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Spaces over BO are thickened manifolds

HIRO LEE TANAKA

Consider the topologically enriched category of compact smooth manifolds (possibly with corners), with
morphisms given by codimension-zero smooth embeddings. Now formally identify any object X with
its thickening X � Œ�1; 1�. We prove that the resulting1-category of thickened smooth manifolds is
equivalent to the 1-category of finite spaces over BO. (This is one formalization of the philosophy
that embedding questions become homotopy-theoretic upon passage to higher dimensions.) The central
tool is a geometric construction of pushouts in this1-category, carried out with an eye toward proving
analogous results in exact symplectic geometry. Notably, the proof never invokes smooth approximation
nor any h-principle.
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1 Introduction

Throughout this work, we adopt the convention that a smooth manifold may have boundary and corners,
and that all connected components of a manifold have equal dimension.

Consider the1-category Mfld˘ whose objects are smooth, compact manifolds X , up to the relation

(1-1) X �X � Œ�1; 1�;

and where morphisms are codimension-zero smooth embeddings — ie, smooth embeddings whose deriva-
tives pointwise have trivial cokernel. We do not require that the maps respect boundary or corner strata in
any way. See Notation 2.8 and 2.9 for a model of this1-category.

Remark 1.1 LetXD Œ�1; 1�n be the cube and Y DDn the closed unit disk. Appropriate scalings define a
smooth codimension-zero embedding of X inside Y , and of Y inside X . These are equivalences in Mfld˘,
as the composite X ! Y ! X is isotopic to the identity, and likewise for Y ! X ! Y . In particular,
in Mfld˘, a point — which is equivalent to Œ�1; 1�n by (1-1) — is equivalent to a disk of any dimension.
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Remark 1.2 Let X DR0 be a point and Y be any smooth compact manifold. Then the space of maps
in Mfld˘ from X to Y is homotopy equivalent to the stable frame bundle of Y . To see this, note that if
X D Œ�1; 1�d and dimY D d , then the space of codimension-zero smooth embeddings of X into Y is
homotopy equivalent to the frame bundle of Y — ie, the principle GL.d/-bundle associated to the tangent
bundle. Further details are in the proof of Proposition 4.5.

The classifying map X ! BGL' BO of the stable tangent bundle survives the identification (1-1) up to
homotopy. If a map j WX ! Y is a smooth embedding of codimension zero, we further know j respects
the map to BO. We thus obtain a functor of1-categories

(1-2) Mfld˘! Spcfinite
=BO

to the1-category of spaces homotopy equivalent to a finite CW complex equipped with a map to BO.
(One model of this functor is given in Construction 2.13.) In this work we give a new proof of the
following fact:

Theorem 1.3 (1-2) is an equivalence.

This is one manifestation of the philosophy that questions of smooth embeddings become homotopy-
theoretic upon thickening. Treated here is the case of smooth embeddings with trivialized normal bundles
(ie, thickened codimension-zero embeddings).

Remark 1.4 (precedents) Theorem 1.3 is of no surprise to experts. Indeed, that (1-2) is fully faithful can
alternatively be proven using the h-principle. (Here is a sketch: the space of thickened embeddings might
as well be a space of immersions with trivialized normal bundle, so invoke a version of the Smale–Hirsch
theorem of immersions with trivialized normal bundles, increasing the dimensions of codomains.)

At the level of isomorphism classes of both sides of (1-2) — and in particular, considering the essential
surjectivity of (1-2) — there are many precedents. Barry Mazur’s works [10; 11] may have been the earliest.
(Mazur proves stronger results about objects — up to diffeomorphisms, not up to isotopy equivalences —
but weaker results in other respects, making no mention of the space of embeddings.) Mazur’s results are
referenced and enhanced by Waldhausen [14], as an equivalence of the underlying1-groupoids in (1-2)
(rather than of the1-categories themselves). Wall [15] also investigated homotopy classes of maps to
BO in terms of what he calls “thickenings” of CW complexes.

