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An RBG construction of integral surgery homeomorphisms

QIANHE QIN

We generalize the RBG construction of Manolescu and Piccirillo to produce pairs of knots with the same
n-surgery, and investigate the possibility of constructing exotic definite four-manifolds using n-surgery
homeomorphisms.

57K10, 57K18, 57K40

1 Introduction

Manolescu and Piccirillo [12] introduced RBG links, a kind of 3-component framed links in S3 that
produce knot pairs with the same 0-surgery. (Similar constructions appeared earlier in Akbulut’s work
[2; 3].) RBG links are relevant for an approach to constructing exotic definite 4-manifolds. The strategy
is to find a knot pair .K;K0/, such that S3

0
.K/ Š S3

0
.K0/, K is H -slice in some 4-manifold W (ie

bounds a null-homologous disk in W n int B4) and K0 is not H -slice in W. Then, one can construct a
new 4-manifold W 0 (an exotic copy of W ) by carving out a neighborhood of the slice disk bounded by
K, and gluing back the trace of 0-surgery on K0 using some 0-surgery homeomorphism.

In [12], they focused on a class of RBG links called special RBG links, and experimented on a 6-parameter
family of RBG links. They used Rasmussen’s s-invariant to obstruct K0 from being H -slice in W, and
collected several knots K where the usual invariants obstructing H -sliceness vanish. Later on, however,
Nakamura showed that these knots K are not slice. He developed a method in [13] to stably relate the
traces of K and K0, and obstruct K from being H -slice using s.K0/¤ 0.

In this paper, for n 2 Z, we generalize RBG links to jnj-RBG links, which can be used to produce knot
pairs .K;J / such that S3

l
.K/Š S3

m.J / with l;m 2 fn;�ng.

Definition 1.1 An jnj-RBG link LD f.R; r/; .B; b/; .G;g/g is a 3-component framed link in S3, with
framings r 2Q and b;g 2 Z, together with homeomorphisms

 B W S
3
r;g.R;G/! S3 and  G W S

3
r;b.R;B/! S3;

such that H1.S
3
r;b;g

.R;B;G/IZ/D Z=nZ.

Remark 1.2 A certain type of jnj-RBG links was defined in the context of Legendrian knots by Casals,
Etnyre and Kegel [6, Definition 3.19].
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3756 Qianhe Qin

Theorem 1.3 Any jnj-RBG link LDf.R; r/; .B; b/; .G;g/g has an associated knot pair .KB;KG/ and a
homeomorphism �L W S

3
fb
.KB/! S3

fg
.KG/ with fb; fg 2 fn;�ng. Conversely, given a homeomorphism

� W S3
l
.K/! S3

m.J / with l;m 2 fn;�ng, there exists an jnj-RBG link L� such that the associated knot
pair is .K;J / and �L� D � up to isotopy.

As in [12], one can attempt to use n-surgery homeomorphisms to construct exotic 4-manifolds. A knot K

is said to be n-slice in W, if K� @.W n int B4/ bounds a properly embedded disk D with self-intersection
number �n. If there is another knot K0 with S3

n .K/ŠS3
n .K

0/, by removing a tubular neighborhood of D

and gluing back the trace of n-surgery on K0, we obtain a new 4-manifold W 0 such that K0 is n-slice in W 0.

For W D #l CP2, we have that W 0 is homeomorphic to W. If K0 is not n-slice in W, then W 0 is not
diffeomorphic to W. Moreover, there is an adjunction inequality for the Rasmussen’s s-invariant for knots
which are n-slice in W ; this was conjectured by Manolescu, Marengon, Sarkar and Willis [11] and was
proved by Ren [18]. Thus, one can try to use the s-invariant and a pair of knots with the same n-surgery
to construct an exotic #l CP2.

1.1 n-special RBG links

We define n-special RBG links, for which the associated knot pairs are easier to find diagrammatically
and the associated knots have the same n-surgery.

Definition 1.4 A link LD f.R; r/; .B; b/; .G;g/g with linking matrix ML, is called an n-special RBG
link, if b D g D 0, nD� det.ML/, and there exist link isotopies

R[B ŠR[�R ŠR[G;

where �R is the meridian of R.

As in [12], one can experiment on parametrized families of n-special RBG links to look for knot pairs
that share the same n-surgery, such that one of the knots is n-slice in some #l CP2 and the other is not
n-slice in any #m CP2.

Nakamura [13] showed that for special RBG links such that RDU and KB is H -slice in W, Rasmussen’s
s-invariant cannot be used to obstruct KG from being H -slice. We generalize Nakamura’s theorem to
n-special RBG links.

Theorem 1.5 Let LD f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link with n nonnegative.

(a) If R is r -slice in some #m CP2 and KB is n-slice in #l CP2, then s.KG/� n�
p

n.

(b) If R is .r�1/-slice in some #m CP2, then s.KG/� nC 1�
p

nC 1.

If n> 0, the above theorem leaves open the possibility of using the s-invariant to detect exotic pairs of
definite 4-manifolds from n-special RBG links where R is the unknot. For example, we have:
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K.�2; 1; 3/ K.�2; 1; 2/

Figure 1

Theorem 1.6 If the knot K.�2; 1; 3/ from the left-hand side of Figure 1 is 3-slice in some #m CP2,
then there exists an exotic #m CP2.

Theorem 1.5 also gives a new way of obstructing knots from being n-slice, by finding another knot with
the same n-surgery and checking its s-invariant. (This generalizes the nD 0 method, which was used by
Piccirillo [17] in her proof that the Conway knot is not slice, and then extended by Nakamura [13].) For
example, we prove the following theorem.

Theorem 1.7 The knots in Figure 1 are not 2-slice in any #m CP2.

1.2 n-peculiar RBG links

We will also define a different class of jnj-RBG links called n-peculiar RBG links (see Section 5),
for which the red components R are rationally framed and the associated knot pairs can be obtained
diagrammatically.

Definition 1.8 A link f.R; r/; .B; b/; .G;g/g is called an n-peculiar RBG link, if there exists t 2Z such
that

� RD U and B;G are meridians of R,

� b D g D 1=r C 1=t ,

� nD .gC b� 2l/� t.l � b/2,

where l D lk.B;G/ under an orientation of L such that lk.B;R/D lk.G;R/D 1.

This gives a new construction of RBG links when nD 0, for which Nakamura’s obstruction in [13] does
not immediately apply; so, in principle, they can potentially produce exotic 4-spheres.

Algebraic & Geometric Topology, Volume 25 (2025)
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Organization of the paper In Section 2, we generalize the RBG construction of zero surgeries to
integral surgeries. We discuss the construction of a potential exotic pair by cutting and pasting of
n-traces. In Section 3, we introduce n-special RBG links, for which the associated knot pairs can be
obtained diagrammatically. In Section 4, we generalize Nakamura’s sliceness obstruction to an n-sliceness
obstruction using n-special RBG links, and we give examples where the n-sliceness of knots in #m CP2

is obstructed by this new method. In Section 5, we discuss n-peculiar RBG links.

