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Classification of metric fibrations

YASUHIKO ASAO

We study a notion of “fibration for metric spaces”, called metric fibration, that was originally introduced
by Leinster (Doc. Math. 18 (2013) 857–905) in the study of magnitude. He showed that the magnitude
of a metric fibration splits into the product of those of the fiber and the base, which is analogous to the
case for the Euler characteristic and topological fiber bundles. His idea and our approach are based on
Lawvere’s suggestion of viewing a metric space as an enriched category (Rend. Sem. Mat. Fis. Milano 43
(1973) 135–166). Actually, the metric fibrations are the restriction of the enriched Grothendieck fibrations
(Séminaire Bourbaki 1959/1960 (1966) exposé 190) to metric spaces (arXiv 2303.05677). We give
a complete classification of metric fibrations by several means, which are parallel to those used for
topological fiber bundles. That is, the classification of metric fibrations is reduced to that of “principal
fibrations”, which is done by the “1-Čech cohomology” in an appropriate sense. Here we introduce the
notion of torsors in the category of metric spaces, and the discussions are analogous to those in sheaf
theory. Further, we can define the “fundamental group” �m

1 .X / of a metric space X , which is a group-like
object in metric spaces, such that the conjugation classes of homomorphisms Hom.�m

1
.X /;G/ correspond

to the isomorphism classes of “principal G-fibrations” over X . In other words, the latter are classified like
topological covering spaces.

18F15, 51F30

1 Introduction

The idea of metric fibration was first introduced by Leinster in the study of magnitude [5]. The magnitude
theory that he coined can be considered as a promotion of Lawvere’s suggestion of viewing a metric
space as a Œ0;1�-enriched category. The magnitude of a metric space was defined as a special case of the
“Euler characteristic of enriched categories”. In fact, he showed that the magnitude of a metric fibration
splits into the product of those of the fiber and the base (Theorem 2.3.11 of [5]), which is analogous to
the case of topological fiber bundles. Later, the author [1] pointed out that metric fibration can actually be
seen as enriched Grothendieck fibrations, see [2], when restricted to metric spaces. Here we deal with
small categories and metric spaces from a unified viewpoint, namely as filtered set enriched categories.
By this approach, we can expect to obtain novel ideas for the study of metric spaces by transferring
well-understood concepts in category theory, and vice versa.

As an example, Figure 1 is one of the simplest nontrivial metric fibrations. Note that we consider connected
graphs as metric spaces by taking the shortest path metric (see also Proposition 2.8). Both graphs are

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2025.25.4257
https://doi.org/10.4171/dm/415
https://doi.org/10.1007/BF02924844
https://doi.org/10.1007/BF02924844
http://eudml.org/doc/109584
https://arxiv.org/abs/2303.05677
http://www.ams.org/mathscinet/search/mscdoc.html?code=18F15, 51F30
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


4258 Yasuhiko Asao

Š

Figure 1: The left is K3 �K2, and the right is isomorphic to K3;3. They both have magnitude
equal to 6=.1C 3qC 2q2/.

metric fibrations over the complete graph K3 with fiber K2 as shown in Example 5.29 of [1]. Further,
they have the same magnitude as pointed out in Example 3.7 of [6]. In Proposition 5.30 of [1], it is shown
that the right one is the only nontrivial metric fibration over K3 with fiber K2. Here, “trivial” means that
it is the cartesian product of graphs. On the other hand, any metric fibration over a four-cycle graph C4,
or more generally an even-cycle graph, is shown to be trivial in the same proposition.

In this paper, we give a complete classification of metric fibrations by several means, which are parallel to
those used to classify topological fiber bundles. Namely, we define “principal fibrations”, “fundamental
groups” and “a 1-Čech cohomology” for metric spaces, and obtain an equivalence between categories of
these objects. Roughly speaking, we obtain an analogy of the following correspondence in the case of
topological fiber bundles with a discrete structure group:

Fiber bundles over X with structure group G
OO

��

Principal G-bundles over X (G-torsors)
OO

��

ŒX;BG�Š Hom.�1.X /;G/=conjugation
OO

��

H1.X;G/

We give more details below. First recall that any Grothendieck fibration (in the usual sense) over a small
category C can be obtained from a lax functor C ! Cat, by a procedure known as the Grothendieck
construction [3]. In [1], it is shown that any metric fibration over a metric space X can be obtained from
a “lax functor” X !Met that is called metric action (Definition 3.1). Here Met is the category of metric
spaces and Lipschitz maps. Whereas metric fibrations can be defined by “a lifting property” in a model
categorical spirit, metric actions are best understood by “transformation functions”. The following shows
that these two viewpoints are in fact equivalent.
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Theorem 1.1 (Proposition 3.9) For a metric space X , the Grothendieck construction gives an equiva-
lence of categories

MetX ' FibX ;

where we denote the category of metric actions X !Met by MetX and the category of metric fibrations
over X by FibX (Definitions 3.1 and 3.2).

We can define a category TorsG
X

that consists of “principal G-fibrations” (Definition 5.7). We call it the
category of G-torsors. We can also define a subcategory PMetG

X
of MetX , that is the counterpart of TorsG

X

(Definition 5.1). The objects of the category PMetG
X

consist of a metric action X !Met taking a group G,
not just a metric space, as the value. Then we have the following.

Theorem 1.2 (Proposition 5.11) For a “metric group” G, the Grothendieck construction gives an
equivalence of categories

PMetG
X
' TorsG

X
:

Here, the group G is not just a group but is a group-like object in Met, which we call a metric group
(Definition 4.1). As an example of a metric group, we construct the fundamental group �m

1
.X / of a metric

space X (Definition 4.8). We also define a category Hom.�m
1
.X /;G/ of homomorphisms �m

1
.X /! G,

where a morphism between homomorphisms is defined as a conjugation relation (Definition 5.12). Then
we have the following.

Theorem 1.3 (Proposition 5.15) We have an equivalence of categories

Hom.�m
1 .X;x0/;G/' PMetG

X
:

As a corollary, we reprove Proposition 5.30 of [1] in the following form. We note that the notion of a
metric group is equivalent to that of a “normed group” (Proposition 4.5). For a metric group G, we denote
the corresponding norm of an element g 2 G by jgj 2 Z�0.

Proposition 1.4 (Proposition 5.16) Let Cn be the undirected n-cycle graph. Then we have

�m
1 .Cn/Š

�
Z with j1j D 1 if n is odd ,

0 if n is even.

Hence we have that

PMetG
Cn
'

�
Hom.Z;G/ if n is odd ,

0 if n is even ,

for all metric groups G, which implies that there is only a trivial metric fibration over C2n and that there is
at most one nontrivial metric fibration over C2nC1.

Now, similarly to the topological case, we can define an “associated bundle construction” from a torsor
and a metric space Y (Corollary 6.10). This construction gives the following.
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Theorem 1.5 (Corollary 6.11) Suppose that Y is a bounded metric space. Then we have an equivalence
of categories

PMetAutY
X ' core FibY

X ;

where FibY
X is the full subcategory of FibX that consists of metric fibrations with fiber Y (Definition 6.5),

and we denote the core of a category by core (Definition 2.1(4)).

Here, we equip the group AutY of isometries of Y with a metric group structure by dAutY .f;g/ D

supy2Y dY .fy;gy/ (Example 4.3). However, for this we should suppose that Y is a bounded metric space
so that dAutY is indeed a distance function. For the case of general metric fibrations, we must extend our
arguments to extended metric groups, allowing1 as the value of the distance function (Definition 6.12).
For these we obtain an essentially similar but extended result (Proposition 6.18).

Finally, we define a “1-Čech cohomology category” H1.X;G/ of a G-torsor X (Definition 7.2). This is
analogous to the Čech cohomology constructed from the local sections of a principal bundle. Similarly to
the topological case, we can construct a cocycle from a family of local sections (Proposition 7.9), and
conversely we can construct a G-torsor by pasting copies of G along a cocycle (Proposition 7.5). From
this correspondence we have the following:

Theorem 1.6 (Corollary 7.11) We have an equivalence of categories

H1.X IG/' TorsG
X
:

Acknowledgements The author is grateful to Luigi Caputi and Emily Roff for fruitful and helpful
comments and feedback on the first draft of the paper. In particular, Emily pointed out that the earlier
version of the definition of metric groups is incorrect. She also checked the author’s poor English and
gave many very helpful suggestions. The author also would like to thank Masahiko Yoshinaga and Shun
Wakatsuki for valuable discussions and comments. Finally, he expresses his deep appreciation to the
anonymous referees and the editor for careful readings and important suggestions.

2 Conventions

In this section, we review terms for categories, graphs, weighted graphs and metric spaces that are well
known but may not be commonly used. Those who are not familiar with the language of categories and
functors may refer to [8]. For categories and metric spaces, [7] may be a good reference.

2.1 Categories

In this article, we suppose that categories are locally small. We denote the object class of a category C

by Ob C , and the set of all morphisms from a to b by C.a; b/ for each pair of objects a; b 2 Ob C .
We denote the class of all morphisms in C by Mor C .
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Definition 2.1 Let C and D be categories, and F W C !D be a functor.

(1) We say that F is faithful if the map F WC.a; b/!D.Fa;Fb/ is injective for all objects a; b 2Ob C .
We say that F is full if the map F WC.a; b/!D.Fa;Fb/ is surjective for all objects a; b 2Ob C . We say
that F is fully faithful if it is faithful and full.

(2) We say that F is split essentially surjective if a family of isomorphisms fFc Š d j c 2 Ob C gd2Ob D

exists.