Remark 1.5 The1-category of compact, smooth manifolds — possibly with corners and boundary,
and allowing for all smooth maps — is equivalent to the1-category of spaces homotopy equivalent to
finite CW complexes. By instead insisting on maps that are (thickened) codimension-zero embeddings
(or, equivalently, smooth maps with trivialized normal bundles) we retain the data of the classifying map
to BO, that is, the data of the stable tangent bundle.
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Corollary 1.6 Suppose two compact manifolds (possibly with corners) X and Y admit a continuous
homotopy equivalence X ! Y respecting the maps to BO up to homotopy. Then there exists , possibly
after thickening both X and Y , a codimension-zero smooth embedding from X to Y , and from Y to X ,
which are mutually inverse up to isotopy.

Corollary 1.7 Suppose that X is a compact smooth manifold. Then the space of maps from X to DN

in Mfld˘ is homotopy equivalent to the space of null-homotopies of the classifying map of the stable
tangent bundle of X .

In particular , if X does not have stably trivial tangent bundle , the mapping space to DN is empty.
Otherwise , the space of smooth embeddings into DN equipped with a trivialization of the normal bundle
becomes , as N goes to1, weakly homotopy equivalent to the space of continuous maps from X to O .

The main geometric fact we use to prove Theorem 1.3 is the following:

Theorem 1.8 Mfld˘ has finite colimits.

While Theorem 1.8 is obvious given Theorem 1.3,1 at face value Theorem 1.8 can perplex: We know
full well that the collection of manifolds is not closed under gluing. Theorem 1.8 states instead that the
collection of thickened manifolds is closed under homotopy coherent gluing. Both thickening, and the
1-categorical notion of (homotopy) colimit, are necessary.

We will exhibit the colimits explicitly. As a consequence, we will be able to interpret handle attachments
as pushouts; this in turn allows us to show that a single object — the point — generates Mfld˘ under finite
colimits (Lemma 4.4). The constructions will also allow us to prove that the functor (1-2) preserves finite
colimits (Proposition 4.2).

Now we may sketch the proof of Theorem 1.3: Both the domain and codomain of (1-2) are generated
by the point, while the functor on the point is fully faithful by Remark 1.2. More details are given in
Section 4.4.

Because Mfld˘ is a small1-category generated under finite colimits by a single object, Theorem 1.8
makes formal that its Ind-completion is presentable. We may thus remove the finiteness in the codomain
of Theorem 1.3:

Corollary 1.9 The induced functor

Ind.Mfld˘/! Spc=BO

is an equivalence of1-categories.
1We emphasize that in this note, Theorem 1.8 is proven first.
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Example 1.10 (a model for the terminal object of Ind.Mfld˘/) It is easily checked that Mfld˘ does not
have a terminal object. For example, the space of maps from X DR0 � Œ�1; 1�N to any manifold Y is
homotopy equivalent to the stable frame bundle of Y (Remark 1.2). Any manifold whose stable frame
bundle is contractible must be homotopy equivalent to BO — and BO is not homotopy equivalent to the
thickening of any compact manifold (with or without corners). After all, the cohomology of BO is not
bounded in degree.

Presentability guarantees a terminal object; the corollary tells us the terminal object has the homotopy
type of BO. So there is an Ind-object of Mfld˘, homotopy equivalent to BO, which one may model as an
increasing union of (thickened) manifolds, and which serves as a terminal object in Ind.Mfld˘/.

The reader may be tempted to think that this presentation of BO must be identical to the usual one: BO is a
colimit colimn;k Grk.Rn/ of Grassmannians, and the maps in the colimit diagram are smooth embeddings.
However, these embeddings do not have trivial normal bundles, even stably. Indeed, when k D 1,
the embeddings RP n! RP nC1 have normal bundles that pull back to the Möbius bundle along any
RP 1 �RP n, hence these normal bundles have nontrivial characteristic classes.

