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Positive intermediate Ricci curvature on connected sums

PHILIPP REISER
DAVID J] WRAITH

We consider the problem of performing connected sums in the context of positive k"-intermediate Ricci
curvature. We show that such connected sums are possible if the manifolds involved possess “k-core
metrics” for some k. Here, a k-core metric is a generalisation of the notion of core metric introduced by
Burdick for positive Ricci curvature. Further, we show that connected sums of linear sphere bundles over
bases admitting such metrics admit positive k"-intermediate Ricci curvature for k in a particular range.
This follows from a plumbing result we establish, which generalises other recent plumbing results in the
literature and is possibly of independent interest. As an example of a manifold admitting a k-core metric,
we prove that H P” admits a (4n—3)-core metric and that O P? admits a 9-core metric, and we show that
in both cases these are optimal.

53C20

1 Introduction

Given two (or more) closed manifolds with the same dimension, the operation of connected sum is perhaps
the most basic topological operation one can perform that again yields a closed manifold with the same
dimension. If one wants to understand the interplay between the topology of manifolds and some aspect
of geometry, investigating how that geometry behaves under connected sums is thus a fundamental task.

In Riemannian geometry, it is natural to ask what kind of curvature bounds can be preserved under
connected sums. In general, this turns out to be a very hard question.

Given two manifolds, both with dimension d > 3 and Riemannian metrics of positive scalar curvature,
Gromov and Lawson [10] famously showed that the connected sum also admits a metric of positive
scalar curvature. Moreover, this metric can be chosen so as to agree with the original metrics outside a
neighbourhood of the connected sum.

At the other extreme, it is so difficult to find metrics of positive sectional curvature that the question of
behaviour under connected sums is unreasonable. In general, it follows from Gromov’s Betti number
bound [9] that arbitrary connected sums cannot preserve positive sectional curvature. Cheeger [7] showed
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that the connected sum of a pair of compact rank-one symmetric spaces admits a metric with nonnegative
sectional curvature. However it is unknown, for example, whether the connected sum of three such spaces
admits nonnegative sectional curvature. Indeed the Bott conjecture on the rational ellipticity of simply
connected closed manifolds admitting nonnegative sectional curvature implies that such metrics should
not exist.

In between the scalar and sectional curvatures lies the Ricci curvature. The question of whether the
connected sum of two manifolds with positive Ricci curvature also supports a metric of positive Ricci
curvature turns out to be intriguing. By the theorem of Bonnet and Myers the connected sum of two
closed, non-simply-connected Ricci-positive manifolds cannot admit a metric of positive Ricci curvature.
However, if at least one of the manifolds is simply connected, the question is open. This problem was
systematically studied by Burdick [4; 5; 6], who, based on earlier work by Perelman [14], introduced the
notion of core metrics and showed that the connected sum of manifolds with core metrics admits a metric
of positive Ricci curvature.

In this article, we consider a natural family of positive curvature conditions which interpolate between
positive Ricci curvature and positive sectional curvature:

Definition 1.1 A Riemannian manifold (M", g) has positive k™-intermediate Ricci curvature for some
k € {l,...,n— 1}, denoted Ricg > 0, if for every unit tangent vector v € TM and any orthonormal
k-frame (e?) in v+ the sum Zf;l K (v, e') is positive, where K denotes the sectional curvature.

For k = 1 and k = n — 1, we recover the conditions of positive sectional curvature and positive Ricci
curvature, respectively. Although intermediate curvatures have appeared in the literature for several
decades, in recent times there has been a dramatic increase in interest in these curvatures. For an up-to-date
list of papers which feature intermediate curvatures, see [13].

The main goal of this paper is to establish conditions under which connected sums admit metrics
with Ricg > 0.

Our first main result, Theorem A, provides a generalisation of Burdick’s results to intermediate Ricci
curvatures. This theorem requires a generalisation of Burdick’s notion of core metric, and we illustrate
this new notion with reference to projective spaces (Theorem B).

The plumbing of disc bundles has proved to be a very important topological construction in the realm of
positive Ricci curvature. See, for example, [8]. We prove a plumbing result for Ric; > 0 (Theorem D),
and then illustrate this by providing examples of connected sums between linear sphere bundles which
admit metrics with positive intermediate Ricci curvatures (Corollary E).

In order to give a precise statement of the results, we must begin by defining our generalisation of
Burdick’s core metrics:
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Definition 1.2 Let M be an n-dimensional manifold and let £ € {1,...,n —1}. A Riemannian metric g
on M is called a k-core metric if g has Ricg > 0 and if there exists an embedding ¢: D" < M such that

(1) the induced metric g|(p( sn—1) is the round metric of radius one, and

(ii) II,(gn—1y is positive semidefinite with respect to the outward normal of st c pn.

For k = n—1 we recover the original definition given in [5] except for the fact that the second fundamental
form is required to be strictly positive in [5]. However, a core metric in the sense of Definition 1.2 can
always be deformed into a core metric in the sense of [5]; see, eg, [4, Proposition 1.2.11].

In [5, Theorem B], it is shown that connected sums of manifolds with (z—1)-core metrics support positive
Ricci curvature. We can now generalise this as follows.

