G

Algebraic & Geometric

Topology

Volume 25 (2025)

Issue 7 (pages 3789-4436)

:'msp



ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS
Kathryn Hess
kathryn.hess@epfl.ch
Ecole Polytechnique Fédérale de Lausanne

John Etnyre
etnyre @math.gatech.edu
Georgia Institute of Technology

BOARD OF EDITORS

Julie Bergner

Steven Boyer

Tara E Brendle

Indira Chatterji

Octav Cornea
Alexander Dranishnikov
Tobias Ekholm

Mario Eudave-Muifioz
David Futer

John Greenlees
Matthew Hedden
Kristen Hendricks
Hans-Werner Henn

Daniel Isaksen

University of Virginia
jeb2md@eservices.virginia.edu
Université du Québec a Montréal
cohf@math.rochester.edu
University of Glasgow
tara.brendle @ glasgow.ac.uk
CNRS & Univ. Céte d’ Azur (Nice)
indira.chatterji @math.cnrs.fr
Université’ de Montreal
cornea@dms.umontreal.ca
University of Florida
dranish@math.ufl.edu

Uppsala University, Sweden
tobias.ekholm @math.uu.se

Univ. Nacional Auténoma de México
mario @matem.unam.mx

Temple University
dfuter@temple.edu

University of Warwick
john.greenlees @warwick.ac.uk
Michigan State University
mhedden @math.msu.edu
Rutgers University
kristen.hendricks @rutgers.edu
Université Louis Pasteur
henn@math.u-strasbg.fr

Wayne State University

isaksen @math.wayne.edu

Thomas Koberda
Markus Land
Christine Lescop
Norihiko Minami
Andrés Navas
Jessica S Purcell
Birgit Richter
Jérome Scherer
Vesna Stojanoska
Zoltan Szabd
Maggy Tomova
Daniel T Wise

Lior Yanovski

University of Virginia
thomas.koberda@virginia.edu
LMU Miinchen

markus.land @math.Imu.de
Université Joseph Fourier

lescop @ujf-grenoble.fr

Yamato University
minami.norihiko @yamato-u.ac.jp
Universidad de Santiago de Chile
andres.navas @usach.cl

Monash University
jessica.purcell@monash.edu
Universitit Hamburg
birgit.richter @uni-hamburg.de
Ecole Polytech. Féd. de Lausanne
jerome.scherer @epfl.ch

Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Princeton University
szabo@math.princeton.edu
University of ITowa
maggy-tomova@uiowa.edu
McGill University, Canada
daniel.wise@mcgill.ca

Hebrew University of Jerusalem
lior.yanovski @ gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (4$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP,

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/

:. Algebraic € Geometric Topology 25:7 (2025) 3789-3811
msp DOI: 10.2140/agt.2025.25.3789
Published: 29 October 2025

Algebras for enriched co-operads

RUNE HAUGSENG

Using the description of enriched co-operads as associative algebras in symmetric sequences, we define
algebras for enriched co-operads as certain modules in symmetric sequences. For V a symmetric monoidal
model category and O a X-cofibrant operad in V for which the model structure on V can be lifted to
one on Q-algebras, we then prove that strict algebras in V are equivalent to co-categorical algebras in
the symmetric monoidal co-category associated to V. We also show that for an co-operad O enriched in
a suitable closed symmetric monoidal co-category V, we can equivalently describe O-algebras in V as
morphisms of co-operads from O to a self-enrichment of V.

18D50, 55U35

1 Introduction

If V is a symmetric monoidal category whose tensor product is compatible with colimits, then (one-
object) operads enriched in V can be described as associative algebras in Fun(IF=, V), the category of
symmetric sequences in V. (We focus on the one-object case for simplicity, but similar descriptions apply
to (oo-)operads with any fixed set (space) of objects.) Here F= denotes the groupoid | [,, BX, of finite
sets and bijections, and the monoidal structure on symmetric sequences is the composition product, which

is a monoidal structure given by
[e )
(XoY)(n) = ]_[ ( ]_[ Y@i1)®---®Y(ir)) XE,-ImeEik 2:n) Ry X(k).
k=0 “i1+-+ix=n

In [8] we proved that (one-object) co-operads enriched in a suitable symmetric monoidal co-category V
admit a similar description, as associative algebras in Fun(IF =, V) using a monoidal structure given by
the same formula.

Our goal in this short paper is to use this description of co-operads to study algebras for enriched
oo-operads. Classically, if O is a (one-object) V-operad, then an O-algebra in V consists of an object
A €V and ¥, -equivariant morphisms

A" @ 0(n) — A

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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3790 Rune Haugseng

compatible with the composition and unit of O. This data can be packaged in a convenient way using
the composition product: an O-algebra is the same thing as a right! O-module M in Fun(F=, V) that is
concentrated in degree zero, ie M (n) is the initial object @ for n # 0. Indeed, such a right O-module is
given by a morphism

MOO— M,

and expanding out the composition product we see that (since M (n) vanishes for n 7 0) this is precisely
given by a map

LI M(©0)®* @3, O(k) - M(0).

k

Here we take the corresponding modules in the co-categorical setting (and their analogues for many-object
operads) as a definition of algebras for enriched co-operads. For a symmetric monoidal co-category V
(whose tensor product is compatible with colimits indexed by co-groupoids) and a V-enriched co-operad O,
this results in an oo-category Alg, (V) with several pleasant properties, including the expected formula
for free O-algebras, as we will see in Section 3 after reviewing the results of [8] in Section 2.

We then prove two main results about this co-categorical notion of O-algebras. First, in Section 4 we
prove a rectification result for algebras over operads enriched in a symmetric monoidal model category:

Theorem 1.1 (see Theorem 4.10) LetV be a symmetric monoidal model category (with cofibrant unit)
and O an S -colored X-cofibrant V-operad such that the category Algq (V) admits a model structure whose
weak equivalences and fibrations are detected by the forgetful functor to Fun(S, V). Then this model
category describes the co-category of algebras for this operad in the co-categorical localization of V. That
is, there is an equivalence of co-categories

Algo(M[W5'] = Algy(V),

where on the left Wg denotes the collection of weak equivalences between Q-algebras, and on the right
V := V[W™1] is the localization of V at its weak equivalences and O denotes O viewed an co-operad
enriched in 'V via the localization functor.

The comparison applies, for instance, to all X-cofibrant operads in chain complexes over a field of
characteristic zero or in simplicial sets.> We in fact prove a slightly more general result that avoids the
assumption that the unit is cofibrant, which applies to all X-cofibrant operads in symmetric spectra. The
proof boils down to a combination of model-categorical results of Pavlov and Scholbach and our formula
for free algebras, using the same strategy as [12, Theorems 4.1.4.4; 14, Theorem 7.10] to prove that both
sides are oo-categories of algebras for equivalent monads.

Wmder our convention for the ordering of the composition product, chosen to be compatible with our construction
of the oo-categorical version; in most references on ordinary operads the reverse ordering is used, so that OQ-algebras are certain
left O-modules.

2For more general model categories, including chain complexes in positive characteristic, there is typically only a semimodel
structure on algebras over a X-cofibrant operad; see Remark 4.14 for more discussion of this case.

Algebraic & Geometric Topology, Volume 25 (2025)
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Another classical description of algebras over (one-object) V-operads uses endomorphism operads: For v
an object of V there is an operad Endy (v) with n-ary operations given by the internal Hom HOMy (v®”, v)
(where the X,-action permutes the factors in v®”). If O is a (one-object) V-operad then we can describe
O-algebras in V with underlying object v as morphisms of one-object operads O — Endy(v). More
generally, we can consider an S-colored endomorphism operad Endy ( /) for any map of sets S — ob V,
where operations from (sq, ..., s,) to s’ are given by HOMy ( f(s1)®---® f(sn), f(s”)); for an S-colored
operad O, we can then identify OQ-algebras in V given by f on objects with morphisms of S-colored
operads from O to Endy( f).

In Section 5 we will use Lurie’s construction of endomorphism algebras [12, Section 4.7.1], following work
of Hinich [10] in the case of enriched co-categories, to construct endomorphism co-operads Endy( f) for
any map of co-groupoids f: X — V=, where V is a closed symmetric monoidal co-category compatible
with colimits indexed by small co-groupoids. Moreover, we show that these endomorphism co-operads
can be combined into a self-enrichment of 'V, which gives our second main result:

Theorem 1.2 (see Theorem 5.12) Let 'V be a closed symmetric monoidal co-category compatible
with colimits indexed by small co-groupoids. Then there exists a V-oo-operad V, whose object of
multimorphisms from (vy, ..., v,) to w is the internal Hom MAPy(v1 ® --- ® vy, w), such that for a
V-oco-operad O there is a natural equivalence of co-groupoids

{O-algebras in V} >~ {morphisms of V-co-operads O — V}.

Warning 1.3 Throughout this paper we use the term “V-oo-operad” to refer to the algebraic notion
of an co-operad, given by objects of multimorphisms in V with homotopy-coherently associative and
unital composition operations. Thus we have a class of fully faithful and essentially surjective morphisms
between enriched co-operads that we would have to invert to get the “correct” co-category of V-oo-operads.
In terms of the description of 'V-co-operads we use, this means we are not requiring these to be “complete”
(see [4, Section 3]). In the terminology of [1], our enriched co-operads can be thought of as being flagged
enriched co-operads, meaning a (complete) enriched co-operad equipped with an essentially surjective
morphism of co-groupoids to its space of objects. As we will see in Remark 3.10, the oo-categories of
algebras we will study are in fact invariant under fully faithful and essentially surjective maps of enriched
oo-operads, so it does not really make a difference whether we use complete objects or not.

1.1 Related work

Much of our work here is not particularly reliant on the specific construction of the composition product
from [8]. An alternative construction, using the description of symmetric sequences in V as the free
presentably symmetric monoidal co-category on V and generalizing the approach to 1-categorical operads
due to Trimble [19] and Carboni, has been worked out by Brantner [3]; however, this construction of
oo-operads has not yet been compared to any of the other approaches. In the setting of dendroidal sets,

Algebraic & Geometric Topology, Volume 25 (2025)
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Heuts describes algebras valued in spaces and co-categories in terms of dendroidal versions of left and
cocartesian fibrations in [9].

Acknowledgments

I thank Stefan Schwede and Irakli Patchkoria for helpful discussions about model structures on spectra,
and David White for help with model structures on operad algebras. Much of this paper was written
while the author was employed by the IBS Center for Geometry and Physics in a position funded by grant
IBS-R003-D1 of the Institute for Basic Science of the Republic of Korea.

2 oco-operads as algebras

In this section we will review the main results on enriched co-operads from [8], where we showed that
enriched co-operads can be viewed as associative algebras in a double co-category of symmetric collections.
For this the relevant notion of enriched oco-operads is an enriched variant of Barwick’s definition of
oo-operads [2] as presheaves on a category A satisfying Segal (and completeness) conditions; this
definition was first introduced in [4]. We will now briefly review this definition, as well as a slight
generalization considered in [8] that we will use to define modules over enriched co-operads; we start by
recalling the definition of Barwick’s category Ap:

Definition 2.1 Let F denote a skeleton of the category of finite sets, with objects k := {1,...,k},
k=0,1,.... We write A for the category whose objects are pairs ([r], f: [n] — F), with a morphism
([n], f) = (Im], g) given by a morphism ¢: [n] — [m] in A and a natural transformation : f — go¢
such that

(1) the map n;: f(i) = g(¢(i)) is injective for alli =0, ..., m,

(i) the commutative square

@) —2— g(¢(i))

.

) —2 g(¢()))

is cartesian for all 0 <i < j <m.
There is an obvious projection A?Fp — A°P; this is a double oco-category. There is also a functor

V. A%p — [ which takes ([n], f) to (]_[f=1 f (i)) 43 see [4, Definition 2.2.11] for a complete definition.

Remark 2.2 An object of A is a sequence of maps of finite sets
J1 Jn

a9~ a; — - > ay,

Algebraic & Geometric Topology, Volume 25 (2025)
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which we can think of as a forest of |a, | oriented trees with n levels: the edges are the elements of all
the sets a;, and since each vertex has a unique outgoing edge we can also think of the elements of a;
for i > 0 as the vertices; the function f; assigns to each edge in level i — 1 the vertex of which it is an
incoming edge. This means the functor V' takes each forest to its set of vertices (with a disjoint base
point). The morphisms in A are defined so that a vertex in the source is mapped to a subtree of the
target with the same number of incoming edges.

Definition 2.3 For X € 8, we write Ay ,, — A} for the left fibration corresponding to the functor
A%p — § obtained as the right Kan extension of the functor * — 8 with value X along the inclusion
{([0], D)} — AP

Remark 2.4 The fiber of A?Fp x = A%p at an object F is equivalent to a product of copies of X indexed
by the number of edges in the forest F'; we can thus think of an object of A?Fp x as a forest whose edges
are labeled by points of X.

Notation 2.5 If O is a nonsymmetric co-operad®, we write O := OX a0 AL and O x := Ox A0 AR 5.

Definition 2.6 We say a morphism in A%p is operadic inert if it lies over an inert morphism in A°P,
We then call a morphism in A]%p x operadic inert if it is a (necessarily cocartesian) morphism over an
operadic inert morphism in A?Fp’. If O is a nonsymmetric co-operad, we similarly say a morphism in
Or,x is operadic inert if it maps to an inert morphism in O and an operadic inert morphism in A?Fp . The
functor V': A%p — [, takes operadic inert morphisms to inert morphisms, hence if V is a symmetric
monoidal co-category we can define an operadic algebra for O x in 'V to be a commutative square

OF,x L} Ve

|

AP Y F,

d

such that A takes operadic inert morphisms to inert morphisms in V®. We write Alg%‘iF v (V) for the full

subcategory of Fun/, (OF, x., V®) spanned by the operadic algebras. We also write Alggd(g;;l (V) — 8 for
the cartesian fibration corresponding to the functor X — Alg%ﬁ’s . (V) and refer to its objects as operadic

Or-algebroids in V.

Remark 2.7 The condition for a commutative triangle

o F N
AFP,X /V®
Fy

3We do not review the definition here, as it will not really play a role in this paper: the only examples we will encounter are
A°P and the nonsymmetric operad for right modules, which we describe explicitly in Definition 3.1. We refer the reader to
[8, Section 2.1] for a brief review, or [6, Section 2.2] for more motivation and discussion of the definition.

Algebraic & Geometric Topology, Volume 25 (2025)
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to be an operadic algebra is essentially that the value of F at a forest whose edges are labeled by points of
X consists of a list of the values of F at the corollas (one-vertex subtrees) of the forest. The latter should
be thought of as the objects of multimorphisms in a V-enriched co-operad, whose homotopy-coherent
composition is encoded by the rest of the data in F'. Indeed, operadic algebras for A%p x gives one of the
notions of enriched co-operads introduced in [4], which justifies the following notati;)n:

Notation 2.8 For a space X, we write
d
Opdy (V) := Alg(f%p'x ).
We also write Opd(V) := Algd(z’glD (V), so that we have a cartesian fibration Opd(V) — 8 whose fiber at
X is Opdy (V).

Notation 2.9 For X,Y € 8, we write F )%,Y for the co-groupoid [[72, X ;;gn x Y. For a functor

and write Colly (V) := Fun(Fj’,V); we refer to the objects of this oo-category as (symmetric) X -

collections in V.
To state the main result we will use from [8], we need to recall one further definition:

Definition 2.10 A double co-category is a cocartesian fibration F — A°P that corresponds to a functor
F: A° — Caty, that satisfies the Segal condition: for every n, the functor

F([n]) = F([1]) xFop - - < Fop F (1D,

induced by the value of F at the inert maps [0], [1] — [r] in A, is an equivalence. We say a double
oo-category is framed if the functor F([1]) — F([0]) x F([0]), induced by the two face maps [0] — [1],
is a cocartesian fibration. If O is a nonsymmetric oo-operad, then an O-algebra in J is a commutative

0 4 . F
AP

such that A preserves cocartesian morphisms over inert maps in A°P.

triangle

Remark 2.11 If ¥ — A°P is a double oco-category, then we think of this as an co-categorical version of
a double category where

* the objects are the objects of Fgy,

e the vertical morphisms are the morphisms in F[q),

* the horizontal morphisms are the objects of Fpyj,

e the squares are the morphisms in Fpy;.

Algebraic & Geometric Topology, Volume 25 (2025)
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Theorem 2.12 (see [8, Corollary 4.2.8]) Suppose V is a symmetric monoidal co-category compatible
with colimits indexed by small co-groupoids. Then there exists a framed double co-category COLL(V)
such that:

(i) COLL(V)g =~ S, ie the objects of COLL(V) are small co-groupoids and the vertical morphisms are
morphisms thereof.

(ii) A horizontal morphism from X to Y is a functor F5 'y, — V.

(iii) If ® is a horizontal morphism from X to Y and WV is one from Y to Z then their composite ® Oy ¥
is given by

2oy w(™ ) = colim  colim &) o :ly‘_en") @u(h ),

n—>m—1 (y;)eYy *xm iem i
(iv) If O is any nonsymmetric oo-operad then there is a natural equivalence
d
Alge(COLL(V)) =~ Algdy (V).

(v) If F:V — W is a symmetric monoidal functor that preserves colimits indexed by small co-groupoids,
then composition with F induces a morphism of double co-categories COLL(V) — COLL('W).

Remark 2.13 In (iii), the outer colimit is more precisely over the groupoid Fact(n — 1) of factorizations
n — m — 1, with morphisms given by diagrams

m

AN

n ~ 1

Nl

m/

Remark 2.14 In particular, associative algebras in COLL(V) are equivalent to co-operads enriched in V:

Algp o (COLL(V)) ~ Algd”S, (V) ~ Opd(V).

AT
For X €V, the co-category
COLL(V)(X, X) ~ Collx (V) ~ Fun(Fy , V)

of horizontal endomorphisms of X has a monoidal structure given by composition. Moreover, by [8, Propo-
sition 3.4.8] a morphism f: X — Y induces a natural lax monoidal functor f*: Colly (V) — Collx (V),
given by composition with the induced map Fy~ — ;. By [8, Corollary 3.4.10] we also have:

Algebraic & Geometric Topology, Volume 25 (2025)
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Corollary 2.15 Let O be a weakly contractible nonsymmetric oco-operad. Then the functor
Algy(COLL(V)) — 8

given by evaluation at x € Qg is a cartesian fibration corresponding to the functor § — Cat, that takes X
to Alg,(Colly (V)) and a morphism f: X — Y to the functor given by composition with the lax monoidal
functor f*: Colly (V) — Collx (V).

Remark 2.16 This corollary applies in particular to the weakly contractible nonsymmetric co-operad A °P,
so that by Remark 2.14, enriched co-operads with X as space of objects are given by associative algebras
in Colly (V), ie

Opdy (V) >~ Alg o (Colly (V)).

Remark 2.17 For f: X — Y, the lax monoidal functor f*: Colly (V) — Collx (V) is given by
composition with a morphism of oo-groupoids fp~: Fg — Fj*. Since V has colimits indexed by
oo-groupoids, this functor has a left adjoint f, given by left Kan extension along fp~. Moreover,
since Algy(Colly (V)) — Colly (V) detects limits and sifted colimits for any nonsymmetric oo-operad O,
the functor f*: Algy(Colly (V)) — Algy(Collx (V)) preserves limits and sifted colimits, since this is
true for f*: Colly (V) — Colly (V). If V is presentably symmetric monoidal, then the oco-category
Alg,(Colly (V)) is presentable, since it is equivalent to Algg]fax (V), which in turn is equivalent to the
oo-category of algebras in V for some symmetric oo-operad. It then follows from the adjoint functor

theorem that f*: Alg, (Colly (V)) — Algq(Colly (V)) has a left adjoint. This implies:
Corollary 2.18 Let O be a weakly contractible nonsymmetric oo-operad and 'V a presentably symmetric
monoidal co-category. Then the functor

Algy(COLL(V)) — &
given by evaluation at x € Oy is also a cocartesian fibration. |
In general the cocartesian morphisms over f are not easily described in terms of the left Kan extension

along the map fp~:IF5 —F7. However, we can derive a simple description in the case of monomorphisms
of co-groupoids:

Proposition 2.19 Suppose i: X < Y is a monomorphism of co-groupoids. Then the left adjoint
i1: Colly (V) — Colly (V) has a canonical monoidal structure, such that composition with iy and i * gives
for any co-operad O an adjunction

iy: Algy(Colly (V)) 2 Algy(Colly (V) 1 i*.

Proof We will prove this by applying [12, Corollary 7.3.2.12], which requires us to show that for
®, U € Colly (V), the canonical map
i(® ox V) - i1® Oy H¥

is an equivalence.

Algebraic & Geometric Topology, Volume 25 (2025)
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We first describe 7y ® more explicitly: For (y1,..., yn) in Y]’?En’ we can identify the fiber of X Zzn over
this point as Xy, X ---x X, using the commutative diagram
Xy, X x Xy, > X" > Xis,

[

{D1sensyn)} - Yf — Vs,
* — an

where all three squares are cartesian. Hence the fiber of F5y — Fy- at (*" yy ") is equivalent to [ [; X, XX,

giving
(M) colim o).
y X

(X15ee05Xn, ) E]; Xy; XXy

We can then rewrite the formula for iy(® Ox ¥)(* 1";’y ") as

~ colim (® Oy xp)(xl’ ')‘C"x”)

(xl seeesXn ax)el_[i Xyl- XXy

. / /
. . . X;i 1l €En; X[, oo, X
~ colim colim colim CID( e ) ® \If( 1 m)
(X100, %) €[ ]; Xy; XXy nom—1 (x))eX™ X; X
. / /
. . . . . Xj:1l €En; Xi,..0,x
~ colim colim colim colim colim CI>( ! , / ) ®\IJ( 1 m)
n—>m—1(y)e¥Y™ (x;)€l]; Xy, (x})ell; Xy xeXy Xj X
On the other hand (iy® Oy i1 V) (¥ 1’}")’ ") is equivalent to
. 1 "
. . . . . . Xi 1 €nNj XTseees X
colim colim colim colim colim colim dD( ! ¥ J ) ® \IJ( 1 N m)

n—->m—1 (y)ey™ (x;)el]; Xy, (x))€]l; Xy} x7)ell; Xy} xeX,

and the canonical map corresponds under these equivalences to the map of colimits arising from the
diagonal map [ i X e I1 i X ¥ X I i X V) Since these are co-groupoids, this map is cofinal if and only
if it is an equivalence, which holds if and only if the spaces X,, for y € Y are either contractible or empty,
ie if and only if 7 is a monomorphism. O

Corollary 2.20 Leti: X — Y be a monomorphism of co-groupoids and O a weakly contractible
nonsymmetric co-operad.

(i) Forevery A € Algy(Collx(V)), the unit morphism A — i*i)A is an equivalence.

(i1) The functor
ir: Alge(Colly (V)) — Algy(Colly (V))

is fully faithful. O
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Remark 2.21 We will also need a more general version of Theorem 2.12, which follows by using part (iii)
of [8, Proposition 3.5.6] instead of (vi): If F: V — W is a symmetric monoidal functor then composition
with F induces a morphism of generalized nonsymmetric co-operads Fy: COLL(V) — COLL(W), which
restricts to lax monoidal functors Fy : Colly (V) — Colly (W). These are compatible with the lax monoidal
functors f* coming from maps of spaces f: X — Y: A priori the square

Colly (V) — Colly (W)

b b

Colly (V) —F Colly (W)

only commutes up to a natural transformation, but this is clearly a natural equivalence since both functors
are given by composition.

3 Algebras for co-operads as modules

In this section we define algebras for an enriched co-operad O as certain right O-modules in COLL(V).
We first recall the definition of the nonsymmetric co-operad for right modules, and prove that this is
weakly contractible, allowing us to apply Corollary 2.15:

Definition 3.1 Let rm denote the nonsymmetric operad for right modules. This has two objects, a and m,
and there is a unique multimorphism (x1,...,x,) > yif Xy =---=x, =y = a (n = 0 allowed) or
x1 =y =mand xp =--- = X, = a, and no multimorphisms otherwise. We write RM — A°P for the
corresponding nonsymmetric co-operad, or in other words the category of operators of rm. This has
as objects sequences (X1, ..., X,) with each x; being either a or m, and a morphism (x1,...,x,) —
(¥1,...,ym)isgivenby amap ¢: [m] — [n] in A and multimorphisms (X¢;—1)41. - - - X¢(;)) —> Vi inrm.

Proposition 3.2 The category RM is weakly contractible.

Proof In this proof it is convenient to use the notation (i, . .., i, )rm for the object of RM given by the

sequence (a,...,a,m,...,m,a,...,a) where there are n copies of m and i; copies of a between the ™

op

it — RM over

and (1+1)% copy of m (and i¢ before the first and i, after the last). Define a functor p: A
A°P by taking [n] to the unique object of the form (0, ...,0)rm = (m, ..., m) over [n], and determined
on morphisms by the inert morphisms between these objects. We claim that p is coinitial, and so in
particular a weak homotopy equivalence. To see this, it suffices by [11, Theorem 4.1.3.1] to show that for
every object X € RM the category (Agﬁ) /x 1s weakly contractible. But this category has a terminal object:
if X = (ig, ..., in)rm then any morphism (0, ..., 0)rm — X factors as an inert morphism followed by the
(unique) degeneracy u([n]) — X. Since Afrﬁ is weakly contractible (for example, because the inclusion
AF

it = AP is cofinal and AP has an initial object), this implies that RM is also weakly contractible. O
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Corollary 3.3 The functor
d
Algdgy (V) ~ Alggy (COLL(V)) — 8,

given by evaluation at () € RMy, is a cartesian fibration corresponding to the functor § — Cat, that takes
X to Alggy(Collyx (V)) and a morphism f: X — Y to the functor given by composition with the lax
monoidal functor f*: Colly (V) — Colly (V). O

To define algebras we want to restrict to those modules that are concentrated in degree 0, which will be
justified by the next proposition.

Definition 3.4 We say that ® € Colly (V) is concentrated in degree 0 if
®(x1,...,x;1) ~ @
y

whenever n > 0, where @ denotes the initial object in V.
Proposition 3.5 Let'V be a symmetric monoidal oco-category compatible with colimits indexed by small
oo-groupoids.

(i) The functor Z : Colly (V) — Fun(X, V) given by composition with X — 5 has a fully faithful left
adjoint, which identifies Fun(X, V) with the collections that are concentrated in degree 0.

(ii) IfM:Fy — V is concentrated in degree 0, then so is M ©x N for any N € Colly (V).
(iii) The composition product induces a right Colly (V)-module structure on the co-category Fun(X,V).

(iv) For f: X — Y, composition with f and the induced functor Fy — F5 gives a lax RM-monoidal
functor
f*: (Fun(Y, V), Colly (V)) — (Fun(X, V), Collx (V))

(v) Composition with a symmetric monoidal functor F : V — W gives a lax RM-monoidal functor
F.: (Fun(X, V), Collx (V)) — (Fun(X, W), Collyx (W)).
If F preserves colimits indexed by small co-groupoids, then Fy is an RM-monoidal functor.
Proof Part (i) is obvious from the description of Fg as [ [, X ;;gn x X and the formula for pointwise
left Kan extensions, while part (ii) follows immediately from the description of composition of horizontal

morphisms in COLL(V) in Theorem 2.12. Part (iii) then holds by combining parts (i) and (ii), and
parts (iv) and (v) follow by restricting the lax monoidal functors discussed in Section 2. O

Definition 3.6 Let O be a V-co-operad with space of objects X, viewed as an associative algebra
in Colly (V). An O-algebra in 'V is a right O-module in Fun(X, V). We write Alg, (V) for the co-category
RModg (Fun(X, V)) of these right modules.
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Remark 3.7 By Proposition 3.5(iv) we see that for O € Opdy (V), composition with f: X — Y gives a
functor Algy (V) — Algs«(V), while composition with a symmetric monoidal functor F': V — ‘W gives
a functor Algy (V) — Algg o(W).

Since there is always a formula for free modules, with this definition we immediately get a formula for
free algebras over enriched co-operads:

Proposition 3.8 The forgetful functor Uy : Algy(V) — Fun(X, V) has a left adjoint Fy, and the endo-
functor Uy Fy satisfies

UoFoM(x) >~ 1] colim M(x1)®"'®M(Xn)®(‘)(x1";c"x”)_

n (X] a"'?x}’l)GX}«’ZEn

Moreover, Uy preserves sifted colimits and the adjunction is monadic.

Proof By [12, Corollary 4.2.4.8] the left adjoint Fy exists, and Uy Fo(M) is given by the composition
product M © O (with M viewed as a symmetric sequence concentrated in degree 0). Expanding out this
composition product now gives the formula.

It follows from [12, Proposition 4.2.3.1] that Uy detects equivalences and from [12, Corollary 4.2.3.5]
that Alg, (V) has sifted colimits and Uy preserves these, since the composition product preserves sifted
colimits in each variable. The adjunction is therefore monadic by the monadicity theorem for co-categories,
[12, Theorem 4.7.3.5]. O

Applying [6, Proposition A.5.9], we get:

Corollary 3.9 If V is a presentably symmetric monoidal oco-category and O is a V-enriched oo-operad,
then the co-category Algy (V) is presentable. |

Remark 3.10 Let F: O — O’ be a morphism of V-oo-operads given on spaces of objects by f: X — Y,
and suppose f is surjective on 7o and F' is fully faithful in the sense that all the maps

oy ) = o (M)

are equivalences in V. Then we have a commutative square

Algy (V) —E— Algy(V)

| |

Fun(Y,V) T} Fun(X, V)

where the surjectivity of f implies that the composite functor Algs (V) — Fun(X, V) is a monadic right
adjoint. Using the formula from Proposition 3.8 it is easy to see that F* gives an equivalence of monads on
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Fun(X,V) and so gives an equivalence of co-categories Algy (V) ~ Algy (V) by [12, Corollary 4.7.3.16].
This applies in particular if O is the completion of O, so by a two-out-of-three argument it follows that
any fully faithful and essentially surjective morphism of V-oco-operads F: O — P induces an equivalence

Algp (V) > Algp(V)

on oo-categories of algebras in V.

We end this section by showing that the nullary operations of a V-oco-operad O give a canonical O-algebra,
using the next observation:

Proposition 3.11 Z: Colly (V) — Fun(X, V) is a functor of Colly (V)-modules.

Proof By definition of the Colly (V)-module structure on Fun(X, V), the inclusion Fun(X,V) —
Colly (V) is a functor of Colly (V)-modules. Using [12, Corollary 7.3.2.7], this implies that its right
adjoint Z is a lax RM-monoidal functor. Thus for M, N € Colly (V) there are natural maps

Z(M)Ox N - Z(M Ox N);

by the formula for Oy these maps are equivalences, and so Z is an RM-monoidal functor. a

Corollary 3.12 If O is an associative algebra in Colly (V) and M € Colly (V) is a right O-module, then
the restriction Z(M) € Fun(Y, V) is also a right O-module. |

Since an algebra is canonically a right module over itself, this specializes to:

Corollary 3.13 Suppose O is an algebra in Colly (V), ie a V-oo-operad with X as space of objects. Then
the functor Z(0): X — 'V picking out the nullary operations is canonically a right O-module. O

4 Comparison with model categories of operad algebras

Let V be a symmetric monoidal model category (with cofibrant unit). Then by [12, Proposition 4.1.7.4]
the localization V[W 1] (with W the class of weak equivalences) is a symmetric monoidal co-category,
and the localization functor V — V[W ~1] is symmetric monoidal when restricted to the cofibrant objects.
If O is a (levelwise cofibrant) operad in V then this means we can also view O as an operad in V[W ~1].
Moreover, in good cases there is a model structure on the category Algg (V) of O-algebras in V. In this
section we will give conditions under which the corresponding oo-category Algo (V)[Wy 1 (with W the
class of weak equivalences of O-algebras) is equivalent to the co-category Algq(V[W™1]), defined as in
the previous section. In order to do the comparison in sufficient generality to cover examples such as
symmetric spectra, we do not want to assume that the unit of the monoidal structure is cofibrant. Instead
we consider model categories with a subcategory of flat objects in the following sense:
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Definition 4.1 Let V be a symmetric monoidal model category.* A subcategory of flat objects is a full
subcategory VP that satisfies the following conditions:

e Visa symmetric monoidal subcategory, ie the unit is flat and the tensor product of two flat objects
is flat.

e If X is flat and Y — Y’ is a weak equivalence between flat objects, then X ® Y — X ® Y is again
a weak equivalence.

e All cofibrant objects are flat.

Example 4.2 If the unit of V is cofibrant, then the subcategory V¢ of cofibrant objects is a subcategory
of flat objects.

Proposition 4.3 LetV be a symmetric monoidal model category and Vb a subcategory of flat objects.
Then the inclusions V¢ < V® < V induce equivalences of localizations

VW = VW = Vi,
where we denote the collections of weak equivalences in the subcategories by W in all cases.

Proof Let Q:V — V be a cofibrant replacement functor, with a natural weak equivalence n: Q —id. If i
denotes the inclusion V¢ < V then we may view Q as a functor V— V¢ and 7 as a natural transformation
iQ — idy. If X is cofibrant, then nx: OX — X is a morphism in V¢, so we may view ni:iQi — i
as a natural transformation 7n¢: Qi — idye. The functor Q preserves weak equivalences, and both 7
and 7¢ are natural weak equivalences. It follows that Q induces a functor V[W ~1] — V¢[W 1] and the
transformations 7 and 7¢ induce transformations that exhibit this as an inverse of the functor V¢ [W ~1] —
V[W 1] induced by i. The same argument applies to Q restricted to the full subcategory VP; the functor
Vb[W_l] — V[W 1] is therefore an equivalence by the two-out-of-three property of equivalences. O

Corollary 4.4 LetV be a symmetric monoidal model category and V° a subcategory of flat objects. Then
the oo-category V[W 1] inherits a symmetric monoidal structure such that the functor V> — V[W 1] is
symmetric monoidal.

Proof By assumption, in VP the tensor product is compatible with weak equivalences, and so the
oo-category V[W 1] ~ Vb[W_l] inherits a symmetric monoidal structure with this property by [12,
Proposition 4.1.7.4]. a

Using Remark 3.7, composition with the symmetric monoidal functor Vb V[W 1] gives a natural

functor
Algg(VP) — Algo (VW ™1),

if O is a levelwise flat V-operad. Here we can interpret Algg (V") as the classical ordinary category of
O-algebras in vb.

#We assume that model categories have functorial factorizations.
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Definition 4.5 An S-colored operad O in a symmetric monoidal model category V is called admissible
if there exists a model structure on Algg (V) where a morphism is a weak equivalence or a fibration
precisely if its underlying morphism in Fun(S, V) is one (ie it is a weak equivalence or fibration in V for
each element of §).

Definition 4.6 An S-colored V-operad O is called X-cofibrant if the unit map 15 — U(O) is a cofibration
in the projective model structure on Fun(F§, V), where U denotes the forgetful functor from operads to
collections and 1g is the monoidal unit for the composition product, given by

1 (sl,...,sn)_ 1, n=1,s5 =4,
§ s/ " | @, otherwise,

where 1 is the monoidal unit in V.

Example 4.7 A one-colored V-operad O is X-cofibrant precisely if 1 — O(1) is a cofibration, and the
object O(n) is projectively cofibrant in Fun(BX,, V) for all n # 1.

Definition 4.8 Let V be a symmetric monoidal model category and V® a subcategory of flat objects. We
will say that a V-operad O is flat if it is enriched in the full subcategory A%

Remark 4.9 Since cofibrant objects are flat, if O is X-cofibrant then it is flat precisely if in addition the
objects of (unary) endomorphisms O(x, x) € V are all flat.

By [14, Proposition 6.2], if O is an admissible X-cofibrant V-operad, then cofibrant OQ-algebras have
cofibrant underlying objects in V. Since cofibrant objects are in particular flat, if O is flat, admissible and
X-cofibrant we have a functor

Algg (V)¢ — Algg (V) — Algg (VW 1),

This takes weak equivalences in Algq (V)¢ to equivalences in Algg (V[W 1), since the weak equivalences
are lifted from the weak equivalences in V, and so induces a functor of co-categories

Algo (V) [Wg '] = Algo (VW T)),
where Wg denotes the collection of weak equivalences between Q-algebras.
Theorem 4.10 Let 'V be a symmetric monoidal model category equipped with a subcategory VP of flat
objects. If O is a flat admissible X -cofibrant V-operad, then the functor
Algo (V) Wg '] = Algo (VW ']
is an equivalence of co-categories.
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Proof We follow the proof of [14, Theorem 7.10], which in turn is a variant of those of [12, Theo-
rems 4.1.4.4 and 4.5.4.7]. Let S be the set of objects of O. The right Quillen functor Algg (V) — Fun(S, V)
induces a functor of co-categories U : Algq (V) [W 11 — Fun(S, V[W~1]), which is a right adjoint by
[13, Theorem 2.1]. As O is X-cofibrant, the forgetful functor preserves sifted homotopy colimits by
[14, Proposition 7.8]. Since it also detects weak equivalences, it follows by [12, Theorem 4.7.3.5] (the
monadicity theorem for co-categories) that U is a monadic right adjoint. The same holds for the forgetful
functor Algo(V[W 1) — Fun(S, V[W ~1]) by Proposition 3.8, so using [12, Corollary 4.7.3.16] we
see that to show that the functor Algg(V)‘[Wy 11 — Algo(V[W™1]) is an equivalence it suffices to
show that the two associated monads on Fun(S, V[W ~1]) have equivalent underlying endofunctors. This
follows from the formula in Proposition 3.8, since the 3, -orbits that appear in the formula for free strict
O-algebras are homotopy orbits when O is X-cofibrant. O

The cases to which this result applies are primarily those where all operads are admissible, as more
generally we only have semimodel structure on algebras over X-cofibrant operads. This includes the
following examples, as discussed in [15, Section 7]:

(i) the category Seta of simplicial sets, equipped with the Kan—Quillen model structure,

(ii) the category Top of compactly generated weak Hausdorff spaces, equipped with the usual model
structure,

(iii) the category Chy of chain complexes of k-vector spaces, where k is a field of characteristic O (or
more generally a ring containing QQ), equipped with the projective model structure,

(iv) the category sz of symmetric spectra, equipped with the positive stable model structure,

In the first three examples the unit is cofibrant, and in the positive stable model structure on symmetric
spectra a suitable subcategory of flat objects is supplied by the S-cofibrant objects of [17] (see also
[16, Chapter 5], where these are called flat objects). A X-cofibrant operad in symmetric spectra is
necessarily flat, since the flat objects are the cofibrant objects in a model structure whose cofibrations
include the usual cofibrations.

Specializing to these cases, we have:

Corollary 4.11 (i) Let O be a X-cofibrant simplicial operad. Then

Algg(Seta)[W5 '] = Algg(8).
(i) Let O be a ¥ -cofibrant topological operad. Then

Algo(Top)[Wo '] = Algg (8).
(iii) Let O be a X-cofibrant dg-operad over a field k of characteristic zero. Then

Algo (Chy) [Wo '] 2= Algo (D (k).
where D (k) is the derived oo-category of k-modules.
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(iv) Let O be a X-cofibrant operad in symmetric spectra. Then

Algo(Sp™)[Wo '] = Algg (Sp).

where Sp is the oo-category of spectra.
Remark 4.12 The case of simplicial operads was already proved as [14, Theorem 7.10].

Remark 4.13 According to Spitzweck’s thesis [18, Theorem 4], a V-operad with a single object that is
cofibrant in the semimodel structure on one-object operads in V is admissible without further assumptions
on V. A version for colored operads does not yet seem to appear in the literature, but if this is correct
then the comparison of Theorem 4.10 would apply in general for such cofibrant operads.

Remark 4.14 If O is a X-cofibrant operad in a symmetric monoidal model category V, then under much
weaker assumptions on V there exists a semimodel structure on the category Algq(V), by a result of
Spitzweck [18, Theorem 5] in the one-object case and White—Yau for colored operads [20, Theorem 6.3.1].
Using results of Cisinski [5], White and Yau have recently extended the results relating structures in
model categories to their analogues in co-categories needed to carry out the proof of Theorem 4.10 in the
setting of semimodel categories, and thereby extended the comparison with co-operad algebras to the case
where there is only a semimodel structure on algebras over a X-cofibrant operad; see [21, Section 7.3].

5 Endomorphism oco-operads

The first goal of this subsection is to prove that for any morphism of co-groupoids f: X — V= there exists
a corresponding endomorphism co-operad Endy( f), where V denotes a closed symmetric monoidal co-
category compatible with small co-groupoid-indexed colimits. Our strategy for obtaining these objects is
taken from [10, Section 6.3] and uses the construction of endomorphism algebras from [12, Section 4.7.1],
which we first briefly recall:®

Suppose A is a monoidal co-category and M is right-tensored over A. An endomorphism algebra for
an object M € M is an associative algebra End(M) in A and a right End(M )-module structure on M
with the universal property that for any associative algebra A in A, right A-module structures on M are
naturally equivalent to morphisms of associative algebras A — End(M ).

By [12, Proposition 4.7.1.30 and Theorem 4.7.1.34] there exists a monoidal co-category A[M] whose
objects are pairs (X € A, M ® X — M in M), with the property that an associative algebra in A[M]
corresponds to an associative algebra A € A together with a right A-module structure on M. An
endomorphism algebra for M is thus precisely a terminal object in Alg o (A[M]). Since the terminal
object of A[M] has a unique algebra structure if it exists, we have:

SWe restate it for right instead of left modules.
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Proposition 5.1 [12, Corollary 4.7.1.40] If A[M] has a terminal object (A, M @ A — M) then A is the
underlying object of an endomorphism algebra for M . |

By construction the forgetful functor A[M] — A is a right fibration, corresponding to the functor
A Mapy (M @A, M).
In the case of Colly (V) and its right module Fun(X, V) we can explicitly identify this functor:
Proposition 5.2 For M € Fun(X,V) and S € Colly (V) there is a natural equivalence
Mapg,nx,v) (M © S, M) =~ Mapcy, (v) (S, Endy(M)),
where Endy(M): 57 — 'V is the functor given by
Endo (M) ) 2 MAPY(M(x1) @+ @ M(xa). M(x)),

with MAPy denoting the internal Hom in V.

Proof Since X is an oo-groupoid, the twisted arrow oco-category Tw(X) is equivalent to X, and so [7,
Proposition 5.1] yields a natural equivalence

My, vy (M © S. M) = lim Mapy (M © )(x). M(x)).
Now the description of M © S from Proposition 3.8 shows that this is naturally equivalent to

. . X1,...,Xn
;gr)}Mapv(]_[ colim M(x1)Q - Q@ M(xp)® S( . ),M(x)).

n (xl,...,xn)GX;:):n

Taking the limit out and applying the universal property of MAP, this becomes

Jim (1;[ o, lim MapV<S(x1’ o ) End(M)(xl’ o )))

n
xeX "x”)EXth

We can now combine the limits to get a limit over [ [, X x X ;:En ~ Fy, ie
lim Mapy (S (§), Endy(M)(§)).
EelFy

Applying [7, Proposition 5.1] once more now identifies this limit (since 5" is again an co-groupoid) with
Mapg, gz ,v) (S, Endy(M)), as required. -

Corollary 5.3 Forany M : X — V, the co-category Colly (V)[M] has a terminal object.

Proof By Proposition 5.2, the functor Colly (V)P — 8 corresponding to the right fibration
Colly (V)[M] — Collx (V)
is represented by the object Endy(M). This implies that we have an equivalence
Colly (V)[M] =~ Collx (V) /gndy (M)-

Since the right-hand side clearly has a terminal object, this completes the proof. |
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Applying Proposition 5.1, we get:

Corollary 5.4 For any M €Fun(X, V) there exists an endomorphism oco-operad Endy (M) in Opdy (V) ~
Algp o (Colly (V)) whose underlying X -collection is

Endy(M)(* - ) = MAP(M(x1) @+ & M(xn), M(»).

This has the universal property that, for any O € Opdy (V), morphisms O — Endy(M) in Opdy (V)
correspond to O-algebra structures on M, ie there is natural equivalence

Mapyq,, (v) (O, Endy(M)) =~ Algg M

where the right-hand side denotes the underlying co-groupoid of the fiber of Alg, (V) — Fun(X,V) at M.

Remark 5.5 For X =~ x, so that the functor * — V picks out an object v of V, we get an co-categorical
analogue of the classical endomorphism operad: Endy(v) is a one-object V-co-operad with underlying
symmetric sequence

Endy(v)(n) ~ MAPy(v®", v).

If O is a one-object V-oco-operad, the universal property says that an O-algebra structure on v is equivalent

to a morphism of one-object co-operads O — Endy(v).

Example 5.6 By Corollary 3.13, if O is any V-oco-operad with space of objects X, then the functor
Z(0): X — 'V picking out the nullary operations is canonically a right O-module. This corresponds to a
canonical morphism of V-oco-operads O — End(Z(0)), given by maps

Xlyeuer X
O™ ) > MAPKZ(0)(x1) @ -+ ® Z(O)(xa). Z(O) ().
adjoint to the composition maps

o(y,)eeo(y, )eo(" )=o)

for O.

We now observe that the endomorphism algebras are compatible with the lax monoidal functors f*:
Colly (V) — Colly (V) induced by morphisms of co-groupoids f: X — Y:

Proposition 5.7 For f: X — Y a morphism in § and M : Y — V, there is a natural equivalence of
RM-algebras
f*(M,Endy(M)) == (f*M,Endy(f*M)).

Proof If O is a V-oo-operad with Y as space of objects, the lax monoidal functor f* induces a natural
functor
Alge (V) — Algys(V),
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given on the underlying functors to 'V by composition with f. Applying this to the V-co-operad Endy (M)
and the canonical Endy(M )-algebra structure on M, we obtain an f*Endy(M )-algebra structure on
f*M = M o f. By the universal property of endomorphism oco-operads this corresponds to a morphism
of co-operads f*Endy(M) — Endy( f*M). Using the explicit description of the underlying collection
of Endy(M) in terms of internal Homs we see that this is an equivalence. |

There exists a universal functor from an co-groupoid to 'V, namely the inclusion V= — 'V of the underlying
oo-groupoid of V. Our construction does not apply directly to this, since the co-groupoid V= is not small.
However, by passing to a larger universe we can define a universal endomorphism oco-operad for V:

Definition 5.8 Let V be a large closed symmetric monoidal oco-category compatible with colimits
indexed by small oco-groupoids. By [12, Proposition 4.8.1.10] there is a very large presentable oco-
category % compatible with large colimits, with a fully faithful symmetric monoidal functor V < V that
preserves colimits over small co-groupoids. Let Opd(v) be the co-category of V-enriched oo-operads
with potentially large spaces of objects.

Remark 5.9 Since V is a symmetric monoidal full subcategory of V, we can regard Opd(V) as a full
subcategory of Opd(@\), containing precisely those V—oo—operads whose spaces of objects are small and
whose objects of multimorphisms all lie in the full subcategory V. Similarly, for any O € Opdy (V) we
have a pullback square

Algy (V) — Algy(V)
Fun(X,V) — Fun(X,V)

where the horizontal maps are fully faithful.

Definition 5.10 Leti: V= — V denote the inclusion of the space of objects in the full subcategory V.
Applying Corollary 5.4 in the enlarged universe to i, we get an endomorphism V—oo—operad

V := Ends(0).

The formula for its multimorphism objects implies that we can regard V as a (large) V-oo-operad (ie an
object in the oo-category Opdy~ (V) € Opdy~ (i7\), which makes sense also when the co-groupoid of
objects is large). Moreover, for any map of co-groupoids M : X — V= where X is small, we can regard

Ends(i o M) ~ M*V
as an object of Opdy (V).

Lemma 5.11 Forany map M : X — V= where X is a small co-groupoid, we have a canonical equivalence
M*V ~ Endy(M).
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Proof For O € Opdy (V) we have a natural equivalence
Algy(V)pr => Algoy (V)i
Using the universal property of the endomorphism objects this corresponds to a natural equivalence
Map(O, M *V) = Map(O, Endy(M)),

and so an equivalence M *V = Endy(M), as required. |

Let U denote the canonical V-algebra structure on i, which we can regard as an object of Algs(V).
For every map M : X — V= with X small, the pullback M *U is then the canonical Endy(M )-algebra
structure on M, which leads to the following:

Theorem 5.12 For any small V-oco-operad O, the morphism of co-groupoids
Mapopd(%((‘), V) — Algy,(V)~,

which takes ¢: O — V to ¢p*U € Algy(V)=, is an equivalence.

Proof Let X be the space of objects of O. Then we have a commutative triangle of co-groupoids

Map,, d@)(o,V) s Algy(V)=

~

Map(X,V)

It suffices to show that we have an equivalence on the fibers over each map M : X — V. But we have an
equivalence between Map opd (/\7)(0’ V) and

Mapgypa, (v) (0. M*V) =~ Mapgg, v) (O, Endy(M)),

under which the map to Algy (V)3 is equivalent to that taking ¢: O — Endy (M) to ¢* applied to the
canonical Endy(M)-algebra structure on M. This is an equivalence by the universal property of the
endomorphism algebra. O

Remark 5.13 In [4] we constructed a natural tensoring of V-co-operads over co-categories. This induces
an enrichment in co-categories, given by

Mapc,,__ (€. Algo(P)) ~ Mapgyy (€® 0. P).

For P = V, we can use Theorem 5.12 to identify the co-category AlgO(V) with the Segal space
Algpego(V)=. We expect that this should in fact be equivalent to the co-category Algy(V), but to
prove it we need a better understanding of the tensoring of V-co-operads and co-categories. As this was
defined rather inexplicitly in [4], we suspect that this requires setting up a new definition of enriched
oo-operads where the tensoring can be described more concretely.
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In the case where V is the co-category 8 of spaces, we can identify 8 explicitly:

Proposition 5.14 Let 8* denote the symmetric monoidal co-category given by the cartesian product in
8, viewed as an S-enriched co-operad. There is an equivalence $* = 8.

Proof For X € 8, we have Z(8*)(X) >~ Mapg(*, X) >~ X, and the functor Z(8*): 8~ — 8§ is the
inclusion of the underlying co-groupoid. Hence, thinking of 8 as an endomorphism object for co-operads
enriched in large spaces, by Example 5.6 there is a canonical morphism 8% — 8. This is given by

SX(XI"I'/"X")

and so it is an equivalence of $-oo-operads. i

equivalences
— Mapg(X; x---x X,,Y),

Remark 5.15 1t follows that for O an 8-co-operad, the co-groupoid Algy(8)™ in our sense is equivalent
to Map opd (3)(0’ 8*). This is the underlying co-groupoid of the co-category of O-algebras in 8 defined
in [12], so for S-enriched co-operads our notion of O-algebras agrees with that of [12], at least on the
level of oo-groupoids.
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An overtwisted convex hypersurface in higher dimensions

RIVER CHIANG
KLAUS NIEDERKRUGER-EID

We show that the germ of the contact structure surrounding a certain kind of convex hypersurface is
overtwisted. We then find such hypersurfaces close to any plastikstufe with toric core, thereby proving
that the existence of a plastikstufe with toric core implies overtwistedness. All proofs in this article are
explicit, and we hope that the methods used here might hint at a deeper understanding of the size of
neighborhoods in contact manifolds.

In the appendix we reprove in a concise way that the Legendrian unknot is loose if the ambient manifold
contains a large enough neighborhood of a 2-dimensional overtwisted disk. Additionally we prove the
folklore result that the singular distribution induced on a hypersurface X of a contact manifold (M, &)
determines the germ of the contact structure around X.

53D10

1 Introduction

The fundamental distinction between tight and overtwisted contact structures was discovered first by
Eliashberg in dimension 3 [5], and then generalized to arbitrary dimensions by Borman, Eliashberg and
Murphy [2]. The main feature is that an overtwisted contact structure is flexible. However, the original
high-dimensional definition makes it practically unverifiable if a given contact structure is overtwisted.
Thanks to Casals, Murphy and Presas [3] we know that most previously existing conjectural definitions
for overtwistedness are actually equivalent to the one given in [2].

Still many open questions persist. One of them has been settled by Huang [8]: The second author of this
article proposed a definition of overtwistedness called plastikstufe [13]. The results in [12] combined
with those of [3] showed that certain very specific plastikstufes imply overtwistedness. Huang explained
in [8] that this result extends to any plastikstufe. However, we are unable to verify several claims made in
his proof.

In this article, we reprove Huang’s result for the more restrictive case of plastikstufes with toric core
(generalizing results by Adachi [1]).

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2025.25.3813
http://www.ams.org/mathscinet/search/mscdoc.html?code=53D10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

3814 River Chiang and Klaus Niederkriiger-Eid

Our strategy is based on the following observation about a certain type of convex hypersurface. Consider
for any C > 0 the manifold
¢ =DZ, x(-C,C)*"

carrying a singular distribution D¢ given as the kernel of the 1-form 8 = rsinr dv — Z;-l:l tjdsj,
where (r,19) are polar coordinates on the disk, and (s;, ;) are the natural coordinates on the cube
—C,Cy*x(-C,C)".

Theorem A There exists a constant Cor > 0 such that the following holds for every contact mani-
fold (M, &) of dimension at least 5. If (M, £) admits an embedding of a hypersurface (Xc, Dc) with
C > Cor such that £ induces the singular distribution D¢ on ¢, then (M, §) is overtwisted.

Consequently, we call any embedded hypersurface (X ¢, Dc) with C > Cor an overtwisted convex disk.

Remark (a) This definition is closely related to the characterization of overtwisted contact structures
in terms of “large neighborhoods™ given in [3; 15]. Our result states that instead of considering large
embedded balls, it is already sufficient to find a large hypersurface.

(b) In the model used in Section 4, one sees directly that there is an obvious contact vector field Z
(= 0 in fact) which is transverse to the overtwisted convex disk. It is tempting to try to characterize the
constant Cor more explicitly by trying to recognize some sort of higher-dimensional Giroux criterion for
convex hypersurfaces. Unfortunately, the dividing set for Z is noncompact, and we have not succeeded
in finding a more suitable contact vector field.

(c) Even though we are unable to give a specific value for the size parameter that appears in the definition
of overtwistedness in [2] (and the equivalent formulation via large neighborhoods in [3]), it follows from
our argument that the size parameter can be chosen uniformly for all dimensions.

Proof of Theorem A We show in Sections 3 and 4 that every neighborhood of D2 x (—=C,C )2n
contains the embedding of a certain type of open subset B(h) x (—%C , %C )Zn of arbitrary height & > 0.
See Corollary 4.3 for the details. As explained first in [12, page 1813], the Legendrian unknot is loose if
C is chosen sufficiently large. We give in Appendix A a streamlined proof of this statement.

It was proved in [3] that any contact manifold in which the unknot is loose is overtwisted. |
Question Is it possible to explicitly show that in any neighborhood of a hypersurface ¥¢ with C > Cor

one can embed a hypersurface ¢/ with C’ > 2C as in the analogous claim for loose charts [11,
Proposition 4.4]?

Choose a p > 0 and define V,, as in Appendix A. It is likely that the contact germs around the overtwisted
convex disk (X ¢, D¢ ) correspond to thick neighborhoods of the form (R3 x V), ker(aor + )Lcan)). It was
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shown in [3] that these neighborhoods are for sufficiently large p > 0 overtwisted. However while it is
obvious that the contact germs considered here embed into such thick neighborhoods, it is not obvious
how to directly prove the converse. By taking instead the detour over the loose unknots, we are able to
split our argument cleanly into precise steps.

Even if it might be unclear at the moment if Theorem A is more than a curious observation, it allows us
to prove in an extremely elementary way that every contact manifold containing a plastikstufe with toric
core is overtwisted, as claimed in [8].

In Appendix A, we show that the Legendrian unknot is loose in a large neighborhood of an overtwisted
2-disk; in Appendix B we prove the folklore result that a hypersurface in a contact manifold determines
together with the induced singular distribution the germ of the contact structure.
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2 A plastikstufe with toric core implies overtwistedness

Denote the cylindrical coordinates on R3 by (r, 9, z). The 1-form
aor = cos(r)dz +rsin(r) dd

is then a well-defined contact form. The disk Dot := {(r, v, z)|r<m z= O} is overtwisted, and we
will call it the standard overtwisted disk.

We choose a small cylindrical box of height 4 around Dot of the form
(2-1) B(h):=D2__ s x (=h,h).

Let (M, &) be a (2n+3)-dimensional contact manifold that contains a plastikstufe of the form Do x T".
We will show that we can find an arbitrarily “large” hypersurface Dén x [~C, C]?" in any neighborhood
of the plastikstufe by successively unwinding each of the S!-factors of the torus. This way we obtain the
following corollary.

Corollary 2.1 Every contact manifold that contains a plastikstufe Dor x T" with toric core also admits
an embedding of an overtwisted convex disk.
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Proof There is a neighborhood of the plastikstufe that is contactomorphic to an open neighborhood of
DOT x T™" in

(R3 X T*Tna oot + Acan);

compare [14, Theorem I.1.3.]. Choosing ¢ > 0 and § > 0 small enough, we can assume that this
neighborhood is contactomorphic to a product of the form B(g) x D _g (T*'JT”), where B(s) CR3isa
cylindrical box as defined in (2-1) and D g (T*T") is the disk bundle of radius 6 in 7*T".

We can now apply to this neighborhood Lemma 2.3 in dimension 5, or Lemma 2.4 in the general case to
find a hypersurface of the form ]D);r X (=C,C)" x(—a,a)" fora =4/ (2ﬁ), and where C > 0 can be
chosen to be arbitrarily large. The singular distribution induced by the contact structure agrees with the
kernel of r sinr d — Z;‘l=1 tj ds;, where (r, %) are polar coordinates on the disk, and (s;, ;) are the
natural coordinates on the rectangle (—C, C) X (—a, a).

If C > 0 is chosen larger than 2C§T /a, then it suffices to apply to each coordinate pair (s;,¢;) the
diffeomorphism (s;, ;) (;L_ls B ;Ltj) with = 2Cor/a to obtain the desired overtwisted convex disk
(2&,Dg) for some appropriate C > Cor. |

Remark 2.2 The initial version of a plastikstufe D? x S introduced in [13] differed slightly from the
form Dot x S used here, because the boundary of Dot x S is composed of singular leaves of the foliation.
The presence of either type of a plastikstufe in a contact manifold implies by [14, Theorem 1.1.3.] the
other one: The plastikstufe determines the germ of the contact structure which will be contactomorphic to
an open subset of (R3 x T*S,aor + /\can). This allows us to modify the plastikstufe along its boundary
by a C°-small deformation to move from one model to the other one.

We will now show how to “unwrap” the toric plastikstufe. Consider for simplicity first a contact manifold
of dimension 5 so that T" = S!.

Lemma 2.3 Choose any ¢ > 0 and § > 0, and let B(g) x D g (T*Sl) be a neighborhood of a plastikstufe
Dor x St in (R? x T*S', ot + Acan).
For any arbitrarily large C > 0 it is possible to embed the hypersurface
. 2 3 8
SC = ID)S]T X (—C, C) X (—5, 5)
into B(g) x D g (T*Sl) such that the contact structure induces the singular distribution

D:= ker(r sinrdﬁ—tds)

on Sc. Here (r, ¥) are polar coordinates on the disk, and (s, t) are the natural coordinates on the rectangle
3§ 8
(=C.C)x(=3.3)-
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Proof Define for any % > 0 an embedding
\If;,:}D)én xR? > R3x T*S!, (r.9:s,8) > (r. 0. hs;q = ¢S, p =1t+hcosr),
“reeling up” the hypersurface along the S!-core of the plastikstufe. One easily verifies that
WS (ot + Acan) = rsinrd® —tds
so that the singular distribution induced by ker(ctor + Acan) is indeed equal to D.

Choose # = ¢/C and suppose that 7 < % We see that W;(Sc¢) lies in the given neighborhood

B(e) x D5 (T*S1). |

For general dimensions, the embedding is only slightly more complicated. Denote the standard coordinates
on T" by ¢ = (q1,...,qn) and those on T*T" by (¢, p) = (q1,---+qn; P1s---» Pn)-

Lemma 2.4 Any neighborhood B(g) x D g (T*'IF”) of a plastikstufe Dot x T" withe > 0 and § > 0
arbitrarily small contains an embedded hypersurface of the form

2 . 2 ‘ . 8
Sc .—]Dsﬂx{(sl,...,sn,tl,...,tn)eR n ‘ lsi| <C, |tj|<m}

with C > 0 arbitrarily large such that the contact structure induces the singular distribution
n
D= ker(r sinrdd — ) t; a’s])
j=1

onSc.

Proof Choose constants %1,...,%, > 0 that are linearly independent over Q, and define a map
W:DZ, xR —R?*x T*T" by

(r 9581, .o Snil1e ... tn)

n . .
— (}’,19,2 =Y hisiiqr =€ ... qn=e"";p1r=ti +hi1COST,...,pp =1y +hncosr).
=1
It is easy to verify that W* (aor + Acan) = r sinr d — (t; ds1 + -+ + tn dsn) induces the distribution D

on Sc. It is also immediately clear that W is an immersion.

To see that W is injective, use first that the images of two points (r,¥;s1,...,84;%1,...,1z) and
(r', 08y, ..., sy 11, ..., t;) by W can only agree if r =7/, % =9/, and t; = tj/- forall j =1,...,n,
and if s5; — sj’. is for every j = 1,...,n an integer multiple of 2. The equation f151 + - -+ + hps, =

hisy +---+hps,, implies that /11 (s; —s7) + - + A, (sn —s;,) = 0, but by our assumption that the #; are
linearly independent over Q it follows that all coefficients s; — 57 need to vanish so that W is injective.
We still need to verify that the image of W lies in the neighborhood B(g) x D g (T*T”). To respect the
z-height, it suffices to choose %1 +---+h, < &/ C, so that the z-coordinate of W is bounded by ¢. For the

radius of the fibers in D _g (T*T”) choose 1 < 6/ (2ﬁ ) so that W also stays inside the §-disk bundle
of T*T™". O
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3 The standard overtwisted contact structure on R3

For a cylindrical box of height 4 around the standard overtwisted disk Dot in (R3, aor) of the form
B(h):=D2__ s x(=h,h),

it is well known that the choice of % is not relevant for the contactomorphism type. Below we will give a
contact vector field that can be used to prove this fact by hand, but instead one can also easily convince one-
self that all B(h) are overtwisted at infinity which uniquely characterizes by [6] a contact structure on R3.

The main technical problem that we will deal with in this article is to show that the choice of the A-
parameter also remains largely irrelevant for the contactomorphism type when we take the product with a
Liouville domain.

We will now discuss a contact vector field X whose flow compresses any large box B(h) into an arbitrarily
small neighborhood of the standard overtwisted disk. Ideally we would like X to be a strict contact vector
field or at least to have a constant scaling factor ¢ such that £Lx oot = ¢ - aor. Unfortunately such a vector
field cannot exist: firstly, X should be contracting and thus it needs to reduce the total volume. This
implies that ¢ would have to be strictly negative on a predominant part of its domain. On the other hand,
¢ cannot be everywhere strictly negative as this would allow us to squeeze with the strategy of Section 4
a high-dimensional overtwisted chart into an arbitrarily “thin” set, thus contradicting the existence of
tight contact manifolds.

The following vector field arose in discussions with Patrick Massot around 2010:

r cos(r) sin(r)
o+ cos(r)sin(r)

3-1) X:=—z0;

is well defined and induces a contact flow on (R3, aor).

Even though this vector field might at first appear overly complicated, note that all coordinates in X are
uncoupled. This allows us to see that its time 7" flow preserves the ¥-coordinate, and it contracts the
z-coordinate by the factor e~ . The radial coordinate is fixed on every cylinder of radius r € ZN. The
cylinders of radius r € 7 + N are repelling; the cylinders of radius r € 7N are attracting, in the sense
that all points between these cylinders are pushed away from the repelling cylinder towards the attracting
one; see Figure 1.

The height of the box B(h) is squeezed by the flow of X by an exponential factor, while the radial
direction also shrinks, without becoming ever smaller than 7 though. This way an arbitrarily tall box B(h)
can be squeezed by a contactomorphism into an arbitrarily small neighborhood of the standard overtwisted
disk. In fact, one can convince oneself that the image of a box B(h) for a certain choice of § > 0 will be

of the form D2

2wy X (—h', k") for some smaller 4’ > 0 and §’ > 0.
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/

DoT

Figure 1: The flow of X preserves the cylinders of radius r € 7 + 7 N. The boundary of the
standard overtwisted disk sits on an attracting cylinder.

Finally note that Ly aor = g - @or, Where

(3-2) 2(r.9.2) = _cosr (r cosr +sin r)‘

r 4 cosrsinr
As we claimed above, g takes both positive and negative values. More precisely:

Lemma 3.1 The function g: B(h) — R is everywhere negative on B(h) except for the domain lying
between ry, = 7 /2 and rpy ~ 2.03 such that rpy = —tanryys. See also the graph in Figure 2.

Proof The function g only depends on the radial coordinate r. Its denominator is everywhere positive
while the numerator changes once its sign at r = /2, where cos r vanishes, and then again at r &~ 2.03,
where 7 cos 7 4 sin r vanishes. |

We can also read off from the graph, Figure 2, that g is everywhere smaller than 0.1; ie, even though g
becomes positive it only becomes very slightly so.

2.03

B

—02 |

—04

—0.6

08 |

-1 L L L L L h
0 0.5 1 1.5 2 2.5 3

cosr (rcosr+sinr)
r4cosrsinr

Figure 2: The graph of g = —
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4 Contactomorphism on product structure

Let (M, £) be a contact manifold with contact form «. Assume that X is a contact vector field such that
Lxo = g -« for some function g: M — R.

Choose an exact symplectic manifold (W, d 1) that has a Liouville vector field Y, then we easily check
that the contact form of (M xW,a+ )L) is preserved by the vector field

X=X+g-Y.

Note that even if Y points outwards and is expanding on (W, d 1), the behavior of X on the product
manifold M x W is controlled in W -direction by the sign of the function g that might take positive or
negative values.

We consider now the main example we will be interested in: Let B(h) C (]R3, aor) be a box of height &
as defined in (2-1), and let (L, (-,-)) be a Riemannian manifold that does not need to be closed or
geodesically complete. We denote the disk bundle of radius ¢ in (T*L, d Acan) by

Dee(T*L):={v e T*L ||]v] <c}.

Proposition 4.1 There exists a positive constant jLy < % such that every contact domain
(B(h) x D (T* L), ker(aor + Acan)
with ¢ > 0 can be embedded by a contactomorphism into
(B X D<yige (T*L). ker(cor + Aean))

independently of the choices of h,h’ > 0.

Proof For i’ > h the claim is obvious; for 4’ < h the strategy is to use the flow of the vector field
X=X+ g+Y with X and g introduced in the previous section, and Y the Liouville vector field on
T*L that is defined by ty d Acan = Acan.

By writing Y in a coordinate chart, one easily convinces oneself that the time ¢ flow of ¥ simply consists
of multiplying the fiber of 7*L by e’. In particular, even if L is open or has boundary there is no danger
that the flow of X escapes transversely through the fibers of 7* L. Now let us study the behavior of the
flow <I>‘}? in more details.

Recall that the coordinates are uncoupled by the flow of X given in (3-1). We can thus write
CD%( (r, 9, z) = (F(r, T), v, e_TZ),
where F(r, T) is the solution of the ODE

sy Y(t)cos y(r)sin y(r) -
o= y(t) +cos y(t) sin y(¢) and y(0)=r.
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The flow CID%? is therefore of the form
X (r,0,2:q, p) = (@’T((r, 9,2): 4,001 -p).

That is, the flow on the R3-factor simply reduces to the corresponding flow of X and can be evaluated
independently of the T* L-part; the flow on the cotangent bundle factor is obtained by multiplying the
fiber direction by a positive function e€ that can be computed via

t

4-1) G(r,t) = /Otg(dD;X(r, 9, Z)) ds = / g(F(r, s)) ds.

0

If T is chosen to be 7 =In % it follows that ®)T? squeezes the first factor of B(h)xD<(T*L) into B(h').
By Lemma 4.2 below, G(7,t) <In % for any point in B(h) and any ¢ > 0. This implies as desired that the
initial domain is squeezed into B(h') x D<(7/6)c (T*L). O

Lemma 4.2 The function G(r, t) given in (4-1) is bounded from above by In % for allr € [0, m 4 §) and
allt € [0, 00).

2rpg sinrpy

The sharp upper bound in the lemma is In with rps specified in Lemma 3.1.

Proof Denote the r-coefficient of the vector field X by

r cos(r) sin(r)

S =  r 4 cos(r) sin(r)”
Then F(r,t) is the flow of the field X, (r) := f(r) d, on [0, r + §); that is, F is the solution of the
ordinary differential equation d; F(r,t) = f (F (r, t)) with initial condition F(r,0) = r.

T

The only critical points of X are the points r € 7N see also Figure 1. Furthermore, recall that r = 7

and r = 37” are repelling, and that r = 7 is an attracting critical point.

According to Lemma 3.1, the function g is everywhere on [0, 7 +§) negative except for the interval [ry,, ras]
with r, = 7, and rp ~ 2.03 given by rpy = —tanryy.

Since all trajectories of X, starting in [0, 5] are trapped inside this interval, the function G(r, ¢) will be
negative for all r € [O, %] and all ¢ > 0. Similarly, the points in [z, ¥ 4 §) are pulled by the flow towards
r = ;r without ever crossing this point. Thus G(r, t) will also be negative for all r € [, w 4+ §) and all ¢ > 0.

It only remains to understand the behavior of G(r,t) for r € (% 71). Since f is strictly positive on this
interval, it follows that, for every initial value r € (%, 7'[),

F(r,-):R%(%,n)

is an orientation preserving diffeomorphism, and in particular there is a unique time 7, € R such
that F(r,Ty) =rp.
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For every fixed r € (% rM] and all positive ¢ > 0, the upper bound of G(r,t) in (4-1) is then given by

T,
G(r, T,):/(; g(F(r.s))ds,

because g is strictly positive up to ¢ = T, so that G(r,-) increases up to that moment; for all later
times ¢ > Ty, the trajectory F(r,t) lies in the zone [rps, ) where g is negative so that G(r,t) < G(r, T;)
forallt > T,.

To compute G(r, T;) use that F(r,-): R — (%, ) is for every choice of r € (%, 7) a diffeomorphism,

so that we can substitute u = F(r, s) in the integral using that Z—'; =f (F (r, s)) = f(u), and obtain

Ty F(r,Ty) ras _
6.1 = [ eroyas= [ 8 gy [,
0 Froy fu) r u sinu

™ Iy Sinryg
=ln——.
r rsinr

= ln(u sin u)

The denominator 7 sinr is increasing on [% ryr] so that its smallest value on this interval is attained
at r = 7. We obtain the estimate

rpm Sinryg rpm Sinryg 2rp sinrpg
G(r,t) <In <In =1In <ln%. |

: T oin T
rsmr 2 S 2 T

In particular, we obtain the following result.

Corollary 4.3 Let L be a manifold that does not need to be closed, and let
T :=D2, xDee,(T*L)

be a hypersurface in a contact manifold (M, £) such that the singular distribution induced by & on the
hypersurface agrees with the kernel of the 1-form B = r sinr d¥ + Acan, where (r, ¥) denotes the polar
coordinates on ]D)éﬂ.

Let ¢ > 0 be such that jugc < co with the constant (g < % in Proposition 4.1. Then we can embed the
contact domain

(B(h) x D~ (T*L), ker(eor + Acan))

of “width” ¢ > 0 and of any chosen “height” h > 0 into an arbitrarily small neighborhood of the
hypersurface D2, x D¢, (T*L).

Proof The induced singular distribution of a hypersurface determines by Proposition B.1 the germ of the
contact structure on a neighborhood of the hypersurface. We can thus assume that X has a neighborhood U
that is contactomorphic to (B(e) x D¢, (T*L), ker(aOT + Acan)) for small & > 0. By Proposition 4.1 we
can thus embed B(h) x D (T*L) into U. O
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Appendix A The Legendrian unknot is loose in a sufficiently large
overtwisted chart

In this appendix, we provide an elementary proof that Legendrian unknots are loose in ambient manifolds
containing a large neighborhood of an overtwisted chart. This was first hinted at in [12]. A proof was given
by Huang in [8] but he used piecewise smooth Legendrians so that a lot of the potential clarity was lost.

The key idea here is that for Legendrians that are in product form, any isotopy on the first factor can
be trivially extended to the second one to obtain a global isotopy. If the Legendrian is only locally in
product form, this construction only provides a local isotopy. To globalize it, we want to smoothen it
out so that local isotopy glues to the identity outside the considered neighborhood. This interpolation
requires a sufficient amount of space.

Except for a certain 3-dimensional result that is accepted as a black-box, the proof then boils down to a
careful inspection of the original definition of looseness given by Murphy [11].
Let (Rzn‘H, §o = ker(dz — 27=1 V) de)) with coordinates (x, y,z) = (x1,...,Xn, Y1,-.-,Vn,Z) be
the standard contact space. The Legendrian unknot Ag in R?"*1 can be given by the embedding
(A-1) S" — (R*"*1 &), (x,5) > (x,—sx, 157).
By extension, any Legendrian A in a contact manifold is called a Legendrian unknot if there exists a
Darboux chart containing A in its interior such that A agrees in the chart with Ayg.
Let (M, &) be a contact manifold. We want to study Legendrians in M that look locally like product
submanifolds in the following sense: Suppose that there is an open subset U C M that is diffeomorphic
to Upr x Uy where Uy is a manifold that carries a contact form o, and Uy is an open Liouville domain
with Liouville form A such that &|;; = ker(ow + A). Then assume that a Legendrian A satisfies
AN (Uy xUw) =LxN,

where L is a Legendrian in (UM, (x) and N is an exact Lagrangian in (UW, )&) with A|7y = 0. We do
not assume in general that L or N are closed.
The key notion we want to study in this appendix is due to Murphy [11].
Definition Let A be a Legendrian in the manifold (M, §) that is locally in product form L x Z, in a
chart (C x V. ker(ag + Acan)), where

e C ={(x,y,z) €eR3|x,y,z €(=1,1)} is a cube with side lengths 2 and standard contact form

ag=dz—ydx,
* Vo={(q.p) €R*"?llq| <p. | pll < p} with Liouville form Acan = —3_; p; dg;.

e [ is a properly embedded Legendrian arc whose front is a zig-zag and which is equal to the set
{y = z = 0} near the boundary,

* Zy={@.p) €V, | p=0}.
We say that A is loose if p > 1.
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Remark A.1 If we replace the cube C in the definition above with any cube of side lengths smaller
than 2, then it can be seen with the argument in [11, Proposition 4.4] that the corresponding Legendrian
is still loose.

The result we want to show in this appendix is the following proposition.

Proposition A.2 There exists a po > 0 (that is independent of the dimension of V) such that the
Legendrian unknot A is loose in every contact manifold

(B(l) X Vp» ker(O‘OT + Acan))

for which p > pg. Here, a.or = cos(r) dz + r sin(r) d¥ denotes the standard overtwisted contact form
on B(1); see also Section 3.

Proof By [4] or [7], see also the details in [12], the Legendrian unknot is in any overtwisted 3-manifold
the stabilization of another Legendrian knot L. More precisely, let (B (1), OtOT) be the cylindrical box
surrounding an overtwisted disk described in Section 3. We can assume that there is a Darboux chart Uy
centered around a point of L such that

e the restriction of g agrees in the coordinates of the Darboux chart with the standard form dz—y dx,
e U is a cube of size g1 < 1,

e L;NUj is the Legendrian arc {y = z = 0}.
We stabilize L inside U; by adding a zig-zag. The resulting knot is then a Legendrian unknot Ly.

In particular, there exists a Darboux chart Uy in B(1) such that L lies in standard position (A-1) inside Up.
The restriction aor|y, with respect to the coordinates of Uy will be of the form oS (x.3:2) (dz —y dx) for
some smooth function f that probably cannot be chosen to be equal to 0. Nonetheless, we can assume
that there are constants ¢o > 0, and Co > 1 such that ¢g < el < Co.

Using the Darboux chart Uy in B(1), we can find in the product contact manifold
(B(1) x V. ker(@or + Aean)
a higher-dimensional Darboux chart Uy x Vs for o’ = p/Cp embedded by
Uox Vy = Ugx Vp, (x,y.2:q, p) = (x,y, Z;q’ef(x,y,Z)p).
If p" > 1, we can embed the Legendrian unknot A into this Darboux chart using the standard map (A-1)

3

sttt (Uo x V. &0). (x0, x.5) — (x0, —sX0. %s ; X, —sX).

The intersection of Ag with the slice B(1) x {0} is precisely the unknot L in Uy that we had singled out
in B(1).

Algebraic & Geometric Topology, Volume 25 (2025)



An overtwisted convex hypersurface in higher dimensions 3825

By slightly deforming A g close to L x {0} we can assume that A is locally in product form Lo x Z, for
some small constant ¢ > 0. This can be easily seen using the front projection (even though “seeing” the
front projection requires from dimension 7 on some experience). More explicitly, let g: [0, 1] — [0, 1] be
a monotonous smooth function such that g is equal to O in a neighborhood of 0 and 1 in a neighborhood
of 1. We can then consider the deformed sphere S7*! C R”*2 given by the equation

x%—i—sz—i—g(xz)-x2 =1.

Interpolating linearly between the equation of the round sphere and the deformed one, one sees that both
are isotopic to each other.

We define a Legendrian embedding of S;"H by

Sg‘“ — (UO X Vi, 50), (x0,x,5) —~ (xo, —5X0, %s3;; X,—Sx (g(xz) +x2g’(x2))).

We denote this deformed sphere by Aj,. It is Legendrian isotopic to the initial Legendrian unknot, and it
is composed of a cylindrical part Lo x Zg for small values of x in Ug x V.

