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Infinitely many homeomorphic hyperbolic plugs with the same basic sets

FANGFANG CHEN

Using Ghys’ work on the geodesic flow of the modular surface, we construct infinitely many smooth flows
on T 2 � Œ0; 1� transverse to the boundary, whose maximal invariant sets are the same saddle hyperbolic
set, but whose global dynamics are not topologically equivalent pairwise. As a corollary of the previous
construction, we prove that there exist infinitely many simple Smale flows on S3 with the same basic sets
but different global dynamics.

37D40, 37D45

1 Introduction

1.1 Background and main results

A hyperbolic plug is a pair .W; t /, where W is a compact 3-manifold with boundary and  t is a
smooth flow on W transverse to @W such that the maximal invariant set of  t is a saddle hyperbolic
set. Hyperbolic plugs play a fundamental role in the study of structurally stable flows in dimension 3 as
they can be used to construct large families of structurally stable flows and also to decompose complex
structurally stable flows into simpler ones that can be studied separately.

In [3], Béguin, Bonatti and Yu constructed transitive Anosov flows in dimension 3 by gluing hyperbolic
plugs with filling laminations. Here, a hyperbolic plug with filling laminations is a hyperbolic plug
.W; t / such that for the maximal invariant set ƒ of  t , the lamination @W \ .W s.ƒ/[W u.ƒ// can
be filled into a foliation on @W . In this context, W s.ƒ/ (resp W u.ƒ/) denotes the union of stable
(resp unstable) manifolds of the orbits in ƒ. Therefore, exploring the topologically equivalent classes of
homeomorphic hyperbolic plugs with filling laminations could provide an answer to the classical question
of whether a 3-manifold can admit infinitely many Anosov flows up to topological equivalence.

Nowadays, many experts in the area of 3-dimensional Anosov flows tend to believe that any 3-manifold
admits at most finitely many Anosov flows, up to topological equivalence. So, it is highly likely that:

Conjecture 1.1 There are at most finitely many homeomorphic hyperbolic plugs with filling laminations ,
any two of which are not topologically equivalent.

However, for the hyperbolic plugs without filling laminations, our result (Theorem 1.3), contrary to the
claims of Conjecture 1.1, shows that there are infinitely many homeomorphic hyperbolic plugs without
filling laminations, whose maximal invariant sets (even with their small neighborhoods) are the same, but
whose global dynamics are not topologically equivalent pairwise.
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Figure 1: Hopf link.

Definition 1.2 Let 't (resp �t ) be a smooth flow on a 3-manifold M (resp N ) with a compact invariant
set K (resp L). The pair .'t ; K/ is equivalent to .�t ; L/ if and only if there is a neighborhood UK of K
in M and a neighborhood UL of L in N such that 't jUK

and �t jUL
are topologically equivalent via a

homeomorphism sending K to L. The germ Œ't ; K� is the equivalence class represented by .'t ; K/.

Theorem 1.3 There are infinitely many homeomorphic hyperbolic plugs f.T 2� Œ0; 1�;  it /gi2� , such that

(1) for any i 2 � , the maximal invariant set ƒi of  it is a 1-dimensional saddle basic set containing
infinitely many closed orbits;

(2) for any j 2 � and j ¤ i , Œ it ; ƒi �D Œ 
j
t ; ƒj �, but  it is not topologically equivalent to  jt .

Building on Theorem 1.3, we can explore its implications for Smale flows on S3. A Smale flow is
a smooth structurally stable flow, whose chain recurrent set is hyperbolic, at most 1-dimensional and
satisfies the transversality condition [19]. Sullivan introduced a special class of Smale flows in [20],
called simple Smale flows. A simple Smale flow is a Smale flow whose chain recurrent set consists of
an attracting closed orbit, a repelling closed orbit and a nontrivial saddle basic set: a saddle basic set
containing infinitely many closed orbits. In [25], Yu showed that every closed orientable 3-manifold
admits a simple Smale flow.

Previous studies on simple Smale flows are focused on the templates related to saddle basic sets, including
[1; 13; 20; 21; 22] by Adhikari, Haynes, Sullivan, and Yu. Utilizing Theorem 1.3, we can approach
this topic from a different perspective (the germs of saddle basic sets) and obtain a surprising result
(Corollary 1.4): there exist infinitely many simple Smale flows on S3 with the same basic sets but different
global dynamics.

Corollary 1.4 There are infinitely many simple Smale flows f�it gi2� on S3 up to topological equivalence ,
such that

(1) for any i 2 � , Ai tRi is a Hopf link (see Figure 1);

(2) for any j 2 � , Œ�it ; ƒi �D Œ�
j
t ; ƒj �.

Here , Ai , Ri andƒi are the attracting closed orbit , the repelling closed orbit and the saddle basic set of �it ,
respectively.
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Remark 1.5 A paper in preparation by Fan, Lai, and Yu shows that the Whitehead link exterior cannot be
the background manifold of a hyperbolic plug (personal communication, 2024). Therefore, the Whitehead
link cannot be realized as the attractor and repeller of a simple Smale flow on S3.

Remark 1.6 If we replace the word “nontrivial” in the definition of simple Smale flows with “trivial,”
then simple Smale flows will transform into Morse–Smale flows with three basic sets. For certain classes
of 3-manifolds, complete classifications of Morse–Smale systems have already been achieved, for instance:

� In [24], Yu proved that up to topological equivalence, there are at most a finite number of nonsingular
Morse–Smale flows on S3 with three closed orbits. However, due to the complexity of heteroclinic
trajectories, there are infinitely many nonsingular Morse–Smale flows on S3 with four closed orbits
up to topological equivalence.

