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NOÉMIE LEGOUT

We prove that the Chekanov–Eliashberg algebra of a horizontally displaceable n-dimensional Legendrian
sphere in the contactization of a Liouville manifold is an .nC1/-Calabi–Yau differential graded algebra. In
particular it means that there is a quasi-isomorphism of DG bimodules between the diagonal bimodule and
the inverse dualizing bimodule associated to the Chekanov–Eliashberg algebra. On some cyclic version
of these bimodules, computing the Hochschild homology and cohomology of the Chekanov–Eliashberg
algebra, we construct A1-operations and show that the Calabi–Yau isomorphism extends to a family of
maps satisfying the A1-functor equations.
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1 Introduction

We consider n-dimensional Legendrian submanifolds in a contact manifold .Y; ˛/ which is the contacti-
zation of a Liouville manifold .P; ˇ/. Among the numerous invariants of Legendrians up to Legendrian
isotopy, many of them are derived from the famous Chekanov–Eliashberg algebra (C-E algebra) [8; 22],
originally defined by Chekanov for Legendrian links in R3 and generalized to higher-dimensional
Legendrians in the contactization of a Liouville domain by Ekholm, Etnyre and Sullivan [19; 20]. This
algebra is a unital differential graded algebra (DGA) associated to a Legendrian ƒ and generated by Reeb
chords of ƒ; see Section 4 for a brief recall of the definition. In this paper we take the coefficient ring to
be the field Z2.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2025.25.3627
http://www.ams.org/mathscinet/search/mscdoc.html?code=53D42, 57R58
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


3628 Noémie Legout

It is well known that linearized versions of the C-E algebra satisfy a particular type of duality, which was
first proved by Sabloff [33] for Legendrian knots, and generalized to higher dimensions by Ekholm, Etnyre
and Sabloff [18] and to the bilinearized case by Bourgeois and Chantraine [1]. We prove in this paper
that under some assumptions the full C-E algebra, ie not linearized, also satisfies a similar type of duality.
This duality is expressed in terms of differential graded bimodules (DG bimodules). Namely, if A denotes
the C-E algebra of a n-dimensional Legendrian sphere, then A is a DG A-bimodule called the diagonal
bimodule, and the inverse dualizing bimodule of A is the DG A-bimodule A! WD RHomA-A.A;A˝A/.
We prove that there is a quasi-isomorphism

(1) CY WA '
�!A!Œ�n� 1�

satisfying CY ' CY !Œ�n� 1�. Together with the fact that A is a homologically smooth differential graded
algebra (see Section 2), this leads to the following result:

Theorem 1.1 Let ƒ� Y be an horizontally displaceable Legendrian sphere. Then its C-E-algebra is a
.nC1/-Calabi–Yau differential graded algebra.

The definition of Calabi–Yau structure we use here is the one of Ginzburg [26, Definition 3.2.3] (see also
Kontsevich and Soibelman [28]), although we have some opposite sign convention for degrees.

For the following reasons, it was reasonable to expect that the C-E algebra of a displaceable Legendrian
sphere admits a Calabi–Yau structure. In his thesis, Ganatra [24] showed that the wrapped Fukaya
category W of a Weinstein manifold is a noncompact Calabi–Yau category, where the Calabi–Yau
structure is induced similarly as for (1) by an equivalence of A1-bimodules between the diagonal
bimodule W and an analogue of the inverse dualizing bimodule in the A1-setting, W !. Now, observe that
the wrapped Fukaya category of a Weinstein manifold X (of finite type) is generated by the Lagrangian
cocores obtained by attaching critical handles to Legendrian spheres in the ideal contact boundary
of X , as proved by Chantraine, Dimitroglou Rizell, Ghiggini and Golovko [7], and Ganatra, Pardon
and Shende [25]. A Calabi–Yau structure on the C-E algebra of these Legendrian spheres should then
be possible to construct by using the surgery isomorphism of Bourgeois, Ekholm and Eliashberg [3]
(see also Ekholm and Lekili [21] and Ekholm [17]). Recall that the surgery isomorphism gives an
A1-quasi-isomorphism between the wrapped Floer cohomology of the cocores, ie the endomorphism
groups of the generators of the wrapped Fukaya category, and the C-E algebra of the Legendrian attaching
spheres. Note that X is taken here to be a subcritical Weinstein manifold. When X is the standard ball,
the C-E algebra of a Legendrian in its boundary can be computed inside a contact Darboux ball where it
is displaceable; see, for example, the work of Dimitroglou Rizell, Ekholm and Tonkonog [14].

This suggests that a Calabi–Yau structure on the C-E algebra of a Legendrian sphere could potentially
be obtained from the one defined by Ganatra via the surgery isomorphism. However we will not adopt
this method in this paper. Instead, we restrict ourselves to Legendrian spheres in the contactization of
a Liouville manifold and introduce a version of the Rabinowitz Floer homology for Legendrians with
coefficients in the free A-bimodule A˝A of rank 1, where A denotes the C-E algebra.
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Rabinowitz Floer homology was originally defined as an homology theory for contact-type hypersurfaces
by Cieliebak and Frauenfelder in [9]. A relative theory, Lagrangian Rabinowitz Floer homology, has
then been introduced in [31] for exact Lagrangians in a Liouville manifold, and more recently both the
nonrelative and relative theories have been generalized to the case of Liouville cobordisms admitting
a filling by Cieliebak and Oancea in [10]. These previous theories were defined in the Hamiltonian
setting and in [29] we introduced an SFT-type version of the Lagrangian Rabinowitz Floer homology
for Lagrangians in a (trivial) Liouville cobordism. There, we used augmentations of the C-E algebras of
Legendrians in the negative ends of Lagrangian cobordisms in order to define a complex over Z2. In this
paper, we consider only the Rabinowitz complex of cylinders over a Legendrian submanifold and we don’t
use augmentations, so that we get a DG bimodule with coefficients in the C-E algebras of the Legendrians.

More precisely, the Rabinowitz DG bimodule considered here is generated by mixed chords of a 2-copy
ƒ0 [ƒ1 of a Legendrian ƒ, where ƒ1 is a small negative push-off of ƒ0 WDƒ, and its differential is
defined by a count of pseudoholomorphic discs with boundary on R�.ƒ0[ƒ1/. The differential is lower
triangular and so the Rabinowitz bimodule is the cone of a DG bimodule map CC.ƒ0; ƒ1/!C�.ƒ0; ƒ1/,
where CC is generated by chords from ƒ0 to ƒ1 (in bijective correspondence with chords of ƒ) and C�

is generated by chords from ƒ1 to ƒ0 (in bijective correspondence with chords of ƒ and critical points
of a Morse function on ƒ). For a Legendrian sphere ƒ and its C-E algebra A, the Rabinowitz bimodule
can be described as the cone of a slightly different DG bimodule map

CY W bCC.ƒ0; ƒ1/! {C�.ƒ0; ƒ1/;

which corresponds to a slight modification of the action filtration. Here bCC.ƒ0; ƒ1/ is generated by
Reeb chords from ƒ0 to ƒ1 as well as the maximum of a given Morse function on ƒ, and {C�.ƒ0; ƒ1/

is generated by chords from ƒ1 to ƒ0 and the minimum of the Morse function. Then, we show thatbCC.ƒ0; ƒ1/Œ�n�1� is quasi-isomorphic to A and {C�.ƒ0; ƒ1/ is quasi-isomorphic to RHomA-A.A;A˝A/.
The invariance of the Rabinowitz homology up to Legendrian isotopies implies that if ƒ is horizontally
displaceable, then the complex is acyclic. The shifted map CYŒ�n � 1� provides thus a Calabi–Yau
quasi-isomorphism A!A!Œ�n� 1�.

In general, we expect that the Rabinowitz complex is acyclic for any Legendrian in the contact boundary
of a subcritical Weinstein manifold. For example the periodic orbit version of Rabinowitz Floer homology
and Rabinowitz Floer homology for fillable Legendrians both vanish there; see [10]. We expect also that
the Calabi–Yau structure we construct here coincides with that constructed by Ganatra in [24], and plan
to show this in future work with Asplund. One advantage with the perspective taken here compared to
that of Ganatra is from the point of view of computability. The pseudoholomorphic discs that define the
operations we consider can be computed using Ekholm’s theory of gradient flow trees [15], while the
operations defined by Hamiltonian perturbations seem to lack general techniques for computation.

By taking bimodule tensor products of both bimodules bCC.ƒ0; ƒ1/ and {C�.ƒ0; ƒ1/ with the diagonal
bimodule A one gets complexes which we denote by bC cyc

C .ƒ0; ƒ1/ and {C cyc
� .ƒ0; ƒ1/ and which compute
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3630 Noémie Legout

the Hochschild homology and cohomology of A, respectively. On these complexes we construct higher-
order maps, ie for any .dC1/-copy ƒ0[ � � � [ƒd we construct maps

bmd W
bC cyc
C .ƒd�1; ƒd /˝ � � �˝ bC cyc

C .ƒ0; ƒ1/! bC cyc
C .ƒ0; ƒd /;

{md W
{C cyc
� .ƒd�1; ƒd /˝ � � �˝ {C

cyc
� .ƒ0; ƒ1/! {C

cyc
� .ƒ0; ƒd /

satisfying the A1-equations; see Section 7. The maps {md are defined by a count of pseudoholomorphic
discs with boundary on R�.ƒ0[� � �[ƒd /, with d negative asymptotics which are inputs and one positive
asymptotic which is the output. These maps are well known: they compute the A1-structure of the
augmentation category Aug�.ƒ/ of Bourgeois and Chantraine [1] with a formal unit added (corresponding
to the minimum of the Morse function here). One the other side, the maps bmd are defined by a count
of certain 2-level pseudoholomorphic buildings appearing in the boundary of the compactification of
1-dimensional moduli spaces. In this sense it can be seen as a secondary-type product. Finally, we show
that the map CY induced on the cyclic complexes extends to a family of maps

CYd W
bC cyc
C .ƒd�1; ƒd /˝ � � �˝ bC cyc

C .ƒ0; ƒ1/! {C
cyc
� .ƒ0; ƒd /

satisfying the A1-functor equations.

Observe that the map CY gives an isomorphism between the Hochschild homology and cohomology
of A, which after generalizing our definition of the Rabinowitz complex to Legendrians in more general
contact manifolds, would recover the quasi-isomorphism between Hochschild homology and cohomology
for the wrapped Fukaya category in [24]. Moreover we presumably recover the relation between the
different product structures as constructed by Bourgeois, Ekholm and Eliashberg in [2].

Acknowledgments I am very grateful to Georgios Dimitroglou Rizell for all the discussions we had
together and his generosity in sharing ideas. I also thank Paolo Ghiggini, who gave me valuable comments
on a first version of the paper. In particular he pointed out a remark which I was using in some proof
but which was wrong. Finally I thank the referee, whose comments helped me to correct more mistakes.
This work is supported by the Knut and Alice Wallenberg Foundation under the grants KAW 2021.0191
and KAW 2021.0300, and by the Swedish Research Council under the grant number 2020-04426.

2 Background on DG bimodules

Let .A0; @A0
/, .A1; @A1

/ be unital differential graded algebras (DGAs) over Z2 (we restrict to Z2 for
simplicity here but it is not strictly necessary). A DG A1-A0-bimodule is a graded A1-A0-bimodule B
endowed with a degree-1 differential @B such that

@B.˛1b˛0/D @A1
.˛1/b˛0C˛1@B.b/˛0C˛1b@A0

.˛0/:

If .A0; @A0
/D .A1; @A1

/D .A; @A/, we write simply A-bimodule instead of A-A-bimodule.
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Example 2.1 (a) A DGA .A; @A/ is itself a DG A-bimodule, called the diagonal bimodule.

(b) The tensor product of a DGA A with itself over Z2 is also a DG A-bimodule, with differential
given by @A˝A.a1˝ a0/D @A.a1/˝ a0C a1˝ @A.a0/. This bimodule carries two different bimodule
structures, the outer and the inner bimodule structure:

�out
A˝A WA˝ .A˝A/˝A!A˝A; ˛˝ .a˝ a0/˝˛0 7! ˛a˝ a0˛0;

�in
A˝A WA˝ .A˝A/˝A!A˝A; ˛˝ .a˝ a0/˝˛0 7! a˛˝˛0a0:

(c) Given two DG A1-A0-bimodules B and C, the set HomA1-A0
.B; C/ of bimodule maps is a chain

complex whose differential is given by D.�/D � ı @BC @C ı�.

In this paper, we write�˝� instead of�˝Z2
� for the tensor product over Z2. A DG morphism of A1-A0-

bimodules from B to C is a degree-0 element � in HomA1-A0
.B; C/ which commutes with the differentials

of B and C; in other words, it is a degree-0 cycle in .HomA1-A0
.B; C/;D/. A quasi-isomorphism of DG

bimodules is a DG morphism which induces an isomorphism in homology.

Following [23], we recall that a DG A1-A0-bimodule .B; @B/ is free if it is isomorphic to A1˝V ˝A0

where V is a Z2-vector space generated by cycles. In this case a free generating set for B is a basis of V .
Given a DGA A the diagonal bimodule is not a free bimodule while A˝A endowed with either the outer
or the inner structure is free, generated by 1˝1. A DG bimodule B is called semifree if there is a filtration

f0g � F0B � F1B � � � � � B

such that FiB is a DG subbimodule for all i � 0,
S

FiB D B, and F0B and FiC1B=FiB are free
bimodules. We say that a semifree DG bimodule B as above is of finite rank if there is a k 2 N such
that FkB D B. A semifree resolution of a DG bimodule B is a semifree DG bimodule RB together with
a quasi-isomorphism of DG bimodules RB! B.

In the category of DG A1-A0-bimodules, RHomA1-A0
.�; C/ denotes the right derived functor of the

functor HomA1-A0
.�; C/. Let RB be any semifree resolution of the A1-A0-bimodule B; we have by

definition that RHomA1-A0
.B; C/D HomA1-A0

.RB; C/, which is well defined up to quasi-isomorphism.
Given a DGA A, the inverse dualizing bimodule, denoted by A!, is RHomA-A.A;A˝A/. The elements
of RHomA-A.A;A˝A/ are bimodule morphisms from the diagonal bimodule A to A˝A where A˝A
is endowed with the inner bimodule structure. Then, RHomA-A.A;A˝A/ is a DG A-bimodule with a
bimodule structure induced by the outer bimodule structure on A˝A, ie for � 2 RHomA-A.A;A˝A/
which can be written as � D �l ˝�r and for any v; a;w 2A we have

.v �� �w/.a/D v�l.a/˝�r .a/w:

If �WB! C is a DG morphism of A-bimodules in the derived sense, then there is an induced morphism
�!W C!! B! given by �!.c!/D c! ı�.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 2.2 The semifree resolution mentioned above in order to compute RHomA1-A0
.B; C/ can be

taken to be the bar resolution of B; however this one is not of finite rank. In this paper we will be
interested in the inverse dualizing bimodule RHomA-A.A;A˝A/ of the Chekanov–Eliashberg DGA (see
Section 4) of a closed Legendrian submanifold. In this case, the diagonal bimodule A admits a finite-rank
semifree resolution; see Section 6.4.

The purpose of this paper is to prove that under some hypothesis the Chekanov–Eliashberg algebra of a
Legendrian sphere is a Calabi–Yau DGA. Let us recall the necessary definition.

Definition 2.3 [28] Let .A; @A/ be a DGA.

(a) A DG A-bimodule is perfect if it is quasi-isomorphic to a direct summand of a finite-dimensional
semifree DG bimodule.

(b) The DGA A is homologically smooth if it is perfect as a DG A-bimodule.

Definition 2.4 [26] A homologically smooth DGA A is called d-Calabi–Yau if there is a quasi-
isomorphism of DG A-bimodules

� WA!A!Œ�d �

such that � ' �!Œ�d �.

Notation 2.5 The convention we use for shifts in this paper is that if jaj is the degree of an element of a
DG bimodule B, then the same element viewed in BŒd � has degree jaj C d . Then, for a DG bimodule
morphism f W B! C we denote by f Œd � W BŒd �! CŒd � the shifted map.

3 Moduli spaces

We will be working in the same setting as in [29] and refer to Sections 2.2–2.6 of the mentioned paper
for more details about the moduli spaces of pseudoholomorphic discs we consider here. Throughout
this paper, when we consider a Legendrian submanifold of Y we always assume that it is closed and
nondegenerate in the sense that it admits a finite number of Reeb chords which are isolated and correspond
to transverse intersection points of the Lagrangian projection on P .

