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Positive intermediate Ricci curvature on connected sums

PHILIPP REISER

DAVID J WRAITH

We consider the problem of performing connected sums in the context of positive k th-intermediate Ricci
curvature. We show that such connected sums are possible if the manifolds involved possess “k-core
metrics” for some k. Here, a k-core metric is a generalisation of the notion of core metric introduced by
Burdick for positive Ricci curvature. Further, we show that connected sums of linear sphere bundles over
bases admitting such metrics admit positive k th-intermediate Ricci curvature for k in a particular range.
This follows from a plumbing result we establish, which generalises other recent plumbing results in the
literature and is possibly of independent interest. As an example of a manifold admitting a k-core metric,
we prove that HP n admits a .4n�3/-core metric and that OP 2 admits a 9-core metric, and we show that
in both cases these are optimal.

53C20

1 Introduction

Given two (or more) closed manifolds with the same dimension, the operation of connected sum is perhaps
the most basic topological operation one can perform that again yields a closed manifold with the same
dimension. If one wants to understand the interplay between the topology of manifolds and some aspect
of geometry, investigating how that geometry behaves under connected sums is thus a fundamental task.

In Riemannian geometry, it is natural to ask what kind of curvature bounds can be preserved under
connected sums. In general, this turns out to be a very hard question.

Given two manifolds, both with dimension d � 3 and Riemannian metrics of positive scalar curvature,
Gromov and Lawson [10] famously showed that the connected sum also admits a metric of positive
scalar curvature. Moreover, this metric can be chosen so as to agree with the original metrics outside a
neighbourhood of the connected sum.

At the other extreme, it is so difficult to find metrics of positive sectional curvature that the question of
behaviour under connected sums is unreasonable. In general, it follows from Gromov’s Betti number
bound [9] that arbitrary connected sums cannot preserve positive sectional curvature. Cheeger [7] showed
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that the connected sum of a pair of compact rank-one symmetric spaces admits a metric with nonnegative
sectional curvature. However it is unknown, for example, whether the connected sum of three such spaces
admits nonnegative sectional curvature. Indeed the Bott conjecture on the rational ellipticity of simply
connected closed manifolds admitting nonnegative sectional curvature implies that such metrics should
not exist.

In between the scalar and sectional curvatures lies the Ricci curvature. The question of whether the
connected sum of two manifolds with positive Ricci curvature also supports a metric of positive Ricci
curvature turns out to be intriguing. By the theorem of Bonnet and Myers the connected sum of two
closed, non-simply-connected Ricci-positive manifolds cannot admit a metric of positive Ricci curvature.
However, if at least one of the manifolds is simply connected, the question is open. This problem was
systematically studied by Burdick [4; 5; 6], who, based on earlier work by Perelman [14], introduced the
notion of core metrics and showed that the connected sum of manifolds with core metrics admits a metric
of positive Ricci curvature.

In this article, we consider a natural family of positive curvature conditions which interpolate between
positive Ricci curvature and positive sectional curvature:

Definition 1.1 A Riemannian manifold .M n;g/ has positive k th-intermediate Ricci curvature for some
k 2 f1; : : : ; n � 1g, denoted Rick > 0, if for every unit tangent vector v 2 TM and any orthonormal
k-frame .ei/ in v? the sum

Pk
iD1 K.v; ei/ is positive, where K denotes the sectional curvature.

For k D 1 and k D n� 1, we recover the conditions of positive sectional curvature and positive Ricci
curvature, respectively. Although intermediate curvatures have appeared in the literature for several
decades, in recent times there has been a dramatic increase in interest in these curvatures. For an up-to-date
list of papers which feature intermediate curvatures, see [13].

The main goal of this paper is to establish conditions under which connected sums admit metrics
with Rick > 0.

Our first main result, Theorem A, provides a generalisation of Burdick’s results to intermediate Ricci
curvatures. This theorem requires a generalisation of Burdick’s notion of core metric, and we illustrate
this new notion with reference to projective spaces (Theorem B).

The plumbing of disc bundles has proved to be a very important topological construction in the realm of
positive Ricci curvature. See, for example, [8]. We prove a plumbing result for Rick > 0 (Theorem D),
and then illustrate this by providing examples of connected sums between linear sphere bundles which
admit metrics with positive intermediate Ricci curvatures (Corollary E).

In order to give a precise statement of the results, we must begin by defining our generalisation of
Burdick’s core metrics:
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Definition 1.2 Let M be an n-dimensional manifold and let k 2 f1; : : : ; n� 1g. A Riemannian metric g

on M is called a k-core metric if g has Rick > 0 and if there exists an embedding ' WDn ,!M such that

(i) the induced metric gj'.Sn�1/ is the round metric of radius one, and

(ii) II'.Sn�1/ is positive semidefinite with respect to the outward normal of Sn�1 �Dn.

For kD n�1 we recover the original definition given in [5] except for the fact that the second fundamental
form is required to be strictly positive in [5]. However, a core metric in the sense of Definition 1.2 can
always be deformed into a core metric in the sense of [5]; see, eg, [4, Proposition 1.2.11].

In [5, Theorem B], it is shown that connected sums of manifolds with .n�1/-core metrics support positive
Ricci curvature. We can now generalise this as follows.

Theorem A Let M1; : : : ;M` be n-dimensional manifolds that admit k-core metrics , where k � 2. Then
M1 # � � � # M` admits a metric with Rick > 0.

The main ingredients in the proof of Theorem A are the gluing theorem for positive intermediate Ricci
curvature established in [17], together with the construction of a metric with Ric2 > 0 on Sn n

F
`.D

n/ı,
(which is called the docking station in [5]), whose second fundamental form on the boundary can be
made arbitrarily small; see Theorem 3.1.

Remark 1.3 Since the metric on the docking station is invariant under the action of O.n� 1/O.2/�

O.nC1/, we can take quotients by finite subgroups of O.n�1/O.2/ that act freely as in [5, Corollary 4.7].
In this way we obtain in the situation of Theorem A that RPn # M1 # � � � # M` and L # M1 # � � � # M`

admits a metric of Rick > 0, where L is any n-dimensional lens space (and n is assumed to be odd in this
case). By [4, Lemma 1.2.9], lens spaces and real projective spaces are the only additional summands we
can obtain in this way.

Concerning the existence of k-core metrics, by a result of Wu [22], the boundary condition (ii) in
Definition 1.2 imposes the following topological obstruction.

Proposition 1.4 Let M be a closed n-dimensional manifold that admits a k-core metric. Then M is
.n�k/-connected. In particular , if k �

�
nC1

2

˘
, then M is a homotopy sphere.

