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We provide a characterization for multitwists satisfying the braid relation in the mapping class group of
an orientable surface.

20F38, 57M07, 57M60

1 Introduction

Let S be an orientable surface possibly with punctures or boundary. Let Map.S/ be the mapping class
group of S , that is, the group of homeomorphisms of S up to homotopy. In this article we characterize
braided multitwists, ie multitwists �A; �B 2Map.S/ satisfying the braid relation �A�B�AD �B�A�B . First,
let us consider some examples:

Example 1.1 Consider a and b two curves in S intersecting once. Denote their Dehn twists by ıa and ıb .
It is known that

ıaıbıa D ıbıaıb;

and by the same equality the inverses ı�1
a ; ı�1

b
are also braided. It is a lemma that two Dehn twists ıa; ıb

are braided if and only if the curves a and b intersect once [5, Lemma 4.3].

Now, we construct braided multitwists that are not Dehn twists.

Example 1.2 Let �A D ıa1
ıa2
ıa3
ı�1

a4
and �B D ıb1

ıb2
ıb3
ı�1

b4
be two multitwists along the curves ai ; bj

shown in Figure 1. Since ıai
commutes with ıbj

whenever i ¤ j and ai ; bi intersect once, we deduce
�A�B�A D �B�A�B from the previous example.

Note that in Example 1.2 the multitwists �A and �B do not share any common Dehn twist. An easy way
to create new braided multitwists is to add common components with the same power. We do so in the
next example:

Example 1.3 Let �A; �B be the multitwists of Example 1.2 and let d be the curve shown in Figure 1.
Then, the multitwists �Aım

d
and �Bım

d
satisfy the braid relation.

The goal of this article is to prove that braided multitwists are essentially as in Example 1.3.
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Figure 1: Genus five surface.

Theorem 1.4 Let S be an orientable surface. If �A; �B 2Map.S/ are two braided multitwists , then

�A D ı
n1
a1
� � � ınk

ak
�C ; �B D ı

n1

b1
� � � ı

nk

bk
�C ;

where �C is a common multitwist , ni 2f�1; 1g and the curves a1; : : : ; ak , b1; : : : ; bk are pairwise disjoint
except for i.ai ; bi/D 1.

As an application of Theorem 1.4, we can describe homomorphisms from braid groups to mapping class
groups that send standard generators to multitwists. Recall the braid group on n-strands is given by the
presentation

Bn D
˝
�1; : : : ; �n�1 j �i�iC1�i D �iC1�i�iC1 8i; Œ�i ; �j �D 1 8ji � j j> 1

˛
;

and the �i’s are said to be the standard braid generators.

A natural way to produce an embedding ' W Bn ,!Map.S/ is to send each standard generator �i to a
Dehn twist ıci

, where the curves ci ; cj intersect once if ji � j j D 1 and are disjoint otherwise. Any such
' (or '�1) is known as a geometric embedding. If we replace ıci

by a multitwist, then Theorem 1.4
yields a description of ':

Corollary 1.5 Let S be an orientable surface and let Bn be the braid group on n-strands. If

' W Bn!Map.S/

sends a standard generator to a multitwist , then ' factors as 'D
�Qk

iD1 'i

�
ıd , where d WBn!

Qk
iD1 Bn

is the diagonal homomorphism , 'i is a geometric embedding for 1� i < k, and 'k has cyclic image.
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One could hope that every embedding Bn ,!Map.S/ comes from a diagonal decomposition of geometric
embeddings; however this is not the case. For instance, Szepietowski constructed in [6] an embedding
Bn ,!Map.S/ sending a standard generator to a nontrivial root of a Dehn twist.

Theorem 1.4 fits into the bigger picture of results studying relations between multitwists. A closely
related result is [2, Theorem 3.4] of Hamidi-Tehrani, which provides sufficient conditions for two positive
multitwists to generate a free group of rank two. Leininger improved this result in [4, Theorem 6.1]
by classifying pairs of positive multitwists generating a free group. We highlight that Theorem 1.4 for
positive multitwists can be proved using Leininger’s classification. However, Leininger’s techniques do
require the multitwists to be positive and it is not clear how to generalize them to the case of arbitrary
multitwists. Thus, our proof of Theorem 1.4 uses a different approach.

The original motivation for Theorem 1.4 is to further understand homomorphisms between pure mapping
class groups. We will study this application in a forthcoming paper.
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2 Preliminaries

Let S be a connected orientable surface. By a curve on S we will mean the homotopy class of an
unoriented simple closed curve that does not bound a disk or a punctured disk. Brackets around an
oriented curve will be used to denote the homology class of the curve.

For two curves a and b the (geometric) intersection number i.a; b/ is minimum number of intersection
points between representatives of a and b. When the curves a and b are oriented, the algebraic intersection
number O�.Œa�; Œb�/ is the sum of the signs at each intersection point. Importantly, this sum remains invariant
regardless of the choice of representatives for Œa� and Œb�.

Throughout the article, we will blur the difference between curves and their representatives. Additionally,
we will often consider representatives that intersect pairwise minimally. It is a theorem that such
representatives always exist (see [1, Chapter 1.2]).

If a is a curve on S and A is a regular neighbourhood of a given in (oriented) coordinates by

f.h; �/ j h 2 Œ0; 1�; � 2R=.x � xC 2�/g;

Algebraic & Geometric Topology, Volume 25 (2025)
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we can define the twisting map ıa W S ! S that sends .h; �/ 7! .h; � C h�/ on A and is the identity
elsewhere. The resulting mapping class ıa 2Map.S/ is the Dehn twist along the curve a. Note that as a
matter of convention, we take our Dehn twists to be twists to the right.

A multitwist �A 2Map.S/ is a finite product of Dehn twists

�A D ı
n1
a1
� � � ınk

ak
;

where the curves a1; : : : ; ak are distinct, pairwise disjoint and ni 2 Z. The multitwist is positive if
ni � 0 for every i and it is negative if ni � 0 for every i . The subindex A will be used to denote the set
A D fa1; : : : ; akg, and we call A the set of curves of �A. Abusing notation, we will refer to ni as the
power of ai in �A.

The mapping class group Map.S/ acts on the set of curves of S and the action preserves the intersection
number. We will write h �a to denote the action of the mapping class h on the curve a. Similarly, Map.S/
acts linearly on the homology of S and preserves the algebraic intersection number. We will write h � Œa�

for the action of the mapping class h on the homology class Œa�.

