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Classification of metric fibrations

YASUHIKO ASAO

We study a notion of “fibration for metric spaces”, called metric fibration, that was originally introduced
by Leinster (Doc. Math. 18 (2013) 857-905) in the study of magnitude. He showed that the magnitude
of a metric fibration splits into the product of those of the fiber and the base, which is analogous to the
case for the Euler characteristic and topological fiber bundles. His idea and our approach are based on
Lawvere’s suggestion of viewing a metric space as an enriched category (Rend. Sem. Mat. Fis. Milano 43
(1973) 135-166). Actually, the metric fibrations are the restriction of the enriched Grothendieck fibrations
(Séminaire Bourbaki 1959/1960 (1966) exposé 190) to metric spaces (arXiv 2303.05677). We give
a complete classification of metric fibrations by several means, which are parallel to those used for
topological fiber bundles. That is, the classification of metric fibrations is reduced to that of “principal
fibrations”, which is done by the “1-Cech cohomology” in an appropriate sense. Here we introduce the
notion of forsors in the category of metric spaces, and the discussions are analogous to those in sheaf
theory. Further, we can define the “fundamental group” 7z{"(X) of a metric space X, which is a group-like
object in metric spaces, such that the conjugation classes of homomorphisms Hom(s{"(X), G) correspond
to the isomorphism classes of “principal G-fibrations” over X . In other words, the latter are classified like
topological covering spaces.

18F15, 51F30

1 Introduction

The idea of metric fibration was first introduced by Leinster in the study of magnitude [5]. The magnitude
theory that he coined can be considered as a promotion of Lawvere’s suggestion of viewing a metric
space as a [0, oo]-enriched category. The magnitude of a metric space was defined as a special case of the
“Euler characteristic of enriched categories”. In fact, he showed that the magnitude of a metric fibration
splits into the product of those of the fiber and the base (Theorem 2.3.11 of [5]), which is analogous to
the case of topological fiber bundles. Later, the author [1] pointed out that metric fibration can actually be
seen as enriched Grothendieck fibrations, see [2], when restricted to metric spaces. Here we deal with
small categories and metric spaces from a unified viewpoint, namely as filtered set enriched categories.
By this approach, we can expect to obtain novel ideas for the study of metric spaces by transferring
well-understood concepts in category theory, and vice versa.

As an example, Figure 1 is one of the simplest nontrivial metric fibrations. Note that we consider connected

graphs as metric spaces by taking the shortest path metric (see also Proposition 2.8). Both graphs are
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Figure 1: The left is K3 x K3, and the right is isomorphic to K3 3. They both have magnitude
equal to 6/(1 + 3¢ + 24¢3).

metric fibrations over the complete graph K3 with fiber K, as shown in Example 5.29 of [1]. Further,
they have the same magnitude as pointed out in Example 3.7 of [6]. In Proposition 5.30 of [1], it is shown
that the right one is the only nontrivial metric fibration over K3 with fiber K,. Here, “trivial” means that
it is the cartesian product of graphs. On the other hand, any metric fibration over a four-cycle graph Cy,
or more generally an even-cycle graph, is shown to be trivial in the same proposition.

In this paper, we give a complete classification of metric fibrations by several means, which are parallel to
those used to classify topological fiber bundles. Namely, we define “principal fibrations”, “fundamental
groups” and “a 1-Cech cohomology” for metric spaces, and obtain an equivalence between categories of
these objects. Roughly speaking, we obtain an analogy of the following correspondence in the case of
topological fiber bundles with a discrete structure group:

Fiber bundles over X with structure group G

Principal G-bundles over X (G-torsors)

[X, BG] = Hom(m{(X), G)/conjugation

H (X, G)

We give more details below. First recall that any Grothendieck fibration (in the usual sense) over a small
category C can be obtained from a lax functor C — Cat, by a procedure known as the Grothendieck
construction [3]. In [1], it is shown that any metric fibration over a metric space X can be obtained from
a “lax functor” X — Met that is called metric action (Definition 3.1). Here Met is the category of metric
spaces and Lipschitz maps. Whereas metric fibrations can be defined by “a lifting property” in a model
categorical spirit, metric actions are best understood by “transformation functions”. The following shows
that these two viewpoints are in fact equivalent.
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Theorem 1.1 (Proposition 3.9) For a metric space X, the Grothendieck construction gives an equiva-
lence of categories
Mety >~ Fiby,

where we denote the category of metric actions X — Met by Mety and the category of metric fibrations
over X by Fiby (Definitions 3.1 and 3.2).

We can define a category Torsg( that consists of “principal G-fibrations” (Definition 5.7). We call it the
category of G-torsors. We can also define a subcategory PMetg( of Mety, that is the counterpart of Tors)g(
(Definition 5.1). The objects of the category PMet)g( consist of a metric action X — Met taking a group G,
not just a metric space, as the value. Then we have the following.

Theorem 1.2 (Proposition 5.11) For a “metric group” G, the Grothendieck construction gives an
equivalence of categories
Pl\/Iet)g( ~ Torsg(.

Here, the group G is not just a group but is a group-like object in Met, which we call a metric group
(Definition 4.1). As an example of a metric group, we construct the fundamental group w{" (X) of a metric
space X (Definition 4.8). We also define a category Hom(r{"(X), G) of homomorphisms 7{"(X) — G,
where a morphism between homomorphisms is defined as a conjugation relation (Definition 5.12). Then

we have the following.

Theorem 1.3 (Proposition 5.15) We have an equivalence of categories

Hom(m{" (X, x0).G) ~ PMet)g(.

As a corollary, we reprove Proposition 5.30 of [1] in the following form. We note that the notion of a
metric group is equivalent to that of a “normed group” (Proposition 4.5). For a metric group G, we denote
the corresponding norm of an element g € G by |g| € Z>.

Proposition 1.4 (Proposition 5.16) Let C,, be the undirected n-cycle graph. Then we have
Z with |[1| =1 ifnisodd,
0 if n is even.

7 (Cn) = {

Hence we have that o
PMetgn ~ {Hom(Z, G) ifnisodd,

0 if n is even,

for all metric groups G, which implies that there is only a trivial metric fibration over C,, and that there is
at most one nontrivial metric fibration over Cyj 4 1.

Now, similarly to the topological case, we can define an “associated bundle construction” from a torsor
and a metric space Y (Corollary 6.10). This construction gives the following.

Algebraic & Geometric Topology, Volume 25 (2025)



4260 Yasuhiko Asao

Theorem 1.5 (Corollary 6.11) Suppose that Y is a bounded metric space. Then we have an equivalence

of categories
PMetﬁ,Ut Y ~ core Fib}?,

where Fib}{, is the full subcategory of Fiby that consists of metric fibrations with fiber Y (Definition 6.5),
and we denote the core of a category by core (Definition 2.1(4)).

Here, we equip the group Aut Y of isometries of ¥ with a metric group structure by da,. v (f, g) =
SUp,ey dy (fy, gy) (Example 4.3). However, for this we should suppose that Y is a bounded metric space
so that dp,. y is indeed a distance function. For the case of general metric fibrations, we must extend our
arguments to extended metric groups, allowing oo as the value of the distance function (Definition 6.12).
For these we obtain an essentially similar but extended result (Proposition 6.18).

Finally, we define a “1-Cech cohomology category” H! (X, G) of a G-torsor X (Definition 7.2). This is
analogous to the Cech cohomology constructed from the local sections of a principal bundle. Similarly to
the topological case, we can construct a cocycle from a family of local sections (Proposition 7.9), and
conversely we can construct a G-torsor by pasting copies of G along a cocycle (Proposition 7.5). From
this correspondence we have the following:

Theorem 1.6 (Corollary 7.11) We have an equivalence of categories

1 . ~ g
H (X G) >~ Torsy.
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version of the definition of metric groups is incorrect. She also checked the author’s poor English and
gave many very helpful suggestions. The author also would like to thank Masahiko Yoshinaga and Shun
Wakatsuki for valuable discussions and comments. Finally, he expresses his deep appreciation to the
anonymous referees and the editor for careful readings and important suggestions.

2 Conventions

In this section, we review terms for categories, graphs, weighted graphs and metric spaces that are well
known but may not be commonly used. Those who are not familiar with the language of categories and
functors may refer to [8]. For categories and metric spaces, [7] may be a good reference.

2.1 Categories

In this article, we suppose that categories are locally small. We denote the object class of a category C
by Ob C, and the set of all morphisms from « to b by C(a, b) for each pair of objects a,b € ObC.
We denote the class of all morphisms in C by Mor C.
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Definition 2.1 Let C and D be categories, and F': C — D be a functor.

(1) We say that F is faithful if the map F: C(a,b) — D(Fa, Fb) is injective for all objects a, b € Ob C.
We say that F is full if the map F: C(a, b) — D(Fa, Fb) is surjective for all objects a, b € Ob C. We say
that F is fully faithful if it is faithful and full.