What is true is that, in the usual diagram of Grassmannians, one may find a cofinal subdiagram wherein the
normal bundle of each smooth embedding is trivializable, and by choosing trivializations, this cofinal sub-
diagram lifts to a diagram in Mfld˘. To see this, recall that the tangent bundle of Grk.Rn/ is identified with

hom.
k;n; 

?
k;n/:

Here, 
k;n is the tautological vector bundle on Grk.Rn/ whose fiber over V 2 Grk.Rn/ is V itself, and

?
k;n

has fibers given by the orthogonal complement of V in Rn. For every m � j � 0, the standard
embedding Grk.Rn/! GrkCj .RnCm/ thus has normal bundle

(1-3) hom.Rj ;
?k;n/˚hom.
k;n;R
m�j /˚hom.Rj ;Rm�j /Š .
?k;n/

˚j
˚.
_k;n/

˚m�j
˚hom.Rj ;Rm�j /;

where the underlines denote trivial vector bundles, and 
_
k;n

denotes the R-linear dual vector bundle.
Using the standard inner product on Rn, one has a short exact sequence of vector bundles on Grk.Rn/

0! 
?k;n!Rn! 
_k;n! 0

and, because we are working continuously, this short exact sequence splits. In particular, so long asmD2j ,
the normal bundle (1-3) is trivializable.

Thus, for any 0� k � n, the sequence of smooth manifold embeddings

Grk.R
n/! GrkC1.R

nC2/! GrkC2.R
nC4/! � � �

lifts to a sequence in Mfld˘. By cofinality, the above sequence is a defining colimit for BO in Spc.
This allows us to lift the sequence to Spc=BO, where now the colimit is the terminal object of Spc=BO

(see Remark 4.1). By Corollary 1.9, the sequential diagram in Ind.Mfld˘/ has colimit given by the
terminal object of Ind.Mfld˘/.
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1.1 Motivations

As indicated above, Theorem 1.3 is a consequence of already available tools, but we had not seen the
theorem in the literature. Not only do we record the result here, the proof in the present work is also
distinct. Indeed, a main motivation for this work was to give a proof of Theorem 1.8 involving only
straightforward constructions of manifolds, using no h-principles, and without invoking Theorem 1.3
(which one can now view as a consequence of thickened manifolds admitting finite colimits). This was
not for the sake of exercise.

The author’s main motivation was as follows.

It turns out that the1-category of Liouville sectors — a rich class of exact symplectic manifolds modeling
cotangent bundles of singular spaces — also admits homotopy pushouts upon thickening. (This was
mentioned, though not proven, in [6]. Indeed, we learned the particular model for the pushout in Section 3
from O Lazarev.)

But there are fewer tools for dealing with embeddings of Liouville sectors, as the h-principle is not
as robustly available, and there is no known analogue of Theorem 1.3. It was with an eye toward
understanding colimits of Liouville sectors that we endeavored to write this note.

The central labor of the present work (Section 3) is the labor that carries over to the Liouville setting, and
this is the only method we know for exhibiting colimits of Liouville sectors.

Remark 1.11 The Ind-completion of the1-category of thickened Liouville sectors also has a terminal
object, but we do not know its homotopy type at present. Compare with Example 1.10.

Remark 1.12 (we do not use any h-principles) In a previous draft of this work, we came close to
using an h-principle by invoking smooth approximation — ie, that any continuous map between smooth
manifolds may be continuously homotoped to be smooth — to prove that (1-2) is essentially surjective.
As pointed out to us by Branko Juran, the use of smooth approximation is unnecessary. Indeed, in the
same draft we had already proven that the functor preserves finite colimits and is fully faithful; and this is
enough (see Section 4.4).

