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Linear bounds of the crosscap number of knots

ROB MCCONKEY

Kalfagianni and Lee found two-sided bounds for the crosscap number of an alternating link in terms of
certain coefficients of the Jones polynomial. We show here that we can find similar two-sided bounds for
the crosscap number of Conway sums of strongly alternating tangles. Then we find families of links for
which these coefficients of the Jones polynomial and the crosscap number grow independently. These
families will enable us to show that neither linear bound generalizes for all links.

57K10, 57K14, 57K 16

1 Introduction

In [17] Kalfagianni and Lee showed that the crosscap number of an alternating link admits two-sided
linear bounds in terms of certain coefficients of the Jones polynomial of the link. The purpose of this
paper is twofold; we first generalize the result of [17] for links that are the Conway sum of strongly
alternating tangles. Second, we construct families of knots obstructing the generalization of the result
of [17] to arbitrary knots.

For a link L let
V(L) =apt" +Brt" 4+ BT p o) 1™,

where a7 and « are nonzero, be the Jones polynomial, and let 7y = |BL| + |8 |-

Definition 1.1 For a nonorientable connected surface S, bounded by a link L, the crosscap number is
defined to be

C(S)=2—x(S)—k¢,
where ky is the number of components of L. Then the crosscap number for a link L, denoted C(L) will

be the minimum crosscap number of all nonorientable surfaces bounded by the link.

Quantum knot invariants, such as the crosscap number, have historically been used to better under-
stand classical knot invariants and the geometry of knots and links. In the eighties Kauffman [18] and
Murasugi [25] showed that the span of the Jones polynomial realizes the crossing number for alternating
links. More recent results from Futer, Kalfagianni, and Purcell showed how the coefficients of the colored
Jones polynomial store information about the geometry of incompressible surfaces in the link complement
and their strong relations to geometric structures and in particular hyperbolic geometry [11; 12; 13].
For example, specific coefficients of the colored Jones polynomial can coarsely define the volume of large
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families of hyperbolic links [8; 10]. Further, Dasbach and Lin [7] did this for all hyperbolic alternating
links. The volume conjecture [23] predicts that the asymptotics of the colored Jones polynomial can be
used to calculate the volume of all hyperbolic links.

More recently, for alternating links Kalfagianni and Lee showed that there exist linear bounds for the
crosscap number with respect to certain coefficients of the Jones polynomial (see Theorem 1.1 in [17]).
Before their work, the best known lower bound for all alternating links was C(K) > 1. On the other side,
Clark [4] observed that for any knot the crosscap number is bounded by

C(K)<2g(K)+1,

where g(K) is the orientable genus of the knot. Kalfagianni and Lee’s results gave an exact calculation
of the crosscap number for 283 prime alternating knots on Knotinfo and improvements of 1472 prime
alternating knots. Kindred [19] has also made progress in calculating the crosscap number, calculating it
for alternating knots with less than 13 crossings. We hope our results in this paper will pave the way for
similar calculations for nonalternating knots which are less understood.

Another source of motivation comes from the work that has been done concerning the orientable genus of
links and the Alexander polynomial and Heegard Floer homology of a link. Crowell [5] and Murasugi [24]
have independently shown that the orientable genus of an alternating link is half the degree span of
the Alexander polynomial of the knot. The Heegard Floer homology is now known to detect the genus
of links [22]. There is also an algorithm using normal surface theory to calculate the orientable knot
genus [2; 15]. The hope with the crosscap number is to find parallel results to Heegard Floer and orientable
genus using quantum invariants such as the Jones polynomial and Khovanov homology.

In this paper we will start by finding two-sided linear bounds for C(L), where L is a Conway sum of
tangles in terms of 77,. We also define many of the necessary terms for Theorem 1.2 in that section,
which we state here.

Theorem 1.2 Let T} and T, be nonsplittable, twist reduced, strongly alternating tangles whose Conway
sum is a link L. Let C(L) be the crosscap number of L and ky be the number of components of L. Then
|V%TL—| —kr <C(L) 22T + k. +38.

A key ingredient in the proof of Theorem 1.2 is Theorem 1.3 which we state below. Theorem 1.3 gives us
bounds for C (L) in terms of the crosscap numbers of the closures of the tangles which sum to L.

Theorem 1.3 Let 7 and T, be nonsplittable, twist reduced, strongly alternating tangles, and let L be
the link formed by the Conway sum of T1 and T,. Let K; 5 and K;p be the links formed by the numerator
and denominator closures of T;, respectively, i € {1,2}. We have

m—2<C(L)<m+2,
where m = min{C(K;y) + C(K,n),C(K;p) + C(K2p)}.
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Having Theorem 1.3 at hand we use a result of [17] and the additivity of twist numbers for strongly
alternating tangles to find bounds for C (L) in terms of the twist number of L. Then using these bounds
and a generalization of Theorem 1.6 from [9] by Futer, Kalfagianni, and Purcell gives us Theorem 1.2.

In Section 5 we show that for arbitrary knots the crosscap number and 77, are independent. Specifically
we show:

Theorem 1.4 (a) There exists a family of links for which Ty, <2, but C(L) is arbitrarily large.

(b) There exists a family of links for which C(L) < 3, but Ty, is arbitrarily large.

To show part (a) of Theorem 1.4, we use work by Teragaito [27] to find a family of torus knots 7'(p, q)

where C(T'(p, q)) grows with g and ¢ can be made arbitrarily large. On the other hand we will show that
Tr(pg =2

For part (b) we will introduce a family of Whitehead doubles for which the crosscap number is always
bounded by 3 but | ;| can be made arbitrarily large. Clark [4] showed that for all links C(L) <2g(L)+1
which shows that for all Whitehead doubles, C(W') < 3. On the other hand, using work by Stoimenow [26],
we are able to compute |f};, | for B-adequate links. Then we find a family of B-adequate Whitehead
doubles for which |B},,| can be made arbitrarily large.

All the links constructed in Theorem 1.4 are nonhyperbolic. This leaves the question of whether
Theorem 1.2 may be generalized to all hyperbolic links. See Section 6 for more details.
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2 Crosscap bounds on connection of two strongly alternating tangles

In this section we will work to prove Theorem 1.3.

2.1 Preliminaries and the upper bound of Theorem 1.3

We start with a couple definitions.

Definition 2.1 A rangle is a graph in the plane contained within a box which intersects the box at the four
corners with one-valent vertices, with all other vertices, contained inside the box, four-valent, and given
over/under crossing data. We label the four one-valent vertices NW, NE, SE, SW, positioned according to
Figure 1.
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NW NE

SW SE

Figure 1: Left: a tangle inside a box with directional strands labeled. Center: numerator closure.
Right: denominator closure.

Definition 2.2 The closure of a tangle is the link which results when we connect the NW and NE points
along the box and SW and SE points along the box as seen in the center panel of Figure 1, this is called
the numerator closure. If we close as in the right-hand panel of Figure 1 we call it the denominator
closure. A tangle is strongly alternating if both closures are prime, alternating, and contain no nugatory
crossings.