Acknowledgements The author is grateful to her advisor, Ciprian Manolescu, for his suggestion to work
on this project and his continued guidance and support. We would also like to thank Anthony Conway,
Nathan Dunfield, Kyle Hayden, Maggie Miller, Lisa Piccirillo, Qiuyu Ren, Ali Naseri Sadr and Charles
Stine for helpful suggestions and conversations.

2 hni-surgery homeomorphisms

Let n be an integer and jnj be its absolute value. We use hni to denote the set fn;�ng.

Definition 1.1 An jnj-RBG link LD f.R; r/; .B; b/; .G;g/g is a 3-component framed link in S3, with
framings r 2Q and b;g 2 Z, together with homeomorphisms

 B W S
3
r;g.R;G/! S3 and  G W S

3
r;b.R;B/! S3;

such that H1.S
3
r;b;g

.R;B;G/IZ/D Z=nZ.

Remark 2.1 In [12], RBG links are defined to be rationally framed for 0-surgeries. In the case of
˙n-surgeries with n¤ 0, we restrict the framings b;g of B;G to be integers, so that we can pin down
the surgery coefficient to ˙n from the homological condition: H1.S

3
r;b;g

.R;B;G/IZ/D Z=nZ.

Definition 2.2 Given a pair of framed knots f.K; fK /; .J; fJ /g, a homeomorphism � WS3
fK
.K/!S3

fJ
.J /

is called an hni-surgery homeomorphism, if fK ; fJ 2fn;�ng. If fK DfJ Dn, then we call � an n-surgery
homeomorphism.

We generalize Theorem 1.2 of [12] to jnj-RBG links as in the following theorem, which is a rephrasing
of Theorem 1.3 from the introduction.

Theorem 2.3 Any jnj-RBG link L D f.R; r/; .B; b/; .G;g/g has an associated knot pair .KB;KG/

and an hni-surgery homeomorphism �L W S3
fb
.KB/ ! S3

fg
.KG/. Conversely, given an hni-surgery

homeomorphism � W S3
l
.K/! S3

m.J /, there exists an jnj-RBG link L� such that the associated knot pair
is .K;J / and �L� D � up to isotopy.

Proof Given an jnj-RBG link L D f.R; r/; .B; b/; .G;g/g, we associate to it two framed knots
.KB; fb/; .KG ; fg/ and an hni-surgery homeomorphism �L as follows: First, let .KB; fb/ be  B.B; b/,
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Q
N

�.J /

.�J ; 0/

.��J
; 0/

.J;m/

Q

.�J ; 0/

.��J
; 0/

.J;m/

m

Figure 2

and let .KG ; fg/ be  G.G;g/. Since a homeomorphism maps an integer framing to an integer fram-
ing, fb; fg are integers. Then, extend  B (resp.  G) to z B W S3

r;b;g
.R;B;G/ ! S3

fb
.KB/ (resp.

z G WS
3
r;b;g

.R;B;G/!S3
fg
.KG/) by gluing back tubular neighborhoods of B and KB (resp. G and KG)

according to the framings. Since H1.S
3
r;b;g

.R;B;G/IZ/D Z=nZ, we have fb; fg 2 fn;�ng. Finally,
define �L as

�L WD
z G ı

z �1
B W S

3
fb
.KB/! S3

fg
.KG/:

Conversely, given an hni-surgery homeomorphism � W S3
l
.K/! S3

m.J /, define an jnj-RBG link L� as
follows.

Fix setwise representatives of S3
l
.K/;S3

m.J / by specifying the knots K;J � S3 and the surgery tubular
neighborhoods �.K/; �.J /. Pick a meridian �J � S3 n �.J /. Up to isotopy, we can assume that ��1

maps �J into S3 n �.K/. Choose a tubular neighborhood Q of J which contains �J , and pick a tubular
neighborhood N of �J such that N �Q n �.J / and ��1.N /� S3 n �.K/. Pick a meridian ��J

of �J

in N. See Figure 2, left. Let L� be f��1.�J ; 0/; .K; l/; .�
�1.��J

/; 0/g.

Let zN be the manifold obtained by surgery on N along f.�J ; 0/; .��J
; 0/g, and let zQ be the man-

ifold obtained by surgery on Q along f.�J ; 0/; .J;m/; .��J
; 0/g. Extend � W S3

l
.K/ ! S3

m.J / to
z� W S3

l;r;0
.K;R;G/! S3

m;0;0
.J; �J ; ��J

/. Let z B be the slam-dunk map (as in Figure 5.30 in [8])
in z��1. zN / and the identity map on S3

l
.K/ n��1.N /.

Let � be the composition map � ı z B ı .z�/
�1, which is identity outside of zN . Slide ��J

over J and
cancel the pair .J; �J / in zQ, as in Figure 2, right. Together, they induce a homeomorphism  which is
identity on S3 nQ. Let z G be  ı z�. Thus, we have the following commutative diagram:

S3
r;l;0

.R;B;G/ S3
l
.K/

S3
m.J / S3

0;m;0
.�J ;J; ��J

/ S3
m.J /

z B

z�z G �

�
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�1�1

.J;�1/

1

.K;C1/

�1

�1

C1

C1
blow-up

blow-down

isotopy�

1

.B; 1/

.R; 1/

.G; 0/

Figure 3

Since  ı ��1 is identity outside of Q and MCG.S1 �D2;S1 �S1/ is trivial,  ı ��1 is isotopic to the
identity. Therefore, z G ı

z �1
B

is isotopic to �. Undo the surgery on B (resp. G), we obtain  B (resp.  G)
from z B (resp. z G).

Example 2.4 Consider a homeomorphism � between the 1-surgery on the figure-eight knot K and the
.�1/-surgery on the right-handed trefoil J in Figure 3, left, which is an analogue of Figure 23 in [4].

We can construct the corresponding j1j-RBG link (Figure 3, right) by chasing the image of .�J ; 0/ under
the map ��1.

For the rest of the paper, we will mostly be concerned with n-surgery homeomorphisms (rather than those
that change an n-surgery to a .�n/-surgery).

2.1 n-slice knots from n-surgery homeomorphisms

Let X be a smooth, closed, oriented 4-manifold, and let X ı D X n int.B4/. Let K be a knot in
@X ı Š S3. Suppose K bounds a properly embedded disk D in X ı. There exists a tubular neighborhood
�.D/ Š D2 �D2, where D is identified with D2 � f0g. Pick a point p 2 @D2 and denote S1 � fpg

by KD . Following Section 2.2 of [13], we make the following definition.

Definition 2.5 The knot K � @X ı is n-slice, if lk.K;KD/D n in @X ı.

Denote X ı n �.D/ by E.D/ and denote the trace of the n-surgery along K by Xn.K/. By the trace
embedding lemma [9, Lemma 3.3], if K is n-slice in X, then �Xn.K/ is smoothly embedded in X. In
particular, we have that ŒD� � ŒD�D�n.

