does not depend on the parameter x, -1, it factors through

Co — Co/ Xqy. O

Lemma 7.7 (decomposing lemma) o Lete ={o"'(«),0"1(B)} be a solid edge. Let Xy and Xp
be in the same planetary system and Xg be outside. Then if Xg = I x S}, ¢p;wgj—1 depends only
on the variable 6,1y € Sp of Xy-1(8) = (ro—1(8), Os—1(p)) € Xp. If Xg = Dp(8"), it depends
only on 6.

o Lete = {0~ (a),07!(B)} be a dashed edge. Let Xo = D) (or Dy(0")) and Xg = I x Sp. Then
¢ wgn—1 depends on only on the variable x,—1(,) € Xqo and on the first factor r,—1(g) € I of
Xo=1(8) = (ro-1(p)- Uo—1(p)) € Xp-

Proof This follows from the way we choose the scaling of planetary orbits. |

Definition 7.8 (graph-chord pairing) Let C be a chord diagram on directed lines of order k. Let T" be a
labeled BCR graph of order k. Then the pairing (I', C) is defined by counting as follows. First, we only
count when

() #B(T) = 2k(= #V(C)).
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W K

Xo

Figure 18: Outgoing edges.

Let #B(I") = #V(C) = 2k. We count permutations ¢ : #B(I") — #V(C) which satisfy (I) and all of the
following:

(II) o induces the map 6: E(I') — E(C).

(III) If two black vertices v; and v, are in the same solid component, o (v;) and o (v,) are on the same
directed line.

(IV) If a vertex w of V(C) is not on the x-axis, w has an ingoing solid edge: there exists a vertex w’

lower on the same directed line such that 0~ ! (w) and o~!(w’) are connected by some solid edge
of I

The sign of the counting is +1 if and only if the orientation of I" coincides with the induced orientation
determined by the induced label from o. (See Definition 7.9.)

Definition 7.9 (induced label on BCR diagrams) Let o: B(I') — V(C) satisfy conditions (I)—(IV) of
Definition 7.8. Then o defines an induced label on the underlying graph T in a natural way: We order
black vertices using o and the ordering of V(C). (See Definition 6.4.) We orient solid edges so that
the orientations are compatible with directed lines. We orient dashed edges so that the orientations are
compatible with those of chords. We order edges as follows:

(1) Ingoing solid edge (if it exists) from the initial vertex of the i chord (i = 1,...,k). There are
(g — 1) solid edges ordered by this first step.

(2) The 6~ !(i)™ dashed edge and the ingoing solid edge from the target point of the i chord
@=1,...,k).

Remark 7.10 We do not use the induced ordering of edges when (n, j) = (odd, odd).

Theorem 7.11 (refer to [29, Lemma 4.12]) Let C be a chord diagram of order k associated with a
generalized ribbon cycle V. Assume r(c) chords have the negative sign. Let I be a BCR graph of order k.
Then the value of the integral I(I") on  is equal to the pairing (—1)" (T, C).
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Proof By the localizing lemma, Lemma 7.2, the pairing lemma, Lemma 7.3, the same system lemma,
Lemma 7.4, and the ingoing lemma, Lemma 7.6, respectively, the integral survives only on C, for o
which satisfies (I)—(IV) of Definition 7.8. By the decomposing lemma, Lemma 7.7, the integral on Cy,

/ Wp; / npi)'
€Dp, Jr el 0,—1(2i)€Sp;

Here wp, is the form associated with the dashed edge {X;—1(2;_1), X5—1(24)}- Tp; is the form associated

can be written as

:I:(—l)"(c’)(/{es%/_\znr(j)) (/\fx
j €2 j=

i o~ l@i-1) o~ 1(2i)
with the solid edge that goes down from x;—1(,;y. The form 7.;) is associated with the solid edge that
goes down from x.(;y. The sign at the head is + if and only if the orientation of the configuration space
Co coincides with the orientation induced by the coordinate (X5—1(1), Xg—1(2)s - - - » Xo—1(2k))»> and o(T")
. -1

is exactly /\5’;1 Ne(i) A N\ (@p; 1p;)-

Recall that the image of the annulus I x S, is perturbed to the direction y; € S n=J=2_Then, in the part
fxeD rel 0, the lir}king number of D and inesn—j—z 1(y;) is computed. Since this link is the Hopf
link /71U £8""/~2 <> R”, the linking number is +1 or —1 depending on the sign of the chord. O

Notation 7.12 Let C = ({#}i=1,....s. {Pi}i=1...k) be a chord diagram on directed lines. Let G(C) be
the set of BCR graphs (without a label) mapped on C satisfying all the conditions of Definition 7.8.

.....

Lemma 7.13 G(C) consists of Y ;_, 2"~ graphs.

Proof Since dashed edges must be mapped on chords, the remaining choices are solid edges. The top
vertex v on each directed line must be one of the ends of some solid component. The solid component
first goes down from v to O through some of the vertices on the directed line. After reaching O, the solid
component goes up though the remaining vertices. We can choose which of (z; — 1) vertices between v
and O the solid component passes when it goes down. |

7.2 The counting formula of configuration space integrals

Theorem 7.14 (counting formula) Let H = ) w(I';)I'; be a graph cocycle that consists of g-loop
graphs of order k. Let C be a chord diagram on directed lines of order k, with r (C) chords of negative
sign. Let v be a generalized ribbon cycle constructed from C. Then

I(H)(¥) = (-)"© > w(@)#Aut(T)s(T.T).

TeG(C)

Here T is a labeled graph in H such that the underlying graph of T' is T'. The sign s(I',T') € {+1, —1} is
1 if and only if the orientation of T" coincides with that of T with the induced label.