Definition 2.3 A Conway sphere is a 2-sphere which intersects a knot or link transversely in four points.
A Conway sum is a sum of tangles as shown in Figure 2. For our purposes, a Conway sphere ¥ will be
positioned such that it intersects a Conway sum at the four one-valent vertices for one of the tangles in
the sum. If we let S be a spanning surface for our Conway sum, then S N X will contain two arcs and a
possibly empty collection of simple closed curves as in Figure 3.

We are now ready to begin proving Theorem 1.3. We separate it into the upper and lower bounds,
beginning with the upper bound:

Lemma 2.4 Let 7; and T, be a pair of nonsplittable, strongly alternating tangles. Let L be the link
formed by the Conway sum of Ty and T,. Let K;y and K;p be the numerator and denominator closures,
respectively, of Ty and T,. If C(L) is the crosscap number of L, then

C(L) <min{C(K;n) +C(Kyn) +2,C(Kip) + C(Kzp) +2}.

Proof Start with a pair of strongly alternating tangles, 77 and 7. Let K and K,y be the links
acquired by the numerator closures of the tangles. Let S and S, be nonorientable spanning surfaces

Figure 2: An example of a Conway sum of / tangles.
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Figure 3: Here we see a tangle contained within a Conway sphere. The dots represent the
intersection of 7; with X. Then the dotted lines are the intersections of S with X.

which realize the crosscap numbers of Ky and K, , respectively. We find a spanning surface S of L
by attaching S and S, with a pair of bands bounded by the strands along which the Conway sum was
taken. As we do not cut S and S5, S will also be nonorientable.

Now we study the relationship between C(S) and the sum of C(S;) and C(S;). We remind the reader
that C(S) = 2 — x(S) — k. The difference between S and the disjoint union of Sy and S} is the two
connecting bands used to construct S. So, x(S) = x(S1) + x(S2) — 2.

Next we compare the number of link components in L with the total in Ky and K, . The gluing of the
East strands of K to the West strands of K, will reduce the number of components by 1 as we are
connecting two disjoint links. The other attachment can increase or decrease the number of components
by 1, or keep it the same. Then k; = kg, + kg, —€ where e =0, 1, or 2.

Now we substitute for x(S) and kg to find

C(S)=2—x(S1)—x(S2)+2—kg,n —kk,y +€ =C(Kin) +C(Kyn) +€.
Hence
C(L) =C(S)=C(Kin)+ C(Kan) +2,

as € = 2, will give the weakest upper bound. By the same argument with the denominator closures of 7T}
and 7>, we find that

C(L) =C(Kip)+C(Kzp) +2. m

Here we remark that Lemma 2.4 will hold even if we take two general tangles. Notice in the proof that
we do not use the fact that 77 or 7T, are nonsplittable or strongly alternating. As this will not hold true
for the other statements we included these hypotheses for uniformity.
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Figure 4: This figure shows a case where L is meridianally boundary compressible.
2.2 Technical lemmas

Before we show the lower bound, we will need some more background, as well as some technical results.
Lemma 2.5 below was discussed in the proof of Lemma 2.4.

Lemma 2.5 Let L be the Conway sum of the tangles T and T, and let K; and K, be closures of T;
and T,. If k. is the number of link components for L, and k1 and k, the number of link components for
K, and K,, respectively, thenky = ki +k, —€ fore =0, 1, 2.

Definition 2.6 Let L be a link in S3 and let N(L) be a neighborhood of L. A spanning surface S of L
in S3 is defined to be meridianally boundary compressible if there exists a disk D embedded in S\ N (L)
such that dD = o U 8 where « = D NdN (L) and B = DN S. Notice both @ and B are arcs, 8 does not
cut off a disk of S, dD N dS cuts 0.5 into two arcs ¢, ¢, and @ U ¢; is a meridian of the link for one of
i = 1,2 as shown in Figure 4. A spanning surface is said to be meridianally boundary incompressible if
no such disk exists.

Definition 2.7 Given an alternating projection of a link L on S2, we modify it so that in a neighborhood
of each crossing, we have a ball whose equator lies on S? such that the over strand runs over the ball and
the under goes underneath; see Figure 5. We call every such ball a Menasco ball, and we call such an
embedding of L relative to S? a Menasco projection P with n crossings.

Definition 2.8 We say that a surface .S intersects a Menasco ball B; in a crossing band if S N B; consists
of a disc bounded by the over and under strands on dB; along with opposite arcs along the equator of B;.
We refer the reader to Figures 28-30 in [1].
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Figure 5: Here we put a crossing into Menasco form, with the over strand running across the top
of the ball and the lower strand running along the bottom.

Let F=S2%\ \U; Bi, where the B; are the Menasco balls for L. Given an incompressible (not necessarily
meridianally) surface .S spanning L, we can isotope S so that:

(i) S N Fis acollection of simple closed curves and arcs with endpoints on L or the equator of a
Menasco ball.

(ii) S is disjoint wherever possible from the interior of the B;, including along N(L). The only
exception will be at crossing bands.

We say such a surface isotoped in this way is in Menasco form.

We will also need Lemma 5.1 from [1] by Adams and Kindred which we state here as Lemma 2.9.
Lemma 2.9 is required to prove Lemma 2.10, which is proven as Corollary 5.2 in [1]. Lemma 2.10 is
essential to our proof of the lower bound, as it guarantees the connectedness of any spanning surface of
the numerator or denominator closures of tangles that we consider.

Lemma 2.9 An incompressible and meridianally boundary incompressible surface S spanning an
alternating link L can be isotoped relative to a given nontrivial Menasco projection P to obtain a crossing
band.

Lemma 2.10 Any spanning surface for a nonsplittable, alternating link is connected.

Proof This proof uses induction on the number of crossings a nonsplittable, alternating link contains.
As the unknot contains only one link component, any spanning surface for the unknot must be connected.
Now consider a nonsplittable alternating link L which has n crossings, and let .S be a spanning surface
for L. Then S is either incompressible and meridianally boundary incompressible or a finite sequence of
compressions take S to an incompressible and meridianally boundary incompressible surface S’. Choose
a reduced alternating diagram of L and put S’ into Menasco form relative to L. By Lemma 2.9, we can
isotope S’ such that S’ contains a crossing band in at least one of the Menasco balls, M . Further, when we
cut open the link along M, we find a spanning surface S” for a nonsplittable alternating link with fewer
crossings L’. Part of the equator of M replaces the crossing strands and guarantees that S” is a spanning
surface of L’. Then, by induction, as S” is a spanning surface for a link of 7 — 1 crossings, it is connected.
Regluing in the crossing band does not disconnect our surface, showing that S’ and S are connected. O
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Lemma 2.11 Let ¥ be a Conway sphere which intersects a Conway sum L of two strongly alternating
tangles Ty and T, in S such that X separates Ty and T,. If we let S be a spanning surface of L and
S N X contains a simple closed curve y such that y does not separate the two arcs in S N X on X, then
there exists an isotopy on S which will eliminate y .

