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Cubulating drilled bundles over graphs
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We start with a Gromov-hyperbolic surface bundle E over a graph, and drill out essential simple closed
curves from fibers to obtain a drilled bundle F . We prove that for such drilled bundles F , the fundamental
group �1.F / is relatively hyperbolic with Z˚Z peripheral groups. Combining the relative hyperbolicity
of �1.F / thus obtained with a theorem of Wise, we establish virtually special cubulability of �1.F /

provided that the maximal undrilled subbundles of F are cubulable.
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1 Introduction

In [24], Manning, Mj, and Sageev investigated the following question:

Question 1.1 Let 1!H !G! Fn! 1 be an exact sequence of hyperbolic groups with Fn the free
group on n generators. Is G virtually special cubulable?

They gave sufficient conditions guaranteeing an affirmative answer. Surface-by-free groups as in
Question 1.1 naturally arise as fundamental groups of surface bundles E over graphs G. The main
contribution of [24] was an explicit construction of a codimension-one quasiconvex subgroup of G along
which G splits. Wise’s quasiconvex hierarchy theorem [34] then furnishes cubulability of such groups.
Groups G arising as in Question 1.1 may alternatively be described as a free product with amalgamation
of hyperbolic groups along nonquasiconvex hyperbolic subgroups. For instance, if n D 2 and H is a
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4096 Mahan Mj and Biswajit Nag

hyperbolic surface group, then G DG1 �H G2, where G1 and G2 are fundamental groups of hyperbolic
3-manifolds fibering over the circle. Note that H is not quasiconvex in G1 and G2. Thus the aim of
Question 1.1 is to understand how far the quasiconvexity hypothesis in Wise’s quasiconvex hierarchy
theorem [34] can be relaxed. In other words, the class of hyperbolic groups arising as fundamental
groups of surface bundles, as over graphs, ie G in Question 1.1, arise as a natural test case to relax the
quasiconvexity hypothesis in Wise’s theorem.

When G is a circle, Question 1.1 has an affirmative answer thanks to Kahn and Markovic’s work on the
surface subgroup problem [17], Bergeron and Wise’s cubulability result [4], and Agol’s theorem [1].
In this case, E is a hyperbolic 3-manifold M fibering over the circle. The existence of an embedded
quasiconvex surface in such an M is thus not guaranteed when the first Betti number of M is one. On the
other hand, for hyperbolic 3-manifolds with toroidal boundary components, the construction of embedded
geometrically finite surfaces is much easier. In particular, if one drills out a simple closed curve � from
a fiber S of a fibered manifold M as above, then M n � admits a complete hyperbolic structure by
Thurston’s theorem [18, Chapter 15], and each component of S n � is geometrically finite. The fact that
each component of S n � is geometrically finite allows us to cut M along these components, and hence
construct a geometrically finite hierarchy. This allows us to use Wise’s relatively quasiconvex hierarchy
theorem [34] even without assuming the existence of a plentiful supply of codimension-one geometrically
finite subgroups.

We shall adopt the point of view that a surface bundle E over a graph G generalizes hyperbolic 3-manifolds
fibering over the circle. We shall then create a setup where one can apply the above strategy for drilled
hyperbolic 3-manifolds. Thus the main objects of study will be drilled surface bundles over graphs, where
drilling corresponds to removing open neighborhoods of simple closed curves in fibers. More precisely
(see Figure 1):

Definition 1.2 Let G be a connected graph, thought of as a 1-complex, and consider a bundle … WE! G
with fiber S a surface. We refer to … WE! G as a surface bundle over the graph G. The fiber …�1.x/

over x 2 G will be denoted by Sx . If x is a vertex of G, Sx will be called a singular fiber; otherwise it
will be called a regular fiber.

Let �i � Sxi
be a finite collection of essential simple closed curves in regular fibers Sxi

, so that for each
regular fiber Sx , the collection of simple closed curves contained in Sx are disjoint. Let fN�.�i/g be a
collection of small open tubular neighborhoods, missing singular fibers. We assume that:

(1) The closures fN�.�i/g are disjoint.

(2) For i ¤ j , �i and �j are not freely homotopic in E, nor is there a nontrivial free homotopy between
�i and itself. This can equivalently be described as follows. Let F D

�
E n

S
i N�.�i/

�
. Then any

�1-injective smooth map .S1� Œ0; 1�;S1�f0; 1g/!
�
F;
S

i @N�.�i/
�

is homotopic, rel. boundary,
into @N�.�i/ for some i .
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Cubulating drilled bundles over graphs 4097

Figure 1: A drilled surface bundle over a graph: e0 and e1 are drilled edges, x0 and x1 are drilled
points, Sx0

and Sx1
are drilled fibers, �0 and �1 are drilled curves, e2 is an undrilled edge, and

the closure Ne2 is an undrilled component. Also, Sa and Sb are singular fibers.

The complement F D
�
E n

S
i N�.�i/

�
will be referred to as a drilled surface bundle over a graph.

Drilled surface bundles over a graph are our principal objects of study. Our objective is to find sufficient
conditions to cubulate them. Each torus f@N�.�i/g will be referred to as a boundary torus of F , and
denoted by Ti . The union

S
i Ti will be called the boundary of F . The surfaces Sxi

(containing some �i)
will be called drilled fibers and the curves �i will be called drilled curves. The points xi 2 G will be
called drilled points. An edge e containing a drilled point will be called a drilled edge. Otherwise, we
call it an undrilled edge.

A �1-injective smooth map .S1� Œ0; 1�;S1�f0; 1g/!
�
F;
S

i @N�.�i/
�

will be referred to as an essential
annulus (see Figure 4). The second condition in Definition 1.2 thus says that F has no essential annuli.

We shall be particularly interested in the case that G is finite, and � D �1.E/ is Gromov hyperbolic. In
this special case, we note the further restriction on drilled curves that follows from the second condition
in Definition 1.2. Let ES be the cover of E corresponding to �1.S/. Then we have:

Condition 1.3 Let �1 and �2 be any two distinct elevations of the drilled curves �i �E to ES . Then �1

and �2 are not freely homotopic in ES in the complement of other elevated curves. Equivalently, ES has
no essential annuli (see Definition 3.4).

Condition 1.3 follows from Definition 1.2(2), viz that E has no essential annuli (see Definition 3.4).
However, we make this explicit as much of this paper will involve ES .

Algebraic & Geometric Topology, Volume 25 (2025)



4098 Mahan Mj and Biswajit Nag

The bulk of this paper goes into establishing strong relative hyperbolicity of fundamental groups of drilled
bundles (see Theorem 3.1):

Theorem 1.4 Let E be a surface bundle over a graph G (see Definition 1.2) such that � D �1.E/ is
hyperbolic. Let F be a drilled surface bundle over G obtained by drilling E. Then G.D�1.F // is strongly
hyperbolic relative to the collection of peripheral subgroups fPi D �1.@N�.�i//g.

The drilling operation in this paper, and specifically in Theorem 1.4, is motivated, in part, by the drilling of
simple closed geodesics from closed hyperbolic 3-manifolds [32, Chapter 4]. We also refer to [3; 2; 13] for
related, but different, drilling constructions: in the first two, totally geodesic codimension-2 submanifolds
are drilled out of CAT.�1/ manifolds, and in the last, closed geodesics are drilled out of hyperbolic
PD.3/ groups.

With Theorem 1.4 in place, we can cut F along the components † of S n
S

i �i . The fundamental group
�1.†/ of each such component † is relatively quasiconvex in G (see Proposition 4.21). We can now
apply Wise’s relatively hyperbolic version of the quasiconvex hierarchy theorem [34, Theorem 15.1]. To
state our main theorem, a bit more terminology needs to be set up. Let K1; : : : ;Kn denote maximal
subgraphs of G that contain no points x such that the fiber Sx is drilled. We refer to the Ki as undrilled
components of G (see Figure 1). The restrictions of E to the undrilled components K1; : : : ;Kn will be
denoted by E.K1/; : : : ;E.Kn/ of F (note that each such E.Kn/ is naturally contained in F ). Our main
theorem is the following (see Theorem 5.5).

Theorem 1.5 Let fE.Ki/g denote the restrictions of E to the undrilled components K1; : : : ;Kn as above.
If for each Ki , �1.E.K// is cubulable virtually special , then so is G D �1.F /.

Thus, if Question 1.1 has a positive answer (the undrilled case), then for the drilled groups G, cubulability
follows. However, even in the absence of a definitive answer to Question 1.1, Theorem 1.5 furnishes a
number of examples, as given below:

(1) when each edge of G contains an x such that Sx is drilled (Example 5.6),

(2) when undrilled components of G are either contractible or homotopy equivalent to a circle
(Example 5.7),

(3) when the restrictions of E to the undrilled components satisfy the sufficient conditions in [24]
(Example 5.8).1

Finally, we use Theorem 1.5 in conjunction with Kielak’s theorem [20] to deduce that the cubulable
virtually special groups virtually algebraically fiber (see Theorem 6.4).

Theorem 1.6 Let F be drilled surface bundle over a finite graph G (see Definition 1.2) satisfying the
hypotheses of Theorem 1.5. Then G D �1.F / virtually algebraically fibers.

1We have removed the term “undrilled constituent” as it only occurred locally around this point only thrice.
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To prove Theorem 1.6, we first establish that for any drilled surface bundle F over a graph, �1.F / has
vanishing first l2 Betti number (Proposition 6.3). This is done using work of Lott and Lück [21] and
Fernós and Valette [12].

Scheme As indicated above, the main difficulty in establishing the cubulation Theorem 1.5 is the relative
hyperbolicity result Theorem 1.4. Sections 3 and 4 are devoted to proving this result. Section 3 proves
hyperbolicity of the universal cover of a partially electrified space .F; dpel/. Here, only the meridians of
boundary tori in a drilled surface bundle F over G (see Definition 1.2) are electrified instead of the whole
boundary tori to give a pseudometric dpel. Theorem 3.14, the main theorem of Section 3, then shows that
. zF ; dpel/ is hyperbolic (here, the lifted pseudometric is also denoted by dpel).

Using Theorem 3.14, we then use a guessing geodesics argument in Section 4 and a theorem of Sisto to
establish the relative hyperbolicity of G, ie Theorem 1.4.

Recurring notation Before we proceed, we collect below for the ease of reference the recurring notation
we will use throughout the paper. Other notation, specific to a section, will be listed at the beginning of
the relevant section.

� G is a finite graph. S is a closed hyperbolic surface. … WE! G is an S -bundle. H is the fundamental
group of S . Sx is the fiber of … over a point x. See Definition 1.2.

� N�.�/ is a small tubular neighborhood in E of a curve � in a fiber S . @N�.�/ is the torus boundary of
N�.�/. This torus is also denoted by T .

� F is the drilled bundle obtained by drilling E along the curves f�ig. See Definition 1.2.

� � denotes the fundamental group of E. G denotes the fundamental group of F .

� Pi denotes the Z2 subgroup of G corresponding to the torus Ti D @N�.�i) and P denotes the
collection fPig.

� ES is the cover of E corresponding to H . FS is ES but drilled along all the lifts of f�ig.

� Mr denotes a drilled atom. See Definition 3.2.

� dpel is the partially electrocuted pseudometric on an appropriate space, defined in Section 3.4.

� A and H are used to denote annuli and hallways, respectively. See Definition 3.7.

� Given two lifts of fibers zSiand zSj inside zF , �ij denotes the projection map from the former to the
latter.

� † denotes a maximal connected subsurface of S lying in the complement of the drilled curves.

Note to the reader The nature of the problem necessitates a fair bit of case-by-case analysis, especially
in Section 4, where we deal with a host of topological and geometric objects. Some of these need to be
named for quick referencing later. To make this somewhat easier to handle, we have hyperlinked many of
the technical terms in subsequent appearances. Clicking on these will take the reader to the line where
the term is introduced.

Algebraic & Geometric Topology, Volume 25 (2025)
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2 Bundles, drilled bundles, and graphs of groups

Consider the exact sequence

(2-1) 1!H ! �!Q! 1;

where H D �1.S/ and QD �1.G/. Note that � has a graph of groups structure, where each edge and
vertex group equals H and all edge-to-vertex maps are isomorphisms. Also, E has a graph of spaces
structure, where each edge and vertex space equals S , and all edge-to-vertex maps are homeomorphisms.
A description of �1E in general may then be given as follows (see [24, Section 2] for instance). Choose
a maximal tree T � G. Assume, without loss of generality, that for any edge e � T , the gluing maps f �e
are identity maps on S . Let e1; : : : ; en be the edges in G nT . For each i 2 f1; : : : ; ng, write fi D f

C
ei

.
Also, set �i D .fi/� W �1S ! �1S . Then �1E is given by

�1E Š h�1S; t1; : : : ; tn j t
�1
i sti D �i.s/; 8s 2 �1S; i 2 f1; : : : ; ngi:

Hyperbolic � It was shown by Hamenstädt [15] (see also [19; 28]) that, in the exact sequence (2-1), �
is hyperbolic if and only if Q is a convex cocompact subgroup of the mapping class group in the sense of
Farb and Mosher [11]. A useful fact that we will need is the following Scott–Swarup type theorem [29]
due to Dowdall, Kent, and Leininger [9, Theorem 1.3]; see [26] for a different proof of the same result.

Theorem 2.1 Let
1!H ! �!Q! 1

be an exact sequence as above , so that � is hyperbolic , and H D �1.S/. Then any finitely generated
infinite-index subgroup of H is quasiconvex in � .

A graph of groups structure on G D �1.F /

Recall that F is the drilled bundle obtained from the bundle E! G. We now describe a standard graph of
groups description for �1.F /. We shall define G WD�1.F /. Denote the barycentric subdivision of G by G�.

The vertex set V.G�/ thus consists of

(1) edges e of G, and

(2) vertices v of G.

The edge set E.G�/ of G� is given by incidences between edges e and vertices v of G, ie if the terminal
vertex eC of e 2 G is v, then we introduce an edge in G� between e and v. Similarly for e�.

Then G.D �1.F // has a graph of groups structure (see Figure 2), where:

(1) The underlying graph is G�.

(2) The edge groups are all equal to H D �1.S/.

(3) The vertex groups Ge (indexed by e 2 G) are given as follows. Since the bundle over the interior of
e � G is S � .0; 1/, Ge equals �1.Me/, where Me is a possibly drilled copy of S � Œ0; 1�.

Algebraic & Geometric Topology, Volume 25 (2025)
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G G�

e0
e2e1

�1.Me0
/

�1.Me1
/ �1.Me2

/

Figure 2: The graph of groups G� for a given G.

(4) The vertex groups Gv (indexed by the vertices v of G) are all H .

(5) In particular, the edge-group to vertex-group maps are injective.

A convenient way to think of the graph of spaces associated to the above graph of groups description is as
follows. For any edge e 2 G, the corresponding vertex space over e 2 G� is Me , the possibly drilled copy
of S� Œ0; 1�. For any vertex v 2G, the corresponding vertex space over v 2G� is S�star.v/, where star.v/
denotes a small closed neighborhood of v in G. The edge spaces are all given by S , and edge-to-vertex space
inclusions are given by the inclusions of S into either a drilled copy of S � Œ0; 1� or a copy of S � star.v/.

Let Pi D �1.Ti/D ZCZ. Then there exists e such that Pi �Ge D �1.Me/. Whenever we are dealing
with G equipped with the above graph of groups structure, we shall implicitly reindex the collections
fTig and fPig so that the collection of tori contained in Me are indexed as fT j

e g. (This notation will be
used in Section 4 at the beginning of which we shall recall it.)

Lemma 2.2 Suppose that � is hyperbolic. Let �i denote a finite collection of curves that are drilled
from E to obtain F . Let Qi � � denote the (conjugacy class of the) cyclic subgroup corresponding to �i .
Then � is strongly hyperbolic relative to the collection fQig.