We immediately obtain the following restrictions in low dimensions: Every closed 3-manifold with a
k-core metric is diffeomorphic to the standard sphere and the same holds in dimension 5 when k � 3.
In dimension 4 every closed manifold with a k-core metric is homeomorphic to the standard sphere
when k � 2.

On the other hand, it is easy to see that the round metric on Sn is a 1-core metric. Further, by [5],
complex and quaternionic projective spaces and the Cayley plane of dimension n admit .n�1/-core
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metrics, where n denotes the real dimension of the corresponding manifold. By Proposition 1.4, this is
optimal for complex projective spaces. For quaternionic projective spaces and the Cayley plane we obtain
the following improvement, which again is optimal by Proposition 1.4.

Theorem B HPn admits a .4n�3/-core metric and OP2 admits a 9-core metric.

In [18] it was shown that a Betti number bound as in the case of nonnegative sectional curvature [9]
cannot hold for Rick > 0 for all k �

�
n
2

˘
C 2, where n denotes the dimension. By considering connected

sums of copies of HP2 and OP2 using Theorems A and B, we can slightly improve this result as follows.

Corollary C For any `2N the manifold #` HP2 admits a metric of Ric5> 0 and the manifold #` OP2

admits a metric of Ric9 > 0. In particular , Gromov’s Betti number bound does not hold in dimension 8

for Ric5 > 0 and in dimension 16 for Ric9 > 0.

By using manifolds with k-core metrics as base manifolds of fibre bundles, we can also consider plumbings
as in the following theorem, which generalises results for positive Ricci curvature in [15; 20], and for
positive intermediate Ricci curvature in [19].

Theorem D Let W be the manifold obtained by plumbing linear disc bundles with compact base
manifolds according to a simply connected graph. Suppose the following:

(i) For a fixed bundle in this graph the base admits a metric with Rick1
> 0 for some k1. Denote the

base dimension by qC 1 and the fibre dimension by pC 1.

(ii) Every other bundle in this graph with base dimension qC 1 admits a k1-core metric.

(iii) Every bundle with base dimension pC 1 admits a k2-core metric for some k2.

Then , if p;q�2, the manifold @W admits a metric of Rick>0 for all k�maxfpC2;pCk1;qC2;qCk2g.

We can use plumbings as in Theorem D to construct connected sums of sphere bundles as follows.

Corollary E Let Ei! B
q
i , 1� i � `, be linear Sp-bundles with compact base manifolds such that B1

admits a metric of Rick > 0 and each Bi , 2 � i � `, admits a k-core metric. Then the connected sum
E1 # � � � # E` admits a metric of Rick > 0 for all k �maxfpC 2;pC k; qC 1g.

This paper is laid out as follows. In Section 2 we prove a generalisation of the main technical result
in [18]. The aim is to establish criteria which identify when metrics (of the type under consideration in
this paper) have Rick > 0. In Section 3 we prove that the neck construction from [14] actually gives a
metric with Ric2 > 0, and we use this to prove Theorem A. The remaining results (Theorems B, D, and
Corollary E) are then established in Section 4.

Acknowledgement Reiser acknowledges funding by the SNSF-Project 200020E_193062 and the DFG-
Priority programme SPP 2026.
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2 Preliminaries

Let .M n;g/ be a Riemannian manifold. To characterise the condition Rick > 0 we consider the curvature
operator R Wƒ2TM!ƒ2TM defined by

g.R.v1 ^ v2/; v3 ^ v4/D g.R.v1; v2/v4; v3/;

where ƒ2TM is equipped with the Riemannian metric which is the natural extension of g to ƒ2TM, ie

g.v1 ^ v2; v3 ^ v4/D g.v1; v3/g.v2; v4/�g.v1; v4/g.v2; v3/:

We recall some definitions of [18]: For an inner product space V the set fv0 ^ v1; : : : ; v0 ^ vkg �ƒ
2V ,

where .v0; : : : ; vk/ is an orthonormal .kC1/-frame in V , is called a k-chain with base v0. For a linear
map A Wƒ2V !ƒ2V and a k-chain fv0 ^ v1; : : : ; v0 ^ vkg the sum

kX
iD1

hA.v0 ^ vi/; v0 ^ vii

is the value of A on this k-chain. Note that .M;g/ has Rick > 0 if and only if at every point in M the
value of R on every k-chain is positive.

In [18] we considered the condition Rick > 0 for doubly warped product metrics. In this case each tangent
space splits orthogonally into a direct sum V1˚V2˚V3 such that each subspace Vi ^Vj is an eigenspace
for R. Below we will be interested in the following more general situation.

Proposition 2.1 Let .V; h � ; � i/ be a finite-dimensional inner product space of dimension n and let
A Wƒ2V !ƒ2V be a linear self-adjoint map. Suppose that V splits orthogonally as

V D V1˚V2˚V3

so that V1 and V2 are one-dimensional and A is given by

A.v1 ^ v2/D �12v1 ^ v2;

A.v1 ^w1/D �13v1 ^w1C
Q�v2 ^w1;

A.v2 ^w1/D �23v2 ^w1C
Q�v1 ^w1;

A.w1 ^w2/D �3w1 ^w2;

for some �12; �13; �23; Q�; �3 2 R, where v1 and v2 are unit vectors in V1 and V2, respectively, and
w1; w2 2 V3. Then for 2� k � n� 3 the value of A on every k-chain is positive if and only if

(i) �12C
1
2
.k � 1/.�13C�23/ > 0,

(ii) .�12C .k � 1/�13/.�12C .k � 1/�23/ > .k � 1/2 Q�2,

(iii) �13�23 > Q�
2,

(iv) �13; �23; �3 > 0.

For k D n� 2; n� 1 these inequalities are still sufficient , but not necessary.
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Proof First note that if Q�D 0, then the spaces Vi ^Vj are eigenspaces for A, so we are in the situation
of [18, Proposition 2.3]. Observe that (i)–(iv) in this case now become

�12C .k � 1/�13 > 0;

�12C .k � 1/�23 > 0;

�13; �23; �3 > 0;

and these are the inequalities appearing in [18, Proposition 2.3] for k � n� 3, and for k D n� 2; n� 1

these inequalities are easily seen to be implied by those appearing in [18, Proposition 2.3].