Proof Assume there is only one closed curve y contained in S N X. First we consider the case where
cutting S along y and gluing in disks along the resulting boundary components results in two disconnected
closed components. This implies that S has a disconnected closed component, contradicting that S is a
crosscap realizing surface.

Next assume that cutting along y and gluing in disks does not result in a closed surface component. Then
cutting S along ¥ and gluing disks along the copies of y will result in spanning surfaces for a closure of
T and a closure of T3, both of which are connected by Lemma 2.10. Reversing this procedure everywhere
but y results in a new connected surface S’ which also spans L. But as S’ has two additional disks,
x(S") = x(S) + 2, showing that C(S’) < C(S) contradicting that S is a crosscap realizing spanning
surface.

The only remaining possibility is if cutting .S along ¥ and gluing disks to the two resulting boundaries
results in a single closed surface component, U. Then U will separate S3 into two disjoint spaces. As y
does not separate the two arcs on 3, one side of U must not contain any part of S. But then we can move U
to the opposite side of X and reglue it to .S along y to find an isotopy of .S for which y isno longerin N S.

In the case that we have multiple such closed curves along ¥ we do the same as above starting with the in-
nermost closed curve. The innermost closed curve in this case is the one that bounds an empty diskon ¥. O

By Lemma 2.11, we can choose S such that the only simple closed curves in ¥ N S are those which
bound two disks each containing an arc. Next we show that S’ can be chosen so that S N X contains at
most one such simple closed curve.

Lemma 2.12 There exists a spanning surface S for L, where L is the Conway sum of two strongly
alternating tangles, such that C(S) = C(L) and ¥ N S contains at most one closed curve.

Proof By Lemma 2.11 we can assume that if ¥ N.S contains closed curves y1, ..., ¥, they each split
% such that the two arcs lie on opposite disks. Assume we have n > 1 such closed curves in £ N S, and
let y; and y, be such that y; bounds a disk on % such that no other y; are in the disk and y, bounds a
disk where the only closed curve in it is .

We now find a spanning surface S’ such that C(S’) = C(L) and S’ N T contains n — 2 closed curves.
We start with .S and cut along y; and ), and then glue in annuli whose boundaries are a copy of y; and
a copy of y,. Then as the Euler characteristic of an annulus is 0, this cutting and gluing operation will
result in x(S) = x(S’).
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It remains to show that S” will be a connected surface. As in the proof of Lemma 2.11 we cut S along
% and glue in disks along each y; except for y; and y, which we glue a pair of annuli. This results
in spanning surfaces S and S, for closures of 77 and 7> which by Lemma 2.10 are connected. If we
reverse this procedure everywhere except y; and y, the result will be S’ and as we only remove disks
before regluing, S’ will be connected. Hence, we have found a spanning surface S’ for L such that
C(S’)=C(L) and S’ N X contains two fewer closed curves. Hence, repeating for all such pairs of closed
curves in §' N X we will find the claim. d

Lemma 2.13 We can choose a surface S which spans a link L such that C(S) = C(L) and cutting along
> will not give us a closed surface component.

Proof This was shown in the proof of Lemma 2.11. |

2.3 Lower bound of Theorem 1.3

In this subsection we will prove the lower bound of Theorem 1.3, which will be restated as Lemma 2.14.
We start by discussing what happens when we cut our link L along ¥. Assume that S is a nonorientable
spanning surface for L with C(S) = C(L). The two arcs on X will define how we close 7 and T after
cutting. We let K and K, be these closures. To see that K and K, are the numerator or denominator
closures consider a crossing which as a vertex in the tangle graph is adjacent to a one-valent vertex. If the
exterior regions for a tangle are the faces bounded by the box in the graph then one of the two exterior
regions adjacent to the crossing must be included in S. This means the boundary of this region will result
in the numerator or denominator closures.

We are now ready to prove the lower bound of Theorem 1.3.

Lemma 2.14 Let T} and T, be nonsplittable, strongly alternating tangles and L the link resulting from

the Conway sum of Ty and T,. Also, let S be a spanning surface of L such that C(L) = C(S). Then
C(Ky)+C(Ky)—2=<C(L).

Proof Let S be a nonorientable spanning surface for L such that C(L) = C(S). By Lemma 2.12 S can

be chosen such that the intersection of S with X contains at most one closed curve y and that both disks

y bounds contain arcs. We cut S along ¥ and if y exists we glue a disk to each copy to get spanning

surfaces S and S, for K; and K, respectively. By Lemma 2.13 we know that .S; and S, will not have
closed components and by Lemma 2.10 S; and S, must be connected as K; and K, are alternating.

If k; and k, are the number of link components for K; and K, respectively, then by Lemma 2.5
ki+ky,—e=kr wheree =0,1,2.

Next we consider how the Euler characteristics of .S and the sum of the Euler characteristics of S1 and S,
will be related. We know that 3 N S contains two arcs and at most one closed curve by Lemma 2.12. Then
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cutting the two arcs along ¥ will increase the Euler characteristic by 2. Assume there are n closed curves.
Gluing disks along the two copies after cutting will further increase the Euler characteristic by 2n. The
final consideration we have to make is whether S1 and .S, are nonorientable. Let f = 0, 1, 2 be the number
of S; which are orientable. We will have to add ¢ half twist bands to make sure all the S; are nonorientable
decreasing the Euler characteristic by . Now we see that x(S) = x(S1) + x(S2) —2 —2n +t. Then

C(S)+C(Sy)=4—x(S)—2-2n+t—kp —e=C(L)—2n+1t—e.

Simplifying we find
C(K1)+C(Ky)+2n—t+e=<C(L).

This will be the weakest when n = 0, t = 2, and € = 0. Hence we find C(K;) + C(K3)—2=<C(L). O
We restate Theorem 1.3:

Theorem 1.3 Let 77 and T, be nonsplittable, twist reduced, strongly alternating tangles. Let L be
the link formed by the Conway sum of T and T,. Let K;y be the link formed by the numerator
closure of T;, i € {1,2}, similarly K;p will be the link formed by the denominator closure. If we let
m = min{C(K1n) + C(Kan), C(K1p) + C(K2p)}, then

C(Ky)+C(Ky)—2<C(L) <m +2.

Theorem 1.3 follows directly from Lemmas 2.4 and 2.14. A result similar to Theorem 1.3 exists for the
cross cap number of connected sums. In particular, Clark [4] showed with a strategy similar to our own,
that if K and K, are knots, then

C(Ky) + C(Kz) —1 = C(K1#K3) = C(Ky) + C(Ky).

3 Crosscap number, twist number, and the Jones polynomial

3.1 Twist number bounds

Now we have a relationship between the crosscap numbers of the Conway sum of two tangles and the
closures of the tangles which compose it. Unfortunately, the bounds depend upon the tangles and which
closures we take. But we can use Theorem 1.3 to find bounds for C(L) entirely dependent upon L.
Before proceeding with the statements, we will need a definition.