There is a second motivation to pursue an h-principle-free proof of Theorem 1.3. As pointed out
by an anonymous referee and by Branko Juran, it is natural to pursue analogues of Theorem 1.3 for
PL manifolds and topological manifolds, where now the stabilized1-categories would be equivalent
to Spcfinite

=BPL and Spcfinite
=BTop, respectively. Indeed, if anything, all our finagling with smoothings becomes

unnecessary. (Smoothing is the reason we have to deal withP and q as opposed to the more straightforward
P 0 and q0 in Section 3.) The main technical tools are still available via

(i) the theory of microbundles, and

(ii) the existence of handle decompositions for PL manifolds (using stars) and for topological manifolds
(upon thickening — topological handle decompositions do not exist in all dimensions).
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Generalizing Theorem 1.3 to the PL and topological settings would produce rather clean formulations
of not just smoothing at the object level, but smoothing thickened embeddings by studying fibers of the
functors Spcfinite

=BO ! Spcfinite
=BPL and Spcfinite

=BPL ! Spcfinite
=BTop. (For example, one would have an obstruction-

theoretic formulation of when a family of thickened codimension-zero topological embeddings lifts to a
family of thickened codimension-zero smooth embeddings.) The object-level question of when one can
lift a thickened topological manifold to a thickened smooth manifold was already addressed completely
in Milnor’s original work on microbundles (see Theorem 5.13 of [12]) with answers phrased in terms of
topological K-theory with respect to O and to Spc.

We do not plan to pursue a full proof of the PL and topological cases, nor a suitable exploration of these
implications, at the moment.

1.2 Convention: spaces, limits and colimits

Throughout this note, we use the term “mapping space” to refer to a Kan complex of morphisms in a
simplicially enriched category, or to a Kan complex of morphisms in an1-category.

Nowadays it is sometimes common to use the term “anima” when a speaker chooses to remain agnostic
about a model for a homotopy theory of spaces (so “anima” could refer to spaces, or to Kan complexes).
However, in this work, we must use both Kan complexes and topological spaces (homotopy equivalent to
CW complexes) explicitly. For example, our “mapping spaces” are typically Kan complexes, while the
underlying space of a manifold is a topological space. Regardless, we do not encounter any topological
space that cannot be recovered (up to homotopy equivalence) by its singular Kan complex, so this
distinction will be immaterial for us when invoking1-categorical arguments — the anima aficionado
may simply think of our models as anima.

For C an1-category and a diagram I ! C, there is only one notion of limit (and only one notion of
colimit). This notion captures the intuition of what would traditionally be called a “homotopy (co)limit.”

In contrast, for the category of topological spaces or of Kan complexes (and, more generally, any model
category) there is utility in distinguishing the categorical notion of (co)limit from the1-categorical notion.
So we may at times emphasize a “point-set” colimit of a diagram of topological spaces, for example
in (3-4). This means we take the colimit in the sense of the 1-category of topological spaces — ie, the
usual, nonhomotopy-theoretic, notion of gluing topological spaces together. We will also use the term
“homotopy (co)limit” in the context of topological spaces or Kan complexes for purposes of emphasis or
disambiguation. See Proposition 3.21 for an example of this paragraph and of the preceding paragraph.

Acknowledgments

The author was supported by an NSF CAREER grant DMS-2044557, an Alfred P Sloan Research Fellow-
ship, a Texas State University Presidential Seminar Award and Valero Award, and a Research Membership

Algebraic & Geometric Topology, Volume 25 (2025)



Spaces over BO are thickened manifolds 4293

at MSRI/SLMATH. We thank Diarmuid Crowley, John Francis, Søren Galatius, John Klein, Sander
Kupers, and Jacob Lurie for communications educating me on past works. We also thank Branko Juran for
his interest and insight (see Remark 1.12). Finally, we thank the anonymous referees for helpful comments.

2 From smooth manifolds to spaces over BO

Here we define Mfld˘ and give a construction of (1-2).

