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We provide a characterization for multitwists satisfying the braid relation in the mapping class group of
an orientable surface.

20F38, 57M07, 5TM60

1 Introduction

Let S be an orientable surface possibly with punctures or boundary. Let Map(S) be the mapping class
group of S, that is, the group of homeomorphisms of S up to homotopy. In this article we characterize
braided multitwists, ie multitwists t4, tp € Map(S) satisfying the braid relation 74714 = TT47TR. First,
let us consider some examples:

Example 1.1 Consider a and b two curves in S intersecting once. Denote their Dehn twists by 8, and Jp.

It is known that
8a5b5a == 5b5a8b,

and by the same equality the inverses §; !, 8;1 are also braided. It is a lemma that two Dehn twists 8,4, &p
are braided if and only if the curves a and b intersect once [5, Lemma 4.3].

Now, we construct braided multitwists that are not Dehn twists.

Example 1.2 Let t4 = §,, 5a25a38a_41 and g = 8p, 0p,0p, 5;41 be two multitwists along the curves a;, b;
shown in Figure 1. Since 6,, commutes with Sbj whenever i # j and a;, b; intersect once, we deduce

T4TBT4 = TRT4 TR from the previous example.

Note that in Example 1.2 the multitwists 74 and tp do not share any common Dehn twist. An easy way
to create new braided multitwists is to add common components with the same power. We do so in the
next example:

Example 1.3 Let 74, tp be the multitwists of Example 1.2 and let d be the curve shown in Figure 1.
Then, the multitwists 7407 and T8} satisfy the braid relation.
The goal of this article is to prove that braided multitwists are essentially as in Example 1.3.
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Figure 1: Genus five surface.

Theorem 1.4 Let S be an orientable surface. If T4, tg € Map(S) are two braided multitwists, then

k

__Qn ny _ ghy n
T4 =84, gk C, fB—Sbl---Sbk

TC,
where t¢ is a common multitwist, n; € {—1, 1} and the curves ay, . ..,ay, by, ..., by are pairwise disjoint

except fori(a;, b;) = 1.

As an application of Theorem 1.4, we can describe homomorphisms from braid groups to mapping class
groups that send standard generators to multitwists. Recall the braid group on n-strands is given by the
presentation

Bn ={01,...,0n—110i0i4+10i = 0;410i0i4+1 Vi, [0i,0;] =1 V|i — j| > 1),
and the o;’s are said to be the standard braid generators.

A natural way to produce an embedding ¢: B, — Map(S) is to send each standard generator o; to a
Dehn twist §;, where the curves ¢;, ¢; intersect once if |i — j| = 1 and are disjoint otherwise. Any such
¢ (or ¢~ 1) is known as a geometric embedding. If we replace d¢; by a multitwist, then Theorem 1.4
yields a description of ¢:

Corollary 1.5 Let S be an orientable surface and let B, be the braid group on n-strands. If

¢: B, — Map(S)

sends a standard generator to a multitwist, then ¢ factors as ¢ = (]_[f-;l (01') od, whered: B, — ]_[f-;l B,
is the diagonal homomorphism, ¢; is a geometric embedding for 1 <i < k, and ¢} has cyclic image.
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One could hope that every embedding B, < Map(S) comes from a diagonal decomposition of geometric
embeddings; however this is not the case. For instance, Szepietowski constructed in [6] an embedding
B, — Map(S) sending a standard generator to a nontrivial root of a Dehn twist.

Theorem 1.4 fits into the bigger picture of results studying relations between multitwists. A closely
related result is [2, Theorem 3.4] of Hamidi-Tehrani, which provides sufficient conditions for two positive
multitwists to generate a free group of rank two. Leininger improved this result in [4, Theorem 6.1]
by classifying pairs of positive multitwists generating a free group. We highlight that Theorem 1.4 for
positive multitwists can be proved using Leininger’s classification. However, Leininger’s techniques do
require the multitwists to be positive and it is not clear how to generalize them to the case of arbitrary
multitwists. Thus, our proof of Theorem 1.4 uses a different approach.

The original motivation for Theorem 1.4 is to further understand homomorphisms between pure mapping
class groups. We will study this application in a forthcoming paper.
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2 Preliminaries

Let S be a connected orientable surface. By a curve on S we will mean the homotopy class of an
unoriented simple closed curve that does not bound a disk or a punctured disk. Brackets around an
oriented curve will be used to denote the homology class of the curve.

For two curves « and b the (geometric) intersection number i (a, b) is minimum number of intersection
points between representatives of @ and b. When the curves a and b are oriented, the algebraic intersection
number i([a], [b]) is the sum of the signs at each intersection point. Importantly, this sum remains invariant
regardless of the choice of representatives for [¢] and [b].

Throughout the article, we will blur the difference between curves and their representatives. Additionally,
we will often consider representatives that intersect pairwise minimally. It is a theorem that such
representatives always exist (see [1, Chapter 1.2]).

If a is a curve on § and A4 is a regular neighbourhood of a given in (oriented) coordinates by
{(h,0) | hel0,1], 0 eR/(x ~x +27m)},

Algebraic € Geometric Topology, Volume 25 (2025)



4188 Rodrigo De Pool

we can define the twisting map 8,: S — S that sends (&, 0) — (h,0 + h6) on A and is the identity
elsewhere. The resulting mapping class 8, € Map(S) is the Dehn twist along the curve a. Note that as a
matter of convention, we take our Dehn twists to be twists to the right.

A multitwist ©4 € Map(S) is a finite product of Dehn twists

— shy L SPk
T4 —Sal Sak‘,

where the curves ay,...,a; are distinct, pairwise disjoint and n; € Z. The multitwist is positive if
n; > 0 for every i and it is negative if n; < 0 for every 7. The subindex A will be used to denote the set
A ={ay,...,a}, and we call A the set of curves of 74. Abusing notation, we will refer to n; as the
power of a; in t4.

