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Calabi-Yau structure on the Chekanov-Eliashberg algebra
of a Legendrian sphere

NOEMIE LEGOUT

We prove that the Chekanov—Eliashberg algebra of a horizontally displaceable 7#-dimensional Legendrian
sphere in the contactization of a Liouville manifold is an (24 1)-Calabi—Yau differential graded algebra. In
particular it means that there is a quasi-isomorphism of DG bimodules between the diagonal bimodule and
the inverse dualizing bimodule associated to the Chekanov—Eliashberg algebra. On some cyclic version
of these bimodules, computing the Hochschild homology and cohomology of the Chekanov—Eliashberg
algebra, we construct 4.-operations and show that the Calabi—Yau isomorphism extends to a family of
maps satisfying the 4 ,-functor equations.
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1 Introduction

We consider n-dimensional Legendrian submanifolds in a contact manifold (Y, &) which is the contacti-
zation of a Liouville manifold (P, ). Among the numerous invariants of Legendrians up to Legendrian
isotopy, many of them are derived from the famous Chekanov—Eliashberg algebra (C-E algebra) [8; 22],
originally defined by Chekanov for Legendrian links in R3 and generalized to higher-dimensional
Legendrians in the contactization of a Liouville domain by Ekholm, Etnyre and Sullivan [19; 20]. This
algebra is a unital differential graded algebra (DGA) associated to a Legendrian A and generated by Reeb
chords of Aj; see Section 4 for a brief recall of the definition. In this paper we take the coefficient ring to
be the field Z>.
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3628 Noémie Legout

It is well known that linearized versions of the C-E algebra satisfy a particular type of duality, which was
first proved by Sabloff [33] for Legendrian knots, and generalized to higher dimensions by Ekholm, Etnyre
and Sabloff [18] and to the bilinearized case by Bourgeois and Chantraine [1]. We prove in this paper
that under some assumptions the full C-E algebra, ie not linearized, also satisfies a similar type of duality.
This duality is expressed in terms of differential graded bimodules (DG bimodules). Namely, if .4 denotes
the C-E algebra of a n-dimensional Legendrian sphere, then A is a DG .A-bimodule called the diagonal
bimodule, and the inverse dualizing bimodule of A is the DG A-bimodule A' := RHom 4. 4(A4, A ® A).
We prove that there is a quasi-isomorphism

(1) CY: A= Al—n—1]

satisfying CY ~ C)J![—n — 1]. Together with the fact that A is a homologically smooth differential graded
algebra (see Section 2), this leads to the following result:

Theorem 1.1 Let A C Y be an horizontally displaceable Legendrian sphere. Then its C-E-algebra is a
(n+1)-Calabi-Yau differential graded algebra.

The definition of Calabi—Yau structure we use here is the one of Ginzburg [26, Definition 3.2.3] (see also
Kontsevich and Soibelman [28]), although we have some opposite sign convention for degrees.

For the following reasons, it was reasonable to expect that the C-E algebra of a displaceable Legendrian
sphere admits a Calabi—Yau structure. In his thesis, Ganatra [24] showed that the wrapped Fukaya
category W of a Weinstein manifold is a noncompact Calabi—Yau category, where the Calabi—Yau
structure is induced similarly as for (1) by an equivalence of Aso-bimodules between the diagonal
bimodule WV and an analogue of the inverse dualizing bimodule in the A-setting, W'. Now, observe that
the wrapped Fukaya category of a Weinstein manifold X (of finite type) is generated by the Lagrangian
cocores obtained by attaching critical handles to Legendrian spheres in the ideal contact boundary
of X, as proved by Chantraine, Dimitroglou Rizell, Ghiggini and Golovko [7], and Ganatra, Pardon
and Shende [25]. A Calabi—Yau structure on the C-E algebra of these Legendrian spheres should then
be possible to construct by using the surgery isomorphism of Bourgeois, Ekholm and Eliashberg [3]
(see also Ekholm and Lekili [21] and Ekholm [17]). Recall that the surgery isomorphism gives an
Aso-quasi-isomorphism between the wrapped Floer cohomology of the cocores, ie the endomorphism
groups of the generators of the wrapped Fukaya category, and the C-E algebra of the Legendrian attaching
spheres. Note that X is taken here to be a subcritical Weinstein manifold. When X is the standard ball,
the C-E algebra of a Legendrian in its boundary can be computed inside a contact Darboux ball where it
is displaceable; see, for example, the work of Dimitroglou Rizell, Ekholm and Tonkonog [14].

This suggests that a Calabi—Yau structure on the C-E algebra of a Legendrian sphere could potentially
be obtained from the one defined by Ganatra via the surgery isomorphism. However we will not adopt
this method in this paper. Instead, we restrict ourselves to Legendrian spheres in the contactization of
a Liouville manifold and introduce a version of the Rabinowitz Floer homology for Legendrians with
coefficients in the free .A-bimodule A ® A of rank 1, where A denotes the C-E algebra.
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Rabinowitz Floer homology was originally defined as an homology theory for contact-type hypersurfaces
by Cieliebak and Frauenfelder in [9]. A relative theory, Lagrangian Rabinowitz Floer homology, has
then been introduced in [31] for exact Lagrangians in a Liouville manifold, and more recently both the
nonrelative and relative theories have been generalized to the case of Liouville cobordisms admitting
a filling by Cieliebak and Oancea in [10]. These previous theories were defined in the Hamiltonian
setting and in [29] we introduced an SFT-type version of the Lagrangian Rabinowitz Floer homology
for Lagrangians in a (trivial) Liouville cobordism. There, we used augmentations of the C-E algebras of
Legendrians in the negative ends of Lagrangian cobordisms in order to define a complex over Z,. In this
paper, we consider only the Rabinowitz complex of cylinders over a Legendrian submanifold and we don’t
use augmentations, so that we get a DG bimodule with coefficients in the C-E algebras of the Legendrians.

More precisely, the Rabinowitz DG bimodule considered here is generated by mixed chords of a 2-copy
Ao U A of a Legendrian A, where A is a small negative push-off of A := A, and its differential is
defined by a count of pseudoholomorphic discs with boundary on R x (AgU A ;). The differential is lower
triangular and so the Rabinowitz bimodule is the cone of a DG bimodule map C+(Ag, A1) > C—-(Ag, A1),
where C is generated by chords from Ay to A (in bijective correspondence with chords of A) and C_—
is generated by chords from A to A (in bijective correspondence with chords of A and critical points
of a Morse function on A). For a Legendrian sphere A and its C-E algebra .4, the Rabinowitz bimodule
can be described as the cone of a slightly different DG bimodule map

CY:Ci(Ag,Aq) = C—(Ag, Ay),

which corresponds to a slight modification of the action filtration. Here C +(Ag, Ay) is generated by
Reeb chords from A to A as well as the maximum of a given Morse function on A, and C_ (Ao, A1)
is generated by chords from A to A and the minimum of the Morse function. Then, we show that
C +(Ag, A1)[—n—1] is quasi-isomorphic to A and CV’_(AO, A1) is quasi-isomorphic to RHom 4_4(A, AR A).
The invariance of the Rabinowitz homology up to Legendrian isotopies implies that if A is horizontally
displaceable, then the complex is acyclic. The shifted map CY[—n — 1] provides thus a Calabi—Yau
quasi-isomorphism A — A'[—n — 1].

In general, we expect that the Rabinowitz complex is acyclic for any Legendrian in the contact boundary
of a subcritical Weinstein manifold. For example the periodic orbit version of Rabinowitz Floer homology
and Rabinowitz Floer homology for fillable Legendrians both vanish there; see [10]. We expect also that
the Calabi—Yau structure we construct here coincides with that constructed by Ganatra in [24], and plan
to show this in future work with Asplund. One advantage with the perspective taken here compared to
that of Ganatra is from the point of view of computability. The pseudoholomorphic discs that define the
operations we consider can be computed using Ekholm’s theory of gradient flow trees [15], while the
operations defined by Hamiltonian perturbations seem to lack general techniques for computation.

By taking bimodule tensor products of both bimodules C +(Ap,Ay) and C_ (Ao, A1) with the diagonal
bimodule A one gets complexes which we denote by C YC (Ao, Aq) and Cv’iyc(AO, A1) and which compute
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3630 Noémie Legout

the Hochschild homology and cohomology of A, respectively. On these complexes we construct higher-

order maps, ie for any (d+1)-copy Ao U---U Ay we construct maps

~ ~CyC ~CyC ~CyC
fg:Ch (A1, Ag) ®---®Cy (Ao, Ay) = Cp (Ao, Ag),
ﬁ/ldi éﬁyc(l\d_l, Ad) (SRR éiyc(/\o, Al) - éﬁyc(/\o, Ad)

satisfying the Aso-equations; see Section 7. The maps m, are defined by a count of pseudoholomorphic
discs with boundary on Rx (AgU---UA4), with d negative asymptotics which are inputs and one positive
asymptotic which is the output. These maps are well known: they compute the Aso-structure of the
augmentation category Aug_ (A) of Bourgeois and Chantraine [1] with a formal unit added (corresponding
to the minimum of the Morse function here). One the other side, the maps m, are defined by a count
of certain 2-level pseudoholomorphic buildings appearing in the boundary of the compactification of
I-dimensional moduli spaces. In this sense it can be seen as a secondary-type product. Finally, we show
that the map CY induced on the cyclic complexes extends to a family of maps

CYq: €Y (Mgt Ag) @+ ® C (Ao, Ap) = C2(Ao. Ag)
satisfying the Ao-functor equations.

Observe that the map CY gives an isomorphism between the Hochschild homology and cohomology
of A, which after generalizing our definition of the Rabinowitz complex to Legendrians in more general
contact manifolds, would recover the quasi-isomorphism between Hochschild homology and cohomology
for the wrapped Fukaya category in [24]. Moreover we presumably recover the relation between the
different product structures as constructed by Bourgeois, Ekholm and Eliashberg in [2].

Acknowledgments I am very grateful to Georgios Dimitroglou Rizell for all the discussions we had
together and his generosity in sharing ideas. I also thank Paolo Ghiggini, who gave me valuable comments
on a first version of the paper. In particular he pointed out a remark which I was using in some proof
but which was wrong. Finally I thank the referee, whose comments helped me to correct more mistakes.
This work is supported by the Knut and Alice Wallenberg Foundation under the grants KAW 2021.0191
and KAW 2021.0300, and by the Swedish Research Council under the grant number 2020-04426.

2 Background on DG bimodules

Let (Ag, 0.4,), (A1, 0.4,) be unital differential graded algebras (DGAs) over Z, (we restrict to Z, for
simplicity here but it is not strictly necessary). A DG A1-Aqy-bimodule is a graded A;-.Ay-bimodule B
endowed with a degree-1 differential d5 such that

Bg(oclboco) = aAl (Ot])bot() + Otlag(b)ot() + OllbaAO(Olo).
If (Ao, d4,) = (A1,04,) = (A, 04), we write simply .A-bimodule instead of .A- A-bimodule.
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Example 2.1 (a) A DGA (A, d4) is itself a DG A-bimodule, called the diagonal bimodule.

(b) The tensor product of a DGA A with itself over Z;, is also a DG .4-bimodule, with differential
given by daga(a1 ® ag) = d4(a1) ® ag + a; ® d4(ag). This bimodule carries two different bimodule
structures, the outer and the inner bimodule structure:

N%éA3A®(A®A)®«4—>«4®A, R Rd)@d —»aa@dd,
hies ARURA®A—>ARA a®@®d)®d —ax®ad.

(c) Given two DG A;j-Ap-bimodules B and C, the set Hom 4,4, (B, C) of bimodule maps is a chain
complex whose differential is given by D(¢) = ¢ 0 dz + dc 0 ¢.

In this paper, we write —®— instead of —®z, — for the tensor product over Z,. A DG morphism of A;-Ay-
bimodules from B to C is a degree-0 element ¢ in Hom 4, - 4, (8, C) which commutes with the differentials
of B and C; in other words, it is a degree-0 cycle in (Hom 4,.4,(B,C), D). A quasi-isomorphism of DG
bimodules is a DG morphism which induces an isomorphism in homology.

Following [23], we recall that a DG A;-Ag-bimodule (B, dg) is free if it is isomorphic to A; @ V ® Ay
where V is a Z,-vector space generated by cycles. In this case a free generating set for B is a basis of V.
Given a DGA A the diagonal bimodule is not a free bimodule while A ® A endowed with either the outer
or the inner structure is free, generated by 1 ® 1. A DG bimodule B is called semifree if there is a filtration

{0yCc FpBbC F1BC---CB

such that F;B is a DG subbimodule for all i > 0, | J F;B = B, and FoB and F;4 B/ F;B are free
bimodules. We say that a semifree DG bimodule B as above is of finite rank if there is a k € N such
that Fj B = B. A semifree resolution of a DG bimodule B is a semifree DG bimodule R together with
a quasi-isomorphism of DG bimodules Rz — B.

In the category of DG A;-Ap-bimodules, RHom 4, 4,(—, C) denotes the right derived functor of the
functor Homy4,_4,(—,C). Let Rp be any semifree resolution of the A;-Ap-bimodule B; we have by
definition that RHom 4,.4,(B,C) = Hom 4,.4,(R3, C), which is well defined up to quasi-isomorphism.
Given a DGA A, the inverse dualizing bimodule, denoted by A', is RHom 4_4(A, A ® A). The elements
of RHom 4 4(A, A® A) are bimodule morphisms from the diagonal bimodule A to A ® A where A® A
is endowed with the inner bimodule structure. Then, RHom 4 4(A, A® A) is a DG A-bimodule with a
bimodule structure induced by the outer bimodule structure on A ® A, ie for ¢ € RHom 4 4(A, A® A)
which can be written as ¢ = ¢; ® ¢, and for any v, a, w € A we have

(v-¢-w)(a) =ve(a) ® pr(a)w.

If ¢: B — C is a DG morphism of .A-bimodules in the derived sense, then there is an induced morphism
¢':C' — B given by ¢'(c') =c' 0 .
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Remark 2.2 The semifree resolution mentioned above in order to compute RHom 4,4, (B, C) can be
taken to be the bar resolution of B; however this one is not of finite rank. In this paper we will be
interested in the inverse dualizing bimodule RHom 4_4(A, A ® A) of the Chekanov-Eliashberg DGA (see
Section 4) of a closed Legendrian submanifold. In this case, the diagonal bimodule .4 admits a finite-rank
semifree resolution; see Section 6.4.

The purpose of this paper is to prove that under some hypothesis the Chekanov—Eliashberg algebra of a
Legendrian sphere is a Calabi—Yau DGA. Let us recall the necessary definition.