Let ƒ� Y be a Legendrian and denote by R.ƒ/ the set of Reeb chords of ƒ. For any chord 
 2R.ƒ/
we denote by CZ.
 / its Conley–Zehnder index; see [19].

Remark 3.1 When ƒ is not connected, there are additional choices (as, for example, choices of paths
between the various connected components) to make in order to define the Conley–Zehnder index of a
Reeb chord connecting two distinct connected components; see [13]. The index of a chord depends on
these additional choices but for any two chords from a connected component to another, the difference
in index is independent of the choices. Moreover, we assume in this paper that the Legendrians we
consider always have Maslov number 0 and that the first Chern class of P vanishes. In this case we get a
well-defined Z-valued Conley–Zehnder index (after the potentially additional choices discussed above).
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Let JP be an almost complex structure on .P; ˇ/ which is compatible with dˇ and cylindrical outside of
a compact set in the cylindrical end of P . We call such a structure admissible. Then, we denote by J the
almost complex structure on .R�Y; d.et˛// which is the cylindrical lift of JP , ie the unique cylindrical
almost complex structure J on R�Y such that the projection �P WR�P�R!P is .J;JP /-holomorphic.

Given Reeb chords 
; 
1; : : : ; 
d of ƒ we denote bycMƒ.
 I 
1; : : : ; 
d /

the moduli space of J -holomorphic discs with boundary on R�ƒ having a positive asymptotic at 
 and
negative asymptotics at 
1; : : : ; 
d . As the boundary condition for these discs is cylindrical as well as the
almost complex structure, there is an action of R by translation on these moduli spaces. We denote by

Mƒ.
 I 
1; : : : ; 
d /DWcMƒ.
 I 
1; : : : ; 
d /=R

the quotient by this action.

Letƒ0; : : : ; ƒd �Y be dC1 Legendrian submanifolds such that the linkƒ0[� � �[ƒd is nondegenerate.
For any 0� i ¤ j � d , we denote by R.ƒi ; ƒj / the set of Reeb chords from ƒj to ƒi . Such chords are
called mixed while chords in R.ƒi/ are called pure. Let 
0d 2 R.ƒ0; ƒd /, .
1; : : : ; 
d / be a d-tuple
of Reeb chords such that 
i 2R.ƒi�1; ƒi/[R.ƒi ; ƒi�1/, and ıi for 0� i � d words of Reeb chords
of ƒi . We denote by

Mƒ0:::d
.
0d I ı0; 
1; ı1; : : : ; 
d ; ıd /

the quotient by the action of R of the moduli space of pseudoholomorphic discs satisfying the following:

� The boundary of the discs lie on the ordered .dC1/-tuple of Lagrangians R�ƒ0; : : : ;R�ƒd

when following the boundary counterclockwise.

� The discs in this moduli space are positively asymptotic to the Reeb chord 
0d , positively or
negatively asymptotic to the Reeb chords 
i , and negatively asymptotic to the words of Reeb
chords ıi .

Similarly, for a chord 
d0 2R.ƒd ; ƒ0/, and other chords as above, we denote by

Mƒ0:::d
.
d0I ı0; 
1; ı1; : : : ; 
d ; ıd /

the quotient by the action of R of the moduli space of pseudoholomorphic discs with the same boundary
conditions as above, negatively asymptotic to the Reeb chord 
d0, and with the same asymptotic conditions
as above for the other punctures.

Remark 3.2 In the notation we employ, the first asymptotic 
 , 
0d or 
d0 will always be the output
of a map defined by a count of rigid discs in the corresponding moduli spaces. When the Lagrangian
boundary conditions for the pseudoholomorphic discs is the ordered .dC1/-tuple .R�ƒ0; : : : ;R�ƒd /,
knowing if the first asymptotic is a positive or negative asymptotic is enough to determine if the other
mixed asymptotics are positive or negative, according to their direction. More precisely, if a chord 
i is
in R.ƒi ; ƒi�1/ then it will always be a positive asymptotic while if it is in R.ƒi�1; ƒi/ it will always
be a negative asymptotic.
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By [13], if the almost complex structure J is the cylindrical lift of an admissible almost complex structure
on P which is regular (that is, such that the pseudoholomorphic discs �P ıu are transversely cut out, for
any pseudoholomorphic disc u in any of the moduli spaces described above), then J is regular meaning
that the moduli spaces we described above are transversely cut out. The necessary transversality results for
moduli spaces of pseudoholomorphic discs in P with boundary on �P .ƒ/ are carried out in [19]. When
transversality holds, these moduli spaces are thus smooth manifolds which can moreover be compactified
in the sense of Gromov.

The dimension of a moduli space can be expressed in terms of the Conley–Zehnder indices of its
asymptotics. For moduli spaces with only pure asymptotics, we have

dimMƒ.
 I 
1; : : : ; 
d /D .CZ.
 /� 1/�

dX
iD1

.CZ.
i/� 1/� 1:

Then, for a word of pure Reeb chords ı D ı1 : : : ık let us denote by `.ı/ D k its length and define
CZ.ı/ WD

Pk
iD1 CZ.ıi/. Moreover, let us denote by jC the number of positive mixed Reeb chord

asymptotics among f
1; : : : ; 
dg. We have

dimMƒ0:::d
.
0d I ı0; 
1; ı1; : : : ; 
d ; ıd /D .CZ.
0d /� 1/C

X

i2R.ƒi ;ƒi�1/

.CZ.
i/� 1/

�

X

i2R.ƒi�1;ƒi /

.CZ.
i/� 1/�
X

.CZ.ıi/� `.ıi//C .2� n/jC� 1

and

dimMƒ0:::d
.
d0I ı0; 
1; ı1; : : : ; 
d ; ıd /D�.CZ.
d0/� 1/C

X

i2R.ƒi ;ƒi�1/

.CZ.
i/� 1/

�

X

i2R.ƒi�1;ƒi /

.CZ.
i/� 1/�
X

.CZ.ıi/� `.ıi//C .2� n/.jC� 1/� 1:

We refer to [5, Section 4.3] for the computation of these dimensions. In the following we add an exponent
to indicate the dimension of the moduli space, ie Mi

ƒ
.
 I 
1; : : : ; 
d / denotes an i-dimensional moduli

space. We call rigid the pseudoholomorphic discs in a 0-dimensional moduli space.

We define the action a.
ij / of a Reeb chord 
ij by a.
ij /D
R

ij
˛ if i > j , and a.
ij /D�

R

ij
˛ if i � j .

By positivity of energy for pseudoholomorphic discs in the moduli spaces defined above, we have the
following. If the moduli space Mƒ.
 I 
1; : : : ; 
d / is not empty then the action of the asymptotics satisfies

�a.
 /C

dX
iD1

a.
i/� 0:

If Mƒ0:::d
.
0d I ı0; 
1; ı1; : : : ; 
d ; ıd / is not empty then we have

�a.
0d /C
X


i2R.ƒi�1;ƒi /

a.
i/C
X


i2R.ƒi ;ƒi�1/

a.
i/C

dX
jD0

a.ıj /� 0:

Algebraic & Geometric Topology, Volume 25 (2025)
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Finally if Mƒ0:::d
.
d0I ı0; 
1; ı1; : : : ; 
d ; ıd / is nonempty then we have

�a.
d0/C
X


i2R.ƒi�1;ƒi /

a.
i/C
X


i2R.ƒi ;ƒi�1/

a.
i/C

dX
jD0

a.ıj /� 0:

In particular, the definition of action we choose here implies that the maps which will be defined later
by a count of pseudoholomorphic discs in the moduli spaces above will be action decreasing.

4 The Chekanov–Eliashberg DGA

In this section we briefly recall the definition of the Chekanov–Eliashberg algebra (C-E algebra) of a
Legendrian originally defined in [8; 22] and refer to [8; 19; 20] for details.

Let ƒ� Y be a Legendrian and denote by C.ƒ/ the Z2-module generated by Reeb chords of ƒ. The
Chekanov–Eliashberg DGA of ƒ, denoted by A.ƒ/, is the tensor algebra of C.ƒ/ over Z2:

A.ƒ/D
M
i�0

C.ƒ/˝i

with C.ƒ/˝0 D Z2. The grading of a Reeb chord 
 2 R.ƒ/ is given by j
 jA D 1� CZ.
 /, and we
extend it to the whole algebra A.ƒ/ by

j
1 : : : 
d jA D j
1jAC � � �C j
d jA:

Remark 4.1 In this paper we use a slightly unconventional grading for the C-E algebra. This way the
differential will be a map of degree 1 instead of a map of degree �1. We make this choice in order for the
Rabinowitz DG bimodule defined in the next section to have a differential of degree 1, as it generalizes
(in the sense that we don’t use augmentations of the C-E-algebra) the Rabinowitz complex defined in [29]
whose differential has degree 1.

The differential @A on A is given on Reeb chords by

@A.
 /D
X
d�0

X

1;:::;
d

#M0
ƒ.
 I 
1; : : : ; 
d / � 
1 : : : 
d

and extends to the whole algebra A by Leibniz rule, that is,

@A.
1
2/D @A.
1/
2C 
1@A.
2/:

Remark 4.2 In the original definition of the C-E algebra of a Legendrian, the differential is defined
by a count of pseudoholomorphic discs with boundary on the projection �P .ƒ/, for �P W R�P ! P .
Dimitroglou Rizell proved in [13] that the differential can equivalently be defined by a count of pseu-
doholomorphic discs with boundary on R�ƒ�R�Y . We use this latter perspective in this paper.

Theorem 4.3 [8; 19; 20] The map @A is a degree-1 map which satisfies @2
A D 0.

The homology of the complex .A.ƒ/; @A/ is called the Legendrian contact homology of ƒ.
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5 The Rabinowitz DG bimodule

Let ƒ0; ƒ1 � Y be Legendrian submanifolds and A.ƒ0/, A.ƒ1/ denote their C-E DGAs. We denote
by C.ƒ0; ƒ1/ the graded Z2-module generated by chords in R.ƒ0; ƒ1/, and graded with the Conley–
Zehnder index. We further denote by CA1-A0

.ƒ0; ƒ1/ the A.ƒ1/-A.ƒ0/-bimodule generated by chords
in R.ƒ0; ƒ1/, ie elements of CA1-A0

.ƒ0; ƒ1/ are linear combinations of words v1
01v0 where vi

are words of Reeb chords of ƒi for i D 0; 1 and 
01 2 R.ƒ0; ƒ1/. The degree of v1
01v0 is given
by CZ.
01/C jv0jA0

C jv1jA1
. Analogously denote by CA1-A0

.ƒ1; ƒ0/ the A.ƒ1/-A.ƒ0/-bimodule
generated by chords in R.ƒ1; ƒ0/.

The Rabinowitz DG bimodule RFCA1-A0
.ƒ0; ƒ1/ is a DG A.ƒ1/-A.ƒ0/-bimodule which is defined as

follows. The underlying graded bimodule has two different types of generators:

RFCA1-A0
.ƒ0; ƒ1/D CC.ƒ0; ƒ1/˚C�.ƒ0; ƒ1/;

where

� CC.ƒ0; ƒ1/ is the A.ƒ1/-A.ƒ0/-bimodule whose elements are the same as in CA1-A0
.ƒ1; ƒ0/

but the grading of a mixed chord 
10 is modified by taking the negative and adding n, that is,
j
10jRFC.ƒ0;ƒ1/ D n�CZ.
10/,

� C�.ƒ0; ƒ1/D CA1-A0
.ƒ0; ƒ1/.

The differential on RFCA1-A0
.ƒ0; ƒ1/ is given by a lower triangular 2�2-matrix

m1 D

�
�CC

1
0

b�C
1

b��1

�
for which we describe the components on generators of RFCA1-A0

.ƒ0; ƒ1/. The map�CC
1
WCC.ƒ0; ƒ1/

! CC.ƒ0; ƒ1/ on generators is given by the Legendrian contact homology differential of ƒ0 [ƒ1

restricted to mixed chords from ƒ0 to ƒ1, namely for a chord 
10 2R.ƒ1; ƒ0/ we have

�CC
1
.
10/D

X
ˇ10;ı0;ı1

#M0
ƒ01

.ˇ10I ı0; 
10; ı1/ � ı1 ˇ10 ı0;

where the sum is over all mixed chords ˇ01 2R.ƒ0; ƒ1/ and all words of pure Reeb chords ıi of ƒi

for i D 0; 1. Then, we extend it to bimodule elements v1
10v0 by

�CC
1
.v1
10v0/D @A.ƒ1/.v1/
10v0C v1�

CC

1
.
10/v0C v1
10@A.ƒ0/.v0/

and then by linearity. The component b��1 W C�.ƒ0; ƒ1/! C�.ƒ0; ƒ1/ is given by the restriction to
mixed chords from ƒ1 to ƒ0 of the Legendrian contact cohomology differential:

b��1 .
01/D
X

ˇ01;ı0;ı1

#M0
ƒ01

.ˇ01I ı0; 
01; ı1/ � ı1 ˇ01 ı0 :

We extend it to bimodule elements v1
01v0 by

b��1 .v1
01v0/D @A.ƒ1/.v1/
01v0C v1 b��1 .
01/v0C v1
01@A.ƒ0/.v0/:
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Finally, the component b�C
1
W CC.ƒ0; ƒ1/! C�.ƒ0; ƒ1/ is the banana map defined on generators by

b�C
1
.
10/D

X
ˇ01;ı0;ı1

#M0
ƒ01

.ˇ01I ı0; 
10; ı1/ � ı1 ˇ01 ı0

and we extend it to bimodule elements v1
10v0 by

b�C
1
.v1
10v0/D v1 b�C

1
.
10/v0:

Proposition 5.1 We have:

(a) m1 is a degree-1 map.

(b) RFCA1-A0
.ƒ0; ƒ1/ is a DG A.ƒ1/-A.ƒ0/-bimodule; ie m2

1
D 0.

Proof (a) This is obtained by the dimension formula of the moduli spaces; see Section 3.

(b) This is obtained by considering the algebraic contributions of pseudoholomorphic buildings arising
in the boundary of 1-dimensional moduli spaces of the following type:

� M1
ƒ01

.ˇ10I ı0; 
10; ı1/: strips with a positive asymptotic at 
10, a negative asymptotic at ˇ10 and
negative pure asymptotics at the words ı0 and ı1.

� M1
ƒ01

.ˇ01I ı0; 
01; ı1/: strips with a positive asymptotic at ˇ10 and negative asymptotic at 
10.

� M1
ƒ01

.ˇ01I ı0; 
10; ı1/: bananas with positive asymptotics at ˇ10 and 
10.

Equivalently we have that .CC.ƒ0; ƒ1/;�
CC

1
/ and .C�.ƒ0; ƒ1/;b

��
1 / are DG A.ƒ1/-A.ƒ0/-bimodules,

and RFCA1-A0
.ƒ0; ƒ1/ is the cone of the DG bimodule map b�C

1
W CC.ƒ0; ƒ1/Œ1�! C�.ƒ0; ƒ1/.

Notation 5.2 We suppress the exponents “CC”, “�C” and “��” indicating the output and input of each
component of the differential, and define �1 WD�

CC

1
and b1 WD b�C

1
Cb��1 . We will write explicitly,

when needed, if we consider some restriction of the map b1.

Remark 5.3 If the C-E DGAs A.ƒ0/ and A.ƒ1/ admit augmentations (see [8]) "0 and "1, respectively,
over Z2, we can use them to turn the bimodule coefficients into elements of Z2 and thus get a Z2-module
RFC.ƒ0; ƒ1/. This latter module corresponds to the one defined in [29] in the case where the pair of
Lagrangian cobordisms is a pair of trivial cylinders. Moreover, if ƒ1 is a copy of ƒ0, this complex is
isomorphic to the complex of the 2-copy described in [18].

We recall now a sufficient condition for the Rabinowitz complex to be acyclic.

Definition 5.4 A pair of Legendrians .ƒ0; ƒ1/ in Y D P �R is said to be horizontally displaceable if
there is a Hamiltonian isotopy 't of P such that …P .ƒ0/\ '1.…P .ƒ1//D¿, where …P W Y ! P is
the projection.

Theorem 5.5 [29] If .ƒ0; ƒ1/ is horizontally displaceable , then RFCA1-A0
.ƒ0; ƒ1/ is acyclic.