Algebraic & Geometric Topology, Volume 25 (2025)



An RBG construction of integral surgery homeomorphisms 3761

Now, given an n-surgery homeomorphism � W S3
n .K/! S3

n .J /, we define

X.D;�/ D�Xn.J /[� E.D/:

For nD 0, if the disk D is not null-homologous, then it is possible that X.D;�/ is not homeomorphic to X.
Note that if X is definite, such as #m CP2, every 0-slice disk is null-homologous.

Example 2.6 [10, Example 5.3] Let X be S2�S2. Since S2�D2 ŠX0.U /, S2�D2 is the exterior
of some disk in X ı. Let � W S3

0
.U /! S3

0
.U / be a homeomorphism that maps the 0-framed meridian of

U to a 1-framed meridian of U. Then X.D;�/ ŠCP2 # CP2.

However, for X D #m CP2, we have that X.D;�/ is homeomorphic to X.

Proposition 2.7 Let � W S3
n .K/! S3

n .J / be an n-surgery homeomorphism and D be an n-slice disk
bounded by K. If X is simply connected and negative definite with n¤ 0, then X.D;�/ is homeomorphic
to X.

Proof Denote the intersection pairing of a 4-manifold M on H2.M IQ/ by QM . Since n¤ 0, we have
H2.S

3
n .K/IQ/DH1.S

3
n .K/IQ/D 0. Thus, by the Mayer–Vietoris sequence for X,

H2.X IQ/ŠH2.E.D/IQ/˚H2.�Xn.K/IQ/:

Similarly, for X.D;�/, we have H2.X.D;�/IQ/ Š H2.E.D/IQ/˚H2.�Xn.J /IQ/. Thus, QX is iso-
morphic to QE.D/˚Q�Xn.K / over Q, and QX.D;�/ is isomorphic to QE.D/˚Q�Xn.J / over Q. Since
QXn.K / ŠQXn.J / Š .n/ and X is negative definite, we have that X.D;�/ is also negative definite. By
Donaldson’s theorem, the intersection forms of X and X.D;�/ are diagonalizable over Z. As in the proof
of Lemma 3.3 in [12] for the case nD 0, X.D;�/ is simply connected. Hence, by Freedman’s theorem
X.D;�/ is homeomorphic to X.

Proposition 2.8 The knot J is n-slice in X.D;�/.

Proof The knot trace is X�n.�J / D B4 [.�J ;�n/ f2-handleg. Remove the B4 from X.D;�/, and the
core of the 2-handle gives an n-slice disk of J.

2.2 Extendability over n-traces

For .X;X.D;�// to be a potential exotic pair, we need that the n-surgery homeomorphism

� W S3
n .K/! S3

n .J /

does not extend smoothly to an n-trace diffeomorphism ˆ WXn.K/!Xn.J /. In some cases, one can see
that � actually extends smoothly over n-traces.

Algebraic & Geometric Topology, Volume 25 (2025)



3762 Qianhe Qin

Example 2.9 Given an jnj-RBG link L such that .R; r/ D .U; 0/, B and G are meridians of R and
 B (resp.  G) is induced by sliding B (resp. G) over R and a slam-dunk. Replacing .R; r/ by a dotted
circle and doing the same diagram calculus, we obtain a diffeomorphism from Xn.KB/ to Xn.KG/,
extending �L. Note that L is an n-special RBG link with .R; r/D .U; 0/ (see Definition 1.4).

Generalizing Definition 3.12 in [12], we say that an n-surgery homeomorphism � W S3
n .K/! S3

n .J /

has property U, if there exists a choice of surgery diagrams of Sn.K/ and Sn.J /, such that � sends a
0-framed meridian of K to a 0-framed curve 
 which appears unknotted in the diagram of Sn.J /.

Theorem 2.10 If � has property U , then there exists a diffeomorphism ˆ W Xn.K/ ! Xn.J / with
ˆj@ D �.

Proof This is a generalization of Theorem 3.13 in [12].

For example, all links in Example 2.9 have property U.

If the mapping class group of the n-surgeries is trivial, then if there exists some � W S3
n .K/! S3

n .J /

which does not extend over the trace, then the traces Xn.K/ and Xn.J / are not diffeomorphic. In general,
it is hard to obstruct extensibility smoothly, but we have obstructions for extending homeomorphically
over the traces.

Proposition 2.11 Let � W S3
n .K/! S3

n .J / be an n-surgery homeomorphism , with n¤ 0, which induces
f� WH1.S

3
n .K//!H1.S

3
n .J //. Then , f extends to a trace homeomorphism ˆ WXn.K/!Xn.J / if and

only if f�.Œ�K �/D˙Œ�J �.

Proof If f�.Œ�K �/ D ˙Œ�J �, then we can lift f� to an isometry ƒ W H2.Xn.K//! H2.Xn.J // such
that the following diagram commutes:

0 H2.Xn.K// H2.Xn.K/;S
3
n .K// H1.S

3
n .K// 0

0 H2.Xn.J // H2.Xn.K/;S
3
n .K// H1.S

3
n .K// 0

ƒ f�ƒ�

Since n ¤ 0, the geometric obstruction �.f;ƒ/ vanishes for any morphism .f;ƒ/. Moreover, the
Kirby–Siebenmann invariants �.Xn.K// � �.Xn.J // � 0 .mod 2/. Then the result follows from [5,
Corollary 0.8(i)].

Remark 2.12 There exist homeomorphisms of n-surgeries that do not map meridian to meridian. For
instance, consider an n-special RBG link with l D 2, r D 3 (see Section 3). One can chase the meridian
within the link diagram and construct a homeomorphism f which maps meridian Œ�KG

� to 3Œ�KB
�. By

Proposition 2.11, we have that f is not extensible over the n-trace.
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Proposition 2.13 Let n be an integer such that fl j l2 D 1g D f˙1g � Z=nZ. Every n-surgery
homeomorphism extends over traces.

Proof Consider the linking form Q of M . Since n-traces have intersection form .n/, we have
Q.Œ�K �; Œ�K �/DQ.Œ�J �; Œ�J �/D 1=n .mod Z/. Let f�.Œ�K �/D l Œ�J �. Since Q is invariant under f�,
we have that l2 D 1 .mod n/. The result follows from Proposition 2.11.

For example, when nD 1; 2; 4;pk or 2pk with p an odd prime, every n-surgery homeomorphism extends
over the traces homeomorphically. For other n, it is possible that � W S3

n .K/! S3
n .J / does not map

meridian to meridian homologically; in such a case, if we also have that the mapping class group of
S3

n .K/ is trivial, then we conclude that their n-traces Xn.K/ and Xn.J / are not homeomorphic.

3 n-special RBG links

Definition 1.4 A link LDR[B[G, with framings r; b;g 2Z, respectively, and a linking matrix ML,
is called an n-special RBG link, if

� b D g D 0,

� there exist link isotopies R[B ŠR[�R ŠR[G,

� nD� det.ML/.