Theorem A Let M, ..., My be n-dimensional manifolds that admit k -core metrics, where k > 2. Then
My #---# M, admits a metric with Ricj, > 0.

The main ingredients in the proof of Theorem A are the gluing theorem for positive intermediate Ricci
curvature established in [17], together with the construction of a metric with Ric, >0 on S”\ | |,(D")°,
(which is called the docking station in [5]), whose second fundamental form on the boundary can be
made arbitrarily small; see Theorem 3.1.

Remark 1.3 Since the metric on the docking station is invariant under the action of O(n —1) O(2) €
O(n+1), we can take quotients by finite subgroups of O(n—1) O(2) that act freely as in [5, Corollary 4.7].
In this way we obtain in the situation of Theorem A that RP"# M #---# My and L# M #---# M,
admits a metric of Ricy > 0, where L is any n-dimensional lens space (and 7 is assumed to be odd in this
case). By [4, Lemma 1.2.9], lens spaces and real projective spaces are the only additional summands we
can obtain in this way.

Concerning the existence of k-core metrics, by a result of Wu [22], the boundary condition (ii) in
Definition 1.2 imposes the following topological obstruction.

Proposition 1.4 Let M be a closed n-dimensional manifold that admits a k-core metric. Then M is
(n—k)-connected. In particular, if k < L%J, then M is a homotopy sphere.

We immediately obtain the following restrictions in low dimensions: Every closed 3-manifold with a
k-core metric is diffeomorphic to the standard sphere and the same holds in dimension 5 when k& < 3.
In dimension 4 every closed manifold with a k-core metric is homeomorphic to the standard sphere
when k& < 2.

On the other hand, it is easy to see that the round metric on S” is a 1-core metric. Further, by [5],
complex and quaternionic projective spaces and the Cayley plane of dimension n admit (n—1)-core
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metrics, where n denotes the real dimension of the corresponding manifold. By Proposition 1.4, this is
optimal for complex projective spaces. For quaternionic projective spaces and the Cayley plane we obtain
the following improvement, which again is optimal by Proposition 1.4.

Theorem B H P” admits a (4n—3)-core metric and QP? admits a 9-core metric.

In [18] it was shown that a Betti number bound as in the case of nonnegative sectional curvature [9]
cannot hold for Ricy > 0 for all k£ > L%J + 2, where n denotes the dimension. By considering connected
sums of copies of H P? and QP? using Theorems A and B, we can slightly improve this result as follows.

Corollary C For any £ € N the manifold #, H P? admits a metric of Rics > 0 and the manifold #, Q P>
admits a metric of Ricg > 0. In particular, Gromov’s Betti number bound does not hold in dimension 8
for Rics > 0 and in dimension 16 for Ricg > 0.

By using manifolds with k-core metrics as base manifolds of fibre bundles, we can also consider plumbings
as in the following theorem, which generalises results for positive Ricci curvature in [15; 20], and for
positive intermediate Ricci curvature in [19].

Theorem D Let W be the manifold obtained by plumbing linear disc bundles with compact base
manifolds according to a simply connected graph. Suppose the following:

(i) For a fixed bundle in this graph the base admits a metric with Ricg, > 0 for some k. Denote the
base dimension by q + 1 and the fibre dimension by p + 1.
(ii) Every other bundle in this graph with base dimension g + 1 admits a k1 -core metric.

(iii) Every bundle with base dimension p + 1 admits a k,-core metric for some k.

Then, if p,q>2, the manifold W admits a metric of Ricy >0 for all k >max{p+2, p+ki,q+2,q+k>}.
We can use plumbings as in Theorem D to construct connected sums of sphere bundles as follows.

Corollary E Let E; — qu , 1 <i <, be linear S? -bundles with compact base manifolds such that By
admits a metric of Ricy > 0 and each B;, 2 <i < {, admits a k -core metric. Then the connected sum
E#---# Ey admits a metric of Ricy > 0 forall k > max{p +2,p+k,q+ 1}.

This paper is laid out as follows. In Section 2 we prove a generalisation of the main technical result
in [18]. The aim is to establish criteria which identify when metrics (of the type under consideration in
this paper) have Ricy > 0. In Section 3 we prove that the neck construction from [14] actually gives a
metric with Ric, > 0, and we use this to prove Theorem A. The remaining results (Theorems B, D, and
Corollary E) are then established in Section 4.

Acknowledgement Reiser acknowledges funding by the SNSF-Project 200020E_193062 and the DFG-
Priority programme SPP 2026.
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2 Preliminaries

Let (M", g) be a Riemannian manifold. To characterise the condition Ricg > 0 we consider the curvature
operator R: A>TM — A2TM defined by
g(R(vi Av2), v3 Avg) = g(R(v1, v2)vs, 03),

where A2TM is equipped with the Riemannian metric which is the natural extension of g to A2TM, ie

g1 AV, v3 A V) = g(v1,v3)g(V2, v4) — g(V1,v4)g(V2, V3).