(3) We say that F is a category equivalence if there exists a functor G WD!C and natural isomorphisms
GF Š idC and FG Š idD . When there exists an equivalence of categories C !D, we say that C and
D are equivalent.

(4) We define a groupoid coreC by Ob coreCDOb C and coreC.a; b/Dff 2C.a; b/jf is an isomorphismg
for all a; b 2 Ob C .

The following are standard.

Lemma 2.2 If a functor F WC!D is fully faithful and split essentially surjective , then it is an equivalence
of categories.

Lemma 2.3 An equivalence of categories F WC !D induces an equivalence of categories coreF W coreC

! coreD.

Remark 2.4 For a classification of objects of a category, we often want to consider “isomorphism classes
of objects” and compare it with another category. However, in general, we cannot do that since the class
of objects is not necessarily a set. Instead, we consider an equivalence of categories coreC ! coreD that
implies a bijection between isomorphism classes of objects if they are small.

2.2 Metric spaces

Definition 2.5 (1) A pseudometric space .X; d/ is a set X equipped with a function d W X ! R�0

satisfying that, for all x;x0;x00 2X ,

� d.x;x/D 0,

� d.x;x0/D d.x0;x/,

� d.x;x0/C d.x0;x00/� d.x;x00/.

(2) A Lipschitz map f W X ! Y between pseudometric spaces X and Y is a map satisfying that
dY .f x; f x0/ � dX .x;x

0/ for all x;x0 2 X . We denote the category of pseudometric spaces and
Lipschitz maps by §Met. We call an isomorphism in §Met an isometry.

(3) A metric space .X; d/ is a pseudometric space satisfying that

� d.x;x0/D 0 if and only if x D x0.

We denote the full subcategory of §Met that consists of metric spaces by Met.
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Definition 2.6 (1) A graph G is a pair of sets .V .G/;E.G// such that E.G/� fe 2 2V .G/ j #e D 2g,
where we denote the cardinality of a set by #. We call an element of V .G/ a vertex, and an element of E.G/

an edge. A graph homomorphism f WG!H between graphs G and H is a map f W V .G/! V .H / such
that fe2E.H / or #feD1 for all e2E.G/. We denote the category of graphs and graph homomorphisms
by Grph.

(2) A path in a graph G is a tuple .x0; : : : ;xn/ 2 V .G/nC1 for some n� 0 such that fxi ;xiC1g 2E.G/

for all 0� i � n�1. A connected graph G is a graph such that for every x;x0 2 V .G/ there exists a path
.x0; : : : ;xn/ with x0D x and xnD x0. We denote the full subcategory of Grph that consists of connected
graphs by Grphconn.

(3) A weighted graph .G; wG/ is a graph G equipped with a function wG WE.G/!R�0. A weighted
graph homomorphism f WG!H between weighted graphs G and H is a graph homomorphism such
that wH .fe/�wG.e/ for all e 2E.G/, where we stipulate that wH .fe/D 0 if #feD 1. We denote the
category of weighted graphs and weighted graph homomorphisms by wGrph. We also denote the full subcat-
egory of wGrph that consists of weighted graphs .G; wG/ such that the graph G is connected by wGrphconn.

Definition 2.7 We define functors Met! §Met and wGrphconn ! Grphconn by forgetting additional
properties. We also define the functor §Met! wGrphconn that sends a pseudometric space .X; d/ to a
weighted graph .X; wX / defined by V .X /DX;E.X /D fe 2 2X j #e D 2g and wX fx;x

0g D d.x;x0/.

Proposition 2.8 The above functors have left adjoints.

Proof We describe each functor F in the following, and they are the left adjoint functors of each
functor G of the above since the unit and the counit give that FGF D F and GFG DG.

� We define a functor Grphconn!wGrphconn by sending a connected graph to a weighted graph withwD0.

� We define a functor wGrphconn!§Met by sending a weighted graph .G; wG/ to a pseudometric space
.V .G/; dG/ defined by

dG.x;x
0/D inf

S
n�0

n n�1P
iD0

wGfxi ;xiC1g j .x D x0; : : : ;xn D x0/ is a path on G
o
:

� We define a functor §Met!Met by sending a pseudometric space .X; d/ to a metric space .KQX; zd/

defined as follows. We define an equivalence relation � on X by x � x0 if and only if d.x;x0/ D 0.
We also define a function KQX WDX=�!R�0 by zd.Œx�; Œx0�/D d.x;x0/.

Definition 2.9 For a pseudometric space X , we call the metric space KQX the Kolmogorov quotient of X .

Definition 2.10 (1) For pseudometric spaces .X; dX / and .Y; dY /, we define a metric space called
the L1-product .X � Y; dX�Y / by dX�Y ..x;y/; .x

0;y0// D dX .x;x
0/C dY .y;y

0/ for all x;x0 2 X

and y;y0 2 Y .
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(2) For graphs G and H , we define a graph called the cartesian product G �H by V .G �H / D

V .G/�V .H /, and f.x;y/; .x0;y0/g 2E.G �H / if and only if one of the following holds:

� x D x0 and fy;y0g 2E.H /,

� fx;x0g 2E.G/ and y D y0,

for all x;x0 2 V .G/ and y;y0 2 V .H /.

(3) For weighted graphs .G; wG/ and .H; wH /, we define a weighted graph .G � H; wG�H / by
wG�H f.x;y/; .x

0;y0/g D wGfx;x
0gCwH fy;y

0g for all f.x;y/; .x0;y0/g 2E.G �H /, where G �H

is the cartesian product of graphs and we stipulate that wGfx;xg D wH fy;yg D 0.

These products make each category a symmetric monoidal category.

Proposition 2.11 The functors Met! §Met! wGrphconn! Grphconn and their left adjoints are strong
monoidal except for the functor §Met! wGrphconn that is lax monoidal.

Proof For the functors Met! §Met and wGrphconn! Grphconn, the claim is obvious since they are
inclusions. The claim is also obvious for the functor Grphconn! wGrphconn by the definition. For the
functor §Met! Met, we define a map KQ.X � Y /! KQX � KQY by Œ.x;y/� 7! .Œx�; Œy�/. This is
obviously natural and is an isometry since we have that Œ.x;y/� � Œ.x0;y0/� if and only if Œx� � Œx0�
and Œy�� Œy0�. For the functor F W wGrphconn!§Met, the identity on the set F.G�H /DF.G/�F.H /

is an isometry since

dwG�H
..x;y/; .x0;y0//D inf

S
n�0

n n�1P
iD0

wG�H f.xi ;yi/; .xiC1;yiC1/g j

..x;y/D .x0;y0/; : : : ; .xn;yn/D .x
0;y0// is a path on G �H

o
D inf

S
n�0

n n�1P
iD0

wGfxi ;xiC1gCwH fyi ;yiC1g j

..x;y/D .x0;y0/; : : : ; .xn;yn/D .x
0;y0// is a path on G �H

o
D inf

S
n�0

n n�1P
iD0

wGfxi ;xiC1g j .x D x0; : : : ;xn D x0/
o

C inf
S

m�0

nm�1P
iD0

wH fyi ;yiC1g j .y D y0; : : : ;ym D y0/
o

D dwG
.x;x0/C dwH

.y;y0/

D dF.G/�F.H /..x;y/; .x
0;y0//;

for all x;x02V .G/ and y;y02V .H /. It is obviously natural. Finally, for the functor G W§Met!wGrphconn,
the identity on the set G.X /�G.Y / D G.X � Y / is a weighted graph homomorphism since it is an
inclusion of graphs and preserves weightings. It is obviously natural.
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Definition 2.12 (1) An extended pseudometric space is a set X equipped with a function d WX ! Œ0;1�

that satisfies the same conditions for pseudometric spaces. In other words, it is a pseudometric space
admitting1 as a value of distance. A Lipschitz map between extended pseudometric spaces is a distance
nonincreasing map. We denote the category of extended pseudometric spaces and Lipschitz maps
by E§Met. We similarly define extended metric spaces and we denote the full subcategory of E§Met

that consists of them by EMet.

(2) We define the L1-product of extended pseudometric spaces similarly to that of pseudometric spaces.
It makes the category E§Met a symmetric monoidal category.

(3) We define functors EMet! E§Met and wGrph! Grph by forgetting additional properties. We also
define the functor E§Met! wGrph similarly to the functor §Met! wGrphconn except that fx;x0g does
not span an edge for x;x0 2X with d.x;x0/D1.

The following is immediate.

Proposition 2.13 (1) The functors EMet! E§Met! wGrph! Grph have left adjoints. Further , the
following diagram is commutative , where the vertical functors are all inclusions:

EMet // E§Met // wGrph // Grph

Met

OO

// §Met

OO

// wGrphconn

OO

// Grphconn

OO

(2) The functors EMet!E§Met and wGrph!Grph are strong monoidal and the functor E§Met!wGrph

is lax monoidal.

3 MetX ' FibX

In this section, we introduce two notions, the metric action and the metric fibration, and show the
equivalence between them. The notion of metric fibration is originally introduced by Leinster [5] in the
study of magnitude. The metric action was introduced by the present author in [1], and is the counterpart of
lax functors in category theory, while the metric fibration is a generalization of the Grothendieck fibration.
As written in the introduction, we can think of the Grothendieck (or metric) fibration as the definition
of fibrations by “the lifting property”, while the lax functor is the one by “the transformation functions”.

Definition 3.1 Let X be a metric space.

(1) A metric action F W X ! Met consists of metric spaces Fx 2 Met for all x 2 X and isometries
Fxx0 W Fx! Fx0 for all x;x0 2X satisfying the following for all x;x0;x00 2X :

� Fxx D idFx and Fx0x D F�1
xx0 .