Recall that the Darboux chart Uy x V,y had been embedded into the ball B(1) x V), via the map
(x,y.2:9,p) — (x.y.2:q. ef(x’y’z)p). By looking at the preimage of this embedding, it follows
that A{ also has a cylindrical segment in B(1) x V,. More explicitly, we have shown that after an isotopy
the Legendrian unknot Ag in B(1) x V, has a cylindrical part of the form Lo x Zg in the open ball
B(1) x Vg, with §' = §/c.

We stretch out Aj in the V,-direction of B(1) x V), using an isotopy (x, y,z:q, p) — (x, y.z:elq, e_’p)
where the maximal size of 7 > 0 depends on the width of V. If there is enough space, then we can suppose

that the cylindrical part found above expands to be of the form Lo x Z;, in the open ball B(1)x V;, withn> 1.

If we now consider the Darboux chart U; C B(1), we see that the intersection of the deformed Legendrian
sphere with Uy x Vj, is L x Z, where L is a Legendrian arc in U; whose front is a zig-zag, just as in
the definition of looseness. If n > 1 and if U; is a cube of size smaller than 1 (see Remark A.1), then
the deformed unknot and thus also A are loose. O

Appendix B Contact germ along a hypersurface

A folklore result states that a hypersurface in a contact manifold determines the germ of the contact
structure surrounding it. Not having found a proof for dimension > 3 in the literature we have decided to
add it here.

Proposition B.1 Let (Mo, &) and (M1, &) be two (2n+1)-dimensional contact manifolds, and let &
be a (not necessarily closed) 2n-dimensional manifold. Assume that there are two embeddings

toiEL)Mo and L132‘—>M1

such that the singular distributions Doy = (D19)~!(&9) and Dy = (Dt1)~1(£1) agree.
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Then there exist a neighborhood Uy C My of 19(X), a neighborhood Uy C M of 11(X), and a contacto-
morphism

®@: (Uo, &0) — (U1, 61)
such that ® o1y = 1.

Remark B.2 To be able to apply Proposition B.1 to a hypersurface ¥ with nonempty boundary, one
needs to attach a small collar along 0%, and extend the embeddings top and ¢; in such a way that the
singular distributions Dy = (D)~ (§) and Dy = (D)~ (£1) agree.

We split the proof of Proposition B.1 into several lemmas. The first one is due to Giroux, but we learned
about it from [9].

Lemma B.3 Let X be a (not necessarily closed) manifold carrying a (cooriented) singular distributions D
that is given as the kernel of a 1-form B such that d 8 does not vanish at the singular points of D; that is,
at the points where 8 = 0.

If B’ is any other 1-form such that D = Kker 8’ inducing the same coorientation, and such that d ' does
not vanish either at the singular points of D, then there exists a smooth positive function f: X — 0, oo|
such that

p=1-F.

Proof Denote the set of all regular points of the distributions D by Ureg ={p € X | Dp # TpX}. On Upeg,
we can simply define f to be the quotient (X)/B’(X), where X is any vector field on Uy, that is
transverse to D. We are thus left with studying the singular points p ¢ Uy, of D, where B and ' both
vanish, and proving that f extends to a nonvanishing smooth function.

Use a coordinate chart for X centered at p € X\ Uy, With coordinates x = (x1, ..., x,). We can then write
B=gidxi+ --+gndx, and B =gidxi+---+g, dx,

with functions g1,..., g, and g/,..., g, such that all g; and all gj’. vanish at the origin. In fact for
each j, the two functions g; and g} vanish precisely on the same subset. By our assumption df’ # 0
at p, so that we can assume after possibly permuting the coordinates that (dg}/dx2)(0) # 0.

We will now show that f extends in the chart smoothly to a neighborhood of the origin such that
g1(x) = f(x)-g}(x). Note that {x | g7 (x) # 0} is a subset of U so that f is a well-defined function
on this subset. The condition (g’ /9x2)(0) # 0 allows us to apply the implicit function theorem to find
a new set of coordinates y = (y1, ..., yn) for which g simplifies to g7 (y) = y». In this new chart, we
obtain that f" is defined in particular for all points {y, 7# 0} C Ure.

Consider now the function g represented with respect to the y-coordinates. It also vanishes precisely
along the hyperplane {y, = 0} so that there exists a smooth functions g; allowing us to write g as

g1(y) = y281(»):
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see, for example, [10, Lemma 2.1]. Using this representation we see that f(y) = g21(y) extends to a
smooth function on the whole chart so that it obviously satisfies the equation g; = f - g7.

In particular, since Uy is dense in X the continuous extension of f is unique and does not depend on
our choice of charts. This way, f can be defined smoothly on all of X, and it satisfies 8 = f -’ on X.

It remains to prove that f does not vanish anywhere, but this is clear because if f ever vanished at a
singular point p of D, we would find from g = f - 8’ that df§ = 0 at p — contrary to our assumption
that d 8 # 0 along the singular set of D. |

Lemma B.4 Let (Mg, &) and (M1, 1) be two (2n+1)-dimensional contact manifolds with contact
forms ag and a1, respectively, and let ¥ be a (not necessarily closed) manifold of dimension 2n.

Suppose that there are two embeddings

1o: 2= (Mo, &) and 11: X — (M1,&)
of X into Moy and M such that (oo = (Toy.
Then, there is a bundle isomorphism

o TM0|E —> TM1|E
such that:

(i) ®|rx =idryx (we identify here, and in the rest of the proof, T'Y with the tangent spaces of 1o(X)
and 11(X)).
(i) ajo® =0wp on TMyls.

(iii) The linear interpolation (1 — 1) dag + t (doy o D) is for every T € [0, 1] a symplectic form on &g|y,.

Proof Denote the 1-form (5 = tja1 by B. To construct the desired bundle isomorphism &, we
distinguish two types of subsets of X: Define

Ug ={P €Z|Bp #0} and Ugym,={p € T|dp}, #0}.

Both sets are open and their union covers all of ¥, because dff = Lj’f da; is at every point p € X where
T,% = §; (p) a maximally nondegenerate form on 7), X; that is, df is a symplectic form on 7, X at every
point p where B vanishes.

We construct now separate bundle isomorphisms over Uy, and over Uy, that we then glue together

using a partition of unity.

Over Ugymp, we can decompose TM; as T'X @ span(R;), where R; is the Reeb vector field of «;. This

allows us to define a first bundle isomorphism

q)symp: TM0|U

symp

—> TMllU

symp
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by @gymp(v + cRo) = v + cR; for every v € TE|USymp and every ¢ € R. It is easy to verify that o¢g and
a1 0 Dgymp agree on TM0|USymp. Furthermore, dag and doq o Dgymp also agree, because for any pair of
vectors v, v’ € TX, we have daj(v,v’) = dB(v,v’) on one hand, and da; (R;, v) = 0 on the other, for
both j =0, 1.

To construct a bundle isomorphism over Uy, we define the characteristic foliation F on X. It is
characterized over Ureg as the (singular) subdistribution of ker 8 = T'X N § on which df|y., g vanishes.
A dimension count shows that F is of dimension 1.

Choose a volume form dvoly on X, and let X be the vector field determined by the equation
ixdvoly = B A(dB) 1.

Since X only vanishes at points where B vanishes, it follows that X is everywhere on Uyc, nonsingular,
and it is easy to convince oneself that the characteristic foliation is generated by X.

Choosing compatible complex structures Jo on (&g, dag) and J1 on (§1,day), we define two vector
fields Yo = Jo-X and Y7 = J;- X along 1o(X) and ¢1 (X), respectively. These vector fields are everywhere
over Uy, transverse to X and they lie in the kernel of «;. This way, we can split the tangent bundles as

TM; = TZ|Ureg @® span(Y;

|t o

and use these decompositions to define the bundle isomorphism
q)reg . TM() |Ureg e TM] |Ureg

by @reg(v + ch) =v+cY foreveryv e TX| Unee and every ¢ € R. Again, we easily check that oy o @eg
agrees on TMo|y,, with g so that q’reg(50|Ureg) = &1y,

To understand the interpolation between dag and doy o ®reg, choose at a point p € Uy, a basis of £ (p)
of the form vy, ..., v2,—2, X(p), Yo(p), where the v; all lie in ker 8 and are complementary to X(p).
Assume they are ordered in such a way that

dol (v, .. van—2) = dB" N(v1, ... van—2) = da vy, ..., van—2) > 0.
Note that do(X,-) and do1 (X, -) vanish on all the vectors vy, ..., v2,—2, X.
Define da; = (1 — 1) dog + 7 (day o Preg) for any t € [0, 1]. Then we compute for all 7 € [0, 1] that
da”(v1,...,van—2, X, Yo) = nda (X, Yo) -da 1(v1,...,van—2) >0,
because da (X, Yy) = (1 —1) dao(X, JoX) + tda1(X, J1X) > 0.

We glue now @, and Ogymp to produce a global bundle isomorphism. Choose a smooth function
p: X — [0, 1] with support in U, such that 1 — p has support in Ugymp so that p and 1— p form a partition
of unity subordinate to {Ueg, Usymp }. Define a bundle homomorphism

®: TMols, — TMi|5
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by mapping a vector v € T, My at a point p € X to ®(v) = p(p) - Preg(v) + (1 — p(p)) - Pymp(v). It is
obvious that @ is a bundle homomorphism such that |7y = idrx and such that «g = a1 0 ® on TMp|x
proving properties (i) and (ii) in the lemma.

It remains to verify property (iii). Define the interpolation da; := (1 —t) dag + 7 (daeg o @) for 7 € [0, 1].
Since ® agrees with ®gy, at the points where B = 0, we obtain that do; = dayg is nondegenerate at any
such point. We study now the desired property at points at which 8 # 0 and thus X # 0.

Since da|rs, = df is independent of 7, we see that do;(X,-) vanishes on every vector that lies
in ker 8. Using the same basis chosen above with Yo = JoX and Y; = J1 X, it follows that the sign
of da’(vy,...,van—2, X, Yo) = ndar(X,Yy) -dB" 1 (v1,...,v2n—2) only depends on the sign of the
term da¢ (X, Yp).

For this term we obtain da¢ (X, Yo) = (1 — 1) dao(X, JoX) + T doy (X, (D(Yo)). The first term is clearly
positive, and for the second one write doy (X, QD(YO)) =pdoi(X,J1X)+ (1 —p)da; (X, CDSymp(YO)),
where the first term is again positive. Recall that dag = day o ®gyyp so that we can simplify the
second term as dog (X, Peymp(Y0)) = dat1 (Psymp (X)), Peymp(Y0)) = (dorg 0 Poymp) (X, Yo) = darg (X, Yp).
Thus do(X,Yy) = (1 —1)dag(X, Yo) + ‘L’(p doi(X, Y1)+ (1 —p)dap(X, YO)) is positive as a convex
combination of positive terms, and we have shown property (iii). a

Proof of Proposition B.1 Let «g be a contact form for &y, and let o; be a contact form for £;. By
Lemma B.3 there is a smooth function f: ¥ — R~ such that L:; o= f- L’l"al. We would like to extend
f oLl_l to all of M to normalize «; globally; in general though, if X is not closed, this might be impossible.

Denote the normal bundle of t1 (X) in M7 by v1 X %> X, and recall that there is a tubular neighborhood Uy
of 11 (%) that is diffeomorphic to a neighborhood V; of the 0-section in v1 X (of course V; will generally
not have uniform radius in the fiber directions, when X is not closed). The function f o is a smooth
positive function on vy X. We will replace M; by the open subset Uj, and use f o to rescale o; on
U; so that we can assume that (jao = (Joq. This allows us to apply Lemma B.4 to obtain a bundle
isomorphism @ between TMo|,,(x) and TM1]|,, (x)-

Let Up be a tubular neighborhood of ¢o(X) in My such that the exponential map exp, (with respect to
some Riemannian metric) defines a diffeomorphism exp,: Vo — Up, where Vj is a neighborhood of
the 0-section of the normal bundle of X in My. Similarly, let exp; be the exponential map on M;. By
suitably reducing the size of Uy and U;, we can assume that

V:=exp;odo expo_lz Uy —> Uy

is a diffeomorphism. To simplify our setup, pull-back «; to Uy, and work in the fixed ambient manifold Up.
For simplicity we also write «; for its pull-back. Then it follows that Uy contains the submanifold X, and
carries two contact structures given by contact forms «g and «; such that «g and oy agree at all points of X,
and such that the linear interpolation of dog and do is a path of symplectic structures on &|yx = &1|x.
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The rest of the proof is an application of the Moser trick: Clearly the interpolation a; := (1 — 7)o + Tty
satisfies along X for every 7 € [0, 1] the contact condition. There is thus a small neighborhood of ¥ in
Up on which all a; are contact forms.

As in the standard proof of Gray stability, we define a vector field X; on this neighborhood by the equations
ar(X) =0 and dor(Xc,')= fror—ar

with f7 :=a¢(R;), where R is the Reeb field of «;. Note that the right-hand side of the second equation
vanishes along X, thus it follows that X;(p) = 0 at every p € 3. By reducing to a smaller neighborhood
of X in Uy, the flow of X; will be defined up to time 1 giving a contact isotopy between &y and £;.

Composing this isotopy with W, we find the desired contactomorphism. a
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Presheaves of groupoids as models for homotopy types

LEONARD GUETTA

We introduce the notion of groupoidal (weak) test category, which is a small category A such that the
Grpd-valued presheaves over A model homotopy types in a “canonical and nice” way. The definition
does not require a priori that A is a (weak) test category, but we prove two important comparison results:
(1) every weak test category is a groupoidal weak test category, (2) a category is a test category if and
only if it is a groupoidal test category.

As an application, we obtain new models for homotopy types, such as the category of groupoids internal
to cubical sets with or without connections, the category of groupoids internal to cellular sets, the category
of groupoids internal to semisimplicial sets, etc.

We also prove, as a by-product result, that the category of groupoids internal to the category of small
categories models homotopy types.
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Introduction

In his famous manuscript Pursuing stacks from 1983 [10], Grothendieck introduced the theory of test
categories. Informally speaking, a test category is a small category A such that the category A of Set-valued
presheaves over A models homotopy types in a canonical way, which was axiomatized by Grothendieck.
“Models homotopy types” means here that there is a particular class of morphisms on A, such that the
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3834 Léonard Guetta

localization of A with respect to this class of morphisms is equivalent to the category Hot of homotopy
types, that is, the category of CW-complexes and homotopy classes of continuous maps between them.!
The archetypal example of a test category is of course the category A of finite nonempty ordinals, for
which it has been known since the famous result of Milnor [19] that the category A of simplicial sets
models homotopy types.

Examples of test categories abound, such as the cubical category [4, corollaire 8.4.13], the cubical category
with connections [18], Joyal’s ® category [5], the dendroidal category 2 [1], etc. The point of view of
the theory of test categories is that the category of presheaves on any test category should be, in some
sense, as good a model of homotopy types as the category of simplicial sets. But modeling homotopy
types is not the only good homotopical property of the category of simplicial sets. For example, we have
the following results:

(i) The category Ab(&) of abelian groups internal to simplicial sets models homology types, that is,
chain complexes in nonnegative degree up to quasi-isomorphisms? [7; 13].

(i) The category Grp(ﬁ) of groups internal to simplicial sets models pointed connected homotopy
types [14].

(iii)) The category Grpd(ﬁ) of groupoids internal to simplicial sets models homotopy types [6, Theo-
rem 8.3; 12, Theorem 10].

In this article, we focus on property (iii) above and prove its generalization, whose precise formulation
requires the basic setup of the theory of test categories, which we recall now. For any small category A,
Grothendieck considers the canonical functor

in: A— Cat,
which sends an object X of A to its category of elements A/ X. By a result attributed to Quillen by Illusie
[11, chapitre VI, corollaire 3.3.1], the category Cat models homotopy types, when equipped with the class
Weo of functors u: C — D that induce a weak homotopy equivalence between the classifying spaces of C
and D. Using this, we can define the homotopy type of a presheaf X over A as the category ia(X) =A/X
seen as an object of Cat[Wx!] ~ Hot. This definition has a very natural interpretation: the category A/ X
is nothing but the so-called Grothendieck construction of X, and by a theorem of Thomason [21], this is
the homotopy colimit of X, seen as a (discrete) space-valued presheaf. More generally, we define a class
of weak equivalences in A as
Wi = ix ' Wso).
and consider the induced functor at the level of homotopy categories

ia: AV '] — Cat[Wy'] ~ Hot.

n practice, this equivalence of homotopy categories will always come from an equivalence at the level of (oo, 1)-categories.
2The classical “Dold—Kan” equivalence even says that there is an equivalence of categories between Ab(ﬁ) and the category of
chain complexes in nonnegative degree. However, from a homotopical point view, it is the homotopical result stated above which
is relevant.
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The category A is a pseudotest category if this functor is an equivalence of categories, a weak test
category if the right adjoint of ia (which always exists) also preserves weak equivalences and induces an
equivalence of homotopy categories, and, finally, a fest category if it is a weak test category and for every
object a of A, A/a is a weak test category.

What about Grpd(,&) now? There are two trivial but essential observations: (1) the category of groupoids
internal to A is equivalent to the category [A°P, Grpd] of presheaves over A with values in the category of
groupoids, (2) the Grothendieck construction is also defined for Grpd-valued presheaves, and so we can
define a functor R

Ia: Grpd(A) — Cat,
where Ia(X) is the Grothendieck construction of X . The generalization of the situation for A described
earlier is then straightforward. We define a canonical class of weak equivalences on Grpd(ﬂ) as

Werahy = Ia ' Weo),
and consider the functor induced at the level of homotopy categories

In: Grpd(A) [wgr; W~ Cat[Wg!] ~ Hot.

Then, we can define the notions of groupoidal pseudotest category, groupoidal weak test category and
groupoidal test category as perfect analogues of the usual notions for Set-valued presheaves. In fact,
almost all of the results from the usual theory also work in the groupoidal theory, once they have been
appropriately adapted. Once the new theory is well established, we can compare the Set-valued notions
with the Grpd-valued notions and we obtain the main results of this paper.

Main Theorem (Theorem 7.3 and Theorem 7.11) Let A be a small category.

(i) A is a groupoidal test category if and only if it is a test category.

(i) If A is a weak test category, then it is also a groupoidal weak test category.

Before getting to the immediate applications of this theorem, let us comment on an important point.

Part (ii) of the previous theorem, which implies that for a (weak) test category A, the category Grpd (/&)
models homotopy types, does not really come as a surprise, and here is a sketch of a very short proof of
this mere fact (see Section 9 for details). One can easily show that if we equip the category Grpd(Cat)
of groupoids internal to the category of small categories with the class of weak equivalences induced
by the diagonal of a well-defined bisimplicial nerve, then for every weak test category A, we have an

equivalence of homotopy categories®

Ho(Grpd(A)) ~ Ho(Grpd(Cat)).

3We will also define the notions of “groupoidal local test category” and “groupoidal strict test category”.

4Note however that this does nor work if we replace (internal) groupoids by (internal) groups. Indeed, simplicial groups
model pointed connected homotopy types, but groups internal to categories (ie crossed modules) only model pointed connected
homotopy 2-types (see Remark 9.10).
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Then, by applying this isomorphism twice, if B is any other weak test category, we have
Ho(Grpd(A)) ~ Ho(Grpd(B)).
In particular, for B = A, we already know that Grpd(ﬁ) models homotopy types; hence the desired result.

Nevertheless, the approach taken in this paper is completely different and the proof of the Main Theorem
comes as an easy consequence of the theory of groupoidal test categories thoroughly developed beforehand.
The advantage is at least twofold:

(1) We do not use the previously known case of A, and hence we obtain a new (and much simpler)
proof that Grpd(ﬁ) models homotopy types.

(2) We also obtain part (i) of the Main Theorem, which gives a converse for groupoidal test categories:
if A is a groupoidal test category, then A is a test category.

This second point is rather astonishing; it says that the fact that Grpd(ﬂ) models homotopy types (in a
canonical way) is a necessary and sufficient condition for A to model homotopy types. For the sake of
comparison, let us consider the category Cat(ﬂ) of category objects in A. It is an easy exercise to show
that this category models homotopy types (in a canonical way) if and only if the nerve of A is weakly
contractible. In particular, it is not a sufficient condition to ensure that A models homotopy types, and the
theory of “categorical test categories” is essentially trivial. Somehow, this is not the case for Grpd-valued
presheaves and requiring that a category is a groupoidal test category is, unexpectedly, not a weaker
condition than requiring that it is a test category. As an application of the Main Theorem, we obtain a
plethora of new models of homotopy types:

e the category Grpd(lfl) of groupoids internal to cubical sets with or without connections,
e the category Grpd(@) of groupoids internal to cellular sets,

e the category Grpd(SAZ) of groupoids internal to dendroidal sets,

e the category Grpd(& ) of groupoids internal to semisimplicial sets,

e etc.

The example of cubical sets without connections is certainly worth noticing. Indeed, it is part of
mathematical folklore that cubical groups without connections are not Kan in general (see [22] for
example), and consequently it is believed that the category of cubical groups without connections does not
model pointed connected homotopy types, contrary to simplicial groups. It can then come as a surprise
that the category of groupoids internal to cubical sets without connections models homotopy types. Once
again, Grpd-valued presheaves seem to behave particularly well and hopefully this justifies their study.

Let us end this introduction with a quick word on what is not treated in the present article. In his book [4],
Cisinski showed that the category of (Set-valued) presheaves on any test category admits a model structure
where the weak equivalences are the ones canonically defined by Grothendieck. The generalization of
this for Grpd-valued presheaves (known when A = A [6; 12]) is not addressed at all here and is left as
future work.
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Organization of the paper

Section 1 is a preliminary section recalling some basic homotopical algebra needed in the rest of the paper.
Section 2 is a quick recollection, without proofs, of the classical theory of test categories. It is in Section 3
that we finally dive into the subject and give the basic setup of the homotopy theory of Grpd-valued
presheaves, mimicking Grothendieck’s axiomatic for the homotopy theory of Set-valued presheaves. In
Sections 4, 5 and 6, we respectively develop the theory of groupoidal weak test categories, groupoidal test
categories and groupoidal strict test categories. Section 7 is dedicated to the comparison of the classical
theory with the groupoidal theory and in particular we obtain the Main Theorem stated previously in the
introduction. Then, in Section 8, we give an alternative definition of the weak equivalences of Grpd-valued
presheaves, which makes the link with previous existing works on simplicial groupoids. Finally, Section 9
is a “bonus” and almost independent section from the rest of the paper, where we prove that Grpd(Cat)
models homotopy types.
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1 Preliminaries

1.1 A category with weak equivalences is a pair (C, W), where C is a category and W is a class of
morphisms of C, generically referred to as the weak equivalences, which contains all isomorphisms and
satisfy the 2-out-of-3 property. We say that W is weakly saturated if in addition it satisfies the following
closure property: if i: X — Y and r: Y — X are morphisms of W such that ri =idyx and ir € W, then
r € W (and thus so is i by 2-out-of-3).

When C has pullbacks, we say that a morphism f: X — Y is a universal weak equivalence, if for every

pullback square
X — X

_I
7| %
Y — Y
the morphism £ is a weak equivalence (in particular f is a weak equivalence).
By homotopy category of a category with weak equivalences (C, W), we mean the localization of C with
respect to W [8]. It is denoted by Hoyy(C), or simply Ho(C) when there is no risk of confusion.
1.2 Let (C,W) and (C’, W) be two categories with weak equivalences. A functor F:C — C’ is said to

preserve weak equivalences if F(VW) €W . In this case, it induces the functor

F :Ho(C) — Ho(C)
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at the level of homotopy categories. A homotopy inverse of such a functor is a functor G : ' — C which
preserves weak equivalences and such that there exist zigzags of natural transformations F G <w> id¢r
and GF <~ id¢, which are pointwise weak equivalences (see (ii) below). In this case, F' induces an
equivalence of categories Ho(C) ~ Ho(C’) and similarly for G.>

Finally, we say that an adjunction L:C 2 C’ : R is a homotopical equivalence if:

(1) L and R preserve weak equivalences
LOV)CW' and RW)cCw.
(ii) The unit and counit of the adjunction are pointwise weak equivalences: for every object X of C’
and every object Y of C, we have

ex:LR(X)—>XeW and ny:Y — RL(Y)€eW.

Note that in this case L and R are homotopy inverses to each other.
The following lemma is a very useful criterion to detect homotopical equivalences.

1.3 Lemma Let (C,WW) and (C',W') be two categories with weak equivalences and L: C 2 C' :R an
adjunction. If W = L~'(W'), then L - R is a homotopical equivalence if and only if the counit of the
adjunction is a pointwise equivalence.

1.4 Remark The dual of the previous lemma is also true, but we won’t need it in this paper.

Proof First, let’s prove that R preserves weak equivalences. Let f: X — Y be a morphism a C’ that
belongs to W’'. Since W = L1 (WW’), we need to show that LR(f) € W, and this follows from the
2-out-of-3 property of W, the commutativity of the square

LR(X) —RD o 1 R(Y)

ex| Jev

X > Y
S

and the fact that the counit is a pointwise weak equivalence.

Now let’s prove that the unit of the adjunction is also a pointwise weak equivalence. Let Y be an object
of . Since W = L™ (W), we need to show that L(ny) is a weak equivalence. By the triangle identity,

the triangle L(ny) EL(Y)
L(Y) —=5 LRL(Y) ——— L(Y)

idz (v)

is commutative; hence the desired result follows from the 2-out-of-3 property of V' and the fact that the
counit is a pointwise weak equivalence. a

3In fact, F and G are then even Dwyer—Kan equivalences [2]; hence they induce an equivalence of (0o, 1)-categories.
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2 Very brief recollection of the theory of test categories

We now provide only a quick summary of the basic notions and results (without proofs) of the theory of
test categories. For a detailed exposition, we refer the reader to Maltsiniotis’s book on the subject [17].

2.1 Notation For a small category A, we denote by A the category of Set-valued presheaves over A, that
is, the category of functors A°? — Set and natural transformations between them.

We denote by Cat the category of small categories and functors between them. We use the notation e for
the terminal object of Cat, that is, the category with one object and no nonidentity morphism.

For a small category A and an object a of A, we denote by A/a the slice category of A over a. Explicitly,
A/a is the category whose objects are pairs (a’, p: a’ — a), where a’ and p are respectively an object
and a morphism of A, and whose morphisms (a’, p’) — (a”, p”’) are morphisms f:a’ — a” of A, such
that p” o f = p’. Note that we have an obvious projection functor A/a — A.

More generally, if u: A — B is a morphism of Cat and b is an object of B, we denote by A/b the category
whose objects are pairs (a, ¢ : u(a) — b), where a is an object of A and ¢ is a morphism of B, and whose
morphisms (a, qg) — (@’, ¢') are the morphisms f:a — a’ of A such that ¢’ ou(f) = q. We make the
abuse of notation of not making u appear in the notation A/b, but this category obviously depends on u.

2.2 Let A be the category whose objects are the ordered sets A, := {0 <--- < n} for n > 0 and whose
morphisms are nondecreasing functions between them. The category A is referred to as the category of
simplicial sets. The canonical inclusion A < Cat induces the so-called nerve functor

N:Cat— A, Cr> (An — Homc,: (A, C)).

Let us denote by Weo the class of morphisms u: A — B of Cat such that N(u) is a weak homotopy
equivalence of simplicial sets.® Recall now the fundamental result of the homotopy theory of Cat [11,
chapitre VI, corollaire 3.3.1]: the nerve functor induces an equivalence

Ho(Cat) ~ Ho(A)

at the level of homotopy categories. In other words, the category Cat equipped with Wy, models
homotopy types. In the theory of test categories, the point of view is reversed and (Cat, Wyo) is taken
as the fundamental model of homotopy types. As it happens, the results of this theory only rely on a few
formal properties of the class W0, which are shared by other classes of weak equivalences (not necessarily
modeling homotopy types), referred to as basic localizers, and whose definition is recalled below.

2.3 Definition A class W of morphisms of Cat is called a basic localizer if it satisfies the following
properties:
(1) W is weakly saturated.

®This means a weak equivalence of the Kan—Quillen model structure on simplicial sets.
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(i) For every small category A with a terminal object, the canonical morphism to the terminal category
A—e
isin W.
(iii) If for every object ¢ of C in any commutative triangle
A —— B
C
of Cat, the morphism induced by u,
A/c —B/c,
is in W, then u is also in W.

2.4 Example The class W is a basic localizer. It is in fact the smallest basic localizer [3]. More
generally, for any n > 0, let W), be the class of morphisms u: A — B of Cat such that N(u) induces an
equivalence on homotopy groups of simplicial sets, up to dimension n. Then, W, is a basic localizer [4,
section 9.2] and (Cat, W, ) models homotopy n-types.

We now fix once and for all in this section a basic localizer W of Cat.
2.5 A small category A is called W-aspherical, or simply aspherical, when the canonical morphism to
the terminal category A — e is in W.

More generally, a morphism u: A — B is W-aspherical, or simply aspherical, if for every object b
of B, the category A/b is aspherical. Note that it follows from the axioms of basic localizers that every
aspherical morphism is in V. Practically, this is very often how we will prove that a morphism of Cat is
a weak equivalence.

Finally, we say that a small category A is totally W-aspherical, or simply totally aspherical, if it is
aspherical and the diagonal functor : A — A X A is aspherical.

For later reference we put here the following lemma. We refer to [17, paragraphe 1.1.15] for the definition
of Grothendieck fibrations.

2.6 Lemma Let u
A —— A

J
p’l lp
B —— B
be a pullback square of Cat. If p is a Grothendieck fibration and v is aspherical then u is also aspherical.

Proof This is a particular case of the dual of [17, théoréme 3.2.15] combined with [17, exemple 3.2.2]. O

The first step of the theory of test categories is to equip A, for any small category A, with a canonical
class of weak equivalences. For that, we use a canonical functor A — Cat.
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2.7 Let A be a small category. We write ia: A — Cat for the functor
intA—Cat, X m—>A/X,

where A/ X is the category of elements of X. In details, the objects of A/ X are pairs (a, x), where a is
an object of A and x € X(a). A morphism (a, x) — (a’, x’) consists of a morphism f:a — a’ in A such
that x = X(f)(x).

The functor ia has a right adjoint given by the formula

i¥:Cat—>A, Cr (a = Homcae(A/a, Q).

2.8 Definition Let A be a small category. A morphism ¢: X — Y of Aisa W-equivalence, or simply a
weak equivalence, if ia(¢) belongs to V. We denote by Wj the class of WW-equivalences.
An object X of Ais W-aspherical, or simply aspherical, if ia(X) is a WW-aspherical category.
Finally, an object X of A is W-locally aspherical, or simply locally aspherical, if for every object a of A,
the object X |5/, of A/a defined as the composition

(A/a)®® — A°P X, Set,

is aspherical.

2.9 Lemma If A is aspherical, then an object X of A is aspherical if and only if the canonical morphism
to the terminal presheaf X — * is a weak equivalence. In particular, every locally aspherical presheaf
over an aspherical category A is aspherical.

Proof See [17, section 1.2.6]. O

2.10 Example As follows from [11, chapitre VI, théoreme 3.3(ii)], in the case that A = A, the
Waeo-equivalences coincide with the usual weak homotopy equivalences, and thus a simplicial set is
Waoo-aspherical if and only if it is weakly contractible.

2.11 Definition (Grothendieck) Let A be a small category. We say that:
(a) A is aW-pseudotest category, or simply a pseudotest category, if it satisfies both of the following
conditions:
(i) A is aspherical.’
(i) ia: A — Cat induces an equivalence Ho(,&) ~ Ho(Cat) at the level of homotopy categories.
(b) A is a W-weak test category, or simply a weak test category, if the adjunction ia - i is a
homotopical equivalence (Section 1.2).

(c) Ais aW-local test category, or simply a local test category, if for every object a of A, the category
A/a is weak test.

"1n fact, it follows from a result of Cisinski [4, proposition 4.2.4] and from [17, proposition 1.3.5] that condition (i) is implied by
condition (ii).
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(d) Ais a W-test category, or simply a test category, if it is both a weak test category and a local test
category.

(e) A is a W-strict test category, or simply a strict test category, if it is both totally aspherical and a
test category.

2.12 Remark We have the sequence of implications
strict test = test = weak test => pseudotest,

but it can be shown that the converse of the first two implications do not hold. For the converse of the
third one, it is still an open question.

2.13 Example The archetypal example of a strict test category is A [17, proposition 1.5.13], but it is
far from being the only one. The class of strict test categories also contains the cubical category with
connections [18], Joyal’s ® category [5], etc. Examples of test categories which are not strict include the
cubical category (without connections) [4, corollaire 8.4.13] and the dendroidal category €2 [1]. Examples
of weak test categories which are not test include the subcategory A’ of A with only monomorphisms as
the morphisms [17, proposition 1.7.25]. All the examples above are of “shape-like” nature, but it is not
always the case. For example, the monoid of nondecreasing functions N — N, seen as a category with
only one object, is a strict test category [5, exemple 3.16].

We now sum up the classical criteria to detect weak test, local test, test and strict test categories. For
details and other characterizations, we refer to the first chapter of [17].

Recall that we denote by A; the ordered set {0 < 1}.

2.14 Proposition Let A be a small category. We have the following characterizations:

(a) A is a weak test category if and only if for every small category C with a terminal object, the
presheaf i, (C) is aspherical.

(b) A s alocal test category if and only if the presheaf i (A1) is locally aspherical.

(c) Ais atest category if and only if it is aspherical and i ¥ (A1) is locally aspherical.

(d) A is a strict test category if and only if it is totally aspherical and i 5 (A1) is aspherical.

Proof The four items are respectively proposition 1.3.9, théoréme 1.5.6, remarque 1.5.4(a) and proposi-
tion 1.6.8 of [17]. d

Let us end this section with a quick word on aspherical functors and locally aspherical functors.

2.15 Definition Let A be a small category, i : A — Cat a functor and let i *: Cat — A be the functor
defined as
i*:Cat—> A, Cr (a — Homca (i (a), €)).
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We say that i is a W-aspherical functor, or simply an aspherical functor, if it satisfies the two following
conditions:

(a) i(a) has a terminal object for every object a of A.

(b) If Cis a small category with a terminal object, i *(C) is an aspherical object of A.

We say that i is a W-locally aspherical functor, or simply a locally aspherical functor, if it satisfies
condition (a) above and the following condition instead of (b):

(b') i*(Ay) is alocally aspherical object of A.

2.16 Remark The definition of aspherical functor given above is not the one given in [17, définition 1.7.1],
but is a particular case of the latter one, as follows from [17, proposition 1.7.6(d)]. This variant will be
sufficient for our purpose. (See also Remark 4.7 below.)

2.17 Remark The first item (resp second item) of Proposition 2.14 can be reformulated as: A is a weak
test category (resp local test category) if and only if A — Cat, a — A/a is an aspherical functor (resp
locally aspherical functor).

2.18 Proposition Let A be a small category and i : A— Cat a functor. We have the following implications:
(a) IfA is weak test and i is an aspherical functor, then i *: Cat — Aisa homotopy inverse of ia.
(b) Ifiis a locally aspherical functor, then A is a local test category.
(¢) Ifiis a locally aspherical functor and A is aspherical, then A is a test category and i * : Cat — Aisa
homotopy inverse of ia.

Proof This follows from [17, proposition 1.7.6 and théoreme 1.7.13]. a

2.19 Example The archetypal example of aspherical functor (which is even locally aspherical) is the inclu-
sion functor i : A < Cat [17, exemple 1.7.18]. Then i *: Cat — A is the nerve functor. Hence, we recover
via the above proposition that the nerve induces an equivalence of homotopy categories Ho(Cat) ~ Ho(ﬁ).

2.20 Remark The name locally aspherical functor is nonstandard, but by (b) of the previous proposition,
it is equivalent to the usual notion of local test functor. Similarly, an aspherical functor i : A — Cat such
that A is a (weak) test category, is usually called a (weak) test functor. We will not use this terminology.

3 Homotopy theory of presheaves of groupoids

3.1 Notation We denote by Grpd the category of (small) groupoids and for a small category A, we
denote by AGrpd the category of Grpd-valued presheaves over A. That is, AGrpd is the category of functors
A% — Grpd and natural transformations between them.® We use the notation * for the terminal object
of '&Grpd .

8By that, we mean actual strict natural transformations and not pseudonatural transformations.
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The canonical inclusion Set < Grpd, which identifies sets with discrete groupoids, induces a canonical
inclusion A <> AGrpd. Hence, every Set-valued presheaf can be seen as a Grpd-valued presheaf.

3.2 Let A be a small category and X an object of AGrpd. We write A // X for the category of elements
of X, which is defined as the following:

e An object is a pair (a, x), where a is an object of A and x is an object of X(a).
e A morphism (a, x) — (a’, x’) is a pair (f, k) where f:a — a’ is a morphism of A and k: x =>
X(f)(x") is a morphism of X(a) (which is necessarily an isomorphism).
The identity morphism of (a, x) is given by (id,, id,) and the composition of
(a,x) (f;k) (a/’x/) (f/ak/) (a//’ x//
is given by
(floﬁk//):(a,x)—)(a”,.x”,
where k" is the composite of
x5 X (N ELE X (170 £,
For every object X of AGrpd, the category A // X comes equipped with a canonical morphism
x:AJX—>A (a,x)—a,

which is easily checked to be a Grothendieck fibration (see also Remark 3.3 below).

Given a morphism a: X — X’ of AGrpd (ie a natural transformation), we define a functor A / X — A X’
in the following way:

e An object (a, x) of A/ X is sent to the object (a, aq(x)) of X'(a).
e A morphism (f,k): (a,x) — (a’,x") of A J/ X is sent to the morphism
(f.oa(k)): (a,aa(x)) = (', aqr(x))
of A/ X' (where we used the naturality of « for the target of this morphism to be compatible).
This makes the correspondence X + A // X functorial in X, and yields a functor denoted by /a:
In:Agpa — Cat, X A/ X.

We shall see later that /4 admits a right adjoint.
3.3 Remark Via the canonical inclusion Grpd < Cat, any Grpd-valued presheaf X can be seen as a

Cat-valued presheaf. Then, A / X is nothing but the Grothendieck construction of X (see Section 8.1 for
details) and the canonical morphism {x : A / X — A is the Grothendieck fibration associated to X .

3.4 Remark When X is an object of /&, which we see as an object of /&Grpd via the canonical inclu-

sion A < ,&Grpd, we have
in(X) = Ia(X).
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In other words, the following triangle is commutative:

ia

3.5 Remark By an obvious variation of the Yoneda lemma, the category /(X)) can alternatively be
defined as the category whose objects are pairs (a, p: a — X) (we identify an object a of A with the
Set-valued presheaf represented by a) and whose morphisms (a, p) — (a’, p’) are pairs (f, o), where
f:a—a’is a morphism of A and o: p = p’ o f is a natural isomorphism.

For the rest of this section, we fix once and for all a basic localizer WV of Cat.

3.6 Definition Let A be a small category. A morphism of AGrpd
p: X =Y
is a W-equivalence, or simply a weak equivalence, if the induced morphism of Cat
Ia(@): In(X) = IA(Y)
is in YW. We denote by WB‘Grpd the class of W-equivalences.
An object X of Agpd is W-aspherical, or simply aspherical, if the category Ia(X) is aspherical.
3.7 Remark It follows from Remark 3.4 that a Set-valued presheaf is aspherical in the sense of

Definition 2.8 if only if it is aspherical in the sense of the previous definition (using the canonical
inclusion A — AGrpd).

In the case that the category A is aspherical, there is an equivalent characterization of aspherical objects
of /&Grpd as stated in the following lemma.

3.8 Lemma If A is aspherical, then for every object X of ﬂGrpd, we have the equivalence
X — x is a weak equivalence <= X is aspherical.
Conversely, if this equivalence is true for every X in /&Grpd, then A is aspherical.
Proof Notice that /5(*) >~ A; hence * is aspherical if and only if A is aspherical. The equivalence

follows then from the obvious fact that for a morphism ¢: X — Y of AGrpd’ if Y is aspherical, then ¢ is a
weak equivalence if and only if X is aspherical.

For the second part of the lemma, it suffices to notice that the identity morphism * — * is always a weak
equivalence (as all identity morphisms are) and Ia(*) >~ A. |

For later reference, we put here the following result which gives other characterizations of aspherical
morphisms of Cat.

Algebraic & Geometric Topology, Volume 25 (2025)



3846 Léonard Guetta

3.9 Proposition Letu: A — B be a morphism of Cat. The following conditions are equivalent:

(a) wu is aspherical.
(b) The functor u™: éGrpd — AGrpd preserves and reflects aspherical objects: an object X of @Grpd is
aspherical if and only if u* (X)) is aspherical.

(¢) The functor u™: @Grpd — AGrpd preserves aspherical objects: for every aspherical object X of @Grpd,
u*(X) is aspherical.

All these equivalent conditions imply the following condition:

(d) The functor u™: @Grpd — AGrpd preserves and reflects weak equivalences: (u"‘)_1 (WK

Grpd) = WgGrpd :
If A and B are aspherical, then conditions (a) to (d) are all equivalent and equivalent to the following

condition:

(e) The functor u™ preserves weak equivalences: u*(l/\/gG d) SWR,..
rp rp

Proof Let us start with some preliminaries. It is easily checked that for every object X of @Grpd, the square

Ia*(X)) =55 Ig(X)

zu*(X)l/ - lCX

where Ay is the functor defined on objects as

(a,x) > (u(a), x),
and on morphisms as

((a,x) LN (@, x")) = ((u(a). x) )0} (u(a’), x")),

is a pullback square.

Now, using the fact that the vertical morphisms of the previous pullback square are Grothendieck
fibrations, it follows from Lemma 2.6 that if u is aspherical, then Ax is aspherical. In particular, with these
conditions, X is aspherical if and only if «*(X) is aspherical, which proves the implication (a) => (b). The
implication (b) = (c) is tautological. To prove (c) => (a), consider an object b of B, seen as a Set-valued
representable presheaf (and as an object of AGrpd via the inclusion A < ,’A\\Grpd). It is straightforward to
check that Ia(u*(b)) ~ A/b. Hence, if condition (c) is satisfied, then u is aspherical.

To prove (c) => (d), it suffices to notice that Ax is natural in X, and thus, for every morphism f: X — Y

of Bgrpd, We have a commutative square

In*(X)) —2UD s (r))

x| I

Ie(X) ———— Ia(¥)
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We have already seen that if u is aspherical, then the vertical arrows of the previous square are weak
equivalences. Hence, in this case, Ig(f) is a weak equivalence if and only if Ia(u™(f)) is. By definition
of weak equivalences of Grpd-valued presheaves, this means exactly that u™* preserves and reflects weak
equivalences.

The implication (d) = (e) is trivial. Finally, let us prove (¢) = (c). Let X be an aspherical object
of @Grpd. Since B is aspherical, we have already seen (Lemma 3.8) that this means exactly that the

canonical morphism
X — %

is a weak equivalence of @Grpd. If u* preserves weak equivalences, then

u*(X) = u*(x) >~ *
is a weak equivalence of /&Grpd. Using that A is aspherical, we deduce from Lemma 3.8 again that u™*(X)
is aspherical. Hence, u™ preserves aspherical objects. |
3.10 Definition A small category A is W-groupoidal pseudotest, or simply groupoidal pseudotest, if:

(a) A is aspherical.

(b) I induces an equivalence at the level of localized categories,

Ho(Agrpa) = Ho(Cat).

4 Groupoidal weak test categories

iso

4.1 Notation For two (small) categories C and D, we denote by Hom¢, (C, D) the groupoid whose
objects are functors C — D and whose morphisms are natural isomorphisms between those functors.

4.2 Leti:A — Cat be a functor with A a small category. We denote by I* the functor
[*:Cat — Agrpa,  C > Homi%, (i (), ©).

When i is the functor A — Cat, a — A/a, we use the special notation /, for the functor /*. In other
words, for a small category C, I, is the functor

I}:Cat — Agrpa.  C > Homi%, (A/(—), C).
The following lemma is without a doubt part of mathematical folklore and I claim no originality for it.

4.3 Lemma Leti:A — Cat be a functor, with A a small category. The functor I *: Cat — ,&Grpd has a left
adjoint. In the case that i is the functor a — A/a (and thus I* = I), this left adjoint is Ia: ,&Grpd — Cat
(Section 3.2).
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Proof Denote by faeA F(a,a) the coend, and by [, ., F(a,a) the end, of a functor F: A°? x A — Cat.
We define a functor I: AGrpd — Cat as
a€A
X / X(a) xi(a).

For every small category C and every Grpd-valued presheaf X, we then have the following sequence of
natural isomorphisms:

Homey:( / “*X@) xia) c)~ /a _ Home,i(X(@) xi(a), )

~ / Homg,pq (X(a), Homicsgt(i (a), C))
acA
~ HomKGrpd (X, 1*(C)).

Hence, 1) is left adjoint of I*. In the case that i : A — Cat is the functor a — A/a, we have

L(X) = /aGAX(a) X AJa,

which is nothing but the Grothendieck construction of X. To see this, recall that the Grothendieck
construction of a Cat-valued functor (and, a fortiori, for a Grpd-valued functor) is its oplax colimit [9],
and that the oplax colimit of a contravariant functor is computed as the colimit weighted by the slices of
the source [20]. The conclusion follows then from Remark 3.3. O

We now fix, once and for all in this section, a basic localizer WV of Cat.

4.4 Definition A small category A is W-groupoidal weak test, or simply groupoidal weak test, if the
adjunction I, - I is a homotopical equivalence (Section 1.2).

4.5 Remark Animmediate computation shows that /a1 () ~ A. Thus, if A is groupoidal weak test, the
counit morphism A — e is a weak equivalence and so A is aspherical. This shows that every groupoidal
weak test category is a groupoidal pseudotest category.

We would like now to find characterizations of groupoidal weak test categories. For that, we begin by
studying a class of homotopically well-behaved functors A — Cat.

4.6 Definition Let A be a small category. A functor i : A — Cat is W-groupoidal aspherical, or simply
groupoidal aspherical, if:
(a) For every object a of A, the category i(a) has a terminal object.

or every small categor with a terminal object, the rpa-value resneca 1S asphnerical.
(b) F y small category C with inal object, the Grpd-valued presheaf I*(C) is aspherical

4.7 Remark A more general notion of groupoidal aspherical functor is obtained by replacing the
conditions of the previous definitions by:

(@) i(a) is aspherical for every object a of A.

(b') For every small aspherical category C, I*(C) is aspherical.
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This is the straightforward generalization of [17, définition 1.7.1]. (We will see in Proposition 4.11 that
when (a) is satisfied, conditions (b) and (b’) are equivalent.) However, the author does not know if the
theory fully works for this more general notion of groupoidal aspherical functor, and the restricted version
we chose is sufficient for our purpose. For the interested reader, the difficulty is that it seems that [17,
lemme 1.7.4(b)] cannot be generalized to Grpd-valued presheaves. (Nevertheless, see Lemma 7.8(b)
below for a partial generalization of this lemma.)

4.8 Leti: A — Cat be a functor, with A a small category, and suppose that for every object a of A, the
category i (a) has a terminal object e,. We are going to define a canonical natural transformation
o In1* = idcar.

Let C be a small category. Spelling out the definitions, we see that the category /a1 *(C) has for object
pairs (a, p:i(a) — C) where a is an object of A and p a morphism of Cat. A morphism (a, p) — (a’, p’)
in Ipo1*(C) consists of a pair (f,0), where f:a — a’ is a morphism of A and

o:p=poi(f)
is a natural isomorphism.
At the level of objects, we define the morphism oc: Il *(C) — C with the formula
ac(a, p) := plea).
At the level of morphisms, the image of a morphism ( f,0): (a, p) — (a’, p’) is defined as the composite
ac(f.0) = plea) ™ p'(i(f)(ea)) = P'(ear).
where the morphism on the right is induced by the canonical morphism i ( f)(es) — eq’.
We leave it to the reader to check that ac: Iad*(C) — C does indeed define a functor and that it is natural

in C.

4.9 Remark When i:A — Cat is the functor a — A/a, then a: 1,1, = idca is nothing but the counit
of the adjunction 7, - I;.

4.10 Lemma Leti: A — Cat be a functor where A is a small category and suppose that for every object
a of A, the category i(a) has a terminal object. For every small category C and for an object ¢ of C, we
have a canonical isomorphism

IAI*(C)/c = InNI*(C/c).

Proof Let us denote by e, the terminal object of i (a). The category Ial*(C)/c is described as follows:

e An object is a triple (a, p:i(a) = C, g: p(eq) — ¢), where a is an object of A, p is a morphism
of Cat, and g is a morphism of C.
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e A morphism (a, p,g) — (d’, p’, g’) is a couple (f,0), where f:a — a’ is a morphism of A and

i@ 2 i)

is a natural isomorphism, such that the triangle

plea) 225 prer)

X ig’

is commutative.
The category Ial *(C/c) is described as:
e An object is a couple (a, q:i(a) = C/c), where a is an object of A and ¢ is a morphism of Cat.
e A morphism (a,q) — (a’,q’) is a pair (f,0), where f:a — a’ is a morphism of A and

i@ " @)

Nl
C/c

is a natural isomorphism.
Let us write 7. : C/¢ — C for the canonical projection functor. We define a morphism of Cat as
0: IAI*(C/c) = IAT*(O)fc.  (a, q:i(a) = C/c) > (a. me0q:i(a) = C. qlea): me(q(ea)) — c).
the definition on morphisms being the obvious one.

We now leave it to the reader to verify that this morphism is indeed an isomorphism. This mainly amounts
to showing the following general fact: let A and B be two categories and suppose that A has a terminal
object za. For any object b of B, a functor f: A — B/b is entirely determined by the postcomposition
AZLsB /b — B and by f(ta), seen as a morphism of B whose target is b. (This follows essentially from
the universal property of B/b as a comma-category.) |

4.11 Proposition Leti: A — Cat be a functor such that for every a in A the category i (a) has a terminal
object. The following conditions are equivalent:

(a) i is groupoidal aspherical.

(b) I* preserves aspherical objects: for every small aspherical category C, the Grpd-valued presheaf
1*(C) is aspherical.

(¢c) I* preserves and reflects aspherical objects: a small category C is aspherical if and only if the
Grpd-valued presheaf I *(C) is aspherical.
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(d) For every small category C, the canonical morphism
ac: In1*(C)— C
is a weak equivalence.

(e) A is aspherical and I* preserves and reflects weak equivalences:
(I Vs,,,) = W.
(f) A is aspherical and I* preserves weak equivalences:

I*W) C WA\Grpd.
Proof The implications (d) = (¢c) = (b) = (a) are trivial (the last one comes from the fact that every
category with a terminal object is aspherical). For the implication (a) => (d), it follows from Lemma 4.10
(and the fact the slices C/c have a terminal object) that «c is aspherical. Hence, ac is a weak equivalence.
This proves the equivalence of the first four conditions. For the implication (d) = (e), notice first that
if C = e is the terminal category, we have /ol *(e) ~ A, and hence (c) implies that A is aspherical. The
fact that (d) implies that ™ preserves and reflects weak equivalences follows from the naturality of «,
2-out-of-3 and the fact that Wﬂcrpd =1, L(W) by definition. The implication (¢) = (f) is tautological.
Finally, for the implication (f) => (b), let C be a small aspherical category and consider the canonical
morphism C — e, which is, by definition, a weak equivalence. Since I* preserves weak equivalences by

hypothesis, the induced morphism
I*(C) = I*(e)

is a weak equivalence of ,&Grpd. But Ial*(e) >~ A, which is by hypothesis aspherical. Hence, *(e) is
aspherical and then so is 1*(C). |

We then obtain the following characterization of groupoidal weak test categories.

4.12 Proposition Let A be a small category. The following conditions are equivalent:

(a) A is groupoidal weak test.

(b) For every small category C with a terminal object, the Grpd-valued presheaf I, (C) is aspherical.

Proof The second condition means exactly that the functor A — Cat, a — A/a is groupoidal aspherical
(since the slice categories A/a have a terminal object). The equivalence follows then from condition (d)
of Proposition 4.11 combined with Remark 4.9 and Lemma 1.3. |

Interestingly, we also obtain the following result.

4.13 Corollary Let A be a groupoidal weak test category and i : A — Cat a groupoidal aspherical functor.
Then, I*: Cat — AGrpd is a homotopy inverse of Ip: AGrpd — Cat.
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Proof We already know that if i is a groupoidal aspherical functor, we have a natural transformation
o: Ial* = idcae which is a weak equivalence argument by argument. Consider now the zigzag of natural
transformations

I, = I\ "], = I5], < id,

where the arrow on the left is induced by the unit of the adjunction /, - I, the middle arrow is
obtained by postcomposing /, to « and precomposing with /4 and the arrow on the right is again the
unit of the adjunction 7, - I;. Since A is groupoidal weak test, the unit of this adjunction is a weak
equivalence argument by argument and /{ preserves weak equivalences. This proves that the three natural
transformations of the previous zigzag are weak equivalences argument by argument. a

4.14 Remark Following the terminology from the usual test category theory, a groupoidal aspherical
functor whose source is a weak test category ought to be called a groupoidal weak test functor.

4.15 Remark Even if we remove the hypothesis that A is groupoidal weak test from the previous
corollary, it follows trivially from Proposition 4.11(d) that * is a homotopical inverse “on one side”
of I, but it does not seem to be a homotopical inverse “on both sides” in general. No counterexample,
however, is known by the author.

5 Groupoidal test categories

We fix once and for all in this section a basic localizer W of Cat.

5.1 Definition A small category A is W-groupoidal local test, or simply groupoidal local test, if for
every object a of A, the category A/a is groupoidal weak test. We say that A is W-groupoidal test, or
simply groupoidal test, if it is both a groupoidal weak test category and a groupoidal local test category.

We are now going to look for characterizations of groupoidal local test categories and groupoidal test
categories. For that, it is useful to introduce first a variation of the notion of aspherical object of AGrpd.

5.2 Notation Let A be a small category and a an object of A. Given a Grpd-valued presheaf X over A,
we denote by X |5/, the Grpd-valued presheaf over A/a defined as the composition

(A/a)® —s A® X5 Grpd,

where A/a — A is the canonical projection.

5.3 Definition Let A be a small category. An object X of /&Grpd is W-locally aspherical, or simply
locally aspherical, if for every object a of A, the object X|a/4 of (A/a)g,,q is aspherical.

We now have the following reformulation.
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5.4 Proposition Let A be a small category. The following conditions are equivalent:

(a) A is groupoidal local test.

(b) For every small category C with a terminal object, 1, (C) is locally aspherical.

Proof This follows immediately from Proposition 4.12 and the fact that for every small category C and
every object a of A, we have

%1a(© = IX(O)laa. o
More generally, we can consider the following variation of groupoidal aspherical functors.
5.5 Definition Let A be a small category. A functor i : A — Cat is W-groupoidal locally aspherical, or
simply groupoidal locally aspherical, if the following conditions are satisfied:
(a) For every object a of A, i(a) has a terminal object.
(b) For every small category C with a terminal object, I *(C) is locally aspherical.

5.6 Remark In other words, Proposition 5.4 says that A is groupoidal local test if and only if A — Cat,
a+— A/a is a groupoidal locally aspherical functor.

We now turn to a couple of key technical results on locally aspherical Grpd-valued presheaves.

5.7 Lemma Let A be a small category, a an object of A and X an object of /&Grpd. We have a sequence
In(ax X) >~ Ipn/q(X|a/a) = In(X)/a
of isomorphisms natural in X, where:

e On the left-hand side, we abusively wrote a for the Set-valued presheaf represented by a.

e On the right-hand side, we implicitly used the canonical morphism Cx : In(X) — A to make sense
of the slice category.
Proof These three categories have the same description (up to canonical isomorphism):
e An object is a triple (¢/, p: @’ — a, x), where @’ is an object of A, p is a morphism of A, and x is
an object of X(a’).
e A morphism (@, p, x) — (a”, p/, x") is a pair (f, k) where f:a’ — a” is a morphism of A such
that p’o f = p and k: x — X(f)(x’) is a morphism of X(a’). O
5.8 Lemma Let A be a small category and X an object of ,&Grpd. The following conditions are equivalent:
(a) X is locally aspherical.
(b) The image by I of the morphism to the terminal object X — x,

Ian(X) = A,
is an aspherical morphism of Cat.
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(c) Forevery objecta of A, seen as a representable presheaf (and as an object of /&Grpd, via the canonical
inclusion A < ,&Grpd), the product in ,&Grpd
axX
is aspherical.
(d) The morphism X — x is a universal weak equivalence, ie for every object Y of K‘Grpd, the canonical
projection

YxX-—>Y
is a weak equivalence.

Proof The equivalence of (a), (b) and (c) follows immediately from Lemma 5.7. For the implication
(b) = (d), consider the cartesian square
YxX — X
L7
Yy — %
We leave it to the reader to check that the functor /5 preserves cartesian squares. Hence, we obtain a

cartesian square
In(Y xX) —— Ia(X)

|
l l@’x
IA(Y) §—> A
Y
Since Ia(Y) — A is a Grothendieck fibration, we deduce from Lemma 2.6 that the left vertical morphism

of the above square is an aspherical morphism of Cat, which implies that Y x X — X is a weak equivalence.
Finally, for the implication (d) = (c), let a be an object of A, and consider the canonical projection

axX —a,

where once again we wrote a for the Set-valued presheaf represented by a. Since the presheaf a is
aspherical (because the category /a(a) = A/a has a terminal object), it follows that a x X is aspherical. O

5.9 Remark Lemma 5.8 hides a subtle distinction between the classical theory for Set-valued presheaves
and the theory for Grpd-valued presheaves. Indeed, let us call local weak equivalence a morphism
f:X—Y of ’A\\Grpd such that for every object a of A, the morphism of (A/a)g,,q

f|A/a3 XlA/a - Y|A/a

is a weak equivalence. Then, an object X of ;&Grpd is locally aspherical if and only if X — x* is a local weak
equivalence. Now, Lemma 5.8(d) tells us that X is locally aspherical if and only if X — * is a universal
weak equivalence, and we might think that this characterization is true for all local weak equivalences (as
the analogue result is true for Set-valued presheaves [17, paragraphe 1.2.5]). This does not work though.
The correct generalization, which goes beyond the scope of this paper, involves what ought to be called
“comma-universal weak equivalence”, whose definition is the same as universal equivalence except that
pullback squares are replaced by comma squares.

Algebraic & Geometric Topology, Volume 25 (2025)



Presheaves of groupoids as models for homotopy types 3855

5.10 Lemma Let A be a small category and X an object of AGrpd. If A is aspherical, then we have the
implication
X locally aspherical = X aspherical.

Proof Thanks to Lemma 5.8 (for example item (b)), we know that if an object X of ,&Grpd is locally
aspherical, then X — * is a weak equivalence. The conclusion follows from Lemma 3.8. a

From this last lemma, we immediately deduce the following two propositions.

5.11 Proposition Let A be a small category and i : A — Cat a groupoidal locally aspherical functor.
Then i is a groupoidal aspherical functor if and only if A is aspherical.

5.12 Proposition Let A be a groupoidal local test category. Then A is groupoidal test if and only if it is
aspherical.

This last result means that in order to characterize groupoidal test categories, it suffices to characterize
groupoidal local test categories.

5.13 Let M be a category with finite products (this includes a terminal object, which we denote by ep).
An interval in M is a triple (I, ig, i1), where I is an object of M and iy and i; are morphisms of M:
i(), i1 e — I.

A morphism of intervals (I, io,i1) — (I',i§, i1) consists of a morphism ¢ : I — I’ of M such that i, = g ol
fore =0, 1.

Now, let f, g: X — Y be two parallel morphisms of M and (I, iy, i1) an interval in M. An [-homotopy
from f to g is a morphism /: I x X — Y of M such that the following diagram is commutative:

X
i()XXl f
IxX "5y

i,xxj( /

We consider the smallest equivalence relation on the set Homy (X, Y) such that f is equivalent to g if
there exists a [-homotopy from f to g. If two morphisms X — Y are in the same equivalence class for
this relation, we say that they are I-homotopic.

We say that an object X of M is [-contractible if idy : X — X is [-homotopic to a constant morphism
(ie a morphism which factorizes through the terminal object ey).

Finally, notice that if F: M — M’ is a functor preserving finite products, then for any interval (I, ig, i1)
of M, (F(Il), F(ip), F(i1)) is an interval of M’, and F sends I-homotopic morphisms to F (I)-homotopic
morphisms. In particular, F' sends [-contractible objects to F(I)-contractible objects.
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5.14 Example Let A; be the poset {0 < 1} seen as an object of Cat, and denote by eg, e1: e — Aj the
canonical inclusions of 0 and 1 respectively. Then (A1, eg, e1) is an interval of Cat. A Aj-homotopy
from a morphism u#: A — B to a morphism v: A — B is simply a natural transformation ¥ = v. Notice
that a small category with either a terminal object or an initial object is A-contractible.

5.15 Example Leti: A — Cat be a functor where A is a small category. Since I ™ preserves limits,
(I*(A1), I*(eg), I*(e1)) is an interval of AGrpd.

The following lemma relates the notion of [-homotopy with the homotopy theory induced by a class of
weak equivalences in the ambient category.

5.16 Lemma Let M be a category with finite products, W a weakly saturated class of morphisms of M
and 1 an interval of M such that the canonical morphism to the terminal object I — ey, is universally in W.
Then, for every [-contractible object X of M, the canonical morphism X — ey is universally in W.

Proof This is a reformulation of [17, lemme 1.4.6]. O
We can now apply this to groupoidal locally aspherical functors.

5.17 Proposition Leti: A — Cat be a functor, with A a small category, such that for every object a
of A, the category i (a) has a terminal object. The following conditions are equivalent:

(a) i is groupoidal locally aspherical.
(b) I*(Ay) is locally aspherical.

Proof The implication (a) => (b) is trivial because A has a terminal object. For the converse, we need to
show that for every small category C with a terminal object, I *(C) is locally aspherical. By Lemma 5.8(d),
this is equivalent to showing that 7 *(C) — * is a universal weak equivalence. Notice that I * preserves
limits and so it sends A1-contractible objects of Cat to I *(A1)-contractible objects of /&Grpd. Since every
small category with a terminal object is A1-contractible, the result follows from Lemma 5.16. O

We could now apply the previous proposition to the functor A— Cat, a — A/a and obtain a characterization
of groupoidal local test categories. As it happens, we will soon obtain an even finer characterization, but
we first need some more results on intervals.

5.18 Definition Let M be a category with finite products, and whose terminal object is denoted by ep.
A multiplicative interval in M is an interval (IL, 19, A1) together with a binary operation

A:LxL —1L,
such that A¢ is a unit on the left and A is absorbing on the left.To wit, these diagrams are commutative:

Aoxid A1 xid
eMXL&)LxL eMx]L'—IH“HLx]L

lA and l lA
idr,
L em A—1> L
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5.19 Example The interval (A, eg, e1) of Cat is multiplicative when equipped with the binary operation
A x A1 —> Ay, (a,b)—a+b—ab.

Since I preserves limits, it follows that the interval (15 (A1), 15 (eo), Ix (e1)), equipped with the image
by I of the above binary operation, is multiplicative.

5.20 Lemma Let M be a category with finite products, VW a weakly saturated class of maps of M,
(I, ip,i1) an interval in M such that I — ey is universally in W and (L, Ao, A1, A) a multiplicative interval
in M. If there exists a morphism of intervals (I, ig,i1) — (L, Ag, A1), then . — ey is universally in W.

Proof See [17, lemme 1.4.10]. O

For the next definition, recall that a (2, 1)-category is a 2-category such that every 2-morphism is
invertible (in other words, a Grpd-enriched category). Limits and colimits in a (2, 1)-category are the
Grpd-enriched ones.

5.21 Definition Let M be a (2, 1)-category with finite products (the terminal object is denoted by ep)
and an initial object @. An interval (I,ig,71) (of the underlying category of) M is said to be strongly
separating if for every 2-square of M

we necessarily have X = @ (and thus the 2-morphism is the identity as colimits are understood to be the
enriched ones).

5.22 Example Consider Cat as a (2, 1)-category, where the 2-morphisms are the natural isomorphisms
between functors. Then (A1, eg, e1) is strongly separating.

5.23 Let A be a small category. The category ,&Grpd has a canonical structure of a 2-category where the
2-morphisms are the strict natural 2-transformations. That is, given two parallel morphisms ¢, ¥ : X — Y
of /&Grpd, a 2-morphism «: ¢ => ¥ consists of a family of natural transformations

Pa
—
X(@a) [oa Y(a)
~_
Ya
such that, for every f:a — a’ in A, the following naturality condition is satisfied:
Pa Pa’
! — !
X@) X X@ e Y@ = X@) oo Y@) 2 via)
\w)r ~_ 7
a Yy

Notice that since X and Y take values in groupoids, every « is invertible, and it follows that every
2-morphism of ,&Grpd is also invertible. Hence, AGrpd is a (2, 1)-category.
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5.24 Lemma Leti: A — Cat be a functor, with A a small category, such that for every object a of A, the
category i(a) is not empty. Then, the interval (I* (A1), I*(eg), I *(e1)) ofAGrpd is strongly separating.

Proof It is obvious that /*: Cat — AGrpd can be extended to a (2, 1)-functor, and so is its left adjoint 7
which was defined in the proof of Lemma 4.3. We obtain this way a (2, 1)-adjunction. The fact that
(A1, ep, eq) is strongly separating in Cat can be expressed as the fact that the commutative square

g ——re

[k

€e—l)A1

is a (2, 1)-comma square.® Since I * preserves Grpd-enriched limits, the square

g —— x

7w

L I*(A
* ey 1A

is also a (2, 1)-comma square (we used that /*(2) ~ @, which follows from the hypothesis on the
nonemptiness of the categories i (a)), which means exactly that the interval (I *(Ay), I*(eg), I*(e1)) is
strongly separating. Details are left to the reader. |

5.25 Lemma Let A be a small category. For every strongly separating interval (I, ig,i1) of /&Grpd, there
exists a morphism of intervals (I, ig,i1) — (15 (A1), 15 (eo), I (e1)) (not necessarily unique).

Proof By adjunction, we need to find a morphism of Cat, u: Ia(I) — Ay, such that the following
diagram is commutative:

A——e
[
(1) Ia(I) —= Ay
R
A—— ¢

Here, the map A — Ia(I) at the top is defined as a +— (a, a—s % 10 ]I), and the other one similarly
with iy instead of ig. Let (a,a 2> ) be an object of Ia(I).

e If p is such that there exists a natural isomorphism
a — %
\ l"’
I
then we define u(a, p) =
e Else we define u(a, p) = 1.

9The definition is the same as the usual notion of comma square in a 2-category, except that every 2-morphism involved is
invertible.
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Given a morphism (a’, p’) — (a, p) of Io(I), notice that if u(a, p) = 0, then u(a’, p’) = 0 too. (In other
words, the objects sent to 0 form a sieve.) This allows for a unique possible way of defining # on arrows.

The upper square of (1) is commutative by definition. For the lower square, we need to prove that
u(a,a — x5 1) =
Suppose that it is not the case: this would mean that there exists a 2-square

a —— *
|7 b
*—)]I

which is forbidden since (I, ig, 71) is strongly separating and the initial presheaf & is never representable. O

5.26 Proposition Let A be a small category. The following are equivalent:
(a) A is groupoidal local test.
(b) 1X(A1) is locally aspherical.
(c) There exists a strongly separating interval (I,ig,i1) in K‘Grpd, such that I is locally aspherical.

(d) There exists a groupoidal locally aspherical functori : A — Cat.

Proof By Remark 5.6, A is groupoidal local test if and only if A — Cat, a — A/a is a groupoidal
locally aspherical functor. Hence, the implication (a) => (d) is trivial and the equivalence (a) <= (b)
follows from Proposition 5.17. From Lemma 5.24, we know that (/5 (A1), 15 (eo), I5 (e1)) is a strongly
separating interval; hence the implication (b) = (c¢). For the implication (¢) = (b), we know from
Example 5.19 that (/5 (A1), 15 (eo), Ix (e1)) is a multiplicative interval. Then, Lemma 5.25 implies that
there exists a morphism of intervals (I, ig,i1) — (IX (A1), 15 (eo). I (e1)). Since, by hypothesis, I is
locally aspherical, it follows from Lemma 5.20 that /(A1) is locally aspherical.

So far, we have shown (¢) <= (b) <= (a) => (d). Let us conclude with the implication (d) = (c). If
i: A — Cat is a groupoidal locally aspherical functor, then by definition 7*(A1) is locally aspherical.
Besides, each category i(a) has a terminal object and in particular is not empty; hence Lemma 5.24
applies and (I*(A1), I*(eg), I *(e1)) is a strongly separating interval. O

6 Groupoidal strict test categories

We fix once and for all in this section a basic localizer VW of Cat.

6.1 Recall that a small category A is totally aspherical if:
(i) A is aspherical.

(i) The diagonal functor
5:A—AxXA

is aspherical.
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6.2 Example A small category that has finite products (including the empty product) is totally aspherical
[17, exemple 1.6.4].

6.3 Definition A small category A is W-groupoidal strict test, or simply groupoidal strict test, if the
following conditions are satisfied:

(a) A is totally aspherical.
(b) A is groupoidal test.

In the following proposition, it is important to understand that “finite” includes “empty”.

6.4 Proposition Let A be a small category. The following are equivalent:
(a) A is totally aspherical.

(b) The functor Ip: AGrpd — Cat preserves finite products up to weak equivalence: for every finite
family (X;);ej of objects of ,&Grpd, the canonical morphism
IA( [1 Xi) — [] Ia(Xi)

. . iel iel
is a weak equivalence.

(c) The class of aspherical objects of /&Grpd is stable by finite products: if (X;);ey is a finite tamily of
aspherical objects of AGrpd, then

1
is also aspherical. rel

(d) For every finite family of (a;);ej of objects of A, seen as representable presheaves (and as objects
of ﬂGrpd via the canonical inclusion A — /&Grpd), the product in /&Grpd
M
is aspherical. iel
Proof Let us begin with (a) => (b). For the empty product, this is simply saying that /o(x) >~ A — e is
a weak equivalence, which is the case because a totally aspherical category is in particular aspherical.
Now let X and Y be two objects of KGrpd, and notice that the square

InN(X XY) —— Ia(X) X Ia(Y)

L—XxYl l;XXZY

Af)AXA

is commutative and a pullback square. Since a product of Grothendieck fibrations is again a Grothendieck
fibration, the right vertical arrow is a Grothendieck fibration and by Lemma 2.6 we deduce that the top
horizontal arrow is aspherical. The general case follows from an immediate induction and the fact that
weak equivalences in Cat are stable by finite products [17, proposition 2.1.3].

The implication (b) = (c) is immediate because a finite product of aspherical categories is aspherical.
The implication (c) => (d) is trivial.
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Finally, for the implication (d) => (a), notice first that condition (d) applied to the empty product gives
that the terminal * object of /&Grpd is aspherical, which means exactly that A is aspherical as usual. Now
let a and b be the two objects of A, seen as representable presheaves and thus as objects of AGrpd. Itis

straightforward to check that
In(a xb) >~ A/(a,b),

where on the right-hand side, (a, b) has to be understood as an object of A x A and the slice is relative
the diagonal functor §: A — A x A. This slice category being aspherical for every (a,b) € A x A means
exactly that § is aspherical. |

Now, the crucial result is the following.
6.5 Lemma Let A be a totally aspherical category and X an object of ;‘\\Grpd. The following conditions
are equivalent:

(a) X is aspherical.

(b) X is locally aspherical.
Proof A totally aspherical category being in particular aspherical, the implication (b) = (a) has already
been proved in Lemma 5.10. For the other implication, let a be an object of A, which we see as a

representable presheaf (and then as an object of AGrpd via the canonical inclusion A <> AGrpd). Thanks to
Proposition 6.4 and because representable presheaves are always aspherical, we know that

axX
is an aspherical object of ,&Grpd, which proves that X is locally aspherical by Lemma 5.8. |
The following results are straightforward consequences of the previous lemma.
6.6 Proposition Let A be a small category and i : A — Cat a functor. If A is totally aspherical, then the
following conditions are equivalent:

(a) i is a groupoidal locally aspherical functor.

(b) 1 is a groupoidal aspherical functor.

6.7 Proposition Let A be a small category. If A is totally aspherical, then the following are equivalent:
(a) A is groupoidal strict test.
(b) A is groupoidal test.
(c) A is groupoidal weak test.
(d) Ia(Ay) is aspherical.
(e) There exists a strongly separating interval (IL, ig, i1) in AGrpd such that L is aspherical.

(f) There exists a groupoidal aspherical functor i : A — Cat.
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7 Test categories vs groupoidal test categories

7.1 The comparison of the theory of groupoidal test categories and test categories relies on the following
trivial but essential observation. If D is a (small) category with no nontrivial isomorphisms, then for any
(small) category C, the groupoid Homié;’t(C, D) doesn’t have any nontrivial morphisms. In other words,

H Omiso

cor(C,D) is a set and we have

Homicsgt((:, D) = Homc,:(C, D).

In particular, let i : A — Cat be a functor, with A a small category. For any category D with no nontrivial

isomorphisms, we have " .
17(D) =i*(D).

(Remember that we consider A as a full subcategory of AGrpd.)
We then immediately have the following result.

7.2 Proposition Leti: A — Cat a functor such that for every object a of A, the category i(a) has a
terminal object. The following are equivalent:
(a) i is a groupoidal locally aspherical functor.

(b) i is alocally aspherical functor.

Proof By Proposition 5.17, condition (a) is equivalent to /*(A1) being locally aspherical. Condition (b)
means that i *(A1) is locally aspherical (see Definition 2.15). Since A; has no nontrivial isomorphism,

I*(A) =i*(Ay).

To conclude, let us prove that a Set-valued presheaf is locally aspherical as an object of A (Definition 2.8)
if and only if it is locally aspherical as an object of /&Grpd (Definition 5.3). First notice that the canonical
inclusion A < ,&Grpd preserves and reflects limits, and preserves and reflects weak equivalences. Hence,
given an object X of A, if X — * is a universal weak equivalence of /&Grpd, then it is also a universal
weak equivalence of A. The latter is the definition of locally aspherical object of A and the former
is a characterization of locally aspherical object of AGrpd (Lemma 5.8(d)). This proves the “if” part.
Conversely, if X — * is a universal weak equivalence of A, then for every object a of A, seen as a
representable presheaf, the canonical projection a x X — a is a weak equivalence of A. Since a is an
aspherical object of A (because ia (a) = A/a has a terminal object), it follows that @ x X is an aspherical
object of A. By Remark 3.7, we deduce that it is also an aspherical object of AGrpd, which proves that X
is locally aspherical as an object of ,&Grpd by Lemma 5.8(c). |

From this, we deduce our first comparison theorem.

7.3 Theorem Let A be a small category. We have the following equivalences:
(a) A is groupoidal local test <= A is local test.
(b) A is groupoidal test <= A is test.
(c) A is groupoidal strict test <= A is strict test.
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Proof By Remark 5.6 (resp Remark 2.17), A is a groupoidal local test category (resp local test category)
if and only if A — Cat, a — A/a is a locally groupoidal aspherical functor (resp locally aspherical
functor). The equivalence (a) follows then from Proposition 7.2.

By Proposition 5.12 (resp Proposition 2.14), we know that A is groupoidal test (resp test) if and only if it
is groupoidal locally test (resp locally test) and aspherical. Hence, the equivalence (b) follows trivially
from (a).

Finally, A is groupoidal strict test (resp strict test) if it is groupoidal test (resp test) and totally aspherical.
Hence, the equivalence (c) follows trivially from (b). O

7.4 Corollary IfA is a test category (or equivalently a groupoidal test category), the canonical inclusion
functor A — ,&Grpd induces an equivalence at the level of homotopy categories:

Ho(A) ~ Ho(Agrpd)-

Proof Consider the commutative triangle

A——0yp AGrpd

N
Cat
If A is a test category (or equivalently a groupoidal test category), then both vertical arrows of the previous

triangle induce equivalences at the level of homotopy categories. The result follows then by a 2-out-of-3
property for equivalences of categories. a

7.5 Remark The proof of the previous corollary is straightforwardly generalized to deduce that if A is a
test category, then A< AGrpd induces a Dwyer-Kan equivalence [2] (3\, Wi) = (/&Grpd, Wﬂcrpd); hence
it induces an equivalence of (oo, 1)-categories.

7.6 Example It follows from Theorem 7.3 that all the examples of (strict) test categories given in
Example 2.13 are also groupoidal (strict) test categories. In particular, A is a groupoidal strict test category,
and we recover the classical result that the category AGrpd models homotopy types (using Corollary 7.4
for example). But this is also the case of Grpd-valued presheaves over the cube category with or without
connections, over Joyal’s ® category, over the dendroidal category, etc.

Let us now compare groupoidal weak test categories with weak test categories. For this, first recall the
following technical result.

7.7 Lemma Letu:A — B be a morphism of Cat, andi:A— Cat and j : B— Cat be such that the triangle

A—% 3B

b

is commutative, and suppose that for every object b of B, the category j(b) has a terminal object.
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(a) Ifu is an aspherical morphism of Cat, then i : A — Cat is an aspherical functor if and only if
j:B— Catis.

(b) If j: B — Cat is fully faithful and i : A — Cat is an aspherical functor, then u is an aspherical
morphism of Cat and j : B — Cat is an aspherical functor.

Proof This is [17, lemme 1.7.4] with the only exception that our definition of aspherical functor
(Definition 2.15) is stronger than the one used there (see Remark 2.16). The only adaptation required is
to notice that with our hypothesis, it is clear that i (@) has a terminal object for every objecta in A. O

For Grpd-valued presheaves, we have the following partial generalization.

7.8 Lemma Letu:A — B be a morphism of Cat, andi: A — Cat and j : B— Cat be such that the triangle
A—— B
\ %
1
Cat

is commutative, and suppose that for every object b of B, the category j(b) has a terminal object.