We recall some definitions of [18]: For an inner product space V the set {vg A vy, ..., v Ak} C A%V,
where (v, ..., V) is an orthonormal (k+1)-frame in V', is called a k-chain with base vy. For a linear
map A: A2V — A%V and a k-chain {vg A vy, ..., Vo A v} the sum

k

> " {A(vo A i), vo A i)

i=1
is the value of A on this k-chain. Note that (M, g) has Ricy > 0 if and only if at every point in M the
value of R on every k-chain is positive.

In [18] we considered the condition Ricg > 0 for doubly warped product metrics. In this case each tangent
space splits orthogonally into a direct sum V; @ V, @ V3 such that each subspace V; A V; is an eigenspace
for R. Below we will be interested in the following more general situation.

Proposition 2.1 Let (V,(-,-)) be a finite-dimensional inner product space of dimension n and let
A: A2V — A2V be a linear self-adjoint map. Suppose that V splits orthogonally as
V=Vielel
so that V| and V, are one-dimensional and A is given by
A(v1 Avz) = A12v1 Az,
A(vy Awq) = A13v1 A wq +):v2 AWy,
A(va Awq) = Aazvy Awy +Xv1 AW1,
A(wi Awy) = Azwi A wsy,
for some A1s, A3, )\423,5\4,)\43 € R, where v; and v, are unit vectors in V; and V,, respectively, and
w1, wy € V3. Then for 2 < k < n — 3 the value of A on every k-chain is positive if and only if
() A2+ 3k —1)(A13+A23) >0,
(i) (2 + (k= DA iz + (k= Dhag) > (k = 1)%A,
(i) A13haz > A2,
@iv) A13,A23,A3>0.

Fork =n—2,n— 1 these inequalities are still sufficient, but not necessary.

Algebraic & Geometric Topology, Volume 25 (2025)
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Proof First note that if A = 0, then the spaces V; A V; are eigenspaces for A, so we are in the situation
of [18, Proposition 2.3]. Observe that (i)—(iv) in this case now become
Ao+ (k — 1))\13 > 0,
Ao+ (k — 1))\23 >0,
A13,A23,A3 >0,

and these are the inequalities appearing in [18, Proposition 2.3] fork <n—3,and fork =n—2,n—1
these inequalities are easily seen to be implied by those appearing in [18, Proposition 2.3].

From now on we can therefore assume that A # 0. We modify the vectors vy and v, as follows. First, let

[y = Jeas —haz + V(A3 —Aa3)? 4432
24 '
and define
V) = pvg +v2, vy =—vp + Uos.

Let V{ and V be the subspaces generated by v and v}, respectively, and set V; = V3. Then V| and V,
are orthogonal and V| @ V; = V1 @ V5. A calculation shows that the spaces V; A V] are eigenspaces for
A with eigenvectors A’ ; given by

M =iz,
Ms=3 ()»13 A3+ V(A3 —2A23)° +4)~»2),
My = % ()»13 + Az — \/(k13 —23)? +45&2),
My =As.

By [18, Proposition 2.3], the value of 4 on every k-chain is positive if and only if the sum of any k
nondiagonal elements in each row of the following (nxn) matrix is positive:

(,) )\/12 )\;13 )\;13\

)\/12 9 kza , )\,23

A13 )‘23 0 )‘33 )‘33
Ay

IV

)‘13 )‘23 )‘33 )‘33 0

For 2 < k < n — 3 this is equivalent to the system of inequalities
Mo+ (k—=1DA;3 >0, A, + (k—1A55 >0,
M+ A5+ (k—=2)A5; >0, A3+ (k=115 >0,
A3+ (k—1A55 >0, Mi3.055, A5, > 0.

For k =n—2,n—1 these inequalities are still sufficient, but not all are necessary.
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The inequalities A, + A%, + (kK —2)A%; > 0, A} + (K — 1)A%; > 0 and A, + (k — Ay, > 0 are
superfluous. Hence, we arrive at the system of inequalities

M Az +3(k—1) ()\13 +)»23+\/()»13—)»23)2+45»2)>0,
@ iz +3(k—1) (}\13 +)~23—\/()\13—)»23)2+4)~»2)>0,
) Mz hos + Vs —ha3)? + 432 > 0,
4) Az +hos— V(i3 —Aa3)2+4X2 >0,
®) Az >0.

First note that (2) implies (1), and (4) implies (3). Hence, we are left with (2), (4) and (5). Next, observe
that (4) implies A13 + A3 > 0 and is therefore equivalent to

A 1 3)\.23 > 5\2 .
In particular, Ay3A,3 > 0. This observation, together with A{3 4+ A,3 > 0, is equivalent to

A13.A23 > 0.
Hence, (4) is equivalent to
Aashaz >0, Apzhay > A%

Finally, (2) is equivalent to (i) and (ii), since it is equivalent to

Mo+ 3(k—1)(Ai3+223) >0

and
2 ~
(12 + 3Kk = 103 +329) " > Fle=D? (13 —229)* +412).

A calculation now shows that the second inequality is equivalent to (ii). a

Remark 2.2 By adapting the arguments in the proof of Proposition 2.1, one can also obtain equivalent
characterisations in the cases k = 1,n — 2, n — 1. We omit this as it is not needed in this article.