The mapping class group Map(.S) acts on the set of curves of S and the action preserves the intersection
number. We will write /2 -a to denote the action of the mapping class / on the curve a. Similarly, Map(.S)
acts linearly on the homology of S and preserves the algebraic intersection number. We will write / - [a]
for the action of the mapping class /2 on the homology class [a].

The rest of this section is devoted to studying formulas for the geometric intersection number and algebraic
intersection number. For other fundamental results and definitions on mapping class groups, we refer the
reader to [1].

2.1 Geometric intersection formulas

Let a, b and ¢; be curves on S and consider a positive multitwist 7¢ = 52’1‘ e 5?,? The following is a
well-known bound for the intersection number

k
(1) i(a.b) = li(a. tc-b) = Y Inil -i(a.ci) i (b.ci)|.

i=1

Naturally, the same bound applies for negative multitwists. See [1, Proposition 3.4] for a proof of this
inequality.

The formula above requires the multitwist to be either positive or negative. However, Theorem 1.4 deals
with multitwists that (possibly) have mixed signs. The next bound on intersection number was proved by
Ivanov for general multitwists; see [3, Proposition 4.2].

Proposition 2.1 Consider two curves a, b and the multitwist tc = 8?11 e Sg,f with n; € 7. Then,

k
i(a,b) = —i(a,tc(b)+ Y _7ij-ila,¢;)-i(b.¢j),
j=1
where 71; = max {|n;| —2,0}.

Algebraic € Geometric Topology, Volume 25 (2025)
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Figure 2: Curve a = | J;_, a; and the intersecting curves ¢y, ¢z, ¢3.

The proof given by Ivanov hides another formula, which will be extensively used in this article. Before
introducing this formula, we need one more piece of notation.

Let a be a curve and 7¢ = 52’1‘ e (SZIf a multitwist. The intersection points of a with curves in C define a
partition @ = a9 Ua; U--- U a,,, where each a; is an arc between consecutive intersection points. Since
we have an arc for each intersection point, there is a total of m + 1 = Zj-‘zl i(a, cj) arcs. Now, for each
a; set x; = 1 if the subarc a; intersects ¢, c; € C and ny -n; > 0. If ng -n; <0, set x; = 0. We define
the function
m
X(a, tc) = in.
i=1
The function X (a, t¢) is nonnegative and it does not depend on the choice of (minimally intersecting)
representatives. This is a consequence of the next proposition.

Although Ivanov does not explicitly state the following result, it follows immediately from the first part
of his proof of [3, Proposition 4.2].

Proposition 2.2 (Ivanov’s hidden formula) Consider a curve a and the multitwist tc = 8¢, -+ 8¢ with
n; € Z. Then,

k
i(a.tc-a)=Y_(njli(a.c;) = Di(a.c;) + X(a.c).
j=1

The next example illustrates how to compute X (a, t¢) and i(a, tc - a) using Proposition 2.2.

Example 2.3 Consider the curves in Figure 2 and let 7¢ = (331 80_21 8¢, We compute X(a, t¢) and
i(a,tc-a).

The intersection points induce the partition a = ag Uay Ua, Uaj. Since ag intersects ¢, ¢, and they
have powers 2-—1 < 0, then x¢ = 0. Since a; intersects only ¢; and 2-2 > 0, then x; = 1. Similarly, we
compute x, = 1 and x3 = 0. It follows that X (a, 7¢) = Z?:o x; = 2 and we obtain i(a, tc -a) = 8
using Proposition 2.2.

Algebraic € Geometric Topology, Volume 25 (2025)
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2.2 Algebraic intersection formulas

The action of a Dehn twist on the homology of a curve is described in [1, Proposition 6.3] by the formula
8¢ -lal = [al +n-i(lal. [c]) -[c]-

Recall that Map(S) acts linearly on the homology of S, thus we may iteratively use this equality to obtain
Sek

a formula for the action of a multitwist. Let t¢ = 8¢ -+ 8¢

be a multitwist and [¢] the homology class
of an oriented curve, it follows that

k
) e la)=la)+ ) ng - ila), [ei)) - [cil:

i=1

From (2) and the bilinearity of (-, -), we derive the following result:

Lemma 2.4 Consider a and b two oriented curves on S. Let t¢c = 5?11 .. -52',’: be a multitwist in Map(S).
Then,

k
i(zc -[al. b)) = i(a), [b) + D n - 1(lal. [ea]) - 2([es), (B

i=1
3 Proof of the main result

Consider two braided multitwists

— S nj — gm mj
Tg =104 0gf. TB=18y -0

Recall the subindices 4, B denote the sets 4 = {ay,...,a;} and B = {by,...,b;}. The first observation
is that the braid relation implies
-1
(tatB)T4(T4TB)” = TB.
In particular, for each curve g; there exists a curve b; such that t4tp-a; = b; and n; = mj. Up to
reindexing B, we may assume t47pg -@; = b; and n; = m;. Taking this into account, we write

_ __g¢h nj,
T =008 T =8y Bk

Remark 3.1 We emphasize that reindexing ensures t47p -a; = b;. Also, we know tgt4-b; € A, but a
priori T4 - b; could be different from «;.

As a first step towards Theorem 1.4, the next lemma shows that braided multitwists decompose as a
common part and two braided multitwists sharing no curve.

Lemma 3.2 Let S be an orientable surface. If 74, tg € Map(S) are two braided multitwists, then
T4 = T4 Tc and Tg = tg/Tc, Where 1¢ is a common multitwist and T4/, Tgs are two braided multitwists
sharing no curves.
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Proof Let C = AN B be the set of common curves of 4 and B. If C is empty, then we take 7¢ = id
and we are done. If C is nonempty:

We may assume 74 =68 -+ 85, g :8211 ---52/’: such that T4tg-a; =b; and C ={ay, ..., ay}. Note that

every a; € C isacurve in B, therefore a; is disjoint from every curve in B and so b; =t41g-a; =t4-a; = a;.
That is, we may also write C = {b;, ..., by }. Now, we define

— §n1...§0-1 —gm ... g1
T4’ _5a1 5a1_1’ (9:% _8b1 8b1_1

and
— S ... 5§k
TC =64 gy

By definition t4 = 74/7¢ and tg = T/ TC, Where t¢ is a common multitwist and A’, B’ share no curves.
To finish observe that 74/, Tp/ are braided multitwists. Indeed, the relation t4tpt4 = 174 TR implies

TQTCTR'TCTA'TC = TR/ TCT4/TC TR/ TC.