� Pochinka and Shubin introduced an invariant to determine the topological equivalence classes of
nonsingular Morse–Smale flows on orientable 3-manifolds with three closed orbits [18].

� The problem of a topological classification of Morse–Smale cascades on 3-manifolds either without
heteroclinic points or without heteroclinic curves was solved in [5; 6; 7; 8; 10] by Bonatti, Grines,
Laudenbach, Medvedev, Pécou, and Pochinka.

1.2 The key ideas

At the 2006 International Congress of Mathematicians, Ghys constructed a compact hyperbolic orbifold †
by deforming the modular surface [11]. Bonatti and Pinsky extended the geodesic flow gt on the unit
tangent bundle T 1† of † into a Smale flow �t on S3 [9]. Let ƒ be the saddle basic set of �t related
to gt . A hyperbolic plug .N; �t / is called a hyperbolic plug for ƒ if the germ of �t along the maximal
invariant set coincides with the germ Œ�t ; ƒ�. The key idea of this paper is to construct infinitely many
homeomorphic hyperbolic plugs for ƒ, such that no two plugs can be topologically equivalent.

In [9], Bonatti and Pinsky constructed a hyperbolic plug .W; t / for ƒ where W Š S2� Œ0; 1�. Let ƒ0 be
the maximal invariant set of  t and @CW be the connected components of @W on which  t points inward.
We will prove that @CW nW s.ƒ0/ consists of infinitely many connected components. By performing a
surgery-type operation along the connected components of @CW nW s.ƒ0/, we will produce infinitely
many homeomorphic hyperbolic plugs for ƒ. By using hyperbolic geometry, we will prove that the
topological equivalence of these plugs distinguishes between the different connected components of
@CW nW s.ƒ0/ on which we performed surgery, thus proving Theorem 1.3.

1.3 Organization of the paper

In Section 2, we introduce some definitions and elementary properties of models for saddle basic sets.
In Section 3, we define Ghys’ compact orbifold † from the modular surface and discuss the geodesic
flow gt on the unit tangent bundle T 1† of †. In Section 4, we discuss the mapping class group of T 1†.
In Section 5, we prove Theorem 1.3. In Section 6, we introduce some interesting open questions.

Algebraic & Geometric Topology, Volume 25 (2025)
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2 Preliminaries

2.1 Models and templates

Let �t be a Smale flow on a closed orientable 3-manifold and ƒ be a nontrivial saddle basic set of �t .

Definition 2.1 A hyperbolic plug for ƒ is a hyperbolic plug .W; t / such that Œ t ; ƒ0�D Œ�t ; ƒ� where
ƒ0 is the maximal invariant set of  t .

To describe the dynamical behavior of ƒ, Béguin and Bonatti defined the following concept in [2].

Definition 2.2 A model forƒ is a hyperbolic plug .W; t / forƒ, such that ifƒ0 is the maximal invariant
set of  t then

(1) any embedded circle in @CW nW s.ƒ0/ bounds a disk in @CW nW s.ƒ0/, where @CW denotes
the connected components of @W on which  t points inward;

(2) any connected component of W contains at least one point of ƒ0.

The following theorem was proved by Béguin and Bonatti in [2, Theorem 0.3].

Theorem 2.3 There exists a unique model for ƒ up to topological equivalence.

Let .W; t / be a model for ƒ and ƒ0 be the maximal invariant set of  t . In [2], Béguin and Bonatti
introduced the following method to construct hyperbolic plugs for ƒ. Let D1 and D2 be two disjoint
closed disks in @CW nW s.ƒ0/. Since the orbit of any point in @CW nW s.ƒ0/ goes from the entrance to
the exit boundary, the orbits of D1;D2 form two cylinders D2 � Œ0; 1� endowed with the vector field @

@t
.

Remove these two cylinders from W and then glue the two resulting tangent boundary annuli together by
preserving flowlines. By doing so, we obtain a new hyperbolic plug for ƒ (see Figure 2). This dynamical
surgery is called handle attachment.

1D

2D

W

Remove the 

orbits through 

1D and
2D

Glue the 

orbits through 

1D¶ and
2D¶

entrance boundary

exit boundary

entrance boundary

exit boundary

Figure 2: Handle attachment.
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Figure 3: Joining and splitting charts.

Definition 2.4 A template is a compact branched 2-manifold with boundary and smooth expansive
semiflow built locally from two types of charts: joining and splitting (see Figure 3). The gluing maps
between charts must respect the semiflow and act linearly on the edges.

In [4], Birman and Williams proved that collapsing the strong stable manifolds of a suitable neighborhood
of ƒ yields a template. By reversing the construction of Birman and Williams, we extend a template T
in the direction perpendicular to its surface to obtain a thickened template T . Since the semiflow on T is
expanding, we can extend the semiflow on each chart, and produce thickened charts as in Figure 4. Figure 5
provides a sectional view of thickened charts. See Meleshuk [15] for more details on thickened templates.

A dividing curve of T is a closed curve c in @T such that the natural flow on T is tangent to @T at the
curve c. For the thickened charts in Figure 4, the dividing curves correspond to the bold curves. We can
attach a 2-handle to a dividing curve c of T as follows: First, we blow up c to obtain c� Œ0; 1� and endow
c�Œ0; 1�with the vector field @

@t
. Next, we glue a 2-handleD2�Œ0; 1�with the vector field @

@t
to c�Œ0; 1� by

Figure 4: Thickened charts. Top: joining chart thickening. Bottom: splitting chart thickening.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 5: Sectional view of thickened charts.

preserving the flowlines. Figure 6 provides a sectional view of the attachment of a 2-handle. The following
theorem of Yu [23, Theorem 4.3], indicates the relationship between thickened templates and models.