3 Perelman’s neck construction
In this section we prove the following result, which is the main ingredient in the proof of Theorem A.

Theorem 3.1 For any v > 0 sufficiently small, { € N, n > 3 and all k > 2 there exists a metric of
Ricg >0 on S™\ |_|,(D")° such that the induced metric on each boundary component is the round metric
of radius one and the principal curvatures are all given by —v.

Algebraic & Geometric Topology, Volume 25 (2025)



4216 Philipp Reiser and David J Wraith

The construction of the metric in Theorem 3.1 follows that of [14] and consists of two parts: First, the
ambient space, which is a metric of positive sectional curvature on S” \ | |,(D")°, where the metric on
each boundary component is a warped product metric whose “waist” can be chosen arbitrarily small
and with principal curvatures all at least -1. It is already established in [14] that the metric has positive
sectional curvature. Second, the neck, which is a metric on S”~! x [0, 1] connecting the metrics on the
boundary components of the ambient space to round metrics with constant and arbitrarily small second
fundamental form. This metric on the neck is shown to have positive Ricci curvature in [14] and we show
below that it has in fact Ric, > 0:

Proposition 3.2 Let g be a metric on S", n > 2, of the form

g= dt* + Bz(t)dsn_l,

where t € [0, T R], and we set r = max; B(t). Assume that g has sectional curvatures greater than 1 and
suppose that r < R2. Let p € (r'/2, R). Then there exists a metric of Ric, > 0 on 8™ x [0, 1] such that

(i) the induced metric on S" x {0} is the round metric of radius % and satisfies Il = —A for some A > 0,

(ii) the induced metric on S" x {1} is isometric to g and satisfies I > 1.

The metric we will construct in the proof of Proposition 3.2 is of the form

dt* + A(t, x)?dx* + B(t, x)?ds2,
where dx? denotes the standard metric on S'. We first compute the curvatures of such a metric.
Lemma 3.3 Let ty < t; and denote by dt? the standard metric on [ty,t,], and by dx? the standard
metricon S'. Let A, B: [tg, 1] x S! — R~ be smooth positive functions and define the metric g on

[to.t1] x ST x S™ by
g =dt® + A(t, x)*dx* + B(t, x)zdsi,.

Let vy, v, denote vectors tangent to S™. Then the curvature tensor of g is given by
A
R0 Ady) = —fat Ay,
Btt th Ath
R0 Avy) =——0; A ——— 4+ ——— | 0x A vy,
(9: Avy) P v1+( g T g )0xnu

B A:B A:B B AxB
R(ax/\vl)Z(——m-i- d x)at/\vl+(_ hu x4 2 x)ax/\m,

B AB AB  A2B ' A3B
1 — B? B2
'R(Ul/\vz)=< th —Azgz)vl/\vz.

Algebraic & Geometric Topology, Volume 25 (2025)



Positive intermediate Ricci curvature on connected sums 4217

Proof By using the Koszul formula one easily verifies that the Levi-Civita connection of g is given by

Vi, d; =0,

Vi, = Vi, by = 2L
Va,v1 = vvlat = %Ul,
Vo 0y = —AAd; + %ax,
Va,ur = Va,d = 25,

BB m
Vo, v2 = —ds,zn(vl, v7) (BB,a, + A2x ax) + V,i V3.

From this one can now calculate the full curvature tensor. O

Proof of Proposition 3.2 We use the same metric as constructed in [14, Section 2]. This metric is

constructed as follows.

We rewrite the metric g as
g=r? cosz(x)a’s,f_1 + A%(x)dx?,
X € [—%, %], where A satisfies A(:I:%) =r, A’(:I:%) = 0. Then, since

pLs

/_2 A(x)dx = 7R,

(SE]

there exists x € [—5, %] with A(x) = R (> r) (R < 1 by the theorem of Bonnet and Myers). Hence, we
can rewrite A as
A(x) =r(1—n(x) +n(x)dco),

where 7 is a function satisfying maxy n(x) =1, n(+%) =0and '(£3) =0, and a0 € R with oo > %
For ty < to we define the metric gy, ., on S” X [tg, foo] by

Gtoteo = dt* + A% (t, x)dx? + B2(t, x)ds>_|,
where
B(t,x) =tb(t)cos(x), A(t,x)=1tb@)(1—n(x)+n(x)a(t))

and a, b are functions satisfying
alte) =1, d'(to) =0, bte)=p, b'(tg) =0, altes) =doo>1, bltec)>T.
This metric will later be rescaled by r/(f00b(fs0)) to satisfy the required properties.
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Using Lemma 3.3 we see that the curvature operator Rg, . of this metric has the form of the map 4 in
Proposition 2.1 with

A
kuzﬂf:K@A%L
B
)¥13=_%=K(8t/\v),
~ Bx;  A:Bx 1 .
A=— = Ric(d,. dy).
25 T e o e 0x)
A:B; Bxx AxBx
Aoy = — — = K(0x A V),
23 AB  A2B " A’B (9x Av)
1 — B? B2
)\3 = B2 ! —Azzz ZK(UI/\Uz).