From now on we can therefore assume that Q�¤ 0. We modify the vectors v1 and v2 as follows. First, let

�D
�13��23C

p
.�13��23/

2C 4Q�2

2Q�
:

and define
v01 D �v1C v2; v02 D�v1C�v2:

Let V 0
1

and V 0
2

be the subspaces generated by v0
1

and v0
2
, respectively, and set V 0

3
D V3. Then V 0

1
and V 0

2

are orthogonal and V 0
1
˚V 0

2
D V1˚V2. A calculation shows that the spaces V 0i ^V 0j are eigenspaces for

A with eigenvectors �0ij given by

�012 D �12;

�013 D
1
2

�
�13C�23C

p
.�13��23/

2
C 4Q�2

�
;

�023 D
1
2

�
�13C�23�

p
.�13��23/

2
C 4Q�2

�
;

�033 D �3:

By [18, Proposition 2.3], the value of A on every k-chain is positive if and only if the sum of any k

nondiagonal elements in each row of the following .n�n/ matrix is positive:0BBBBBBBB@

0 �0
12

�0
13
� � � � � � �0

13

�0
12

0 �0
23
� � � � � � �0

23

�0
13

�0
23

0 �0
33
� � � �0

33
:::

::: �0
33

: : :
: : :

:::
:::

:::
:::

: : :
: : : �0

33

�0
13

�0
23

�0
33
� � � �0

33
0

1CCCCCCCCA
:

For 2� k � n� 3 this is equivalent to the system of inequalities

�012C .k � 1/�013 > 0; �012C .k � 1/�023 > 0;

�013C�
0
23C .k � 2/�033 > 0; �013C .k � 1/�033 > 0;

�023C .k � 1/�033 > 0; �013; �
0
23; �

0
33 > 0:

For k D n� 2; n� 1 these inequalities are still sufficient, but not all are necessary.
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The inequalities �0
13
C �0

23
C .k � 2/�0

33
> 0, �0

13
C .k � 1/�0

33
> 0 and �0

23
C .k � 1/�0

33
> 0 are

superfluous. Hence, we arrive at the system of inequalities

�12C
1
2
.k � 1/

�
�13C�23C

p
.�13��23/

2
C 4Q�2

�
> 0;(1)

�12C
1
2
.k � 1/

�
�13C�23�

p
.�13��23/

2
C 4Q�2

�
> 0;(2)

�13C�23C

p
.�13��23/

2
C 4Q�2 > 0;(3)

�13C�23�

p
.�13��23/

2
C 4Q�2 > 0;(4)

�3 > 0:(5)

First note that (2) implies (1), and (4) implies (3). Hence, we are left with (2), (4) and (5). Next, observe
that (4) implies �13C�23 > 0 and is therefore equivalent to

�13�23 > Q�
2:

In particular, �13�23 > 0. This observation, together with �13C�23 > 0, is equivalent to

�13; �23 > 0:

Hence, (4) is equivalent to

�13; �23 > 0; �13�23 > Q�
2:

Finally, (2) is equivalent to (i) and (ii), since it is equivalent to

�12C
1
2
.k � 1/.�13C�23/ > 0

and �
�12C

1
2
.k � 1/.�13C�23/

�2
> 1

4
.k � 1/2

�
.�13��23/

2
C 4Q�2

�
:

A calculation now shows that the second inequality is equivalent to (ii).

Remark 2.2 By adapting the arguments in the proof of Proposition 2.1, one can also obtain equivalent
characterisations in the cases k D 1; n� 2; n� 1. We omit this as it is not needed in this article.

3 Perelman’s neck construction

In this section we prove the following result, which is the main ingredient in the proof of Theorem A.

Theorem 3.1 For any � > 0 sufficiently small , ` 2 N, n � 3 and all k � 2 there exists a metric of
Rick > 0 on Sn n

F
`.D

n/ı such that the induced metric on each boundary component is the round metric
of radius one and the principal curvatures are all given by ��.
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The construction of the metric in Theorem 3.1 follows that of [14] and consists of two parts: First, the
ambient space, which is a metric of positive sectional curvature on Sn n

F
`.D

n/ı, where the metric on
each boundary component is a warped product metric whose “waist” can be chosen arbitrarily small
and with principal curvatures all at least -1. It is already established in [14] that the metric has positive
sectional curvature. Second, the neck, which is a metric on Sn�1 � Œ0; 1� connecting the metrics on the
boundary components of the ambient space to round metrics with constant and arbitrarily small second
fundamental form. This metric on the neck is shown to have positive Ricci curvature in [14] and we show
below that it has in fact Ric2 > 0:

Proposition 3.2 Let g be a metric on Sn, n� 2, of the form

g D dt2
CB2.t/dsn�1;

where t 2 Œ0; �R�, and we set r Dmaxt B.t/. Assume that g has sectional curvatures greater than 1 and
suppose that r <R2. Let � 2 .r1=2;R/. Then there exists a metric of Ric2 > 0 on Sn � Œ0; 1� such that

(i) the induced metric on Sn�f0g is the round metric of radius �
�

and satisfies II��� for some �> 0,

(ii) the induced metric on Sn � f1g is isometric to g and satisfies II> 1.

The metric we will construct in the proof of Proposition 3.2 is of the form

dt2
CA.t;x/2dx2

CB.t;x/2ds2
m;

where dx2 denotes the standard metric on S1. We first compute the curvatures of such a metric.

Lemma 3.3 Let t0 < t1 and denote by dt2 the standard metric on Œt0; t1�, and by dx2 the standard
metric on S1. Let A;B W Œt0; t1�� S1! R>0 be smooth positive functions and define the metric g on
Œt0; t1��S1 �Sm by

g D dt2
CA.t;x/2dx2

CB.t;x/2ds2
m:

Let v1; v2 denote vectors tangent to Sm. Then the curvature tensor of g is given by

R.@t ^ @x/D�
At t

A
@t ^ @x;

R.@t ^ v1/D�
Bt t

B
@t ^ v1C

�
�

Bxt

A2B
C

AtBx

A3B

�
@x ^ v1;

R.@x ^ v1/D

�
�

Bxt

B
C

AtBx

AB

�
@t ^ v1C

�
�

AtBt

AB
�

Bxx

A2B
C

AxBx

A3B

�
@x ^ v1;

R.v1 ^ v2/D

 
1�B2

t

B2
�

B2
x

A2B2

!
v1 ^ v2:
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Proof By using the Koszul formula one easily verifies that the Levi-Civita connection of g is given by

r@t
@t D 0;

r@t
@x Dr@x

@t D
At

A
@x;

r@t
v1 Drv1

@t D
Bt

B
v1;

r@x
@x D�AAt@t C

Ax

A
@x;

r@x
v1 Drv1

@x D
Bx

B
v1;

rv1
v2 D�ds2

m.v1; v2/

�
BBt@t C

BBx

A2
@x

�
Cr

Sm

v1
v2:

From this one can now calculate the full curvature tensor.

Proof of Proposition 3.2 We use the same metric as constructed in [14, Section 2]. This metric is
constructed as follows.