We obtain a knot diagram of .KG ; fg/ as follows. Choose a diagram of an n-special RBG link L. Isotope
L such that B D �R. Slide G over R such that G does not intersect some meridian disk �B of R

bounded by B. Cancel the pair .B;R/. Denote the image of .G;g/ by .G0;g0/. Similarly, we can obtain
.KB; fb/.

Remark 3.1 Since there is only one orientation preserving homeomorphism of S3 up to isotopy, in
the standard (empty) diagram of S3, the framed knot .KG ; fg/ is isotopic to .G0;g0/ and .KB; fb/ is
isotopic to .B0; b0/.

Notice that isotopies and slides do not change the determinant of the linking matrix, and a slam-dunk
changes the sign of the linking matrix. Therefore, the homeomorphism �L induced by L is an n-surgery
homeomorphism.

Let  B ( G) be the homeomorphism induced by a sequence of Kirby moves. Note that an n-special
RBG link, together with  B and  G , is an jnj-RBG link.

Orient the link L such that lk.R;G/D lk.R;B/D 1 and denote lk.B;G/ by l . Then

nD� det ML D l.r l � 2/:

We can get arbitrary n by setting l D˙1 and changing r .

Algebraic & Geometric Topology, Volume 25 (2025)
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m m
m

r

slam-dunk

KBslide B over R

Figure 4: Left: a one parameter family of n-special RBG links. Right: obtaining the diagram of
KB with one slide.

Example 3.2 Consider a family of special RBG links with l D�1 in Figure 4, left.

The knot diagram for KB can be computed by sliding B over R and canceling the pair .G;R/ (see Figure 4,
right). Similarly, to get KG , we isotope the link diagram such that B becomes a circle, and let �B be the
inner domain bounded by B. Slide G over R along �B , and cancel the pair .B;R/ (see Figure 5, left).

If mD1, KB is the figure-eight knot, and KG is also the figure-eight knot for any r . For rD�1, mD0, we
have S3

1
.KB/ŠS3

1
.KG/. Using SnapPy [7], we identify KB as 62, which is the mirror of 62 in the Rolfsen

knot table, and KG as K13n3596. This gives an example of small knots which have the same 1-surgery.

Remark 3.3 By Theorem 3.7 in [1], for a knot K with an annulus presentation, one can construct another
knot K0 via the .�n/ operation, such that S3

n .K/Š S3
n .K

0/.

In Example 3.2 with mD 0, the knot KB has an annulus presentation as shown in Figure 5, right. The
knot K0 obtained by applying (�.�1/) operation on the mirror of KB , is the mirror of the knot KG in
Example 3.2.

There are, however, some cases where an n-special RBG link produces identical knots.

Proposition 3.4 Let LD f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link. If .R; r/D .U; 0/ and R

bounds a disk �R such that j�R \Bj D j�R \Gj D 1, then KB DKG .

r

m

Figure 5: Left: the diagram of KG . Right: an annulus presentation of KB in Figure 4, right, with
mD 0.
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0

0

a b

c

d

1

Figure 6

Proof Slide B over G such that the resulting blue component B0 does not intersect with �R. Since R

has framing 0, we can cancel the pair .R;G/. Since these induce a homeomorphism from S3
0;0
.R;G/

to S3, the knot KB is isotopic to B0. Similarly, the knot KG is obtained by sliding G over B using the
same band as above and therefore has the same diagram as KB .

Proposition 3.5 Let L be an n-special RBG link. If B bounds a properly embedded disk �B such that
j�B \Rj D 1, j�B \Gj < 2, and if G bounds a properly embedded disk �G such that j�G \Rj D 1,
j�G \Bj � 2, then KB DKG . (All intersections are required to be transverse.)

Proof This is a generalization of Proposition 4.11 in [12], which was for nD 0. The proof in [12] is
independent of the framings of the RBG link.

Remark 3.6 From Example 3.2, we see that there exists a special RBG link with disks �G , �B , such
that j�G \Rj D 1, j�B \Rj D 1, and j�G \Bj D 1, j�B \Gj D 3, but the associated knots KB , KG

are not isotopic.

Example 3.7 Consider a family of special RBG links with four twisting boxes as in Figure 6. Since the
linking number l between B and G is �1, if r D 1, then nD 3. Therefore, we obtain a family of 3-special
RBG links parametrized by the numbers of twists .a; b; c; d/. For each choice of .a; b; c; d/, we denote
the green knot associated to the link by KG.a; b; c; d/, and the corresponding blue knot by KB.a; b; c; d/.

For example, let .a; b; c; d/D .�2; 1;�1;�1/. The knot KG.�2; 2;�1;�1/ is the nonhyperbolic knot
T.�2; 3/ # T.2; 5/, and the knot KB.�2; 2;�1;�1/ is recognized as K12n121 by SnapPy [7] (see
Figure 7). Since KG.�2; 2;�1;�1/ and KB.�2; 2;�1;�1/ are generated by a 3-special RBG link,
they have the same 3-surgery. Thus, 3 is a noncharacterizing slope for T.�2; 3/ # T.2; 5/, recovering an
example in [20].
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KG.�2; 2;�1;�1/ KB.�2; 2;�1;�1/

Figure 7

This family also produces knot pairs with small crossing numbers (summing up to 20). When .a; b; c; d/D
.1; 2;�1;�1/, we have that S3

3
.63/Š S3

3
.K14n15962/. For .a; b; c; d/D .0; 1;�1;�1/, we obtain that

S3
3
.62/Š S3

3
.K14n10164/, which can also be obtained from Example 3.2 with r D 1, mD 0. Finally,

when .a; b; c; d/D .�1; 2;�1;�1/, the link generates the knot pair .KG ;KB/D .10125; 10132/, whose
3-surgeries are isometric hyperbolic 3-manifolds. All of the knot pairs in this example have the property
that s.KB/D s.KG/.

4 Potential exotica

In this section, we follow the recipe given in Section 2.1 and look for exotica using n-special links and
the Rasmussen’s s-invariant. More specifically, we can use n-special RBG links to find knot pairs .K;J /
that share the same n-surgery. If K is n-slice in #m CP2 and J is not n-slice in #m CP2 for some m,
then we can build an exotic negative-definite 4-manifold (see Proposition 2.7). We first discuss the use
of the s-invariant in obstructing a knot from being n-slice and then present an example which generates
potential exotica.

4.1 n-special RBG link and the s-invariant

We generalize the results of Nakamura [13] to n-special RBG links.