Here v, vq, v, are tangent to S”.

The functions @ and b are now explicitly defined by

b’ t—t
—z—M, to <1 < 210,
b 2t In(210)
b’ In(2¢
br_ _PinC)
b ¢ In(z)?
a b’
—=—a—, t=1.
a * b 0
The constants « and B are defined by

B=( _E)hll(p)—lln(r)’

41n(219)
o (14+6) In(aee)  (1+9) In(aco)

[ E——— 0

for some €, § > 0 small. These values imply that ftzo b'/b=(1—€)(Inr—In p) and ftooo a'/a=(146)Inac.

Similarly as in [14] we estimate « as follows: At a maximum point of n we have n(x) = 1 and
1’ (x) tan(x) = 0. Hence, the sectional curvatures of g at this point satisfy (eg by applying Lemma 3.3)

1 : sin(x)4"(x)\ 1
A(x)Z( _cos<x)A(x>)

r2at)
Since Kg > 1, it follows that @, < 1/7. Thus,

1 1p? p

Hence, In(aso)/ In(p/r) < 2.

Kq(0x AV) =

We also have aoo > R/r > p/r, so that In(aso) > In(p/ 7). Hence, for € and § sufficiently small, « € (1, 2).
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By choosing € smaller if necessary, we can assume that (p/r)€g still has sectional curvatures at least 1.
The following estimates are established in [14, Section 2] for 7y sufficiently large (see also [4, Lemma 2.6,
Corollaries C.2.9 and C.3.3]):

1
>
A2z, A3 > 2

¢z In(7p)
2 1n(1)?

IAials [hasl, ] <

for some ¢y, ¢, > 0. To estimate Aq3 a calculation now shows that

b" 20 c3 In(tp)
)\4 = — | — R >
13 (b + zb)—zzln(t)z

for some c3 > 0.

By Proposition 2.1 we need to satisfy

(6) A2+ 5 (A3 +A23) >0,
(7 (M2 + A1) iz +A23) > A2,
(®) hi3haz > A2,
) A13.A23,A3 > 0.

From the above estimates it follows directly that (6), (8) and (9) are satisfied for 7y sufficiently large. For
(7) we show that
¢4 In(tp)

A A3z > ——
12 tA13 21n(1)2

for some ¢4 > 0, from which (7) follows. We calculate

jr o (oma N (P 2 (BN ma (a (Y
N N b th b 1—n+4+na\" ab al |

Similarly as in [14, end of page 161] we see that, since o < 2 and n =< 1, the first factor in the first

summand is negative and uniformly bounded from above. Hence, the first summand is bounded from
below by (cs In(t9))/(¢? In(¢)?) for some c¢5 > 0 and the absolute value of the remaining terms is bounded
from above by (cg In(fp)) /(22 In(r)*) for some cg > 0. It follows that the required estimate holds for #,
sufficiently large. Thus, the metric has Ric, > 0 for 7y sufficiently large.

Note that § can still be chosen freely (which then determines 7o Via d(fs0) = doo). This is now done as
in [14] to ensure that the required conditions on the principal curvatures are satisfied. a
We can now give the proof of Theorems 3.1 and A. For this, we recall the following gluing theorem

which was established in [17].

Algebraic & Geometric Topology, Volume 25 (2025)
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Theorem 3.4 [17, Theorem A] Let (M, hy) and (M}, hy) be Riemannian manifolds of Ric; > 0 for
some 1 <k <n—1 with compact boundaries, and let ¢: (0M, h1|ypr,) — (0M2, hz|ypr,) be an isometry.
If the sum of second fundamental forms Iyps, + ¢*1lypz, is positive semidefinite, then My Uy M, admits
a smooth metric of Ricy > 0 which coincides with the C°-metric h = h, Ug hy outside an arbitrarily
small neighbourhood of the gluing area.

We will also need the following result of Perelman:

Proposition 3.5 [14, Section 3] Foreveryn > 3,{ >0, Ry € (0, 1) and r > 0 sufficiently small there
exists a metric g on S™ \ |_|,(D")° such that

(i) g has positive sectional curvature,

(ii) the induced metric on each boundary component is of the form dt*>+ B(t)?dss 5_2 witht €0, r cos(r)]
and max; B(t) = cos(r) Rq sin(r + r*/4)/sin(r), and has sectional curvature at least 1, and

(iii) the principal curvatures at each boundary are all at least —1.