(2) We say that F'is split essentially surjective if a family of isomorphisms { Fc = d | ¢ € ObC}ieob D
exists.

(3) We say that F is a category equivalence if there exists a functor G: D — C and natural isomorphisms
GF ~id¢ and FG = idp. When there exists an equivalence of categories C — D, we say that C and
D are equivalent.

(4) We define a groupoid core C by Ob core C =0b C and core C(a, b)={f€C(a,b)| f is an isomorphism}
forall a,b € Ob C.

The following are standard.

Lemma 2.2 Ifafunctor F': C — D is tully faithful and split essentially surjective, then it is an equivalence
of categories. d

Lemma 2.3 An equivalence of categories F: C — D induces an equivalence of categories core F': core C
— core D. |

Remark 2.4 For a classification of objects of a category, we often want to consider “isomorphism classes
of objects” and compare it with another category. However, in general, we cannot do that since the class
of objects is not necessarily a set. Instead, we consider an equivalence of categories core C — core D that
implies a bijection between isomorphism classes of objects if they are small.

2.2 Metric spaces
Definition 2.5 (1) A pseudometric space (X, d) is a set X equipped with a function d: X — Rx>g
satisfying that, for all x, x’, x” € X,

e d(x,x)=0,

e d(x,x')=d(x',x),

o d(x,.x)+d(x',x")>d(x,x").

(2) A Lipschitz map f: X — Y between pseudometric spaces X and Y is a map satisfying that
dy(fx, fx") < dy(x,x’) for all x,x" € X. We denote the category of pseudometric spaces and
Lipschitz maps by ¥rMet. We call an isomorphism in {sMet an isometry.

(3) A metric space (X, d) is a pseudometric space satisfying that
e d(x,x’) =0if and only if x = x’.

We denote the full subcategory of {rMet that consists of metric spaces by Met.

Algebraic & Geometric Topology, Volume 25 (2025)
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Definition 2.6 (1) A graph G is a pair of sets (V(G), E(G)) such that E(G) C {e € 2V'(@) | #e = 2},
where we denote the cardinality of a set by #. We call an element of V(G) a vertex, and an element of E(G)
an edge. A graph homomorphism f: G — H between graphs G and H isamap f: V(G) — V(H) such
that fee E(H) or#fe =1 forall e € E(G). We denote the category of graphs and graph homomorphisms
by Grph.

(2) A path in a graph G is a tuple (X, ..., Xp) € V(G)"*! for some n > 0 such that {x;, x; 1} € E(G)
forall 0 <i <n—1. A connected graph G is a graph such that for every x, x’ € V(G) there exists a path
(x0, ..., Xxp) with xg = x and x,, = x’. We denote the full subcategory of Grph that consists of connected
graphs by Grph_y,n-

(3) A weighted graph (G, wg) is a graph G equipped with a function wg: E(G) = Rx>¢. A weighted
graph homomorphism f: G — H between weighted graphs G and H is a graph homomorphism such
that wg (fe) < wg(e) for all e € E(G), where we stipulate that wg ( fe) = 0 if # fe = 1. We denote the
category of weighted graphs and weighted graph homomorphisms by wGrph. We also denote the full subcat-
egory of wGrph that consists of weighted graphs (G, wg) such that the graph G is connected by wGrph .-

Definition 2.7 We define functors Met — {Met and wGrph,,, — Grph.,,, by forgetting additional
properties. We also define the functor yMet — wGrph,,,,, that sends a pseudometric space (X, d) to a
weighted graph (X, wy) defined by V(X) = X, E(X) = {e € 2% | #e =2} and wy {x, x'} = d(x,x’).

Proposition 2.8 The above functors have left adjoints.

Proof We describe each functor F in the following, and they are the left adjoint functors of each
functor G of the above since the unit and the counit give that FGF = F and GFG = G.

e We define a functor Grph,,,, = wGrph,,,, by sending a connected graph to a weighted graph with w =0.

conn conn

e We define a functor wGrph,,,,, — WMet by sending a weighted graph (G, wg) to a pseudometric space
(V(G), dg) defined by

n—1

dg(x,x") =inf | { > we{xi, xit1} | (x = xo,...,x, = x') is a path on G}.

n=0"i=0

e We define a functor JyMet — Met by sending a pseudometric space (X, d) to a metric space (KQX, d )
defined as follows. We define an equivalence relation ~ on X by x ~ x’ if and only if d(x,x’) = 0.
We also define a function KQX := X/~ — Rx¢ by d([x],[x]) = d(x, x'). O

Definition 2.9 For a pseudometric space X, we call the metric space KQX the Kolmogorov quotient of X .

Definition 2.10 (1) For pseudometric spaces (X, dx) and (Y, dy), we define a metric space called
the L!-product (X x Y, dyxy) by dxxy((x,),(x",y") = dy(x,x") + dy(y,y’) forall x,x’ € X
and y,y' €Y.
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(2) For graphs G and H, we define a graph called the cartesian product G x H by V(G x H) =
V(G) x V(H), and {(x, y), (x’, y")} € E(G x H) if and only if one of the following holds:

e x=x"and {y,)y'} € E(H),
e {x,x'}€E(G)and y =)',
for all x,x" € V(G) and y, y' € V(H).

(3) For weighted graphs (G,wg) and (H,wg), we define a weighted graph (G x H, wgxg) by
wexg{(x, y), (X", ¥} = we{x,x'} +wy{y, y'} for all {(x,y),(x’,y)} € E(G x H), where G x H
is the cartesian product of graphs and we stipulate that wg{x,x} = wg{y, y} =0.

These products make each category a symmetric monoidal category.

Proposition 2.11 The functors Met — {yMet — wGrph_,,, — Grph.,,, and their left adjoints are strong

monoidal except for the functor yMet — wGrph,,,,, that is lax monoidal.

Proof For the functors Met — {Met and wGrph_,,, = Grph,.,, the claim is obvious since they are
inclusions. The claim is also obvious for the functor Grph,,, = wGrph.,,, by the definition. For the
functor YMet — Met, we define a map KQ(X x Y) — KQX x KQY by [(x, »)] = ([x],[y]). This is
obviously natural and is an isometry since we have that [(x, y)] ~ [(x’, »)] if and only if [x] ~ [x/]

and [y] ~[)']. For the functor F: wGrph_,,, — WMet, the identity on the set F(G x H) = F(G) x F(H)

conn
is an isometry since
n—1

Ay ((x, ), (x",y") = inf J { > wexHIX: Yi), (Xig1 Yie )} |

n=0"i=0
(¥, ¥) = (X0, Y0, (xn, yn) = (', ")) s a path on G x H |

n—1

= inf |J { Y weiXi, Xip1) Fwaiyi.Yiv1} |
n>0"i=0
((x,y) = (x0, Y0), - - .» (X, yu) = (x, ¥")) is a path on G x H}
. n—1 ,
=inf U { T wglxrxisi} | (v =0, =)
n>0"i=0

m—1
+inf { Y waLYVitth | (V=Y0. o) Ym :y’)}

m=>0"i=0
= de(x,x/) + de(yv y,)
= dF(G)XF(H)((x’ J’), (X,, J’/)),

forall x, x’eV(G) and y, y'€ V(H). Itis obviously natural. Finally, for the functor G :yMet—>wGrph_,,,,
the identity on the set G(X) X G(Y) = G(X x Y) is a weighted graph homomorphism since it is an
inclusion of graphs and preserves weightings. It is obviously natural. O
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Definition 2.12 (1) An extended pseudometric space is a set X equipped with a function d: X — [0, o]
that satisfies the same conditions for pseudometric spaces. In other words, it is a pseudometric space
admitting oo as a value of distance. A Lipschitz map between extended pseudometric spaces is a distance
nonincreasing map. We denote the category of extended pseudometric spaces and Lipschitz maps
by EyyMet. We similarly define extended metric spaces and we denote the full subcategory of E{yrMet
that consists of them by EMet.

(2) We define the L!-product of extended pseudometric spaces similarly to that of pseudometric spaces.
It makes the category E{yMet a symmetric monoidal category.

(3) We define functors EMet — E{yMet and wGrph — Grph by forgetting additional properties. We also
define the functor EysMet — wGrph similarly to the functor yyMet — wGrph,,,, except that {x, x’} does
not span an edge for x, x’ € X with d(x, x") = occ.

The following is immediate.

Proposition 2.13 (1) The functors EMet — E\yMet — wGrph — Grph have left adjoints. Further, the
following diagram is commutative, where the vertical functors are all inclusions:

EMet —— EyyMet ———— wGrph ——— Grph

T ]

Met PMet wGrph.onn — Grph

conn

(2) The functors EMet — E{rMet and wGrph — Grph are strong monoidal and the functor E\yMet — wGrph
is lax monoidal. O

3 Mety ~ Fiby

In this section, we introduce two notions, the metric action and the metric fibration, and show the
equivalence between them. The notion of metric fibration is originally introduced by Leinster [5] in the
study of magnitude. The metric action was introduced by the present author in [1], and is the counterpart of
lax functors in category theory, while the metric fibration is a generalization of the Grothendieck fibration.
As written in the introduction, we can think of the Grothendieck (or metric) fibration as the definition
of fibrations by “the lifting property”, while the lax functor is the one by “the transformation functions”.