We rewrite the metric g as

g D r2 cos2.x/ds2
n�1CA2.x/dx2;

x 2
�
�
�
2
; �

2

�
, where A satisfies A

�
˙
�
2

�
D r , A0

�
˙
�
2

�
D 0. Then, sinceZ �

2

��
2

A.x/ dx D �R;

there exists x 2
�
�
�
2
; �

2

�
with A.x/�R .> r/ (R< 1 by the theorem of Bonnet and Myers). Hence, we

can rewrite A as

A.x/D r.1� �.x/C �.x/a1/;

where � is a function satisfying maxx �.x/D 1, �
�
˙
�
2

�
D 0 and �0

�
˙
�
2

�
D 0, and a1 2R with a1 �

R
r

.

For t0 < t1 we define the metric gt0;t1 on Sn � Œt0; t1� by

gt0;t1 D dt2
CA2.t;x/dx2

CB2.t;x/ds2
n�1;

where

B.t;x/D tb.t/ cos.x/; A.t;x/D tb.t/.1� �.x/C �.x/a.t//

and a, b are functions satisfying

a.t0/D 1; a0.t0/D 0; b.t0/D �; b0.t0/D 0; a.t1/D a1 > 1; b.t1/ > r:

This metric will later be rescaled by r=.t1b.t1// to satisfy the required properties.

Algebraic & Geometric Topology, Volume 25 (2025)



4218 Philipp Reiser and David J Wraith

Using Lemma 3.3 we see that the curvature operator Rgt0;t1
of this metric has the form of the map A in

Proposition 2.1 with

�12 D�
At t

A
DK.@t ^ @x/;

�13 D�
Bt t

B
DK.@t ^ v/;

Q�D�
Bxt

A2B
C

AtBx

A3B
D

1

n� 1
Ric.@t ; @x/;

�23 D�
AtBt

AB
�

Bxx

A2B
C

AxBx

A3B
DK.@x ^ v/;

�3 D
1�B2

t

B2
�

B2
x

A2B2
DK.v1 ^ v2/:

Here v, v1, v2 are tangent to Sn.

The functions a and b are now explicitly defined by

b0

b
D�

ˇ.t � t0/

2t2
0

ln.2t0/
; t0 � t � 2t0;

b0

b
D�

ˇ ln.2t0/

t ln.t/2
; t � 2t0;

a0

a
D�˛

b0

b
; t � t0:

The constants ˛ and ˇ are defined by

ˇ D .1� �/
ln.�/� ln.r/

1C 1
4 ln.2t0/

;

˛ D
.1C ı/

ˇ

ln.a1/

1C 1
4 ln.2t0/

D
.1C ı/

.1� �/

ln.a1/
ln.�=r/

for some �; ı>0 small. These values imply that
R1

t0
b0=bD .1��/.ln r�ln �/ and

R1
t0

a0=aD .1Cı/ ln a1.

Similarly as in [14] we estimate ˛ as follows: At a maximum point of � we have �.x/ D 1 and
�0.x/ tan.x/D 0. Hence, the sectional curvatures of g at this point satisfy (eg by applying Lemma 3.3)

Kg.@x ^ v/D
1

A.x/2

�
1�

sin.x/A0.x/
cos.x/A.x/

�
D

1

r2a2
1

:

Since Kg > 1, it follows that a1 < 1=r . Thus,

ln.a1/ < ln
�

1

r

�
< ln

 
1

r

�2

r

!
D 2 ln

��
r

�
:

Hence, ln.a1/= ln.�=r/ < 2.

We also have a1�R=r >�=r , so that ln.a1/> ln.�=r/. Hence, for � and ı sufficiently small, ˛ 2 .1; 2/.
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By choosing � smaller if necessary, we can assume that .�=r/�g still has sectional curvatures at least 1.
The following estimates are established in [14, Section 2] for t0 sufficiently large (see also [4, Lemma 2.6,
Corollaries C.2.9 and C.3.3]):

�23; �3 �
c1

t2
;

j�12j; j�13j; j Q�j �
c2 ln.t0/
t2 ln.t/2

for some c1; c2 > 0. To estimate �13 a calculation now shows that

�13 D�

�
b00

b
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2b0

tb

�
�

c3 ln.t0/
t2 ln.t/2

for some c3 > 0.

By Proposition 2.1 we need to satisfy

�12C
1
2
.�13C�23/ > 0;(6)

.�12C�13/.�12C�23/ > Q�
2;(7)

�13�23 > Q�
2;(8)

�13; �23; �3 > 0:(9)

From the above estimates it follows directly that (6), (8) and (9) are satisfied for t0 sufficiently large. For
(7) we show that

�12C�13 >
c4 ln.t0/
t2 ln.t/2

for some c4 > 0, from which (7) follows. We calculate
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Similarly as in [14, end of page 161] we see that, since ˛ < 2 and � � 1, the first factor in the first
summand is negative and uniformly bounded from above. Hence, the first summand is bounded from
below by .c5 ln.t0//=.t2 ln.t/2/ for some c5 > 0 and the absolute value of the remaining terms is bounded
from above by .c6 ln.t0//=.t2 ln.t/4/ for some c6 > 0. It follows that the required estimate holds for t0

sufficiently large. Thus, the metric has Ric2 > 0 for t0 sufficiently large.

Note that ı can still be chosen freely (which then determines t1 via a.t1/D a1). This is now done as
in [14] to ensure that the required conditions on the principal curvatures are satisfied.

We can now give the proof of Theorems 3.1 and A. For this, we recall the following gluing theorem
which was established in [17].
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Theorem 3.4 [17, Theorem A] Let .M n
1
; h1/ and .M n

2
; h2/ be Riemannian manifolds of Rick > 0 for

some 1� k � n�1 with compact boundaries , and let � W .@M1; h1j@M1
/! .@M2; h2j@M2

/ be an isometry.
If the sum of second fundamental forms II@M1

C��II@M2
is positive semidefinite , then M1[�M2 admits

a smooth metric of Rick > 0 which coincides with the C 0-metric h D h1 [� h2 outside an arbitrarily
small neighbourhood of the gluing area.

We will also need the following result of Perelman:

Proposition 3.5 [14, Section 3] For every n� 3, `� 0, R0 2 .0; 1/ and r > 0 sufficiently small there
exists a metric g on Sn n

F
`.D

n/ı such that

(i) g has positive sectional curvature ,

(ii) the induced metric on each boundary component is of the form dt2CB.t/2ds2
n�2

with t 2 Œ0; � cos.r/�
and maxt B.t/D cos.r/R0 sin.r C r4=4/=sin.r/, and has sectional curvature at least 1, and

(iii) the principal curvatures at each boundary are all at least �1.