Proof of Theorem 3.1 We equip S” \ | |,(D")° with the metric provided by Proposition 3.5, where
Ry is so small that Ry < 12, and r is so small so that cos(r) > v and cos(r) Rq sin(r + r#) /sin(r) < v2.
Hence, using Theorem 3.4, we can glue a copy of the neck obtained in Proposition 3.2 to each of the £
boundary components of S” \ | |,(D")° to obtain a metric of Ric, > 0 on the resulting manifold. Note
that cos(r) in Proposition 3.5 corresponds to R in Proposition 3.2 and cos(r) R sin(r + r#)/sin(r) in
Proposition 3.5 corresponds to r in Proposition 3.2, and we choose p = v. Finally, we rescale the metric
by A/ p so that the induced metric on each boundary component is the round metric of radius 1 and the
principal curvatures are all given by —p = —v. a

Proof of Theorem A The proof is essentially similar to the proof of [5, Theorem B]. We denote by
@i D" — M; the embedding provided by Definition 1.2. We now slightly perturb the k-core metric on
each M; \ ¢; (D™)°, eg as in [4, Proposition 1.2.11], such that the second fundamental form is strictly
positive. Let vg > 0 be the smallest principal curvature of all these metrics. Thus, by Theorem 3.4, we
can glue each M; \ ¢;(D")° to S"\ |_|,(D")° with the metric provided by Theorem 3.1 by choosing
V < vg. Hence, we obtain a metric of Ricy > 0 on the connected sum M #---# M. O

4 k-core metrics
In this section we consider k-core metrics. We begin by restating Proposition 1.4.

Proposition 4.1 Let M be a closed n-dimensional manifold that admits a k-core metric. Then M is
(n—k)-connected. In particular, if k < L#J, then M is a homotopy sphere.
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G K H

CP"\D*° | Um) | Un—-1)UQ) | Un—-1)
HP"\ D*° | Sp(n) | Sp(n—1)Sp(1) | Sp(n—1)
OP2\ D'¢° | Spin(9) Spin(8) Spin(7)

Table 1: Cohomogeneity-one structure of projective spaces with a disc removed.

Proof Since the boundary of M \ ¢(D")° has positive semidefinite second fundamental form, it follows
from [22, Theorem 1] that M \ ¢(D™)° is obtained from ¢(S”~!) by attaching cells of dimension at least
n—k + 1. By viewing ¢(D") as a 0-cell, we obtain a CW structure for M with no cells in dimensions
between 1 and n — k. It follows that M is (n—k)-connected.

Now if k < I_%J , we obtain by Poincaré duality that M is a closed simply connected manifold with
nontrivial homology groups only in degrees 0 and n. Hence, M is a homotopy sphere. a

We will now consider examples of manifolds with k-core metrics and applications to plumbing.

4.1 Projective spaces

To prove Theorem B, we will adapt the construction in [7], where a metric of nonnegative sectional
curvature and round totally geodesic boundary is constructed on C P”, H P" and O P? with a disc removed.
We will follow [3, Sections 3 and 4] and also include the arguments for C P" as they are entirely similar.

The key observation is that, by considering cohomogeneity-one actions on these spaces, they can all
be written as a disc bundle G xg D — G/H, where H € K C G are compact Lie groups. Here K
acts by isometries on a Euclidean vector space V' with principal isotropy group H via a representation
p: K — O(V), and D C V is the unit disc. The corresponding groups are given in Table 1; see
[1, Section 6.3; 3, Section 4.1; 12, Example 1].

The representation p is given by projection onto U(1) (resp Sp(1)) followed by inclusion into O(2) (resp
O(4)) for CP" (resp H P"). For OP? it is given by the covering map Spin(8) — SO(8).

We will construct a k-core metric on G Xg D by defining a K-invariant metric on G x D, which then
descends to G x g D such that the projection G x D — G Xk D is a Riemannian submersion. On G x D
we consider the metric

g =L+ (di*+ f(t)*ds},),

where m = dim(V') — 1, L is a left-invariant metric on G which is Adg -invariant and f': [0, 7] &> R>¢
is a smooth function for some 79 > 0 which is odd at # = 0 with f/(0) =1 and f(¢) > 0 for 7 € (0, zo].

Letg=¢t®Pmand £t = hPp be L-orthogonal decompositions of the Lie algebras. For X €&, ¢ €[0, f¢] and
v € S™ we denote by X/, the action field at 7v € D defined by X, ie X}, = %p(epr (sX))(tv)|s=0.
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Then the vertical and horizontal subspaces V(e y) and H e sv) of T(¢ 1) (G X D) with respect to g are
given for # > 0 by

View) = (h®{0}) & {(—X. X7,) | X €p}.
(10) Heeny = Mm@ {0) S {(f()?BY.Y}}) | Y €p} @ (1),
where B :p—>p is the L-symmetric and Adg-linear automorphism defined by L(X, BY )=ds2, (X}, Y%);
compare [3, Equation (3.1)]. For # = 0 we have
Vie,0) = £ {0},
(11) He.0)=m ToD.

With this description we can now give the proof of Theorem B.

Proof of Theorem B We equip G with the left-G-invariant and right- K-invariant which induces the
round metric on G/H (this metric does not need to be normal homogeneous). For CP”" (resp HP")
the restriction to U(1) (resp Sp(1)) is then biinvariant, and hence it is the round metric of some radius.
In particular, the map B is a multiple of the identity map. For O P2, the action of H on p is irreducible,
so B is also a multiple of the identity map by Schur’s lemma.