Definition 3.1 Let X be a metric space.

(1) A metric action F: X — Met consists of metric spaces Fx € Met for all x € X and isometries

Fyyx: Fx — Fx' forall x, x’ € X satisfying the following for all x, x’, x” € X:
o Fyy=idpy and Fyy = F_!

xx’*

o dpyx(Fyxr Fxxra, Fxxra) < dx(x,x") +dx (x',x") —dx (x, x") for every a € Fx.
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(2) A metric transformation 6 : F = G consists of Lipschitz maps 0 : Fx — Gx for all x € X satisfying
that G0y = Oy Fxy for all x,x’ € X. We can define the composition of metric transformations 0
and 0’ by (6'0)x = 0.6. We denote the category of metric actions X — Met and metric transformations
by Mety.

Definition 3.2 (1) Let 7: E — X be a Lipschitz map between metric spaces. We say that  is a metric
fibration over X if it satisfies the following: for all € € E and x € X, there uniquely exists ex € 7~ x
such that

e dp(s,ex) =dy(me, x),
o dp(e,¢)=dg(e, ex) +dg(ex, &) forall ¢ e m~1x.
We call the point ey the lift of x along e.

(2) For metric fibrations 7: E — X and n’: E’ — X, a morphism ¢: & — 7’ is a Lipschitz map
¢: E — E’ such that m'¢ = 7. We denote the category of metric fibrations over X and their morphisms
by Fiby.

Example 3.3 For a product of metric spaces £ = X x Y, the projection X x Y — X is a metric fibration.
We call it a trivial metric fibration.

Lemma 3.4 Letn: E — X be a metric fibration, and x, x’ € X. Then the correspondence 7 lxsa—

-1,/

ay € w~'x" is an isometry, where we equip the sets w1 x and w~'x’ with the induced metric from E.

Proof The statement is obviously true if £ = @. We suppose that £ # @ in the following; then every

1

fiber 7~ !x is nonempty. For a € 7~ 'x, we have

dg(ay,a) =dg(ax, (ax)x) +de((ax)x,a) = dX(x/’ x)+dg((ax)x,a).

We also have dg(a,ay) = dy(x,x"). Hence we obtain that dg ((ax)x,a) = 0, and thus (ax/)x = a for
all x, x" € X. This implies that the correspondence is a bijection. Further, we have

dp(a,bx) =dg(a,ax) +dg(ax ., byx) = dx (x,x") + dg(ax:, bx)
and
dg(by,a) = dg(by,b) +dg(b,a) = dx (X', x) +dg (b, a)

for all @, b € 7~ x. We thereby obtain that dg (¢, b) = dg(ax:, by) forall x,x’ € X anda,b € 7~ 'x,
which implies that the correspondence is an isometry. |

Lemma 3.5 Let ¢: 71 — n/ be a morphism of metric fibrations. For all x,x’ € X anda € n~'x,

we have (pa)x = @ay:.
Proof We have
de ((pa)x, pax) = dg:(pa, paxr) —dx (x,x") < dg(a,ax) —dx(x,x") =0,
and hence we obtain that (¢a)x = @ay. O

Algebraic & Geometric Topology, Volume 25 (2025)



4266 Yasuhiko Asao

Definition 3.6 Let F': X — Met be a metric action. We define a metric fibration ng: E(F) - X as
follows:

(1) E(F)={(x,a)|ac Fx, xe X}

(2) dgwr)((x,a), (X', b)) = dx (x,x") + dpx (Fxxa,b).

(3) mp(x,a)=x.

We call the above construction the Grothendieck construction.
Proposition 3.7 The Grothendieck construction gives a functor E : Mety — Fiby.

Proof Let 6: F = G be a metric transformation. Then we construct Lipschitz maps ¢g: E(F) = E(G)
by @g(x,a) = (x,0xa) for all x € X and a € Fx. To see that ¢y is a Lipschitz map, observe that

dE6)(9e(x.a), po(x'. b)) = dp(G)((x. Oxa). (x', Ox'D))
= dx (x,x") + dGx/(Gxx'Oxa, Oxb)
= dx (x,x") + dGx (Ox Fxxa, Ox'b)
< dx (x,x") + dpx(Fxxa,b)
= dgr)((x,a). (x, b)).
It remains to see that the correspondence 6 > ¢g is functorial —that is we have ¢;q, = idg(F) and

@9 = @g@g for all metric transformations 6: F = G and 6’: G = H. The former is obvious and the
latter is checked as follows:

pgro(x,a) = (x,(0'0)xa) = (x, 0:0xa) = pgpp(x.a).

Finally, ¢y is obviously a morphism of the metric fibration. O

Proposition 3.8 We have a functor F: Fiby — Mety sending a metric fibration 7 to a metric action Fy

with Frx = 77 x.

Proof Let 7: E — X be a metric fibration. We define a metric action F: X — Met by Frx = a x

1

and (Fy)xxa = ay for all x,x’ € X and a € 7~ !x, where we equip the set 7~ x with the induced

metric from E. It follows that (F)xx = idf, x by the uniqueness of the lifts, and that (F;)xx’ defines
an isometry Fpx — Frx" with (F,,);}C, = (Fy)x'x by Lemma 3.4. Further, we have that
dF,,x”((Fn)x’x”(Fn')xx’a, (Fn)xx”a) = dFﬂX”((aX’)X”’ ax//)
=dg(a, (ax)xr) —dx (x,x")
S dE (a7 ax’) + dE (ax’, (ax’)x”) - dX (xa X”)

=dy(x,x") +dxy(x', x")—dy(x,x"),

Algebraic & Geometric Topology, Volume 25 (2025)



Classification of metric fibrations 4267

for all x,x’,x” € X and a € Frx. Hence F; defines a metric action X — Met. Next, let ¢: 7 — 7’ be
a morphism of metric fibrations. We define a metric transformation 6y : Fr = Fgr’ by (64)xa = ga for
all x € X and a € F;x. Then we have that

(Fn/)xx’(e(p)xa = (Fﬂ’)xx’(Pa = (‘Pa)x’ =@dx = (Q(p)x’(Fn)xx”

where the third line follows from Lemma 3.5. Thus, 6, defines a metric transformation F = Fy/. Note
that we have 6,4, = idF, and (0y¢)xa = Ypa = (0y)x(0y)xa for morphisms ¢ and v, which implies
the functoriality of F. |

The following is the counterpart of the correspondence between lax functors and the Grothendieck
fibrations [4, B1], and enhances Corollary 5.26 of [1].

Proposition 3.9 The Grothendieck construction functor E : Mety — Fiby is an equivalence of categories.

Proof We show that FE = idvety and EF = idfipy . It is immediate to verify FE = iduet, by the
definition. We show that EF; =~ m for a metric fibration 7: E — X. Note that EF; is a metric
space consisting of points (x,a) with x € X and @ € 7~ 'x, and we have dgp_((x,a), (x',d’)) =
dy (x,x")+d 1,/ (ax,a"). We defineamap f: EF, — Eby f(x,a)=aforall x € X anda € 7~ 'x.
Then it is obviously an isometry and preserves fibers, and hence is an isomorphism of metric fibrations.

The naturality of this isomorphism is obvious. |

Remark 3.10 The trivial metric fibration corresponds to the constant metric action, that is Fyxs = id for
all x,x" € X.

4 The metric fundamental group of a metric space

In this section, we give a concise introduction to metric groups. We also give a definition of metric
fundamental group, which plays a role of m; for metric space in the classification of metric fibrations.

4.1 Metric groups

Definition 4.1 (see [10, Definition 6.1]) (1) A metric group is a monoid object in Met that is a group
when we forget the metric space structure. That is, a metric space G equipped with a Lipschitz map
2 G x G — G, afunction (—)~!: G — G and a point e € G satisfying the suitable conditions of monoids
and groups.

(2) For metric groups G and H, a homomorphism from G to H is a Lipschitz map G — H that commutes
with the group structure.

(3) We denote the category of metric groups and homomorphisms by MGrp.
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Lemma 4.2 Let (G, d) be a metric group.

(1) Wehaved(kg,kh)=d(g,h) =d(gk,hk) forallg,h,k €g.
(2) Wehaved(g,h)=d(g~ ', h~") forallg,heg.

Proof (1) Sincethe mapG— G, g+ kg,isaLipschitz map forevery k€G, wehave d(kg, kh)<d(g,h)
and d(k~'(kg),k~'(kh)) <d(kg, kh). Hence we obtain that d(kg, kh) = d(g, h). The other identity
can be proved similarly.