Proof of Theorem 3.1 We equip Sn n
F
`.D

n/ı with the metric provided by Proposition 3.5, where
R0 is so small that R0 < �

2, and r is so small so that cos.r/ > � and cos.r/R0 sin.r C r4/=sin.r/ < �2.
Hence, using Theorem 3.4, we can glue a copy of the neck obtained in Proposition 3.2 to each of the `
boundary components of Sn n

F
`.D

n/ı to obtain a metric of Ric2 > 0 on the resulting manifold. Note
that cos.r/ in Proposition 3.5 corresponds to R in Proposition 3.2 and cos.r/R0 sin.r C r4/=sin.r/ in
Proposition 3.5 corresponds to r in Proposition 3.2, and we choose �D �. Finally, we rescale the metric
by �=� so that the induced metric on each boundary component is the round metric of radius 1 and the
principal curvatures are all given by ��D��.

Proof of Theorem A The proof is essentially similar to the proof of [5, Theorem B]. We denote by
'i WD

n ,!Mi the embedding provided by Definition 1.2. We now slightly perturb the k-core metric on
each Mi n 'i.D

n/ı, eg as in [4, Proposition 1.2.11], such that the second fundamental form is strictly
positive. Let �0 > 0 be the smallest principal curvature of all these metrics. Thus, by Theorem 3.4, we
can glue each Mi n 'i.D

n/ı to Sn n
F
`.D

n/ı with the metric provided by Theorem 3.1 by choosing
� < �0. Hence, we obtain a metric of Rick > 0 on the connected sum M1 # � � � # M`.

4 k-core metrics

In this section we consider k-core metrics. We begin by restating Proposition 1.4.

Proposition 4.1 Let M be a closed n-dimensional manifold that admits a k-core metric. Then M is
.n�k/-connected. In particular , if k �

�
nC1

2

˘
, then M is a homotopy sphere.
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G K H

CP n nD2nı U.n/ U.n� 1/U.1/ U.n� 1/

HP n nD4nı Sp.n/ Sp.n� 1/Sp.1/ Sp.n� 1/

OP 2 nD16ı Spin.9/ Spin.8/ Spin.7/

Table 1: Cohomogeneity-one structure of projective spaces with a disc removed.

Proof Since the boundary of M n'.Dn/ı has positive semidefinite second fundamental form, it follows
from [22, Theorem 1] that M n'.Dn/ı is obtained from '.Sn�1/ by attaching cells of dimension at least
n� kC 1. By viewing '.Dn/ as a 0-cell, we obtain a CW structure for M with no cells in dimensions
between 1 and n� k. It follows that M is .n�k/-connected.

Now if k �
�

nC1
2

˘
, we obtain by Poincaré duality that M is a closed simply connected manifold with

nontrivial homology groups only in degrees 0 and n. Hence, M is a homotopy sphere.

We will now consider examples of manifolds with k-core metrics and applications to plumbing.

4.1 Projective spaces

To prove Theorem B, we will adapt the construction in [7], where a metric of nonnegative sectional
curvature and round totally geodesic boundary is constructed on CPn, HPn and OP2 with a disc removed.
We will follow [3, Sections 3 and 4] and also include the arguments for CPn as they are entirely similar.

The key observation is that, by considering cohomogeneity-one actions on these spaces, they can all
be written as a disc bundle G �K D ! G=H , where H � K � G are compact Lie groups. Here K

acts by isometries on a Euclidean vector space V with principal isotropy group H via a representation
� W K ! O.V /, and D � V is the unit disc. The corresponding groups are given in Table 1; see
[1, Section 6.3; 3, Section 4.1; 12, Example 1].

The representation � is given by projection onto U.1/ (resp Sp.1/) followed by inclusion into O.2/ (resp
O.4/) for CPn (resp HPn). For OP2 it is given by the covering map Spin.8/! SO.8/.

We will construct a k-core metric on G �K D by defining a K-invariant metric on G �D, which then
descends to G �K D such that the projection G �D!G �K D is a Riemannian submersion. On G �D

we consider the metric
g DLC .dt2

Cf .t/2ds2
m/;

where mD dim.V /� 1, L is a left-invariant metric on G which is AdK -invariant and f W Œ0; t0�!R�0

is a smooth function for some t0 > 0 which is odd at t D 0 with f 0.0/D 1 and f .t/ > 0 for t 2 .0; t0�.

Let gD k˚m and kD h˚p be L-orthogonal decompositions of the Lie algebras. For X 2 k, t 2 Œ0; t0� and
v 2 Sm we denote by X �tv the action field at tv 2D defined by X , ie X �tv D

d
ds
�
�
expK .sX /

�
.tv/jsD0.
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Then the vertical and horizontal subspaces V.e;tv/ and H.e;tv/ of T.e;tv/.G �D/ with respect to g are
given for t > 0 by

V.e;tv/ D .h˚f0g/˚f.�X;X �tv/ jX 2 pg;

H.e;tv/ D .m˚f0g/˚f.f .t/2BY;Y �tv/ j Y 2 pg˚ h@t i;(10)

where B Wp!p is the L-symmetric and AdH -linear automorphism defined by L.X;BY /Dds2
m.X

�
tv;Y

�
tv/;

compare [3, Equation (3.1)]. For t D 0 we have

V.e;0/ D k˚f0g;

H.e;0/ Dm˚T0D:(11)

With this description we can now give the proof of Theorem B.

Proof of Theorem B We equip G with the left-G-invariant and right-K-invariant which induces the
round metric on G=H (this metric does not need to be normal homogeneous). For CPn (resp HPn)
the restriction to U.1/ (resp Sp.1/) is then biinvariant, and hence it is the round metric of some radius.
In particular, the map B is a multiple of the identity map. For OP2, the action of H on p is irreducible,
so B is also a multiple of the identity map by Schur’s lemma.

Hence, there exists b 2R so that B D b � Idp. For � > 0 we now define the metric L� on G via

L� D .1C �/LjkCLjm;

so L� is again left-G-invariant and right-K-invariant and the map B� is given by 1
1C�

b�Idp. Then the metric

g� DL�C .dt2
Cf .t/2ds2

m/

on G �D induces a metric Lg� on G �K D such that the projection G �D!G �K D is a Riemannian
submersion. The metric induced on a slice G �K Sm DG �K .K=H /ŠG=H for t > 0 is then given by

f .t/2 b
1C�

1Cf .t/2 b
1C�

L�jpCL�jm D .1C �/
f .t/2 b

1C�

1Cf .t/2 b
1C�

LjpCLjmI

see eg [3, Lemma 3.1; 7; 11]. In particular, if f .t/D
p
.1C �/=.b�/, then this metric coincides with

the metric induced from L on G=H , ie it is the round metric. Thus, we will assume from now on that
for given �, the function f (and the value of t0) is chosen such that f .t0/D

p
.1C �/=.b�/, so that the

induced metric on the boundary of G�K D is round. Moreover, we assume that f 0.t0/� 0, so the second
fundamental form on the boundary is positive semidefinite.