Proof Since the �i are simple closed curves, and since � is hyperbolic, they denote primitive elements
of � . Hence the collection fQig denotes a malnormal quasiconvex family of subgroups. By a theorem of
Bowditch [7, Theorem 7.11], � is strongly hyperbolic relative to the collection fQig.

3 Relative hyperbolicity

Notation to be used in this section:

� …S is the projection FS ! zG.

� AS denotes an essential annulus (see Definition 3.7) in FS . Whenever applicable, BS denotes the
unique atomic wrapping annulus (see Definition 3.5) in AS . AC

S
and A�

S
are the two subannuli of AS in

the complement of BS . The intersections of A˙
S

with BS are denoted by �˙.

� In the context of Theorem 3.17, Y is a graph of spaces with universal cover X with the tree of spaces
structure … WX ! T . Then �, �, H , and 2m stand respectively for constants for thinness, hyperbolicity,
girth, and length of a hallway or an annulus.

� �… W zFS! T is the tree of spaces structure for zFS . Xv is used to denote vertex spaces of both X and zFS .

Algebraic & Geometric Topology, Volume 25 (2025)
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We refer the reader to [10; 7] for generalities on relative hyperbolicity.

This section and the next are devoted to proving the following:

Theorem 3.1 If � is hyperbolic , then G is (strongly) hyperbolic relative to the collection fPig.

Theorem 3.1 says roughly that the result of drilling a hyperbolic 3-complex fibering over a graph gives a
relatively hyperbolic 3-complex. This result is along the lines of earlier work of Belegradek and Hruska [3]
(see also [2]), who prove similar results in a manifold context. The proof of Theorem 3.1 occupies the
rest of this section and the next.

3.1 Scheme of the proof of Theorem 3.1

The proof of Theorem 3.1 consists of two steps as indicated at the end of the introduction.

Step 1 (Section 3) (hyperbolicity of . zF ; dpel/) The aim of this section is to prove Theorem 3.14:
hyperbolicity of the partially electrified space . zF ; dpel/. Since the logic behind the proof has a number of
ingredients involved, we lay out a sketch below.

Partial electrification (Section 3.4) We refer the reader to Section 3.4 for the precise notion of partial
electrification. The construction that is relevant to this paper is the following. For each boundary torus
T of F , there is a distinguished meridional direction, so that T is foliated by these meridians. Partial
electrification electrifies each such meridian. This might be easier to see in the universal cover zT , where
the elevations of each meridian are electrified. Since zT may be identified with R2 foliated by parallel
copies of R corresponding to elevations of the meridian, it follows that after electrifying each such copy
of R in zT , the latter becomes quasi-isometric to R, a hyperbolic space. This is in contrast with the usual
electrification operation, where all of zT is electrified to a space quasi-isometric to a point.

Decomposition into atoms We note next that E and F are built out of 3-manifolds in a natural way.
The following definition captures this decomposition.

Definition 3.2 (drilled and undrilled atoms) Recall that … WE! G denotes the surface bundle E over
the graph G. Let Me D …

�1. Ne/ \ F . If e is a drilled edge, we refer to Me as a drilled atom of F ;
otherwise we refer to it as an undrilled atom of F (see Figure 3). Elevations of drilled (resp. undrilled)
atoms of F to zF will be referred to as drilled (resp. undrilled) atoms of zF .

If L is a maximal subgraph of G, such that each edge of L is undrilled, E.L/ D…�1.L/\F will be
called a maximal undrilled subbundle of F (as well as of E). Elevations of such E.L/ to zEr or zF will
be called elevated maximal undrilled subbundles.

Atoms and a combination theorem In Section 3.2 we shall see that work of Thurston ensures that
drilling out geodesics in hyperbolic 3-manifolds gives new noncompact 3-manifolds with a complete
hyperbolic structure of finite volume. These drilled 3-manifolds are the atoms used in building the drilled

Algebraic & Geometric Topology, Volume 25 (2025)
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�

S � f0g S � f1gS �
˚

1
2

	

T

Figure 3: S � Œ0; 1� drilled along � , or in other words, a drilled atom.

bundle F . It is not hard to see (Lemma 3.12) that after partial electrification, each atom has hyperbolic
universal cover. It remains then to combine the partially electrified atoms using the underlying graph G�

to prove Theorem 3.14.

For this, we fall back upon the classical Bestvina–Feighn combination theorem (see Section 3.5.1) in
Section 3.5 to piece the partially electrified atoms together. We shall use the annuli flare condition of
Bestvina and Feighn to implement this.

It should be borne in mind here that the known combination theorems in the specific context of relative
hyperbolicity such as [27] are inadequate for the purposes of this paper. This is the basic reason for using
the more elaborate method of first proving a hyperbolic combination theorem in this section and then
using it in the next using Sisto’s generalization of Bowditch’s guessing geodesics lemma to prove relative
hyperbolicity.

Annuli In order to apply the Bestvina–Feighn combination theorem however, one needs to identify the
essential annuli in F (see Definition 3.7). This is what is done in Sections 3.2 and 3.3. Of these, Section 3.2
identifies essential annuli in atoms (see Definition 3.4), and Section 3.3 concatenates them together.

After having identified essential annuli in F (see Definition 3.7), the combination theorem is applied to
the partially electrified metric in Section 3.5.2 to prove Theorem 3.14.

Step 2 (Section 4) (guessing geodesics) The subsections of Section 4 follow a more straightforward
linear logical order than Section 3. Our starting point is a necessary and sufficient condition for relative
hyperbolicity due to Sisto building on earlier work of Bowditch and Hamenstädt. We recall this in
Section 4.1.

Next, using the hyperbolic geodesics obtained as an output of Theorem 3.14 in Section 3, we guess a family
of paths in zF in Section 4.2. The key idea used here is that of electroambient quasigeodesics from [25]:
a geodesic in the partially electrified . zF ; dpel/ can be lifted in a more or less canonical way to a path in zF

Algebraic & Geometric Topology, Volume 25 (2025)
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(with the ordinary, nonelectrified metric). In each atom, the lifted path is a genuine quasigeodesic. This
follows from the fact that each drilled atom (see Definition 3.2) has a universal cover that is hyperbolic
relative to the elevations of its boundary tori. However, relative hyperbolicity of zF turns out to be
considerably more difficult to establish. We need to piece together the electroambient quasigeodesics
in atoms carefully to guess a path family in zF . A fair bit of case-by-case analysis is necessary to get the
path family. We therefore provide the reader with a short guide through the cases in Section 4.2.1.

Section 4.3 then establishes that the path family constructed in Section 4.2 satisfies the usual property of
quasigeodesics in a relatively hyperbolic space. With the stability property in place, Sections 4.4 and 4.5
check the conditions of Section 4.1 needed to establish relative hyperbolicity. Of these subsections, the
conditions checked in Section 4.4 are fairly routine, whereas Section 4.5 is devoted to proving the analog
of the thin triangles property. This completes the proof of Theorem 3.1.

Finally, Section 4.6 establishes the relative quasiconvexity of essential subsurfaces of drilled fibers.

3.2 Drilling 3-manifolds

As mentioned in Section 3.1, the aim of this subsection is to define, identify, and classify essential annuli
(see Definition 3.4) in atoms (cf Definition 3.2). We refer the reader to Figure 4 for a quick idea of the
various annuli that may arise.

Let M be either S � I or a hyperbolic 3-manifold fibering over the circle with fiber S . Thus, M fibers
over a compact 1-manifold (possibly with boundary) with fiber S . We proceed to drill simple closed
curves �i in some finite collection of fibers. A fiber S 0 will be referred to as undrilled if S 0 does not
intersect any of the neighborhoods N�.�i/ of the drilled curves. Let Mr denote the drilled manifold.
Henceforth, in this paper, Mr will be equipped with

(1) a complete hyperbolic structure of finite volume when M fibers over the circle,

(2) a geometrically finite hyperbolic structure with convex boundary otherwise.

In the latter case, we shall think of Mr as the quotient of the convex hull of a geometrically finite
representation � W �1.Mr /! PSL2.C/ such that the parabolics of �.�1.Mr // correspond precisely to the
boundary tori of Mr . Since no two of the drilled curves are freely homotopic in M by Definition 1.2, it
follows that Mr is atoroidal. Since Mr is an atoroidal Haken manifold, the existence of such hyperbolic
structures in both cases follows from Thurston’s theorem [18, Chapter 15].

Convention We shall choose hyperbolic structures as above on Mr and fix them for the rest of the
discussion.

For such a hyperbolic structure on Mr , Mr is finite volume without boundary if M fibers over the
circle. Otherwise the boundary consists of two copies of S , corresponding to the (singular) fibers (see
Definition 1.2) over 0; 1 2 I . Further, Mr has finitely many rank-two cusps (corresponding to the toroidal
boundaries of regular neighborhoods of drilled curves). We start with the following observation:

Algebraic & Geometric Topology, Volume 25 (2025)
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Lemma 3.3 Let M and Mr be as above where the set of drilled curves correspond to a finite nonempty
collection �i 2 Si of simple closed curves on fibers Si . Any undrilled fiber S 0 is geometrically finite
in Mr . Any connected components of Sx n � of a drilled fiber is also geometrically finite in Mr .

Proof This follows from the covering theorem [32, Theorem 9.2.2; 8].

Essential annuli in atoms We now describe the essential annuli in atoms.

Definition 3.4 An immersed essential annulus or simply an essential annulus A in a 3-manifold M with
nonempty boundary is an immersion i W .A; @A/! .M; @M / such that

(1) i� W �1.A/! �1.M / is injective,

(2) i is not homotopic rel. boundary into @M .

When M is a 3-manifold fibering over the circle with a distinguished singular fiber Sx (see Definition 1.2),
an immersed essential annulus or simply an essential annulus A is an immersion i W .A; @A/! .M;Sx/

such that

(1) i� W �1.A/! �1.M / is injective,

(2) i is not homotopic rel. boundary into Sx .

Henceforth, we shall refer to immersed essential annuli simply as essential annuli. In the 3-manifold
literature, essential annuli often refer to embedded essential annuli in .M; @M /. However, since we shall
not have any special use for embedded annuli, we shall use the terminology from Definition 3.4 in this
paper. The usage is consistent with the more group-theoretic notion in [5]; see Definition 3.7 below.
Note that essential annuli A in fibered M are allowed to intersect Sx in the interior of A as well, ie
A is allowed to “wrap around transverse to the fibers” of M multiple times so long as @A maps to Sx .
Essential annuli in undrilled atoms (see Definition 3.2) are given by the following, up to homotopy:

(1) If M D S � I , then essential annuli are of the form � � I , where � is an essential, possibly
immersed curve in S . After homotopy, we may assume that � is a geodesic in some auxiliary
hyperbolic structure on S .

(2) If M fibers over the circle, let MZ denote the cover of M corresponding to �1.S/, so that MZ is
homeomorphic to S�R. Then essential annuli in MZ are concatenations of annuli Ai�S�Œi; iC1�

as in item (1). Further, �iC1 DAi \S � fi C 1g DAiC1\S � fi C 1g, so that Ai and AiC1 may
be concatenated along the essential, possibly immersed curve �iC1.

Essential annuli in drilled atoms (see Definition 3.2) are a bit more involved. Let M D S � I , and Mr

be a drilled atom obtained from M (see Definition 3.2). Let �1; : : : ; �m denote the drilled curves on S .
Realize the �i by geodesics in an auxiliary hyperbolic structure on S . Let †0 denote the subsurface of S

filled by
S

i �i , ie adjoin to
S

i �i all simply connected complementary regions. Then essential annuli
in Mr (see Definition 3.4) are of three kinds after homotopy:
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Figure 4: The three types of annuli in a drilled S � I .

(1) essential annuli of the form 
 �I , respecting the product structure of S�I , where 
 is an essential,
possibly immersed curve in S ; in this case, 
 necessarily lies in (a component of) S n†0,

(2) essential annuli with both boundary curves on either S �f0g or S �f1g with core curve homotopic
to a multiple of one of the �i ; in this case, A wraps around N�.�i/ finitely many times,

(3) essential annuli with one boundary curve on S�f0g, and one on S�f1g with core curve homotopic
to a multiple of one of the �i , such that A wraps around N�.�i/ finitely many times.

Definition 3.5 An annulus from case .2/ above is referred to as an atomic wrapping backtracking annulus.
An annulus from case .3/ is referred to as an atomic wrapping nonbacktracking annulus.

Next, suppose that M fibers over the circle with monodromy ˆ. Let Sx �M denote the unique singular
fiber (see Definition 1.2). Let S1; : : : ;Sm denote drilled fibers and �i �Si for i D 1; : : : ;m denote drilled
simple closed curves. Let Mr denote M after drilling. Let MZ denote the cover of M corresponding to
�1.S/ and MS denote the elevation of Mr to MZ. Let : : : ;S�1

x ;S0
x ;S

1
x ; : : : denote the elevations of Sx

to MS . Without loss of generality, assume that the elevated annulus A1 starts on S0
x . Also, let †n denote

the subsurface of S filled by
S

iD1;:::;m

S
jD0;:::;n�1ˆ

j .�i/, ie adjoin to
S

iD1;:::;m

S
jD0;:::;n�1ˆ

j .�i/

all simply connected complementary regions of S .

Lemma 3.6 There exists N 2N such that †n D S for all n�N .

Proof Since ˆ is pseudo-Anosov, there exists N 2N such that

dC.S/.�i ; ˆ
n.�i//� 3

for all n�N , where dC.S/ denotes distance in the curve complex of S . Hence, �i and ˆn.�i/ fill S for
all for all n�N .

Essential annuli (see Definition 3.4) in Mr for M a fibered 3-manifold will be described in greater detail
and in a more general setting in Section 3.3 below. For now, it suffices to say that an essential annulus in
Mr lifts to an essential annulus in MS starting and ending on S i

x and S
j
x for some i; j 2 Z.
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3.3 Essential annuli in F

As mentioned in Section 3.1, the aim of this subsection is to concatenate the atomic essential annuli (see
Definition 3.4) of Section 3.2 above to obtain essential annuli in F (see Definition 3.7).

We use the classification of essential annuli (see Definition 3.7) in Mr described above to identify essential
annuli in the drilled bundle F . Since F � E, an essential annulus A � F may also be regarded as a
subset of E. The formalism we use is due to Bestvina and Feighn [5].

Definition 3.7 [5, page 87] Let G be a graph, and Y a graph of spaces with base graph G, so that the
maps of edge-spaces to vertex spaces are injective at the level of the fundamental group. Let X D zY

be the universal cover, and T the resulting tree of spaces, whose vertex and edge spaces are universal
covers of vertex and edge spaces of Y . Let m be a positive integer and I denote the closed unit interval.
A hallway in X is a map H W Œ�m;m�� I !X with the following properties:

(1) H�1.[Xe/D f�m;�mC 1; : : : ;mg � I ,

(2) H is transverse to
S

Xe relative to the previous condition,

(3) for each i 2 f�m;�mC 1; : : : ;mg, the image of H restricted to fig � I is a geodesic in the
corresponding edge space.

We say that such a hallway has length 2m. The girth of the hallway is the length of the curve H.f0g� I/.
A hallway is essential if the projection of H onto the base tree T is a path which does not backtrack.

A map A W Œ�m;m��S1! Y is an annulus if the lift QA W Œ�m;m�� I !X is a hallway. An annulus A
is essential if the hallway QA is essential.

An essential annulus A W Œ0;m��S1! Y is said to start at Yv if A.f0g �S1/� Yv.