Remark 5.6 In [29], Theorem 5.5 is proved for the Z2-module RFC.ƒ0; ƒ1/ but the proof extends
directly to the bimodule case.
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Assume that ƒ1 is a perturbation of ƒ0 by a small negative Morse function; see Section 6.1 below.
If the perturbation is sufficiently small then by invariance of the C-E algebra [20] (and the fact that the
almost complex structure on R�Y is the cylindrical lift of an admissible almost complex structure on P ;
see [13]), the DGAs A.ƒ0/ and A.ƒ1/ are canonically isomorphic in the sense that there is a canonical
identification of Reeb chords of ƒ0 with Reeb chords of ƒ1 such that the differentials coincide under
this identification. In this case, we denote by .RFCA-A.ƒ0; ƒ1/;m1/ the Rabinowitz bimodule, where
A WDA.ƒ0/DA.ƒ1/. It is a DG A-bimodule.

6 The Calabi–Yau structure

The goal of this section is to prove the following theorem:

Theorem 6.1 The C-E algebra A.ƒ/ of a horizontally displaceable Legendrian sphere ƒ � Y is an
.nC1/-Calabi–Yau differential graded algebra.

In order to prove the theorem, we want to find a quasi-isomorphism A ! RHomA-A.A;A˝ A/ of
DG A-bimodules. We will start by describing DG bimodules bCC.ƒ0; ƒ1/ and {C�.ƒ0; ƒ1/ which are,
respectively, a quotient bimodule and a subbimodule of RFCA1-A0

.ƒ0; ƒ1/ for a 2-copy ƒ0[ƒ1 of ƒ.
We show then that these bimodules are quasi-isomorphic to A and RHomA-A.A;A˝A/, respectively
(with some degree shifts). Finally, we define a DG bimodule morphism CY W bCC.ƒ0; ƒ1/! {C�.ƒ0; ƒ1/

and show that the cone of this morphism is quasi-isomorphic to the DG bimodule RFCA-A.ƒ0; ƒ1/. By
acyclicity of RFCA-A.ƒ0; ƒ1/, CY is a quasi-isomorphism and thus we get the sought quasi-isomorphism.

6.1 The 2-copy ƒ0 [ƒ1

In all of Section 6 we will assume that ƒ� Y is an n-dimensional Legendrian sphere. Let f Wƒ!R

be a C1-small negative Morse function with exactly one maximum and one minimum, such that the
norm of f is much smaller than the length of the shortest Reeb chord of ƒ. Let ƒ1 denote the 1-jet
of f in a standard neighborhood of ƒ (identified with a neighborhood of the 0-section in J 1.ƒ/) and
define ƒ0 WDƒ. Then we say that ƒ0[ƒ1 is a 2-copy of ƒ.

Each Reeb chord 
 of ƒ gives rise to two mixed Reeb chords of ƒ0 [ ƒ1: 
01 2 R.ƒ0; ƒ1/ and

10 2R.ƒ1; ƒ0/. The choice of capping paths in order to define the Conley–Zehnder index of mixed
chords is made in such a way that CZ.
0/ D CZ.
01/ D CZ.
10/. The Legendrian ƒ0 [ƒ1 admits
two additional mixed Reeb chords from ƒ1 to ƒ0 corresponding to the critical points of f and called
Morse chords. We denote by y01 the Reeb chord corresponding to the maximum of f and by x01 the
one corresponding to the minimum. Note that `.y01/ < `.x01/ because the function f is negative, and
so we will call y01 the minimum Morse Reeb chord and x01 the maximum Morse Reeb chord. Note that
CZ.y01/ D 0 while CZ.x01/ D n. Finally, we denote by C l

A-A.ƒ0; ƒ1/ the A.ƒ1/-A.ƒ0/-bimodule
(or A-bimodule for short, as the algebras A.ƒ0/ and A.ƒ1/ are canonically identified) generated by long
chords from ƒ1 to ƒ0, ie chords from ƒ1 to ƒ0 which are not Morse chords.
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6.2 The bimodules yCC.ƒ0;ƒ1/ and {C�.ƒ0;ƒ1/

The DG A-bimodule .bCC.ƒ0; ƒ1/;bm1/ is defined as follows. The underlying graded bimodule is
generated by the positive action generators of the Rabinowitz bimodule and the maximum Morse chord:bCC.ƒ0; ƒ1/D CC.ƒ0; ƒ1/Œ1�˚hx01iA-AŒ1�;

where hx01iA-A denotes the A-subbimodule of CA-A.ƒ0; ƒ1/ generated by x01. So the chord x01 in
hx01iA-AŒ1� has degree nC 1D CZ.x01/C 1. The differential bm1 is given on generators by

bm1.
10/D�1.
10/C 
1x01Cx01
0; bm1.x01/D 0;

where 
i denotes the pure chord of ƒi corresponding to 
10.

Proposition 6.2 The bimodule .bCC.ƒ0; ƒ1/;bm1/ is a semifree DG bimodule.

We state here a lemma that we will use repeatedly in several proofs.

Lemma 6.3 [18] For a 2-copy ƒ0[ƒ1 of ƒ0 we have:

(a) For every Reeb chord 
01 2C l.ƒ0; ƒ1/, there are exactly two rigid pseudoholomorphic strips with
positive asymptotic at 
01 and negative asymptotic at the minimum Reeb chord y01. Moreover ,
each of these strips has exactly one pure negative chord asymptotic which is the chord 
0 for one
strip and 
1 for the other (where 
i denotes the pure Reeb chord of ƒi corresponding to 
01).

(b) For every Reeb chord 
10 2R.ƒ1; ƒ0/, there are exactly two rigid pseudoholomorphic discs with
boundary on R�.ƒ0[ƒ1/ which are bananas with positive asymptotics at 
10 and at the maximum
Reeb chord x01. Moreover , each of these bananas has exactly one pure negative chord asymptotic
which is the chord 
0 for one banana and 
1 for the other.

(c) The count of rigid pseudoholomorphic strips with boundary on R� .ƒ0[ƒ1/ admitting a positive
puncture at the maximum x01 and a negative puncture at a chord ˇ01, vanishes.

Proof By [18, Theorem 3.6], rigid pseudoholomorphic strips with boundary on R�.ƒ0[ƒ1/, a positive
asymptotic at 
01 and a negative asymptotic at the minimum Reeb chord y01 (which corresponds to the
maximum of the function f ) correspond to rigid generalized discs which consist of a pseudoholomorphic
disc with boundary on R�ƒ0 with a positive asymptotic at 
0 and a negative gradient flow line of f from
the maximum critical point to a point on the boundary of the disc. By rigidity, the pseudoholomorphic
disc must be a constant strip R�
0 and then there are two ways the flow line can be attached to it (either
on R� fstarting point of 
0g, or on R� fending point of 
0g). These give the two strips in (a).

For (b), any rigid banana with positive asymptotics at 
10 and at the maximum Reeb chord x01 corresponds
to a rigid generalized discs consisting of a pseudoholomorphic disc with boundary on R�ƒ0 with a
positive asymptotic at 
0 and a negative gradient flow line of f flowing from a point on the boundary of
the disc to the minimum critical point (remember x01 corresponds to the minimum of f ). By rigidity
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again the disc must be constant and the two possible ways the flow line can be attached to it provides the
two bananas in (b).

For (c), by action reasons the chord ˇ01 must be a Morse chord and the strip has no negative pure Reeb
chord asymptotics. Thus, [18, Theorem 3.6] tells us that such discs are in bijective correspondence with
negative gradient flow lines of f from the critical point corresponding to ˇ01 to the minimum. But in our
case f has only two critical points so there are either no flow line (for degree reasons in the case n� 2),
or exactly two flow lines (from the maximum to the minimum).

Proof of Proposition 6.2 We compute .bm1/
2.
10/D bm1.�1.
10//C @A.
1/x01Cx01@A.
0/. For any

term ı1 ˇ10 ı0 appearing in �1.
10/, we have

bm1.ı1 ˇ10 ı0/D @A.ı1/ˇ10 ı0C ı1.�1.ˇ10/Cˇ1x01Cx01ˇ0/ ı0C ı1 ˇ10@A.ı0/

D @A.ı1/ˇ10 ı0C ı1�1.ˇ10/ ı0C ı1 ˇ10@A.ı0/C ı1.ˇ1x01Cx01ˇ0/ ı0

D�1.ı1 ˇ10 ı0/C ı1.ˇ1x01Cx01ˇ0/ ı0 :

So we have

.bm1/
2.
10/D .�1/

2.
10/C @A.
1/x01Cx01@A.
0/C
X

ı1 ˇ10 ı02�1.
10/

ı1.ˇ1x01Cx01ˇ0/ ı0 :

We know that .�1/
2.
10/D 0 and it remains to understand why the last three terms vanish.

The boundary of the compactification of 1-dimensional (after dividing by translation) moduli spaces of
bananas with positive asymptotics at 
10 and x01, and pure negative Reeb chord asymptotics consists of
broken discs which are 2-level buildings connected by a Reeb chord. This Reeb chord is either a mixed
chord or a pure chord. In the first case, using Lemma 6.3(c), the only (nonvanishing) possibility is that the
upper level of the building is a disc contributing to �1.
10/ with a positive asymptotic at 
10, a negative
asymptotic at a chord ˇ10 and negative pure Reeb chord asymptotics; and the lower level is a rigid banana
with positive asymptotic at ˇ10 and x01. By Lemma 6.3(b) there are two such bananas and so we get two
buildings contributing to ı1.ˇ1x01Cx01ˇ0/ ı0, for any ı1 ˇ10 ı0 2�1.
10/. In the second case, the
top level of the building is a rigid banana with positive asymptotics at 
10 and x01. By Lemma 6.3(b) the
pure connecting Reeb chord is either 
0 or 
1. The lower level of the building is thus a disk contributing
to @A.
i/, for i D 0; 1 depending on which one is the connecting pure Reeb chord. This implies that
@A.
1/x01Cx01@A.
0/D 0.

The semifree property of bCC.ƒ0; ƒ1/ is deduced directly from the action filtration on chords. Indeed,
denote by 
 j

10
for 1 � j � k the generators of bCC.ƒ0; ƒ1/ which are long chords. Up to relabeling,

there are real numbers `0; `1; : : : ; `k such that

a.x01/ < `0 < 0< a.
 1
10/ < `1 < � � �< `k�1 < a.
 k

10/ < `k :
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The Z2-vector spaces Fj
bCC D f
 2 CC.ƒ0; ƒ1/Œ1�˚hx01iZ2

Œ1� W a.
 / < j̀ g, for 0� j � k, produce a
filtration

A˝F0
bCC˝A�A˝F1

bCC˝A� � � � �A˝Fk
bCC˝AD bCC.ƒ0; ƒ1/

giving that bCC.ƒ0; ƒ1/ is semifree and of finite rank.

Let us now describe the A-bimodule . {C�.ƒ0; ƒ1/; {m1/. The underlying graded bimodule is

{C�.ƒ0; ƒ1/D C l
A-A.ƒ0; ƒ1/˚hy01iA-A

and as a A-subbimodule of CA-A.ƒ0; ƒ1/ the elements are graded with the Conley–Zehnder index. The
differential {m1 on generators is given by the restriction to {C�.ƒ0; ƒ1/ of the map b��1 which was defined
in Section 5. By Lemma 6.3(a) we have

{m1.y01/D b��1 .y01/D
X


2R.ƒ/


1
01C 
01
0:

Proposition 6.4 The bimodule . {C�.ƒ0; ƒ1/; {m1/ is a semifree DG bimodule.

Proof Consider the boundary of the compactification of moduli spaces of strips with a positive and a
negative mixed asymptotics at a generator of {C�.ƒ0; ƒ1/. This boundary consists of 2-level buildings
connected by either a mixed chord or a pure chord. If the connecting mixed chord is x01, then by
Lemma 6.3(c) the building will either not exist or arise in pair so its contribution vanishes algebraically.
The other cases are exactly those contributing to .{m1/

2.

The argument showing that {C�.ƒ0; ƒ1/ is semifree is analogous to what was done in the proof of
Proposition 6.2.

6.3 Alternative cone description of the Rabinowitz complex of a sphere

We will define a DG bimodule map

(2) CY W bCC.ƒ0; ƒ1/! {C�.ƒ0; ƒ1/

and prove that the cone of CY is quasi-isomorphic to the DG bimodule RFCA-A.ƒ0; ƒ1/. For 
10;x01

generators of bCC.ƒ0; ƒ1/, we set

CY.
10/D
X

ˇ012Rl .ƒ0;ƒ1/[fy01g

ı0;ı1

#M0
ƒ01

.ˇ01I ı0; 
10; ı1/ � ı1 ˇ01 ı0;

CY.x01/D
X

ˇ012Rl .ƒ0;ƒ1/
ı0;ı1

#M0
ƒ01

.ˇ01I ı0;x01; ı1/ � ı1 ˇ01 ı0 :

See Figure 1. In the last equation ˇ01 can never be the minimum Morse chord y01 for energy reasons.
Observe also that as ungraded maps the map CY is given on generators of bCC.ƒ0; ƒ1/ by the component
of the map b1 taking values in {C�.ƒ0; ƒ1/.
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10 out x01

out
Figure 1: Pseudoholomorphic discs contributing to the map CY.

Lemma 6.5 The map CY is a DG bimodule map.

Proof We compute first

CY ıbm1.x01/C {m1 ıCY.x01/D {m1 ıCY.x01/D .b
��
1 /2.x01/D 0;

where the second and third equality hold simply by definition. Then, we have

CYıbm1.
10/C{m1ıCY.
10/D CY.�1.
10/C
1x01Cx01
0/C{m1.CY.
10//

D CY.�1.
10//C
1CY.x01/CCY.x01/
0C{m1.CY.
10//

D CY
�X

#M0.ˇ10I ı0; 
10; ı1/ı1ˇ10ı0

�
C
1CY.x01/CCY.x01/
0

Cbm1

�X
#M0.�01I � 0; 
10; � 1/� 1�01� 0

�
D

X
#M0.�01; ı

0
0; ˇ10; ı

0
1/#M

0.ˇ10I ı0; 
10; ı1/ı1ı
0
1�01ı

0
0ı0(3)

C
1CY.x01/CCY.x01/
0(4)

C

X
#M0.�01I � 0; 
10; � 1/.@A.� 1/�01� 0C� 1�01@A.� 0//(5)

C

X
#M0.�01I �

0
0; �01; �

0
1/#M

0.�01I � 0; 
10; � 1/� 1�
0
1�01�

0
0� 0:(6)

The terms of this last equation correspond actually to the algebraic contributions of the pseudoholomorphic
buildings appearing in the boundary of the compactification of moduli spaces of bananas with two positive
asymptotics, one at 
10 and another at a generator of {C�.ƒ0; ƒ1/, and some negative pure Reeb chord
asymptotics; see Figure 2.

The cone of CY, Cone.CY/ D bCC.ƒ0; ƒ1/Œ�1�˚ {C�.ƒ0; ƒ1/, is a DG A-bimodule, and we prove
that it is quasi-isomorphic to the Rabinowitz bimodule RFCA-A.ƒ0; ƒ1/. This is almost trivial, indeed
consider the bimodule map

� W Cone.CY/! RFCA-A.ƒ0; ƒ1/

sending each mixed chord of the 2-copy ƒ0[ƒ1 to itself.

Proposition 6.6 � is a quasi-isomorphism of DG bimodules.
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10

out 
10 out 
10

out

Figure 2: Types of pseudoholomorphic buildings in the boundary of moduli spaces of bananas
with a positive asymptotic at 
10. When the connecting Reeb chords between the two components
of the leftmost building is a long chord or y01, then it contributes algebraically to (6); and if it
is the chord x01, then it contributes algebraically to (4). The middle building schematizes the
contributions of type (5) and the rightmost building contributes to (3).

Proof We have

� ım
Cone.CY/
1

.
10/Cm1 ı �.
10/D �.bm1.
10/CCY.
10//Cm1.
10/

D �.�1.
10/C 
1x01Cx01
0CCY.
10//C�1.
10/Cb1.
10/

D�1.
10/C 
1x01Cx01
0CCY.
10/C�1.
10/Cb1.
10/:

Observe that 
1x01C x01
0CCY.
10/D b1.
10/ because CY.
10/ is defined by a count of bananas
with positive asymptotics at 
10 and at a chord in Rl.ƒ0; ƒ1/, and the two other terms correspond
to bananas with positive asymptotics at 
10 and x10. So the sum above vanishes. Then the relation
� ım

Cone.CY/
1

Cm1 ı � D 0 when the input is x01 or any generator of {C�.ƒ0; ƒ1/ follows directly from
the definition of the maps.