Definition 3.1 The twist number of a link diagram or a tangle diagram is the number of twist regions
a link diagram contains, where a fwist region is a maximal collection of bigon regions contained end
to end. We call a link diagram rwist reduced if any simple closed curve which meets the link diagram
transversely at four points, with two points adjacent to one crossing and the other two another crossing,
bounds a possibly empty collection of bigons arranged end to end between the two crossings.
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We take a brief pause to mention that we can take the Conway sum of more than two tangles. In particular,
for tangles 77, T5, ..., T,, we can glue the eastern strands of 7; to the western strands of 7;1. Then we
glue the eastern strands of 7T}, to the western strands of 77. See Figure 2 for an example.

Lemma 3.2 LetT;,T5,...,T, be strongly alternating tangle diagrams whose Conway sum is a link
diagram D(L). Then tw(D(L)) = i, tw(T;), where tw(D(L)) is the twist number for D(L) and
tw(T;) the twist number for the tangle diagram Tj;.

Proof First notice that taking the sum of tangles will not result in new twist regions. This is because,
when taking a Conway sum, crossings that shared a twist region will still share a twist region and we
introduce no new crossings. Therefore, tw(D(L)) < > 7_, tw(T}).

Now assume that tw(D (L)) < Y_;—, tw(7;). Then for some i, a twist region in 7; and a twist region
in T; 11 become one region in L. This implies there exists a simple closed curve y which transversely
intersects D (L) twice in T; and twice in T; 1. If we think back to 7; lying in a unit square, then y must
intersect the north and south edges or the east and west edges of the square. In the first case, this shows
that the denominator closure is not prime, and the second, the numerator closure is not prime. But as 7;
is strongly alternating, this would be a contradiction, therefore tw(D(L)) = Y /_; tw(T}). |

Next we consider the relationship between the twist number of a tangle diagram and the twist numbers of
diagrams of its closures.

Lemma 3.3 Let T be a strongly alternating tangle diagram, and let D(K) be the link diagram which
comes from the numerator or denominator closure. Then

tw(T) =2 <tw(D(K)) <tw(T).

Proof The upper bound is true as we are not adding crossings when closing a tangle, and hence cannot
create new twist regions.

The lower bound stems from the fact that when we choose a closure for 7" we create two new potential
bigons. If either region is a bigon, then it joins two twist regions. If both regions are bigons, the twist
number is reduced by 2. In Figure 6 we see an example of a tangle where the lower bound is sharp for
both closures. |

We will also need Theorem 3.8 from [17] which we state here. This theorem allows us to relate the cross
cap numbers of the closures of strongly alternating tangles to twist numbers of their diagrams.

Theorem 3.4 Let L C S3 be a link of k; components with a prime, twist reduced, alternating dia-
gram D(L). Suppose that D(L) has tw(D(L)) > 2 twist regions. Let C(L) denote the crosscap number
of L. We have

[Ttw(D(L))] +2—kr < C(L) <tw(D(L))+2—kp.

Furthermore, both bounds are sharp.
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X KX

Figure 6: Left: a strongly alternating tangle with 5 twist regions. Right: the numerator closure
with 3 twist regions. The denominator also results in 3 twist regions, showing the sharpness of the
lower bound.

Now that we have that the twist number is additive for strongly alternating tangles by Lemma 3.2 and can
relate C(K;) and tw(7;) by Lemma 3.3 and Theorem 3.4, we are ready to state Theorem 3.5

Theorem 3.5 Let T and T, be diagrams of nonsplittable, strongly alternating, twist reduced tangles
whose Conway sum is a link diagram D(L). Let C(L) be the crosscap number of L, tw(D(L)) be the
twist number of D(L) and kj, be the number of link components in L. Then

[Low(D(L)] —kz < C(L) <tw(D(L)) +4—kz.

Proof We start with a lower bound in the proof of Lemma 2.14 with ambiguity on € where k1 +k,—e =k .
Then C(K;)+ C(K3)—24+€ <C(L). Let D(Ky) and D(K,) be the diagrams of K; and K, that arise
from cutting L as in Theorem 1.3. Notice that tw(D(K;)) > 2 fori = 1,2 as T; is strongly alternating,
and tangle diagrams with twist number 1 will have a nonprime closure. Then by Theorem 3.4 we find for
i €{1,2} that |_% tw(D(K,-))-| + 2 —k; < C(K;) where K; has k; link components. So

[Ltw(D(K1))] + [3tW(D(K2)) ] +2+€—ki —ky < C(L).

By Lemma 3.3 tw(7;) — 2 < tw(D(K;)) and from Lemma 3.2 we know tw(7T) + tw(73) = tw(D(L)).
Combining the two lemmas shows

(M (L w(DL)] ~2 < [aw(T) — 2] + [Law(T2) - )]
) < [+ tw(D(K1)]+ [ twW(D(K2)].
Finally substituting in k1 + k, = k; + €, we find

[$tw(D(L))]—kr < C(L).

Now we consider the upper bound. Similar to the lower bound we start with a step from Lemma 2.4,
C(L)<min{C(K;n)+C(Kyn)+€,C(K1p)+C(Kyp)+e€}. By Lemma 3.3 we see that tw(D(K; n)) <
tw(7;) and tw(D(K;p)) < tw(7T;) and then by Theorem 3.4,

C(L) =tw(T) +tw(Tr) +4+4+e—ky—ks;.
Then substituting for k1 + k, = ky + € and considering Lemma 3.2,
C(L) <tw(D(L))+4—kg. O
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D

Figure 7: Given a crossing, we can resolve it to either the A- or B-resolution.
3.2 Jones polynomial bounds

From here we work to find bounds in terms of 77, but first we have to generalize Theorem 1.6 in [9]
which will allow us to relate the twist number of the diagram of a link L to 77.. Theorem 1.6 from [9] only
considers knots but we want a similar result for links. We start with some necessary definitions and then
a generalization of Lemma 5.4 from [9] which is a necessary piece of our generalization of Theorem 1.6.

Definition 3.6 If we let D(L) be the diagram of a link L we define the A-resolution and B-resolution as
shown in Figure 7. Then a Kauffman state is a choice of resolutions for each crossing in a link diagram.

Definition 3.7 Next we construct a all A (resp all B) state graph G 4(D (L)) (resp Gg(D(L))) by adding
edges where we performed resolutions and then contracting the simple closed curves to vertices. Let e 4
(resp ep) be the number of edges in G4(D (L)) (resp Gp(D(L))). Further, if we identify all parallel
edges (edges which share two vertices) we find the reduced state graph G',(D(L)) (resp G’z(D(L))).
Let ¢/, (resp ep) be the number of edges in G/, (D (L)) (resp Gz(D(L))).

Now we are ready to define what it means for a link to be adequate.

Definition 3.8 We call a link diagram A-adequate (resp B-adequate) if the A-state (resp B-state) graph
of the diagram has no one-edge loops. A link diagram is called adequate if it is both A-adequate and
B-adequate, and a link is adequate if it has a diagram which is adequate.