The rest of this section is devoted to studying formulas for the geometric intersection number and algebraic
intersection number. For other fundamental results and definitions on mapping class groups, we refer the
reader to [1].

2.1 Geometric intersection formulas

Let a, b and cj be curves on S and consider a positive multitwist �C D ı
n1
c1
� � � ı

nk
ck

. The following is a
well-known bound for the intersection number

(1) i.a; b/�

ˇ̌̌̌
i.a; �C � b/�

kX
iD1

jni j � i.a; ci/ � i.b; ci/

ˇ̌̌̌
:

Naturally, the same bound applies for negative multitwists. See [1, Proposition 3.4] for a proof of this
inequality.

The formula above requires the multitwist to be either positive or negative. However, Theorem 1.4 deals
with multitwists that (possibly) have mixed signs. The next bound on intersection number was proved by
Ivanov for general multitwists; see [3, Proposition 4.2].

Proposition 2.1 Consider two curves a; b and the multitwist �C D ı
n1
c1
� � � ı

nk
ck

with ni 2 Z. Then ,

i.a; b/� �i.a; �C .b//C

kX
jD1

znj � i.a; cj / � i.b; cj /;

where znj Dmax fjnj j � 2; 0g.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: Curve aD
S3

iD0 ai and the intersecting curves c1, c2, c3.

The proof given by Ivanov hides another formula, which will be extensively used in this article. Before
introducing this formula, we need one more piece of notation.

Let a be a curve and �C D ı
n1
c1
� � � ı

nk
ck

a multitwist. The intersection points of a with curves in C define a
partition aD a0[ a1[ � � � [ am, where each ai is an arc between consecutive intersection points. Since
we have an arc for each intersection point, there is a total of mC 1D

Pk
jD1 i.a; cj / arcs. Now, for each

ai set xi D 1 if the subarc ai intersects ck ; cl 2 C and nk � nl > 0. If nk � nl < 0, set xi D 0. We define
the function

X.a; �C /D

mX
iD1

xi :

The function X.a; �C / is nonnegative and it does not depend on the choice of (minimally intersecting)
representatives. This is a consequence of the next proposition.

Although Ivanov does not explicitly state the following result, it follows immediately from the first part
of his proof of [3, Proposition 4.2].

Proposition 2.2 (Ivanov’s hidden formula) Consider a curve a and the multitwist �C D ı
n1
c1
� � � ı

nk
ck

with
ni 2 Z. Then ,

i.a; �C � a/D

kX
jD1

.jnj ji.a; cj /� 1/i.a; cj /CX.a; �C /:

The next example illustrates how to compute X.a; �C / and i.a; �C � a/ using Proposition 2.2.

Example 2.3 Consider the curves in Figure 2 and let �C D ı
2
c1
ı�1

c2
ıc3

. We compute X.a; �C / and
i.a; �C � a/.

The intersection points induce the partition aD a0[ a1[ a2[ a3. Since a0 intersects c1; c2 and they
have powers 2 � �1< 0, then x0 D 0. Since a1 intersects only c1 and 2 �2> 0, then x1 D 1. Similarly, we
compute x2 D 1 and x3 D 0. It follows that X.a; �C /D

P3
iD0 xi D 2 and we obtain i.a; �C � a/D 8

using Proposition 2.2.

Algebraic & Geometric Topology, Volume 25 (2025)
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2.2 Algebraic intersection formulas

The action of a Dehn twist on the homology of a curve is described in [1, Proposition 6.3] by the formula

ın
c � Œa�D Œa�C n � O�.Œa�; Œc�/ � Œc�:

Recall that Map.S/ acts linearly on the homology of S , thus we may iteratively use this equality to obtain
a formula for the action of a multitwist. Let �C D ı

n1
c1
� � � ı

nk
ck

be a multitwist and Œa� the homology class
of an oriented curve, it follows that

(2) �C � Œa�D Œa�C

kX
iD1

nk � O�.Œa�; Œci �/ � Œci �:

From (2) and the bilinearity of O�. �; �/, we derive the following result:

Lemma 2.4 Consider a and b two oriented curves on S . Let �C D ı
n1
c1
� � � ı

nk
ck

be a multitwist in Map.S/.
Then ,

O�.�C � Œa�; Œb�/D O�.Œa�; Œb�/C

kX
iD1

nk � O�.Œa�; Œci �/ � O�.Œci �; Œb�/:

3 Proof of the main result

Consider two braided multitwists

�A D ı
n1
a1
� � � ınk

ak
; �B D ı

m1

b1
� � � ı

ml

bl
:

Recall the subindices A;B denote the sets AD fa1; : : : ; akg and B D fb1; : : : ; blg. The first observation
is that the braid relation implies

.�A�B/�A.�A�B/
�1
D �B:

In particular, for each curve ai there exists a curve bj such that �A�B � ai D bj and ni D mj . Up to
reindexing B, we may assume �A�B � ai D bi and ni Dmi . Taking this into account, we write

�A D ı
n1
a1
� � � ınk

ak
; �B D ı

n1

b1
� � � ı

nk

bk
:

Remark 3.1 We emphasize that reindexing ensures �A�B � ai D bi . Also, we know �B�A � bi 2A, but a
priori �B�A � bi could be different from ai .

As a first step towards Theorem 1.4, the next lemma shows that braided multitwists decompose as a
common part and two braided multitwists sharing no curve.

Lemma 3.2 Let S be an orientable surface. If �A; �B 2 Map.S/ are two braided multitwists , then
�A D �A0�C and �B D �B0�C , where �C is a common multitwist and �A0 ; �B0 are two braided multitwists
sharing no curves.
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Proof Let C DA\B be the set of common curves of A and B. If C is empty, then we take �C D id
and we are done. If C is nonempty:

We may assume �AD ı
n1
a1
� � � ı

nk
ak

, �BD ı
n1

b1
� � � ı

nk

bk
such that �A�B �aiDbi and C Dfal ; : : : ; akg. Note that

every ai 2C is a curve in B, therefore ai is disjoint from every curve in B and so biD�A�B �aiD�A�aiDai .
That is, we may also write C D fbl ; : : : ; bkg. Now, we define

�A0 D ı
n1
a1
� � � ınl�1

al�1
; �B0 D ı

n1

b1
� � � ı

nl�1

bl�1

and
�C D ı

nl
al
� � � ınk

ak
:

By definition �A D �A0�C and �B D �B0�C , where �C is a common multitwist and A0;B0 share no curves.
To finish observe that �A0 ; �B0 are braided multitwists. Indeed, the relation �A�B�A D �B�A�B implies

�A0�C �B0�C �A0�C D �B0�C �A0�C �B0�C :

Since �C commutes with both �A0 and �B0 , the equation �A0�B0�A0 D �B0�A0�B0 follows immediately.