(2) By (1), wehave d(g~',h™") = d(e.gh™") =d(h.g) = d(g.h). O
Example 4.3 Let (X, d) be a metric space, and let Aut” X be the set of isometries f on X such that
sup,ey dx (x, fx) < oco. We equip Aut” X with a group structure by compositions. We also define a

distance function on Aut” X by da, x (f, &) = sup,ex dx (fx, gx). It is straightforward to verify that
(Aut” X, day x) is a metric group. Note that, if the metric space X is bounded, meaning that

sup dy(x,x") < oo,
x,x'eX

then the group Aut” X consists of all isometries of X. In this case we denote it by Aut X.
Definition 4.4 (1) A normed group is a group G equipped with a map | — |: G — R > called a norm,
satisfying that
e |g|=0ifandonlyif g =e,
e |gh|<|g|+|h|forall g,heG.
(2) A norm on G is called conjugation invariant if it satisfies that |h~!gh| = |g| for all g, € G.
(3) A norm on G is called inverse invariant if it satisfies that |g~1| = |g| for all g € G.

(4) For normed groups G and H, a normed homomorphism from G to H is a group homomorphism
¢: G — H satisfying that |pg| < |g|.

(5) We denote the category of conjugation and inverse invariant normed groups and normed homomor-
phisms by NGrp;)Lj.

Proposition 4.5 (E Roff, [9, Chapter 6]) The categories MGrp and NGrpc_O}1j are equivalent.

Proof Given a metric group G, we can define a conjugation and inverse invariant normed group NG by

e NG =G as a group,
e |g|=dg(e, g) for all g € NG.
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This construction is functorial. Conversely, we can define a metric group MG given a conjugation and
inverse invariant normed group G by

e MG = G as a group,
 dug(g.h)=1h""g|.
This construction is also functorial. It is straightforward to verify that the compositions of these functors

are naturally isomorphic to the identities. a

4.2 The metric fundamental group

Definition 4.6 Let X be a metric space and x € X.

(1) For each n > 0, we define a set P, (X, x) by
Pu(X,x):={(x,Xx1,...,xn, x) € X"T2}.

We also define that P (X, x) :=J,, Pn(X., x).

(2) We define a connected graph G (X, x) with the vertex set P(X, x) as follows. For u,v € P(X, x),
an unordered pair {u, v} spans an edge if and only if it satisfies both of the following:

e There is an n > 0 such that u € P,(X,x) and v € Py4+1(X, x).

e Thereisa0 < j <msuchthatu; =v; for 1 <i < j and u; = v;4; for j + 1 <i < n, where we
have u = (x,uy,...,up,x)and v = (x, vy, ..., Upt1, X).

(3) We equip the graph G(X, x) with a weighted graph structure by defining a function wg(x,x) on
edges by

dx (v, vj+1) +dx (Vjt1,vj42) —dx (vj, vj4+2) if v; # Vj12,

wG(X,x){u,v}Z{ 0 if v; = V1)
= vj 12,

where we use the notation in (2).

(4) We denote the quasimetric space obtained from the weighted graph G(X, x) by Q(X, x). We denote
the Kolmogorov quotient of Q(X, x) by 7{"(X, x).

Lemma 4.7 Let X be a metric space and x € X .

(1) The metric space {" (X, x) has a metric group structure with multiplication defined by the concate-
nation defined as

[ uq,.. . up, x)]o[(x,v1,.... 06, X)]=[(x,u1,...,up, v1,..., 0%, X)].
The unit is given by [(x, x)] € 7{" (X, x).
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(2) Forall x" € X, we have an isomorphism 7{" (X, x) = n{"(X, x') given by

[ g, un, )] = [(X, X ug, .. up, x, X))

Proof (1) We first show that concatenation makes the weighted graph G (X, x) into a monoid object
in wGrphg,,,. Let (u,v), (u’,v") € G(X, x) x G(X, x), and suppose that {(u, v), (u’,v")} spans an edge.
Then we have that u =u" and v € P, (X, x),v' € Py11(X,x),orv=v"andu € P,(X,x),u’ € Py+1(X,X)
for some n. We also have that wg(x,x)xG(x,x) 1 (. V), W', V)} = wex xtu, u'} + wex,xiv, v’}
Note that {u @ v,u’ @ v’} spans an edge in G(X,x). Further, we have wgx x){u e v,u’ e v'} =
WGx,x){u. u'} + wex,x){v, v'}. Hence the concatenation map o: G(X,x) x G(X,x) - G(X,x)
is a weighted graph homomorphism. It is immediate to verify that the identity is the element (x, x) and
that the multiplication is associative. Thus the weighted graph G (X, x) is a monoid object in wGrph .,
and by Proposition 2.11, 7{" (X, x) is a monoid object in Met.

Now we show that any element [(x, Xg, . .., X5, X)] has an inverse, namely the element [(x, Xy, . .., Xg, X)].
It is enough to show that

dox,x) (X, Xn, ..., X0, X0, ..., XpX), (x,x)) =0.

And indeed, it is obvious that the elements (x, X, ..., Xg, Xg, - .., XpX) and (x, x) can be connected by
a path that consists of edges with weight 0 in G(X, x), which implies the desired equality.

(2) This is straightforward. O

Definition 4.8 Let X be a metric space and x € X. We call the metric group 7{"(X, x) the metric
Sfundamental group of X with respect to the base point x. We sometimes omit the base point and denote
it by 77" (X).

Remark 4.9 As a group, {"(X) can be obtained as the fundamental group of a simplicial complex Sx
whose n-simplices are subsets {xo, ..., x,} C X such that any distinct 3 points x;, x;, xi satisfy that
|A(x;, xj, xg)| = 0 (see Definition 7.1).

Remark 4.10 Our fundamental group 7{" (X)) is not functorial with respect to Lipschitz maps. However,
it is functorial with respect to Lipschitz maps that preserve collinearity (|A(x;, X, x)| = 0), including
every embedding of metric spaces.

5 PMeti ~ Torsi ~ Hom(x[" (X, x¢), G)

In this section, we introduce the notion of “principal G-bundles” for metric spaces. We define it from two
different viewpoints, namely as a metric action and as a metric fibration, which turn out to be equivalent.
As a metric action, we call it a G-metric action, and as a metric fibration, we call it a G-torsor. Then we
show that they are classified by the conjugation classes of homomorphisms 7{"* (X, x¢) — G.
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G g
5.1 PMetX ~ TorsX

Definition 5.1 Let X be a metric space and G be a metric group.

(1) A G-metric action F: X — Met is a metric action satisfying the following:
e Forallxe X, F, =G.
e Forall x,x’ € X, Fxy is a left multiplication by some fx, € G.

(2) Let F,G: X — Met be G-metric actions. A G-metric transformation 0: F = G is a metric
transformation such that each component 6y : Fx — Gx is a left multiplication by an element 6, € G.
We denote the category of G-metric actions X — Met and G-metric transformations by PMet)g(.

Remark 5.2 Obviously, PMet)g( is a subcategory of Mety and is also a groupoid.
Definition 5.3 Let G be a group and X be a metric space. We say that X is a right G-torsor if G acts

on X from the right and satisfies the following:
e Itis free and transitive.
e Forevery g € G, the map g: X — X is an isometry.
e Forall x,x’ € X and every g € G, we have dy (x,xg) = dyx (x', x'g).
Lemma 5.4 Let (X, dy) be a metric space and G be a group. Suppose that X is a right G -torsor. Then

there exist a distance function dg on G and a metric group structure -, on X for each x € X such that

the map
G— X, g+ xg,

gives an isomorphism of metric groups (G, dg) = (X, -x). Furthermore, the unit of the metric group

(X, ) is Xx.

Proof Fix a point x € X. We define amap dg: G X G — Rx>qg by dg(f, g) = dx(xf, xg), which is
independent from the choice of x € X. It is immediate to check that (G, dg) is a metric space. Further,

d(ff'. g8 ) =dx(xff' xgg") <dx(xff'.xgf") +dx(xgf’ xgg")
<dx(xf,xg)+dx(xf',xg") =de(f.g) +dc(/", &),
de(f~'. g7 ) =dx(xf™ . xg7") =dx(x.xg7" f)
= dy(xg, (xg)g~' ) = dx (xg,xf)
=dx(xf.xg) =dc(/.8).
forall f, /', g, g’ € G. Hence (G, dg) is a metric group.

and

Now we define a map G — X by g + xg. This map is an isometry by the definition. Hence we can
transfer the metric group structure on G to X by this map. With respect to this group structure -, on X,
we have x -y X’ = eg’ = x" and x’ -y x = g’e = x’, where we put x’ = xg’. Hence x € X is the unit of
the group (X, -x). O
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Definition 5.5 Let G be a group. A metric fibration 7: E — X is a G-torsor over X if it satisfies the
following:
e (G acts isometrically on E from the right, and preserves each fiber of .

e Each fiber of 7 is a right G-torsor with respect to the above action.

Lemma 5.6 Letw: E — X be aG-torsor, and x, x’ € X. Then the metric group structures on G induced
from the fibers w~'x and ' x’ are identical.