(a) Ifwu is an aspherical morphism of Cat, theni: A — Cat is a groupoidal aspherical functor if and
only if j : B — Cat is.

(b) If j: B — Cat is tully faithful, i : A — Cat is a groupoidal aspherical functor, and for every object b
of B, the category j(b) does not have any nontrivial isomorphism, then u is an aspherical morphism
of Cat and j : B — Cat is a groupoidal aspherical functor.

Proof Notice first that the hypotheses imply that the category i (a) has a terminal object for every object a
of A.

The given commutative triangle induces a commutative triangle

AGrpd <u_ BGrpd
]
Cat

If u is aspherical, it follows from Proposition 3.9 that for a small aspherical category C, J*(C) is
aspherical if and only if 7*(C) is aspherical. In particular, this proves (a).

For (b), notice that with the hypotheses, we have, for every object b of B,
JE(j b)) = j*(j (b)) = b,
where the first equality comes from the fact that j(b) does not have any nontrivial isomorphism and the

second from the fact that j is fully faithful (note that on the right-hand side of the second equality, we
abusively wrote b for the Set-valued presheaf represented by ). We then have

u*(0) = u* (J*(j(b) = I*(j()).
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Since i is a groupoidal aspherical functor and j(b) is an aspherical category, we have that 1*(j(b))
is aspherical and so is u*(b). This means that the category ia(u* (b)) is aspherical and an immediate
verification shows that we have a canonical isomorphism ia(u* (b)) ~ A /b, which proves by definition
that u is aspherical. Hence, we can apply (a) and the conclusion follows. |

7.9 Remark It is only the (b) of Lemma 7.7 that does not generalize straightforwardly in Lemma 7.8
and for which we added the hypothesis that for every b in B, j(b) does not have nontrivial isomorphisms.
We do not know whether this hypothesis is necessary or not.

We can now prove the following result.

7.10 Proposition Leti: A — Cat be a functor, with A a small category, such that i (a) has a terminal
object for every object a of A. We have the following implication:

i is an aspherical functor = i is a groupoidal aspherical functor.

If we suppose moreover that for every object a of A, the category i(a) does not have any nontrivial
isomorphism, then we also have the converse implication:

i is a groupoidal aspherical functor => i is an aspherical functor.

Proof We begin by the first implication. Suppose that i : A — Cat is an aspherical functor and let B be
the smallest full subcategory of Cat such that:

e Every i(a), for a in A, is an object of B.

e B is stable by finite products.

Since a finite product of categories with terminal object has a terminal object, it follows that every object
of B has a terminal object. By construction, we have a factorization

A" B

NP
Cat
where j is the canonical inclusion and ig: A — B is the functor a — i(a). Since i is an aspherical functor,
Lemma 7.7(b) implies that ig is aspherical and j : B < Cat is an aspherical functor. Since B is stable by
finite products, it is totally aspherical (Example 6.2), and thus j is also a locally aspherical functor (this
follows easily from Lemma 6.5 applied to Set-valued presheaves). Applying Proposition 7.2, we obtain
that j is a groupoidal locally aspherical functor, and then a groupoidal aspherical functor because B is
aspherical. Finally, using Lemma 7.8(a), we have that i is a groupoidal aspherical functor.
For the converse implication, let i : A — Cat be a groupoidal aspherical functor such that each i (a), for a
in A, does not have any nontrivial isomorphism and let B be the smallest full subcategory of Cat such that:
e Every i(a), for a in A, is an object of B.

» Every object A, of A, for n > 0, is an object of B.
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Notice that the objects of B do not have any nontrivial isomorphism. By construction, we have a

A0y gk A
NP A

Cat

commutative diagram

where:
e i is the functor a — i(a).
e j is the full subcategory inclusion.
e [k is the canonical fully faithful inclusion of A in Cat.
e ko is the full subcategory inclusion.

By hypothesis, i is a groupoidal aspherical functor and since j is fully faithful and the objects of B do not
have any nontrivial isomorphism, it follows from Lemma 7.8(b) that iy is an aspherical morphism of Cat.
Since k: A — Cat is an aspherical functor [17, exemple 1.7.18] (the functor k*: Cat — Ais nothing but
the nerve functor), and since j is fully faithful, it follows from Lemma 7.7(b) that j is also an aspherical
functor. Using that ig is an aspherical morphism of Cat, we deduce from an application of Lemma 7.7(a)
that i is an aspherical functor. |

From this we deduce the following comparison theorem.

7.11 Theorem Let A be a small category. We have the following implication:
A is a weak test category = A is a groupoidal weak test category.
If we suppose that A does not have any nontrivial isomorphism, then we also have the converse implication:

A is a groupoidal weak test category = A is a weak test category.

Proof By Proposition 4.12 (resp Remark 2.17), A is groupoidal weak test (resp weak test) if and only if
A — Cat, a — A/a is a groupoidal aspherical functor (resp aspherical functor). Hence, the result follows
immediately from Proposition 7.10. a

7.12 Remark Inlight of Remark 7.9, we do not know if the hypothesis that A does not have any nontrivial
isomorphism is necessary for the second implication of the previous theorem. If a counterexample exists,
then it would necessarily be a small category A with nontrivial isomorphisms which is groupoidal weak
test but not groupoidal test (or else Theorem 7.3 applies).

7.13 Corollary If A is a weak test category, then the canonical inclusion A — /&Grpd induces an
equivalence at the level of homotopy categories

Ho(A) ~ Ho(Agrpd)-
Proof Similar to the proof of Corollary 7.4. O

7.14 Remark Same remark as for Remark 7.5.
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7.15 Example It follows from Theorem 7.3 that all examples of weak test categories from Example 2.13
are also groupoidal weak test categories. For example, it is the case of the category A’ of finite nonempty
ordinals and nondecreasing monomorphisms. In particular, the category (& )Grpd models homotopy types.

7.16 Finally, let us end this section with a quick word on the comparison of pseudotest categories and
groupoidal pseudotest categories. Although the implication

2) pseudotest category = groupoidal pseudotest category

seems reasonable to expect, it remains an open question for the author. As for the converse implication,
it is not true in general. More precisely, the example below shows that there exists a basic localizer W
(which is not Wy !) such that the class of VW-groupoidal pseudotest categories strictly contains the class
of W-pseudotest categories. (Hence, for this particular basic localizer, the implication (2) is true.) The
question remains open for an arbitrary basic localizer, in particular for Weo.

7.17 Example Consider the functor m1: Cat — Grpd, left adjoint of the canonical inclusion functor
t: Grpd — Cat, and let W; be the class of morphisms f of Cat such that 71 (f) is an equivalence of
groupoids. We leave it as an exercise to the reader to show that WV is a basic localizer of Cat. Since ¢ is fully
faithful, the counit of the adjunction 7r; = ¢ is an isomorphism and it follows then from Lemma 1.3 that this
adjunction induces a homotopical equivalence between (Cat, Wy) and (Grpd, WgqGrpd), Where WeqGrpd 18
the class of equivalences of groupoids. (This proves in particular that Cat models homotopy 1-types.) It fol-
lows that a small category A is Wi -groupoidal pseudotest if and only if it is W -aspherical and the functor

AGrpd - Grpda X = nl(lA(X))’
induces an equivalence at the level of homotopy categories.

Now, let A = e be the terminal category. The previous functor is nothing but the identity functor of Grpd and
it follows trivially that e is WW;-groupoidal pseudotest. On the other hand, e is not W;-pseudotest. Indeed,
ie: Set — Cat is simply the canonical inclusion functor and so i, (W) is the class of isomorphisms
of Set. If e was W, pseudotest, this would imply that (Set, Iso) < (Grpd, W;) induces an equivalence at
the level homotopy categories (and that Set models homotopy 1-types), which is easily seen to be false.

7.18 Remark Note that the previous example also shows that the class of W;-groupoidal weak test
categories is strictly bigger than the class of Wj-groupoidal pseudotest categories. Indeed, if the terminal
category e were a Wi -groupoidal weak test category, then it would be a WW;-weak test category (since it
does not have any nontrivial isomorphisms), and in particular a WW;-pseudotest category.

8 Weak equivalences via the nerve

We now give an equivalent definition of weak equivalences of Grpd-valued presheaves in terms of nerve
functors. In particular, in Example 8.10 below, we recover the usual definition of weak equivalences
on ﬁGrpd used in the literature [6, Section 8; 12].
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8.1 Let A be a small category. For a functor X : A’ — Cat, we denote by [, X the Grothendieck
construction of X . This means that | A X 18 the category such that:

e Objects are pairs (a, x) where a is an object of A and x is an object of X(a).

e A morphism (a, x) — (a’, x) is a pair (f, k) where f:a — a’ is a morphism of A and k: x —
X(f)(x') is a morphism of X(a).

(For details, we refer to [17, paragraphe 2.2.6], where the notation V for [, » 18 used.) This construction
is functorial and provides a functor

/ : ,&c;,,t — Cat,

A

where we write ,&cet for the category of functors A°® — Cat and natural transformations between them.
We have canonical inclusions A <> ,&Grpd — KCat, and, as already observed, for an object X of A we

have [, X =ia(X), and for an object X of AG,pd we have [, X = Ia(X).

8.2 Proposition [17, proposition 2.3.1] Let W be a basic localizer of Cat and A a small category. The
functor [, Acat — Cat sends pointwise VW-equivalences to YW-equivalences.

We now fix once and for all a basic localizer W of Cat.
8.3 Let A and B be two small categories and consider the presheaf category A xB. Using the identification
AXB ~ Hom(A, B) and the postcomposition by the functor ig: B — Cat defines a functor
lB m —> ACat
which we abusively denote by ig again. Then if we postcompose by |, A» We obtain a functor

/ iB: AxB — Cat.
A
The proof of the following lemma is a straightforward verification, which we leave to the reader.

8.4 Lemma For every object X of m, there is a canonical isomorphism

inxg(X) = /AiB(X),

which is natural in X .

8.5 Remark Remember that the Grothendieck construction of a functor with values in Cat is weakly
equivalent to its homotopy colimit (with respect to any basic localizer on Cat) [17, théoréme 3.1.7].10
Since the functor ig is just the restriction of the Grothendieck construction to Set-valued presheaves, the
previous lemma can be simply restated by saying that the homotopy colimit of a functor of two variables

is computed by successively taking the homotopy colimit relative to each variable.

10%When the basic localizer is Weo, this is a result of Thomason [21].
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8.6 Let A and B be small categories and let i : B — Cat be a functor. Recall that we denote by i *: Cat — B
the functor C — Homc,(i (=), C). By considering Grpd as a subcategory of Cat, the functor i * induces

by postcomposition a functor R -
i*: Agrpd = AX B,

which we abusively denote by i * as well.

8.7 Proposition Let A and B be small categories and i : B — Cat a functor such that for every b in B, the
category i (b) has a terminal object. Then, there exists a natural transformation

/&Grpd ;) m

Cat

Ifi is an aspherical functor, then this natural transformation is a weak equivalence argument by argument.

Proof For every b in B, let e¢j be the terminal object of i (b). By an analogous construction as the one in
Section 4.8 in the case of Set-valued presheaves (see [4, paragraphe 3.2.4] for details), for every small
category C we define a morphism

3) ac:igi*(C)—>C, (b,p:i(b) > C) > p(ep),
which is natural in C. For every X in /&Grpd and a in A, we obtain a map
ax(q): isi*(X(a)) = X(a),
natural in X and a, and by applying | A» We obtain a canonical map
inxei *(X) = [ ii*(X) = [ X = Ia(X),
which is natural in X. Now, if i is an aspherical functor, then by [17, proposition 1.7.6] (which is the

analogue of our Proposition 4.11 for Set-valued presheaves), the map (3) is a weak equivalence. We
conclude with Proposition 8.2. |

8.8 Corollary Let A and B be small categories, and i : B — Cat an aspherical functor (such that i (b)

has a terminal object for every object b of B). Then i*: AGrpd — A X B preserves and reflects weak
equivalences:

= i *—1 —
AGrpd =1 (WAXB :

A particular case where the previous corollary applies is the following.

8.9 Corollary Let A be a totally aspherical small category and i : A — Cat be an aspherical functor (such
that i (@) has a terminal object for every object a of A). Then a morphism of ,&Grpd is a weak equivalence
if and only if its image by i *: ,&Grpd —~AxAisa diagonal weak equivalence:

KGrpd = i*_l (8*_1 (Wﬂ))’

where §*: A x A — A is the diagonal functor.
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Proof If A is totally aspherical, then the diagonal functor §: A — A x A is aspherical and so the induced
functor §*: Ax A — A preserves and reflects weak equivalences [17, proposition 1.2.9(d)]. |

8.10 Example Let A=B = A and i: A — Cat be the canonical inclusion, so that i*: Cat — A
is the usual nerve functor. The previous corollary implies that the weak equivalences on simplicial
groupoids AGrpd are exactly those morphisms that induce diagonal weak equivalences of bisimplicial sets.

9 Bonus result: groupoids internal to categories model homotopy types

9.1 Let C be a category with finite limits (or even only pullbacks). A groupoid internal to C consists of a
pair of objects (Xo, X1) of C equipped with

e source and target maps s,7: X; — Xo,

e aunitmapi: Xo— Xy suchthatsoi =¢oi =idy,,

e an inverse map inv: X; — Xj such that soinv =7 and ¢ oinv = s,

e a composition map m: X1 Xx, X1 — X1 such that som = somy and f om =t o mp, where

X xx, X1, m1 and m, are defined as the fibered product

X1 X Xo X1 l) X1
B
lﬂz t
X1 T) XO
All these objects satisfy the usual axioms saying that m is associative, i is the unit on the left and right of
the composition, and inv gives the inverse on the left and right of the composition.
We shall often abuse notation and refer to a groupoid internal to C as a pair X = (Xp, X1).
An internal morphism of groupoids f: X — X' is a pair of morphisms ( fo: Xo — X, f1: X1 — X])
of C which commute with source, target, inverse, unit and composition in the obvious way. Internal
groupoids and internal morphisms of groupoids form a category denoted by Grpd(C).

If C’ is another category with pullbacks and F: C — C’ is a functor preserving pullbacks, then F sends
groupoids internal to C to groupoids internal to C’, hence there is an induced functor

Grpd(F): Grpd(C) — Grpd(C).

Furthermore, if F admits a left adjoint G : C" — C that also preserves pullbacks, then we have an induced
adjunction Grpd(G) -1 Grpd(F'). The unit and counit of this adjunction are obtained by applying those of
the adjunction G - F levelwise. This means that if (X1, X¢) is an object of Grpd(C), then the counit of
this adjunction is simply

(ex,: GF(X1) = X1, ex,: GF(Xo) — Xo),

where ¢ is the counit of the adjunction G - F, and similarly for the unit.
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9.2 Remark Even if the left adjoint of F' does not preserve pullbacks, under mild conditions (eg C and
C’ are locally presentable and F is accessible) the functor Grpd(F) still admits a left adjoint. In general,
this left adjoint is hard to manipulate and is constructed abstractly. The point of the previous paragraph is
that, when the left adjoint G of F preserves pullbacks, the left adjoint of Grpd(F') is simply Grpd(G),
and furthermore the unit and counit have a particularly nice form. This will play an important role later
in the proof of Proposition 9.9 (see also Remark 9.10).

9.3 Let C be a category with pullbacks and X = (Xp, X1) an internal groupoid of C. The nerve of X is
the simplicial object N« (X): A°? — C defined by

Nu(X) = X1 xx, -+ Xx0 X1,

n times

where for n > 2, this means that N, (X) is the limit of the diagram

X; X; X;
NV NN
Xo Xo Xo
where X appears n times, and, by convention, for n =0, 1,
No(X) = Xo, Ni(X)=X1.
The face and degeneracy maps are defined as follows:
e ForO<j<n, 0;: Ny(X)— Ny—1(X) is induced by m: X xx, X1 — X; acting on the (j —1)*

and j " factors of N, (X).

e Forn>1, j=0orj =n, dj: Ny(X) — Ny—1(X) is the canonical projection that discards the
j ™ factor of Ny, (X).

e For0<j<n, €:Ny(X)— Npt1(X)isinduced by i : Xo — X1 hitting the j ™ factor of N1 (X).

Note that this construction does not use the inverse map inv: X; — X; and thus only depends on the
underlying category (internal to C) of X.

9.4 Lemma LetC,C’ be categories with pullbacks and F : C — C' a functor preserving pullbacks. The
following diagram is commutative (up to an isomorphism of functors):

Grpd(C) Gred(F) > Grpd(C)

N*l lN*

op op o/
Hom(A ,C) W Hom(A ,C)

Proof This is a straightforward verification left to the reader. a
We now fix once and for all a basic localizer W on Cat.
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9.5 Let Grpd(Cat) be the category of groupoids internal to Cat. We denote by Acat the category of
Cat-valued presheaves over A. The construction from Section 9.3 yields a functor N, : Grpd(Cat) — ACat-
If we postcompose by the Grothendieck construction, we obtain a functor from Grpd(Cat) to Cat:

Grpd(Cat) ELN &Cat f—A> Cat.

9.6 Definition A morphism f: X — Y of Grpd(Cat) is a weak equivalence if

/AN*(f):fAN*(X)e/AN*(Y)
isin W.

9.7 Let A be a small category and consider the adjunction ia: A = Cat:i /1‘. The key observation is that
the left adjoint 75 preserves pullbacks (this can been seen by observing that the Grothendieck construction
fa: Acat — Cat/A has a left adjoint, and the forgetful functor Cat/A — Cat preserves pullbacks). In
particular, it follows from Section 9.1 that we have an induced adjunction

Grpd(ia): Grpd(A) 2 Grpd(Cat) :Grpd(i ).

We also have a canonical isomorphism Grpd(A) ~ AGrpd.

9.8 Lemma Let A be a small category. The functor
Grpd(ia): Agrpa = Grpd(A) — Grpd(Cat)

preserves and reflects weak equivalences.

Proof Consider the commutative square (up to isomorphism) from Lemma 9.4

Acrpd =~ Grpd(A) — P4 Grod(cat)

N*l l *

AXA> HOID(AOP, /A\\) m) ACat

Let us say that a morphism f of Acat is a weak equivalence if [ A J isin W. Then, by definition, the
vertical arrow on the right in the above square preserves and reflects weak equivalences, and it follows
from Lemma 8.4 that the bottom horizontal arrow of the above square also preserves and reflects weak
equivalences. By Corollary 8.8, the vertical arrow on the left of the previous square preserves and reflects
weak equivalences, and the desired conclusion follows at once. O
9.9 Proposition Let A be a weak test category. The adjunction
Grpd(ia): Agrpd = Grpd(A) 2 Grpd(Cat) :Grpd (i)
is a homotopical equivalence (Section 1.2). In particular it induces an adjoint equivalence after localization,

Ho(Agrpd) 2 Ho(Grpd(Cat)).
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Proof From Lemma 9.8, we know that Grpd(ia) preserves and reflects weak equivalences. Hence, by
Lemma 1.3, we need to show that for every object X = (X, X1) of Grpd(Cat), the counit

ex: Grpd(iaoipg)(X) > X

is a weak equivalence of Grpd(Cat). By definition, this means that we have to prove that [, N« (ex) is
in W. It follows from the fact that ia preserves pullbacks that N« (Grpd(ia o ix)(X)) can be identified
with the simplicial object in Cat

A% — Cat, [n] > ixia(X1 Xx, -+ Xx, X1),

n times
and that N, (ex) can be identified with the morphism of simplicial objects of Cat which is the counit of
the adjunction ip iy levelwise,

. ek .
lAlA(Xl XXo ** XXo Xl) _>X1 XXo ' XX le

see Section 9.1. By hypothesis, A is a weak test category and thus these morphisms are all in WW. The
conclusion follows then from Proposition 8.2. a

9.10 Remark In particular, when YW = W, the previous proposition shows that Grpd(Cat) models
homotopy types. This is slightly surprising considering that groups internal to categories only model
pointed connected homotopy 2-types [15; 16]. Somehow, restricting to groups internal to categories
instead of groupoids internal to categories does not only amount to considering pointed connected objects.
This is in contrast with what happens for simplicial sets: groupoids internal to simplicial sets model
homotopy types and groups internal to simplicial sets model pointed connected homotopy types [14].

A hint of explanation comes from the fact that the functor ia: A — Cat does not preserve products (even if
it preserves pullbacks, as we have already seen), and in particular does not preserve group objects. Hence,
the strategy to prove Proposition 9.9 cannot be adapted for group objects instead of groupoid objects.

9.11 Remark The proof of Proposition 9.9 does not depend on the theory of groupoidal test categories
(as long as we define weak equivalences in Grpd(,&) via the nerve as in Section 8). In particular, if we
already know that Grpd (3) models homotopy types (for example, by appealing to [6, Theorem 8.3; 12,
Theorem 10]), then we obtain a second proof of the fact that Grpd(,&) models homotopy type for any
(weak) test category. Indeed, first we apply Proposition 9.9 for A = A to deduce that Grpd(Cat) models
homotopy types and then we apply the same result again for an arbitrary (weak) test category A. Note,
however, that we do not recover this way the other direction in the equivalence (b) of Theorem 7.3.
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Product and coproduct on fixed point Floer homology
of positive Dehn twists

YUAN YAO
ZIWEN ZHAO

We compute the product and coproduct structures on the fixed point Floer homology of iterations on
a single positive Dehn twist, subject to some mild topological restrictions. We show that the resulting
product and coproduct structures are determined by the product and coproduct on Morse homology of
the complement of the twist region, together with certain sectors of product and coproduct structures on
the symplectic homology of 7*S!. The computation is done via a direct enumeration of J-holomorphic
sections: we use a local energy inequality to show that some of the putative holomorphic sections do not
exist, and we use a gluing construction plus some Morse—Bott theory to construct the sections we could
not rule out.
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1 Introduction

In this paper, we calculate the product and coproduct structures on fixed point Floer homologies of
iterations of a single positive Dehn twist on a surface.

1.1 Fixed point Floer homology

In this section, we briefly review the definition of the fixed point Floer homology of a symplectomorphism
on a compact surface. Let (2, () be a compact symplectic surface (possibly with boundary) and
¢: ¥ — ¥ a symplectomorphism. If d¥ is nonempty, we further assume that near each boundary
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component of 9%, we can identify an open neighborhood with! ((—¢;, 0]y, x S yli ,dxi Ady;), such that
¢ is the time-1 map of the Hamiltonian H;(x;, y;) = 6;x; for a small irrational number 6;. Notice that
under such assumptions, there are no fixed points of ¢ near 0¥. We assume that ¢ is nondegenerate,
that is, for every fixed point x of ¢, the linearization d¢, does not have 1 as an eigenvalue. The fixed
point Floer homology is the homology of the chain complex (CF. (X, ¢), d), whose underlying module
is generated over Z /2 by all fixed points of ¢.

The differential of CF« (X, ¢) is defined by counting J-holomorphic cylinders in the symplectization of
the mapping torus of ¢. More precisely, for any symplectomorphism ¢: 3 — X, the mapping torus Y is
defined as

Yy =[0, 1] x Z/((1, p) ~ (0, 4(p))).

The mapping torus comes with a projection 7 : Y4 — S}, and the symplectic form wq induces a closed
2-form wy € Qz(Y¢) which restricts to wg on each fiber (to be more precise, wq pulls back to a closed
2-form on the product [0, 1] x X, and wy is the induced 2-form on the quotient space Yy). The vector
field d; on [0, 1]; x X descends to a vector field on Yy, which we still denote by d;. Notice that there is a
one-to-one correspondence between fixed points of ¢ and closed orbits of 9, that cover S} once. We will
denote by yx the closed orbit associated to a fixed point x .

The projection 7 now extends to R x Yy —> R x S 1 and the fiberwise symplectic form wg extends to
the symplectization as well. The symplectization of Y is the 4-manifold Ry x Y, together with the
symplectic form ds A dt + wg. An almost complex structure J on R x Yy is called ¢-compatible, if
it is invariant under the natural R-action, sends d; to d;, sends ker d to itself, and that wg (-, J-) is a
Riemannian metric on ker d . Given 2 fixed points x, y of ¢, we define the moduli space M i y to be

M)Jc’y = {u:Ryx S} > RxYy | dsu+ Jo;u=0; JMim (s, ) =y, lim u(s. ) = Yy

Now if ¢ is monotone (we will clarify this notion later in Definition 5.1), the differential on CF4 (X, ¢) is
defined by

(D (0x,y) = #Z/Z(Mx,y/R)-

Here My, /R is the natural quotient of My, induced by the R-translation on R x Y. Recall that every
J-holomorphic section u has a Fredholm index:

ind(u) = 2¢ (1) + CZ:(yx) — CZ:(yy)

where 7 is a trivialization of ker d 7 over the periodic orbits yx and yy, ¢](u) is the relative first Chern
number,? and CZ, is the Conley—Zehnder index of the Reeb orbits with respect to . For a more detailed

THere and throughout the paper, we use notation like Sy1 and [0, 1]; to indicate the coordinates we choose. For example,
Sy1 denotes the circle S with coordinates written as y € S!. Later on we will use the notation [SJ}] to denote the homology
class generated by this circle whose coordinates we have chosen to be y € S1.

2The relative first Chern number cf(u) is defined as follows: u* (ker d ) is a symplectic bundle over the domain of u. One
chooses a generic section £ of this bundle which on each end is nonvanishing and constant with respect to the trivialization t and
cf(u) is defined to be the algebraic count of zeroes of .
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explanation on these terms, see Section 5.2. Under the monotonicity assumption, for a generic almost
complex structure J, the set of Fredholm index one J-holomorphic sections modulo the natural R action is
a compact 0-dimensional manifold, and #z/, (M i y/R) denotes the mod 2 count of points in the moduli
space. If J is generic then 0% = 0, and we will denote by HF, (X, ¢) the homology of (CF«(Z, ¢), ).
The homology HF. (X, ¢) is invariant under symplectic isotopies of ¢, see for example [23].

Fixed point Floer homology for a symplectomorphism of a surface has been computed in various cases,
see for example [7; 18; 21; 10; 8; 6; 16]. Fixed point Floer homology can also be viewed as a special
case of periodic Floer homology, which was calculated for iterations of a positive Dehn twist in [12].

1.2 Product and coproduct structures

Under suitable monotonicity assumptions® (see Definition 5.3), fixed point Floer homology is functorial,
in the sense that fiberwise symplectic cobordisms with cylindrical ends induce morphisms between fixed
point Floer homologies. In this paper, we focus on (completed) fiberwise symplectic cobordisms coming
from the composition of two symplectomorphisms. We begin with a review of the concept of symplectic
fiber bundles.

Definition 1.1 [22, Definition 7.1] Let B be a smooth manifold. A symplectic fiber bundle (E, 7, ®)
over B is a smooth proper submersion 7: E — B together with a closed 2-form w € Q2(E) such that
the restriction of w to any fiber is nondegenerate.

The mapping torus Yy, together with the natural projection 7: Yy — S ! and the 2-form wg, 1s an
example of a symplectic fiber bundle. If ¢, ¢ : ¥ — ¥ are two symplectomorphisms, then there is a
symplectic fiber bundle (X, my, wy) over the thrice punctured sphere By, which, near the three punctures,
is symplectomorphic to [0, 00) x Y, [0, 00) x Yy, and (—00, 0] X Yy,04, respectively. A more precise
description will appear in Section 2. For now, let us observe that (under assumptions on monotonicity,
see Definition 5.3), such a bundle induces a morphism

o: HF. (2, ¢)  HF4 (=, ¥) — HF4(Z, ¥ 0 ¢)

This is what we call the product structure of the fixed-point Floer homology. In particular, if we assume
that ¥ is isotopic to the identity, then the product structure gives a H,.(X; Z,) module structure on
HF« (X, ¢). For computations of this module structure, see [21; 8; 10; 6]. Similarly, one can define, under
suitable conditions, the coproduct structure:

A:HF. (X, ¥ o¢) > HF« (X, ¢) @ HF« (X, V).

Like the definition of the differential, the product and coproduct structures have geometric descriptions, this
time by counting rigid pseudoholomorphic sections of the bundle X — B, with appropriate asymptotes.

30r with the use of Novikov rings.
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Namely, if x, y, z are fixed points of ¢, ¥ and y o ¢ respectively, and J is a tame almost complex

structure (see Section 2 for the definition) then the moduli space M JJC y;z 18 defined by

wx ou=id, u is J-holomorphic, and
/\/l){,y;z = qu: By — X | u is asymptotic to yx, ¥y and y, over the
three appropriate punctures.
The product (under suitable monotonicity assumptions; see Definition 5.3) on the chain level is now
defined as

2) (xoy.z) =#zM] ...
J

X,Y3z

where #z,/, M denotes the mod 2 count of Fredholm index 0 sections for a generic almost complex

structure. The coproduct structure is defined in a similar way.
1.3 Main results

In this paper, we calculate the product and coproduct structures of the fixed-point Floer homology of
iterations of a single positive Dehn twist. We fix a symplectic surface (possibly with boundary) (X, wg)
and a noncontractible simple closed curve y C X. We assume that  does not intersect dX and choose a
tubular neighborhood N of y with coordinates x € (—e, 1 +¢€) and y € S! = R/Z, where wg = dx Ady.
A (unperturbed) positive Dehn twist along y is a symplectomorphism of X, which has the form

(3) ¢0:(x,y)»—>(x,y—x)

inside N, and is the time-1 map of a Morse function H outside of N’ =[e,1 —¢]x S! C N. To break
the degeneracy of the fixed points of ¢, we perturb ¢ near each of the S!-family of orbits, breaking the
Morse—Bott degeneracy, and denote by ¢ the perturbed twist. We further assume, as before, that near each
boundary component of ¥, there are tubular coordinates x; € (—¢;,0], y; € S' and a small real number
0; such that Hy(x;, y;) = 6;x; (later we will impose some other conditions on Hy; see Section 2).

Let us assume for now that 9% # & or the genus of X is at least 2. Let X denote X — N’. It was shown,
for example in [21] or [12], that for all positive integers mz,

m—1
4) HF.(¢™) = Hy(Zo: Z2) ® ( ay) H*(Sl)).

i=1
The isomorphism can be understood as follows. With our assumption on ¢, the chain complex CF(¢™) is
generated by two types of fixed points: those corresponding to the critical points of Hy on X and those
from the breaking of the Morse—Bott S ! -family of the fixed points of ¢g' inside N ’. As it turns out, the two
types of fixed points generate subcomplexes of CF(¢™), whose homologies correspond to the summands
of the right-hand side of (4). Let m and n be two positive integers. With the previously described
isomorphism understood, let proj denote the projection map HF 4 (¢") — H«(Z9; Z>), let N denote the
intersection product on Hy(Xg:; Z,) (which is the Poincaré dual of the cup product on H*(Zq, 0X¢: Z»)),
and let ¢ denote the inclusion map Hy(Z¢; Z,) — HF4(¢™1"). Our first result is the following:

Algebraic & Geometric Topology, Volume 25 (2025)



Product and coproduct on fixed point Floer homology of positive Dehn twists 3879

Theorem 1.2 Suppose that

e if y is nonseparating, then 0% # & or X is closed with genus at least 2;

e ify is separating, then each component of ¥ — y either contains a component of 3% or has genus
at least 2.

Then for any pair of positive integers m, n, the product of HF(¢™) and HF(¢") is the composition of

proj ® proj
—_—

HF.(¢™) ® HF«(¢") Hy(20: Z2) ® Hy(S0: Z2) > Hi(So: Z2) > HE, (7).

The counterpart for the coproduct structure is more involved. Let us first make the following remark on the
decomposition (4). The i™ component of EB?:II H,(S1) has an explicit description as follows: let e
(resp. hl") be the elliptic (resp. hyperbolic) orbit of ¢™ over the tubular coordinate x = n% i=0,1,...,m)
that arises from perturbing the Morse—Bott degenerate ¢ to ¢ (see Section 2). Then e and /" are cycles
and the i component of EB?;I H«(S"!) is spanned by the two homology classes [e/"] and [A"]. Let us
denote by [e7], [A7], [eZ'Jr"], [h;{”+"] the homology classes appearing in the similar decomposition for
HF, (¢") and HF, (¢ "), respectively. Finally, let us recall that for any space M, a coproduct structure
Ay on Hy«(M;Z/2) is defined as the composition of diag, : Hx(M;Z/2) — Hy(M x M;7Z/2) and

Hy(M x M;7/2)~ H.(M;7Z/2) ® Hy(M;Z/2). Our second main result is the following:

Theorem 1.3 Suppose that

e if y is nonseparating, then 0% # & or X is closed with genus at least 2;

e ify is separating, then each component of ¥ — y either contains a component of 9% or has genus
at least 2.

Then for any pair of positive integers m, n, the coproduct A: HF,(¢™1") — HF,(¢") ® HF.(¢")
described in the previous section is completely determined by the following:

(1) When restricted to Hy(2¢; Z>) C HF(¢™™), A is equal to

A
Ha(S0; Z) —> Hy(S0: L) ® Hu(So; Z3) — HF«(¢™) @ HF4(¢").
(2) For each [eZH”] e @™ Ho(SY,

i=1
AT = Y el

i€{0,1,...,m}
k—ie€{0,1,...,n}
(3) Foreach [h"™] e @4 H.(SY),
AT = >[R[+ [ @ lef_;)-
i€{o,1,...,m},

k—i€{0,1,...,n}
Remark 1.4 It was asked in [6] how one could get an understanding of the ring structure of

P HF.(Z. ")

n=0
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for general ¢. Our results compute the algebra and coalgebra structure of @52 o HF« (X, ¢") when ¢ is
the positive Dehn twist. One can use the computation in [21] to calculate the case for n = 0.

The coproduct structure* on P,.>0 HF«(¢") can be interpreted as the dual of the product structure on
the ring €, <o HF«(¢") associated with the negative Dehn twist. To see this, we observe that the curves
counted in computing the coproduct structure A : HF, (¢ ") — HF,(¢™) ® HF4(¢") are in one-to-one
correspondence with the curves counted in the product structure HF* (¢ ™) @ HF* (¢ ") — HF* (¢ ™),
where HF*(¢~™) can be naturally viewed as the dual of HF«(¢~™) since we are using field coefficients.
Likewise, the product structure on &, -, HF«(¢") can be interpreted as the dual of the coproduct structure

on P, <o HF«(¢").

It will be clear from the proof of the main theorems that we can generalize Theorems 1.2 and 1.3 to the
case where ¢ is the composition of disjoint positive Dehn twists, subject to certain topological conditions.

Theorem 1.5 Assume that X is either closed with genus at least 2 or 0% # @. Let ¢ be the composition
of positive Dehn twists along disjoint simple closed curves Cy, Cs, ..., Cy, such that

20:= E—(CIUCZUUCk)

is connected. Then the same result in Theorem 1.2 holds.

Theorem 1.6 Let ¢ be the composition of positive Dehn twists along disjoint simple closed curves
C1,Cy,...,Ck,suchthat g := X — (C; UCy U---U Cy) is connected. Then the coproduct

A:HF«(¢"*") — HF.(¢™) ® HFx(¢")
is completely determined by the following:
(1) When restricted to Hy(2¢; Z») C HFx(¢™™), A is equal to

Hy(S0:Z3) =% Hy(S0: Z3) ® Hy(S0: L) — HE, (¢™) ® HE,(¢").

i=1

(2) For each circle C; and each [el’c";r”] e @ Ho(SY,

Al = > [e1®leg ]
i€{0,1,....m},
k—ie€{0,1,...,n}

(3) For each [hZ;L”] e @™ g (S,

i=1

A=Y I e, ]
i€{0,1,...,m},
k—i€{0,1,...,n}

In the above, the homology classes [e] j] and [h} j] correspond to the elliptic and hyperbolic orbits inside
the twist region around circle Cj, over the tubular coordinate x; =i /*.

4We thank Tim Perutz for pointing out this fact to us.
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1.4 Strategy of the proof

In this subsection, we summarize the key ideas behind the proof. As will be explained in more details in
Section 2, the symplectic fiber bundle X computing the product or the coproduct can be decomposed into
two pieces, which we will call Xp and Xg. Roughly speaking, Xp is the union of fibers where iterations
of a positive Dehn twist take place, and Xz is (an open neighborhood of) the complement. The first
key observation is that, under mild assumptions on the almost complex structure J, any J-holomorphic
section of X that has wrapping number (see Section 3) 0 must be completely contained in either Xp
or Xg. A key technical lemma used in the argument is the “local energy inequality” (Lemma 3.2) that
was inspired by Lemma 3.11 of [12], which is reproved in our setting in Section 3. We next observe that
for J-holomorphic sections, Fredholm index being 0 implies that the wrapping number is 0. Thus we
only need to focus on sections contained in one of the two pieces.

J-holomorphic sections that are contained in X g are relatively easy to understand: by results of [17; 9; 14]
(also known as the PSS isomorphism), these sections contribute to the intersection product or the coproduct
of H*(Eo, Zz)

Sections that are contained in Xp are more interesting. When computing the product structure, we are
again able to rule out most of them using the local energy inequality. For the remaining sections, we use
a translation trick (equation (13)) together with the PSS isomorphism to conclude that they contribute
zero. For the coproduct structure, sections contained in Xp do make contributions. To understand the
contributions of these sections, we give a concrete description of the (unperturbed) moduli spaces, see
Proposition 6.14, whose proof involves a deformation argument and a concrete construction. Finally, a
Morse—Bott correspondence theorem (explained in Section 6.2) finishes the calculation.

Remark 1.7 For the computation of the coproduct structure, we expect that sections contained in the
twist region Xp could also be understood by results of [1; 4]. More precisely, we think that sections
contained in Xp could be viewed as part of curves counted in the product of the Floer homology of
T*S'. By the results in [1; 4], the Chas—Sullivan loop product on the singular homology of the loop
space of S! is expected to give us directly the coefficients in the coproduct structure. However, this
method is not used in the current paper. Instead, we explicitly determine the Morse—Bott moduli spaces,
with the expectation that such constructions will allow us to calculate similar cobordism maps for the
periodic Floer homology in the future.

1.5 Directions for future work

General pairs of symplectomorphisms While in this paper we computed the product and coproduct
structures for iterations of a single positive Dehn twist, it is interesting to investigate the same question
for ¢, y Dehn twists along different circles. In general we expect this to be hard, probably requiring
techniques beyond this paper.
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For a different direction, one could also investigate the situation where ¢,  are of finite type. The fixed
point Floer homology for finite type maps was computed in [10]. It might be possible that the separating
results in the current paper still holds under certain conditions, yielding a computation for the cobordism
maps.

Periodic Floer homology Fixed point Floer homology can be viewed as the degree d = 1 case of
the periodic Floer homology (PFH), which is a more complicated Floer theory one can associate to a
symplectomorphism of a surface. While the general construction of cobordism maps in PFH relies on
Seiberg—Witten theory, special cases in which cobordism maps can be defined via counts of holomorphic
curves or buildings have been worked out. For works in this direction, see for example [3; 19]. To
generalize the results in the current paper, one could try to calculate the product and coproduct structures
of PFH of a single Dehn twist over a surface. While getting a complete answer could be difficult, one
could start by understanding the (multi)sections contained in the twist region. We hope that the detailed
analysis presented in the current paper could give a hint on what the moduli spaces should look like.

1.6 Organization of the paper

The rest of the paper is organized as follows. In Section 2 we review the relevant geometric setup in
detail. In particular, we give an explicit description of the symplectic fiber bundles X, , and X" that
are used to define the cobordism maps. In Section 3, we follow an idea of [12] to establish “no crossing”
results for a special almost complex structure, Lemmas 3.11 and 3.13. In Section 4, we use an SFT
compactness argument to prove Theorem 4.1, which is a generalization of the “no crossing” results in
Section 3 for a general almost complex structure J. Finally, in Sections 5 and 6, we prove our main
results, Theorems 1.2 and 1.3.
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2 The setup

We fix a symplectic surface, possibly with boundary, (X, wg). Let ¢ be any symplectomorphism. Let Y
be the mapping torus of ¢, let 7 be the projection Yy — § 1 and let wg be the induced closed two-form.
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The mapping torus has the structure of a stable Hamiltonian manifold, where the 1-form is d¢, the 2-form
is wg and the associated Reeb vector field is R = d;. Closed integral curves of the Reeb vector field are
called Reeb orbits, and they are called nondegenerate if the linearized first return map does not have 1 as
an eigenvalue. We call a nondegenerate Reeb orbit hyperbolic if the eigenvalues are real, and elliptic
otherwise. In this paper, we will be mainly interested in Reeb orbits of degree 1, that is, those who cover
once under the projection map 7.

We fix a homologically nontrivial simple closed curve y C . As mentioned in the introduction, we choose
a tubular neighborhood N of y with coordinates x € (—e, 1 +¢) and y € S! =R/Z, and wg = dx A dy.
The (unperturbed) positive Dehn twist along y is a symplectomorphism of 3, which has the form

¢0:(x,y)r—>(x,y—x)

inside NV, and is the time-1 map of a Hamiltonian Hj outside of N =[e,1 —¢] x S' C N. We require
H, takes the following form on N \ N’:

(1) Ho(x,y) = %xz in (—e,¢) xS C N, and
(2) Ho(x.y)=3(x—-D%*in(1—€,1+€e)xS'CN.

We assume on X \ N, the function Hy is a C? small Morse function, so that the associated time-1 map is
nondegenerate. We further assume that near each boundary component of X, there are tubular coordinates
xi € (—€;,0], y; € S and a small real number 6; such that Hy(x;, i) = 0ix;.

We note the unperturbed positive Dehn twist is nondegenerate, except for the Morse—Bott S family of
periodic orbits corresponding to x = 0 and x = 1. We shall later consider iterations of ¢¢, which we
denote by ¢(. By the above, on N, the map ¢ takes

(x,y) = (x,y —nx)

on N and looks like the time-1 map of nH, outside of N’. We assume both nH, (in C 2 norm) and n6;
are small.

We note that in order to define the fixed-point symplectic homology, we need the symplectomorphisms to be
nondegenerate (equivalently, that the Reeb orbits are cut out transversely). Since the symplectomorphism
¢y on ¥ — N is the time-1 map of a Hamiltonian n Hy, this is achieved outside of N by requiring that
Hy be a C?-small Morse function. Inside the tubular region N, Reeb orbits come in Morse-Bott S
families. Following [12], we overcome this technical difficulty by perturbing ¢¢ (in a small neighborhood
of finitely many values of x over which Reeb orbits exist) in a Hamiltonian way, which amounts to adding
a Hamiltonian perturbation term. For example, near x = 0, we can modify Hy to be (%x2 + A(x)h( y)),
where A(x) is a cutoff function supported in (—6, §)x with A(0) = 1 as a nondegenerate local max, and
h:S yl — R is a small perfect Morse function. We perform this kind of perturbation for each S'! family of
fixed points in V. We always assume that the Hamiltonian perturbation only takes place in the union of
all intervals (x; — 8, x; + §) (where x;’s are the x-coordinates for all possible Morse—Bott S !-families)
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for some positive real number § much smaller than € (we’ll later call the complement of these intervals
the unperturbed range). Once this is done, viewed from the perspective of the mapping torus Y¢g ,the S'!
family of fixed points at x = % become perturbed to a pair of Reeb orbits (one elliptic and one hyperbolic).

With the above perturbed positive Dehn twist, which we denote by ¢”, we can define its fixed point Floer
homology HF(X, ¢") after we pick a generic ¢” compatible almost complex structure J on Ygn X R. We
next describe the symplectic fiber bundle that allows us to define product and coproduct structures on
HF(XZ, ¢™). We first describe the construction for the unperturbed positive Dehn twists, then perturb to
break the Morse—Bott degeneracy. The reason we describe the Morse—Bott situation in detail is because
for the coproduct computation we will be enumerating J-holomorphic sections in the Morse—Bott setting,
then we will use Morse—Bott theory to convert that to enumerations of J-holomorphic sections in the
nondegenerate setting.

Recall that, given two symplectomorphisms, there is a symplectic fiber bundle (X, wy, wy) over the
thrice punctured sphere B, which is modelled by the symplectizations of mapping tori over the punctures.
We now describe in more details what the bundle X}, , used in computing the product structure

o: HF,(¢™) ® HF4(¢") — HF, (¢ ")

looks like. The description for the bundle X" used to compute the coproduct structure is almost
identical, and we will mention at the end of this section what changes need to be made.

We designate two of the punctures of By as “positive”, and the other as “negative”. Choose local
conformal coordinates s; € [0, 00) and #; € S!(i = 1, 2) near the 2 positive punctures of By, and local
conformal coordinates s_s, € (—00, 0], 7—oo € S! near the negative puncture. Fix also a smooth map>
gmn:Bo— S I such that dgm,n = mdt, near the first positive puncture, dg,, » = ndt, near the second
positive puncture and dg,,,, = (m + n)df_ near the negative puncture. We further assmume that
gmn =d - gy , Wwhere d = ged(m, n) (the primitive gy, , will be used in the proof of Theorem 1.2).
Define the closed one-form B, = dgm n-

Let X9 = X —N’. We now describe the fiberwise symplectic cobordism X, 5 as the union of two fiberwise
symplectic cobordisms Xp and Xg as follows. Topologically, Xp = Bo x N and Xg = By X X¢. In
order to describe ¢ as the time-1 map of the Hamiltonian Hy near the two ends of the tubular region N
we choose coordinates (p, xz, y1.) € By x (—€,€) x S and (p, xg, V) € Box (1 —€,14+¢) x S! for
the two ends of By X (N — N') C Xy and impose that

(1) wo =dxp Adyy, or dxg Adyg in the two components of N — N’,
(2) Ho(xp,yr)= %xi in (—e,e) x ST C N, and
(3) Ho(xg,yr)=3(xg—1)?in(1—e,1+e)xS' CN.

>To see such a map exists, we can choose a degree m + n branched covering map ¢: By — R x S such that near the three
punctures ¢ has the standard local form (s, t«) —> (s, kt+) (Where kK = m, n, m + n, respectively), and let g be ¢ followed by the
projection map to S!.
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Topologically, the 4-manifold X is defined to be X = Xy U Xp/~, where we identify points

(p,x,p) € Box(—€,€)x X Sy1 C Xp with (p,x,y) € By x(—€,€)x, X S)}L C Xy

and
(p,x,y)€ Byx(1—e, l—i—e)xxSy1 CXp with (p,x,y4+gmn(p)) € Box(1—e, 1+e)xR><SJ}R CXg.

We define the fiberwise symplectic 2-form wy o to be dx Ady —|—d(%x2,8m’,,) in Xp, and wo+d(HoBm,n)
in Xg. It is easy to see that the two definitions agree in

Xp D By x(—€,€)x xS, =Byx(—€,€)x, xS, CXp.

To see that the two definitions agree in Xp D B x (1 —¢, 1—|—e)x><SJ} =Box(1—€,14+€)x, xSle C Xy,
we calculate

dxg Adyg +d(5(xg = 1)*Bm.n) = dx A(dy + Bmn) +d(5(x = 1)*B.n)
=dx ANdy +dx ANBmn+ (x—1)dx A Bmn
=dx Ady+d(3x*Bmn).

We remark that over the positive punctures, the symplectic fiber bundle defined above are isomorphic
to [0, oo) times the mapping tori Y¢(r)n, Y¢6" and over the negative puncture, the above fiber bundle is
modelled by (—oo, 0] times the mapping torus Y¢m+n.

0

The above fiber bundle have Morse—Bott degeneracies in its Reeb orbits at each of its punctures. To arrive
at the definition of Xy, », we perturb the Reeb orbits to be nondegenerate as before. Since we are working
in the language of a symplectic fiber bundle, we achieve this by adding a Hamiltonian perturbation term
to wy,0 =dx ANdy + d(%xzﬁm,n).

As before, near x = 0, we can modify wy o to be ox = dx Ady +d((%x2 +)\(x)h(y)),3m,n), where A(x)
is a cutoff function supported in (=6, §)x with A(0) =1 as a nondegenerate local max, and /: Sy1 —Ris
a small perfect Morse function. We assume as before that the Hamiltonian perturbation only takes place
in the union of all intervals (x; — 8, x; + 8) (where x;’s are the x-coordinates for all possible Morse—Bott
S!_families) for some positive real number § much smaller than e (we’ll later call the complement of these
intervals the unperturbed range). Once this is done, near the first (resp. the second) positive puncture,

l

X = (resp. X = %) each correspond to a pair of Reeb orbits (one elliptic and one hyperbolic), and near

the negative puncture x = mL—I—n each correspond to a pair of Reeb orbits (one elliptic and one hyperbolic).

This defines the fiberwise symplectic 2-form wy, and we now describe the symplectic structure on Xy, 5.
It’s illustrated in eg [3] that from the fiberwise symplectic cobordism (X, wx, wy) one can construct a
symplectic form Qy = wy + K nj{,a) B,» Where K is a large positive number, and wp,, is an area form
on By. Without loss of generality, we assume from now on that Knywp, = ds; A dt; near the punctures.

This concludes the definition of X}, ,, we now equip it with a tame almost complex structure J.
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Definition 2.1 An almost complex structure on (X, ,, wy, ) is called tame if the following conditions
are satisfied:

(1) Near the punctures of By where the symplectic fiber bundle is isomorphic to Yy x [0, 00) (resp.
Ygm x [0, 00) or Ygm+n X (—00, 0]), the almost complex structure is given by the restriction of a
@" (resp. ¢, or ™) compatible almost complex structure.

(2) Away from the cylindrical neighborhoods around the punctures of By, the almost complex structure
J is tamed by the symplectic form Q.

Then for generic tame J, if x, y, z are fixed points of ¢”, ™ and ¢ " respectively, under suitable
topological assumptions (eg when the bundle X}, , is weakly monotone; see Section 5.1) the moduli
space M defined by

x,y:2°

mx ou=id, u is J- holomorphic, and
/\/l,{ y;z = Ut Bo— X | uis asymptotic to yx, yy and y; over the
three appropriate punctures.

is a manifold whose dimension is given by the Fredholm index formula
ind(u) =1+ 2<Clr(TXm,n)s [u]) + CZ(yx) +CZ, (Vy) —CZ:(y2).

Here 7 denotes a choice of fixed trivializations around each Reeb orbit, and CZ, denotes the Conley—
Zehnder indices of Reeb orbits with respect to this trivialization. Similarly the relative first Chern class
c{ is also determined by this choice of trivialization. See Section 5 for our specific choices of 7. The
product on the chain level is now defined as

&) (x'y,z) :#Z/ZMi,y;Z’

J
X,z

where #z,/, M denotes the mod 2 count of Fredholm index 0 sections (we will explain in Section 5.1
that the monotonicity condition ensures that the moduli space is compact). See Section 5 for the details

of this computation.

For the coproduct structure, the symplectic fiber bundle X" is defined almost verbatim, so we only
highlight the minor changes that need to be made. We again begin with the thrice punctured sphere By, but
this time choose one of the three punctures as the “positive puncture” with a local conformal coordinate
(Soo» too) €0, 00) x ST, and choose the other two punctures as the two “negative” punctures with local
coordinates (s;, #;) € (—oo, 0]x S!. Fix a smooth function g”": By — S such that dg"™" = (m+n)dts
near the positive puncture and dg™" = mdt; and ndt, near the two negative punctures respectively. We
again define X" by gluing two trivial fiber bundles Xz = By x ¥ and Xp = Bg x N, but this time
the gluing map for the right side of Xp is

B()><(1—e,1+e)x><Sy1 S5(p.x,y)~(p,x,y+g™"(p)) € Box(1—€,14+€)xp xSJ}R.

Algebraic & Geometric Topology, Volume 25 (2025)



Product and coproduct on fixed point Floer homology of positive Dehn twists 3887

Let ™" = dg™". We similarly define the (unperturbed) fiberwise symplectic 2-form wx o to be
dx Ndy + d(%xzﬁm,n) in Xp and wo + d(HoBm,n) in Xg. As before, we perturb wy o to be wy in
order to break the Morse—Bott degeneracy, and we always assume that such perturbation is supported in a
8 neighborhood of Reeb orbits inside Xp.

We also define the symplectic form Qy on X" and the notion of tame almost complex structures with
respect to Q2x. Then the coproduct is defined by considering the moduli space of J-holomorphic sections
M ‘Z’ x,y Where Z is a fixed point of ™" we think of as the input, and x and y are fixed points of ¢" and
@™ we think of as outputs. For generic J this moduli space is a manifold and the coproduct is defined by
the mod 2 count of Fredholm index 0 J-holomorphic sections.

3 The ‘“no crossing” results for unperturbed J

Throughout this section, the symplectic fiber bundle X refers to either X, , or X", As explained in the
introduction, to define the cobordism map, we count J-holomorphic sections that asymptote to appropriate
Reeb orbits. We’ll prove some key properties about such J-holomorphic sections for some particularly
nice almost complex structures. Before doing that, let us introduce some terminologies. Following [15],
the vertical distribution Ver is the kernel of dry : TX — T By. The horizontal distribution Hor is defined
as Hory :={u € Txy X | wx (u,v) =0 Vv € Very}.

Definition 3.1 [15, Definition 8.2.6] An almost complex structure on (X, wy) is called fibration-
compatible if the following holds:

(1) The projection wy is holomorphic: dwoJ = jyodmn.

(2) For every p € By, the restriction J, of J to n}l (p) is tamed by a)Xln)?l ()"

(3) The horizontal distribution Hor is preserved by J.

Note that by definition, there is a one-to-one correspondence between fibration-compatible almost complex
structures and wy -tame almost complex structures on the vertical distribution.

In this section we only consider fibration-compatible almost complex structures. For a fibration-
compatible J, all the horizontal sections are J-holomorphic (a section u: By — X is horizontal, if
du(TBgy) C Hor).

Following [12, Lemma 3.11], we now establish a local energy inequality for J-holomorphic sections.
To state the inequality, for any x € (—e, 1 4+ €) we let Fy denote the 3-manifold By x {x} x Sy1 C Xp.
Likewise, let Fx, x,] denote the 4- manifold By X [x1, X2]x X SJ} C Xp. The first homology group of
Xp =Bygx(—€,14¢€)y X S)} is 73, generated by [Stll], [Stlz] and [Syl]. We identify

pIS;1+q1lS} 1+ q2[S4,] € Hi(Xp)
with a tuple (p, q1.,¢2) € Z3.
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Lemma 3.2 (local energy inequality) Let C be a J-holomorphic section u: By — X which is not
horizontal. Assume that C intersects Fy transversely and that C N F,, # @ for some x in the unperturbed
range. Orient each circle in C N Fx using the boundary orientation of C N Fx_¢s 5 (for a small €’)
induced by jo. Under this orientation, let (p, g1, q) denote the homology class of C N F,, then we have

(6) p+x(mqy +nqz) > 0.
Before proving the lemma, here are some observations on the vertical energy of J-holomorphic sections.

Definition 3.3 Let u: By — X be a smooth section of the bundle X — B, J be an almost complex
structure and gy the metric induced by wy and J. Let (s, ¢) be a local conformal coordinate on By. The
vertical energy of u is defined to be

E(”)zé/. |8su_8§f§J+|atu—31§|;}ds/\dl
By
where 0% and 0% are the horizontal lifts of the vector fields d5 and d;, respectively.

Remark 3.4 Our definition, written in local conformal coordinates, coincides with that of [15, equation
8.1.8]. It’s also clear from the definition that a smooth map has zero vertical energy if and only if it is
a horizontal section. Later in Definition 6.7 we will generalize the notion of vertical energy to include
more examples of symplectic fiber bundles that will be useful later. For now, the main observation is the
following:

Lemma 3.5 Letu be a J- holomorphic section of (X, wy, mwy) described in Section 2. Let (s,t) be a
local conformal coordinate on By and 0% and 3% be the horizontal lifts of the vector fields d; and ;. The
two-form
3(0su =082 +10:u— 3712 ) ds Adt
can be rewritten as
u*wy —ox (3%, %) ds A dt,

which is equal to u*wy in Xp minus the perturbed region.

Proof If u is J-holomorphic, we have
205u— 0812 +10:u— 0712 ) ds Adt = wx (Ogu— 3}, 9,u— ) ds Adt
= wy (0su, 0su) — a)X(af, 8’;) ds Ndt
= u*wy —ox (3%, %) ds A dt.

If we write the two-form wy as dx Ady + F(x, y,s,t)ds + G(x, y, s, t)dt inside Xp, then the term

wy (0%, 3%) is equal to
G JdF 0GOJF 0G oF

ds Ot +8x dy dy ox’
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which is equal to zero outside of the perturbed region, where

oF 090G 0 d oG  OF

_—— = an _——

dy  dy as ot
by our construction. a
It follows that if # is a J-holomorphic section of X, then the part of # in Xp minus the perturbed region
satisfies

O u*ox (v, jov) = 0

for any v € T' By, and the equality holds if and only if du(v) € Hor. Now we are ready to prove Lemma 3.2.

Proof of Lemma 3.2 Choose x; < x < X, such that

(1) C intersects both Fy, and Fy, transversely,
2) x—x1 =x—Xx,and
(3) [x1,x>] is contained in the unperturbed range.

We orient C N Fy, and C N FY, in the same way as stated in the lemma, so we have 9(C N Fix, x,]) =
CNFx,—CNFy,. Also notice that with the specified orientations, C N Fy,, C N Fy, and C N Fy all have
the same homology class in H{(Xp). Now we note that C N F[y, ,] is not horizontal, otherwise C has
to be horizontal everywhere by unique continuation (recall that all horizontal sections are J-holomorphic).

Using the inequality (7), we have (in the following the one-form f refers to either 8, , or ")

O</ u*a)X=/ u*(dX/\dy"‘d(%xer))
CﬁF[xl,)Q] CmF[xl,xz]

:/ u*(x dy + 3x*B)
B(CﬂF[xlvxZ])

=x2/ u*dy+%x§/ u*ﬂ—xlf u* dy —
CNFy, CNFyx CNFy,

xlzf u*p

CNFy,

=xop + Ix3(mqy +nqz) —x1 p— Ix7(mqy +ngqy)

= (x2 —x1)(p +x(mqy +nqz)). ]

N[ —

2

Remark 3.6 It is clear from the proof that if « is a horizontal section, then the equality
p+x(mgy +nqz) =0
holds.
Let’s assume for the moment that Xy = X — N’ is connected. Following [12], we define the wrapping

number of J-holomorphic sections with cylindrical asymptotes:
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Definition 3.7 The wrapping number of a J-holomorphic section C with cylindrical asymptotes is
n(C) =#C N (Bg x{Py}), where Py € X is not a critical point of Hy.

The algebraic intersection number does not depend on the choice of Py, so the wrapping number is
well-defined. We also note that n(C) is identically zero if 0¥ # & and under the additional assumption
that near each boundary component, J is induced from the vertical almost complex structure that sends
dx; to dy,. The reason is that once such a J is chosen, no J-holomorphic sections can enter the boundary
region by the following maximum principle, so one can choose Py inside one of the boundary region and
easily see that C N (Bg x {Py}) = @.

Lemma 3.8 (maximum principle) Let J be a fibration-compatible almost complex structure on X that
sends dy; to dy;, near each boundary component of ¥.. Here the index i labels the different boundary
components of . Let V denote an open subset of By with local coordinates (s,t). Leti: V — Xg
denote a J-holomorphic section, which in coordinates look like (s,t) — (s,t, x; (s, ), yi(s,t)). We further
assume for (s,t) € V., the pair (x; (s, ), yi(s,t)) is in a neighborhood of the i  boundary component of Z.
Then x; (s, t) is a harmonic function.

Proof The setup is almost identical to that of Lemma 6.10, except that the Hamiltonian function is 6;x;
instead of xl.2 /2. In particular, the horizontal lifts are
Bf =05 —0; F0,, 3? =0;—0;G0,

and we have a similar equation,

ox; 0y dyi  0x;

o s o0 os
Notice that 8 = F(s,t)ds + G(s, t)dt being closed tells us that %—I: = %—(S;, so the conclusion follows by a
simple calculation. |

In particular, the above lemma implies that as long as J is chosen in a neighborhood of each of the
boundary components of X to be fibration compatible and sends dy; to dy,, no J-holomorphic section
may approach the boundary components of X.

Remark 3.9 If £, = X — N’ is not connected, ie y is separating, we can define two wrapping numbers
n1 and 1, for each of the connected components of X. It is clear from the above arguments that if each
connected components of X contains part of 3%, then all the wrapping numbers vanish automatically.

Remark 3.10 Following a similar idea in [12, Lemma 4.3], we will show in the following (Remark 3.12)
that the wrapping numbers of any J-holomorphic sections are nonnegative.

The first main result of this section is the following “no crossing” lemma:
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Lemma 3.11 Assume J is a fibration-compatible almost complex structure on X, ,. If C is a J-
holomorphic section of X, ,, such that all wrapping numbers are zero, then C is either contained in X g
or contained in Xp.

Proof We first consider the case where C is not horizontal. Suppose there is a nonhorizontal J-
holomorphic section C that is neither contained in Xz nor in Xp, then since C is connected, we can
either find some €; € (6, €) such that C intersects both F¢, and F_¢, transversely and C N Fi¢, # &, or
some €; € (8, €) such that C intersects both Fj ¢, and F_¢, transversely and C N Fj4¢, # &. Without
loss of generality, let us assume the first situation happens. (If the second situation happens, the following
proof works almost verbatim; the only change one needs to make is that, if we use (p*, qli, qzi) to denote
the homology classes of C N Fj4¢,, then the condition n = 0 translates to pE+ mqllL + nqgE =0.)

Let (p*, qli, qgc) denote the homology classes of C N F¢,. Since all the wrapping numbers vanish, we
observe that pi = 0. To see this fact, notice that we can choose Py to be (F€;, yg) € X for some fixed
yo € S, then #C N (Bg x { Py}) is precisely the number of times C N Fy., passes through yg, which
equals p*.

Lemma 3.2 tells us that
e1(mqy +ngl) > 0> e (mgy +ngqy)

which implies that
mq1+ —I—nqgL > 1, mqy +nq, <—1.

Now we consider C|_¢, ¢,] := C N F|_¢, ¢,] Which is a surface with boundary C N Fe, —C N F_,,
possibly with positive and negative punctures at x = 0. Let d; (resp. d», d—s0) € {0, 1} denote the number
of punctures of C[_, ¢,] that project to the first positive puncture (resp. the second positive puncture,
the negative puncture) of By. Notice that the two Reeb orbits® over x = 0 at the first positive puncture
(resp. the second puncture, the negative puncture) have the homology class (0, 1, 0) (resp. (0,0, 1) and
(0,1, 1)), so we have

d1(0.1,0) +d2(0,0,1) + (0. 47", 45 ) = d—oo(0. 1, 1) + (0,47 . 43)
and hence
2< (mq1+ + nq;) —(mqy +nqy) = m+n)d—oo —md; —nd,
which implies that
d—oo = 1.

The above equation implies that C has no other negative punctures. So for any €, € (6, €), the section C
cannot intersect both Fi_., and F;,, because otherwise, the same argument as above would imply
that C has another negative puncture asymptotic to one of the Reeb orbits over x = 1, a contradiction. So
there are two remaining possibilities:

Recall that the unperturbed Reeb vector fields over x are 0y, —mxdy, 0z, —nxdy and d;_, — (m 4 n)x 0y near the three
punctures.
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(1) CNFi_e, = Letus consider C N Fl¢, j_¢,]. For this part of C, there are no negative punctures
or positive punctures, so we conclude that 9(C N Fl¢, 1—¢,]) = —C N Fe, is null homologous in H;(Xp),
which contradicts the fact that mq{" + nq;' > 1.

(2) CNFiye, =@ Letus consider C N F¢, j4¢,). For this part of C, let a,b € {0, 1} denote the
number of punctures C has at x = 1 that project to the first and second positive puncture, respectively,
of By. Observe that the Reeb orbits at x = 1 near the first (resp. second) positive puncture have the
homology class (—1,1,0) € H{(Xp) (resp. (—1,0,1) € H;(Xp)), so we conclude that

a(-m,1,0)+b(—n,0,1) = (O,q;r,q;r),
which in turn implies that ¢ = b = 0. But then it follows that q1+ = q; =0, contradicting mq +nq, <—1.

Finally, we consider the case where C is horizontal. Suppose there exist such horizontal section C' that is
neither contained in Xp nor in Xg, then again without loss of generality we can assume that there exist
some €1 € (8, €) such that C intersects both F¢, and F_¢, transversely and C N Fi, # &. Recall that
inside Xp apart from the perturbed region, wxy = dx Ady +d (%x2 Bm.n). We show in the following
that outside of the perturbed region, the x-coordinate of the section contained in Xp is locally constant,
which obviously leads to a contradiction.

To see this fact, we write the one-form %xz Bm,n as
53X Bmn=fds+gd
X Bman = fds+gdt,

where (s, ) is the local coordinate for By. We next compute that the horizontal lifts 0%, 3% of the two
vector fields ds, d; are

af af
" =054+ L0y — =0y, 0"=0,+=0x——20,.
ST eyt ax Y ! Ty ax

It follows that if u is horizontal, then the part of u(s,?) = (s,¢, x(s, 1), ¥(s,?)) in Xp outside of the
perturbed region satisfies

br_af oy of  dx g by i

as  dy’ 9ds  ox o dy o ox

Recall that by our assumption, away from the perturbed region inside Xp, we have f, = g, = 0. It

g dg

follows that x is locally constant.

This concludes the proof of Lemma 3.11. a
Remark 3.12 If we do not assume that the section C has vanishing wrapping number, the above argument
still shows that the wrapping number 7(C) is nonnegative. To see this, using the same notation we have

pt+ e(mqlJr + nq;) > 0 for all generic € > 0. Notice that the homology class (p™, q1+, q;r) does not
depend on generic € > 0, so we can let € — 0 and conclude that n(C) = p™ > 0.
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A parallel result holds for X"*":

Lemma 3.13 Assume J is a fibration-compatible almost complex structure on X"™". If C is a J-
holomorphic section of X" such that all wrapping numbers are zero, then C is either contained in Xgy
or contained in Xp.

The proof of this result, however, is different from the one described above, so we present the details here:

Proof As before, we only need to consider the case where C is not horizontal. Suppose there is some
J-holomorphic section C that is neither contained in Xz nor Xp, without loss of generality we assume
that there is some €; € (4, €) such that C intersects both Fi, transversely and C N Fi, # @.

Let (p*, qli, qzi) denote the homology classes of C N F4,. Since n(C) = 0, we again observe that
pE = 0. Now the local energy inequality implies that

qu’L—i—nq;Zl, mqy +nq, <—1.

Let doo(resp. di, da) € {0, 1} denote the number of punctures of C[_¢, ¢, that project to the positive
puncture (resp. the two negative punctures) of By. We have

d1(0.1,0) + d5(0.0,1) + (0.47 . q5) = doo(0. 1, 1) + (0.4, 45)
and hence
2<mlq] —qy) +n(g —q5) =m(dy —dso) +n(ds — doo).

We conclude that doo = 0 and that at least one of d; and d; is 1. There are two possibilities:

(1) dy=d, =1 Ifthisis the case, then C does not have other outputs. We conclude that for any small
enough ¢, the section C cannot intersect both F4,, otherwise the exact same argument would tell
us that C has at least another output over x = 1. Choose / € {1 —¢€;,1 + €,} such that C N F; = @.
We now look at C N Fi¢, ;. This part of C can only have a positive puncture (or no punctures at all)
with homology class (—k, 1, 1) for some k € {1,2,...,m + n}, but the same homology class should
match (0, qfr, q;r ), which means that there’s no positive puncture. So we conclude that C N Fi¢, jjis a
surface without puncture, whose boundary is —C N F¢,, which implies that q;L = q; = 0, contradicting
mq;r + nq;r > 1.

(2) We have either d; = 1 and d» = 0 or d; = 0 and d, = 1. Without loss of generality let us assume
the first case happens. There are two subcases.

Case 2.1 If there is some small €; € (8, €) such that CN Fy_¢, =& or C N Fi 4, = &, then as before we
fix/ € {1 —e€y, 1+ €} such that C N F; = @, and look at C N Fl¢, 1. This part of C can have at most one
positive puncture with homology class (—k, 1, 1) where k € {1,2,...,m + n} and at most one negative
puncture with homology class (—;, 0, 1) for some j € {1,2,...,n}. If C N F[¢, ;1 has no punctures, then
we argue as before to show that q;“ = q; = 0, which leads to a contradiction. So C N Fl¢, ;) has at least
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one puncture, but then again by homology considerations we conclude that C N Fi, ;1 has precisely two
punctures, with homology classes (—k, 1, 1) and (—k, 0, 1) for some k € {1,2,...,n}. Now we have

(—k.1,1) = (0.¢7 . ¢3) + (—k.0.1)
which implies that qfr =1 and q;r = 0. Now d; = 1 and d = 0 tells us that g = qfr —1=0and
q, = q;' = 0, contradicting mq” +ng, < —1.

Case 2.2 The other possibility is that we can find some €, € (8, €) such that C intersects both F ¢,

1+es q; ‘ez qzl £€2) {0 denote the homology classes of C N Fy,. The condition

transversely. We use (p
n(C) = 0 now translates to p'¥€2 4+ mqlle€2 + nq;iez

integral of dy g, which equals the integral of dy + B”"". The local energy inequality tells us that

= 0, because the wrapping number is now the

P+ (1—e)(mg, " +nq, ) >0, p'T2+ (1+e)mg, T2 +ngy ) >0

which simplifies to
mq11+€2 +nq;+62 >1, mqll_62 +nq;_62 <-1.

Let d,.d; € {0, 1} denote the number of punctures of C[j_, i +,] that project to the positive puncture
and the second negative punctures, respectively, of By. We have

—e» 1—€ 1— I+e; 1+
dy(—n, 0, 1)+ (p' 2,4, 72, q, ) =dl(—m—n, 1, 1) + (p' 2,4, 72, ¢4,7?)

which implies that
(TP =g, —d. g, P =g, P dy—d).

Again 2 < m(q; T — ;") + n(g, T — q;7) tells us that d’y = 0 and d} = 1, and hence
pl—ez —n= p1+€2.

We now look at C N F|_¢, i4¢,]- This part of C has two outputs with the homology classes (0, 1, 0) and
(—n,0, 1), and at most one puncture with homology class (—k, 1, 1) for some k € {1,2,...,m+n—1}.
We also have d(C N Fl_¢, 14¢,]) = C N Fi4e, —C N F_¢,. We observe that C N F|_¢, 14¢,] Must
contain a positive puncture, otherwise pl1Jr€2 = —n, and hence p!™2 = 0, so n = 0 implies that
mqll_62 + nq;_G2 = 0, contradicting the local energy inequality mqll_62 + nq;_e2 < —1. Finally, we
have

(0,47,47) + (0,1,0) + (—n,0,1) = (p'+e2 ¢! T2 g2 ) 1 (<&, 1,1)

which implies that ¢ = qll *€2 and q, = q;+62, but then the local energy inequalities mq; +nq; <—1
and mqll tey nq;+62 > 1 cannot both be true. This concludes the proof of Lemma 3.13. |

4 The ‘“no crossing” results for general J

Although the fibration compatible almost complex structures in Definition 3.1 are convenient to work with,
they are not suitable for defining the cobordism map. The reason is that for given fibration compatible J,
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not all J-holomorphic sections are cut out transversely, so there is not a well defined count for the
cobordism map as defined in Section 2. In this section, we use the SFT compactness theorem developed
in [2] to show that we can always perturb the almost complex structure slightly to a tame almost complex
structure — not necessarily fibration compatible, in such a way that the no crossing results Lemma 3.11
and Lemma 3.13 continue to hold.

Throughout this section, we let X" denote either the bundle X, , or X”*". We fix a fibration compatible
almost complex structure J on X, and denote by J 1, J _12_ J_ its restrictions on the three cylindrical ends
of X. In the case that 3¥ # &, we choose coordinates (x;, y;) near each boundary component of 0%,
such that any almost complex structure we choose, even if it is not fibration compatible elsewhere, is
fibration compatible near the boundary and sends dy, to dy,.

Theorem 4.1 Let {J;} be a sequence of tame almost complex structures that C° converges to a fixed
fibration-compatible almost complex structure J, and {C}.} be a sequence of finite-energy J}-holomorphic
sections, which we view as maps uy : Bo — X, that are asymptotic to fixed Reeb orbits in Ygm, Ygn and
Yym+n. If all wrapping numbers of {Cy } vanish, then Cy is contained in Xpy or Xp for sufficiently large k.

The proof of Theorem 4.1 relies largely on a careful analysis of J-holomorphic sections in X and the
symplectizations Ygm, Yyn and Yym+n, which we take up in the following subsections. To begin the
proof of Theorem 4.1, let us make the following simple observation. We could slightly shrink the two
open subsets Xy and Xp to Xg z and Xp ¢, where € € (§,€) and

Xpe=Box (=&, 14&)xxS,, Xpge:=Byx(Z—(E.1-8xxS,),

such that Lemmas 3.11 and 3.13 still hold for the new cover X = Xp : U X ¢.

4.1 J-holomorphic cylinders in symplectizations

The next step is to analyze J-holomorphic cylinders in the symplectization R x Ygm. The analysis for
the remaining cases of Yyn and Yym+n» are analogous. Similar to what we saw in Section 2, there is a
decomposition of Ygm:

Yinpe =S x(=&.1+8)x xS}, Yupge=5 x(T—(E1-8xxS)).

When € = ¢, without risk of confusion, we will abbreviate the two components by Yp and Y, respectively.
The gluing map of Y,,, p ¢ and Y, g ¢ is defined similarly as in Section 2. For J-holomorphic sections in
R x Ygm, the wrapping numbers are defined similarly; see [12, Definition 4.2].

As in Section 3, by slightly abusing the notations, let us denote by Fy the three-dimensional manifold
R x S} x{x} xS} C Yp. Let Fix, x,) denote the four-manifold R x S/ x (x1,x2)x x S) CR x Yp.
We also identify the first homology class in Yp with a pair (p, ¢g). Fix a symplectization compatible
(and hence by Definition 3.1, a fibration compatible) almost complex structure J on R x Ygm. The local
energy inequality for J-holomorphic sections in R X Yym is the following:
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Lemma 4.2 [12, Lemma 3.11] Let C be a J-holomorphic section, which we write as a map
u:RxS! — R x Ygm.
Assume that C intersects F transversely for some x in the unperturbed range. We have
p+mxq=0.

Furthermore, the equality holds if and only if C N Fy = &.
Proof This is a straightforward generalization of Lemma 3.2. For a different proof, see [12]. O
The above inequality implies the following “no crossing” result for J-holomorphic cylinders in R X Ygm:

Lemma 4.3 Let J be a symplectization-compatible almost complex structure on R X Yym. If C is a
J-holomorphic section of the bundle R x Ygm — R x § tl with vanishing wrapping numbers, then:

(1) Forany € € (8, €), the section C is either contained in R x Y,, p z orR x Y, pr z.

(2) For such a section, if the positive end is one of the two orbits over x = 0 (resp. x = 1), then for any
€ € (8,¢), C is contained in F(_¢ gy (resp. F(1—¢,1+¢))-

(3) For such a section, if the negative end is one of the two orbits over x = 0 (resp. x = 1), then for
any € € (8, €), the section C is contained in R x Y, g z.

(4) Finally, if such a section does not have any end over x = 0 or x = 1, then it is completely contained
inRx(Yp—Yg)orRx(Yg—Yp).
The proof is similar to that of Lemma 3.11, but it is worthwhile to write down the details.
Proof For any €; € (6, €), let us denote the homology classes of C N F4¢, by ( pE. gF) (the choice of
€1 does not matter here). Since all wrapping numbers of C vanish, we conclude that p* = 0.

To prove the first bullet point, suppose C is not contained in either region. Without loss of generality we
could assume there is some €; such that C N Fi¢, # &. Now Lemma 4.2 tells us that

meygt > 0> meq.

So ¢ >1and g~ < —1. Notice that for punctures of C that are contained in Fl_¢, ¢,]> the homology
class is (0, 1). Let us assume there are doo € {0, 1} (resp. d—~o) many of such positive (resp. negative)
punctures, and we have

d-c0(0,1) +(0,¢7) = doo(0, 1) + (0,4 ).
But this is not possible, because otherwise
22¢T —¢  =dso—deo = 1.
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To prove the second bullet point, it suffices to show that for any €; € (8, €), we have C N Fie, =0
and C N F4¢, = &. Without loss of generality suppose C N Fe, # @ or C N F_, # &. By the same
argument as in the previous paragraph, we have g™ — ¢~ > 1, but now we have do, = 1, s0

| §q+—q_ =d_oo—doo <0,
a contradiction.
To prove the third bullet point, simply notice that otherwise such a section is completely contained in
R x Yp by the first bullet point. Now observe that Reeb orbits in Yp that are over different values of x

have different homology classes, it follows that both ends of C are over x =0 or x = 1. Now the second
bullet point shows that such a section is contained in R x Y, g ¢ as well.

Finally, to prove the last bullet point, observe that (in the same notation as before) d o, = 0 forces that

¢* =0, hence C N Fye, = @. Similarly C N Fy4, = @ for any €. o

4.2 More about J-holomorphic sections in the twist region

To prove Theorem 4.1, the final ingredient we need is a more detailed understanding of J-holomorphic
sections that are contained in the twist region Xp. Let us recall that, for J-holomorphic sections of X
that are contained in the twist region Xp = By X (—¢, 1 + €)x X Sy1 , the Reeb orbits can occur over

(1) x= n% (i €{0,1,...,m}) for the first positive end,;

2) x= ,’7 (j €{0,1,...,n}) for the second positive end;

3) x= k (k €{0,1,...,m+ n}) for the negative end.

m—+n

The next lemma tells us that for pseudoholomorphic sections of X3, , that are contained in the twist
region, the three ends must in fact lie over the same x-coordinate.