Hence, there exists b € R so that B = b -1d,,. For € > 0 we now define the metric L, on G via
Le=(0+¢€)L|e+ Lim,
so L is again left-G-invariant and right- K -invariant and the map Be is given by ﬁb-ldp. Then the metric
ge = Le+(dr* + f(1)*dsp,)

on G x D induces a metric g¢ on G xg D such that the projection G x D — G xg D is a Riemannian
submersion. The metric induced on a slice G xg S™ = G xg (K/H) = G/H for t > 0 is then given by

2_b 2_b
—f(t) H_eb Lely+ Lelm=(1+¢) /O 1+€b
I+ /(0?15 VAR v

see eg [3, Lemma 3.1; 7; 11]. In particular, if f(¢) = \/(IT)/(be), then this metric coincides with
the metric induced from L on G/H, ie it is the round metric. Thus, we will assume from now on that
for given €, the function f (and the value of #() is chosen such that f(zy) = m, so that the
induced metric on the boundary of G x g D is round. Moreover, we assume that f”(zy) > 0, so the second

L|P+L|m;

fundamental form on the boundary is positive semidefinite.

We will now analyse the curvatures of the metric g on G xg D. We assume that /" < 0, so the metric
hy=d t? + f(t)*ds?, on D has positive sectional curvature. We choose € sufficiently small such that
the metric induced on G/H by L. also has positive sectional curvature. It then follows that the metric g
has nonnegative sectional curvature; see [3, Lemma 4.1; 7]. Thus, to determine the smallest value k for
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which this metric has Ric; > 0, we only need to identify the 2-planes of vanishing curvature, ie for given
u € T(G xg D) we need to determine the set

s=1{ve uJ‘\{O} | secéé(u/\v) =0}.
Let 4 denote the A-tensor of the Riemannian submersion (G x D, g¢) — (G xg D, g¢) and decompose
Ainto A = A' + A? according to the splitting (10), ie A' has image in h @ {0} and A? has image
in {(—X,X/,) | X €p}. Asin [3, Proof of Lemma 4.1] we conclude that for horizontal vectors
u=(uy,uz),v=(v1,v2) in T(¢sy)(G x D) with ¢ > 0, we have
Aty = A", vy,
where A9/H s the A-tensor of the Riemannian submersion G — G/H (where we consider G equipped
with the metric L¢). It follows from the O’Neill formulas that
S (RE (1, v)v,u) = ge(R8 (u, v)v,u) + 3 | A4v)?

= Le(R™ (ur, vi)viun) +hp (RM (uz, v2)va,u) + 3147 01| + 3| 450

= L(RYH (uy, v )y, ur) + he(RY (g, v2)va,uz) + 3420
Since both the metric on G/H and the metric /1y have strictly positive sectional curvature, this expression
can only vanish if the pairs (u1,v;) and (u5, vy) are both linearly dependant. If we write, according

to (10),
U=y uz) =X+ f)*BY, Y, +Ad,),

v=(v1,v2) = (X' + f(O)*BY', Y7, +13,),
this is satisfied if and only if there exist @, a, € R such that
X, Y)=a1(X,Y) or (X,Y)=(0,0), and X' AM)y=ay(Y,1) or (Y,1)=(0,0).
If Y # 0, then a; = a,, and hence v = a u and Z, is empty. Hence, we can assume that ¥ = 0. Then,
if X,A#0, wehave X' =a; X, A =asA and Y’ =0, and hence Z,, is contained in a 1-dimensional
subspace. Thus, we are left with the cases X = 0, A # 0 and X # 0, A = 0. In the first case, we have

Y’ =0and M = a»A, so Z,, is contained in a dim(G/K)-dimensional subspace. In the second case we
have Y =0 and X' = a1 X, so Z, is contained in a 1-dimensional subspace.

Hence, we have shown that Z,, is contained in a dim(G/K)-dimensional subspace for all u € T, 1, (Gx g D)
and ¢ > 0. By G-invariance of the metric g¢ this holds for all points (g, fv) with # > 0. Similar arguments
using (11) show that this result extends to the case ¢ = 0. Thus, the metric g¢ has Ricgim(G/x)+1 > 0.
For CP" this gives a metric of Ricy,—1 > 0, for H P" a metric of Ricg,—3 > 0 and for OP? a metric of
Ricg > 0. O

4.2 Generalised surgery and plumbing

To prove Theorem D we need two additional results: a surgery result extending [15, Theorem A;
19, Theorem 3.2] and a deformation result that ensures that we can satisfy the assumptions of the surgery
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theorem in our setting. For p > 0 we denote by S (p) the round sphere of radius p and for R, N > 0 we
denote by D‘II;FI (N) a geodesic ball of radius R in S9T1(N).

Theorem 4.2 Suppose we have
(i) a Riemannian manifold (M P9+ gar) of Ricg, >0,
(ii) an isometric embedding t: S? (p) X D;];rl (N)— (M, gpr) (which implies k1 > max(p+1,q+2)),
(iii) a linear S9-bundle E X BP*1, where B is compact and admits a k,-core metric gp.