Since t¢ commutes with both t4 and tp/, the equation 74/ tp/ 74 = tp 74 Tp’ follows immediately. O

It is worth noting that the previous lemma simplifies the proof of Theorem 1.4 to the case where the
multitwists share no curves. A preliminary observation on braided multitwists sharing no curves is the
following:

Lemma 3.3 Let S be an orientable surface and consider two braided multitwists T4, Tp € Map(S). If A
and B share no curves, then every a; € A intersects at least one curve in B.

Proof Take 74 =8, -+ 84" and 15 = 8211 82’1’(, so that T4yt -a; = b;.

Seeking a contradiction, suppose there is a curve a; € A disjoint from every curve in B. Then, b; =
T4TR-d; = T4-a; = a; and a; € B. But this is not possible since A and B share no curves. O

The goal of the next section is to understand how the curves in 74 and tp may intersect each other.
3.1 Curves in braided multitwists

Let t4, 7 € Map(S) be two braided multitwists. In this section we describe how a curve a € 4 may
intersect the curves in B. This description will come as a consequence of Proposition 2.2.

As in Section 3, we write 74 = 84! -+ 8, and 15 = 5211 5"1" so that 747 -a; = b;. Using Ivanov’s

formula, we deduce
k
B)  ilai b)) =i(ai.tatp-ai) =i(a;i. g a;) = Y _(njli(bj.a;) = D)i(bj.a;) + X(ai. ).
ji=1
In Table 1 we list the possible (nonnegative) values of i(a;, b;), X(a, tp) and |n;| for which (3) is
satisfied. Notice each curve a; € A is of a single type in Table 1. We collect these facts in the following
proposition:

Algebraic € Geometric Topology, Volume 25 (2025)



4192 Rodrigo De Pool

type | i(ai, b;) | |ni| | X(ai, tB) intersecting curves
1 0 — 0 ifi(a;,bj) #0andi # j,theni(a;,bj) =1and |n;| =1
2 1 2 0 ifi(a;,b;) #0andi # j,theni(a;,b;) =1and |n;| =1
3 1 1 1 ifi(a;,b;) #0,theni(a;,bj) =1and |nj| =1
4 1 1 0 there exists b; with i (a;, b;) = 1 and |n;| = 2, while if b; € B\ {b;}
and i(a;, bj) # 0, theni(a;,b;) =1 and |n;| =1
5 2 1 0 ifi(a;,bj) #0andi # j,theni(a;,bj) =1and |n;| =1

Table 1: Description of curves a; € A4 in braided multitwists 74, Tp.

Proposition 3.4 Let S be an orientable surface and consider two braided multitwists T4, Tg € Map(S).
If

— shy ni _ g nj
T =85 80k, g =8, -5k

and t4tg -a; = b;. Then, every curve a; € A is of Type 1, 2, 3, 4 or 5 (see Table 1).

Notice Proposition 3.4 already provides some restrictions on the curves 4 U B. For instance, we
immediately know that i (a, ) € {0, 1,2} for any two curves a,b € AU B.

3.2 Reducing braided multitwists

Lemma 3.2 reduces the proof of Theorem 1.4 to the case where braided multitwists t4, tg share no
curves. In this section we further simplify t4, Tp to the case where every curve in A intersects at least
two curves in B. To start, the following lemma describes curves a € A4 that intersect a single curve in B.

Lemma 3.5 Let S be an orientable surface and t4, tg € Map(S) two braided multitwists. Ifa € A
intersects only one curve b € B. Then, b = t4tg-a,i(a,b) =1 and |n| = 1, where n is the power of a
in t4. Moreover, b is disjoint from every curve in A \ {a}.

Proof We may assume t4 = 8;’} --~82,’j and 1 = 8211 ---52/’5, so that T4t -a; = b;. Further assume
a=a;andn =n;.

If a; intersects a single curve, then X (a1, tg) > 0. By Proposition 3.4 the curve a is of type 3. It follows
that X(ay,tg) =1, |n1| = 1 and i(aq, by) = 1. Since a; intersects a single curve b € B, then b = b;.
This establishes the first part of the lemma.

Recall that t4tgt4 -a; = b; and t4tpT4 - B = A. Therefore, if a; intersects a single curve in B, then b
intersects a single curve in A. O

Algebraic € Geometric Topology, Volume 25 (2025)
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If the curve a; is under the conditions of the previous lemma, the pair @;, b; can be “deleted” from the
multitwists 74, Tg. Indeed, consider
— §M ... ghi—1 g+l sng = g, ghi—1 gli+l _ shk
T4 —5a1 5a,’.71 5ai+1 (Sak, 4:% _8b1 8bi71 5bi+l 5bk'

Then, it is easy to verify that T 1g 14 = Tg T4 TR .

The previous process simplifies the braided multitwists 74, Tp by eliminating the components that are
clearly braided and do not interact with any other curves in 74, tp. By simplifying until there are no such
pairs, we obtain reduced multitwists:

Definition 3.6 (Reduced multitwists) Let 74, 7p € Map(S) be two braided multitwists. We will say
T4, T are reduced if every curve a € A intersects at least two distinct curves in B.

Remark 3.7 If t4, tp are reduced multitwists, then 4, B have no common curves.

A key ingredient in the proof of Theorem 1.4 is that reduced multitwists are trivial. We record this fact in
the next proposition, and dedicate most of the next sections to proving it.
Proposition 3.8 Let S be an orientable surface. If t4, tp are reduced multitwists, then

14 =t = 1 € Map(S).
To prove Proposition 3.8 we will need to understand the action of 74, T on the curves A U B.