Lemmad4.4 LetJ be afibration-compatible almost complex structure on X, n, and C be a J-holomorphic
section that is completely contained in Xp = By X (—€, 1 4+ €)x X Syl. Then the x coordinate of the three
cylindrical ends of C asymptote to the same value. Furthermore, C itself is completely contained in the
8-neighborhood of the slice Fy (the subscript x denotes the x value to which the ends of C asymptote.)

Proof The Reeb vector field near the first positive end is d; —mxd,, so the homology class of any Reeb
orbit over x = # is [S ,11 1—i[S yl] € H{(Xp). Similarly, for Reeb orbits over the second positive end with
the x-coordinate £, the homology class is [S},]— j[S;] € Hi(Xp); the homology class for Reeb orbits

over the negative end with the x-coordinate m]fi_n is [Stll] + [Stlz] — k[SJ}] € H (Xp).

It follows that for a J-holomorphic section that is completely contained in Xp, we have k =i + j for
homological reasons. Now if the three ends don’t share the same x-coordinates, without loss of generality
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i+j J b itj J : :
mn < - Pick some x( € ( el n) such that C intersects the slice Fy,

transversely, then the homology class of C N Fy,, in H;(Xp) is (—/,0, 1). Using Lemma 3.2, we have

we can assume that n% <

—j +xo(m-0+n-1)=0

J

which implies that xo > 5, a contradiction.

Now suppose C is not contained in the §-neighborhood of the slice F, we can choose some € slightly
bigger than § such that C intersects F, ¢ transversely and the intersect is nonempty. But notice that
C N Fy ¢ are both null-homologous, so this is a violation of Lemma 3.2. O

Remark 4.5 The second part of the above lemma also holds for J-holomorphic sections of X" that
are completely contained in the twist region. Namely, if all three ends of such a section share the same
x-coordinate, then the entire section is contained in the §-neighborhood of the slice F.

4.3 Proof of “no crossing” for general J (Theorem 4.1)

Now we are ready to prove the main result of this section.

Proof of Theorem 4.1 Fix some € € (8, €). Suppose that the statement of Theorem 4.1 fails, by the SFT
compactness theorem, we can find a subsequence of {Cy }, still denoted by {Cy}, such that

(1) for every k, Ci is not contained in Xz or Xp, and

(2) {Ci} converges to a J-holomorphic building B.
Let us first observe that by our assumptions, 73 (Xp,n), w2 (X"™"), w3 (Y4m) are all trivial, so bubbling
off of J-holomorphic spheres cannot occur in any level of 5. Notice also that it is not possible for any

component of any level of B to have only positive or only negative punctures, simply by homological
considerations. The above two observations imply that

(1) B has no nodes;
(2) the main level of B is a J-holomorphic section of X, and

(3) every other level of B is a (resp. pair of) holomorphic cylinder in the symplectization of Ygm+n
(resp. Y¢m n| Y¢n)

We note that all levels of B must have vanishing wrapping numbers. The reason is that the wrapping
number is homological, so the sum of the wrapping number from all different level is equal to zero. By
Remark 3.10, all wrapping numbers are nonnegative, so they have to vanish in each level as well.

If the main level of B is contained in Xg ¢, we can use Lemma 4.3 and induction to show that all other
levels of BB are contained in R X Y, 4, g e or R X (Y, g e LY, g ¢), respectively. For example, the first
level above the main level consists of one J.-holomorphic cylinder in R X Yym+n (if X' = X™") or a pair
of J.-holomorphic cylinders in R x (Ygm LI Ygn) (if X = X, ). In either case, those J-holomorphic
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cylinders have negative ends which are either over x = 0, 1 inside the twist regions, or outside the twist
region. Now the third and forth bullets points of Lemma 4.3 tell us that these cylinders are entirely
contained in R x Y, 1, gz or Rx (Y, gz 11Y, g¢). We conclude, using induction, that all levels above
the main level are contained in the same region. Now let us consider the first level under the main level.
For any such J_-holomorphic cylinder, if the positive end is over x = 0, 1, then by the second bullet point
of Lemma 4.3, they are completely contained in F(_¢ g); if the positive end is contained outside of the
twist regions, then the third and forth bullet points of Lemma 4.3 imply that the cylinders are contained in
RxYyinmzor Rx(Yy, geUY, ge). Again, we can repeat the above analysis to find that all levels
under the main level are contained in R X Yy, 1, gz or R X (Y, g e 1Y, g ¢). In summary, the entire
building is contained in the (slightly shrunk) nontwist region, which implies that for sufficiently large k,
the section Cy, is contained in Xz as well, a contradiction.

If the main level of B is contained in Xp ¢ — X ¢, then again we can use the fourth bullet point
of Lemma 4.3 and induction to deduce that all other levels of B are contained in R x Y, 4, p z or
R x (Y;u,pe UY, pe). It follows that for sufficiently large k, the section Cy is completely contained
in Xp, a contradiction. O

S The product

In this section, we use the no crossing results to calculate the pair-of-pants product defined in Section 2,
®) HF«(¢™) ® HF.(¢") — HFx (9™ ™),

where ¢ is the (Hamiltonian perturbed) positive Dehn twist along a homologically nontrivial simple
closed curve y C X, with the extra conditions stated in Theorem 1.2.

As reviewed in Section 2, we fix the cobordism X = X}, , and a generic Hamiltonian perturbation. We
always assume that the almost complex structure J is C*° close to a fibration-compatible one, as in
Section 3. Furthermore, we require that near each boundary component of % with local coordinates
(xi, yi), the almost complex structure J is fibration-compatible, and is induced from the almost complex
structure on Ver that sends dy; to d),. Lemma 3.8 tells us that J-holomorphic sections cannot approach
0% by the maximum principle.

5.1 Several remarks on monotonicity

To define fixed point Floer homology without using the Novikov rings, we need a monotonicity condition.
In what follows, we will use a slightly stronger version of “weak monotonicity” introduced in [6].

Definition 5.1 [6, Condition 2.5] Let v be a symplectomorphism of (X, wg). Let w,, denote the 2-form
on the mapping torus Yy, induced by wq, and Ver the vertical distribution of Yy, — § 1. We say v is
weakly monotone if [wy, ] vanishes on the kernel of

c1(Ver): Hy(Yy) — R.

Algebraic & Geometric Topology, Volume 25 (2025)



3900 Yuan Yao and Ziwen Zhao
We have the following:

Lemma 5.2 For the positive Dehn twist ¢: (X, wg) — (X, wg), the map ¢™ is weakly monotone for any
positive integer m.

Proof The proof is almost verbatim to that of [12, Lemma 5.1], and the only difference is that in our
setting ([X], cy(Ver)) =2 —-2g(X¥) if 0¥ = @. m|

The above lemma tells us that the count in (1) is finite, so the fixed point Floer homology HFy (¢™) is
well-defined without using the Novikov rings. Similarly, we need a weak monotonicity condition for the
count (5) to be finite.

Definition 5.3 Let 7: (E,w) — B be a symplectic fiber bundle, and Ver := Ker(d ) be the vertical

distribution. We say the symplectic bundle is weakly monotone if [@w] vanishes on the kernel of
c1(Ver): Hy(E) — R.

Similarly, we have the following lemma, which tells us that the count (5) is finite (see the discussions

following the proof of Lemma 5.4), and hence the product and coproduct structures induced by X, , and
X™" are well-defined without use of Novikov rings.

Lemma 54 If 0% # @ or X is closed with genus at least 2, then both X, , and X™" are weakly
monotone.

Proof Take a closed surface C C X such that [C] lies in the kernel of ¢ (Ver). Using the same notation
as in Lemma 3.2, let (p, ¢1, ¢») denote the homology class of [C N Fy] = [C N F] € H{(Xp) (isotope
C slightly to make the two intersections transverse).

Let us start with the situation where y is nonseparating and ¥ is closed. It is not difficult to see that
©) ([C]. cr(Ver)) = (2—2g(2))n(C),

where 1 is the wrapping number. We conclude that the wrapping number of C is zero. As explained in
the proof of Lemma 3.11, we have

n(C)=p=p+mq;+nq=0.

Now if y is separating and ¥ is closed, let X1, X, denote the two components of X — [0, 1], x S)}. By
our assumption: g(X;), g(X,) > 1. Similar to the above, we have:

([C].cr(Ver)) = (1 =2g(X1)m(C) + (1 —282(22))n2(C).
So [C] € Ker(cy (Ver)) implies that both wrapping numbers of C vanish, hence we have

p=p+mqg+ng; =0
again.
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It is not difficult to calculate, using the explicit expression of wy, that |, c @x 1s a linear combination of
p and mqy + ng,. So [wy] indeed vanishes on [C].

Finally, if 0% # @, then the wrapping number of C is automatically zero if y is nonseparating. If y is
separating, then:

(1) If both components of ¥ —[0, 1] X SJ} contains at least one component of dC, then both wrapping
numbers of C automatically vanishes;

(2) If only one of the components of ¥ — [0, 1], x Syl, say X,, contains components of 0¥ (so 71,
vanishes), then we have

([C]. er(Ver)) = (1 =2g(Z1))m (C).
So [C] € ker(c¢q (Ver) implies that ; vanishes as well.

The conclusion is that p = p + mq; + nqg, = 0 regardless. Using the exact same argument as above, we
conclude that [wx] vanishes on [C] as well. |

Lemma 5.2 tells us that for any positive integer m, HF.(¢™) is well defined without use of Novikov
coefficients. In fact, it is well-known (see for example [21; 12]) that

m—1

(10) HF 4 (¢™) = Ha(Z0: Z2) & ( D H*(Sl)),
i=1
where the i component of @:-":_11 H(S1) comes from the Reeb orbits inside the Dehn twist region

— i
OVCI‘X—m.

Before proving Theorem 1.2, some remarks on the Hofer energy of the J-holomorphic sections are needed.
In the following, we view the cobordism X, , as the completion of the compact cobordism K, , with
the same symplectic form Qyx .

Definition 5.5 [11; 25] Let J be a tame almost complex structure on Xy, ,. The Hofer energy of a
J-holomorphic section u is defined as

EHofer(u) — Sup/ u*wf
fG'T By

Where 7 = {f € C®(R, (—€,¢€))| f/>0and f(x)= x near [-§, 8])} (for sufficiently small € and ),

and
. Qx on Ky n,
AV (f(si)dt;) + wx near the three punctures.

The discussions about the monotonicity conditions imply that when the J-holomorphic sections have the
same indices and the same asymptotes, they share the same integral |’ B, @x - Hence we have a uniform
bound on the Hofer energy for sections in M )JC y:z» 0 the SFT compactness theorem implies that (5) (as

well as the corresponding count for the coproduct structure) is a finite count.
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5.2 All sections have vanishing wrapping numbers

In this section we explain that in our setting, all J-holomorphic sections of X, , — By with Fredholm
index 0 have vanishing wrapping numbers. This observation will allow us to use the no crossing results
from Sections 3 and 4.

Theorem 5.6 Let J be an almost complex structure on Xy, , that is close to a fibration-compatible one.
Suppose that

e if y is nonseparating, then 0% # @ or X is closed with genus at least 2;

e if'y is separating, then each component of ¥ — y either contains a component of 3% or has genus

at least 2.

Then for any Fredholm index zero J-holomorphic section C with cylindrical ends, C has vanishing
wrapping numbers.

To prove Theorem 5.6, let us recall the Fredholm index formula. Let C be a J-holomorphic section in
Xm,n with positive asymptotes «; and negative asymptote 8, represented by a map u : By — Xy . Fix a
trivialization 7 of the vertical distribution along each Reeb orbit, and denote by (¢ (7 Xy,»), [C]) the first
Chern number of the complex vector bundle u*T X, ,, over By with respect to the trivialization t and
the natural splitting 7' Xy, |, = Ver @R (R, d5) over the ends. Here R(R, d;) denotes the distribution
spanned by the Reeb vector field and the symplectization direction. For each asymptotic orbit, let CZ; be
the Conley—Zehnder index with respect to 7. We have the Fredholm index formula:

(1) ind(C) = 1+ 2(¢{ (T Xpmn), [C)) + Y CZe(ei) — CZ(B).

Notice that in our setting, the map u is a section of the fibration X, , — By, so u*T X, » naturally splits
as u*T Xm.n = TBo ® u™ Ver. In light of this splitting, we have

(CI(TXm,n)a [C]) =—-1+ (Clt(Ver), [C]).
So the index formula can be rewritten as
ind(C) = =1+ 2(cf(Ver), [C]) + D _ CZc(es) — CZ ().

Now recall that the Reeb orbits can be divided into two types: those coming from critical points of m Hy,
nHy or (m + n) Hy outside of N and those lying inside the twist region. There is a natural choice of the
trivialization t of the distribution Ver over these Reeb orbits: for the critical points of H, the distribution
Ver can be identified with the tangent space 7T'X at the point; and over the Dehn twist region N; we
can identify Ver with T N. We will always choose 7 as above, and the Conley—Zehnder index CZ, with
respect to such a trivialization is:

—1 if the orbit comes from a local minimum of H, or is an elliptic orbit inside the Dehn twist region;
0 if the orbit comes from a saddle point of H, or is a hyperbolic orbit inside the Dehn twist region;

1 if the orbit comes from a local maximum of H.
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Following [12], we now demonstrate a lemma relating the relative first Chern number (c7 (Ver), [C]) to
the wrapping number 7(C) (similar ideas were applied in the proof of Lemma 5.4; we present a proof of
the generalization of (9) here):

Lemma 5.7 If ¥ is a closed surface with genus g, the loop y is nonseparating, and C is a J-holomorphic
section, then

(cf (Ver),[C]) = (2—2¢)n(C).

Proof Choose a generic point outside of the twist region, which we denote by pt € ¥, such that C
intersects Bg x {pt} transversely. Recall that #(C) is by definition the algebraic intersection number
#C N (Bo X {pl})

Choose a section ¥ of Ver over X, ,,, with the following property:

(1) When restricted to the Reeb orbits, i is constant with respect to t.

(2) There are / points py, ps, ..., p; concentrated in an arbitrarily small neighborhood of pt, such
that on each fiber of X}, , — By, the section v has transverse zeroes at precisely p;, pa, ..., py,
with total degree 2 — 2g.

We can also arrange ¥ so that C intersects each Bo x { p;} transversely. Now by definition, (c{ (Ver), [C])
is the algebraic count of zeroes of u*1. Observe that the zeroes of ¥|¢ occurs at precisely

CN(Byox{p1,P2,---.p1}),

and the algebraic count of these zeroes is (2 —2g)n(C). |
Now we are ready to prove Theorem 5.6.
Proof of Theorem 5.6 Let us start with the case where y is nonseparating. As remarked before, if
0% # @, then n(C) is automatically zero. If X is closed, by equation (9), we have

0=ind(C) = —1+22-2g)n(C) + Y _ CZc(e;) — CZ:(B).
But since CZ; € {—1,0, 1}, we have

ind(C) <2+ (4—-4g)n(C).

This, together with the fact that n(C) > 0 and the assumption g > 2, forces that n(C) = 0.

Now let us deal with the case where y is separating. As before, let us denote by 31 and X, the two
components of 3 — N . If X is closed, then similar to Lemma 5.7, we have

{c] (Ver), [C]) = (1 = 2g(Z )1 (C) + (1 = 2g(X2))n2(C).
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So
0 =ind(C)

= —142(1-22(Z )M (C) +2(1-2(Z2)n2(C) + Y CZ (i) — CZ ()

=24+2(1-2g(Z1)m(C) + 2(1 —2g(X2))n2(C).
By our assumption, g(X{), g(¥;) = 2. Combined with the fact that n, 7, > 0, we have

n1(C) =n2(C) =0,
as desired.

The case where both ¥ and ¥, contain a component of X is easy: we only need to observe as before
that if X; contains a component of 0%, then 7; is automatically zero. The only remaining situation is the
following: only one of the two components of ¥ — N contains a component of 0%, and the other one has
genus at least 2. Without loss of generality let us assume X, is the one containing 0% (so 7, vanishes
automatically). Similar to what we saw in Lemma 5.7, we have

(cf(Ver), [C]) = (1 —2g(Z1))m (C)
which implies that
0 = ind(C)
= —1+2(1=22(C))M(C) + Y CZ(ei) — CZ(B)

<2+2(1-2¢(Z)m(C).
Again, since g(X1) > 2 and n; > 0, we conclude that 1 (C) has to vanish as well. a

5.3 Computation of the product (proof of Theorem 1.2)

Proof of Theorem 1.2 We choose a generic tame almost complex structure J on X, , such that all
moduli spaces of Fredholm index zero sections are cut out transversely. We further assume that J is
C° close to a fibration-compatible almost complex structure so that Theorem 4.1 applies. Theorems 4.1
and 5.6 tell us that all the J-holomorphic sections are either contained in Xz or Xp.

Now the count of J-holomorphic sections contained in Xz precisely corresponds to the intersection
product of Hy(X¢; Z») C HF«(¢™) and H«(X¢; Z,) C HF4(¢") in the sense of the decomposition (10).
By [17; 9; 14], the cobordism map of the pair-of-pants product in this case can be identified with the
intersection pairing (notice that in our case 7, (Xg) = 0, so no Novikov rings are needed here),

N
(12) Hy(Z0:Z2) ® He(Xo; Zo) ——— Hi(Zo; Z2).

To finish the proof, we only need to show that the count of sections contained in the twist region contributes
to zero in the cobordism map. By Lemma 4.4, any such J-holomorphic section must be contained in the
d-neighborhood of some slice Fy, where x = 5 for some i € {1,2...,d — 1}, here d := gcd(m, n) (the
reason is that we need mx, nx and (m + n)x to be integers simultaneously for the three Reeb orbits to
exist inside a §-neighborhood of Fy). Recall that, near x = ;l;’ the symplectic fiber bundle is given by the
trivial product X; := Bg X (é -6, d; + S)X X S)} with the fiberwise symplectic closed 2-form wy, which is
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a small Hamiltonian perturbation of wy o = dx Ady +d (%x2 ,Bm,,,). Now we use a change-of-coordinate
trick to show that the above symplectic fiber bundle is equivalent to another one, which calculates the
pair-of-pants product of the Hamiltonian Floer homology of small Hamiltonians on (é -4, 3 + S)X X Syl.
To do this, let X be the trivial bundle By X (—6,68)x X S J}, together with the fiberwise symplectic form
dx' ndy' + d(%xQ,Bm,n). Define a diffeomorphism u: X; — X by

(13) x/=x—f7, Vi=y+i-guap).
where p denotes the coordinate on By. It’s easy to see that u preserves the fibers, and that w pulls
dx' Ady' + d(3x"*Bm,n) back to wy,g., because (recall that d - g},, , = &m.n)
. i\2
p(dx" Ady' +d(33? Bmn)) = dx Ady +i- g5 ) +d(3(x = 5) Bmn)

=dx Ady + Ldx A Bmn + (x — %) dx A Bmon

=dx ndy + d(%xzﬂm,n)

= a)X’o.
For any almost complex structure J on X;, we have the following one-to-one correspondence:

1:1
{J-holomorphic sections of X;} <— {u«(J)-holomorphic sections of Xy}.

Now, similar to the J-holomorphic sections that are contained in Xy, it is clear that sections contained
in Xy computes the pair-of-pants product of (a small perturbation of) the fixed points of time-1 maps
of m- %x’ 2and n- %x’ 2. This corresponds to the intersection product of Hy((—8,8)x x S yl,), which is
identically zero. This concludes the proof of Theorem 1.2. |

6 The coproduct

In this section, we generalize the methods used in Section 5 further to compute the pair-of-pants coproduct
of fixed point Floer homology of Dehn twists: HF4(¢™1") — HF,(¢™) ® HF(¢"), where m, n are
positive integers, and ¢ is the positive Dehn twist described in the setup. Note that Lemma 5.4 tells us
that the cobordism map is well-defined even without the use of Novikov rings. The goal of this section is
to prove Theorem 1.3. To begin with, similar to Theorem 5.6, we have the following:

Theorem 6.1 Let J be an almost complex structure on X™" that is close to a fibration-compatible one.
Suppose:

e Ify is nonseparating, then 0¥ # & or X is closed with genus at least 2.

e Ify is separating, then each component of ¥ — y either contains a component of 3% or has genus
at least 2.

Then for any index zero J-holomorphic section C with cylindrical ends, C has vanishing wrapping
numbers.
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And the proof is almost the same as that of Theorem 5.6 (we only need to slightly modify the Conley—
Zehnder index term). Combined with Theorem 4.1, it tells us the following:

Corollary 6.2 Suppose the almost complex structure J, and the loop y satisfy the same condition as
in Theorem 6.1, then all J-holomorphic sections of X" — By that have Fredholm index zero must be
containedin Xg or Xp.

What is different from Section 5 is that the count of sections contained in the twist region does not
contribute to zero in the cobordism map. In the following two subsections, we first give a detailed
understanding of the moduli space of all J-holomorphic sections in the Morse—Bott (unperturbed) setting,
then explain what would happen if we perturb the form wy o to break the Morse-Bott degeneracy.

6.1 J-holomorphic sections inside the twist region

In this subsection, we analyze possible J-holomorphic sections inside Xp. Unless otherwise specified, the
almost complex structure J is assumed to be fibration-compatible, and when restricted to Ver sends d to
dy (so J is completely determined by the fiberwise symplectic 2-form ). We start with the fiberwise
symplectic 2-form wy,o = dx Ady + d(%xzﬂm,n) and view (Xp, wx o) as part of Xp:= By xRy x S;
with the same fiberwise symplectic 2-form. Note that by extending the cobordism we are not introducing
new curves: Lemma 3.2 ensures that if the x-coordinates of the asymptotic Reeb vector fields of a given
J-holomorphic section are contained in (—¢, 1 4 ¢€), then the entire J-holomorphic section of X p is in
fact entirely contained in Xp.

Notice that with this Morse—Bott setting, the Reeb orbits at the ends come in S!-families. The possible
x-coordinates of such families are

e x= Koo at the positive end,
m-+n

e X = ky at the first negative end, and
m

e X = ka at the second negative end.
n

Observe that if a J-holomorphic section has cylindrical ends at x = k;:, ﬁ, and 12, then koo = k1 + k.
m+n’ m n

We make the following two basic observations about J-holomorphic sections of X p with cylindrical
ends. In what follows, for any fiberwise symplectic 2-form w on X p that coincides with wyx o outside of
some compact subset K C X p, let My, (koo k1. k2) denote the moduli space of J-holomorphic sections
of (X p, w) whose ends have x-coordinates asymptoting to

m+n  m

k
, and —2, where koo = k1 + k».
n
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Remark 6.3 We make an observation about M, (keo; k1, k2) that is already implicit in its definition.
Note here the Reeb orbits come in S families, and in defining M, (koo; k1, k2) we allow the ends of its
elements to land on any Reeb orbit on a given S family. In other words, the ends of a J-holomorphic
section are “free”. We can also require ends of J-holomorphic sections to land on a specific Reeb orbit in
a S! family, in which case the ends are “fixed”. This distinction will be very important to us when we
pass from Morse—Bott case to the Morse case.

Lemma 6.4 There is a one-to-one correspondence between

M(ox,o(koo;kl,kZ) and wa,()(koo +m—|—n,k1 +m,k2 +n)

Proof Define a diffeomorphism p: X p — X p, (p.x,y) — (p.x’, ') by

X'=x-1, Yy =y+g™"(p).

Observe that u preserves Ver, and a simple calculation shows p*wy o = wy,o. So u*J = J, and hence
if u is a J-holomorphic section contained in Myy (koo +m + nky +m,ky + n), then pou is a
J-holomorphic section contained in My ,(keo: k1. k2), and vice versa. |

Lemma 6.5 For any u € M, (koo; k1,k>), ind(u) = 1 and u is cut out transversely.

Proof Similar to what we did in Section 5, choose the trivialization
7: Ver > T(Ry X Syl) ~ R2.
Let @ and B4, B, denote the three ends of u. The index formula is
ind(u) =1+ 2(c{(TX).[C]) + CZF (@) - > CZ; ()

=—14+CZf (@) - ) _ CZ;(B)
=—14+0-(-1)—-(-1) =1

Now the automatic transversality theorem [24, Theorem 1] applies here, because
1 =ind(u) > cy(u) + Z(du) =0+0. |

Notice that Lemma 6.5 does not require w to be wy . Let us consider a 1-parameter family of closed
fiberwise symplectic 2-forms w;, for A € [0, 1], where

(1) wo =wx,o,
(2) when restricted to each fiber of X p — By, we have w) |siber = dx A dy,

(3) there is a compact subset of X p outside of which all wy, with A € [0, 1], agree.
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Observe that any closed fiberwise symplectic 2-form w that agrees with wy o outside of a compact set and
restricts to dx A dy on each fiber can be connected to wy o using a family w; described above: one can
simply put w; = Aw + (1 —A)wy,o. For each A, let Jj denote the fibration compatible almost complex
structure on X p determined by w;. As before, let M, (koo: k1, k2) denote the moduli space of Jj-

holomorphic sections of (X p, w;) whose ends have x-coordinates —2—, ki K where koo = k1 + k>.
m

+n'm’ n’

Let {Mg, (koo; k1.k2)}|re[0,1] denote the parametrized moduli space:
M, (koos k1, k2)}nelo,17 := {(u, M) |u € My, (koo k1, k2), L €0, 1])}.

We now describe the specific type of deformed fiberwise symplectic 2-form that we will use. Fix a
compact subset Ky C By such that the complement of K is contained in the cylindrical ends. For any
R > 0, denote [- R, R]x X SJ} C Ry X SJ} by Og.

Definition 6.6 A 1-form o € Q1(By, C®(R x S1)) is called admissible if there exists some compact
subset K, C By containing Ky, and some R > 0, such that 6 = ™" - %xz outside of K, x Q.

For any admissible 1-form o, we define the corresponding closed fiberwise symplectic 2-form w to be
dx A dy + do. The following simple observation asserts that if w = dx A dy + do and o is admissible,
then all pseudoholomorphic sections in My, (keo; k1, k2) have a uniform upper bound on the vertical
energy (see definition below) and the range of its x component is bounded.

Definition 6.7 Fix an admissible 1-form o and the corresponding almost complex structure J. Let gy
denote the metric determined by @ = do + dx A dy and J. For any smooth map u: By — X p, define
the vertical energy E(u) to be

E(u) = %/ |0su — 3F1% , + [0,u — 0F |7 ds Ad,
By
where 0% and 0% are the horizontal lifts of the vector fields d5 and d;, respectively.

Lemma 6.8 Let 0 |)¢[0,1] be a family of admissible 1-form as in Definition 6.6 (where R is assumed to
be sufficiently large compared to koo, k1 and k,), and wy, = dx A dy + do), be the corresponding closed
fiberwise symplectic 2-form on X p. Let Jw, denote the fibration-compatible almost complex structure
determined by w),. Then for any u € My, (koo k1. k2),

(1) u is contained in {—2R < x < 2R}, and
(2) the vertical energy E(u) has a uniform bound.
Proof Assume that there is some u € M, (koo: k1, k2) not contained in {—2R < x < 2R}. It’s easy to

show that such a section cannot be horizontal (otherwise, inside the region { R < |x| < 2R} the function x
would be locally constant, a contradiction). Outside of {—2R < x <2 R} the 2-form w coincides with wy o,
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so after picking some x¢ such that |xo| > 2R and u intersects {x = x(} transversely in a nonempty way,
the homology class of the intersection u N {x = X} satisfies the local energy inequality

p +xo(mqy +ngqz) >0,
which contradicts the fact that u N {x = x¢} is null-homologous. For the bullet point 2, we first observe

that for a sequence of subdomains Dy, exhausting By, we have

/ u*wy = lim u*wy = lim u*(xdy +oy) = lim u*(xdy+,3m’"-%x2).
By k—o00 J Dy k—o00 J3Dy k—o00 J3Dy,

And the last limit does not depend on A or u. We also observe that given the fact u € M, (koo: k1,k2),
this term is finite.

Next, similar to what we did in Lemma 3.5, we calculate E(u) for a J-holomorphic section u (again

using local conformal coordinates (s, ?)):

E(u):%/B |8su—8f|§,J+|8,u—8f|§,J dsAdtz/B a))h(asu—af,a,u—af)ds/\dl
0 0
2/ wk(asu,3,u)—wk(3f,8f)ds/\dl
By

=/ u*wk—/ wy (0%, 0%) ds A dt.
By By

So it suffices to estimate the term fBo wy (0%, 0%)ds Adt. Write oy, as FA(s,t,x, y)ds + G (s, t,x, y)dt,

and we have aG*  9Fr  aG* 9F*  aGr 9F*
w (3%, 9%) = - + — .
$ ot ds ot dx dy dy ox

Now we simply observe that on the union of cylindrical ends Z where o) = %xz B™" the term F* is
identically zero and G* is independent of s. Consequently, @y, (8’;, 8‘?) is compactly supported on

(s.2,x,y,1) € (Bo—Z)x[-2R,2R] x S x[0, 1]

and hence has a uniform bound for all u € M, (koo k1, k2). m]

Lemma 6.8, together with the usual SFT compactness argument developed in [2] (see also [25] for a
nice account), tells us that for any closed fiberwise symplectic 2-form w = dx A dy + do where o is
admissible, the moduli space M, (koo; k1, k2) is compact. To see that no SFT type breaking can occur for
a sequence of sections in My, (koo; k1, k2), we observe that levels in the symplectizations are necessarily
cylinders, and such cylinders asymptote to orbits in the same Morse—Bott family for homological reasons.
Now such cylinders have zero vertical energy, hence are trivial cylinders. We also observe no bubbles
appear, as m, of the bundle is trivial.

More generally, for such w, if we define the 1-parameter family w), :=Aw+(1—A)wy,o, then the parametric
moduli space { M, (Koo k1,k2)}|nef0,1] is compact as well. Lemma 6.5 tells us that for such w, both
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M (kooi k1. k2) and { My, (keo: k1, k2)}|5el0,1] are transversely cut out, 50 { M, (koo: k1. k2)}re[0,1]
is a compact cobordism between two closed 1-dimensional manifolds. Observe also that for each fixed
A" €10, 1], the slice My, (koos k1, k2) C {Ma, (koo; k1,k2)}|5ef0,17 is a closed 1-manifold, so we get
the following:

Corollary 6.9 For any w = dx A dy + do where o is admissible, M, (koo; k1, k2) is diffeomorphic to
wa,o(koo; kl s k2)

The next observation (Corollary 6.13) asserts that M, ,(keo: k1, k>) has at most one component. To
get started, let us observe that there is an S symmetry of Moy o(koos k1, k2). In the following, we will
view J-holomorphic sections u of (X p,w) as maps ii: By — R x S, so it is handy to establish the
following lemma:

Lemma 6.10 Choose a local conformal coordinate (s,t) of By and suppose locally

o = Ix*(F(s.t)ds + G(s.t)dt), wx,0=dx ndy + do.
A map u: By — (Xp,w) is a J-holomorphic section if and only if the corresponding map ii =
(x(s,1), y(s,1)): By — R x S in our coordinate system solves the following PDE:

dy ox
= — - G =0.
o Tas T ar as T
Proof Let v* denote the horizontal lift (with respect to @) of any vector v € TBy. A simple calculation
shows that

0t =0, —xFd,, 0 =0,—xGo,.

So by definition, J(d5 — xFdy) = d; —xGd,. Recall that we required that J always sends dy to dy, so
this shows
Now suppose u: By — X p, (s,1) — (s,t,x, ) is J-holomorphic, ie
0x ay ax ay
Jl0s+ —0x+—0, | =0; + —dx + —0,.
(s+as x+8sy) t+at x+8ly

Combine the above equations and collect the coefficients of dx and d,, and we get the desired PDE. O
The following corollary is immediate:

Corollary 6.11 Ifu: By — X p is a map given by (s,t) — (s,t,x(s,t), y(s, 1)), and u is an element
of Myy o(keos k1, k2), then for any yo € St (s,t) = (s.t,x(s,1), y(s,1) + yo) is also an element of
wago(koo;kl’kZ)-
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In other words, if My ((koo: k1.k2) # @, then S acts freely on My o (Koo k1, k2) by translating the
y-coordinate. We now show that this S action is also transitive.

Lemma 6.12 Suppose u and u, are two different J-holomorphic sections in Myy o (koo: k1. k2), and
letii;: Bo — R x S! denote the corresponding maps to the fiber, which we write as (s, t) — (Xi, yi).
Then x| = X5, and there is some yo € S such that y,(s,t) = y1(s,t) + yo.

Proof Consider w :=ii; —iip : Bo = Rx S, (s,1) — (I(s,1),m(s,t)). By Lemma 6.10, locally the
following PDEs are satisfied:

O om gr=o 22 G2

ar  Os "0t 0s ’
Observe that by our assumption, #; and u, have the same asymptotics on their cylindrical ends, so it follows
that w induces the trivial map on ¢, hence can be lifted to w: By — R xR, (s,¢) — (I(s, 1), m(s,1)),

where (I, 17) solves the same PDE. Let us denote the covering map R xR — R x S by 7.

Now for any ¢ € R, the map i, + 7 (¢ - w) solves the same PDE, and hence gives an element in
Moy o (koos k1, k2). This implies that /(s, 7) is identically zero and hence 77 (s, ¢) is constant, because
otherwise,

uy +m(8-w+£-(0,1))

solves the same PDE for any ¢, £ € R, giving us a two dimensional family of solutions. This contradicts
the fact that u, is cut out transversely and ind(u;) = 1. a

A corollary of the above discussion is the following:

Corollary 6.13 For any admissible o, the moduli space M gxady+do(Kooi k1, k2) is either empty, or
diffeomorphic to S'.

We now proceed to show that M gy ady+do (Koo: k1, k2) is not empty. By Lemma 6.4, we can assume that
koo, k1 and k, are all positive. In light of Corollary 6.9, it suffices to find one special admissible o, and
show that M, (koo; k1, k2) is not empty, where w = dx A dy 4+ do. The rest of this subsection describes
how one can construct an admissible o with a nonempty M gx gy +do (Koo: k1. k2).

To this end, we make the following observation. Fix cylindrical ends Z,, Z; and Z, of B outside
of K, each with conformal coordinates (s;, ;) € [N, 00) x S1) (or (—oo, —N]x S!), and choose cutoff
functions x;: Z; — [0, 1] such that 1 — x; are compactly supported. Suppose v: By — R x S is a smooth
map, such that (notice the resemblance to the formulations in [20]):

(1) The restriction of v = (x, y) to the cylindrical end Z, solves the equations
ax ay ay ox

— =0, —=— 1 =0.
Vo | 950 Voo 9500 + (M + 1) Xoo (500, loo) X
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(2) The restriction of v = (x, y) to the cylindrical end Z; solves the equations

dx  dy dy  ox
—+ =0, =——-— ,1)x =0.
oty + 0s1 oty 0s1 Fmy sy )X
(3) The restriction of v = (x, ) to the cylindrical end Z, solves the equations
ox dy dy  ox
—+——=0, ——-— ,h)x =0.
0t 0ss d0ty 05y Fnxa(s2. )X

(4) The restriction of v = (x, y) to the complement of Z; U Z, U Z, is holomorphic:
dx dy dy 0x

o Tas T o s
(5) The map v approaches the projections (to the fiber S x R) of three Reeb orbits at
Kk k2 ko

xZ k) XOO_
m n m+n

X1

at its corresponding cylindrical ends. Note the Reeb orbits whose projections the map v approaches
all live in S! families. We do not care which orbits in these S! families v approaches.

Then we can construct an admissible o such that the moduli space

Mixndy+do (kooi k1, k2)

is not empty. The reason is that 7 (s, #) — (s, ¢, v(s, )) is a smooth section of X p — By with the desired
asymptotes, and the image of v is contained in Q g for some large R. If we define an admissible 1-form

o such that
%(m + 1) X2 Y00 (So0» too) dloos in Zso X OR,
o= %mxz)“(sl’tl)dtl’ in Zy x O,
jnszz(Sz, 1r)dty, in Zy X Qg,
0, in (By—Z1UZ,U Zoo) x OR.

Then Lemma 6.10 tells us that v € Mgxady+do (koo k1, k2).

We now construct v as described above. In the following, inside the cylindrical ends Z;, we will always
assume that x;’s are #;-independent and monotone, and that
—Kkooloo, 1N Zso,
y=9q—kity, inZy,
—ksts, in Z,.
So inside Z;, x is #;-independent, and the equations simplify to ODEs

0 0 d
o F+koo— (M +n)Yoo(Se0)Xx =0, o + koo —mx1(s1)x =0, o 4+ koo —nx2(s2)x = 0.
9S00 051 0S5

If we let

aﬂmmfﬂw%mwudm@,m®m=/

S1

52
—mx1(p)dp and 612(52)1=/N—”X2(,0)d,0,
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then the solutions to the above ODEs can be explicitly written down:

Soo
X(So0) = €% (Coo — koo / oo (P) dp),
N

S1 52
xX(s1) =e ™ (cl —kq / 1) d,o), X(sp) = e 2 (c2 —kz/ ¢?2(P) d,o).
N -N

Based on our assumptions, it’s easy to show that for the first expression, there is a unique choice of
Coo € R such that x(s«) stays at n’f—jf’n when s is large enough. On the other hand, whatever choice of
c1 Or ¢ is, the second (resp. the third expression) will converge to % (resp. %) when s; close enough
to —oo. Notice also that near the boundaries of Z; (ie when s; is close to £+ /) the functions x (s;) are

linear with slopes —k;.

For a suitable choice of csx < ¢ = ¢3, it is not hard to construct a holomorphic k-fold branched
cover v = (x,¥): Bo—Z1 UZyU Zoo — [Coo. 1] x S such that near 0Z, (resp. 0Z1, 0Z5), (x,y) =
(oo —koo(Sco — N), —kootoo) (resp. (¢1 —k1(s1 + N),—kqt1) and (c; — ko (s2 + N), —kst)). So for
such choices of coo < ¢; = ¢, the map v glues smoothly with the three solutions on Z;’s. The above
discussion shows the following:

Proposition 6.14 For any admissible 0, M gxady+do (Koo: k1, k2) is diffeomorphic to St

6.2 Morse-Bott theory and enumeration of sections after the perturbation

In this subsection we use some Morse—Bott theory to enumerate sections after we replace wy o with
wy by adding a small Hamiltonian perturbation that breaks the Morse—Bott degeneracy (see Section 2).
We know from Theorems 6.1 and 4.1 that no holomorphic sections cross from Xz to Xp or vice versa,
so we only need to consider what happens to J-holomorphic sections that stay in Xp as we break the
Morse—Bott degeneracy.

For simplicity let us work instead in X p. By abuse of notation, we will use the same letter wy to
denote the 2-form on the completion X p, and likewise for wyx 0. We first recall some conventions for
J-holomorphic sections whose ends land on Morse—Bott submanifolds. We fix J the fibration-compatible

almost complex structure (we will have a bit more to say about choice of J after we describe cascades).
ki ko kitks
m’> m’> m+n
have tori that are foliated by Reeb orbits (we will call such tori “Morse—Bott tori”).

In our case all Reeb orbits come in S! families, corresponding to x = in X p. Hence we

Recall for J-holomorphic sections ending on Morse—Bott tori, we can consider moduli spaces of sections
with “fixed” end points and moduli spaces of sections with “free” end points. These are conditions we im-
pose on the given cylindrical ends of the holomorphic section. “Fixed” end points condition means the given
end of the section must land on a specific Reeb orbit in the Morse—Bott torus, whereas the “free” end condi-
tion means that the given end of a section in the moduli space is allowed to freely move around on the Morse—
Bott torus. The dimension of the moduli space of course depends on how many ends are specified as fixed
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or free. For instance the moduli space we constructed in the previous section, M gx ady+do (Koos k1. k2)
has all ends free by this convention (we implicitly assumed this in our previous construction).

We shall invoke some standard Morse—Bott theory (which is easily adapted to cobordisms) to figure
out how to count our J-holomorphic sections. However, the statement of the entire theory is rather
cumbersome, instead we will just state the small parts we need. We refer the reader to [26] for a more
detailed account.

We recall that in breaking the Morse—Bott degeneracy via perturbations, each torus of Morse Bott orbits
breaks into an hyperbolic orbit /; at maximum of 4(y) and an elliptic orbit e; at minimum of 4(y).
These orbits form the generators of the fixed point Floer homology.

For our purposes, J-holomorphic sections of degree one and Fredholm index zero in (X p, wy) which
we need to count correspond to cascades in (X p, wy,0). The cascades, generally speaking, take the
following form:

e There is a main level ug: By — (A_’D, wyx,0)-

e There are upper levels indexed by i € Z~ . We write them as #;~¢ : S! xR — (S! xR x ST x
R, wyx o).

e There are lower levels indexed by j € Z ¢ labeling the level number, and k € {1, 2} labeling which
negative puncture it corresponds to. We write them as: uj.‘<0: SIXR— (ST xR xS xR, wx ).

e For each map u; let & denote the projection to the base in the codomain, then 7 o u; is the identity;

likewise for u}‘ .

o Let ev¥(u;) denote the Reeb orbit u; approaches as s — +00, let ¢ denote the gradient flow of
h(y) for time T, then there exists 7; € (0, 00) so that ¢7; (ev™ (u;)) = evt(ui_y).

e For the main level we have numbers 77, 7, lg € (0, 00) for k € {1, 2} so that
o1y (ev™(un) = evt (o).  prrev=(ug)) = ev* (k).
e For the lower levels, there are numbers Tjk € (0, 00) for k € {1, 2} so that
Gri(ev™(wf)) = ev ™ (uj_y).

Generally speaking there are more conditions we can achieve for cascades by choosing generic J, however
for our case we immediately observe for homological reasons u; ¢ are cylinders, in fact they must all be
trivial cylinders by energy considerations, so there is only the main level, which for ease of notation we
denote by u. Since our entire cascade only has one level, in order to count u, it must live in a moduli
space of dimension zero.

Thus we arrive at the following description of the cascades we must count:

Proposition 6.15 The (1-level) cascades that we need to count takes the following form:

e u:By— (A_’D, wy o) is a J-holomorphic section.
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e Let the ends of By be labeled {1,2, co}. Then one of the ends in {1,2, oo} is fixed, the other 2
are free. Hence u belongs in a (transversely cut out) moduli space of index zero. (Fixing one end
reduces the virtual dimension by one.)

» All free ends avoid critical points of h(y) (this can be achieved for generic J). If the ends labeled
1,2 are fixed, then they land on the maximum of h(y). If the co end is fixed, it lands on the
minimum of h(y).

That the cascades above are the ones we need to count to compute the coproduct map is supplied by the
following correspondence theorem:

Proposition 6.16 Given a perfect Morse function h(y), we make the Morse perturbation smaller by
rescaling it to be Sh (»), where § >0 is a small positive real number. For small enough § >0, there is a 1-1
correspondence between J-holomorphic sections in the nondegenerate case and J holomorphic cascades.
Given a cascade u of the form described in the previous proposition, for the positive end of u, if it is a
free end we assign the generator hy,, and if it a fixed end we assign it the generator ey,. We reverse the
assignments for the two negative ends 1, 2. Then each cascade gives rise bijectively to one J holomorphic
section beginning and ending at the generators we assigned to the ends of cascade.

Proof See [26] for a proof of this statement and how the correspondence works in the general case of
multiple level cascades. However since we are only working in the simple case of 1-level cascades, the
correspondence theorem that we need is also established in [5]. |

Remark 6.17 Note by the above correspondence theorem, the only requirement we need to impose on J
in the Morse—Bott case is that all moduli spaces of index zero sections listed above are transversely cut out
and that the free ends avoid critical points of /(). It will be apparent from the paragraph following this
remark that the fibration compatible J we chose in Section 6.1, with the help of automatic transversality,
suffices for the purpose of showing the index zero sections are transversely cut out. To ensure the free
ends avoid critical points of /, instead of further perturbing J, we shall instead choose generic 4. This
kind of strategy was also undertaken when Morse—Bott techniques were employed in [13].

We also remark that in the correspondence between cascades and J holomorphic sections we need
to perturb the almost complex structure from J in the Morse—Bott case in X p to a generic J 5 in the
nondegenerate case to establish a correspondence between cascades and holomorphic sections, see [26]
for more details. The difference between J5 and J can be taken to be C* small. Hence for small enough
6 > 0 we do not need to worry about this change in almost complex structure since we already established
in Section 4 that for C*° small perturbations of J the no crossing results continues to hold.

Recall that Proposition 6.14 tells us the moduli space of sections with all three ends free in the Morse—Bott
case come in S'! families, and this S! family is precisely rotation around the 0, direction, ie rotation
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along the Morse—Bott tori. To obtain a cascade of Fredholm index zero in the form specified above, it is
readily apparent we restrict one of the three ends fixed and the rest two free. All of our cascades we need
arise this way.

Instead of perturbing J further to ensure that when we have fixed an end, all the remaining free ends
avoid critical points of /1, we choose generic Morse perturbations /. To be specific, we choose perfect
Morse functions {h;( )}, where [ € {1, 2, 0o} labels which cylindrical end of the base we are referring
to, and i € Z refers to the specific Morse—Bott torus in that end. (For example when / =1 and i = 1,
this refers to the Morse Bott torus at x = 1 for the negative end labeled by k = 1). We then use these
functions to break the Morse—Bott degeneracy.

Given some large integer N, for a generic choice of {h;( ¥)} we can arrange that for tuples (k1, k2, koo)
satisfying 0 < ky, k3, koo < N and koo = k1 + k3, if we consider the moduli space My (koo k1. k2)
(here all ends are free) which is diffeomorphic to S!, if any element in this S! family has one end landing
on a critical point of any of the Morse functions in {h; (»)}, then all the other ends avoid critical points of
elements in {h;( »)}. We can arrange for this to happen by picking generic collection {h;( y)} because we
only need to consider finite number of moduli spaces.

It is then apparent if a section in the S family My o(koos k1. k2) has one end hitting a critical point, it
is the only section in this S! family with an end on that critical point. This, combined with the cascade
and holomorphic section correspondence (Proposition 6.16) thus produces the computation required for
the coproduct structure restricted to X p.

Remark 6.18 Even though all our previous proofs (eg no crossing) assumed we used a single Morse
function /() to break the Morse—Bott degeneracy, one can check that using a collection of Morse
functions {h;( ¥)} to break the degeneracy does not make a difference to our previous results.

Now we are ready to compute the coproduct map induced by X", Let hm+” (resp. em+”) be the
koo

hyperbolic (resp. elliptic) orbit over x =

) be the hyperbolic (resp.
elliptic) orbit over x = 7! at the first negative end, and /j (resp ek ) be the hyperbolic (resp. elliptic)
orbit over x = k’ at the second negative end. Let A be the coproduct map induced by (X", wyx). The
above discussmn shows the following:

Corollary 6.19 Forall koo €{0,1,...,m +n},

(14) Alep™™ = Y efI®lep 4]
k;€{0,1,...,m},
koo—k;€{0,1,....n}
(15) AR = DD (548 L= B A =Y (P &
ki €{0,1,...,m},

koo—ki€{0,1,...,n}
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Remark 6.20 Notice that in equations (14) and (15), the homology classes [e(')"+"], [h’g“L”], [e,’;’]:,’l' ,

[hﬁiﬁ], leg']s (1G] [em]s [hamls legls (g [ey], [hy] refer to homology classes in Hy(Xo; Z>) in the sense

of the decomposition (10). It’s also not difficult to see that the computations for A([e(’)"+"], A([hy ),

A([eﬁiﬁ]) and A([h%iﬁ]) coincide with that of the coproduct structure Ay on Hy(Zg; Z>).

Finally, We are able to complete the proof of Theorem 1.3.

Proof of Theorem 1.3 Let J be an almost complex structure on X" sufficiently close to a fibration-
compatible one in the sense of Theorem 4.1. By Corollary 6.2, all J-holomorphic sections that are counted
in the cobordism map are either contained in the twist region Xp or Xz . Similar to what we observed in
the proof of Theorem 1.2, the count of J-holomorphic sections contained in Xz precisely corresponds to
the coproduct

(16)  HF.("") D Hy(0: Z2) —> Hi(S0: Z2) ® Hx(So: Z3) — HF4(¢") ® HF, (¢")

in the sense of the decomposition (10). The remaining parts of Theorem 1.3 readily follows from
Corollary 6.19. o

The proofs of Theorems 1.5 and 1.6 follow directly from the arguments in Sections 5 and 6. The reason
is that in the generalized situation, the wrapping number is still defined in the same way. And since the
“no crossing” results (Lemmas 3.11 and 3.13) only depend on the local result Lemma 3.2, a completely
analogous “no crossing” result holds in the generalized setting. The only global result we need is
contained in the first half of the proof of Theorem 5.6, which can be easily generalized to the case where
¥ —(C1UCyU---UC(y) is connected. Finally, our construction of the J-curves in Section 6 are purely
local, and hence can be directly generalized to the setups in Theorems 1.5 and 1.6.

Remark 6.21 The above two theorems can be further extended to the case where each component of
3o=X—(C;UCyU---UC(y) contains either a component of % or has genus at least 2. As explained
above, the only difference is that we need to define multiple wrapping numbers for each of the connected
components of £ . We also have to modify the proof of Theorem 5.6 and conclude that all of the wrapping
numbers 7;(C) vanish for a J-holomorphic section C.
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Multitwists in big mapping class groups

GEORGE DOMAT
FEDERICA FANONI
SEBASTIAN HENSEL

We show that the group generated by multitwists (ie products of powers of twists about disjoint non-
accumulating curves) doesn’t contain the Torelli group of an infinite-type surface. As a consequence,
multitwists don’t generate the closure of the compactly supported mapping class group of a surface of
infinite type.

20F65, 57K20

1 Introduction

The mapping class group of a surface of finite type has been thoroughly studied for decades. In particular,
multiple simple sets of generators are known. The Dehn—Lickorish theorem [7; 11], in combination with
the Birman exact sequence [4], shows that the pure mapping class group of a finite-type surface can be
generated by finitely many Dehn twists about nonseparating curves, and we need to add finitely many
half-twists to generate the full mapping class group. Humphries [10] proved that, if the surface is closed
and of genus g > 2, 2g + 1 Dehn twists about nonseparating curves suffice to generate the mapping
class group, and moreover this number is optimal: fewer than 2g 4 1 Dehn twists cannot generate. Other
results show that mapping class groups can be generated by two elements (see eg [17]), by finitely many
involutions or by finitely many torsion elements (see eg [5]).

In the case of surfaces of infinite type, the (pure) mapping class group is uncountable, so in particular it is
not finitely (nor countably) generated. For some of these surfaces the mapping class group is generated by
torsion elements, or even by involutions (see [6; 12]), while for other surfaces they aren’t (see [6; 8; 12]).
To the best of our knowledge, no other generating set is known.

Note that the (pure) mapping class group of a surface of infinite type is endowed with an interesting
topology, induced by the compact—open topology on the group of homeomorphisms of the surface. So it
is interesting to talk about topological generating sets (sets whose closure of the group they generate is
the (pure) mapping class group). It follows from the finite-type results that Dehn twists topologically
generate the closure of the compactly supported mapping class group. Moreover, Patel and Vlamis [14]
proved that the pure mapping class group of a surface is topologically generated by Dehn twists if the
surface has at most one nonplanar end, and by Dehn twists and maps called handle shifts otherwise.

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Our goal here is to investigate a natural candidate for a set of generators of the closure of the compactly
supported mapping class group of a surface: the collection of multitwists. A multitwist is a (possibly
infinite) product of powers of Dehn twists about a collection of simple closed curves that do not accumulate
anywhere in the surface. Our main result is a negative one, and it follows from a nongeneration result for
the Torelli group:

Theorem A Let S be an infinite-type surface. Then the subgroup of the mapping class group of S
generated by multitwists doesn’t contain the Torelli group. In particular, multitwists don’t generate the
closure of the compactly supported mapping class group.

The idea of the proof is to produce an explicit element in the Torelli group that is not in the subgroup
generated by multitwists. This element is built by taking an infinite product of increasing powers of
partial pseudo-Anosov homeomorphisms supported on disjoint finite-type subsurfaces. We use work of
Bestvina, Bromberg and Fujiwara [3] to certify that the mapping class we construct is not in the subgroup
generated by multitwists.

Theorem A also begs the following question:

Question B What is the subgroup generated by the collection of multitwists? Is there an alternative,
more explicit description of its elements?

Furthermore, our theorem shows that the subgroup generated by the collection of multitwists is not a
closed subgroup of the mapping class group. Therefore, it does not immediately inherit a Polish topology
from the topology on the mapping class group.

Question C Is the subgroup generated by the collection of multitwists a Polish group?

Acknowledgements The authors would like to thank Mladen Bestvina for his suggestion of how to
remove an unnecessary assumption in the main theorem. They are also grateful to the organizers of the Big
mapping class groups and diffeomorphism groups conference, during which most of the work was done.
They thank the referees for their useful comments. Fanoni thanks Peter Feller for useful conversations.

Domat was supported in part by the Fields Institute for Research in Mathematical Sciences, NSF RTG-
1745670 and NSF DMS-2303262.

2 Preliminaries

Here a surface is a connected orientable Hausdorff second countable two-dimensional manifold without
boundary unless otherwise stated. One notable exception is any subsurface, which will always have
compact boundary. Boundary components of subsurfaces are assumed to be homotopically nontrivial, but
are allowed to be homotopic to a puncture.
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Surfaces are of finite type if their fundamental groups are finitely generated and of infinite type otherwise.
A surface S is exceptional if it has genus zero and at most four punctures, or genus one and at most one
puncture, otherwise it is nonexceptional.

The mapping class group of a surface S is the group MCG(S) of orientation-preserving homeomorphisms
of S up to homotopy. The pure mapping class group PMCG(S) is the subgroup of MCG(S) fixing all
ends and —if there are any — boundary components, and MCG.(S) denotes the closure of the subgroup
generated by compactly supported mapping classes. The Torelli group Z(S) is the subgroup of the
mapping class group given by elements acting trivially on the first homology group of the surface.

A pseudo-Anosov mapping class f of a finite-type surface is chiral if f k is not conjugate to f =k for
every k # 0. We will need chiral pseudo-Anosovs in the Torelli group. The existence of such is likely
well known, but since we could not find a proof in the literature we include the following:

Lemma 1 Let ¥ be a finite-type nonexceptional surface with boundary. Then there is a mapping class
¢ € MCG(X) with the following properties:

(1) ¢ is pseudo-Anosov,
(i1) ¢ is chiral, and

(iii) if ¥ is a subsurface of a surface S, so that each boundary component of ¥ is separating in S, then
@ acts trivially on the first homology of S

Proof Begin by taking an arc p joining a boundary component ¢ of ¥ to itself, which is filling and
nullhomologous in H;(X,dX). By Scott’s theorem [16] there is a cover of ¥ in which p lifts to a
simple arc.

By taking a further cover, we can find a cover $ — ¥ such that p lifts to a simple arc p in ) joining
two different boundary components ¢; and ¢, of S, and such that the cover is characteristic (ie every
homeomorphism of X lifts).

Denote by § the boundary of a regular neighbourhood of ¢; UpUc,. Observe that since one complementary
component of § is a pair of pants, and the other one is not, no orientation-preserving homeomorphism of
> can preserve § setwise while inverting its orientation.

Now, let y be an oriented loop on X based at a point p € ¢, which lifts in T to a curve freely homotopic
to §. We claim that the boundary-push P, defined by y has the desired property.

First, y is filling (since p was filling), and so the same proof as that of Kra’s theorem (see [9, Theorem 14.6])
shows that ¢ = P,, is pseudo-Anosov, proving (i).

Next, boundary pushes defined by nullhomologous loops are in the Torelli group of 3. If ¥ is a subsurface
of a surface S and all of the boundary components of X are separating in S, the Torelli group of X is
contained in the Torelli group of .S, showing (iii). (See [15] for a study of Torelli groups of subsurfaces
without assuming the boundary components to be separating.)

Algebraic & Geometric Topology, Volume 25 (2025)
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Finally, note that conjugating a boundary-push simply has the effect of changing the pushing curve:

nyf_l = Pry)-
Furthermore, push maps are equal if and only if the defining curves are homotopic (by the Birman exact
sequence). Thus, if f¢! f~1 =@/, then f(y)' = y/. Since f preserves primitivity in the fundamental
group, we only have to exclude the case i = 1 and j = —1. Butif fof~! = ¢!, there is a lift f of f
which preserves § and inverts its orientation, which is impossible, as discussed above. Hence (ii) holds. O

A curve on a surface is the homotopy class of an essential (ie not homotopic to a point, a puncture or a
boundary component) simple closed curve. Given a curve o, we denote by 7, the Dehn twist about «.

An integral weighted multicurve i is a formal sum ) ;. ; n;c;, where the «; are pairwise disjoint curves
not accumulating anywhere and the n; are integers. Given an integral weighted multicurve p, we define 7,

— nj
o =T

to be the mapping class

Such a mapping class is called a multitwist.

We say that an integral weighted multicurve is finite if I is finite (ie it contains finitely many curves). An
integral weighted multicurve v is a submulticurve of an integral weighted multicurve u = ) ;o n;; if
V=7 ;cynioi, where J C I.

Given a surface with boundary, an arc is the homotopy class (relative to the boundary) of a simple arc that
cannot be homotoped into the boundary. We denote by C(S) the curve and arc graph of a surface S, where
vertices are curves and, if 0.5 # @, arcs, and two vertices are adjacent if they have disjoint representatives.

For any two subsurfaces 4 and B of S that have an essential intersection, the subsurface projection of
B to A is the subset 0B N A C C(A). This projection is denoted by 7 4(B). For any 8 € C(B) we also
define m4(B) := m4(B). These projections always have bounded diameter [13] and given any intersecting
subsurfaces 4, B, C C S we define the projection distance as

dq(B,C) :=diame(4)(m4(B) U my(C)).

For a subgroup G < MCG(S), we say that a subsurface K C S is G-nondisplaceable if gK and K cannot
be homotoped to be disjoint for any g € G. Note that if a subsurface K is G-nondisplaceable, subsurface
projections are always defined between G-translates of K.

3 Proof of Theorem A

Fix an infinite-type surface S, different from the Loch Ness monster.

Figure 1 shows some examples of MCG¢ (.S)-nondisplaceable subsurfaces that will be used in the following
lemma.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 1: The subsurfaces of Lemma 2.

Lemma 2 If S is an infinite-type surface, different from the Loch Ness monster, it contains infinitely
many finite-type MCG. (S)-nondisplaceable subsurfaces, which are pairwise disjoint and nonaccumulat-
ing. Moreover, the subsurfaces can be chosen to be nonexceptional.

Proof We split the proof into cases. In each we describe a finite-type MCG¢(S)-nondisplaceable
subsurface such that we can clearly find infinitely many copies with the required properties.

Case 1 Suppose S is the once-punctured Loch Ness monster. Then note that any separating curve o
which separates the two ends cannot be mapped disjointly from itself by any mapping class (because it
bounds a nondisplaceable subsurface). As a consequence, for any g > 1, any genus-g subsurface with
two boundary components separating the two ends is nondisplaceable.

Case 2 Suppose S has at least two nonplanar ends. Note that by the argument in [14, Proposition 6.3],
any separating curve such that both complementary components have infinite genus is MCG, (.5)-
nondisplaceable.

e If S has at least one nonplanar end — denoted by e — which is isolated in Ends(.S), for any g > 1,
any genus-g subsurface with two separating boundary components, each of which cuts off a surface
containing only the end e, is MCG, (.S)-nondisplaceable.

e If S has at least one nonplanar end —denoted by e — which is isolated in Endsg(.S) but not in
Ends(S), for any g > 1, any genus-g subsurface with three separating boundary components, two of
which cut off a subsurface whose only nonplanar end is e and the third one cuts off a planar surface, is
MCG.(S)-nondisplaceable.

e If no nonplanar end is isolated in Endsg (.S), Endsg (S) is a Cantor set. If it contains an end e that is not
accumulated by planar ends, we choose a genus-g subsurface with two separating boundary components
and no planar ends, so that each complementary component has infinite genus, for g > 1. Otherwise, we
choose a genus-g subsurface with three separating boundary components, so that two complementary
components have infinite genus and one is a planar subsurface, for g > 1.

Algebraic & Geometric Topology, Volume 25 (2025)



3926 George Domat, Federica Fanoni and Sebastian Hensel

Case 3 Suppose S has no nonplanar ends. We can then choose any n-holed sphere whose boundary
curves are separating, so that there is at least one end in each complementary component, forn > 5. O

Fix a finite-type l\m—nondisplaceable subsurface ¥ C S and let J be the MCG,(S)-orbit of X.
As ¥ is MCG, (S)-nondisplaceable, any two surfaces in )’ have intersecting boundaries — in particular,
subsurface projections w4 between surfaces in ) are always defined. Moreover, by [2; 13], there is some
constant o > 0 such that for every 4, B,C € )Y

e at most one of d4(B,C), dg(A4,C) and dc (A, B) is bigger than u, and
e {De)Y|dp(A, B)> u}|is finite.

See [8, Lemma 3.8] for details on checking these in the infinite-type case. We can therefore run the
projection complex machinery to deduce (see [3, Proposition 2.7]):

Proposition 3 MCG.(S) acts by isometries on a hyperbolic graph C()) so that for every A, B € Y with
A # B:
(1) C(A) is isometrically embedded as a convex set in C())) and the images of C(A) and C(B) are
disjoint.
(2) The inclusion
| |con—cw)
Cey
is MCG,(S)-equivariant.
(3) The nearest-point projection to C(A) sends C(B) to a bounded set, which is at uniformly bounded
distance from m 4(B).

(4) Ifg e MCG,(S) is supported on A and the restriction is pseudo-Anosov, and I is the subgroup of

MCG,(S) given by elements leaving A invariant and preserving the stable and unstable foliations
of g, then (MCG.(S),C(}), g, ') satisies WWPD.

Furthermore, the same proof as [3, Lemma 2.8] yields:

Lemma 4 Lett be a multitwist about a finite multicurve (. Then for every A € ) there is a vertex vy
of C()) such that the nearest-point projection to C(A) of the t orbit of v4 is uniformly bounded. In
particular, if T is hyperbolic, its virtual quasiaxis can intersect C(A) only in a bounded-length segment.

Proof If uN A = @, 7 fixes any element of C(A), so it’s elliptic. Otherwise, let v4 be an element of
AN # @. Then the nearest-point projection of t”(v4) to C(A) is a uniformly bounded distance from
m4(t"(v4)), which is defined to be 74(d(t"(A)). But this is at bounded distance from t”(u)NA=uNA,
so the projection of t”(vy4) is at uniformly bounded distance from A N for every n. This proves the
first statement of the lemma. The second statement follows as in the proof of [3, Lemma 2.8]. O

As a consequence, we can apply [3, Corollary 3.2] to deduce:
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Proposition 5 Let 3 be a MCG.(S)-nondisplaceable subsurface of finite type and f a mapping class that
is a pure chiral pseudo-Anosov mapping class of X of sufficiently large translation length and the identity
on the complement. Then there is a homogeneous quasimorphism ¢ : MCG.(S) — R of defect A < 12
such that |p(f™)| — oo and |¢(t)| < A for every multitwist T and every element t acting elliptically on
C(MCG.(S) - %).

Proof Let ) =MCG,(S)-X. The bounds on ¢( /) and ¢(7), for T acting elliptically on C()), are given
by [3, Corollary 3.2]. The only thing we need to check is that |¢(t)| < A for every multitwist . But a
multitwist T associated to an integral weighted multicurve t = ) ;. n;o; can be written as a product of
two multitwists, 71 and 7,, where 7; is associated to the integral weighted multicurve
M1 = Z nio;
i NZ#D
and T, to the integral weighted multicurve
Mo = Z nie;.
igiNX=g
Then t; acts elliptically on C())), so ¢(t) = 0. By Lemma 4, if 7; doesn’t act elliptically on C(}),
its virtual quasiaxis has small projections. Thus, by the construction of the quasimorphism ¢ in
[3, Proposition 3.1], if the translation length of f is larger than the projection bound from Lemma 4, we
have ¢(t1) = 0. As a consequence |¢(7)| < A. |

Proof of Theorem A Suppose first that S is not the Loch Ness monster. We will construct an element F
of Z(.S') which is not a finite product of multitwists. Since F is in I\WC(S) (by construction, or by the
fact that Z(S') C l\m by [1]), this will also show that multitwists don’t generate the closure of the
compactly supported mapping class group. By Lemma 2, we can find pairwise disjoint nonaccumulating
l\m—nondisplaceable finite-type subsurfaces %,. For every n, fix a mapping class I, of S supported
on X, which restricts to a chiral pseudo-Anosov mapping class in the Torelli group of 3,. Then for any n,
by Proposition 5 (after potentially passing to a power in order to increase the translation length), we can
find a homogeneous quasimorphism ¢y, : MCG¢(S) — R with defect at most A = 12 that is unbounded
on powers of F,, and bounded by A on all multitwists or elements acting elliptically on C(MCG¢(S)- X,).
Choose powers kj so that
| on(Fpm)| = oo,

which exist because by assumption |, (Fy)| > 1 for every n. Define
F=T] Fk.
neN
For every n, ]_[m#n F,If,m acts elliptically on C(IMCG,(S) - Z), so
@n(F;f" ° l_[ Frﬁ”‘)
m#n
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If F were a product of & multitwists 7y, ..., g, then for any n,

[0n(F)| = |@n(tg 0+ 011)| = 2kA,

which gives a contradiction.

Suppose now that S is the Loch Ness monster and fix a point x € S. By the Birman exact sequence
[8, Appendix], the kernel of the surjection

(S ~ {x}) — Z(S)

is the fundamental group of S and is therefore generated by twists. In particular, if Z(.S) is contained in
the subgroup generated by multitwists, so is the Torelli group of the once-punctured Loch Ness monster,
a contradiction. By [14], MCG(S) = MCG¢(S) and MCG(S ~ {x}) = MCG(S ~ {x}), so the same
argument applied to MCG(S) and MCG(S ~ {x}) proves the result for the closure of the compactly
supported mapping class group. |
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Cofibrantly generated model structures for functor calculus
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Model structures for many kinds of functor calculus can be obtained by applying a theorem of Bousfield
to a suitable category of functors. We give a general criterion for when model categories obtained via this
approach are cofibrantly generated. Our examples recover the homotopy functor and n-excisive model
structures of Biedermann and Rondigs, but also include a model structure for the discrete functor calculus
of Bauer, Johnson, and McCarthy.

18F50, 18N40, 55U35; 18D15, 18D20

1 Introduction

Functor calculi have been used to produce significant results in a wide range of fields, beginning
with applications of the homotopy functor calculus of Goodwillie [20] to algebraic K-theory [35]
and v, -periodic homotopy theory [1; 23]. In another direction, the manifold calculus of Goodwillie and
Weiss [21; 48] and orthogonal calculus of Weiss [47] have been used to study embeddings and immersions
of manifolds, as well as characteristic classes [38], and spaces of knots [33; 42].

The essential data of a functor calculus is a means of approximating a functor F with a tower of functors

under F
/Fx

in a way analogous to the Taylor series for a function; indeed, we refer to them as Taylor towers.

In particular, each P, F should be thought of as some kind of degree n approximation to F. In
fact, in a functor calculus, the natural transformations p, F: F — P, F induce weak equivalences
Pp(pnF), pn(PyF): P, F — P2 F which in turn can be used to show that F — P, F is, in a categorical
sense, the best degree n approximation to F.

With a suitable model structure on a category of functors in place, the endofunctor Py, that assigns to
a functor its degree n approximation can be used to build a new model structure in which F — G is a

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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weak equivalence precisely when P, F' — P, G is a weak equivalence in the original model structure.
This approach has been employed by Barnes and Oman [5] in the case of the orthogonal calculus, and
by Biedermann, Chorny, and Rondigs [9; 10] and by Barnes and Eldred [3] in the case of the homotopy
functor calculus. It has led to means by which different functor calculi can be extended to new contexts [45]
and compared to one another [4; 44], and provided the context in which to strengthen classifications of
homogenous degree n functors [10].

One can also work in a more flexible setting than model categories, such as some well-behaved model for
(00, 1)-categories, which is the approach taken by Lurie [34] and Pereira [37]. As their work demonstrates,
one can develop a good general theory for functor calculus in this kind of setting as well, but we do not
take that approach here, since we are particularly interested in the nuances of the model structures.

The starting point for this paper was the desire to develop a similar approach for the discrete functor
calculus of Bauer, McCarthy, and Johnson [6]. Our hope is to use the model structure for discrete calculus
developed here to recast existing comparisons between the homotopy functor and discrete calculi, such
as that found in [6], in model category-theoretic terms, and to develop a model category classification
of homogeneous degree n functors similar to the one for n-homogeneous functors in [10]. In addition,
we have sought to define the model structure for discrete calculus in a manner that could be conveniently
adapted for general classes of functor calculi. In particular, we would like for it to be applicable to
those that can be defined using towers of comonads in the same way as the discrete calculus does.
A general approach to such calculi is being developed by Brenda Johnson and Kathryn Hess. To this
end, we structure this paper around Theorems 1.1 and 1.2 below, and we show how to use them to build
cofibrantly generated model structures corresponding to both the homotopy functor and discrete calculi.

Model structures for abelian versions of the discrete functor calculus were established by Renaudin [39]
and Richter [40]. In general, the existence of such functor calculus model structures is guaranteed by a
theorem of Bousfield and Friedlander [12], which was modified by Bousfield for his work on telescopic
homotopy theory [11]. We use the following version of this theorem, derived from Bousfield’s, in the
present work; see Theorem 4.2 and Corollary 4.4. The three versions differ slightly in the third axiom.

Theorem 1.1 Let M be a right proper model category together with an endofunctor Q : M — M and a
natural transformation 7n: id = Q satisfying the following axioms:

(A1) the endofunctor Q preserves weak equivalences in M;

(A2) the maps nox,Q(nx): QX — Q?X are both weak equivalences in M; and

(A3") Q preserves homotopy pullback squares.
Then there exists a right proper model structure, denoted by Mg, on the same underlying category as M
with the same cofibrations as M and in which X — Y is a weak equivalence in Mg when QX — QY

is a weak equivalence in the original model structure on M. Furthermore, if M has the structure of a
simplicial model category, then so does Mg.
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A further version of this result by Stanculescu [43] drops the right properness assumption, but since we
have found this condition essential to our arguments here, we retain it. We also note that the second
axiom requires precisely the property described above that guarantees that Py, F is, in a categorical sense,
the best degree n approximation to the functor F'. In this sense, Bousfield and Friedlander’s theorem and
its variants seem tailor-made for constructing model structures for functor calculi. Localizations that are
produced via these theorems are sometimes referred to as Bousfield—Friedlander localizations, and the
endofunctors used to produce them are examples of what are often referred to in the literature as Quillen
idempotent monads. For specificity here we use the terminology Bousfield endofunctor to emphasize
that we are assuming the axioms of Theorem 1.1. We review Bousfield’s version of the localization
theorem and deduce Theorem 1.1 from it in Section 4, then apply it to obtain the hf- and n-excisive model
structures of [10] in Sections 5 and 6, and the desired discrete degree n model structure in Section 7.

However, applying Theorem 1.1 does not immediately give the additional structure of a cofibrantly
generated model category. Facing the same challenge, Biedermann and Rondigs [10] develop a simplicially
enriched version of Goodwillie’s homotopy functor calculus in such a way that their model structure for
n-excisive functors is cofibrantly generated. Because this additional structure is quite powerful, we want
to employ a similar strategy to develop a degree n model structure for discrete functor calculus.

Indeed, we develop a systematic way to show when model structures obtained from this theorem are
cofibrantly generated, via criteria for when arguments of the kind used by Biedermann and Réndigs can
be applied. As a result, we are able to present not only the new example of discrete functor calculus, but
also to show that the homotopy functor and n-excisive model structures arise as consequences of a general
theorem. Our hope is that, together with the presentation of each of these three model structures, this
general result will shed light on the shared features across these different model structures and the types
of technical details that must be checked in specific examples. With this goal in mind, even for the model
structures that were already known, we emphasize some of the details in the arguments. At the same
time, the general theorem should enable us quickly to establish that the model structures arising from
the functor calculi in the forthcoming work of Johnson and Hess, which are constructed using methods
similar to those used for the discrete calculus, are also cofibrantly generated.

In particular, in Biedermann and Réndigs’ cofibrant generation proofs, they rely on the construction of
equivalent formulations of functors such as P, in terms of representables. Although our proofs do rely on
their methods, we are able to circumvent the need for these replacements and use their original formulations
instead. In our approach, these representable functors appear in the form of what we call test morphisms
for a Bousfield endofunctor in the following result, which is restated more precisely as Theorem 8.3 below.

Theorem 1.2 Suppose that Fun(C, D) is a cofibrantly generated right proper model structure on a category
of simplicial functors in which all fibrations are also levelwise fibrations, with some modest additional
assumptions on C and D. If Q is a Bousfield endofunctor of Fun(C, D) that admits a collection of test
morphisms, then the model structure on Fun(C, D) ¢ is cofibrantly generated.
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In practice, test morphisms represent maps in C that, for any functor F in Fun(C, D), are converted to
weak equivalences by Q F'. After proving this theorem, we identify test morphisms for the hf-, n-excisive,
and degree n model structures induced by Bousfield’s theorem to prove that they are cofibrantly generated.

1.1 Outline of the paper

In Section 2 we review properties of right proper and simplicial model categories that will be used in
subsequent sections, and we look more specifically at simplicial model categories of functors, which are
the examples of interest in this paper. In Section 3 we summarize both the homotopy functor calculus of
Goodwillie and the discrete functor calculus of Bauer, Johnson, and McCarthy. We present the localization
techniques for model categories that we use in Section 4, and we apply them to get model structures
for homotopy functors, n-excisive functors, and degree n functors in Sections 5, 6, and 7, respectively.
We present our main theorem for cofibrant generation in Section 8 and include the homotopy functor
model structure there as a guiding example. We then apply the main theorem to the n-excisive model
structure in Section 9 and to the degree n model structure in Section 10.
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2 Background on simplicial model categories

In this section, we review some key facts about model categories that we need, focusing on some features
of right proper and simplicial model categories. Of particular importance are some results about simplicial
model categories that are difficult to find in the literature.

We begin with a number of properties of homotopy pullbacks in right proper model categories that we
use throughout this paper, stated here for ease of reference. The first provides some standard means of
constructing and comparing homotopy pullbacks.

Proposition 2.1 [24, 13.3.4, 13.3.8] Let M be a right proper model category, and let

X Z Y
X’ z' Y’
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be a diagram in M where the vertical maps are all weak equivalences. The induced map between the
homotopy pullback of the diagram X — Z <— Y and the homotopy pullback of the diagram X' — Z' <Y’
is a weak equivalence. Moreover, if, in any diagram X — Z < Y in M, at least one of the maps is a
fibration, then the induced map from the ordinary pullback of the diagram to the homotopy pullback is a
weak equivalence.

The next result is a kind of “two-out-of-three property” for homotopy pullbacks.

Proposition 2.2 [24, 13.3.15] Let M be a right proper model category. If the right-hand square in the

diagram
X Y V4
U vV w

is a homotopy pullback square, then the left-hand square is a homotopy pullback if and only if the
composite square is a homotopy pullback.

Finally, the following result gives a useful criterion for identifying homotopy pullback squares together
with a nice property of homotopy pullback squares. It is proved in [36, 3.3.11(1ab)] for the category of
topological spaces, but the argument works for any right proper model category.

Proposition 2.3 Consider a commutative square in a right proper model category M:

X —Y

|

U Vv

(1) If the square is a homotopy pullback square and Y — V is a weak equivalence, then X — U is a
weak equivalence.

(2) If both vertical arrows in the square are weak equivalences, then the square is a homotopy pull-
back square.

The model categories we consider in the paper are simplicially enriched model categories. We recall the
definition here, with the axioms labeled according to the usual convention. A more detailed overview of
simplicially enriched model categories can be found in the prequel to this paper [2].

Definition 2.4 [24, 9.1.6] A simplicial model category is a model category M that is also a simplicial
category, ie a category enriched in the closed monoidal category S of simplicial sets, such that the
following two axioms hold.
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(SM6) The category M is both tensored and cotensored over S. In particular, there are natural
isomorphisms

Map(X ® K, Y) 2= Map(X, Y )X =~ Map(X, Y X).

for each pair of objects X and Y in M and simplicial set K.
(SM7) Ifi: K — L is a cofibration of simplicial sets and p: X — Y is a fibration in M, then the
induced morphism
xt - xX Xy K vt

is a fibration in D that is a weak equivalence if either i or p is.

Remark 2.5 [24,9.3.7] Assuming axiom (SM6) holds, axiom (SM7) is equivalent to

(SM7’) Ifi: K — L is a cofibration of simplicial sets and j: X — Y is a cofibration in M, then the

induced morphism
XQLUxygxg Y ®K—>Y QL

is a cofibration in D that is a weak equivalence if either i or j is.

Example 2.6 [24, 9.1.13] The model category S of simplicial sets can be regarded as a simplicial
model category. Given any simplicial sets X and K, we can take the tensor structure X ® K to be the
cartesian product X x K and the cotensor structure X X to be Map(K, X).

We recall a result that is well known in the model category of spaces, but holds in any simplicial model
category; see, for example, [15, Section 2.4].

Proposition 2.7 Let M be a simplicial model category and let f: A — B be a morphism in M with A
cofibrant. Then there exists a factorization f = giy of f where iy is a cofibration and g is a simplicial
homotopy equivalence.

Our main objects of study are categories whose objects are themselves functors between fixed categories.

Convention 2.8 From this point onward we assume that C is an essentially small simplicial category
and that D is a cofibrantly generated right proper simplicial model category. We denote by Fun(C, D)
the category whose objects are simplicial functors C — D and whose morphisms are simplicial natural
transformations. Simplicial natural transformations are defined analogously to simplicial functors; see
[30, Section 1.2] or [2, 2.10].