6.4 The Calabi–Yau isomorphism

In this subsection, we assume that ƒ0 is horizontally displaceable, which implies that the complex
RFCA-A.ƒ0; ƒ1/ is acyclic. Hence it implies that the complex Cone.CY/ defined in the previous
section is also acyclic and thus that the degree-0 map CY W bCC.ƒ0; ƒ1/ ! {C�.ƒ0; ƒ1/ is a quasi-
isomorphism of DG bimodules. We will show that this quasi-isomorphism is a Calabi–Yau isomor-
phism, by showing that there are quasi-isomorphisms of DG bimodules A' bCC.ƒ0; ƒ1/Œ�n� 1� and
RHomA-A.A;A˝A/' {C�.ƒ0; ƒ1/.

We define a bimodule map F W bCC.ƒ0; ƒ1/Œ�n� 1�!A by

F.v1
10v0/D 0; F.v1x01v0/D v1v0

for vi words of Reeb chords of ƒi which on the right-hand side are canonically identified with words of
Reeb chords of ƒ0.

Proposition 6.7 The map F is a quasi-isomorphism of DG bimodules.
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Proof The fact that F is a degree-0 chain map follows directly from the definition. It is thus a DG
bimodule morphism and we check that it is a quasi-isomorphism by proving that its cone is acyclic. For a
word of Reeb chords w1 D w

1 : : : wk of ƒ1, write

w1 D

kP
jD1

w1 : : : wj�1w
j
10
wjC1 : : : wk

2 CA-A.ƒ1; ƒ0/:

Consider the DG bimodule Cone.F /, whose differential we denote by @Cone.F /. We define a degree �1

Z2-linear map h W Cone.F /! Cone.F / by

h.w1
10v0/D 0; h.w1x01v0/Dw1v0; h.a1 : : : ak/D x01a1 : : : ak

and show that h defines a homotopy between the identity map and the zero map on Cone.F /, ie that

@Cone.F /
ı hC h ı @Cone.F /

D idCone.F / :

We check this relation for the three different types of elements in Cone.F /. First

.@Cone.F /
ı hC h ı @Cone.F //.w1
10v0/

D 0C h ıbm1.w1
10v0/C h ıF.w1
10v0/

D h.@A.w1/
10v0Cw1
10@A.v0/Cw1�1.
10/v0Cw1.
x01Cx01
 /v0/C 0

D h.w1
x01v0Cw1x01
v0/

Dw1
v0Cw1
10v0Cw1
v0

Dw1
10v0:
Then,

.@Cone.F /
ıhChı@Cone.F //.w1x01v0/D @

Cone.F /.w1v0/Ch.@A.w1/x01v0Cw1x01@A.v0/Cw1v0/

D bm1.w1/v0Cw1@A.v0/C@A.w1/v0Cw1@A.v0/Cx01w1v0

D bm1.w1/v0C@A.w1/v0Cx01w1v0:

Observe that @A.w1/ D�1.w1/ which is one component of bm1.w1/. Assuming w1 D w
1 : : : wk we

thus get

.@Cone.F /
ıhChı@Cone.F //.w1x01v0/D

kP
jD1

.w1 : : :wj�1.wj x01Cx01w
j /wjC1 : : :wk/v0Cx01w1v0

Dw1x01v0:

Finally, for a word a1 : : : ak in A, we compute

.@Cone.F /
ı hC h ı @Cone.F //.a1 : : : ak/D @Cone.F /.x01a1 : : : ak/C h ı @A.a

1 : : : ak/

D x01@A.a
1 : : : ak/CF.x01a1 : : : ak/Cx01@A.a

1 : : : ak/

D a1 : : : ak :

Observe that Proposition 6.7 implies that bCC.ƒ0; ƒ1/Œ�n � 1� is a semifree resolution of the diag-
onal DG bimodule A. This means in particular that there is a quasi-isomorphism of DG bimodules
RHomA-A.A;A˝A/'HomA-A.bCC.ƒ0; ƒ1/Œ�n�1�;A˝A/. This semifree resolution is also of finite
rank so A is homologically smooth.
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Remark 6.8 Such a finite-rank semifree resolution is explicitly given in [27, Section 3.6] for a DG
category associated to a quiver (with some specific properties).

We consider now a bimodule map G W {C�.ƒ0; ƒ1/!HomA-A.bCC.ƒ0; ƒ1/Œ�n�1�;A˝A/ defined on
generators by G.
01/D �
 , where �
 W bCC.ƒ0; ƒ1/Œ�n� 1�!A˝A is the bimodule map defined on
generators by

�
 .ˇ10/D

�
1˝ 1 if ˇ D 
;
0 otherwise,

�
 .x01/D 0;

and similarly G.y01/D �y which is the bimodule map defined by �y.ˇ10/D 0 and �y.x01/D 1˝ 1.

Proposition 6.9 The map G is a quasi-isomorphism of DG bimodules.

Proof The differential on HomA-A.bCC.ƒ0; ƒ1/Œ�n�1�;A˝A/ is given by D.�/D�ıbm1C@A˝Aı�.
We want to prove that

(7) G ı {m1CD ıG D 0

and in order to do so we check that (7) is satisfied when applied to each generator of {C�.ƒ0; ƒ1/. Let
first 
01 be a generator of {C�.ƒ0; ƒ1/ which is a long chord. We want to prove

(8) G ı {m1.
01/CG.
01/ ıbm1C @A˝A ıG.
01/D 0:

The left-hand side being a map bCC.ƒ0; ƒ1/Œ�n � 1� ! A˝ A, we prove that it vanishes for each
generator of bCC.ƒ0; ƒ1/. We divide it into three cases:

(a) the generator 
10 which corresponds to 
01 in the 2-copy link,

(b) a long chord generator ˇ10 which is not 
10, and finally

(c) the Morse generator x01.

(a) We have
@A˝A ıG.
01/.
10/D @A˝A ı�
 .
10/D @A˝A.1˝ 1/D 0:

Moreover G.
01/ıbm1.
10/D �
 ıbm1.
10/D 0 because 
10 cannot be the output of bm1.
10/ for action
reasons, and so we get 0 by definition of �
 . Similarly, G ı {m1.
01/.
10/ D 0 because 
01 is not an
output of {m1.
01/ for action reasons.

(b) In this case observe first that @A˝A ı G.
01/.ˇ10/ D @A˝A ı �
 .ˇ10/ D 0: Then, the (rigid)
pseudoholomorphic discs contributing to �
 ıbm1.ˇ10/ are discs with a positive asymptotic at ˇ10, a
negative asymptotic at 
10 and potentially negative asymptotics to pure Reeb chords; see Figure 3.
Consider such a disc which contributes v1 : : : vr
10w1 : : : ws to bm1.ˇ10/. Then, note that

�
 2 HomA-A.bCC.ƒ0; ƒ1/Œ�n� 1�;A˝A/;

where A˝A is endowed with the inner bimodule structure, which means that

�
 .v1 : : :vr
10w1 : : :ws/D v1 : : :vr ��
 .
10/�w1 : : :wsD v1 : : :vr �1˝1�w1 : : :wsDw1 : : :ws˝v1 : : :vr :
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v1 : : : vr 
10 w1 : : : ws

ˇ10

v1 : : : vr 
01 w1 : : : ws

ˇ01

Figure 3: Left: pseudoholomorphic disc contributing to �
 ı ym1.ˇ10/; right: pseudoholomorphic
discs contributing to G ı {m1.
01/.ˇ10/.

Now let us look at the last term in (8) applied to ˇ10, which is G ı {m1.
01/.ˇ10/. The pseudoholomorphic
discs contributing w1 : : : ws˝v1 : : : vr to this term are discs schematized on the right in Figure 3. Indeed,
such a disc contributes w1 : : : wsˇ01v1 : : : vr to {m1.
01/ and then

G.w1 : : : wsˇ01v1 : : : vr /.ˇ10/D .w1 : : : ws �G.ˇ01/ � v1 : : : vr /.ˇ10/

D .w1 : : : ws ��ˇ � v1 : : : vr /.ˇ10/

D w1 : : : ws˝ v1 : : : vr ;

where for the last equality we use the outer bimodule structure (and the definition of �ˇ). Finally, observe
that the discs schematized in Figure 3 correspond to lifted discs in the terminology of [18] and that there
is a bijective correspondence between discs on the left and right of the figure, they both correspond to
a rigid disc with boundary on ƒ with a pure positive asymptotic at ˇ and pure negative asymptotics at
v1; : : : ; vr ; 
; w1; : : : ; ws in this order; see, eg [1, Theorem 3.2]. Thus we get (8) as for any disc contribut-
ing to �
 ıbm1.ˇ10/ corresponds (bijectively) a disc contributing the same thing to G ı {m1.
01/.ˇ10/.

(c) In this case we have directly that

G ı {m1.
01/.x01/CG.
01/ ıbm1.x01/C @A˝A ıG.
01/.x01/D 0

because y01 is never an output of {m1.
01/ for action reasons (and so Gı {m1.
01/.x01/D 0), bm1.x01/D 0,
and G.
01/.x01/D �
 .x01/D 0.

Finally we check that (7) is satisfied when applied to the Morse generator y01 2
{C�.ƒ0; ƒ1/. Recall

that {m1.y01/D
P

2R.ƒ/ 

01C 
01
 , so we have

G ı {m1.y01/.
10/D 
 ˝ 1C 1˝ 
; G ı {m1.y01/.x01/D 0:

On the other side, for a chord 
10, we have

D ıG.y01/.
10/DG.y01/ ıbm1.
10/C @A˝A ıG.y01/.
10/

DG.y01/ ıbm1.
10/C 0

DG.y01/.�1.
10/C 
x01Cx01
 /

DG.y01/.
x01Cx01
 /D 
 ˝ 1C 1˝ 
:
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And finally,
D ıG.y01/.x01/DG.y01/ ıbm1.
10/C @A˝A ıG.y01/.x01/

D 0C @A˝A.1˝ 1/D 0:

Observe that G admits an inverse G�1 W HomA-A.bCC.ƒ0; ƒ1/Œ�n� 1�;A˝A/! {C�.ƒ0; ƒ1/ which
maps a bimodule morphism � 2 HomA-A.bCC.ƒ0; ƒ1/Œ�n� 1�;A˝A/ given by

�.
10/D

k
X
jD1

wj

 ˝ v

j

 ; �.x01/D

kxX
jD1

wj
x˝ v

j
x

to G�1.�/D
P

2R.ƒ/

Pk

jD1

w
j


01v

j

 C

Pkx

jD1
w

j
xy01v

j
x .

Proof of Theorem 6.1 From the proof of Proposition 6.7 we obtained that A is homologically smooth
with bCC.ƒ0; ƒ1/Œ�n�1� a finite-dimensional semifree resolution. Consider the shifted Calabi–Yau map

CY WD CYŒ�n� 1� W bCC.ƒ0; ƒ1/Œ�n� 1�! {C�.ƒ0; ƒ1/Œ�n� 1�:

If ƒ0 is horizontally displaceable then CY is a quasi-isomorphism. Moreover, bCC.ƒ0; ƒ1/Œ�n� 1�

is quasi-isomorphic to A by the map F and the target {C�.ƒ0; ƒ1/Œ�n � 1� is quasi-isomorphic to
HomA-A.bCC.ƒ0; ƒ1/Œ�n� 1�;A˝A/Œ�n� 1� by the map GŒ�n� 1�. Remember also that we have
HomA-A.bCC.ƒ0; ƒ1/Œ�n � 1�;A˝ A/Œ�n � 1� Š RHomA-A.A;A˝ A/Œ�n � 1�, so we get a quasi-
isomorphism A!A!Œ�n� 1�. Finally, we need to check that CY D CY !Œ�n� 1�. Note that

CY !
W HomA-A. {C�.ƒ0; ƒ1/Œ�n� 1�;A˝A/! HomA-A.bCC.ƒ0; ƒ1/Œ�n� 1�;A˝A/

is by definition given by CY !.�/ D � ı CY . Observe that the target of CY ! is quasi-isomorphic to
{C�.ƒ0; ƒ1/ via the map G�1, while its domain is quasi-isomorphic to bCC.ƒ0; ƒ1/ via the DG bimodule
map

H W bCC.ƒ0; ƒ1/! HomA-A. {C�.ƒ0; ƒ1/Œ�n� 1�;A˝A/

defined on generators by H.
10/.
01/D 1˝1 and H.
10/ vanishes on other generators of {C�.ƒ0; ƒ1/;
and H.x01/.y01/D 1˝1 and vanishes otherwise. Indeed, by a similar argument as for Proposition 6.9, we
prove that H is a quasi-isomorphism. First, we check that H ıbm1CDıH D0 by proving that this equation
holds when applied to any generator of bCC.ƒ0; ƒ1/. Let 
10 be a long chord generator, we prove that

(9) H ıbm1.
10/CH.
10/ ı {m1C @A˝A ıH.
10/D 0:

Notice that the left-hand side is a bimodule map in HomA-A. {C�.ƒ0; ƒ1/Œ�n� 1�;A˝A/ so we check
that it vanishes when applied to any generator of {C�.ƒ0; ƒ1/.

(a) For the generator 
01 corresponding to 
10 we have H ıbm1.
10/.
01/ D H.
10/ ı {m1.
01/ D 0

because 
10 never appears as an output of bm1.
10/, and 
01 never appears as an output of {m1.
01/.
Moreover, @A˝A ıH.
10/.
01/D @A˝A.1˝ 1/D 0 and thus we get (9).
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(b) For a generator ˇ01 which is a long chord not equal to 
01 we have @A˝A ıH.
10/.ˇ01/D 0. Then
we can prove H ıbm1.
10/.ˇ01/CH.
10/ı {m1.ˇ01/D 0 by following the same argument as in the proof
of Proposition 6.9 considering pseudoholomorphic discs as in Figure 3 but exchanging ˇ10 with 
10 and
ˇ01 with 
01.

(c) Finally for the generator y01 we have first @A˝A.
10/.y01/ D 0. Then by definition bm1.
10/ D

�1.
10/C 
x01Cx01
 so

H ıbm1.
10/.y01/DH.�1.
10//.y01/CH.
x01Cx01
 /.y01/D 0C 
 ˝ 1C 1˝ 


For the other term, we have {m1.y01/D
P

2R.ƒ/ 

01C
01
 and thus H.
10/ı {m1.y01/D1˝
C
˝1,

which gives (9).

It remains to prove that Hıbm1.x01/CDıH.x01/D0. First, for a long chord ˇ01 generator of {C�.ƒ0; ƒ1/

we have H ıbm1.x01/.ˇ01/D @A˝AıH.x01/.ˇ01/D 0 (recall bm1.x01/D 0), and H.x01/ı {m1.ˇ01/D 0

because y01 is never an output of {m1.ˇ01/ for action reasons. Finally we have H ıbm1.x01/.y01/D 0,
H.x01/ı {m1.y01/D 0 as y01 is never an output of {m1.y01/ and @A˝AıH.x01/.y01/D @A˝A.1˝1/D 0.

The map H admits an inverse that is defined similarly as the inverse of G so we skip writing the formula.

Thus we get a DG bimodule map

G�1
ı CY !

ıH W bCC.ƒ0; ƒ1/! {C�.ƒ0; ƒ1/:

We compute this map on generators:

G�1
ı CY !

ıH.
10/DG�1
ıH.
10/ ı CY :

And H.
10/ıCY 2HomA-A.bCC.ƒ0; ƒ1/Œ�n�1�;A˝A/ is given by a count of bananas or strips with
a positive asymptotic at 
01, ie

H.
10/ ı CY.ˇ10/DH.
10/

� X
�012Rl .ƒ0;ƒ1/[fy01g

X
ı0;ı1

#M0.�01I ı0; ˇ10; ı1/ ı1 �01 ı0

�
D

X
ı0;ı1

#M0.
01I ı0; ˇ10; ı1/ ı1˝ ı0

and
H.
10/ ı CY.x01/D

X
ı0;ı1

#M0.
01I ı0;x01; ı1/ ı1˝ ı0 :

So we get

G�1
ıCY !

ıH.
10/D
X

ˇ10;ı0;ı1

#M0.
01Iı0;ˇ10;ı1/ı1ˇ01 ı0C

X
ı0;ı1

#M0.
01Iı0;x01;ı1/ı1 y01 ı0

while

CY.
10/D
X

ˇ012Rl .ƒ0;ƒ1/
ı0;ı1

#M0.ˇ01I ı0; 
10; ı1/ ı1 ˇ01 ı0C

X
ı0;ı1

#M0.y01I ı0; 
10; ı1/ ı1 y01 ı0 :
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Similarly we can compute

G�1
ı CY !