� dFx00.Fx0x00Fxx0a;Fxx00a/� dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/ for every a 2 Fx.
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(2) A metric transformation � WF)G consists of Lipschitz maps �x WFx!Gx for all x 2X satisfying
that Gxx0�x D �x0Fxx0 for all x;x0 2 X . We can define the composition of metric transformations �
and � 0 by .� 0�/x D � 0x�x . We denote the category of metric actions X !Met and metric transformations
by MetX .

Definition 3.2 (1) Let � WE!X be a Lipschitz map between metric spaces. We say that � is a metric
fibration over X if it satisfies the following: for all " 2E and x 2X , there uniquely exists "x 2 �

�1x

such that

� dE."; "x/D dX .�";x/,

� dE."; "
0/D dE."; "x/C dE."x; "

0/ for all "0 2 ��1x.

We call the point "x the lift of x along ".

(2) For metric fibrations � W E ! X and � 0 W E0 ! X , a morphism ' W � ! � 0 is a Lipschitz map
' WE!E0 such that � 0' D � . We denote the category of metric fibrations over X and their morphisms
by FibX .

Example 3.3 For a product of metric spaces EDX �Y , the projection X �Y !X is a metric fibration.
We call it a trivial metric fibration.

Lemma 3.4 Let � WE!X be a metric fibration , and x;x0 2X . Then the correspondence ��1x 3 a 7!

ax0 2 �
�1x0 is an isometry, where we equip the sets ��1x and ��1x0 with the induced metric from E.

Proof The statement is obviously true if E D¿. We suppose that E ¤¿ in the following; then every
fiber ��1x is nonempty. For a 2 ��1x, we have

dE.ax0 ; a/D dE.ax0 ; .ax0/x/C dE..ax0/x; a/D dX .x
0;x/C dE..ax0/x; a/:

We also have dE.a; ax0/D dX .x;x
0/. Hence we obtain that dE..ax0/x; a/D 0, and thus .ax0/x D a for

all x;x0 2X . This implies that the correspondence is a bijection. Further, we have

dE.a; bx0/D dE.a; ax0/C dE.ax0 ; bx0/D dX .x;x
0/C dE.ax0 ; bx0/

and
dE.bx0 ; a/D dE.bx0 ; b/C dE.b; a/D dX .x

0;x/C dE.b; a/

for all a; b 2 ��1x. We thereby obtain that dE.a; b/D dE.ax0 ; bx0/ for all x;x0 2X and a; b 2 ��1x,
which implies that the correspondence is an isometry.

Lemma 3.5 Let ' W � ! � 0 be a morphism of metric fibrations. For all x;x0 2 X and a 2 ��1x,
we have .'a/x0 D 'ax0 .

Proof We have

dE0..'a/x0 ; 'ax0/D dE0.'a; 'ax0/� dX .x;x
0/� dE.a; ax0/� dX .x;x

0/D 0;

and hence we obtain that .'a/x0 D 'ax0 .
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Definition 3.6 Let F W X !Met be a metric action. We define a metric fibration �F W E.F /! X as
follows:

(1) E.F /D f.x; a/ j a 2 Fx; x 2X g.

(2) dE.F /..x; a/; .x
0; b//D dX .x;x

0/C dFx0.Fxx0a; b/.

(3) �F .x; a/D x.

We call the above construction the Grothendieck construction.

Proposition 3.7 The Grothendieck construction gives a functor E WMetX ! FibX .

Proof Let � WF)G be a metric transformation. Then we construct Lipschitz maps '� WE.F /!E.G/

by '� .x; a/D .x; �xa/ for all x 2X and a 2 Fx. To see that '� is a Lipschitz map, observe that

dE.G/.'� .x; a/; '� .x
0; b//D dE.G/..x; �xa/; .x0; �x0b//

D dX .x;x
0/C dGx0.Gxx0�xa; �x0b/

D dX .x;x
0/C dGx0.�x0Fxx0a; �x0b/

� dX .x;x
0/C dFx0.Fxx0a; b/

D dE.F /..x; a/; .x
0; b//:

It remains to see that the correspondence � 7! '� is functorial — that is we have 'idF
D idE.F / and

'� 0� D '� 0'� for all metric transformations � W F )G and � 0 WG)H . The former is obvious and the
latter is checked as follows:

'� 0� .x; a/D .x; .�
0�/xa/D .x; � 0x�xa/D '� 0'� .x; a/:

Finally, '� is obviously a morphism of the metric fibration.

Proposition 3.8 We have a functor F W FibX !MetX sending a metric fibration � to a metric action F�

with F�x D ��1x.

Proof Let � WE!X be a metric fibration. We define a metric action F� WX !Met by F�x D ��1x

and .F�/xx0a D ax0 for all x;x0 2 X and a 2 ��1x, where we equip the set ��1x with the induced
metric from E. It follows that .F�/xx D idF�x by the uniqueness of the lifts, and that .F�/xx0 defines
an isometry F�x! F�x0 with .F�/�1

xx0 D .F�/x0x by Lemma 3.4. Further, we have that

dF�x00..F�/x0x00.F�/xx0a; .F�/xx00a/D dF�x00..ax0/x00 ; ax00/

D dE.a; .ax0/x00/� dX .x;x
00/

� dE.a; ax0/C dE.ax0 ; .ax0/x00/� dX .x;x
00/

D dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/;
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for all x;x0;x00 2X and a 2 F�x. Hence F� defines a metric action X !Met. Next, let ' W �! � 0 be
a morphism of metric fibrations. We define a metric transformation �' W F� ) F� 0 by .�'/xaD 'a for
all x 2X and a 2 F�x. Then we have that

.F� 0/xx0.�'/xaD .F� 0/xx0'aD .'a/x0 D 'ax0 D .�'/x0.F�/xx0 ;

where the third line follows from Lemma 3.5. Thus, �' defines a metric transformation F�) F� 0 . Note
that we have �id� D idF� and .� '/xaD  'aD .� /x.�'/xa for morphisms ' and  , which implies
the functoriality of F .

The following is the counterpart of the correspondence between lax functors and the Grothendieck
fibrations [4, B1], and enhances Corollary 5.26 of [1].

Proposition 3.9 The Grothendieck construction functor E WMetX ! FibX is an equivalence of categories.

Proof We show that FE Š idMetX and EF Š idFibX
. It is immediate to verify FE Š idMetX by the

definition. We show that EF� Š � for a metric fibration � W E ! X . Note that EF� is a metric
space consisting of points .x; a/ with x 2 X and a 2 ��1x, and we have dEF� ..x; a/; .x

0; a0// D

dX .x;x
0/Cd��1x0.ax0 ; a

0/. We define a map f WEF�!E by f .x; a/D a for all x 2X and a2 ��1x.
Then it is obviously an isometry and preserves fibers, and hence is an isomorphism of metric fibrations.
The naturality of this isomorphism is obvious.

Remark 3.10 The trivial metric fibration corresponds to the constant metric action, that is Fxx0 D id for
all x;x0 2X .

4 The metric fundamental group of a metric space

In this section, we give a concise introduction to metric groups. We also give a definition of metric
fundamental group, which plays a role of �1 for metric space in the classification of metric fibrations.

4.1 Metric groups

Definition 4.1 (see [10, Definition 6.1]) (1) A metric group is a monoid object in Met that is a group
when we forget the metric space structure. That is, a metric space G equipped with a Lipschitz map
� W G �G! G, a function .�/�1 W G! G and a point e 2 G satisfying the suitable conditions of monoids
and groups.

(2) For metric groups G and H, a homomorphism from G to H is a Lipschitz map G!H that commutes
with the group structure.

(3) We denote the category of metric groups and homomorphisms by MGrp.
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Lemma 4.2 Let .G; d/ be a metric group.

(1) We have d.kg; kh/D d.g; h/D d.gk; hk/ for all g; h; k 2 G.

(2) We have d.g; h/D d.g�1; h�1/ for all g; h 2 G.

Proof (1) Since the map G!G, g 7!kg, is a Lipschitz map for every k2G, we have d.kg; kh/�d.g; h/

and d.k�1.kg/; k�1.kh//� d.kg; kh/. Hence we obtain that d.kg; kh/D d.g; h/. The other identity
can be proved similarly.

(2) By (1), we have d.g�1; h�1/D d.e;gh�1/D d.h;g/D d.g; h/.

Example 4.3 Let .X; d/ be a metric space, and let Autu X be the set of isometries f on X such that
supx2X dX .x; f x/ <1. We equip Autu X with a group structure by compositions. We also define a
distance function on Autu X by dAutu X .f;g/D supx2X dX .f x;gx/. It is straightforward to verify that
.Autu X; dAutu X / is a metric group. Note that, if the metric space X is bounded, meaning that

sup
x;x02X

dX .x;x
0/ <1;

then the group Autu X consists of all isometries of X . In this case we denote it by AutX .

Definition 4.4 (1) A normed group is a group G equipped with a map j � jWG!R�0 called a norm,
satisfying that

� jgj D 0 if and only if g D e,

� jghj � jgjC jhj for all g; h 2G.

(2) A norm on G is called conjugation invariant if it satisfies that jh�1ghj D jgj for all g; h 2G.

(3) A norm on G is called inverse invariant if it satisfies that jg�1j D jgj for all g 2G.

(4) For normed groups G and H , a normed homomorphism from G to H is a group homomorphism
' WG!H satisfying that j'gj � jgj.