Definition 2.3 [28] Let (A, d4) be a DGA.

(a) A DG A-bimodule is perfect if it is quasi-isomorphic to a direct summand of a finite-dimensional
semifree DG bimodule.

(b) The DGA A is homologically smooth if it is perfect as a DG A-bimodule.

Definition 2.4 [26] A homologically smooth DGA A is called d-Calabi-Yau if there is a quasi-
isomorphism of DG .4-bimodules

¢: A Al~d]
such that ¢ ~ ¢'[—d].

Notation 2.5 The convention we use for shifts in this paper is that if |a| is the degree of an element of a
DG bimodule B, then the same element viewed in B[d] has degree |a| + d. Then, for a DG bimodule
morphism f: B — C we denote by f[d]: Bld] — C[d] the shifted map.

3 Moduli spaces

We will be working in the same setting as in [29] and refer to Sections 2.2-2.6 of the mentioned paper
for more details about the moduli spaces of pseudoholomorphic discs we consider here. Throughout
this paper, when we consider a Legendrian submanifold of ¥ we always assume that it is closed and
nondegenerate in the sense that it admits a finite number of Reeb chords which are isolated and correspond

to transverse intersection points of the Lagrangian projection on P.

Let A C Y be a Legendrian and denote by R(A) the set of Reeb chords of A. For any chord y € R(A)
we denote by CZ(y) its Conley—Zehnder index; see [19].

Remark 3.1 When A is not connected, there are additional choices (as, for example, choices of paths
between the various connected components) to make in order to define the Conley—Zehnder index of a
Reeb chord connecting two distinct connected components; see [13]. The index of a chord depends on
these additional choices but for any two chords from a connected component to another, the difference
in index is independent of the choices. Moreover, we assume in this paper that the Legendrians we
consider always have Maslov number 0 and that the first Chern class of P vanishes. In this case we get a
well-defined Z-valued Conley—Zehnder index (after the potentially additional choices discussed above).
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Let Jp be an almost complex structure on (P, f) which is compatible with df and cylindrical outside of
a compact set in the cylindrical end of P. We call such a structure admissible. Then, we denote by J the
almost complex structure on (R x Y, d(e’«)) which is the cylindrical lift of Jp, ie the unique cylindrical
almost complex structure J on R x Y such that the projection 7p: Rx P xR — P is (J, Jp)-holomorphic.

Given Reeb chords y, 1, ..., yq of A we denote by
Maivie. - va)

the moduli space of J-holomorphic discs with boundary on R x A having a positive asymptotic at y and
negative asymptotics at y1, ..., 4. As the boundary condition for these discs is cylindrical as well as the

almost complex structure, there is an action of R by translation on these moduli spaces. We denote by

MA(V;Vlv s 7yd) = M\A(V, Vi, .- ,J/d)/R
the quotient by this action.

Let Ag,...,Ag CY bed+ 1 Legendrian submanifolds such that the link AgU---U A, is nondegenerate.
Forany 0 <i # j <d, we denote by R(A;, Aj) the set of Reeb chords from Aj to A;. Such chords are
called mixed while chords in R(A;) are called pure. Let yoq € R(Ao, Ag), (V1,...,Vq) be a d-tuple
of Reeb chords such that y; € R(A;—1, A;j)) UR(A;, Aj—1), and §; for 0 < < d words of Reeb chords
of A;. We denote by

Mg a(Vod:80.Y1,01,-..,Va.8a)
the quotient by the action of R of the moduli space of pseudoholomorphic discs satisfying the following:

¢ The boundary of the discs lie on the ordered (d+1)-tuple of Lagrangians R x Ag,...,R X Ay
when following the boundary counterclockwise.

e The discs in this moduli space are positively asymptotic to the Reeb chord y,;, positively or
negatively asymptotic to the Reeb chords y;, and negatively asymptotic to the words of Reeb
chords §;.

Similarly, for a chord y,;9 € R(A4, Ao), and other chords as above, we denote by

Mno..a(Vaoido, v1.81,....va.84)
the quotient by the action of R of the moduli space of pseudoholomorphic discs with the same boundary
conditions as above, negatively asymptotic to the Reeb chord y,;(, and with the same asymptotic conditions
as above for the other punctures.

Remark 3.2 1In the notation we employ, the first asymptotic y, Y4 Or Y40 Will always be the output
of a map defined by a count of rigid discs in the corresponding moduli spaces. When the Lagrangian
boundary conditions for the pseudoholomorphic discs is the ordered (d+1)-tuple (R X Ag,..., R x Ay,),
knowing if the first asymptotic is a positive or negative asymptotic is enough to determine if the other
mixed asymptotics are positive or negative, according to their direction. More precisely, if a chord y; is
in R(A;, Aj—1) then it will always be a positive asymptotic while if it is in R(A;—1, A;) it will always
be a negative asymptotic.

Algebraic € Geometric Topology, Volume 25 (2025)



3634 Noémie Legout

By [13], if the almost complex structure J is the cylindrical lift of an admissible almost complex structure
on P which is regular (that is, such that the pseudoholomorphic discs 7 p o u are transversely cut out, for
any pseudoholomorphic disc # in any of the moduli spaces described above), then J is regular meaning
that the moduli spaces we described above are transversely cut out. The necessary transversality results for
moduli spaces of pseudoholomorphic discs in P with boundary on 7 p(A) are carried out in [19]. When
transversality holds, these moduli spaces are thus smooth manifolds which can moreover be compactified
in the sense of Gromov.

The dimension of a moduli space can be expressed in terms of the Conley—Zehnder indices of its
asymptotics. For moduli spaces with only pure asymptotics, we have

d
dim MA(y:y1,....va) = (CZ(y) = 1) = ) (CZ(yi) — 1) — 1.
i=1
Then, for a word of pure Reeb chords § = §; ...8; let us denote by £(§) = k its length and define
CZ($) := Zf;l CZ(8;). Moreover, let us denote by j+ the number of positive mixed Reeb chord
asymptotics among {1, ..., ¥4}. We have

dim Mp, ,(Yoa:80:v1,81,---,va:8a) = (CZ(yoa) — 1) + > €z -1
Vi€R(AiAi—1)

- Y. (CZw—-1—=) (CZE)— @) +2—n)jT -1
Vi€R(Ai—1,A;)
and

dim Ma, s (Va0:80.v1.81, ... va.84) = —(CZ(ra) - D+ Y. (CZ(y)—1)
Vi€R(Ai,Ai—1)

- > (CZh)-D=) (CZE)—LE) +Q-m(T =D -1
Vi€R(Ai—1,A¢)
We refer to [5, Section 4.3] for the computation of these dimensions. In the following we add an exponent
to indicate the dimension of the moduli space, ie Mi\(y; Y1,--.,¥q) denotes an i-dimensional moduli
space. We call rigid the pseudoholomorphic discs in a 0-dimensional moduli space.

We define the action a(y;;j) of a Reeb chord y;; by a(yij) = fyijoz ifi > j,and a(y;j) = —fyl_ja ifi <j.
By positivity of energy for pseudoholomorphic discs in the moduli spaces defined above, we have the
following. If the moduli space M (y; ¥1, ..., Y4) is not empty then the action of the asymptotics satisfies

d
—a(y) + ) a(y) = 0.

i=1

If May s(Vodi80.Y1.81,...,Yq.84) is not empty then we have

d
—a(voa)+ Y. e+ Y. alw)+ Y _a@;)=0.
Yi€R(Aj—1,4A;) Vi€R(Ai,Ai—1) Jj=0
Algebraic € Geometric Topology, Volume 25 (2025)
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Finally if MA, ,(Y40:60,V1.01,...,Vd.04) is nonempty then we have

d
—a(va)+ Y e+ Y. e+ a@)=0.

Vi€R(Ai—1,4A) Vi€R(AiAi—1) j=0
In particular, the definition of action we choose here implies that the maps which will be defined later
by a count of pseudoholomorphic discs in the moduli spaces above will be action decreasing.

4 The Chekanov-Eliashberg DGA

In this section we briefly recall the definition of the Chekanov—Eliashberg algebra (C-E algebra) of a
Legendrian originally defined in [8; 22] and refer to [8; 19; 20] for details.

Let A C Y be a Legendrian and denote by C(A) the Z,-module generated by Reeb chords of A. The
Chekanov—Eliashberg DGA of A, denoted by A(A), is the tensor algebra of C(A) over Z,:

AN =P cn)®
=0
with C(A)®® = Z,. The grading of a Reeb chord y € R(A) is given by |y|4 = 1 —CZ(y), and we
extend it to the whole algebra A(A) by

Vi vala=1Iyila+---+1vala.

Remark 4.1 In this paper we use a slightly unconventional grading for the C-E algebra. This way the
differential will be a map of degree 1 instead of a map of degree —1. We make this choice in order for the
Rabinowitz DG bimodule defined in the next section to have a differential of degree 1, as it generalizes
(in the sense that we don’t use augmentations of the C-E-algebra) the Rabinowitz complex defined in [29]
whose differential has degree 1.

The differential d 4 on A is given on Reeb chords by

A =Y D> #MAive oY) Vi Va
d>0V1s-Vd

and extends to the whole algebra A by Leibniz rule, that is,
d4(y1v2) = 9a(y1)y2 + y104(y2).

Remark 4.2 In the original definition of the C-E algebra of a Legendrian, the differential is defined
by a count of pseudoholomorphic discs with boundary on the projection wp(A), for 7p: R x P — P.
Dimitroglou Rizell proved in [13] that the differential can equivalently be defined by a count of pseu-
doholomorphic discs with boundary on R x A C R x Y. We use this latter perspective in this paper.

Theorem 4.3 [8; 19; 20] The map 4 is a degree-1 map which satisfies 3% = 0.
The homology of the complex (A(A), d4) is called the Legendrian contact homology of A.
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5 The Rabinowitz DG bimodule

Let Ag, Ay C Y be Legendrian submanifolds and A(Ag), A(A 1) denote their C-E DGAs. We denote
by C(Ag, A1) the graded Z,-module generated by chords in R(Ag, A1), and graded with the Conley—
Zehnder index. We further denote by C4,-4,(Ao, A1) the A(A1)-A(Ag)-bimodule generated by chords
in R(Ag, A1), ie elements of Cy4,-4,(Ag, A1) are linear combinations of words v;yp;v9 wWhere v;
are words of Reeb chords of A; fori = 0,1 and y9; € R(Ag, A1). The degree of v{yg1v is given
by CZ(yo01) + |vola, + |v1|4,. Analogously denote by C4,-4,(A1, Ap) the A(A1)-A(Ag)-bimodule
generated by chords in R(A1, Ag).

The Rabinowitz DG bimodule RFC 4, 4,(Ag, A1) is a DG A(A1)-A(A)-bimodule which is defined as
follows. The underlying graded bimodule has two different types of generators:

RFC 4,-4y(Ag, A1) = C+(Ag, A1) & C-(Ag, Ay),
where

e Ci(Ap,Ay)is the A(A1)-A(Ap)-bimodule whose elements are the same as in C4,-4,(A1, Ag)
but the grading of a mixed chord y;¢ is modified by taking the negative and adding 7, that is,
[Y10|RFC(Ag,A1) =11 —CZ(Y10),

o C_(Ao. A1) = Cay-ng(Ao, Ay).

The differential on RFC 4,.4,(Ao, A1) is given by a lower triangular 2x2-matrix

o (A;r+ 0 )
1= — —
1’1Jr b

for which we describe the components on generators of RFC 4,.4,(Ao, A1). The map A ;“L :C1 (Ao, Av)
— C4(Ap, A1) on generators is given by the Legendrian contact homology differential of Ay U A
restricted to mixed chords from A to A, namely for a chord y;¢9 € R(A1, Ag) we have

AT (o= Y, #MY,, (B10:80.710.81)-81 Brodo.
B10,80,81

where the sum is over all mixed chords o1 € R(Ag, A1) and all words of pure Reeb chords §; of A;
for i =0, 1. Then, we extend it to bimodule elements v{y19v¢ by
AT T 1y10v0) = daca)(®1) V100 + V1 AT (¥10)v0 + V17100.4(A,) (V0)

and then by linearity. The component b7 : C_(Ag, A1) = C—(Ag, Ay) is given by the restriction to
mixed chords from A to Ay of the Legendrian contact cohomology differential:

by (vo)= Y #MQ, (Bo1:80.v01.81)81 Bo1 8.
Bo1,80,81

We extend it to bimodule elements vy v¢ by
by (viyo1vo) = 0aa,)(v1)Yo1vo+v1 DT (Yo1)vo + v1Y010.4(A0) (Vo)-
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Finally, the component b1_+: Cy+(Ag, A1) = C_(Ag, Ay) is the banana map defined on generators by

b7t (y10) = Z #MY, (Bo1:80.710.81)-81 Bo1 8o
501360:81
and we extend it to bimodule elements v y;9vo by

b7 (v1y10v0) = v1 b7 (y10)v0.
Proposition 5.1 We have:

(a) my is a degree-1 map.
(b) RFC4,-4,(Ao, A1) is a DG A(A1)-A(Ao)-bimodule; ie m? = 0.

Proof (a) This is obtained by the dimension formula of the moduli spaces; see Section 3.

(b) This is obtained by considering the algebraic contributions of pseudoholomorphic buildings arising
in the boundary of 1-dimensional moduli spaces of the following type:

J M}\m (B10: 680, y10,81): strips with a positive asymptotic at y;¢, a negative asymptotic at B¢ and
negative pure asymptotics at the words §¢ and §1.

o M}\m (Bo1:80,Y01,01): strips with a positive asymptotic at 8¢ and negative asymptotic at y1¢.

J M}\m (Bo1; 60, ¥10,61): bananas with positive asymptotics at 19 and y1o. |

Equivalently we have that (C+(Ag, A1), A TJF) and (C_(Ao, A1), b;7) are DG A(A)-A(A)-bimodules,
and RFC 4,-4,(A¢., A1) is the cone of the DG bimodule map b1_+: Ci+(No, AD[1] = C=(Ap, A1).

LRI

Notation 5.2 We suppress the exponents “++4", “—+" and “——" indicating the output and input of each
component of the differential, and define A := ATJF and b := b1—+ + b, . We will write explicitly,
when needed, if we consider some restriction of the map b.