It is worth noting that the previous lemma simplifies the proof of Theorem 1.4 to the case where the
multitwists share no curves. A preliminary observation on braided multitwists sharing no curves is the
following:

Lemma 3.3 Let S be an orientable surface and consider two braided multitwists �A; �B 2Map.S/. If A

and B share no curves , then every ai 2A intersects at least one curve in B.

Proof Take �A D ı
n1
a1
� � � ı

nk
ak

and �B D ı
n1

b1
� � � ı

nk

bk
, so that �A�B � ai D bi .

Seeking a contradiction, suppose there is a curve ai 2 A disjoint from every curve in B. Then, bi D

�A�B � ai D �A � ai D ai and ai 2 B. But this is not possible since A and B share no curves.

The goal of the next section is to understand how the curves in �A and �B may intersect each other.

3.1 Curves in braided multitwists

Let �A; �B 2Map.S/ be two braided multitwists. In this section we describe how a curve a 2 A may
intersect the curves in B. This description will come as a consequence of Proposition 2.2.

As in Section 3, we write �A D ı
n1
a1
� � � ı

nk
ak

and �B D ı
n1

b1
� � � ı

nk

bk
, so that �A�B � ai D bi . Using Ivanov’s

formula, we deduce

(3) i.ai ; bi/D i.ai ; �A�B � ai/D i.ai ; �B � ai/D

kX
jD1

.jnj ji.bj ; ai/� 1/i.bj ; ai/CX.ai ; �B/:

In Table 1 we list the possible (nonnegative) values of i.ai ; bi/, X.a; �B/ and jni j for which (3) is
satisfied. Notice each curve ai 2A is of a single type in Table 1. We collect these facts in the following
proposition:

Algebraic & Geometric Topology, Volume 25 (2025)



4192 Rodrigo De Pool

type i.ai ; bi/ jni j X.ai ; �B/ intersecting curves

1 0 — 0 if i.ai ; bj /¤ 0 and i ¤ j , then i.ai ; bj /D 1 and jnj j D 1

2 1 2 0 if i.ai ; bj /¤ 0 and i ¤ j , then i.ai ; bj /D 1 and jnj j D 1

3 1 1 1 if i.ai ; bj /¤ 0, then i.ai ; bj /D 1 and jnj j D 1

4 1 1 0 there exists bl with i.ai ; bl / D 1 and jnl j D 2, while if bj 2 B n fblg

and i.ai ; bj /¤ 0, then i.ai ; bj /D 1 and jnj j D 1

5 2 1 0 if i.ai ; bj /¤ 0 and i ¤ j , then i.ai ; bj /D 1 and jnj j D 1

Table 1: Description of curves ai 2A in braided multitwists �A; �B .

Proposition 3.4 Let S be an orientable surface and consider two braided multitwists �A; �B 2Map.S/.
If

�A D ı
n1
a1
� � � ınk

ak
; �B D ı

n1

b1
� � � ı

nk

bk

and �A�B � ai D bi . Then , every curve ai 2A is of Type 1, 2, 3, 4 or 5 (see Table 1).

Notice Proposition 3.4 already provides some restrictions on the curves A [ B. For instance, we
immediately know that i.a; b/ 2 f0; 1; 2g for any two curves a; b 2A[B.

3.2 Reducing braided multitwists

Lemma 3.2 reduces the proof of Theorem 1.4 to the case where braided multitwists �A; �B share no
curves. In this section we further simplify �A; �B to the case where every curve in A intersects at least
two curves in B. To start, the following lemma describes curves a 2A that intersect a single curve in B.

Lemma 3.5 Let S be an orientable surface and �A; �B 2 Map.S/ two braided multitwists. If a 2 A

intersects only one curve b 2 B. Then , b D �A�B � a, i.a; b/D 1 and jnj D 1, where n is the power of a

in �A. Moreover , b is disjoint from every curve in A n fag.

Proof We may assume �A D ı
n1
a1
� � � ı

nk
ak

and �B D ı
n1

b1
� � � ı

nk

bk
, so that �A�B � ai D bi . Further assume

aD a1 and nD n1.

If a1 intersects a single curve, then X.a1; �B/ > 0. By Proposition 3.4 the curve a1 is of type 3. It follows
that X.a1; �B/D 1, jn1j D 1 and i.a1; b1/D 1. Since a1 intersects a single curve b 2 B, then b D b1.
This establishes the first part of the lemma.

Recall that �A�B�A �ai D bi and �A�B�A �B DA. Therefore, if a1 intersects a single curve in B, then b1

intersects a single curve in A.
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If the curve ai is under the conditions of the previous lemma, the pair ai ; bi can be “deleted” from the
multitwists �A; �B . Indeed, consider

�A0 D ı
n1
a1
� � � ıni�1

ai�1
� ı

niC1
aiC1
� � � ınk

ak
; �B0 D ı

n1

b1
� � � ı

ni�1

bi�1
� ı

niC1

biC1
� � � ı

nk

bk
:

Then, it is easy to verify that �A0�B0�A0 D �B0�A0�B0 .

The previous process simplifies the braided multitwists �A; �B by eliminating the components that are
clearly braided and do not interact with any other curves in �A; �B . By simplifying until there are no such
pairs, we obtain reduced multitwists:

Definition 3.6 (Reduced multitwists) Let �A; �B 2Map.S/ be two braided multitwists. We will say
�A; �B are reduced if every curve a 2A intersects at least two distinct curves in B.

Remark 3.7 If �A; �B are reduced multitwists, then A;B have no common curves.

A key ingredient in the proof of Theorem 1.4 is that reduced multitwists are trivial. We record this fact in
the next proposition, and dedicate most of the next sections to proving it.

Proposition 3.8 Let S be an orientable surface. If �A; �B are reduced multitwists , then

�A D �B D 1 2Map.S/:

To prove Proposition 3.8 we will need to understand the action of �A; �B on the curves A[B.

3.3 Action on curves and their homology classes

Let �A D ı
n1
a1
� � � ı

nk
ak

and �B D ı
n1

b1
� � � ı

nk

bk
be two braided multitwists. We will consider the action of

f D �B�A�B on the curves A[B and the action on their homology classes.