(5) We denote the category of conjugation and inverse invariant normed groups and normed homomor-
phisms by NGrp�1

conj.

Proposition 4.5 (E Roff, [9, Chapter 6]) The categories MGrp and NGrp�1
conj are equivalent.

Proof Given a metric group G, we can define a conjugation and inverse invariant normed group NG by

� NG D G as a group,

� jgj D dG.e;g/ for all g 2 NG.

Algebraic & Geometric Topology, Volume 25 (2025)



Classification of metric fibrations 4269

This construction is functorial. Conversely, we can define a metric group MG given a conjugation and
inverse invariant normed group G by

� MG DG as a group,

� dMG.g; h/D jh
�1gj.

This construction is also functorial. It is straightforward to verify that the compositions of these functors
are naturally isomorphic to the identities.

4.2 The metric fundamental group

Definition 4.6 Let X be a metric space and x 2X .

(1) For each n� 0, we define a set Pn.X;x/ by

Pn.X;x/ WD f.x;x1; : : : ;xn;x/ 2X nC2
g:

We also define that P .X;x/ WD
S

n Pn.X;x/.

(2) We define a connected graph G.X;x/ with the vertex set P .X;x/ as follows. For u; v 2 P .X;x/,
an unordered pair fu; vg spans an edge if and only if it satisfies both of the following:

� There is an n� 0 such that u 2 Pn.X;x/ and v 2 PnC1.X;x/.

� There is a 0� j � n such that ui D vi for 1� i � j and ui D viC1 for j C 1� i � n, where we
have uD .x;u1; : : : ;un;x/ and v D .x; v1; : : : ; vnC1;x/.

(3) We equip the graph G.X;x/ with a weighted graph structure by defining a function wG.X ;x/ on
edges by

wG.X ;x/fu; vg D

�
dX .vj ; vjC1/C dX .vjC1; vjC2/� dX .vj ; vjC2/ if vj ¤ vjC2;

0 if vj D vjC2;

where we use the notation in (2).

(4) We denote the quasimetric space obtained from the weighted graph G.X;x/ by Q.X;x/. We denote
the Kolmogorov quotient of Q.X;x/ by �m

1
.X;x/.

Lemma 4.7 Let X be a metric space and x 2X .

(1) The metric space �m
1
.X;x/ has a metric group structure with multiplication defined by the concate-

nation defined as

Œ.x;u1; : : : ;un;x/� � Œ.x; v1; : : : ; vk ;x/�D Œ.x;u1; : : : ;un; v1; : : : ; vk ;x/�:

The unit is given by Œ.x;x/� 2 �m
1
.X;x/.

Algebraic & Geometric Topology, Volume 25 (2025)



4270 Yasuhiko Asao

(2) For all x0 2X , we have an isomorphism �m
1
.X;x/Š �m

1
.X;x0/ given by

Œ.x;u1; : : : ;un;x/� 7! Œ.x0;x;u1; : : : ;un;x;x
0/�:

Proof (1) We first show that concatenation makes the weighted graph G.X;x/ into a monoid object
in wGrphconn. Let .u; v/; .u0; v0/ 2G.X;x/�G.X;x/, and suppose that f.u; v/; .u0; v0/g spans an edge.
Then we have that uDu0 and v2Pn.X;x/; v

02PnC1.X;x/, or vDv0 and u2Pn.X;x/;u
02PnC1.X;x/

for some n. We also have that wG.X ;x/�G.X ;x/f.u; v/; .u
0; v0/g D wG.X ;x/fu;u

0g C wG.X ;x/fv; v
0g.

Note that fu � v;u0 � v0g spans an edge in G.X;x/. Further, we have wG.X ;x/fu � v;u
0 � v0g D

wG.X ;x/fu;u
0g C wG.X ;x/fv; v

0g. Hence the concatenation map �W G.X;x/ � G.X;x/ ! G.X;x/

is a weighted graph homomorphism. It is immediate to verify that the identity is the element .x;x/ and
that the multiplication is associative. Thus the weighted graph G.X;x/ is a monoid object in wGrphconn,
and by Proposition 2.11, �m

1
.X;x/ is a monoid object in Met.

Now we show that any element Œ.x;x0; : : : ;xn;x/� has an inverse, namely the element Œ.x;xn; : : : ;x0;x/�.
It is enough to show that

dQ.X ;x/..x;xn; : : : ;x0;x0; : : : ;xnx/; .x;x//D 0:

And indeed, it is obvious that the elements .x;xn; : : : ;x0;x0; : : : ;xnx/ and .x;x/ can be connected by
a path that consists of edges with weight 0 in G.X;x/, which implies the desired equality.

(2) This is straightforward.

Definition 4.8 Let X be a metric space and x 2 X . We call the metric group �m
1
.X;x/ the metric

fundamental group of X with respect to the base point x. We sometimes omit the base point and denote
it by �m

1
.X /.

Remark 4.9 As a group, �m
1
.X / can be obtained as the fundamental group of a simplicial complex SX

whose n-simplices are subsets fx0; : : : ;xng � X such that any distinct 3 points xi ;xj ;xk satisfy that
j�.xi ;xj ;xk/j D 0 (see Definition 7.1).

Remark 4.10 Our fundamental group �m
1
.X / is not functorial with respect to Lipschitz maps. However,

it is functorial with respect to Lipschitz maps that preserve collinearity (j�.xi ;xj ;xk/j D 0), including
every embedding of metric spaces.

5 PMetG
X
' TorsG

X
'Hom.�m

1
.X;x0/;G/

In this section, we introduce the notion of “principal G-bundles” for metric spaces. We define it from two
different viewpoints, namely as a metric action and as a metric fibration, which turn out to be equivalent.
As a metric action, we call it a G-metric action, and as a metric fibration, we call it a G-torsor. Then we
show that they are classified by the conjugation classes of homomorphisms �m

1
.X;x0/! G.
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5.1 PMetG
X
' TorsG

X

Definition 5.1 Let X be a metric space and G be a metric group.

(1) A G-metric action F WX !Met is a metric action satisfying the following:

� For all x 2X , Fx D G.

� For all x;x0 2X , Fxx0 is a left multiplication by some fxx0 2 G.

(2) Let F;G W X ! Met be G-metric actions. A G-metric transformation � W F ) G is a metric
transformation such that each component �x W Fx! Gx is a left multiplication by an element �x 2 G.
We denote the category of G-metric actions X !Met and G-metric transformations by PMetG

X
.

Remark 5.2 Obviously, PMetG
X

is a subcategory of MetX and is also a groupoid.

Definition 5.3 Let G be a group and X be a metric space. We say that X is a right G-torsor if G acts
on X from the right and satisfies the following:

� It is free and transitive.

� For every g 2G, the map g WX !X is an isometry.

� For all x;x0 2X and every g 2G, we have dX .x;xg/D dX .x
0;x0g/.

Lemma 5.4 Let .X; dX / be a metric space and G be a group. Suppose that X is a right G-torsor. Then
there exist a distance function dG on G and a metric group structure �x on X for each x 2 X such that
the map

G!X; g 7! xg;

gives an isomorphism of metric groups .G; dG/ Š .X; �x/. Furthermore , the unit of the metric group
.X; �x/ is x.

Proof Fix a point x 2 X . We define a map dG W G �G! R�0 by dG.f;g/D dX .xf;xg/, which is
independent from the choice of x 2X . It is immediate to check that .G; dG/ is a metric space. Further,

dG.ff
0;gg0/D dX .xff

0;xgg0/� dX .xff
0;xgf 0/C dX .xgf 0;xgg0/

� dX .xf;xg/C dX .xf
0;xg0/D dG.f;g/C dG.f

0;g0/;

and
dG.f

�1;g�1/D dX .xf
�1;xg�1/D dX .x;xg�1f /

D dX .xg; .xg/g�1f /D dX .xg;xf /

D dX .xf;xg/D dG.f;g/;

for all f; f 0;g;g0 2G. Hence .G; dG/ is a metric group.

Now we define a map G! X by g 7! xg. This map is an isometry by the definition. Hence we can
transfer the metric group structure on G to X by this map. With respect to this group structure �x on X ,
we have x �x x0 D eg0 D x0 and x0 �x x D g0e D x0, where we put x0 D xg0. Hence x 2X is the unit of
the group .X; �x/.
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Definition 5.5 Let G be a group. A metric fibration � WE!X is a G-torsor over X if it satisfies the
following:

� G acts isometrically on E from the right, and preserves each fiber of � .

� Each fiber of � is a right G-torsor with respect to the above action.

Lemma 5.6 Let � WE!X be a G-torsor , and x;x0 2X . Then the metric group structures on G induced
from the fibers ��1x and ��1x0 are identical.

Proof For all " 2 ��1x and f 2 G, we have

dE.."f /x0 ; "x0f /D dE."f; "x0f /� dE."f; ."f /x0/

D dE."; "x0/� dE."f; ."f /x0/

D dX .x;x
0/� dX .x;x

0/

D 0;

and hence we obtain that ."f /x0 D "x0f . Let dx and dx0 be the distance function on G induced from
the fibers ��1x and ��1x0, respectively. Explicitly, for " 2 ��1x and f;g 2 G, we have dx.f;g/D

dE."f; "g/ and dx0.f;g/D dE."x0f; "x0g/. Therefore we obtain that

dx0.f;g/D dE."x0f; "x0g/D dE.."f /x0 ; ."g/x0/D dE."f; "g/D dx.f;g/;

by Lemma 3.4.