Remark 5.3 If the C-E DGAs A(A) and A(A ) admit augmentations (see [8]) ¢ and &1, respectively,
over Z,, we can use them to turn the bimodule coefficients into elements of Z, and thus get a Z,-module
RFC(Ag, A1). This latter module corresponds to the one defined in [29] in the case where the pair of
Lagrangian cobordisms is a pair of trivial cylinders. Moreover, if A; is a copy of Ay, this complex is
isomorphic to the complex of the 2-copy described in [18].

We recall now a sufficient condition for the Rabinowitz complex to be acyclic.

Definition 5.4 A pair of Legendrians (Ao, A;) in ¥ = P x R is said to be horizontally displaceable if
there is a Hamiltonian isotopy ¢; of P such that I[Tp(Ag) N (TTp(A1)) = &, where [Ip: Y — P is
the projection.

Theorem 5.5 [29] If (Ao, A1) is horizontally displaceable, then RFC 4,.4,(Ao, A1) is acyclic.

Remark 5.6 In [29], Theorem 5.5 is proved for the Z,-module RFC(Aq, A1) but the proof extends
directly to the bimodule case.
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Assume that A is a perturbation of Ag by a small negative Morse function; see Section 6.1 below.
If the perturbation is sufficiently small then by invariance of the C-E algebra [20] (and the fact that the
almost complex structure on R x Y is the cylindrical lift of an admissible almost complex structure on P;
see [13]), the DGAs A(Ag) and A(A ) are canonically isomorphic in the sense that there is a canonical
identification of Reeb chords of Ay with Reeb chords of A; such that the differentials coincide under
this identification. In this case, we denote by (RFC 4 4(Ag, A1), m;) the Rabinowitz bimodule, where
A= A(Ag) = A(Ay). Itis a DG A-bimodule.

6 The Calabi-Yau structure

The goal of this section is to prove the following theorem:

Theorem 6.1 The C-E algebra A(A) of a horizontally displaceable Legendrian sphere A C Y is an
(n+1)-Calabi-Yau differential graded algebra.

In order to prove the theorem, we want to find a quasi-isomorphism .4 — RHom 4 4(A4, A ® A) of
DG A-bimodules. We will start by describing DG bimodules C +(Ag,Aq) and C_ (Ao, A1) which are,
respectively, a quotient bimodule and a subbimodule of RFC 4,_4,(Ag, A1) for a 2-copy Ag U A of A.
We show then that these bimodules are quasi-isomorphic to A and RHom4-4(A, A ® A), respectively
(with some degree shifts). Finally, we define a DG bimodule morphism CY : C +(Ag, A1) —> C_ (Ao, A1)
and show that the cone of this morphism is quasi-isomorphic to the DG bimodule RFC 4.4 (Ao, A1). By
acyclicity of RFC 4 4(Ag, A1), CY is a quasi-isomorphism and thus we get the sought quasi-isomorphism.

6.1 The 2-copy AgU Ay

In all of Section 6 we will assume that A C Y is an n-dimensional Legendrian sphere. Let /: A — R
be a C!-small negative Morse function with exactly one maximum and one minimum, such that the
norm of f is much smaller than the length of the shortest Reeb chord of A. Let A denote the 1-jet
of f in a standard neighborhood of A (identified with a neighborhood of the 0-section in J'(A)) and
define Ao := A. Then we say that A9 U A is a 2-copy of A.

Each Reeb chord y of A gives rise to two mixed Reeb chords of Ag U Ay: Y91 € R(Ag, A1) and
y10 € R(A1, Ag). The choice of capping paths in order to define the Conley—Zehnder index of mixed
chords is made in such a way that CZ(yg) = CZ(y91) = CZ(y10). The Legendrian A¢g U A admits
two additional mixed Reeb chords from A to Ay corresponding to the critical points of f and called
Morse chords. We denote by yg; the Reeb chord corresponding to the maximum of f and by x¢; the
one corresponding to the minimum. Note that £(y91) < £(x¢1) because the function f is negative, and
so we will call yoq the minimum Morse Reeb chord and xq the maximum Morse Reeb chord. Note that
CZ(y01) = 0 while CZ(x¢;) = n. Finally, we denote by CA_A(AO, Ay) the A(A1)-A(Ap)-bimodule
(or A-bimodule for short, as the algebras A(Ag) and A(A ) are canonically identified) generated by long
chords from A to Ay, ie chords from A to A¢ which are not Morse chords.
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6.2 The bimodules C, (Ao, A1) and C_(Ag, A1)

The DG A-bimodule (6 +(Ag, Ay),my) is defined as follows. The underlying graded bimodule is
generated by the positive action generators of the Rabinowitz bimodule and the maximum Morse chord:

C(Ao. A1) = Cy(Ag. A1 (x01).a.all],

where (xg1).4.4 denotes the A-subbimodule of C 4 4(Ag, A1) generated by xg;. So the chord x¢; in
(x01).4-4[1] has degree n + 1 = CZ(xo1) + 1. The differential m, is given on generators by

My (¥10) = A1(y10) + YiXo1 +Xo1v0, My(xg1) =0,

where y; denotes the pure chord of A; corresponding to Y.
Proposition 6.2 The bimodule (6 +(Ag, Ay),my) is a semifree DG bimodule.
We state here a lemma that we will use repeatedly in several proofs.

Lemma 6.3 [18] Fora2-copy Ao U A of Ag we have:

(a) For every Reeb chord yy1 € C ! (Ao, A1), there are exactly two rigid pseudoholomorphic strips with
positive asymptotic at Yy and negative asymptotic at the minimum Reeb chord yq;. Moreover,
each of these strips has exactly one pure negative chord asymptotic which is the chord y, for one
strip and y; for the other (where y; denotes the pure Reeb chord of A; corresponding to yy1).

(b) For every Reeb chord y19 € R(A1, Ay), there are exactly two rigid pseudoholomorphic discs with
boundary on R x (A gU A1) which are bananas with positive asymptotics at Yo and at the maximum
Reeb chord x(;. Moreover, each of these bananas has exactly one pure negative chord asymptotic
which is the chord y, for one banana and y; for the other.

(¢) The count of rigid pseudoholomorphic strips with boundary on R x (Ao U A1) admitting a positive
puncture at the maximum xq; and a negative puncture at a chord B¢, vanishes.

Proof By [18, Theorem 3.6], rigid pseudoholomorphic strips with boundary on R x (AgU A1), a positive
asymptotic at ¥y, and a negative asymptotic at the minimum Reeb chord yg; (which corresponds to the
maximum of the function f') correspond to rigid generalized discs which consist of a pseudoholomorphic
disc with boundary on R x A with a positive asymptotic at yy and a negative gradient flow line of f from
the maximum critical point to a point on the boundary of the disc. By rigidity, the pseudoholomorphic
disc must be a constant strip R x y and then there are two ways the flow line can be attached to it (either
on R x {starting point of 4}, or on R x {ending point of y}). These give the two strips in (a).

For (b), any rigid banana with positive asymptotics at )1 and at the maximum Reeb chord x; corresponds
to a rigid generalized discs consisting of a pseudoholomorphic disc with boundary on R x Ay with a
positive asymptotic at yo and a negative gradient flow line of f flowing from a point on the boundary of
the disc to the minimum critical point (remember xg; corresponds to the minimum of f). By rigidity
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again the disc must be constant and the two possible ways the flow line can be attached to it provides the

two bananas in (b).

For (c), by action reasons the chord S¢; must be a Morse chord and the strip has no negative pure Reeb
chord asymptotics. Thus, [18, Theorem 3.6] tells us that such discs are in bijective correspondence with
negative gradient flow lines of f from the critical point corresponding to B¢; to the minimum. But in our
case f has only two critical points so there are either no flow line (for degree reasons in the case n > 2),
or exactly two flow lines (from the maximum to the minimum). |

Proof of Proposition 6.2 We compute (m;)?(y10) = M1 (A1 (Y10)) + 0.4(y1)Xo01 + X010.4(yo). For any
term 81 B19 8o appearing in A (y10), we have

mi(81 Br0d0) = 04(81)B1080 +81(A1(B1ro) + Bixo1 +x01B0) 0+ 81 B100.4(80)
=04(81)B1060+31 A1(B1o)do+81B100.4(80) +81(B1x01 +X01B0) b0
=A1(31B10d0) +81(B1xo1 +x01B0) do -

So we have

(@1)%(y10) = (A1) (y10) + da(¥1)x01 + X019.4(v0) + > 81(B1x01 + X01B0) 80 -
31 B1080€A 1 (v10)

We know that (A 1)%(y10) = 0 and it remains to understand why the last three terms vanish.

The boundary of the compactification of 1-dimensional (after dividing by translation) moduli spaces of
bananas with positive asymptotics at y1¢ and xg1, and pure negative Reeb chord asymptotics consists of
broken discs which are 2-level buildings connected by a Reeb chord. This Reeb chord is either a mixed
chord or a pure chord. In the first case, using Lemma 6.3(c), the only (nonvanishing) possibility is that the
upper level of the building is a disc contributing to A ;(y1¢) with a positive asymptotic at y;¢, a negative
asymptotic at a chord 8¢ and negative pure Reeb chord asymptotics; and the lower level is a rigid banana
with positive asymptotic at 819 and xo;. By Lemma 6.3(b) there are two such bananas and so we get two
buildings contributing to 81 (81x01 + X0180) 80, for any 61 B19 80 € A1(y10). In the second case, the
top level of the building is a rigid banana with positive asymptotics at 1o and x¢;. By Lemma 6.3(b) the
pure connecting Reeb chord is either y or y;. The lower level of the building is thus a disk contributing
to d4(y;), for i = 0, 1 depending on which one is the connecting pure Reeb chord. This implies that

d4(y1)xo1 +x010.4(v0) = 0.

The semifree property of C +(Ag, Ay) is deduced directly from the action filtration on chords. Indeed,
denote by )/110 for 1 < j < k the generators of C +(Ag, A1) which are long chords. Up to relabeling,
there are real numbers £g, {1, ..., {; such that

a(xo1) <o <0 <a(yly) < <<l <a(yk) <t.
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The Z,-vector spaces Fj 6+ ={y € C4+ (Ao, AD[1]® (x01)z,[1] : a(y) < {;}, for 0 < j <k, produce a
filtration

AQF)Cy ®ACAQFICy ®AC - CAQ FiCqp @ A=C (Ao, A1)

giving that C +(Ag, Ay) is semifree and of finite rank. |

Let us now describe the .A-bimodule (é_ (Ao, A1),m7). The underlying graded bimodule is

C_(Ag,Ay) = Cla(Mo, A ® (yo1)aa

and as a A-subbimodule of C 4 4(Ag, A1) the elements are graded with the Conley—Zehnder index. The
differential t; on generators is given by the restriction to C_ (Ao, Aq) of the map b~ which was defined
in Section 5. By Lemma 6.3(a) we have

W (o) =b7” (o) = Y v1vo1 +Yo170.
yEeR(A)

Proposition 6.4 The bimodule (5_ (Ao, A1), my) is a semifree DG bimodule.

Proof Consider the boundary of the compactification of moduli spaces of strips with a positive and a
negative mixed asymptotics at a generator of C_ (Ao, A1). This boundary consists of 2-level buildings
connected by either a mixed chord or a pure chord. If the connecting mixed chord is x¢1, then by
Lemma 6.3(c) the building will either not exist or arise in pair so its contribution vanishes algebraically.
The other cases are exactly those contributing to (f;)2.

The argument showing that C_ (Ao, Aq) is semifree is analogous to what was done in the proof of
Proposition 6.2. O

6.3 Alternative cone description of the Rabinowitz complex of a sphere
We will define a DG bimodule map
@) CY: C(Ag, A1) > C—(Ag, Ay)

and prove that the cone of CY is quasi-isomorphic to the DG bimodule RFC 4. 4(A ¢, A1). For Y19, Xo1
generators of C +(Ag,Aq), we set

CY(y10) = > #MQ . (Bo1:80.v10.81)-81 o1 8o,
Bo1 €R! (Ao, A1)U{yo1}
80,6,
_ 0 :
CY(xor) = ). #MQ, (Bo1:80,%01,81)-81 Bo1 8.
Bo1 €R! (Ag,A1)
60381

See Figure 1. In the last equation 8¢; can never be the minimum Morse chord yg; for energy reasons.
Observe also that as ungraded maps the map CY is given on generators of C +(Ag, A1) by the component
of the map b taking values in C_ (Ao, Aq).
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Y10 out X01

)

out
Figure 1: Pseudoholomorphic discs contributing to the map CY.

Lemma 6.5 The map CY is a DG bimodule map.

Proof We compute first
CY ol (xo1) + M1 0 CY(xo1) =M1 0 CY(xo1) = (b7 )*(x01) =0,
where the second and third equality hold simply by definition. Then, we have

CYomy(y10)+mM10CY(y10) = CY(A1(y10)+¥Y1X01 +X01Y0) +11(CY(¥10))
=CY(A1(710)) +71CY (x01) +CY(x01) 70 +m1 (CY(¥10))

= CY(Z#MO(ﬁlo; do. Vlo,31)51/31030)+V1CY(?C01)+CY(X01)V0

+1?11(Z#M0(§01;00, V10,01)01§0100)

3) = Z#MO(VM,%, B1o, 8 DH#M®(B10: 80, V10,818 180018580

4) +11CY (x01)+CY(x01)v0

) +Y #M°(E01:60,710,01)(04(0 1)E0100+0 1£010.4(00))

(6) +Z#MO(V01;06, £01,0 ) )EMO (01500, V10, 01)0 16 v01000.

The terms of this last equation correspond actually to the algebraic contributions of the pseudoholomorphic
buildings appearing in the boundary of the compactification of moduli spaces of bananas with two positive
asymptotics, one at y1¢ and another at a generator of C_ (A, A1), and some negative pure Reeb chord
asymptotics; see Figure 2. a

The cone of CY, Cone(CY) = 6+(A0, AD[-1] & é_(AO, A1), is a DG A-bimodule, and we prove
that it is quasi-isomorphic to the Rabinowitz bimodule RFC 4_4(A ¢, A1). This is almost trivial, indeed

consider the bimodule map
v: Cone(CY) — RFC 4. 4(Ag, A1)

sending each mixed chord of the 2-copy Ag U A to itself.

Proposition 6.6 v is a quasi-isomorphism of DG bimodules.
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Y10

out Y10 out
Y10 \ / out

\/ \/

Figure 2: Types of pseudoholomorphic buildings in the boundary of moduli spaces of bananas
with a positive asymptotic at y19. When the connecting Reeb chords between the two components
of the leftmost building is a long chord or yg, then it contributes algebraically to (6); and if it
is the chord x¢1, then it contributes algebraically to (4). The middle building schematizes the
contributions of type (5) and the rightmost building contributes to (3).