We will now analyse the curvatures of the metric Lg� on G �K D. We assume that f 00 < 0, so the metric
hf D dt2C f .t/2ds2

m on D has positive sectional curvature. We choose � sufficiently small such that
the metric induced on G=H by L� also has positive sectional curvature. It then follows that the metric Lg�
has nonnegative sectional curvature; see [3, Lemma 4.1; 7]. Thus, to determine the smallest value k for

Algebraic & Geometric Topology, Volume 25 (2025)



Positive intermediate Ricci curvature on connected sums 4223

which this metric has Rick > 0, we only need to identify the 2-planes of vanishing curvature, ie for given
u 2 T .G �K D/ we need to determine the set

Zu D fv 2 u? n f0g j sec Lg� .u^ v/D 0g:

Let A denote the A-tensor of the Riemannian submersion .G �D;g�/! .G �K D; Lg�/ and decompose
A into A D A1 CA2 according to the splitting (10), ie A1 has image in h˚ f0g and A2 has image
in f.�X;X �tv/ j X 2 pg. As in [3, Proof of Lemma 4.1] we conclude that for horizontal vectors
uD .u1;u2/; v D .v1; v2/ in T.e;tv/.G �D/ with t > 0, we have

A1
uv DAG=H

u1
v1;

where AG=H is the A-tensor of the Riemannian submersion G!G=H (where we consider G equipped
with the metric L�). It follows from the O’Neill formulas that

Lg�.R
Lg� .u; v/v;u/D g�.R

g� .u; v/v;u/C 3 jAuvj
2

DL�.R
L� .u1; v1/v1;u1/C hf .R

hf .u2; v2/v2;u2/C 3 jAG=H
u1

v1j
2
C 3 jA2

uvj
2

DL�.R
G=H .u1; v1/v1;u1/C hf .R

hf .u2; v2/v2;u2/C 3 jA2
uvj

2:

Since both the metric on G=H and the metric hf have strictly positive sectional curvature, this expression
can only vanish if the pairs .u1; v1/ and .u2; v2/ are both linearly dependant. If we write, according
to (10),

uD .u1;u2/D .X Cf .t/
2B�Y;Y

�
tvC�@t /;

v D .v1; v2/D .X
0
Cf .t/2B�Y

0;Y 0
�

tvC�
0@t /;

this is satisfied if and only if there exist a1; a2 2R such that

.X 0;Y 0/D a1.X;Y / or .X;Y /D .0; 0/; and .Y 0; �0/D a2.Y; �/ or .Y; �/D .0; 0/:

If Y ¤ 0, then a1 D a2, and hence v D a1u and Zu is empty. Hence, we can assume that Y D 0. Then,
if X; �¤ 0, we have X 0 D a1X , �0 D a2� and Y 0 D 0, and hence Zu is contained in a 1-dimensional
subspace. Thus, we are left with the cases X D 0, �¤ 0 and X ¤ 0, �D 0. In the first case, we have
Y 0 D 0 and �0 D a2�, so Zu is contained in a dim.G=K/-dimensional subspace. In the second case we
have Y 0 D 0 and X 0 D a1X , so Zu is contained in a 1-dimensional subspace.

Hence, we have shown that Zu is contained in a dim.G=K/-dimensional subspace for all u2Te;tv.G�K D/

and t > 0. By G-invariance of the metric Lg� this holds for all points .g; tv/ with t > 0. Similar arguments
using (11) show that this result extends to the case t D 0. Thus, the metric Lg� has Ricdim.G=K /C1 > 0.
For CPn this gives a metric of Ric2n�1 > 0, for HPn a metric of Ric4n�3 > 0 and for OP2 a metric of
Ric9 > 0.

4.2 Generalised surgery and plumbing

To prove Theorem D we need two additional results: a surgery result extending [15, Theorem A;
19, Theorem 3.2] and a deformation result that ensures that we can satisfy the assumptions of the surgery
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theorem in our setting. For � > 0 we denote by Sp.�/ the round sphere of radius � and for R;N > 0 we
denote by D

qC1
R

.N / a geodesic ball of radius R in SqC1.N /.

Theorem 4.2 Suppose we have

(i) a Riemannian manifold .M pCqC1;gM / of Rick1
> 0,

(ii) an isometric embedding � WSp.�/�D
qC1
R

.N / ,! .M;gM / (which implies k1�max.pC1; qC2/),

(iii) a linear Sq-bundle E �
�! BpC1, where B is compact and admits a k2-core metric gB .

Then , if p; q � 2, for any r > 0 sufficiently small , there exists a constant � D �.p; q;R=N;gB; r/, such
that if �

N
< �, then the manifold

M�;� DM n im.�/ı[@ �
�1.B n'.DpC1/ı/

admits a metric of Rick > 0 for all k � max.pC 2; qC 2; qC k2/. This metric coincides outside the
gluing area with a submersion metric on E with totally geodesic round fibres of radius r and a scalar
multiple of the metric gM on M .

Proof We equip E with a submersion metric with totally geodesic and round fibres of radius r according
to a horizontal distribution which is integrable over '.DpC1/� B. Then, for r sufficiently small, this
metric has Rick > 0 for all k �max.pC 2; qC k2/ by [19, Corollary 3.1]. Further, over '.DpC1/, the
metric is a product, in particular it is given over '.Sp/ by ds2

p C r2ds2
q . As noted below Definition 1.2,

we can slightly deform the metric on ��1.B n'.DpC1/ı/ so that the induced metric on the boundary
remains unchanged and the second fundamental form on the boundary is strictly positive.

Now, by [18, Theorem C and Remark 4.2] there exists a metric of Rick > 0 on the manifold

M� DM n im.�/ı[@ .D
pC1
�Sq/

for all k�max.p; q/C2 such that the metric near the centre of DpC1�Sq is given by D
pC1
R0

.N 0/�Sq.�0/,
where the values of R0, N 0, �0 can be chosen freely — provided R0

N 0
< �

2
. We choose �0 D r and R0, N 0

so that the induced metric on @DpC1
R0

.N 0/ is ds2
p and the principal curvatures at the boundary are at least

�� for given � > 0 — note that they converge to 0 as R0

N 0
!

�
2

.