We now relate the notion of essential annuli (see Definition 3.4) in 3-manifolds with those in Definition 3.7
using Definition 3.2. Recall from Section 2 that, F admits a graph of spaces structure, with underlying
graph G�, where the vertex spaces of F are drilled or undrilled atoms (see Definition 3.2). Let zG denote
the universal cover of G�.

Let FS be the cover of F corresponding to the kernel of the map …� W �1.F /! �1.G/. Let …S WFS! zG
denote the projection map from FS to zG. Then FS admits a graph of spaces structure, where:

(1) Each vertex space is a copy of S � I with, possibly, some curves drilled. The interior of each
vertex space is given by one of the following:
� M nSx if M is an undrilled atom of F fibering over the circle (see Definition 3.2),
� Mr nSx if Mr is a drilled atom of F (see Definition 3.2) fibering over the circle,
� M nS � f0; 1g if M is an undrilled atom of F fibering over I (see Definition 3.2),
� Mr nS � f0; 1g if Mr is a drilled atom of F (see Definition 3.2) fibering over I .

(2) Each edge space is S .
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Thus, FS is a drilled graph bundle over the graph zG (see Definition 1.2). Note that ES also has a similar
graph of spaces decomposition over zG where all the vertex spaces are copies of S � I , and each edge
space is S . With this structure in mind, FS embeds into ES as a graph of spaces over zG. We now describe
essential annuli in FS in terms of the description of in atoms given in Section 3.2.

Let A denote an essential annulus in F (see Definition 3.7). Let AS denote an elevation of A to FS .
Then the image …S .AS / is an unparametrized geodesic Œa; b� in zG. Let aD v0; v1; : : : ; vn D b denote
the vertices of Œa; b�. Let F i

S
denote the vertex space of FS corresponding to vi . Then AS is given by a

concatenation of essential annuli in the atoms F i
S

. We shall show now that AS comes broadly in two
flavors: backtracking and nonbacktracking.

Definition 3.8 Suppose AS is an essential annulus (see Definition 3.7) of the form 
 � Œp; q�, respecting
the topological product structure of FS , such that

(1) 
 is an essential, possibly immersed curve in S ,

(2) 
 � f0g lies on S0
x , and 
 � fng lies on Sn

x .

Then we shall refer to such an essential annulus (see Definition 3.7) as a nonbacktracking annulus.

In this case, � necessarily lies in (a component of) S n†n (for instance, by the annulus theorem). In this
case, there are no atomic wrapping annuli in the sense of Section 3.2 contained in AS .

Next, suppose AS is an essential annulus (see Definition 3.7) containing an atomic wrapping annulus
in the sense of Definition 3.5. Recall that ES denotes the surface bundle over zG (see Definition 1.2)
corresponding to the cover of E corresponding to �1.S/, so that FS is obtained from ES by drilling a
family of nonhomotopic simple closed curves. Then, there exists a drilled curve � in ES such that AS

wraps around the boundary of N�.�/ in FS . Hence, the core curve of AS is homotopic to a nontrivial
power of �. We observe the following:

Lemma 3.9 Suppose AS is an essential annulus (see Definition 3.7) containing an atomic wrapping
annulus (see Definition 3.5). Then AS contains exactly one atomic wrapping annulus.

Proof Since AS is an essential annulus containing an atomic wrapping annulus, it has core curve freely
homotopic to a (nontrivial power of a) drilled curve �. Note next that, by Definition 1.2 and Condition 1.3,
no two distinct elevations of drilled curves to ES are freely homotopic. Hence, AS contains exactly one
atomic wrapping annulus.

Essential annuli (see Definition 3.7) AS in FS containing an atomic wrapping annulus (see Definition 3.5)
are of two kinds, depending on the nature of the atomic wrapping annulus. Let BS � AS denote the
unique atomic wrapping annulus contained in AS with core curve homotopic to �m for m¤ 0.

(1) Both boundary curves of BS lie on a single singular fiber (see Definition 1.2) Sy . In this case, BS , and
hence AS , wraps around N�.�/ finitely many times. (Note that BS is an atomic wrapping backtracking
annulus in the sense of Definition 3.5.) We refer to AS as an annulus with backtracking.
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(2) There exists a drilled atom Me (see Definition 3.2) with boundary surfaces Sy and Sz , such that
the distinct boundary curves of BS lie on the distinct boundary surfaces Sy and Sz . Again, BS , and
hence AS , wraps around N�.�/ finitely many times, but otherwise is required to respect the product
structure on Me. (Note that BS is an atomic wrapping, nonbacktracking annulus tracking annulus.) We
shall refer to AS as an annulus with wrapping but no backtracking.

Definition 3.10 An essential annulus (see Definition 3.7) AS in FS is said to intersect a drilled atom
(see Definition 3.2) Mr � FS if AS contains an elementary annulus BS �Mr . (Note that BS may be a
nonbacktracking annulus (see Definition 3.8), an atomic wrapping backtracking annulus, or an atomic
wrapping nonbacktracking annulus (see Definition 3.5).)

Lemma 3.11 There exists D 2N such that the following holds: Let AS � FS � ES be an essential
annulus intersecting (see Definition 3.10) drilled atoms Ma and Mb (see Definition 3.2), where a; b 2 zG.
Then

dzG.a; b/�D:

Proof This is similar to Lemma 3.6. It was shown by Kent and Leininger [19] and Hamenstädt [15] that
the following are equivalent:

(1) �1.E/ is hyperbolic,

(2) �1.G/ acts on the curve complex C.S/ with qi-embedded orbits,

(3) �1.G/ is a convex-cocompact subgroup of the mapping class group MCG.S/ in the sense of [11].

Since �1.E/ is hyperbolic by assumption, it follows that �1.G/ acts on the curve complex C.S/ with
qi-embedded orbits. Let i W zG! C.S/ be the induced qi-embedding. Hence, there exists D 2 N such
that if dzG.a; b/ > D, then dC.S/.i.a/; i.b// > 3. Let �a and �b denote drilled curves in Ma and Mb ,
respectively, so that �a and �b fill S .

If the core curve of AS intersects both Ma and Mb in the sense of Definition 3.10, it must be disjoint
from the subsurface of S filled by �a and �b , an impossibility.

3.4 Partial electrification

Recall that the bundle … WE! G restricts to a map …r W F ! G.

Partial electrification of @N�.�i / Let Mr denote a drilled atom in F (see Definition 3.2), and let
@N�.�i/ denote the boundary of a drilled curve in Mr . Choose a homeomorphism of @N�.�i/ with
S1 �S1, and assume, without loss of generality, that each S1 � ftg is a meridian. Equip S1 �S1 with a
product metric, where the first factor is given the zero metric, and the second factor the standard round
metric of radius one. We refer to the resulting path-pseudometric on @N�.�i/ as the partially electrified
path-pseudometric and denote it by dpel.
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The reader at this stage might wish to refer back to Section 3.1 (paragraph titled “Partial electrification”)
for the heuristic idea behind the notion of partial electrification introduced above. Further, the paragraph
titled “Atoms and a combination theorem” in Section 3.1 says briefly why we need this technique.

Partial electrification of drilled atoms Recall that any drilled Mr of F has been equipped with the
restriction of a complete hyperbolic metric. If Mr is obtained by drilling S �I , then the surface boundary
components S � f0; 1g are convex. Removing a small neighborhood of the cusps we obtain boundary
tori @N�.�i/ equipped with flat Euclidean metrics. Abusing notation slightly, we continue to refer to the
resulting compact 3-manifold with boundary also as Mr . Rescaling the hyperbolic metric if necessary,
we may assume that @N�.�i/ has a product metric as in the previous paragraph. Replace each such metric
by the partially electrified path-pseudometric dpel described in the previous paragraph. We now consider
a family of paths, each of which is given by a concatenation of pieces that either

(1) have interior disjoint from the boundary tori f@N�.�i/g (the length of such a piece is given by its
hyperbolic length), or

(2) lie entirely in some boundary torus f@N�.�i/g (the length of such a path is given by its length with
respect to dpel on f@N�.�i/g).

Then the length of a path is given by the sum of the above pieces. The resulting path-pseudometric on
Mr is referred to as the partially electrified path-pseudometric on Mr and is also denoted by dpel.

If the atom Mr of F is obtained from an atom M of E that fibers over the circle, then any elevation MS

of Mr to FS is a cyclic cover of Mr corresponding to the natural epimorphism to Z inherited from M .
Then MS is a concatenation of a Z’s worth of atoms of FS . Each atom Me of FS is equipped with the
inherited path metric from MS , and the resulting path-pseudometric on Me is referred to as the partially
electrified path-pseudometric on Me and is also denoted by dpel.

The universal cover of Mr will be denoted by �Mr . The lift of the partially electrified path-pseudometric
on Mr to �Mr is referred to as the partially electrified path-pseudometric on �Mr and is also denoted
by dpel. Similarly for Me.

Lemma 3.12 There exist ı � 0, K � 1, and � � 0 such that the following hold : Let Me denote an atom
of FS . Let Sx denote a surface boundary component of Me . Let P denote the collection of elevations of
the tori f@N�.�i/g to �Me. Then:

(1) �Me is strongly hyperbolic relative to P .

(2) . �Me; dpel/ is ı-hyperbolic.

(3) The inclusion of zSx into . �Me; dpel/ is a .K; �/-qi-embedding for any elevation zSx of Sx .

Proof Since a hyperbolic structure on Me may be chosen so that it has convex boundary, �Me is strongly
hyperbolic relative to P . (This is a consequence of the main theorem of [10].) The second conclusion is
then a special case of [25, Lemma 1.20].

Algebraic & Geometric Topology, Volume 25 (2025)



Cubulating drilled bundles over graphs 4111

Let d denote the metric on �Me lifted from the intrinsic path-metric on Me. Let de denote the electric
metric on �Me after electrifying the elements of P as in [10]. For u; v 2 zSx , let 
uv , 
 e

uv , and 
p
uv denote

geodesics with respect to d , de , and dpel, respectively. The second conclusion will follow from two facts:

(1) By [25, Lemma 1.21; 10, Lemma 4.5 and Proposition 4.6], 
uv, 
 e
uv, and 
p

uv track each other
(uniformly, independent of u and v) away from P . (See Lemma 4.4 below for a slightly more
general statement.)

(2) The nearest-point projections of elements of P equipped with dpel onto zSx are either uniformly
bounded in diameter, or uniform quasi-isometric embeddings.

In fact, any P 2 P is stabilized by a conjugate of �1.N�.�i//D Z2 for some i . Let stab.P / denote the
stabilizer of P . Then, stab.P /\ zSx is either trivial or infinite cyclic.

In the former case, 
 e
uv (after a small isotopy if necessary) may be assumed to be disjoint from P . In the

latter case, if 
 e
uv does enter and exit P at y and z, respectively, then there exist y1; z1 2

zSx such that the
geodesic joining y1 and z1 lies uniformly close to an elevation of �i . It follows that 
uv and 
p

uv track
each other throughout their lengths. The third conclusion follows.

Partial electrification of F and zF The metric on each of the atoms after drilling (and before partial
electrification) is denoted by d . Equip F with a C 0 piecewise Riemannian metric that is bi-Lipschitz
to the metric d on each of the atoms. We refer to this metric on F also by d . Now, consider rectifiable
paths � W Œ0; 1�! F consisting of finitely many pieces, each of which is contained in an atom. The length
of � is declared to be the sum of the lengths of these subpaths. Replacing d on each atom by the partially
electrified metric dpel on that atom, we obtain a partially electrified path pseudometric, also denoted
by dpel, on F .

Lifting d and dpel to the universal cover zF , we obtain a metric d and a partially electrified path
pseudometric dpel, respectively. The distance between a pair of point u; v is then obtained by passing to
an infimum over all paths � as above joining u and v.

Remark 3.13 The partial electrification construction above is adapted from [27] (see [25, Section 1.3]
for a summary).

3.5 Partial electrification and relative hyperbolicity

As mentioned in Section 3.1, the aim of this subsection is to use the classification of essential annuli
from Sections 3.2 and 3.3 and the Bestvina–Feighn combination theorem (Theorem 3.17 below) to prove
Theorem 3.14 below. Note that the statement of Theorem 3.14 involves the partially electrified metric
defined in Section 3.4.

Let zF denote the universal cover of F . We lift the pseudometric dpel to zF to obtain a partially electrified
metric on zF denoted again by dpel. The following is the main theorem of this section.

Theorem 3.14 . zF ; dpel/ is hyperbolic.
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To prove Theorem 3.14, we shall use the Bestvina–Feighn combination theorem (Theorem 3.17).

3.5.1 The Bestvina–Feighn combination theorem

Definition 3.15 [5] Let G be a graph, and Y a graph of spaces with base graph G, so that the maps
of edge-spaces to vertex spaces are injective at the level of the fundamental group. Let X D zY be the
universal cover, and T the resulting tree of spaces, whose vertex and edge spaces are universal covers of
vertex and edge spaces of Y . Suppose that the following hold:

(1) Vertex spaces fXvg and edge spaces fXeg are all ı-hyperbolic metric spaces for some ı > 0.

(2) There exist K � 1 and � � 0 such that the maps of edge-spaces to vertex spaces for X are all
.K; �/-quasi-isometric embeddings.

Then Y is said to be a graph of hyperbolic metric spaces satisfying the qi-embedded condition.

Recall the notion of hallways and annuli from Definition 3.7.

Definition 3.16 [5, page 87] For � > 1, a hallway H is said to be �-hyperbolic if

l.H.f0g � I//�
1

�
max

˚
l.H.f�mg � I//; l.H.fmg � I//

	
;

where l denotes the length of the path in the corresponding edge space.

Let � > 0. Given i 2 f�m;�mC 1; : : : ;mg, denote the vertex space that H.Œi; i C 1�� I/ lies in by Xvi
.

The hallway is �-thin if for all such i and for any t 2 I , dXvi
.H.i; t/;H.i C 1; t// < �.

The girth (resp. length) of the annulus A is the girth (resp. length) of the induced hallway QA.

Similarly, the rest of the terminology, ie hyperbolicity, thinness, essentiality, for the annulus A, is defined
via QA.

The annuli flare condition The graph of spaces Y (with base graph G) satisfies the annuli flare condition
if there exist � > 1 and m � 1 such that the following holds: given any � > 0, there exists a constant
H.�/ so that whenever A is a �-thin essential annulus (see Definition 3.7) of length 2m and girth at least
H.�/, A is �-hyperbolic. The graph of spaces Y satisfies the weak annuli flare condition if there are
numbers � > 1;m> 1, and H such that any 4ı-thin essential annulus (see Definition 3.7) of length 2m

and girth at least H is �-hyperbolic. The following statement gives the Bestvina–Feighn combination
theorem in a consolidated form.

Theorem 3.17 [5, Theorem 3.2 of the correction] Let … W Y ! G be a graph of spaces whose vertex
and edge spaces have ı-hyperbolic universal covers for some ı > 0. If … W Y ! G satisfies the following
conditions , then the universal cover X of Y is hyperbolic:

(1) the quasi-isometrically embedded condition (see Definition 3.15),

(2) the annuli flare condition or the weak annuli flare condition.
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The following definition adapts [23, Definition 4.26] to our context.

Definition 3.18 We say that a vertex space Yv flares in all directions weakly if there are numbers � > 1,
m > 1, and H such that if A W S1 � Œ0;m�! Y is any 4ı-thin essential annulus (see Definition 3.7) of
length m and girth at least H starting at Yv (in the sense of Definition 3.7), then the associated lifted
hallway H satisfies

l.H.f0g � I//�
1

�
l.H.fmg � I//:

We shall need a modification of Theorem 3.17 to guarantee global quasiconvexity of a vertex space. The
following now adapts [23, Proposition 4.27] to our context.