Proof We have

Cone

vomS™ ) (1 0) + my 0 v(y10) = V(@) (¥10) + CY(110)) + M1 (V10)
=V(A1(Y10) + V1Xx01 +X01Y0 + CY(¥10)) + A1(¥10) + b1(¥10)

= A1(y10) + v1X01 + X010 + CY(y10) + A1(y10) + b1(¥10)-
Observe that y1x91 + X01Y0 + CY(y10) = b1(y10) because CY(y;¢) is defined by a count of bananas
with positive asymptotics at y;¢ and at a chord in R! (Ag, A1), and the two other terms correspond
to bananas with positive asymptotics at y1o and x19. So the sum above vanishes. Then the relation

vo m?one(CY) 4+ m; ov = 0 when the input is x¢; or any generator of C_ (Ao, Ay) follows directly from
the definition of the maps. |

6.4 The Calabi-Yau isomorphism

In this subsection, we assume that A is horizontally displaceable, which implies that the complex
RFC 4. 4(Ao, A1) is acyclic. Hence it implies that the complex Cone(CY) defined in the previous
section is also acyclic and thus that the degree-0 map CY: 6+(A0, Ap) — Cv’_(AO, A1) is a quasi-
isomorphism of DG bimodules. We will show that this quasi-isomorphism is a Calabi—Yau isomor-
phism, by showing that there are quasi-isomorphisms of DG bimodules A ~ C +(Ag, Ay)[-n—1] and
RHom 4 4(A, A® A) ~ C_(Ag, Ay).

We define a bimodule map F: C +(Ag, A1)[—n — 1] — Aby
F(viy10v9) =0, F(vixo1v9) =v1vg

for v; words of Reeb chords of A; which on the right-hand side are canonically identified with words of
Reeb chords of Ay.

Proposition 6.7 The map F is a quasi-isomorphism of DG bimodules.
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Proof The fact that F' is a degree-0 chain map follows directly from the definition. It is thus a DG
bimodule morphism and we check that it is a quasi-isomorphism by proving that its cone is acyclic. For a

1

word of Reeb chords w; =w" ... wk of A, write

k . : .
w; =Y w! ...wf_lw{()wfJrl wk e Caulryg, Ao).
j=
Consider the DG bimodule Cone(F), whose differential we denote by 9°°"(F) We define a degree —1
Z»-linear map 4 : Cone(F) — Cone(F) by
h(wiyiove) =0, h(wixgivo) =W v, h(al ...ak) = xgqa’ ..k
and show that / defines a homotopy between the identity map and the zero map on Cone(F'), ie that

9o o Jp 4 o gOoneF) = idcone(F) -

We check this relation for the three different types of elements in Cone(F'). First
(0°F) 6y 4 hr o 3Cn )Y (1 1 00)
=0+hom(wyy10v0) +ho F(wiyiovo)
=h(@a(w1)y10v0 + w1¥100.4(vo) + w1 A (Y10)vo + w1 (¥Xo1 + X01¥)v0) +0
= h(w1yXo1v0 + W1X01Y Vo)
=WiyYvo+ WiYi0Vo + Wiy Vo

=wWiYi0vo0-
Then,

@ ok ho ™) (w1 x0109) = 8" (W1 v0) +h(D.4(w1)x01v0 + W1 X010.4(v0) + W1 Do)
= My (W1)vo+W1da(v0) +04(w1)vo+W104(vo) +X01W1 Vo
=M1 (W1)vo +da(wr)vo+ Xo1 w1 vo.

Observe that d 4(w;) = A (W) which is one component of M; (w;). Assuming w; = w' ... wk we

thus get

k , . .
(BCO“C(F)oh—i—hoac""e(F))(wlxmvo) =Y (w!.. . w/ ™ w xo1 +x01w”/ )w’/ ! w4 x01w Vg
j=1

=wW{Xp1V0-
Finally, for a word a'...dkin A, we compute
(39" o 4 o §° U (g1 . k) = 3C ) (xgra' .. a¥) +hodu(a"...d")
= x010.4(a’ ...ak)—I-F(xOla1 ...ak)—l—xmaA(al ...ak)

=a'.. . d* |

Observe that Proposition 6.7 implies that C +(Ag, A1)[—n — 1] is a semifree resolution of the diag-
onal DG bimodule A. This means in particular that there is a quasi-isomorphism of DG bimodules
RHom 4. 4(A, A® A) ~ HomA_A(a_,_ (Ao, Aq)[-n—1], A® A). This semifree resolution is also of finite
rank so A is homologically smooth.
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Remark 6.8 Such a finite-rank semifree resolution is explicitly given in [27, Section 3.6] for a DG
category associated to a quiver (with some specific properties).

We consider now a bimodule map G : 5_(A0, A1) — HOmA-A(é\J,_ (Ao, Ay)[—n—1], A® A) defined on
generators by G(yo1) = ¢y, where ¢, : 6.;_ (Ao, Ay)[-n—1] = A® A is the bimodule map defined on

generators by
I®1 iff=y,
0 otherwise,

¢y (B1o) = { ¢y (x01) =0,

and similarly G(yo1) = ¢, which is the bimodule map defined by ¢, (B819) =0 and ¢, (xo;) =1 R 1.
Proposition 6.9 The map G is a quasi-isomorphism of DG bimodules.

Proof The differential on HomA_A(aJr(Ao, A)[-n—1], AR A) is given by D(¢p) = pom; +04400.
We want to prove that

@) Gom;+DoG=0
and in order to do so we check that (7) is satisfied when applied to each generator of C_ (Ag, Aq). Let
first 91 be a generator of C_ (Ao, A1) which is a long chord. We want to prove
®) G oty (yo1) + G(yo1) oMy + daea°G(yo1) = 0.
The left-hand side being a map C +(Ag, A)[-n—1] - AR A, we prove that it vanishes for each
generator of C +(Ao, Aq). We divide it into three cases:

(a) the generator Yy which corresponds to yp; in the 2-copy link,

(b) along chord generator 8¢ which is not y;¢, and finally

(c) the Morse generator X .
(a) We have

944 °G(Y01)(Y10) = 0a®4° Py (Y10) = daga(1® 1) =0.

Moreover G(yo1) oMy (y10) = ¢y oMy (y10) = 0 because y;¢ cannot be the output of m (y1¢) for action
reasons, and so we get 0 by definition of ¢,,. Similarly, G o ™ (yo1)(y10) = 0 because yp; is not an
output of mq (o) for action reasons.

(b) In this case observe first that d 494 © G(¥01)(B10) = 04®4 © ¢y (B10) = 0. Then, the (rigid)
pseudoholomorphic discs contributing to ¢, o m;(B19) are discs with a positive asymptotic at B¢, a
negative asymptotic at y19 and potentially negative asymptotics to pure Reeb chords; see Figure 3.
Consider such a disc which contributes vy ... v, y1owq ... ws to M (B10). Then, note that

¢y € Homy 4(C1(Ao. Ap)[—n—1]. A® A),
where A ® A is endowed with the inner bimodule structure, which means that
Gy (V1 ... VpY10WT .. W) =V ... Vp Py (V10) Wi ... Wy =01 ... V0 1@ LW ... wg =Wy ... Wy @Vp ... V.
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Bio Bo1
4ﬁh4k

UVr Y10 Wp .- Ws Vr Yo1r W .- Wg

Figure 3: Left: pseudoholomorphic disc contributing to ¢, o (B10); right: pseudoholomorphic
discs contributing to G o™y (Y1) (B10)-

Now let us look at the last term in (8) applied to 19, which is G om{(y91)(B10). The pseudoholomorphic
discs contributing wq ... ws @ vy ... v, to this term are discs schematized on the right in Figure 3. Indeed,
such a disc contributes wy ... wgBo1 vy ... v, to My (Y1) and then

G(wy ... wsPorvr ... vr)(Bro) = (Wi ... ws-G(Bo1) vi...vr)(Bro)

= (wy... ws-¢g-v1...v)(B10)

=Wi...Ws @V ...V,
where for the last equality we use the outer bimodule structure (and the definition of ¢g). Finally, observe
that the discs schematized in Figure 3 correspond to lifted discs in the terminology of [18] and that there
is a bijective correspondence between discs on the left and right of the figure, they both correspond to
a rigid disc with boundary on A with a pure positive asymptotic at 8 and pure negative asymptotics at
V1,...,Vr, ¥, W1,...,Ws in this order; see, eg [1, Theorem 3.2]. Thus we get (8) as for any disc contribut-
ing to ¢, omy(B10) corresponds (bijectively) a disc contributing the same thing to G o My (yo1)(B10)-

(c) In this case we have directly that

G oy (yo1)(xo1) + G(yo1) oMy(xo1) + daga © G(yo1)(xXo1) =0
because yo; is never an output of M (1) for action reasons (and so G ot (¥o1)(x01) =0), M1 (x01) =0,
and G(y01)(Xo01) = ¢y (x01) = 0.
Finally we check that (7) is satisfied when applied to the Morse generator yg; € C_ (Ao, A1). Recall
that M1 (yo1) = >_yer(a) ¥Yo1 + Yo17, s0 we have

Gomy(yo)(y10) =y ®1+1®y, Gomy(yo1)(xo1) =0.
On the other side, for a chord y;¢, we have

D o G(yo1)(y10) = G(yo1) oMy (y10) + 044 ° G(¥o1)(¥10)
= G(yo1) oMy (y10) +0
= G(yo1)(A1(y10) + ¥ Xo1 + X017)
= G(yo)(yxo1 +x01¥) =y ®1+1®y.
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And finally,
D o G(y01)(x01) = G(yo1) oMy (¥10) + d4®.4 © G(¥o1)(Xo1)

=0+8A®A(1®1)=O.

Observe that G admits an inverse G~ ! HomA_A(6+(A0, A)-n—-1, AR A) — é_(Ao, A1) which
maps a bimodule morphism ¢ € HomA_A(a_l_(Ao, Ay)[—n—1], A® A) given by

kl/ kx
P(vi0) =D wl®v). ¢(xo1) =) wl®v]
j=1 j=1
~ . . . o .
0 GTHP) = X er(a) L1 WyYo1vy + D5, W Yo1vx- |

Proof of Theorem 6.1 From the proof of Proposition 6.7 we obtained that .4 is homologically smooth
with C +(Ag, Aq)[—n — 1] a finite-dimensional semifree resolution. Consider the shifted Calabi—Yau map

CY :=CY[-n—1]: C+(Ag, A)[-n—1] = C—(Ag, Ay)[-n —1].

If A is horizontally displaceable then CY is a quasi-isomorphism. Moreover, C +(Ng, A)[—n—1]
is quasi-isomorphic to 4 by the map F and the target é_(AO, Aq)[—n — 1] is quasi-isomorphic to
HomA_A(€+(A0, A1)[—n —1], A® A)[—n — 1] by the map G[—n — 1]. Remember also that we have
Hom44(C 4 (Ao, Ay)[—n — 1], A ® A)[—n — 1] = RHom_4_4(A, A ® A)[—n — 1], so we get a quasi-
isomorphism A — A'[—n — 1]. Finally, we need to check that C} = CY'[—n — 1]. Note that

cY': Homuu(C—(Ag. Ap)[-n—1], A® A) = Homa4(C 1 (Ao, A1)[—n— 1], AR A)

is by definition given by C)'(¢) = ¢ o C). Observe that the target of C)' is quasi-isomorphic to
C_ (Ao, Ay) via the map G~!, while its domain is quasi-isomorphic to C +(Ag, Ay) via the DG bimodule
map

H:C1 (Ao, A1) = Hom g 4(C—(Ag, A)[-n—1], A® A)

defined on generators by H(y10)(y01) =1® 1 and H(y10) vanishes on other generators of C_ (Ao, A1)
and H(x¢1)(yo1) = 1®1 and vanishes otherwise. Indeed, by a similar argument as for Proposition 6.9, we
prove that H is a quasi-isomorphism. First, we check that Hom; 4+ Do H = 0 by proving that this equation
holds when applied to any generator of C +(Ag, Aq). Let 19 be a long chord generator, we prove that

9 Hom(y10) + H(y10) oty + daga o H(yi0) =0.

Notice that the left-hand side is a bimodule map in Hom 4_ A(CV‘_ (Ao, A)[—n—1], A® A) so we check
that it vanishes when applied to any generator of C_ (Ao, Av).

(a) For the generator yg; corresponding to y19 we have H omy(y10)(Yo1) = H(y10) o™ (Y1) =0
because 1o never appears as an output of M (y19), and yp; never appears as an output of WMy (yo1).
Moreover, d a4 © H(y10)(Yo1) = da@4(1 ® 1) = 0 and thus we get (9).
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(b) For a generator Bg; which is a long chord not equal to y5; we have d 494 © H(¥10)(Bo1) = 0. Then
we can prove H om(y10)(Bo1) + H(y10) omy(Bo1) = 0 by following the same argument as in the proof
of Proposition 6.9 considering pseudoholomorphic discs as in Figure 3 but exchanging 1o with y1¢ and

Bo1 with yp1.

(c) Finally for the generator yo; we have first d 40 .4(y10)(Vo1) = 0. Then by definition m{(y19) =
A1(y10) + ¥Xo1 + Xo1¥ SO

Homy(y10)(¥o1) = H(A1(y10)(¥o1) + H(yxo1 +X017)(¥0o1) =0+ y @1+ 1®y

For the other term, we have M (yg1) = > yer(a) YYo1+Yo1y and thus H(y10)omi(¥o1) =1y +y®1,
which gives (9).

It remains to prove that Hom (xg1)+DoH (xg1)=0. First, for along chord B¢ generator of C_ (Ao, A1)
we have Hom(xo1)(Bo1) = dag.a0 H(xo1)(Bo1) =0 (recall m(xo1) = 0), and H(xo1)otm;(Bo1) =0
because yg; is never an output of m;(B¢;) for action reasons. Finally we have H omy(x¢1)(yo1) =0,
H(xo1)om (po1) =0as yo; is never an output of ty(yo1) and d ag.40 H(x01)(yo1) = daga(1®1) =0.