For a G-torsor � WE!X , we can consider the group G as a metric group that is isometric to a fiber of �
by Lemma 5.4. Further, such a metric structure is independent of the choice of the fiber by Lemma 5.6.
Hence, in the following, we write “G-torsors” instead of “G-torsors”, where G denotes the group G

equipped with this metric structure.

Definition 5.7 Let � WE!X and � 0 WE0!X be G-torsors. A G-morphism ' W�!� 0 is a G-equivariant
map E!E0 that is also a morphism of metric fibrations. We denote the category of G-torsors over X

and G-morphisms by TorsG
X

.

Remark 5.8 We can show that any G-morphism is an isomorphism as follows: For all " 2E, x 2 X

and g 2 G, we have dE."; "xg/D dX .�";x/Cjgj by the definitions. Then the G-equivariance of ' and
Lemma 3.5 imply that

dE0.'"; '."xg//D dE0.'"; .'"/xg/

D dX .�
0'";x/Cjgj

D dX .�";x/Cjgj

D dE."; "xg/;

which says that ' preserves distances. The invertibility of ' is immediate from the G-equivariance.
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Next we show the equivalence of G-metric actions and G-torsors.

Proposition 5.9 The Grothendieck construction determines a functor E W PMetG
X
! TorsG

X
.

Proof Let F WX!Met be a G-metric action. Let E.F / be the metric fibration given by the Grothendieck
construction. We have dE.F /..x;g/; .x

0;g0// D dX .x;x
0/C dG.gxx0g;g

0/. We define a G action on
E.F / by .x;g/hD .x;gh/ for all g; h 2 G and x 2X . This is obviously compatible with the projection,
and also free and transitive on each fiber. We also have that

dE.F /..x;g/h; .x
0;g0/h/D dE.F /..x;gh/; .x0;g0h//

D dX .x;x
0/C dG.gxx0gh;g0h/

D dX .x;x
0/C dG.gxx0g;g

0/

D dE.F /..x;g/; .x
0;g0//;

and hence it acts isometrically. Further, we have that

dE.F /..x;g/; .x;g/h/D dE.F /..x;g/; .x;gh//D dG.g;gh/D dG.e; h/;

and hence each fiber is a right G-torsor. Therefore, we obtain that E.F / is a G-torsor.

Now let � W F ) F 0 be a G-metric transformation. The Grothendieck construction gives a map
'� WE.F /!E.F 0/ by '� .x;g/D .x; �xg/, which is a morphism of metric fibrations. It is checked that
'� is G-equivariant as follows:

.'� .x;g//hD .x; �xgh/D '� .x;gh/:

Hence it is a G-morphism.

Proposition 5.10 We have a functor F W TorsG
X
! PMetG

X
sending a G-torsor � to a G-metric action F�

with F�x D ��1x.

Proof Let � WE!X be a G-torsor. We fix points x0 2X and "2 ��1x0. For each x 2X , we equip the
set ��1x with a metric group structure isomorphic to G with the unit "x by Lemma 5.4. Hence we can
identify each fiber with G by the map g 7! "xg. Now we put ."x/x0 D "x0gxx0 2 �

�1x0 for x;x0 2 X

and gxx0 2 G. Then, for each h 2 G, we have

dX .x;x
0/D dE."xh; ."xh/x0/

D dE."x; ."xh/x0h
�1/

D dE."x; "x0gxx0/C dE."x0gxx0 ; ."xh/x0h
�1/

D dX .x;x
0/C dE."x0gxx0 ; ."xh/x0h

�1/;

and hence we obtain that ."xh/x0 D "x0gxx0h. This implies that the map ��1x! ��1x0 given by lifts
"xh 7! ."xh/x0 is the left multiplication by gxx0 when we identify each fiber with G as above. Hence the
functor F gives a G-metric action.
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Next, let ' W � ! � 0 be a G-morphism between G-torsors � W E ! X and � 0 W E0 ! X . It induces
a Lipschitz map 'x W �

�1x ! � 0�1x. Since fibers ��1x and � 0�1x are identified with G and 'x is
G-equivariant, we can identify 'x with the left multiplication by 'x"x . This implies that the functor F

sends the G-morphism ' to a G-metric transformation between F� and F� 0 .

Proposition 5.11 The Grothendieck construction functor PMetG
X
!TorsG

X
is an equivalence of categories.

Proof This is similar to the proof of Proposition 3.9.

5.2 PMetG
X
'Hom.�m

1
.X;x0/;G/

First we define the category of homomorphisms of metric groups G! G0.

Definition 5.12 Let G and G0 be metric groups, and let Hom.G;G0/ be the set of all homomorphisms G!G0.
We equip Hom.G;G0/ with a groupoid structure by defining Hom.G;G0/.';  /D fh 2 G0 j ' D h�1 hg

for homomorphisms '; W G! G0. The identity on ' 2Hom.G;G0/ is the unit e 2 G0, and the composition
of morphisms h 2 Hom.G;G0/.';  / and h0 2 Hom.G;G0/. ; �/ is defined by h0 ı hD h0h.

Lemma 5.13 Let X be a metric space and G be a metric group. For each x0 2 X , we have a functor
A W Hom.�m

1
.X;x0/;G/! PMetG

X
sending a homomorphism ' W �m

1
.X;x0/! G to a G-metric action F'

with F'x D G.

Proof Let ' W �m
1
.X;x0/! G be a homomorphism. We define a G-metric action F' W X ! Met by

F'x D G and .F'/xx0 D 'Œ.x0;x
0;x;x0/� � W G! G, where we denote the left multiplication by .�/ � .

It is verified that this defines a G-metric action as follows.

For all x;x0 2X , we have .F'/xx D 'Œ.x0;x;x;x0/� � D e � D idG , and .F'/x0x D 'Œ.x0;x;x
0;x0/� � D

.'Œ.x0;x
0;x;x0/�/

�1 � D .F'/
�1
xx0 . Further, we have

dG..F'/x0x00.F'/xx0g; .F'/xx00g/D dG
�
'Œ.x0;x

00;x0;x0/�'Œ.x0;x
0;x;x0/�; 'Œ.x0;x

00;x;x0/�
�

D dG
�
'Œ.x0;x

00;x0;x;x0/�; 'Œ.x0;x
00;x;x0/�

�
D dG

�
.'Œ.x0;x

00;x;x0/�/
�1'Œ.x0;x

00;x0;x;x0/�; e
�

D dG
�
'Œ.x0;x;x

00;x0;x;x0/�; e
�

� d�m
1
.X ;x0/.Œ.x0;x;x

00;x0;x;x0/�; Œx0;x0�/

� dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/;

for all x;x0;x00 2 X and g 2 G. Let h W '!  be a morphism in Hom.�m
1
.X;x0/;G/; that is, we have

'Dh�1 h with h2G. Then we can construct a G-metric transformation � WF')F by �xDh � WG!G.
It satisfies that .F /xx0�x D �x0.F'/xx0 since we have  Œ.x0;x

0;x;x0/�hD h'Œ.x0;x
0;x;x0/�.

Algebraic & Geometric Topology, Volume 25 (2025)



Classification of metric fibrations 4275

Lemma 5.14 Let X be a metric space and G be a metric group. For each x0 2 X , there is a functor
B WPMetG

X
!Hom.�m

1
.X;x0/;G/ sending a G-metric action F to a homomorphism 'F W�

m
1
.X;x0/! G

defined by
'F Œ.x0;x1; : : : ;xn;x0/�D Fx1x0

Fx2x1
: : :Fxnxn�1

Fx0xn
;

for each Œ.x0;x1; : : : ;xn;x0/� 2 �
m
1
.X;x0/.

Proof It is immediate to check that this is well defined. Let F;F 0 WX !Met be G-metric actions and
� W F ) F 0 be a G-metric transformation. Then we have

��1
x0
'F 0 Œ.x0;x1; : : : ;xn;x0/��x0

D ��1
x0

F 0x1x0
F 0x2x1

: : :F 0xnxn�1
F 0x0xn

�x0

D Fx1x0
Fx2x1

: : :Fxnxn�1
Fx0xn

D 'F Œ.x0;x1; : : : ;xn;x0/�;

for each Œ.x0;x1; : : : ;xn;x0/� 2 �
m
1
.X;x0/. Hence �x0

2 G gives a morphism �x0
W 'F ! 'F 0 . This

correspondence is obviously functorial.

Proposition 5.15 The functor A W Hom.�m
1
.X;x0/;G/! PMetG

X
of Lemma 5.13 is an equivalence of

categories.

Proof We show the natural isomorphisms BAŠ idHom.�m
1
.X ;x0/;G/ and AB Š idPMetG

X
. For a homomor-

phism ' W �m
1
.X;x0/! G, we have

'F' Œ.x0;x1; : : : ;xn;x0/�D .F'/x1x0
.F'/x2x1

: : : .F'/x0xn

D 'Œ.x0;x0;x1;x0/�'Œ.x0;x1;x2;x0/� : : : 'Œ.x0;xn;x0;x0/�

D 'Œ.x0;x0;x1;x1; : : : ;xn;xn;x0;x0/�

D 'Œ.x0;x1; : : : ;xn;x0/�;

for each Œ.x0;x1; : : : ;xn;x0/�2�
m
1
.X;x0/. Hence we obtain an isomorphism BA'D' that is obviously

natural. Conversely, let F WX !Met be a G-metric action. Then we have

.F'F
/x D G and .F'F

/xx0 D 'F Œ.x0;x
0;x;x0/�D Fx0x0

Fxx0Fx0x :

Now we define a G-metric transformation � W F'F
) F by �x D Fx0x . It is obvious that we have

Fxx0�x D �x0.F'F
/xx0 , and hence it is well defined and obviously an isomorphism. For a G-metric

transformation � W F ) F 0, we have .AB�/x D �x0
� W .F'F

/x! .F 0'F 0
/x by the construction. Hence the

condition �xFx0xDF 0x0x�x0
of the G-metric transformation implies the naturality of this isomorphism.