Proposition 4.1 (analogue of Lemma 3.1 in [13]) Let LDf.R; r/; .B; 0/; .G; 0/g be an n-special RBG
link. If R is r -slice in a smooth oriented closed 4-manifold W, then

Xn.KB/ # W ŠXn.KG/ # W:

Proof Let Z be the 4-manifold obtained by attaching two 2-handles to W ın�.D/ along f.B; 0/; .G; 0/g,
where D is an r -slice disk of R. Since .B; 0/ is isotopic to .�R; 0/, the 2-handle attached along .B; 0/
fills �.D/. Slide G over R such that G does not intersect some meridian disk �B bounded by B. This
changes .G; 0/ to .KG ; n/ and induces ZŠW ı[.KG ;n/2hŠXn.KG/#W. Similarly, ZŠXn.KB/#W,
and therefore Xn.KB/ # W ŠXn.KG/ # W.
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Corollary 4.2 (analogue of Corollary 3.2 in [13]) Let LDf.R; r/; .B; 0/; .G; 0/g be an n-special RBG
link , such that R is r -slice in W. If KB is n-slice in X, then KG is n-slice in X #�W.

Proof If KB is n-slice in X, then �Xn.KB/ smoothly embeds in X, which implies that �Xn.KB/#�W

smoothly embeds in X #�W. By Proposition 4.1, �Xn.KG/ #�W also smoothly embeds in X #�W.
Therefore, KG is n-slice in X #�W.

Proposition 4.3 (analogue of Lemma 3.11 in [13]) Let L D f.R; r/; .B; 0/; .G; 0/g be an n-special
RBG link. If R is .r�1/-slice in some closed 4-manifold W, then KB;KG are .nC1/-slice in W # CP2.

Proof We use XfK ;fJ
.K;J / to denote the 4-manifold obtained by attaching two 2-handles along the

framed link f.K; fK /; .J; fJ /g to a 4-ball.

Consider the slides of B over R which are applied to L in obtaining the knot KB . These induce a
diffeomorphism between Xr;nC1.R;KB/ and Xr;1.R;B/. Next, Slide R over B to separate B and R,
and obtain a diffeomorphism Xr;1.R;B/ Š Xr�1.R/ # CP2. Since R is .r�1/-slice in W, the trace
�Xr�1.R/ smoothly embeds in W, which implies that �Xr�1.R/# CP2 smoothly embeds in W # CP2.
Since �XnC1.KB/��Xr;nC1.R;KB/, the trace �XnC1.KB/ smoothly embeds in W # CP2, ie KB is
.nC1/-slice in W # CP2.

From now on, we assume that n is a nonnegative integer.

Theorem 4.4 Let LD f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link.

(a) If R is r -slice in some #m CP2 and KB is n-slice in some #l CP2, then KG is n-slice in

#lCm CP2.

(b) If R is .r�1/-slice in some #m CP2, then KB;KG are .nC1/-slice in #mC1 CP2.

Proof (a) If R is r -slice in some #m CP2, and KB is n-slice in some #l CP2, then by Corollary 4.2,
KG is n-slice in #lCm CP2.

(b) IfR is .r�1/-slice in some #m CP2, then by Proposition 4.3, KB;KG are .nC1/-slice in #mC1 CP2.

For obstructing n-sliceness in #l CP2, we will use the following adjunction inequality for the s-invariant
in [18].

Theorem 4.5 [18, Corollary 1.4] Let W D #l CP2. Let K � @W ı D S3 be a knot , and † �W ı a
properly, smoothly embedded oriented surface with no closed components , such that @†DK. Then

s.K/� 2g.†/� jŒ†�j � Œ†� � Œ†�:
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Proposition 4.6 If K is n-slice in some #l CP2, then s.K/ � n �
p

n. If J is .�n/-slice in some

#l CP2, then s.J /� �nC
p

n.

Proof Let fe1; : : : ; elg be an orthonormal basis of H2.#l CP2/, and ŒD�D a1e1Ca2e2C� � �Calel in
H2.#l CP2/. Since K is n-slice, �ŒD� � ŒD�D a2

1
C � � �C a2

l
D n. Since

jŒD�j2 D .ja1jC � � �C jal j/
2
� a2

1C � � �C a2
l D n;

we have s.K/� n�
p

n by Theorem 4.5. For the second part, consider the mirror of J, which is n-slice
in #l CP2, and obtain that s.J /� �nC

p
n.

Note that a similar inequality holds for the � -invariant (see [13, Corollary 2.13]).

Theorem 1.5 Let LD f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link.

(a) If R is r -slice in some #m CP2 and KB is n-slice in some #l CP2, then s.KG/� n�
p

n.

(b) If R is .r�1/-slice in some #m CP2, then s.KG/� nC 1�
p

nC 1.

Proof If R is r -slice in some #m CP2 and KB is n-slice in some #l CP2, then by Corollary 4.2, KG

is n-slice in #lCm CP2, then by Proposition 4.6, s.KG/� n�
p

n.

If R is .r�1/-slice in some #m CP2, then by Proposition 4.3, KG is .nC1/-slice in #mC1 CP2. Then,
by Proposition 4.6, s.KG/� nC 1�

p
nC 1.

Given an n-special RBG link L, one can modify the link to L0 by decreasing the framing r of R. Notice
that the diagrams of KG can be obtained by adding full twists on parallel strands of the diagram of K0

G

of the modified link. We will use the following lemma, which generalize Proposition 7.6(8) in [11], to
get more precise bounds of s.KG/.

Lemma 4.7 Let K be a knot. Let K0 be obtained by adding one positive twist to parallel strands of K.
If the algebraic intersection between the parallel stands and the twisting disk �T is l , then we have
s.K0/� s.K/� jl jC l2.

Proof Let T be the boundary of �T. We build W DCP2n.int B4[ int B4/ by attaching a .�1/-framed
2-handle along T to S3 � f1g � S3 � I . Consider the annulus A D K � I � S3 � I . Choose a point
p 2 K which is not on the twisting disk �T. Pick a tubular neighborhood N of fpg � I in W, such
that N \ .�T � f1g/D ¿. Let .D;X / be .A nN;W nN /Š .D2;CP2 n int B4/. The boundary of D

is �K # K0. Since K intersect � algebraically l-times, D represents the class l ŒCP1� in H 2.CP2/.
Applying Theorem 4.5 to .D;X /, we have s.�K # K0/ � g.D/� jŒD�j � ŒD� � ŒD� D�jl j C l2. Thus,
s.K0/� s.K/� jl jC l2.
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Proposition 4.8 Let L D f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link , such that R D U, r � 0.
Suppose there exists a disk �G , such that @�G DG, and B;R intersect �G geometrically once. Suppose
also that there exists a disk �R, such that @�R DR, and B;G intersect �R geometrically once. If KB is
n-slice in some #l CP2, then s.KG/� n�

p
n.

Proof Since there exists a disk �G , such that @�G DG, and B;R intersect �G geometrically once, the
knot KB can be obtained by sliding B over R once, and therefore the diagram of KB does not depend
on r . Let L0 D f.U; 0/; .B; 0/; .G; 0/g. Proposition 3.4 implies that K0

B
DK0

G
.

Observe that KG can be obtained from K0
G

by adding an r -positive twist box on parallel strands. Since
j�G \Bj D 1 implies j lk.B;G/j D 1, the parallel strands link the twist box algebraically once. By
Lemma 4.7, s.KG/� s.K0

G
/� n�

p
n.