Recall that up to reindexing B, we may assume f � ai D bi . We will write ai1
for the image f � bi D ai1

and, in general, we write aik
for the image f � bik�1

D aik
. The orbits of curves will be denoted by

Orbf .ai/D ff
k
� ai j k 2 Zg:

The action of f by conjugation on �A and �B permutes the curves A[B and preserves the powers of the
associated Dehn twists. In other words, any two curves a; b 2A[B in the same f-orbit have associated
Dehn twists with the same powers in �A; �B . As a consequence, two curves a; a0 2A in the same f-orbit
have the same type in Table 1.

We will also consider the action of f on the homology classes of curves in A[B. To achieve this, we
need to assign orientations to the curves in A[B: for each orbit Orbf . �/ take a representative of the orbit
a 2 Orbf . �/ and fix an arbitrary orientation on a. Then, any other curve c 2 Orbf .a/ in the orbit inherits
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an induced orientation. This orientation comes from considering the smallest k 2N such that f k � aD c.
Since a is oriented it induces an orientation on f k � a, which we consider as the orientation of c.

The selected orientations allows us to talk about homology classes Œc� for curves c 2A[B. The following
diagram schematizes our choice of orientations:

Œai �
f
�! Œbi �

f
�! Œai1

�
f
�! Œbi1

�
f
�! Œai2

�
f
�! � � �

f
�! Œbim

�;

where the orientation Œai � is arbitrary.

Remark 3.9 Notice there could be an m 2N such that f m � Œai �D�Œai �.

The next step is to show that the orbit of every curve c 2A[B has size two, ie jOrbf .c/j D 2.

3.4 Orbits have size two

Proposition 3.10 Consider two reduced multitwists �A; �B and let f D �A�B�A. Then , jOrbf .c/j D 2

for every curve c 2A[B.

To prove Proposition 3.10 we treat each type of curve ai 2A separately (see Table 1). Thus, this proof is
split among various lemmas and propositions below.

Lemma 3.11 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2 A is a curve of
type 5, then jOrbf .ai/j D 2.

Proof Looking for a contradiction, assume jOrbf .ai/j> 2. In that case, there exists b 2 Orbf .ai/ such
that f � b D ai and b ¤ bi . Notice

i.b; ai/D i.f � b; f � ai/D i.ai ; bi/D 2:

Thus, ai has intersection two with two distinct curves b; bi 2 B. But this is not possible (see Table 1 for
type 5 curves).

Before continuing with other cases, we require the following lemma.

Lemma 3.12 Consider two reduced multitwists �A; �B and let f D �A�B�A. For any curves ai 2A and
b 2 B, we have that

O�.Œai �; Œb�/D�O�.Œai �; f
2
� Œb�/:

In particular , if O�.Œai �; Œb�/D˙1 then i.ai ; f
2k � b/D 1 for every k 2 Z.

In words, a curve ai 2 A has the same algebraic intersection number (up to sign) with every curve in
Orbf .b/\B.

Algebraic & Geometric Topology, Volume 25 (2025)



Braided multitwists 4195

Proof Let a 2A be the curve aD �B�A � b. Note that �B�A � Œb�D˙Œa� and so it follows that

0D O�.Œai �; Œa�/D O�.Œai �;˙�B�A � Œb�/D O�.Œai �; �B�A � Œb�/:

Now, by (2) we have

0D O�.Œai �; �B�A � Œb�/D O�

�
Œai �; �A � Œb�C

X
bk2B

nk O�.�A � Œb�; Œbk �/ Œbk �

�
:

From here, linearity yields

(4) O�.Œai �; Œb�/D�
X

bk2B

nk O�.�A � Œb�; Œbk �/O�.Œai �; Œbk �/:

On the other hand, using the braid relation

O�.Œai �; f
2
� Œb�/D O�.Œai �; .�A�B�A/.�B�A�B/ � Œb�/

D O�.Œai �; �B�A�B�A � Œb�/

D O�.Œai �; �
2
B�A � Œb�/

D O�

�
Œai �; �A � Œb�C 2

X
bk2B

nk O�.�A � Œb�; Œbk �/Œbk �

�
D O�.Œai �; Œb�/C 2

X
bk2B

nk O�.�A � Œb�; Œbk �/O�.Œai �; Œbk �/:

Substituting (4) in the previous equality, we obtain

O�.Œai �; f
2
� Œb�/D�O�.Œai �; Œb�/:

For the second part of the lemma, it is enough to observe that Proposition 3.4 implies i.a; b/ 2 f0; 1; 2g

for any two curves a; b 2 A [B. Thus, O�.ai ; b/ D ˙1 implies i.ai ; b/ D 1 and, since the algebraic
intersection number only changes sign, we conclude i.ai ; f

2k � b/D 1.

The next lemma proves Proposition 3.10 for type 2 curves ai 2A.

Lemma 3.13 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 2 curve ,
then jOrbf .ai/j D 2.

Proof Recall we denoted bi D f � ai , ai1
D f � bi and bi1

D f � ai1
. To proceed by contradiction, we

assume jOrbf .ai/j> 2. In this case, bi1
¤ bi .

Since ai is a type 2 curve, then i.ai ; bi/ D 1 and it follows from Lemma 3.12 that i.ai ; bi1
/ D 1.

Moreover, ai ; bi and bi1
have exponent jni j D 2 in �A; �B , since ai is of type 2 and the three curves are in

the same orbit. Summarizing, ai 2A is a curve that intersects two distinct curves bi ; bi1
2B both having

exponent jni j D 2 in �B . However, such ai cannot be a curve in a braided multitwist (see Table 1).
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Figure 3: Planar torus Ti for i.ai ; bi/D 0.

From here, the cases of Proposition 3.10 become more subtle. The next result deals with type 1 curves.

Lemma 3.14 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 1 curve ,
then jOrbf .ai/j D 2.

Proof Consider the curve ai1
D f 2 � ai and the set of curves Bi D fb 2 B j i.ai ; b/¤ 0g. Given that ai

is a type 1 curve, we know every b 2 Bi has exponent ˙1 in �B and satisfies i.ai ; b/D 1 (see Table 1).
Furthermore, X.ai ; �B/D 0 and it follows that jBi j is even.

Let Ti be an open regular neighbourhood of ai [
S

b2Bi
b. Note the subsurface Ti is homeomorphic to a

torus with punctures. Since X.ai ; �B/D 0, if two curves Nbj ; NbjC1 2 Bi bound a once punctured annulus
in Ti , then their powers in �B have opposite signs. We represent Ti as a planar torus in Figure 3, where
we denote by Nbj the curves in Bi and the exponents correspond to those in �B .