Here we recall some terminology from [9].

Definition 3.9 Let D(L) be the link diagram obtained by taking the Conway sum of strongly alternating
tangles 77, ..., Ty. Let £, (D (L)) denote the loss of edges in G 4(D (L)) and Gg(D(L)) as we pass from
eq+epto e;1 + e% which come from equivalent crossings in the same tangle 7;. Then let £y (D (L))
be the number of edges we lose from identification when we take the Conway sum. It follows that
Lin(D(L)) + Lext(D(L)) = e4 +ep—e)y —efp.

For an alternating tangle diagram 7', the vertices of G 4(7T") and Gpg(T') are in one-to-one correspondence
with the regions of 7. For the state graph of a tangle, if we consider the tangle lying within a disk,
we have four exterior regions bounded by the disk. This means our state graphs have interior vertices
those whose region lie entirely within the interior of the disk and two exterior vertices with corresponding
region, with sides on the boundary of the disk.
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Figure 8: Top: two strongly alternating tangles. Middle: the all A-resolution diagrams for the
tangles. Bottom left: the all A-state diagram for the Conway sum of two of the left tangles which
has all admissible bridges. Bottom right: the all A-state diagram for the Conway sum of one of
both tangles; here the bridges are all inadmissible.
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For a tangle T;, a bridge of G4(T;) or Gg(T;) is a subgraph consisting of an interior vertex v, and
edges ¢’, ¢ which connect v to the exterior vertices v' and v”’. We call the bridge inadmissible if the
vertices become identified in G 4(D(L)) or Gg(D(L)); see Figure 8.

Now we find an upper bound for £ex (D (L)) in terms of the twist number. This work will largely follow
the proof of Lemma 5.4 in [9].

Lemma 3.10 Let T and T, be strongly alternating tangles whose Conway sum is a link diagram D(L).
Let ky, be number of link components in L. Then

Lexe(D(L)) < Stw(D(L)) + kg + 4.
Proof For T € {Ty,T>}let b4(T), bp(T) be the number of bridges in G4(7) and Gg(T), respectively.

Then the contribution of 7" to £ will be at most b4(7T") + bg(T). Any other edge identification from
moving to the reduced graph will still be counted by £jp,.

If b is a bridge there are two possibilities:

(i) The edges ¢’, ¢’ do not come from the resolutions of a single twist region.

(ii) The edges €', ¢” come from the resolutions of a single twist region.
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For type-(ii) bridges the two crossings which result in the edges are the only two in their respective twist
region. Otherwise the two edges will not be adjacent to the exterior vertices or this would no longer
constitute a twist region.

For type-(i) bridges when we pass from G4(7) and Gg(T) to G/,(T) and G(T) the contributions
to Lex¢ is half the number of twist regions involved in such bridges. Unlike in [9] we can have more than
one type-(ii) bridge, as each additional type-(ii) bridge creates a new link component.

Case 1 Supposethat b4(T) >3 or bg(T) > 3. Without loss of generality let b4(7") > 3. Then bg(T) =0.
If bp(T) were not zero then the B state bridge would cross the A state bridges, implying two internal
vertices which is not a bridge.

There can be any number of type-(ii) bridges, but each bridge beyond the first will add a new link
component. If we have only type-(ii) bridges b4(T') < kp where k7 is the number of tangle components.
On the other hand if we only have type-(i) bridges b4(T") < % tw(7T"). Then for any mix of bridges we
find that

bs(T)+bp(T) < %tW(T) + kr.

Case 2 1In this case we will consider b4(T) = bg(T) = 2. Then k must be at least 2, as the bridges in
G4(T) and Gg(T) will create a square resulting in a tangle second component. Also, as G4(7") has two
bridges there are at least two twist regions in 7. Then

ba(T)+bp(T) < tw(T) +kr + 1.

Case 3 Either b4(T) <2 and bg(T) <1 or b4(T) <1 and bg(T) < 2. Without loss of generality
consider the first possibility. Then b4(T) + bp(T) is at most three. If it’s less than three we see that
k7 + 1> 2 so we need only consider when they sum to three. But as with the previous case we will have
at least two twist regions as G 4(7") has two bridges. Thus,

ba(T)+bp(T) < S tw(T) +kr + 1.

Then by Lemma 3.2 we know that the twist number is additive over Conway sums. By Lemma 2.5
ki1 4+ ky <kr +2. Then we find the bound

2
lext < ba(Ti) +bp(Ty) < § tw(D(L)) +k +4. O
i=1

Now we have the tools necessary to prove the main lemma needed to find bounds for C (L) in terms of 77 .

Lemma 3.11 LetTy,..., T, be strongly alternating tangles whose Conway sum is a link diagram D (L)
for a link L. Then letting By and B} be the second and second-to-last coefficients of the Jones polynomial
of L, Ty = |Br|+ 1B} . and ky, the number of link components, we have

Ftw(D(L)) —kp —2 < T <2tw(D(L)).
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Proof We start by noting that we can mutate the link L in such a way that it either is alternating or
the sum of 7 and T’ where T is a positive strongly alternating tangle and 7’ is a negative strongly
alternating tangle, without changing its Jones polynomial [20]. The positive and negative refer to whether
the northwest strand originates from an overcrossing or an undercrossing. In the former case we have a
stronger result by Dasbach and Lin [7] that Ty, = tw(L).

We will assume that L is not alternating. Then work by Lickorish and Thistlethwaite [21] shows that
D(L) is adequate. Further, by Propositions 1 and 5 of [21] we have v4 + vp = ¢ where vy is the
number of vertices in G4(D (L)), vp the same in Gg(D (L)) and ¢ the number of crossings in D(L).
Every edge we lose when passing from G4 (D (L)) and Gg(D(L)) to G',(D(L)) and G’z(D(L)) comes
from either multiple edges in a twist region or an inadmissible bridge. By Lemma 5.2 in [9] we see
that the number of edges lost due to twist regions is ¢ — tw(D (L)) which is equivalent to {;,. This
is because the edges which share a twist region are equivalent to those who become identified in the
reduction before taking the Conway sum. On the other hand type-(i) inadmissible bridges for strongly
alternating tangles will be precisely those which we lose from identification when taking the Conway
sum, Lex((D(L)). Then the first part of the move from (4) to (5) below will come from the equality
ey +ep—eq—ep=—(c—tw(D(L)) + Lex). Work by Stoimenow shows that for an adequate link
diagram (see [7] for a proof)

3) T =e +eg—vg—vp+2

) = (¢ tep—eq—ep)+es+(ep—va—vp)+2

&) =—(c—tw(D(L)) +Lex) +c+ (¢ —vqa—vp) +2

(6) 2 tW(D(L)) = Lext +2

(7 > tw(D(L)) — 3 tw(D(L)) —kp —4+2 = S tw(D(L)) —kr —2.