ıH.x01/D
X

ˇ10;ı0;ı1

#M0.y01I ı0; ˇ10; ı1/ ı1 ˇ01 ı0

while
CY.x01/D

X
#M0.ˇ01I ı0;x01; ı1/ ı1 ˇ01 ı0 :

So in order to get CY D .G�1 ı CY ! ıH /Œ�n� 1� WDG�1Œ�n� 1� ı CY Œ�n� 1� ıH Œ�n� 1� we need to
check that:

(a) For any 
10 2 R.ƒ1; ƒ0/, ˇ01 2 Rl.ƒ0; ƒ1/, and their corresponding 
01 2 Rl.ƒ0; ƒ1/ and
ˇ10 2R.ƒ1; ƒ0/, we haveX

ı0;ı1

#M0.ˇ01I ı0; 
10; ı1/D
X
ı0;ı1

#M0.
01I ı0; ˇ10; ı1/:

(b) For any ˇ01 2Rl.ƒ0; ƒ1/ and its corresponding ˇ10 2R.ƒ1; ƒ0/, we haveX
ı0;ı1

#M0.ˇ01I ı0;x01; ı1/D
X
ı0;ı1

#M0.y01I ı0; ˇ10; ı1/:

The point (a) follows from [18, Theorem 3.6]. Indeed the count of rigid bananas with boundary
on R � .ƒ0 [ ƒ1/ and positive asymptotics at ˇ10 and 
01 is in bijective correspondence with the
count of rigid strips with boundary on R� .ƒ0[ƒ

A
1
/, where ƒA

1
is a translation of ƒ1 in the positive

Reeb direction by A� 0 such that the only mixed Reeb chords are from ƒ0 to ƒA
1

, with a positive
asymptotic at ˇA

10
and a negative asymptotic at 
A

10
, where ˇA

10
and 
A

10
are the mixed chords of ƒ0[ƒ

A
1

corresponding to ˇ10 and 
01, respectively. By [18, Theorem 3.6], this count of rigid strips with boundary
on R� .ƒ0[ƒ

A
1
/ corresponds to the count of strips with boundary on R�ƒ with a positive asymptotic

at ˇ (the pure chord corresponding to ˇ10) and a negative asymptotic at 
 . Similarly, the count of
rigid bananas with boundary on R� .ƒ0[ƒ1/ and positive asymptotics at ˇ01 and 
10 is in bijective
correspondence with the count of rigid strips with boundary on R�.ƒ0[ƒ

�A
1
/ with a positive asymptotic

at ˇ�A
01

and negative asymptotic at 
�A
01

. This last count is also in bijective correspondence with the count
of rigid strips with boundary on R�ƒ, positively asymptotic to ˇ and negatively asymptotic to 
 .

For (b), by [18, Theorem 3.6] a rigid strip with boundary on R� .ƒ0[ƒ1/, a positive asymptotic at ˇ01

and a negative asymptotic at x01 corresponds to a generalized disc consisting of a disc with boundary
on R�ƒ having a positive asymptotic at ˇ together with a negative gradient flow line of f from the
minimum (remember that the maximum Reeb chord x01 2 R.ƒ0; ƒ1/ corresponds to the minimum
critical point x of f ) to a point on the boundary of the disc. But there is no nonconstant negative gradient
flow line flowing from the minimum so the boundary of the disc has to pass by x (more precisely the
boundary crosses R� fxg as we are in the cylindrical setting). On the other side, a rigid banana with
boundary on R� .ƒ0[ƒ1/ and positively asymptotic to ˇ10 and y01 corresponds to a rigid generalized
disc consisting of a disc with boundary on R�ƒ positively asymptotic to ˇ together with a negative
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gradient flow line of f from a point on the boundary of the disc to the maximum critical point y. Again,
this flow line must be constant and the boundary of the disc must pass through R� fyg. Now we check
that the count of these two types of discs is the same.

If dimƒD 1, assume M0.ˇ01I ı0;x01; ı1/ is not empty, ie assume that there is a pseudoholomorphic
disc with boundary on R�ƒ passing through R�fxg, positively asymptotic to a chord ˇ and negatively
asymptotic to the words ı0; ı1. The boundary of the disc is transverse to R� fxg. In particular, it passes
also through all R� fptg for every points pt sufficiently close to x on ƒ. If the function f is chosen so
that its critical points are sufficiently close to each other, we get the equality in (b).

If dimƒ� 2, we use the results in [12]. Denote by Mf�g
ƒ
.ˇI ı0; ı1/ the moduli space of pseudoholomor-

phic discs with boundary on R�ƒ, positively asymptotic to ˇ, negatively asymptotic to the words ı0

and ı1, and having a marked point � on the boundary of the disc in the domain which is situated between
the puncture mapped to the last Reeb chord of the word ı0 and the puncture mapped to the first Reeb
chord of the word ı1. There is still an action of R on this moduli space. There is a smooth evaluation map

ev WMf�g
ƒ
.ˇI ı0; ı1/!ƒ

given by ev.u/D u.�/. The evaluation map takes values in ƒ (instead of the general R�ƒ) as we are
in the cylindrical setting. By a generalization of [30, Chapter 3], every point of ƒ is a regular value
of the evaluation map, and so are in particular the minimum and maximum Morse critical points x

and y. Now, using the transversality results in [12, Section 8], we have that the evaluation map is proper
and thus #ev�1.x/ D #ev�1.y/. Finally, the 0-dimensional moduli spaces M0

ƒ
.ˇ01I ı0;x01; ı1/ and

M0
ƒ
.y01I ı0; ˇ10; ı1/ are, respectively, identified with ev�1.x/ and ev�1.y/.

6.5 Relation to Sabloff’s duality

Sabloff [33] proved that linearized Legendrian contact homology and cohomology of a Legendrian knot
satisfy some duality. It was then generalized to all connected Legendrians in P �R in [18]. Given
an augmentation " W A! Z2 of the C-E algebra of a Legendrian sphere of dimension n, its linearized
Legendrian contact homology and cohomology fit into a duality exact sequence which gives

LCH"n.ƒ/' LCH�1
" .ƒ/˚hŒƒ�i;

LCHn
" .ƒ/' LCH"

�1.ƒ/˚hŒpt�i;

LCH"k.ƒ/' LCHn�k�1
" .ƒ/ for k ¤�1; n;

where Œƒ� corresponds to the fundamental class in Hn.ƒ/, Œpt� corresponds to the point class in H0.ƒ/

and the grading is the usual grading of the C-E algebra j
 j D CZ.
 /� 1.

The Calabi–Yau structure we established on the C-E algebra recovers Sabloff duality in the following
way. First, for the C-E algebra A of ƒ, define Ae DA˝Aop. Given an augmentation " of A as above,
we can see our coefficient field k, which is equal to Z2, as a DG left Ae-module k" whose structure map
is given by

Ae
˝k"! k"; .a;b/˝m 7! ".a/m".b/;
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and differential vanishes. Observe now that the DG A-bimodules bCC.ƒ0; ƒ1/ and {C�.ƒ0; ƒ1/ can
be viewed as right DG Ae-modules with module structure given by c � .a;b/ D bca. By taking the
tensor product of bCC.ƒ0; ƒ1/, resp. {C�.ƒ0; ƒ1/, with k", the Calabi–Yau structure on A induces a
quasi-isomorphism of chain complexes

(10) bCC.ƒ0; ƒ1/˝Ae k"
'
�! {C�.ƒ0; ƒ1/˝Ae k":

On the left-hand side, the differential which we denote by bm"1 is given by

bm"1.
10/D
X

ˇ10;ı0;ı1

#M0
ƒ01

.ˇ10I ı0; 
10; ı1/ �ˇ10".ı0/".ı1/:

There is no term with output x01 because the two bananas having positive asymptotics at x01 and 
10 give
the same contribution (x01".
 /C ".
 /x01 D 0). Then bm"1.x01/D 0. Observe that bCC.ƒ0; ƒ1/˝Ae k"

is the direct sum of two subcomplexes: one generated by long chords (all mixed chords from ƒ0 to ƒ1),
and the other generated by x01 having trivial differential. Moreover, the complex generated by long
chords and with differential bm"1 is quasi-isomorphic to the linearized Legendrian contact homology of ƒ,
LCH"n��.ƒ/; see [18] (a cycle consisting only of long chords of bCC-grading � in bCC.ƒ0; ƒ1/˝Ae k"

corresponds to a cycle in LCH"n��.ƒ/ which is graded with the standard C-E grading). So

bCC.ƒ0; ƒ1/˝Ae k" ' LCH"n��.ƒ/˚hx01i:

Remember also that CZ.x01/D n so the standard C-E grading for x01 is n�1 while its bC -grading is nC1.
Let us turn to the right-hand side of (10) now. The differential {m"

1
is given by

{m"1.
01/D
X

ˇ01;ı0;ı1

#M0
ƒ01

.ˇ01I ı0; 
01; ı1/ �ˇ01".ı0/".ı1/

and {m"
1
.y01/ D

P

2R.ƒ/ 
01".
 /C ".
 /
01 D 0. Again we have a direct sum of two subcomplexes:

one generated by long Reeb chords from ƒ1 to ƒ0 and quasi-isomorphic to the linearized Legendrian
contact cohomology LCH��1

" .ƒ/ [18], and the other generated by y01 and with trivial differential. So

{C�.ƒ0; ƒ1/˝Ae k" ' LCH��1
" .ƒ/˚hy01i:

We get thus a quasi-isomorphism

LCH"n��.ƒ/˚hx01i
'
�! LCH��1

" .ƒ/˚hy01i;

which gives LCH"n.ƒ/' LCH�1
" .ƒ/˚hy01i (remember that CZ.y01/D 0 so the standard C-E algebra

degree of y01 is �1). On the other side, cycles in LCHn
" .ƒ/ come from cycles in LCH"

�1.ƒ/ but also
from x01 under the Calabi–Yau map CY. Finally when �¤ 0; nC1 we have LCH"n��.ƒ/'LCH��1

" .ƒ/

so we have recovered Sabloff duality.
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7 Products and higher-order structure maps

In this section we define chain complexes {C cyc
� .ƒ0; ƒ1/ and bC cyc

C .ƒ0; ƒ1/ over Z2, obtained from
{C�.ƒ0; ƒ1/ and bCC.ƒ0; ƒ1/ by the bimodule tensor product with the diagonal bimodule A. We show
that these complexes admit product structures and that the Calabi–Yau morphism (2) induced on them
preserves the products in homology.

Notation 7.1 In the following we will consider Reeb chords with boundary on a 3-copy (and even more)
of a Legendrian. Previously we wrote 
01 for a Reeb chord from ƒ1 to ƒ0 and 
10 for the corresponding
Reeb chords from ƒ0 to ƒ1. Unless specified, this “correspondence” doesn’t apply anymore in this
section, that is, we will denote Reeb chords of the 3-copy by 
ij with 1 � i ¤ j � 2, but 
ij is not
necessarily the chord from ƒj to ƒi which corresponds to 
ji , unless specified. But we will still use xij

and yij to, respectively, denote maximum and minimum Morse Reeb chords between different 2-copies.

7.1 Chain complexes for Hochschild homology and cohomology

We start by describing the chain complex .bC cyc
C .ƒ0; ƒ1/;bm1/, where by abuse of notation we also

denote by bm1 the differential but this should not create any confusion. The vector space bC cyc
C .ƒ0; ƒ1/

is infinite-dimensional, generated over Z2 by elements of the form 
10a and x01a where aD a1 : : : ak

denotes a word of Reeb chords of ƒ. The differential is given by

bm1.
10a/D
X

ˇ10;ı0;ı1

#M0
ƒ01

.ˇ10I ı0; 
10; ı1/ �ˇ10 ı0 a ı1Cx01
aCx01a


C

kX
jD1


10a1 : : : aj�1@A.aj /ajC1 : : : ak ;

where 
 is the pure Reeb chord corresponding to 
10, and

bm1.x01a/D

kX
jD1

x01a1 : : : aj�1@A.aj /ajC1 : : : ak :

See Figure 4.

This complex computes the Hochschild homology of A, by definition. Indeed, bC cyc
C .ƒ0; ƒ1/ is equal

to the tensor product bCC.ƒ0; ƒ1/˝Ae A where bCC.ƒ0; ƒ1/ is viewed as a DG right Ae-module as in
Section 6.5, and A is viewed as a DG left Ae-module with .a; b/ � a1 : : : ak D aa1 : : : akb. Remember
moreover that bCC.ƒ0; ƒ1/ is a semifree resolution of A, so the homology of bCC.ƒ0; ƒ1/˝Ae A is
isomorphic to the Hochschild homology of A. Similarly, the complex . {C cyc

� .ƒ0; ƒ1/; {m1/ is generated
over Z2 by elements 
01a and y01a, and

{m1.
01a1 : : : ak/

D

X
ˇ01;ı0;ı1

#M0
ƒ01

.ˇ01I ı0; 
01; ı1/ �ˇ01 ı0 a1 : : : ak ı1C

kX
jD1


01a1 : : : aj�1@A.aj /ajC1 : : : ak
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... ...

R� .ƒ0[ƒ1/


10

ˇ10 ı0ı1

a1

a2

ak

Figure 4: Pseudoholomorphic disc contributing to ym.
10a1 : : : ak/. Observe that the “bubble”
at the top is not a pseudoholomorphic disc but a way to write the cyclic word 
10a1 : : : ak .
The contribution ˇ10ı0a1 : : : akı1 of the disc is given by the output mixed chord ˇ10 followed
by a word of Reeb chords as they appear along the boundary of the disc when following it
counterclockwise from ˇ10.

and

{m1.y01a/D
X


2R.ƒ/


01
aC 
01a
 C

kX
jD1

y01a1 : : : aj�1@A.aj /ajC1 : : : ak ;

where 
10 is the mixed chord corresponding to 
 . Again, we can check that

{C cyc
� .ƒ0; ƒ1/' {C�.ƒ0; ƒ1/˝Ae A' RHomAe .A;A˝A/˝Ae A' RHomAe .A;A/

and thus the complex . {C cyc
� .ƒ0; ƒ1/; {m1/ computes the Hochschild cohomology of A. By Theorem 6.1

we thus get an isomorphism between Hochschild homology and cohomology of the C-E algebra of a
horizontally displaceable Legendrian sphere in R�P .