1

Proof Forall e € 77 x and f € G, we have

de((ef)x ex' [) = de(ef.ex ) —dE(ef. (ef)x)

=dEg(e, ex) —de(ef. (¢f)x)

= dy (x,x") —dx (x,x')

=0,
and hence we obtain that (¢f ), = €5/ f. Let dy and d, be the distance function on G induced from
the fibers 7~ !x and 71X/, respectively. Explicitly, for ¢ € 77 !x and f, g € G, we have dx(f, g) =
de(ef,eg) and dy (f, g) = dg(ex’ f, ex'g). Therefore we obtain that

dx(f.g) = dE(ex [ 6x'8) = dE((ef )x. (6€)x) = dE(ef.£8) = dx([. 2).

by Lemma 3.4. |

For a G-torsor w: E — X, we can consider the group G as a metric group that is isometric to a fiber of
by Lemma 5.4. Further, such a metric structure is independent of the choice of the fiber by Lemma 5.6.
Hence, in the following, we write “G-torsors” instead of “G-torsors”, where G denotes the group G
equipped with this metric structure.

Definition 5.7 Let7: E— X and n": E’ — X be G-torsors. A G-morphism ¢ :w — 7’ is a G-equivariant
map E — E’ that is also a morphism of metric fibrations. We denote the category of G-torsors over X
and G-morphisms by Tors)g(.

Remark 5.8 We can show that any G-morphism is an isomorphism as follows: Forall e € E, x € X
and g € G, we have dg (s, exg) = dx (e, x) + |g| by the definitions. Then the G-equivariance of ¢ and
Lemma 3.5 imply that

dp/(pe, p(exg)) = de/(¢e. (9€)xg)

= dy(7'pe. x) + g
=dx (e, x) +|g|
= dE(S, gxg)v

which says that ¢ preserves distances. The invertibility of ¢ is immediate from the G-equivariance.
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Next we show the equivalence of G-metric actions and G-torsors.
Proposition 5.9 The Grothendieck construction determines a functor E : PMetg, — Torsg,.

Proof Let F: X — Met be a G-metric action. Let E (F') be the metric fibration given by the Grothendieck
construction. We have dg(r)((x, g), (x', g")) = dx (x,x") + dg(gxx'g. g'). We define a G action on
E(F) by (x,g)h = (x,gh) forall g,h € G and x € X. This is obviously compatible with the projection,
and also free and transitive on each fiber. We also have that
Ay (. ©)h. (v, ) = dp(r)((x.gh). (', g'h))

=dx (x,x") +dg(gxx'gh. g'h)

=dy(x,x") + dg(gxx/g,g/)

=dgr((x,8), (x".g"),

and hence it acts isometrically. Further, we have that

dery((x. g). (x, g)h) = dgFr)((x, ). (x, gh)) = dg(g. gh) = dg(e. h),
and hence each fiber is a right G-torsor. Therefore, we obtain that £ (F) is a G-torsor.

Now let 6: F = F’ be a G-metric transformation. The Grothendieck construction gives a map
wg: E(F)— E(F') by gg(x, g) = (x, 0xg), which is a morphism of metric fibrations. It is checked that
@g is G-equivariant as follows:

(po(x,)h = (x,0xgh) = ¢g(x,gh).
Hence it is a G-morphism. |

Proposition 5.10 We have a functor F: Torsg, — PMet)g( sending a G-torsor 7 to a G-metric action F

1

with Fpx = m~ " x.

Proof Letz: E — X be a G-torsor. We fix points xo € X and ¢ € 7~ x. For each x € X, we equip the
set 7~ !x with a metric group structure isomorphic to G with the unit &, by Lemma 5.4. Hence we can
identify each fiber with G by the map g — exg. Now we put (ex)x’ = ex'gxx € 1 ' x' for x,x’ € X
and gxx’ € G. Then, for each & € G, we have

dy (x,x') = dg(exh, (exh)x)
= dp(ex, (exh)xh™")
=dp(ex. exQxx') + dp(ex' &xx' (exh)xrh™")
=dy (x,X') + dg(ex' gxx» (exh)xh ™),

and hence we obtain that (ex/1)y = €x/gxx’h. This implies that the map 7 x> 771y given by lifts
exh = (exh)y is the left multiplication by gx»’ when we identify each fiber with G as above. Hence the

functor F gives a G-metric action.
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Next, let ¢: 1 — 7’ be a G-morphism between G-torsors w: E — X and n’: E/ — X. It induces

1 1

a Lipschitz map ¢x: 77 !x — 7/~ !x. Since fibers 7~ !x and 7/~ !x are identified with G and ¢y is

G-equivariant, we can identify ¢, with the left multiplication by ¢xéex. This implies that the functor F
sends the G-morphism ¢ to a G-metric transformation between F and Fj/. O

Proposition 5.11 The Grothendieck construction functor PMetf{, — Tors;c{, is an equivalence of categories.
Proof This is similar to the proof of Proposition 3.9. O

5.2 PMeti ~ Hom(n{" (X, x0), G)

First we define the category of homomorphisms of metric groups G — G'.

Definition 5.12 Let G and G’ be metric groups, and let Hom(G, G’) be the set of all homomorphisms G — G'.
We equip Hom(G, G’) with a groupoid structure by defining Hom(G, G ) (¢, ) ={h e G | ¢ = h~'yh}
for homomorphisms ¢, ¥ : G — G’. The identity on ¢ € Hom(G, G’) is the unit e € G’, and the composition
of morphisms /# € Hom(G, ') (¢, ¥) and i’ € Hom(G, G') (Y, €) is defined by 2/ o h = h'h.

Lemma 5.13 Let X be a metric space and G be a metric group. For each xo € X, we have a functor
A: Hom(wr{" (X, x9),G) — PMet)g( sending a homomorphism ¢ : 7" (X, xo) — G to a G-metric action Fy,
with Fox = G.

Proof Let ¢: 7{"(X, xo) — G be a homomorphism. We define a G-metric action Fj,: X — Met by
Fyox =G and (Fp)xx' = ¢[(x0,x",x,x0)]: G — G, where we denote the left multiplication by (—)-.
It is verified that this defines a G-metric action as follows.

For all x, x" € X, we have (Fy)xx = ¢[(x0, X, X, X0)]- = e-=1idg, and (Fy)x'x = ¢[(x0, x,x’, x0)]- =
(@[(x0, X", x, x0)) "L = (F(p);)lc,. Further, we have
dg((F(p)x/x”(F(p)xx’g, (F(p)xx”g) = dg ((P[(X(), XN, X/, Xo)](ﬂ[(Xo, X,, X, X())], (p[(Xo, x”, X, xo)])
= dg(p[(x0. x", X", x,x0)], ¢[(x0. x", X, x0)])
= dg ((gﬁ[(X(), X//, X, XO)])_IQD[(XO’ X//, x/? X, XO)]? 6)
= dg(p[(xo. x,x".x",x, x0)]. €)
E dﬂin(X,X()) ([(XO’ X, X”, X,, X, X())], [XO’ X()])
<dy(x,x")+dx(x',x") —dy(x,x"),
for all x,x’,x"” € X and g € G. Let h: ¢ — ¥ be a morphism in Hom(7{" (X, x¢), G); that is, we have
Q= h1 Y h with h € G. Then we can construct a G-metric transformation 6: F, = Fy by Ox=h-:G—G.
It satisfies that (Fy ) xx'0x = Ox(Fy)xx’ since we have ¥[(xo, X", X, xo)[h = ho[(xo, X, x, Xx0)]. O
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Lemma 5.14 Let X be a metric space and G be a metric group. For each xo € X, there is a functor
B: PMet)g( — Hom(r{" (X, X9), G) sending a G-metric action F to a homomorphism ¢ : {" (X, Xo) — G
defined by

(PF[(XO»Xla ce axns-xo)] = Fxlonxz)q ---Fxnxn_lFxoxna

for each [(xo, X1, ..., Xn, Xo)] € T} (X, Xo).

Proof It is immediate to check that this is well defined. Let F, F’: X — Met be G-metric actions and
@: F = F’ be a G-metric transformation. Then we have

—1 =1 / ! /
Oy OF/[(x0. X1, - s Xny X0)]0xg = Ox) Frxo Fxaxy - Fxpxyy Fxoxen Oxo
= FX1X0 FX2X1 s Fxnxn—l Fx()xn
= @rFl(x0.x1,..., Xn, x0)],
for each [(xq, X1, ..., Xxn, Xo)] € 7{"(X, Xo). Hence Oy, € G gives a morphism 6x,: o — @ps. This
correspondence is obviously functorial. a

Proposition 5.15 The functor A: Hom(r{* (X, x¢),G) — PMet)g( of Lemma 5.13 is an equivalence of
categories.