The upper bound on 77, was shown by Futer, Kalfagianni and Purcell in [8]. O

Theorem 1.2 Let 77 and T, be nonsplittable, twist reduced, strongly alternating tangles whose Conway
sum is a link L. If C(L) is the crosscap number of L, Ty, = |Br| + |B} | and kr, is the number of link
components in L we find that

|V%TL—| —kr <C(L) 22T +kr +38.
Proof This follows immediately from Theorem 3.5 and Lemma 3.11. O

Corollary 3.12 Let Ty and T, be twist reduced, nonsplittable, strongly alternating tangles whose
Conway sum is a link L. Assume that tw(1;) = tw(K;y) = tw(K;p). If C(L) is the crosscap number
of L, Ty = |Br|+|B; | and ky is the number of link components in L, we have

(LT +2—kp <C(L) <2Tp + kg +38.
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4 Generalizing to larger Conway sums of tangles

Our goal in this section is to generalize Theorem 1.2 to Conway sums of more than two tangles. A Conway
sum of more than 2 tangles is a closure where we connect diagrams of the tangles 77, 75, ..., T; linearly
west to east shown in Figure 2. As with the case of the sum of two tangles, if we let L be our Conway
sum and S a spanning surface, cutting S along a Conway sphere intersecting 7; will result in a spanning
surface for either K;y or K;p, dictating the closure for the tangle. When we cut L, we position / Conway
spheres such that 3; intersects L at the directional strands of 7;. We note that .S 3 \ Ui >; will not be
a sphere, but we are concerned with the surfaces within the interior of each ;. S\ U;X; will be a
collection of bands and tubes which we consider in the Euler characteristic change. This section will
have similar results to the previous sections but with a factor for the number of tangles. We start with the
following lemma which is a generalization of Lemma 2.5.

Lemma 4.1 Let L be the Conway sum of the tangles Ty, T, ..., T}, and K1, K5, ..., K; are closures
of the tangles. Then if ky, is the number of link components for L, and k1, k, ..., k; the number of link
components for each link, respectively, then ky = ZLI ki—Il+efore=0,1,2.

Theorem 4.2 Let T, T5,. .., T; be nonsplittable, strongly alternating tangles, and let L be the Conway
sum that results from the [ tangles. If K; is the closure of T; resulting from cutting the crosscap realizing
spanning surface for L for alli € {1,2,...,/} and K;y is the numerator closure of T; and K;p the
denominator closure, then we have

[ [ [
> C(K)—1 = C(L) <min{ - C(Kin) +1. 3 C(Kip) +2.

Proof This proof will largely follow the work we did in Lemmas 2.14 and 2.4. We will start by
considering the upper bound.

First we consider the case where we have K;y forall i € {1,2,...,[}, and spanning surfaces S; for each
K;n such that C(S;) = C(K;n). Unlike in Lemma 2.4 the NW and NE strands connect to different
tangles and we will find the same for the SW and SE strands. Then the spanning surface resulting from
the Conway sum will have northern and southern disks attached to each of the S; by a band as seen in
Figure 9. Let this resulting surface be S.

By this construction x(S) = ZLI x(Si) — 2/ + 2 where the 2/ comes from the bands connecting
each surface to the disks, and the 2 from the disks themselves. Then by Lemma 4.1 we see that
kr = Z§=1 kin —1 + €. Then

C(S)=2—(Xl: X(S,-)—2l+2>—(212 k,-N—l—l—e) — i C(Kin) +1—e.

i=1 i=1 i=1
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Figure 9: We see here that a surface would have to fill the shaded areas to connect the numerator
closures of the tangles since the western and eastern boundaries of the S; connect to separate tangles.

Then we see the weakest upper bound is when € = 0, so

C(L)=C(S) = i C(Kin)+1.
i=1
Meanwhile the all denominator closure case will be similar to when / = 2. In particular x(S) =
Z£=1 x(Si) — 1 as we add bands to connect each of the S; to their neighboring surfaces. By Lemma 4.1
and similar computations to the numerator closure case we find C(L) < Zle C(Kip)+2. Wehavea?2
instead of an / as we added half the number of bands in constructing S. Then we take the minimum of
the denominator and numerator bounds to find an upper bound for C(L).

Now we consider the lower bound. Let S be a spanning surface for L such that C(S) = C(L). Similar to
Lemma 2.14 we will be considering the surfaces S, S, ..., .S; that result from cutting along the Conway
spheres X;. By a similar argument to the one for Lemma 2.12, S can be chosen so that ¥; NS contains
at most one closed curve for all i. Notice that if any of the steps in Lemma 2.12 were to disconnect the
surface outside X;, then for some other X;, i # j, 7; would span a disconnected surface which is a
contradiction to Lemma 2.10. Then when we cut along the Conway spheres we see that we are at most
cutting along two arcs and a closed curve.

We know from Lemma 4.1 that k; = Z§=1 ki —[ + € for e =0, 1, 2. If we have closed curves along
a X;, when we cut we will have to add disks to both resulting boundary components which increases the
Euler characteristic by 2. For any surface resulting from cutting that is orientable we will have to add in
a half twist band to make it nonorientable. Each such half twist band reduces the Euler characteristic
by 1. Then Z£=1 x(Si) = x(S)+t+c—b where t =/ or t =2/ — 2 depending on if the K; are the
denominator or numerator closures, ¢ the number of closed curves on the X; which can be as large as /
and b the number of twist bands added to make the S; nonorientable which also has maximum /. The
value of ¢ arises from the bands which sitin S\ |, ;.

Now we see that

i C(S;) =21— Xl: x(S;) — Xl: ki=2l—x(S)—t—c+b—kr—1I1+e.

i=1 i=1 i=1
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The weakest upper bound for Zle C(S;) is when ¢ and ¢ are minimal and b and € are maximal. So this
will be when we do not have any closed curves and each of the resulting S; need half twist bands to make
them nonorientable. So

i C(S;)=21—x(S)—1+1—kp—1+2=C(L)+1.

i=1

Then moving the / to the other side we see that Zle C(K;)—1 < C(L), showing the claim. |

As in Section 3 we will now use Theorem 3.4 to find bounds for C(L) in terms of tw(D (L)) where
tw(D(L)) is the twist number for a diagram of L.

Theorem 4.3 Let T1,T5,...,T; be nonsplittable, twist reduced, strongly alternating tangles and let
D(L) be the link diagram for the link L which results from taking the Conway sum of the tangles. Let
tw(D (L)) denote the twist number of D(L) and C (L) the crosscap number for L. Then

[Teow(D(L)]|+2—kr <C(L) <tw(D(L)) +1+2—kp.

Proof We start with the bounds from Theorem 4.2. From here we use Theorem 3.4 and Lemma 3.3 to
get bounds on C (L) with respect to the twist numbers of diagrams of 77, ..., 7;. Combining these two
statements we find

i [@w(T)—2)] +1- i ki <C(L) < i tw(T;) + 20 +2— i ki,

i=1 i=1 i=1 i=1

where k; is the number of link components for each K;.