The following result tells us that there exists a model structure on the category of simplicial functors
Fun(C, D) induced by the model structure on D. We need some further technical assumptions because
we consider simplicial functors between simplicial categories, compared to results such as [24, 11.6.1]
for ordinary functors. We omit some of these assumptions in the following theorem, but refer the reader
to [22, 4.32] for the precise statement.
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Theorem 2.9 [2,4.2,4.3,5.10] Assuming D satisfies some mild conditions on the set of generating
acyclic cofibrations, the category Fun(C, D) has a cofibrantly generated right proper model structure,
called the projective model structure, in which a morphism F — G in Fun(C, D) is a weak equivalence
or a fibration if it is one levelwise, ie FA — GA is a weak equivalence or fibration, respectively, in D for
all objects A of C.

Furthermore, it has the structure of a simplicial model category. The tensor and cotensor structures are
defined by (F ® K)(A) = FA® K and (FX)(A) = FAX, respectively, for each object A inC.

Given that the category Fun(C, D) is enriched in S, one might wonder whether it is also enriched
in Fun(C, §). However, such an enrichment would require Fun(C, S) to be a closed monoidal category,
which is not true in general. Nevertheless, we show in Proposition 2.13 and Lemma 2.15 that Fun(C, D)
does satisfy generalizations of axioms (SM6) and (SM7) from Definition 2.4, and therefore enjoys many
of the properties of a model category enriched over Fun(C, S).

Definition 2.10 For each object C of C, the simplicial functor RC : C — S represented by C sends each
object A of C to the simplicial set Map,(C, A). Dually, the simplicial functor Rc : C°’ — S sends each
object A of C to Map, (A4, C).

The following definition is critical to many of our arguments in this paper.

Definition 2.11 Let F:C — D and X : C — S be simplicial functors. The evaluated cotensor of the
pair (F, X) is the equalizer

FX .= [FAXA - [TFa* = [T pBEA™D
A A A.B
in D whose parallel morphisms are described explicitly in [2, Section 3]. Here, A and B range over
objects of C.

Remark 2.12 ¢ As suggested by the notation FX = JuF AX4 the evaluated cotensor can be thought of
as a generalization of an ordinary end. In the special case when D = S, the assignment FX (4, B) = FBX4
defines a simplicial bifunctor C% x C — S whose end is precisely FX.

e This construction is originally due to Biedermann and Rondigs [10, 2.5], who use the notation hom(X, F).
We have chosen the name “cotensor” and the notation we use here to emphasize the fact that it behaves
much like an ordinary cotensor; see Proposition 2.13.

Recall that a simplicial adjunction satisfies the usual condition for an adjunction, but using mapping
spaces rather than hom sets. It can be thought of as a special case of a V-adjunction for categories enriched
in a general V; see [30, Section 1.11]. The reference for the following proposition, which is an analogue
of axiom (SM6) of Definition 2.4 but for the evaluated cotensor, is stated at that level of generality.
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Proposition 2.13 [2, 4.4, 4.5, 4.6] For any simplicial functors X : C — S and F : C — D and object D
of D there are simplicial adjunctions

X®- Mapyp (=, F) -®D
N
D 1 Fun(C,D) D 1 Fun(C,S8)°® Fun(C,S) 1 Fun(C, D)
~_
(¥ FO Map (D, —)

where (X ® D)(C):=XC® D andMapp (D, F)(A) :=Mapp(D, FA). In particular, there are simplicial
natural isomorphisms

Mapgync,p)(X ® D, F) 2= Mapgyy(c,5) (X, Mapp(D, F)) 2= Mapp (D, F¥).

The evaluated cotensor also provides an enriched version of the (co)Yoneda lemma, stated below. The
proof follows an argument similar to the one outlined in [30, Section 2.4] for the case where C is a
V-category for some closed monoidal category V and D = V.

Lemma 2.14 [2, 3.5, 3.9] Let F:C — D be a simplicial functor. For each object C of C there is a
natural isomorphism

FC;FRC=/

FARC(A) — / FAMapC(C’A).
A

A
Dually, we have

A A
FC ~ FRe =[ FARcA) =/ FA®Map,(C, A).

The next lemma establishes that a version of the condition (SM7) in Definition 2.4 holds for the evaluated
cotensor.

Lemma 2.15 Consider Fun(C, D) and Fun(C, S), each equipped with the projective model structure.
If X — Y is a cofibration in Fun(C, S) and F — G is a fibration in Fun(C, D), then FY — FX x5x GY
is a fibration in D that is a weak equivalence if either X — Y or F — G is.

Proof Let F — G be a fibration in Fun(C, D), so that FA — GA is a fibration in D for any object 4
of C. If K — L is a cofibration in S, then by (SM7) the pullback-corner map for the ordinary cotensor
FAL - FAK <k GAL

is a fibration in D. Thus, if D — E is an acyclic cofibration in D, there exists a lift in any diagram of
the form

D FAL

-
. ~ -
1| = -
-
-

FAK x ok GAL
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Using the natural isomorphism Map,(E, FA)L ~ Map,(E, FAL) given by taking M = D in ax-
iom (SM6), we have a commutative diagram

K Map,(E, FA)

= Mapp, (D, FA) XMap,,(D,G4) Mapp(E, GA)

in S. Since K — L is assumed to be a cofibration, and using the fact that 4 is an arbitrary object of C,
we can conclude that the map

Mapp(E, F) = Mapp (D, F) Xmap,,(D,6) Mapp (E, G)

is an acyclic fibration in Fun(C, S). It follows that if X — Y is a cofibration in Fun(C, §), then a lift
exists in any diagram of the form

X Map,(E, F)

= MaPD(Dv F) XMapD(D,G) MapD(E» G)

Applying axiom (SM6) once more, we equivalently obtain a lift

D FY
/H
ilz T h
E FX XGX GY

so we have thus shown that the map

FY 5> FX xox GY
is a fibration in D. The proof that F¥ — FX x5 x GY is also a weak equivalence if either X — Y or
F — G is a weak equivalence is analogous. |

Corollary 2.16 (1) If X — Y is a cofibration in Fun(C, S) and F is a fibrant object in Fun(C, D), then
FY — FX is a fibration in D that is a weak equivalence if X — Y is.

(2) If X is a cofibrant object in Fun(C, S) and F — G is a fibration in Fun(C, D), then FX — G¥X isa
fibration in D that is a weak equivalence if F — G 1is.

Remark 2.17 Lemma 2.15 and Corollary 2.16 also hold when the model structure on Fun(C, D) is a
localization of the projective model structure with the same cofibrations, and whose fibrations form a
subclass of the projective fibrations. In particular, they apply to model structures obtained by applying
the localization given in Theorem 4.2, from which we get our main examples in this paper, as well as any
left Bousfield localization in the sense of [24].
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Finally, we include a result about the interaction between the evaluated cotensor and homotopy (co)limits.

Proposition 2.18 [2, 6.5] LetZ be a small category and X an Z-diagram in Fun(C, S). Let D be a
cofibrantly generated simplicial model category such that the projective model structure on Fun(C, D)
exists. Then for any simplicial functor F': C — D, there is a natural isomorphism

Fhocolim,' Xi ~ holim; FXi
= 1 .
3 Background on functor calculus
In this section, we give a brief review of two different flavors of functor calculus: Goodwillie’s homotopy

functor calculus [20] and the discrete functor calculus of Bauer, Johnson, and McCarthy [6]. Each of
these functor calculi associates to a functor F' a “Taylor” tower of functors under F

POF%&JF%W

that are analogous to Taylor polynomial approximations to a function; the n'" term P, F is “degree n” in

some sense and serves as a universal degree n approximation to F. We review the construction of the
n'™ term in the towers for Goodwillie’s calculus and the discrete calculus, and establish some properties
that will be needed in subsequent sections.

We use the following notation. For any n > 1, let P(n) denote the poset of subsets of the setn = {1, ..., n}.
Let Py (n) denote the poset of nonempty subsets of n and P<;(n) the full subcategory of P(n) spanned
by the subsets of cardinality less than or equal to 1. An n-cubical diagram in a category C is a functor
X :P(n) — C. For more details about n-cubical homotopy theory, see [19; 31, Section 4.1; 36].

3.1 Goodwillie calculus

We describe the first version of functor calculus that we consider, namely, the calculus of homotopy functors
as defined by Goodwillie. This calculus grew out of work on pseudoisotopy theory and Waldhausen’s
algebraic K-theory of spaces, and has led to important results in K-theory and homotopy theory; see, for
example, [1; 8; 14; 32; 35]. The Taylor tower for this calculus is constructed in [20], which serves as the
reference for the definitions in this subsection.

Instead of restricting our source and target categories to spaces and spectra as Goodwillie did, we work
in the more general setting of simplicial model categories, an approach that Kuhn developed in [31].
In comparison to their approaches, we impose more structure on our category of functors and define
Fun(C, D) to be the category whose objects are simplicial functors, and use a simplicial model structure
on it to define an n-excisive model structure in Section 6. To start, we describe the construction of the
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Taylor tower as developed by Goodwillie and Kuhn and then, at the end of this section, we describe the
adjustments that need to be made for our purposes.

Convention 3.1 In addition to the assumptions on C and D from Convention 2.8, we assume in this
subsection that C is a simplicial subcategory of a simplicial model category that is closed under finite
homotopy colimits and has a terminal object *¢.

For an object A in C and a subset U of n, the fiberwise join A * U is the homotopy colimit in C of the
P<1(U)-diagram that assigns to & the object A and assigns to each one-element set {i } the terminal
object x¢. If U is a one-element set, then A x U is the simplicial cone on A4, and in general, A x U
consists of |U | copies of the simplicial cone on A glued along A. For a fixed object 4 in C, A * — defines
a functor from P(n) to C. This functor plays a key role in the definition of the functors P, F:C — D
appearing in Goodwillie’s Taylor tower.

Definition 3.2 For any functor F: C — D, define the functors 7, F and P, F by
T,F(A)= holim F(A%U) and P,F(A)=hocolimTFF(A),
UePo(n+1) k
where the homotopy colimit is over a sequential diagram obtained by repeatedly applying the transforma-
tion F T, F induced by the canonical map A = A« @ — A * U for each U. These maps also yield
a natural transformation p, F: F — P, F.

Remark 3.3 The functor P, F is the n-excisive approximation of F. More precisely, it is an n-excisive
functor, that is, it takes strongly homotopy cocartesian (74 1)-cubical diagrams in C to homotopy cartesian
(n+1)-cubes in D, and the induced natural transformation p, F': F — P, F is appropriately universal
with respect to this property [20, 1.8].

3.2 Discrete functor calculus

Abelian functor calculus is a functor calculus developed for algebraic settings that builds Taylor towers
using certain classical constructions, such as the stable derived functors defined by Dold and Puppe [13]
and stable homology of modules over a ring R with coefficients in a ring S as defined by Eilenberg and
Mac Lane [16; 17], as the first terms in its Taylor towers. It has been used to study rational algebraic
K-theory, Hochschild homology, and other algebraic constructions, and to make connections between
functor calculus and the tangent and cartesian differential categories of Blute, Cockett, Cruttwell, and
Seely [7; 27; 28; 29]. Discrete functor calculus arose as an adaptation of abelian functor calculus for
functors of simplicial model categories. In general, the n™ term in the discrete Taylor tower satisfies a
weaker degree n condition than the corresponding term in the Goodwillie calculus, but the towers agree
for functors that commute with realization [6, 4.11, 5.4].

For this kind of functor calculus, we need the notion of a stable model category. First, we recall that a
model category is pointed if it has a zero object, that is, if the initial and terminal objects coincide.
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Definition 3.4 A model category D is stable if it is pointed and its homotopy category is triangulated.

We do not go into the details of triangulated categories here, but refer the reader to [26, Chapter 7] for an
overview aimed at understanding stable model categories. For our purposes, the most important feature
of stable model categories is that homotopy pullback squares are the same as homotopy pushout squares.

The stability condition is used to guarantee the n'" term in the discrete calculus tower for a functor is
really a degree n functor, a result that is straightforward using the agreement of homotopy pushout and
pullback diagrams in stable model categories; see [6, 4.5, 4.6, 5.4].

Convention 3.5 In addition to the assumptions on C and D from Convention 2.8, we assume in this
subsection that C has finite coproducts and a terminal object *¢, and that D is a stable model category in
the sense of Definition 3.4. In particular, D has a zero object that we denote by xp.

As we did in the previous subsection, we describe the construction of degree n approximations in the
discrete calculus as it was done originally in [6], and then, in the next subsection, explain what is needed
to ensure that the terms in the discrete Taylor tower are simplicial functors.

To define the n™ term in the discrete Taylor tower, we use a comonad constructed from the iterated
homotopy fiber of a particular (n+1)-cubical diagram.

Definition 3.6 Let X': P(2) — D be a 2-cubical diagram. Its iterated homotopy fiber is

Xz X1
ifiber(X) := hofiber | hofiber l — hofiber l
X2 X12

In other words, we take the homotopy fibers of the two vertical maps, which produces the horizontal map
between those homotopy fibers; the iterated fiber is just the homotopy fiber of this induced map. The
iterated fiber of an n-cubical diagram X: P(n) — D can be defined analogously. More details can be
found in [6, 3.1; 36, Sections 3.4 and 5.5].

For an object A in C and a functor F: C — D, let F"(A, —) be the P(n)-diagram that assigns to U C n
the object

F"(A,U) = F( 11 Ai(U)>,

i€n
where
A ifi¢U,
3.7) 4wy =14 1Ti¢
xc ifi eU.

Furthermore, given a functor F': C — D, we define the functor F,Z) 0(2) :CxPy(2)*" — Dby
F™"(A,0(S1,...,8y)) if S; # {2} forall i,

F’ZDO(Z)(A; (S1,...,8,)) = { *D otherwise

where
(3.8) @e(S1,...,Sn) =i | Si ={1,2}}.
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Example 3.9 The diagram FZP @ (A, —) is given by the diagram
F(AI A) —— F(x¢ L A) *D

| | |

F(AH*c)%F(*cH*c) *D

| | |

*D *D *D

Definition 3.10 For any functor F': C — D and any object A of C, define
Ly F(A):=holims, ._s,) Fr°®(4;(S1,...,Sn)).

.....

where the homotopy limit is taken over the category Po(2)".

Observe that L, F(A) is the iterated homotopy fiber of the diagram
F(AL A) F(xc L A)

| |

F(AH*C)%F(*CH*C)

More generally, 1, F(A) is equivalent to the iterated homotopy fiber of the P (n)-diagram that assigns to
the set U C n the object F"(A, U); see [6, Section 3.1] for details.

Definition 3.11 A functor F: C — D is degree n provided that for any (n+1)-tuple of objects X =
(X1,..., Xn+1) in C, the iterated homotopy fiber of the diagram

ni1o0—— F( 1 X))

ien+1

where X, ifi¢U
x;uy="" R

xc ifi eU,

is weakly equivalent to the terminal object in D. This iterated homotopy fiber is called the (n+1)*
cross effect of F at X and is denoted by crp+1 F(X). When X = (X,..., X) for an object X in C,
crn+1F(X) =J—n+1 F(X)

To define a degree n approximation, we note that 1, can be given the additional structure of a comonad.
Recall that a comonad (L, A, ¢) acting on a category A consists of an endofunctor L: A — A together
with natural transformations A: L —_1 | and ¢: L — id 4 satisfying certain identities. For an object A
in A, there is an associated simplicial object 1L.* A given by

[k] ——— Lk+1 4,

whose face and degeneracy maps are defined using € and A. See [46, Section 8.6] for more details, noting
that the author uses the term “cotriple” for what we are calling a “comonad” here.
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The indexing category Pp(2)*" used for the homotopy limit that defines the functor L, induces both a
comultiplication A, and a counit &,. Together with the natural transformations A, and &, 1, defines a
comonad. Proving that L, is a comonad requires proving that certain diagrams are strictly commutative.
Since L, is defined using a homotopy limit and different models for homotopy limits may only agree up
to weak equivalence, one needs to fix a choice of model for homotopy limits. For the proof that 1, is a
comonad in [6, Section 3], one also needs to ensure that this model satisfies certain standard properties,
which are listed in Appendix A of [6], up to isomorphism, rather than weak equivalence. As shown in
[6, Appendix A], the standard model for homotopy limits in [24, 18.1.8] satisfies these conditions.

Once one has established the existence of a comonad structure for _L,, with this choice of model for the
homotopy limit, and shown that the functors I',, F' in Definition 3.12 are in fact degree n, one can use a
different model for homotopy colimit to construct I', F, provided it is weakly equivalent to the original.
Thus we can make the following definition.

Definition 3.12 For a functor F': C — D, the degree n approximation of F at an object A4 is given by

I F(A) := hocofiber(| L] F(4)| > F(A)).

where 1,1 F(A) is as in Definition 3.10, and |J_;';i} F(A)| is the homotopy colimit over A°P of the
standard simplicial object associated to the comonad 1,41 acting on F.

Remark 3.13 The functor I',, F' is degree n in the sense of Definition 3.11, which is a weaker condition
than the one for n-excisive functors, satisfied by the n'" term in Goodwillie’s Taylor tower. However, the
proof that ', F' is degree n uses a standard extra degeneracy argument for simplicial objects, whereas
Goodwillie describes his proof that P, F' is n-excisive as “somewhat opaque” [20, 1.10]. As is the case
with the Goodwillie tower, one can show that there is a natural transformation F — I', F that is universal
(up to homotopy) among degree n functors with natural transformations from F' [6, Section 5].

3.3 Polynomial approximations for simplicial functors

To establish the existence of the n-excisive and degree n model structures in Sections 6 and 7, we need
to know that P, F and T',, F are simplicial functors when F' is, that is, that P, F and [', F' are objects
in Fun(C, D) as we have defined it. We also need to know that P, and I',, preserve weak equivalences
in Fun(C, D). These conditions require knowing that the models we use for the homotopy limit and
homotopy colimit in D preserve weak equivalences and are suitably simplicial.

Remark 3.14 Here, we use the models for homotopy limits and homotopy colimits for simplicial model
categories as described in [24, 18.1.2, 18.1.8]. To guarantee that our homotopy limits and colimits preserve
levelwise weak equivalences, which need not be the case for these models [24, Chapter 18], we use
simplicial fibrant and cofibrant replacement functors. Such replacements exist for any cofibrantly generated
simplicial model category by [41, 24.2], so it is safe to assume that there are models for homotopy limits
and homotopy colimits in D that are simplicial and preserve levelwise weak equivalences of diagrams.

Algebraic & Geometric Topology, Volume 25 (2025)



Cofibrantly generated model structures for functor calculus 3945
We conclude the following.
Proposition 3.15 For a simplicial functor F in Fun(C, D), both P, F and I', F are simplicial functors.

Proof As defined, the functor P, F is a composite of fiberwise joins, the original functor F', homotopy
limits, and a sequential homotopy colimit. Each of these components is simplicial. In the case of the
fiberwise joins, we can use [2, 7.15]. The other cases are consequences of the assumptions we have made.
A similar argument gives us the result for I', F. O

We conclude this section by noting that using models for homotopy (co)limits that involve precomposition
with (co)fibrant replacement functors affects the natural transformations from F to P, F and I',, F'; for
example, we may only have natural transformations from the cofibrant replacement of F' to P, F and ', F.
We describe how to circumvent such issues in Sections 6 and 7.

4 Bousfield’s Q-theorem

In this section, we recall the approach to localization that we use in this paper, due to Bousfield and
Friedlander. Because the basic input is a model category equipped with an endofunctor Q, and we use
Bousfield’s later variant, we refer to this result simply as “Bousfield’s Q-theorem”. As is typical for a
localization, we would like to produce a new model structure with more weak equivalences; we begin by
defining the weak equivalences that we obtain from the endofunctor Q.

Definition 4.1 Let M be a model category, together with an endofunctor Q : M — M. A morphism f
in M is a Q-equivalence if it is a weak equivalence after applying the functor Q; that is, if Q(f) is a
weak equivalence in M.

We now state Bousfield’s Q-theorem.

Theorem 4.2 [11,9.3,9.5,9.7] Let M be a right proper model category together with an endofunctor
0 : M — M and a natural transformation n: id = Q satisfying the following axioms:

(A1) the endofunctor Q preserves weak equivalences in M;

(A2) the maps nox, Q(nx): OX — Q?X are both weak equivalences in M; and

|}

if X and Y are fibrant, h: X — Y is a fibration, ny : X — QX and ny:Y — QY are weak equivalences,

(A3) given a pullback square
S

g

and g: W — Y is a Q-equivalence, then f:V — X is a Q-equivalence.
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Then there exists a right proper model structure, denoted by M ¢, on the same underlying category as M
with weak equivalences the Q -equivalences and the same cofibrations as M. Furthermore, if M has the
structure of a simplicial model category, then so does Mg.

The next two results provide modifications of the hypotheses of this theorem. The first shows that it suffices
to check axiom (A2) on fibrant objects, while the second gives us a way to show that (A3) is satisfied.

Corollary 4.3 Let M be a right proper model category together with an endofunctor Q : M — M and
natural transformation n:id = Q satistying axiom (A1). If (A2) holds for all fibrant objects in M, then
(A2) holds for all objects in M.

Proof Let X be an object in M and let B: X == X' be a fibrant replacement. By (A1), we know that
0B:0X — 0X'and Q?B: 0?X — Q?X’ are weak equivalences. Consider the commutative diagram

oB

(024 QX'
Onx BQVIX/
Q2X Y QZX/

obtained by applying Q to the naturality diagram for 7. Since X is fibrant, the right vertical arrow is a
weak equivalence by our assumption that (A2) holds for fibrant objects. As the horizontal arrows are also
weak equivalences, we see that Q' ny is also a weak equivalence. The fact that ngx is a weak equivalence
is proved in a similar fashion by replacing the vertical maps in the diagram above with ngx and nox-,
respectively. O

Corollary 4.4 Let M be a right proper model category together with an endofunctor Q : M — M and
natural transformation n: id = Q satisfying axioms (A1) and (A2) above. If

(A3") Q preserves homotopy pullback squares,

then axiom (A3) holds, and in particular the model structure M ¢ exists and is right proper.

Proof If Q preserves fibrations, this statement is a direct consequence of the right properness condition.
To see why it holds more generally, assume that Q preserves homotopy pullback squares and that we have
a commutative square as in Theorem 4.2 satisfying the hypotheses of (A3). Since one of those hypotheses
is that h: X — Y is a fibration, and M is right proper, such a square is necessarily a homotopy pullback
square by Proposition 2.1. By (A3’), the diagram

ov 2" ox
e
oW —— oY
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is a homotopy pullback square. Again by the hypotheses of (A3), Qg is a weak equivalence, and hence
Qf is a weak equivalence by Proposition 2.3, establishing (A3). |

For ease of reference, we make the following definition.

Definition 4.5 A Bousfield endofunctor Q : M — M is an endofunctor together with a natural transfor-
mation 7:id = Q satisfying axioms (A1) and (A2) from Theorem 4.2 and axiom (A3’) from Corollary 4.4.

We refer to the fibrations in Mg, which are completely determined by the cofibrations and weak equiva-
lences as described in Theorem 4.2, as Q-fibrations. We include the following useful characterizations of
them, the first of which was part of Bousfield’s original statement of Theorem 4.2. The second part of
this result is a consequence of the first via Proposition 2.3. Some similar results are proved in [18, X.4]
under the further assumption of left properness.

Proposition 4.6 [11, 9.3] Let M be a right proper model category together with an endofunctor
Q: M — M and natural transformation n: id = Q satisfying axioms (A1), (A2), and (A3).
(1) Amap f:X — Y in M is a Q-fibration if and only if it is a fibration in M and the induced diagram

nx

X 00X
f th
Y ny QY

is a homotopy pullback square in M.

(2) Assume that n«: * — Q(x) is a weak equivalence where * is the terminal object in M. Then
an object X of M is Q-fibrant if and only if it is fibrant in M and the map nx: X — QX is a weak
equivalence in M.

We refer to the homotopy pullback condition in the first part of the corollary as the Q-fibration condition,
for ease of referring to it in later sections.

S The homotopy functor model structure

In this section, we apply Theorem 4.2 to obtain a model structure on Fun(C, D) in which the fibrant
objects are homotopy functors, or functors that preserve weak equivalences. This model structure was
established in [10], but we treat it in some detail so that we can refer to the techniques in more generality.
While it is a first step in developing a model structure for n-excisive functors, this example is also key
because it requires us to look closely at many of the ingredients used.

We begin by identifying the necessary assumptions on the categories C and D for such a model structure to
exist, and one of those conditions requires the existence of a well-behaved simplicial fibrant replacement
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functor. While fibrant replacements exist in any model category, and they can be taken to be functorial in
nice cases such as cofibrantly generated model structures, it is important for our purposes that they also
preserve the simplicial structure. So, our first goal is to describe such a functor, for which we recall the
following definition. Although we assume we are working in a model category, since that is the context
in which we use it, this definition can be applied to any cocomplete category.

Definition 5.1 Let M be a model category. A set J of maps in M permits the small object argument if
there exists a cardinal « such that for every regular cardinal A = « and every A-sequence

Ao Aq Ar Apg (B<A)

in B such that each Ag — Ag is a transfinite composition of pushouts of maps in J, the map
colimg .y Hom (U, Ag) — Hom (U, colimg ., Ag)

is an isomorphism whenever U is the domain of some map in J.

Remark 5.2 If J permits the small object argument and U is in the domain of some map in J, then any
map U — colimg .3 Ag factors through some A,.

The following result is due to Shulman [41, 24.2], but since this case is not proved in full detail in that
paper, and we need to use some of the techniques elsewhere, we give a brief outline of the proof here.

Theorem 5.3 There exists a simplicial fibrant replacement functor on any cofibrantly generated simplicial
model category.

Proof Let M be a cofibrantly generated simplicial model category, and let J denote a set of generating
acyclic cofibrations. For any object A of M, define Ag = A and, for each B, define Ag_ via the pushout

[Hy—v Map (U, Ag) @ U Ap

(5.4) 7

gy Map, (U, 4p) ® V a A1

where the coproducts are taken over the set of generating acyclic cofibrations. We define the fibrant
replacement of A to be the transfinite sequential colimit FA4 := colimg Ag. By setting K = & and
L =Map (U, Ag) in (S7') of Remark 2.5, we see that each Map , (U, Ag) ® U — Map (U, Ag) @ V
is an acyclic cofibration. Then, using the fact that acyclic cofibrations are closed under small coproducts
and are stable under pushouts, we see that each (pg: Apg — Ap41 is an acyclic cofibration. It follows that
the composite p4: A = Ag — colimg Ag = [F A is also an acyclic cofibration; see [24, 10.3.4].

It is a now a straightforward exercise to show that the unique map F A — *, is a fibration, that IF is a
simplicial functor, and that this factorization is functorial. O
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Remark 5.5 Observe that for any cofibrantly generated simplicial model category M, the functorial
fibrant replacement functor satisfies the following properties.

(i) If A is cofibrant, then [F A is cofibrant, following from the fact that A — IF A is an acyclic cofibration.

(ii)) If A — B is a weak equivalence, then FA — [F B is a weak equivalence by the two-out-of-three
property.

(iii) It follows from (i) and (ii) that if A — B is a weak equivalence between cofibrant objects, then

F A — IF B is a weak equivalence between objects that are both fibrant and cofibrant, and is therefore
a simplicial homotopy equivalence.

(iv) Since fibrant replacements are sequential colimits they commute with all colimits in M, ie
IF(colim; A;) = colim; F A4;.

The remaining piece that we need before stating our assumptions is the following definition.

Definition 5.6 An object C in a simplicial category C is simplicially finitely presentable if the repre-
sentable functor R€ = Map(C, —): C — S preserves filtered colimits, so

Map,(C, colim; A;) = colim; Map.(C, 4;).

Convention 5.7 In this subsection, we make the following assumptions in addition to those listed in
Convention 2.8.

(1) Suppose that C is a full simplicial subcategory of a cofibrantly generated simplicial model category B,
and that the objects of C are all cofibrant and simplicially finitely presentable.

(2) For every object C of C, the fibrant replacement IFC is a sequential colimit of objects Cg in C.

(3) Weak equivalences, fibrations, and homotopy pullbacks are preserved under sequential colimits
in D.

Remark 5.8 Although this list may seem lengthy, we claim that these conditions are satisfied by many
familiar model categories. For instance, condition (1) can be satisfied by taking C to be the full subcategory
of B consisting of the cofibrant simplicially finitely presentable objects.

If we only asked for the objects Cg to be in B, then condition (2) is satisfied for any cofibrantly generated
model category B, given our construction of fibrant replacements via the small object argument. The
issue is whether these objects are in the subcategory C, not in the larger model category B. It does hold in
many examples of interest, for example taking B to be the usual model structure on topological spaces or
simplicial sets and C the subcategory of finite spaces or finite simplicial sets, respectively.

Similarly, condition (3) holds in many nice cases, such as the categories of topological spaces and
simplicial sets. For conditions under which sequential colimits preserve weak equivalences and fibrations,
see [26, Section 7.4]; for a discussion of filtered colimits commuting with homotopy pullbacks, see [25].

The assumptions on D have the following consequence.
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Lemma 5.9 Sequential colimits are weakly equivalent to sequential homotopy colimits in D.

Proof Let colim D; be a sequential colimit in D and let Dy, be a cofibrant replacement of Dg. We can
factor the resulting map D, — D1 as a cofibration D — D followed by an acyclic fibration D} — Dj.
We can then repeat the process with the map D} — D5, and so on, giving a commutative diagram

D(/) c D/1 ¢ D/2 C ce. C COhlel
Do Dy Dy e colim D;

where the map colim D] — colim D; is induced by the universal property of colimits and, by condition (3)
of Convention 5.7, is a weak equivalence. Since the upper horizontal arrows in the diagram are all
cofibrations between cofibrant objects, we have hocolim D; = colim D/, proving the result. a

Before proceeding to the homotopy functor model structure, we need to state one more consequence of
our conventions. Recall that the simplicial left Kan extension of F': C — D along a simplicial functor
p:C — C' is another simplicial functor p(F):C’ — D together with a simplicial natural transformation

z

that is appropriately universal with respect to this property. The functor py(F’) is given by the coend

F
C—D
A
p p(F)

C/

A
p(F)(B) = [ Mapg (p(A), B) ® FA
in D [30, 2.4].

Remark 5.10 Observe that for the inclusion functor i : C — B, it follows from Lemma 2.14 that
A A
h(F)(C)= [ Mapg(i(4),C)® FA = / Map.(A,C)@ FA= FC
for any object C of C, so i1(F)oi = F, and 7 is the identity transformation.

Proposition 5.11 For any simplicial functor F : C — D, the simplicial left Kan extension i\(F') of F
along the inclusion i : C — B preserves filtered colimits.

Proof Let colimy By be a filtered colimit in B. Then

A A
i1(F)(colimyg B) = / Mapg (A4, colimy By) ® FA = / colimg (Mapy(A4, By)) ® FA

A
= colimy / Mapyz(A, By) ® FA = colimy i) (F)(Bg).

where the first isomorphism holds by Convention 5.7(1), and the second isomorphism holds since both
tensoring and coends commute with colimits; the former is a left adjoint and the latter is itself a colimit. O
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We now have the ingredients to define a means for replacing any functor F': C — D by a homotopy
functor. This definition was first given in [10, 4.10].

Definition 5.12 Let F:C — D be a simplicial functor. We define the simplicial functor F":C — D as

the composite

i i (F
ce—t g 5 "0 p

where i : C — B is the inclusion and i;(F) is the simplicial left Kan extension.

Remark 5.13 Since iy(F)oi = F, there exists a canonical natural transformation 6 : F = F induced
by the transformation ¢: idg = [ defined in the proof of Theorem 5.3.

Let us first verify that this construction does in fact produce a homotopy functor, as suggested by the
notation.

Proposition 5.14 If F: C — D is a simplicial functor, then F: C — D is a simplicial homotopy functor.

Proof Consider a weak equivalence f: A — B in C. Then, by Remark 5.5(iii) and Convention 5.7(1),
F(f):F(A) — F(B) is a simplicial homotopy equivalence. Since simplicial homotopy equivalences are
preserved by any simplicial functor, iy(F)(F( f)) = FM(f) is a simplicial homotopy equivalence, and
therefore a weak equivalence. O

In light of Proposition 4.6, the following fact is useful.
Lemma 5.15 The endofunctor (—)": Fun(C, D) — Fun(C, D) preserves the terminal object.

Proof Consider an object C of C. By Convention 5.7(2) we can express FC as a sequential colimit of
objects Cg in C. Then

FM(C) = (iy(F) oF)(C) = iy (F)(colimg Cp) = colimg i1(F)(Cp),
where the isomorphism holds by Proposition 5.11. Now since each Cg is an object of C, we have
colimg iy(F)(Cpg) = colimg FCpg
by Remark 5.10. Therefore, if F'Cg is the terminal object for all 8, then F hf(C) is also terminal. |
)bt

We now recall the hf-model structure [10, 4.14], which can be proved by showing that ( satisfies

axioms (A1), (A2), and (A3).

Theorem 5.16 Under the assumptions of Convention 5.7 the category Fun(C, D) has a simplicial right
proper model structure, denoted by Fun(C, D)y, in which F — G is a weak equivalence if F™ — G is
a levelwise weak equivalence, and the cofibrations are precisely the projective cofibrations.

We conclude this section with a few consequences of this result. They are all expected properties for
localized model structures, and whose analogues are known for left Bousfield localizations, but that do
not appear to be known in generality for Bousfield—Friedlander localization.

Algebraic & Geometric Topology, Volume 25 (2025)



3952 Lauren Bandklayder, Julia E Bergner, Rhiannon Griffiths, Brenda Johnson and Rekha Santhanam

Proposition 5.17 Leta: F — G be a fibration in Fun(C, D). Then « is a fibration in Fun(C, D)yt if and
only if for each weak equivalence A — B in C the diagram

FA—— FB

|

GA—— GB

is a homotopy pullback square. Moreover, a functor F : C — D is fibrant in Fun(C, D)y if and only if it is
a levelwise fibrant homotopy functor.

Proof The first statement can be proved just as in [10, 4.15] using Convention 5.7, Proposition 4.6, and the
fact that the maps A; — A;41 in the sequential colimit defining the fibrant replacement of Theorem 5.3
are acyclic cofibrations. The statement about hf-fibrant objects follows from the first statement and
Proposition 2.3. O

The next result is useful for establishing that our model for an n-excisive approximation to a functor
agrees with that of Goodwillie for all homotopy functors, which we prove in Section 6. In particular,
we prove that this result holds for homotopy functors that need not be levelwise fibrant.

Proposition 5.18 If F is a homotopy functor, then O : F = F" is a levelwise weak equivalence.

Proof For any object C of C, we have FM(C) = colimg FCg by Convention 5.7(2), Remark 5.10, and
Proposition 5.11. We can then write the map Ofc as

FC = colimg FC — colimg FCg,

so in particular, O ¢ is the sequential colimit of the morphisms F ((plg_1 .o golc ~<p0C ): FC — FCg. From
the proof of Theorem 5.3, we know that each (pl.c is a weak equivalence. Since F is a homotopy functor,
it follows from Convention 5.7(3) that 8¢ is a weak equivalence. O

6 The n-excisive model structure

In this section, we establish the existence of a model structure on the category Fun(C, D) whose fibrant
objects are the n-excisive functors for a given n. To ensure that the endofunctor P, we use to obtain this
model structure satisfies axiom (A1) of Theorem 4.2, we make use of the functor (—)" of Definition 5.12.
So, in addition to the assumptions that we made about the category D for the hf-model structure, we need
to add another mild hypothesis to ensure that P, interacts nicely with the hf-model structure. Thus, we
begin this section by making the following definition and then establishing some results for the hf-model
structure that we need.
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Definition 6.1 An object U of a category D is finite relative to a subcategory A if, for all limit ordinals A
and A-sequences

Ao Ay A, Ag (B <)
in D such that each Ag — Ag 1 is in A, the map

colimg Homp (U, Ag) — Homp (U, colimg Ap)

is an isomorphism.
For this section, we assume the following.

Convention 6.2 The set J of generating cofibrations of D can be chosen such that the codomain of each
map is finite relative to J, in addition to Conventions 3.1 and 5.7.

Remark 6.3 Since D is cofibrantly generated by assumption, the set J of generating cofibrations can
always be chosen such that the domain of each map is finite relative to J. The extra condition on the
codomain is satisfied, for example, by any finitely generated model category, as described in [26].

Our assumptions on D guarantee the following result. The proof is the same as the one for finitely
generated model categories; see [26, 7.4.1].

Lemma 6.4 Suppose that D satisfies the conditions of Convention 6.2, A is an ordinal, X,Y : A — D are
A-sequences of acyclic cofibrations, and p: X — Y is a natural transformation such that pg: Xg — Ypg is
a fibration for all B < A. Then colim pg: colim Xg — colim Ypg is a fibration that is a weak equivalence if
each pg is.

)hf

Now we establish the compatibility with the functor (—)™ that we need.

Proposition 6.5 The endofunctor (—)" on Fun(C, D) preserves levelwise fibrations.

Proof Leta: F — G be a levelwise fibration. Since F'(C) = colimg F'Cg for any object C in C, the
component oztg: FM(C) — GM(C) at C is induced by the morphisms acy: FCg— GCg forall B. Since
each of these maps ¢, is a fibration in D by assumption, the result follows by Convention 5.7(3). O

We now turn our attention to n-excisive approximations of functors, using Definition 3.2. In addition,
we replace F with F™ as defined in Definition 5.12, making it possible to apply some results from [20]
that only hold for homotopy functors.
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Definition 6.6 For a functor F in Fun(C, D), we define the functor P,F by
P, F := colimy (F" — T,,(F™) — T2(FM) - ... - TF(FM) - ...).
Using 7,2° to represent this colimit, we have
Py F =T FM,

There is a morphism F — P,F given by the composite

OF L phf

F Fht T®(F") = P, F,

where ¢ is the natural transformation whose component at G is induced by the natural maps G — 7,,G —
T2G — - --. Since this construction is natural in F, it induces a natural transformation py, “idpyn(c,p) = 13,,.
We sometimes omit the subscript on p, when it can be understood from context.

We note that by Lemma 5.9, P, F is weakly equivalent to Py, (F"). One can prove that P, F is an
n-excisive functor using a proof similar to that of [20, 1.8]. The argument uses the fact that F is a
homotopy functor and is the reason we replace F with F™ in the definition of P,F. By Lemma 5.9
and Proposition 5.18, P, F is weakly equivalent to Goodwillie’s construction of P, F when F is a
homotopy functor.

Proposition 6.7 The endofunctor P, on the category Fun(C, D) preserves hf-fibrations.

Proof By Proposition 4.6, it suffices to prove that if F' — G is an hf-fibration, then P,F — P,Gisa
projective fibration and
ﬁ % A— (ﬁ nF )hf

|

ﬁnG - (i:;nG)hf

is a homotopy pullback square. The fact that P,F - P,Gisa projective fibration follows from the
definition of ﬁn, Proposition 6.5, the fact that homotopy limits preserve fibrations, and Convention 5.7(3).
To confirm that the diagram above is a homotopy pullback square, recall that P,F and P,G are homotopy
functors by Proposition 5.14. It follows that the horizontal maps are weak equivalences by Proposition 5.18,
and the square is a homotopy pullback by Proposition 2.3. |

With the preceding proposition and definitions in place, we can establish the existence of the n-excisive
model structure. This theorem is also proved by Biedermann and Rondigs in [10, 5.8] using a different, but
naturally equivalent, model for the n-excisive approximation of a functor. To obtain cofibrant generation
of this model structure in Section 9, we need to take a localization of the hf-model structure, but arguments
similar to the ones presented here can be used to place an n-excisive model structure on Fun(C, D) with
the projective model structure instead.
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Theorem 6.8 Under the assumptions of Convention 6.2, the category Fun(C, D) has a right proper model
structure in which a morphism F — G is a weak equivalence if P,F — P,G is a weak equivalence in
the hf-model structure, and is a cofibration precisely if it is a cofibration in the hf-model structure.

Proof We apply Corollary 4.4 to Fun(C, D)pr and the endofunctor P,. In particular, we verify ax-
ioms (Al), (A2), and (A3').

To prove (A1), assume that F — G is an hf-equivalence, ie that F™ — G" is a levelwise weak equivalence.
Our choice of model for homotopy limits preserves such weak equivalences, so 7, does as well. Then
Convention 5.7(3) guarantees that ﬁnF — ﬁnG is a levelwise weak equivalence. Since the functor
(—)" preserves weak equivalences (by the proof of Theorem 5.16), it follows that P,F — P,G is an
hf-equivalence.

For (A2), we need to prove that the natural transformations p B,F' 13,, F— 13,, 13,, F and }3,, DF: ﬁn F— 1’3\,1 }3,, F

are weak equivalences in the hf-model structure. Since (—)" preserves levelwise weak equivalences,

it suffices to prove the stronger result that these natural transformations are levelwise weak equivalences.

For any object A in C, the (n+1)-cubical diagram given by U + A U is a strongly homotopy cocartesian
diagram, so applying any n-excisive functor H to it produces a homotopy cartesian diagram. Then
the map from the initial object in this diagram to the homotopy limit of the rest of the diagram is a
levelwise weak equivalence. By definition, this map is H — T, H, and since T, preserves levelwise
weak equivalences, Convention 5.7(3) guarantees that the natural transformation (g: H — T,°H is a
levelwise weak equivalence as well.

To see that p PF: P,F — P, P,F is a levelwise weak equivalence, consider, for an arbitrary functor X,
n

the commutative square

X bx yhf

Ix Lyhf

ToX

coyhf _ p
Too6y TXPX" =Py X
When X = P, F, the horizontal maps are weak equivalences by Proposition 5.14 since P,F is a
homotopy functor and 7,>° preserves weak equivalences. As noted above, the left vertical map is also a
weak equivalence since P, F is n-excisive. It follows that the composition of the right vertical and top
horizontal arrows is a weak equivalence, but this composite is p B F

To prove that Py, DF is a levelwise weak equivalence, recall that it is the composite

P.OF Pt gt

P,F P, (Fhf) P (T (FMy).

The map ﬁn OF is a levelwise weak equivalence by Theorem 5.16, Convention 5.7(3), and the fact

that 7,, preserves weak equivalences. To see that P, pnr is a levelwise weak equivalence, consider the
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commutative diagram

T,2° (L pnt)

T (F) Te0 (T30 FM)
T,2°(0 o) T2 (0700 pir)
T Fhf hf T Tothf hf
n (F) r—— n (TP F™)

and note that the bottom horizontal arrow is Pyt pur. The vertical maps are levelwise weak equivalences by
Propositions 5.14 and 5.18, and the fact that 7,>° preserves weak equivalences. We can use an argument
similar to the one used in the last paragraph of the proof of [20, 1.8] to prove that the top horizontal
map is a weak equivalence. In particular, it suffices to show that 7,>°(F hfy TX(Ty F hf) is a weak
equivalence. By Convention 5.7(3) and the fact that homotopy limits commute, the target of this map
is weakly equivalent to 7, 7,>°(F). However, T.>°(F™) is weakly equivalent to T, T,>°(F ") because
T°(F bf)y — ISnF is an n-excisive functor. Hence, the bottom map in the diagram, which is ﬁn Pr,isa
levelwise weak equivalence as well, completing the proof that (A2) holds.

Consider a homotopy pullback square

||

in the hf-model structure. Since (—)" preserves levelwise weak equivalences, it suffices to show that
there is a levelwise weak equivalence from P, F to the homotopy pullback (in the hf-model structure) of
P,H — P,K < P,G to prove (A3).

We factor H — K into an hf-equivalence H — H' followed by an hf-fibration H" — K so that the
homotopy pullback of G — H <« K in the hf-model structure, which is right proper, is the strict
pullback H’ xg G. Note that H' xg G is also the homotopy pullback of H' — K < G in both the

projective and hf-model structures since every hf-fibration is a projective fibration.

Since the functor ﬁn preserves hf-fibrations and hf-weak equivalences (Proposition 6.7 and axiom (A1)),
ﬁnH — ﬁnH — ﬁnK is also a factorization via an hf-equivalence and hf-fibration. As above, the strict
pullback 13,, H' x B.K 13,1 G is also the homotopy pullback of ﬁn H — 13,, K « ﬁnG in the hf-model struc-
ture, and of ﬁnH g ﬁn K <« ﬁnG in both model structures. Hence, to complete the proof, it suffices to
show there is a levelwise weak equivalence from P, F tothe homotopy pullback of P,H — P,K < P,G.

We now consider the diagram

F G
(6.9) [ k
K

Hl
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By assumption, F is levelwise equivalent to (H’ xx G)™. But H' xx G is the homotopy pullback of
H’ — K < G in the projective model structure and (—)" preserves such homotopy pullbacks, making
FM levelwise equivalent to the homotopy pullback of (H’)M — KM « G, That is, applying (—)" to
(6.9) yields a homotopy pullback in the projective model structure. Then Convention 5.7 and the fact
that 75, as a homotopy limit, preserves homotopy pullback diagrams ensure that applying ﬁn to (6.9)
produces a homotopy pullback in the projective model structure. O

Proposition 4.6 allows us to characterize fibrations and fibrant objects in the n-excisive model structure
as follows. Biedermann and Rondigs provide a similar characterization of fibrations in [10, 5.9].

Proposition 6.10 A morphism «: F — G in Fun(C, D) is a fibration in the n-excisive model structure if
and only if it is a fibration in the hf-model structure on Fun(C, D) and the diagram

F P,F
Ow Jﬁna
G 2
PG nG

is a homotopy pullback square in the hf-model structure. A functor F in Fun(C, D) is fibrant in the
n-excisive model structure if and only if it is weakly equivalent in the hf-model structure to an n-excisive
functor and is fibrant in the hf-model structure.

Proof The first statement is an immediate consequence of Proposition 4.6. For the second part, one
can show that py: % — 13,, (*), where * denotes the terminal object in Fun(C, D), is a weak equivalence
in the projective model structure on Fun(C, D) using Lemma 5.15, the facts that 7;, preserves weak
equivalences and that T, () is weakly equivalent to *, and Convention 5.7(3). Since (—)" satisfies (A1),
the map py: * — ﬁn (*) is also an hf-equivalence. By Proposition 4.6 it suffices to prove that pg is an
hf-equivalence if and only if F is hf-equivalent to an n-excisive functor.

Consider the diagram

PF ~
— P, F

F
B‘ Jﬁnﬂ
G

T ﬁn G
If B is an hf-weak equivalence, then P, B is an hf-weak equivalences since P, preserves hf-weak
equivalences. Moreover, as noted in the proof of (A2) for Theorem 6.8, if G is n-excisive, the maps
in the colimit defining P,G are all weak equivalences and as a result, (gn: G' — P,G is a levelwise
weak equivalence. Since (—) satisfies (A2) and preserves levelwise weak equivalences, it follows that
the composite pg is an hf-equivalence. By Proposition 2.3, pg is a weak equivalence, establishing one

implication. The converse follows immediately from the fact that ﬁn F is n-excisive. O
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7 The degree n model structure

In this section, we turn our attention to the discrete functor calculus, with the goal of showing that one
can equip Fun(C, D) with a degree n model structure via the degree n approximation I';,. As was the case
with the homotopy functor and n-excisive model structures, our categories C and D must satisfy some
conditions, but they are much less complicated in this case.

Convention 7.1 In addition to Convention 3.5, we assume that D is left proper.

Recall from Definition 3.12 that for a functor F' and an object A in C,
T, F(A) := hocofiber(| LT} F(A4)| — F(A)).

where |—| denotes the homotopy colimit over A°P, sometimes referred to as the fat realization. We establish
the existence of the degree n model structure on Fun(C, D) by proving that I',, satisfies the conditions of
Theorem 4.2, for which we make use of specific models for the homotopy limits and colimits used to
define T',,.

For the homotopy limit, we again use the model defined in [24, 18.1.8]. As noted in Section 3.2, we can
assume that 1,4 is a comonad. To guarantee that J_ﬁ 41 breserves weak equivalences, we replace F
with its functorial fibrant replacement I ('), which exists by Theorem 5.3. That is, we set

k . k
L1 Fri=Ly F(F)

for any functor F'. Then by [24, 18.5.2, 18.5.3] we know that J.,’j 41 preserves weak equivalences
in Fun(C, D).

For the model of I';, that we use, we also require a good model for homotopy colimits, for which we use the
one described by Hirschhorn [24, 18.1.2]. To ensure that |—| preserves weak equivalences, we precompose
the homotopy colimit with the simplicial functorial cofibrant replacement functor guaranteed by [41, 24.2].
Again, [24, 18.5.3] guarantees that this functor preserves levelwise weak equivalences of diagrams.

Finally, to guarantee that the homotopy cofiber preserves weak equivalences, and that there is a natural
transformation from the identity functor on Fun(C, D) to I[';,;, we use the following model for the homotopy
cofiber. Foramap F — G, we set hocofiber(F' — G) equal to the pushout of the diagram E(xp) <= F — G
where *p is the constant functor on the zero object in D, and F — E (xp) — *p is a functorial factorization
of FF' — xp as a cofibration followed by an acyclic fibration. That this construction is homotopy invariant
follows from [24, 13.5.3, 13.5.4] and the fact that D is left proper.

When using the construction defined above, there is a natural map from G to hocofiber(F — G);
an application of this fact to the augmentation |J_Zi} F| — F(F) yields a natural map F(F) — [, (F),
and precomposing with the natural weak equivalence 0 : F — F(F) yields a natural transformation

F — Ty F that is natural in F. Hence, we have a natural transformation y : idgyyc,p)y = I'n.
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Recall that as part of Convention 3.5, we are assuming D is stable. As noted in Section 3, the proof that
the functor I',, F is a degree n functor in [6, 5.4, 5.6.1] makes use of the fact that D is stable to ensure
that crp4+1 commutes with the homotopy cofiber and colimit used to define I';, F. We thus obtain

crne1TnF = crps hocoﬁber(|J_:;ii F|— F)

~ hocofiber(|crp+1(LiT] F)| = cras1 F)
X~ %xp.

The last equivalence is a consequence of [6, 5.5] which uses an extra degeneracy argument to prove that
|crn+1(J_;:Ii F)| — crp41 F is a weak equivalence.

We now state the main result of this section.

Theorem 7.2 Under the assumptions of Convention 7.1, there exists a degree n model structure on the
category of functors Fun(C, D) with weak equivalences given by I';,-equivalences and cofibrations the
same as in the projective model structure.

Proof We prove this result via an application of Corollary 4.4, setting M = Fun(C,D) and Q =
I'y : Fun(C, D) — Fun(C, D). As described above, the functor ', : Fun(C, D) — Fun(C, D) is constructed
from F via homotopy limits, homotopy colimits, and homotopy cofibers that preserve weak equivalences.
Hence, axiom (A1) of Theorem 4.2 is satisfied.

To prove that axiom (A2) holds, we assume that F is fibrant and use Corollary 4.3. By [24, 18.5.2, 18.5.3],
the results of applying J_ﬁ 41 to F and IF(F) are weakly equivalent, so we can work directly with F
instead of its functorial fibrant replacement.

To prove that yr, F is a weak equivalence, we note that for any degree n functor G,
Lnt1 G =ACcrpy1G x *p,

where A* denotes precomposition with the diagonal functor. Hence, the simplicial object J_:ii G is
levelwise weakly equivalent to the constant simplicial object on *p and |J_Zi% G| >~ xp. Since [',G is
the homotopy cofiber of | L ii G| — G and D is left proper, the dual of Proposition 2.3 guarantees that

YG is a weak equivalence. Setting G = I', F', we see that yr,  is a weak equivalence.

*+1
J‘n—i—l

141 comes equipped with a natural transformation, the comultiplication L, 1= _1,4+11l,+1, which

To prove that I',yF is a weak equivalence, it suffices to show that I’ | F| >~ %p. As a comonad,

can be used to construct weak equivalences between |J_§ _HJ_:ii F|and J_ﬁ 11 F fork >1,asin[6, 5.5].

Since D is stable, 1,1, as a finite homotopy limit, commutes with | — |, so we have
*+1 *+1 ~ *+1 | x+1 ~ *+1
|J‘n+l IJ‘n—i—l F|| - ||J‘n+lJ‘n+l F” - |J‘n+l F|‘

It follows that I, |J_:‘l:[% F| ~ xp, which implies that T,yp: 'y F — I', T, F is a weak equivalence.

Algebraic & Geometric Topology, Volume 25 (2025)



3960 Lauren Bandklayder, Julia E Bergner, Rhiannon Griffiths, Brenda Johnson and Rekha Santhanam

It remains to check that T, satisfies axiom (A3’), ie that homotopy pullback squares are preserved by I',.
Suppose that

is a homotopy pullback square in Fun(C, D) and recall that homotopy pullback and homotopy pushout
squares agree in a stable model category such as D. Since I';, is constructed via homotopy limits and
colimits, homotopy limits preserve homotopy pullbacks, and homotopy colimits preserve homotopy
pushouts, it follows that applying I’ to this diagram yields a homotopy pullback square. O

We conclude with the following consequence of Proposition 4.6. Its proof is similar to the one of
Proposition 6.10 and hence omitted.

Proposition 7.3 A morphism «: F — G in Fun(C, D) is a fibration in the degree n model structure if
and only if it is a fibration in the projective model structure on Fun(C, D) and the diagram

F—  T,F
o ‘ { I'a
G YG TnG

is a homotopy pullback square. The object F in Fun(C, D) is fibrant in the degree n model structure if and
only if it is degree n and is fibrant in the projective model structure.

8 Cofibrant generation for Bousfield Q-model structures

In this section, we establish conditions under which the localizations produced by an endofunctor Q
on Fun(C, D) via Theorem 4.2 are cofibrantly generated, expanding on the more specific examples of
Biedermann and Rondigs in [10]. A core element of those examples is the strategic creation of additional
generating acyclic cofibrations for the model structure Fun(C, D). Since our goal is to generalize those
examples, we make the following definition to capture the key features of the collections of maps that
they use. We assume throughout that C and D are as described in Convention 2.8.

Definition 8.1 Let Fun(C, D) be equipped with a right proper model structure and let Q be an endofunctor
of Fun(C, D) satisfying the conditions of Theorem 4.2, including the existence of a natural transformation
n:id = Q. A collection of test morphisms for 7 is a collection 7 (Q) of morphisms in Fun(C, S) such
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that, for each fibration F — G in Fun(C, D), the diagram

F QF
G 0G

is a homotopy pullback in Fun(C, D) if and only if the diagram
FY FX
GY G¥

is a homotopy pullback in D for every X — Y in T(Q).

We sometimes omit the endofunctor Q from the notation and simply refer to the collection of test
morphisms as 7. In all the examples in this paper, the functor Y is a representable functor R4, where A
is an object of C.

Example 8.2 Consider the hf-model structure on Fun(C, D) from Theorem 5.16, where C and D addi-
tionally satisfy the conditions of Convention 5.7. Since it is designed to emphasize weak equivalence-
preserving functors, we claim that the collection of morphisms of representable functors {RE — R4},
where A — B ranges over all weak equivalences of C, is a collection of test morphisms for 7: id = (—).
Indeed, our definition of a collection of test morphisms is essentially a distillation of the key properties
that Biedermann and Réndigs use in [10] to show that the hf-model structure is cofibrantly generated.
That these morphisms satisfy Definition 8.1 was proved by Biedermann and Rondigs in [10, 4.15] using
the fact that FR' ~ F (A) by the Yoneda Lemma 2.14.

We revisit this example at the end of this section and give additional examples in Sections 9 and 10, where
we consider the n-excisive and degree n model structures, respectively.

We can now state and prove our main result.

Theorem 8.3 Suppose that C and D satisfy the conditions of Convention 6.2, and that Fun(C, D) is a
cofibrantly generated right proper model structure on Fun(C, D) in which all fibrations are also fibrations
under the projective model structure. Let Q : Fun(C, D) — Fun(C, D) be a Bousfield endofunctor that has
a collection T (Q) of test morphisms for the natural transformation 1: id = Q. Then the model structure
Fun(C, D) is cofibrantly generated.

Proof Let I and J denote sets of generating cofibrations and acyclic cofibrations, respectively, for the
model structure on Fun(C, D). We need to identify sets of generating cofibrations and acyclic cofibrations
for the model structure Fun(C, D). Since the cofibrations are unchanged by the Q-localization, we can
simply use the set / as a set of the generating cofibrations for Fun(C, D).
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Assume that F — G is a fibration in Fun(C, D). To identify a set of generating acyclic cofibrations
for Fun(C, D) g, we use the Q-fibration condition of Proposition 4.6, namely that F — G is a Q-fibration
if and only if it is a fibration in Fun(C, D), and the diagram

F OF
(8.4) J J
G 0G

is a homotopy pullback square in Fun(C, D). We know that a map is a fibration in Fun(C, D) if and only if
it has the right lifting property with respect to the set J. Thus, it suffices to identify a set of maps Jo such
that the above diagram is a homotopy pullback square if and only if F — G has the right lifting property
with respect to the maps in Jg; we can then take J U Jg as the set of generating acyclic cofibrations
for Fun(C,D)g.

By the definition of test morphism, (8.4) is a homotopy pullback square if and only if

F¥Y —— FX

]

GY GX

is a homotopy pullback square for each w: X — Y in T.

However, for each object X in Fun(C, S) we can apply Proposition 2.7 to the morphism from the initial
object to X to obtain a simplicial homotopy equivalence

(8.6) XX,

where X is cofibrant. Since simplicial functors preserve simplicial homotopy equivalences [24, 9.6.10],
we have that FX — FX and GX — GX are weak equivalences. For each test morphisma: X — Y,
we obtain a diagram in which the right-hand square is a homotopy pullback square by Proposition 2.3:

FY FX FX
(8.7) J J l
GY GX GX

Applying Proposition 2.2 to this diagram, we see that (8.5) is a homotopy pullback if and only if the outer
square in (8.7) is a homotopy pullback square.

Again by Proposition 2.7 and the fact that simplicial functors preserve simplicial homotopy equivalences,
we know that the composite X — X %> Y can be factored as a cofibration ¢ followed by a simplicial
homotopy equivalence pELN Cyl(a) => Y, and we obtain weak equivalences of evaluated cotensors
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FY — FOU@ apd GY — GOYN@ | Then, by Proposition 2.2, the outer square in (8.7) is a homotopy
pullback square if and only if

Fcyl(“) E— F)?

(8.8) J l

GO@ —— X
is a homotopy pullback square.

Since F' — G is a projective fibration by assumption, by Corollary 2.16 we know that F' X, G)? isa
fibration, so (8.8) is a homotopy pullback if and only if

8.9) FCyl(Ol) N FX\ X% GCyl(a)

is a weak equivalence. Note that (8.9) is a fibration by Lemma 2.15. So we can show that it is a weak
equivalence by showing that a lift exists in every commutative diagram of the form

C —— FCyl(a)

(8.10) J l

Ff XGXA GCy](Ot)

where C — D is in the set Ip of generating cofibrations for D. By the first adjunction of Proposition 2.13,
a lift exists in (8.10) if and only if a lift exists in

D®R®X[lcgz C®Cyl(@) —— F

D ®Cyl(a)

G

Hence, the left-hand vertical maps can be taken as the set Jg. That is,

JQ={iDé‘a:C(X)Cyl(a)HC@fD@)’(\—)D®Cyl((x)|(i:C—>D)eID,ozeT}.

The preceding argument shows that the maps in Jo have the left lifting property with respect to all
Q-fibrations, so that they are indeed acyclic cofibrations in the model structure induced by Q. To complete
the proof, it remains to show that this set of maps permits the small object argument. We need to show
that, given a transfinite composition colim, F; of pushouts along acyclic cofibrations, any map

(f.g): C ®Cyl(x) Hegg D ® X — colim, F,

factors through some Fj. By the universal property of pushouts, the data of such a map is equivalent to a

commutative square
i®1

C®X D®X

o |

C ® Cyl(x) T colim,, F,
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and a factorization of such a map through a functor Fy is equivalent to a commutative diagram

~ i®1 A
CRX DX
C ® Cyl(x) colim,, F,

Using the first adjunction of Proposition 2.13, this commutative diagram is in turn equivalent to

f
C \ (colimy, Fn)Cyl(“)
-~ /
S Cyl(a)
k Fk

i J 1%«

Py
D p (colim,, F,)X

The fact that both C and D permit the small object argument, by Convention 6.2, guarantees the existence
of maps fi and g such that the diagram above commutes. |

As a first example of this localized cofibrant generation, the next theorem follows immediately from
Theorem 8.3 and Example 8.2; an alternate proof is given in [10, 4.14].

Theorem 8.11 Assuming Convention 6.2, the model category Fun(C, D)ps of Theorem 5.16 has the
structure of a cofibrantly generated model category.

When Fun(C, D) has the projective model structure, Theorem 8.3 implies that for any Bousfield endo-
functor Q that has a collection of test morphisms, the model structure Fun(C, D)o of Theorem 4.2 is
cofibrantly generated. Moreover, since the fibrations of Fun(C, D)o must also be projective fibrations
by Proposition 4.6, we can use Theorem 8.3 to conclude that the localization of Fun(C, D) obtained by
applying a sequence of Bousfield endofunctors satisfying the appropriate test morphism conditions is
cofibrantly generated. We provide an example of this in the next section by building an n-excisive model
structure on Fun(C, D) from the hf-model structure. To do so, we make use of the next result.

Proposition 8.12 Consider the category Fun(C, D) with the projective model structure, as well as a
localized model structure Fun(C, D) p induced by a Bousfield endofunctor P of Fun(C, D). Suppose that
Q is an endofunctor of Fun(C, D) p that preserves P -fibrations. Then for any P -fibration F — G,

F—— QOF
(8.13) J l
G— 0G

is a homotopy pullback square in the P -model structure if and only if it is a levelwise homotopy pullback.
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Proof By assumption, QF — QG is a P-fibration, and hence, a projective fibration. So the pullback of
G — QG < QF is a homotopy pullback in both the projective and P-model structures.

If (8.13) is a levelwise homotopy pullback square, then the map F' — QF xg¢ G is a levelwise weak
equivalence. Since P satisfies axiom (A1) of Theorem 4.2, this map is also a P-equivalence, and (8.13)
is a homotopy pullback square in Fun(C, D)p.

Conversely, suppose that the diagram (8.13) is a homotopy pullback square in the P-model structure, so
that the map PF — P(QF xg¢ G) is a levelwise weak equivalence. Since P satisfies axiom (A3') of
Corollary 4.4, the map P(QF xgo6 G) - POF xg 0G PG is a levelwise weak equivalence, and the
right-hand square in the diagram

F PF POF
(8.14) J J l
G PG POG

is a homotopy pullback square in Fun(C, D). By Proposition 4.6, the left-hand square is a levelwise
homotopy pullback as well, from which we can conclude by Proposition 2.2 that the outer square is also
a levelwise homotopy pullback square.

However, this outer square can be obtained similarly as a composite diagram with middle vertical map the
P -fibration QF — Q G, so that the left-hand square is the square (8.13). We can conclude that this square
is a levelwise homotopy pullback square via another application of Propositions 4.6 and 2.2, completing
the proof. a

9 Cofibrant generation and the n-excisive model structure
In this section, we apply Theorem 8.3 and Proposition 8.12 to show that the n-excisive model structure of
Theorem 6.8 is cofibrantly generated. As in Section 6, we assume Convention 6.2.

We first define a candidate set of test morphisms for the n-excisive model structure.

Definition 9.1 For an object A in C, let 4 be the morphism

74 hocolimy cpy (n+1) RA*U _, R4
in Fun(C, §) induced by the inclusions & < U, where * denotes the fiberwise join as in Definition 3.2.
We denote by T([A’n) the collection {t4} of these morphisms as A ranges over all objects of C.
Proposition 9.2 For the hf-model structure Fun(C, D)y¢, the collection T(ﬁn) is a collection of test

morphisms for the natural transformation n: id = P,,.
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Proof Let FF — G be an hf-fibration. By Proposition 6.7, we know that P, preserves hf-fibrations.
Hence, by Proposition 8.12, it suffices to show that

-
~

9.3)

Q—™m
P

sy
Q

is a levelwise homotopy pullback square if and only if

FRA e FhOCOIimUGPO(n+1) RA*U
9.4) J l

GRA SN Ghoco]imUepO(nJrl) RV

is a homotopy pullback square in D for all objects A in C. Combining the isomorphism of Proposition 2.18,
Lemma 2.14, and the definition of 7}, (Definition 3.2), we see that (9.4) is a homotopy pullback square
for all objects A4 in C if and only if

F 2
9.5) J J
G T,G

is a levelwise homotopy pullback square. So it suffices to show that (9.3) is a levelwise homotopy pullback
if and only if (9.5) is.

Suppose (9.3) is a levelwise homotopy pullback and consider the commutative cube

(9.6) !
G-~ ‘ -2 PyG h

The front and back faces are homotopy pullbacks by assumption and the fact that 7}, preserves homotopy
pullbacks, respectively. If we consider its back and right faces, we see that the right face is a homotopy
pullback because P, F is n-excisive, and hence the composite of the back and right faces is a homotopy
pullback by Proposition 2.2. As a result, we can conclude that the composite of the left and front faces is
a homotopy pullback. Since the front face is a homotopy pullback, we can apply Proposition 2.2 again to
see that the left face, which is precisely (9.5), is as well.
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Conversely, suppose that (9.5) is a homotopy pullback square. Consider the commutative diagram that
defines 13,, and the natural transformations in (9.3):

F Fhf Tn F™ colimy TKFM = P, F
©.7) J J |
+

G Ght T,G™ colimy TXG" = P,G

It suffices to show that for each k > 0, the square

F ——— TFFM

9.8) J J

G TkGH*

whose horizontal maps are given by composites of horizontal maps in (9.7) is a homotopy pullback square.
In the case that k = 0, this follows from Proposition 4.6.

Assuming (9.8) is a homotopy pullback for some k > 0, we see that the right-hand square of the
commutative diagram

F Ty F —— Tk+1pnf

I

. TG — Tk+1hf
©9) G WG TkH1G

is a homotopy pullback since it is obtained by applying the functor 7,, which preserves homotopy
pullbacks, to (9.8). The outer square is then a homotopy pullback square by Proposition 2.2 since the
left-hand square is (9.5). The commutative cube

F

Fhf
o~ N

T,F N T,{H'l Fhf

(9.10)
G 777777 h - th ‘/

shows us that the outer square in (9.9) is the same square as (9.8) when k is replaced by k + 1, completing
the proof by induction. a

We can now conclude the main result of this section from Theorem 8.3.

Theorem 9.11 The n-excisive model structure on Fun(C, D) from Theorem 6.8 is cofibrantly generated.
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Remark 9.12 Theorem 9.11 is also proved as part of [10, 5.8]. Our proof is essentially a reorganiza-
tion and generalization of theirs via Theorem 8.3, but our approaches differ in the stage at which the
representable functors of Definition 9.1 are introduced. In [10], the authors incorporate them into their

definition of P, by replacing 7, F' with an evaluated cotensor
TRE(A) := FAn,

where

Ap — hocolimy ep, (n+1) RA*Y

is a cofibrant replacement for the homotopy colimit of the representable functors R4*Y . We proved
in [2, 7.4] that T}, and TnR agree up to weak equivalence. We have chosen to define ﬁn without using
an evaluated cotensor to highlight the fact that this approach is not needed to establish the existence
of the n-excisive model structure. It does play a significant role in establishing cofibrant generation,
since, in the proof of Theorem 8.3, being able to replace (8.4) with the evaluated cotensor square (8.5)
provides the means by which we can identify a set of generating acyclic cofibrations, but now the specific
evaluated cotensor approach to P, only appears concretely in our verification of our set of test morphisms

in Proposition 9.2.

10 Cofibrant generation and discrete functor calculus

We now revisit the degree n model structure of Section 7 and use Theorem 8.3 to show that it is cofibrantly

generated when D is. As in Section 7 we assume Convention 7.1.

Recall from Definition 3.12 and Section 7 that the functor I', F' is defined in terms of a comonad 1,4
that acts on the category Fun(C, D). More explicitly, it is the homotopy cofiber given by

T, F :=hocofiber(| L1 | F(F)| — F(F)),

where |J_;'; ii F| is the fat realization of the standard simplicial object associated to the comonad 1,

acting on F and [F(F) is a functorial fibrant replacement of F.
Theorem 10.1 The degree n model structure on Fun(C, D) from Theorem 7.2 is cofibrantly generated.

We want to prove this theorem by an application of Theorem 8.3, for which we need to define a collection
of test morphisms for I';,. Recall from (3.7) that for an object A in C, subset U of n 4 1, and element

i €n+1, we defined
A ifi¢U,
*c ifi e U.

A,‘(U) = {

Using this definition, we define

AUy := [] 4@),

ien+1
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and note that for U C V there is a natural map
v U, U)— U4, V)

induced by the unique morphism A — ¢ on the components indexed by i € V \ U.

Definition 10.2 For an object A in C, let p4 be the morphism
pA - hocolimy cp (n+1) RUMAU) _, puU(4,2)

in Fun(C, §) induced by the morphisms g ry. We denote by 7'(I';) the collection {p4 } of these morphisms
as A ranges over all objects of C.

Lemma 10.3 For the projective model structure on Fun(C, D), the collection T (I'y) of Definition 10.2 is
a collection of test morphisms for the natural transformation y : id = T',.

To prove this lemma, we use the next two results.

Lemma 10.4 Let C be a subcategory of a model category that is closed under finite limits. If X' is an

n-cube in C, then
ifiber(X’) 2~ hofiber(X (&) — holimp, ) X' (U)).

This lemma was proved in the context of spaces in [36, 3.4.3] for 2-cubes and [36, 5.5.4] for general
n-cubes; the same line of argument holds in this more general setting.

The proof of the following lemma is a straightforward exercise, using Proposition 2.2 and its dual.

Lemma 10.5 For a commutative square

A—2 B
(10.6) J J
C——D

in a pointed right proper model category D, the induced map of homotopy fibers
hofiber(a) — hofiber(y)

is a weak equivalence if the square (10.6) is a homotopy pullback square. If D is stable and proper, the
converse is true as well.

Proof of Lemma 10.3 Let F — G be a fibration in Fun(C, D). By an argument similar to the one used
to start the proof of Proposition 9.2, it suffices to show that

F vF T, F
(10.7) J l
G .G
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is a homotopy pullback if and only if the diagram

F(U(A, @)) — bholimy cpy(n+1) F(L(A,U))
(10.8) J J

F(U(4, @)) — holimy cp,(n+1) G(U(A4. U))
is a homotopy pullback for all objects A in C.

We can write (10.7) as the composite

~

F F(F) I, F
| |
G F(G) [nG

by definition of the natural transformation y : idgy(c,p) — I'n. Using the dual of Proposition 2.2 and the
fact that D is stable, we see that the right-hand square is a homotopy pullback if and only if the outer
square is a homotopy pullback. Similarly, (10.8) is a homotopy pullback if and only if the corresponding
square with fibrant replacements of F' and G on the left is a homotopy pullback square. Hence, we can
restrict to the case where we use fibrant replacements of F' and G and for simplicity, we suppress the
fibrant replacement notation I for the remainder of the proof.

By Lemma 10.4, the homotopy fibers of the top and bottom horizontal arrows in (10.8) are L, +1 F(A)
and 1,41 G(A), respectively. Then by Lemma 10.5, the diagram (10.8) is a homotopy pullback if and
only if the induced map of homotopy fibers 1,4+ F(A) —L,+1 G(A) is a weak equivalence.

If (10.8) is a homotopy pullback for all objects A in C, it follows that |LZI% F|— |J_Zi% G| is a weak

equivalence in Fun(C, D). Consider the diagram

|1y Fl F I, F
|¢;‘;i} G| G r,G

where the top and bottom rows are the homotopy cofiber sequences defining I, F' and [', G. respectively.
Since D is stable, the rows are also homotopy fiber sequences, and the right-hand square, which is
exactly (10.7), is a homotopy pullback by Lemma 10.5.

Conversely, if (10.7) is a homotopy pullback, then the square

lpy1 F Lpt1 TnF
1n+1 G Lat1 WG
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is also a homotopy pullback as L, 1 preserves homotopy pullbacks. As noted in the proof of Theorem 7.2,
dpt1 ThF ~x>~1,411,G,s0 L,4+1 F —>1,41 G is a weak equivalence by Proposition 2.3, and
(10.8) is a homotopy pullback for all objects 4 in C. a

Proof of Theorem 10.1 The proof of Theorem 7.2 establishes that I';, is a Bousfield endofunctor
on Fun(C, D) with the projective model structure. Proposition 4.6 guarantees that the fibrations in
Fun(C, D)r,, are also projective fibrations. Hence, we can apply Theorem 8.3, using the collection of test
morphisms for I';, that we established in Lemma 10.3. |
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Endomorphisms of Artin groups of type D

FABRICE CASTEL
LUIs PARIS

We determine a classification of the endomorphisms of the Artin group A[D,] of type D, forn > 6. In
particular we determine its automorphism group and its outer automorphism group. We also determine
a classification of the homomorphisms from A[D,] to the Artin group A[A,—1] of type A,—; and a
classification of the homomorphisms from A[A,_1] to A[Dy] for n > 6. We show that any endomorphism
of the quotient A[D,]/Z(A[Dy]) lifts to an endomorphism of A[D,] for n > 4. We deduce a classification
of the endomorphisms of A[D,]/Z(A[D,]), we determine the automorphism and outer automorphism
groups of A[D,]/Z(A[D,]), and we show that A[D,]/Z(A[D,]) is co-Hopfian for n > 6. The results
are algebraic in nature but the proofs are based on topological arguments (curves on surfaces and mapping
class groups).

20F36; 57K20

1 Introduction

Let S be a finite set. A Coxeter matrix over S is a square matrix M = (mg )y res indexed by the elements
of S, with coefficients in N U {oo}, such that ms s =1 forall s € S and ms; =m;s>2forall s,z € S
with s # ¢. Such a matrix is usually represented by a labeled graph T, called a Coxeter graph, defined as
follows. The set of vertices of I" is S. Two vertices s,¢ € S are connected by an edge if m,; > 3, and
this edge is labeled with mj ; if mg, > 4.

If a and b are two letters and m is an integer > 2, then we denote by I1(a, b, m) the word aba - -- of
length m. In other words IT(a,b,m) = (ab)™? if m is even and TI(a, b, m) = (ab)™ V24 if m is
odd. Let I" be a Coxeter graph and let M = (my)s,res be its Coxeter matrix. With I' we associate a
group A[I'], called the Artin group of T', defined by the following presentation:

AT = (S | (s, t,ms ) = T1(t, s, mys;) for s, t €S, s # t, mg; # 00).
The Coxeter group of T', denoted by WI'], is the quotient of A[I'] by the relations s2 = 1 for s € S.

Despite the popularity of Artin groups, little is known on their automorphisms and even less on their
endomorphisms. The most emblematic cases are the braid groups and the right-angled Artin groups.
Recall that the braid group on n + 1 strands is the Artin group A[A,] where A, is the Coxeter graph
depicted in Figure 1, and an Artin group A[I'] is called a right-angled Artin group if my; € {2, oo} for all

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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1 2 n-1 n

Figure 1: The Coxeter graph A,.

s,t € § with s # t. The automorphism group of A[A,] was determined by Dyer and Grossman [26] and
the set of its endomorphisms by Castel [12] for n > 5, by Chen, Kordek and Margalit [17] for n > 3 and by
Orevkov [35] for n > 2 (see also Bell and Margalit [2] and Kordek and Margalit [31]). On the other hand
there are many articles studying automorphism groups of right-angled Artin groups (see Charney and
Vogtmann [15; 16], Day [23; 24], Laurence [33] and Bregman, Charney and Vogtmann [8] for example),
but almost nothing is known on endomorphisms of these groups.

Apart from these two families little is known on automorphisms of Artin groups. The automorphism
groups of two-generator Artin groups were determined by Gilbert, Howie, Metaftsis and Raptis [29],
the automorphism groups of the Artin groups of type By, A, and C, were determined by Charney
and Crisp [14], the automorphisms groups of some 2-dimensional Artin groups were determined by
Crisp [20] and by An and Cho [1], the automorphism groups of large-type free-of-infinity Artin groups
were determined by Vaskou [43], and the automorphism group of A[D4] was determined by Soroko [41].
On the other hand, as far as we know the set of endomorphisms of an Artin group is not determined for
any Artin group except for those of type A4;.

Recall that an Artin group A[I'] is of spherical type if W[I'] is finite. The study of spherical-type Artin
groups began in the early 1970s with works by Brieskorn [9; 10], Brieskorn and Saito [11] and Deligne [25],
which marked in a way the beginning of the theory of Artin groups. This family, and that of right-angled
Artin groups, are the two most-studied and best-understood families of Artin groups and, obviously, any
question on Artin groups first arises for Artin groups of spherical type and for right-angled Artin groups.
Here we are interested in Artin groups of spherical type, and more particularly in those of type D,.

An Artin group A[I'] is called irreducible if T is connected. If Iy, ..., I'; are the connected components of
I, then A[T]= A["1]x---x A[[j] and W[T']| = W[I['{]x---x W[I]. In particular A[T"] is of spherical type
if and only if A[T;] is of spherical type for all i € {1,...,[}. So to classify Artin groups of spherical type
it suffices to classify those which are irreducible. Finite irreducible Coxeter groups, and hence irreducible
Artin groups of spherical type, were classified by Coxeter [18; 19]. There are four infinite families,
Ap n>1), By (n >2), Dy (n > 4) and I5(m) (m > 5), and six “sporadic” groups, E¢, E7, Eg, F4, H3
and Hy4. As mentioned above, the automorphism group of A[I'] for " of type A, (n > 1), B, (n > 2)
and I(m) (m > 5) is known. The next step is therefore to understand the automorphism group of A[Dj]
for n > 5 (the case I' = Dy is known by Soroko [41]). The Coxeter graph D, is illustrated in Figure 2.

n-1
@@ = n n
1 2 n-2
n

Figure 2: The Coxeter graph D,,.
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Here we determine a complete and precise classification of the endomorphisms of A[D] for n > 6 (see
Theorem 2.3). In particular we determine the automorphism group and the outer automorphism group
of A[D,] for n > 6 (see Corollary 2.6). We also determine a complete and precise classification of the
homomorphisms from A[Dy,] to A[A,—1] (see Theorem 2.1) and a complete and precise classification
of the homomorphisms from A[A,—1] to A[D,] (see Theorem 2.2). Note that all these results were
announced but not proved in Castel [13]; actually the proofs turn out to be much more difficult than the
first author thought when he announced them. Note also that our techniques cannot be used to treat the
cases n = 4 and n = 5. In particular we do not know how to determine Aut(A[Ds]).