Corollary 3.19 Let … W Y ! G be a graph of spaces satisfying the conditions of Theorem 3.17. Further ,
let Yv � Y be a vertex space that flares in all directions (see Definition 3.18) weakly. Then zYv is
quasiconvex in zY .

Proof Since the context of [23, Proposition 4.27] is slightly different, we sketch the mild modifications
necessary. We recall a construction from [22, Section 3] here. It follows from [22, Theorem 3.8] that
there exists C > 0 such that the following holds. Given any geodesic �� . zYv; dv/, there exists a “ladder”
L� � zY containing �, such that L� is C -quasiconvex. Hyperbolicity of . zY ; d/ now guarantees that for all
such geodesics �� . zYv; dv/, L� is hyperbolic. The construction of L� in [22, Section 3] now shows that�… W zY ! zG restricts to �…� W L�! T , where T � zG is a tree. Further, for any vertex w 2 T , �…�1

�
.w/ is a

geodesic segment in the vertex space �…�1.w/� zY . Thus, L� is a tree of spaces, where each vertex space
is isometric to an interval. The hypothesis that Yv �Y be a vertex space that flares in all directions weakly
guarantees that L� flares in all directions also. Hence � is a quasigeodesic (with uniform constants) in L�.
Since L� is C -quasiconvex, � is a quasigeodesic (with uniform constants) in zY .

Remark 3.20 More generally, if Z � Yv is a subspace such that

(1) the inclusion induces an injection at the level of fundamental groups,

(2) zZ is qi-embedded in zYv,

then an auxiliary vertex w and an edge eD Œw; v� may be added to the base graph G, so that Yw D Ye DZ.
Definition 3.18 and Corollary 3.19 may thus be applied to such subspaces Z of Yv as well. If Z flares in
all directions (see Definition 3.18) weakly, then zZ is quasiconvex in zY by Corollary 3.19.

We also record the following, where we assume implicitly that there is a cocompact group action so that
the annuli flare condition makes sense. (We also refer the reader to [5, page 90 and Section 4 of the
correction] and for an analogous hallways flare condition.)

Lemma 3.21 Let …T WX ! T be a tree of spaces obtained as a universal cover of a graph of compact
spaces. Suppose that each vertex space Xv and edge space Xe of X is ı-hyperbolic. Further , suppose that
the following conditions are satisfied :
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(1) the quasi-isometrically embedded condition (see Definition 3.15),

(2) the annuli flare condition or the weak annuli flare condition.

Let T0 be a subtree of T and X0 D…
�1
T .T0/. Then X0 is hyperbolic.

Proof We note that any hallway in X0 is also a hallway in X . In particular, …T WX0! T0 is a tree of
spaces satisfying

(1) the quasi-isometrically embedded condition (see Definition 3.15),

(2) the annuli flare condition or the weak annuli flare condition.

The corollary is now a direct consequence of Theorem 3.17.

3.5.2 Hyperbolicity of partially electrified bundle: proof of Theorem 3.14 To prove Theorem 3.14,
it suffices to check the two conditions of Theorem 3.17.

Hyperbolicity of vertex spaces and the quasi-isometrically embedded condition This follows from
Lemma 3.12.

Identifying �-thin annuli It remains to prove the annuli flare condition. We recall the description of
essential annuli (see Definition 3.7) in FS from Section 3.3. Let D be as in Lemma 3.11. We choose m

in the annuli flaring condition so that 2m>D. Hence, any essential annulus (see Definition 3.7) AS in
FS can intersect (see Definition 3.10) at most one drilled atom (see Definition 3.2). Thus, any essential
annulus (see Definition 3.7) AS in FS of length 2m can be of exactly one of the following three mutually
exclusive types:

Case 1 AS is a nonbacktracking annulus (see Definition 3.8) with core curve having free homotopy
type distinct from any of the drilled curves,

Case 2 AS contains an atomic wrapping nonbacktracking annulus BS . Here, BS wraps around @N�.�/
for some � . The core curve of AS is then freely homotopic to a (nontrivial power of) � .

Case 3 AS contains an atomic wrapping backtracking annulus BS wrapping around @N�.�/ for some � .
The core curve of AS is then freely homotopic to a (nontrivial power of) � .

In cases 2 and 3 above, AS is the concatenation of three pieces:

(1) The first is the atomic wrapping annulus BS (with or without backtracking); see Definition 3.5.

(2) The other two are nonbacktracking annuli (see Definition 3.8) A˙
S

, such that A˙
S
\BS consist of

curves �˙ that are freely homotopic in FS . If BS is an atomic wrapping nonbacktracking annulus, then
there exist distinct singular fibers (see Definition 1.2) S˙x of FS (bounding the atom of FS containing BS )
such that �˙ � S˙x . If BS is an atomic wrapping backtracking annulus (see Definition 3.5), then there
exists a single singular fiber (see Definition 1.2) Sx of FS (a boundary component of the atom of FS

containing BS ) such that �˙ � Sx , and �˙ are freely homotopic within Sx .
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Since BS wraps around @N�.�/ for some drilled curve �, and since @N�.�/ is an elevation of one of
finitely many tori in F , the core curve of AS is the same as the core curve of BS , and hence is of the
form 
 n for some n 2N, where 
 is one of the drilled curves in E.

Checking the annuli flare condition Case 1 (AS is a nonbacktracking annulus (see Definition 3.8)
with core curve having free homotopy type distinct from any of the drilled curves) We start with the
following converse to the Bestvina–Feighn combination theorem.

Proposition 3.22 ES satisfies the weak annuli-flare condition.

Proof Since E is hyperbolic, this is a special case of [28, Proposition 5.8], where it is shown that E

satisfies a flaring condition. This is equivalent to hyperbolicity of hallways in ES and implies the weak
annuli-flare condition.

Corollary 3.23 Nonbacktracking annuli (see Definition 3.8) with core curve having free homotopy type
distinct from any of the core curves satisfy the annuli-flare condition: more precisely, there exist � > 1

and m > 1 such that if AS is a nonbacktracking annulus (see Definition 3.8) with girth at least 1, it
satisfies the weak annuli flare condition.

Proof Note that AS � FS �ES . Since AS is a nonbacktracking annulus (see Definition 3.8) in FS , it
is an essential annulus (see Definition 3.7) in ES . Proposition 3.22 now gives the desired conclusion.

Cases 2 and 3 (AS is a wrapping annulus with core curve freely homotopic to a power of one of the
drilled curves) We shall give a unified proof of these two cases. Let BS denote the atomic wrapping
annulus (see Definition 3.5) contained in AS . Let � denote the drilled curve such that BS wraps around
@N�.�/. Choose an orientation of � and n 2N such that the core curve of BS (and hence that of AS ) is
freely homotopic to �n. Let Me denote the drilled atom (see Definition 3.2) of FS containing BS . Let
S˙x denote the boundary components of Me , and A˙

S
denote the two components of AS n Int.BS /. Then

each of the annuli A˙
S

is an essential annulus (see Definition 3.7) in ES with one boundary curve in
SCx [S�x . (If AS is backtracking, then both boundary curves lie in the same surface boundary component.
If AS is without backtracking, then the boundary curves lie in different surface boundary components.)
Let �˙ denote the boundary curve of A˙

S
on SCx [S�x .

It will help to explicate the special case where nD 1, ie the core curve of AS is freely homotopic to � .
Then each of A˙

S
is a flaring annulus, with l.�˙/ uniformly close to the girth of AS . This follows from

the fact that the length l.�˙/ is uniformly bounded. Hence, in the formulation of Definition 3.16,

l.H.f0g � I//�
1

�
l.H.fmg � I//;

for all m large enough (ie we can ignore the negative direction of the hallway from Definition 3.16).
Further, note that the dpel-length of the annulus BS is uniformly bounded. This is because the meridian
of @N�.�/ that BS wraps around has length zero. Hence the concatenation AC

S
[BS [A�

S
satisfies the

weak annuli flare condition.
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For general n2N, any elevation of �˙ (freely homotopic to �n) to the universal cover zES gives a uniform
quasigeodesic. This follows from the fact that � is an elevation of one of the (finitely many) drilled
curves. Hence, again, l.�˙/ is uniformly close to the girth of AS . Again, A˙

S
satisfies the one-sided flare

condition
l.H.f0g � I//�

1

�
l.H.fmg � I//

in the formulation of Definition 3.16. The same argument from the previous paragraph now shows that
the concatenation AC

S
[BS [A�

S
satisfies the weak annuli flare condition.

Thus, the sufficient conditions of Theorem 3.17 are satisfied by essential annuli AS (see Definition 3.7)
in FS , equipped with partially electrified pseudometric dpel (see Section 3.4). Theorem 3.14 follows. �

Remark 3.24 One place where the partial electrification metric dpel is essential in the above proof is to
conclude that the dpel-length of BS is uniformly bounded.

3.5.3 Consequences of Theorem 3.14 The proof of Theorem 3.14 above gives some additional infor-
mation that we shall need below. Let �… W zFS ! T be the tree of spaces for the universal cover zFS (= zF )
of FS . Let T0 � T denote a subtree. Let �…�1.T0/D X0, so that �… W X0! T0 is a tree of spaces. The
following definition collects together some notions that will be used in Corollary 3.26 below.

Definition 3.25 Let v 2 T0 be a vertex such that

(1) �Mv is an atom,

(2) zSx is a boundary component of �Mv that is not contained in the boundary of any other vertex space
of �… WX0! T0.

Then we say that �Mv is a boundary atom of X0 and zSx is a boundary component of X0. If �Mv is drilled
(resp. undrilled), we say that �Mv is a drilled (resp. undrilled) boundary atom of X0 and zSx is a drilled
(resp. undrilled) boundary component of X0.

Corollary 3.26 Let X0 be as above. Then X0 is hyperbolic , and any drilled boundary component zSx of
X0 is dpel-quasiconvex. Here dpel denotes the restriction of the partially electrified pseudometric dpel (see
Section 3.4) from X .

Proof Hyperbolicity of X0 follows from Lemma 3.21 after noting that we have checked the weak annuli
flare condition for FS . Next, we attach an auxiliary vertex space zSx � I to X0 along zSx and an auxiliary
edge e to T0 to v to get a tree of spaces X0[ zSx

zSx � I ! T0[v e. Here, zSx � f1g � zSx � I is attached
to X0 along zSx � X0, so that zSx � X0 becomes the edge-space Xe corresponding to the new edge e.
Further, let v0 denote the extra vertex introduced in T0[v e (corresponding to f0g 2 I ). Thus, the new
vertex space zSx � I is Xv0

. To prove dpel-quasiconvexity of zSx , it suffices, by Corollary 3.19, to show
that essential annuli starting on Xv0

(in the sense of Definition 3.7) flare in all directions in the sense of

Algebraic & Geometric Topology, Volume 25 (2025)



Cubulating drilled bundles over graphs 4117

Definition 3.18. But such annuli are simply essential annuli (see Definition 3.7) in the bundle E! G
(before drilling). Further, their core curves lie in Sx n �i for one of the finitely many drilled curves �i .
The conclusion now follows from Theorem 2.1, which guarantees that each of these finitely many proper
essential subsurfaces of Sx have uniformly quasiconvex elevations, and hence that any essential annulus
(see Definition 3.7) starting on such a subsurface flares in all directions.

Another consequence of Corollary 3.19 that we record is the following.

Corollary 3.27 Let T1 � T denote a subtree of finite diameter (but not necessarily locally finite). Let�…�1.T1/ D X1, so that �… W X1! T1 is a tree of spaces. Then X1 is hyperbolic , and for any singular
fiber Sx (see Definition 1.2) with zSx �X1, zSx is dpel-quasiconvex in X1.

Proof Since any essential hallway has length bounded by the diameter of T1, hyperbolicity of X1 follows
from Theorem 3.17. The same reason guarantees dpel-quasiconvexity of zSx by Corollary 3.19.

Lemma 3.28 Let X1, Sx , and zSx be as above. Then zSx with its intrinsic metric is qi-embedded in X1.
Also , zSx is properly embedded in . zF ; dpel/.

Proof Suppose that Sx is a boundary component of an atom Me (drilled or undrilled) of FS (in the
sense of Definition 3.25). By Lemma 3.12, zSx is qi-embedded in �Me equipped with dpel (the case where
Me is undrilled is obvious). Let �Me denote the vertex space Xv for v a vertex of T . Next, let T1 � T
denote a subtree of finite diameter (but not necessarily locally finite) containing v. Then Corollary 3.27
shows that zSx is dpel-quasiconvex in �…�1.T1/DX1.

A reprise of the proof of Lemma 3.12 now shows that zSx , equipped with its intrinsic metric is qi-embedded
in X1. Since the finite diameter of T1 was arbitrary, the second conclusion follows.

Corollary 3.29 There exist K � 1 and � > 0 such that the following hold. Let 
 be a geodesic in
. zF ; dpel/. Let zSx be the elevation of a singular fiber bounding a drilled atom (see Definition 3.2) �Mr

of zF . Suppose further that u and v are entry and exit points on zSx of 
 into and out of �Mr , respectively.
Let 
 j Œu; v� denote the subpath of 
 between u and v, and ˇ.u; v/ the geodesic in zSx (with its intrinsic
metric) between u and v. Let


 0.u; v/D .
 n 
 j Œu; v�/[ˇ.u; v/

be obtained from 
 by replacing 
 j Œu; v� by ˇ.u; v/. Then 
 0.u; v/ is a .K; �/-quasigeodesic in . zF ; dpel/.

Proof Let X1 denote the closure of the component of X n zSx containing �Mr . By Corollary 3.26, zSx

is quasiconvex in .X1; dpel/ with uniform constants (independent of zSx and X1). Hence, there exists D

such that 
 j Œu; v� lies in a D-neighborhood of zSx in .X1; dpel/. Hence, by Lemma 3.28, ˇ.u; v/ is a
.K1; �1/-quasigeodesic in .X1; dpel/. The corollary follows.

Corollary 3.29 allows us to replace dpel-geodesics by uniform dpel-quasigeodesics that do not backtrack
from drilled atoms (see Definition 3.2) in the following sense.
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Definition 3.30 A dpel-quasigeodesic 
 0 in . zF ; dpel/ is said to be a dpel-quasigeodesic without backtrack-
ing from drilled atoms (see Definition 3.2) if it satisfies the following: if 
 0 enters a drilled atom �Mr

(see Definition 3.2) through a boundary component zS1, then it can only leave �Mr through a boundary
component zS2 ¤

zS1.

Corollary 3.29 now allows us to observe that for any dpel-geodesic 
 , there exists a .K; �/-quasigeodesic

 0 without backtracking from drilled atoms (see Definition 3.2) joining the endpoints of 
 . In fact, 
 0 is
obtained from 
 by

(1) carrying out replacements of all backtracking segments in drilled atoms (see Definition 3.2),

(2) isotoping the resulting path slightly to make it disjoint from zSx as in Corollary 3.29.

The paragraph titled “Checking the annuli flare condition” in the proof of Theorem 3.14 gives the following
further conclusion.

Corollary 3.31 There exists L � 1 such that the following holds: Let Œa; b�� zG denote a geodesic of
length at least L such that Ma and Mb are drilled atoms (see Definition 3.2) of FS . Let MŒa;b� denote
the 3-manifold given by…�1

S
.Œa; b�/. Also , let Sa and Sb denote the boundary components of MŒa;b� (see

Definition 3.25). Let �1.Sa/; �1.Sb/ denote the subgroups of �1.MŒa;b�/ carried by Sa and Sb . Then
�1.Sa/\�1.Sb/D f1g.

Proof Since Ma and Mb are drilled atoms (see Definition 3.2), zSa and zSb are dpel-quasiconvex in �MŒa;b�,
equipped with the dpel-metric by Corollary 3.26. Further, the dpel-quasiconvexity constant is uniform,
independent of a and b.