3.3 Action on curves and their homology classes

Let t4y = 8 ! ~--53,’: and tp = 5211 822‘ be two braided multitwists. We will consider the action of
f = tpt4tp on the curves A U B and the action on their homology classes.

Recall that up to reindexing B, we may assume f -a; = b;. We will write a;, for the image f -b; = a;,
and, in general, we write a;, for the image f -b;,_, = a;, . The orbits of curves will be denoted by

Orby(a;) = {f*-a; | k € Z}.

The action of f by conjugation on 74 and tp permutes the curves A U B and preserves the powers of the
associated Dehn twists. In other words, any two curves a,b € AU B in the same f-orbit have associated
Dehn twists with the same powers in 74, Tg. As a consequence, two curves a,a’ € A in the same f-orbit
have the same type in Table 1.

We will also consider the action of f on the homology classes of curves in A U B. To achieve this, we
need to assign orientations to the curves in AU B: for each orbit Orb(-) take a representative of the orbit
a € Orby(-) and fix an arbitrary orientation on a. Then, any other curve ¢ € Orbs(a) in the orbit inherits

Algebraic € Geometric Topology, Volume 25 (2025)



4194 Rodrigo De Pool

an induced orientation. This orientation comes from considering the smallest ¥ € N such that f kia=c.
Since « is oriented it induces an orientation on f° k. a, which we consider as the orientation of c.

The selected orientations allows us to talk about homology classes [¢] for curves ¢ € AU B. The following
diagram schematizes our choice of orientations:

P EN S EN T EN S EN RN )

where the orientation [a;] is arbitrary.
Remark 3.9 Notice there could be an m € N such that /™ -[a;] = —[a;].
The next step is to show that the orbit of every curve ¢ € AU B has size two, ie |Orbs(c)| = 2.

3.4 Orbits have size two

Proposition 3.10 Consider two reduced multitwists t4, tg and let f = t4tgt4. Then, |Orbs(c)| = 2
for every curve c € AU B.

To prove Proposition 3.10 we treat each type of curve a; € A separately (see Table 1). Thus, this proof is

split among various lemmas and propositions below.

Lemma 3.11 Consider two reduced multitwists T4, tg and let f = t4tpty. If a; € A is a curve of
type 5, then |Orby (a;)| = 2.

Proof Looking for a contradiction, assume |Orby(a;)| > 2. In that case, there exists b € Orby(a;) such
that /' -b = a; and b # b;. Notice
i(b,a;)=i(f-b, f-a;)=i(a;, b;) =2.

Thus, a; has intersection two with two distinct curves b, b; € B. But this is not possible (see Table 1 for
type 5 curves). |

Before continuing with other cases, we require the following lemma.

Lemma 3.12 Consider two reduced multitwists 74, tg and let f = t4tgt4. For any curves a; € A and
b € B, we have that

i(lai). [b) = —i((as], /(b))
In particular, if i([a;],[b]) = 1 theni(a;, f2K-b) =1 foreveryk € Z.
In words, a curve a; € A has the same algebraic intersection number (up to sign) with every curve in

Orb(b) N B.

Algebraic € Geometric Topology, Volume 25 (2025)
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Proof Leta € A be the curve a = tpt4-b. Note that T4 - [b] = £[a] and so it follows that

0 = i([a;], [a]) = i([a;i]. £TBT4 - [b]) = i([a;i]. TBT4 - [P]).
Now, by (2) we have
0= i(ar). tpra - [B]) = z([a,-], b+ 3 mii(ea ) b)) [bkl).

biyeB
From here, linearity yields

) i(lai] () = = ) mici(za- (], [ba)i(lail. [bi]).
breB

On the other hand, using the braid relation

i([ai), S % (b))

i([ai]. (tatBT4)(TBT4TB) - [D])
([ai]. tBT4TBT4 - [D])
i(lai). T34 - [P])

= (lad w11 +2 X meitea 010

kaB

>

i(ai). ) +2 ) nliza-[b). b)) il [br)).

bi€B

Substituting (4) in the previous equality, we obtain

i(lai). /2 -[bD) = — (il [bD).

For the second part of the lemma, it is enough to observe that Proposition 3.4 implies i (a, b) € {0, 1, 2}
for any two curves a,b € AU B. Thus, I(a;,b) = £1 implies i(a;, b) = 1 and, since the algebraic
intersection number only changes sign, we conclude i (a;, f2*-b) =1. m|

The next lemma proves Proposition 3.10 for type 2 curves a; € A.

Lemma 3.13 Consider two reduced multitwists t4, tg and let | = t4tgty. If a; € A is a type 2 curve,
then |Orby(a;)| = 2.

Proof Recall we denoted b; = f -a;, aj, = f-b; and b;; = f -a;,. To proceed by contradiction, we
assume |Orbs(a;)| > 2. In this case, b;, # b;.

Since a; is a type 2 curve, then i(a;, b;) = 1 and it follows from Lemma 3.12 that i(a;, b;;) = 1.
Moreover, a;, b; and b;, have exponent |n;| =2 in t4, Tp, since g; is of type 2 and the three curves are in
the same orbit. Summarizing, a; € A4 is a curve that intersects two distinct curves b;, b;, € B both having
exponent |n;| = 2 in tg. However, such a; cannot be a curve in a braided multitwist (see Table 1). O
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Figure 3: Planar torus 7; for i (a;, b;) = 0.
From here, the cases of Proposition 3.10 become more subtle. The next result deals with type 1 curves.

Lemma 3.14 Consider two reduced multitwists T4, tg and let | = t4tgty. If aj € A is atype 1 curve,
then |Orby(a;)| = 2.

Proof Consider the curve a;, = f2-a; and the set of curves B; = {b € B | i(a;, b) # 0}. Given that a;
is a type 1 curve, we know every b € B; has exponent 1 in 7p and satisfies i (a;, b) = 1 (see Table 1).
Furthermore, X (a;, tg) = 0 and it follows that | B;| is even.