Proof We show the natural isomorphisms BA = idHom(niﬂ (X,xo),0) and AB = id;,, oS- For a homomor-
phism ¢: 7{" (X, xo) — G, we have

9F,[(x0. X1, ... Xn, X0)] = (Fp)xyx0 (Fp)xax - - - (F)xoxn
= @[(x0. x0, X1, x0)]@[(x0, X1, X2, X0)] . .. ¢[(x0, Xn, X0, Xo)]
= @[(x0, X0, X1, X1, ..., Xn, Xn, X0, Xo)]
= @[(x0, X1, ..., Xn, X0)],
for each [(xo, X1, ..., Xn, Xo)] € 7{" (X, Xo). Hence we obtain an isomorphism BA¢ = ¢ that is obviously

natural. Conversely, let F': X — Met be a G-metric action. Then we have

(quF)x =G and (Fq)F)xx’ = (pF[(XOa x,,X,XO)] = Fx’onxx/Fxox-

Now we define a G-metric transformation 6: Fy,,. = F by 0y = Fx x. It is obvious that we have
Fxx'0x = 0x/(Fy)xx’, and hence it is well defined and obviously an isomorphism. For a G-metric
transformation t: F' = F’, we have (AB71)x = txy: (Fpp)x = (Fy,,)x by the construction. Hence the

condition Ty Fyxyx = of the G-metric transformation implies the naturality of this isomorphism. O

)/C()x TxO
5.3 Example

We give the following example of a metric fundamental group.
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Proposition 5.16 Let C, be the undirected n-cycle graph. Then we have
Z with |[1| =1 ifn is odd,
0 ifn is even.

n"(Cp) = {

Hence we have that o
PMet9. ~ {Hom(Z,g) ifn is odd,

0 if n is even,

for all metric groups G, which implies that there is only a trivial metric fibration over C,,, and that there is
at most one nontrivial metric fibration over Cyy 4 1.

Proof Let V(C,)={v1,...,v,} be the vertex set whose numbering is anticlockwise. For C5,, it reduces
to show that [(vy, v2, ..., Vau, v1)]=[(v1, v1)]. Since we have dc,, (vi, vj) =dc,, (vi, vk) +dc,, (Vi vj)
foralli <k < j with j —i <n, we obtain that
[(vi,v2, .oy v2p VD] =[(V1, oo, Vng1s oo vy V20, V)]

=[(v1, Vnt1,v1)]

= [(v1, v1)]-
For C3p,41, the possible nontrivial element of 77" (C2,+1) is a concatenation or its inverse of the element
[(vi,..., V2541, V1)]. Now we have [(vy, ..., Vap+1, V1) =[(V1, Un+1, Vpt2, v1)], by the same argument

as above, and
dQ(C2n+1,U1)((v1 > Un+15VUn+2, Ul)’ (U] > Un+1, vl))

= dC2n+1 (vn—H ) Un+2) + dC2n+1 (Un—i-z» vl) - dC2n+1 (vn+1 s U])

= dC2n+1 (UIH-I ) Un+2)

=1.
Hence we obtain that |[(vy,...,V2u4+1,V1)]| = 1. |
Remark 5.17 The cycle graph C,, is a metric group Z/nZ with |1| = 1. Hence the examples in Figure 1

are 7 /27Z-torsors, which are classified by Hom(Z, Z /27) = 7./ 2Z.

6 Classification of metric fibrations

In this section, we classify general metric fibrations by fixing the base and the fiber. It is analogous to
that of topological fiber bundles, namely it reduces to classifying principal bundles whose fiber is the
structure group of the concerned fibration. We divide it into two cases, whether the fiber is bounded or
not, since we need to consider expanded metric spaces for the unbounded case.

6.1 The functor (/—\)xo

Before we show the classification, we introduce a technical functor that will be used later.
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Definition 6.1 For all metric actions F': X — Met and a point x( € X, we define a metric action FXo. X —
Met as follows. We define that FX0x = Fx( and ﬁ;‘g, = Fy/xo Fxx' Fxox: Fxo— Fxg forall x,x" € X.
We verify that this defines a metric action as follows. We have F 20 = Fy xo Fxx Fxox =1dfx, =1d
We also have (F22)™" = (Fxxo Fxx Fxox') ™' = Frrxg Fxx Fxox = F20, and

x
d

Fxox:

X
F 0

X X
j:‘xox//( x/x" Fx;z/a, nyg”a) = deO(Fx”xo Fx’x” Fxox’Fx’xo Fxx’Fx()xa’ Fx”xo Fxx” Fx()xa)
= de”(Fx’x”Fxx’Fxoxa, Fxx”Fxoxa)
<dy(x,x")+dy(x', x")—dy(x,x"),

forall x,x’,x" € X and a € FX0x.

Lemma 6.2 The correspondence F +— F*0 defines a fully faithful functor (/—\)xo: Mety — Mety.
Further, this restricts to a fully faithful functor PMetg, — PMetg( for each metric group G.

Proof Let§: F = G be a metric transformation. We define a metric transformation 6%0: FX0 = G*o

by 020 = 6, : FX0x — GX0x,a > Oyx,a. Then we have

~

G;())c/ é\;o = Gx’xo Gxx’Gxoxexo
= Gx/xo Gxx’ex Fxox
= Gx/xo Gx’ Fxx/Fxox
= exo Fx’xo Fxx/Fxox

~l A
G E,

and hence this defines a metric transformation. It is obvious that iﬁ;xo =1dpy, and (@)xo — '*0fXo.
It is a faithful functor because Gxx,0x = Ox, Fxx, implies that 6, = 0/, for all x € X if two metric
transformation ¢, 6" satisfy 6, = 05 . By definition, it restricts to a faithful functor PMet)g( — PMetg( for
each metric group G. Next we show the fullness. Let n: F*0 = G*0 be a metric transformation. Then we
have /G\fchnxo =1y F\f(?x and ﬁffgx =idF,,, @fch =idg,, - Hence we obtain that x, = forall x € X.
Now we define a metric transformation 7): F = G by 7jx = Gxoxlxo Fxxe: Fx — Gx. Then we have
Gxx'lx = Gxx'Gxox Nxo Fxxo

= Gxox’aigc/nx Fxx,

= Gxox/nx/ﬁicg/ Fxxo

= Gxox/nx/Fx’xo Fxx’Fxox Fxxo

= Gx()x’nxg Fx’xo Fiyxr

= x' Fxx’,
and hence this defines a metric transformation. We obviously have (/77\')xo = 1, which implies that the

—X0 . .. .. .
functor (—)  is full. The restriction to PI\/Iet)g( — PMet)g( is immediate. |
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—X
Lemma 6.3 The functor (—) % Mety — Mety is split essentially surjective. Its restriction PMetg( —
PMet)g( is also split essentially surjective for all metric groups G.

Proof Let F: X — Met be a metric action. We define a metric transformation 6: FX0 = F by
Ox = Fxyx: FXox Fx,aw Fx,xa. It satisfies that
Fxx’ex = xx’Fxox
= xox’Fx/xo Fxx/Fxox
== Qx/ ﬁxo

xx’"

Further, we define a metric transformation 87 1: F = Fxo by 60 l—F xxo: Fx — FXox for all x € X.
Then we have F ; 0x ! = 071 Fyx similarly to the above, and hence it defines a metric transformation.
It is obviously an isomorphism. The restriction to PMet)g( — PMet)g( is immediate. |

Corollary 6.4 The functor (/—\)xo: Mety — Mety and its restriction PMet)g( — PMet)g( for all metric
groups G are category equivalences. a
Definition 6.5 (1) We denote the image of the functor (/—\)xo : Mety — Mety by I\//Igc;o.

(2) For each metric space Y, we denote by Met}; the full subcategory of Mety that consists of metric
actions F': X — Met such that Fx = Y forall x € X.

. —=X0 . Y g —Y,x0 ——G,X0 .
(3) We denote the image of (—)  restricted to Mety and PMety by Mety ~ and PMety , respectively.

(4) For each metric space Y, we denote by Fib§ the full subcategory of Fiby that consists of metric
fibrations 7 : E — X such that 77 'x = Y forall x € X.

. Y AY:XO g /\g’xo
Lemma 6.6 (1) We have category equivalences Mety, — Mety ~ and PMet5 — PMety

(2) The Grothendieck construction functor E: Mety — Fiby restricts to the category equivalence
Met? — FibY.

Proof (1) follows from Corollary 6.4, and (2) follows from the proof of Proposition 3.9. O

6.2 C(lassification for the case of bounded fibers

In this subsection, we suppose that X and Y are metric spaces and Y is bounded. In this case the group
Aut Y of automorphisms is a metric group (Example 4.3).

Lemma 6.7 We have a faithful functor

AutY

— Y :PMety" " — Met}; .
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Proof Let F € PMet)A(“tY. We define a metric action F ~, Y: X — Met by (F ~ Y)x =Y and
(F A Y)xx = Fxx: Y = Y. It is immediate to verify that this defines a metric action. For an Aut Y -
metric transformation 6: F = G, we define a metric transformation 6 ~ Y: F R Y = G ~ Y by
OA~AY)x=0x:Y =Y, y+> 0,y. Then it is also immediate to verify that it is a metric transformation.
Further, this obviously defines a faithful functor. a

Lemma 6.8 The functor — ~, Y : PMet}“t LGN Met}? is split essentially surjective.