If �1.Sa/ \ �1.Sb/ ¤ f1g, then there exists a loop ˛a � Sa freely homotopic to an ˛b � Sb . By
uniform dpel-quasiconvexity, any geodesic in the free homotopy class of ˛a (resp. ˛b) must lie close to Sa

(resp. Sb). This forces the existence of an L such that dzG.a; b/ <L.

4 Guessing geodesics

We refer the reader back to the paragraph titled “Step 2” in Section 3.1 for a summary of the contents of
the various subsections of this section and the logical order we follow.

Notation to be used in this section:

� Given a hyperbolic drilled atom Mr (see Definition 3.2), �, O�, �ea, and �p denote in �Mr respectively
the geodesic, the electric geodesic, the electroambient quasigeodesic (see Definition 4.3), and the dpel-
geodesic, all with the same endpoints.

� We use P to denote a lift of a boundary torus of F to zF , and P is used to denote the collection of all
such lifts. Pr denotes the collection of such lifts contained in �Mr .

� For z lying on a drilled curve � in Mr , mz is a specially chosen meridian of @N�.�/.
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� For two lifts of boundary surfaces zS1 and zS2 in �Mr , Z1 and Z2 denote respectively the image of the
projection of zS2 onto zS1 and vice versa.

� For Œa; b� a geodesic in the tree T for the tree of spaces zFS ! T , XŒa;b� is the subtree of spaces over
Œa; b�.

� PŒa;b� is the collection of lifts of f@N�.�i/g in XŒa;b�.

� B denotes an elevation of a maximal undrilled subbundle (see Definition 3.2) of FS .

� F is the path family defined in Section 4.2.7 to which the guessing geodesics lemma (Theorem 4.2) is
applied. Paths in this family are denoted by �.

� A is used to denote undrilled atoms (see Definition 3.2), and B is used for undrilled molecules.

4.1 The guessing geodesics lemma

We shall need a necessary and sufficient condition for relative hyperbolicity due to Sisto [30] building on
earlier work of Bowditch [6] and Hamenstädt [16].

Definition 4.1 Let .X; dX / be a geodesic metric space, and P a collection of subsets. The collection P
is said to be mutually bounded if for each K � 0, there exists B such that diam.NK .P /\NK .Q//� B,
for all P ¤Q 2 P .

In [30], Sisto refers to the mutual boundedness criterion above as condition .˛1/. We shall need the
following:

Theorem 4.2 [30, Theorem 4.2] Let .X; dX / and P be as above. Suppose that for all x;y 2X we are
given

(1) a path �.x;y/ connecting them ,

(2) a closed subset �.x;y/� �.x;y/.

Suppose that there exists D � 0 such that the following are satisfied :

(1) If dX .x;y/� 2 then diam.�.x;y//�D.

(2) Let dH denote Hausdorff distance. Then for all x0;y0 2 �.x;y/, we have

dH .�.x
0;y0/; �.x;y/jŒx0;y0�[fx0;y0g/�D;

where �.x;y/jŒx0;y0�D �.x;y/\ �.x;y/jŒx0;y0�.

(3) For all x;y; z 2X , �.x;y/�ND.�.x; z/[ �.z;y//.

(4) If x0;y0 2�.x;y/ do not both lie on the same P 2P , then there exists z 2 �.x;y/ between x0 and y0.

(5) The elements of P are mutually bounded.

Algebraic & Geometric Topology, Volume 25 (2025)



4120 Mahan Mj and Biswajit Nag

(6) For all k � 0, there exists K � 0 such that the following holds. If for some P 2 P
� dX .x;P /� k,
� dX .y;P /� k, and
� dX .x;y/�K,

then
� �.x;y/� BK .x/[BK .y/, and
� there exists z 2 �.x;y/\ND.P /.

Then X is strongly hyperbolic relative to P .

Theorem 4.2 says roughly that if we can guess a family of paths in X that satisfy the conditions required
of geodesics in a relatively hyperbolic space, then X itself is relatively hyperbolic.

4.2 Path families

Recall that P denotes the collection of elevations of @N�.�i/ in zF , where �i ranges over the finitely many
drilled curves in E. Recall that zF admits three natural pseudometrics in our setup:

(1) the path-metric d lifted from F (recall that the metric d on F is the natural path-metric induced
from E),

(2) the electric metric de obtained from d by electrifying the collection P [10],

(3) the partially electrified pseudometric dpel constructed in Section 3.4.

We now recall a construction from [25, Definition 1.13].

Definition 4.3 Let O� denote an electric geodesic in . zF ; de/ joining a; b 2 zF . Modify O� to a path
�ea as follows. First, �ea coincides with O� away from the elevations of @N�.�i/ to zF . Next, for any
B@N�.�i/ that O� intersects, let xi and yi denote the entry and exit points. Join xi and yi by a geodesic in
B@N�.�i/ equipped with its flat Euclidean metric. The resulting path �ea will be called an electroambient

quasigeodesic in zF .

We recall the following consequence of [25, Lemma 1.21; 10, Lemma 4.5 and Proposition 4.6] for easy
reference.

Lemma 4.4 Let �Mr denote a drilled atom of zF (see Definition 3.2). Let a; b 2 �Mr . Let Pr denote the
collection of elevations of B@N�.�i/ to �Mr . Then �Mr is strongly hyperbolic relative to the collection Pr .

Let d , de, and dpel denote the metric , electric (pseudo)metric , and the partially electrified (pseudo)metric
(see Section 3.4) respectively on �Mr . Let �, O�, �ea, and �p denote respectively the geodesic , the electric
geodesic , the electroambient quasigeodesic (see Definition 4.3), and the geodesic with respect to the dpel

on �Mr joining a and b. Then �, O�, �ea, and �p track each other away from Pr .
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Proof It follows from [10] that �Mr is strongly hyperbolic relative to the collection Pr , since Mr admits
the structure of a complete hyperbolic manifold with convex boundary.

Lemma 4.5 and Proposition 4.6 of [10] guarantee that � and O� track each other away from Pr . The
construction of �ea guarantees that �ea and O� agree exactly, away from Pr . Finally, [25, Lemma 1.21]
guarantees that �p and O� track each other away from Pr .

4.2.1 Connectors: a scheme The rest of this subsection is devoted towards constructing a family of
paths F . In Section 4.2.2 we construct paths that approximate the shortest paths connecting two different
elevations of boundary components of a drilled atom (see Definition 3.2). The paths thus constructed are
called connectors.

In Section 4.2.3, we extend this family to one for every pair of points in elevations of boundary components
of a drilled atom (see Definition 3.2). The paths thus constructed are called extended connectors.

In Section 4.2.4, we are interested in a concatenation of atoms along a geodesic segment in the Bass–Serre
tree. We describe how to concatenate extended connectors in atoms to such concatenations of atoms.

Apart from drilled atoms (see Definition 3.2), one needs to consider elevations B of maximal undrilled
subbundle (see Definition 3.2). Let zS be a boundary component of the elevation �Mr of a drilled atom (see
Definition 3.2). Further assume that zS is contained in an elevation B of a maximal undrilled subbundle
(see Definition 3.25). Then we need to consider geodesics from zS to itself lying within B. These are
geodesics in the intrinsic hyperbolic metric on B starting and ending on zS . Section 4.2.5 is devoted to
such paths.

Section 4.2.6 generalizes the discussion of Section 4.2.5 to the case where there are distinct drilled atoms
(see Definition 3.2) abutting B in distinct boundary components (see Definition 3.25) zS and zS 0.

With the above constituent connectors in place, we finally define the path family in Section 4.2.7.

4.2.2 Connectors in drilled atoms Recall that for any drilled atom Mr (see Definition 3.2) of FS , �Mr

is strongly hyperbolic relative to Pr by Lemma 3.12 (see Lemma 3.12 for notation). We assume that Mr

has been equipped with a complete hyperbolic metric with convex boundary (as in the proof of the first
conclusion of Lemma 3.12). Let zS1 and zS2 denote two boundary components of �Mr . We are interested
in the nearest-point projections of zS1 and zS2 on each other. The nearest-point projection of zS1 (resp. zS2)
onto zS2 (resp. zS1) will be denoted by �12 (resp. �21). Three possible cases arise:

Case 1 (product region connectors) There exists a maximal essential proper subsurface † of one of the
surface boundary components of Mr such that †� Œ0; 1�, equipped with the standard product structure,
embeds in Mr , with † � f0; 1g � @Mr . Further, there exists an elevation z† � Œ0; 1� � �Mr , such that
z†� f0g � zS1, and z†� f1g � zS2. In this case, �12. zS1/ lies in a uniformly bounded neighborhood of
z†� f1g � zS2, and �21. zS2/ lies in a uniformly bounded neighborhood of z†� f0g � zS1. For any z 2†,
we refer to an elevation of fzg� Œ0; 1� to �Mr as a product region connector between zS1 and zS2. Note that
in this case, zS1 and zS2 are necessarily elevations of distinct boundary components of Mr .

Algebraic & Geometric Topology, Volume 25 (2025)



4122 Mahan Mj and Biswajit Nag

†� Œ0; 1� †� f1g†� f0g

z � f0g z � f1g

Figure 5: Product region connector in Mr .

Definition 4.5 If zS1 and zS2 are connected by a product region connector, we say that zS1 and zS2 are a
product pair of elevations.

We emphasize that for zS1 and zS2 a product pair, the nearest-point projection of one onto the other lies in
a uniformly bounded neighborhood of z†� f0g for a maximal essential proper subsurface †.

Case 2 (annular connectors) Recall that Mr is obtained from S � I after drilling finitely many
curves f�ig. For any z 2 �i�f0; 1g, for some i , suppose that zI D z�I nInt.N�.�i//�S�I is contained
in Mr , ie zI does not intersect any N�.�j / for j ¤ i . Let z˙

I
denote the two components of zI , and let

mz denote the meridian of N�.�i/ passing through z˙
I
\ @N�.�i/. Then an annular connector � in Mr

starts and ends at fzg � f0; 1g, traverses a connected component of zI , wraps around mz finitely many
times, and finally traverses a (possibly same) connected component of zI . If � starts and ends at the same
point fzg� f0g (or fzg� f1g), then it wraps around mz (the meridian) k times for some k 2Z; otherwise
if it starts and ends at distinct points in fzg � f0; 1g, it wraps around mz (the meridian) kC 1

2
times for

some k 2 Z.

Figure 6: An annular connector in Mr .
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zS2

zS1

�12
zS1

�Mr

Figure 7: A mutually bounded pair.

Any elevation of an annular connector in Mr is called an annular connector in �Mr . If the number of times
an annular connector wraps around mz does not equal ˙1

2
, we call it and its elevations strict annular

connectors. Let zS1 and zS2 denote the elevations of the boundary components of Mr passing through the
endpoints of an annular connector Q�. We observe the following:

Lemma 4.6 Suppose that Q� is a strict annular connector between zS1 and zS2 joining Qz1 2
zS1 to Qz2 2

zS2.
Let z� and z� 0 denote the elevations of �i through Qz1 and Qz2, respectively. Then �12. zS1/ (resp. �21. zS2/)
lies in a uniformly bounded neighborhood of z� 0 (resp. z� ).

Proof Let z1 (the image of Qz1 under the covering projection) be the basepoint for �1.Mr /, and let z�

be an annular connector that wraps around mz only half a time. Identify �1.S2/ with loops based at z1

preceded and succeeded by z� with appropriate orientations.

Then the result follows from the fact that �1.Sl/\�1.Sk/
g D Z for g 2 �1.Mr / representing any strict

annular connector starting and ending at z1, and 1� l; k � 2.

Definition 4.7 If zS1 and zS2 are connected by a strict annular connector, we say that zS1 and zS2 are an
annular pair of elevations.

Case 3 (the mutually bounded case)

Lemma 4.8 If zS1 and zS2 is a pair of distinct elevations that are neither a product pair (see Definition 4.5),
nor an annular pair (see Definition 4.7), then �12. zS1/ is uniformly bounded in diameter , ie zS1 and zS2 are
mutually bounded in the sense of Definition 4.1.

Proof Let Hi < �1.Mr / denote the stabilizers of zSi for i D 1; 2. The Lemma then follows from the
fact that H1\H2 D f1g (see, for instance, the proof of [31, Corollary 3]) (see).

Figure 7 illustrates this case.

4.2.3 Extended connectors in drilled atoms We now describe a preferred family of quasigeodesics in�Mr connecting x 2 zS1 to y 2 zS2. Denote �12
zS1 by Z2 and �21

zS2 by Z1. Then there are the following
preferred product regions in �Mr :
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(1) If zS1 and zS2 are a boundary components (see Definition 3.25), then there exists a proper essential
subsurface † of S and elevations z†i for i D 1; 2 of boundary components of the product region †� Œ0; 1�
such that Z1 (resp. Z2) is coarsely z†1 (resp. z†2). Also Zi are (coarsely) the boundary components of
z†� Œ0; 1�, where the Œ0; 1� direction has uniformly bounded length. We normalize the length of z � Œ0; 1�

to one for all z 2 z†.

(2) If zS1; zS2 is an annular pair, then Z1 and Z2 are coarsely elevations of (curves parallel to) �i . Further,
Z1 and Z2 are boundary components of a flat strip z�i � Œ0; kl.mz/C a�, where k equals the number of
times the annular connector wraps around the meridian mz , l.mz/ denotes the length of the meridian mz ,
and a equals the sum of the lengths of z˙

I
, assuming without loss of generality that they are equal.

(3) Otherwise, if zS1; zS2 is a mutually bounded pair (as in Lemma 4.8), then Z1 and Z2 are coarsely
points, ie Z1 and Z2 have uniformly bounded diameter.

In all three cases, zSi is strongly hyperbolic relative to Zi for i D 1; 2. Further, there is a natural product
Z � Œa1; a2� embedded in �Mr with Z � faig DZi for i D 1; 2. The interval Œa1; a2� has the following
properties:

(1) If zS1 and zS2 are boundary components (see Definition 3.25), Œa1; a2� has length one.

(2) If zS1; zS2 is an annular pair, Œa1; a2� has length equal to kl.mz/C a.

(3) If zS1; zS2 is a mutually bounded pair, Œa1; a2� has length equal to the length of an electroambient
quasigeodesic (see Definition 4.3) in �Mr joining Qz1 and Qz2.

Next, for any xi 2
zSi with i D 1; 2, let yi 2Zi denote a nearest-point projection (in the intrinsic metric

on zSi) of xi onto Zi . Identifying Zi for i D 1; 2 with Z � f0g � Z � Œ0; 1� and Z � f1g � Z � Œ0; 1�,
respectively, we have the following preferred family of paths joining x1 and x2 in �Mr :

Projecting both y1 and y2 to the Z-factor, we get points that we call y1 and y2 again to avoid cluttering
notation. Let Œy1;y2� denote the geodesic in Z joining y1 and y2. Let p be any point on Œy1;y2�. Then
the preferred collection of paths joining x1;x2 2

�Mr are given by the concatenation of the following
segments:

(1) the geodesic Œx1;y1�� zS1 joining x1 and y1,

(2) the geodesic Œy1;p� f0g�� .Z � f0g/.DZ1/� zS1 joining y1 and p� f0g in .Z � f0g/,

(3) the vertical interval p� Œ0; 1� traveling from p� f0g to p� f1g,

(4) the geodesic Œp� f1g;y2�� .Z � f1g/.DZ2/� zS2 joining p� f1g and y2 in .Z � f1g/,

(5) the geodesic Œy2;x2�� zS2 joining y2 and x2.

Note that there is only one vertical interval p� Œ0; 1� traveling from p�f0g to p�f1g in each member of
the family given above. Let F.Mr ;x1;x2/ denote the above family.