Proposition 4.9 Let LŒr �D f.R; r/; .B; 0/; .G; 0/g be an n-special RBG link such that RD U, r > 1.
Let l be the linking number between B and G. If l2 � n, then s.KG/� n�

p
n.

Proof Consider the .n�l2/-special RBG link LŒr � 1�D f.R; r � 1/; .B; 0/; .G; 0/g. Since r > 1, U is
.r�2/-slice in some #m CP2. By Theorem 1.5, s.KG Œr �1�/� n� l2C1�

p
n� l2C 1. The knot KG

of LŒr � can be obtained by adding one positive full twists along parallel strands from KG Œr � 1�. Since
lk.B;G/D l , the algebraic intersection number between the parallel strands and the twist box is l . By
Lemma 4.7, we have that s.KG/� s.KG Œr �1�/�jl jC l2. Thus, s.KG/� n�jl jC1�

p
n� l2C 1. If

l2 � n, then n� jl jC 1�
p

n� l2C 1� n�
p

n. The result follows.

4.2 Experiments

Consider an n-special RBG link with RD U. If r � 0, then R is r -slice in # jr jCP2. By Theorem 1.5,
the n-sliceness of KB implies that s.KG/� n�

p
n. Therefore, we cannot use Proposition 4.6 to obstruct

the n-sliceness of KG . If r > 0, then R is .r�1/-slice in #r�1 CP2. By Theorem 1.5, we only have
s.KG/ � nC 1�

p
nC 1. Now, pick an integer n such that there exists an even integer 2q satisfying

n�
p

n < 2q � nC 1�
p

nC 1 (eg nD 3; 6; 8; 11; 13; 15 etc). If one can find an n-special RBG link
with s.KG/D 2q, then since s.KG/ > n�

p
n, we have that KG is not n-slice by Proposition 4.6. Hence,

Theorem 1.5 leaves open the possibility to use the s-invariant to obstruct KG from being n-slice.

For example, we can consider the case where nD 3. If there is a 3-special RBG link with RD U and
r > 0, such that KG is 3-slice in some #m CP2 and s.KB/ D 2, then by Proposition 4.6, KB is not
3-slice in any #m CP2. Thus, such a link would produce an exotic #m CP2. Note that 3D nD l.r l�2/,
so .r; l/ 2 f.5; 1/; .1;�1/; .1; 3/g. If l D 1, then r D 5 > 1, and by Proposition 4.9, we have that
s.KG/ � n�

p
n, which cannot obstruct the 3-sliceness of KG . Thus, all potentially useful 3-special

RBG links are those with r D 1 and l 2 f�1; 3g.
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c
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Figure 8: The diagram of .rC2/-special RBG links L.a; b; cI r/.

Here is a potential situation that could lead to an exotic #m CP2 using the s-invariant. Consider the family
L.a; b; cI r/ of special RBG links in Figure 8. Since l D�1, the link L.a; b; cI r/ is an .rC2/-special
RBG link. Figure 9 gives the diagrams of KB.a; b; cI r/ and KG.a; b; cI r/. Note that two diagrams in
Figure 9 are isotopic for all choices of a; b and c. Thus, we denote KB.a; b; cI r/ by K.a; b; c/, and
KG.a; b; cI r/ by K.a; b; r � c/.

Example 4.10 The link L.�2; 1;�2I 1/ (see Figure 8) is a 3-special RBG link. Using KnotJob [19], one
can compute that s.KG/D 0 and s.KB/D 2. The knot KB.�2; 1;�2I 1/DK.�2; 1;�2/ is recognized
by SnapPy [7] as K9_533, and KG.�2; 1;�2I 1/DK.�2; 1; 3/ has a diagram with 28 crossings as in
Figure 1, left, by KnotJob [19].

From Example 4.10, we obtain the following theorem.

Theorem 1.6 If the knot K.�2; 1; 3/ from the left-hand side of Figure 1 is 3-slice in some #m CP2,
then there exists an exotic #m CP2.

Therefore, we are interested in whether K.�2; 1; 3/ is 3-slice in some #m CP2. Notice that if we change
the colored crossings in Figure 9 by adding 2-handles, we get ribbon knots for any choice of .a; b; cI r/.

a

ab
b

c

r � c

Figure 9: The diagrams of KB.a; b; cI r/ and KG.a; b; cI r/.
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0

0

0

Figure 10: A diagram of the 2-special RBG link L.�2; 1; 2I 0/ from the family in Example 4.10.

Therefore, both KB and KG are H -slice in CP2 and 4-slice in CP2. Using SnapPy [7], we compute
that �.K.�2; 1; 3//D 0, which does not obstruct 3-sliceness. However, by considering L.�2; 1;�3I 0/,
we can obstruct 2-sliceness.

Proposition 4.11 The knot K.�2; 1; 3/ in Figure 1, left , is not 2-slice in any #m CP2.

Proof The knot K.�2; 1; 3/ has the same diagram as KG.�2; 1;�3I 0/. Consider the 2-special RBG
link in the 4-parameter family in Figure 8 with .a; b; cI r/ D .�2; 1;�3I 0/. Using KnotJob, we com-
pute that s.KB.�2; 1;�3I 0// D 2. However, by Theorem 1.5(a), if KG.�2; 1;�3I 0/ is 2-slice, then
s.KB.�2;1;�3I0//�2�

p
2<2. Thus, K.�2;1;3/DKG.�2;1;�3I0/ is not 2-slice in any #m CP2.

Although we cannot determine whether K.�2; 1; 3/ is 3-slice, Proposition 4.11 gives an example where
we can use an n-special RBG link to obstruct the n-sliceness of a knot. Another example of this type is
the 2-special RBG link in Figure 10.

Example 4.12 The 2-special RBG link L.�2; 1; 2I 0/ in Figure 10 gives another example where
s.KB/ ¤ s.KG/. Using SnapPy [7], we recognize KG as K9_533. Figure 1, right, gives a diagram
of KB . Using KnotJob [19], we compute that s.KB/D 0, s.KG/D 2. Also, using SnapPy [7], we have
that �.KB/D �.KG/D 0.

Using the 2-RBG link in Figure 10, we obtain:

Proposition 4.13 The knot K.�2; 1; 2/ in Figure 1, right , is not 2-slice in any #m CP2.

Proof Since K.�2; 1; 2/ is the blue knot KB.�2; 1; 2I 0/ associated with the 2-special RBG link
L.�2; 1; 2I 0/ in Example 4.12 (see Figure 10), we apply Theorem 1.5(a) with nD 2. Since s.KG/D 2

is larger than n�
p

nD 2�
p

2, the associated knot KB is not 2-slice in any #m CP2. Thus, K.�2; 1; 2/

is not 2-slice in any #m CP2.