7.2 Product structures

In [29] the author defined a product structure and more generally A1-structure maps on the complex
RFC.ƒ0; ƒ1/ in the case when ƒ0; ƒ1 admit augmentations of their C-E algebras. When ƒ1 is a small
negative push-off of ƒ0, this product extends naturally to the chain complex RFCcyc.ƒ0; ƒ1/ (cone
of the banana map induced on the cyclic model bC cyc

.ƒ0; ƒ1/ and with values in {C cyc.ƒ0; ƒ1/). This
product is defined by counting the same type of pseudoholomorphic discs as the one counted to get a
product on RFC.ƒ0; ƒ1/ but keeping the negative pure Reeb chords asymptotics as coefficients instead
of turning them into elements of Z2 with augmentations. It doesn’t seem possible however to define
a product directly on the A-bimodule RFC.ƒ0; ƒ1/, because there is no good way to deal with the
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R� .ƒ0[ƒ1[ƒ2/

out

in in
Figure 5: Pseudoholomorphic building with boundary on R� .ƒ0 [ƒ1 [ƒ2/ contributing to
the product on {C cyc

� .ƒ0; ƒ1/.

coefficients (see [6] for constructions of A1-structures with coefficients in a noncommutative algebra).
The pseudoholomorphic discs we count have boundary on the cylinder over a 3-copy ƒ0 [ƒ1 [ƒ2

of a Legendrian ƒ. This 3-copy is given by ƒ0 Dƒ and then ƒ1 and ƒ2 are small perturbed negative
push-offs ofƒ (ƒ2 is a slightly more negative push-off thanƒ1) such thatƒ0[ƒ1,ƒ0[ƒ2 andƒ1[ƒ2

are 2-copies as described in Section 6.1. Observe that {C cyc
� .ƒ0; ƒ1/ is a subcomplex of RFCcyc.ƒ0; ƒ1/,

and that the restriction of the product in RFCcyc.ƒ0; ƒ1/ to {C cyc
� takes values in {C cyc

� ; see [29]. So we get
a well-defined product on {C cyc

� . More precisely, given ƒ0[ƒ1[ƒ2 a 3-copy of ƒ there is a degree-0
map {m2 W

{C cyc
� .ƒ1; ƒ2/˝ {C

cyc
� .ƒ0; ƒ1/! {C

cyc
� .ƒ0; ƒ2/ defined by

{m2.
12a1; 
01a0/D
X

02

ı0;ı1;ı2

#M0
ƒ012

.
02I ı0; 
01; ı1; 
12; ı2/ � 
02 ı0 a0 ı1 a1 ı2;

where 
ij can also be the minimum Morse Reeb chord. And this map {m2 satisfies the Leibniz rule
{m1ı {m2C {m2.id˝ {m1/C {m2.{m1˝ id/D 0. This product is the standard “two negative inputs one positive
output” product; see Figure 5. As for the differential, the word of pure Reeb chords in the output element
is obtained by following the boundary of the pseudoholomorphic disc counterclockwise from the mixed
output Reeb chord. Because of the coefficients in the C-E algebra, verifying the Leibniz rule for the
product on {C cyc

� .ƒ0; ƒ1/ involves slightly more terms than for the Leibniz rule for the product on the Z2

vector space C.ƒ0; ƒ1/ as done in [29], so we detail it now. We want to prove

{m1 ı {m2.
12a1; 
01a0/C {m2.
12a1; {m1.
01a0//C {m2.{m1.
12a1/; 
01a0/D 0:

The left-hand side can be rewrittenX

02

ı0;ı1;ı2

#M0
ƒ012

.
02I ı0; 
01; ı1; 
12; ı2/ � {m1.
02 ı0 a0 ı1 a1 ı2/

C {m2.
12a1; {m1.
01/a0C 
01@A.a0//C {m2.{m1.
12/a1C 
01@A.a0/; 
01a0/

D

X
#M0

ƒ012
.
02I ı0; 
01; ı1; 
12; ı2/ � .{m1.
02/ ı0 a0 ı1 a1 ı2C
02@A.ı0 a0 ı1 a1 ı2//

C {m2.
12a1; {m1.
01/a0/C {m2.{m1.
12/a1; 
01a0/

C {m2.
12a1; 
01@A.a0//C {m2.
01@A.a0/; 
01a0/:
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We separate the terms having the boundary of an ai from the other terms to get

D

X
#M0

ƒ012
.
02I ı0; 
01; ı1; 
12; ı2/ �

�
{m1.
02/ ı0 a0 ı1 a1 ı2C
02@A.ı0/a0 ı1 a1 ı2

C ı0 a0@A.ı1/a1 ı2C ı0 a0 ı1 a1@A.ı2/
�

C {m2.
12a1; {m1.
01/a0/C {m2.{m1.
12/a1; 
01a0/

C

X
#M0

ƒ012
.
02I ı0; 
01; ı1; 
12; ı2/ � .
02 ı0 @A.a0/ ı1 a1 ı2C ı0 a0 ı1 @A.a1/ ı2/

C {m2.
12a1; 
01@A.a0//C {m2.
01@A.a0/; 
01a0/

The two first lines vanish as the algebraic contributions of pseudoholomorphic buildings in the boundary
of moduli spaces of type M1

ƒ012
.
02I ı0; 
01; ı1; 
12; ı2/. The two last lines vanish also, because by

definition of the product we haveX

02

ı0;ı1;ı2

#M0
ƒ012

.
02I ı0; 
01; ı1; 
12; ı2/ � 
02 ı0 @A.a0/ ı1 a1 ı2 D {m2.
12a1; 
01@A.a0//

and X

02

ı0;ı1;ı2

#M0
ƒ012

.
02I ı0; 
01; ı1; 
12; ı2/ � 
02 ı0 a0 ı1 @A.a1/ ı2 D {m2.
12@A.a1/; 
01a0/;

and so the Leibniz rule is satisfied. Moreover, it follows from [18, Theorem 5.5] that the product {m2 is
unital with the unit given by the minimum Morse Reeb chord, ie we have

{m1.y01/D {m1.y12/D 0;

{m2.
12a1;y01/D 
02a1;

{m2.y12; 
01a0/D 
02a0

for all 
01 2R.ƒ0; ƒ1/, 
12 2R.ƒ1; ƒ2/ and 
02 2R.ƒ0; ƒ2/ corresponding to the same chord (either
a long chord or a Morse chord).

Notation 7.2 In the following, we will write only 
01 instead of the more general 
01a for an element
in {C cyc

� .ƒ0; ƒ1/. This is just in order to reduce a bit the length of formulas. We will also do the same
for elements in bC cyc

C .ƒ0; ƒ1/. In particular we’ll define a product bm2 only for pairs of inputs .
21; 
10/,
where the inputs can also be maximum Morse Reeb chords, but keeping in mind that the rule to define
more generally bm2.
21a1; 
10a0/ is the same as for the product {m2. Namely, the output will contain
the words a0 and a1 in a larger word of pure Reeb chords obtained by following the boundary of
pseudoholomorphic discs involved in the definition of bm2.
21; 
10/ counterclockwise.

So let us now construct this product on bC cyc
C .ƒ0; ƒ1/. From a 3-copy of ƒ we define a map

bm2 W
bC cyc
C .ƒ1; ƒ2/˝ bC cyc

C .ƒ0; ƒ1/! bC cyc
C .ƒ0; ƒ2/
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xout
02in

in
out

in

in

xout
02

xin
01

in

xout
02

xin
12

in in

out

xin
12

not
x12

Figure 6: Pseudoholomorphic buildings contributing to the product ym2 on yC cyc
C .ƒ0; ƒ1/.

by counting 2-level pseudoholomorphic buildings as shown on Figure 6. More precisely, for generators

10;x01 of bC cyc

C .ƒ0; ƒ1/ and generators 
21;x12 of bC cyc
C .ƒ1; ƒ2/ we havebm2.
21;
10/DX

ˇ122Rl .ƒ1;ƒ2/[fy12g

X
ı0;ı1;ı

0
1

ı2;ı
0
2

#M0
ƒ012

.x02Iı0;
10;ı1;ˇ12;ı
0
2/ �#M

0
ƒ12

.ˇ12Iı
0
1;
21;ı2/ �x02 ı0 ı1 ı

0
1 ı2 ı

0
2

C

X

20

X
ˇ122Rl .ƒ1;ƒ2/[fy12g

X
ı0;ı1;ı

0
1

ı2;ı
0
2

#M0
ƒ012

.
20Iı0;
10;ı1;ˇ12;ı
0
2/#M

0
ƒ12

.ˇ12Iı
0
1;
21;ı2/

�
20 ı0 ı1 ı
0
1 ı2 ı

0
2;bm2.
21;x01/D

X
ˇ12

X
ı0;ı1;ı

0
1

ı2;ı
0
2

#M0
ƒ012

.x02Iı0;x01;ı1;ˇ12;ı
0
2/#M

0
ƒ12

.ˇ12Iı
0
1;
21;ı2/ �x02 ı0 ı1 ı

0
1 ı2 ı

0
2;

bm2.x12;
10/D
X
ˇ12

X
ı0;ı1;ı

0
1

ı2;ı
0
2

#M0
ƒ012

.x02Iı0;
10;ı1;ˇ12;ı
0
2/#M

0
ƒ12

.ˇ12Iı
0
1;x12;ı2/ �x02 ı0 ı1 ı

0
1 ı2 ı

0
2

C

X

20;ˇ12

X
ı0;ı1;ı

0
1

ı2;ı
0
2

#M0
ƒ012

.
20Iı0;
10;ı1;ˇ12;ı
0
2/#M

0
ƒ12

.ˇ12Iı
0
1;x12;ı2/ �
20 ı0 ı1 ı

0
1 ı2 ı

0
2;

bm2.x12;x01/D 0:

Observe that in the definition of bm2.
21;x01/ and bm2.x12; 
10/, the “connecting” chord ˇ12 will auto-
matically be in Rl.ƒ1; ƒ2/[fy12g. In the first case, it has to be a Morse chord for action reasons, and
can not be x12 for degree reasons. In the second case it can not be x12 also for degree reasons.

By [29, Proposition 2] we can check that this map bm2 is of degree 0. Then we have:

Proposition 7.3 The map bm2 satisfies bm1 ıbm2Cbm2.id˝bm1/Cbm2.bm1˝ id/D 0, ie bm2 descends to a
well-defined map on homology.

Proof We prove the proposition for each type of pair of inputs. For a pair of inputs .
21; 
10/, we
obtain the Leibniz rule by considering the algebraic contributions of pseudoholomorphic buildings in the
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0 0 0 0

in in in in

in xout
02

xout
02 in in in

xout
02 in in xout

02 in xout
02 in xout

02

A B C D E F

x12

Figure 7: Pseudoholomorphic buildings in the boundary of (11) and (12).

boundary of the compactification of the following products of moduli spaces:

M1.x02I ı0; 
10; ı1; ˇ12; ı
0
2/�M0.ˇ12I ı

0
1; 
21; ı2/;(11)

M0.x02I ı0; 
10; ı1; ˇ12; ı
0
2/�M1.ˇ12I ı

0
1; 
21; ı2/;(12)

M1.
20I ı0; 
10; ı1; ˇ12; ı
0
2/�M0.ˇ12I ı

0
1; 
21; ı2/;(13)

M0.
20I ı0; 
10; ı1; ˇ12; ı
0
2/�M1.ˇ12I ı

0
1; 
21; ı2/:(14)

See Figure 7 for buildings in the boundary of the compactification of (11) and (12), and Figure 8 for those
in the boundary of the compactification of (13) and (14). In each case (and in all the rest of the proof),
we omit to draw the buildings which appear twice, ie both in the boundary of (11) and (12) or both in the
boundary of (13) and (14), because they cancel each other over Z2.

According to Lemma 6.3(c), the building A either never appears or appears twice, so we can ignore it.

Consider now the building B . Removing the banana containing the output x02 puncture gives a building
contributing to the component of bm2.
21; 
10/ taking values in the generators of bC cyc

C .ƒ0; ƒ2/ of the
form ˇ20 ı0 ı1 ı2. Adding the banana with positive asymptotic at x02 and using Lemma 6.3(b), we

0

in

in


 out
20

in

in


 out
20

in

in


 out
20

G H I

Figure 8: Pseudoholomorphic buildings in the boundary of (13) and (14).
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0

xin
01

xout
02

in

xout
02

xin
01

in
xin

01

xout
02

in

Figure 9: Pseudoholomorphic buildings in the boundary of (15) and (16).

get that the building contributes x02ˇ ı0 ı1 ı2Cx02 ı0 ı1 ı2 ˇ, where ˇ is the pure Reeb chord of ƒ
corresponding to ˇ01. Thus, this type B of buildings, together with G , contribute to bm1 ıbm2.
21; 
10/.

The buildings of type C and D, together with H contribute to bm2.
21;bm1.
10//. Indeed the only slightly
subtle thing here is about building D. By assumption, the mixed connecting chord from ƒ2 to ƒ1 is not
the maximum Morse Reeb chord x12. But then, if such a building exists this connecting chord must be the
minimum Morse chord y12 for action reasons, because the component of the building with three mixed
asymptotics has a positive asymptotic at the Morse chord x02. For degree reasons, the connecting mixed
chord from ƒ1 to ƒ0 must then be x01 and the banana having it as a positive asymptotic contributes to
the component of bm1.
01/ taking values in hx01i

cyc
A-A (this component actually vanishes for elements 
10a

where aD 1, but it doesn’t in the general case).

Finally, let us consider the building F . Usually, these types of buildings cancel by pairs but because of
the assumption about the connecting chord, the buildings of type F arise by degenerating the banana
but will never arise by degenerating the top level with three mixed asymptotic. Observe then that the
buildings E , F and I contribute to bm2.bm1.
21/; 
10/, and we have thus proved the Leibniz rule for the
pair of inputs .
21; 
10/.

For a pair of inputs .
21;x01/, the Leibniz rule restricts to bm2.bm1.
21/;x01/D 0 because bm1 vanishes
on the maximum Reeb chord. Let us consider the pseudoholomorphic buildings in the boundary of the
compactification of the following products of moduli spaces:

M1.x02I ı0;x01; ı1; ˇ12; ı
0
2/�M0.ˇ12I ı

0
1; 
21; ı2/;(15)

M0.x02I ı0;x01; ı1; ˇ12; ı
0
2/�M1.ˇ12I ı

0
1; 
21; ı2/:(16)

See Figure 9 for a schematic picture of these buildings. As before, the first building can be ignored.
The second building never appears either, for action reasons. The third building finally contributes
to bm2.bm1.
21/;x01/. For the pair of inputs .x12; 
10/, the Leibniz rule restricts to

bm1 ıbm2.x12; 
10/Cbm2.x12;bm1.
10//D 0:
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xout
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12
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12


 out
20

in
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12


 out
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Figure 10: Left: pseudoholomorphic buildings in the boundary of (17) and (18); right: pseudo-
holomorphic buildings in the boundary of (19) and (20).

We consider the boundary of the compactification of

M1.x02I ı0; 
10; ı1; ˇ12; ı
0
2/�M0.ˇ12I ı

0
1;x12; ı2/;(17)

M0.x02I ı0; 
10; ı1; ˇ12; ı
0
2/�M1.ˇ12I ı

0
1;x12; ı2/(18)

and of

M1.
20I ı0; 
10; ı1; ˇ12; ı
0
2/�M0.ˇ12I ı

0
1;x12; ı2/;(19)

M0.
20I ı0; 
10; ı1; ˇ12; ı
0
2/�M1.ˇ12I ı

0
1;x12; ı2/;(20)

whose different components are schematized in Figure 10. By arguments similar as before, the algebraic
contributions of the second and third buildings vanish. The first and sixth contribute to bm2.x12;bm1.
10//,
and the fourth and fifth to bm1 ıbm2.x12; 
10/. Finally, for a pair .x12;x01/ all the terms of the Leibniz
rule vanish by definition.

Remark 7.4 The product on bC cyc
C .ƒ0; ƒ1/ is defined by a count of 2-level pseudoholomorphic buildings,

which arise in the boundary of the compactification of 1-dimensional moduli spaces. In particular, there
is no canonical choice for the buildings we choose to count to define the product, but there is a choice up
to homotopy. In particular, we could choose the product to be the mapbd2 W

bC cyc
C .ƒ1; ƒ2/˝ bC cyc

C .ƒ0; ƒ1/! bC cyc
C .ƒ0; ƒ2/

defined bybd2.
21;
10/DP
ˇ012Rl .ƒ0;ƒ1/[fy01g

P
ı0;ı

0
0;

ı1;ı
0
1;ı2

#M0
ƒ012

.x02Iı0;ˇ01;ı
0
1;
21;ı2/#M0

ƒ01
.ˇ01Iı

0
0;
10;ı1/ �x02 ı0 ı

0
0 ı1 ı

0
1 ı2

C
P

20

P
ˇ012Rl .ƒ0;ƒ1/[fy01g

P
ı0;ı

0
0;

ı1;ı
0
1;ı2

#M0
ƒ012

.
20Iı0;ˇ01;ı
0
1;
21;ı2/#M0

ƒ01
.ˇ01Iı

0
0;
10;ı1/

�
20 ı0 ı
0
0 ı1 ı

0
1 ı2;
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Figure 11: Pseudoholomorphic buildings contributing to yd2.x12; 
01/.

bd2.
21;x01/D
X
ˇ01

X
ı0;ı

0
0;

ı1;ı
0
1;ı2

#M0
ƒ012

.x02Iı0;ˇ01;ı
0
1;
21;ı2/#M0

ƒ01
.ˇ01Iı

0
0;x01;ı1/ �x02 ı0 ı

0
0 ı1 ı

0
1 ı2

C

X

20;ˇ01

X
ı0;ı

0
0;

ı1;ı
0
1;ı2

#M0
ƒ012

.
20Iı0;ˇ01;ı
0
1;
21;ı2/#M0

ƒ01
.ˇ01Iı

0
0;x01;ı1/ �
20 ı0 ı

0
0 ı1 ı

0
1 ı2;

bd2.x12;
10/D
X
ˇ01

X
ı0;ı

0
0

ı1;ı
0
1;ı2

#M0
ƒ012

.x02Iı0;ˇ01;ı
0
1;x12;ı2/#M0

ƒ01
.ˇ01Iı

0
0;
10;ı1/ �x02 ı0 ı

0
0 ı1 ı

0
1 ı2;

bd2.x12;x01/D 0:

See Figure 11. We show that the maps bd2 and bm2 are homotopic. Let us define a (degree �1) map
h W bC cyc

C .ƒ1; ƒ2/˝ bC cyc
C .ƒ0; ƒ1/! bC cyc

C .ƒ0; ƒ2/ by

h.
21; 
10/D
X

ı0;ı1;ı2

#M0.x02I ı0; 
10; ı1; 
21; ı2/ �x02 ı0 ı1 ı2

C

X

20

X
ı0;ı1 ı2

#M0.
20I ı0; 
10; ı1; 
21; ı2/ � 
20 ı0 ı1 ı2;

h.
21;x01/D
X

ı0;ı1;ı2

#M0.x02I ı0;x01; ı1; 
21; ı2/ �x02 ı0 ı1 ı2

C

X

20

X
ı0;ı1 ı2

#M0.
20I ı0;x01; ı1; 
21; ı2/ � 
20 ı0 ı1 ı2;

h.x12; 
10/D
X

ı0;ı1;ı2

#M0.x02I ı0; 
10; ı1;x12; ı2/ �x02 ı0 ı1 ı2

C

X

20

X
ı0;ı1 ı2

#M0.
20I ı0; 
10; ı1;x12; ı2/ � 
20 ı0 ı1 ı2;

h.x12;x01/D 0:

See Figure 12.
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Figure 12: Pseudoholomorphic discs contributing to the map h.