The construction above shows the following:
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Lemma 4.9 Each ˛ 2 F.Mr ;x1;x2/ tracks the dpel-geodesic and the electroambient quasigeodesic (see
Definition 4.3) between x1 and x2 in the intrinsic metric on �Mr .

Proof The fact that ˛ tracks the electroambient quasigeodesic (see Definition 4.3) along elements of Pr

follows from the fact that the nearest-point projection of any P 2 Pr onto zS1 is either uniformly bounded
or (coarsely) an elevation of �i to zS1. More precisely, in the second case, there exists an elevation z�i �

zS1

such that the nearest-point projection of P 2 Pr onto zS1 lies in a uniformly bounded neighborhood of z�i ,
and hence the concatenations Œx1;y1�[ Œy1;p� f0g� and Œp� f1g;y2�[ Œy2;x2� used to define ˛ have a
maximal subpath each parallel to P .

Away from elements of Pr , this is a consequence of Lemmas 3.12 and 4.4.

4.2.4 Extended connectors in concatenated drilled atoms Lemma 4.9 can be extended to a 3-manifold
obtained by concatenating finitely many atoms. As before, let … W zF ! T denote the Bass–Serre tree of
zF D zFS , with vertex spaces Xv given by elevated atoms.

Corollary 3.31 can be strengthened slightly as follows:

Corollary 4.10 There exists L � 1 such that the following holds: Let Œa; b� � T denote a geodesic
of length at least L such that Xa and Xb are elevated drilled atoms (see Definition 3.2) of FS . Let
XŒa;b� denote the 3-manifold given by …�1.Œa; b�/. Also , let zSa � Xa and zSb � Xb denote boundary
components (see Definition 3.25) of XŒa;b� in the sense of Definition 3.25. Then:

(1) XŒa;b� is strongly hyperbolic relative to the collection PŒa;b� (the elements of P contained in it).

(2) There exists D depending only on dT .a; b/ such that �ab. zSa/ has diameter bounded by D (here ,
�ab denotes the nearest-point projection of zSa on zSb).

Proof The first conclusion has the same proof as the first conclusion of Lemma 3.12. The second now
follows from Corollary 3.31.

The construction of extended connectors in XŒa;b� can now be carried out exactly as in Section 4.2.3. We
denote the family thus constructed by F.XŒa;b�;x1;x2/. Corollary 4.10 gives us the following immediate
consequence.

Lemma 4.11 We continue with the setup of Corollary 4.10. There exists L� 1 such that if dT .a; b/�L,
then preferred extended connectors ˛ 2 F.XŒa;b�;x1;x2/ are concatenations of three pieces , where the
middle piece ˛m is necessarily a cobounded connector , and the first and last ones are geodesics in zSa

and zSb .

Thus , the endpoints of ˛m are coarsely well-defined , ie there exists D depending only on dT .a; b/, and
z1 and z2 in zSa and zSb , respectively, such that the endpoints of ˛m lie on zSa and zSb at a distance of at
most D from z1 and z2.
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Since XŒa;b� is strongly hyperbolic relative to the collection PŒa;b�, as are all drilled atoms �Mc (see
Definition 3.2) for c 2 Œa; b�, the restriction of 
 2 F.XŒa;b�;x1;x2/ to �Mc may be perturbed by a
uniformly bounded amount, so that .
 \ �Mc/ 2 F.Mc ;x1;x2/ for some x1;x2 2 @ �Mc .

Remark 4.12 Lemma 4.11 implies that ˛m is a coarsely well-defined electroambient quasigeodesic
(see Definition 4.3) in XŒa;b�, and any preferred connector between zSa and zSb coarsely contains it. Note
however that the parameter D determining coarseness depends on dT .a; b/.

Let Œa; b� � T denote a geodesic of length at least L such that Xa and Xb are elevated drilled atoms
of FS (see Definition 3.2). Let XŒa;b� denote the 3-manifold given by …�1.Œa; b�/. Assume further
that the only drilled atoms in XŒa;b� are Xa and Xb . Let zSa and zSb denote the boundary components
(see Definition 3.25) of XŒa;b� n Int.Xa [Xb/, so that zSa and zSb are also boundary components (see
Definition 3.25) of Xa and Xb , respectively. We refer to zSa and zSb as internal boundary components of Xa

and Xb , respectively. All other boundary components will be referred to as external boundary components.

Lemma 4.13 Let XŒa;b�, Xa, and Xb be as above. Then there exists L � 2 such that if dT .a; b/ � L,
the following holds. For any external boundary components zS1 and zS2 of XŒa;b�, there exists a coarsely
well-defined geodesic � joining internal boundary components zSa and zSb in XŒa;b� n Int.Xa[Xb/ such
that any ˛ 2F connecting zS1 and zS2 coarsely contains �. Further , the coarseness is uniform , independent
of XŒa;b�.

Proof Let �1a and �2b denote nearest-point projections of zS1 onto zSa; and zS2 onto zSb , respectively.
Then the images of �1a and �2b , given by W1 and W2, respectively, are given by an elevation each of a
proper essential subsurfaces of zSa and zSb , respectively. Hence, by Theorem 2.1, there exists L� 2 such
that if dT .a; b/ � L, there exists a coarsely well-defined shortest geodesic � in XŒa;b� n Int.Xa [Xb/

joining W1 and W2. Any ˛ 2 F connecting zS1 and zS2 must coarsely join points in W1 and W2, and
hence must coarsely contain � .

4.2.5 Controlling backtracking in elevated subbundles Suppose that �Mr is a drilled atom of zF (see
Definition 3.2). Let zS1, zS2, and zS3 denote three distinct boundary components of �Mr , and let B be the
elevation of a maximal undrilled subbundle of FS (Definition 3.2) such that B\ �Mr D

zS3. Let �13 and
�23 be nearest-point projections of zS1 and zS2 onto zS3. Then the images of �13 and �23 are either

(1) given by an elevation of a proper essential subsurface of S3 (as in Section 4.2.2), or

(2) uniformly bounded in diameter.

Further, by Theorem 2.1, �13. zS1/ and �23. zS2/ are uniformly quasiconvex in B, ie there exists C � 1

such that for any B, zS1, zS2, and zS3 as above, �13. zS1/ and �23. zS2/ are C -quasiconvex in B. Hence,
there exists D0 such that if d.�13. zS1/; �23. zS2//�D0, there is a coarsely unique shortest path ˛ in B
joining �13. zS1/ and �23. zS2/. Thus, due to quasiconvexity of �13. zS1/ and �23. zS2/, there exists C1 � 0

such that exactly one of the following holds:
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�Mr

zS1

zS2

zS3

˛
�13
zS1

�23
zS2

zB

Figure 8: Allowable backtrack in B.

(1) There is a coarsely well-defined geodesic ˛ joining �13. zS1/ and �23. zS2/ in B. In this case, any
dpel-geodesic between zS1 and zS2 in �Mr [B C1-coarsely contains ˛, ie any dpel-geodesic between zS1

and zS2 in �Mr [B contains a subpath tracking ˛ within distance C1 of it. In such a case the dpel-geodesic
is said to have an allowable backtrack in B.

(2) �13. zS1/[�23. zS2/ is C1-quasiconvex in B. In this case, a dpel-geodesic �p between zS1 and zS2 is
said to have nonallowable backtracks in B if �p \B¤¿. By perturbing any such dpel-geodesic between
zS1 and zS2 by a bounded amount, we obtain a dpel-quasigeodesic that does not intersect B at all.

Remark 4.14 The constant C1 above may be chosen to be uniform, ie independent of the choice of B,�Mr , zS1, zS2, and zS3 (as there are only finitely many such possibilities up to the action of �1.F /).

4.2.6 Controlling small connectors in elevated subbundles We generalize the above discussion in
Section 4.2.5 to the case where there are two elevations zS3 and zS 0

3
coming from different elevated drilled

atoms (see Definition 3.2) abutting a common elevated maximal undrilled subbundle B (see Definition 3.2).

�Mr

zS1

zS2

zS3

�13
zS1

�23
zS2

zB

Figure 9: Nonallowable backtrack in B.
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�M 2
r

�M 1
r

zS1

zS2

zS 0
1

zS 0
2

˛

�11
zS 0

1

�22
zS 0

2

zB

Figure 10: A long connector in an undrilled elevation.

Let �M 1
r ¤

�M 2
r be drilled atoms of zF . Let B be the elevation of a maximal undrilled subbundle of

FS (Definition 3.2) such that B \ �M i
r D
zSi for i D 1; 2. Let zS 0i � �M i

r for i D 1; 2 denote boundary
components of �Mr (different from zSi). Let �11 and �22 be nearest-point projections of zS 0

1
and zS 0

2
onto

zS1 and zS2, respectively. Then the images of �ii for i D 1; 2 are either

(1) given by an elevation of a proper essential subsurface of Si (as in Section 4.2.2), or

(2) uniformly bounded in diameter.

By Theorem 2.1, �11. zS
0
1
/ and �22. zS

0
2
/ are uniformly quasiconvex in B. As in Section 4.2.5 above, there

exist C1 � 0 and D1 � 0 such that exactly one of the following holds:

(1) There is a coarsely well-defined geodesic ˛ joining �11. zS
0
1
/ and �22. zS

0
2
/ in B. In this case, any

dpel-geodesic between zS 0
1

and zS 0
2

in �Mr [B C1-coarsely contains ˛.

(2) �11. zS
0
1
/[�22. zS

0
2
/ is C1-quasiconvex in B. Further, the distance between �11. zS

0
1
/ and �22. zS

0
2
/

in B is at most D1.

We shall refer to paths ˛ as in item (1) above as long connectors in undrilled elevations.

If, on the other hand �11. zS
0
1
/[ �22. zS

0
2
/ is C1-quasiconvex in B as in item (2) above, then the triple�M 1

r ;B; �M 2
r will be called a short connector triple.
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4.2.7 Defining the path family We now define the family F of paths that will feed into Theorem 4.2.
Recall that . zF ; dpel/ is hyperbolic by Theorem 3.14. For x;y 2 zF , define �p.x;y/ to be a geodesic in
. zF ; dpel/. Now, replace �p.x;y/ by a dpel-quasigeodesic that

(1) does not backtrack from drilled atoms (in the sense of Definition 3.30) as in Corollary 3.29,

(2) does not have nonallowable backtracks in elevations of maximal undrilled subbundles.

Abusing notation slightly, we continue to denote the nonbacktracking dpel-quasigeodesic by �p . For each
drilled atom �Mr (see Definition 3.2) and each connected component �r of �p \

�Mr , replace �r by an
electroambient geodesic joining its endpoints. Denote the resulting path in zF joining the endpoints of �p

by �.

We refer to � as the electroambient path obtained from �p by de-electrification. Next, define Fp to be a
collection f�p.x;y/g of uniform quasigeodesics in . zF ; dpel/ without backtracking in drilled atoms (cf
Definition 3.30), one for every pair x;y 2 zF . Define F to be the collection f�.x;y/g obtained from
the collection f�p.x;y/g by de-electrification. For each such �.x;y/ define �.x;y/ to be the closure of
�.x;y/ n

S
P2P P . Thus, �.x;y/ is obtained from �.x;y/ by removing the interiors of the intersections

with elements of P .

In short, F is obtained from geodesics in . zF ; dpel/ by

(1) removing backtracking in drilled atoms (see Definition 3.30), and removing nonallowable backtracks
in elevations of maximal undrilled subbundle (see Definition 3.2),

(2) subsequent de-electrification.

Remark 4.15 The purpose of replacing a dpel-geodesic by a dpel-quasigeodesic that does not backtrack
from drilled atoms is to minimize intersections with elevated singular fibers (see Definition 1.2) zSx in zF .
This ensures that the only allowable backtracking is in elevations of maximal undrilled subbundles (see
Definition 3.2).

4.3 Stability

The aim of this subsection is to prove the following stability condition, which is the main technical result
of this section:

Proposition 4.16 Given D> 0, there exists C > 0 such that the following holds: Let �.x;y/; �.u; v/2F
such d.x;u/�D and d.y; v/�D. Then �.x;y/ and �.u; v/ track each other in a C -neighborhood of
each other.

We first observe a version of Proposition 4.16 in atoms.
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Lemma 4.17 Given D > 0, there exists C > 0 such that the following holds: Let �.x;y/; �.u; v/ 2 F
be such that :

(1) There exists an atom �M equal to �Mr (drilled ) or �M (undrilled ) such that �.x;y/; �.u; v/ are
contained in �M.

(2) x;u 2 zSx and y; v 2 zSy , where zSx; zSy are elevations of singular fibers (see Definition 1.2), or
equivalently, boundary components of �M.

(3) d.x;u/�D and d.y; v/�D.

Then �.x;y/ and �.u; v/ track each other in a C -neighborhood of each other.

Proof This is a consequence of Lemma 4.4, which guarantees that �.x;y/ and �.u; v/ track each other
away from the elements of P in �M. Further, since each element of P is a flat R2, geodesics in each
element of P track each other provided they start and end nearby. The lemma now follows from the
construction of electroambient quasigeodesics (see Definition 4.3).

Before starting with the proof of Proposition 4.16, we point out that the main idea below is to divide an
element � 2 F into pieces that satisfy the property that its endpoints are coarsely well-defined.

Proof of Proposition 4.16 Assume, without loss of generality, that x;u 2 zS1 �Xa and y; v 2 zS2 �Xb ,
where a; b 2 T . There exists an indexing set I giving a sequence of vertices aD a0; : : : ; anD b, possibly
with repetition, such that �.x;y/ traverses �Mai

in order. Since �.x;y/ 2 F , it does not

(1) backtrack in drilled atoms (see Definition 3.30),

(2) have nonallowable backtracks in elevations of maximal undrilled subbundle (see Definition 3.2).

If there exists a maximal undrilled subbundle B (see Definition 3.2) in which �.x;y/ has an allowable
backtrack (Section 4.2.5), we collect together all the (necessarily consecutive) vertices in the sequence faig

that correspond to atoms contained in B and replace them by a single vertex Bj for some j . We refer to
such Bj as an undrilled molecule. Thus, if some such Bj occurs, then there exists ai 2 I such that Bj

occurs in a unique subsequence of the form aiBj ai in I.

Again, if there exists a maximal undrilled subbundle B (see Definition 3.2) in which �.x;y/ has a long
connector (Section 4.2.6), then also we collect together all the (necessarily consecutive) vertices in the
sequence faig that correspond to (elevated) atoms contained in B and replace them by a single vertex Bk

for some k. We also refer to such a Bk as an undrilled molecule. Thus, if some such Bk occurs, then
there exists ai ¤ as 2 I such that Bk occurs in a unique subsequence of the form aiBkas in I.

The construction of undrilled molecules now allows us obtain a new finite sequence

J D a1;1; : : : ; a1;m1
;B1; a2;1; : : : ; a2;m2

;B2; : : : :

Note that the only possible repetition allowable in this sequence are of the following form. If � has
an allowable backtrack in Bj for some j , then there is a triple of the form aj ;mj

;Bj ; ajC1;1 with
aj ;mj

D ajC1;1 corresponding to the same elevated drilled atom (see Definition 3.2).
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By the properties of an allowable backtrack (Section 4.2.5) or long connectors in undrilled elevations
(Section 4.2.6), both �.x;y/ and �.u; v/ coarsely contain a subpath in Bj for all undrilled molecules Bj

(here we are conflating the index Bj with the elevated maximal undrilled subbundle (see Definition 3.2)
it indexes). Let zS�j and zSCj denote the boundary components of Bj (see Definition 3.25) through which
�.x;y/ and �.u; v/ enter and leave Bj . Then there exist

(1) z�j .x;y/ 2 �.x;y/\
zS�j and zCj .x;y/ 2 �.x;y/\

zSCj ,

(2) z�j .u; v/ 2 �.u; v/\
zS�j and zCj .u; v/ 2 �.u; v/\

zSCj ,

such that

(1) z�j .x;y/ and z�j .u; v/ lie at a distance of at most 2C1 from each other on zS�j ,

(2) zCj .x;y/ and zCj .u; v/ lie at a distance of at most 2C1 from each other on zSCj .