5.3 Example

We give the following example of a metric fundamental group.
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Proposition 5.16 Let Cn be the undirected n-cycle graph. Then we have

�m
1 .Cn/Š

�
Z with j1j D 1 if n is odd,

0 if n is even.
Hence we have that

PMetG
Cn
'

�
Hom.Z;G/ if n is odd ,

0 if n is even ,

for all metric groups G, which implies that there is only a trivial metric fibration over C2n and that there is
at most one nontrivial metric fibration over C2nC1.

Proof Let V .Cn/Dfv1; : : : ; vng be the vertex set whose numbering is anticlockwise. For C2n, it reduces
to show that Œ.v1; v2; : : : ; v2n; v1/�D Œ.v1; v1/�. Since we have dC2n

.vi ; vj /DdC2n
.vi ; vk/CdC2n

.vk ; vj /

for all i � k � j with j � i � n, we obtain that

Œ.v1; v2; : : : ; v2n; v1/�D Œ.v1; : : : ; vnC1; : : : ; v2n; v1/�

D Œ.v1; vnC1; v1/�

D Œ.v1; v1/�:

For C2nC1, the possible nontrivial element of �m
1
.C2nC1/ is a concatenation or its inverse of the element

Œ.v1; : : : ; v2nC1; v1/�. Now we have Œ.v1; : : : ; v2nC1; v1/�D Œ.v1; vnC1; vnC2; v1/�, by the same argument
as above, and

dQ.C2nC1;v1/..v1; vnC1; vnC2; v1/; .v1; vnC1; v1//

D dC2nC1
.vnC1; vnC2/C dC2nC1

.vnC2; v1/� dC2nC1
.vnC1; v1/

D dC2nC1
.vnC1; vnC2/

D 1:

Hence we obtain that jŒ.v1; : : : ; v2nC1; v1/�j D 1.

Remark 5.17 The cycle graph Cn is a metric group Z=nZ with j1j D 1. Hence the examples in Figure 1
are Z=2Z-torsors, which are classified by Hom.Z;Z=2Z/Š Z=2Z.

6 Classification of metric fibrations

In this section, we classify general metric fibrations by fixing the base and the fiber. It is analogous to
that of topological fiber bundles, namely it reduces to classifying principal bundles whose fiber is the
structure group of the concerned fibration. We divide it into two cases, whether the fiber is bounded or
not, since we need to consider expanded metric spaces for the unbounded case.

6.1 The functor b.�/x0

Before we show the classification, we introduce a technical functor that will be used later.

Algebraic & Geometric Topology, Volume 25 (2025)



Classification of metric fibrations 4277

Definition 6.1 For all metric actions F WX!Met and a point x02X , we define a metric action yFx0 WX!

Met as follows. We define that yFx0xDFx0 and yFx0

xx0 DFx0x0
Fxx0Fx0x WFx0!Fx0 for all x;x0 2X .

We verify that this defines a metric action as follows. We have yFx0
xx D Fxx0

FxxFx0x D idFx0
D id yF x0 x

.
We also have . yFx0

x0x/
�1 D .Fxx0

Fx0xFx0x0/
�1 D Fx0x0

Fxx0Fx0x D
yF

x0

xx0 and

d yF x0 x00
. yF

x0

x0x00
yF

x0

xx0a;
yF

x0

xx00a/D dFx0
.Fx00x0

Fx0x00Fx0x0Fx0x0
Fxx0Fx0xa;Fx00x0

Fxx00Fx0xa/

D dFx00.Fx0x00Fxx0Fx0xa;Fxx00Fx0xa/

� dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/;

for all x;x0;x00 2X and a 2 yFx0x.

Lemma 6.2 The correspondence F 7! yFx0 defines a fully faithful functor b.�/x0

W MetX ! MetX .
Further , this restricts to a fully faithful functor PMetG

X
! PMetG

X
for each metric group G.

Proof Let � W F )G be a metric transformation. We define a metric transformation y�x0 W yFx0 ) bGx0

by y�x0
x D �x0

W yFx0x! bGx0x; a 7! �x0
a. Then we havebGx0

xx0
y�x0
x DGx0x0

Gxx0Gx0x�x0

DGx0x0
Gxx0�xFx0x

DGx0x0
�x0Fxx0Fx0x

D �x0
Fx0x0

Fxx0Fx0x

D y�x0
x
yF

x0

xx0 ;

and hence this defines a metric transformation. It is obvious that bidF

x0
D id yF x0

and .b� 0�/x0 D y� 0x0 y�x0 .
It is a faithful functor because Gxx0

�x D �x0
Fxx0

implies that �x D �
0
x for all x 2 X if two metric

transformation � , � 0 satisfy �x0
D � 0x0

. By definition, it restricts to a faithful functor PMetG
X
!PMetG

X
for

each metric group G. Next we show the fullness. Let � W yFx0 ) bGx0 be a metric transformation. Then we
have bGx0

x0x�x0
D �x

yF
x0
x0x and yFx0

x0xD idFx0
, bGx0

x0xD idGx0
. Hence we obtain that �x0

D �x for all x 2X .

Now we define a metric transformation z� W F )G by z�x DGx0x�x0
Fxx0

W Fx!Gx. Then we have

Gxx0z�x DGxx0Gx0x�x0
Fxx0

DGx0x0
bGx0

xx0�xFxx0

DGx0x0�x0
yF

x0

xx0Fxx0

DGx0x0�x0Fx0x0
Fxx0Fx0xFxx0

DGx0x0�x0
Fx0x0

Fxx0

D z�x0Fxx0 ;

and hence this defines a metric transformation. We obviously have c.z�/x0
D �, which implies that the

functor b.�/x0

is full. The restriction to PMetG
X
! PMetG

X
is immediate.
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Lemma 6.3 The functor b.�/x0

WMetX !MetX is split essentially surjective. Its restriction PMetG
X
!

PMetG
X

is also split essentially surjective for all metric groups G.

Proof Let F W X ! Met be a metric action. We define a metric transformation � W yFx0 ) F by
�x D Fx0x W

yFx0x! Fx; a 7! Fx0xa. It satisfies that

Fxx0�x D Fxx0Fx0x

D Fx0x0Fx0x0
Fxx0Fx0x

D �x0
yF

x0

xx0 :

Further, we define a metric transformation ��1 W F ) yFx0 by ��1
x D Fxx0

W Fx! yFx0x for all x 2X .
Then we have yFx0

xx0�
�1
x D ��1

x Fxx0 similarly to the above, and hence it defines a metric transformation.
It is obviously an isomorphism. The restriction to PMetG

X
! PMetG

X
is immediate.

Corollary 6.4 The functor b.�/x0

W MetX ! MetX and its restriction PMetG
X
! PMetG

X
for all metric

groups G are category equivalences.

Definition 6.5 (1) We denote the image of the functor b.�/x0

WMetX !MetX by bMet
x0

X .

(2) For each metric space Y , we denote by MetYX the full subcategory of MetX that consists of metric
actions F WX !Met such that Fx Š Y for all x 2X .

(3) We denote the image of b.�/x0

restricted to MetYX and PMetG
X

by bMet
Y;x0

X and 1PMet
G;x0

X , respectively.

(4) For each metric space Y , we denote by FibY
X the full subcategory of FibX that consists of metric

fibrations � WE!X such that ��1x Š Y for all x 2X .

Lemma 6.6 (1) We have category equivalences MetYX !
bMet

Y;x0

X and PMetG
X
!1PMet

G;x0

X .

(2) The Grothendieck construction functor E W MetX ! FibX restricts to the category equivalence
MetYX ! FibY

X .

Proof (1) follows from Corollary 6.4, and (2) follows from the proof of Proposition 3.9.

6.2 Classification for the case of bounded fibers

In this subsection, we suppose that X and Y are metric spaces and Y is bounded. In this case the group
AutY of automorphisms is a metric group (Example 4.3).

Lemma 6.7 We have a faithful functor

�Õ Y W PMetAutY
X !MetYX :
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Proof Let F 2 PMetAutY
X . We define a metric action F Õ Y W X ! Met by .F Õ Y /x D Y and

.F Õ Y /xx0 D Fxx0 W Y ! Y . It is immediate to verify that this defines a metric action. For an AutY -
metric transformation � W F ) G, we define a metric transformation � Õ Y W F Õ Y ) G Õ Y by
.� Õ Y /x D �x W Y ! Y;y 7! �xy. Then it is also immediate to verify that it is a metric transformation.
Further, this obviously defines a faithful functor.

Lemma 6.8 The functor �Õ Y W PMetAutY
X !MetYX is split essentially surjective.

Proof Let F 2MetYX and fix isometries 'x W Y ! Fx using the axiom of choice. We define an AutY -
metric action AutF by .AutF /x D AutY and .AutF /xx0 D '

�1
x0 Fxx0'x � that is a left multiplication.