The map H admits an inverse that is defined similarly as the inverse of G' so we skip writing the formula.
Thus we get a DG bimodule map
G ' oCY' oH:Cr(Ag, A1) — C—(Ag. Ay).
We compute this map on generators:
Gl oCY oH(y10) = G o H(y10) oCY .
And H(y19)oCY € HomA_A(6+ (Ao, A1)[-n—1], A® A) is given by a count of bananas or strips with

a positive asymptotic at yp1, ie

H(y10) CY(B10) = H(y10) > > #M0(501;50,ﬁ10751)5150150)

£01€R! (Ao,A1)U{yo1} 80,81
= Z #M°(vo1:80. B10.81) 81 ® 8o

80,91
and
H(y10) 0CY(x01) = Y #M°(y01:80,X01,81)81 ® 80
60:61
So we get
G loCY' oH(0)= Y #M°(v01:80.810.81)81 Bordo+ Y #M°(v01:80.%01.81)81 o1 80
,310,80,51 6(),81
while
CY(y10) = > #MO(Bo1:80.v10.81) 81 Bor So+ Y #M°(yo1:80.v10.81) 81 yoi 0.
Bo1€R! (Ao, A1) 80,81

80,81
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Similarly we can compute

G loCYV' oH(xo1) = Y. #M°(yo1:80.B10.81)81 Bo1 o
B10,80,81
while

CY(xo1) = Y #M°(Bo1:80.X01.81) 81 o1 8o -

So in order to get CY = (G~ o CY' oH)[-n—1]:= G~ [—n — 1] o CY[—n — 1]o H[—n — 1] we need to
check that:

(a) For any y1o € R(A1.Ag), Bor € R' (Ao, A1), and their corresponding yo; € R (Ag, A;) and
B1o € R(Ay, Ap), we have

> #MO(Bor:80.v10.81) = Y #M (vo1:80. Bro.81).
80,81 80,81

(b) For any Bg; € R (Ao, Ay) and its corresponding 819 € R(A1, Ag), we have

> #MO(Bor:d0.x01.81) = D #M°(yo1:80. Bro.81).

80,81 80,81
The point (a) follows from [18, Theorem 3.6]. Indeed the count of rigid bananas with boundary
on R x (Ag U A1) and positive asymptotics at 819 and yp; is in bijective correspondence with the
count of rigid strips with boundary on R x (Ag U Afl), where A‘l‘1 is a translation of A in the positive
Reeb direction by 4 >> 0 such that the only mixed Reeb chords are from A to A‘f‘, with a positive
asymptotic at ﬂf‘o and a negative asymptotic at yf‘(‘), where B flo and )/1‘% are the mixed chords of Ay U Af‘
corresponding to 19 and yy1, respectively. By [18, Theorem 3.6], this count of rigid strips with boundary
on R x (AgU Af‘) corresponds to the count of strips with boundary on R x A with a positive asymptotic
at B (the pure chord corresponding to B1¢) and a negative asymptotic at y. Similarly, the count of
rigid bananas with boundary on R x (Ag U A1) and positive asymptotics at Bg; and y;¢ is in bijective
correspondence with the count of rigid strips with boundary on R x (A oU AI_A) with a positive asymptotic
at B, IA and negative asymptotic at ]/O_IA. This last count is also in bijective correspondence with the count
of rigid strips with boundary on R x A, positively asymptotic to 8 and negatively asymptotic to y.

For (b), by [18, Theorem 3.6] a rigid strip with boundary on R x (Ag U A1), a positive asymptotic at Bo;
and a negative asymptotic at xo; corresponds to a generalized disc consisting of a disc with boundary
on R x A having a positive asymptotic at § together with a negative gradient flow line of f from the
minimum (remember that the maximum Reeb chord x¢; € R(Ag, A1) corresponds to the minimum
critical point x of f) to a point on the boundary of the disc. But there is no nonconstant negative gradient
flow line flowing from the minimum so the boundary of the disc has to pass by x (more precisely the
boundary crosses R x {x} as we are in the cylindrical setting). On the other side, a rigid banana with
boundary on R x (Ag U A1) and positively asymptotic to 819 and yo; corresponds to a rigid generalized
disc consisting of a disc with boundary on R x A positively asymptotic to S together with a negative

Algebraic € Geometric Topology, Volume 25 (2025)



3650 Noémie Legout

gradient flow line of f from a point on the boundary of the disc to the maximum critical point y. Again,
this flow line must be constant and the boundary of the disc must pass through R x {y}. Now we check
that the count of these two types of discs is the same.

If dim A = 1, assume M°(Bo1: 8¢, X01,81) is not empty, ie assume that there is a pseudoholomorphic
disc with boundary on R x A passing through R x {x}, positively asymptotic to a chord § and negatively
asymptotic to the words 8¢, § 1. The boundary of the disc is transverse to R x {x}. In particular, it passes
also through all R x {pt} for every points pt sufficiently close to x on A. If the function f is chosen so
that its critical points are sufficiently close to each other, we get the equality in (b).

If dim A > 2, we use the results in [12]. Denote by Mt}(ﬂ; 80,8 1) the moduli space of pseudoholomor-
phic discs with boundary on R x A, positively asymptotic to 8, negatively asymptotic to the words §¢
and & 1, and having a marked point * on the boundary of the disc in the domain which is situated between
the puncture mapped to the last Reeb chord of the word 8 and the puncture mapped to the first Reeb
chord of the word § 1. There is still an action of R on this moduli space. There is a smooth evaluation map

ev: MY (B:80,81) — A

given by ev(u) = u(*). The evaluation map takes values in A (instead of the general R x A) as we are
in the cylindrical setting. By a generalization of [30, Chapter 3], every point of A is a regular value
of the evaluation map, and so are in particular the minimum and maximum Morse critical points x
and y. Now, using the transversality results in [12, Section 8], we have that the evaluation map is proper
and thus #ev~!(x) = #ev~!(y). Finally, the 0-dimensional moduli spaces M?\(ﬂm ;80,X01,61) and
M%(ym :80, B1o.81) are, respectively, identified with ev ™1 (x) and ev™1(y). |

6.5 Relation to Sabloff’s duality

Sabloff [33] proved that linearized Legendrian contact homology and cohomology of a Legendrian knot
satisfy some duality. It was then generalized to all connected Legendrians in P x R in [18]. Given
an augmentation ¢: A — Z, of the C-E algebra of a Legendrian sphere of dimension #, its linearized
Legendrian contact homology and cohomology fit into a duality exact sequence which gives

LCH:(A) ~ LCH, 1(A) @ ([A)),

LCHZ (A) ~LCH? | (A) & ([pt]),

LCHS (A) ~ LCH! ¥~ (A)  for k # —1,n,
where [A] corresponds to the fundamental class in H, (A), [pt] corresponds to the point class in Hy(A)
and the grading is the usual grading of the C-E algebra |y| = CZ(y) — 1.

The Calabi—Yau structure we established on the C-E algebra recovers Sabloff duality in the following
way. First, for the C-E algebra A of A, define A4° = A ® A°. Given an augmentation ¢ of A as above,
we can see our coefficient field k, which is equal to Z,, as a DG left A°-module k, whose structure map
is given by

ARk —> ke, (a,b) @ m> e(a)me(h),
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and differential vanishes. Observe now that the DG .A-bimodules C +(Ag,Ay) and C_ (Ag, A1) can
be viewed as right DG A°-modules with module structure given by ¢ - (a,b) = bca. By taking the
tensor product of C +(Ag, Ay), resp. C_ (Ao, A1), with kg, the Calabi—Yau structure on 4 induces a
quasi-isomorphism of chain complexes

(10) C(Ao M) ®ac ke => Co(Mo. A1) @.ac k.
On the left-hand side, the differential which we denote by m is given by

miio)= Y #MQ, (B1o:80.710.81) B10e(0)e(81).
B10,80,81

There is no term with output Xy because the two bananas having positive asymptotics at xo; and yqo give
the same contribution (xo1&(y) + &(y)xo1 = 0). Then M (xo1) = 0. Observe that 6+ (Ao, A1) @ue ke
is the direct sum of two subcomplexes: one generated by long chords (all mixed chords from Ay to Ay),
and the other generated by x(; having trivial differential. Moreover, the complex generated by long
chords and with differential @] is quasi-isomorphic to the linearized Legendrian contact homology of A,
LCH;,_,(A); see [18] (a cycle consisting only of long chords of 6+—grading * in 6+ (Ao, Ay) @ae ke
corresponds to a cycle in LCH! _, (A) which is graded with the standard C-E grading). So

C (Ao, A1) ® 4 ke ~ LCHE_, (A) & (x01).

Remember also that CZ(xg1) = n so the standard C-E grading for xg; is #—1 while its C -grading is n+ 1.
Let us turn to the right-hand side of (10) now. The differential m{ is given by

mi(yo1) = Z #M%OI(,301;50,)/01,51)‘/3018(50)8(31)
Bo1,80,81

and m{(yo1) = ZVER(A) v016(y) + €(¥)Yo1 = 0. Again we have a direct sum of two subcomplexes:
one generated by long Reeb chords from A to Ay and quasi-isomorphic to the linearized Legendrian
contact cohomology LCH:_1 (A) [18], and the other generated by y¢; and with trivial differential. So

C_(Ao. A1) ®ac ke =~ LCHI ' (A) & (v01).
We get thus a quasi-isomorphism
LCH;,_, (A) & (xo1) => LCH; ™' (A) @ (yo1),

which gives LCHS, (A) ~ LCH;1 (A) & (yo1) (remember that CZ(yg1) = 0 so the standard C-E algebra
degree of yg; is —1). On the other side, cycles in LCHZ (A) come from cycles in LCH® | (A) but also
from xo; under the Calabi—Yau map CY. Finally when * # 0,1+ 1 we have LCH;,_, (A) =~ LCH;‘_1 (A)
so we have recovered Sabloff duality.
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7 Products and higher-order structure maps

In this section we define chain complexes (v,’iyc(Ao, A1) and C ZZC(AO, Aq) over Z,, obtained from
C_ (Ao, A1) and C +(Ag, Aq) by the bimodule tensor product with the diagonal bimodule A. We show
that these complexes admit product structures and that the Calabi—Yau morphism (2) induced on them
preserves the products in homology.

Notation 7.1 In the following we will consider Reeb chords with boundary on a 3-copy (and even more)
of a Legendrian. Previously we wrote Y1 for a Reeb chord from A to Ay and yq¢ for the corresponding
Reeb chords from Ay to Aq. Unless specified, this “correspondence” doesn’t apply anymore in this
section, that is, we will denote Reeb chords of the 3-copy by y;; with 1 <i # j <2, but y;; is not
necessarily the chord from A to A; which corresponds to y;;, unless specified. But we will still use x;;
and y;; to, respectively, denote maximum and minimum Morse Reeb chords between different 2-copies.

7.1 Chain complexes for Hochschild homology and cohomology

We start by describing the chain complex (6 C+yc(A0, A1), my), where by abuse of notation we also
denote by m; the differential but this should not create any confusion. The vector space C ZZC (Ao, A1)
is infinite-dimensional, generated over Z, by elements of the form y;9a and x¢1a@ where a = a; ...ay
denotes a word of Reeb chords of A. The differential is given by

my(yioa) = Z #MQ , (B10:80.710.81) - Bro8oady +xo17a + xo1ay
510360581

k
+ Z Yiodi -..aj—104(aj)ajqq ... ag,
j=1
where y is the pure Reeb chord corresponding to y;¢, and

k
fﬁl(xma) = meal .. .aj_laA(aj)aj+1 ol dfe.
j=1

See Figure 4.

This complex computes the Hochschild homology of A, by definition. Indeed, C ?_yc (Ag, Ay) is equal
to the tensor product C +(Aog, A1) ®.4e A where C +(Ag, Ay) is viewed as a DG right A¢-module as in
Section 6.5, and A is viewed as a DG left A°-module with (a,b)-a; ...a; = aaq ...ab. Remember
moreover that C +(Ag, Ay) is a semifree resolution of 4, so the homology of C +(Ag, A1) ®qe Ais
isomorphic to the Hochschild homology of A. Similarly, the complex (Cv'ﬁyC (Ao, A1), my) is generated
over Z, by elements yp1a and yyia, and
my(Yo14y - . - ag) .

= Z #M?\Ol(ﬂm;tso, Yo1.81)-Bo1doar...axdy + Z Yo1ai ...aj—104(aj)ajyy ... ak

Bo1,80,81 j=1
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Rx(AgUA)

ARTANATYA

41 Bio do

Figure 4: Pseudoholomorphic disc contributing to m(yod; . ..ax). Observe that the “bubble”
at the top is not a pseudoholomorphic disc but a way to write the cyclic word yjoa; ... ay.
The contribution B108a; ...axd of the disc is given by the output mixed chord 8¢ followed
by a word of Reeb chords as they appear along the boundary of the disc when following it
counterclockwise from B¢.

and
k

my(yo1a) = Z Yo1va+yor1ay + Z Yoiai ...aj_104(aj)ajiq ... ak,
YER(A) Jj=1

where Y is the mixed chord corresponding to y. Again, we can check that
CO(Ag, A1) = C— (Ao, A1) ® 4c A~ RHom e (A, A® A) ® 4e A ~ RHom4e (A, A)

and thus the complex (Cv'ﬁyC (Ag. A1), my) computes the Hochschild cohomology of A. By Theorem 6.1
we thus get an isomorphism between Hochschild homology and cohomology of the C-E algebra of a
horizontally displaceable Legendrian sphere in R x P.

7.2 Product structures

In [29] the author defined a product structure and more generally 4 -structure maps on the complex
RFC(Ag, A1) in the case when Ao, A1 admit augmentations of their C-E algebras. When A is a small
negative push-off of Ay, this product extends naturally to the chain complex RFC®(Ag, A1) (cone
of the banana map induced on the cyclic model c™ (Ao, A1) and with values in C Y¢(Ag, A1)). This
product is defined by counting the same type of pseudoholomorphic discs as the one counted to get a
product on RFC(A g, A1) but keeping the negative pure Reeb chords asymptotics as coefficients instead
of turning them into elements of Z, with augmentations. It doesn’t seem possible however to define
a product directly on the .4-bimodule RFC(A(, A1), because there is no good way to deal with the

Algebraic € Geometric Topology, Volume 25 (2025)



3654 Noémie Legout

out

RX(A()UAlUAz)

[

in in

Figure 5: Pseudoholomorphic building with boundary on R x (Ag U A; U A,) contributing to
the product on C¥°(Ag, Aq).

coefficients (see [6] for constructions of As-structures with coefficients in a noncommutative algebra).
The pseudoholomorphic discs we count have boundary on the cylinder over a 3-copy Ag U A; U Ay
of a Legendrian A. This 3-copy is given by Ag = A and then A and A, are small perturbed negative
push-offs of A (A, is a slightly more negative push-off than A1) such that A¢6UA{, AgUA,and A{UA,
are 2-copies as described in Section 6.1. Observe that cove (Ao, Ay) is a subcomplex of RECY(Ag, Aq),
and that the restriction of the product in RFC®°(Ag, A1) to C9¢ takes values in C; see [29]. So we get
a well-defined product on C¢. More precisely, given Ag U A1 U A, a 3-copy of A there is a degree-0
map Wy: CY(A1, Az) ® C¥(Ag, A1) — CY(Ag, A,) defined by

Mo (yiaar. vorae) = Y #MQ (102180, 701.81.712.82) v02 80 a0 81 ay 8.