Let 7; be an open regular neighbourhood of a; U (¢ B b. Note the subsurface 7; is homeomorphic to a
torus with punctures. Since X (a;, tg) = 0, if two curves b; s b j+1 € B; bound a once punctured annulus
in 7;, then their powers in tp have opposite signs. We represent 7; as a planar torus in Figure 3, where
we denote by b j the curves in B; and the exponents correspond to those in .

Given that a; is a type 1 curve, we have that i (a;, b) € {0, 1} for every b € B. Since a;, is in the orbit of
aj, then a;, is also of type 1 and i (a;,, b) € {0, 1} for every b € B. It is now a consequence of Lemma 3.12
that i (a;, b) = i(a;,, b) for every b € B. In particular, we know that i (a;,,b) =i(a;,b) =i(a;,b;) =0
for every b € Orbs(a;). This implies
{i(ail TR ai) =i(ai;,bi) =0,
i(ai,, rgl -a;) =1i(a;,tp-ai,) =i(ai,bi,) =0.

Notice the conditions ensure that a;, is either contained in 7; or disjoint from 7. Indeed any curve ¢
that intersects 7; and i is not contamed in T; either satisfies i (¢, tp-a;) # 0 ori(c, tz! -a;) # 0 (see
Figure 3). Now, i (a;,, by) = i(a;,b;) = 1 implies a;, intersects 7; and therefore a;, is contalned in 7j.

To finish, we note that the only curve a;, in 7; satisfying i (a;,, tp-a;) =i(a;,, rl;l -a;) = 0 is the curve
aj; = a;. So we conclude [Orbs(a;)| = 2. |

The next lemma proves Proposition 3.10 for type 4 curves.

Lemma 3.15 Consider two reduced multitwists t4, tg and let f = t4tpt4. Ifa; € A is a type 4 curve,
then |Orby(a;)| = 2.
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Figure 4: Planar torus 7; for i (a;, b;) = 1 and X(a;, 1) = 0.

Proof The strategy of the proof is analogous to that of Lemma 3.14. Consider a;, = f 2. q; and the set
of curves B; ={b € B |i(b,a;) # 0}. Since a; is of type 4, it follows that i (b, a;) = 1 for every b € B;,
that | B;| is even and every curve in B; has power *1 in tg, except for a single curve which has power
42 (see Table 1).

Let 7; be an open regular neighbourhood of a; U | B; b. The above paragraph implies 7; is a torus
with punctures. Since X (a;, tg) = 0, then two curves b;, by € B; bounding a single punctured annulus
in 7; have powers of opposite sign in tg. In Figure 4 we represent 7; as a planar torus, where we label
b j the curves in B; and the exponents correspond to those in 7.

Given that a; and a;, are type 4 curves, then i (a;, b), i (a;, p) € {0, 1} for every b € B. Thus, Lemma 3.12
implies i (a;, b) =i(a;,, D) for every b € B. It follows a;, is a curve satisfying

i(ai. bj) =1,

i(aiy,ai) =0,

i(aiy,tg-ai) =i(ai;. bi) =1,

i(a,-l,tgl -a;j) =1i(a;,tp-ai,) =i(a;i, bi) = 1.
The only curve satisfying above equations is a;; = a; (see Figure 4). One may check this fact by
considering the point of intersection between a;, and Bk, where Ek € B; is the only curve in B; with
exponent two. Then, by inspection, it is clear g;, is contained in 7;. Readily, we obtain that ¢;, and a;
are homotopic, that is, a@;; = a;. Thus, |Orby(a;)| = 2. |

Lastly, we consider the longer case of type 3 curves. We work through this case in the next three lemmas.

Lemma 3.16 Consider two reduced multitwists T4, tg and let f = t4tpty4. Ifa; € A is a type 3 curve
and |Orbys(a;)| > 2, then there exist by € B that intersects a; and satisfies |Orby(by)| = 2. Also, any
other b € B\ {by} intersecting a; satisfies |Orby(b)| = 4.

Proof Let B; ={be B|i(a;,b)# 0} and T; an open regular neighbourhood of the curves a; U| ¢ B, b
Given that g; is of type 3, we deduce | B;| is odd (see Table 1) and 7; is a torus with | B;| punctures.
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Figure 5: The planar torus T; for i (a;, b;) = 1 and X (a;, t5) = 1.

The intersection points of @; with curves in B; induce a cyclic order in B;. Considering this order, we may
write 151 , 52, el 5| B;| to denote the curves in B;. Since X(a;, Tg) = 1, we can arrange the subindices in
b ; so that the powers in 7p alternate sign. Even though the signs alternate, the curves by and l;| B;| have
the same sign since | B;| is odd. In Figure 5 we represent 7; as a planar torus.

Leta;, = f2-a; € A. By hypothesis a;, # a;. As in previous lemmas, we may use Proposition 3.4 and
Lemma 3.12 to check that a;, satisfies the equations

i(aiy,ai) =0,

i(aj,,b)=i(a;,b) forallbe B,

i(ai,,tg-ai) =1,

i(ail,rgl -a;j) = 1.
From these conditions it follows that either a;, = a; or a;; N T; has a representative as in Figure 6.
Namely, a;, has a representative in minimal position with curves in 4 U B, therefore disjoint from a;
and intersecting once every b € B;; also, a;, N T; is an arc with endpoints in a single puncture of 7; and
Ti \ (a; Uaj,) is the union of an annulus and a | B;| — 1 punctured annulus. To check that a;, = a; or
a;j, N T; has a representative as in Figure 6, we may consider the point of intersection of a;, with 15| B;|
(see Figure 5). Then, by inspection, we see that a curve a;, satisfying above equations must be as claimed.

(We warn the reader that in the next paragraphs we silently use the Alexander method [1, Proposition 2.8].
We are taking representatives of a;, a;,, every b € B; and a representative of f2, so that f2 permutes the
curves b € B; and sends a; to a;,.)