From our main result we deduce a classification of the endomorphisms of the group A[D,]/Z(A[Dx])
for n > 6, where Z(A[D,]) denotes the center of A[D,] (see Theorem 2.8). Then we determine the
automorphism group and the outer automorphism group of A[D,]/Z(A[D;]) (see Corollary 2.10), and we
show that A[D,]/Z(A[D,]) is co-Hopfian (see Corollary 2.11). These results follow from Theorem 2.3
and Proposition 2.7, which states that any endomorphism of A[D,]/Z(A[Dy]) lifts to an endomorphism
of A[Dy]. Such results were previously known for braid groups, that is, Artin groups of type A, (see
Bell and Margalit [2]). Note that the application of our main result to the study of A[D,]/Z(A[D,]) was
not present in an earlier version of the paper. It was suggested to us by the referee, for which we extend
our warm thanks.

A geometric representation of an Artin group is a homomorphism from the group to a mapping class
group (see Section 3 for more details). In order to achieve our goals we make a study of a particular
geometric representation of A[D;] previously introduced by Perron and Vannier [40] with one boundary
component replaced by a puncture. This geometric representation will be the key tool for many of our
proofs. Overall, although the results of the paper are algebraic in nature, the proofs are mostly based on
topological arguments (on curves on surfaces and mapping class groups).

The paper is organized as follows. In Section 2 we give the main definitions and precise statements of
the main results. Section 3 is dedicated to the study of some geometric representations of Artin groups
of type A, and type Dy. In Section 4 we determine the homomorphisms from A[D,] to A[A;—1], in
Section 5 we determine the homomorphisms from A[A4,—1] to A[D,], and in Section 6 we determine the
endomorphisms of A[D,]. In Section 7 we determine the endomorphisms of A[D,]/Z(A[D,]).

Acknowledgments The authors would like to thank Bruno Cisneros de la Cruz and Juan Gonzilez-
Meneses for helpful comments and conversations. They also want to thank the referee for many helpful
remarks. Paris is partially supported by the French project “AlMaRe” (ANR-19-CE40-0001-01) of
the ANR.

2 Definitions and statements

For n > 4 we denote by s1, ..., s,—1 the standard generators of A[A;,—1] numbered as in Figure 1 and by
t1,..., I, the standard generators of A[D,] numbered as in Figure 2.
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Let I" be a Coxeter graph. For X C S we denote by Ay = Ax[I'] the subgroup of A = A[I'] generated
by X, by Wy = Wx|[I'] the subgroup of W = W|[I'] generated by X, and by 'y the full subgraph of T"
spanned by X. We know from van der Lek [34] that Ay is the Artin group of I'y and from Bourbaki [7]
that Wx is the Coxeter group of I'y. A subgroup of the form Ay is called a standard parabolic subgroup
of A and a subgroup of the form Wy is called a standard parabolic subgroup of W.

For w € W we denote by lg(w) the word length of w with respect to S. A reduced expression for w
is an expression w = §152 ---s; of minimal length, that is, such that /[ = Ig(w). Let w: A — W be
the natural epimorphism which sends s to s for all s € S. This epimorphism has a natural set-section
T: W — A defined as follows. Let w € W and let w = 5155 --- 57 be a reduced expression for w. Then
T(w) = 51852 ---57 € A. We know from Tits [42] that the definition of 7(w) does not depend on the choice
of its reduced expression.

Assume I' is of spherical type. Then W has a unique element of maximal length, denoted by ws, which
satisfies wé =1and wgSws = S. The Garside element of A is defined to be A = A[I'] = t(wg). We
know that ASA™! = S and, if I is connected, then the center Z(A) of A is an infinite cyclic group
generated by either A or A? (see Brieskorn and Saito [11]). For X C S we denote by wy the element of
maximal length in Wy and by Ay = Ax[I'] = t(wy) the Garside element of Ay.

IfI" = A,_1, then

A= (sp—1-51)(Sn—1--52)*** (Sp—15n—2)Sn—1,

AsiN ! =5, ;forall 1 <i <n—1and Z(A) is generated by A%, If ' = D, then

A= (1 thoatp—itptn—a---11)(t2 - thatp—1lntn—2---12) -+ - (tn—2tn—1tntn—2)(tn—1n).

If n is even, then At; A1 =1¢; forall 1 <i <n and Z(A) is generated by A. If n is odd, then At; A™! =¢;
forall 1 <i<n—2, Aty 1A' =t,, Aty A" =t,_1 and Z(A) is generated by A2,
If G is a group and g € G, then we denote by adg: G — G, h — ghg™!, the conjugation map by g. We

say that two homomorphisms @1, ¢p2: G — H are conjugate if there exists h € H such that ¢, = adj o ¢1.

A homomorphism ¢ : G — H is called abelian if its image is an abelian subgroup of H. A homomorphism
¢: G — H is called cyclic if its image is a cyclic subgroup of H. If G = A[A,—1], then ¢: A[A,—1] > H
is abelian if and only if it is cyclic, if and only if there exists # € H such that p(s;) =h forall 1 <i <n—1.
Similarly, if G = A[D,], then ¢: A[D,] — H is abelian if and only if it is cyclic, if and only if there
exists h € H such that ¢(¢;) = h forall 1 <i <n.

Two automorphisms £, y € Aut(A[D,]) play a central role in our study. These are defined by
()=t for1<i<n-2, $(th—1) = tn, L(ty) = th—1, () =t"1 for 1<i<n.

Both are of order 2 and commute, and hence they generate a subgroup of Aut(A[D,]) isomorphic to
7./27 x 7. /27. If n is odd, then ¢ is the conjugation map by A = A[D,]. On the other hand, if # is even,
then ¢ is not an inner automorphism (see Paris [36]). The automorphism y is never inner.
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Two other homomorphisms play an important role in our study. The first, w: A[D,] — A[Ap—1], is
defined by
w(ti)=s; for 1<i<n-2, w(th—1) = n(ty) = Sp—1.

The second, ¢: A[A,—1] — A[Dy], is defined by
tisi)=¢t for1<i<n-—1.

Observe that 7w ot = id4qp4,_,]. and hence 7 is surjective, ¢ is injective and A[D,] >~ Ker(r) x A[A;—1].
We refer to Crisp and Paris [21] for a detailed study on this decomposition of A[D,] as a semidirect
product.

Let n > 4. For p € Z we define a homomorphism «,: A[D,] — A[An—1] by
ap(ti) =s;A*P for 1<i<n-2, ap(tn—1) = 0p(ty) = Sy—1 %7,
where A = A[A,—1] is the Garside element of A[A,—1]. Note that g = 7.
SetY ={t1,...,tn—1}. For p,q € Z we define a homomorphism B, ,: A[An—1] = A[Dy] by
Bp.q(si) = tl-AszA"q for 1<i<n-—1,

where A = A[D,] is the Garside element of A[D,], Ay = Ay[Dy], k =2 if nisodd, and k = 1 if n is
even. Note that B0 = ¢. Note also that, by Paris [36, Theorem 1.1], the centralizer of ¥ in A[D,] is the
free abelian group of rank 2 generated by AZY and A",

For p € 7 we define the homomorphism y,: A[D,] — A[Dy] by
Yp(ti) =t; AP for 1 <i <n,

where A = A[D,] is the Garside element of A[D,], x =2 if n is odd, and x = 1 if n is even. Note that
Yo = id.

Concerning A[A,—1], we define an automorphism j: A[A,—1] = A[An—1] by
)Z(si):si_1 for 1 <i<n-1,
and for p € Z we define an endomorphism y,: A[An,—1] — A[As—1] by
Vp(si) =siA*P for 1 <i<n—1,

where A is the Garside element of A[A4,—1].
The main results of this paper are the following.
Theorem 2.1 Letn > 5. Let ¢: A[D,] — A[An—1] be a homomorphism. Then up to conjugation we
have one of the following two possibilities:

(1) ¢ iscyclic.

(2) There exist € (x) and p € Z such that ¢ = oty 0.
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Theorem 2.2 Letn > 6. Let ¢: A[A,—1] = A[Dy] be a homomorphism. Then up to conjugation we
have one of the following two possibilities:

(1) ¢ iscyclic.

(2) There exist € (¢, x) and p,q € Z such that ¢ =y o Bp 4.

Theorem 2.3 Letn > 6. Let ¢: A[Dy] — A[Dy] be a homomorphism. Then up to conjugation we have
one of the following three possibilities:

(1) ¢ iscyclic.

(2) There exist Y € (¢, x) and p,q € Z such that ¢ =y o Bp 40m.

(3) There exist y € (¢, x) and p € Z such that ¢ = o yp.

From Theorem 2.3 we deduce a classification of the injective endomorphisms and of the automorphisms
of A[D,] as follows.

Corollary 2.4 Letn > 6. Let ¢: A[D,] — A[Dy] be an endomorphism. Then ¢ is injective if and only
if there exist ¥ € (¢, x) and p € Z such that ¢ is conjugate to V¥ o yp.

Proof Let ¢: A[D,] — A[D,] be an endomorphism. By Theorem 2.3 we have one of the following
three possibilities, up to conjugation:

(1) ¢ iscyclic.

(2) There exist € ({, x) and p,q € Z such that ¢ =y o8, 4o m.

(3) There exist ¥ € (¢, x) and p € Z such that ¢ = Y o ).
If ¢ is cyclic, then ¢(t,—1) = ¢(t,), and hence ¢ is not injective. If there exist ¢ € (¢, x) and p,q € Z

such that ¢ = vy o B8, 4 o 7, then, again, ¢(t,—1) = ¢(t,), and hence ¢ is not injective. So, if ¢ is injective,
then there exist ¥ € ({, x) and p € Z such that ¢ is conjugate to ¥ o y,.

It remains to show that, if ¥ € ({, x) and p € Z, then o y, is injective. Since the elements of
(¢, x) are automorphisms, it suffices to show that y, is injective. We denote by z: A[D,] — Z the
homomorphism which sends #; to 1 for all 1 <i < n. It is easily seen that y,(u) = uA“P? @) for all
u € A[Dy]. Let u € Ker(yp). Then 1 = yp(u) = uAPZ) and hence u = A? where ¢ = —kpz(u). We
have z(A) = n(n — 1), and hence z(u) = gn(n — 1), thus

1 = yp(u) = AT NPIn=1) — Ag(Fkpn(n—1)

Since 1 4 kpn(n — 1) # 0, this equality implies that ¢ = 0, and hence u = 1. So y,, is injective. O

Corollary 2.5 Letn > 6. Let ¢: A[D,] — A[Dy] be an endomorphism. Then ¢ is an automorphism if
and only if it is conjugate to an element of ({, y).
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Proof Clearly, if ¢ is conjugate to an element of ((, y), then ¢ is an automorphism. Conversely, suppose
that ¢ is an automorphism. We know from Corollary 2.4 that there exist ¥ € (¢, y) and p € Z such that ¢
is conjugate to ¥ o y,. Thus, up to conjugation and up to composing on the left by ¥~ 1, we can assume
that ¢ = y,. It remains to show that p = 0.

Again let z: A[D,] — Z be the homomorphism which sends #; to 1 for all 1 <i < n. Recall that
Yp(u) = uAPZW) for all u € A[Dy,]. For u € A[D,], we have

(zoyp)u)=A+nn—1kp)z(u) € (1 +n(n—1)kp)Z.
Since y, is an automorphism, z o y,, is surjective, and hence Z =Im(z o y,) C (1 +n(n —1)kp)Z. It
follows that (1 +n(n — 1)xp) € {£1}, and hence p = 0. |

By combining Corollary 2.5 with Crisp and Paris [21, Theorem 4.9] we immediately obtain the following.

Corollary 2.6 Letn > 6.
(1) If n is even, then
Aut(A[Dy]) = Inn(A[Dn]) % (. x) = (A[Dn]/ Z(A[Dn])) ¥ (Z/2Z X L/ 2Z),
and Out(A[Dy]) ~ Z /27 x 7./ 27, where Z(A[Dy]) denotes the center of A[Dy].
(2) If n is odd, then
Aut(A[Dp]) = Inn(A[Dp]) % (x) = (A[Dn]/ Z(A[Dn])) ¥ (Z/2Z).
and Out(A[Dy]) ~ Z/27.
We denote by Z(A[Dy]) the center of A[D,], we set Az[D,] = A[Dyn]/Z(A[Dy]) and we denote by
&: A[Dn] — Az[D,] the canonical projection. For each 1 <i <n, we settz; = £(t;). Note that an
endomorphism ¢: A[D,] — A[D;] induces an endomorphism ¢z: Az[D,] — Az[D,] if and only if
©(Z(A[Dy))) C Z(A[Dy]). We say that an endomorphism ¥ : Az[Dy] — Az[D,] lifts if there exists an

endomorphism ¢: A[D,] — A[Dy] such that ¢z = ¥. Then we call ¢ a lift of ¥. In Section 7 we prove
the following.

Proposition 2.7 Let n > 4. Then every endomorphism of Az[D,] lifts.
From this proposition combined with Theorem 2.3 we will deduce the following.

Theorem 2.8 Letn > 6. Let 9z: Az[D,] — Az[D;] be an endomorphism. Then we have one of the
following two possibilities, up to conjugation:

(1) ¢z iscyclic.

2) ¢z €tz xz)
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In addition to Theorem 2.8 we have the following.

Proposition 2.9 Let n > 4. There are only finitely many conjugacy classes of cyclic endomorphisms
of Az[Dy].

Proof Let ¢z: Az[D,] — Az[Dy] be a cyclic endomorphism. There exists gz € Az|[Dy] such that
9z (tz;) =gz forall 1 <i <n. We denote by A the Garside element of A[D,], and we setk =2 if n

kn(n—1)
VA

isodd and x = 1 if n is even. We have 1 = (pz 0 &)(A*) =g , and hence gz is of finite order.

By Bestvina [3, Theorem 4.5] there are finitely many conjugacy classes of finite subgroups in Az[D;].
Since (gz) is a finite subgroup of Az[D,], it follows that there are finitely many choices for gz, up to
conjugation. a

In Lemma 7.1 we will show that if  is even then ({z, yz) NInn(Az[Dy]) = {id}, and if n is odd then
(xz) NInn(Az[Dy]) = {id}. Furthermore, it is well known and can be easily proved (arguing as in the
proof of Cumplido and Paris [22, Proposition 3.1(4)], for example) that the center of A[[']/Z(A[I']) is
trivial for any A[I'] of spherical type. These two remarks combined with Theorem 2.8 imply the following.

Corollary 2.10 Letn > 6.
(1) If n is even, then
Aut(Az[Dy]) =Inn(Az[Dy)) X ({7, xz) =~ Az[Dn) }(Z /27 X Z./27) ~ Aut(A[D,]),
and Out(Az[Dy)) ~ 72 /27 x 7./27 ~ Out(A[Dy]).
(2) If nis odd, then
Aut(Az([Dyn]) =Inn(Az[Dn]) @ (xz) =~ Az[Dn] % (Z/2Z) =~ Aut(A[Dn]),
and Out(Az[Dy)) >~ Z /27 ~ Out(A[Dy]).

A group G is said to be co-Hopfian if every injective endomorphism of G is an isomorphism. Another
direct consequence of Theorem 2.8 is the following.

Corollary 2.11 Let n > 6. Then Az[D,] is co-Hopfian.

In addition to the case D, for n > 6 shown in Corollary 2.11, the Coxeter graphs I' for which we know
that A[']/Z(A[I']) is co-Hopfian are the Coxeter graphs A4,, By, A, and C, for n > 2 (see Bell and
Margalit [2]). Note that, for Xn and 5,1, the center Z(A[I']) is trivial, and hence the above remark means
that the Artin group itself is co-Hopfian.

3 Geometric representations

Let X be an oriented compact surface possibly with boundary, and let P be a finite set of punctures in
the interior of X. We denote by Homeo™ (X, P) the group of homeomorphisms of ¥ that preserve the
orientation, that are the identity on a neighborhood of the boundary of ¥ and that setwise leave invariant P.
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The mapping class group of the pair (X2, P), denoted by M(X, P), is the group of isotopy classes of
elements of Homeo™ (X, P). If P = @, then we write M(Z, @) = M(X), and if P = {x} is a singleton,
then we write M(X, P) = M(X, x). We only give definitions and results on mapping class groups that
we need for our proofs and we refer to Farb and Margalit [28] for a complete account on the subject.

Recall that a geometric representation of an Artin group A is a homomorphism from A to a mapping class
group. Their study is the main ingredient of our proofs. Important tools for constructing and understanding
them are Dehn twists and essential reduction systems. So, we start by recalling their definitions and their
main properties.

A circle of (£, P) is the (nonoriented) image of an embedding a: S! < X\ (X U P). It is called
generic if it does not bound any disk containing O or 1 puncture and if it is not parallel to any boundary
component. The isotopy class of a circle a is denoted by [a]. We denote by C(X, P) the set of isotopy
classes of generic circles of (X, P). The intersection number of two classes [a], [b] € C(Z,P) is
i([a], [p]) = min{|a’ N D’| | @’ € [a] and b’ € [b]}. The set C(X, P) is endowed with a simplicial complex
structure, where a finite set A is a simplex if i ([a], [b]) = O for all [a], [b] € A. This complex is called the
curve complex of (X, P).

By a Dehn twist we mean a right Dehn twist and the (right) Dehn twist along a circle a of (X, P) will
be denoted by T,. The following is an important tool for constructing and understanding geometric
representations of Artin groups. Its proof can be found in Farb and Margalit [28, Section 3.5].

Proposition 3.1 Let ¥ be a compact oriented surface and let P be a finite collection of punctures in the
interior of X. Let a and b be two generic circles of (X, P).

(1) We have T, Ty = Tp T, it and only if i([a], [b]) = 0.

(2) Wehave T,TyT, = Tp T, Ty, if and only if i ([a], [b]) = 1.

Let f € M(Z,P). A simplex A of C(Z,P) is called a reduction system for f if f(A) = A. In that
case any element of A is called a reduction class for f. A reduction class [a] is an essential reduction
class if, for all [b] € C(Z, P) such that i([a], [b]) # 0 and for all m € Z \ {0}, we have f™([b]) # [b].
In particular, if [a] is an essential reduction class and [b] is any reduction class, then i ([¢], [p]) = 0. We

denote by S( f) the set of essential reduction classes for f. The following gathers some key results on
S(f) that will be useful later.

Theorem 3.2 (Birman, Lubotzky and McCarthy [6]) Let ¥ be a compact oriented surface and let P be
a finite set of punctures in the interior of X. Let f € M(XZ,P).

(1) If S(f) # @, then S(f) is a reduction system for f. In particular, it S(f) # @, then S(f) is a
simplex of C(X, P).

(2) Wehave S(f")=S(f) forall n € Z\ {0}.

(3) Wehave S(gfg™') = g(S(f)) forall g € M(Z,P).

Algebraic & Geometric Topology, Volume 25 (2025)



3984 Fabrice Castel and Luis Paris

Figure 3: The geometric representation of A[A,—1] for n even (left) and n odd (right).

The following is well known and is a direct consequence of Birman, Lubotzky and McCarthy [6] (see
also Castel [12, Corollaire 3.45]). It will be often used in our proofs.

Proposition 3.3 Let X be an oriented compact surface of genus > 2 and let P be a finite set of punctures
in the interior of X. Let fo € Z(M(X,P)) be a central element of M(X,P), let A={[a1],...,[apl}
be a simplex of C(X,P) and let ky,...,k, be nonzero integers. Let g = Tfll Tf; Tfpp fo. Then
S(g)=A

Let n > 4. If n is even, then X, denotes the surface of genus %(n —2) with two boundary components,
and if » is odd, then X, denotes the surface of genus %(n — 1) with one boundary component. Consider
the circles ay, ..., ap—1 drawn in Figure 3. Then by Proposition 3.1 we have a geometric representation
pa: A[An—1] = M(Z,) which sends s; to T, for all 1 <i <n — 1. The following is well known; it is a
direct consequence of Birman and Hilden [5], and its proof is explicitly given in Perron and Vannier [40].

Theorem 3.4 (Birman and Hilden [5]) Let n > 4. Then p4: A[An—1] > M(Z,) is injective.

The following is proved in Castel [12] for n > 6 using the geometric representation p4 defined above. It
is proved in Chen, Kordek and Margalit [17] for n > 5 with a different method.

Theorem 3.5 (Castel [12], Chen, Kordek and Margalit [17] and Orevkov [35]) Let n > 5. Let
@: A[Ap—1] = A[A,—1] be a homomorphism. Then up to conjugation we have one of the following two
possibilities:

(1) ¢ iscyclic.

(2) There exist ¢ € (x) and p € Z such that ¢ =y o y,.

Let n > 6. Pick a puncture x in the interior of X, and consider the circles dy, ..., d, drawn in Figure 4.
Then by Proposition 3.1 we have a geometric representation pp : A[D,] — M(X,, x) which sends #; to
Ty, for all 1 <i <n. On the other hand, the embedding of Homeo™ (%, x) into Homeo™ (X,,) induces
a surjective homomorphism 6: M(Z,, x) — M(Z,) whose kernel is naturally isomorphic to 71 (25, x)
(see Birman [4]). It is easily seen that

Q(le.) = Tai for 1 <i<n-2, Q(Tdnfl) = Q(Td,,) = Tanfl’
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Figure 4: The geometric representation of A[D,] for n even (left) and n odd (right).

and hence we have the commutative diagram

1 —— Ker(r) — A[D,] —— A[An_1] — 1

3-1) J,s lpD JpA

| — 5 Ker(8) —— M(Sp, x) s M(Zp) —— 1

where we denote by p: Ker(;r) — Ker(8) the restriction of pp to Ker(r).

The proof of the following can be found in Perron and Vannier [40, Theorem 1] with few modifications.
As this result is central in our paper, for the sake of completeness we give a proof. Note that our proof
is a little shorter than that of Perron and Vannier [40] because it uses results from Crisp and Paris [21]
which were not known and it does not need to deal with some Dehn twist along a boundary component,
but our arguments are essentially the same.

Theorem 3.6 (Perron and Vannier [40]) Let n > 4.

(1) The homomorphism p: Ker(;w) — Ker(60) is an isomorphism.

(2) The geometric representation pp : A[D] — M(X,, x) is injective.

Proof Part (2) is a consequence of (1) because of the following. Suppose p is an isomorphism. Then,
since p4 is injective, pp is injective by the five lemma applied to (3-1).

Now, we prove (1). We know from Crisp and Paris [21, Proposition 2.3] that Ker(r) is a free group
of rank n — 1. We also know from Birman [4] that Ker(0) = 71 (25, x), which is also a free group of
rank n — 1. Recall that a group G is Hopfian if every surjective endomorphism G — G is an isomorphism.
It is well known that free groups of finite rank are Hopfian (see de la Harpe [30, Chapter III, Section 19]),
and hence in order to show that p is an isomorphism it suffices to show that p is surjective.

Set fp—1 = T(;l_len. Note that tn__lltn € Ker(rr) and f,—1 = ﬁ(tn__llt,,). In particular f,—1 € Im(p) C
Ker(0) = m1(Z5, x). This element, seen as an element of 1 (X,, x), is represented by the loop drawn
in Figure 5. For 2 <i <n—1 we define f,—; € m1(Z,,x) C M(Z,, x) by induction on i by setting
Jn—i=Ta,_; fn—i+1 Td_nl—i n__ll. +1- The element fn—i, viewed as an element of 771 (%, x), is represented
by the loop drawn in the left-hand side of Figure 6 if i =2 is even, and by the loop drawn in the right-hand
side of Figure 6 if i =2j 41 is odd, where we compose paths from right to left. Observe that f1,..., fu—1
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Figure 5: The loop f,—1 € m1(Z,, X).

generate 1 (2, x). So, in order to show that p is surjective, it suffices to show that f,,—; € Im(p) for
alli € {1,...,n —1}. We argue by induction on i. We already know that f,_; = ﬁ(zn__lltn) € Im(p).
Suppose i > 2 and f,—i+1 € Im(p). Let u € Ker(sr) such that f,,—;+1 = p(u). Since Ker(rr) is a normal
subgroup of A[D,], we have t,,_,-utn__li € Ker(rr); hence tn_,-uzn__ll-u_l € Ker(rr), and therefore

Jomi = Tay_; amit1Ty - fuipn = Pltn—iut,ju™") € Im(p). =

Our last preliminary on geometric representations is a result implicitly proved in Castel [13, Section 3.2],

and it is in this theorem that we need the assumption n > 6.

Theorem 3.7 (Castel [13]) Letn > 6. Let ¢: A[Ap—1] = M(Z,, x) be a noncyclic homomorphism.
Then there exist generic circles cq,...,cp—1 In Xy \ {x}, ¢ € {x1} and g € M(Z,,, x) such that

(@ |ciNejl=1ifli—j|=1and |c;Ncj|=01if|i—j|>2,forall 1 <i,j <n-—1,
(b) g commutes with T, forall 1 <i <n—1,

(©) @(si)=Tggforall 1 <i <n—1.

Proof Assume n is even. Let d; and d, be the two boundary components of X,. We denote by S, the
closed surface obtained from X, by gluing a disk D; along d; and a disk D, along d,. Moreover, we
choose a point X1 in the interior of D and a point X5 in the interior of D5, and we set P = {x,X1,X2}.
Assume 7 is odd. Let d be the boundary component of 3,. We denote by . the closed surface obtained
from X, by gluing a disk D along d. Moreover, we choose a point X in the interior of D and we set
P = {x, %}. For each n we denote by PM(E,, P) the subgroup of M(S,, P) formed by the isotopy
classes of elements in Homeo"'(in , 73) which pointwise fix P. The embedding of ¥, into f]n induces a
surjective homomorphism @ : M(Z,, x) — PM(fEn, P). If n is even, then the kernel of @ is the free
abelian group of rank 2 generated by Ty, and Tj,, and if n is odd, then the kernel of z is the cyclic
group generated by T3. In both cases Ker(z) is contained in the center of M (X, x).

n-2j-1

Figure 6: The loop f,—; € m1(Z,, X).
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Let ¢: A[Ap—1] = M(Z,, x) be a noncyclic homomorphism. Assume that @ o ¢ is cyclic. Then there
exists § € PM(Z,, P) such that (w o) (s;) = ¢ forall 1 <i <n—1. Let g € M(Z,, x) be such that
w(g) =g. Foreach 1 <i <n—1 there exists h; € Ker(w) C Z(M(Z,, x)) such that ¢(s;) = gh;. Let
1<i <n-—2. Then

g2h2hig1 = @(sisi15) = @(si+18i8i41) = g hih? .
Hence h; = hj4+1. This shows that ¢(s;) = ghy for all 1 <i <n —1, and hence that ¢ is cyclic, which is

a contradiction. So @ o ¢ is not cyclic.

To differentiate Dehn twists in M(,, x) from those in PM(E,, P), for a circle ¢ in £, \ P we denote
by T, the Dehn twist in PM(in, 73) along c. By Castel [13, Theorem 1] there exist generic circles
Cly. Cne1in Sp \P, ec{tl}land g e PM(E,, P) such that

() |einej|=1if[i —jl=1and|c; N¢;j|=0if |i —j|>2,forall 1 <i,j <n-—1,

(2) £ commutes with Tci foralll1 <i<n-—1,

(3) (@o)(si)= T‘fl.gr forall 1 <i <n-—1.
Clearly, we can choose each ¢; siting in the interior of X,. Let g € M(X,, x) be such that w (g) = g. Itis
easily shown with Castel [13, Lemma 3.2.1] that g and 7, commute for all I <i <n—1. Furthermore, for
each 1 <i <n—1, there exists h; € Ker(w) C Z(M(Zp, x)) such that p(s;) = T; gh;. Let 1 <i <n—2.
Then

TETE, To g hihivt = @(sisivasi) = @(sivisisiv) = T4, T T, & hihiy,
= TET TS hiM .

and hence hj41 = h;i. So there exists i € Ker(w) such that ¢(s;) = T, gh and gh commutes with T¢,
foralll<i<n-—1. O

4 Homomorphisms from A[D,] to A[A,_1]

Proof of Theorem 2.1 Letn > 5. Let ¢: A[D,] — A[An—1] be a homomorphism. By precomposing ¢
with ¢: A[A,—1] = A[Dpy], we obtain a homomorphism ¢ ot: A[Ap—1] = A[Dy] — A[An—1], and hence,
by Theorem 3.5, one of the following two possibilities holds:

* @oyiscyclic.
» There exist ¥ € () and p € Z such that ¢ o ¢ is conjugate to ¥ o yp.

Suppose g o is cyclic. Then there exists u € A[A,—1] such that (pot)(s;) =¢(t;) =u forall 1 <i <n—1.
Moreover,

@(tn) = ‘P(tn—Ztn)‘P(tn—Z)‘/’(tn_lln__lz) = (P(tn—ztn)ﬁﬁ(tl)QO(tn_lln_—lz) =o(t1) =u,
and hence ¢ is cyclic.
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Figure 7: Circles in the punctured disk.

So, up to conjugating and replacing ¢ by ¢ o y if necessary, we can assume that there exists p € Z such
that ¢ ot = y,. This means that ¢(1;) = (po1)(s;) = s; AP forall 1 <i <n—1, where A is the Garside
element of A[A,—_1]. Now we turn to showing that ¢ = «,.

Set Y = {s1,...,8,—3}. By Paris [37, Theorem 5.1] the centralizer of the group (s1,...,S,—3, Sn—1)
in A[A,_1] is generated by A2, AZY and s,—1, where Ay = Ay[A,—1]. These three elements pairwise
commute and generate a copy of Z3. Set u = ¢(t,). Since u commutes with ¢(t;) = s; A% for all
ie{l,...,n—3,n—1}and A? is central in A[A,_1], u belongs to the centralizer of (s1, ..., Sp—3,5n—1),

and hence there exist k1, k2, k3 € Z such that u = s,’:'_l AZ}ZQ N2k3,

It is well known that A[A,—1] is naturally isomorphic to the mapping class group M (D, P), where D
denotes the disk and P = {x1, ..., x5} is a set of n punctures in the interior of . In this identification
52—1 corresponds to the Dehn twist along the circle ¢; depicted in Figure 7, AZY corresponds to the Dehn
twist along the circle ¢, depicted in the same figure and A? corresponds to the Dehn twist along a circle
parallel to dD. By Proposition 3.3 we have S(u?) C {c1, c2}, where ¢; € S(u?) if and only if k1 # 0 and
c> € S(u?) if and only if k5 # 0. We know that go(tlz) = S%A“P, and hence S(go(tlz)) is formed by a single
circle containing two marked points in its interior. Since t12 and 12 are conjugate (p(tlz) and @(12) = u?
are conjugate, and hence, by Theorem 3.2, S(u?) is also formed by a single circle containing two marked
points in its interior. It follows that S(u?) = {c1}, and hence k; # 0 and k> = 0. It remains to show that
ki1 =1and k3 = p.

From the equality t,—otyty—2 = tyty—aty it follows that Sn—ZS,I;]_lsn—2 AAP+2ks — s,]f‘_lsn_zs,lfl_l A2P+4ks
and hence
— A2k3—2p

(Sn—25KL | 5n—2) (551 sp_askl )71
We know from Paris [38, Corollary 2.6] that Ay, , 5,3 [An—1] N (A) = {1}, and hence
(Sn—288 L1 Sn—2) (5K 1 sn—asyl )™ = AKIT2P = 1,
Let z: A[Ap—1] — Z be the homomorphism which sends s; to 1 forall 1 <i <n — 1. We have
0=2(1) = 2((sn—28, - 5n-2) (5, sn-25,1) ") = 1 = k1,

and hence k; = 1. Moreover, A2k3=2P — 1 and A is of infinite order; thus ks = p. O
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5 Homomorphisms from A[A,_1] to A[D,]

The formula in the following lemma is a crucial point in various proofs, including those of Lemma 5.4
and Theorem 2.8.

Lemma 5.1 Letn > 1. Then

AlAn)? = (51 Sn152Sn—1 -+ S1)(52 -+ - Sn—152Sn—1 *+*52) - - (Sn—1525n—1)$2.

Proof We argue by induction on n. The case n =1 is trivial, and hence we can assume that n > 2 and
that the induction hypothesis holds. Recall that

AlAp] = (s1--sn)AlAn—1] = AlAp—1](sp - - - 51).

Moreover, it is easily checked that s; (s, ---51) = ($p -+ 51)Si+1 for all 1 <i <n —1. By the induction
hypothesis,

AlAn—1]* = (51 Sn—287_1Sn—2 - 81) "+~ (Sn—257_1Sn—2)Sa_,.
Hence
AlAp)? = (s1-+sn) A[Ap—1]*(sp -+ 51)
= (51 +Sn)((51+ Sn—287_1Sn—2 -+ 51) =+ (Sn—257_ 1 Sn—2)Sp_1 ) (Sn =+ 51)
=(s1-+5n)(Sn -+ 51)((52+ Sn—1575n—1+*+52) ** (Sn—1525n—1)S7)

= (51 "'Sn—ls,%sn—l R DEEE (Sn—ls;%sn—l)s;%- U
Now, Lemmas 5.2-5.8 are preliminaries to the proof of Theorem 2.2.

Lemma 5.2 Letn > 6. Let ¢: A[Ap—1] — A[Dy] be a homomorphism. If wop: A[Ap—1] = A[An—1]
is cyclic, then ¢ is cyclic.

Proof Assume 7 og is cyclic. Then there exists u € A[A,_1] such that (mop)(s;) =u forall 1 <i <n—1.
For3<i<n—1wesetv; = (p(sisl_l). We have 7(v;) = uu~! = 1, and hence v; € Ker(r). We have
(5357 1) (sasT ") (5357 1) = 53545357 > = sas35457> = (sas7 ) (s357 ) (sas7 ),

and hence v3v4v3 = v4V3v4. Since Ker(7) is a free group (see Crisp and Paris [21, Proposition 2.3])
and two elements in a free group either freely generate a free group or commute, the existence of such
equality implies that v3vq = v4v3. It follows that v3v4v3 = v3 vi; hence vsz = v4, and therefore

9(s3)p(s1) ™ =3 =v4 = p(s4)p(s1) .
So ¢(s3) = ¢(s4). We conclude by Castel [13, Lemma 3.1.1] that ¢ is cyclic. O
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Let n > 6. If n is odd then X, has one boundary component, which we denote by d, and we denote by
Ty the Dehn twist along 0. If n is even then X, has two boundary components, which we denote by 9
and 0, and we denote by T, and T3, the Dehn twists along d1 and 0, respectively. It is known that the
center of M(X,), denoted by Z(M (X)), is the cyclic group generated by Ty if n is odd, and it is a free
abelian group of rank 2 generated by Ty, and T}, if n is even (see Paris and Rolfsen [39, Theorem 5.6],
for example).

Lemma 5.3 Let n > 2. Let [ € M(,) such that fT; = T; f forall | <i <n—1. Then
2 € Z(M(Zn)).

Proof Assume n is odd. The case where n is even can be proved in the same way. Let f € M(Z,)
such that fTazl, = Tazl,f forall 1 <i <n—1. Since fTazl, fl= Tazl, we have f([a;]) = [a;] (see Farb
and Margalit [28, Section 3.3]). The mapping class f may reverse the orientation of each a; up to
isotopy, but f2 preserves the orientation of all @; up to isotopy, and hence f?2 can be represented by an
element of Homeo™ (X,,) which is the identity on a (closed) regular neighborhood X’ of U;’;ll a;. We
observe that ¥’ is a surface of genus %(n — 1) with one boundary component, d’, and that d U ' bounds a
cylinder C. This implies that f2 € M(C) C M(Z,). Since M(C) = (T) = Z(M(Z,)), we conclude
that 2 € Z(M(Zy)). m]

Lemma 5.4 lLetn >3 Wesetm=n—1ifnisoddand m =n—2if niseven. Let 1 <k <m.
Let ¢ be a generic circle of £, \ {x} suchthat cNd; =@ forl <i <k—-2, |cNdy_1|=1ifk >2,
¢ Ndy = @ and c is isotopic to dy, in X,,. Then there exists g € Ker(0) such that g([d;]) = [d;] for all
1 <i <k—1and g([c]) = [di].

Proof We identify D3 with A3 in this proof to treat the cases k = 2 and k = 1. We first assume that k
is even. If ¢ is isotopic in X, \ {x} to di, then it suffices to take g = id. So we can assume that ¢ and
dj are not isotopic in X, \ {x}. Since ¢ and dj are isotopic in X,, by Epstein [27, Lemma 2.4] there
exists a cylinder C in X, whose boundary components are dj and c. Since ¢ and dj are not isotopic in
5 \ {x}, this cylinder must contain the puncture x.

Let ¥ be a regular neighborhood of (Uf:ll d,-) U C. The surface ¥’ contains the cylinder C with
boundaries ¢ and dj, having the puncture x in it, and dj_ intersects ¢ and dj once. Hence an arc of the
curve dj_; connects a point on ¢ with a point on dj within the cylinder C, and it may wind around the
cylinder in different ways (see Figure 8). However, by applying suitable Dehn twists about ¢ and dj,
one can unwind this arc to the simplest case, shown in Figure 9. Hence, up to homeomorphism of the
surface X,, we may assume that the circles d1, ..., dj, c are arranged as in Figure 9.

By Proposition 3.1 there are homomorphisms 1 : A[Dg41] = M(Z,, x) and Y2: A[Ax] > M(Z,, x)
defined by
V1(ti) =Tg, for 1 <i =<k, V1(tk+1) = T,

Valsi) =Ty, for 1 <i<k-—1, V2(sx) = Te.
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C dk
B4 L i

C dk
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()d“:/x )

C dk

dy.
k-1 o
X

Figure 8: The intersection of C with dj_;.

We denote by A p i the Garside element of A[Dj ;] and by A 4 ; the Garside element of A[Ag], and
we set g = Y1(Ap p)¥2(A2). Wehave Ap xt; A7), =t forall 1 <i <k—1, Ap rlgp1A), =1k
and A% | s; A2, =si forall 1 <i <k. Hence gT4,87" = Tg(a;) = Ty, forall 1 <i <k —1and
gT.g7 ' = Tg(c) = Ty, - It follows that g([d;]) = [d;] forall 1 <i <k —1 and g([c]) = [dk] (see Farb
and Margalit [28, Fact 3.6]).

Since ¢ and dy are isotopic in X, the corresponding Dehn twists 7. and Ty, are equal in M(X,), and
hence for T; and Ty, , viewed on the surface X, \ {x}, we have 6(T;) = 0(Ty4, ). Moreover,

AD,k = ([1 . "tk—ltktk-i—ltk—l .. 'tl) . (tk—ltktk—i-ltk—l)(tktk+1),
2 2 2 2
AA,k = (S1 " Sk—15KSk—1"""51) ** (Sk—15Sk—1)S% >

(see Lemma 5.1 for the second equality); hence 6(y1(Ap x)) = G(wz(AzA ))» and therefore 6(g) = 1.
So g € Ker(0).

Now assume k is odd. If ¢ is isotopic in X, \ {x} to d, then we can take g = id. So we can assume that
¢ and d, are not isotopic in X, \ {x}. Since ¢ and d} are isotopic in X, there exists a cylinder C in X,
whose boundary components are dj and c. Since ¢ and dj are not isotopic in X, \ {x}, this cylinder must
contain the puncture x. Let 3 be a closed regular neighborhood of (Uf:ll d,’) UC. Then X' is a surface
of genus %(k — 1) with two boundary components and the circles dy,...,d;_1, di, c are arranged as
shown in Figure 10. Since k <m and k is odd, %(k — 1) is strictly less than the genus of X,,; hence we
can choose a subsurface X" of ¥, of genus %(k + 1), with one boundary component, and containing X'
We can also choose a generic circle e in 7\ {x} such that [eNdy| =1, [eNc|=1ifk=1,eNd; =@
forall2 <i <k and e Nc¢ = @ if k > 2 (see Figure 10). By Proposition 3.1 there are homomorphisms

(&

Figure 9: The regular neighborhood of ({2} d;) U C when k is even.
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Figure 10: The regular neighborhood of (J¥Z1 d;) U C when k is odd

V1: A[Dg4o] > M(Z,, x) and ¥2: A[Ag41] = M(Z,, x) defined by

V1) = Te, Vi(ti)=Ty,_, for 2<i<k+1, V1(tk+2) = T,
Ya(sy) = Te, Ya(si) = Td,-_1 for 2 <i <k, Wz(Sk+1) =T..

We denote by A p x4 the Garside element of A[Dy ] and by A 4 x4 the Garside element of A[A 1],
and we set g = Wl(AD,kH)WZ(AQZkH)- Then, as in the case where k is even, we have g([d;]) = [d]
forall 1 <i <k —1, g([c]) = [di] and g € Ker(6). O

The following lemma is the extension of Lemma 5.4 to the case ¢ N dj # O.

Lemma5.5 Letn>3.Setm=n—1ifnisoddand m =n—2ifniseven. Let1 <k <m. Let ¢
be a generic circle of ¥, \ {x} suchthat cNd; =@ forl <i <k—-2,|cNdg_1|=1ifk>2,and c
is isotopic to dy, in X,. Then there exists g € Ker(6) such that g([d;]) = [d;] forall 1 <i <k —1 and
g([c]) = [dk].

Proof We argue by induction on i ([c], [dg]), which is computed on the surface ¥, \ {x} and not on X,,.
The case i ([c], [di]) = O is proved in Lemma 5.4, and hence we can assume that i ([c], [di]) > | and that
the induction hypothesis holds. Note that now ¢ and dj cannot be isotopic in X, \ {x} since i ([c], [dk]) #O.
We can assume without loss of generality that i ([c], [dk]) = |c N dk]. Since ¢ and dj, are isotopic in X,
there exists a bigon D in X, cobounded by an arc of dj and an arc of ¢ as shown in Figure 11. We can
choose this bigon to be minimal in the sense that its interior intersects neither ¢ nor dy. The bigon D
cannot intersect d; for 1 <i <k —2 and one can easily modify ¢ so that D does not intersect dj_; either.
Since ¢ and dj are not isotopic in X, \ {x}, D necessarily contains the puncture x in its interior. We
choose a circle ¢’ parallel to ¢ except in the bigon D, where it follows the arc of dj which borders D as
illustrated in Figure 11. By construction ¢’ Nd; = @ for 1 <i <k —2, |’ Ndy_1| =1if k > 2, and
¢’ is isotopic to dy in X,. Moreover i ([¢'], [dr]) < |¢' Ndy| < |c Ndy| =i([c], [dk]). By the induction
hypothesis there exists g; € Ker(6) such that g1 ([d;]) = [di] forall | <i <k —1 and g1([¢']) = [dk].

Figure 11: The bigon cobounded by ¢ and d.
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By Farb and Margalit [28, Lemma 2.9], we can choose G € Homeo"'(En , x) which represents g such
that G1(d;) = d; forall 1 <i <k —1and G1(¢') = di. We set ¢ = G1(c). Then ¢”" Nd; = @ for
1<i<k-=2,|c"Ndr_q1|=1ifk >2, ¢ Nd} = @ and ¢” is isotopic to d in X,. By Lemma 5.4 there
exists g, € Ker(0) such that g, ([d;]) = [d;] forall 1 <i <k —1 and g>([¢"]) = [d]. We set g = go0g1.
Then g € Ker(9), g([d;]) = [di] forall 1 <i <k —1 and g([c]) = [dk]- m|

Lemma 5.6 Let n > 4 be even. Let ¢ be a generic circle of ¥, \ {x} such that ¢ Nd; = @ for all
1<i<n-3,|cNdy—2| =1, cNdy,—1 = @ and c is isotopic to d,—1 in X,. Then we have one of the

following two possibilities:

(1) c isisotopic to dp—1 in Xy \ {x}.
(2) There exists g € Ker(0) such that g([d;]) = [d;] forall 1 <i <n—1 and g([c]) = [dn].

Proof The surface X, is a surface of genus %(n —2) with two boundary components d; and d,. We

assume that the circles d, ..., d—1, d, are arranged as in Figure 12. Let 2 be the surface obtained by
cutting X, along U;:ll d;. Then Q has two connected components €21 and €2,. Each of these components
is a cylinder that we represent by a square with a hole in the middle, as shown in Figure 13. Two opposite
sides of each square represent arcs of d,,—», one side represents an arc of d,—; and the last side represents
a union of arcs of dy, ..., d,—3. The boundary of the hole represents d; for 1 and d, for Q5. The

puncture x sits inside €25. The trace of the circle ¢ in €2 is a simple arc £, either in €27 or in 5.

Suppose £ is in 7. Let ¢ be the intersection point of ¢ with d,,—,. Then ¢ is represented in 2; by two
points ¢ and g, on two opposite sides of €21, as shown in Figure 13, and £ is a simple arc connecting ¢
with ¢g». Up to isotopy pointwise fixing the boundary of €21, there exist exactly two simple arcs in 21

d; tod,; d;tod,;
dns l . o £ A
d; az as 44
C
dpst dh

Figure 13: The surface 2 with components €21 (left) and €2, (right).
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d;tod,;
dn, dna
K] @— 44
I5
dn.g

Figure 14: The arc £s.

connecting g1 to ¢ that are represented by the arcs £ and £» depicted in Figure 13. The arc £ cannot
be isotopic to £1, otherwise ¢ would not be isotopic to d,—; in X,. So £ is isotopic to £, in 21, which
implies that c is isotopic to dy—1 in Xp \ {x}.

Now suppose £ is in 5. Let g be the intersection point of ¢ with d,—,. Then ¢ is represented in 2, by
two points g3 and ¢4 on two opposite sides of €25, as shown in Figure 13, and £ is a simple arc connecting
g3 with g4. Up to isotopy (in 2, and not in Q25 \ {x}) pointwise fixing the boundary of €25, there exist
exactly two simple arcs in 2, connecting ¢3 to g4 that are represented by the arcs £3 and £4 depicted in
Figure 13. The arc £ cannot be isotopic to £3 in 25, otherwise ¢ would not be isotopic to d,—1 in Xj,.
So £ is isotopic to £4 in Q5. Let {F;: Q3 — Q2},¢[0,1] be an isotopy such that Fo = id, F1(€) = {4
and F; is the identity on the boundary of 2, for all ¢ € [0, 1]. The arc £4 divides €2, into two parts: the
lower one, which does not contain the hole bordered by d, and the puncture x, and the upper one, which
contains the hole bordered by d, and the puncture x, as shown in Figure 13.

Suppose Fi(x) is in the upper part. Let C be the domain of €2, bounded by {4, two arcs of d,,—» and
an arc of d,—_1, as shown in Figure 13. Let C’ = Fl_l(C). Then C’ is a domain of Q, bounded by £,
two arcs of d,—» and an arc of d,—1, and C’ does not contain the puncture x. The existence of such a
domain implies that ¢ is isotopic to d,—1 in X, \ {x}.

Now suppose Fi(x) is in the lower part. We can assume without loss of generality that the trace of d,, on
Q3 is the simple arc £5 drawn in Figure 14. We can choose an isotopy { F;: Q2 — Q2}¢[o,1] such that
Fy =id, F{({4) = {5, F/ is the identity on the boundary of 2, for all # € [0, 1], and F|(Fi(x)) = x.
Let F: ¥, — X, be the homeomorphism which is F 1’ o F1 on Q5 and is the identity outside €25, and
let g € M(Z,,x) be the mapping class represented by F. Then g € Ker(9), g([d;]) = [d;] for all
1 <i<n-—1,and g([c]) = [dn]. m|

Remark The element g at the end of the proof of Lemma 5.6 is not necessarily trivial. For example, £
can be as shown in Figure 15 up to isotopy and, in this case, g must be nontrivial. In fact, g can be any
element of the fundamental group 1 (€23, x), which is an infinite cyclic group, seen as a subgroup of
M(Z,, x).

The following lemma is the extension of Lemma 5.6 to the case ¢ N dy # .
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d;tod,;

dn-Z I dn—Z

as O):rfh

dn-l
Figure 15: An arc £ nonisotopic to £s.

Lemma 5.7 Let n > 4 be even. Let ¢ be a generic circle of ¥, \ {x} such that ¢ Nd; = @ for all
1<i<n-3,|cNdy—2| =1 and c is isotopic to d,,—1 in X,. Then there exists g € Ker(6) such that
g([di]) =[d;] forall 1 <i <n —2, and either g([c]) = [dn—1] or g([c]) = [dn].

Proof 1In this proof the intersection number of two circles is computed on the surface X, \ {x} and
not on X,. We can assume that |c N dp—1| = i([c], [dn—1]) and |c N dy| = i([c], [dn]). We argue by
induction on |c N dp—1| + |c Ndy| = i([c], [dn—1]) + i([c], [dn]). The case |c N dp—1| = O follows
directly from Lemma 5.6, and the case |c N d,| = 0 is proved in the same way by replacing d,—;
with d,,. So we can assume that i ([c], [dn—1]) = |c Ndp—1| = 1, i([c],[dn]) = |c Ndy| > 1 and that
the induction hypothesis holds. Note that now ¢ and d,—; cannot be isotopic in ¥, \ {x}. Since ¢
and d,—; are isotopic in X, there exists a bigon D in X, cobounded by an arc of d,,—; and an arc
of ¢ (see Figure 16). Since ¢ and d,—; are not isotopic in X, \ {x}, this bigon necessarily contains
the puncture x. We can choose D to be minimal in the sense that its interior does not intersect ¢ and
dn—1. Moreover, up to exchanging the roles of d,,—; and d, if necessary, we can also assume that dj,
does not intersect the interior of D. Clearly D does not intersect d; for any 1 <i <n —3 and, up
to replacing ¢ with an isotopic circle, we can assume that D does not intersect d,,—5 either. Let ¢’
be a circle parallel to ¢ except in the bigon D, where it follows the arc of d,—;, which borders D as
illustrated in Figure 16. We have ¢’ Nd; = @ forall 1 <i <n—3, |¢'Ndy—3| =1 and ¢’ is isotopic
to dp—1 in X,. We also have i ([¢'], [dn—1]) < i([c], [dn-1]) and i ([¢'], [dn]) < i([c]. [dn]); hence by the
induction hypothesis there exists g1 € Ker(6) such that g1 ([d;]) = [d;] for all 1 <i <n —2, and either
g1([¢') = [dn-1] or g1([¢']) = [dy]. Without loss of generality we can assume that g1 ([¢']) = [dn—1].
We choose G1 € Homeo™ (X, x) which represents g1 such that Gi(d;) = d; forall 1 <i <n -2
and G1(¢') = dy—1. Weset ¢” = G1(c). Thenc" Nd; = @ forall 1 <i <n-3, |[c"Ndy—| =1,
¢"Ndy—1 = @ and ¢” is isotopic to d,—1 in X,. By Lemma 5.6 there exists g € Ker(f) such that
g2([di]) = [d;] forall 1 =i <n—2, and either g>([c"]) = [dn—1] or g2([c"]) = [dn]. We set g = g20g1.
Then g € Ker(0), g([d;]) = [d;] for all 1 <i <n —2, and either g([c]) = [dn—1] Oor g([c]) =[dn]. O

Lemma 5.8 Letn > 6. Let cq,...,cn—1 be generic circles in ¥, \ {x} such that
(@ |ciNejl=1ifli—j|l=1and |c;Ncj|=0if|i—j|>2,forall 1 <i,j<n-—1,

(b) c¢; isisotopictod; in X, forall 1 <i <n—1.
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Figure 16: The bigon cobounded by ¢ and dj,—;.

Then:

(1) If n is odd, then there exists g € Ker(0) such that g([¢;]) = [d;] forall 1 <i <n—1.

(2) If n is even, then there exists g € Ker(0) such that g([c;]) = [d;] forall 1 <i <n —?2, and either
8(len—1]) = [dn—1] or g([cn—1]) = [dn].

Proof For 1 <k <n—2 we construct by induction on k an element g € Ker(6) such that g ([¢;]) = [d;]
forall 1 <i <k. Assume k = 1. Then, by Lemma 5.5 applied to k = 1, there exists g1 € Ker(8) such that
g1([c1]) = [d1]. Suppose 2 <k <n —1 and gx_; is constructed. We choose G;_; € Homeo™ (2, x)
which represents gi_ such that Gx_(¢;) = d; forall 1 <i <k —1, and we set ¢; = Gx_;(cx). Note
that, since gp_1 € Ker(0), the circle cl/c is isotopic to ¢ in X,. Then, by Lemma 5.5, there exists
hy € Ker(0) such that i ([d;]) = [d;] forall 1 <i <k —1and hg([c;]) = [di]. We set gx = hg o gr—_1.
Then g ([c;]) = [d;] for all 1 <i < k. Note that when » is odd we can extend the induction to k =n — 1
and conclude the proof here by setting g = g,—1. The case where n is even requires an extra argument.

Assume 7 is even. We choose G,,_» € Homeo™ (2, x) which represents g,—» and such that G,—»(c;) =d;
forall 1 <i <n—2, and we set (:,’1_1 = Gp—2(cnp—1). Again, since g,—;, € Ker(0), the circle (:,’1_l is
isotopic to ¢,—1 in X,. By Lemma 5.7 there exists h,—1 € Ker(0) such that h,_;([d;]) = [d;] for all
1 <i <n-—2,andeither h,—1([c],_,]) = [dn—1] or hy—1([c),_]) = [dn]. We set g = hp_10gun_>. Then
g([ci]) = [d;] for all 1 <i <n—2, and either g([ch—1]) = [dn—-1] or g([crh—1]) = [dn]. |

Proof of Theorem 2.2 ILetn > 6 and let ¢: A[Ay—1] — A[Dy] be a homomorphism. Composing ¢
with 7, we get a homomorphism 7w o ¢: A[A,—1] — A[D,] — A[A,—1]. We know by Theorem 3.5 that
we have one of the following possibilities:

e mog iscyclic.

 There exist Y € (y) and p € Z such that 7 o ¢ is conjugate to ¥ o yp.
By Lemma 5.2, if 7 o ¢ is cyclic, then ¢ is cyclic. So we can assume that there exist ¢ € (y) and p € Z
such that 7 o ¢ is conjugate to ¥ o y,. Up to conjugating and composing ¢ on the left by y if necessary,

we can assume that w o ¢ = yp, that is, (w0 @)(s;) =s; AzAp , where A 4 denotes the Garside element of
A[An—ll-

Set U = pA(AZA). If n is odd, then U2 = Ty, where 0 is the boundary component of ¥, and if n is even,
then U = Tj, T,, where d1 and 0 are the two boundary components of X, (see Labruere and Paris
[32, Proposition 2.12]). In particular U? € Z(M(Z,)) in both cases.
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By Theorem 3.7 there exist generic circles cy,...,cp—1 in X, \ {x}, ¢ € {£1} and fy € M(Z,, x)
such that

@ |ciNejl=1if|li—j|=1and|c; Nc;|=0if[i —j|>2,forall 1 <i,j <n—1,
(b) fo commutes with T¢, forall 1 <i <n—1,
(©) (ppog)(si) =T¢ foforalll <i <n-—1.

For 1 <i <n —1 we denote by b; the circle in %, obtained by composing ¢;: S — %, \ {x} with
the embedding X, \ {x} — X,. In addition we set go = 0(fo). Then (8 o pp o @)(s;) = Tlf,- go for all
1 <i <n—1. Note that, since 8 opp = pgom (see (3-1)), we also have (B opp op)(s;) = (paoVp)(si) =
04(si AZAP ) =T, U? forall 1 <i <n—1, where the a; are the circles depicted in Figure 3.

Claim We havee =1, go = U? and b; is isotopic toa; in X, forall 1 <i <n—1.

Proof of the claim Note that go = 6( fo) commutes with T,, = 6(T¢;) and U = pA(AZA) commutes
with T, = pa(s;); hence sziggg = (Tlfi g0)? = (T, UP)? = Tazl, U?P. Since g(z) commutes with szigg(z, =
TZU?P and U? € Z(M(Z,)), g5 commutes with T2 forall 1 <i <n—1. By Lemma 5.3 it follows
that gg € Z(M(Zy)). By Proposition 3.3 applied to M (3%;) we deduce that S(T;'i U4r) = S(Tlfisgg) =
{lai]} = {[bi]}, and hence [a;] = [b;] for all 1 <i <n —1. Then Ta‘t_48 = U_4pg8; hence, by
Proposition 3.3, 4 —4¢ = 0, and therefore ¢ = 1. Finally, from the equality 7, U? = Ty, go it follows
that go = U?. |

From the claim it follows that ¢; is isotopic to d; in ¥;. Hence, by Lemma 5.8, there exists g € Ker(0)
such that g([¢;]) = [d;] forall 1 <i <n—2, g([cn—1]) = [dn—1] if n is odd, and either g([cy—1]) = [dn—-1]
or g([cn—1]) = [dn] if n is even. These equalities imply that gT,, g~ = Ty, for1 <i <n-2,
gTe, g ' = Ty,_, if n is odd, and either gTe, g ' = Tyq,_, or chn_lg_l = Ty, if n is even. By
Theorem 3.6(1) there exists v € Ker(;r) such that pp (v) = g. So, up to composing ¢ on the left by ad,
first, and composing on the left by { if necessary after, we can assume that (op o ¢)(s;) = Ty, fo for
all 1 <i <n-—1, where fo commutes with T, forall 1 <i <n—1. Since T4, = pp(t1) € Im(pp),
we have fy € Im(pp), and hence there exists ug € A[D,] such that pp (ug) = fo. Since pp is injective
(see Theorem 3.6), we deduce that ¢(s;) = tjup forall 1 <i <n—1 and uy commutes with ¢; for all
I<i<n—1.WesetY ={t1,...,tn—1}, Ay = Ay[Dy], Ap = A[Dy], k =2 if nis odd, and « = 1
if n is even. By Paris [36, Theorem 1.1] the centralizer of Y in A[D,] is generated by AZY and A%, and
hence there exist g, r € Z such that ug = AZYq A% . We conclude that ¢ = B, a

6 Endomorphisms of A[D,]

The following lemma is a counterpart of Lemma 5.8 for the case of odd #, and it is a preliminary to the
proof of Theorem 2.3.
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(&

Figure 17: The circles dy, ..., d,.

Lemma 6.1 Let n > 5 be odd. Let ¢ be a generic circle of X, \{x} such that cNd; =@ for1 <i <n-3,
lcNdy—2| =1, cNdy—1 = @ and c is isotopic to d,—1 in ¥,,. Then we have one of the following three
possibilities:
(1) c isisotopic to dp—1 in Xy \ {x}.
(2) There exists g € Ker(0) such that g([d;]) = [d;] forall 1 <i <n—1 and g([c]) = [dn].
(3) There exists g € Ker(0) such that g([d;]) = [d;] forall 1 <i <n—2, g([dn-1]) = [dn] and
g([c]) = [dn-1].

Proof The surface ¥, is of genus %(n — 1) with one boundary component, d. We assume that the circles
di,...,dn—1,d, are arranged as shown in Figure 17. The circles d,,—3 and dj,— divide d,,—5 into two
arcs, e and e, where the arc e intersects d,, and the arc e, does not intersect d, (see Figure 17). Let
be the surface obtained by cutting X, along U:’;ll d;. Then € is a cylinder represented by an octagon
with a hole in the middle (see Figure 18). Two opposite sides of this octagon represent arcs of d,—; and
two opposite sides represent arcs of dy, ..., d,—3, as shown in the figure. Two other sides represent arcs
of e and the last two sides represent arcs of e, arranged as shown in Figure 18. The boundary of the

hole represents 0.

The circle ¢ intersects d,—5 in a point ¢, and ¢ is either on the arc e or on the arc e>. Suppose first that g
is on the arc e;. Then ¢ is represented on €2 by two points g1 and g, lying on two different sides of €2 that
represent e, and the trace of ¢ in 2 is a simple arc £ connecting ¢ to g». Up to isotopy (in £ and not in
Q\ {x}) pointwise fixing the boundary of €2, there are exactly two simple arcs in 2 connecting g1 to g2,
represented by the arcs £ and £, depicted in Figure 18. The arc £ cannot be isotopic to £,, otherwise ¢
would not be isotopic to d,—1 in Zy. So £ is isotopic to £1 in 2. Let {F;:  — Q};¢[o,1] be an isotopy
such that Fp = id, F1({) = {1 and F; is the identity on the boundary of 2 for all ¢ € [0, 1]. The arc £;

dn-l

d;tod,s
d] to dn-S‘

dn-l dn-l dn'I
Figure 18: The surface 2.
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divides €2 into two parts: the lower one, which does not contain the hole bounded by d and the puncture x,
and the upper one, which contains the hole bounded by d and the puncture x, as shown in Figure 18.

Suppose Fi(x) is in the upper part. Let C be the domain of 2 bounded by £1, two arcs of e; and an arc
of dy—1, as shown in Figure 18. Let C' = Fl_l(C). Then C’ is a domain of € bounded by ¢, two arcs of
e1 and an arc of d,—1 which does not contain the puncture x. The existence of such a domain implies
that ¢ is isotopic to d,,—1 in Xp \ {x}.

Suppose Fi(x) is in the lower part. We can suppose that the trace of d,, on Q2 is the arc £3 depicted
in Figure 18. We can choose an isotopy {F/: Q@ — Q}¢[o,1] such that Fj = id, F{({1) = {3, F] is
the identity on the boundary of Q for all ¢ € [0, 1], and F{(F;(x)) = x. Let F: %, - =, be the
homeomorphism which is F{ o Fi on  and is the identity outside €2, and let g € M(Z,, x) be the
mapping class represented by F. Then g € Ker(0), g([d;]) = [d;] forall 1 <i <n—1, and g([c]) = [d}].

Suppose now that ¢ is on the arc e;. Then g is represented on €2 by two points g3 and g4 lying on two
different sides of €2 which represent e,, and the trace of ¢ in €2 is a simple arc £ connecting g3 to g4. Up
to isotopy (in €2 and not in Q \ {x}) pointwise fixing the boundary of €2, there are exactly two simple
arcs in £ connecting g3 to g4 represented by the arcs £4 and {5 depicted in Figure 18. The arc £ cannot
be isotopic to £5, otherwise ¢ would not be isotopic to d,—1 in ;. So £ is isotopic to £4 in 2. Let
{F:: Q — Q}4¢[0,1] be an isotopy such that Fo =id, F7(£) = {4 and Fy is the identity on the boundary
of Q for all ¢ € [0, 1]. The arc £4 divides 2 into two parts: the upper one, which does not contain the
hole bounded by d and the puncture x, and the lower one, which contains the hole bounded by d and the
puncture x, as shown in Figure 18.

Suppose Fi(x) is in the lower part. Let D be the domain of € bounded by £4, two arcs of ¢; and an arc
of d,—1 as shown in Figure 18. Let D’ = F; }(D). Then D’ is a domain of £ bounded by ¢, two arcs
of e5 and an arc of d,,—1 which does not contain the puncture x. The existence of such a domain implies
that ¢ is isotopic to d,,—1 in Xy \ {x}.

Suppose Fi(x) is in the upper part. Let ¢’ be the circle drawn in Figure 19. We can assume that the trace
of ¢’ on Q is the arc £ drawn in Figure 18. We can choose an isotopy {F/: Q2 — Q},¢[0,1] such that
F§ =id, F|{({4) = Le, F/ is the identity on the boundary of € for all ¢ € [0, 1], and F{(F;(x)) = x.
Let F: Y, — Xp be the homeomorphism which is F| o F; on  and is the identity outside Q, and
let g € M(Z,, x) be the mapping class represented by F. Then g € Ker(6), g1([d;]) = [d;] for all
1<i<n-—1,and g1([c]) =[]

==

Figure 19: The circle ¢’ and the loop p.

Algebraic & Geometric Topology, Volume 25 (2025)



4000 Fabrice Castel and Luis Paris

Let g» € m1(Z,, x) = Ker(0) be the element represented by the loop u drawn in Figure 19. Let us
mention here that g5 is not the Dehn twist 7}, along , but rather the image of the point-pushing map
applied to p, which is equal to T}, T,;zl for @1 and w, the two boundary curves of a small regular
neighborhood of j, as explained in Farb and Margalit [28, Section 4.2.2]. We have g»([d;]) = [d;] for all
1 <i <n-2, g2([dn—1]) = [dn] and g2([c']) = [dn—1]. Set g = g20g1. Then g € Ker(9), g([d;]) = [d;]
forall 1 <i <n—2, g([dn—-1]) = [dn] and g([c]) = [dn—1]. 0

Proof of Theorem 2.3 Letn>6. Letg: A[D,] — A[Dy] be an endomorphism. Consider the composition
homomorphism g ot: A[Ay—1] — A[D,] — A[Dy]. We know from Theorem 2.2 that we have one of the
following two possibilities up to conjugation:

(1) ¢@ouiscyclic.
(2) There exist ¥ € (¢, x) and p,q € Z such that p ot = 0 B 4.

Suppose ¢ ot is cyclic. Then there exists u € A[D,] such that ¢(#;) = (pot)(s;) =uforall 1 <i <n-—1.
We also have
@(tn) = Ptn—atntn—2ty 'ty5) = Pltn—2)P(tn—2)p(ty 1 25) = @ltn—2tn) (1)@ (ty 1, 15) = p(t1)
=u,
and hence ¢ is cyclic.

So we can assume that there exist ¥ € (¢, x) and p, g € Z such that ¢ o« is conjugate to ¥ o B, 4. We set
Y ={t1,....th—2,th—1}, Ay = Ay[Dyn], Ap = A[Dy], «k =2 if nis odd, and k = 1 if n is even. Up
to conjugating and composing ¢ on the left by ¢ if necessary, we can assume that there exist ¢ € {£1}
and p,q € Z such that ¢(t;) = (po1)(s;) =1} ZYP A/ch for all 1 <i <n — 1. The remainder of the proof
is divided into four cases depending on whether p is zero or not and whether n is even or odd.

Casel (nisevenand p#0) Then X, is a surface of genus %(n —2) with two boundary components, 91
and 0, and x = 1. We have pp (¢;) = Ty, for 1 <i <n—1 and, by Labruere and Paris [32, Proposition 2.12],
oD (AZY) =T,Ty, and pp(Ap) = Ty, Tj,, where e is the circle drawn in Figure 20. Set f; = (pp o)(Z;)
for all 1 <i <n. Then, by the above,

fi=TLTPTY™T] forall 1<i<n—1.

In particular, S(f;) = {[d;], [e]} forall 1 <i <n—1. Since t, is conjugate in A[D,] to t1, f, is conjugate
to f1 in M(Zp, x); hence fy is of the form f, = T¢, T/ Tap1 4 Taq2 , where d’ is a nonseparating circle

Figure 20: Circles in X, when #n is even and p # 0.
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and e’ is a circle that separates ¥, into two components, one being a cylinder containing x and the other
being a surface of genus %(n —2) with two boundary components, d; and e’, which does not contain x.
Moreover, by Theorem 2.1, (7w 0 ¢)(tn—1) = (7w 0 ¢)(t,), and hence

+ +
chn_lTepTali qTa‘12 =0(fno1) =0(fp) = T;/TeI’JTali qTaq2

on X,, that is, T;n_lTep = Tj,Te’,’ as multitwists on X,. Now we can invoke Farb and Margalit
[28, Lemma 3.14] to conclude that each curve of the set {d,—1, e} is isotopic to a curve from the set
{d’,e'} in ,,. To decide which curve of one set is isotopic to which curve in the other set we observe that
removing a puncture does not change the property of a curve being nonseparating, but can make a separating
curve peripheral. Since both d,—; and d’ are nonseparating, whereas e and e’ are both separating or
peripheral in ¥,, we conclude that d,,—; is isotopic to d’ in X, (and also that e is isotopic to €’ in ).

We have f1 f, = fn f1, and hence by Theorem 3.2(3) we have f,(S(f1)) = S(f1). Thus [e] is a reduction
class for fy, and therefore i ([e]. [¢’]) = 0, because [¢’] is an essential reduction class for f,,. We can
choose representatives e and e’ such that e N e’ = & either by eliminating bigons, or by choosing geodesic
representatives. Let C,C’ C X, be cylinders containing x and having boundaries d, U e and d, U ¢’,
respectively. Then either C C C'ife CC’,or C' C C ife’ C C,withx e CNC’. Say C C C’'. Being
a separating circle on X, e separates C’ into two subsurfaces, one containing d, and x, and the other
containing e’. Being a subsurface with two boundary components lying inside a cylinder, the latter must
be a cylinder itself. This cylinder establishes an isotopy between e and e’ in X, \ {x}, and hence [e] = [¢'].
So we can assume that e = ¢’.

Choose representatives d,—; and d’ in minimal position in X, \ {x}. Denote by Cy and X’ the two
components into which the curve e separates X,,, with Cg being a cylinder containing x, and ¥’ being the
rest of the surface ¥, containing dy,...,d,—1. Suppose d,—1 Nd’ # &. Then d,,—; and d’ cobound a
bigon. Since d,—1 and d’ were chosen to be in minimal position in X, \ {x}, such a bigon must contain x.
This implies that d’ has nonempty intersection with the cylinder Cyp which e separates from the rest of
the surface ¥, and since e and d’ are disjoint, d’ lies entirely in Cy. This is not possible because any
generic circle in Cy is peripheral in ¥, and d’ is nonseparating in . So d,—1 Nd’ = @. Then there
exists an embedded cylinder C in X, with boundary components d,—; and d’. Since e is disjoint from
d’ and d,_1, e either lies entirely in C or is disjoint from C. The circle e cannot lie entirely in C because
e is peripheral in ¥, and, since both d,,—; and d’ are nonseparating in X,, any generic circle lying in C
must be nonseparating. So e is disjoint from C, and hence C lies in X’. Therefore d,,—; is isotopic to d’
in ¥, \ {x}. Thus we can also assume d’ = d,,_j.

In conclusion we have (pp o¢)(tn—1) = (pp o@)(tn) = T;n_l TepTan+q Taqz, and hence ¢(ty,—1) = @(ty) =

t&‘

n_lAZYPAqD. We conclude that ¢ = B yomife=1landp = yoB_, gomife=—1.

Case2 (nisoddand p #0) Then X, is a surface of genus %(n — 1) with one boundary component, 9,
and k = 2. We have pp(t;) = Ty, for 1 <i <n—1 and, by Labruere and Paris [32, Proposition 2.12],
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Figure 21: Circles in X, when n is odd and p # 0.

oD (A )=T, and pp (A ) = Ty, where e is the circle drawn in Figure 21. Set f; = (pp o ¢)(t;) for all
1 <i < n. Then, by the above,

fE=TFTPT] forall 1<i<n—1.

In particular, S(f;) = S(fl.z) ={[d;], [e]} forall 1 <i <n—1. The element ¢, is conjugate to ¢1 in A[D,];
hence ¢(t,) is conjugate to ¢(t1) in A[Dy], and therefore there exists v € A[Dy,] such that ¢(t,) =
vo(t)v~! = (vtlsv_l)(vAzfv_l)Aqu. The element pp (vt1v~ 1) is conjugate to pp(t1) = Ty,, and
hence pp (vtyv~1) = T/, where d’ is a nonseparating circle. The element pp (vA‘; v~1) is conjugate to
oD (A‘;,) = Te, and hence pp (vA‘; v~1) = T,/, where ¢’ is a circle that separates 3, into two components,
one being a cylinder containing x and the other being a surface of genus 5 L(n — 1) with one boundary
component which does not contain x. We also have f,> = T2 Tp 2q and S(fy) = S(£2) = {[d"], [¢]}.
By Theorem 2.1 (o) (ty,—1) = (7w o@)(¢y), and hence G(fnz_l) = G(fnz). This implies that d’ is isotopic
to dp—1 in Xy

Since fifu = fu f1, by Theorem 3.2(3) we have f,2(S(f1)) = S(f1); hence [e] is a reduction class
for £,2, and therefore i ([e], [¢’]) = 0, because [¢'] is an essential reduction class for f,2. As in Case 1,
we can choose representatives e and e’ such that e Ne’ = @. Let C, C’ C X, be cylinders containing
x and having boundaries d U e and 0 U ¢/, respectively. Then either C C C' if e C C’/, or C' C C
if e/ C C, withx e CNC’'. Say C C C’. Being a separating circle on X, e separates C’ into two
subsurfaces, one containing d and x, and the other containing ¢’. Being a subsurface with two boundary
components lying inside a cylinder, the latter must be a cylinder itself. This cylinder establishes an
isotopy between e and ¢’ in X, \ {x}, and hence [¢] = [¢]. So we can assume that e = €', and hence
pp (VAL v =T =T, = pp(A%). Since pp is injective, it follows that vA% v~ = A%,

Using the same argument as in Case 1, from the fact that d” does not intersect ¢’ = e and that d’ is isotopic
to dy—1 in X,,, it follows that d” is isotopic to d,—1 in X, \ {x}; hence we can also assume that d’ = d,,—1.
Then ,oD(vtlv_l) =Ty =Ty, , = pp(tn—1), and hence, since pp is injective, vtiv ! =t,_1. At this
stage of the proof we have that ¢(t,) = t,f_l(vAZva_l)Aqu and (vAzypv_l)2 = vA‘;pv_l = Az;p. It
remains to show that vAy 2Pyl = AZYP.

By Theorem 2.2 there exist ¥ € ({, x) and r,s € Z such that ¢ o { o is conjugate to ¥ o B, 5. The
automorphism ¢ is inner since 7 is odd, and hence we can assume that ¢ € (y). So there exist w €
A[Dy], p € {£1} and r,s € Z such that ¢(t;) = wt“Aerzs “lforalll <i <n-—2and¢(t,) =
wiy A A2Sw™1. Set ¢ = pp(w). We have (pp o go)(tz) = TstpTzq = gTZMT’Tazsg ! for
all 1 <i <n—2and (pp o p)(13) = T3° TETY = gTZM T’Tzsg_l SO g_l(S(TZSTpTzq)) =
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S(sz.MTer T32s), and hence g~ ({[d;]. [e]}) C {[d;].[e]} forall 1 <i <n—1. This implies g~ ([d;]) = [d;],
and hence g commutes with T, ; therefore w commutes with #; forall 1 <i <n —1. Since Ay is in the
subgroup of A[D,] generated by ¥ = {¢1,...,#,—1} and AZD is central, it follows that ¢(#;) = tl.”“ Aer AZB
forall 1 <i <mn—2and ¢p(ty) = tff_lAZY’AZB. Consider the equality ¢(f1) = t{ Z}fJAZg = thAZY’AZDs.
Then ¢; * Azy(p ) = Azlgs—q)' The right-hand side of this equality lies in the center of A[D,], the
left-hand side lies in Ay[D,] and, by Paris [38, Corollary 2.6], the intersection of Ay[D,] with the
ETH A2Y(r—p)

center of A[Dy] is trivial; hence s = ¢ and ¢ . The element AzY(r_p ) lies in the center of

Ay [Dy] and (t1) is a proper parabolic subgroup of Ay [Dy]; hence, again by Paris [38, Corollary 2.6],
tl'S H = AZY(r_p ) = 1, and therefore ¢ = u and r = p. Here we use that A[D;] is torsion-free, which
follows from Deligne [25], where it is proved that A[D,] has a finite-dimensional classifying space. So
o(ty) = t,f_lAZYpAZDq. We conclude that ¢ = B, gomife=1land g = yof_, somife=—1.

Case 3 (n iseven and p = 0) Then, again, X, is a surface of genus %(n — 2) with two boundary
components, d1 and d2, and k = 1. We have pp (t;) = Ty, for 1 <i <n—1 and, by Labruére and Paris

[32, Proposition 2.12], pp(Ap) = Ty, Ty,. Set fi = (pp o @)(t;) for all 1 <i <n. Then, by the above,
fi=Ty Ty Ty forall 1<i<n-—1.

In particular, S(f;) = {[d;]} for all 1 <i <n —1. Since t, is conjugate in A[D,] to t1, fy is of the form

fo=T5, Taq1 Taq2 , where d’ is a nonseparating circle.

For 1 <i <n —3 we have tjt, = tnt;; hence Ty, Ty = T4/ Ty;, and therefore, by Proposition 3.1,
i([d;].[d']) = 0. Similarly, i ([dn—1].[d']) = 0. Since tp_2tntyn—2 = tyty—sty, wehave Ty, Tg Ty, , =
T4 Ta, ,Ta, and hence, by Proposition 3.1, i ([dy—2], [d']) = 1. So we can assume that d; Nd" = & for
1<i<n-3,dy—1Nd’ =@ and |d,—»Nd’| = 1. Moreover, by Theorem 2.1, (ro@)(t,—1) = (ro@)(tn);
hence 0( f—1) = 6(f»), and therefore d’ is isotopic to dy—; in X,. By Lemma 5.6 it follows that we
have one of the following two possibilities:

(1) d’ is isotopic to dp—1 in X, \ {x}.
(2) There exists g € Ker(6) such that g([d;]) = [d;] forall 1 <i <n—1and g([d']) = [dn].

Suppose d’ is isotopic to d,—1 in X, \ {x}. Then (pp o @)(ty) = Tjn_l Taq1 Taqz, and hence, since pp is
injective, ¢(t;) = t,f_lAqD. We conclude that ¢ = Bogomife=1and ¢ = yoBo,_gomife=—1.