Proof This follows from Theorem 7.11 and the symmetry lemma, Lemma 7.1. O
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(©
Figure 19: BCR graphs of G(C5).

Example 7.15 For the chord diagram

A3 (A
@)

C2 = /\
Of {0

G(C») consists of the four graphs drawn in red in Figure 19. The first BCR graph (a) is:

6g<----93
Se<----9)
4e<----9]
The other three graphs, (b), (c) and (d), are:
4o<---- 93
5 .22
><]
6 T8l

The induced label is written in black. The sign s (T, f) is (a) —1, (b) +1, (c) +1 and (d) —1, respectively.
7.3 Cancellation of correction terms
Finally, we see lemmas for canceling the contribution of the collection term ¢(H).

Lemma 7.16 [29, Lemma 4.13] Let 1}: X — Emb(R/, R") be a generalized ribbon cycle of order k,
and let py, pa, ..., px be its crossings. Then there exists a cycle 1}0: X — Emb(R/, R") satisfying the
following:
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. 1}0 is obtained from 1} by resolving all crossings.

o The two differentials Do, DV : [0, 1] x C;(R7) x X — Inj(R/, R") are homotopic through an
isotopy of Cy(R/) that has a support in small neighborhoods of balls of crossings.

Lemma 7.17 The cycle 1}0 satisfies the following.
() E(H)(W — o) = 0.
(2) I(H)(r«¥o) =0, where r: Emb(R/, R"”) — Emb(R/, R") is the natural projection.

3) 1}0 is a null-homotopic cycle.

Proof For (1), recall that ¢(H) depends only on the differential
D:[0,1]x C;(R/) x Emb(R/, R") — Inj(R’/, R"™),

and ¢(H) is defined as the fiber integral of the pullback of some closed form w on Inj(R/,R"). By
the second property of Lemma 7.16, the two compositions Dlﬁo =Do (idjo, 1] X id¢, (ms) X 1}0) and
Dy = Do (idjp,1] X id¢, r jy X ¥) differ only in small neighborhoods of balls of crossings. Moreover,
observe that neither Dy nor Dy depend on the parameter space X, in these small neighborhoods of
balls. Hence by a dimensional reason, the integral vanishes on these neighborhoods. So we have (1).
Parts (2) and (3) are due to the first property of Lemma 7.16. a

Corollary 7.18 (rF*I(H) +c(H) () = I(H)(Y).

Proof By Lemma 7.17(1), (2) and (3), we have
(r*I(H) + E(H)(¥) = (r*I(H) + E(H) (Y — o) (by (3))
= (" I(H) (¥ — Vo) (by (1))
=I(H)(V) (by (2)). o
Remark 7.19 In particular, we have é(H) () = 0. We can show this directly without using Vg, if we
make the argument of the proof of (1) more precise: the parameter that runs on S”~/~2 only affects a

small neighborhood of the annulus of exactly one crossing; so if the cycle 1& has at least two crossings,
the integral &(H) () vanishes by a dimensional reason.

8 Proof of the main result

Finally, we perform the pairing between the cocycle given in Section 4 and the cycle given in Section 6,
and prove Theorem 3.1 and Corollary 3.4. The following completes the proof of Theorem 3.1.

Theorem 8.1 z (1}) = 1.
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Proof By Corollary 7.18,
W) = I(H)(Y).

Observe that the underlining graph of

6g<- - - - 43
Sg<----42
4o<---- o]

has 4 automorphisms, and the underlining graph of

4e<---- 23
5 22
><
6 T8l

has 2 automorphisms. In the graph cocycle H,

6g<---- 23 4g<---- 3
w| S¢e<----¢2 2—}1 and w| S, . 2 | =-1.
><]
4oc---- o] 6 e

Hence by the counting formula, Theorem 7.14, and Example 7.15,

IH) @) == Y w@#Au@s.T) =—(—fx4x (=D + (=) x2x(+1+1-D)=1. O
TeG(Cr)

Remark 8.2 We can give a simpler proof of Theorem 8.1 using graph homology [29]. We give a sketch
of the proof here. Let sd(k, g) be the graph homology generated by g-loop BCR graphs of order k. Let
w: Ak, g) — R be a weight system on it. Then
H= > 0@
= #Aut(I')
k(T)=k,g(T)=¢g

is a graph cocycle. Set 3

wry = 20

#Aut(I')

Then the counting formula, Theorem 7.14, says

I(H)(y) = ()" >~ @(T)s(,T).
TeG(C)
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Consider the weight system w: (3, 2) — R such that
?

|
w(q:f_\y,) = +1.

o
|

&

Observe that the linear combination of four graphs ZFeG(CZ) s(I,T)T gives the same class as the hairy

graph
?
|
tor T e5d(3.2).
\\o//
|
+

(To see this, use STU relations.) Then we have

?
I(H)(¥) = (—1)’<Cz)w( s F)F) = iw(c(::c’_\:y,) £0.
TeG(Cy) T
'Y

Finally, we prove Corollary 3.4, the case n — j —2 = 0. Let
¥(0,0,0): S/~! - Emb(R/, R/ *2)

be the (0,0, 0) € S x SO x $° component of ¥, that is, the component where no crossing is resolved.
By Proposition 6.10, 1}(0, 0, 0) is in the unknot component (the path component of the trivial path of the
trivial immersion).

Corollary 8.3 When n— j =2, ¥ and (0,0, 0) give the same homology class. Hence, when j is odd,
1} gives an nontrivial element of
7 (Emb(R/, R/*2)) ® Q.

Proof Since Sg = {x3 =0, x3 = 2}, we write

V=) Ve, 62,83).

EiE{O,Z}

Observe that if one of ¢; is 2, 1&(81 , &2, €3) is a degenerate cycle. O
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