Algebraic & Geometric Topology, Volume 25 (2025)



3772 Qianhe Qin

So far, we have proved Theorem 1.7, which is a combination of Propositions 4.11 and 4.13 using
Theorem 1.5. We do not know other proofs of Theorem 1.7. In general, there are two other approaches to
obstruct knots from being slice n-slice in any #m CP2. The first one is to use the � invariant from [16],
where Ozsváth and Szabó proved that the � invariant of a knot K satisfies the adjunction inequality in a
negative definite 4-manifold W with b1.W /D 0; namely

2�.K/� 2g.†/� jŒ†�j � Œ†� � Œ†�;

where † is a properly, smoothly embedded surface in W without closed components, such that @†DK.
Similarly to the proof of Proposition 4.6, we have that if K is n-slice in some #m CP2, then 2�.K/�

n�
p

n. However, we have sD�D0 for the knots in Figure 1, so this method does not apply to Theorem 1.7.

The second approach is to use the d-invariant from [15]. Theorem 9.6 in [15] gives a lower bound
on the d-invariants of a rational homology sphere that bounds a definite 4-manifold. Moreover, by
Proposition 1.6 in [14], we can compute the d-invariant of S3

2
.K/ by looking at the full knot Floer

complex of K. A calculation of
^

HFK with SnapPy [7] does not quite determine the full knot complexes
of the knots in Figure 1, but suggests that they could be CFK-equivalent to the unknot. Therefore, this
method does not apply either.

5 n-peculiar RBG links

In this section, we consider a different construction of jnj-RBG links (that are usually not n-special).
Let n 2 Z and r 2Q. Consider a two component link f.K; n/; .�K ; r/g, where �K is a meridian of K.
By a Rolfsen twist, there exists a homeomorphism from S3

n;r .K; �K / to S3
n�1=r

.K/, which restricts to
the identity outside a tubular neighborhood of K. If K D U and n� 1=r D 1=t for some t 2 Z, then
f.K; n/; .�K ; r/g is a surgery diagram for S3.

Definition 1.8 A link f.R; r/; .B; b/; .G;g/g is called an n-peculiar RBG link, if there exists t 2Z such
that

� RD U and B;G are meridians of R,

� b D g D 1=r C 1=t ,

� nD .gC b� 2l/� t.l � b/2,

where l D lk.B;G/ under an orientation of L such that lk.B;R/D lk.G;R/D 1.

We can read out the diagram of KG from its RBG link diagram in three steps. Let �R be a meridian
disk of B such that @�R DR. First, isotope G away from �R by sliding G over B. Then, slam dunk R

into B, and obtain a link diagram where R is deleted and B has framing 1=t . Finally, blow down the
blue component B by Rolfsen twists. We can get a diagram for KB in a similar way.
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1
2

1

1

b

a

Figure 11: A family of 0-peculiar links.

Lemma 5.1 An n-peculiar RBG link induces an n-surgery homeomorphism � W S3
n .KB/! S3

n .KG/.

Proof We keep track of the linking matrix ML of the link L under those three diagram changes. We
start with

ML D

24r 1 1

1 b l

1 l g

35:
Sliding G over B so that j�R \Gj D 0, the linking matrix becomes24r 1 0

1 b l � b

0 l � b gC b� 2l

35:
After the slam-dunk of R into B, the linking matrix is�

b� 1=r l � b

l � b gC b� 2l

�
:

Now, blow down the blue component by a Rolfsen twist along B. The framing of KG is

fg D .gC b� 2l/� t.l � b/2 D n:

Example 5.2 Consider the family of peculiar RBG links in Figure 11, parametrized by two twisting
boxes. Since l D 1 and b D g D 1, we have nD 0. When .a; b/ is .2;�1/ or .3;�2/, the peculiar link
L.a; b/ generates a knot pair such that s.KG/D�2 and s.KB/D 0. (When .a; b/D .2;�1/, the knot
KB is 11270.) However, since the signature of KB is 2 in each case, the knots KB are not H -slice in any

#m CP2, so the knot pairs do not produce any exotic #m CP2.

References
[1] T Abe, I D Jong, J Luecke, J Osoinach, Infinitely many knots admitting the same integer surgery and a

four-dimensional extension, Int. Math. Res. Not. 2015 (2015) 11667–11693 MR Zbl

Algebraic & Geometric Topology, Volume 25 (2025)

https://doi.org/10.1093/imrn/rnv008
https://doi.org/10.1093/imrn/rnv008
http://msp.org/idx/mr/3456699
http://msp.org/idx/zbl/1331.57004


3774 Qianhe Qin

[2] S Akbulut, On 2-dimensional homology classes of 4-manifolds, Math. Proc. Cambridge Philos. Soc. 82
(1977) 99–106 MR Zbl

[3] S Akbulut, Knots and exotic smooth structures on 4-manifolds, J. Knot Theory Ramifications 2 (1993) 1–10
MR Zbl

[4] S Akbulut, R Kirby, Mazur manifolds, Michigan Math. J. 26 (1979) 259–284 MR Zbl

[5] S Boyer, Simply-connected 4-manifolds with a given boundary, Trans. Amer. Math. Soc. 298 (1986)
331–357 MR Zbl

[6] R Casals, J Etnyre, M Kegel, Stein traces and characterizing slopes, Math. Ann. 389 (2024) 1053–1098
MR Zbl

[7] M Culler, N M Dunfield, M Goerner, J R Weeks, SnapPy, a computer program for studying the geometry
and topology of 3-manifolds Available at http://snappy.computop.org

[8] R E Gompf, A I Stipsicz, 4-manifolds and Kirby calculus, Grad. Stud. Math. 20, Amer. Math. Soc.,
Providence, RI (1999) MR Zbl

[9] K Hayden, L Piccirillo, The trace embedding lemma and spinelessness (2019) arXiv 1912.13021 To
appear in J. Differential Geom.

[10] O A Ivanov, N Y Netsvetaev, On the intersection form of the result of gluing manifolds with degenerate
intersection forms, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 231 (1995) 169–179
MR Zbl In Russian; translated in J. Math. Sci. 91 (1998) 3440–3447

[11] C Manolescu, M Marengon, S Sarkar, M Willis, A generalization of Rasmussen’s invariant, with
applications to surfaces in some four-manifolds, Duke Math. J. 172 (2023) 231–311 MR Zbl

[12] C Manolescu, L Piccirillo, From zero surgeries to candidates for exotic definite 4-manifolds, J. Lond. Math.
Soc. 108 (2023) 2001–2036 MR Zbl

[13] K Nakamura, Trace embeddings from zero surgery homeomorphisms, J. Topol. 16 (2023) 1641–1664 Zbl

[14] Y Ni, Z Wu, Cosmetic surgeries on knots in S3, J. Reine Angew. Math. 706 (2015) 1–17 MR Zbl

[15] P Ozsváth, Z Szabó, Absolutely graded Floer homologies and intersection forms for four-manifolds with
boundary, Adv. Math. 173 (2003) 179–261 MR Zbl

[16] P Ozsváth, Z Szabó, Knot Floer homology and the four-ball genus, Geom. Topol. 7 (2003) 615–639 MR
Zbl

[17] L Piccirillo, The Conway knot is not slice, Ann. of Math. 191 (2020) 581–591 MR Zbl