Let �j .x;y/ denote the subpath of �.x;y/ between z�j .x;y/ and zCj .x;y/. Let �j .u; v/ denote the
subpath of �.u; v/ between z�j .u; v/ and zCj .u; v/. By hyperbolicity of each Bj , �j .x;y/ and �j .u; v/

track each other in a C 0
1
-neighborhood of each other, where C 0

1
depends only on C1 and the hyperbolicity

constant of Bj . Hence C 0
1

is uniform.

To prove Proposition 4.16, it therefore suffices to assume that the finite sequence J constructed from I
does not contain any undrilled molecule Bj .

A caveat is in order. We note that if there is a short connector triple �M 1
r ;B; �M 2

r as in Section 4.2.6, then
the atoms of the elevated maximal undrilled subbundle (see Definition 3.2) B are not combined into a
single undrilled molecule. Further, there exists uniform C2 � 1 (independent of B, �.x;y/, and �.u; v/)
such that after a uniformly bounded perturbation if necessary, both �.x;y/ and �.u; v/

(1) intersect the same set of undrilled atoms (see Definition 3.2) A1; : : : ;Ak of B in order without
backtracking in any of the atoms (ie after leaving any of the undrilled atoms Ai , �.x;y/, and
�.u; v/ do not return to it),

(2) k � C2 (this follows from the quasiconvexity property of the union of projections used to define
short connector triples in Section 4.2.6).

We summarize this by saying that �.x;y/ and �.u; v/ have no backtracking in short connector triples.

We now return to the sequence of atoms J D a0; : : : ; am where

(1) J has no undrilled molecule, and hence

(2) J is the vertex sequence of a geodesic in the Bass–Serre tree T of zF .

The absence of backtracking in short connector triples along with no backtracking in drilled atoms (see
Definition 3.30) guarantees that J is the vertex sequence of a geodesic.
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Let L be the maximum of C2 and the constants in Lemmas 4.11 and 4.13. If there is a sequence of more
than L contiguous undrilled blocks in J , then choose a maximal sequence ak ; : : : ; al with l � k � L

indexing such blocks. Then, by Lemma 4.13, there exists a coarsely well-defined ˛ connecting boundary
components zSk and zSl (the internal boundary components occurring in Lemma 4.13) coarsely contained
in both �.x;y/ and �.u; v/. Hence there exist zk.x;y/ 2 �.x;y/\ zSk and zk.u; v/ 2 �.u; v/\ zSk such
that zk.x;y/ and zk.u; v/ lie at a distance of at most 2C1 from each other on zSk , where C1 is the uniform
constant of coarseness from Lemma 4.13. We may therefore assume henceforth that there does not exist
a sequence of more than L contiguous undrilled blocks in J .

Next, let ak1
; : : : ; akL

be a subsequence of J such that

(1) each aki
indexes a drilled atom (see Definition 3.2),

(2) kiC1 > ki ,

(3) for any i 2 1; : : : ;L, every j strictly between aki
and akiC1

indexes an undrilled atom (see
Definition 3.2).

Then, by the simplification in the above paragraph, akiC1
� aki

�L. Thus, any subsequence of L drilled
atoms in J interpolated only by undrilled atoms (see Definition 3.2) has length at most L2. We shall refer
to such a subsequence of J as a subsequence of successive L drilled atoms. Note that in a subsequence
of successive L drilled atoms, the drilled atoms (see Definition 3.2) need not be contiguous.

For such a subsequence of successive L drilled atoms, let aD ak1
, b D akL

, and XŒa;b�, zSa, and zSb be
as in Lemma 4.11. Then, by Lemma 4.11, there exists a coarsely well-defined ˛ connecting boundary
components (see Definition 3.25) zSa and zSb coarsely contained in both �.x;y/ and �.u; v/.

Finally divide J into a subsequence of successive L drilled atoms as follows: let

J D a0 D an0
; : : : ; an1

; : : : ; ans
; : : : ; am

be such that

(1) each ani
for i D 1; : : : ; s is a drilled atom (see Definition 3.2),

(2) the subsequence of J between ani
and aniC1

(both included) has exactly L drilled atoms for
i D 0; : : : ; s.

We also call the initial sequence an0
; : : : ; an1

a subsequence of successive L drilled atoms. For each such
subsequence of successive L drilled atoms, there exists a coarsely well-defined ˛ connecting boundary
components (see Definition 3.25) zSa and zSb as before, and coarsely contained in both �.x;y/ and �.u; v/.

Setting c D a0 and d D ans
, it follows that there exist C 0, and y0; v0 2 zSd , and subpaths �.x;y0/ and

�.u; v0/ of �.x;y/ and �.u; v/, respectively,

(1) starting at x and u, respectively,

(2) ending at y0 and v0, respectively,
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such that

(1) y0 and v0 lie at a distance of at most C 0 from each other on zSd ,

(2) �.x;y0/ and �.u; v0/ track each other in a C 0-neighborhood of each other,

(3) C 0 is independent of x, y, u, v, and J .

Let �.y0;y/ and �.v0; v/ denote the subpaths of �.x;y/ and �.u; v/, respectively,

(1) starting at y0 and v0, respectively,

(2) ending at y and v, respectively.

Let p D ans
and q D am. Then XŒp;q� is a 3-manifold given by a concatenation of at most L2 atoms.

The proof of Lemma 3.12 now furnishes relative hyperbolicity for each such XŒp;q�. Since there are only
finitely many possibilities, the constants of relative hyperbolicity are uniform. The tracking properties of
�.y0;y/ and �.v0; v/ now follow from relative hyperbolicity. Combining this with the tracking properties
of �.x;y0/ and �.u; v0/ already established, Proposition 4.16 follows.

4.4 Checking conditions 1, 2, and 4–6 of Theorem 4.2

We shall now show that the family F defined above satisfy the conditions of Theorem 4.2.

Theorem 4.2(1) After rescaling F if necessary, we might as well assume that the distance between any
singular fiber (see Definition 1.2) of F and the boundary @.N�.�i// of the neighborhood of any drilled
curve is at least 4. Hence, if dX .x;y/� 2, then the condition follows from strong relative hyperbolicity
of �Mr where Mr is any drilled atom (see Definition 3.2) in F (Lemma 4.4).

Theorem 4.2(2) This is a consequence of the proof of stability of elements of F , Proposition 4.16.

Theorem 4.2(4) This follows from the fact that any element of F starting on P1 2 P and ending on an
element P2 ¤ P1 of P necessarily has points in the complement of

S
P2P P .

Theorem 4.2(5) This follows from Corollary 4.10. Indeed, for any P1;P2 2 P , there exists Œa1; a2� 2 T
such that Pi 2Xai

for i D 1; 2. The strong relative hyperbolicity of XŒa1;a2� relative to the collection of
elements of P contained in it (with constants depending only on dT .a1; a2/) furnishes (5).

Theorem 4.2(6) This also follows from Corollary 4.10. Indeed, as in (5) above, we can choose
Œa1; a2�2 T such that dT .a1; a2/� 2k, where k is as in (6). Then strong relative hyperbolicity of XŒa1;a2�

relative to the collection of elements of P contained in it furnishes the constant K required by (6).

4.5 Thin triangles in F

It remains to prove the thin triangle condition, ie Theorem 4.2(3). Let a; b; c 2 zF .
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Figure 11: The case when the median lies in an undrilled atom.

Let 
 d
1

, 
 d
2

, and 
 d
3

be sides of a quasigeodesic triangle in . zF ; dpel/ with vertices a, b, and c used for
constructing elements of F . Let 
1; 
2; 
3 2 F denote the elements of the path family constructed from
them. Let a (resp. b; c) be the vertex opposite 
1 (resp. 
2; 
3). Let z denote a centroid.

Case 1 (z lies in an undrilled atom �M in zF ; see Figure 11) Thinness of triangles follows from stability,
Proposition 4.16. Indeed z lies close to each of 
1, 
2, and 
3 (in the usual unelectrified metric on zF ), as
each boundary component, and hence �M , is properly embedded in . zF ; dpel/; see Lemma 3.28. Hence for
a (or b, or c) there exist a pair of paths �2; �3 (given by subpaths of 
2 and 
3, respectively) starting from
a and ending close to z in �M . By Proposition 4.16, �2 and �3 track each other (with uniform constants).
A similar argument works for b and c completing this case.

Case 2 (z lies in a drilled atom �Mr in zF ; see Figure 12) There are three boundary components zSa,
zSb , and zSb of �Mr (recall that the vertices of the triangle are a, b, and c) and subpaths ˇd

1
, ˇd

2
, and ˇd

3

of 
 d
1

, 
 d
2

, and 
 d
3

such that the following holds. In �Mr equipped with dpel, the subpaths ˇd
1

, ˇd
2

, and ˇd
3

pass close to z. We assume that ˇd
1

and ˇd
2

have one endpoint each on zSc , ˇd
3

and ˇd
1

have one endpoint
each on zSb , and ˇd

2
and ˇd

3
have one endpoint each on zSa.

This gives a hexagon in �Mr , where the other three sides (other than ˇd
1

, ˇd
2

, and ˇd
3

) are geodesics in
zSa, zSb , and zSc , joining the two intersection points of the segments. Call these sides the complementary
geodesics, and denote them by ˛a, ˛b , and ˛c , respectively. Call the subpaths ˇd

1
, ˇd

2
, and ˇd

3
the internal

geodesics.

Suppose that at least one of the complementary geodesics, say ˛a, is long. Note that ˛a �
zSa joins x2

and x3, where x2 and x3 are respectively the intersection points of ˇd
2

and ˇd
3

with zSa. Let p2 2 ˇ
d
2

and p3 2 ˇ
d
3

be points that are ı-close to z in the dpel-metric, where ı is a constant depending only on
the hyperbolicity constant of . zF ; dpel/; see Theorem 3.14. Since zSa is quasi-isometrically embedded
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z

zSa

x2 x3

p2 p3

�Cı

q2 q3

�ı
�ı

zSa

z

q0
2 q0

3

�D0 �D0

a

b c

x2 x3

p2 p3

q2

˛a
q3

�ı �ı

Figure 12: The case when the median lies in a drilled atom.

(Lemma 3.12) in . �Mr ; dpel/, ˛a is a quasigeodesic in . �Mr ; dpel/. (The quasigeodesic constants are
uniform as there are only finitely many possibilities for drilled atoms; see Definition 3.2.) Let �a denote
a nearest-point projection of . �Mr ; dpel/ onto ˛a. Let �a.pi/D qi for i D 2; 3. Then the dpel-length of
the subsegment ˛a.q2; q3/ of ˛a joining q2 and q3 is at most 8ı (see [22, Lemma 3.2] for instance for
a proof of this standard fact). Since ˛a is a quasigeodesic in . �Mr ; dpel/, the length of ˛a.q2; q3/ in the
intrinsic metric on zSa is at most Cı, where C depends only on the uniform quasigeodesic constant for ˛a,
and is therefore uniform.

Let Œx2; q2� (resp. Œx3; q3�) denote the geodesic in zSa joining x2 and q2 (resp. x3 and q3). Also, let
Œq2;p2�pel (resp. Œq3;p3�pel) denote the dpel-geodesic segments in �Mr joining q2 and p2 (resp. q3 and p3).
Then

(1) ˇ0
2
D Œx2; q2�[ Œq2;p2�pel is a dpel-quasigeodesic with uniform constants (cf [22, Lemma 3.2]),

(2) ˇ0
3
D Œx3; q3�[ Œq3;p3�pel is a dpel-quasigeodesic with uniform constants.

Let ˇ2 (resp. ˇ3) denote the subpaths of ˇd
2

(resp. ˇd
3

) joining x2 and p2 (resp. x3 and p3). By relative
hyperbolicity of �Mr (Lemma 3.12), and the tracking properties in Lemma 4.4, there exists q0

2
2 ˇ2 (resp.

q0
3
2 ˇ3) such that the distance (in the unelectrified metric d on �Mr ) between q2 and q0

2
(resp. q3 and q0

3
)

is uniformly bounded by a uniform constant D0. Hence d.q0
2
; q0

3
/� CıC 2D0.

Let 
 0
2

(resp. 
 0
3
) be the subpath of 
2 from a to q0

2
(resp. a to q0

3
). By Proposition 4.16, 
 0

2
and 
 0

3
track

each other within a uniform distance C 00 of each other.
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Removing the initial subpath of ˇd
2

(resp. ˇd
3

) between x2 and q0
2

(resp. x3 and q0
3
), we can replace the

complementary geodesic ˛a by a geodesic ˛0a of length at most CıC 2D0 joining q0
2

and q0
3
. Carrying

out such replacements for all the long complementary geodesics, we obtain a dpel-quasigeodesic hexagon
whose complementary geodesics are uniformly bounded in length. Let ˇ1

f
, ˇ2
f

, and ˇ3
f

be the internal
geodesics of the resulting hexagon. By strong relative hyperbolicity of �Mr with respect to Pr , the internal
geodesics ˇ1

f
, ˇ2
f

, and ˇ3
f

satisfy Theorem 4.2(3).

Combining this with the tracking properties of pairs such as 
 0
2

and 
 0
3

proved above, using Proposition 4.16,
it follows that 
1; 
2; 
3 2 F satisfy Theorem 4.2(3).

Proof of Theorem 3.1 That the family F constructed in Section 4.2.7 satisfies Theorem 4.2(1), (2),
and (4)–(6) has been established in Section 4.4. The thin triangles condition, ie Theorem 4.2(3), has
been checked above in this subsection. Hence, by Theorem 4.2, zF is strongly hyperbolic relative to the
collection P .

4.6 Relative quasiconvexity

Let S0 be a drilled fiber in E. Further, after isotoping the drilled curves if necessary, we can assume that
the collection of drilled curves �1; : : : ; �k in S0 is maximal, ie no other drilled curve may be isotoped
into S0 in the complement of

S
iD1;:::;k N�.�i/.

Definition 4.18 The collection of drilled fibers is reduced if the collection of drilled curves in any
singular fiber (see Definition 1.2) is maximal in the above sense.

Then S0 n
�S

i �i

�
consists of finitely many components †1; : : : ; †m. By Theorem 2.1, we have the

following:

Lemma 4.19 Each �1.†i/ is quasiconvex in �1.E/.

Next, we consider F and . zF ; dpel/. Then we have:

Lemma 4.20 Let † be a component of S0 n
�S

i �i

�
as above for S0 a drilled fiber. Then there exists

C � 1 such that any elevation z† is quasiconvex . zF ; dpel/.

Proof The same argument as in Section 3.5.2 in the paragraph “Identifying �-thin annuli” identifies the
collection of essential annuli (see Definition 3.7) with core curve homotopic to a curve in†. Corollary 3.23
now establishes that † flares in all directions in the sense of Definition 3.18. Hence, by Corollary 3.19
and Remark 3.20, there exists C � 1 such that any elevation z† is quasiconvex . zF ; dpel/.

We finally have the following:

Proposition 4.21 Let † be a component of S0 n
�S

i �i

�
as above for S0 a drilled fiber. Then there exists

C 0 � 1 such that any elevation z† is relatively C 0-quasiconvex.
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Proof Let T denote the Bass–Serre tree of zF , … W zF ! T denote the tree of spaces structure, and v be
the vertex such that zS0�

�Mv . Let T0 denote the C -neighborhood of v in T , where C is as in Lemma 4.20.
Also, let X0 D…

�1.T0/. By Lemma 4.20 the dpel-geodesic joining a pair of points x;y 2 z† lies in X0.
Further, the proof of Lemma 3.28 establishes that z† with its intrinsic metric is qi-embedded in .X0; dpel/.