Suppose there exists g € Ker(0) such that g([d;]) = [d;] forall 1 <i <n—1and g([d']) = [dx]. We have
(op o)1) =TT, T} =g ' T3 T, T} ¢
foralll1 <i <n-—1and
(oD © @) (tn) = T, T3 Tf = g 'Ts Ty Ty g.
By Theorem 3.6 there exists v € Ker(sr) C A[D,] such that pp (v) = g. Since pp is injective, it follows that
o(t;) = v_lthqu forall 1<i <n.

We conclude that ¢ = ad,—10y;ife=1and ¢ =ad,-10 yoy_4ife =—1.
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Case 4 (n is odd and p = 0) Then, again, X, is a surface of genus %(n — 1) with one boundary
component, d, and k = 2. We have pp(t;) = Ty, for 1 <i <n —1 and, by Labruére and Paris
[32, Proposition 2.12], pp (AzD) =Ty. Set f;i = (pp o )(t;) for all 1 <i < n. Then, by the above,

fi=TiT) forall 1<i<n-—1
In particular, S( f;) = {[d;]} for all 1 <i <n—1. Since ¢, is conjugate in A[Dy] to t1, f, is conjugate
to f1 in M(Z,, x), and hence f, is of the form f, =T}, Taq where d’ is a nonseparating circle.

For 1 <i <n —3 we have f;t, = tyt;, and hence Ty, Ty = Ty Ty, . Therefore, by Proposition 3.1,
i([d;],[d']) = 0. Similarly, i ([dn—1], [d']) = 0. Since t,—2tntn—2 = tatn—2tn, wehave Ty, Ty Ty , =
T4:Ty, , T4, and hence, by Proposition 3.1, i ([dn—2]. [d']) = 1. So we can assume that d; Nd’ = & for
1<i<n-3,dy,—1Nd’ =@ and |d,—»Nd’| = 1. Moreover, by Theorem 2.1, (ro@)(t,—1) = (T o) (tn);
hence 0( f—1) = 0(f»), and therefore d’ is isotopic to d,—; in X,. By Lemma 6.1 it follows that we
have one of the following three possibilities:

(1) d’isisotopic to dp—1 in T, \ {x}.

(2) There exists g € Ker(6) such that g([d;]) = [d;] forall 1 <i <n—1and g([d']) = [dn].

(3) There exists g € Ker(6) such that g([d;]) = [d;i] forall 1 <i <n—2, g([dy-1]) = [dx] and

g([d"]) = [dn-1]-

If d’ is isotopic to dy,—1 in X, \ {x}, then we prove as in the case where n is even that ¢ = B 4 o 7 if
e=1and ¢ = yoBo,_qom if ¢ =—1. Similarly, if there exists g € Ker(6) such that g([d;]) = [d;] for
all 1 <i <n—1and g([d']) = [dn], then we prove as in the case where n is even that ¢ = ad,—1 oy if
e¢=1and ¢ =ad,—1 0 yoy_, if e = —1, where v is an element of Ker(;r) C A[Dy].

Suppose there exists g € Ker(0) such that g([d;]) = [d;] forall 1 <i <n—2, g([dy—1]) = [dx] and
g([d']) = [dn—1]. We have
(ppo@)ti) =T5T] =g 'T; Tjg for 1<i<n-2,
(poQ)ta-1)=T5 T =g 'T5 Tig,  (ppop)tn) =TT =g 'T; Tis.
By Theorem 3.6 there exists v € Ker(sr) C A[D,] such that pp (v) = g. Since pp is injective, it follows that
() = v_lthzgv for 1 <i<n-2, O(th—1) = v_lt,fAquv, o(ty) = v_lt,‘j_lAzgv.

We conclude that ¢ = ad,—1 0foy,ife=1and ¢ =ad,—~10foyoy_4ife =—1. |

7 Endomorphisms of A[D,]|/Z(A[D.])

Proof of Proposition 2.7 Let A be the Garside element of A[Dy]. We set k =2 if n is odd and x = 1 if
n is even. Recall that Z(A[D,]) is the cyclic group generated by A*. Let ¢z : Az[D,] — Az[Dy] be an
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endomorphism. For each 1 <i <n—2 we define u; € A[D,] by induction on i as follows. First choose any
uy € A[Dy] such that £ (u1) = ¢z(tz,1). Now assume that 2 <i <n —2 and that u; _ is defined. Choose
u; € A[D] such that é(u;) =g@z(tz,i). Since ¢z(tz i—1tz,itz,i—1) =¢z(tz itz i—1tz,;), there exists
k; € Z such that u; —yufu; —y =uju; 1] A<Ki Thensetu; = u; A¥ki Note that & (u;) = EW)=9pz(tz,)
and

Uj_UjUj— = ui_lu;ui_lA"ki = u;ui_lu;Az"k" =UjUj_1U;.
Define in the same way u,—1,u, € A[Dy] such that §(up—1) = @z(zn-1), §un) = @z(tzn),

Up—2Up—1Up—2 = Up—1Up—2Up—1 aDd Up_2UxUx—2 = UpUp—2Uy.
Leti,j€{l,...,n}besuchthati # j and t;¢; =t;t;. We have ¢z (tz,itz ;) =¢z(tz, jtz i), and hence
there exists / € Z such that w;ju; = u;u; A<l Recall the homomorphism z: A[D,] — Z which sends ¢;
to 1 for all 1 <i <n. Since z(A) = n(n — 1), the previous equality implies that

z(ui)+z(uj) =z(Wuj) +z(u;) +«ln(n—1).
Hence / = 0, and therefore u;u; = u;u;.

By the above we have an endomorphism ¢: A[D,] — A[D] which sends #; to u; forall 1 <i <n, and
this endomorphism is a lift of ¢z . |

Proof of Theorem 2.8 Letn > 6. Let pz: Az[D,] — Az[Dy] be an endomorphism. We know from
Proposition 2.7 that ¢z admits a lift ¢: A[D,] — A[Dy]. By Theorem 2.3 we have one of the following
three possibilities up to conjugation:

(1) ¢ is cyclic.

(2) There exist ¥ € (¢, x) and p,q € Z such that ¢ =y o B s 0m.

(3) There exist ¥ € (¢, x) and p € Z such that ¢ = o ).
Clearly, if ¢ is cyclic then ¢z is cyclic.
Now we show that the second case cannot occur. Suppose there exist ¢ € (¢, y) and p,q € Z such
that ¢ = Yo Bp 4 0. As ever, we set k = 2 if n is odd and k = 1 if n is even. Recall that the
center of A[Dy] is generated by A*, where A is the Garside element of A[D,]. We need to show
that (A*) ¢ Z(A[Dy]) = (A*), which leads to a contradiction. Since ¥ € Aut(A[Dy]), we have

V(Z(A[Dy])) = Z(A[Dy]), and hence we can assume that ¢ = B, som. Let Y ={t1,...,t,—1} and let
Ay = Ay|[D;] be the Garside element of Ay[Dy]. Since

A= (tl s lp—2lp—1lplp—2 - tl) e (tn—2tn—1tntn—2)(tn—1tn),
A[An—l]2 = (51"~ Sn—ZS,%_lsn—2 ceesq) e (Sn—ZS,%_lsn—Z)S;%—p
(see Lemma 5.1 for the second equality), we have 7(A) = A[A4,,—1]?, and hence
2k (1 —1)) ak2gn(n—
gO(AK) — (,Bp,q OT[)(AK) — ﬁp,q(A[An—l]ZK) — AYI'C( +pn(n ))AK gn(n 1)‘
This element does not belong to Z(A[D,]) = (A“), because k(14 pn(n—1)) # 0 and (AZY) N{A) ={1}.

Algebraic & Geometric Topology, Volume 25 (2025)



4006 Fabrice Castel and Luis Paris

Suppose we are in the third case. So there exist ¢ € (¢, x) and p € Z such that ¢ = v o y,. We have
VP(AK) — AK(I-HCpn(n—l)) c (AK),
and hence y,, induces an endomorphism yz ,: Az[Dy] — Az[Dy]. Moreover, forall 1 <i <n,

Yz pltzi) =EGLANP)=E(t) =17,

so yz,p = id. Clearly v is the lift of an element ¥z € ({z, xz), and hence oz =V zoyz , =Y¥z. O
Now, as promised in Section 2, we prove the following.

Lemma 7.1 Let n > 4. If n is even, then ({7, xz) N Inn(Az[D,]) = {id}, and if n is odd, then
{(xz) NInn(Az[Dn]) = {id}.

Proof We first show that, if ¢: A[D,] — A[Dy] is an automorphism such that ¢z € Inn(Az[Dy]), then
@ € Inn(A[D,]). Let ¢ € Aut(A[Dy]) be such that ¢z € Inn(Az[D]). There exists gz € Az[Dy] such
that z(tz,;) = gztzyiggl for all 1 <i <n. Again, we denote by A the Garside element of A[D,],
and we set k =2 if n is odd and ¥k = 1 if n is even. Let g € A[D,] be such that £(g) = gz. For every
1 <i <n, there exists k; € Z such that ¢(t;) = gtig_lA"ki. Leti,j €{l,...,n} be such that {#;,#;} is
an edge of Dj. From the equality #;¢;1; = t;1;1; it follows that
ghitjtig " NCNTRD — o(t11;) = @(t1117) = gtjtity g~ AETED),

Hence 2k; +k; = k; 42k, and therefore k; = k;. Since D,, is a connected graph, it follows that k; = k;
foralli, j € {1,...,n}. So there exists k € Z such that ¢(t;) = gt;g~ ' A“K for all 1 <i < n. Recall the
homomorphism z: A[D,] — Z which sends ¢#; to 1 for all 1 <i < n. Since ¢ is an automorphism, we
have Im(z o ¢) = Im(z) = Z. Furthermore, since z(A) =n(n—1), we have (zop)(t;) =14+ kknn—1)
for all 1 <i < n, and hence Im(z o ¢) = (1 4+ kkn(n — 1))Z. This implies that kK = 0, and hence
¢ =adg € Inn(A[D,]).

Arguing in a similar way we can see that lifts of {z and yz in Aut(A[Dy]) are unique. Since we know
that (¢, y) N Inn(A[Dy]) = {id} if n is even and () N Inn(A[D,]) = {id} if n is odd, it follows that
(Cz, xz) NInn(Az[Dy]) = {id} if n is even and (yz) N Inn(Az[Dy]) = {id} if n is odd. m|
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Linear bounds of the crosscap number of knots

RoB MCCONKEY

Kalfagianni and Lee found two-sided bounds for the crosscap number of an alternating link in terms of
certain coefficients of the Jones polynomial. We show here that we can find similar two-sided bounds for
the crosscap number of Conway sums of strongly alternating tangles. Then we find families of links for
which these coefficients of the Jones polynomial and the crosscap number grow independently. These
families will enable us to show that neither linear bound generalizes for all links.

57K10, 57K14, 57K16

1 Introduction

In [17] Kalfagianni and Lee showed that the crosscap number of an alternating link admits two-sided
linear bounds in terms of certain coefficients of the Jones polynomial of the link. The purpose of this
paper is twofold; we first generalize the result of [17] for links that are the Conway sum of strongly
alternating tangles. Second, we construct families of knots obstructing the generalization of the result
of [17] to arbitrary knots.

For a link L let
V(L) =oapt" +Brt" ' 44 Br ™ faf ™,

where 7 and « are nonzero, be the Jones polynomial, and let 7p = |BL| + |B] .

Definition 1.1 For a nonorientable connected surface .S, bounded by a link L, the crosscap number is
defined to be

C(S)=2—x(S)—kL.
where k7 is the number of components of L. Then the crosscap number for a link L, denoted C (L) will
be the minimum crosscap number of all nonorientable surfaces bounded by the link.

Quantum knot invariants, such as the crosscap number, have historically been used to better under-
stand classical knot invariants and the geometry of knots and links. In the eighties Kauffman [18] and
Murasugi [25] showed that the span of the Jones polynomial realizes the crossing number for alternating
links. More recent results from Futer, Kalfagianni, and Purcell showed how the coefficients of the colored
Jones polynomial store information about the geometry of incompressible surfaces in the link complement
and their strong relations to geometric structures and in particular hyperbolic geometry [11; 12; 13].
For example, specific coefficients of the colored Jones polynomial can coarsely define the volume of large

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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families of hyperbolic links [8; 10]. Further, Dasbach and Lin [7] did this for all hyperbolic alternating
links. The volume conjecture [23] predicts that the asymptotics of the colored Jones polynomial can be
used to calculate the volume of all hyperbolic links.

More recently, for alternating links Kalfagianni and Lee showed that there exist linear bounds for the
crosscap number with respect to certain coefficients of the Jones polynomial (see Theorem 1.1 in [17]).
Before their work, the best known lower bound for all alternating links was C(K) > 1. On the other side,
Clark [4] observed that for any knot the crosscap number is bounded by

C(K) =2g(K) +1,

where g(K) is the orientable genus of the knot. Kalfagianni and Lee’s results gave an exact calculation
of the crosscap number for 283 prime alternating knots on Knotinfo and improvements of 1472 prime
alternating knots. Kindred [19] has also made progress in calculating the crosscap number, calculating it
for alternating knots with less than 13 crossings. We hope our results in this paper will pave the way for
similar calculations for nonalternating knots which are less understood.

Another source of motivation comes from the work that has been done concerning the orientable genus of
links and the Alexander polynomial and Heegard Floer homology of a link. Crowell [5] and Murasugi [24]
have independently shown that the orientable genus of an alternating link is half the degree span of
the Alexander polynomial of the knot. The Heegard Floer homology is now known to detect the genus
of links [22]. There is also an algorithm using normal surface theory to calculate the orientable knot
genus [2; 15]. The hope with the crosscap number is to find parallel results to Heegard Floer and orientable
genus using quantum invariants such as the Jones polynomial and Khovanov homology.

In this paper we will start by finding two-sided linear bounds for C(L), where L is a Conway sum of
tangles in terms of 77 . We also define many of the necessary terms for Theorem 1.2 in that section,
which we state here.

Theorem 1.2 Let Ty and T, be nonsplittable, twist reduced, strongly alternating tangles whose Conway
sum is a link L. Let C(L) be the crosscap number of L and ky be the number of components of L. Then

[%TL] —kp <C(L)<2Tp +kr +8.

A key ingredient in the proof of Theorem 1.2 is Theorem 1.3 which we state below. Theorem 1.3 gives us
bounds for C(L) in terms of the crosscap numbers of the closures of the tangles which sum to L.

Theorem 1.3 Let 7 and T, be nonsplittable, twist reduced, strongly alternating tangles, and let L be
the link formed by the Conway sum of Ty and T>. Let K; 5 and K;p be the links formed by the numerator
and denominator closures of T;, respectively, i € {1,2}. We have

where m = min{C(Kn) + C(Kzn). C(Kip) + C(K3p)}.

Algebraic & Geometric Topology, Volume 25 (2025)
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Having Theorem 1.3 at hand we use a result of [17] and the additivity of twist numbers for strongly
alternating tangles to find bounds for C(L) in terms of the twist number of L. Then using these bounds
and a generalization of Theorem 1.6 from [9] by Futer, Kalfagianni, and Purcell gives us Theorem 1.2.

In Section 5 we show that for arbitrary knots the crosscap number and 77, are independent. Specifically
we show:

Theorem 1.4 (a) There exists a family of links for which Ty, <2, but C(L) is arbitrarily large.

(b) There exists a family of links for which C (L) < 3, but T7, is arbitrarily large.

To show part (a) of Theorem 1.4, we use work by Teragaito [27] to find a family of torus knots 7'(p, q)

where C(T'(p, q)) grows with g and ¢ can be made arbitrarily large. On the other hand we will show that
Tr(pg) =2

For part (b) we will introduce a family of Whitehead doubles for which the crosscap number is always
bounded by 3 but | 8;,| can be made arbitrarily large. Clark [4] showed that for all links C(L) <2g(L)+1
which shows that for all Whitehead doubles, C(W') < 3. On the other hand, using work by Stoimenow [26],
we are able to compute |f};,| for B-adequate links. Then we find a family of B-adequate Whitehead
doubles for which |B;,| can be made arbitrarily large.

All the links constructed in Theorem 1.4 are nonhyperbolic. This leaves the question of whether
Theorem 1.2 may be generalized to all hyperbolic links. See Section 6 for more details.
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2 Crosscap bounds on connection of two strongly alternating tangles

In this section we will work to prove Theorem 1.3.

2.1 Preliminaries and the upper bound of Theorem 1.3

We start with a couple definitions.

Definition 2.1 A rangle is a graph in the plane contained within a box which intersects the box at the four
corners with one-valent vertices, with all other vertices, contained inside the box, four-valent, and given
over/under crossing data. We label the four one-valent vertices NW, NE, SE, SW, positioned according to
Figure 1.

Algebraic & Geometric Topology, Volume 25 (2025)
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NwW NE

SW SE

Figure 1: Left: a tangle inside a box with directional strands labeled. Center: numerator closure.
Right: denominator closure.

Definition 2.2 The closure of a tangle is the link which results when we connect the NW and NE points
along the box and SW and SE points along the box as seen in the center panel of Figure 1, this is called
the numerator closure. If we close as in the right-hand panel of Figure 1 we call it the denominator
closure. A tangle is strongly alternating if both closures are prime, alternating, and contain no nugatory
crossings.

Definition 2.3 A Conway sphere is a 2-sphere which intersects a knot or link transversely in four points.
A Conway sum is a sum of tangles as shown in Figure 2. For our purposes, a Conway sphere ¥ will be
positioned such that it intersects a Conway sum at the four one-valent vertices for one of the tangles in
the sum. If we let S be a spanning surface for our Conway sum, then S N ¥ will contain two arcs and a
possibly empty collection of simple closed curves as in Figure 3.

We are now ready to begin proving Theorem 1.3. We separate it into the upper and lower bounds,
beginning with the upper bound:

Lemma 2.4 Let T; and T, be a pair of nonsplittable, strongly alternating tangles. Let L be the link
formed by the Conway sum of T1 and T5. Let K; and K;p be the numerator and denominator closures,
respectively, of Ty and T,. If C(L) is the crosscap number of L, then

C(L) =min{C(Kn) + C(Kzn) +2.C(Kp) + C(K2p) +2}.

Proof Start with a pair of strongly alternating tangles, 77 and 7. Let Ky and K;,xn be the links
acquired by the numerator closures of the tangles. Let S and S, be nonorientable spanning surfaces

Figure 2: An example of a Conway sum of / tangles.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 3: Here we see a tangle contained within a Conway sphere. The dots represent the
intersection of 7; with X. Then the dotted lines are the intersections of S with X.

which realize the crosscap numbers of Ky and K,y , respectively. We find a spanning surface S of L
by attaching S and S, with a pair of bands bounded by the strands along which the Conway sum was
taken. As we do not cut S; and S5, S will also be nonorientable.

Now we study the relationship between C(S) and the sum of C(S;) and C(S,). We remind the reader
that C(S) = 2 — x(S) — k. The difference between S and the disjoint union of Sy and S is the two
connecting bands used to construct S. So, x(S) = x(S1) + x(S2) —2.

Next we compare the number of link components in L with the total in Kq and K, p. The gluing of the
East strands of K to the West strands of K, will reduce the number of components by 1 as we are
connecting two disjoint links. The other attachment can increase or decrease the number of components
by 1, or keep it the same. Then k; = kg, + kg, —€ where e =0, 1, or 2.

Now we substitute for x(S) and kg to find

C(S)=2—x(S1)—x(S2) +2—kk,y —kk,y + € =C(K1n) + C(Kan) + €.
Hence
C(L)<C(S)=C(K1ny)+C(Kyn)+2,

as € = 2, will give the weakest upper bound. By the same argument with the denominator closures of 77
and 7T, we find that

C(L)=C(Kip)+C(Kzp)+2. O

Here we remark that Lemma 2.4 will hold even if we take two general tangles. Notice in the proof that
we do not use the fact that 7 or 7T, are nonsplittable or strongly alternating. As this will not hold true
for the other statements we included these hypotheses for uniformity.
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Figure 4: This figure shows a case where L is meridianally boundary compressible.
2.2 Technical lemmas

Before we show the lower bound, we will need some more background, as well as some technical results.
Lemma 2.5 below was discussed in the proof of Lemma 2.4.

Lemma 2.5 Let L be the Conway sum of the tangles T} and T, and let K1 and K, be closures of T,
and T,. If kp is the number of link components for L, and k1 and k, the number of link components for
Ky and K,, respectively, then ky =k 4+ k, —€ fore =0,1,2.

Definition 2.6 Let L be a link in S* and let N(L) be a neighborhood of L. A spanning surface S of L
in S? is defined to be meridianally boundary compressible if there exists a disk D embedded in S\ N(L)
such that 9D = o U 8 where « = D NdN(L) and 8 = DN S. Notice both @ and § are arcs, 8 does not
cut off a disk of S, dD N aS cuts 95 into two arcs ¢y, ¢, and o U ¢; is a meridian of the link for one of
i = 1,2 as shown in Figure 4. A spanning surface is said to be meridianally boundary incompressible if
no such disk exists.

Definition 2.7 Given an alternating projection of a link Z on S2, we modify it so that in a neighborhood
of each crossing, we have a ball whose equator lies on S such that the over strand runs over the ball and
the under goes underneath; see Figure 5. We call every such ball a Menasco ball, and we call such an
embedding of L relative to S? a Menasco projection P with n crossings.

Definition 2.8 We say that a surface .S intersects a Menasco ball B; in a crossing band if S N B; consists
of a disc bounded by the over and under strands on dB; along with opposite arcs along the equator of B;.
We refer the reader to Figures 28-30 in [1].
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Figure 5: Here we put a crossing into Menasco form, with the over strand running across the top
of the ball and the lower strand running along the bottom.

Let F =S?%\ \U; Bi, where the B; are the Menasco balls for L. Given an incompressible (not necessarily
meridianally) surface S spanning L, we can isotope S so that:

(i) S N F is acollection of simple closed curves and arcs with endpoints on L or the equator of a
Menasco ball.

(i) S is disjoint wherever possible from the interior of the B;, including along N(L). The only
exception will be at crossing bands.

We say such a surface isotoped in this way is in Menasco form.

We will also need Lemma 5.1 from [1] by Adams and Kindred which we state here as Lemma 2.9.
Lemma 2.9 is required to prove Lemma 2.10, which is proven as Corollary 5.2 in [1]. Lemma 2.10 is
essential to our proof of the lower bound, as it guarantees the connectedness of any spanning surface of
the numerator or denominator closures of tangles that we consider.

Lemma 2.9 An incompressible and meridianally boundary incompressible surface S spanning an
alternating link L can be isotoped relative to a given nontrivial Menasco projection P to obtain a crossing
band.

Lemma 2.10 Any spanning surface for a nonsplittable, alternating link is connected.

Proof This proof uses induction on the number of crossings a nonsplittable, alternating link contains.
As the unknot contains only one link component, any spanning surface for the unknot must be connected.
Now consider a nonsplittable alternating link L which has n crossings, and let .S be a spanning surface
for L. Then § is either incompressible and meridianally boundary incompressible or a finite sequence of
compressions take S to an incompressible and meridianally boundary incompressible surface S’. Choose
a reduced alternating diagram of L and put S’ into Menasco form relative to L. By Lemma 2.9, we can
isotope S’ such that S’ contains a crossing band in at least one of the Menasco balls, M . Further, when we
cut open the link along M, we find a spanning surface S” for a nonsplittable alternating link with fewer
crossings L'. Part of the equator of M replaces the crossing strands and guarantees that S” is a spanning
surface of L’. Then, by induction, as S” is a spanning surface for a link of 7 — 1 crossings, it is connected.
Regluing in the crossing band does not disconnect our surface, showing that S’ and S are connected. O
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Lemma 2.11 Let ¥ be a Conway sphere which intersects a Conway sum L of two strongly alternating
tangles Ty and T, in S3 such that ¥ separates Ty and T,. If we let S be a spanning surface of L and
S N X contains a simple closed curve y such that y does not separate the two arcs in S N'Y on X, then
there exists an isotopy on S which will eliminate y .

Proof Assume there is only one closed curve y contained in .S N X. First we consider the case where
cutting S along ¢ and gluing in disks along the resulting boundary components results in two disconnected
closed components. This implies that S has a disconnected closed component, contradicting that S is a
crosscap realizing surface.

Next assume that cutting along y and gluing in disks does not result in a closed surface component. Then
cutting .S along ¥ and gluing disks along the copies of y will result in spanning surfaces for a closure of
T and a closure of 75, both of which are connected by Lemma 2.10. Reversing this procedure everywhere
but y results in a new connected surface S’ which also spans L. But as S’ has two additional disks,
x(S") = x(S) + 2, showing that C(S’) < C(S) contradicting that S is a crosscap realizing spanning
surface.

The only remaining possibility is if cutting .S along ¢ and gluing disks to the two resulting boundaries
results in a single closed surface component, U. Then U will separate S* into two disjoint spaces. As y
does not separate the two arcs on X, one side of U must not contain any part of S. But then we can move U
to the opposite side of 3 and reglue it to S along y to find an isotopy of S for which y is no longer in £ N S.

In the case that we have multiple such closed curves along ¥ we do the same as above starting with the in-
nermost closed curve. The innermost closed curve in this case is the one that bounds an empty diskon ¥. O

By Lemma 2.11, we can choose S such that the only simple closed curves in ¥ N S are those which
bound two disks each containing an arc. Next we show that S' can be chosen so that S N X contains at
most one such simple closed curve.

Lemma 2.12 There exists a spanning surface S for L, where L is the Conway sum of two strongly
alternating tangles, such that C(S) = C(L) and ¥ N S contains at most one closed curve.

Proof By Lemma 2.11 we can assume that if ¥ N.S contains closed curves y1, ..., ¥, they each split
Y such that the two arcs lie on opposite disks. Assume we have n > 1 such closed curves in ¥ N S, and
let y1 and ), be such that y; bounds a disk on ¥ such that no other y; are in the disk and y, bounds a
disk where the only closed curve in it is y;.

We now find a spanning surface S’ such that C(S”) = C(L) and S’ N T contains 7 — 2 closed curves.
We start with .S and cut along y; and y, and then glue in annuli whose boundaries are a copy of y; and
a copy of y,. Then as the Euler characteristic of an annulus is 0, this cutting and gluing operation will
result in x(S) = x(S’).
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It remains to show that S” will be a connected surface. As in the proof of Lemma 2.11 we cut S along
% and glue in disks along each y; except for y; and y, which we glue a pair of annuli. This results
in spanning surfaces S and S, for closures of 77 and 7> which by Lemma 2.10 are connected. If we
reverse this procedure everywhere except y; and y, the result will be S’ and as we only remove disks
before regluing, S’ will be connected. Hence, we have found a spanning surface S’ for L such that
C(S’)=C(L) and S’ N X contains two fewer closed curves. Hence, repeating for all such pairs of closed
curves in S N X we will find the claim. |

Lemma 2.13 We can choose a surface S which spans a link L such that C(S) = C(L) and cutting along
Y will not give us a closed surface component.

Proof This was shown in the proof of Lemma 2.11. |

2.3 Lower bound of Theorem 1.3

In this subsection we will prove the lower bound of Theorem 1.3, which will be restated as Lemma 2.14.
We start by discussing what happens when we cut our link L along X. Assume that S is a nonorientable
spanning surface for L with C(S) = C(L). The two arcs on X will define how we close 77 and 75 after
cutting. We let K and K, be these closures. To see that K; and K, are the numerator or denominator
closures consider a crossing which as a vertex in the tangle graph is adjacent to a one-valent vertex. If the
exterior regions for a tangle are the faces bounded by the box in the graph then one of the two exterior
regions adjacent to the crossing must be included in S. This means the boundary of this region will result
in the numerator or denominator closures.

We are now ready to prove the lower bound of Theorem 1.3.

Lemma 2.14 Let Ty and T, be nonsplittable, strongly alternating tangles and L the link resulting from

the Conway sum of Ty and T,. Also, let S be a spanning surface of L such that C(L) = C(S). Then
C(K1)+C(Ky)—2=<C(L).

Proof Let S be a nonorientable spanning surface for L such that C(L) = C(S). By Lemma 2.12 S can

be chosen such that the intersection of S with X contains at most one closed curve y and that both disks

y bounds contain arcs. We cut .S along ¥ and if y exists we glue a disk to each copy to get spanning

surfaces S and S, for K; and K, respectively. By Lemma 2.13 we know that .S; and S, will not have
closed components and by Lemma 2.10 S; and S, must be connected as K; and K, are alternating.

If ky and k, are the number of link components for K; and K, respectively, then by Lemma 2.5
ki+ky,—e€=kr wheree =0,1,2.

Next we consider how the Euler characteristics of .S and the sum of the Euler characteristics of S7 and S,
will be related. We know that £ N S contains two arcs and at most one closed curve by Lemma 2.12. Then
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cutting the two arcs along X will increase the Euler characteristic by 2. Assume there are » closed curves.
Gluing disks along the two copies after cutting will further increase the Euler characteristic by 2n. The
final consideration we have to make is whether S| and S, are nonorientable. Let 1 = 0, 1, 2 be the number
of S; which are orientable. We will have to add ¢ half twist bands to make sure all the .S; are nonorientable
decreasing the Euler characteristic by . Now we see that x(S) = x(S1) + x(S2) —2—2n +t. Then

C(S)+C(Sy)=4—x(S)—2—-2n+t—kp—e=C(L)—2n+1—e.

Simplifying we find
C(K))+C(Ky)+2n—t+e€=C(L).

This will be the weakest when n = 0, = 2, and € = 0. Hence we find C(K;) + C(Ky)—2=<C(L). O
We restate Theorem 1.3:

Theorem 1.3 Let 77 and T, be nonsplittable, twist reduced, strongly alternating tangles. Let L be
the link formed by the Conway sum of T7 and T,. Let K;n be the link formed by the numerator
closure of T;, i € {1,2}, similarly K;p will be the link formed by the denominator closure. If we let
m = min{C(Kyn) + C(Ksn), C(K1p) + C(K2p)}, then

C(Ky)+C(Ky)—2 < C(L) <m +2.

Theorem 1.3 follows directly from Lemmas 2.4 and 2.14. A result similar to Theorem 1.3 exists for the
cross cap number of connected sums. In particular, Clark [4] showed with a strategy similar to our own,
that if K{ and K, are knots, then

C(K1) +C(Kz) —1 = C(K #K3) = C(Ky) + C(K3).

3 Crosscap number, twist number, and the Jones polynomial

3.1 Twist number bounds

Now we have a relationship between the crosscap numbers of the Conway sum of two tangles and the
closures of the tangles which compose it. Unfortunately, the bounds depend upon the tangles and which
closures we take. But we can use Theorem 1.3 to find bounds for C(L) entirely dependent upon L.
Before proceeding with the statements, we will need a definition.

Definition 3.1 The twist number of a link diagram or a tangle diagram is the number of twist regions
a link diagram contains, where a twist region is a maximal collection of bigon regions contained end
to end. We call a link diagram twist reduced if any simple closed curve which meets the link diagram
transversely at four points, with two points adjacent to one crossing and the other two another crossing,
bounds a possibly empty collection of bigons arranged end to end between the two crossings.
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We take a brief pause to mention that we can take the Conway sum of more than two tangles. In particular,
for tangles 77, 73, . . ., T, we can glue the eastern strands of 7; to the western strands of 7;4 1. Then we
glue the eastern strands of 7} to the western strands of 7. See Figure 2 for an example.

Lemma 3.2 Let Ty, T5,..., T, be strongly alternating tangle diagrams whose Conway sum is a link
diagram D(L). Then tw(D(L)) = > i_, tw(T;), where tw(D(L)) is the twist number for D(L) and
tw(T;) the twist number for the tangle diagram T;.

Proof First notice that taking the sum of tangles will not result in new twist regions. This is because,
when taking a Conway sum, crossings that shared a twist region will still share a twist region and we

introduce no new crossings. Therefore, tw(D (L)) < > 7_, tw(T;).

Now assume that tw(D (L)) < Y7, tw(7;). Then for some i, a twist region in 7; and a twist region
in 7T;4+1 become one region in L. This implies there exists a simple closed curve y which transversely
intersects D (L) twice in T; and twice in T; . If we think back to 7; lying in a unit square, then y must
intersect the north and south edges or the east and west edges of the square. In the first case, this shows
that the denominator closure is not prime, and the second, the numerator closure is not prime. But as 7;
is strongly alternating, this would be a contradiction, therefore tw(D(L)) = Y 7, tw(T}). |

Next we consider the relationship between the twist number of a tangle diagram and the twist numbers of
diagrams of its closures.

Lemma 3.3 Let T be a strongly alternating tangle diagram, and let D(K) be the link diagram which
comes from the numerator or denominator closure. Then

tw(T)—2 <tw(D(K)) <tw(T).

Proof The upper bound is true as we are not adding crossings when closing a tangle, and hence cannot
create new twist regions.

The lower bound stems from the fact that when we choose a closure for 7" we create two new potential
bigons. If either region is a bigon, then it joins two twist regions. If both regions are bigons, the twist
number is reduced by 2. In Figure 6 we see an example of a tangle where the lower bound is sharp for
both closures. d

We will also need Theorem 3.8 from [17] which we state here. This theorem allows us to relate the cross
cap numbers of the closures of strongly alternating tangles to twist numbers of their diagrams.

Theorem 3.4 Let L C S* be a link of k; components with a prime, twist reduced, alternating dia-
gram D(L). Suppose that D(L) has tw(D (L)) > 2 twist regions. Let C(L) denote the crosscap number
of L. We have

[Ttw(D(L))]+2—kr <C(L) <tw(D(L)) +2—kp.

Furthermore, both bounds are sharp.
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Figure 6: Left: a strongly alternating tangle with 5 twist regions. Right: the numerator closure
with 3 twist regions. The denominator also results in 3 twist regions, showing the sharpness of the
lower bound.

Now that we have that the twist number is additive for strongly alternating tangles by Lemma 3.2 and can
relate C(K;) and tw(7;) by Lemma 3.3 and Theorem 3.4, we are ready to state Theorem 3.5

Theorem 3.5 Let 7| and T, be diagrams of nonsplittable, strongly alternating, twist reduced tangles
whose Conway sum is a link diagram D(L). Let C(L) be the crosscap number of L, tw(D(L)) be the
twist number of D(L) and k. be the number of link components in L. Then

[Ttw(D(L))] —kr < C(L) <tw(D(L)) +4—kp.
Proof We start with a lower bound in the proof of Lemma 2.14 with ambiguity on € where k1 +k,—e =k .
Then C(K;)+ C(K3)—24€ <C(L). Let D(K;) and D(K>,) be the diagrams of K; and K, that arise
from cutting L as in Theorem 1.3. Notice that tw(D(K;)) > 2 fori = 1,2 as 7; is strongly alternating,

and tangle diagrams with twist number 1 will have a nonprime closure. Then by Theorem 3.4 we find for
i €{l1,2} that H tw(D(Ki))-| + 2 —k; < C(K;) where K; has k; link components. So

[Ltw(D(K1))] + [ W(D(K2)) ] +2+€—ki —ky < C(L).

By Lemma 3.3 tw(7;) — 2 < tw(D(K;)) and from Lemma 3.2 we know tw(77) + tw(73) = tw(D(L)).
Combining the two lemmas shows

(1) [Ttw(D(L)] -2 < [1(w(T1) —2)] + [ 1 (tw(T2) —2)]
2) < [ tw(D(K1))| + [ 3 tw(D(K2))].
Finally substituting in k; + k» = k; + €, we find

[T tw(D(L))] —kr < C(L).

Now we consider the upper bound. Similar to the lower bound we start with a step from Lemma 2.4,
C(L) <min{C(Kn)+C(Kyn)+€,C(K1p)+C(K,p)+e€}. By Lemma 3.3 we see that tw(D(K;x)) <
tw(7;) and tw(D(K;p)) < tw(7T;) and then by Theorem 3.4,

C(L) <tw(Ty) +tw(Tr) +4+e€—ki—k>.
Then substituting for ky + k, = kr + € and considering Lemma 3.2,
C(L)<tw(D(L))+4—kr. O
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D

Figure 7: Given a crossing, we can resolve it to either the A- or B-resolution.
3.2 Jones polynomial bounds

From here we work to find bounds in terms of 77, but first we have to generalize Theorem 1.6 in [9]
which will allow us to relate the twist number of the diagram of a link L to 77,.. Theorem 1.6 from [9] only
considers knots but we want a similar result for links. We start with some necessary definitions and then
a generalization of Lemma 5.4 from [9] which is a necessary piece of our generalization of Theorem 1.6.

Definition 3.6 If we let D(L) be the diagram of a link L we define the A-resolution and B-resolution as
shown in Figure 7. Then a Kauffinan state is a choice of resolutions for each crossing in a link diagram.

Definition 3.7 Next we construct a all A (resp all B) state graph G 4(D(L)) (resp Gg(D(L))) by adding
edges where we performed resolutions and then contracting the simple closed curves to vertices. Let e4
(resp ep) be the number of edges in G4(D(L)) (resp Gp(D(L))). Further, if we identify all parallel
edges (edges which share two vertices) we find the reduced state graph G',(D(L)) (resp G’z(D(L))).
Let ¢/, (resp e’p) be the number of edges in G/, (D (L)) (resp Gz(D(L))).

Now we are ready to define what it means for a link to be adequate.

Definition 3.8 We call a link diagram A-adequate (resp B-adequate) if the A-state (resp B-state) graph
of the diagram has no one-edge loops. A link diagram is called adequate if it is both A-adequate and
B-adequate, and a link is adequate if it has a diagram which is adequate.

Here we recall some terminology from [9].

Definition 3.9 Let D(L) be the link diagram obtained by taking the Conway sum of strongly alternating
tangles T, ..., Ty. Let £i, (D (L)) denote the loss of edges in G 4(D(L)) and Gg(D (L)) as we pass from
eq +ep to e/, + e’z which come from equivalent crossings in the same tangle 7;. Then let £ex(D(L))
be the number of edges we lose from identification when we take the Conway sum. It follows that
Lin(D(L)) + Lext(D(L)) = eq +ep—e)y—ep.

For an alternating tangle diagram 7', the vertices of G4(T') and Gg(T') are in one-to-one correspondence
with the regions of 7'. For the state graph of a tangle, if we consider the tangle lying within a disk,
we have four exterior regions bounded by the disk. This means our state graphs have interior vertices
those whose region lie entirely within the interior of the disk and two exterior vertices with corresponding
region, with sides on the boundary of the disk.
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00

Figure 8: Top: two strongly alternating tangles. Middle: the all A-resolution diagrams for the
tangles. Bottom left: the all A-state diagram for the Conway sum of two of the left tangles which

has all admissible bridges. Bottom right: the all A-state diagram for the Conway sum of one of
both tangles; here the bridges are all inadmissible.

A
X

X
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For a tangle T;, a bridge of G4(T;) or Gg(T;) is a subgraph consisting of an interior vertex v, and
edges ¢’, ¢” which connect v to the exterior vertices v’ and v”. We call the bridge inadmissible if the
vertices become identified in G4(D(L)) or Gg(D(L)); see Figure 8.

Now we find an upper bound for £ex (D (L)) in terms of the twist number. This work will largely follow
the proof of Lemma 5.4 in [9].

Lemma 3.10 Let Ty and T, be strongly alternating tangles whose Conway sum is a link diagram D(L).
Let ky, be number of link components in L. Then

Lex(D(L)) < S tw(D(L)) + k + 4.
Proof For T € {T,, T} let b4(T), bg(T) be the number of bridges in G4(7) and Gg(T), respectively.

Then the contribution of 7" to £ex will be at most b4(7T") + bg(T). Any other edge identification from
moving to the reduced graph will still be counted by .

If b is a bridge there are two possibilities:

(i) The edges €', ¢” do not come from the resolutions of a single twist region.

(ii) The edges ¢’, ¢” come from the resolutions of a single twist region.
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For type-(ii) bridges the two crossings which result in the edges are the only two in their respective twist
region. Otherwise the two edges will not be adjacent to the exterior vertices or this would no longer
constitute a twist region.

For type-(i) bridges when we pass from G4(T') and Gg(T') to G/,(T) and G4(T) the contributions
to fex¢ is half the number of twist regions involved in such bridges. Unlike in [9] we can have more than
one type-(ii) bridge, as each additional type-(ii) bridge creates a new link component.

Case1 Supposethatby(T)> 3 or bg(T) > 3. Without loss of generality let b4(7") > 3. Then bg(T) =0.
If bp(T') were not zero then the B state bridge would cross the A state bridges, implying two internal
vertices which is not a bridge.

There can be any number of type-(ii) bridges, but each bridge beyond the first will add a new link
component. If we have only type-(ii) bridges b4(7T) < k7 where k7 is the number of tangle components.
On the other hand if we only have type-(i) bridges b4(T') < % tw(7'). Then for any mix of bridges we
find that

ba(T)+bp(T) < %tW(T) +kr.

Case 2 In this case we will consider b4(7') = bp(T) = 2. Then k must be at least 2, as the bridges in
G4(T) and Gg(T) will create a square resulting in a tangle second component. Also, as G 4(7') has two
bridges there are at least two twist regions in 7". Then

ba(T) +bp(T) < 1 tw(T) +kr + 1.

Case 3 Either by(T) <2 and bp(T) <1 or by(T) <1 and bp(T) < 2. Without loss of generality
consider the first possibility. Then b4(T) 4+ bg(T) is at most three. If it’s less than three we see that
kT + 1> 2 so we need only consider when they sum to three. But as with the previous case we will have
at least two twist regions as G 4(7") has two bridges. Thus,

ba(T)+bp(T) < tw(T) +kr + 1.

Then by Lemma 3.2 we know that the twist number is additive over Conway sums. By Lemma 2.5
ki1 + ky <kr + 2. Then we find the bound

2
bext <Y ba(Ti) +bp(Ty) < S tw(D(L)) + kL +4. O
i=1

Now we have the tools necessary to prove the main lemma needed to find bounds for C (L) in terms of 77 .

Lemma 3.11 Let Ty, ..., T, be strongly alternating tangles whose Conway sum is a link diagram D(L)
for a link L. Then letting B and B} be the second and second-to-last coefficients of the Jones polynomial
of L, Ty, = |Br|+|B} |, and kr, the number of link components, we have

Ttw(D(L)) —kp —2 < Ty, <2tw(D(L)).
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Proof We start by noting that we can mutate the link L in such a way that it either is alternating or
the sum of T and 7’ where T is a positive strongly alternating tangle and 7’ is a negative strongly
alternating tangle, without changing its Jones polynomial [20]. The positive and negative refer to whether
the northwest strand originates from an overcrossing or an undercrossing. In the former case we have a
stronger result by Dasbach and Lin [7] that Ty = tw(L).

We will assume that L is not alternating. Then work by Lickorish and Thistlethwaite [21] shows that
D(L) is adequate. Further, by Propositions 1 and 5 of [21] we have v4 + vp = ¢ where v4 is the
number of vertices in G4(D (L)), vp the same in Gg(D (L)) and ¢ the number of crossings in D(L).
Every edge we lose when passing from G 4(D (L)) and Gg(D(L)) to G’ (D(L)) and G5(D(L)) comes
from either multiple edges in a twist region or an inadmissible bridge. By Lemma 5.2 in [9] we see
that the number of edges lost due to twist regions is ¢ — tw(D (L)) which is equivalent to £;,. This
is because the edges which share a twist region are equivalent to those who become identified in the
reduction before taking the Conway sum. On the other hand type-(i) inadmissible bridges for strongly
alternating tangles will be precisely those which we lose from identification when taking the Conway
sum, Lexi(D(L)). Then the first part of the move from (4) to (5) below will come from the equality
ey +ep—eq—ep=—(c—tw(D(L)) + Lex). Work by Stoimenow shows that for an adequate link
diagram (see [7] for a proof)

3) Ty =e +eg—vg—vp+2

“) = (¢jy+ep—eqa—ep)+eq+(ep—vqg—vp)+2

®) =—(c—tw(D(L)) +lex) + ¢+ (c —vg—vB) +2

(6) > tW(D(L)) = Lext + 2

(7 > tw(D(L)) — S tw(D(L)) —kr —4+2 =2 tw(D(L)) — kg —2.

The upper bound on 77, was shown by Futer, Kalfagianni and Purcell in [8]. |

Theorem 1.2 Let T; and T, be nonsplittable, twist reduced, strongly alternating tangles whose Conway
sum is a link L. If C(L) is the crosscap number of L, Ty = |Br| + |B} | and kp, is the number of link
components in L we find that

[%TL] —kp <C(L)<2Tp +kr +8.
Proof This follows immediately from Theorem 3.5 and Lemma 3.11. |

Corollary 3.12 Let T} and T, be twist reduced, nonsplittable, strongly alternating tangles whose
Conway sum is a link L. Assume that tw(T;) = tw(K;n) = tw(K;p). If C(L) is the crosscap number
of L, Ty = |Br|+ |B} | and ki is the number of link components in L, we have

[LT ] +2—kp <C(L) <2Tp +kr +38.
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4 Generalizing to larger Conway sums of tangles

Our goal in this section is to generalize Theorem 1.2 to Conway sums of more than two tangles. A Conway
sum of more than 2 tangles is a closure where we connect diagrams of the tangles 77, 75, ..., Ty linearly
west to east shown in Figure 2. As with the case of the sum of two tangles, if we let L be our Conway
sum and S a spanning surface, cutting S along a Conway sphere intersecting 7; will result in a spanning
surface for either K; or K;p, dictating the closure for the tangle. When we cut L, we position / Conway
spheres such that 3; intersects L at the directional strands of 7;. We note that .S 3 \ Ui Y.; will not be
a sphere, but we are concerned with the surfaces within the interior of each ;. S\ U;X; will be a
collection of bands and tubes which we consider in the Euler characteristic change. This section will
have similar results to the previous sections but with a factor for the number of tangles. We start with the
following lemma which is a generalization of Lemma 2.5.

Lemma 4.1 Let L be the Conway sum of the tangles Ty, T, ..., T}, and K1, K, ..., K; are closures
of the tangles. Then if ky, is the number of link components for L, and k1, k», ..., k; the number of link
components for each link, respectively, then ky = Z£=1 ki—Il+efore=0,1,2.

Theorem 4.2 Let Ty, T3, ..., T; be nonsplittable, strongly alternating tangles, and let L be the Conway
sum that results from the [ tangles. If K; is the closure of T; resulting from cutting the crosscap realizing
spanning surface for L for alli € {1,2,...,/} and K; is the numerator closure of T; and K;p the
denominator closure, then we have

[ [ /
> C(K)—1 = C(L) <min{ 3 C(Kin) +1, 3 C(Kip) +2}.

Proof This proof will largely follow the work we did in Lemmas 2.14 and 2.4. We will start by
considering the upper bound.

First we consider the case where we have K;y foralli € {1,2,...,/}, and spanning surfaces S; for each
K;n such that C(S;) = C(K;p). Unlike in Lemma 2.4 the NW and NE strands connect to different
tangles and we will find the same for the SW and SE strands. Then the spanning surface resulting from
the Conway sum will have northern and southern disks attached to each of the S; by a band as seen in
Figure 9. Let this resulting surface be S.

By this construction x(S) = Zﬁzl x(Si) — 2/ + 2 where the 2/ comes from the bands connecting
each surface to the disks, and the 2 from the disks themselves. Then by Lemma 4.1 we see that
kp =Y'_, kin —I +e€. Then

cm:z-(i X(S,-)—2l+2)—(21: k,-N—l—i—e) - i C(Kin)+1—e.
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Figure 9: We see here that a surface would have to fill the shaded areas to connect the numerator
closures of the tangles since the western and eastern boundaries of the S; connect to separate tangles.

Then we see the weakest upper bound is when € = 0, so

C(L)=C(S) = i C(Kin) +1.
i=1
Meanwhile the all denominator closure case will be similar to when / = 2. In particular x(S) =
ZLI x(Si) — 1 as we add bands to connect each of the S; to their neighboring surfaces. By Lemma 4.1
and similar computations to the numerator closure case we find C(L) < Zf=1 C(K;p)+2. Wehavea?
instead of an / as we added half the number of bands in constructing S. Then we take the minimum of
the denominator and numerator bounds to find an upper bound for C(L).

Now we consider the lower bound. Let S be a spanning surface for L such that C(S) = C(L). Similar to
Lemma 2.14 we will be considering the surfaces Sy, S5, ..., .S; that result from cutting along the Conway
spheres X;. By a similar argument to the one for Lemma 2.12, .S’ can be chosen so that 3; NS contains
at most one closed curve for all 7. Notice that if any of the steps in Lemma 2.12 were to disconnect the
surface outside ¥;, then for some other X, i # j, T; would span a disconnected surface which is a
contradiction to Lemma 2.10. Then when we cut along the Conway spheres we see that we are at most
cutting along two arcs and a closed curve.

We know from Lemma 4.1 that k;, = Zf=1 ki —1 + € for e =0, 1,2. If we have closed curves along
a X;, when we cut we will have to add disks to both resulting boundary components which increases the
Euler characteristic by 2. For any surface resulting from cutting that is orientable we will have to add in
a half twist band to make it nonorientable. Each such half twist band reduces the Euler characteristic
by 1. Then ZLI x(Si) = x(S)+1t+c—b wheret =/ or t =2/ —2 depending on if the K; are the
denominator or numerator closures, ¢ the number of closed curves on the ¥; which can be as large as /
and b the number of twist bands added to make the S; nonorientable which also has maximum /. The
value of ¢ arises from the bands which sit in $3\ |J; Z;.

Now we see that

i C(Sy) =20—- i x(S;) — i ki=2l—x(S)—t—c+b—kr—1[+e.

i=1 i=1 i=1

Algebraic & Geometric Topology, Volume 25 (2025)



Linear bounds of the crosscap number of knots 4027

The weakest upper bound for Zle C(S;) is when ¢ and ¢ are minimal and » and € are maximal. So this
will be when we do not have any closed curves and each of the resulting .S; need half twist bands to make
them nonorientable. So

i C(Si) =21 —x(S)—1+1—kp —1+2=C(L)+1.

i=1

Then moving the / to the other side we see that Z§=1 C(K;)—1 = C(L), showing the claim. |

As in Section 3 we will now use Theorem 3.4 to find bounds for C(L) in terms of tw(D (L)) where
tw(D(L)) is the twist number for a diagram of L.

Theorem 4.3 Let Ty, T5,...,T; be nonsplittable, twist reduced, strongly alternating tangles and let
D(L) be the link diagram for the link L. which results from taking the Conway sum of the tangles. Let
tw(D(L)) denote the twist number of D(L) and C (L) the crosscap number for L. Then

[Lew(D(L)]+2—kr <C(L) <tw(D(L)) + 1 +2—kp.

Proof We start with the bounds from Theorem 4.2. From here we use Theorem 3.4 and Lemma 3.3 to
get bounds on C (L) with respect to the twist numbers of diagrams of 77, ..., T;. Combining these two
statements we find
/ | / l /

> |—§(tw(T,-)—2)-| +1->Y ki<CL)= Y tw(T)+2[+2-) ki,

i=1 i=1 i=1 i=1
where k; is the number of link components for each K;.
We know that the twist number of strongly alternating tangles is additive over a Conway sum by Lemma 3.2.
So the only detail left to consider is the relationship between ky and Zle ki. By Lemma 4.1 and a
similar argument to that in Theorem 3.5 we find the claim:

[F(tw(D(L))—=20)|+2—kg <c(L) <tw(D(L)) +1+2—kg. o

The final piece of our puzzle is to find bounds in terms of 77. To do this we use Lemma 3.11 and
Theorem 4.3 and the result follows.

Theorem 4.4 Let Ty, T>,...,T; be nonsplittable, twist reduced, strongly alternating tangles and let L
be the link which results from taking the Conway sum. Then let C(L) be the crosscap number and kj, the
number of link components in L. Then

[4(Tp—2D)]+2—kp <C(L)<2Tp +1+6+ky.

With an additional constraint on our tangles we find the following corollary:
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Corollary 4.5 LetTy,T5,..., T; be nonsplittable, twist reduced, strongly alternating tangles such that
tw(T;) =tw(D(K;n)) =tw(D(K;p)) foralli € {1,...,[}. Let L be the link which results from taking
the Conway sum, C (L) the crosscap number, and kj the number of link components in L. Then

[$TL]+2—kp <C(L) <2Tp +1+6+kg.

S5 Families where 7; and the crosscap number are independent

We begin by recalling the following theorem from [17] which gives linear bounds for the crosscap number
of an alternating link in terms of 77, where 77 = |Br| + |B} | and Bz and B are the second and
second-to-last coefficients of the Jones polynomial of L, respectively.

Theorem 5.1 Let L be a nonsplit, prime alternating link with k components and with crosscap num-
ber C(L). Suppose that K is not a (2, p) torus link. We have

[3TL]+2-k <C(L)<TL+2—k,
where Ty is as above. Furthermore, both bounds are sharp.

In the previous sections we showed Theorem 5.1 generalizes to Conway sums of strongly alternating
tangles. In this section we will show that Theorem 5.1 does not generalize to arbitrary knots.

Theorem 1.4 (a) There exists a family of links for which Ty, < 2, but C(L) is arbitrarily large.
(b) There exists a family of links for which C(L) < 3, but 77, is arbitrarily large.

5.1 Part (a) of Theorem 1.4

In this section we will consider the family of torus knots 7'(p, g), where ¢ = j and p =2+ 2k for
odd j > 1 and all natural numbers k. This family will allow us to prove part (a) of Theorem 1.4. We start
with the following definition from Teragaito [27].

Definition 5.2 We define the value N(p, q) from [27] for fractions g, where p and ¢ are coprime,
to begin write g as a continued fraction

P

_:[ao’alvaZ""’an]=a0+ + 1 )

a -
1 az+- 1

o
where the a; are integers, ag > 0, a; > 0 for 1 <i <n, and a, > 1. A continued fraction of this form is
unique (see [14]). Now we recursively define b; as

ai if bi_y #a;_y orif Y j_{ b is odd,

bo = ay, bi = , P

0 ifbj_; =a;—; and Zj:() bj is even.
Then, N(p,q) = % Y71 bi. We say a torus knot K is even if the product of p and ¢ is even and we say
K is odd otherwise. Using these definitions we can state Theorem 1.1 from [27].
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Theorem 5.3 Let K be the nontrivial torus knot of type (p, q), where p, g >0 and let F be a nonorientable
spanning surface of K with C(F) = C(K).

(i) IfK iseven, then C(K) = N(p,q) and the boundary slope of F is pq.

(i) If K is odd, then C(K) = N(pq — 1, p?) (resp N(pq + 1, p?)) and the boundary slope of F is
pq —1 (resp pq + 1) if xq = —1 (mod p) has an even (resp odd) solution x satisfying 0 < x < p.

We take advantage of (i) from Theorem 5.3 to both construct our family of torus links and prove
Proposition 5.5 below. We also need the following lemma, which gives an explicit formula for the Jones
polynomial of a torus knot originally given in Proposition 11.9 of [16], which allows us to calculate 77,
for torus knots.

Lemma 5.4 The Jones polynomial for a torus knot T'(p, q) is given by
1 — P+l 4 ypta

V(T (p. — (p=Dg-1)/2
(T(p.q9) 2

Proposition 5.5 Let L = T(p,q) be the tamily of torus knots where ¢ > 1 is odd and p = 2 + 2qk
for k € N. Then Ty, <2 but C(T(p, q)) can be made arbitrarily large.

Proof Letg > 1 be odd, and p = 2 + 2gk where k is a natural number. To show that for all such torus
knots, L = T'(p, q), C(L) does not have a universal upper bound with respect to 77,, we will show that as
k goes to oo, C(L) also goes to oo, but 77, < 2. We start by computing the crosscap number of 7'(p, q)

using Theorem 5.3.

First we notice that 24 20k {
P22 ke ——.
q q 1+ 3

Then A = [2k, 1,2]. Then by Definition 5.2 B = [2k, 0, 2]. Finally, as pq is even,

C(L)=N(p.q)=1Qk+0+2) =k +1.
Then as k — oo, C(L) also goes to co.

Next by Lemma 5.4 we know that
1—1¢2

V(L) = ((p=D(g—=1)/2

(2+2gk+1 _yq+1 4 2+42qk+q

1—12
= 1(@+2000q=(+20k)—q+1)/2(_g2ak+q _2qk+q=2 _ . _  2+2qk+1 4 yq-1 g 442 4y,

_ [(@+2qk)g—(+2gk)—g+1)/2 1 =

The last step arises from taking the polynomial division. Therefore, given our choices of p and ¢ we see
that T, < 2. O

Then Proposition 5.5 shows part (a) of Theorem 1.4.
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Figure 10: Here we see the unknot with a clasp contained inside the torus, then we see the
resulting positive Whitehead double with the blackboard framing when map the torus to the trefoil.

5.2 Part (b) of Theorem 1.4
In this section we will work to prove part (b) of Theorem 1.4 and the following theorem:
Theorem 5.6 There does not exist a universal linear lower bound on C(L) for all links L in terms of Ty .

To prove this we will introduce a family of links for which C(L) is uniformly bounded but 77, can be
made arbitrarily large. These links will be constructed by using the Whitehead double defined here:

Definition 5.7 The Whitehead double of a knot L is the satellite of the unknot clasped inside of the
torus. We call it a positive Whitehead double if the clasp is as in Figure 10 and a negative Whitehead
double if not.

The particular family is defined in this next theorem:

Theorem 5.8 Let Ky, K>, ..., K, be alternating knots such that ﬂ’Kl_ = 0. Then we let K be the connect
sumof Ky, K, ..., K, such that K is alternating and W_(K) be the negative Whitehead double of K
using the blackboard framing. Then C(L) <3 and |B} | > n.

Lemma 5.9 If a link is B-adequate then the negative Whitehead double of the link using the blackboard
framing is also B-adequate.

A similar statement was proven in [3] as Proposition 7.1. They show it for the untwisted negative
Whitehead double of a knot with nonnegative writhe. The writhe of the knot introduces extra twists into
the diagram of the untwisted Whitehead double, which can interfere with adequacy around the clasp.

Proof We start by showing that the blackboard two-cabling will be B-adequate. This is shown by
Lickorish in [20] for n-cablings. Let D be a B-adequate diagram for our link and D? the two-cabling.
Notice in D? there will be four copies of each crossing in D. Then when we have the all B-resolution
state we will end up with four parallel strands instead of two as we did in D. If we were to have a
one-edge loop, then two of the strands are part of the same state circle. But these state circles are copies
of the state circles for D so this would contradict that D is adequate.
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X —

Figure 11: The result of the B-resolution on the clasp of a negative Whitehead double.

Now we want to look at the negative Whitehead double of D using the blackboard framing. If we let
the Whitehead double be W_(D) we will see that G'(W_(D)) will be the same as G’'(D?) but with
an additional vertex and 2 new edges as we see in Figure 11. As resolving the clasp does not create a
one-edge loop we see that W_(D) is B-adequate. |

Here we remind the reader that G’z(D(L)) for a link diagram D(L) is the reduced all B-state graph.
We continue with the following lemma:

Lemma 5.10 If W_(D(L)) is the negative Whitehead double of a B-adequate link diagram D(L)
using the blackboard framing, and b(G)) the first Betti number for a graph, then b(G% (W_ (D(L)))) =
b(G(D(L))) + 1.

Proof Dasbach and Lin [6] showed in Lemma 2.5 that if D? is the two-cabling of a B-adequate link
diagram then b(G%(DZ)) = b(G%(D(L))). For a graph G, b(G) = e — v + 1, where e is the number of
edges and v the number of vertices. In the reduced graph when we take the two-cabling every parallel
copy of a state circle will also produce a new edge. Hence, the change in v and e will be the same between
G’y (D?) and G'3(D(L)). Then when we move to W_(D(L)) the clasp will add 2 edges and 1 vertex as
we see in Figure 11. Then we see that b(G5(W-(D(L)))) = b(G(D?)) + 1 =b(GR(D(L))) + 1. O

The two previous lemmas allow us to see that the blackboard framing of the negative Whitehead double
of an alternating link will be B-adequate. Also, we have a formula for the Betti number of the Whitehead
double in relation to the first Betti number of the original link. The only remaining piece of the puzzle is
to get from the first Betti number of the reduced B-state graph to the second-to-last coefficient of the
Jones polynomial. This comes from the following result proven by Stoimenow in Proposition 3.1 of [26].

Lemma 5.11 If D(L) is a B-adequate, connected diagram for a link, then in the representation of the
Jones polynomial, V(D(L)), we have oe})(L) =+, ab(L)ﬁb(L) <0, and

Bpyl =€ —v' +1=0b(G(D(L))).

where G% is the reduced all B-state graph and e’ and v’ are the number of edges and vertices of the
graph G5 (D(L)), respectively.
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Figure 12: The negative Whitehead double of the connect sum of m trefoil knots.

We now have the tools to prove Theorem 5.8. But first we show a more specific example of a family
which satisfies Theorem 1.4(b).

Proposition 5.12 Let W_(K,,) be the negative Whitehead double using the blackboard framing of the
connect sum of m trefoils as in Figure 12. Then for all m, C(W-(Ky,)) < 3 and Ty,_(k,,) grows with m.
Therefore, Tw._(k,,) can be made arbitrarily large across the family of knots.

Proof The first part of the lemma is a direct result of [4] by Clark where he shows that ¢(K) <2g(K)+1
where g(K) is the genus of the knot. For any Whitehead double we can find an oriented spanning

surface with genus exactly one by taking the annulus with a double twisted band at the clasp. Then
C(W_(Km)) <3 as g(W_(Kn)) = 1.

Now we will compute ﬂ;/V_(Km) by finding G (W-(Kp,)). By Lemma 5.11 we only need to find the
number of vertices and edges as W_(Kp,) is B-adequate. By Lemma 5.11 and the graph G5 (W-(Ky,))
shown in Figure 13

®) 1By (k| = e(CHW_(Km)) = v(Gp(W-(Km))) + 1 = (5m +3) — (4m +3) + 1 = m.

Hence, we have shown that Ty, (g,,) = m for all k, proving the claim. O

Here we will introduce a more general family of knots for which Theorem 1.4(b) holds true:

Figure 13: Left: the all B-state circle diagram. Right: the reduced state graph G5 (L). Notice the
disjoint dots are not nodes for the graph but represent that we have k copies of the subgraph on
the left.
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Theorem 5.8 Let Ky, K>, ..., K; be alternating knots such that ,3}(, # 0. Then let K be the connect
sum of K1, K, ..., K, such that K is alternating, and let W_(K) the negative Whitehead double of K
using the blackboard framing. Then C(W_(K)) < 3 and | ,B;V_ ( K)l > n.

Proof As in Proposition 5.12 for a Whitehead double such as W_(K), C(W_(K)) < 3. Now we will
work to compute Ty (k). From [20] we know that the Jones polynomial for K will be the product of
the Jones polynomials of the K;. Then as all of the K; are alternating, O‘/K,- =*+1s0 By = Yy j:,B/Ki.
From Lemma 5.11 we know that oe}(’_ 'B,K, < 0 which tells us that the signs of a/K,- and IB/K, do not match. If
we let m be the number of the o} which are negative, then we see that 8, = Y7_; (—1)"*1| Bk, |- Hence,
in our sum the signs match so |8 | =Y i_, |'3le |. By our hypothesis |'B/K, | > 0 for all i, hence |B% | > n.

By Lemma 5.9 we know that W_(K) will be B-adequate as K is alternating and therefore B-adequate.
Then by Lemmas 5.10 and 5.11 we see that |'8;/V_(K)| = |B% |+ 1and as |B%]| is at least as large as the
number of knots in the connect sum so is |'3£V_( K)l and further Ty (k). Then Ty, (g will grow with n
showing that it is unbounded across the family. |

Combining Proposition 5.12 and Theorem 5.8 shows Theorem 1.4(b).

6 Future directions

In Sections 2, 3, and 4, we generalized the work from [17] to bound the crosscap number of sums of strongly
alternating tangles. Then in Section 5, introduced infinite families of knots for which their crosscap
number and 77 grow independently. The links we considered in Sections 2, 3, and 4 are all hyperbolic,
meanwhile those that we constructed in Section 5 are not hyperbolic. This leads to the following question:

Question 6.1 Does Theorem 4.4 generalize for all hyperbolic knots?

A first step for Question 6.1 would be to relax the requirement that the individual tangles be strongly
alternating. At the time of writing, this seems reasonable for the first step of our proof, but the uncertainty
arises in moving from bounds in terms of the crosscap numbers of individual tangles to the twist number.
In particular, alternating is a requirement for our usage of Theorem 3.4. Another potential way to move for-
ward with this question would be to look at adequate links in general, which will be studied in future work.
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Atiyah—Segal completion for the Hermitian K-theory of symplectic groups
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We study equivariant Hermitian K-theory for representations of symplectic groups, especially SL,.
The results are used to establish an Atiyah—Segal completion theorem for Hermitian K-theory and
symplectic groups.

19G38
1. Introduction 4037
2. The Grothendieck—Witt rings of some Real split reductive groups 4039
3. Grothendieck—Witt rings of some classifying spaces 4053
References 4070

1 Introduction

In [38], a completion theorem for Hermitian K-theory of schemes with trivial torus action is established. Let

X be aregular Noetherian separated scheme over Spec (Z [%]) with a trivial action of a split torus 7' = G/,,.

We let 10 = ker(GWg |[0] (X)—> GWE)O](X )) be the Hermitian version of the augmentation ideal. Define
GWIM 0

as the derived completion of the gwThlol (X)-module cgwhl (X)) with respect to 10; see [39] for details.
Also define
GWI(BTy) = lim GWI (P2)*).
n

In [37, Proposition 8.2.2], it is shown that this definition is in fact an equivalence of GW-spectra of
motivic spaces. In [38, Theorem 3.2.3], the following completion theorem for Hermitian K-theory is
established.

Theorem 1.0.1 For alli,n € Z, the natural map
7 (GWT (X)f) = GW]" (BTx)
is an isomorphism.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.
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In the case of algebraic K-theory, the corresponding result for split tori 7', due to Totaro [47] for Ko and
Knizel-Neshitov [26] for higher K-groups, was the first important step for establishing more general
versions of an Atiyah—Segal style completion theorem for linear algebraic groups, due to Krishna [28],
Tabuada—van den Bergh [45] and Carlsson—Joshua [12], and their proofs all rely on a reduction to the
case of a split torus. The proof for algebraic K-theory and tori 7" is easier than Rohrbach’s theorem above
on Hermitian K-theory because the classifying space BT is a product of copies of P°°, and algebraic
K-theory is orientable in the sense of Levine—-Morel and Panin. As of yet, there is no completion theorem
for Hermitian K-theory in the case of general linear groups GL,,, although [40] contains a partial result in
this direction by computing the Hermitian K-theory of even-dimensional Grassmannians.

We restrict our attention to the Hermitian K-theory of symmetric forms and symplectic forms in degree
zero, which is the Z /27.-graded Grothendieck—Witt group GW®. The results can likely be extended to
higher Hermitian K-theory over general base schemes using the machinery of derived completion as in [38],
in line with the recent work of Tabuada—van den Bergh [45] and Carlsson—Joshua [12]. An extension of
the completion theorem for Hermitian K-theory to schemes with nontrivial actions seems more difficult, as
all the known proofs in algebraic K-theory rely on the equivariant localization theorem, whose analogue in
Hermitian K-theory has not yet been established, and on a suitable geometric equivariant decomposition
theorem. We refer to the last subsection for further details.

In a series of fundamental articles, Panin and Walter establish the theory of symplectic oriented cohomology
theories on smooth algebraic varieties. In this setting, the one-dimensional torus GL; is replaced by
Sp, = SL,. They also show that Hermitian K-theory is a symplectic orientable theory, which in particular
implies the following computation of BSp,,, over a base field k (see [32; 34, Theorem 9.1]):

BO**(BSp,,) = BO™*(Speck)[b1,...,bn],

where the b; are the Borel classes of [34, Section 8] and the right-hand side is the ring of graded power
series over BO™* (Spec k); compare, eg, [27, Section 6.3]. From this point of view, one might argue that
the conjectural Atiyah—Segal completion result for Sp,,, and Hermitian K-theory is the correct analogue
of the completion theorem for GL; and algebraic K-theory, and should provide computations involving
free polynomial rings that are easier than Rohrbach’s theorem above. We will show that this is indeed the
case and prove the following theorem as Corollary 3.3.13 below.

Theorem 1.0.2 Let k be a field of characteristic not two. There is a canonical map of GW= (k )-algebras
GW* (Rep(Sp,,)) = GW* (BSp,,),

which exhibits GW* (BSp,,) as the completion of GW= (Rep(Sp,,)) with respect to 10s, .

The strategy for GW-theory consists in some sense in systematically replacing GL; by Sp,, and more

generally GL,, by Sp,,, in all steps of the proof for complex or algebraic K-theory.

Algebraic & Geometric Topology, Volume 25 (2025)
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This approach has already been used in computations for Chow—Witt groups, see, eg, [19], and is motivated
in part by the fact that real realization of Sp,,, has U(n) as a maximal compact subgroup.

The techniques used in this proof, which build on and slightly generalize those of Morel-Voevodsky
and Panin—Walter, can be used to construct geometric classifying spaces for other groups G and other
Grothendieck topologies 7. A general result about geometric descriptions of classifying spaces B; G in
motivic homotopy theory is given in Theorem 3.2.17.

Readers familiar with the proof of [4] might consider still another strategy for proving general Atiyah—
Segal completion theorems for real and Hermitian K-theory, respectively: rather than Sp,, and its
subgroup Sp>”, one should work with GL,, and its maximal split torus, but both equipped with a suitable
involution that up to homotopy becomes complex conjugation under complex realization. There are
indeed nice models for these in the algebro-geometric setting, which are explained in the introduction
of Section 2. In particular, the results in Section 2.3 apply to these algebraic groups with involution.
However, we are not yet able to perform all necessary equivariant GW-computations for these algebraic
models of GL, and split tori with involution, and the authors hope to return to this topic in the future.

This article, particularly Section 2, contains results about the Real (sometimes quadratic or Hermitian)
representation ring of a large class of reductive groups with involution, such as Sp,, and GL, with
involution. This builds on previous work of Calmes—Hornbostel [11] and Zibrowius [49] and is of
independent interest. As an example of how some of the techniques of this paper extend to such Real
groups, we have included in Section 3.4 a short construction of a classifying space for the multiplicative
group G, with a nontrivial involution.

Acknowledgements This research was conducted in the framework of the DFG- funded research
training group GRK 2240: Algebro-geometric methods in algebra, arithmetic and topology. Rohrbach
was supported by the ERC through the project QUADAG. This paper is part of a project that has received
funding from the European Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation programme (grant agreement 832833). Hornbostel thanks Marc Hoyois for explaining
several details in [21]. Rohrbach would like to thank Chris Schommer-Pries and Denis-Charles Cisinski
for helpful comments on model structures on simplicial presheaves. We also kindly thank the anonymous
referee for detailed comments and suggestions.

2 The Grothendieck—Witt rings of some Real split reductive groups

Recall that the proof of Atiyah—Segal completion for topological KO-theory in [4] relies on the splitting
of [3, Proposition (5.2)] for topological KR-theory for Real groups, ie for groups with an involution. We
now discuss the algebraic analogue of such groups.

A Real group is a an algebraic group G with an involution ¢: G — G. This involution is assumed to be a
group homomorphism. We denote by Rep(G) the abelian category of finite-dimensional representations

Algebraic & Geometric Topology, Volume 25 (2025)
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of G, and equip it with a duality Vv, as follows. Recall first that, irrespective of any involution on G,
associating with a representation E of G the dual representation EY := Homg (E, k) defines a duality v
on Rep(G). More precisely, we obtain a category with duality (Rep(G), Vv, n), where n denotes the
canonical double-dual identification. Given the involution ¢ on G, we define the associated duality
Rep(G) as the composition V, := Vo *, ie EVt := (\*E)Y. We thus obtain a category with duality
Rep(G, 1) := (Rep(G), V., n1).

In this section, we compute the Grothendieck—Witt ring
GWZ(Rep(G, 1)) := GWT (Rep(G, 1)) & GW ™ (Rep(G, 1))

in cases when G is split reductive, the involution ¢ restricts to a maximal torus 7', and all irreducible
representations are self-dual with respect to V.

Example 2.0.1 Consider (7,inv), where T is a split torus of rank r and inv is the involution given
by z — z~ L. All representations of T are symmetric with respect to Vipy.

. . T . . . . Lo
Example 2.0.2 Consider (GL,,t) with t(4) := (A™!)", an involution that restricts to the involution inv
on the standard maximal torus of GL,. All representations of GL,, are symmetric with respect to V,.

Example 2.0.3 Consider (Sp,,,,id). All representations of Sp,,, are self-dual with respect to Viq. Some
are symmetric, some are antisymmetric (see Example 2.3.15 for more details).

2.1 Reductive groups — the setup

Let k be a field. Let (G, B, T) be a triple consisting of a connected split reductive group G over k with
T C B C G, where B is a Borel subgroup and 7 is a maximal torus of rank . We write X * :=Hom(7, G,)
and X« := Hom(Gy,, T) for the character lattice and the cocharacter lattice, respectively, both isomorphic
to Z!, and (—, —): X* x X, — Z for the canonical pairing between them. Let ® = ®(G, T') denote the
associated set of roots, @1 = ®(B, T) the set of positive roots associated with the Borel subgroup B
as in [13, Proposition 1.4.4], and A C ®* the set of simple positive roots. We write «® for the coroot
associated with a root a.! Let X+ C X * denote the cone of dominant characters determined by ®*, also
known as the (closed, integral) fundamental Weyl chamber [13, Equation (1.5.3)]. Explicitly, the relation
between ®T and Xt can be described as

(2.1.1) XT={xeX*|(x,a®) >0forall @ € A},
(2.1.2) Ot ={ae®|(x,a®) >0forall x e XT}.

The dominant characters parametrize the irreducible representations of G [43, lemme 5]: for each x € X T,

there is an irreducible G-representation E of highest weight x, unique up to isomorphism. We fix one

IWe deviate from the universally agreed notation ¥ for ¢ to avoid any confusion with the duality v on Rep(G).
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here [13] [43]
X* XT) M character lattice
dominant cone

X + C P [fundamental] \;Veyl c{lamber
d o R set of roots

ot ot RT  set of positive roots
A A —  set of simple roots
X« XY(T) —  cocharacter lattice

Table 1: Translation between notation used here and notation in some of our references.

such representation for each x € X*. When G is simply connected, X T = N{, with basis given by
fundamental weights w1, ..., w,. Following [43, section 3.6], we define a partial order on X * as follows:

Definition 2.1.1 For x,y € X*, we write x < y if and only if y — x can be written as a Z-linear
combination of elements of ®* with nonnegative coefficients.

Other definitions abound in the literature. The ordering defined here is slightly different from both
orderings defined in [9, Chapter VI, Definition 2.2].

Finally, let W = W(G, T) = W(®) be the associated Weyl group. We refer to any translate wX ™ C X*
as a Weyl chamber. The Weyl group acts simply transitively on the set of Weyl chambers. For the
convenience of the reader, a partial translation of the notation used here and the notation used in some of
the references is provided by Table 1.

2.2 The representation ring

Lemma 2.2.1 For dominant weights x,y € X T,

Ex'Ey = Ex+y +ZEZ
z
in Ko(Rep(G)), where the sum is over a finite number of z € X+ such that z < x + y.

Proof By [43, théoreme 4], there is an injective ring morphism
chg: Ko(Rep(G)) — Z[X*]

with image Z[X*]". By [43, lemme 5], chg(Ex) = e* + Y ; e*i for a finite number of x; € X* such
that x; < x, and similarly for chg (Ey) and chg (Ex+y). It follows that

chg(Ey)chg(Ey) = T + (terms smaller than x + ),

where by “terms smaller than x + y” we mean a Z-linear combination of terms e with z € X* such that
z <x+Yy. On the other hand, chg (Ex) chg(Ey) =chg(Ex® Ey), and Ex ® Ey, can be decomposed into
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a sum of irreducible representations E1q,..., Ex. Writing chg (Er) = e¥* + (terms smaller thanwy,),
we find that
N
chg(Ex)chg(Ey) = Z(ewk + terms smaller than wy).
k=1
It follows by comparison that wi < x + y for each k, and that wy = x + y for exactly one k. O

Lemma 2.2.2 Thereisnoz € X such that z < 0.

Proof Let A C @ denote the set of simple roots. If z <0 then z = ), oo With ag < 0 for all
o € A and a, < 0O for at least one «. In particular, z lies in the span of ®, so we can pass from the root
system ® C X* ®z R to the reduced root system ® C ® ®z R, to which the results of [7, chapitre VI,
section 1, n°10] apply. Let o be the half-sum of all coroots a® corresponding to roots o € ®+. Then
by [7, chapitre VI, section 1, n°10, corollaire], (&, 0) = D, c A de. This number is smaller than zero by
assumption, so z ¢ X *. m|

Proposition 2.2.3 Suppose X can be split into a direct sum X+ = N§ @ Z™. Pick elements
Wi,....0n € XT and 1,...,{m € X corresponding to an No-basis of N! and a Z-basis of Z™,
respectively. There is a unique ring homomorphism

Zlwy, ..., wn,zEY, ... 251 = Ko (Rep(G))

taking each w; to E,, and each z; to Ez;, and this ring homomorphism is an isomorphism.

Example 2.2.4 For simply connected G, X T~ N(’)’ with basis wy, ..., ®, the fundamental weights.
The proposition shows that Ko(Rep(G)) is a polynomial ring over Z on generators Eq,, , ..., Ey,.

Example 2.2.5 For G = T a split torus of rank m, X+ = X* = Z™. Pick a Z-basis {1,. .., of X*.
The proposition shows that Ko(Rep(7)) is a ring of Laurent polynomials with the one-dimensional

representations E¢; as generators.