Given that ai is a type 1 curve, we have that i.ai ; b/ 2 f0; 1g for every b 2 B. Since ai1
is in the orbit of

ai , then ai1
is also of type 1 and i.ai1

; b/2 f0; 1g for every b 2B. It is now a consequence of Lemma 3.12
that i.ai ; b/D i.ai1

; b/ for every b 2 B. In particular, we know that i.ai1
; b/D i.ai ; b/D i.ai ; bi/D 0

for every b 2 Orbf .ai/. This implies�
i.ai1

; �B � ai/D i.ai1
; bi/D 0;

i.ai1
; ��1

B
� ai/D i.ai ; �B � ai1

/D i.ai ; bi1
/D 0:

Notice the conditions ensure that ai1
is either contained in Ti or disjoint from Ti . Indeed, any curve c

that intersects Ti and is not contained in Ti either satisfies i.c; �B � ai/ ¤ 0 or i.c; ��1
B
� ai/ ¤ 0 (see

Figure 3). Now, i.ai1
; Nb1/D i.ai ; Nb1/D 1 implies ai1

intersects Ti and therefore ai1
is contained in Ti .

To finish, we note that the only curve ai1
in Ti satisfying i.ai1

; �B �ai/D i.ai1
; ��1

B
�ai/D 0 is the curve

ai1
D ai . So we conclude jOrbf .ai/j D 2.

The next lemma proves Proposition 3.10 for type 4 curves.

Lemma 3.15 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 4 curve ,
then jOrbf .ai/j D 2.

Algebraic & Geometric Topology, Volume 25 (2025)



Braided multitwists 4197

 

↑

&

⑱

-

8. 8. 8. 8. 8. 8.

/

D D ↳ S
-

⑭

ai

�B � ai

��1
B
� ai

NbC2
1

Nb�1
2

NbC1
3

Nb�1
4

NbC1
5

Nb�1
6

Figure 4: Planar torus Ti for i.ai ; bi/D 1 and X.ai ; �B/D 0.

Proof The strategy of the proof is analogous to that of Lemma 3.14. Consider ai1
D f 2 � ai and the set

of curves Bi D fb 2 B j i.b; ai/¤ 0g. Since ai is of type 4, it follows that i.b; ai/D 1 for every b 2 Bi ,
that jBi j is even and every curve in Bi has power ˙1 in �B , except for a single curve which has power
˙2 (see Table 1).

Let Ti be an open regular neighbourhood of ai [
S

b2Bi
b. The above paragraph implies Ti is a torus

with punctures. Since X.ai ; �B/D 0, then two curves Nbj ; Nbk 2 Bi bounding a single punctured annulus
in Ti have powers of opposite sign in �B . In Figure 4 we represent Ti as a planar torus, where we label
Nbj the curves in Bi and the exponents correspond to those in �B .

Given that ai and ai1
are type 4 curves, then i.ai ; b/; i.ai1;b/2 f0; 1g for every b 2B. Thus, Lemma 3.12

implies i.ai ; b/D i.ai1
; b/ for every b 2 B. It follows ai1

is a curve satisfying8̂̂̂<̂
ˆ̂:

i.ai1
; Nbj /D 1;

i.ai1
; ai/D 0;

i.ai1
; �B � ai/D i.ai1

; bi/D 1;

i.ai1
; ��1

B
� ai/D i.ai ; �B � ai1

/D i.ai ; bi1
/D 1:

The only curve satisfying above equations is ai1
D ai (see Figure 4). One may check this fact by

considering the point of intersection between ai1
and Nbk , where Nbk 2 Bi is the only curve in Bi with

exponent two. Then, by inspection, it is clear ai1
is contained in Ti . Readily, we obtain that ai1

and ai

are homotopic, that is, ai1
D ai . Thus, jOrbf .ai/j D 2.

Lastly, we consider the longer case of type 3 curves. We work through this case in the next three lemmas.

Lemma 3.16 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 3 curve
and jOrbf .ai/j > 2, then there exist bk 2 B that intersects ai and satisfies jOrbf .bk/j D 2. Also , any
other b 2 B n fbkg intersecting ai satisfies jOrbf .b/j D 4.

Proof Let Bi Dfb 2B j i.ai ; b/¤ 0g and Ti an open regular neighbourhood of the curves ai[
S

b2Bi
b.

Given that ai is of type 3, we deduce jBi j is odd (see Table 1) and Ti is a torus with jBi j punctures.
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Figure 5: The planar torus Ti for i.ai ; bi/D 1 and X.ai ; �B/D 1.

The intersection points of ai with curves in Bi induce a cyclic order in Bi . Considering this order, we may
write Nb1; Nb2; : : : ; NbjBi j

to denote the curves in Bi . Since X.ai ; �B/D 1, we can arrange the subindices in
Nbj so that the powers in �B alternate sign. Even though the signs alternate, the curves Nb1 and NbjBi j

have
the same sign since jBi j is odd. In Figure 5 we represent Ti as a planar torus.

Let ai1
D f 2 � ai 2A. By hypothesis ai1

¤ ai . As in previous lemmas, we may use Proposition 3.4 and
Lemma 3.12 to check that ai1

satisfies the equations8̂̂̂̂
<̂
ˆ̂̂:

i.ai1
; ai/D 0;

i.ai1
; b/D i.ai ; b/ for all b 2 B;

i.ai1
; �B � ai/D 1;

i.ai1
; ��1

B
� ai/D 1:

From these conditions it follows that either ai1
D ai or ai1

\ Ti has a representative as in Figure 6.
Namely, ai1

has a representative in minimal position with curves in A[B, therefore disjoint from ai

and intersecting once every b 2 Bi ; also, ai1
\Ti is an arc with endpoints in a single puncture of Ti and

Ti n .ai [ ai1
/ is the union of an annulus and a jBi j � 1 punctured annulus. To check that ai1

D ai or
ai1
\Ti has a representative as in Figure 6, we may consider the point of intersection of ai1

with NbjBi j

(see Figure 5). Then, by inspection, we see that a curve ai1
satisfying above equations must be as claimed.

(We warn the reader that in the next paragraphs we silently use the Alexander method [1, Proposition 2.8].
We are taking representatives of ai , ai1

, every b 2Bi and a representative of f 2, so that f 2 permutes the
curves b 2 Bi and sends ai to ai1

.)