Now we check that

(21) bm2C
bd2 D h.id˝bm1/Ch.bm1˝ id/Cbm1 ıh

by studying the boundary of the compactification of 1-dimensional moduli spaces of discs as the ones
shown in Figure 12. Namely, in order to prove (21) for the pair of generators .
21; 
10/, we study the
boundary of the compactification of

(22) M1.x02I ı0; 
10; ı1; 
21; ı2/

and

(23) M1.
20I ı0; 
10; ı1; 
21; ı2/:

The corresponding pseudoholomorphic buildings are schematized in Figures 13 and 14.

Observe that buildings of type A, type G and those of type B and H where the connecting chord
is x01 (for both types B and H ) are the ones contributing exactly to h.
21;bm1.
10//. Similarly, the
buildings of types C and I together with the buildings of types D and J where the connecting chord
is x12 contribute to h.bm1.
21/; 
10/. The contribution of buildings of type E , if such buildings exist,
vanishes according to Lemma 6.3(c). The buildings of types F and K contribute to bm1 ıh.
21; 
10/. We
are thus counting buildings which algebraically contribute to the right-hand side of (21) for the pair of
generators .
21; 
10/. Finally, observe that the buildings of types B and H , when the connecting chord
is not the Morse chord x01, are exactly the ones contributing to bd2.
21; 
10/, and that those of types D

in

in xout
02 in

inxout
02 in

in xout
02 in

in xout
02

inin

xout
02 in in

xout
02

A B C D E F

Figure 13: Pseudoholomorphic buildings in the boundary of (22).
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20
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 out
20
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20
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 out
20
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Figure 14: Pseudoholomorphic buildings in the boundary of (23).

and J with the connecting chord not being x21 contribute to bm2.
21; 
10/. These give the left-hand side
of (21) and thus we have proved this equation for the pair .
21; 
10/.

In order to prove this equation for a pair .
21;x01/, we consider the pseudoholomorphic buildings in the
boundary of the compactification of

M1.x02I ı0;x01; ı1; 
21; ı2/;(24)

M1.
20I ı0;x01; ı1; 
21; ı2/;(25)

which we schematized in Figure 15.

The buildings of types A0 and F 0 contribute to bd2.
21;x01/ and the buildings of type C 0 contribute
to bm2.
21;x01/ (observe that the connecting chord in this case cannot be x12, for example, for degree
reasons). This gives the left-hand side of (21). The other buildings contribute algebraically to the right-
hand side. Indeed, buildings of types B 0and G 0 contribute to h.bm1.
21/;x01/, the contribution of the
buildings of type D0 vanishes according to Lemma 6.3(c), and buildings of types E 0 and H 0 contribute
to bm1 ıh.
21;x01/. The remaining term in the relation, h.
21;bm.x01//, vanishes because bm1.x01/D 0.

We continue by proving (21) for a pair .x12; 
10/. We study the boundary of the compactification of

M1.x02I ı0; 
10; ı1;x12; ı2/;(26)

M1.
20I ı0; 
10; ı1;x12; ı2/(27)

for which the pseudoholomorphic buildings are schematized in Figure 16.

Observe first that the contribution of the buildings of type B 00 vanishes as before. Then, buildings of
type C 00, D00 and G 00 contribute to .bm2C

bd2/.x12; 
10/. The buildings of type A00 and F 00 are exactly
the ones contributing to h.x12;bm1.
10// (indeed there is also a component of bm1.
10/ with output the
Morse chord x01 but then h.x12;x01/D 0 so these do not contribute). The buildings of type E 00 and H 00

are the ones contributing to bm1 ı h.x12; 
10/, and we get thus (21) because h.bm.x12/; 
10/D 0.

Finally, (21) is trivially satisfied for the pair of inputs .x12;x01/ because both sides vanish.
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Figure 15: Pseudoholomorphic buildings in the boundary of (24) (top) and (25) (bottom).

Remark 7.5 The pseudoholomorphic buildings contributing to the component of the product bm2 with
long chords as inputs and output can also be used to build a product structure on the linearized Legendrian
contact homology complex, which will be unital when the Legendrian submanifold is horizontally
displaceable.

It is well known that there is a (nonunital) product structure (even an A1-structure) on the linearized
Legendrian contact cohomology, defined first in [11] and generalized to the bilinearized case in [1]. This
product can be computed directly from the C-E algebra, and equivalently by a count of pseudoholomorphic
discs with boundary on a 3-copy ƒ0[ƒ1[ƒ2 of ƒ negatively asymptotic to a chord from ƒ0 to ƒ1

and to a chord from ƒ1 to ƒ2 (the inputs), and positively asymptotic to a chord from ƒ0 to ƒ2 (the
output), and potentially having pure negative asymptotics which are augmented. In this case, the mixed
chords considered are never Morse chords.

In [32], for knots in R3 the authors consider the complex generated by mixed chords from ƒ1 to ƒ0

in a 2-copy of ƒ, which they denote by HomC."0; "1/. They define then a product (as well as an
A1-structure) on this complex by a count of similar curves as above (two negative mixed inputs and
one positive mixed output) but the main difference is that in this case the Morse chords can be inputs
and outputs. The homology of the complex HomC."0; "1/ is isomorphic to the Legendrian contact
homology of ƒ. This is implied by the acyclicity of the complex of the 2-copy which holds for knots
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Figure 16: Pseudoholomorphic buildings in the boundary of (26) (top) and (27) (bottom).

in R3; see [32, Proposition 5.4]. In particular, the product on HomC doesn’t give canonically a product
on Legendrian contact homology.

By [4, Proposition 2.7], the (bi)linearization of the DG bimodule .CC.ƒ0; ƒ1/;�1/ by augmentations "0

and "1 is canonically isomorphic to the bilinearized Legendrian contact homology complex LCC"0;"1
� .ƒ/.

We claim that the only-long-chords-asymptotics component of the product bm2, when linearized by
augmentations, gives a product on the Legendrian contact homology complex, the proof of this being
schematized in Figure 8. In the presence of a filling of ƒ and under the hypothesis of horizontal
displaceability, it is possible to prove that this new product on Legendrian contact homology is isomorphic
to the product on the HomC complex, because both are isomorphic to the product on the singular
cohomology of the filling (through the Ekholm–Seidel isomorphism [13; 16]). This will be investigated
more precisely in a forthcoming paper with Georgios Dimitroglou Rizell, where we describe a relative
Calabi–Yau structure carried by the C-E algebra. This relative structure allows in particular to show the
isomorphism between the products on LCH� and HomC without the presence of a filling.

7.3 Products under the Calabi–Yau morphism

Let us consider the Calabi–Yau map CY induced on the Z2-modules, denoted by

CY1 W
bC cyc
C .ƒ0; ƒ1/! {C

cyc
� .ƒ0; ƒ1/:
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Figure 17: Pseudoholomorphic buildings contributing to the map CY2.

Theorem 7.6 The map CY1 preserves the product structures in homology, ie

CY1 ıbm2C {m2.CY1;CY1/D 0

is satisfied in homology.

Proof In this proof we will use the notation bmC2 and bmx
2 to denote the components of bm2 with values

in C
cyc
C .ƒ0; ƒ1/ and hx01i

cyc
A-A, respectively.

Given a 3-copy ƒ0[ƒ1[ƒ2 of ƒ, we define a (degree �1) map

CY2 W
bC cyc
C .ƒ1; ƒ2/˝ bC cyc

C .ƒ0; ƒ1/! {C
cyc
� .ƒ0; ƒ2/

by a count of pseudoholomorphic buildings as shown in Figure 17. Similarly as for the product bm2 we
require that the connecting chord fromƒ2 toƒ1 in the buildings is not the maximum Morse Reeb chord x12.
Observe however that this is automatically satisfied for action reasons for the buildings of types C and D.

By considering buildings in the boundary of the compactification of one-dimensional products of moduli
spaces of types A, B , C and D in Figure 17, one proves

(28) {m1 ıCY2C {m2.CY1˝CY1/CCY1 ıbm2CCY2.id˝bm1/CCY2.bm1˝ id/D 0;

which shows that CY1 preserves the products in homology. In Figure 18 we depicted the different types of
buildings in the boundary of the compactification of 1-dimensional products of moduli spaces of type A.
The buildings of type A1 together with those of type A3, where the connecting chord fromƒ1 toƒ0 is x01,
contribute to CY2.
21;bm1.
10//. Those of type A2 contribute to CY1ıbmx

2 .
21; 
10/when the connecting
chord from ƒ2 to ƒ0 is x02, and to {m1 ıCY2.
21; 
10/ otherwise. The buildings of type A3 when the
connecting chord from ƒ1 to ƒ0 is not x01 contribute to {m2.CY1.
21/;CY1.
10//. Those of type A4

contribute to CY1 ıbmC2 .
21; 
10/ and finally those of types A5 and A6 contribute to CY2.bm1.
21/; 
10/.
This gives (28) for the pair of inputs .
21; 
10/. In Figure 19 we consider the broken discs in the boundary
of 1-dimensional products of moduli spaces of type B . The buildings B1 contribute to CY1ıbmx

2 .
21;x01/
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A1 A2

A3 A4

A5 A6

x12

Figure 18: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type A.

when the connecting chord from ƒ2 to ƒ0 is the maximum Morse chord x02, and to {m1 ı CY2.
21;x01/

otherwise. Those of type B2 contribute to {m2.CY1.
21/;CY1.x01// (none of the connecting chord is a
maximum).The buildings of types B3 and B4 finally contribute to CY2.bm1.
21/;x01/. The sum of these
contributions gives (28) for the pair of inputs .
21;x01/ (observe that some terms in the relation vanish
by definition). Similarly this relation can be checked for pairs of inputs .x12; 
10/ and .x12;x01/ by
considering broken discs in the boundary of 1-dimensional products of moduli spaces of type C and D,
respectively; see Figure 20.

From Theorem 7.6, we deduce that the product bm2 has a unit in homology represented by any cycle
in bC cyc

C .ƒ0; ƒ1/ which is sent to the minimum Morse Reeb chord y01 by the map CY1.

7.4 A1-structure

We can go further and define for each d � 3 maps {md and bmd of degree 2� d by counting pseudoholo-
morphic discs with boundary on a .dC1/-copy of ƒ (defined in an analogous way as the 2- and 3-copies).

B1 B2 B3 B4

x12

Figure 19: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type B .
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C1 C2 C3 C4 D1 D2

Figure 20: Pseudoholomorphic buildings in the boundary of 1-dimensional products of moduli
spaces of type C and D.

Given a .dC1/-copy ƒ0[ � � � [ƒd of ƒ, the maps

{md W
{C cyc
� .ƒd�1; ƒd /˝ � � �˝ {C

cyc
� .ƒ0; ƒ1/! {C

cyc
� .ƒ0; ƒd /

are given by a count of pseudoholomorphic discs having mixed negative asymptotics corresponding to
inputs and one positive asymptotic which is the output. The map {md has degree 2� d . The fact that
these maps satisfy the A1-equations goes back to [1; 11]. In our case we have to take extra care of the
coefficients in the C-E algebra but it works exactly the same as in the case d D 2 we treated in Section 7.2.

Now let’s define the maps bmd . First, we extend the maps b1 and �1 to higher-order maps

bd ;�d W RFCcyc.ƒd�1; ƒd /˝ � � �˝RFCcyc.ƒ0; ƒ1/! RFCcyc.ƒ0; ƒd /

for d�1 as follows. These maps have degree 2�d and were considered in [29, Section 8]; we recall the def-
initions. For a d -tuple of elements .cd�1ad�1; : : : ; c0a0/ 2RFCcyc.ƒd�1; ƒd /˝� � �˝RFCcyc.ƒ0; ƒ1/

where cj are mixed chords and aj words of pure Reeb chords, set

bd .cd�1ad�1; : : : ;c0a0/D
X

0d

ı0;:::;ıd

#M0
ƒ0:::d

.
0d Iı0;c0;ı2; : : : ;ıd�1;cd�1;ıd / �
0d ı0 a0 ı1 : : :ad�1 ıd ;

�d .cd�1ad�1; : : : ;c0a0/D
X

d0

ı0;:::;ıd

#M0
ƒ0:::d

.
d0Iı0;c0;ı2; : : : ;ıd�1;cd�1;ıd / �
d0 ı0 a0 ı1 : : :ad�1 ıd :

Observe that for the map bd , the mixed chord in the output is a positive asymptotic of the pseudoholo-
morphic discs considered to define it, while for �d it is a negative asymptotic. Thus, for energy reasons,
�d .cd�1ad�1; : : : ; c0a0/ is automatically 0 if for all 0� j � d � 1 we have cj 2 C.ƒj ; ƒjC1/.

Notation 7.7 We will denote by bx
d the component of bd which takes values in hx0d i

cyc
A-A, and b_d for

the component which takes values in {C cyc
� .ƒ0; ƒd /.
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We make the following observations:

� As ungraded maps, the map CY1 is equal to the restriction to bC cyc
C of the map b_1 , namely it is

defined by a count of bananas with two positive asymptotics.

� The maps {md are equal to the restriction of b_d to {C cyc
� .ƒd�1; ƒd /˝ � � �˝ {C

cyc
� .ƒ0; ƒ1/.

With this notation we can also rewrite the differential bm1 and the product bm2 as follows (we now drop
again the full notation for elements, removing the words of pure Reeb chords):bm1.
10/D�1.
10/Cbx

1 .
10/;bm2.
21; 
10/D bx
2 .CY1.
21/; 
10/C�2.CY1.
21/; 
10/;bm2.
21;x01/D bx
2 .CY1.
21/;x01/;bm2.x12; 
10/D bx
2 .CY1.x12/; 
10/C�2.CY1.x12/; 
10/:

Note that �2.CY1.
21/;x01/D 0 for action reasons, as well as

bx
2 .x12;CY1.x01//D�2.CY1.x12/;x01/D 0:

So we can write a compact formula for the product

bm2 D .b
x
2 C�2/.CY1˝ id/:

Finally, observe that the map CY2 can be rewritten CY2 D b_2 .CY1˝ id/.

Remark 7.8 Very rigorously, the map bm1 has domain and target the Z2-module bC cyc
C .ƒ0; ƒ1/, so it is

actually equal to the sum of the shifted by 1 restrictions of the maps �1 and bx
1 (these restrictions have

domain bC cyc
C .ƒ0; ƒ1/Œ�1�). So for the formulas for bm1;bm2, CY1;CY2 as well as for the maps we define

below, the reader should consider these equalities as equalities of ungraded maps.