Now, denote y; the subarc of @; that goes from a; N l;| B;|toa;N b 1 and is disjoint from the rest of b ;7S
In the same style, define y;, to be the subarc of @;, going from a;, N 5| B;|toai N b 1 and is disjoint from
the rest of b ;’s (see Figure 6). Observe that f 2.y; is a subarc of a;, with interior disjoint from the curves
l;j ’s. The endpoints of f2-y; are points of intersection of a;, with f2 -by and with /2 -l;| B;|- Since by
and l;| B;| have the same power in 7g and f 2 preserves the exponents, the curves 12 -by and 12 -15| B;|
have the same exponent. But the only subarc of a;, as above is y;,, that is, y;, is the only subarc of a;,
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| Yiq

Figure 6: The two possible arcs for a;; N T;.

between consecutive intersection points such that the intersecting curves have the same power. Thus,
f?-yi = yi, and either f? fixes by and b, or it interchanges them.

If 72 fixes both by and 5| B;|» We have that f 2 fixes every b ;. To see this, consider the subarc of ¢; from
151 to 152 (disjoint from every other b 7). Naturally, f2 must send this subarc to the subarc of g;, from
by to by. Since f2 fixes by, then it also fixes b,. By repeating the argument on adjacent subarcs, we
conclude f? fixes every b However, this implies [Orby (b )| = 2 for every b € B; and, since b; € B;,
this contradicts the hypothesis [Orbs(a;)| > 2. Thus, f 2 cannot fix by and b| Bi|-

If, on the contrary, f2 interchanges b; and b|B | i€ f2oby = b|B| and f? b|B| = by. Again,
using the previous argument on subarcs, it is an easy exercise to check that f?2 b] e b| B;|+1—j and
f? b|B |+1—j —b Therefore, [Orby (b)| = 4 for every b € B,\{bl(lB |+1)} and |Orbf(b1(|B |+1))| =2.
The by of the statement corresponds to by, = b1 L(1Bi |+ 1) |

Lemma 3.17 Consider two reduced multitwists t4, tg and let f = t4tpt4. Ifa; € A is a type 3 curve
and |Orby(a;)| > 2, then there exists a unique by € B that intersects a; and such that |Orbs (by )| = 2.
Furthermore, let ay, be the curve f -ay = by. Theni(a;,b) =i(ay,b) forevery b € B.

Proof The first part of the lemma follows from Lemma 3.16. We only need to see that i (a;, b) =i (ay, b)
for every b € B.

Let B ={be B|i(h,a;) #0}and By ={b € B |i(b,ay) # 0}. First, we will see B; C By:

Let bj € B;. From Table 1, we know that i (a;, bj) = 1. Now, using Lemma 3.12 we get i (b;,a;) =1
and thus

S) 1 =10(bil laj]) = Weatp - lail,[o)]) = i(zp -[ai) laj) = Y miial, [a) (i), laj)

beB
= > mi(ail. bD)i(b. 4.
b eB;NB;
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Now, considering Lemma 3.16, we can partition the set B; as
B; = BN (Orby(by) LOrbs(h3) L--- LI Orbf(l;%(w”_l)) U {bx}),

where each orbit has two curves in B (except for {b}). This induces a partition of B; N B; as disjoint
union of Orbf(Em) N Bj and {by} N B;j. We are looking to prove by € Bj, so seeking a contradiction
assume by ¢ Bj. By means of Lemma 3.12, we have

nitaz), b)) br). [a;]) = nyilaz), 121D - [bi) [ag]) = £nii(lai), 112 - bD LS - bl aj ).

Note that for b, # by, each orbit Bj N Orby (b) has two elements, which contribute either as

2-npi(lail. [biD i([ba]. [aj])
or as zero to the sum. Therefore, if by ¢ B; the sum

> miail. (b)) [a;])

b;eB;NB;
is even. But this clearly contradicts that it is equal to £1 (see equation (5)). Hence, by € B; and even more
the argument yields that ng i([a;]. [bx]) 1([bx]. [a;]) = £1([bg]. [a;]) is odd. Given that i (b, a;) € {0, 1,2},
it follows that i (b, a;j) =1 and by Lemma 3.12 we have i (ax, bj) = 1. We conclude 1 =i(a;,b) = (ay, b)
for every b € B; and therefore B; C By.
To complete the lemma, we need to see By C B;. Pursuing a contradiction, assume there exists b; € B
with i (ay, bj) # 0 and i(a;, bj) = 0. First, observe that i (a;, b;) = i(a;,by) = 1 implies j # i and
J # k. Now, i (ax,bj) = 1 follows from j # k (see Table 1). Moreover, 0 =i (a;, bj) =i(b;, aj,) and
by Lemma 3.12 we have i([b;], [@;]) = 0. After this, consider
0="0(b), laj) = arp-lail laj) = D mpiail, baDi(b) [ D= Y miiadl, (b)), laj)).
bieB; b;eB;NB;

Replicating the argument above yields that the previous sum is odd. Indeed, each orbit Orby (Em) N B;
contributes an even number to the sum, plus

nit((a:], [brD (bl [aj]) = £1.

But the sum cannot be odd and equal to zero. Thus, no such b; can exist. In other words, By = B; and it
follows that i (a;, b) = i(ay, b) for every b € B. |

Finally, we prove Proposition 3.10 for type 3 curves.

Lemma 3.18 Consider two reduced multitwists t4, tg and let [ = t4tgty. If a; € A is a type 3 curve,
then [Orby(a;)| = 2.

Proof Assume |Orbs(a;)| > 2. By Lemma 3.17, there exist by € B; with |Orby(ag)| =2 and i (ak,b) =
i(a;, b) for every b € B. Since | Bj| = | Br| is odd, we know from Table 1 that aj, is a type 3 curve and
soi(ag, bp) =1, |nx| =1 and X(ag,tg) = 1.
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Figure 7: The planar torus T. The thick line and the thin line represent the two possible arcs for
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Take any curve b; € By \ {by}, from Lemma 3.16 we have that [Orbs(b;)| = 4. Notice that a; is
a type 3 curve, since Lemmas 3.11, 3.13, 3.14 and 3.15 rule out any other type in Table 1. Now,
considering Lemma 3.17, we deduce i (ax,b) = i(aj, b) for every b € B. As a consequence, any two
curves bj, by € By = B; satisty i(a;,b) =i(ay,b) forevery b € B.