Y02
80,81,02

where y;; can also be the minimum Morse Reeb chord. And this map m, satisfies the Leibniz rule
myom, +m,(id® My ) + My (Mg ®id) = 0. This product is the standard “two negative inputs one positive
output” product; see Figure 5. As for the differential, the word of pure Reeb chords in the output element
is obtained by following the boundary of the pseudoholomorphic disc counterclockwise from the mixed
output Reeb chord. Because of the coefficients in the C-E algebra, verifying the Leibniz rule for the
product on éﬁyc(Ao, A1) involves slightly more terms than for the Leibniz rule for the product on the Z,
vector space C(Ag, A1) as done in [29], so we detail it now. We want to prove

my oMy (Y1241, Yo1ao) + Ma(yi2a1, My (Yo1a0)) + Mo (W (y12a1). Yo1ao) = 0.

The left-hand side can be rewritten

> #MQ,, (02180, 701,81, 112, 82) - W1 (Y02 80 a0 81 @y 82)

Yo2
30,81,82 + My (Yi2ar, my (Yo1)@o + Yo10.4(ag)) + ma(My(yi2)ar + vo10.4(ao). Yo1@o)

=Y #MQ,, (102180 Y01.81. 712, 82) - (01 (v02) S0 @0 81 @1 82 +Y0204(0 a0 81 @y 82))
+ M2 (yi2a1, My (Yo1)ao) + M2 (M1 (y12)a1. Yo14o)

+ My (Y12a1, Y010.4(ag)) + M2 (Y010.4(a0). Yo14a0)-
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We separate the terms having the boundary of an a; from the other terms to get
=Y #MQ,,(02:80. 701,81, 712, 82) - (1 (02) 0 @0 81 @1 82 +7020.4(80)a0 81 a1 8,
+80a0d4(81)ar 82 +80agda;dad,))
+ma(y12a1, M1 (yo01)a0) + M2 (M1 (y12)a1, Yo14o)
+ ) #MQ L (02180, Y01, 81, 12.82) - (V02 80 0.4(a0) 81 @y 82 + 80 ag 81 da(ar) 82)
+ W2 (y1241, o10.4(a0)) +M2(y010.4(a0), Yo140)

The two first lines vanish as the algebraic contributions of pseudoholomorphic buildings in the boundary
of moduli spaces of type /\/l}\mz(yoz; 80,%01,01, Y12,62). The two last lines vanish also, because by
definition of the product we have

D #MQ,, (02180, 101,81, 12.82) - 02 80 0.4(a0) 81 @y 85 =Wa(y12a1. Yo19.4(a0))

Y02
80,61,82

and

D0 #MY, L (02180 01,81, ¥12.82) - o2 8o @ 81 0.a(ay) 83 =T (y120.4(a1). Yorao).

Y02
80,81,02

and so the Leibniz rule is satisfied. Moreover, it follows from [18, Theorem 5.5] that the product t, is
unital with the unit given by the minimum Morse Reeb chord, ie we have

My (yo1) = m;(y12) =0,
My (Y1241, Yo1) = Vo241,
1\1/12(3’12,1/01“0) = Y0240

for all 91 € R(Ag, A1), Y12 € R(A1, Ay) and Y3 € R(Ag, Ay) corresponding to the same chord (either

a long chord or a Morse chord).

Notation 7.2 In the following, we will write only yq; instead of the more general y,;a for an element
in Co¥e (Ao, Aq). This is just in order to reduce a bit the length of formulas. We will also do the same
for elements in C iZC(AO, A1). In particular we’ll define a product m, only for pairs of inputs (¥21, ¥10),
where the inputs can also be maximum Morse Reeb chords, but keeping in mind that the rule to define
more generally M, (y21a1., Y10d0) is the same as for the product m,. Namely, the output will contain
the words @y and a; in a larger word of pure Reeb chords obtained by following the boundary of
pseudoholomorphic discs involved in the definition of M5 (y21, y19) counterclockwise.

So let us now construct this product on C iZC(AO, A1). From a 3-copy of A we define a map
~ =cye ~cyc ~cyc
my:Cp (A1, A2)®C L (Ao, A1) > CL (Ao, A2)
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out

A

out

X1 X1
Figure 6: Pseudoholomorphic buildings contributing to the product @i, on (A?fry “(Ag, A1).
by counting 2-level pseudoholomorphic buildings as shown on Figure 6. More precisely, for generators
Y10, Xo1 of C?C(AO, A1) and generators )51, X1, of C?C(Al,Az) we have

My (Y21, Y10) =

>, Y #MY,, (x02:80.710.81. B12.85) #MQ (B12:8].721.82) - x028081878,8)
B12€R! (A1,A2)U{y12}80.81.8]
§2,8%
"‘Z Z Z #MQ L (120:80.710.81. B12.85)#MY | (B12:81.721.82)
Y20 2R/ (AI,AZ)U{ylz}SO,‘Sl,/s/]
8282 120808188285,
1?12()/21,)601):2 Z HMOQ, 1, (X02:80,%01,81, B12, 8)HMY L (B12:81,721,82)-%028081 878285,
B12 80.81.8)
82,6)
Mp(X2.y10) = Y. #MQ  (x02:80.710.81.B12.8)#MY  (B12:8].X12.82)-X028081 878,28
B12 80,81,6]
82,85

+ >0 > #MY L (20:80.710.81. B12. SDEMY  (B12:8).x12.82) 7208081 8] 828,

720,81280,81,8]
§2.8%

my(xX12,X01) = 0.

Observe that in the definition of M, ()21, Xo1) and M5 (x12, ¥10), the “connecting” chord B, will auto-
matically be in RI(AL, Ay U {y12}. In the first case, it has to be a Morse chord for action reasons, and
can not be x1, for degree reasons. In the second case it can not be x;, also for degree reasons.

By [29, Proposition 2] we can check that this map m, is of degree 0. Then we have:

Proposition 7.3 The map m, satisfies M oM, + My (id @ M) + M, (M ® id) = 0, ie M, descends to a
well-defined map on homology.

Proof We prove the proposition for each type of pair of inputs. For a pair of inputs (Y21, Y10), We
obtain the Leibniz rule by considering the algebraic contributions of pseudoholomorphic buildings in the
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out out . out . out
X02 Xo02 in  %o2 in Yoz

A B D E U U F
in (V) o ] in in

U OUU 0 O 0
A V R

Figure 7: Pseudoholomorphic buildings in the boundary of (11) and (12).

boundary of the compactification of the following products of moduli spaces:

(11) M (%025 80, Y105 81, B12, 85) x M°(B12: 8, 721, 82),
(12) MO (x02:80, 110,81, B12,85) x M (B12:87, 121, 82),
(13) M (120180, V10,81, B12,85) x M®(B12: 8, ¥21,82),
(14) MO®(120:80, V10,81, B12,85) x M (B12: 8, v21,82).

See Figure 7 for buildings in the boundary of the compactification of (11) and (12), and Figure 8 for those
in the boundary of the compactification of (13) and (14). In each case (and in all the rest of the proof),
we omit to draw the buildings which appear twice, ie both in the boundary of (11) and (12) or both in the
boundary of (13) and (14), because they cancel each other over Z,.

According to Lemma 6.3(c), the building A4 either never appears or appears twice, SO we can ignore it.

Consider now the building B. Removing the banana containing the output xo, puncture gives a building
contributing to the component of M, (21, ¥10) taking values in the generators of C (;ZC (Ag, Ay) of the
form 8598081 8,. Adding the banana with positive asymptotic at xg, and using Lemma 6.3(b), we

in in in
G H 1
in
w ”5”
0
7 w7

Figure 8: Pseudoholomorphic buildings in the boundary of (13) and (14).
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out out out
X02 X02 X02

AW

m
%01

AV
W N7

Figure 9: Pseudoholomorphic buildings in the boundary of (15) and (16).

get that the building contributes x¢,8 8981 82 +x02 8981 82 B, where B is the pure Reeb chord of A
corresponding to Bo1. Thus, this type B of buildings, together with G, contribute to My o M5 (Y21, Y10)-

The buildings of type C and D, together with H contribute to M (Y21, M1 (Y10)). Indeed the only slightly
subtle thing here is about building D. By assumption, the mixed connecting chord from A, to Ay is not
the maximum Morse Reeb chord x;,. But then, if such a building exists this connecting chord must be the
minimum Morse chord y1, for action reasons, because the component of the building with three mixed
asymptotics has a positive asymptotic at the Morse chord x¢,. For degree reasons, the connecting mixed
chord from A to Ay must then be xy; and the banana having it as a positive asymptotic contributes to
the component of M (y;) taking values in {xg; )fZ_C 4 (this component actually vanishes for elements y1oa
where a = 1, but it doesn’t in the general case).

Finally, let us consider the building F. Usually, these types of buildings cancel by pairs but because of
the assumption about the connecting chord, the buildings of type F arise by degenerating the banana
but will never arise by degenerating the top level with three mixed asymptotic. Observe then that the
buildings E, F and I contribute to M, (M1 (¥21), ¥10), and we have thus proved the Leibniz rule for the

pair of inputs (¥21, ¥10)-

For a pair of inputs (y21, Xo1), the Leibniz rule restricts to M, (M (¥21), Xo1) = 0 because m; vanishes
on the maximum Reeb chord. Let us consider the pseudoholomorphic buildings in the boundary of the
compactification of the following products of moduli spaces:

(15) M (x02: 80, X01,81, B12,85) x MO (B12: 8. 121, 82),
(16) MP(x02; 80, X01,81, B12,85) x M (B12: 8,121, 82).

See Figure 9 for a schematic picture of these buildings. As before, the first building can be ignored.
The second building never appears either, for action reasons. The third building finally contributes
to My (M (y21), Xo1). For the pair of inputs (x12, y10), the Leibniz rule restricts to

my omy (X2, Y10) + Ma(x12, My (¥10)) = 0.

Algebraic € Geometric Topology, Volume 25 (2025)



Calabi-Yau structure on the Chekanov—Eliashberg algebra of a Legendrian sphere 3659

A I PAVA

in out
X12 X12 Y20

out

in in
X12 X12 X2 Yao X1

Figure 10: Left: pseudoholomorphic buildings in the boundary of (17) and (18); right: pseudo-
holomorphic buildings in the boundary of (19) and (20).

We consider the boundary of the compactification of

(17) M (%025 80, 10,81, B12,85) x M°(B12: 8], x12,82),
(18) MO (x02;80, 710,81, B12,85) x M (B12:8, x12,82)
and of

(19) M (720180, V10,81, B12,85) x M°(B12: 8, x12.82),
(20) MO(120:80, V10,81, B12,85) x M (B12: 8], x12,82),

whose different components are schematized in Figure 10. By arguments similar as before, the algebraic
contributions of the second and third buildings vanish. The first and sixth contribute to M, (x12, M1 (Y10)),
and the fourth and fifth to m; o M, (x12, ¥10). Finally, for a pair (x5, Xo1) all the terms of the Leibniz
rule vanish by definition. |

Remark 7.4 The product on C ‘f{‘: (Ao, A1) is defined by a count of 2-level pseudoholomorphic buildings,
which arise in the boundary of the compactification of 1-dimensional moduli spaces. In particular, there
is no canonical choice for the buildings we choose to count to define the product, but there is a choice up
to homotopy. In particular, we could choose the product to be the map

o~ ~CVyC ~CyC ~CyC
dy:CU (A, A)®CY (Ao, Ay) = Cp (Ao, Ay)
defined by

22()/21,3/10) =

> > #MY, (X02:80.Bo1.87.v21.8)H MY (Bo1:8G.710.81)-X02808818) 8,
Bo1€R! (Ao, A)U{yo1} 80,80,
51,5/1,52

+2 > > #MY (720380 Bo1.87. 21, 82)EMY | (Bo1:85.710.81)
Y20 By €R! (Ao, A1)U{yo1} 80,80,

51,8,
bo1o2 720808081882,
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out out

A

in /
out in
Y20 w Y12

Xo1

in in
Xo1 Xo01

Figure 11: Pseudoholomorphic buildings contributing to d 2(X12, Yo1)-

dr(ya1.x0) =) Y #MQ,  (x02:80.B01.687.v21.82# MG (Bo1:8(.X01.81)x02808,818] 8,

Bo1 80,8y,
8158/1582

+ Z Z #Mg\mz()’zo:%,ﬂm,yp)/21732)#/\/1(1)\01(501:36,3601,51)')/203056515,132,

720,801 80,80,
) 1 :6/1:62

dy(x12,710) = Z Z #M?\OIZ(onﬁo,,Bm,3/1,3612,32)#/\/19\01 (Bo1:84.710.81)-X02808,8187 82,
ISOI 80,86
51,5,1,52

d>(x12.x01) = 0.

See Figure 11. We show that the maps 22 and m, are homotopic. Let us define a (degree —1) map
~Cyc ~cyc ~cyc
h:CL (A1, A2)®@CL (Mo, A1) — C4 (Ao, Az) by

h(ya.v10) = Y #M%(x02:80. 710,81, ¥21.82) - X02 80 81 85

60:61562
+Y > #M°(r20:80. v10.81. 721.82) - ¥20 80 81 82,
Y20 80,8162
h(ya.x01) = Y #M°(x02:80.X01.81.¥21.82) - X02 8081 82
60381582
+Y° > #M°(120:80.%01.81.721.82) - ¥20 80 81 82
Y20 80,8162
h(xi2.710)= Y #M°(x02:80.710.81.X12.82)  x02 8081 82
80,81,82

+Y° > #M°(120:80. v10.81.%12.82) - 120 80 81 82
Y20 80,8162

h(x12,x01) =0.

See Figure 12.
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TV AT A
S

Figure 12: Pseudoholomorphic discs contributing to the map 4.

Now we check that
1) My +dy = h(id® ) + h(W, ®id) + @ ok

by studying the boundary of the compactification of 1-dimensional moduli spaces of discs as the ones
shown in Figure 12. Namely, in order to prove (21) for the pair of generators (321, ¥10), we study the
boundary of the compactification of

(22) M (%025 80, Y105 81, V21, 82)
and
(23) M (120: 80, Y10, 81, V21, 82).