Theorem 2.5 Let T be a thickened template related to ƒ. Then up to topological equivalence , the model
for ƒ can be obtained by attaching a 2-handle to each dividing curve of T .

2.2 The entrance boundary of models

Suppose that ƒ is a nontrivial saddle basic set of a Smale flow �t on a closed orientable 3-manifold. Let
.W; t / be a model for ƒ and ƒ0 be the maximal invariant set of  t .

Definition 2.6 A free stable separatrix of a closed orbitO�ƒ0 is a connected component ofW s.O/nO

that is disjoint from ƒ0.

The following lemma was proved by Béguin, Bonatti, and Yu in [3, Remark 3.5 and Proposition 3.8].

Lemma 2.7 (1) For each connected component C of W s.ƒ0/ nƒ0, there are two possible situations:

� Either C is a free stable separatrix of some closed orbit. Then C \ @CW is homeomorphic to a
circle.

� Or C is bounded by two orbits in ƒ0. Then C \ @CW is homeomorphic to a line.

(2) In W s.ƒ0/\ @
CW , each half line is asymptotic to a circle.

c

Figure 6: Attaching a 2-handle to a dividing curve c.
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1
c

2
c

3
c

Figure 7: Left: Lorenz template. Right: thickened Lorenz template.

In this paper, a 2-manifold homeomorphic to R2 is called an open disk if its accessible boundary is a
circle. A 2-manifold homeomorphic to R2 is called a strip if its accessible boundary consists of exactly
two lines which are asymptotic to each other at both ends.

Proposition 2.8 Suppose that the template related to ƒ is a Lorenz template T (see Figure 7). Then

(1) W Š S2 � Œ0; 1�;

(2) @CW \W s.ƒ0/ consists of two circles and infinitely many lines;

(3) @CW nW s.ƒ0/ consists of two open disks and infinitely many strips.

Proof The thickened Lorenz template T has three dividing curves c1, c2, c3, as shown in Figure 7, right.
By Theorem 2.5, we obtain a model .W T ;  Tt / from T by attaching three 2-handles to the dividing curves.
By attaching two 2-handles to c1, c2, the 3-ball is obtained. Thus, W T is homeomorphic to S2 � Œ0; 1�.

Let ƒT0 be the maximal invariant set of  Tt . Bonatti and Pinsky showed in [9] that ƒT0 has a section
with a first return map � , called the fake horseshoe map (see Figure 8). The map � was introduced by
Smale in [19]. Utilizing Markov partitions and symbolic dynamics, we find that there are only two closed
orbits in ƒT0 admitting a free stable separatrix, which correspond to the two fixed points p1, p2 of � .
By Lemma 2.7, @CW T \W s.ƒT0 / consists of two circles and infinitely many lines, where each half line
is asymptotic to a circle. Therefore, @CW T nW s.ƒT0 / consists of two open disks and infinitely many
strips. By Theorem 2.3, .W T ;  Tt / is topologically equivalent to .W; t /.

1p

2p

1J 2J

2( )JG

1( )JG

G

Figure 8: Fake horseshoe map.
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3 The geodesic flow of the modular surface

Recall that the group PSL.2;Z/ is generated by

U D˙

�
0 1

�1 0

�
I V D˙

�
1 �1

1 0

�
:

As in the discussion of Ghys in [11], we choose two points in the Poincaré disk at distance � > 0, and
take U� to be the rotation of angle � around the one and V� to be the rotation of angle 2�

3
around the

other. Recall that the group of positive isometries of the Poincaré disk is isomorphic to PSL.2;R/. Thus,
we define a homomorphism i� W PSL.2;Z/! PSL.2;R/, such that i�.U /D U� and i�.V /D V�. If �0
is corresponding to the hyperbolic distance between

p
�1 and 1

2

�
�1C

p
�3

�
in Poincaré’s upper half

plane, then we call the orbifold H2=i�0
PSL.2;Z/ the modular surface, which admits two cone points

and a cusp (see Figure 9, left).

Now, we choose a distance � > �0. Then H2=i� PSL.2;Z/ is a noncompact orbifold with a “funnel”.
By cutting the orbifold H2=i� PSL.2;Z/ along the geodesic 
 of Figure 9, right, we get a compact
orbifold †. In fact, the geodesic flow gt of † contains the same chain recurrent set as the geodesic flow
of H2=i� PSL.2;Z/.

Let M D T 1†, the unit tangent bundle of †. See Montesinos [17] for the definition of the unit tangent
bundle of orbifolds. M is the complement of the trefoil � in S3 (see Milnor [16]). Let ˛1 and ˛2 be the
orbits of gt (endowed with the natural orientation defined by gt ) corresponding to 
 and �
 , respectively.
In [11], Ghys proved that ˛1 is a meridian of �, and ˛2 is isotopic to �˛1. Due to the hyperbolicity of
the geodesic flow of H2, gt is a Smale flow on M with one nontrivial saddle basic set ƒ. In fact, ƒ is
the maximal invariant set of gt .

It is easy to observe that gt is tangent to ˛1, ˛2, and that @M n.˛1t˛2/ consists of two open annuliAC,A�.
Here gt points inward on AC and points outward on A�. In the following lines, we will explain how one
can distinguish the connected components of AC nW s.ƒ/.