[18] Q Ren, Lee filtration structure of torus links, Geom. Topol. 28 (2024) 3935–3960 MR Zbl

[19] D Schütz, KnotJob, Java software (2015) Available at https://www.maths.dur.ac.uk/users/
dirk.schuetz/knotjob.html

[20] K Varvarezos, Certain connect sums of torus knots with infinitely many non-characterizing slopes, preprint
(2023) arXiv 2302.05068

Department of Mathematics, Stanford University
Stanford, CA, United States

qqhe@stanford.edu

Received: 8 November 2023 Revised: 4 May 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1017/S0305004100053718
http://msp.org/idx/mr/433476
http://msp.org/idx/zbl/0355.57013
https://doi.org/10.1142/S0218216593000027
http://msp.org/idx/mr/1209316
http://msp.org/idx/zbl/0779.57010
http://projecteuclid.org/euclid.mmj/1029002261
http://msp.org/idx/mr/544597
http://msp.org/idx/zbl/0443.57011
https://doi.org/10.2307/2000623
http://msp.org/idx/mr/857447
http://msp.org/idx/zbl/0615.57008
https://doi.org/10.1007/s00208-023-02662-2
http://msp.org/idx/mr/4745731
http://msp.org/idx/zbl/1546.53077
http://snappy.computop.org
https://doi.org/10.1090/gsm/020
http://msp.org/idx/mr/1707327
http://msp.org/idx/zbl/0933.57020
http://msp.org/idx/arx/1912.13021
https://www.mathnet.ru/eng/znsl3747
https://www.mathnet.ru/eng/znsl3747
http://msp.org/idx/mr/1434290
http://msp.org/idx/zbl/0892.57015
https://doi.org/10.1007/BF02434920
https://doi.org/10.1215/00127094-2022-0039
https://doi.org/10.1215/00127094-2022-0039
http://msp.org/idx/mr/4541332
http://msp.org/idx/zbl/1535.57014
https://doi.org/10.1112/jlms.12800
http://msp.org/idx/mr/4668522
http://msp.org/idx/zbl/1541.57006
https://doi.org/10.1112/topo.12319
http://msp.org/idx/zbl/1537.57057
https://doi.org/10.1515/crelle-2013-0067
http://msp.org/idx/mr/3393360
http://msp.org/idx/zbl/1328.57010
https://doi.org/10.1016/S0001-8708(02)00030-0
https://doi.org/10.1016/S0001-8708(02)00030-0
http://msp.org/idx/mr/1957829
http://msp.org/idx/zbl/1025.57016
https://doi.org/10.2140/gt.2003.7.615
http://msp.org/idx/mr/2026543
http://msp.org/idx/zbl/1037.57027
https://doi.org/10.4007/annals.2020.191.2.5
http://msp.org/idx/mr/4076631
http://msp.org/idx/zbl/1471.57011
https://doi.org/10.2140/gt.2024.28.3935
http://msp.org/idx/mr/4843752
http://msp.org/idx/zbl/07960667
https://www.maths.dur.ac.uk/users/dirk.schuetz/knotjob.html
https://www.maths.dur.ac.uk/users/dirk.schuetz/knotjob.html
http://msp.org/idx/arx/2302.05068
mailto:qqhe@stanford.edu
http://msp.org
http://msp.org


ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Octav Cornea Université’ de Montreal
cornea@dms.umontreal.ca

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Kristen Hendricks Rutgers University
kristen.hendricks@rutgers.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Markus Land LMU München
markus.land@math.lmu.de

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Norihiko Minami Yamato University
minami.norihiko@yamato-u.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Robert Oliver Université Paris 13
bobol@math.univ-paris13.fr

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Vesna Stojanoska Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

Lior Yanovski Hebrew University of Jerusalem
lior.yanovski@gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (C$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.
Periodical rate postage paid at Oakland, CA 94615-9651, and additional mailing offices. POSTMASTER: send address changes to Mathematical
Sciences Publishers, c/o Department of Mathematics, University of California, 798 Evans Hall #3840, Berkeley, CA 94720-3840.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:bobol@math.univ-paris13.fr
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 25 Issue 6 (pages 3145–3787) 2025

3145Holomorphic polygons and the bordered Heegaard Floer homology of link complements

THOMAS HOCKENHULL

3225Exact Lagrangian tori in symplectic Milnor fibers constructed with fillings

ORSOLA CAPOVILLA-SEARLE

3251A note on embeddings of 3-manifolds in symplectic 4-manifolds

ANUBHAV MUKHERJEE

3271A note on knot Floer homology of satellite knots with .1; 1/-patterns

WEIZHE SHEN

3287A K -theory spectrum for cobordism cut and paste groups

RENEE S HOEKZEMA, CARMEN ROVI and JULIA SEMIKINA

3315The Curtis–Wellington spectral sequence through cohomology

DANA HUNTER

3341The slices of quaternionic Eilenberg–Mac Lane spectra

BERTRAND J GUILLOU and CARISSA SLONE

3385Cocycles of the space of long embeddings and BCR graphs with more than one loop

LEO YOSHIOKA

3429Asymptotic cones of snowflake groups and the strong shortcut property

CHRISTOPHER H CASHEN, NIMA HODA and DANIEL J WOODHOUSE

3503Whitney tower concordance and knots in homology spheres

CHRISTOPHER W DAVIS

3523The asymptotic behaviors of the colored Jones polynomials of the figure-eight knot, and an affine representation

HITOSHI MURAKAMI

3585The Goldman bracket characterizes homeomorphisms between noncompact surfaces

SUMANTA DAS, SIDDHARTHA GADGIL and AJAY KUMAR NAIR

3603A geometric computation of cohomotopy groups in codegree one

MICHAEL JUNG and THOMAS O ROT

3627Calabi–Yau structure on the Chekanov–Eliashberg algebra of a Legendrian sphere

NOÉMIE LEGOUT

3679On the resolution of kinks of curves on punctured surfaces

CHRISTOF GEISS and DANIEL LABARDINI-FRAGOSO

3707Weinstein presentations for high-dimensional antisurgery

IPSITA DATTA, OLEG LAZAREV, CHINDU MOHANAKUMAR and ANGELA WU

3737Singular Legendrian unknot links and relative Ginzburg algebras

JOHAN ASPLUND

3755An RBG construction of integral surgery homeomorphisms

QIANHE QIN

3775Powell’s conjecture on the Goeritz group of S3 is stably true

MARTIN SCHARLEMANN

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2025

Vol.25,
Issue

6
(pages

3145–3787)


	1. Introduction
	1.1. n-special RBG links
	1.2. n-peculiar RBG links

	2. n-surgery homeomorphisms
	2.1. n-slice knots from n-surgery homeomorphisms
	2.2. Extendability over n-traces

	3. n-special RBG links
	4. Potential exotica
	4.1. n-special RBG link and the s-invariant
	4.2. Experiments

	5. n-peculiar RBG links
	References
	
	