2.1 Preliminaries on manifolds with corners

Remark 2.1 (conventions for manifolds with corners) There are various definitions of manifolds with
corners in the literature, especially when one begins to endow manifolds with stratifying data. We supply
no such data and we use the minimal definition of smooth manifolds with corners. We refer to the first
paragraphs of Section 2 of [5]; we also note that our notion of smoothness is called weakly smooth there.

In particular, an n-manifold with corners X in our work is a paracompact2 Hausdorff topological space
equipped with a maximal atlas of smoothly compatible local charts from open subsets of the octant .R�0/n.
For any x 2X , whether x is the image of a codimension-k face of the octant is invariant under change
of charts.

As usual, a map between Euclidean octants is called smooth if it arises as the restriction of a smooth map
defined on a small neighborhood of the octants. Through charts, this defines a notion of smoothness for
maps between manifolds with corners in the usual way. In particular, smooth maps between manifolds
with corners, in this work, need not respect boundary/corner strata — for example, a compact disk may
smoothly map to Euclidean space.

Definition 2.2 A smooth embedding j WX ! Y is called an isotopy equivalence if there exists a smooth
embedding h W Y !X together with smooth isotopies jh� idY and hj � idX . (Just as with h and j , the
smooth isotopies need not respect strata in any way.)

Remark 2.3 (one can replace corners with boundaries) Consider a compact smooth manifold X with
nonempty corner and boundary strata. There exists a smooth manifold with boundary (but no corners) X 0

and an isotopy equivalence X 0 ,! X . Details for one such construction may be found in Douady and
Hérault’s appendix to Borel and Serre’s compactification paper [2].

We do caution that, it seems to this writer that X 0 is not unique up to diffeomorphism — indeed, two
such X 0 must have smoothly cobordant boundary, but it is not clear that even the boundaries of X 0 need

2All the manifolds we consider in our categories will be compact; but the use of local arguments makes it convenient to define
manifolds with corners in noncompact settings. Our manifolds will also have components of equal dimension later on; this is
irrelevant for the present, general discussion.
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be diffeomorphic (though Douady and Hérault’s methods will produce homeomorphic boundaries). We
have not come up with an example showing that the X 0 need not be diffeomorphic, though we strongly
suspect there exist such examples. It is clear that X 0 is unique up to isotopy equivalence (as all X 0 are
isotopy equivalent to X ); this suffices for us.

Remark 2.4 One may, in light of Remark 2.3, be tempted to consider only smooth manifolds with
boundary (and no corners) but this would complicate the coherence of the thickening process that follows.
So we allow for corners.

2.2 Defining the 1-category of thickened manifolds

Notation 2.5 (Mfldd ) Let Mfldd denote the Kan-complex enriched category whose objects are compact,
smooth manifolds of dimension d , and whose morphism spaces are (the singular complex of) the spaces
of smooth embeddings. (We do not demand that the embeddings respect corner strata in any way.)

Remark 2.6 One model for the Kan complex of morphisms from X to Y is as follows. Let �ke be
the subspace of RkC1 whose coordinates sum to 1. A k-simplex of homMfldd .X; Y / is the data of a
smooth embedding X ��ke ! Y ��ke respecting the projections to �ke . This was also used, for example,
in [1, Convention 4.1.5].

Remark 2.7 The natural notion of equivalence (ie, a map that admits an inverse up to homotopy) in Mfldd

coincides with the notion of isotopy equivalence.

We have a functor of simplicially enriched categories

(2-1) Mfldd !MflddC1; X 7!X � Œ�1; 1�;

taking a manifold to a direct product with the compact unit interval.

Notation 2.8 (Mfld˘) We define

(2-2) Mfld˘ WD colim.Mfld0
��Œ�1;1�
������!Mfld1

��Œ�1;1�
������! � � � /;

concretely modeled as an increasing union of simplicially enriched categories.3 We call Mfld˘ the
(simplicially enriched) category of thickened compact manifolds.