The corresponding pseudoholomorphic buildings are schematized in Figures 13 and 14.

Observe that buildings of type A4, type G and those of type B and H where the connecting chord
is xo1 (for both types B and H) are the ones contributing exactly to ()21, M (y10)). Similarly, the
buildings of types C and I together with the buildings of types D and J where the connecting chord
is x1, contribute to A(M1(y¥21), Y10). The contribution of buildings of type E, if such buildings exist,
vanishes according to Lemma 6.3(c). The buildings of types F and K contribute to m; o h(y21, ¥10). We
are thus counting buildings which algebraically contribute to the right-hand side of (21) for the pair of
generators (21, ¥10). Finally, observe that the buildings of types B and H, when the connecting chord
is not the Morse chord x¢, are exactly the ones contributing to /d\z (Y21, Y10), and that those of types D

out
X02

\U/ \”/ kY

Figure 13: Pseudoholomorphic buildings in the boundary of (22).
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AR IDRARY.

U 7 \&/ / U 5
out

out out
Y20 Y20 Y20

Figure 14: Pseudoholomorphic buildings in the boundary of (23).

and J with the connecting chord not being x»; contribute to M5 ()21, ¥10). These give the left-hand side
of (21) and thus we have proved this equation for the pair (21, ¥10)-

In order to prove this equation for a pair (3,1, Xo1), we consider the pseudoholomorphic buildings in the
boundary of the compactification of

(24) M (x025 80, X01,81, 121, 82),
(25) M (v203 80, %01, 81, V21, 82),
which we schematized in Figure 15.

The buildings of types A’ and F’ contribute to 21\2 (Y21, X01) and the buildings of type C’ contribute
to My (21, Xo1) (observe that the connecting chord in this case cannot be x5, for example, for degree
reasons). This gives the left-hand side of (21). The other buildings contribute algebraically to the right-
hand side. Indeed, buildings of types B’and G’ contribute to & (my(y21), Xo1), the contribution of the
buildings of type D’ vanishes according to Lemma 6.3(c), and buildings of types £’ and H’ contribute
to my o h(y21, xo1). The remaining term in the relation, & (51, M(xg1)), vanishes because m; (xg1) = 0.

We continue by proving (21) for a pair (x13, ¥10). We study the boundary of the compactification of
(26) M (x02:80.¥10.81.x12.82).

(27) M (y20:80.710.81.X12.82)

for which the pseudoholomorphic buildings are schematized in Figure 16.

Observe first that the contribution of the buildings of type B’ vanishes as before. Then, buildings of
type C”, D" and G contribute to (fiy + d2)(x12, y10). The buildings of type A” and F" are exactly
the ones contributing to & (x5, M1 (y10)) (indeed there is also a component of My (y1¢) with output the
Morse chord xg; but then /(x12, x91) = 0 so these do not contribute). The buildings of type E” and H"
are the ones contributing to My o 4(x12, ¥10), and we get thus (21) because A(M(x12), ¥10) = 0.

Finally, (21) is trivially satisfied for the pair of inputs (x;2, xXo1) because both sides vanish.

Algebraic € Geometric Topology, Volume 25 (2025)



Calabi-Yau structure on the Chekanov—Eliashberg algebra of a Legendrian sphere 3663
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Xoa in

OU[ Out
iy f\ xszt f\
Q) 01 U Q) 01
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in in
Xo1 x01 Xo1

AN
g

out out
XQh Yo X1 Y20

Figure 15: Pseudoholomorphic buildings in the boundary of (24) (top) and (25) (bottom).

Remark 7.5 The pseudoholomorphic buildings contributing to the component of the product m, with
long chords as inputs and output can also be used to build a product structure on the linearized Legendrian
contact homology complex, which will be unital when the Legendrian submanifold is horizontally
displaceable.

It is well known that there is a (nonunital) product structure (even an Aso-structure) on the linearized
Legendrian contact cohomology, defined first in [11] and generalized to the bilinearized case in [1]. This
product can be computed directly from the C-E algebra, and equivalently by a count of pseudoholomorphic
discs with boundary on a 3-copy Ag U A; U A, of A negatively asymptotic to a chord from Ay to A,
and to a chord from A to A, (the inputs), and positively asymptotic to a chord from A to A, (the
output), and potentially having pure negative asymptotics which are augmented. In this case, the mixed
chords considered are never Morse chords.

In [32], for knots in R3 the authors consider the complex generated by mixed chords from A to Ag
in a 2-copy of A, which they denote by Homy (g9, &1). They define then a product (as well as an
Aoso-structure) on this complex by a count of similar curves as above (two negative mixed inputs and
one positive mixed output) but the main difference is that in this case the Morse chords can be inputs
and outputs. The homology of the complex Hom (g¢, £1) is isomorphic to the Legendrian contact
homology of A. This is implied by the acyclicity of the complex of the 2-copy which holds for knots
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. out . out out .
in Xo2 in X02 Xo2 in
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Al/ l B// C// D// E// t
Xo> in in m m X9
Y, /RE I IN)

in in in
X12 X12 X12

AWA
o) |

in out in out
X12 Yoz X12 Y02

Figure 16: Pseudoholomorphic buildings in the boundary of (26) (top) and (27) (bottom).

in

in R3; see [32, Proposition 5.4]. In particular, the product on Hom doesn’t give canonically a product
on Legendrian contact homology.

By [4, Proposition 2.7], the (bi)linearization of the DG bimodule (C4(Ag, A1), A1) by augmentations &g
and £, is canonically isomorphic to the bilinearized Legendrian contact homology complex LCC5”*! (A).
We claim that the only-long-chords-asymptotics component of the product m,, when linearized by
augmentations, gives a product on the Legendrian contact homology complex, the proof of this being
schematized in Figure 8. In the presence of a filling of A and under the hypothesis of horizontal
displaceability, it is possible to prove that this new product on Legendrian contact homology is isomorphic
to the product on the Hom4 complex, because both are isomorphic to the product on the singular
cohomology of the filling (through the Ekholm—Seidel isomorphism [13; 16]). This will be investigated
more precisely in a forthcoming paper with Georgios Dimitroglou Rizell, where we describe a relative
Calabi-Yau structure carried by the C-E algebra. This relative structure allows in particular to show the
isomorphism between the products on LCH, and Hom. without the presence of a filling.

7.3 Products under the Calabi-Yau morphism

Let us consider the Calabi—Yau map CY induced on the Z;-modules, denoted by
CY;:C5 (Ao Ay) = C9(Ag, Ay).
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in Yor Yos i Yos Yor
Q) 01 Q) 01
A not B C D
" X12
x i1nz x ilnz

Figure 17: Pseudoholomorphic buildings contributing to the map CY>.

Theorem 7.6 The map CY preserves the product structures in homology, ie

CYI Ol:[\lz —{-I\ﬁz(CYl, CYI) =0

is satisfied in homology.

Proof In this proof we will use the notation @, and @} to denote the components of @, with values
in Cj_yc (Ao, Aq) and (xq; )SZ_CA, respectively.

Given a 3-copy Ag U A; UA, of A, we define a (degree —1) map
CY5: CL (A1, A2) ® C (Mg, A1) = C¥¥(Ag, As)

by a count of pseudoholomorphic buildings as shown in Figure 17. Similarly as for the product m, we
require that the connecting chord from A, to A in the buildings is not the maximum Morse Reeb chord x1;.
Observe however that this is automatically satisfied for action reasons for the buildings of types C and D.

By considering buildings in the boundary of the compactification of one-dimensional products of moduli
spaces of types A4, B, C and D in Figure 17, one proves

(28) m; oCY, + T\ﬁz(CYl ®RCY;)+CYy O‘(/ﬁz +CY,>(d® T/T\ll) + CYz(fﬁl ®id) =0,

which shows that CY; preserves the products in homology. In Figure 18 we depicted the different types of
buildings in the boundary of the compactification of 1-dimensional products of moduli spaces of type A.
The buildings of type A1 together with those of type 43, where the connecting chord from A to Ag is X1,
contribute to CY5(y21, M1 (Y10)). Those of type 42 contribute to CY Ot/ﬁ; (¥21, Y10) when the connecting
chord from A; to Ay is Xg2, and to i o CY(¥21, ¥10) otherwise. The buildings of type 43 when the
connecting chord from A to Ay is not xo; contribute to M»(CY1(¥21), CY1(¥10)). Those of type A4
contribute to CY; ofﬁ;— (y21. ¥10) and finally those of types 45 and 46 contribute to CY, (M (}21), Y10)-
This gives (28) for the pair of inputs (21, ¥10)- In Figure 19 we consider the broken discs in the boundary
of 1-dimensional products of moduli spaces of type B. The buildings B1 contribute to CY o5 (21, Xo1)
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Figure 18: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type A.

when the connecting chord from A, to Ag is the maximum Morse chord x¢,, and to M o CY,(y21, Xo1)
otherwise. Those of type B2 contribute to m,(CY1(y21), CY1(x01)) (none of the connecting chord is a
maximum).The buildings of types B3 and B4 finally contribute to CY (M (¥21), Xo1). The sum of these
contributions gives (28) for the pair of inputs (21, Xo1) (observe that some terms in the relation vanish
by definition). Similarly this relation can be checked for pairs of inputs (x13, y19) and (x12, xo1) by
considering broken discs in the boundary of 1-dimensional products of moduli spaces of type C and D,
respectively; see Figure 20. a

From Theorem 7.6, we deduce that the product m, has a unit in homology represented by any cycle
inC :YC (Ao, A1) which is sent to the minimum Morse Reeb chord yg; by the map CY.

7.4 A -structure

We can go further and define for each d > 3 maps m; and m, of degree 2 — d by counting pseudoholo-
morphic discs with boundary on a (d+1)-copy of A (defined in an analogous way as the 2- and 3-copies).

AANA
N

Figure 19: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type B.

Algebraic € Geometric Topology, Volume 25 (2025)



Calabi-Yau structure on the Chekanov—Eliashberg algebra of a Legendrian sphere 3667

C1 Cc2 C3 Cc4 D1 D2

YAV AAWA

Figure 20: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type C and D.

Given a (d+1)-copy AgU---U A4z of A, the maps
s C¥(Ago1 Ag) ® - ® C¥(Ao. Ap) = C(Ag, Ag)

are given by a count of pseudoholomorphic discs having mixed negative asymptotics corresponding to
inputs and one positive asymptotic which is the output. The map m, has degree 2 — d. The fact that
these maps satisfy the Ao-equations goes back to [1; 11]. In our case we have to take extra care of the
coefficients in the C-E algebra but it works exactly the same as in the case d = 2 we treated in Section 7.2.

Now let’s define the maps my. First, we extend the maps by and A to higher-order maps
by, Ai:RFCY(Ay_1,Aq) ®--- @RFCY(Ag, A1) > RFCY(Ag, Ay)

for d > 1 as follows. These maps have degree 2—d and were considered in [29, Section 8]; we recall the def-
initions. For a d-tuple of elements (cg_1@g4_1,...,coap) ERFCY(Ay_1,Ag) ®---QRFCY(Ag, A1)
where ¢; are mixed chords and a; words of pure Reeb chords, set

ba(cag—1a4-1,...,com0) = Z #MQ  (Y0d:80.€0.82.....84-1.¢4-1.8a) Voa S0 @081 ...ag_1 84.

Ay(cg-1a4-1,...,c0a0) = Z #MY, (Va0:80.¢0.82,....84-1.ca—1.8a) - VaoS0aod1...aq_18,.

Ydo
80,s8a

Observe that for the map b, the mixed chord in the output is a positive asymptotic of the pseudoholo-
morphic discs considered to define it, while for A ; it is a negative asymptotic. Thus, for energy reasons,
Ay(cg—1a4—1, ..., coap) is automatically 0 if for all 0 < j <d —1 we have ¢; € C(Aj, Aj11).

Notation 7.7 We will denote by b7 the component of b, which takes values in (xod)i{_c 1> and b; for
the component which takes values in cove (Ao, Ag).
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We make the following observations:

~CyC
¢ As ungraded maps, the map CY; is equal to the restriction to C JZ of the map &Y, namely it is
defined by a count of bananas with two positive asymptotics.

e The maps my are equal to the restriction of b;,/ to éﬁyC(Ad_l AR ® (vi'fyc(AO, Aq).

With this notation we can also rewrite the differential m; and the product m, as follows (we now drop
again the full notation for elements, removing the words of pure Reeb chords):

my(y10) = A1(Y10) + b7 (V10).
M2 (121, v10) = b5 (CY1(121). ¥10) + A2(CY 1 (¥21). V10),
M2 (y21.X01) = b3 (CY1(y21). Xo01),
My (X12, ¥10) = b5 (CY1(x12). ¥10) + A2(CY 1 (x12). Y10)-

Note that A>(CY1(y21), x01) = 0 for action reasons, as well as
b3 (x12,CY1(x01)) = A2(CY(x12). X01) = 0.
So we can write a compact formula for the product
my = (b5 +A2)(CY; ®id).
Finally, observe that the map CY, can be rewritten CY, = b;/(CYl ®id).
Remark 7.8 Very rigorously, the map m has domain and target the Z,-module C C_zc (Ao, Aq), soitis
actually equal to the sum of the shifted by 1 restrictions of the maps A and b7 (these restrictions have

domain G?C(AO, A1)[—1]). So for the formulas for m{, m,, CY, CY, as well as for the maps we define
below, the reader should consider these equalities as equalities of ungraded maps.

We extend now these formulas, ie we define maps
—~ ~Ccyc ~Ccyc ~Ccyc
Mg:CL (Ag—1,Ag)®---Q@Cy (Ao, A1) = CL (Ao, Ag),
CY4: Cy (Mg, Ag) ®--® CL (Ao, Ar) > C2(Ag, Ag)
for a (d+1)-copy of A by

(29) Mg=Y Y (F+A)CY; ®-®CY;, ®id),
(30) CYq=)_ > bY(CY; ® - ®CY;, ®id).