Then, if p,q > 2, for any r > 0 sufficiently small, there exists a constantk = k(p,q, R/N, gpg,r), such
that if % < k, then the manifold

M,z =M \im(:)° Us 7' (B \ o(D?*1)°)

admits a metric of Ricy > 0 for all k > max(p + 2,¢q + 2,q + k,). This metric coincides outside the
gluing area with a submersion metric on E with totally geodesic round fibres of radius r and a scalar
multiple of the metric gpr on M .

Proof We equip E with a submersion metric with totally geodesic and round fibres of radius r according
to a horizontal distribution which is integrable over ¢(D?*1) C B. Then, for r sufficiently small, this
metric has Ricy > 0 for all kK > max(p + 2, ¢ + k,) by [19, Corollary 3.1]. Further, over ¢(D?*1), the
metric is a product, in particular it is given over ¢(S?) by dsg + rzdsg. As noted below Definition 1.2,
we can slightly deform the metric on 71 (B \ ¢(D?*1)°) so that the induced metric on the boundary
remains unchanged and the second fundamental form on the boundary is strictly positive.

Now, by [18, Theorem C and Remark 4.2] there exists a metric of Ric; > 0 on the manifold
M, = M \im(1)° Uy (DPT1 x §9)

for all £ > max(p, ¢)+2 such that the metric near the centre of D?+1 x5 is given by D;;,H (NYxS4(p),
where the values of R/, N’, p’ can be chosen freely — provided % < Z. We choose p’ = r and R', N’
so that the induced metric on E)Dﬁ,Jrl (N') is dslz, and the principal curvatures at the boundary are at least

—e for given € > 0 —note that they converge to 0 as %, — 7.

It follows that D§,+1(N’) x S9(p') and 7~ 1(B \ ¢(DP*1)°) have isometric boundaries, and for ¢
sufficiently small the principal curvatures of 77~ (B \ ¢(D?+1)°) at the boundary are greater than those
of Dﬁ,ﬂ (N')xS4(p'). Hence, by Theorem 3.4, we can replace D1 xS9 in M, by n =1 (B\@(D?*1)°)
to construct M, » while preserving Ricy > 0. O

To satisfy Theorem 4.2(ii), we need the following deformation result, which generalises [21, Theorem 1.10].

Lemma 4.3 Let (M", g¢) be a Riemannian manifold of Ricy > 0 and let N? € M be a compact
embedded submanifold. Let g; be a metric of Ricy > 0 defined in a tubular neighbourhood U of N . If the
1-jets of gg and g1 on N coincide, then there exists a metric g of Ricy > 0 on M that equals g outside
U and equals g1 on a (smaller) tubular neighbourhood of N .
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Proof We consider for ¢ € [0, 1] the metric g; = (1 —1)go +tg; on U. Since the 1-jets of go and g
coincide on N and since the sectional curvatures depend linearly on the second derivatives of the metric,
we have Kg, = (1 —1)Kg, + 1Kg, on N. In particular, g, has Ricy > 0 on N and by compactness this
holds in a neighbourhood of N. By [2, Theorem 1.2] the local deformation g, can now be extended to a
global deformation of gg, which leaves gy unchanged outside a neighbourhood of N and coincides with
the deformation g; on a (smaller) tubular neighbourhood of N. O

Corollary 4.4 Let (M", g) be a Riemannian manifold of Ric; > 0 and let py,..., py € M. Then
the metric g can be deformed into a metric of Ricy > 0 that has constant sectional curvature 1 in a
neighbourhood of each p;.

Proof We consider normal coordinates around each p;, ie coordinates (x1, ..., X;) in which the metric
is given by gup = 845 + O(r?), where r denotes the distance to p;. In particular, the first derivatives
0cgqp all vanish at p;. By considering normal coordinates at a point in the round sphere of radius 1, we
obtain a second metric around each p; with the same property. Applying Lemma 4.3 now yields the
required deformation. O

Proof of Theorem D The proof of Theorem D follows the same lines as the proof of [15, Theorem B]
by observing that W is obtained by iterated generalised surgeries as in Theorem 4.2. We simply replace
[15, Theorem A] by Theorem 4.2, [15, Proposition 2.2] by [19, Corollary 3.1] and the deformation result
used in the proof of [15, Theorem B] by Corollary 4.4. a

Proof of Corollary E Let E; — B; denote the disc bundle corresponding to E; — B;. We define W as
the manifold obtained by plumbing according to the following graph, where we denote by D’ the trivial
disc bundle M x D™ — M over a manifold M :

€D (s
e =)t )— -~ —(&)

By [16, Propositions 3.2 and 3.3], see also [5, Section 5; 8, Proposition 2.6], the manifold oW is
diffeomorphic to the connected sum E; #---# E;. By Theorem D, the manifold dW admits a metric of
Ricgy >0 forallk > max{p+2,p+k,q+1,q} =max{p+2,p+k,q+1}. a

Remark 4.5 1In [6] it is shown that the manifolds constructed in Theorem D and Corollary E admit a core
metric, provided each base manifold of the bundles involved admits a core metric. We conjecture that
these manifolds in fact admit k-core metrics with & as given in these results. However, this conjecture is
open even in the simplest case of a linear sphere bundle over a manifold with a core metric (which can be
viewed as a plumbing according to a graph with a single vertex).
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