Informally, Mfld˘ is a category where any compact manifold X is identified with X � Œ�1; 1�N for any
N �0, and where a morphism fromX to Y is a codimension-zero embeddingX�Œ�1; 1�N!Y�Œ�1; 1�N

0

for some N , N 0.

Notation 2.9 (Mfld˘) We define the1-category

Mfld˘ WDN.Mfld˘/

to be the homotopy coherent nerve of the simplicially enriched category Mfld˘.

3This is also a homotopy colimit in the model category of simplicially enriched categories.
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Remark 2.10 We recall that the homotopy coherent nerve N commutes with filtered colimits, so one
could equivalently define Mfld˘ as the increasing union of1-categories

N.Mfld0/!N.Mfld1/! � � �

obtained by applying N to (2-2).

The mapping spaces in the nerve are homotopy equivalent to the mapping spaces of the simplicially
enriched category, so long as the simplicially enriched category has morphisms given by Kan complexes
(this hypothesis is met for Mfldd for all d and for Mfld˘) — see, for example, Theorems 1.1.5.13 and 2.2.0.1
of [7]. As a result, for any two objects X; Y 2Mfld˘, we have a homotopy equivalence of Kan complexes

(2-3) homMfld˘.X; Y /' homMfld˘.X; Y /:

Any manifold X of dimension d is the base of the frame bundle Frd .X/, which is a principle GL.d/-
bundle. By thickening, we obtain a space Fr.X/ with a free GL-action, where GL is the infinite general
linear group, which we call the stabilized frame bundle of X . Let TopGL denote the simplicially enriched
category of topological spaces (homotopy equivalent to CW complexes) equipped with a continuous
GL-action. Then the stable frame bundle construction gives rise to a functor of1-categories

(2-4) Fr WMfld˘!N.TopGL/

to the1-category of spaces with GL-action (obtained as the homotopy coherent nerve of TopGL).

Remark 2.11 A concrete model of Fr may be given as follows. The commutative (up to natural
transformation) diagram of simplicially enriched categories

(2-5)

Mfldd
Frd

//

��Œ�1;1�

��

TopGL.d/

��GL.d/GL.dC1/
��

MflddC1
FrdC1

// TopGL.dC1/

where Frd �GL.d/ GL.d C 1/ is the principal GL.d C 1/-bundle associated to Frd via the group ho-
momorphism GL.d/ ! GL.d C 1/. Because the natural transformation maps are — for all objects
X 2Mfldd — equivalences inN.TopGL.dC1//, the homotopy-coherent nerveN renders (2-5) to a diagram
�1 ��1! Cat1 in the1-category of1-categories. Noting the natural map

colim.TopGL.0/
! TopGL.1/

! TopGL.2/
! � � � /! TopGL;

and that N commutes with filtered colimits, the colimit (indexed by d ) of (2-5) induces (2-4).

2.3 The functor to spaces over BO

Remark 2.12 It is classical that the maps O.d/! GL.d/ are homotopy equivalences of group-like
E1-spaces, and that the induced map O!GL is an equivalence of group-like E1 spaces. (In fact, though

Algebraic & Geometric Topology, Volume 25 (2025)
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we will not need this, this map may be promoted to an equivalence of infinite loop spaces.) As a result,
the induced functor (restricting a GL-action to an O-action)

(2-6) N.TopGL/!N.TopO/

is an equivalence of1-categories.

Let BO denote the Kan complex modeling the classifying space of the simplicial group O . (The interested
reader may find a concrete model for BO and EO in [9, page 87], where BO is denoted by W .H/
with H DO .) It is classical that one has a functor of1-categories

(2-7) N.TopO/! Spc=BO

from the nerve of the simplicially enriched category TopO to the1-category Spc=BO of spaces (Kan
complexes) equipped with a map to BO. Informally, the map (2-7) takes an O-space, equipped with the
O-equivariant map to a point, to its homotopy quotient, equipped with the induced map to pt=O ' BO.