We continue by considering 7% an open regular neighbourhood of the curves ax U By b (see Figure 7).
For any bj € By consider the curve a; such that f -a; = b;. By the previous paragraph, we know a;
satisfies the equations

i(aj,ar) =0,

i(aj,b)=i(ax,b) forallbe B,

i(aj,tp-ay) =1,

i(aj,fl;l -ag) =1.
Since a; satisfies the same conditions as a;, in the proof of Lemma 3.16, we may use the same argument
to find a representative of a; disjoint from ay such that a; N T is an arc with endpoints in a single
puncture, and Ty \ (ax U aj) is the union of an annulus and a |By| — 1 punctured annulus. Simpler,
aj N Ty is as in Figure 7.

We emphasize that a; N T} is as in Figure 7 for any curve aj € A with f -a; = b; € By. By taking
appropriate representatives of each a;, we may assume that by and b g, induce the same cyclic order on
the a;’s (see Figure 8).

Now, consider T the regular neighbourhood of Ub]- €By bj U Ub]- B, @j- The neighbourhood 7' is
homeomorphic to a torus with punctures. We represent 7" as a planar torus in Figure 9, where we denote
a; the curves that satisfy f-a; = b ;. To check that 7" is a torus with punctures, it is enough to consider a
regular neighbourhood of the curves as depicted in Figure 8.

Recall that the intersection of a; with curves b_j induces the cyclic order by,..., l;| B;|- In the same
fashion, the intersection of by with curves a; induces the cyclic order ay, ..., a,p,| (see Figure 9). This
simply follows from the fact that f'-a; = b; and f -ay = by.
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Figure 8: The planar torus 7. The arcs aj, N Ty, for a;, € A are represented with different colours
or thickness.

Finally, one may directly check that i (tpt4 -l;| B;|> 1) # 0 by taking a representative of 7p74 -5‘ B;|inT
and using the bigon criterion. This clearly yields a contradiction, as tg74 -5| B;| € A and any two curves
in A are disjoint. |

Collecting the previous lemmas we conclude |Orbs(a;)| = 2 for any curve a; € A. This ends up the proof
of Proposition 3.10.

Proof of Proposition 3.10 Consider a curve ¢ € AU B. To prove |Orbs(c)| = 2, it is enough to prove it
for ¢ € A. By Proposition 3.4 the curve c is of type 1, 2, 3, 4 or 5, so it satisfies the conditions of one of
Lemmas 3.11, 3.13, 3.14, 3.15 or 3.18. In any case, the conclusion is |Orbf(c)| =2. O

3.5 Reduced multitwists are trivial

We are close to proving Proposition 3.8. Before doing so, we devote the next lemmas to understand three
concrete cases.

_ ~+1
sy K =4
4 gl—l
—pP 4
[ ]
1 ‘+1
—1» 95
[ [ ] ) [ b4 "
a
— 1
[ J
-—1
° —b a2
{ / / / yl
L+1 % 1 ¢_+1 i 1 ‘_+1
b b; b b, b
1 2 3 4 5

Figure 9: The planar torus 7. The puncture marked with a cross might be a disk.
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Figure 10: Regular neighbourhood of 7 (a;, b;) = 1 with |n;| = 2 such that a; intersects only two
curves in B.

Lemma 3.19 Consider two reduced multitwists t4, tg and let ' = t4tpt4. Ifa; € A is a type 2 curve,
then a; intersects at least three distinct curves in B.

Proof Seeking a contradiction, assume a; intersects at most two curves in B. Since the multitwists are
reduced, a; intersects exactly two curves in B.

Take b;,bj € B to be the two curves that intersect ¢;. We may assume without loss of generality that
n; =2 and nj = —1 (see Figure 10). We have that

+1 = (zatp -[ail. [aj]) = U(zp - [ail. [a;]) = i([ai] + 2i([ai]. [bi])[bi] — U([ai]. [bjDIb;]. [a;])
= 2i([ai]. [b:D1([bi]. [a;]) — i(a:]. [b; ] ([b)]. [a;])
= £2 £ 1([b;]. [a;]).
Notice that for the previous equation to be satisfied, it is required that i (b;, a;) = 1.

To finish, consider 7; a regular neighbourhood of a; U b; U bj. We represent 7; as a planar torus in
Figure 11. Now, we know a; satisfies the equations

i(aj, bi) =1,

i(aj,aj) =0,

i(aj,tp-a;) =1,

i(aj,rgl -a;) = 1.
These conditions imply that a; is a curve contained in 7;. But the only curve in 7; satisfying above
equations is a;, so aj = a;. However, this is impossible since we assumed b; # b;. O

Lemma 3.20 Consider two reduced multitwists T4, tg and let | = t4tpty. Ifaj € A is atype | curve,
then a; intersects at least three curves in B.

Proof Seeking a contradiction, assume a; intersects at most two curves in B. Since the multitwists are
reduced, a; intersects exactly two curves in B.
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Figure 11: Planar torus 7; with i (a;, b;) = 1 and |n;| = 2, such that ¢; intersects only two curves in B.

Take bj, by € B to be the two curves that intersect @;. Without loss of generality, we may assume the
Dehn twists in tg have exponents n; = ny = 1 and n; = —1 (see Figure 12).

Let 7; be a regular neighbourhood of a; U bj U by.. The subsurface 7; is homeomorphic to a torus with
two punctures. We represent 7; as a planar torus in Figure 13. Note that a; satisfies the equations

i(aj,tp-aj) =1,
i(aj,‘fgl -a;) = 1.
Any curve a; satisfying the conditions above is either @; or is a curve disjoint from 7; (see Figure 13). If

i(aj, bj)# 0, then a; intersects 7; and so a; = a;. However, this is not possible since b; # b;. Therefore,
we can assume i (¢, bj) = 0.