Proof Let F € Met}? and fix isometries ¢, : ¥ — Fx using the axiom of choice. We define an Aut Y -
metric action Aut F by (Aut F)x = AutY and (Aut F)xx = (p;/l Fyx ¢ - that is a left multiplication.
We can verify that it is an Aut Y -metric action as follows. We have (Aut F)xx = (p;l Frx@x =1dagty
and (Aut F)_)lc, = @3 Fxrx@x - = (Aut F)xrx. We also have that

dauy (Aut F)xrxr (Aut F)xxr, (Aut F)xxr) = dAutY(ﬁo;f/l Fx’x”‘/)x’(p;/l Fxx'¢x, (P;/} Fxxrox)
= dAutY(go;/} Fxrxr Fxx @x, (0;/} Fxxr¢x)

= Sup dY(QD;/} Fyrxn Fxxrgxa, (;0;//1 Fxxroxa)
acY

= sup dpxr(Fx'x» Fxxa, Fxxra)
acFx

= dX(x’ x,) + dX(X/, x//) - dX(x’ x//)'

Now we define a metric transformation ¢: Aut F ~ Y = F by ¢x: (Aut F ~, Y)x =Y — Fx. This
satisfies that Fyx/¢x = @x’(Aut F ~y Y) x5 and is an isomorphism by the definition. m]

Since the category PMet)A(ut Y is a groupoid, the image of the functor — ~, Y is in core Met};. (Here core

denotes the subcategory consisting of all isomorphisms, as in Definition 2.1(4).)
— /\Yy .
Lemma 6.9 The functor— ~, Y : PMet4"Y — coreMety 0 is full.

_/-\X() _ /_\xo tes : /_\xo . AutY AutY :
Proof Wehave —~ Y = (—) ~ Y by the definitions. Since (=) :PMety"* — PMety™* " is full
by Lemma 6.2, it will suffice to show that the restriction

—— AutY,xg —Y,xo
— Y :PMety — coreMety

~ -~ AY,
is full. Let 6: F*0 ~, Y = G*° ~, Y be an isomorphism in MetXxo, where F,G € PMetf‘(“tY. Then
we have an isometry 6y :Y — Y such that Gy/x,Gxx'Gxyx0x = Ox’ Fx/xy Fxx' Fxox for all x,x" € X.
Since we have 0, € Aut Y, we obtain a morphism
A~ ~ — A Y,
0': F* = G0 c PMety "
defined by 6, = 6. It is obvious that we have 6’ ~, ¥ = 6. O
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—— X0 —Y.,xo . . .
Corollary 6.10 The functor— ~ Y PMetﬁ‘(”t L coreMety % isan equivalence of categories. a

Corollary 6.11 The categories PMetﬁ,Ut Y and core Fib}? are equivalent.

Y,
Proof This follows from Corollary 6.10, with core FibY ~ core Met}; =~ coreMety o by Lemma 6.6. O
6.3 Classification for the case of unbounded fibers

To classify general metric fibrations, we generalize the discussions so far to extended metric groups.

Definition 6.12 (1) An extended metric group is a monoid object in EMet that is a group when we
forget the metric structure.

(2) For extended metric groups G and H, a homomorphism from G to H is a Lipschitz map G — H that
commutes with the group structure.

(3) We denote the category of extended metric groups and homomorphisms by EMGrp. The category
MGrp is a full subcategory of EMGrp.

Example 6.13 Let (X, d) be a metric space, and let Aut X be the group of isometries on X. We define
a distance function on Aut X' by dau: x (/. &) = sup,ex dx (fx, gx). Then it is immediate to verify
that (Aut X, day: x) is an extended metric group. The “unit component” of Aut X, that is the set of
isometries f such that da; x (idy, f) < o0, is exactly Aut* X (Example 4.3). If the metric space X has
finite diameter, then we have Aut X = Aut” X.

Definition 6.14 Let G and G’ be extended metric groups, and let Hom(G, G') be the set of homomor-
phisms. We equip Hom(G, G’) with a groupoid structure similarly to the metric group case by defining
Hom(G,G") (¢, ¥) = {h € G' | ¢ = h~ 1y h} for all homomorphisms ¢, ¥: G — G'.

Remark 6.15 A statement analogous to Lemma 4.2 holds for extended metric groups. Further, the
relationship between extended metric spaces and normed groups similar to Lemma 4.2 holds if we replace
the codomain of norms by [0, o<].

Definition 6.16 Let G be an extended metric group and X be a metric space. An extended G-metric
action F is a correspondence X > x — Fx = G and Fx,’ € G such that

® Fxx:eanx’:F_l

x'x’

o dg(FxrxnFxxr, Fxxr) < dx(x, x,) + dX(x/» x/,) —dx (x, x”)-

For extended G-metric actions F and G, an extended G-metric transformation 0: F = G is a family
of elements {0y € G}yex such that Gxx 0y = 0 Fxx’. We denote the category of extended G-metric
actions and extended G-metric transformations by EPMetg(.

The following is obtained from the same arguments in Section 5.2 by replacing the term “metric group”
by “extended metric group”.
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Proposition 6.17 For an extended metric group G and a metric space X, the categories EPMetg( and
Hom(r{" (X, xo), G) are equivalent. |

Further, the arguments in Section 6.2 can be applied to the extended case, and we obtain the following.

Proposition 6.18 For all metric spaces X and Y, the categories EPMetﬁ,”t Y and core Fib}; are equivalent.
Hence metric fibrations with fiber Y are classified by Hom (s {" (X, xo), G). |

7 Cohomological interpretation

In this section, we give a cohomological classification of G-torsors. It is an analogy of the 1-Cech
cohomology. Before giving the definition, we introduce the following technical term.

Definition 7.1 Let X be a metric space, and x1, X5, X3 € X. We denote the subset {x{, x5, x3} C X by
A(x1, X3, x3) and call it a triangle. We define the degeneracy degree of the triangle A(x1, x3, x3) by

|Axy. X2, x3)] := min{dx (x;. x;) + dx (xj. xp) — dx (xi, xx) | {i, j. k} = {1,2,3}}.

It is enough to consider 7, j, k’s running in the cyclic order to obtain the above minimum.
The following is the definition of our “1-Cech cohomology”.

Definition 7.2 Let X be a metric space and suppose that points of X are indexed as X = {x;};cs. Fora
metric group G, we define the 1-cohomology of X with coefficients in G as the category H! (X; G) by
ObH'(X;0) = {(a;jx) € g’ | aijrarje = ajje. |aijeajriarijl < |ACxi, xj, xp)l},
and
HY (X 6) (). (biji)) = {(fi)) € G" L ayji fix = fisbijic}.
where we denote the conjugation invariant norm on G by | — |. We call an object of H! (X; G) a cocycle.
Obviously, the above constructions are independent from the choice of the index 1.

Remark 7.3 For a cocycle (a;jx) € H(X;G), the condition ajjrakje = ajj¢ implies that a;j; = e and
ajjk = a,:jli for all 7, j, k € I. Further, for a morphism (f;;), we have f;; = fj; from the condition
aijk Jik = Jijbijk and aiji = biji = e.

Lemma 7.4 The 1-cohomology of X with coefficients in G is well defined. That is, H! (X; G) is indeed
a category, and in fact a groupoid.

Proof Let (a;jk), (bijk). (cijx) € ObH'(X:G), and (fij): (aijk) — (bijx) and ( 1)t bijk) = (cijk)

be morphisms. Then (f' o f);j 1= fij l.;. defines a morphism ((f" o f)ij): (aijx) — (ciji) since
aijk fik Iix = Jijbijk fjx = fij fijcijh-

It obviously satisfies associativity. The identity on a;; is obviously defined by e;; = e, where e denotes

the unit of G. Further, ( fij_.l) defines a morphism ( j;.jfl) :bjjk — a;j that is the inverse of ( f;;). O
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Proposition 7.5 We have a faithful functor B: H' (X; G) — Tors)g(.

Proof Epr (a"!'.k) € ObH!'(X;G), we define a G-torsor B(a;jk) as follows. Let U = ]_[(i,j)eﬂ Gij, where
Gij = g;f I QJ'.] = G I G. We write an element of g:'f as gfj and we denote the identification G = gfj
by the map G — GY, g+ g/, where e € {i, j} for all i # j € I. We define an equivalence relation ~
on U generated by

gj ~ (gaijk)]j'k-

We have g;.j ~ gjj " for all i . J € 1. We denote the quotient set i/~ by B(a;;x). Then we have a surjective
map 7 : B(a;jx) — X defined by n[g]’.]] = x;. For this map m, we have the following.

Lemma 7.6 Foralli, j € I, the map G — Jr_lxj, g [g;.j], is a bijection.