We know that the twist number of strongly alternating tangles is additive over a Conway sum by Lemma 3.2.
So the only detail left to consider is the relationship between kj and ZLI ki. By Lemma 4.1 and a
similar argument to that in Theorem 3.5 we find the claim:

[$(tw(D(L)—21)|+2—kr <c(L) <tw(D(L)) + 1 +2—kp. o

The final piece of our puzzle is to find bounds in terms of 77 . To do this we use Lemma 3.11 and
Theorem 4.3 and the result follows.

Theorem 4.4 Let Ty, T>,...,T; be nonsplittable, twist reduced, strongly alternating tangles and let L
be the link which results from taking the Conway sum. Then let C(L) be the crosscap number and ky, the
number of link components in L. Then

[L(Tp—20)]+2—kp <C(L) <2Tp +1+6+kg.

With an additional constraint on our tangles we find the following corollary:
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Corollary 4.5 LetTy,T5,...,T; be nonsplittable, twist reduced, strongly alternating tangles such that
tw(T;) =tw(D(K;n)) =tw(D(K;p)) foralli € {1,...,l}. Let L be the link which results from taking
the Conway sum, C (L) the crosscap number, and ky, the number of link components in L. Then

[§TL]+2—kp <C(L)<2Tp +1+6+kp.

5 Families where 7; and the crosscap number are independent

We begin by recalling the following theorem from [17] which gives linear bounds for the crosscap number
of an alternating link in terms of 77, where Tz, = |Br| + |} | and B and B} are the second and
second-to-last coefficients of the Jones polynomial of L, respectively.

Theorem 5.1 Let L be a nonsplit, prime alternating link with k components and with crosscap num-
ber C(L). Suppose that K is not a (2, p) torus link. We have

[4TL]+2-k <C(L) <TL+2-k,
where Ty is as above. Furthermore, both bounds are sharp.

In the previous sections we showed Theorem 5.1 generalizes to Conway sums of strongly alternating
tangles. In this section we will show that Theorem 5.1 does not generalize to arbitrary knots.

Theorem 1.4 (a) There exists a family of links for which Ty < 2, but C(L) is arbitrarily large.
(b) There exists a tamily of links for which C(L) < 3, but Ty, is arbitrarily large.

5.1 Part (a) of Theorem 1.4

In this section we will consider the family of torus knots 7'(p, ¢), where ¢ = j and p =2+ 2jk for
odd j > 1 and all natural numbers k. This family will allow us to prove part (a) of Theorem 1.4. We start
with the following definition from Teragaito [27].

Definition 5.2 We define the value N(p, ¢) from [27] for fractions g, where p and ¢ are coprime,
to begin write g as a continued fraction

V4
g:[a07al,a2,...,an]:a0+

o
where the a; are integers, ag > 0, a; > 0 for 1 <i <n, and a, > 1. A continued fraction of this form is
unique (see [14]). Now we recursively define b; as

ai ifbi_1 #a;_y orif Y j_q b is odd,

bo = ay, bi = ‘ P

0 ifbj_1 =a;—1 and ijo bj is even.
Then, N(p,q) = % > 7'y bi. We say a torus knot K is even if the product of p and ¢ is even and we say
K is odd otherwise. Using these definitions we can state Theorem 1.1 from [27].
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Theorem 5.3 Let K be the nontrivial torus knot of type (p, q), where p, g >0 and let F be a nonorientable
spanning surface of K with C(F) = C(K).
(1) If K iseven, then C(K) = N(p,q) and the boundary slope of F is pq.

(ii) If K is odd, then C(K) = N(pg — 1, p?) (resp N(pq + 1, p?)) and the boundary slope of F is
pq —1 (resp pg + 1) if xq = —1 (mod p) has an even (resp odd) solution x satistying 0 < x < p.

We take advantage of (i) from Theorem 5.3 to both construct our family of torus links and prove
Proposition 5.5 below. We also need the following lemma, which gives an explicit formula for the Jones
polynomial of a torus knot originally given in Proposition 11.9 of [16], which allows us to calculate 77,
for torus knots.

Lemma 5.4 The Jones polynomial for a torus knot T'(p, q) is given by
1 — Pl —atl 4 ppta
1—1¢2

V(T (p.q)) = ((P=D(g—1)/2

Proposition 5.5 Let L = T(p, q) be the family of torus knots where ¢ > 1 is odd and p = 2 + 2¢gk
fork € N. Then Tp, <2 but C(T(p, q)) can be made arbitrarily large.

Proof Letg > 1 be odd, and p = 2 + 2¢gk where k is a natural number. To show that for all such torus
knots, L =T (p, q), C(L) does not have a universal upper bound with respect to 77,, we will show that as
k goes to oo, C(L) also goes to oo, but 7y < 2. We start by computing the crosscap number of 7'(p, q)
using Theorem 5.3.

First we notice that

q q 1+

Then A = [2k, 1, 2]. Then by Definition 5.2 B = [2k, 0, 2]. Finally, as pq is even,
C(L)=N(p.q) =102k +0+2) =k +1.

Then as k — oo, C(L) also goes to oo.

Next by Lemma 5.4 we know that

+1 +1 +
V(L)=t(p—1)(q—1)/21—l1’ _ 9+l L ypta

1—12
242qk+1 _ ,q+1  2+2gk+
_ [(@+2qk)g—(Q2+2gk)—g+1)/2 |l it S o S
1—12
_ t((2+2qk)q—(2+2qk)—q+1)/2(_Z2qk+q —p2akta=2 L 242qk41 g1 o 2 1).

The last step arises from taking the polynomial division. Therefore, given our choices of p and ¢ we see
that T, < 2. O

Then Proposition 5.5 shows part (a) of Theorem 1.4.
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Figure 10: Here we see the unknot with a clasp contained inside the torus, then we see the
resulting positive Whitehead double with the blackboard framing when map the torus to the trefoil.

5.2 Part (b) of Theorem 1.4
In this section we will work to prove part (b) of Theorem 1.4 and the following theorem:
Theorem 5.6 There does not exist a universal linear lower bound on C (L) for all links L in terms of Ty, .

To prove this we will introduce a family of links for which C(L) is uniformly bounded but 77, can be
made arbitrarily large. These links will be constructed by using the Whitehead double defined here:

Definition 5.7 The Whitehead double of a knot L is the satellite of the unknot clasped inside of the
torus. We call it a positive Whitehead double if the clasp is as in Figure 10 and a negative Whitehead
double if not.

The particular family is defined in this next theorem:

Theorem 5.8 Let K, K>, ..., K, be alternating knots such that ﬂ}(l_ # 0. Then we let K be the connect
sumof K1, K,, ..., K, such that K is alternating and W_(K) be the negative Whitehead double of K
using the blackboard framing. Then C(L) <3 and |B} | > n.

Lemma 5.9 If a link is B-adequate then the negative Whitehead double of the link using the blackboard
framing is also B-adequate.