We can verify that it is an AutY -metric action as follows. We have .AutF /xx D '
�1
x Fxx'x � D idAutY

and .AutF /�1
xx0 D '

�1
x Fx0x'x0 � D .AutF /x0x . We also have that

dAutY ..AutF /x0x00.AutF /xx0 ; .AutF /xx00/D dAutY .'
�1
x00 Fx0x00'x0'

�1
x0 Fxx0'x; '

�1
x00 Fxx00'x/

D dAutY .'
�1
x00 Fx0x00Fxx0'x; '

�1
x00 Fxx00'x/

D sup
a2Y

dY .'
�1
x00 Fx0x00Fxx0'xa; '�1

x00 Fxx00'xa/

D sup
a2Fx

dFx00.Fx0x00Fxx0a;Fxx00a/

� dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/:

Now we define a metric transformation ' W AutF Õ Y ) F by 'x W .AutF Õ Y /x D Y ! Fx. This
satisfies that Fxx0'x D 'x0.AutF Õ Y /xx0 and is an isomorphism by the definition.

Since the category PMetAutY
X is a groupoid, the image of the functor �Õ Y is in coreMetYX . (Here core

denotes the subcategory consisting of all isomorphisms, as in Definition 2.1(4).)

Lemma 6.9 The functor 2�Õ Y
x0

W PMetAutY
X ! corebMet

Y;x0

X is full.

Proof We have 2�Õ Y
x0

Db.�/x0 Õ Y by the definitions. Since b.�/x0

W PMetAutY
X ! PMetAutY

X is full
by Lemma 6.2, it will suffice to show that the restriction

�Õ Y W1PMet
AutY;x0

X ! corebMet
Y;x0

X

is full. Let � W yFx0 Õ Y ) bGx0 Õ Y be an isomorphism in bMet
Y;x0

X , where F;G 2 PMetAutY
X . Then

we have an isometry �x W Y ! Y such that Gx0x0
Gxx0Gx0x�x D �x0Fx0x0

Fxx0Fx0x for all x;x0 2 X .
Since we have �x 2 AutY , we obtain a morphism

� 0 W yFx0 ) bGx0 21PMet
AutY;x0

X

defined by � 0x D �x . It is obvious that we have � 0Õ Y D � .
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Corollary 6.10 The functor 2�Õ Y
x0

W PMetAutY
X ! corebMet

Y;x0

X is an equivalence of categories.

Corollary 6.11 The categories PMetAutY
X and core FibY

X are equivalent.

Proof This follows from Corollary 6.10, with core FibY
X ' coreMetYX ' corebMet

Y;x0

X by Lemma 6.6.

6.3 Classification for the case of unbounded fibers

To classify general metric fibrations, we generalize the discussions so far to extended metric groups.

Definition 6.12 (1) An extended metric group is a monoid object in EMet that is a group when we
forget the metric structure.

(2) For extended metric groups G and H, a homomorphism from G to H is a Lipschitz map G!H that
commutes with the group structure.

(3) We denote the category of extended metric groups and homomorphisms by EMGrp. The category
MGrp is a full subcategory of EMGrp.

Example 6.13 Let .X; d/ be a metric space, and let AutX be the group of isometries on X . We define
a distance function on AutX by dAutX .f;g/ D supx2X dX .f x;gx/. Then it is immediate to verify
that .AutX; dAutX / is an extended metric group. The “unit component” of AutX , that is the set of
isometries f such that dAutX .idX ; f / <1, is exactly Autu X (Example 4.3). If the metric space X has
finite diameter, then we have AutX D Autu X .

Definition 6.14 Let G and G0 be extended metric groups, and let Hom.G;G0/ be the set of homomor-
phisms. We equip Hom.G;G0/ with a groupoid structure similarly to the metric group case by defining
Hom.G;G0/.';  /D fh 2 G0 j ' D h�1 hg for all homomorphisms '; W G! G0.

Remark 6.15 A statement analogous to Lemma 4.2 holds for extended metric groups. Further, the
relationship between extended metric spaces and normed groups similar to Lemma 4.2 holds if we replace
the codomain of norms by Œ0;1�.

Definition 6.16 Let G be an extended metric group and X be a metric space. An extended G-metric
action F is a correspondence X 3 x 7! Fx D G and Fxx0 2 G such that

� Fxx D e;Fxx0 D F�1
x0x ,

� dG.Fx0x00Fxx0 ;Fxx00/� dX .x;x
0/C dX .x

0;x00/� dX .x;x
00/.

For extended G-metric actions F and G, an extended G-metric transformation � W F ) G is a family
of elements f�x 2 Ggx2X such that Gxx0�x D �x0Fxx0 . We denote the category of extended G-metric
actions and extended G-metric transformations by EPMetG

X
.

The following is obtained from the same arguments in Section 5.2 by replacing the term “metric group”
by “extended metric group”.
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Proposition 6.17 For an extended metric group G and a metric space X , the categories EPMetG
X

and
Hom.�m

1
.X;x0/;G/ are equivalent.

Further, the arguments in Section 6.2 can be applied to the extended case, and we obtain the following.

Proposition 6.18 For all metric spaces X and Y , the categories EPMetAutY
X and core FibY

X are equivalent.
Hence metric fibrations with fiber Y are classified by Hom.�m

1
.X;x0/;G/.

7 Cohomological interpretation

In this section, we give a cohomological classification of G-torsors. It is an analogy of the 1-Čech
cohomology. Before giving the definition, we introduce the following technical term.

Definition 7.1 Let X be a metric space, and x1;x2;x3 2X . We denote the subset fx1;x2;x3g �X by
�.x1;x2;x3/ and call it a triangle. We define the degeneracy degree of the triangle �.x1;x2;x3/ by

j�.x1;x2;x3/j WDmin
˚
dX .xi ;xj /C dX .xj ;xk/� dX .xi ;xk/ j fi; j ; kg D f1; 2; 3g

	
:

It is enough to consider i; j ; k’s running in the cyclic order to obtain the above minimum.

The following is the definition of our “1-Čech cohomology”.

Definition 7.2 Let X be a metric space and suppose that points of X are indexed as X D fxigi2I . For a
metric group G, we define the 1-cohomology of X with coefficients in G as the category H1.X IG/ by

ObH1.X IG/D
˚
.aijk/ 2 GI 3

j aijkakj` D aij`; jaijkajkiakij j � j�.xi ;xj ;xk/j
	
;

and
H1.X IG/..aijk/; .bijk//D f.fij / 2 GI 2

j aijkfjk D fij bijkg;

where we denote the conjugation invariant norm on G by j � j. We call an object of H1.X IG/ a cocycle.
Obviously, the above constructions are independent from the choice of the index I .

Remark 7.3 For a cocycle .aijk/ 2 H
1.X IG/, the condition aijkakj` D aij` implies that aiji D e and

aijk D a�1
kji

for all i; j ; k 2 I . Further, for a morphism .fij /, we have fij D fji from the condition
aijkfjk D fij bijk and aiji D biji D e.

Lemma 7.4 The 1-cohomology of X with coefficients in G is well defined. That is , H1.X IG/ is indeed
a category, and in fact a groupoid.

Proof Let .aijk/; .bijk/; .cijk/ 2 ObH1.X IG/, and .fij / W .aijk/! .bijk/ and .f 0ij / W .bijk/! .cijk/

be morphisms. Then .f 0 ıf /ij WD fijf
0

ij defines a morphism ..f 0 ıf /ij / W .aijk/! .cijk/ since

aijkfjkf
0

jk D fij bijkf
0

jk D fijf
0

ij cijk :

It obviously satisfies associativity. The identity on aijk is obviously defined by eij D e, where e denotes
the unit of G. Further, .f �1

ij / defines a morphism .f �1
ij / W bijk ! aijk that is the inverse of .fij /.
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Proposition 7.5 We have a faithful functor ˇ W H1.X IG/! TorsG
X

.

Proof For .aijk/2ObH1.X IG/, we define a G-torsor ˇ.aijk/ as follows. Let U D
`
.i;j/2I 2 Gij , where

Gij D Gij
i qGij

j D GqG. We write an element of Gij
�

as gij
�

and we denote the identification G D Gij
�

by the map G! Gij
�

, g 7! gij
�

, where � 2 fi; j g for all i ¤ j 2 I . We define an equivalence relation �
on U generated by

g
ij
j � .gaijk/

jk
j :

We have g
ij
j � g

ji
j for all i; j 2 I . We denote the quotient set U=� by ˇ.aijk/. Then we have a surjective

map � W ˇ.aijk/!X defined by �Œgij
j �D xj . For this map � , we have the following.

Lemma 7.6 For all i; j 2 I , the map G! ��1xj , g 7! Œg
ij
j �, is a bijection.

Proof The surjectivity is clear. We show the injectivity. Suppose that we have Œgij
j �D Œh

ij
j � for g; h 2 G.

That is, we have elements ak0jk1
; ak1jk2

; : : : ; akN�1jkN
2 G such that gak0jk1

: : : akN�1jkN
D h and

k0 D kN D i . Then the condition aijkakj` D aij` implies that gaiji D h, hence g D h.