For the convenience of description, we provide the following definitions. Let l0, l1 be two orbits of gt
through AC nW s.ƒ/, then li \A� ¤¿ for i D 0; 1. A topological embedding Li W Œ0; 1�!M is called

S
g

Figure 9: Deforming the modular surface.
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D

Figure 10: The universal cover of †.

an orbit-path of li if the image of Li is the orbit li and Li .0/2AC nW s.ƒ/. We say that l0 is homotopic
to l1 preserving @M if there is a continuous map H W Œ0; 1�� Œ0; 1�!M such that H0 (resp H1) is an
orbit-path of l0 (resp l1), and Hs.0/;Hs.1/ 2 @M where Hs DH. � ; s/ for any s.

Lemma 3.1 Let l0; l1 be two orbits of gt through AC nW s.ƒ/ (endowed with the natural orientations
defined by gt ). The starting points of l0 and l1 are connected in ACnW s.ƒ/ if and only if l0 is homotopic
to l1 preserving @M .

Proof Necessity Suppose that the starting points of l0 and l1 are connected in AC nW s.ƒ/. We can
connect a path in AC nW s.ƒ/ from the starting point of l0 to the starting point of l1. Note that each
positive orbit through this path can reach A�. Therefore, along the orbits through this path, we obtain
that l0 is homotopic to l1 preserving @M .

Sufficiency Suppose that l0 is homotopic to l1 preserving @M . Then there is a continuous map
H W Œ0; 1�� Œ0; 1�!M such that H0 (resp H1) is an orbit-path of l0 (resp l1), and Hs.0/;Hs.1/ 2 @M
where Hs DH. � ; s/ for any s.

Recall that† is obtained from a noncompact orbifold H2=i� PSL.2;Z/ by cutting the funnel, where �>�0.
Then we get the universal cover D of the orbifold † by removing infinitely many disjoint open semidisks
from the Poincaré’s disk, as shown in Figure 10. The orbifold-covering map p WD!D=i� PSL.2;Z/D†
is defined by a 7! Œa�. Here, Œa0�D Œa� if and only if there is an actionB 2 i� PSL.2;Z/ such thatB.a/Da0.
Obviously, p is a branched covering map.

Define a map zp W T 1D! T 1D=i� PSL.2;Z/DM such that .a; v/ 7! Œ.a; v/�. Here, Œ.a0; v0/�D Œ.a; v/�
if and only if there is an action B 2 i� PSL.2;Z/ such that B.a/ D a0 and dBa.v/ D v0. It is easy to
prove that zp is a covering map. Let � WM !† and z� W T 1D!D be the projections of bundles. Then

Algebraic & Geometric Topology, Volume 25 (2025)
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we get the commutative diagram

T 1D
zp
//

z�
��

M

�

��

D
p
// †

Let zgt be the geodesic flow of D. According to the definition of the geodesic flow gt ,

zp ı zgt ..a; v//D gt .Œ.a; v/�/

for any .a; v/ 2 T 1D and any t . Then each lift of Hi is an orbit-path in T 1D for i D 0; 1. Let
Œ.ai ; vi /� D Hi .0/, and eH 0 be the lift of H0 starting at .a0; v0/. By the homotopy lifting property
(see Hatcher [12]), there is a homotopy eH s W Œ0; 1�! T1D of eH 0 lifts Hs (s 2 Œ0; 1�). Without loss of
generality, we assume that eH 1.0/D .a1; v1/.

Using the commutative diagram, z� ı eH s.0/ and z� ı eH s.1/ are two path in p�1.@†/. It is not difficult to
observe that there is a path ˛ in zp�1.@M/ from .a0; v0/ to .a1; v1/, such that the positive orbits of zgt
through ˛ can reach zp�1.@M/. Then we get a path zp ı˛ in @M from Œ.a0; v0/� to Œ.a1; v1/�, such that
the positive orbits of gt through zp ı ˛ can reach @M . Namely, Œ.a0; v0/� and Œ.a1; v1/� are connected
in AC nW s.ƒ/.

4 The mapping class group of M

In the following section, we define M , gt , †, ˛1, ˛2, AC as in Section 3. Recall that ˛1 is a meridian of
@M and it is isotopic to �˛2. Fix an orientation on M . This induces an orientation on @M . We choose a
circle l in @M intersecting once ˛1 and ˛2. Then l is a longitude of @M . Choose an orientation for l
such that .˛1; l/ is positively oriented on @M . Without losing generality, we assume that the positive
direction of l \AC is from ˛1 to ˛2, as shown in Figure 11.

Let h be a topological equivalence from .M; gt / to .M; gt /. Then h.˛1t˛2/D˛1t ˛2 and h.AC/DAC.
If h.˛1/D ˛1, then h.l/' x˛1C l . Thus the action of hj@M on the homology group of @M corresponds

A
+

l

1
a

2
a

Figure 11: The positive direction of l \AC is from ˛1 to ˛2.
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b

b

Figure 12: The orbifold † and the three fold cover of its fundamental domain (shaded area).

to the matrix
�
1
0
x
1

�
for some x 2 Z. Similarly, if h.˛1/D ˛2, then the action of hj@M on the homology

group of @M corresponds to the matrix
�
�1
0

y
�1

�
for some y 2 Z. Therefore, hj@M preserves the induced

orientation of @M , which implies that h preserves the orientation of M .