The proof of Theorem 3.1 applied to X0 establishes strong-relative hyperbolicity of X0 relative to the
collection P0 consisting of the elements of P contained in X0. Since z† with its intrinsic metric is
qi-embedded in .X0; dpel/, the construction of the path family F in Section 4.2.7 shows that we can take
�.x;y/ to lie on z† for x;y 2 z†. Hence, z† is relatively C 0-quasiconvex for some C 0.

5 Cubulation

Notation to be used in this section:

� � is used to denote subdivision intervals. F� is the drilled bundle restricted to �. f†�;ig are the
subsurface components in the complement of the drilled curves of F�.

� For K a maximal subgraph of G not containing any drilled edges, F.K/ denotes the drilled subbundle
of F restricted to K.

� GK is the canonical reduced form (see Definition 5.2) of G.

We refer the reader to [14; 33; 34] for details on virtually special CAT.0/ cube-complexes. However,
before attempting to cubulate G D �1.F /, we first describe another graph of groups structure on G.

5.1 Another graph of groups structure on G

We construct a new graph of groups structure on �1.F /, with a new underlying graph G0 as follows.

Assume that the collection of drilled fibers is reduced in the sense of Definition 4.18. The vertex groups
of G0 are all isomorphic to H D �1.S/, and consist of the following:

(1) For every singular fiber Sv (see Definition 1.2), necessarily undrilled by construction, we have a
vertex group Gv isomorphic to H .

(2) For a drilled edge e, let Sx1
; : : : ;Sxp

denote the drilled fibers where xi are points in order along e,
where e has initial and final vertices vi and vf . Interpolate vertices vi D v0; v1; : : : ; vp D vf where vi

lies between xi and xiC1 for 1� i � p� 1. The points x1; : : : ;xp will be referred to as special drilled
points, and v1; : : : ; vp�1 will be referred to as interpolating points.

The vertices of G0 consist of the vertices of G along with interpolating points.

We now define the edge spaces. The intervals Œvi ; viC1� will be termed subdivision intervals. Note that
each subdivision interval contains a unique special drilled point xiC1. Let �D Œc; d � be a subdivision
interval, so that the vertex groups Gc and Gv are isomorphic to H . Now, restrict the drilled bundle F

to � to obtain F�. Then F� is homeomorphic to S � Œ0; 1� after removing �-neighborhoods of a nonempty
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Figure 13: The graph of groups structure for a drilled atom.

family f�ig of disjoint, homotopically distinct, essential simple closed curves on a unique drilled fiber Sxi
.

Let †�;i for i D 1; : : : ;m denote the components of S n
S

i �i . Then �1.F�/ admits a graph of groups
description with two vertex groups Gc and Gd , each isomorphic to H , and m edge groups, isomorphic
to �1.†�;i/ for i D 1; : : : ;m. Let fe�;i ; i D 1; : : : ;mg denote the resulting edges “living over” the
subdivision on interval �. We call these subdivision edges. The groups �1.†�;i/ for i D 1; : : : ;m are
called the subdivision edge groups.

The edges of G0 are obtained as follows:

(1) If there is an edge of G that has no special drilled point, leave it as it is in G0. We refer to these as
undrilled edges of G0.

(2) Next, replace each interval with at least one special drilled point by subdivision intervals, and
finally each subdivision interval by the subdivision edges that live over it.

Note that the above discussion goes through even when the initial and final vertices of the drilled edge e

coincide, so that there is a monodromy map � for the bundle E restricted to the (closed) e. We explicate
the inclusion maps for �1.†�;i/ for i D 1; : : : ;m into the vertex groups Hi and Hf corresponding to
the vertices vi and vf (the initial and final vertices of e). We identify �1.†�;i/ for i D 1; : : : ;m with
subgroups of Hi via the product structure on S � Œc; d/. Then, modulo this identification, the edge-to-
vertex group maps for �1.†�;i/ with i D 1; : : : ;m into Gc is the inclusion. The same holds for d ¤ vf .
For vf D d , the edge-to-vertex group maps for �1.†�;i/ with i D 1; : : : ;m into Gd is given by inclusion
followed by ��, the map induced by the monodromy �.
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It remains to identify the edges and edge groups for the underlying graph G0. The edges are of exactly two
kinds: undrilled edges, and subdivision edges. The edge groups for undrilled edges correspond to H . The
edge groups for subdivision edges correspond to the subdivision edge groups �1.†�;i/ for i D 1; : : : ;m.
Finally, the edge-to-vertex group maps are given as above.

Definition 5.1 A maximal connected undrilled subgraph K of G will be called an undrilled component
of G.

We finally modify G0 to another graph GK by collapsing each undrilled component (see Definition 5.1) K
of G to a single vertex, ie GK is the quotient space obtained from G0 under the equivalence relation x � y

if and only if x and y belong to the same undrilled component (see Definition 5.1) K of G. Let vK be the
resulting vertex of GK.

The vertex space associated to vK is then declared to be FK. The edge to vertex inclusions are given by
the composition of

(1) edge to vertex inclusion maps over G0, composed with

(2) inclusions of vertex spaces over v 2 G0 to the vertex spaces over vK 2 GK, where K is the undrilled
component (see Definition 5.1) of G containing v.

Definition 5.2 GK will be called the canonical reduced form of G for F .

We conclude this subsection with the following observation, which follows from the above construction.

Lemma 5.3 The edge spaces of GK are precisely the components of Sd n
S

i �i , where Sd ranges over a
reduced collection of drilled fibers (see Definition 4.18).

5.2 Cubulating drilled bundles

We shall need the following theorem due to Wise:

Theorem 5.4 [34, Theorem 15.1] Let G be a group satisfying the following:

(1) G is hyperbolic relative to virtually abelian subgroups.

(2) G splits as a graph of groups � where each edge group is relatively quasiconvex in G.

(3) Each vertex group is virtually special.

(4) For each edge e, the edge group Ge has trivial intersection with each Z2 in the fundamental group
of the graph of groups � � e.

Then G is the fundamental group of a virtually special cube complex.

For us, G D �1.F /, and let …0 W F ! G denote the natural projection.
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Theorem 5.5 Suppose that the graph GK is the canonical reduced form of G. Suppose further that for
every undrilled component K (see Definition 5.1) of G, �1.FK/ is virtually special cubulable. Then the
group G D �1.F / is virtually special cubulable.

Proof Theorem 3.1 proves that zF is strongly hyperbolic relative to P . Since the stabilizer of each P 2P
is ZCZ, Theorem 5.4(1) is satisfied.

By Lemma 5.3, the edge spaces over GK are given by the components of Sd n
S

i �i , where Sd ranges over
a reduced collection of drilled fibers (see Definition 4.18). The fundamental groups of these components
are relatively quasiconvex in G by Proposition 4.21. Hence Theorem 5.4(2) is satisfied.

Theorem 5.4(3) follows from the hypothesis that �1.FK/ is virtually special cubulable.

Theorem 5.4(4) follows from the hypothesis that GK is the canonical reduced form (see Definition 5.2)
of G. Indeed, this hypothesis guarantees that there are no accidental parabolics in the components †
of Sd n

S
i �i , where Sd ranges over a reduced collection of drilled fibers (see Definition 4.18), ie no

nonperipheral essential curve in any † is freely homotopic to a drilled curve.

Hence, by Theorem 5.4, G is virtually special cubulable.

5.3 Examples

We now give examples of surface bundles E over graphs G (see Definition 1.2) and drilled curves such
that the hypotheses of Theorem 5.5 are satisfied:

Example 5.6 Each edge of G contains a drilled point. In this case, the undrilled components K are
precisely the vertices of G, and the associated spaces are given by the fiber S . Since �1.S/ is special
cubulable, the hypotheses of Theorem 5.5 are satisfied.

Example 5.7 Undrilled components K are either non-self-intersecting loops in G or vertices. The
associated vertex spaces are either hyperbolic 3-manifolds M fibering over the circle, or the fiber S .
By [1], �1.M / is virtually special and hence the hypotheses of Theorem 5.5 are satisfied. More generally,
undrilled components K could be homotopy equivalent to circles or contractible.

A simple example for Example 5.7 is given by a graph G with two vertices v1 and v2, an edge Œv1; v2�,
and a loop at each vertex. Further, the edge Œv1; v2� has a single drilled fiber Sw with one simple closed
curve � � Sw drilled.

Example 5.8 Undrilled components K are homotopy equivalent to a wedge of circles, and the restriction
of E over any such K are examples from [24]. The main theorem of [24] then guarantees that the
hypotheses of Theorem 5.5 are satisfied.
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More generally, components K could be a mixture of these cases, ie they could be

(1) contractible, in which case the associated vertex space is homotopy equivalent to S ,

(2) homotopy equivalent to a circle, in which case the associated vertex space is homotopy equivalent
to hyperbolic 3-manifolds M fibering over the circle,

(3) homotopy equivalent to a wedge of circles, with the associated vertex space homotopy equivalent
to one of the examples from [24].

6 Virtual algebraic fibering

Notation to be used in this section:

� K� denotes a homotoped copy of an elementary drilled atom F�, being the union of one torus Ti glued
to S along �i each for every drilled curve �i of F�.

Definition 6.1 A finitely generated group G is said to virtually algebraically fiber if there exists a finite-
index subgroup G1 of G such that G1 admits a surjective homomorphism to Z with finitely generated
kernel.

A theorem of Kielak [20] gives the following criterion for virtual algebraic fibering.

Theorem 6.2 [20] Let G admit a geometric action on a CAT.0/ cube complex. Then the following are
equivalent :

(1) G virtually algebraically fibers.

(2) the first l2 Betti number ˇ.2/
1
.G/ equals zero.

6.1 Vanishing first l2 Betti number

The aim of this subsection is to show:

Proposition 6.3 Let F be a drilled surface bundle over a finite graph G (see Definition 1.2). Let
G D �1.F /. Then ˇ.2/

1
.G/D 0.

As an immediate consequence of Proposition 6.3 and Theorem 6.2, we have the following:

Theorem 6.4 Let F be a drilled surface bundle over a finite graph G (see Definition 1.2) satisfying the
hypotheses of Theorem 5.5. Then G D �1.F / virtually algebraically fibers.

To prove Proposition 6.3, we shall need a couple of results. A fundamental theorem of Lott and Lück
gives the following:

Theorem 6.5 [21, Theorem 0.1] Let Mr be a drilled atom of F (see Definition 3.2), and Hr D�1.Mr /.
Then ˇ.2/

1
.Hr /D��.Mr /.
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Figure 14: A homotoped elementary drilled atom.

We shall also use the following theorem of Fernós and Valette:

Theorem 6.6 [12, Theorem 1.1] Let G be a graph of groups with at least one edge , such that all vertex
groups satisfy ˇ.2/

1
.Gv/D 0. If every edge group is infinite , and for every edge-to-vertex group inclusion

the edge group is of infinite index in the vertex group , then ˇ.2/
1
.G/D 0.

Recall from Section 5.1 that if � is a subdivision interval, the restriction F� of F to � has a simple
topology: F� is homeomorphic to S � Œ0; 1� after removing �-neighborhoods of a nonempty family f�ig

of disjoint homotopically distinct essential simple closed curves on a unique drilled fiber Sx . In this
subsection, we shall refer to such an F� as an elementary drilled atom.

Let �1; : : : ; �k � Sx denote the drilled curves. Let T1; : : : ;Tk denote k-copies of the standard torus
S1 �S1. Also, let K� denote the 2-complex obtained as a quotient space of Sx t

S
i Ti by identifying

S1 � f0g � Ti with �i via a homeomorphism (see Figure 14). Then F� is homotopy equivalent to K�.
Further, �1.F�/D �1.K�/ has a graph of groups description, where the underlying graph G has kC 1

vertices, 0; : : : ; k say, and

(1) G is a tree with one root vertex 0, and all other vertices 1; : : : ; k are connected to 0 by an edge
each,

(2) the vertex group G0 equals �1.Sx/,

(3) for i D 1; : : : ; k, each vertex group Gi equals Z˚Z,

(4) each edge group is Z.

Lemma 6.7 Let L be a group with ˇ.2/
1
.L/D 0. Let H �L be a subgroup isomorphic to �1.Sx/. Let

G DL�H �1.K�/, where H is identified via an automorphism with G0 D �1.Sx/. Then ˇ.2/
1
.G/D 0.

Proof G admits a graph of groups description, where the underlying graph G has kC1 vertices, 0; : : : ; k

say, and

(1) G is a tree with one root vertex 0, and all other vertices 1; : : : ; k are connected to 0 by an edge
each,
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(2) the vertex group G0 equals L,

(3) for i D 1; : : : ; k, each vertex group Gi equals Z˚Z,

(4) each edge group is Z.

Then G satisfies the hypotheses of Theorem 6.6. Hence, ˇ.2/
1
.G/D 0.

Lemma 6.8 Let F be a drilled surface bundle (see Definition 1.2) over a finite graph G such that G is
homotopy equivalent to a circle. Let G D �1.F /. Then ˇ.2/

1
.G/D 0.

Proof Let C � G be a cycle with no repeated vertices. Then G D C [
S

iD1;:::;k Ti , where

(1) each Ti is a finite tree

(2) Ti intersects C at a single point pi ,

(3) Ti n fpig is disjoint from
S

j¤i Tj .

Each edge of Ti for i D 1; : : : ; k, can be subdivided as in Section 5.1, so that each edge is a subdivision
edge. In particular, after such subdivision, for every edge � of Ti for i D 1; : : : ; k, F� is an elementary
drilled atom.

Let FC denote the restriction of F to the cycle C. Then FC is a 3-manifold whose boundary components
are all tori. Hence �.FC/D 0. By Theorem 6.5, ˇ.2/

1
.�1.FC//D 0.

Proceeding by induction on the number of elementary drilled atoms in F , and applying Theorem 6.6
inductively, we conclude that ˇ.2/

1
.G/D 0.

Proof of Proposition 6.3 The first part of the argument in Section 5.1 allows us to modify G to a graph
where each edge group is isomorphic to �1.S/. Thus, assume without loss of generality that each edge in
G has edge group isomorphic to �1.S/.

Let G0 denote a maximal subgraph of G such that G0 is homotopy equivalent to a circle. Let F0 denote the
restriction of F to G0. Let LD �1.F0/. Let n denote the number of edges of .G nG0/. Then G D �1.F /

admits a new graph of groups decomposition, where the base graph has one vertex w and n loops, with
Gw DL, and each edge group isomorphic to �1.S/.

By Lemma 6.8, ˇ.2/
1
.L/D 0. Since G0 is homotopy equivalent to a circle, each edge group is of infinite

index in the vertex group L. Hence, by Lemma 6.7, ˇ.2/
1
.G/D 0.

6.2 Questions

In this paper, we have only drilled simple closed curves � in fibers Sx . A similar drilling operation
could be carried out even when a realization of � as a geodesic in the fiber S has self-intersections. This
can be done by homotoping � slightly in a product neighborhood of Sx to convert � into a knot in E.
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Note that this is a noncanonical operation, as we have a choice of over- and under-crossings at every
self-intersection point. At any rate, after such a homotopy, the resulting knot can be drilled. We assume,
however, that � represents a primitive element of H D �1.S/. We call this process generalized drilling,
and the resulting F a generalized drilled bundle. Relative hyperbolicity of the generalized drilled G

follows by essentially the same argument as in Theorem 3.1.

Question 6.9 Let � D �1.E/ be hyperbolic. Let F be a generalized drilled bundle obtained by the
above generalized drilling operation applied to E. Is G.WD �1.F // cubulable?
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