Proof of Proposition 2.2.3 It suffices to show that there is a well-defined ring map

LWy, Wy 21 Zms 2 s 2]

1

. — Ko(Rep(G))
(zjz]/.—l lj=1,....,m)

that sends w; to Eq,, zj to E¢; and z;. — E_¢,, and that this map is an isomorphism.

To see that f is well defined, note that by Lemma 2.2.1

fE)f(Z))=Eg, - E_y, =Eo+ Y _E;,

where the sum is over certain z € X ™ such that z < 0. By Lemma 2.2.2, this is the empty sum. So
f(zj) f(z}) = Eo = 1, as required.

Algebraic & Geometric Topology, Volume 25 (2025)
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To see that f is an isomorphism, we associate the Laurent monomial M* := w’ll1 cewp" -Zf‘ e Zf,,’” with
the element x =} ; a;w; + ) ; b;f; € X *. This defines a bijection between a Z-basis of the Laurent
ring and X *. Under f, the basis element M* maps to [; (Ew, )% [, (E;_].)bf‘. By Lemma 2.2.1, we can

rewrite this element as

2.2.1) S(M*)=Ex+ ) Eg,

for certain z € Xt with z < x. Using [7, chapitre VI, section 3, n°4, lemme 4] as in the proof of
[43, lemme 6], we deduce that the elements f(M*) for x € X+ form a Z-basis of Z[X*]" . m|

Remark 2.2.6 (alternative generators) More generally, under the assumptions of Proposition 2.2.3,
we can choose generators for Ko(Rep(G)) as follows. Take w; and {; € X T as before. Fori € {1,...,n},
pick classes e, € Ko(Rep(G)) such that

ew; = Eg; + (smaller terms),

in Ko(Rep(G)), where (smaller terms) refers to a Z-linear combination of irreducible representations E
indexed by finitely many x € Xt with x < w;. Then again we have a ring isomorphism

Zlwi, ... w21, zE] =5 Ko(Rep(G))

taking each w; to ey; and each z; to E¢,. Indeed, this follows with the same proof, as the key identity
(2.2.1) still holds for these more general generators.

2.3 The *£-symmetric representation ring

From now on, we always assume char(k) 5 2.

We now assume that G is equipped with an involution ¢ (possibly trivial) that restricts to the chosen
maximal torus T , and study the associated duality v, on Rep(G) introduced at the beginning of the section.

The following lemmas describe the highest weight of the Vv,-dual of an irreducible representation. As we
have assumed that ¢ restricts to 7', we have induced involutions ¢* and ¢4 on the character lattice X * and
the cocharacter lattice X, respectively, compatible with the canonical pairing (—, —). For example, the
involutions inv* and inv, induced by the involution from Example 2.0.1 are given by —id. Interpreting
characters as one-dimensional representations, we see that the dualities Vv and Vv, also define involutions
on X *. Explicitly, v = —id on X*, hence v, = —* on X*.

Lemma 2.3.1 There is a unique involution w, € W whose action on Weyl chambers agrees with this
action of Vv, = —t* on the Weyl chambers. In particular, —w,* defines an involution of the fundamental
Weyl chamber X T.
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Example 2.3.2 If (|7 =1id, then v, = —id on X*, and w, = wy, the longest element of the Weyl group.
If (|7 = inv is the inversion from Example 2.0.1, then v, =id on X*, and w, = 1.

Proof The case when ¢ =id is standard. For the general case, note that both involutions ¢* and Vv on X *
send roots to roots. (For ¢*, this follows from ¢ is a group homomorphism compatible with the inclusion
T C G; see [13, above Theorem 1.3.15].) The claim then follows from the fact that the Weyl group acts
simply transitively on the set of Weyl chambers. a

Lemma 2.3.3 Given an irreducible G -representation E, with highest weight x, the dual representation
(t*Ex)"Y has highest weight —w,1* x, where w, is as in the previous lemma.

Proof Let 2z C X™* be the set of weights of E := Ex. As vV, =—1" on X*, we have Qxg)v = —1*QE.
Now consider an arbitrary weight z € €« gyv. As £« g)v is invariant under the action of the Weyl
group, we also have w,z € Qxgyv. So w,z € (—1*QE). As x is the highest weight of £, this means that
w2 =—"(x=)_pep mpb) for certainmp € Zi>0. S0z =—wyt* X+ ey . (a) M},b for certainm € Zxo.
As noted in Lemma 2.3.1, w,*(X ) = —X . In view of (2.1.2), this implies that w,i4(A) € —®T.

So z = —wt*x — ) peqp+ myb, for certain mj € Zxo. It follows that —w,*x is the highest weight
of (*E)V. |
Definition 2.3.4 A dominant character x € X is (V,-)self-dual if x = —w,.*x, where w, is as

in Lemma 2.3.1.

Definition 2.3.5 We call a representation E of G self-dual if there exists an isomorphism ¢: E — EV.
We call a self-dual representation E symmetric or antisymmetric if ¢ can be chosen to be symmetric or
antisymmetric, respectively.

By Lemma 2.3.3, the irreducible representation with highest weight x is V,-self-dual if and only if x is
V,-self-dual. In general, a representation may be both symmetric and antisymmetric. However, in our
setting a self-dual irreducible representation is always either symmetric or antisymmetric, but never both:

Lemma 2.3.6 Let E be an irreducible representation of a split reductive group G. If there exists
an isomorphism ¢: E — (\*E)Y, then ¢ is either symmetric or antisymmetric, and any isomorphism
E — (*E)Y is a multiple of ¢ by an (invertible) scalar.

Proof This is essentially [11, Corollary 2.3], which relies on [11, Lemma 1.21]. Note that [11, Section 1]
is phrased in the generality of abelian categories with duality and hence applies to the category of
G-representations regardless of our choice of duality on this category. O

In light of this lemma, we make the following definition.
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Definition 2.3.7 The sign s(x) of a dominant character x € X+ is an element of {—1,0, 1}, which is 1
if E is symmetric, —1 if E is antisymmetric, and O if E is not V,-self-dual.

For an abelian category A with duality, ie with a fixed involution Vv and double-dual identification w,
we write GW™ (A, v, w) and GW™ (A, v, w) for the Grothendieck—Witt groups of symmetric and anti-
symmetric forms over A, respectively. Taking A to be the category of finite-dimensional k-vector spaces
with its usual duality, this construction yields the usual groups GW™ (k) and GW™ (k) of symmetric and
antisymmetric bilinear forms over k. The tensor product furnishes us with a Z /2-graded ring structure
on the direct sum GW* (k) := GW™ (k) ® GW™ (k). As it is convenient to think of the grading group
7. /2 multiplicatively as {1}, we will refer to this grading as a £-grading in all that follows. Note that
GW™ (k) does not depend on the field k. Explicitly, GW™ (k) = Z - H™ as a group, and

GW ™ (k)[H]

+ 1) —
(2.3.1) GW=(k) = (H2—2H™)

as a ring, where H* € GW® (k) are the respective hyperbolic planes.

More generally, for the category with duality (Rep(G), t) introduced at the beginning of this section,
we obtain a &-graded algebra GW™ (Rep G, 1) over the +-graded ring GW™ (k). The following theorem is
an analogue of [11, Theorem 2.10] for Grothendieck—Witt theory, under the assumption that all characters
are self-dual so as to eliminate the existence of hyperbolic elements.

Proposition 2.3.8 Assume that all x € X * are v,-self-dual. Choose an isomorphism ¢ : Ex — (1* Ex)Y
for each x € X . Then the classes [Ey, ¢] form a basis of the GW* (k)-module GWT (Rep(G,1)).

Proof The proof is the same as for [11, Theorem 2.10], noting that the obstruction from [11, Remark 2.11]
has been removed with the assumption that all dominant characters are self-dual. The main ingredients are
[11, Corollary 1.14], which provides additive decompositions of both GW T (Rep(G)) and GW ™~ (Rep(G)),
and [11, Corollary 1.38], which identifies the summands of GW* (Rep(G) corresponding to symmetric
characters and the summands of GW™ (Rep(G)) corresponding to antisymmetric characters. For a full
proof, [11, Corollary 1.38] and the preceding [11, Proposition 1.37] need to be mildly generalized to
include all signs. (For example, strictly speaking the identification of GW(A;) with GW_(A1) as a
GW(A1)-module is missing from [11, Corollary 1.38 (i)], as the tensor unit 1 is assumed to be symmetric,
not just §-symmetric, throughout [11, Section 1.4].) a

Remark 2.3.9 Even in the presence of non-self-dual characters, it is easy to describe the GW* (k)-
module structure of GWT (Rep(G, ¢)). Let H T (E) and H~(E) denote the symmetric and antisymmetric
hyperbolic space associated with a representation E, respectively. The results quoted from [11] in the
proof above show that every pair of non-self-dual dominant characters (z, —w,z) contributes a copy of Z
generated by H1(E;) to GWT (Rep(G, 1)) and a copy of Z generated by H ~(E) to GW ™ (Rep(G, 1)).
However, we want to concentrate on the case when GW* (Rep(G, 1)) is a free GW™ (k)-module here.
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Lemma 2.3.10 Consider the duality v, on Rep G. Suppose (V, ¢) is an e-symmetric representation of
G such that V = Ey + (smaller terms) in Ko(Rep(G)), for some x € Xt and € € {£}. Then there exists
an e-symmetric isomorphism ¢, on E, such that

(V,¢) = (Ex, ¢x) + (smaller terms)

in GW¢(Rep(G, 1)), where (smaller terms) refers to a GW (k)-linear combination of terms T, indexed
by finitely many z € X ™ with z < x such that, for each z, T is either of the form (E, ¢) (in case z is
e-symmetric) or of the form H€(E;) (in case z is not).

Proof Using the decomposition of GW*(Rep(G, t)) of [11, Corollaries 1.14 and 1.38] as in the proof
of Proposition 2.3.8 above, we can write (V, ¢) as a GW(k)-linear combination of elements (E;, ¢;)
with z € X T such that ¢, is e-symmetric, and of elements H€(E,) with v € X * such that E, is not
e-self-dual:

Vog)= Y az-(Ezd:)+ Y av-H(Ey).

z:s(z)=¢€ vis(v)=—e
or s(v)=0

The coefficients a, may be taken in Z, as a - H¢(b) = H%¢(F(a)b) for any a € GW? (Rep(G, 1)) and
any b € Ko(Rep(G)). By [11, Remark 1.15], we even know that the coefficients o, of (E;, ¢;) can be
chosen to be actual symmetric forms over k of positive rank, and that the coefficients a, € Z of H¢(Ey)
are positive. Applying the forgetful map, we thus find that

V= Z (rank o) E, + ZZavEU
zZ v

in Ko(Rep(G)). As the irreducible representations E, with x ranging over X T form a Z-basis of
Ko(Rep(G)), we deduce by comparing this decomposition with the given decomposition of (V, ¢) that
one of the z’s in the first sum must be equal to x, with ¢, of rank one, and that for all other z’s and all
v’s we have z < x and v < X, respectively. |

The following is a careful restatement of [11, Lemma 2.14]:

Lemma 2.3.11 For any two self-dual x, y € X, the sum x + y € X T is also self-dual. Moreover, given
€x- and €y -symmetric isomorphisms ¢x: Ex — ((*Ex)" and ¢,: E, — (*E,)", respectively, there
exists an €€, -symmetric isomorphism ¢: Ex4, — (1* Ex4,)" such that

(Ex,¢x) - (Ey,¢y) = (Ex+y, ¢) + (smaller terms),

in GW*< (Rep(G, )), where (smaller terms) is to be read as in Lemma 2.3.10.

Proof The claim that x + y is self-dual is immediate from the definitions. Also, (Ex, ¢x) ® (Ey, ¢y) isan
€x€y-symmetric representation and hence defines an element of GW*<” (Rep(G, t)). From Lemma 2.2.1,
we know that Ey - Ey, = Eyx ., + (smaller terms), so we can apply Lemma 2.3.10. O
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The following result should be compared to [11, Theorem 2.16]. It is an analogue, with more restrictive
hypotheses, of the description of the usual representation ring provided in Proposition 2.2.3.

Proposition 2.3.12 Suppose that all x € X are Vv,-self-dual. Assume in addition that X ™ can be
split into a direct sum Xt =~ Ng @ Z™. Pick elements wy, ..., o, € Xt and ¢y,....0n € XT
corresponding to an No-basis of N{j and a Z-basis of Z™, respectively. Pick (anti)symmetric iso-
morphisms ¢y, and ¢¢, for each of the representations E, and E¢,, respectively. Consider the ring
GWE (k) [wi, ..., wp, zlil, cee, 231:1] as a graded GW* (k)-algebra with generators w; and zj in degrees
s(w;) and s(z;), respectively. Then there is a unique graded GW* (k)-algebra homomorphism

FiGWE) Wy, ... wp. zEL . 22 > GWE(Rep(G. 1))

taking each w; to (Eq;, ¢o;) and each zj to (Eg;, ¢¢, ), and this homomorphism is an isomorphism.

For the one-dimensional representations Ez, we have E Y ~FE —¢,; withrespect to the usual duality v = Vig.
J
So, for m > 0, the assumption that each E¢ be self-dual with respect to v, cannot hold with respect to

the usual duality V.

Example 2.3.13 Take (G,t) = (T,inv), a split torus of rank m equipped with the inversion from
Example 2.0.1. In this case, Xt = X* = Z™ and all characters are self-dual symmetric. The proposition
shows that GW* (Rep(T),inv) is a ring of Laurent polynomials over GW* (k) with one-dimensional
symmetric representations as generators.

Example 2.3.14 Take (G, t) = (GL,, ), the general linear group equipped with the involution from
Example 2.0.2. The fundamental representations of GL, are given by the exterior powers of the standard
n-dimensional representation V' [24, Part II, Section 2.15]. More precisely, in the notation from above,
Ey = A(V)fori =1,...,n—1 and E¢, = A"(V). As noted in Example 2.0.2, we can choose
a nondegenerate V,-symmetric form ¢ on V, so that we obtain elements A; := (A!(V), Ai(¢)) in
GW™ (Rep(GLj,()). The above proposition then shows that

GWE(Rep(GLy. 1)) = GWEK) A1, ... Aue1s Ans A5 1.

Example 2.3.15 Take (G, 1) = (Sp,,,id), as in Example 2.0.3. The irreducible representation E, is
symmetric for even i and antisymmetric for odd i [8, Chapter VIII, Table 1], so we can choose a nonde-
generate (—1)?-symmetric form ¢; on each E, . The proposition then shows that GW* (Rep(Sp,,,).id)
is a polynomial algebra over GW™ (k) on n generators (Ewy>Pwr)s - (Ewy,, $n), With (Eg, , ¢;) of
degree (—1)'. (We will see in Lemma 2.4.2, using the generalization of Proposition 2.3.12 discussed
in Remark 2.3.16, that alternative polynomial generators are again given by the exterior powers of the
standard representation.)
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Proof of Proposition 2.3.12 We have seen in the proof of Proposition 2.2.3 that E¢, - E_¢, =1
in Ko(Rep(G). In particular, each E, is one-dimensional. We can therefore pick symmetric isomorphisms
¢—¢, on each El’gj such that
(Eg; ¢g;) (E—g; d—g;) =1

in GW(Rep(G, 1)). It follows that we have a well-defined GW* (k)-algebra homomorphism

FiGWE) Wy, ... . wa. zEL .. 22 > GWE(Rep(G. 1))
sending w; to (Ew;, ¢, ), zj to (Ez;, ¢z, ), and zj’- to (E—z;,¢—z;).
To see that this map is an isomorphism, we argue exactly as in the proof of Proposition 2.2.3 and associate
the Laurent monomial M~ := w{' --- wp" -zlfl -~ 28 with the element x = diaiwi+) ;b€ X+,
Under the map f above, the basis element M* maps to

H(ij ’ ¢w,’)ai . l_[(Eg'j y ¢§j )bj,

i=1 Jj=1
and it suffices to show that these classes form a basis of GWT (Rep(G)) considered as GW* (k)-module.
By Lemma 2.3.11, we can rewrite f(M*) as

(23.2) f(M¥) = (Ex,$x)+ ) az(Ez. ¢2),

where ¢, is an appropriately chosen (anti)symmetric isomorphism on E, the sum is over certain z € X *
such that z < x, and a, € GW™ (k). (Remember all z € X ™ are self-dual by assumption.) Proposition 2.3.8
tells us that, if we equip each irreducible representation £, with the isomorphism ¢, that appears here,
the elements (Ex, ¢ ) form a GW¥ (k)-module basis for GW* (Rep(G)). The claim then again follows
from [7, chapitre VI, section 3, n°4, lemme 4]. O

Just as in the case of the usual representation ring (Remark 2.2.6), we can and sometimes will pick more
general generators than the ones specified in Proposition 2.3.12.

Remark 2.3.16 (alternative generators) Under the assumptions of Proposition 2.3.12, we can more
generally choose generators for GW(Rep(G, 1)) as follows. As before, pick (anti)symmetric isomor-
phisms ¢, and ¢¢; for each of the representations E,; and E¢,, respectively. Pick homogeneous classes
ew; € GWT(Rep(G, 1)) fori € {1,...,n} such that

ew; = (Ew,, ¢w; ) + (smaller terms),

where (smaller terms) is to be read as in Lemma 2.3.10. Then again we have an isomorphism of graded
GW™ (k)-algebras

FGWEI)wy, ... wp. 2L, 22 - GWE(Rep(G. 1)

taking each w; to e, and each z; to (Eg;, ¢¢;). Indeed, this follows with the same proof, as the key
identity (2.3.2) still holds for these more general generators.
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2.4 Some details on symplectic groups

Now let G = Sp,,, be the symplectic group, ie the group of automorphisms of the antisymmetric form

_( 0 idy
(2.4.1) J = (—idn 0 )
and 7' the maximal torus, of rank 7, consisting of matrices
D 0
2.4.2) (0 D_l)

with D € GL,, is diagonal; see, eg, [13, Exercise 2.4.6]. The Weyl group of G is the wreath product S»? S,
that is, the semidirect product S% x S,, with the permutation action of S, on S%. The character lattice X *
of G is a free Z-module of rank n, with dominant characters X + = Ng.

If n =1, then G = SL, = Sp, and X * = Nj. The standard 2-dimensional representation V of G preserves
the standard nondegenerate antisymmetric bilinear form ¢, yielding an element [V, ¢] € GW™ (Rep(G)).
Note that V' is a simple representation of highest weight 1, which is fundamental. By Proposition 2.3.12,
GW* (Rep(Sp,)) therefore is a polynomial algebra over GW™ (k) on one generator (V, ¢). It will be
convenient for us to use the rank-zero element b := (V, ¢) — H™ as a generator instead, so that we have

(2.4.3) GW=(Rep(Sp,)) = GW=(k)[b].

We think of b as a “first Borel class”, and note that b generates the graded augmentation ideal of
GW* (Rep(Sp,)) (see Definition 3.3.1).

For n > 1, it will be convenient for us to replace the standard polynomial generators E, of Ko(Rep(Sp,,,))
and the corresponding generators of GW™ (Rep(Sp,,,)) from Example 2.3.15 by alternative polynomial
generators given by the exterior powers A’ (V) and A’ (V, ¢), respectively, where V is the 2n-dimensional

standard representation.

Lemma 2.4.1 InKo(Rep(Sp,,)), A’V = Ey. + Y xix<w; NxEx foralli € {1,...,n}, where the sum
runs over a finite number of dominant weights x such that x < w; in the partial order of Definition 2.1.1,
and ny € N. In particular, Ko(Rep(Sp,,,)) = Z[V, A?V,..., A"V].

Proof We first note that the fundamental weights w; of Sp,,, satisfy

(2.4.4) Wi 42 > Wi

for all i, ie for alli € {1,...,n —2}. Indeed, we see from [7, planche III] that

r—1
Wi+2 —Wj = 0i+1 +( > aj) + o,
j=i+2
where o1, ..., o, are the simple roots, so w; +2 —w; > 0.
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In characteristic zero, A'V decomposes as

(2.4.5) AV =Ey ®Ep_, ® @ By 10171 0dd,

k if i is even,
fori =1,...,n as a representation, not just as an element of Ko(Rep(Sp,,)). (See [8, Chapter VIII,
Section 13.3 (IV)] for a proof of the corresponding statement for the Lie algebra of Sp,,,, and recall
that in characteristic zero we can pass from decompositions of a representation of a split semisimple
simply connected algebraic group to decompositions of the associated representation of its Lie algebra
and vice versa using [22, Section 3.2].) The claim of the lemma is therefore immediate from (2.4.4) in
characteristic zero.

Suppose now that k is a field of positive characteristic. Note that Sp,,, lifts to a split reductive group scheme
Span 7z over Z [10, théoreme 7.2.0.46], hence the results of [43, section 3.7] apply. Let us temporarily
write Sp,,, @ and Sp,,,  for the symplectic groups over QQ and k, which can be obtained from Sp,,, 7 via
base change, and let us denote by E,, @ and E,, i the respective irreducible representations of highest
weight w;. Consider the category Rep(Sp,,, 7) of Sp,, z-representations that are finitely generated and
free over Z, and the associated K-ring Ko(Rep Sp,,, 7), denoted by Rz (Sp,,,) in [43, section 3.3].

The base-change homomorphisms

iQ: Ko (Sp2n,Z) — Ko (Sp2n,<@) and ix: Ko (Sp2n,Z) - KO(SpZn,k)

are homomorphisms of A-rings, essentially because exterior powers are compatible with base change
[16, Proposition A2.2(b)]. By [43, théoreme 5], i@ is an isomorphism. Better still, we see from
[43, lemme 2(a)] that for each representation Eq of Sp,, o there exists a representation Ez, not just a
virtual representation, such that ig(Ez) = Eq. In particular, for each dominant weight w, we have a
representation £ 7 of Sp,, 7 with ig (Ew,z) = Eu,@- Note, however, that there is no reason to assume
that iy (Ey,7z) = E,,  in general. Rather, arguing as in [43, section 3.8, remarque 3], we find that

(2.4.6) ik(Ea),Z) = Ea),k + Z anx,kv

xX<w
where the sum is over all dominant x with x < w, and only finitely many of the coefficients n, € Ny are
nonzero. Indeed, let us write chy for the character homomorphism chSPz”’ . (see Lemma 2.2.1). As we
have a maximal torus of Sp,,, defined over Z, and as restriction to this maximal torus is compatible with
base change, we find that chsp,, , (ix(Ew,z)) = chsp,, o (Ew,@)- Thus, [43, lemme 5(a)], applied both
over Q and over k, yields the following two identities, for certain coefficients ay, bx € Np:
chi (ix(Ep.z)) = e® + Z axe® and chg(E, ) =e” + Z bye*.
xX<w xX<w

Equation (2.4.6) follows from a comparison of these two identities and the injectivity of chg.

On the other hand, the standard representation of Sp,,, is already defined over Z, so we have a represen-
tation Vz of Sp,, 7z with i (Vz) = Vi for arbitrary fields k. Equation (2.4.5), appropriately decorated

Algebraic & Geometric Topology, Volume 25 (2025)



Atiyah—Segal completion for the Hermitian K-theory of symplectic groups 4051

with subscripts (—)z, is therefore equally valid in Ko(Sp,, 7). The claimed decomposition of AL(V)in
Ko (Rep(Sp,,,)) now follows by combining (2.4.4), this integral version of (2.4.5), and (2.4.6).

The final claim is immediate from this decomposition and Remark 2.2.6. |

Lemma 2.4.2 Let (V, ¢) denote the 2n-dimensional standard representation of Sp,,, with its canonical
antisymmetric form. The exterior powers A’ (V, ¢) fori € {1,...,n} define homogeneous polynomial
generators of the +-graded GW* (k)-algebra GWT (Rep Span):

GW* (Rep(Spy,)) = GWE(K)[(V.9). A*(V.9)..... A" (V. $)].
The generator A*(V, ¢) is of degree (—1)".

Proof Applying Lemma 2.3.10 to the decomposition of A’(V) given in Lemma 2.4.1, we find that
AV, ¢) = (Ew;  w;) + (smaller terms) for certain symmetric isomorphism ¢, on E,;. So the claim
is immediate from Remark 2.3.16. d

Restriction to diagonal The group Sp,,, has a canonical subgroup isomorphic to Sp5” = Sp, X -+ +XSp,,.
This is most easily seen by replacing the antisymmetric form J from (2.4.1) by the isometric form
nH™ = H~ L --- L H™; then Sp3” is simply given by n diagonally concatenated copies of Sp,
inside Sp,,,. The inclusion of this subgroup induces a commutative diagram

Ko(Rep(Sp,,)) —— Ko(Rep(Sp3™))

!

Ko(Rep(T'))

which shows that the restriction map res: Ko(Rep(Sp,,)) — Ko(Rep(Sp5"™)) is injective. Its image can
easily be identified, as follows (see explicit calculations in [25, Appendix D]). Consider the symmetric
group S, acting by permutation on Sp5”, and its induced action on Ko(Rep(Sp3")). The image of the
restriction map is precisely the fixed ring of this action:

Ko(Rep(Sp,,,)) —> Ko(Rep(Sp5™))S»

res

We will now show that the corresponding statement for GWT also holds.

Lemma 2.4.3 The restriction map GW* (Rep(Sp,,)) — GW* (Rep(Sp5™)) is injective, with image the
invariant subring under the permutation action of the symmetric group Sy,.

Proof Note that Sp5” is a simply connected reductive group, and that Proposition 2.3.12 applies just
as it applies to Sp,,,. So GW* (Rep(Sp5™)) is a polynomial ring in n variables, which we can identify
with TT7_; GW* (Rep(Sp,)). Writing @ = (O, qb(i )) for the standard representation of the i factor
in Sp5™, equipped with its canonical antisymmetric form, we thus obtain

(2.4.7) GWE(Rep(Sps™)) =~ Z[v D, ... v™].
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Under this isomorphism, the permutation action of S, on the left corresponds to the obvious permutation
action on the generators v on the right.

Now let (V, ¢) denote the 2n-dimensional standard representation of Sp,,,, equipped with its canonical
antisymmetric form. As we have seen in Lemma 2.4.2 we can take the exterior powers AX(V, ¢) for
k =1,...,n as polynomial generators of GW* (Rep(Sp,,,)). Write ok () e GW* (Rep(Sp3™)) for the
k'™ elementary symmetric function in the classes v = (V@ ¢®) introduced above. We claim that

(2.4.8) res Ak(V, ¢) = 0 (v®) + a polynomial in o} (v*) with j <k.

To this end, recall that the operations A¥ defined in terms of the exterior powers AX give GW= (Rep(G))
the structure of a pre-A-ring (for any affine group scheme G); see [17, Proposition 4.2.1; 49]. For
k = 1, equation (2.4.8) simply follows from the fact that (V, ¢) restricts to the direct sum of the
representations (V@ ¢®):

n

res(V.¢) = 3 v(i) = 01 (v°).

i=0
For higher k, consider the power series expansion A;(x) := ) Ak (x)tk. For the two-dimensional
standard representation (V2, ¢2) of Sp,, we find A2(Va, ¢) = (k, det(¢)) = (k, id), and ARV, ¢2)=0
for k > 2, so
At(Va.do) =1+ (Va. o)t +12.

As the restriction commutes with the A-operations, this implies
n n
res A (V, ¢) = A,(Zv(i)) =[] 2ev@ = [T +0Ds +12),
i i=1 i=1
Now res A¥ (V, ¢) is the coefficient of t* in the above power series. As the power series is invariant
under the permutation action of Sy, so is each coefficient. So res AK(V, $) is a polynomial in the
symmetric polynomials o’ (v*). Moreover, the highest-degree monomials in the V@5 that occur in the
coefficient of 7 are precisely the monomials that occur o% (v*), and they occur with multiplicity one.
This proves (2.4.8), and hence the lemma. |

For the completion at the augmentation ideal, it is again convenient to reformulate the above description
in terms of the “first Borel classes” defined as in (2.4.3) above. So let us write @ := (V® @) — H~
for the first Borel class of the i™" copy of Sp,, and o; (b*) for the i™ elementary symmetric polynomial in

these classes. Clearly, the isomorphism (2.4.7) from the proof above can be rewritten as

(2.4.9) GW=E (Rep(Sps™)) = Z[pD, ... .p™].

Corollary 2.4.4 The restriction induces an isomorphism between GWi(Rep(sz,,)) and the sub-

ring GWE [0 (h*), ..., 0,(b*)] of GW™ (Sp5>™). Under this isomorphism, the graded augmentation

ideal IO;E)ZH (see Definition 3.3.1) corresponds to the ideal generated by o1(b*®), . ..,0,(b*). In particular,
GWF(Rep(Spa)y s = GWE(K)[o1(%). ..., 0n(b")].

Sp2n
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3 Grothendieck—Witt rings of some classifying spaces

The main purpose of this chapter is to prove Theorem 1.0.2. First, we introduce the specific model
category we will be working with to model motivic spaces. Next, in Section 3.2, we recall the notion of
acceptable gadgets as introduced in [32, Definition 8.3] and establish some important properties of these.
In Section 3.3, we finally use the results of Section 2.4 to construct the Atiyah—Segal completion map, and
to prove the main theorem. In the final two subsections, we discuss the construction of a classifying space
for the multiplicative group with nontrivial involution, and conjectural tools that may be used to generalize
our main results to base schemes with nontrivial action and to arbitrary closed subgroups of Sp,,,.

3.1 Cech localization

Let S be a scheme of finite type over a field k. Our standing assumption that char(k) # 2 is not necessary
for any of the results of this section. Let sPre(Smy) be the model category of simplicial presheaves on
Smg with the global injective model structure, and L, SPre(Smyg) its motivic localization, which is
defined as Lot = (L 41 LNis)®°, where the repeated localizations are necessary to ensure that Lo F is
both Nisnevich local and A!-local for any simplicial presheaf F. This is a presheaf variant of the model
category constructed in [30], with homotopy category the unstable motivic homotopy category #H(S).
The weak equivalences in Lo SPre(Smg) will be called motivic weak equivalences; these are precisely
the maps that become isomorphisms in H(.S).

More generally, for a subcanonical topology t on Smg, let L, sPre(Smg) be the (left) Bousfield lo-
calization with respect to covering sieves for 7, as considered in [1, Section 3.1]. This localization is
also considered in [15, Appendix A], where it is called the Cech localization because it is a localization
with respect to Cech covers in the topology ; see [15, Theorem A5]. This is the naming convention we
will follow.

The fibrant objects of L, sPre(Smg) are those fibrant simplicial presheaves in sPre(Smg) that satisfy
t-descent; we will refer to these as r-fibrant. The weak equivalences in sPre(Smg) will be called
objectwise weak equivalences and the weak equivalences in L, sPre(Smg) will be called t-local weak
equivalences. We denote by L, the t-fibrant replacement functor, viewed as endofunctor on sPre(Smg).

Remark 3.1.1 (relation to model structure used by Morel and Voevodsky) Note that L, sPre(Smg)
is not the same as the Jardine model structure Ly, SPre(Smg), which is Quillen equivalent to the
Joyal model structure on simplicial sheaves used in [30]. In general, we only have successive Bousfield
localizations

sPre(Smg) — L. sPre(Smg) — Lyyp. sSPre(Smg).

However, the Bousfield localization L, sPre(Smg) — Lyy,. sSPre(Smg) is a Quillen equivalence for t
the Nisnevich topology and S any reasonable base scheme. See [1, Remark 3.1.4] for more details.

Algebraic & Geometric Topology, Volume 25 (2025)



4054 Jens Hornbostel, Herman Rohrbach and Marcus Zibrowius

Remark 3.1.2 (oco-language) We may also view sPre(Smg) as an co-category as in, eg, [20]. The
fibrant replacement functor L is analogous to the localization endofunctor defined in [20, Proposition 3.4]
and has the same formal properties. Lemma 2.1 from [21] will play a key role in our discussion of
classifying spaces (see the proof of Proposition 3.2.16 below).

We will need very few specifics about the 7-local model structure. The proof of the following proposition
relies on the two subsequent lemmas, both presumably well known.

Proposition 3.1.3 (a) For any subcanonical topology t, every S-scheme is t-fibrant.

(b) For any topology t at least as coarse as the fppf topology, any filtered colimit in sPre(Smg) of
S'-schemes is t-fibrant.

In particular, for any scheme X as in (a) or any filtered colimit X as in (b), the t-fibrant replacement map
X — L;(X) is an objectwise weak equivalence.

Proof For (a), let X be an S-scheme. We need to show that X is fibrant in the injective model structure
on sPre(Smg) and t-local. For the first assertion, see Lemma 3.1.4 below. For the second assertion, see
[1, Example 3.1.2]: a simplicially constant presheaf is 7-local if and only if it is a -sheaf. The presheaf X
in question is a t-sheaf precisely because 7 is assumed to be subcanonical. For the filtered colimit in (b),
the claim follows by the same argument plus the observation, spelled out in Lemma 3.1.5 below, that such
filtered colimits are indeed sheaves. The final assertion is just an application of Ken Brown’s lemma. O

As remarked above, the following two lemmas are probably well known to the experts. Lemma 3.1.4 is
stated without proof in [36, Section 2.6]. We include full details here for future reference.

Lemma 3.1.4 LetC be a small category. A simplicially constant presheaf F' € sPre(C) is fibrant in any
model structure on sPre(C) whose weak equivalences are objectwise weak equivalences. In particular,
constant simplicial presheaves are fibrant in the injective model structure.

Proof Leti: A— B be an objectwise weak equivalence in sPre(C) and a: A — F a map of simplicial
presheaves. To prove the statement, it suffices to prove the existence of amap b : B — F such that bi = a.
Note that F is an objectwise Kan complex and therefore projective fibrant, so that a factors through a
functorial projective fibrant replacement RA of A, as in the diagram

A—"3 RA-4Y F
. . ///7

lz lRl/// b

B —-5 RB

and a lift b of a along i exists if a lift b’: RB — F of a’ along Ri exists. Therefore, we may and do
assume both A and B to be projective fibrant, that is, they are both objectwise Kan complexes.
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We first produce a collection of maps bc: B(C) — F(C) such that ac = bcic for each C € C.
Let C €C. Since ic: A(C) — B(C) is a weak equivalence of Kan complexes, it is a simplicial homotopy
equivalence. Let jc: B(C) — A(C) be a homotopy inverse to ic and define b¢ : B(C) — F(C) as the
composition ac jc. Then the composition ac jcic: A(C) — F(C) is homotopic to the map ac, and
since homotopic maps into a constant simplicial set are equal, ac = bcic. Thus, for each C € C we have
bc = ac jc for a fixed choice of homotopy inverse jc of ic.

We now need to show that the square

B(D) 22 F(D)

lB(f) lF(f)

B(C) 2 F(C)

commutes for any arrow f: C — D in C. Consider the diagram

B(D) —2 A(D) —“2 F(D)

lB(f) lA(f) lF(f)

B(C) —<5 A(C) —“< F(C)

and note that the right square commutes. Again because homotopic maps into a constant simplicial set
are equal, it suffices to show that the left square commutes up to homotopy. Note that

jcicA(f)jp = jeB(f)ipjp

because i is a map of simplicial presheaves. Moreover, the left-hand side is homotopic to A(f)jp and
the right-hand side is homotopic to jc B(f') because jcic ~idg(c) and ip jp ~ idg(p) by definition.
Hence, F(f)bp = bc B(f). |

Lemma 3.1.5 Consider a topology t coarser than the fppf topology. Given a family (F;);cy of repre-
sentable t-sheaves on a quasicompact scheme S, where [ is a filtered index category, the filtered colimit
Foo := colim;cy F; is also a t-sheaf.

Proof As S is quasicompact, we have to check the sheaf condition for Fi, only for finite t-covers U of
a scheme U, by the following argument. Let ¢/ be an arbitrary t-cover of U. As U is quasicompact, there
exists a finite Zariski cover V of U. Note that { NV is a refinement of &/. For V' € V, we consider the
T-cover U NV of V. By (the proof of) [44, Tag 021P], this refines to a finite 7-cover of V. Hence U/ NV
refines to a finite t-cover of U, and from now on we assume that / is a finite t-cover of U. We denote the
associated covering sieve by /i, which is a subpresheaf of the representable presheaf 4g7. We are reduced
to showing that if the canonical map Hom(hy, F;) — Hom(/y,, F;) is a bijection for all i € I, then it also
is a bijection for i = co. The representable sheaf /4y is compact, hence commutes with filtered colimits.
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Moreover, for a finite covering U = (U; — U);e s, hy can be described by the explicit small coequalizer
[Huixvuy=1]Y
BJ’ J

of representables, hence is also compact. O
3.2 Acceptable gadgets and classifying spaces

Let S be a scheme of finite type over a field k. Our standing assumption that char(k) # 2 is not necessary
for any of the results of this section.

Classifying spaces We now fix a t-sheaf of groups G over S. In applications, G will often be a linear
algebraic group over Spec k base changed to S.

The simplicial classifying space BG is defined in [30] as the nerve of G viewed as a presheaf of groupoids
with a single object (so the n-simplices are BG,, := G*"* and face and degeneracy maps are given by
composition and inserting identities, as usual).

Definition 3.2.1 For a topology t at least as coarse as the fppf topology, the t-classifying space By G of
G is defined as B; G := L (BG).

Note that B; G is well defined — irrespective of any particular choice of fibrant replacement functor —up
to objectwise weak equivalence. We now briefly discuss the dependency of B;G on the topology t. For
the definition of t-locally trivial G-torsors, we refer to [2, Definition 2.3.1].

Lemma 3.2.2 The following conditions on G and t are equivalent:

(1) Every (tpptf-locally trivial) G -torsor in Smg is already t-locally trivial.

(2) The canonical map B:G — By,tG is an objectwise weak equivalence.
Proof This equivalence follows from [2, Lemma 2.3.2(i) and (ii)]. (See also [30, Lemma 4.1.18]). O

Example 3.2.3 (smooth affine groups) For smooth affine group schemes G, every G-torsor is already a
étale-locally trivial, so Byp,fG is objectwise weakly equivalent to B4 G . Indeed, smoothness is preserved
by faithfully flat descent, so any G-torsor is smooth over the base, and smooth morphisms admit sections
étale locally.

Example 3.2.4 (special groups) A linear algebraic group G over S is called special if every étale-locally
trivial G-torsor over a (not necessarily smooth) S-scheme is already Zariski-locally trivial. Thus, for a
special group G, Bz, G is objectwise weakly equivalent to B;,G, and to B; G for any intermediate topology
such as v = Nis. Special groups include, in particular, split tori, GL,, SLa,, Sp,,., and finite products
of these [35, Lemmas 3.1 and 3.2]. (In [35; 42], the notion is introduced and discussed only for groups
defined over a field k, but note that the defining property is stable under base change along S — Spec(k).
Special groups over fields have been fully classified [18; 23; 29].)
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Of course, for T = Nis or any coarser topology, B; G is motivically equivalent to the simplicial classifying
space BG, for any G, as t-local equivalences are motivic equivalences in this case. Only for finer choices
of topologies 7, B G may be motivically distinct.

Remark 3.2.5 (comparison with [30]) By construction, B; G only satisfies t-descent. However, it also
satisfies T-hyperdescent for dimension reasons by the argument given in the proof of [2, Lemma 2.3.2],
so by Ken Brown’s lemma, the canonical map B;G — Lyy,.: BG is an objectwise weak equivalence.
In view of Remark 3.1.1, this shows, in particular, that the definition of B;,G used here agrees with the
definition in [30, page 130].

Outline Using the admissible gadgets with a nice G-action of [30, Definitions 4.2.1 and 4.2.4], one
constructs a geometric approximation of a universal G-torsor over B¢, G, namely a colimit of G-torsors
in Smg. We will instead use the more flexible concept of acceptable gadgets, following [32, Definition 8.3],
and adding a version of a nice G-action in this setting. Suppose that we have a commutative diagram of
G-torsors

X1 > Xo RRE

(3.2.1) l l

Y > Yo > e

in Smg, where the horizontal arrows are closed immersions, such that the colimit of this diagram should
be thought of a motivic approximation of £EG — B G, with EG being a motivically contractible space
with free G-action. We will make this idea precise further in a more general setting for any Grothendieck
topology t at least as coarse as the fppf topology, and for r-locally trivial G-torsors and t-classifying
spaces B;G.

Namely, we will establish a chain of weak equivalences

Yoo =~ Li(Xoo//G) =~ L(S//G) = B,G.
5 @ 3)

All quotients —// G appearing here are stacky; see Definition 3.2.9. The objectwise weak equivalence (1) is
established below in Lemma 3.2.13. Equivalence (2) is a motivic weak equivalence; see Proposition 3.2.16.
The isomorphism (3) is completely general and clear from the definitions; see Lemma 3.2.10. Combined,
these equivalences yield a motivic weak equivalence Yoo >~ B G for any sequence of t-locally trivial
G-torsors as in (3.2.1) in which the sequence of X;’s forms an acceptable gadget. This result, which
is stated as Theorem 3.2.17 below, will be used in the next section to show that the products (HP")*"
approximate BSpJ”, and similarly certain quaternionic Grassmannians approximate BSp,,.. These are
crucial steps in the proof of Atiyah—Segal completion for BSp,,..

We begin by recalling the definition of an acceptable gadget.
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Definition 3.2.6 An acceptable gadget (Xy),ey over a scheme S is a countable totally ordered set /
together with a diagram X : I — Smyg such that each X,, = X(n) is quasiprojective and for each n < m
in I, the map X(n <m): X;, = X, is a closed immersion of S-schemes, and such that for any Henselian
regular local ring R and any commutative square

N —— X,

L]

Ay s S

there exists an m > n and a map A"R — X;, making this diagram commute:

(3.2.2) l l

-
-

Al > S

Here is a lemma that shows that acceptable gadgets yield contractible motivic spaces, which will make
them useful to construct contractible spaces with free actions, whose quotients are classifying spaces
as we will see in Proposition 3.2.16. Some version of Lemma 3.2.7 is implied in [32, page 954 after
Proposition 8.5].

Lemma 3.2.7 Let (X;);e; be an acceptable gadget over a scheme S. Then X, = colim; X; is con-
tractible in the category H(S) of motivic spaces over S.

Proof By [30, Lemmas 2.3.8 and 3.1.11], it suffices to show that the simplicial set Sing(X)(R) is
contractible for every regular Henselian local ring R over S, in other words, for every Nisnevich point
of §; see also Remark 3.1.1.

By construction, a map dA" — Sing(Xo)(R) is given by a morphism dA% — Xo. Let f be such a
morphism. Since dA’, is representable by an object of Smg, it is compact, and f factors through a
finite stage f': A%, — X; for some i € I. Since (X;);es is an acceptable gadget, there exists j > i
in / such that the composition dA%;, — X; — X extends to a morphism A%, — X, which shows that
Sing(Xeo)(R) is contractible. |

We prove a lemma that allows us to construct acceptable gadgets from existing ones. The first of these
shows that acceptable gadgets are stable under base change.
Lemma 3.2.8 Let (Xy),en and (Yy),en be acceptable gadgets over a scheme S'.

(a) ForanyY € Smg, the base change (X, X5 Y)neN IS an acceptable gadget over Y .
(b) For any cofinal I C N, the sequence (X, ),y is an acceptable gadget over S.
(¢) The product (X, Xs Yn)neN 1is an acceptable gadget over S.
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Proof We only prove (c); the proofs of (a) and (b) are similar. Consider a commutative diagram

A —— Xy xs Yy

l !

Ay s

The projection maps X, xs Y, — X, and X, xg Y, — Y, yield commutative diagrams

dAR > Xn ,% Xm, AR > Yy />>[ Y,
Al - > S Al - > S

as (X,)nen and (Y, )nen are acceptable gadgets. Let m = max{mi,m>}. Then the compositions
Ay = X, — Xy and Aly — Yy, — Yy, yield a map Aly — X, X g Yy, making this diagram commute:

Ny —— Xy xs Yy —— Xy xs YV

O

>
PUE
\
%)

All quotients —/ G used in the following will be stacky quotients, defined as follows. Recall that the
action groupoid of a set X with a group action is the groupoid with objects the elements of X, and
morphisms from x; € X to x, € X given by the group elements that send x; to x;.

Definition 3.2.9 For a presheaf of sets X on Smg with G-action, the stacky quotient X /G is the
simplicial presheaf given by the nerve of the action groupoid of X.

We will mainly be interested in two extremal cases: the stacky quotient of the (trivial) G-action on the
base scheme S, and the stacky quotient of the (free) G-action on a G-torsor. These are discussed in the
following two lemmas, respectively.

Lemma 3.2.10 For any subcanonical topology t, we have a canonical isomorphism of simplicial
presheaves B;G = L. (S /) G).

Proof Forany U € Smg, the action groupoid of the G (U )-action on the one-point set S(U) is isomorphic
to the groupoid G(U) used in the definition of BG. |

Lemma 3.2.11 For any t-locally trivial G-torsor w: X — Y in Smg, we have a canonical objectwise
weak equivalence L (X /G) — Y.
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Proof For any presheaf of sets X with a free G-action, the stacky quotient X /G is objectwise weakly
equivalent to the presheaf quotient U + X(U)/G(U), which we temporarily denote by X /yre G. Indeed,
when the G(U)-action on X(U) is free, the action groupoid X (U) is canonically equivalent to the orbit
set X(U)/G(U), viewed as a discrete groupoid, so we obtain a weak equivalence when passing to nerves.

For a smooth S-scheme X with a free G-action, we hence have an objectwise weak equivalence from
L. (X G) to the t-sheafification (X /pre G)° of the presheaf quotient. Indeed, note first that the object-
wise weak equivalence X/G — X/ G described above induces an objectwise weak equivalence
L:(X//G) — L¢(X/pre G) (by two-out-of-three and Ken Brown’s lemma). Secondly, as (X /pre G)* is
t-fibrant (by Lemma 3.1.4 and [1, Example 3.1.2]), the canonical map X /pre G — (X /pre G)* factorizes
through a morphism L (X /pre G) — (X /pre G)¥, Which also is an objectwise weak equivalence by
[1, Example 3.1.2]. So altogether we obtain the objectwise weak equivalence claimed above. Finally, in
the situation at hand, we have an isomorphism (X /pre G)* = Y. O

We now provide a variant of [30, Definition 4.2.4].

Definition 3.2.12 An acceptable G-gadget (X, )neq over S is an acceptable gadget over S satisfying

(i) foreachn €I, X, is endowed with a G-action; and

(ii) for each n < m in I, the corresponding closed immersion X, — X, is G-equivariant.
The following result generalizes Lemma 3.2.11 from a single torsor to a sequences of torsors.

Lemma 3.2.13 Let (X, — Yy)neN be a sequence of G -torsors as in (3.2.1), with all torsors t-locally
trivial and all maps X,, — X,+1 monomorphisms. Then the induced map

L:(Xoo//G) = Yo

is an objectwise weak equivalence. In particular, this holds if (X),eN is an acceptable G -gadget with a
t-locally trivial G -torsor X; — Y, for eachn € N.

Proof All objects are cofibrant, and the maps X, = Xy, X5/ G — Xm /G and Y, — Yy, are monomor-
phisms, hence cofibrations in our model structure. So X, colim(X,/G) and Yo are colimits of
cofibrations and thus homotopy colimits. The canonical maps X, /G — Y,, which are t-local weak
equivalences by Lemma 3.2.11, therefore induce a t-local weak equivalence colim, (X, /G) = Yoo.
Finally, we observe that the action groupoid of X is the strict colimit of the action groupoids of the X,,

so that we have an isomorphism
colim(X,/G) = Xoo /G-
n

Hence, we obtain a t-local weak equivalence Xoo /G — Yoo. As Yo is T-fibrant by Proposition 3.1.3(b),
this t-local weak equivalence factors through L;(Xso// G), and by Ken Brown’s lemma we thus obtain
the desired objectwise weak equivalence

L:(Xo//G) = Yoo
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If (X;)nenN is an acceptable G-gadget with a t-locally trivial G-torsor X, — Y, for each n € N, the maps
X, — Xy, are closed immersions and therefore monomorphisms by assumption. As X, (U) — X, (U) isa
G (U)-equivariant monomorphism for every U € Smy, the induced maps X, (U)/G(U) — X, (U)/G(U)
are also monomorphisms. We argue at the end of the proof of Lemma 3.2.11 that Y,, and Y, differ from
the presheaf quotients only by sheafification. As sheafification is exact, this shows that Y; — Y3, is also
a monomorphism. O

We now verify a crucial generalized contractibility condition for acceptable G-gadgets. Given a t-locally
trivial torsor T — Y in Smg, consider the map L;(Xoo X5 T) — Y given by applying first (—/G)
and then L. to the G-equivariant projection map Xo Xs 7" — T and then composing with the map
L. (T/G)— Y of Lemma 3.2.11. This map is canonical up to the choice of L.

Proposition 3.2.14 Let (X,)ner be an acceptable G-gadget over S. Then, for each t-locally trivial
G-torsor T — Y in Smg, the map

L:(XoxsT))G) =Y

is a motivic weak equivalence.

Proof Apply Lemma 3.2.13 to the sequence of t-locally trivial G-torsors X, xg T — X, xg Y to obtain
an objectwise weak equivalence

Li(XooxsT))/G) —> Xoo x5 Y.

This objectwise weak equivalence is, in particular, a motivic weak equivalence. As the map in the statement
of the proposition can be obtained by composing this map with the projection map p: Xoo Xs ¥ — Y,
it suffices to show that p is a motivic equivalence over S.

We know that p is a motivic weak equivalence over Y by Lemmas 3.2.7 and 3.2.8. We now use the functor
uy: Lot SPre(Smy ) — Lo SPre(Smg) from [5, Proposition 4.5.4] for the structure map u: Y — S to
deduce that p is also a motivic weak equivalence over S. (These general results do not use the assumption
on the “coefficients” discussed at the beginning of section 4.4 of loc cit. Compare also [20, Section 4.1]
for a related discussion in the oo-setting.) More precisely, uy maps a smooth scheme over Y to the
same smooth scheme over S by the proof of loc cit., and is a left Quillen functor for the projective
model structures by [5, Theorem 4.5.14]. As left adjoints preserve colimits, uy also maps the morphism
P:XooXs Y — Y over Y to the same morphism considered over S. Hence, as uy is left Quillen, p is a
motivic weak equivalence over S for the projective motivic model structure, and thus also for the injective
model structure, which has the same weak equivalences. O

Remark 3.2.15 There are definitions of G-torsors which are more general than [2, Definition 2.3.1],
see, eg, [30, page 128], but which have in common that the conclusion of Lemma 3.2.11 holds. The
proofs of Lemma 3.2.13 and Proposition 3.2.14 immediately generalize to these more general torsors
provided the bases Y, are representable.

Algebraic & Geometric Topology, Volume 25 (2025)



4062 Jens Hornbostel, Herman Rohrbach and Marcus Zibrowius

Proposition 3.2.16 For any acceptable G -gadget (Xp),eq over S, L (X // G) is motivically equivalent
to L:(S)G).

Proof By [21, Lemma 2.1] it suffices to verify the condition established in Proposition 3.2.14. Though
[21, Lemma 2.1] is only stated for the fppf-topology, it holds equally for any finer topology 7, as is evident
from its (very short) proof. Also, while [21, Lemma 2.1] is stated in terms of general co-G-torsors, for a
simplicially discrete group G any such torsor over a simplicially discrete base X is again discrete, as it
is locally isomorphic to X X g G. So in our setting it suffices to verify the assumptions for simplicially
discrete G-torsors as in [2, Definition 2.3.1]. (Alternatively, we could use Remark 3.2.15.) Finally, the
oo-quotients appearing in [21, Lemma 2.1] coincide with our stacky quotients. See Lemmas 3.2.10 and
3.2.11 above for special cases, and [31, Section 3] for details in the general case. |

The following theorem is the promised precise version of the “outline” at the beginning of this section.

Theorem 3.2.17 Let (Xy),eN be an acceptable G -gadget such that we have a t-locally trivial G -torsor
Xn — Y, and induced monomorphisms Y, — Y, for all n,m € N. Then we have motivic weak
equivalences

Yoo 2 B:G > ByppiG.

Proof As already explained in the outline, Lemma 3.2.13, Proposition 3.2.16 and Lemma 3.2.10 yield
a chain of motivic weak equivalences Yoo >~ L (Xoo//G) >~ L (S/G) ~ B;G. As the same chain
of equivalences also applies for any topology finer than t, we also obtain the motivic equivalence
with prpr. O

As recalled in Example 3.2.4, for special affine algebraic group schemes G any torsor is Zariski-locally
trivial, so that Theorem 3.2.17 will yield motivic equivalences Yoo > BG > ByypG.

3.3 Hermitian ASC for symplectic groups

Let G be a linear algebraic group over a field k of characteristic not two. In particular, G is smooth and
an étale sheaf on Smy.

Definition 3.3.1 We define IOg and IOg as kernels of restriction maps:

106 := ker(GWT (Rep(G)) - GWT(k)) and 10 := ker(GW*(Rep(G)) — GW(k)).

Our definition of I0g agrees with the definition given in [38]. The graded ideal IO% is not considered
there.

Lemma 3.3.2 The IO% -adic topology on GWT (Rep(G)) agrees with the 10 -adic topology.
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Proof This is a general fact about graded ideals. Consider a &-graded ring R = R @ R~ and a graded
ideal a = at @ a~ C R. Clearly (at)’- R C a’. On the other hand, as (a~)? C a™, we find that

2i
a2 = (Cl+ + a—)Zi - Z (a+)2i—j (Cl_)j C (a+)i .RT D (a+)i .R™.
j=0
So a? C (at)! - R. This shows that the a-adic topology on R agrees with the a™t-adic topology. a

Recall from [32; 33] the Sp,,-torsors HU(r, n) over the quaternionic Grassmannians HGr(r, n) associated
with the tautological symplectic bundle, defined over a smooth quasiprojective base scheme S.

Proposition 3.3.3 The sequence of Sp,,-torsors HU(r,n) — HGr(r,n) with n € N of [32, Proposi-
tion 8.5] defines an acceptable Sp,, -gadget (HU(r,n)),eN over S.

Proof Itis shown in [32, Proposition 8.5] that (HU(r, n)),<N is an acceptable gadget over S. It obviously
also satisfies the conditions of an acceptable Sp,,-gadget, where the compatible actions come from the
structure as Sp,,.-torsors. m|

Theorem 3.3.4 (Panin—Walter) There are motivic weak equivalences

Bnis Spy, = B¢ Sp,, =~ HGr(r, 00).

Proof Both equivalences are stated in [32, after Proposition 8.5], along with a brief indication on how to
modify the arguments of [30] to obtain a proof, using their concept of an acceptable gadget. Section 3.2
provides more details for this argument. The first equivalence is evident from the fact that Sp,, is special
(see Example 3.2.4). The second is immediate from Theorem 3.2.17 applied to the acceptable gadget
of Proposition 3.3.3. m|

Remark 3.3.5 The motivic equivalence B¢ Sp,, >~ HGr(r, oo) of Theorem 3.3.4 was proven in [41,
Proposition 5] for r = oo using a different technique. However, [41, Proposition 3], which is an ingredient
of this alternative proof, has no obvious analogue for finite r.

Remark 3.3.6 For the reader’s convenience, let us compare the discussion above to some arguments
in [30]. Theorem 3.3.4 is an analogue for Sp,, of [30, Proposition 4.3.7] for GL;. In either case, the
first equivalence is established by noting that GL, and Sp,,, respectively, are special, and by using
[30, Proposition 4.1.18]. The second equivalence rests on [30, Proposition 4.2.6], which has its parallel in
our Proposition 3.2.16. Both of these intermediate results rely on the contractibility of colimits of gadgets.
For admissible gadgets, this is proved in [30, Proposition 4.2.3], using the ambient vector bundles, while
for acceptable gadgets this is Lemma 3.2.7 above. In [30], this contractibility enters via [30, Lemma 4.2.9];
see the proof of [30, Proposition 4.2.6] spelled out below [30, Lemma 4.2.9]. In our case, the contractibility
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enters via the corresponding Proposition 3.2.14. Despite all these parallels, the definition of acceptable
G-gadget employed here is significantly simpler than the definition of nice admissible G-gadget used by
Morel and Voevodsky: there is no analogue of part (iii) of [30, Definition 4.2.4] in our Definition 3.2.12.
The main reason why this simplification is possible is [21, Lemma 2.1].

For Sp,, Proposition 3.3.3 yields an acceptable gadget (HU(1,n + 1)),>1 built from Sp,-torsors
HU(1, n+ 1) — HP", where HP" is the quaternionic projective space defined in [33]. In combination with
Lemma 3.2.8(c), we moreover obtain acceptable gadgets (HU(1,n + 1)*"), > built from Sp5”-torsors
over products of quaternionic projective spaces (HP")*", for any r € N.

Proposition 3.3.7 The following maps are isomorphisms:
(i) the canonical map GW=(B Sp,) — lim, GW= (HP");
(i) the canonical map GW=(B Sp5™) — lim,, GW=((HP")*"); and
(iii) the canonical map GW=(B Sp,, ) — lim,, GWE (HGr(r, n)).

Proof By [32, Theorem 13.4], bigraded GW-theory is represented by a commutative ring spectrum BO,
which is (8, 4)-periodic by [32, Theorem 7.5]. Restricting BO to bidegrees (0, 0) and (4, 2) yields the
commutative ring GW* (X) for motivic spaces X which are not schemes. For an acceptable G-gadget
(Xn)nen such that we have compatible G-torsors X,, — Y, for each n, we may consider the motivic
Milnor exact sequences (see, eg, [34, Theorem 5.7]):

0 — lim} BO™'0(Y,,) = GWT (Ys) — lim, GW T (Y;,) — 0,
0 — lim! BO*2(Y,) - GW™ (Yoo) — lim, GW ™ (¥,,) — 0.
These yield a canonical isomorphisms GWi(Yoo) — lim, GWi(Yn) provided the lim!-terms vanish.
When Y, = HGr(r, n), they do vanish, as [32, Theorem 9.5] provides the necessary surjections of BO-

groups, thus proving (i) and (iii). To prove (ii), we argue similarly, using [32, Theorem 9.5] inductively
by viewing (HP")*" as a trivial quaternionic projective bundle over (HP")*" 1, |

In view of this proposition, the reader preferring motivic spaces to actual varieties may replace several
lim, GW® (HP") below by GW* (B, Sp,) or GWT (BSp,).

We are now ready to examine the case G = Sp, in detail. The gadget (HU(1,n + 1)),>1 has nice formal
properties for Borel classes. Let (Uy, V) be the tautological rank-2 symplectic bundle on HP". It defines
an element in GW™ (HP"). We define the universal first Borel class

b1 = (b1 ny)nen € lim GW™ (HP")

to be the limit of the first Borel classes by (,y € GW™ (HP"), where by () = b1 (Up, ¥p) is the first Borel
class of (Uy, Y¥,) on HP", as defined in [33, Definition 8.3]. By [32, Proposition 9.9], we have
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where H ™ is the symplectic hyperbolic space of rank 2 with trivial Sp,-action. Let (V, ¢) be a trivial
symplectic vector space of rank 2n + 2 in which (Vp, ¢) is a distinguished rank-2 symplectic subspace,
and write Sp,,, 1, = Sp(V, ¢). In this case (V, ¢) is the standard representation of Sp,,, ., discussed in
Example 2.3.15. There is a decomposition

V. 9) = Vo, po) L (Vgh, o)

Then Sp,,, +, acts on HP" = HP(V, ¢), and the stabilizer of the distinguished point (Vo, ¢o) in HP" is
given by those a € Sp(V, ¢) that fix (Vy, ¢9) and (VOL, ¢(J)-), and is therefore given by Sp,,, x Sp,, where
we make the identifications Sp,, = Sp(VOJ-, qbd-) and Sp, = Sp(Vo. ¢o). Under the identification

HP" = Sp,,,4 5 /(Spa,, X SP,).

the canonical Sp,-torsor HU(1,n + 1) is given by Sp,, ., / Sp,,, which corresponds to the univer-
sal bundle (U, ¥,) under the correspondence between Sp,-torsors and rank-2 symplectic bundles
as outlined in, for instance, [2, Section 3.3, page 1025]. We let X,, denote HU(1,n + 1) for ease
of notation. Let m,: X,, — Speck be the G-equivariant structure map. Since the pullback functor
Y : Vect(HP") — Vect® (X,,) along the projection y, : X, — HP" is an equivalence of exact categories with
duality, y;* induces a canonical isomorphism y;* : GW= (HP") — GWﬂGE (X7). The following lemma studies
the Atiyah—Segal map GW* (Rep(Sp,)) — GW* (BSp,) induced by approximations ,: X,, — Spec k
of the pullback along ESp, — Speck.

Proposition 3.3.8 Let H™ be the trivial symplectic plane bundle equipped with the trivial Sp,-action
and [Vy, ¢o] the Sp,-representation trom above. The composition

(v) 'y : GW™ (Rep(Sp,)) — GWg, (X,) — GW™(HP")
sends [Vo, o] — H ™ to the (first) Borel class by () = [Upn, Yn] — H™.
Proof The pullback map 7, : GW* (Rep(Sp,)) — GW;J;)2 (Xn) sends [Vy, ¢o] to the class [Vy,, ¢p] of
the trivial rank-2 symplectic bundle on X, with the standard Sp,-action. Since (Uy, V) is a rank-2

symplectic bundle corresponding to the torsor X, = Symp,, . ), its pullback to Xj, is also the trivial
symplectic bundle [V}, ¢,] with the standard Sp,-action. As X, — HP" is an Sp,-torsor, the map

given on points by (a, x) — (ax, x) is an isomorphism. Hence,
Autsymp(Hy,) = Spy Xk Xn = ¥y SYMP(y, ) 2 SYMP( 14, £y,
and we deduce
70 (Vo, pol — H™) = [Va, on] — H™ = v (Un, Y] — H). u
As an immediate corollary, we obtain Atiyah—Segal completion for G = Sp, and GW=.
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Corollary 3.3.9 For G = Sp,, the map GW™ (Rep(G)) — lim, GW*(HP") from Proposition 3.3.8
above is a completion of GWT (Rep(G)) with respect to the Hermitian augmentation ideal 10

Proof The computation (2.4.3) immediately implies that IO§Ep2 is generated by [Vy, ¢o] — H~. By
[32, Theorem 9.5],
lim GW= (HP") =~ GW= (k) [b1].
n

Hence the claim follows from Proposition 3.3.8 and Lemma 3.3.2. |

Now we prove Atiyah—Segal completion for general Sp,,. We will use the diagram

GW=(Rep(Sp,,)) —= GW*(Rep(Sp;”))
(3.3.1) l
GWE(BSp,,) —— GWE(BSp;")
in which the vertical arrow is a completion by Proposition 3.3.12. We start with the following result of
Panin and Walter.
Proposition 3.3.10 For1 <i <r, let y; € lim, GW*((HP")*") be the element defined by the inverse
limit
lim by UD, ¢)
neN
of the first Borel classes by (u,ﬁi), ¢;§i) ) of the i " tautological rank-2 bundle on (HP")*". Then
lim GW=((HP")*") = GWE (k) [y1. . ... »r].
n
Proof For r = 1, this is a consequence of [33, Section 11] or [32, Theorem 9.5] as already recalled
above. Note that (HP")*" — (HP")>*"~! is a trivial HP"-bundle, so by [32, Theorem 9.4],
GWE(HP) ™1 [br Uy, ¢5”)]

GW*((HP")*") =
(D™ b1, ¢y

Iterating, we obtain
GWER) 1@, ), .. b1 ", 7))
LD, oy, b U, 7y

GWT((HP")*") =~

and it follows that
lim GW=((HP")*") = GWE (k) [y1. . ... vr]. O
n

Forn € N, let f,: (HP")*"™ — HGr(r, rn) be the canonical map such that the pullback of the tautolog-
ical rank-2r symplectic bundle on HGr(r, rn) is the orthogonal sum of the rank-2 symplectic bundles
(Z/{,Ei), ¢,$i)) on (HP")*"; such a map exists by the universal property of quaternionic Grassmannians
discussed in [33, 10-11]. Note that (HGr(r, rn)),eN is an acceptable gadget by Lemma 3.2.8. Recall
also that we have lim, GW= (HGr(r, rn)) = GW* (k)[by, ..., b,] by [33, Theorem 11.4].
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Theorem 3.3.11 Let b; € lim, GW= (HGr(r, rn)) be the element defined by the inverse limit
bi(Ur,rn, br,rn)neN
of Borel classes of the tautological rank-2r bundle on HGr(r, rn). The limit
f*:lim GW= (HGr(r, rn)) — lim GW=((HP")*")
of the pullback maps f,* sends b; to the i"™ symmetric elementary polynomial in the variables y; defined

in Proposition 3.3.10.

Proof The i tautological symplectic bundle of rank 2 on (HP")* is an orthogonal direct summand of
S Uyrrn, ¢r,rn) by definition of f,. We can now run the same argument as in the first part of the proof
of [33, Theorem 10.2] to show that the image of b; is the i symmetric elementary polynomial in the
variables y;. O
Recall from Proposition 3.3.7 that we have an isomorphism

GWE(BSpS") = lim GW ((HP")*")
n

with the ring structure given by Proposition 3.3.10. Considering the composition (y,) ™! o7* and n — oo
for G = Sp;” and G = Sp,,., we obtain morphisms of GWT (k)-algebras GW* (Rep(G)) — GWE (BG)
as well, both generalizing (take r = 1) the map of Corollary 3.3.9.
Proposition 3.3.12 The map of GW* (k)-algebras

GW*(Rep(Sp;”)) — GW=(BSp;")
defined above exhibits GW* (BSp3”) as the completion of GWE (Rep(Sp5")) with respect to 0gpr.
Proof By Proposition 3.3.8, the generator b@) € GW* (Rep(Sp57)) of (2.4.9) is mapped to the Borel

class y; € GWE(BSpX") of Proposition 3.3.10 for each 1 <i < r. Since 10g,5r C GW= (Rep(Sp3")) is
generated, as an ideal, by the classes pl ), the result follows. O

We are now ready to prove the following Atiyah—Segal completion result for Hermitian K-theory and
symplectic groups:
Corollary 3.3.13 The map of GW= (k)-algebras
GW* (Rep(Sp,,)) — GW=(BSp,,)
defined above exhibits GW* (BSp,,.) as the completion of GW* (Rep(Sp,,)) with respect to 10sp, .
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Proof By Corollary 2.4.4, the map res: GW* (Rep(Sp,,)) — GW* (Rep(Sp5")) from the upper line
of (3.3.1) is injective and maps (higher) Borel classes to elementary symmetric polynomials in the
generators b e GW* (Rep(Sp5”)). Similarly, by Theorem 3.3.11 and Proposition 3.3.7, the map
GW* (BSp,,) — GW* (BSp5") from (3.3.1) is injective and maps (higher) Borel classes to elementary
symmetric polynomials in the generators y; € GW* (BSp5"). It follows that the image of 1Os, . in
GW*(Rep(Sp;")) is

10sp,, =10gpxr N GW™* (Rep(Sp,,))

if we consider GW* (Rep(Sp,,)) as a subalgebra of GW* (Rep(Sp3")) via the restriction map. Thus it
follows from Proposition 3.3.12 that the map

GW™ (Rep(Sp,,)) - GW* (BSp,,)

exhibits GW* (BSp,,) as the completion of GW* (Rep(Sp,,)) with respect to IOs,,, . a

3.4 Classifying space for multiplicative group with a nontrivial involution

Consider the multiplicative group G, with the involution ¢: 7 > ¢!, as in Example 2.0.1. In this section,
we show how to approximate the classifying space BG,, in a way that is compatible with the involution.
That is, we will construct G, -torsors U,, — By such that the torsors U, form an acceptable gadget, and
are equipped with involutions ¢: U, — U, that are compatible with the (,-action in the sense that

(3.4.1) t(t.x) =1(t).e(x)

for t € G, x € U,. This condition ensures, in particular, that the involution on U, descends to an
involution on B;.

Remark 3.4.1 Usually, BG,, is approximated by the projective spaces P”. We have G,,-torsors
A"T1\ 0 — P”, and these torsors form an acceptable gadget. However, there seems to be no involution ¢
on A1\ 0 satisfying (3.4.1).

Concretely, we will use the principal G,,-torsors
Unp = {(x,y) e A" 5 A" [ xTy =1}

with G,,-action #.(x, y) := (tx,t~'y) and involution ¢: (x, y) — (y, x). This involution clearly satis-
fies (3.4.1). Quotienting by the G, -action, we obtain the following open subschemes of P” x P”:

Bp:={([x].y]) € P" xP" [ xTy # 0}

The induced involution on Bj, is given by ¢: ([x], [¥]) = ([¥], [x])-

Remark 3.4.2 To verify that the obvious projection U,, — B, is a principal G,-torsor, we can identify
it with the canonical projection

GL1+4n /(1 XxGLy) = GL144 /(Gm x GLy)
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via the map that sends the left coset represented by a matrix A to the pair (x, y) consisting of the first
column of A, and of the first row of A~ L:

GL14n =
1xGL,, > Un

[
GL{+4n =3
G, XGLj, > Bn

The involutions on U, and B, are induced by the involution A4 — (A_I)T on GL14,.

Remark 3.4.3 The fixed points of the scheme B, under the involution can be identified with the scheme
{[x] e P* | xT x # 0}, ie with the complement of a quadric in P”. This complement is often used as an
algebro-geometric replacement for real projective space RP”, for example in [14] or [48]. It is a special
case of the algebraic orthogonal Grassmannians of Schlichting and Tripathi [41].

Lemma 3.4.4 The schemes U,, with the obvious inclusions U, C U,4+1 C -+ form an acceptable gadget
in the sense of Definition 3.2.6.

Proof Let R be an arbitrary commutative ring, and g € R. As in the proof of [32, Proposition 8.5],
it suffices to show that, given an arbitrary morphism Spec(R/g) — U, we can fill in the dashed arrow in
the diagram

Spec(R/g) > Uy < 3 Un+1

Spec(R) )
The given arrow corresponds to a tuple (o, ..., an, bo. . .., bp) in (R/g)*"*2 such that I aibi =1
in R/g. Pick an arbitrary lift (ag, . ..,an, bo, ...,by) € R?®+2. Then the previous equality tells us that

there exists some element € R such that ) *; a;b; = 1+ gr in R. The composition from Spec(R/g)
to Up+1 corresponds to the tuple (ao, . . . ,dy, 0, Eo, - l;n,ﬁ) in (R/g)2”+4. In order to construct the
dashed arrow in a way that the diagram commutes, we need to construct a lift of this tuple, say,

(a6,...,a;,gc,bé,...,b,’l,gd)
such that }; a/b! + g?cd = 1. Pick a} := a;, b} := b; — grb;, and ¢ := d := r. A quick calculation

shows that this choice fits the bill. O

3.5 Tools for generalizations to base schemes with nontrivial group actions

Recall that if we have Atiyah—Segal completion for GL,, for schemes X with arbitrary GL,-action, then
applying it to X = GL,, /H yields the completion theorem for H over a point Spec(k). The same applies
to Sp,,,, and hence either case would cover all H which are, eg, split reductive, and in particular all
finite groups.
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We now briefly recall two techniques that have been successfully used to generalize results on schemes X
with trivial G-action to general G-schemes X. Both only apply to G = T a torus, and both have the
same underlying idea: under suitable assumptions, there is a big open G-subscheme U of X on which
the action of X has a very simple product description. Using this product description, we may prove
the desired result for U, and then using a finite number of induction steps also for X, assuming that the
equivariant cohomology theory we care about (here: equivariant Hermitian K-theory) satisfies a suitable
equivariant localization theorem.

The first technique is to work with T -filtrable schemes for G = T an ““algebraic torus”, and has been
used, eg, by Brion and Krishna, and more recently by [45]. This goes back to Biatynicki-Birula. The
main ingredient is probably [6, Theorem 2.5], which states that U is T-equivariantly isomorphic to
(UNXT)x V, where V is a finite-dimensional 7-module.

The second technique uses the “torus generic slice theorem” of Thomason; see [46, Proposition 4.10].
Here X is very general, and G = T is a “diagonalizable torus”. The main geometric result here is that
we have a T-equivariant isomorphism U =~ T/T’ x U/ T with T’ a diagonalizable subtorus, and the
induction is then done essentially on page 804 of loc cit.

Both techniques would be useful if we could generalize them from tori 7' to GL;, or Sp,,,, or to products
of Sp,, or to tori with involution. We unfortunately don’t have this yet. Still, the above method is expected
to yield the completion theorem for subgroups of 7', eg, products of groups of roots of unity ;. If we
assume that these roots y; are contained in the base field, we could deduce the completion theorem for
the corresponding direct sums of (constant) cyclic groups.
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A minimality property for knots without Khovanov 2-torsion

ONKAR SINGH GUJRAL
JOSHUA WANG

A conjecture of Shumakovitch states that every nontrivial knot has 2-torsion in its Khovanov homology.
We show that if a knot K has no 2-torsion in its Khovanov homology, then the rank of its reduced Khovanov
homology is minimal among all knots obtainable from K by a proper rational tangle replacement.
It follows, for example, that unknotting number 1 knots have 2-torsion in their Khovanov homology.

57K18

Shumakovitch conjectured that every nontrivial knot has an element of order 2 in its Khovanov homology
[10, Conjecture 1]. The conjecture has been verified for some infinite families of knots (see, for example,
[2; 9; 10]) and has withstood large computational searches. In this note, we provide topological evidence
for the conjecture, and we verify the conjecture for a large class of knots that include all unknotting

number 1 knots.

Two links differ by a rational tangle replacement if they agree outside of a ball, and if within the ball, each
is a rational tangle. A rational tangle replacement is proper if the arcs of the two rational tangles connect
the same end points [4; 8]. Changing a crossing is an example of a proper rational tangle replacement,
while resolving a crossing is an example of a nonproper rational tangle replacement. In the following
statement, Kh(K) and Kh(K) denote the unreduced and reduced Khovanov homology groups of K,
respectively, thought of as abelian groups with bigradings suppressed.

Theorem 1 Suppose K is a knot such that there is no 2-torsion in Kh(K). If J is a knot that differs from
K by a proper rational tangle replacement, then

rank Kh(K) < rank Kh(J).

Corollary 2 Any knot whose unknotting number is 1 has 2-torsion in its Khovanov homology. More
generally, if K is a nontrivial knot that can be obtained from the unknot or a trefoil by a proper rational

tangle replacement, then Kh(K) contains 2-torsion.

Proof of Corollary 2 Let J be the unknot or a trefoil, and let K be obtained from J by a proper rational
tangle replacement. If there is no 2-torsion in Kh(K), then rank Kh(K) < rank Kh(J) < 3 by Theorem 1.
The rank of Kh(K) cannot be 3 since then K would be a trefoil [3, Theorem 1.4], which has 2-torsion in
its Khovanov homology. Since the rank of Kh(K) is odd, it must be 1, and so K is the unknot [6]. O

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Our proof of Theorem 1 combines the main result of Iltgen, Lewark, and Marino [4] with an observation
of Kotelskiy, Watson, and Zibrowius [5, Proposition 9.3] using the following lemma.

Lemma 3 LetF be a field, and suppose M and N are finitely generated modules over the polynomial
ring F[X] of the form

m n

FLX] FLX]

M=FX) o5 N=FX) oD 5

wherer,m,s,n > 0anday,...,am,b1,...,by > 1. Furthermore, suppose f: M — N andg: N - M
are IF[ X']-module maps for which f og = X andgo f = X. If the numbers ay, ..., a, are all at least 2,

thenm < n.

Proof Let Xj; and X denote the structural maps X : M — M and X : N — N, respectively. Our aim
is to establish m = dimp ker Xy < dimyp ker Xy = n.

Setting C := g~ !(ker Xj7), we first claim that g|c: C — ker Xjy is surjective. Since the numbers
ai,...,any are all at least two, any element y in the kernel of X/ lies in the image of X3, and therefore
may be written as y = Xprz = g(f(z)), which proves the claim. Next, note that g sends X C to zero,
and so g|¢ induces a surjection C/ X C — ker Xps. Thus

dimp ker X7 < dimp C —dimp Xy C = dimy ker(Xn|c) < dimp ker X. |

Proof of Theorem 1 Let BN(K) denote the reduced Bar-Natan homology of K with rational coefficients.
It is a rank-1 finitely generated graded module over Q[ H] where H has nonzero degree, so we may write

m n
= QH] < Q[H]
BN(K) =QHle P o BN =QHle P 7=
i=1 i=1
where ay,...,am,b1,...,by, are positive. By hypothesis, there is no 2-torsion in Kh(K), so Proposition 9.3
of [5] implies that the numbers aq, ..., a; are all at least 2. Furthermore, [5, Proof of Proposition 9.3]

also gives rk Kh(K) = 1 +2m and rk Kh(J) = 1 + 2n.

By [4, Proof of Theorem 1.1], there are Q[ H]-module maps /: BN(K)— BN(J) and g:BN(J) — BN(K)
satisfying fog = H and go f = H. We note that the complex [ D] over Z[G] associated to a diagram D
considered in [4] recovers the reduced Bar-Natan complex as [D] ®z(g) Q[H] where Z[G] — Q[H]
sends G to —H. By Lemma 3, we obtain

rkKh(K) =1 4+2m < 14 2n =k Kh(J). i
Remark 4 Suppose K is a knot such that BN(K) does not contain Q[H]/H as a direct summand. Our

proof of Theorem 1 implies that the conclusion of Theorem 1 holds for K. This observation gives evidence
in favor of the affirmative for [5, Question 9.4], which suggests that the reduced Bar-Natan homology
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of any nontrivial knot contains Q[H]/H as a direct summand. We note that the existence of such a
summand in reduced Bar-Natan homology implies the existence of 2-torsion in Khovanov homology
[5, Proposition 9.3]. An analogous question is raised in [1; 7] in the context of the Floer homology of
rational homology spheres.
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