Next, let us prove that the image by h of ˛1 determines the isotopy class of h. Denote by ModC.M/ the
mapping class group ofM , ie, the group of isotopy classes of the orientation-preserving homeomorphisms
of M . For the orbifold †, let Mod˙.†/ be the group of homeomorphisms of † fixing the singular points,
modulo isotopies fixing the singular points. Then Mod˙.†/Š Z2.

Johannson [14, Proposition 25.3] proposed a short exact sequence

1! H1.†; @†/!ModC.M/!Mod˙.†/! 1:

Here, H1.†; @†/ denotes the first relative homology group, then it is a trivial group. This indicates that
ModC.M/ŠMod˙.†/Š Z2.

Let ˇ be a geodesic of † connecting the two singular points; see Figure 12. Let f be the symmetric map
on † about ˇ. Obviously, f is an isometry, which implies that the map F D df WM !M induced by f
is a topological equivalence from .M; gt / to .M; gt /. Thus, F preserves the orientation ofM . In addition,
F.˛1/D ˛2 is isotopic to �˛1, then F cannot be isotopic to idM . Therefore, ModC.M/D fŒidM �; ŒF �g.
Then, we get the following proposition.

Proposition 4.1 Any topological equivalence h from .M; gt / to .M; gt / is isotopic to either idM or F ,
according to either h.˛1/D ˛1 or h.˛1/D ˛2.

5 Proof of Theorem 1.3

Recall the definitions of .M; gt /, ƒ, ˛1 and ˛2 in Section 3. In @M , gt is tangent to ˛1 t ˛2, points
inward on AC, and points outward on A�. Here, AC and A� are two open annuli which are the connected
components of @M n .˛1 t ˛2/. In [9], Bonatti and Pinsky extended the flow gt into a Smale flow �t

on S3, as follows.

Algebraic & Geometric Topology, Volume 25 (2025)
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1
a 2

a

¥¥
1
D

2
D

Figure 13: The solid torus is cut along a disk containing1. The cone-like disks are the stable
and the unstable manifolds of the tangent orbits ˛1, ˛2. In the diamond shape regions between the
stable and the unstable manifolds of ˛1, ˛2, each point in the past tends to the source and in the
future to the sink.

(1) Construct a flow on a solid torus as shown in Figure 13, whose chain recurrent set consists of a
source, a sink and two tangent orbits ˛1; ˛2.

(2) By suitably gluing the solid torus to M , we get a Smale flow �t on S3, whose chain recurrent set
consists of ƒ, a source and a sink.

Then ƒ is the saddle basic set of �t . By digging up two open ball neighborhoods of the source and the
sink in the solid torus, we get a model .W; t / for ƒ. Obviously, gt is the restriction of  t to M �W ,
and the maximal invariant set of  t is also ƒ. In the following, we denote by W s.ƒ;W / the union of
stable manifolds of the orbits in ƒ for the system .W; t /, and denote by W s.ƒ;M/ the union of stable
manifolds of the orbits in ƒ for the system .M; gt /.

In [11], Ghys proved that the template related to ƒ is a Lorenz template. By Proposition 2.8 and
Theorem 2.3, W Š S2 � Œ0; 1� and @CW nW s.ƒ;W / consists of two open disks D1, D2 and infinitely
many strips, where D1 and D2 are shown in Figure 13. Let S D @CW n .W s.ƒ;W / tD1 tD2/,
and AD AC nW s.ƒ;M/. Along to the orbits of  t , we can construct a homeomorphism � W S ! A
such that �.x/ and x lie in a same orbit of  t for each x 2 S. Recall that in Section 4, we defined
a topological equivalence F from .M; gt / to .M; gt /. From now on, we distinguish the connected
components of @CW nW s.ƒ;W /.

Lemma 5.1 Let h be a topological equivalence from .W; t / to .W; t /. Then there are two possible
situations:

(1) h.D1/DD1, h.D2/DD2, and h.C /D C for each connected component C of S.

(2) h.D1/DD2, h.D2/DD1, and h.C /D ��1 ıF ı�.C/.

Proof Recall that @CW nW s.ƒ;W / consists of two open disks D1;D2 and infinitely many strips,
where Di is bounded by a circle in W s.˛i ; W / for i D 1; 2. Then h.D1 t D2/ D D1 t D2 and
h.˛1 t˛2/D ˛1 t˛2.

Algebraic & Geometric Topology, Volume 25 (2025)
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It is easy to observe that the set of orbits crossing AC (resp A�) coincides with the set of orbits
crossing h.AC/ (resp h.A�/). Then up to isotopy along the flowlines, h.@M/D @M . This implies that h
induces a topological equivalence h0 W .M; gt /! .M; gt / such that h0.˛1/D h.˛1/, h0.˛2/D h.˛2/, and
h0 ı�.C/D � ı h.C / where C is a connected component of S.

Let l be an orbit of gt through �.C/ (endowed with the natural orientations defined by gt ). Since � is a
homeomorphism, �.C/ is a connected component of A.

Case 1 (h.D1/DD1 and h.D2/DD2) Then h0.˛1/D ˛1 and h0.˛2/D ˛2. By Proposition 4.1, h0 is
isotopic to idM . Then h0.l/ is homotopic to l preserving @M . By Lemma 3.1, the starting points of h0.l/
and l are connected in A. Hence, h0 ı�.C/D �.C/ and h.C /D C .