Now, denote 
i the subarc of ai that goes from ai \
NbjBi j

to ai \
Nb1 and is disjoint from the rest of Nbj ’s.

In the same style, define 
i1
to be the subarc of ai1

going from ai1
\ NbjBi j

to ai1
\ Nb1 and is disjoint from

the rest of Nbj ’s (see Figure 6). Observe that f 2 �
i is a subarc of ai1
with interior disjoint from the curves

Nbj ’s. The endpoints of f 2 � 
i are points of intersection of ai1
with f 2 � Nb1 and with f 2 � NbjBi j

. Since Nb1

and NbjBi j
have the same power in �B and f 2 preserves the exponents, the curves f 2 � Nb1 and f 2 � NbjBi j

have the same exponent. But the only subarc of ai1
as above is 
i1

, that is, 
i1
is the only subarc of ai1
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between consecutive intersection points such that the intersecting curves have the same power. Thus,
f 2 � 
i D 
i1

and either f 2 fixes Nb1 and NbjBi j
, or it interchanges them.

If f 2 fixes both Nb1 and NbjBi j
, we have that f 2 fixes every Nbj . To see this, consider the subarc of ai from

Nb1 to Nb2 (disjoint from every other Nbj ). Naturally, f 2 must send this subarc to the subarc of ai1
from

Nb1 to Nb2. Since f 2 fixes Nb1, then it also fixes Nb2. By repeating the argument on adjacent subarcs, we
conclude f 2 fixes every Nbj . However, this implies jOrbf . Nbj /j D 2 for every Nbj 2 Bi and, since bi 2 Bi ,
this contradicts the hypothesis jOrbf .ai/j> 2. Thus, f 2 cannot fix Nb1 and NbjBi j

.

If, on the contrary, f 2 interchanges Nb1 and NbjBi j
, ie f 2 � Nb1 D

NbjBi j
and f 2 � NbjBi j

D Nb1. Again,
using the previous argument on subarcs, it is an easy exercise to check that f 2 � Nbj D

NbjBi jC1�j and
f 2 � NbjBi jC1�j D

Nbj . Therefore, jOrbf .b/jD 4 for every b 2Bi nf
Nb 1

2
.jBi jC1/g and jOrbf . Nb 1

2
.jBi jC1//jD 2.

The bk of the statement corresponds to bk D
Nb 1

2
.jBi jC1/.

Lemma 3.17 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 3 curve
and jOrbf .ai/j > 2, then there exists a unique bk 2 B that intersects ai and such that jOrbf .bk/j D 2.
Furthermore , let ak be the curve f � ak D bk . Then i.ai ; b/D i.ak ; b/ for every b 2 B.

Proof The first part of the lemma follows from Lemma 3.16. We only need to see that i.ai ; b/D i.ak ; b/

for every b 2 B.

Let Bi D fb 2 B j i.b; ai/¤ 0g and Bk D fb 2 B j i.b; ak/¤ 0g. First, we will see Bi � Bk :

Let bj 2 Bi . From Table 1, we know that i.ai ; bj /D 1. Now, using Lemma 3.12 we get i.bi ; aj /D 1

and thus

(5) ˙1D O�.Œbi �; Œaj �/D O�.�A�B � Œai �; Œaj �/D O�.�B � Œai �; Œaj �/D
X

bl2B

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/

D

X
bl2Bi\Bj

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/:
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Now, considering Lemma 3.16, we can partition the set Bi as

Bi D B \
�
Orbf . Nb2/tOrbf . Nb3/t � � � tOrbf . Nb 1

2
.jBi j�1//t fbkg

�
;

where each orbit has two curves in B (except for fbkg). This induces a partition of Bi \Bj as disjoint
union of Orbf . Nbm/\Bj and fbkg \Bj . We are looking to prove bk 2 Bj , so seeking a contradiction
assume bk 62 Bj . By means of Lemma 3.12, we have

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/D nl O�.Œai �; f
2
� Œbl �/O�.f

2
� Œbl �; Œaj �/D˙nl O�.Œai �; Œf

2
� bl �/O�.Œf

2
� bl �; Œaj �/:

Note that for Nbm ¤ bk each orbit Bj \Orbf . Nbm/ has two elements, which contribute either as

2 � nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/

or as zero to the sum. Therefore, if bk 62 Bj the sumX
bl2Bi\Bj

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/

is even. But this clearly contradicts that it is equal to˙1 (see equation (5)). Hence, bk 2Bj and even more
the argument yields that nk O�.Œai �; Œbk �/O�.Œbk �; Œaj �/D˙O�.Œbk �; Œaj �/ is odd. Given that i.bk ; aj /2 f0; 1; 2g,
it follows that i.bk ; aj /D1 and by Lemma 3.12 we have i.ak ; bj /D1. We conclude 1D i.ai ; b/D .ak ; b/

for every b 2 Bi and therefore Bi � Bk .

To complete the lemma, we need to see Bk � Bi . Pursuing a contradiction, assume there exists bj 2 B

with i.ak ; bj / ¤ 0 and i.ai ; bj / D 0. First, observe that i.ai ; bi/ D i.ai ; bk/ D 1 implies j ¤ i and
j ¤ k. Now, i.ak ; bj /D 1 follows from j ¤ k (see Table 1). Moreover, 0D i.ai ; bj /D i.bi ; aj1

/ and
by Lemma 3.12 we have O�.Œbi �; Œaj �/D 0. After this, consider

0D O�.Œbi �; Œaj �/D O�.�A�B �Œai �; Œaj �/D
X

bl2Bi

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/D
X

bl2Bi\Bj

nl O�.Œai �; Œbl �/O�.Œbl �; Œaj �/:

Replicating the argument above yields that the previous sum is odd. Indeed, each orbit Orbf . Nbm/\Bj

contributes an even number to the sum, plus

nk O�.Œai �; Œbk �/O�.Œbk �; Œaj �/D˙1:

But the sum cannot be odd and equal to zero. Thus, no such bj can exist. In other words, Bk DBi and it
follows that i.ai ; b/D i.ak ; b/ for every b 2 B.

Finally, we prove Proposition 3.10 for type 3 curves.

Lemma 3.18 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 3 curve ,
then jOrbf .ai/j D 2.