Lemma 7.6 ensures that Œgij
j �D Œh

jk
j � implies hD gaijk . Now we can define a distance function dˇ.aijk/

on ˇ.aijk/ as follows. Let "i 2 �
�1xi and "j 2 ��1xj . Then there uniquely exist g; h 2 G such that

Œg
ij
i �D "i and Œhij

j �D "j by Lemma 7.6. Then we define that

dˇ.aijk/."i ; "j /D dX .xi ;xj /C dG.g; h/:

The nondegeneracy is clear. The symmetry follows from that Œgij
i � D Œg

ji
i �. The triangle inequality is

verified as follows. Let "i 2�
�1xi , "j 2��1xj and "k 2�

�1xk . Suppose that we have Œgij
i �D "i D Œg

0ik
i �,

Œh
ij
j �D "j D Œh

0jk
j �, and Œmjk

k
�D "k D Œm

0ik
k
�. Then we have g D g0akij , h0 D haijk and m D m0aikj ;

hence we obtain that

dˇ.aijk/."i ; "j /Cdˇ.aijk/."j ; "k/D dX .xi ;xj /CdG.g;h/CdX .xj ;xk/CdG.h
0;m/

D dX .xi ;xj /CdX .xj ;xk/CdG.g
0akij ;h/CdG.haijk ;m

0aikj /

D dX .xi ;xj /CdX .xj ;xk/CdG.g
0akij ;h/CdG.haijkajkiakij ;m

0akij /

CdG.h;haijkajkiakij /�dG.h;haijkajkiakij /

� dX .xi ;xj /CdX .xj ;xk/CdG.g
0akij ;m

0akij /�jaijkajkiakij j

� dX .xi ;xj /CdX .xj ;xk/CdG.g
0;m0/�j�.xi ;xj ;xk/j

� dX .xi ;xk/CdG.g
0;m0/

D dˇ.aijk/."i ; "k/:

Now a map � W ˇ.aijk/!X is obviously 1-Lipschitz. We verify that it is a metric fibration as follows.
Let xi ;xj 2 X and "i 2 �

�1xi . Suppose that "i D Œg
ij
i � for g 2 G. Then "j WD Œg

ij
j � 2 �

�1xj is the
unique element in ��1xj such that dˇ.aijk/."i ; "j / D dX .xi ;xj /. Also, for "0j WD Œh

ij
j � 2 �

�1xj , we
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have dˇ.aijk/."i ; "
0
j /D dX .xi ;xj /CdG.g; h/D dˇ.aijk/."i ; "j /Cdˇ.aijk/."j ; "

0
j /. Finally, we equip the

metric fibration � W ˇ.aijk/! X with a right action by G as Œgij
�
�hD Œ.h�1g/ij

�
� for all i; j 2 I and

� 2 fi; j g. This is well defined since we have that

Œ.gaijk/
jk
j �hD Œ.h�1gaijk/

jk
j �D Œ.h�1g/

ij
j �D Œg

ij
j �h:

It is straightforward to verify that this is a G-torsor.

Next we show the functoriality. Let .fij / W .aijk/! .bijk/2H
1.X IG/. We construct a map f� Wˇ.aijk/!

ˇ.bijk/ by Œgij
�
� 7! Œ.gfij /

ij
�
� for all i; j 2 I and � 2 fi; j g. It is well defined since we have that

Œ.gaijk/
jk
j � 7! Œ.gaijkfjk/

jk
j �D Œ.gfij bijk/

jk
j �D Œ.gfij /

ij
j �:

The map f� obviously preserves fibers, and is an isometry since we have that

dˇ.bijk/

�
f�Œg

ij
i �; f�Œh

ij
j �
�
D dˇ.bijk/

�
Œ.gfij /

ij
i �; Œ.hfij /

ij
j �
�

D dX .xi ;xj /C dG.gfij ; hfij /

D dX .xi ;xj /C dG.g; h/

D dˇ.aijk/.Œg
ij
i �; Œh

ij
j �/:

Further, it is G-equivariant since we have that

.f�Œg
ij
j �/mD Œ.gfij /

ij
j �mD Œ.m

�1gfij /
ij
j �D f�.Œg

ij
j �m/:

The faithfulness is obvious from the construction.

Proposition 7.7 The functor ˇ W H1.X IG/! TorsG
X

is full.

Proof Let .aijk/; .bijk/2ObH1.X IG/ be cocycles, and suppose that we have a morphism ' Wˇ.aijk/!

ˇ.bijk/ in TorsG
X

. We denote the projections ˇ.aijk/!X and ˇ.bijk/!X by �a and �b , respectively.
For all i; j 2 I , we have bijections Aij W G ! ��1

a xj and Bij W G ! ��1
b

xj given by g 7! Œg
ij
j � by

Lemma 7.6. Define a map 'ij DB�1
ij 'Aij WG!G. We have 'Œgij

j �D Œ.'ij g/
ij
j �. Now the G-equivariance

of ' implies

'Œg
ij
j �D 'Œ.ge/

ij
j �D .'Œe

ij
j �/g

�1
D Œ.'ij e/

ij
j �g
�1
D Œ.g'ij e/

ij
j �;

which implies that 'ij g D g'ij e by Lemma 7.6. From this, we obtain that

'Œ.gaijk/
jk
j �D 'Œ.gaijk/

kj
j �D Œ.'kj .gaijk//

kj
j �D Œ.gaijk'kj e/

kj
j �:

Since we have Œgij
j � D Œ.gaijk/

jk
j �, we obtain that aijk'kj e D .'ij e/bijk by Lemma 7.6. Further,

since the lift of xj along Œgij
i � is Œgij

j � and ' preserves the lift, the conditions 'Œgij
j �D Œ.'ij g/

ij
j � and

'Œg
ji
i � D Œ.'jig/

ji
i � implies that 'ij D 'ji . Hence we obtain a morphism .'ij e/ W .aijk/ ! .bijk/

in H1.X IG/, which satisfies that ˇ.'ij e/D ' by construction.
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Definition 7.8 Let � W E ! X be a G-torsor. For xi ;xj 2 X , we define a local section of � over a
pair .xi ;xj / to be a pair of points ."i ; "j / 2 E2 such that �"i D xi ; �"j D xj and "j is the lift of xj

along "i . We say that .."ij
i ; "

ij
j //.i;j/2I 2 is a local section of � if each ."ij

i ; "
ij
j / is a local section of �

over a pair .xi ;xj / and satisfies that "ij
i D "

ji
i .

Proposition 7.9 Let � WE! X be a G-torsor. For a local section s D .."
ij
i ; "

ij
j //.i;j/2I 2 of � , we can

construct a cocycle ˛s� 2 ObH1.X IG/. Further , for all two local sections s, s0 of � , the corresponding
cocycles ˛s� and ˛s0� are isomorphic.

Proof We define aijk 2 G as the unique element such that "ij
j aijk D "

jk
j . Then .aijk/ satisfies that

aijkakj` D aij` since we have

"
ij
j aijkakj` D "

jk
j akj` D "

kj
j akj` D "

j`
j :

We have "xg D ."g/x for all " 2E;x 2X and g 2 G. Hence we have that

"
ij
j aijkajkiakij D "

jk
j ajkiakij D ."

jk

k
/xj ajkiakij

D ."
jk

k
ajki/xj akij D ."

ki
k /xj akij

D .."ki
i /xk

akij /xj D .."
ki
i akij /xk

/xj D .."
ij
i /xk

/xj :

It follows that

jaijkajkiakij j D dE."
ij
j ; "

ij
j aijkajkiakij /

D dE

�
"

ij
j ; .."

ij
i /xk

/xj
�

D�dE."
ij
j ; "

ij
i /C dE

�
"

ij
i ; .."

ij
i /xk

/xj
�

� �dE."
ij
j ; "

ij
i /C dE."

ij
i ; ."

ij
i /xk

/C dE

�
."

ij
i /xk

; .."
ij
i /xk

/xj
�

D�dX .xj ;xi/C dX .xi ;xk/C dX .xk ;xj /:

Since the norm j � j on G is conjugation invariant, the value jaijkajkiakij j is invariant under the cyclic
permutation on fi; j ; kg, and hence we obtain that jaijkajkiakij j � j�.xi ;xj ;xk/j. Thus we obtain a
cocycle ˛s� WD .aijk/ 2 ObH1.X IG/. Suppose that we have local sections s D .."

ij
i ; "

ij
j //.i;j/2I 2 and

s0D ..�
ij
i ; �

ij
j //.i;j/2I 2 . Then there exists an element .fij /2 GI 2

such that ."ij
i fij ; "

ij
j fij /D .�

ij
i ; �

ij
j /.

Let ˛s� D .aijk/ and ˛s0� D .bijk/. Then we obtain that

"
ij
j aijkfjkb�1

ijk D "
jk
j fjkb�1

ijk D �
jk
j b�1

ijk D �
ij
j ;

which implies that fij Daijkfjkb�1
ijk

. Hence .fij / defines a morphism .fij / W .aijk/! .bijk/ in H1.X IG/.
Since H1.X IG/ is a groupoid, this is an isomorphism.

Proposition 7.10 The functor ˇ W H1.X IG/! TorsG
X

is split essentially surjective.

Proof Let � WE!X be a G-torsor. Fix a local section s D .."
ij
i ; "

ij
j //.i;j/2I 2 of � . Let ˛s� D .aijk/

be the cocycle constructed in Proposition 7.9. We show that the G-torsors ˇ.aijk/ and � are isomorphic.
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We define a map ' W ˇ.aijk/!E by Œgij
�
� 7! "ij

�
g�1. It is well defined since we have that

Œ.gaijk/
jk
j � 7! "

jk
j a�1

ijkg�1
D "

ij
j g�1:

It obviously preserves fibers and is a bijection. Also, it is an isometry since we have that

dE.'Œg
ij
i �; 'Œh

ij
j �/D dE."

ij
i g�1; "

ij
j h�1/

D dE."
ij
i ; "

ij
j h�1g/

D dE."
ij
i ; "

ij
j /C dE."

ij
j ; "

ij
j h�1g/

D dX .xi ;xj /C dG.g
�1; h�1/

D dˇ.aijk/.Œg
ij
i �; Œh

ij
j �/:

Further, it is immediate that ' is G-equivariant. Hence the map ' gives an isomorphism in TorsG
X

.

Corollary 7.11 The functor ˇ W H1.X IG/! TorsG
X

is an equivalence of categories.
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