Case 2 (h.D1/DD2 and h.D2/DD1) Then h0.˛1/D ˛2 and h0.˛2/D ˛1. By Proposition 4.1, h0 is
isotopic to F . Then h0.l/ is homotopic to F.l/ preserving @M . By Lemma 3.1, the starting points of
h0.l/ and F.l/ are connected in A. Hence, h0 ı�.C/D F ı�.C/ and h.C /D ��1 ıF ı�.C/.

Proof of Theorem 1.3 Let fCigi2� be an infinite set of connected components of S such that if
C 2 fCigi2� , then ��1 ıF ı�.C/ … fCigi2� . For each i 2 � , choose two disjoint closed disks in Ci and
then do handle attachment for .W; t / along them. We obtain a manifold Ni endowed with a flow  it ,
such that .Ni ;  it / is a hyperbolic plug for ƒ. Since W Š S2 � Œ0; 1� and the orbits through Ci are
isotopic, we have Ni Š T 2 � Œ0; 1�.

Let ƒi be the maximal invariant set of  it . Then ƒi is a 1-dimensional saddle basic set containing
infinitely many closed orbits. Moreover, for any j 2 � and j ¤ i , we have Œ it ; ƒi �D Œ 

j
t ; ƒj �. Now,

we prove that  it is not topologically equivalent to  jt by contradiction.

Suppose that there are two different elements i0; j0 2 � , such that  i0t is topologically equivalent to  j0

t

via a homeomorphism h0 W .Ni0 ;  
i0
t /! .Nj0

;  
j0

t /. By our construction and the fact that @W consists
of two spheres, there is only one component Ti0 (resp Tj0

) of @CNi0 nW
s.ƒi0/ (resp @CNj0

nW s.ƒj0
/)

with genus one. Since h0 is a topological equivalence, h0.Ti0/D Tj0
, which implies that h0 sends an

inseparable circle ci0 of Ti0 (that is, Ti0 n ci0 is connected) to an inseparable circle cj0
of Tj0

. We cut Ni0
(resp Nj0

) along the orbits through ci0 (resp cj0
) and then glue two cylinders D2 � Œ0; 1� endowed with

the vector field @
@t

by preserving the oriented orbits. Then, we get the system .W; t / up to topological
equivalence. Thanks to h0, we can construct a topological equivalence h00 from .W; t / to .W; t / such
that h00.Ci0/ D Cj0

. By Lemma 5.1, Cj0
D Ci0 or ��1 ıF ı�.Ci0/, which contradicts the definition

of fCigi2� . Therefore,  it cannot be topologically equivalent to  jt .

Proof of Corollary 1.4 Let �at be the flow on N 0 D S1 �D2 induced by the vector field

X.�; z/D
@

@�
� z1

@

@z1
� z2

@

@z2
:
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Here, z1, z2 denote the standard coordinate functions on D2 and @
@�

is a vector field along the factor S1.
Let N 00 be a second copy of N 0 equipped with the flow �rt induced by �X . By suitably attaching .N 0; �at /
and .N 00; �rt / to .Ni ;  it / for each i 2 � , we can construct infinitely many simple Smale flows on S3 that
satisfy the conclusion of Corollary 1.4.

6 Future research

In this paper, utilizing the theory on models of Béguin and Bonatti [2], we constructed infinitely many
hyperbolic plugs that are homeomorphic to the Hopf link exterior, such that no two plugs can be
topologically equivalent. This prompts a problem: can we do the same trick for the hyperbolic plugs
whose background manifolds are other link exteriors?

The forthcoming work by Fan, Lai, and Yu presents a significant finding that the Whitehead link exterior
cannot be the background manifold of a hyperbolic plug. Then, a potential starting point for this inquiry
could involve investigating which two-component link can be realized as the attractor and repeller of a
simple Smale flow on S3, along with determining the model for the corresponding saddle basic set.

References
[1] K M Adhikari, M C Sullivan, Further study of simple Smale flows using four band templates, Topology

Proc. 50 (2017) 21–37 MR

[2] F Béguin, C Bonatti, Flots de Smale en dimension 3: présentations finies de voisinages invariants
d’ensembles selles, Topology 41 (2002) 119–162 MR

[3] F Béguin, C Bonatti, B Yu, Building Anosov flows on 3-manifolds, Geom. Topol. 21 (2017) 1837–1930
MR

[4] J S Birman, R F Williams, Knotted periodic orbits in dynamical system, II: Knot holders for fibered
knots, from “Low-dimensional topology” (S J Lomonaco, Jr, editor), Contemp. Math. 20, Amer. Math. Soc.,
Providence, RI (1983) 1–60 MR

[5] C Bonatti, V Grines, Knots as topological invariants for gradient-like diffeomorphisms of the sphere S3,
J. Dynam. Control Systems 6 (2000) 579–602 MR

[6] C Bonatti, V Grines, F Laudenbach, O Pochinka, Topological classification of Morse–Smale diffeomor-
phisms without heteroclinic curves on 3-manifolds, Ergodic Theory Dynam. Systems 39 (2019) 2403–2432
MR

[7] C Bonatti, V Grines, V Medvedev, E Pécou, Topological classification of gradient-like diffeomorphisms
on 3-manifolds, Topology 43 (2004) 369–391 MR

[8] C Bonatti, V Grines, O Pochinka, Classification of Morse–Smale diffeomorphisms with the chain of
saddles on 3-manifolds, from “Foliations 2005” (P Walczak, R Langevin, S Hurder, T Tsuboi, editors),
World Sci., Hackensack, NJ (2006) 121–147 MR

[9] C Bonatti, T Pinsky, Lorenz attractors and the modular surface, Nonlinearity 34 (2021) 4315–4331 MR