Proof Assume jOrbf .ai/j> 2. By Lemma 3.17, there exist bk 2Bi with jOrbf .ak/j D 2 and i.ak ; b/D

i.ai ; b/ for every b 2 B. Since jBi j D jBk j is odd, we know from Table 1 that ak is a type 3 curve and
so i.ak ; bk/D 1, jnk j D 1 and X.ak ; �B/D 1.
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Figure 7: The planar torus Tk . The thick line and the thin line represent the two possible arcs for
aj \Ti .

Take any curve bj 2 Bk n fbkg, from Lemma 3.16 we have that jOrbf .bj /j D 4. Notice that aj is
a type 3 curve, since Lemmas 3.11, 3.13, 3.14 and 3.15 rule out any other type in Table 1. Now,
considering Lemma 3.17, we deduce i.ak ; b/D i.aj ; b/ for every b 2 B. As a consequence, any two
curves bj ; bl 2 Bk D Bi satisfy i.aj ; b/D i.al ; b/ for every b 2 B.

We continue by considering Tk an open regular neighbourhood of the curves ak[
S

b2Bk
b (see Figure 7).

For any bj 2 Bk consider the curve aj such that f � aj D bj . By the previous paragraph, we know aj

satisfies the equations 8̂̂̂<̂
ˆ̂:

i.aj ; ak/D 0;

i.aj ; b/D i.ak ; b/ for all b 2 B;

i.aj ; �B � ak/D 1;

i.aj ; �
�1
B
� ak/D 1:

Since aj satisfies the same conditions as ai1
in the proof of Lemma 3.16, we may use the same argument

to find a representative of aj disjoint from ak such that aj \ Tk is an arc with endpoints in a single
puncture, and Tk n .ak [ aj / is the union of an annulus and a jBk j � 1 punctured annulus. Simpler,
aj \Tk is as in Figure 7.

We emphasize that aj \ Tk is as in Figure 7 for any curve aj 2 A with f � aj D bj 2 Bk . By taking
appropriate representatives of each aj , we may assume that Nb1 and NbjBi j

induce the same cyclic order on
the aj ’s (see Figure 8).

Now, consider T the regular neighbourhood of
S

bj2Bk
bj [

S
bj2Bk

aj . The neighbourhood T is
homeomorphic to a torus with punctures. We represent T as a planar torus in Figure 9, where we denote
Naj the curves that satisfy f � Naj D

Nbj . To check that T is a torus with punctures, it is enough to consider a
regular neighbourhood of the curves as depicted in Figure 8.

Recall that the intersection of ak with curves Nbj induces the cyclic order Nb1; : : : ; NbjBi j
. In the same

fashion, the intersection of bk with curves Naj induces the cyclic order Na1; : : : ; NajBi j
(see Figure 9). This

simply follows from the fact that f � Naj D
Nbj and f � ak D bk .
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Finally, one may directly check that i.�B�A � NbjBi j
; Na1/¤ 0 by taking a representative of �B�A � NbjBi j

in T

and using the bigon criterion. This clearly yields a contradiction, as �B�A � NbjBi j
2A and any two curves

in A are disjoint.

Collecting the previous lemmas we conclude jOrbf .ai/j D 2 for any curve ai 2A. This ends up the proof
of Proposition 3.10.

Proof of Proposition 3.10 Consider a curve c 2A[B. To prove jOrbf .c/j D 2, it is enough to prove it
for c 2A. By Proposition 3.4 the curve c is of type 1, 2, 3, 4 or 5, so it satisfies the conditions of one of
Lemmas 3.11, 3.13, 3.14, 3.15 or 3.18. In any case, the conclusion is jOrbf .c/j D 2.

3.5 Reduced multitwists are trivial

We are close to proving Proposition 3.8. Before doing so, we devote the next lemmas to understand three
concrete cases.
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Figure 9: The planar torus T . The puncture marked with a cross might be a disk.
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Figure 10: Regular neighbourhood of i.ai ; bi/D 1 with jni j D 2 such that ai intersects only two
curves in B.

Lemma 3.19 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 2 curve ,
then ai intersects at least three distinct curves in B.

Proof Seeking a contradiction, assume ai intersects at most two curves in B. Since the multitwists are
reduced, ai intersects exactly two curves in B.

Take bi ; bj 2 B to be the two curves that intersect ai . We may assume without loss of generality that
ni D 2 and nj D�1 (see Figure 10). We have that

˙1D O�.�A�B � Œai �; Œaj �/D O�.�B � Œai �; Œaj �/D O�.Œai �C 2O�.Œai �; Œbi �/Œbi �� O�.Œai �; Œbj �/Œbj �; Œaj �/

D 2O�.Œai �; Œbi �/O�.Œbi �; Œaj �/� O�.Œai �; Œbj �/O�.Œbj �; Œaj �/

D˙2˙ O�.Œbj �; Œaj �/:

Notice that for the previous equation to be satisfied, it is required that i.bj ; aj /D 1.

To finish, consider Ti a regular neighbourhood of ai [ bi [ bj . We represent Ti as a planar torus in
Figure 11. Now, we know aj satisfies the equations8̂̂̂<̂

ˆ̂:
i.aj ; bi/D 1;

i.aj ; ai/D 0;

i.aj ; �B � ai/D 1;

i.aj ; �
�1
B
� ai/D 1:

These conditions imply that aj is a curve contained in Ti . But the only curve in Ti satisfying above
equations is ai , so aj D ai . However, this is impossible since we assumed bj ¤ bi .

Lemma 3.20 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 1 curve ,
then ai intersects at least three curves in B.

Proof Seeking a contradiction, assume ai intersects at most two curves in B. Since the multitwists are
reduced, ai intersects exactly two curves in B.
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Figure 11: Planar torus Ti with i.ai ; bi/D 1 and jni j D 2, such that ai intersects only two curves in B.

Take bj ; bk 2 B to be the two curves that intersect ai . Without loss of generality, we may assume the
Dehn twists in �B have exponents ni D nk D 1 and nj D�1 (see Figure 12).

Let Ti be a regular neighbourhood of ai [ bj [ bk . The subsurface Ti is homeomorphic to a torus with
two punctures. We represent Ti as a planar torus in Figure 13. Note that aj satisfies the equations�

i.aj ; �B � ai/D 1;

i.aj ; �
�1
B
� ai/D 1:

Any curve aj satisfying the conditions above is either ai or is a curve disjoint from Ti (see Figure 13). If
i.aj ; bj /¤ 0, then aj intersects Ti and so aj D ai . However, this is not possible since bj ¤ bi . Therefore,
we can assume i.aj ; bj /D 0.