It follows that D
pC1
R0

.N 0/ � Sq.�0/ and ��1.B n '.DpC1/ı/ have isometric boundaries, and for �
sufficiently small the principal curvatures of ��1.B n'.DpC1/ı/ at the boundary are greater than those
of D

pC1
R0

.N 0/�Sq.�0/. Hence, by Theorem 3.4, we can replace DpC1�Sq in M� by ��1.Bn'.DpC1/ı/

to construct M�;� while preserving Rick > 0.

To satisfy Theorem 4.2(ii), we need the following deformation result, which generalises [21, Theorem 1.10].

Lemma 4.3 Let .M n;g0/ be a Riemannian manifold of Rick > 0 and let N p � M be a compact
embedded submanifold. Let g1 be a metric of Rick > 0 defined in a tubular neighbourhood U of N . If the
1-jets of g0 and g1 on N coincide , then there exists a metric Qg of Rick > 0 on M that equals g0 outside
U and equals g1 on a (smaller) tubular neighbourhood of N .
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Proof We consider for t 2 Œ0; 1� the metric gt D .1� t/g0C tg1 on U . Since the 1-jets of g0 and g1

coincide on N and since the sectional curvatures depend linearly on the second derivatives of the metric,
we have Kgt

D .1� t/Kg0
C tKg1

on N . In particular, gt has Rick > 0 on N and by compactness this
holds in a neighbourhood of N . By [2, Theorem 1.2] the local deformation gt can now be extended to a
global deformation of g0, which leaves g0 unchanged outside a neighbourhood of N and coincides with
the deformation gt on a (smaller) tubular neighbourhood of N .

Corollary 4.4 Let .M n;g/ be a Riemannian manifold of Rick > 0 and let p1; : : : ;p` 2 M . Then
the metric g can be deformed into a metric of Rick > 0 that has constant sectional curvature 1 in a
neighbourhood of each pi .

Proof We consider normal coordinates around each pi , ie coordinates .x1; : : : ;xn/ in which the metric
is given by gab D ıab CO.r2/, where r denotes the distance to pi . In particular, the first derivatives
@cgab all vanish at pi . By considering normal coordinates at a point in the round sphere of radius 1, we
obtain a second metric around each pi with the same property. Applying Lemma 4.3 now yields the
required deformation.

Proof of Theorem D The proof of Theorem D follows the same lines as the proof of [15, Theorem B]
by observing that @W is obtained by iterated generalised surgeries as in Theorem 4.2. We simply replace
[15, Theorem A] by Theorem 4.2, [15, Proposition 2.2] by [19, Corollary 3.1] and the deformation result
used in the proof of [15, Theorem B] by Corollary 4.4.

Proof of Corollary E Let Ei!Bi denote the disc bundle corresponding to Ei!Bi . We define W as
the manifold obtained by plumbing according to the following graph, where we denote by Dm

M
the trivial

disc bundle M �Dm!M over a manifold M :

D
pC1
Sq D

pC1
Sq

E1 D
q

SpC1 E2 D
q

SpC1
: : : E`

By [16, Propositions 3.2 and 3.3], see also [5, Section 5; 8, Proposition 2.6], the manifold @W is
diffeomorphic to the connected sum E1 # � � � # E`. By Theorem D, the manifold @W admits a metric of
Rick > 0 for all k �maxfpC 2;pC k; qC 1; qg DmaxfpC 2;pC k; qC 1g.

Remark 4.5 In [6] it is shown that the manifolds constructed in Theorem D and Corollary E admit a core
metric, provided each base manifold of the bundles involved admits a core metric. We conjecture that
these manifolds in fact admit k-core metrics with k as given in these results. However, this conjecture is
open even in the simplest case of a linear sphere bundle over a manifold with a core metric (which can be
viewed as a plumbing according to a graph with a single vertex).

Algebraic & Geometric Topology, Volume 25 (2025)



4226 Philipp Reiser and David J Wraith

References
[1] M M Alexandrino, R G Bettiol, Lie groups and geometric aspects of isometric actions, Springer (2015)

MR

[2] C Bär, B Hanke, Local flexibility for open partial differential relations, Comm. Pure Appl. Math. 75 (2022)
1377–1415 MR

[3] R G Bettiol, R A E Mendes, Strongly nonnegative curvature, Math. Ann. 368 (2017) 971–986 MR

[4] B L Burdick, Metrics of positive Ricci curvature on connected sums: projective spaces, products, and
plumbings, PhD thesis, University of Oregon (2019) MR Available at https://www.proquest.com/
docview/2293989895

[5] B L Burdick, Ricci-positive metrics on connected sums of projective spaces, Differential Geom. Appl. 62
(2019) 212–233 MR

[6] B L Burdick, Metrics of positive Ricci curvature on the connected sums of products with arbitrarily many
spheres, Ann. Global Anal. Geom. 58 (2020) 433–476 MR

[7] J Cheeger, Some examples of manifolds of nonnegative curvature, J. Differential Geometry 8 (1973)
623–628 MR

[8] D Crowley, D J Wraith, Positive Ricci curvature on highly connected manifolds, J. Differential Geom. 106
(2017) 187–243 MR

[9] M Gromov, Curvature, diameter and Betti numbers, Comment. Math. Helv. 56 (1981) 179–195 MR

[10] M Gromov, H B Lawson, Jr, The classification of simply connected manifolds of positive scalar curvature,
Ann. of Math. 111 (1980) 423–434 MR

[11] K Grove, W Ziller, Curvature and symmetry of Milnor spheres, Ann. of Math. 152 (2000) 331–367 MR

[12] K Iwata, Compact transformation groups on rational cohomology Cayley projective planes, Tohoku Math. J.
33 (1981) 429–442 MR

[13] L Mouillé, Intermediate Ricci curvature database Available at https://sites.google.com/site/
lgmouille/research/intermediate-ricci-curvature

[14] G Perelman, Construction of manifolds of positive Ricci curvature with big volume and large Betti numbers,
from “Comparison geometry” (K Grove, P Petersen, editors), Math. Sci. Res. Inst. Publ. 30, Cambridge
Univ. Press (1997) 157–163 MR

[15] P Reiser, Generalized surgery on Riemannian manifolds of positive Ricci curvature, Trans. Amer. Math.
Soc. 376 (2023) 3397–3418 MR

[16] P Reiser, Metrics of positive Ricci curvature on simply-connected manifolds of dimension 6k, J. Topol. 17
(2024) art. id. e70007 MR

[17] P Reiser, D J Wraith, A generalization of the Perelman gluing theorem and applications, preprint (2023)
arXiv 2308.06996

[18] P Reiser, D J Wraith, Intermediate Ricci curvatures and Gromov’s Betti number bound, J. Geom. Anal. 33
(2023) art. id. 364 MR

[19] P Reiser, D J Wraith, Positive intermediate Ricci curvature on fibre bundles, Symmetry Integrability Geom.
Methods Appl. 21 (2025) art. id. 006 MR