We extend now these formulas, ie we define maps

bmd W
bC cyc
C .ƒd�1; ƒd /˝ � � �˝ bC cyc

C .ƒ0; ƒ1/! bC cyc
C .ƒ0; ƒd /;

CYd W
bC cyc
C .ƒd�1; ƒd /˝ � � �˝ bC cyc

C .ƒ0; ƒ1/! {C
cyc
� .ƒ0; ƒd /

for a .dC1/-copy of ƒ by

bmd D

dX
jD2

X
1�i2;:::;ij�d�1
i2C���CijDd�1

.bx
j C�j /.CYij ˝ � � �˝CYi2

˝ id/;(29)

CYd D

dX
jD2

X
1�i2;:::;ij�d�1
i2C���CijDd�1

b_j .CYij ˝ � � �˝CYi2
˝ id/:(30)

Observe that bmd is of degree 2� d while CYd is of degree 1� d .
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Theorem 7.9 Let ƒ0[ � � � [ƒd be a .dC1/-copy of ƒ0. Then for any 1� k � d and any .kC1/-tuple
of integers 0� s0 < � � �< sk � d we have

kX
mD1

k�mX
nD0

bmk�mC1.id
˝k�m�n

˝bmm˝ id˝n/D 0;(31)

kX
rD1

X
t1;:::;tr

t1C���CtrDk

{mr .CYtr
˝ � � �˝CYt1

/C

kX
mD1

k�mX
nD0

CYk�mC1.id
˝k�m�n

˝bmm˝ id˝n/D 0;(32)

where

� bmm has domain bC cyc
C .ƒsnCm�1

; ƒsnCm
/˝ � � �˝ bC cyc

C .ƒsn
; ƒsnC1

/,

� bmk�mC1 and CYk�mC1 have domain

bC cyc
C .ƒsk�1

; ƒsk
/˝ � � �˝ bC cyc

C .ƒsnCm
; ƒsnCmC1

/˝ bC cyc
C .ƒsn�1

; ƒsn
/˝ � � �˝ bC cyc

C .ƒs1
; ƒs0

/;

� if we define �j D
Pj

iD1
ti , then CYtj has domain

bC cyc
C .ƒs�j�1

; ƒs�j
/˝ � � �˝ bC cyc

C .ƒs�j�1
; ƒs�j�1C1

/;

and {mr has domain

{C cyc
� .ƒs�r�1

; ƒs�r
/˝ � � �˝ {C cyc

� .ƒs�1
; ƒs�2

/˝ {C cyc
� .ƒs�1

; ƒs0
/:

To simplify notation, in the following we will assume that the .kC1/-tuple of integers .s0; : : : ; sk/ is
.0; : : : ; k/. In order to prove Theorem 7.9 we will use results proved in [29] about the maps bd and �d

that we recall now.

Lemma 7.10 [29, Lemmas 3 and 5] Letƒ0[� � �[ƒd be a .dC1/-copy ofƒ0. Then for any 1� k � d

we have

(a)
kX

mD1

k�mX
nD0

bk�mC1.id
˝d�m�n

˝ .bmC�m/˝ id˝n/D 0,

(b)
kX

mD1

k�mX
nD0

�k�mC1.id
˝d�m�n

˝ .bmC�m/˝ id˝n/D 0.

Proof of Theorem 7.9 In order to avoid any useless complicated notation and use Lemma 7.10 as it is,
we prove the theorem ignoring the grading of maps. This means that we will write b_1 (restricted to
the appropriate module) for CY1 and �1C bx

1 for bm1. We start by proving (32) which is a proof by
induction. For k D 1; 2 we have already shown the relation in Lemma 6.5 and the proof of Theorem 7.6,
respectively. Now let us prove (32) for k � 3 inputs, assuming that the relation holds for any number
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of inputs less or equal to k � 1. We denote by LHS(32) the left-hand side of (32). Using the fact that
{mr D b_r and the formula for the Calabi–Yau map, we have

LHS(32)D
kX

jD1

X
t1;:::;tj�1

t1C���CtjDk

b_j .CYtj ˝ � � �˝CYt1
/Cb_1 ıbmk

C

k�1X
mD1

k�mX
nD0

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

b_j .CYij ˝ � � �˝CYi2
˝ id/.id˝k�m�n

˝bmm˝ id˝n/:

We separate the case nD 0 from the others in the second line and get

kX
jD1

X
t1;:::;tj�1

t1C���CtjDk

b_j .CYtj˝�� �˝CYt1
/Cb_1 ıbmkC

k�1X
mD1

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

b_j .CYij˝�� �˝CYi2
˝bmm/

C

k�1X
mD1

k�mX
nD1

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

b_j .CYij ˝ �� �˝CYi2
˝ id/.id˝k�m�n

˝bmm˝ id˝n/:

We now separate the cases t1 D 1 and m D 1 from the others in the first line, and apply a change of
variables in the second line (note that for any 2 � s � j , when 1C

Ps�1
vD2 iv � n � 1C

Ps
vD2 iv, the

“inner” bmm will be an argument of CYis
; thus instead of summing over 1� n� k �m we can sum over

the variables s, n with 2� s � j and 0� n� is � 1) to obtain

kX
jD2

X
t2;:::;tj�1

t2C���CtjDk�1

b_j .CYtj˝�� �˝CYt2
˝CY1/Cb_1 ıbmkC

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

b_j .CYij˝�� �˝CYi2
˝bm1/

C

kX
jD1

X
t1;:::;tj�1

t1�2
t1C���CtjDk

b_j .CYtj˝�� �˝CYt1
/C

k�1X
mD2

k�mC1X
rD2

X
i2;:::;ir�1

i2C���CirDk�m

b_r .CYir
˝�� �˝CYi2

˝bmm/

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
sD2

isX
mD1

is�mX
nD0

b_j .CYij˝�� �˝CYis�mC1.id˝is�m�n
˝bmm˝id˝n/˝�� �˝CYi2

˝id/:

On the first line the summations are on the same sets of parameters, so we combine them together using that

CY1Cbm1 D b_1 C�1Cbx
1 D b1C�:

Then we rewrite CYt1
and bmm on the second line, as well as bmk on the first line, using (29) and (30).

Finally, we use (32) in the third line, which is assumed to hold by induction hypothesis. After all these
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changes we get

kX
jD2

X
t2;:::;tj�1

t2C���CtjDk�1

b_j .CYtj˝�� �˝CYt2
˝.b1C�1//

C

kX
rD2

X
t2;:::;tr�1

t2C���CtrDk�1

b_1 ı.b
x
r C�r /.CYtr

˝�� �˝CYt2
˝id/

C

kX
jD1

X
t1;:::;tj�1

t1�2
t1C���CtjDk

t1X
rD2

X
i2;:::;ir�1

i2C���CirDt1�1

b_j .CYtj˝�� �˝CYt2
˝b_r .CYir

˝�� �˝CYi2
˝id//

C

k�1X
mD2

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

mX
rD2

X
t2;:::;tr�1

t2C���CtrDm�1

b_j .CYij˝�� �˝CYi2
˝.bx

r C�r /.CYtr
˝�� �˝CYt2

˝id//

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
sD2

isX
rD1

X
t1;:::;tr�1

t1C���CtrDis

b_j .CYij˝�� �˝b_r .CYtr
˝�� �˝CYt1

/˝CYis�1
˝�� �˝CYi2

˝id/:

We can sum the three middle lines together, and change variables on the resulting sum as well as on the
last line to get

kX
jD2

X
t2;:::;tj�1

t2C���CtjDk�1

b_j .CYtj ˝ � � �˝CYt2
˝ .b1C�1//

C

kX
jD2

X
t2;:::;tj�1

t2C���CtjDk�1

jX
rD2

b_j�rC1.CYtj ˝ � � �˝CYtrC1
˝ .br C�r /.CYtr

˝ � � �˝CYt2
˝ id//

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

j�1X
rD1

j�rX
nD1

b_j�rC1.CYij ˝� � �˝b_r .CYinCr
˝� � �˝CYinC1

/˝CYin
˝� � �˝CYi2

˝ id/:

Finally, note that adding bx
r C�r to b_r on the last line doesn’t change anything because these terms

vanish for degree and energy reasons (observe that curves contributing to bx
r .CYinCr

˝ � � �˝CYinC1
/

would have a unique positive asymptotic at a maximum Morse chord and negative asymptotic which have
to be Morse chords for action reasons. These negative asymptotics are in the image of the CY map so
can only be minimum Morse chords. For index reasons, such rigid discs do not exist). Then we observe
that the first line is the case r D 1; nD 0 of the third line while the second line is the case r � 1; nD 0
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of the third line, so we have

LHS(32)D
kX

jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
rD1

j�rX
nD0

b_j�rC1.id
˝j�r�n

˝ .br C�r /˝ id˝n/.CYij ˝� � �˝CYi2
˝ id/;

which vanishes by Lemma 7.10(a) and thus we have proven (32). In order to prove (31), we will use (32),
which simplifies slightly the notation in the computations below. We have

LHS(31)D bm1 ıbmk Cbmk.id
˝k�1

˝bm1/C

k�1X
mD2

bmk�mC1.id
˝k�m

˝bmm/

C

k�1X
mD1

k�mX
nD1

bmk�mC1.id
˝k�m�n

˝bmm˝ id˝n/

and we use (29) to rewrite bmj where it appear, except the “inner one” in the last line. We get

LHS(31)D
kX

jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
1 C�1/.b

x
j C�j /.CYij ˝� � �˝CYi2

˝ id/

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
j C�j /.CYij ˝� � �˝CYi2

˝.bx
1 C�1//

C

k�1X
mD2

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

mX
rD2

X
t2;:::;tr�1

t2C���CtrDm�1

.bx
j C�j /

�
CYij ˝� � �˝CYi2

˝.bx
r C�r /.CYtr

˝� � �˝CYt2
˝ id/

�
C

k�1X
mD1

k�mX
nD1

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

.bx
j C�j /.CYij ˝� � �˝CYi2

˝ id/.id˝k�m�n
˝bmm˝ id˝n/:

Observe that the last line can be written
k�1X
mD1

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

jX
sD2

isX
nD0

.bx
j C�j /.CYij˝�� �˝CYis

.id˝is�1�n
˝bmm˝id˝n/˝�� �˝CYi2

˝id/

D

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
sD2

isX
mD1

is�mX
nD0

.bx
j C�j /

�
CYij˝�� �˝CYis�mC1.id˝is�m�n

˝bmm˝id˝n/

˝�� �˝CYi2
˝id

�
;

where the right-hand side of the equality is obtained after a change of variables. On this last line we can
now apply (32) to get

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
sD2

isX
rD1

X
t1;:::;tr�1

t1C���CtrDis

.bx
j C�j /.CYij˝�� �˝CYisC1

˝{mr .CYtr
˝�� �˝CYt1

/˝�� �˝CYi2
˝id/:
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Using that {mr D b_r , we have

LHS(31)D
kX

jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
1C�1/.b

x
j C�j /.CYij˝�� �˝CYi2

˝id/

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
j C�j /.CYij˝�� �˝CYi2

˝.bx
1C�1//

C

k�1X
mD2

k�mC1X
jD2

X
i2;:::;ij�1

i2C���CijDk�m

mX
rD2

X
t2;:::;tr�1

t2C���CtrDm�1

.bx
j C�j /

�
CYij˝�� �˝CYi2

˝.bx
r C�r /.CYtr

˝�� �˝CYt2
˝id/

�
C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
sD2

isX
rD1

X
t1;:::;tr�1

t1C���CtrDis

.bx
j C�j /

�
CYij˝�� �˝CYisC1

˝b_r .CYtr
˝�� �˝CYt1

/˝�� �˝CYi2
˝id

�
:

By a change of variables in the third and fourth lines we obtain

LHS(31)D
kX

jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
1C�1/.b

x
j C�j /.CYij˝�� �˝CYi2

˝id/

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

.bx
j C�j /.CYij˝�� �˝CYi2

˝.bx
1C�1//

C

k�1X
jD2

X
i2;:::;ij�1

i2C���CijDk�1

j�1X
rD2

.bx
j�rC1C�j�rC1/.CYij˝�� �˝CYirC1

˝.bx
r C�r /.CYir

˝�� �˝CYi2
˝id//

C

kX
jD2

X
i2;:::;ij�1

i2C���CijDk�1

j�1X
rD1

j�rX
nD1

.bx
j�rC1C�j�rC1/

�
CYij˝�� �

˝b_r .CYinCr
˝�� �˝CYinC1

/˝CYin
˝�� �˝CYi2

˝id
�
:

Finally, observe that:

� Adding b_j to bx
j C�j on the first line does nothing as it vanishes for energy reasons (when the output

is a long chord) or by canceling pairs of discs (when the output of b_j is y and the dimension of the
Legendrian is 1).

� Adding b_1 to bx
1 C�1 on the second line contributes nothing more when the output of b_1 is a long

chord (for energy reasons). Let us check that it also vanishes when the output of b_1 is the Morse chord y.
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In such a case, energy arguments imply that the terms

�j .CYij ˝ � � �˝CYi2
˝b

y
1
/

vanish because all inputs for �j would be negative Reeb chords asymptotics; see the definition of �j at
the beginning of Section 7.4. Then we consider the terms

bx
j .CYij ˝ � � �˝CYi2

˝b
y
1
/:

Pseudoholomorphic buildings contributing to such terms should contain a rigid disc with a unique positive
asymptotic to x. For energy reasons, the j negative asymptotics must be Morse chords and in particular
can only be y’s (by definition of the CY maps). For index reasons, such a rigid disc doesn’t exist.

� Adding b_r to bx
r C�r on the third line doesn’t contribute either for the same reasons as the previous

point.

� Adding bx
r C�r to b_r on the fourth line does not change anything either: �r .CYinCr

˝� � �˝CYinC1
/

vanishes for energy reasons and then as before the term bx
r .CYinCr

˝� � �˝CYinC1
/ vanishes also because

there is an even number of discs, or no disc at all, with positive asymptotic at x and negative asymptotics
only at y’s chords.

Moreover, the first line is the case r D j ; nD 0 of the last line, the second line is the case r D 1; nD 0

of the last line, and the third line is the case 2� r � j � 1; nD 0 of the last line. So we have

LHS(31)D
kX

jD2

X
i2;:::;ij�1

i2C���CijDk�1

jX
rD1

j�rX
nD0

.bx
j�rC1C�j�rC1/

.id˝j�r�n
˝.br C�r /˝ id˝n/.CYij ˝ � � �˝CYi2

˝ id/;

which vanishes by Lemma 7.10(a)–(b).

8 Example: the unknot

The computation done here is a subcase of the computation done in [2, Section 5]. We nevertheless detail
it using our notation. Let ƒ be the standard TBD�1 unknot and consider a 2-copy and a 3-copy; see
Figure 21. We havebC cyc

C .ƒ0; ƒ1/D ha10;x01i
cyc
A-A and {C cyc

� .ƒ0; ƒ1/D ha01;y01i
cyc
A-A

with ja10j yCC
D 0, jx01j yCC

D 2, ja01j {C�
D 2 and jy01j {C�

D 0. Denote by ajDa : : : a the word consisting
of j times the chord a which is the only Reeb chord of ƒ. We have, for all j � 0, bm1.a10aj / D

x01aaj C x01aj a D 0, and bm1.x01/ D 0 as well. On the other side {m1.a01aj / D 0, for example, for
degree reasons, and {m1.y01aj /Da01aajCa01aj aD0. So both differentials bm1 and {m1 vanish implying
that the homologies of .bC cyc

C .ƒ0; ƒ1/;bm1/ and . {C cyc
� .ƒ0; ƒ1/; {m1/ are infinite-dimensional generated
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x01
y01

a01

a10

Figure 21: Lagrangian projections of the 2-copyƒ0[ƒ1 on the left, and of the 3-copyƒ0[ƒ1[ƒ2

on the right.

by all words a10aj ;x01aj and a01aj ;y01aj , respectively. In this simple case there is a unique way to
define the Calabi–Yau map by degree reasons, but one can also easily see on the figure which are the
bananas with a positive asymptotic at a10 and the strips with a negative asymptotic at x01. This gives

CY1.a10aj /D y01aj and CY1.x01aj /D a01aj :

We can then use the Lagrangian projection of the 3-copy to compute the product structures on bC cyc
C

and {C cyc
� . The rigid discs asymptotic to generators of {C cyc

� with one positive asymptotic and two negative
asymptotics contribute to the product {m2 and one can see that the only ones are those giving

{m2.a12aj ;y01ai/D a02aiCj ; {m2.y12aj ; a01ai/D a02aiCj ; {m2.y12aj ;y01ai/D y02aiCj ;

which expresses the fact that the minimum Morse Reeb chord acts as a unit, ie induces a quasi-isomorphism
{C cyc
� .ƒ1; ƒ2/ Š {C

cyc
� .ƒ0; ƒ2/. For the product bm2 we have to find buildings as the one pictured in

Figure 6. The only ones are those we depicted on Figure 22. They give the following nontrivial components
of the product:

bm2.a21aj ; a10ai/D a20aiCj ; bm2.a21aj ;x01ai/D x02aiCj ; bm2.x12aj ; a10ai/D x02aiCj ;

which translates the fact that the mixed a generator acts as a unit for the product bm2. The higher-order
operations {mj and bmj for j � 3 vanish.

a01

a10

a20

y12

x01

x02

y12

a21

a10 x02

a12

x12

Figure 22: Pseudoholomorphic buildings contributing to the product ym2 for the unknot.
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