A similar statement was proven in [3] as Proposition 7.1. They show it for the untwisted negative
Whitehead double of a knot with nonnegative writhe. The writhe of the knot introduces extra twists into
the diagram of the untwisted Whitehead double, which can interfere with adequacy around the clasp.

Proof We start by showing that the blackboard two-cabling will be B-adequate. This is shown by
Lickorish in [20] for n-cablings. Let D be a B-adequate diagram for our link and D? the two-cabling.
Notice in D? there will be four copies of each crossing in D. Then when we have the all B-resolution
state we will end up with four parallel strands instead of two as we did in D. If we were to have a
one-edge loop, then two of the strands are part of the same state circle. But these state circles are copies
of the state circles for D so this would contradict that D is adequate.
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WX —

Figure 11: The result of the B-resolution on the clasp of a negative Whitehead double.

Now we want to look at the negative Whitehead double of D using the blackboard framing. If we let
the Whitehead double be W_(D) we will see that G’'(W_(D)) will be the same as G'(D?) but with
an additional vertex and 2 new edges as we see in Figure 11. As resolving the clasp does not create a
one-edge loop we see that W_( D) is B-adequate. O

Here we remind the reader that Gz (D(L)) for a link diagram D(L) is the reduced all B-state graph.
We continue with the following lemma:

Lemma 5.10 If W_(D(L)) is the negative Whitehead double of a B-adequate link diagram D (L)
using the blackboard framing, and b(G) the first Betti number for a graph, then b(ng (W_ (D(L)))) =
b(GR(D(L))) +1.

Proof Dasbach and Lin [6] showed in Lemma 2.5 that if D? is the two-cabling of a B-adequate link
diagram then b(G%(DZ)) = b(G%(D(L))). For a graph G, b(G) = e — v + 1, where e is the number of
edges and v the number of vertices. In the reduced graph when we take the two-cabling every parallel
copy of a state circle will also produce a new edge. Hence, the change in v and e will be the same between
Gy (D?) and G'’5(D(L)). Then when we move to W_(D(L)) the clasp will add 2 edges and 1 vertex as
we see in Figure 11. Then we see that b(G(W-(D(L)))) = b(G(D?) + 1 =b(Gy(D(L))) + 1. O

The two previous lemmas allow us to see that the blackboard framing of the negative Whitehead double
of an alternating link will be B-adequate. Also, we have a formula for the Betti number of the Whitehead
double in relation to the first Betti number of the original link. The only remaining piece of the puzzle is
to get from the first Betti number of the reduced B-state graph to the second-to-last coefficient of the
Jones polynomial. This comes from the following result proven by Stoimenow in Proposition 3.1 of [26].

Lemma 5.11 If D(L) is a B-adequate, connected diagram for a link, then in the representation of the
Jones polynomial, V(D(L)), we have O‘ID(L) = +I1, wD(L)%)(L) <0, and

1Bpyl = ¢ —v' +1=0b(G(D(L))).

where Gb is the reduced all B-state graph and ¢’ and v’ are the number of edges and vertices of the
graph G (D(L)), respectively.
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Figure 12: The negative Whitehead double of the connect sum of m trefoil knots.

We now have the tools to prove Theorem 5.8. But first we show a more specific example of a family
which satisfies Theorem 1.4(b).

Proposition 5.12 Let W_(K,,) be the negative Whitehead double using the blackboard framing of the
connect sum of m trefoils as in Figure 12. Then for all m, C(W-(Kpy,)) < 3 and Ty,_(k,,) grows with m.
Therefore, Twy._(k,,) can be made arbitrarily large across the family of knots.

Proof The first part of the lemma is a direct result of [4] by Clark where he shows that ¢(K) <2g(K)+1
where g(K) is the genus of the knot. For any Whitehead double we can find an oriented spanning

surface with genus exactly one by taking the annulus with a double twisted band at the clasp. Then
C(W_(Km)) <3as g(W_(Kp)) =1.

Now we will compute 'B;/V_(Km) by finding G’5(W-(Kp,)). By Lemma 5.11 we only need to find the
number of vertices and edges as W_(Kj,) is B-adequate. By Lemma 5.11 and the graph G5 (W-(Kp,))
shown in Figure 13

®) 1Bk, = e(CrW-(Km))) = v(Gp(W_(Km))) +1=(5m+3) = (4m+3)+1=m,

Hence, we have shown that Ty, (g,,) = m for all k, proving the claim. a

Here we will introduce a more general family of knots for which Theorem 1.4(b) holds true:

Figure 13: Left: the all B-state circle diagram. Right: the reduced state graph G5 (L). Notice the
disjoint dots are not nodes for the graph but represent that we have k copies of the subgraph on
the left.
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Theorem 5.8 Let K1, K>, ..., K, be alternating knots such that IB/K, = 0. Then let K be the connect
sumof K1, K,, ..., K, such that K is alternating, and let W_(K) the negative Whitehead double of K
using the blackboard framing. Then C(W-_(K)) <3 and |8}, ( K)| > n.

Proof As in Proposition 5.12 for a Whitehead double such as W_(K), C(W_-(K)) < 3. Now we will
work to compute Tyy_(g). From [20] we know that the Jones polynomial for K will be the product of
the Jones polynomials of the K;. Then as all of the K; are alternating, o/Ki =+lsof=>7 £ ,B’Ki.
From Lemma 5.11 we know that a/Ki B /Ki < 0 which tells us that the signs of O‘,K,- and 8 ,Ki do not match. If
we let m be the number of the &} which are negative, then we see that f = >/, (—1)m=1| IB/K, |. Hence,
in our sum the signs match so |8 | =Y i, |'3,Ki |. By our hypothesis |,3}(i | > 0 forall 7, hence |By | > n.

By Lemma 5.9 we know that W_(K) will be B-adequate as K is alternating and therefore B-adequate.
Then by Lemmas 5.10 and 5.11 we see that |,B§,V_(K)| = |B%| + 1 and as | B | is at least as large as the
number of knots in the connect sum so is |'8;/V, ( K)| and further Ty, (k). Then Ty, (k) will grow with n
showing that it is unbounded across the family. |

Combining Proposition 5.12 and Theorem 5.8 shows Theorem 1.4(b).

6 Future directions

In Sections 2, 3, and 4, we generalized the work from [17] to bound the crosscap number of sums of strongly
alternating tangles. Then in Section 5, introduced infinite families of knots for which their crosscap
number and 77 grow independently. The links we considered in Sections 2, 3, and 4 are all hyperbolic,
meanwhile those that we constructed in Section 5 are not hyperbolic. This leads to the following question:

Question 6.1 Does Theorem 4.4 generalize for all hyperbolic knots?

A first step for Question 6.1 would be to relax the requirement that the individual tangles be strongly
alternating. At the time of writing, this seems reasonable for the first step of our proof, but the uncertainty
arises in moving from bounds in terms of the crosscap numbers of individual tangles to the twist number.
In particular, alternating is a requirement for our usage of Theorem 3.4. Another potential way to move for-
ward with this question would be to look at adequate links in general, which will be studied in future work.
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