Proof The surjectivity is clear. We show the injectivity. Suppose that we have [gj.j 1= [hj.j |for g, heg.
That is, we have elements ay jk, Ak, jkys - -+ Akn_, jky € G Such that gag, ik, ... aky_, jk = h and
ko = kn = i. Then the condition a;;xay ;¢ = a;j¢ implies that ga;j; = h, hence g = h. O

Lemma 7.6 ensures that [g]’:j 1= [h; k] implies 1 = ga;jx. Now we can define a distance function dg(g;; )

1

on B(a;jjx) as follows. Let &; € 7~ 1x; and gj € m~ xj. Then there uniquely exist g, s € G such that

[gll..j] = ¢; and [h;j] = ¢j by Lemma 7.6. Then we define that
dﬂ(aijk)(gi’ 8]') =dy (x;, Xj) +dg(g, h).

The nondegeneracy is clear. The symmetry follows from that [g;:j 1= [gl] i]. The triangle inequality is

Ixj and g4 € w1 x. Suppose that we have [g;'] = &; = [glfik],

verified as follows. Let &; € 771 x;, gj €M
[h;.j] =g = [h;jk], and [mik] =g = [mZk]. Then we have g = g'ay;j, i’ = ha;ji and m = m’a;y;;
hence we obtain that
d(ai; ) (€i-€j)Fdpay; 0 (€ ex) = dx (xi, xj)+dg(g. ) +dx (xj, xx)+dg(h',m)

= dx (xi,xj)+dx (xj, xp)+dg (g axij, W) +dg(haiji,m'a;y )

= dx (xi,x))+dx (xj, X)) +dg (& axij . W) +dg(hajjrajriaxij m'agi;)

+dg(h,ha;jrajkiakij)—dg(h,haijra;kiaki;)

> dy (xi,xj)+dx (xj, xk)+dg(g akij. m'aij)—lajkajkiakij)

> dx (xi, X)) +dx (xj, Xx) +dg(g',m") = A(xi, xj, 1)

> dx (xi, x)+dg(g',m')

=dp(a;ji) (i €k)-

Now a map 7: B(a;jx) — X is obviously 1-Lipschitz. We verify that it is a metric fibration as follows.

Let x;,xj € X and & € 7~ !x;. Suppose that &; = [g::j] for g € G. Then ¢; := [g;.j] en!

1

xj is the

. . _ . ij —
unique element in 7~ x; such that dg(q,,,)(&i, ¢j) = dx (xi, xj). Also, for 8} = [hj len71x;, we
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have dg(a;. ) (&i, s/) = dx (xi, Xj) +dg(g,h) = dga;;,)(eir 6) + d/;(a”k)(ej , s/) Finally, we equip the
metric fibration 7: B(a;jx) — X with a right action by G as [g¥Th = [(h~! )”] for all i, j € I and
e c {i, j}. This is well defined since we have that

[(gagji) ] W = (" gaz) 1= 17" )7 1= (g7 1h.
It is straightforward to verify that this is a G-torsor.
Next we show the functoriality. Let ( f;;): (a;jx) — (bijk) € H!(X;G). We construct amap fx: Bla;jr) —
B(biji) by [gV ]+ [(gfij)J]foralli, j € I and e € {i, j}. It is well defined since we have that
(a1 [(gaij 1101 T = Wg fisbij) 1T = g /i) 1.
The map fi« obviously preserves fibers, and is an isometry since we have that

Ao, (felg? ) flh) = dpw,, 0 ()P 1 (i) 7))
=dx (xi, xj) +dg(g fij, hfij)
=dx (xi, xj) +dg(g,h)

= dpa,0 (871 117 )).

Further, it is G-equivariant since we have that

(fulg! Dm =g fi))7Im =1m™" g fi))71= fiulg] ).

The faithfulness is obvious from the construction. O
Proposition 7.7 The functor B: H' (X ;G) — Torsg, is full.

Proof Let (aijk), (bijk) €Ob H!(X; G) be cocycles, and suppose that we have a morphism ¢ Blaijk) —
B(biji) in Tors . We denote the projections B(a;;jx) — X and B(b;jx) — X by 7,4 and 7y, respectively.

For all i, j € I, we have bljectlons Aij: G — 7, —1

xj and Bjj: G — my x] given by g > [g]]] by
Lemma 7.6. Define a map ¢;; = B;; Yo 4j:G— G. We have (p[gJ 1 = [(¢ij g) ]. Now the G-equivariance
of ¢ implies

-1

olg1=¢l(g0)71 = (pleDe™" = (i) 1e ™" = [(gpi )",

which implies that ¢;; ¢ = gg;je by Lemma 7.6. From this, we obtain that
jk kj kj kj
ol(gaijr)]"1 = el(gaijr);’1 = [(orj (gaijn);’ ] = (gaijxprje);’

Since we have [g]j] = [(ga,]k)J ], we obtain that a;;jxerje = (¢ije)b;jx by Lemma 7.6. Further,
since the lift of x; along [g; i ]is [gjj ] and ¢ preserves the lift, the conditions (p[gJ ] = [(¢ij g) ] and
(p[gl ] [((p,,g)lj | implies that ¢;; = @;;. Hence we obtain a morphism (g;je): (a;jx) — (bijk)
in H'(X; G), which satisfies that B(¢; j€) = ¢ by construction. O
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Definition 7.8 Let n: E — X be a G-torsor. For x;,x; € X, we define a local section of m over a
pair (x;, x;j) to be a pair of points (g;, &) € E? such that we; = x;, mej = xj and ¢; is the lift of x;

along &;. We say that ((8;] , s}f ), j)e 12 is a local section of w if each (8;] , e}’ ) is a local section of 7

over a pair (x;, x;) and satisfies that 8; s] :

Proposition 7.9 Letw: E — X be a G-torsor. For a local section s = ((8?, 8j'j))(i,j)612 of m, we can
construct a cocycle agm € ObH(X; G). Further, for all two local sections s, s’ of 7, the corresponding
cocycles agm and ag 7w are isomorphic.

Proof We define a;j; € G as the unique element such that 8 a, ik = a . Then (a;j) satisfies that
ajjrakje = ajjg since we have
ij _ Jk _ ki _ Jt
6‘j AijkAkjL = 8j Adkje = 6‘j Akje = Ej .
We have exg = (eg)x forall e € E,x € X and g € G. Hence we have that
Uy ainar: =l ®a.an:: — (e1%
€ AijkAjkidkij = € Ajkidkij = (8k )Xja]klaklj
ik ki
= (& @jki)x;akij = (e )x; Akij

= (M) xeanij)x, = (¥ ari)x)x; = () x)x -
It follows that

laijrajriakij| = dE(gl-],Sl'jaijkajkiakij)

=dp(e! ((glj)xk)x,)

= —dp( &)+ dp (e ((6V)x)x,)

<—dg (8; ) 51' ) + dE(gi ) (8;]))0() +dE ((S;J)XIcv ((8;])Xk)x_,‘)

= —dx (xj, xi) + dx (xi, xg) + dx (xg, x;j).
Since the norm | — | on G is conjugation invariant, the value |a;jxa;k;ak;;| is invariant under the cyclic
permutation on {7, j, k}, and hence we obtain that |a;jxa;r;ar;j| < |A(xi, xj, xg)|. Thus we obtain a
cocycle Q7T 1= = (a;jx) € Ob H!(X;G). Suppose that we have local sections s = ((81 ,8 ))(, j)er? and
s’ = (([Ll ,/L] ))(, jyer2- Then there exists an element ( fij) € G!? such that (8” flj,s fU) = (;Ll ,y,] ).
Let agm = (a;jx) and ey = (b;jx). Then we obtain that

ij —1 Jk - ij

€; aijkfjkbijk flkbtjk M5 z]k =Hy
which implies that f;; = azjkfjkb,]k Hence ( f;;) defines a morphism ( f;;): (a;jx) — (bjj) in HI(X: Q).
Since H!(X; G) is a groupoid, this is an isomorphism. d

Proposition 7.10 The functor B: H' (X;G) — Torsg( is split essentially surjective.

Proof Let 7: E — X be a G-torsor. Fix a local section s = ((egj, 8§j))(i,j)€12 of w. Let oy = (a;j)
be the cocycle constructed in Proposition 7.9. We show that the G-torsors B(a;;x) and 7 are isomorphic.
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We define a map ¢: B(a;jx) — E by [g¥]+ e g=1. Tt is well defined since we have that

1 1

& ko1 o
[(gaijk)jj' ]'_)gjj 4iik8 zgjjg .

It obviously preserves fibers and is a bijection. Also, it is an isometry since we have that

dg(plg; 1. olh) = dp(ef g ] ")
=dp(e! &/ h™'g)
= dp(e] ) +dp (e &) h7'9)
=dy (xi,xj) +dg(g~" . h7")
= dp(a,;1) (27 1. 117

Further, it is immediate that ¢ is G-equivariant. Hence the map ¢ gives an isomorphism in Tors)g(. O
Corollary 7.11 The functor B: H (X;G) — Tors)g( is an equivalence of categories. a
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