Notice that

+1 = i(zp-[ai]. [a;]) = (lai] + i(lai]. [DkDbx] = iai]. [b;DIb)1. [a5])
= (], [k 1], [a;]) — i((ail. [b; D (b)), [a;])
= £i([bk]. [a;]) + (], [a) ]

Figure 12: Regular neighbourhood of @; with i (a;, b;) = 0 such that a; intersects exactly two
curves in B.
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Figure 13: Regular neighbourhood of i (¢;, b;) = 0, where g; intersects two curves in B.

If i (aj, bj) = 0 then the previous equation implies i (a;, bx) = 1. Again, it follows that a; is not disjoint
from 7; and so we have the contradiction a; = a;. |

Lemma 3.21 Consider two reduced multitwists T4, tg and let f = t4tpty4. Ifa; € A is a type 5 curve
and a; intersects at most three curves in B, then, there exists aj € A such that

e eitheraj is a type 1 curve,

e ori(aj,bj)=1(type2,3 or4d),

e ori(aj,bj) =2 and a; intersects at least four curves in B.

Proof Since 174, tg are reduced, a; must intersect at least two curves. Using that i (a;, b;) = 2 and
X(a;i, tg) = 0 (see Table 1 for type 5 curves), we deduce «a; intersects exactly three curves.

Let b;, bj, by € B be the curves intersecting ¢;. We may assume that n; = ny = —1 and n; = 1. Now,
we have

+1 = (a;].[6:]) = i(aj]. T - [ai])
= i([aj]. [ai] + t(lail. [b:D[bi] — i(ai], [b;DIbj] — i(ail. [brDIbr])
= U([ai], [biD (a1, [bi]) — t((ai]. [b;D (a1, [b;]) — tlail, [brD tlaj]. [bx])
= £i(ai]. [bi]) £ i((a;]. [b;]) + i((a;]. [bx ).
If i(aj, bj) € {0, 1}, then we already have the statement. Suppose that i (a;,b;) = 2.
Using that 7 (a;, b;) = 2, the previous equation implies that i (¢, by ) = 1. Since i (aj, bj) =2, X(aj,tp) =

0 and ny =nj = —1, it follows that @; must intersect at least four curves in B as otherwise X (a;, tg) # 0.
O

Lastly, we are ready to prove Proposition 3.8.
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Proof of Proposition 3.8 Assume 14, 7 are nontrivial and let ' = t74tpt4. For each curve a¢; € 4
consider the subset B; C B of curves intersecting a;. Since 74 is nontrivial, there exists an a; € A.

Ifi(a;, bi) <1 and | B;| > 3, consider the graph G isomorphic to the union of curves a; U| ¢ B, b. Recall
that Proposition 3.10 implies that /2 -¢ = ¢ for every ¢ € AU B, so f? defines an automorphism of the
graph G by means of the Alexander method. Even more, /2 fixes every vertex in G and so it follows
that 12 preserves the orientation of a;. In other words, /2 -[a;] = [a;]. Notice there exists b € B; with
i(a;j,b)=1and
i((ai), (b)) = 2(f? - [as), /2 - [b) = U(Qas), /2 - b)),

but this clearly contradicts Lemma 3.12. As a result, there cannot exist ¢; € A with i (a;, b;) <1 and
| Bi| > 3.

Suppose a; € A is a curve with i (a;, b;) = 2 and | B;| > 4, then the previous argument yields the same
contradiction. For i (a;, b;) = 2, we emphasize | B;| > 4 is used to ensure f2 fixes every vertex in G.

To finish, we list the rest of the cases according to Proposition 3.4:

e If a; is a type 1 curve, then Lemma 3.20 ensures |B;| > 3 and we already proved this leads to
contradiction.

e Ifa;isatype 2 curve, then Lemma 3.19 implies | B;| > 3. Again, we know this leads to contradiction.

e If a; is a type 4 curve, then Table 1 guarantees the existence of another curve a; € 4 of type 2.
However, this puts us in the previous case, that has already been discarded.

e If a; is a type 3 curve, then | B;| is odd. Since the multitwists are reduced, it follows that | B;| > 3
and we already checked this case drives to contradiction.

e Atlast, if a; is a type 5 curve and | B;| < 3, then Lemma 3.21 implies the existence of an a; of
type 1,2, 3,4, or 5, and if a; is of type 5 then | B;| > 4. However, we proved in the previous cases
that such a; cannot exist. Thus, a; of type 5 and | B;| < 3 also leads to contradiction.

We have seen that the existence of a; € A leads to a contradiction independently of its type. Therefore, A
is empty and so is B. In other words, t4 = 7p = 1 € Map(S). m|

With this in hand, we may quickly prove Theorem 1.4.

Proof of Theorem 1.4 Consider two braided multitwists 74, tp. Following Section 3 we can write
n n
‘[A:(SZ}...(SZIIE’ ‘[B=8bll-..8bll:’

where t41p14-a; = b;. Additionally, we write A ={ay,...,ar}and B={by, ..., by }. Using Lemma 3.2,
we may assume that 4 and B share no curves and by Lemma 3.3 we may assume every curve a € 4
intersects some curve b € B.
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Let a; € A be a curve intersecting a single curve b in B. In this case, Lemma 3.5 guarantees b = b; = f-a;,

i(a;,b;) = 1 and |n;| = 1. Moreover, we can decompose 74 = T4/ © 8:;.' and Tg = T/ © 8Zf', so that
12

T4/, T are still braided and share no curves.

Repeating the above process until every curve a; € A’ intersects at least two curves in B’, leaves us with
two reduced multitwists T4/, Tg/. But by Proposition 3.8, we have that 74 = tg = 1. Thus, by Lemma 3.5

we conclude that the curves ay, ..., ax, by,..., by are pairwise disjoint except for i (a;, b;) = 1 and that
n; € {—1, 1}, just as we claimed in Theorem 1.4. |
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