Notice that

˙1D O�.�B � Œai �; Œaj �/D O�
�
Œai �C O�.Œai �; Œbk �/Œbk �� O�.Œai �; Œbj �/Œbj �; Œaj �

�
D O�.Œai �; Œbk �/O�.Œbk �; Œaj �/� O�.Œai �; Œbj �/O�.Œbj �; Œaj �/

D˙O�.Œbk �; Œaj �/˙ O�.Œbj �; Œaj �/:

 

b�1
j

aC1
i

bC1
k

Figure 12: Regular neighbourhood of ai with i.ai ; bi/D 0 such that ai intersects exactly two
curves in B.
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Figure 13: Regular neighbourhood of i.ai ; bi/D 0, where ai intersects two curves in B.

If i.aj ; bj /D 0 then the previous equation implies i.aj ; bk/D 1. Again, it follows that aj is not disjoint
from Ti and so we have the contradiction ai D aj .

Lemma 3.21 Consider two reduced multitwists �A; �B and let f D �A�B�A. If ai 2A is a type 5 curve
and ai intersects at most three curves in B, then , there exists aj 2A such that

� either aj is a type 1 curve ,

� or i.aj ; bj /D 1 (type 2, 3 or 4),

� or i.aj ; bj /D 2 and aj intersects at least four curves in B.

Proof Since �A; �B are reduced, ai must intersect at least two curves. Using that i.ai ; bi/ D 2 and
X.ai ; �B/D 0 (see Table 1 for type 5 curves), we deduce ai intersects exactly three curves.

Let bi ; bj ; bk 2 B be the curves intersecting ai . We may assume that nj D nk D�1 and ni D 1. Now,
we have

˙1D O�.Œaj �; Œbi �/D O�.Œaj �; �B � Œai �/

D O�.Œaj �; Œai �C O�.Œai �; Œbi �/Œbi �� O�.Œai �; Œbj �/Œbj �� O�.Œai �; Œbk �/Œbk �/

D O�.Œai �; Œbi �/O�.Œaj �; Œbi �/� O�.Œai �; Œbj �/O�.Œaj �; Œbj �/� O�.Œai �; Œbk �/O�.Œaj �; Œbk �/

D˙O�.Œai �; Œbi �/˙ O�.Œaj �; Œbj �/˙ O�.Œaj �; Œbk �/:

If i.aj ; bj / 2 f0; 1g, then we already have the statement. Suppose that i.aj ; bj /D 2.

Using that i.ai ; bi/D2, the previous equation implies that i.aj ; bk/D1. Since i.aj ; bj /D2, X.aj ; �B/D

0 and nk D nj D�1, it follows that aj must intersect at least four curves in B as otherwise X.aj ; �B/¤ 0.

Lastly, we are ready to prove Proposition 3.8.
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Proof of Proposition 3.8 Assume �A; �B are nontrivial and let f D �A�B�A. For each curve ai 2 A

consider the subset Bi � B of curves intersecting ai . Since �A is nontrivial, there exists an ai 2A.

If i.ai ; bi/� 1 and jBi j � 3, consider the graph G isomorphic to the union of curves ai[
S

b2Bi
b. Recall

that Proposition 3.10 implies that f 2 � c D c for every c 2A[B, so f 2 defines an automorphism of the
graph G by means of the Alexander method. Even more, f 2 fixes every vertex in G and so it follows
that f 2 preserves the orientation of ai . In other words, f 2 � Œai �D Œai �. Notice there exists b 2 Bi with
i.ai ; b/D 1 and

O�.Œai �; Œb�/D O�.f
2
� Œai �; f

2
� Œb�/D O�.Œai �; f

2
� Œb�/;

but this clearly contradicts Lemma 3.12. As a result, there cannot exist ai 2 A with i.ai ; bi/ � 1 and
jBi j � 3.

Suppose ai 2A is a curve with i.ai ; bi/D 2 and jBi j � 4, then the previous argument yields the same
contradiction. For i.ai ; bi/D 2, we emphasize jBi j � 4 is used to ensure f 2 fixes every vertex in G.

To finish, we list the rest of the cases according to Proposition 3.4:

� If ai is a type 1 curve, then Lemma 3.20 ensures jBi j � 3 and we already proved this leads to
contradiction.

� If ai is a type 2 curve, then Lemma 3.19 implies jBi j�3. Again, we know this leads to contradiction.

� If ai is a type 4 curve, then Table 1 guarantees the existence of another curve aj 2 A of type 2.
However, this puts us in the previous case, that has already been discarded.

� If ai is a type 3 curve, then jBi j is odd. Since the multitwists are reduced, it follows that jBi j � 3

and we already checked this case drives to contradiction.

� At last, if ai is a type 5 curve and jBi j � 3, then Lemma 3.21 implies the existence of an aj of
type 1, 2, 3, 4, or 5, and if aj is of type 5 then jBj j � 4. However, we proved in the previous cases
that such aj cannot exist. Thus, ai of type 5 and jBi j � 3 also leads to contradiction.

We have seen that the existence of ai 2A leads to a contradiction independently of its type. Therefore, A

is empty and so is B. In other words, �A D �B D 1 2Map.S/.

With this in hand, we may quickly prove Theorem 1.4.

Proof of Theorem 1.4 Consider two braided multitwists �A; �B . Following Section 3 we can write

�A D ı
n1
a1
� � � ınk

ak
; �B D ı

n1

b1
� � � ı

nk

bk
;

where �A�B�A �aiDbi . Additionally, we write ADfa1; : : : ; akg and BDfb1; : : : ; bkg. Using Lemma 3.2,
we may assume that A and B share no curves and by Lemma 3.3 we may assume every curve a 2 A

intersects some curve b 2 B.
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Let ai 2A be a curve intersecting a single curve b in B. In this case, Lemma 3.5 guarantees bD biDf �ai ,
i.ai ; bi/ D 1 and jni j D 1. Moreover, we can decompose �A D �A0 ı ı

ni
ai

and �B D �B0 ı ı
ni

bi
, so that

�A0 ; �B0 are still braided and share no curves.

Repeating the above process until every curve ai 2A0 intersects at least two curves in B0, leaves us with
two reduced multitwists �A0 ; �B0 . But by Proposition 3.8, we have that �A0 D �B0 D 1. Thus, by Lemma 3.5
we conclude that the curves a1; : : : ; ak , b1; : : : ; bk are pairwise disjoint except for i.ai ; bi/D 1 and that
ni 2 f�1; 1g, just as we claimed in Theorem 1.4.
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