Algebraic & Geometric Topology, Volume 25 (2025)

http://msp.org/idx/mr/3510805
https://doi.org/10.1016/S0040-9383(00)00032-X
https://doi.org/10.1016/S0040-9383(00)00032-X
http://msp.org/idx/mr/1871244
https://doi.org/10.2140/gt.2017.21.1837
http://msp.org/idx/mr/3650083
https://doi.org/10.1090/conm/020/718132
https://doi.org/10.1090/conm/020/718132
http://msp.org/idx/mr/718132
https://doi.org/10.1023/A:1009508728879
http://msp.org/idx/mr/1778215
https://doi.org/10.1017/etds.2017.129
https://doi.org/10.1017/etds.2017.129
http://msp.org/idx/mr/3989123
https://doi.org/10.1016/S0040-9383(03)00053-3
https://doi.org/10.1016/S0040-9383(03)00053-3
http://msp.org/idx/mr/2052968
https://doi.org/10.1142/9789812772640_0007
https://doi.org/10.1142/9789812772640_0007
http://msp.org/idx/mr/2284779
https://doi.org/10.1088/1361-6544/abf8fa
http://msp.org/idx/mr/4281447


Infinitely many homeomorphic hyperbolic plugs with the same basic sets 4161

[10] K Bonatti, V Z Grines, O V Pochinka, Classification of Morse–Smale diffeomorphisms with a finite set of
heteroclinic orbits on 3-manifolds, Tr. Mat. Inst. Steklova 250 (2005) 5–53 MR

[11] E Ghys, Knots and dynamics, from “International Congress of Mathematicians, I” (M Sanz-Solé, J Soria,
J L Varona, J Verdera, editors), Eur. Math. Soc., Zürich (2007) 247–277 MR

[12] A Hatcher, Algebraic topology, Cambridge Univ. Press (2002) MR

[13] E L Haynes, M C Sullivan, Simple Smale flows with a four band template, Topology Appl. 177 (2014)
23–33 MR

[14] K Johannson, Homotopy equivalences of 3-manifolds with boundaries, Lecture Notes in Mathematics 761,
Springer (1979) MR

[15] V Meleshuk, Embedding templates in flows, PhD thesis, Northwestern University (2002) MR Available at
https://www.proquest.com/docview/305519791

[16] J Milnor, Hyperbolic geometry: the first 150 years, Bull. Amer. Math. Soc. 6 (1982) 9–24 MR

[17] J M Montesinos, Classical tessellations and three-manifolds, Springer (1987) MR

[18] O V Pochinka, D D Shubin, Nonsingular Morse–Smale flows with three periodic orbits on orientable
3-manifolds, Mat. Zametki 112 (2022) 426–443 MR In Russian; translated in Math. Notes 112 (2022),
436–450

[19] S Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967) 747–817 MR

[20] M C Sullivan, Visually building Smale flows in S3, Topology Appl. 106 (2000) 1–19 MR

[21] M C Sullivan, Realizing full n-shifts in simple Smale flows, Topology Appl. 218 (2017) 19–29 MR

[22] B Yu, Lorenz like Smale flows on three-manifolds, Topology Appl. 156 (2009) 2462–2469 MR

[23] B Yu, The templates of non-singular Smale flows on three manifolds, Ergodic Theory Dynam. Systems 32
(2012) 1137–1155 MR

[24] B Yu, Behavior 0 nonsingular Morse Smale flows on S3, Discrete Contin. Dyn. Syst. 36 (2016) 509–540
MR

[25] B Yu, Every 3-manifold admits a structurally stable nonsingular flow with three basic sets, Proc. Amer.
Math. Soc. 144 (2016) 4949–4957 MR

School of Mathematical Sciences, Tongji University
Shanghai, China

Current address: School of Mathematics and Statistics, Huangshan University
Huangshan, China

fangfangchen_97@163.com

Received: 4 January 2024 Revised: 15 September 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://www.mathnet.ru/eng/tm29
https://www.mathnet.ru/eng/tm29
http://msp.org/idx/mr/2200906
https://doi.org/10.4171/022-1/11
http://msp.org/idx/mr/2334193
https://pi.math.cornell.edu/~hatcher/AT/ATpage.html
http://msp.org/idx/mr/1867354
https://doi.org/10.1016/j.topol.2014.08.003
http://msp.org/idx/mr/3258180
https://doi.org/10.1007/BFb0085406
http://msp.org/idx/mr/551744
http://msp.org/idx/mr/2703357
https://www.proquest.com/docview/305519791
https://doi.org/10.1090/S0273-0979-1982-14958-8
http://msp.org/idx/mr/634431
https://doi.org/10.1007/978-3-642-61572-6
http://msp.org/idx/mr/915761
https://doi.org/10.4213/mzm13466
https://doi.org/10.4213/mzm13466
http://msp.org/idx/mr/4538779
https://doi.org/10.1134/S0001434622090127
https://doi.org/10.1134/S0001434622090127
https://doi.org/10.1090/S0002-9904-1967-11798-1
http://msp.org/idx/mr/228014
https://doi.org/10.1016/S0166-8641(99)00069-3
http://msp.org/idx/mr/1769328
https://doi.org/10.1016/j.topol.2016.12.009
http://msp.org/idx/mr/3598604
https://doi.org/10.1016/j.topol.2009.07.008
http://msp.org/idx/mr/2546948
https://doi.org/10.1017/S0143385711000150
http://msp.org/idx/mr/2995660
https://doi.org/10.3934/dcds.2016.36.509
http://msp.org/idx/mr/3369234
https://doi.org/10.1090/proc/13122
http://msp.org/idx/mr/3544542
mailto:fangfangchen_97@163.com
http://msp.org
http://msp.org


ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Octav Cornea Université’ de Montreal
cornea@dms.umontreal.ca

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Kristen Hendricks Rutgers University
kristen.hendricks@rutgers.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Markus Land LMU München
markus.land@math.lmu.de

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Norihiko Minami Yamato University
minami.norihiko@yamato-u.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Vesna Stojanoska Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

Lior Yanovski Hebrew University of Jerusalem
lior.yanovski@gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (C$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 25 Issue 7 (pages 3789–4436) 2025

3789Algebras for enriched 1-operads

RUNE HAUGSENG

3813An overtwisted convex hypersurface in higher dimensions

RIVER CHIANG and KLAUS NIEDERKRÜGER-EID

3833Presheaves of groupoids as models for homotopy types

LÉONARD GUETTA

3875Product and coproduct on fixed point Floer homology of positive Dehn twists

YUAN YAO and ZIWEN ZHAO

3921Multitwists in big mapping class groups

GEORGE DOMAT, FEDERICA FANONI and SEBASTIAN HENSEL

3931Cofibrantly generated model structures for functor calculus

LAUREN BANDKLAYDER, JULIA E BERGNER, RHIANNON GRIFFITHS, BRENDA JOHNSON and REKHA SANTHANAM

3975Endomorphisms of Artin groups of type D

FABRICE CASTEL and LUIS PARIS

4009Linear bounds of the crosscap number of knots

ROB MCCONKEY

4037Atiyah–Segal completion for the Hermitian K-theory of symplectic groups

JENS HORNBOSTEL, HERMAN ROHRBACH and MARCUS ZIBROWIUS

4073A minimality property for knots without Khovanov 2-torsion

ONKAR SINGH GUJRAL and JOSHUA WANG

4077Local indicability of groups with homology circle presentations

AGUSTÍN NICOLÁS BARRETO and ELÍAS GABRIEL MINIAN

4095Cubulating drilled bundles over graphs

MAHAN MJ and BISWAJIT NAG

4147Infinitely many homeomorphic hyperbolic plugs with the same basic sets

FANGFANG CHEN

4163One-point compactifications of configuration spaces and the self duality of the little disks operad

CONNOR MALIN

4185Braided multitwists

RODRIGO DE POOL

4209Positive intermediate Ricci curvature on connected sums

PHILIPP REISER and DAVID J WRAITH

4229The Sn-equivariant Euler characteristic of the moduli space of graphs

MICHAEL BORINSKY and JOS VERMASEREN

4257Classification of metric fibrations

YASUHIKO ASAO

4287Spaces over BO are thickened manifolds

HIRO LEE TANAKA

4321Representation-graded Bredon homology of elementary abelian 2-groups

MARKUS HAUSMANN and STEFAN SCHWEDE

4341The Z=p-equivariant cohomology of the genus-zero Deligne–Mumford space with 1 C p marked points

DAIN KIM and NICHOLAS WILKINS

4357Geometry of free extensions of free groups via automorphisms with fixed points on the complex of free factors

PRITAM GHOSH and FUNDA GÜLTEPE

4391Coarse cohomology of configuration space and coarse embedding

ARKA BANERJEE

4427Correction to the article An algebraic model for finite loop spaces

CARLES BROTO, RAN LEVI and BOB OLIVER

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2025

Vol.25,
Issue

7
(pages

3789–4436)

http://dx.doi.org/10.2140/agt.2025.25.3789
http://dx.doi.org/10.2140/agt.2025.25.3813
http://dx.doi.org/10.2140/agt.2025.25.3833
http://dx.doi.org/10.2140/agt.2025.25.3875
http://dx.doi.org/10.2140/agt.2025.25.3921
http://dx.doi.org/10.2140/agt.2025.25.3931
http://dx.doi.org/10.2140/agt.2025.25.3975
http://dx.doi.org/10.2140/agt.2025.25.4009
http://dx.doi.org/10.2140/agt.2025.25.4037
http://dx.doi.org/10.2140/agt.2025.25.4073
http://dx.doi.org/10.2140/agt.2025.25.4077
http://dx.doi.org/10.2140/agt.2025.25.4095
http://dx.doi.org/10.2140/agt.2025.25.4147
http://dx.doi.org/10.2140/agt.2025.25.4163
http://dx.doi.org/10.2140/agt.2025.25.4185
http://dx.doi.org/10.2140/agt.2025.25.4209
http://dx.doi.org/10.2140/agt.2025.25.4229
http://dx.doi.org/10.2140/agt.2025.25.4257
http://dx.doi.org/10.2140/agt.2025.25.4287
http://dx.doi.org/10.2140/agt.2025.25.4321
http://dx.doi.org/10.2140/agt.2025.25.4341
http://dx.doi.org/10.2140/agt.2025.25.4357
http://dx.doi.org/10.2140/agt.2025.25.4391
http://dx.doi.org/10.2140/agt.2025.25.4427

	1. Introduction
	1.1. Background and main results
	1.2. The key ideas
	1.3. Organization of the paper

	2. Preliminaries
	2.1. Models and templates
	2.2. The entrance boundary of models

	3. The geodesic flow of the modular surface
	4. The mapping class group of M
	5. Proof of 0=theorem.51=Theorem 1.3
	6. Future research
	References
	
	