Observe that m is of degree 2 — d while CY is of degree 1 —d.
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Theorem 7.9 Let AgU---U Ay be a(d+1)-copy of Ag. Then for any 1 <k < d and any (k+1)-tuple
of integers 0 < 59 <--- < s} < d we have

k k—-m
3D DD B (T @y @10 = 0,
=1 n=0

k k—m
(32) Z Z W (CYy, ®---®CYy) + ZZ CY o1 (B @,y ©1d®™) = 0,

t1+ +l‘r k

where
e ,, has domain C\CjC(AsHm_l Asy ) @ ® 6‘1yc(/\sn, Asyyr)s

e Mg_mmt1 and CYy_,,41 have domain
~cyc
C+ (Ask l’[\sk)® ®C+ (Asn+m’Asn+m+l)®C+ (Asn l’ASn)® ®C+ (Asl’ASU)
o if we define t; = ZJ: ti, then CYy; has domain

~cyc

C+ (AST _1’AS1 )® ®C+ (AS-[ Asfj_l+1)v

-1’
and m, has domain

CH(As,_ Agy,) @@ CY(Ag, . As, ) ® C¥(As, . Asy).
To simplify notation, in the following we will assume that the (k+1)-tuple of integers (sg, ..., Sk) is

(0,...,k). In order to prove Theorem 7.9 we will use results proved in [29] about the maps b; and A 4
that we recall now.

Lemma 7.10 [29, Lemmas 3 and 5] Let AgU---UAy4 bea(d+1)-copy of Ag. Then forany 1 <k <d
we have

k k—m

@ D D bem1 (TR (b + M) @A) = 0,
m=1 n=0
k k—m

) > D A1 ([T R (b + Ap) ®1d®") =0,
m=1 n=0

Proof of Theorem 7.9 In order to avoid any useless complicated notation and use Lemma 7.10 as it is,
we prove the theorem ignoring the grading of maps. This means that we will write b\l/ (restricted to
the appropriate module) for CY; and A + b7 for m;. We start by proving (32) which is a proof by
induction. For k£ = 1,2 we have already shown the relation in Lemma 6.5 and the proof of Theorem 7.6,
respectively. Now let us prove (32) for & > 3 inputs, assuming that the relation holds for any number
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of inputs less or equal to k — 1. We denote by LHS(32) the left-hand side of (32). Using the fact that
m, = b;’ and the formula for the Calabi—Yau map, we have

LHS(32) = Z Z b} (CY;; ®---®CYy) + by ofiy

Jj=1 f1,..,t;=1

t1++tj =k
—1 k—-mk—m+1
Z > Z Y b/ (CY;; ®--®CY,, ®id)(d®F T @ fy, ®id®”).
m=1 n= = 125 sl]>1
ip++ij=k—m

We separate the case n = 0 from the others in the second line and get

k—1 k—m+1
Z Y b (CY,;®®CY,)+bY okt Y D Y BY(CY;®--®CY,®fm)
J=1 t1,0t 21 m=1 j=2  iy,...ij=1
ty 4+t =k in+tij=k—m
k—1 k—mk—m+1
+Y 3> Y b (Y, ®-®CY;, ®id)([d®F T @ iy @ 1d®").
m=1n=1 j= i2,..,0j=1
inttij=k—m

We now separate the cases 11y = 1 and m = 1 from the others in the ﬁrst line, and apply a change of
variables in the second line (note that for any 2 < s < j, when 1 + ZU sy =n =1+ Zi:z Iy, the
“inner” m,, will be an argument of CYj, ; thus instead of summing over 1 <n < k —m we can sum over
the variables s, n with 2 < s < j and 0 <n <is; — 1) to obtain

k k
> Y BY(CY,®-®CY,®CY )by ok + Y. Y. bY(CY;®®CY,®i))

J=2  ta,enti=1 J=2 ip,eijz1

to+-+tj=k—1 it +ij=k—1

k k—1 k—m+1
+Y Y by, ®- ®CY“)+Z Z > BY(CY, ® - ®CY, ®im)

j=1 t1,..., tj=1 02,edp>1

tH1=2 ir+-+ir=k—m
-t =k
iy is—m

+Z Z ZZ Zb (CY’J® ®CYlv—m+1(1d®1s e n®mm®1d®n)® ®CY12®1d)
Jj=2 i2,.,ij=1 s=2m=1 n=0

i +---+ij =k—1
On the first line the summations are on the same sets of parameters, so we combine them together using that

CY, —|—1/1\11 =b\1/ +Aq +b¥ =b; +A.

Then we rewrite CY,, and m,, on the second line, as well as my, on the first line, using (29) and (30).
Finally, we use (32) in the third line, which is assumed to hold by induction hypothesis. After all these
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changes we get

Z Z b} (CY; ®--®CY, ® (b1 +A1))
= 12,0y >1
t2+ +t]—k 1

+Z > bYo(b} +A,)(CY, ®-®CY,, ®id)

r=2 t,..., =1
tr+-+t,=k—1

+Z > Z Y. b(CY,®--®CY,®b)(CY;, ®-®CY;, ®id))

j=1 t1,...,.t;=1 r=2  is,..,ir=1

H=2 intotiyr=t;—1
t1 4t =k
k—1 k—m+1 m
+y N Y>> b (CY;®®CY,®(b) +A,)(CY;, ® - RCY,,®id)
m=2 j=2 i2,..,0j=1 r=2 tr,.. tr=1

i2+---+ij =k—m tr+-+tp=m—1

+Z > ZZ Y bY(CY;®-®b)(CY, ®-®CY,)®CY;,_, ®-®CY;, ®id).
i2,.0j =1  §=2r=1 f1,..,tr=1
l7+ +lj—k 1 ittt =is
We can sum the three middle lines together, and change variables on the resulting sum as well as on the
last line to get

Z > b(CY;®--®CY, ® (b1 +A)))
1,1 =1
l‘2+ +tj=k—1

+Z > Zb 41(CY, ® - ®CY,, ® (b, +A,)(CY,, ®---®CYy, ®id))

t2,..,t=1 r=2
1‘2+ +tj—k 1

Jj=1j—r
+Z Z DN by, 1 (€Y - ®b) (CY,,, ®+-®CY,,, ) ®CY;, ®--®CY;, ®id).

02,0y ij=>1 r=1n=1
lz-‘r +ij=k—1
Finally, note that adding bY +A, to b on the last line doesn’t change anything because these terms
vanish for degree and energy reasons (observe that curves contributing to b7 (CY;,,, ® ---® CY;, )
would have a unique positive asymptotic at a maximum Morse chord and negative asymptotic which have
to be Morse chords for action reasons. These negative asymptotics are in the image of the CY map so
can only be minimum Morse chords. For index reasons, such rigid discs do not exist). Then we observe
that the first line is the case r = 1, n = 0 of the third line while the second line is the case r > 1,n =0
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of the third line, so we have

Jjoj-r
LHS(32>—Z Yo DD b (T e (b, +A,) ®d®)(CY;, ®- - ® CY), ®id),

i2,..., ]>1 r=1n=0
lz+ +ij=k—1

which vanishes by Lemma 7.10(a) and thus we have proven (32). In order to prove (31), we will use (32),
which simplifies slightly the notation in the computations below. We have

k—1
LHSG1) = iy o fig + e (d® ™ @ @1) + Y By 1 (1" @ )
m=2
k—1 k—m
+ Y0 W1 (AT @ /1y @ 1dST)
m=1 n=1

and we use (29) to rewrite m; where it appear, except the “inner one” in the last line. We get

LHS(31)—Z Y T +ADGT +A)(CY; @ ®CY,, ®id)
02,0005 =1
12+ +ij=k—1

+ Z Z (bF +A;)(CY;; ® - ®CY;, ® (b} +A 1))

i2,..., =1
12+ -H]—k 1
k—1 k—m+1
+> ) Z Z Y BT +AH(CY; ®®CY,
m=2 j=2 02,00y ij=>1 r=2 t,..., tr>1
i2+"~+ij =k—m ty 4+t =m—1 &® (bi.c +Ar)(CY1r &--- ®CY;2 ®1d))
k—1 k—-mk—m+1
+ > Y (b7 +A)CY; @ ®CY, ®id)([d®F T @ iy, @id®").
m=1n=1 j=2 i2,00,ij=1
inetij =k—m
Observe that the last line can be written
k—1 k—m+1 J
>y Z ZZ(bx—i-A])(CY, - ®CY;, (id®s 17" @, ®1d®") @---®CY;, ®id)
m=1 j=2 12,0eey >1 s=2n=0
i2+---+ij=k—m
k is Is—m
Y Y R Y Y 0 AV 80OV, i (N 5 0107)
= >
/ iz—}l—zn’--{-,i;]:/i—ls =2m=1n=0 ®®CY12®ld),

where the right-hand side of the equality is obtained after a change of variables. On this last line we can

now apply (32) to get

Z > ZZ Y (bF+A)CY;®®CY,,, ®,(CY, & ®CY,,)® - ®CY;,®id).

J=2 i,.,ij=1 s=2r=1 t1,..,tr=1
ipt-+ij=k—1 ty et =i
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Using that m, = b/, we have

k

LHSBD =) >  (B+A)G}} +A)(CY;;®-®CY;,®id)
J=2 in,..ij=1
irtetij=k—1

k
+Y Y BT +AHCY;-®CY,®(bT +A1))

=2 igsenij=1

inemtij=k—1
k—1 k—m+1 m
+Z Z Z Z (b;C+Aj)(CYij®...®CYi2
m=2 j=2 i2,...,ij21 r=2 1, =1
in4-+ij=k—m trtttp=m—1 ®(b;‘ +Ar)(CYtr ®"'®CY¢2®id))

2 ) 2 GFHAp(CYy®-eCY,
j=2

i20nij =1 §=2r=1 f],.tr21

ity =k—1 11+t =i ®b, (CY;, ®-®CY;)®--®CY;, ®id).

By a change of variables in the third and fourth lines we obtain

LHS(31)—Z Z (bY +A1) (B +A))(CY;; ®--®CY;, ®id)
025enns =1
lz-‘r2 +l]—k 1

+Z > (T +AHCY;®-®CY;, R (b +A 1))
i2,..,0j=1
n+ +ij=k—1

+Z > Z(b i1 FA L )(CY; @ ®CY;, L, @ (B +A,)(CY;, ®--®CY;, ®id))

i2,..,ij=1 r=2
l2+ +ij=k—1

j=vlj—r

+Z o Y Y B, A D (CY

i2,..,ij=1 r=1n=1

12+ Aij=k—1 ®by (CY;,,, ®®CY;,,,)®CY;, ® - ®CY;, ®id).
Finally, observe that:

¢ Adding b}/ to b ;‘ + A on the first line does nothing as it vanishes for energy reasons (when the output
is a long chord) or by canceling pairs of discs (when the output of b]\-/ is y and the dimension of the

Legendrian is 1).

» Adding b} to b7 +A on the second line contributes nothing more when the output of b} is a long
chord (for energy reasons). Let us check that it also vanishes when the output of b\l/ is the Morse chord y.
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In such a case, energy arguments imply that the terms
Aj(CY;; ®- - ®CY;, ®b7)

vanish because all inputs for A; would be negative Reeb chords asymptotics; see the definition of A; at
the beginning of Section 7.4. Then we consider the terms

b7 (CY;; ®--®CYs, ® bY).

Pseudoholomorphic buildings contributing to such terms should contain a rigid disc with a unique positive
asymptotic to x. For energy reasons, the j negative asymptotics must be Morse chords and in particular
can only be y’s (by definition of the CY maps). For index reasons, such a rigid disc doesn’t exist.

o Adding b, to bY +A, on the third line doesn’t contribute either for the same reasons as the previous
point.

e Adding b +A, to b;’ on the fourth line does not change anything either: A,(CY;,,, ®---®CY;, )
vanishes for energy reasons and then as before the term b7 (CY;,,, ®---®CY;, ) vanishes also because
there is an even number of discs, or no disc at all, with positive asymptotic at x and negative asymptotics
only at y’s chords.

Moreover, the first line is the case r = j,n = 0 of the last line, the second line is the case r = 1,n =0
of the last line, and the third line is the case 2 < r < j —1,n = 0 of the last line. So we have

J oJj-r

LHS(31)_Z S YD B A )

i2,..,0j=1 r=1n=0

Gl (d®/ " @b, +A,) ®id®")(CY;, ® -+ ® CY;, ®id),

which vanishes by Lemma 7.10(a)—(b). O

8 Example: the unknot

The computation done here is a subcase of the computation done in [2, Section 5]. We nevertheless detail
it using our notation. Let A be the standard TB = —1 unknot and consider a 2-copy and a 3-copy; see
Figure 21. We have
~cyc ~
Cy (Mo, Ay) = (aro. xo1)4q and CZ(Ag.Ay) = (do1. yo1)ia

with |a10|c =0, |xo1 |C =2,lao1lg =2and|yo1|z = 0. Denote by a’ =a...athe word consisting
of j times the chord a Wthh is the only Reeb chord of A. We have, for all j > 0, M (aj0a’) =
Xoraa’ + xg1a’a = 0, and M (xo;) = 0 as well. On the other side t; (ag;a’) = 0, for example, for
degree reasons, and M (yo1a’) = ag1aa’ +aga’ a = 0. So both differentials M, and M vanish implying
that the homologies of (6 c_zC(AO, A1), m;) and (éﬁyc(Ao, A1), ™) are infinite-dimensional generated
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Figure 21: Lagrangian projections of the 2-copy AoU A on the left, and of the 3-copy AgUA;UA;
on the right.

by all words aja’, xo1a’ and agia’, yo1a’, respectively. In this simple case there is a unique way to
define the Calabi—Yau map by degree reasons, but one can also easily see on the figure which are the
bananas with a positive asymptotic at a1¢ and the strips with a negative asymptotic at x¢;. This gives

CY](aloaj) = y01aj and CY1 (x()laj) = a01aj.

. . ~cye
We can then use the Lagrangian projection of the 3-copy to compute the product structures on C |

and C%°. The rigid discs asymptotic to generators of C9* with one positive asymptotic and two negative
asymptotics contribute to the product m, and one can see that the only ones are those giving

My (ar2a’ yo1a’) = agaa’™ ., Wy(y12a’ agia’) =apa' ™. Wa(yaal. yora') = yora’ .

which expresses the fact that the minimum Morse Reeb chord acts as a unit, ie induces a quasi-isomorphism
CV’EVC(AI ,Ny) = CV’EYC(AO, A5). For the product m, we have to find buildings as the one pictured in
Figure 6. The only ones are those we depicted on Figure 22. They give the following nontrivial components

of the product:

+Jj +J

1:‘\’tz((lzlaj,Clloai) = azoai ) IT12(6121aj,>€01¢1i) = onai ) IT12(961211].,6110¢1i) = onai+j,

which translates the fact that the mixed a generator acts as a unit for the product m,. The higher-order
operations m; and m; for j > 3 vanish.
aio X0

AAVRY

X02
aio \ aszi
[/ SZENiE
Y12 Iz

X12

2
12

Figure 22: Pseudoholomorphic buildings contributing to the product m, for the unknot.
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