[20] D Wraith, Exotic spheres with positive Ricci curvature, J. Differential Geom. 45 (1997) 638–649 MR

Algebraic & Geometric Topology, Volume 25 (2025)

https://doi.org/10.1007/978-3-319-16613-1
http://msp.org/idx/mr/3362465
https://doi.org/10.1002/cpa.21982
http://msp.org/idx/mr/4415779
https://doi.org/10.1007/s00208-016-1457-3
http://msp.org/idx/mr/3673642
http://msp.org/idx/mr/4035402
https://www.proquest.com/docview/2293989895
https://www.proquest.com/docview/2293989895
https://doi.org/10.1016/j.difgeo.2018.11.005
http://msp.org/idx/mr/3881650
https://doi.org/10.1007/s10455-020-09732-7
https://doi.org/10.1007/s10455-020-09732-7
http://msp.org/idx/mr/4160777
http://projecteuclid.org/euclid.jdg/1214431964
http://msp.org/idx/mr/341334
https://doi.org/10.4310/jdg/1497405625
http://msp.org/idx/mr/3662991
https://doi.org/10.1007/BF02566208
http://msp.org/idx/mr/630949
https://doi.org/10.2307/1971103
http://msp.org/idx/mr/577131
https://doi.org/10.2307/2661385
http://msp.org/idx/mr/1792298
https://doi.org/10.2748/tmj/1178229347
http://msp.org/idx/mr/643227
https://sites.google.com/site/lgmouille/research/intermediate-ricci-curvature
https://sites.google.com/site/lgmouille/research/intermediate-ricci-curvature
https://library.slmath.org/books/Book30/contents.html
http://msp.org/idx/mr/1452872
https://doi.org/10.1090/tran/8789
http://msp.org/idx/mr/4577335
https://doi.org/10.1112/topo.70007
http://msp.org/idx/mr/4822934
http://msp.org/idx/arx/2308.06996
https://doi.org/10.1007/s12220-023-01423-6
http://msp.org/idx/mr/4643886
https://doi.org/10.3842/SIGMA.2025.006
http://msp.org/idx/mr/4853803
http://projecteuclid.org/euclid.jdg/1214459846
http://msp.org/idx/mr/1472892


Positive intermediate Ricci curvature on connected sums 4227

[21] D Wraith, Deforming Ricci positive metrics, Tokyo J. Math. 25 (2002) 181–189 MR

[22] H Wu, Manifolds of partially positive curvature, Indiana Univ. Math. J. 36 (1987) 525–548 MR

Department of Mathematics, University of Fribourg
Fribourg, Switzerland

Department of Mathematics and Statistics, Maynooth University
Maynooth, Ireland

philipp.reiser@unifr.ch, david.wraith@mu.ie

Received: 25 January 2024 Revised: 15 August 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.3836/tjm/1244208944
http://msp.org/idx/mr/1908221
https://doi.org/10.1512/iumj.1987.36.36029
http://msp.org/idx/mr/905609
mailto:philipp.reiser@unifr.ch
mailto:david.wraith@mu.ie
http://msp.org
http://msp.org




ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Octav Cornea Université’ de Montreal
cornea@dms.umontreal.ca

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Kristen Hendricks Rutgers University
kristen.hendricks@rutgers.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Markus Land LMU München
markus.land@math.lmu.de

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Norihiko Minami Yamato University
minami.norihiko@yamato-u.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Vesna Stojanoska Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

Lior Yanovski Hebrew University of Jerusalem
lior.yanovski@gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2025 is US $760/year for the electronic version, and $1110/year (C$75, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 25 Issue 7 (pages 3789–4436) 2025

3789Algebras for enriched 1-operads

RUNE HAUGSENG

3813An overtwisted convex hypersurface in higher dimensions

RIVER CHIANG and KLAUS NIEDERKRÜGER-EID

3833Presheaves of groupoids as models for homotopy types

LÉONARD GUETTA

3875Product and coproduct on fixed point Floer homology of positive Dehn twists

YUAN YAO and ZIWEN ZHAO

3921Multitwists in big mapping class groups

GEORGE DOMAT, FEDERICA FANONI and SEBASTIAN HENSEL

3931Cofibrantly generated model structures for functor calculus

LAUREN BANDKLAYDER, JULIA E BERGNER, RHIANNON GRIFFITHS, BRENDA JOHNSON and REKHA SANTHANAM

3975Endomorphisms of Artin groups of type D

FABRICE CASTEL and LUIS PARIS

4009Linear bounds of the crosscap number of knots

ROB MCCONKEY

4037Atiyah–Segal completion for the Hermitian K-theory of symplectic groups

JENS HORNBOSTEL, HERMAN ROHRBACH and MARCUS ZIBROWIUS

4073A minimality property for knots without Khovanov 2-torsion

ONKAR SINGH GUJRAL and JOSHUA WANG

4077Local indicability of groups with homology circle presentations

AGUSTÍN NICOLÁS BARRETO and ELÍAS GABRIEL MINIAN

4095Cubulating drilled bundles over graphs

MAHAN MJ and BISWAJIT NAG

4147Infinitely many homeomorphic hyperbolic plugs with the same basic sets

FANGFANG CHEN

4163One-point compactifications of configuration spaces and the self duality of the little disks operad

CONNOR MALIN

4185Braided multitwists

RODRIGO DE POOL

4209Positive intermediate Ricci curvature on connected sums

PHILIPP REISER and DAVID J WRAITH

4229The Sn-equivariant Euler characteristic of the moduli space of graphs

MICHAEL BORINSKY and JOS VERMASEREN

4257Classification of metric fibrations

YASUHIKO ASAO

4287Spaces over BO are thickened manifolds

HIRO LEE TANAKA

4321Representation-graded Bredon homology of elementary abelian 2-groups

MARKUS HAUSMANN and STEFAN SCHWEDE

4341The Z=p-equivariant cohomology of the genus-zero Deligne–Mumford space with 1 C p marked points

DAIN KIM and NICHOLAS WILKINS

4357Geometry of free extensions of free groups via automorphisms with fixed points on the complex of free factors

PRITAM GHOSH and FUNDA GÜLTEPE

4391Coarse cohomology of configuration space and coarse embedding

ARKA BANERJEE

4427Correction to the article An algebraic model for finite loop spaces

CARLES BROTO, RAN LEVI and BOB OLIVER

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2025

Vol.25,
Issue

7
(pages

3789–4436)


	1. Introduction
	2. Preliminaries
	3. Perelman's neck construction
	4. k-core metrics
	4.1. Projective spaces
	4.2. Generalised surgery and plumbing

	References
	
	