Moreover, (2-7) is an equivalence of1-categories. A proof using simplicially enriched model categories
(where equivalences between O-spaces are the “coarse”, also known as “naive,” equivalences) goes back
to [3].

Construction 2.13 Composing (2-4), (2-6) and (2-7), we obtain a functor of1-categories

Mfld˘! Spc=BO :

In fact, it is easy to note that (because all of our manifolds are compact) the above functor factors through
the1-category of (spaces homotopy equivalent to) finite CW complexes equipped with maps to BO:

Mfld˘! .Spcfinite/=BO:

This is the map (1-2).

Example 2.14 Given a manifold X of dimension d , its image in .Spcfinite/=BO is computed as follows.
First, Fr.X/ is a space with a freeO DO.1/ action. The image of this space under (2-7) is the homotopy
quotient of Fr.X/ by the O-action, equipped with its natural map to BO. In particular, (2-7) sends X to a
space homotopy equivalent to X equipped with a map to BO. We know this map is homotopic to the map
classifying the stable frame bundle, as by construction it fits into a homotopy pullback square of spaces

Fr.X/ //

��

� ' EO

��

X // BO
where both vertical arrows are quotients by O .

Remark 2.15 (alternative construction of (1-2)) As shown in the proof of Proposition 4.5, one has a
natural identification of homMfld˘.pt; X/ with the stable frame bundle Fr.X/— as an O-space over X .
Thus, as pointed out to us by an anonymous referee, the assignment X 7! homMfld˘.pt; X/ gives an
alternative characterization of (1-2).

Algebraic & Geometric Topology, Volume 25 (2025)
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3 Pushouts of thickened manifolds

Setup 3.1 Throughout, we fix three compact manifolds W , X , Y . Stabilizing as necessary, we assume
dimX D dimW D dimY . By Remark 2.3, we may further assume that W , X , Y have no corners (but
they may have boundary). We equip them with smooth, codimension-zero embeddings

(3-1) X
iX
 �W

iY
�! Y:

Example 3.2 In the special case that W is a manifold with no boundary and no corners, we see that iX
and iY are diffeomorphisms onto certain connected components of X and Y .

(To see this, note that the interior of W — meaning the subspace of W admitting charts from Rn,
or equivalently, the complement of the boundary and corner strata — is an open subset of W . If W has
no boundary or corners, then W is equal to its interior. On the other hand, any smooth embedding from
a manifold with no boundary and no corners to a manifold of the same dimension is an open mapping.
Thus when W is compact the image of iX is both open and closed.)

3.1 The model P of a pushout

Given (3-1), consider the topological space

(3-2) P 0 WD P 0.iX ; iY / WD Œ�2;�1��X
S

iX�idf�1g
Œ�1; 1��W

S
iY�idf1g

Œ1; 2��Y

(which one can recognize as one model for a homotopy pushout of spaces). See Figure 1.

Remark 3.3 When W has boundary, P 0 is not canonically a smooth manifold with corners. This is
because one must choose a smooth atlas near f�1; 1g � @W . On the other hand, if we remove the locus

X � Œ�2;�1�

W � Œ�1� �; 1C ��

Y � Œ1; 2� X � Œ�2;�1� Y � Œ1; 2�

Figure 1: A cartoon of P 0 on the left (with regions indicated), and of P on the right. The
intervals runs horizontally, while the vertical directions are meant to convey movement in the
W , X , Y directions. We have drawn not only W � Œ�1; 1�, but the whole W � Œ�1� �; 1C ��
to emphasize that W admits a collar inside X � Œ�2;�1� and inside Y � Œ1; 2�. The drawing
of P (note that the cornered are rounded) is meant to indicate that P is obtained by removing the
not-obviously-smooth regions where the rectangles in the P 0 drawing intersect.
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f�1; 1g � @W , P 0 has a canonical smooth structure. This is a standard issue. The smooth structure on
P 0 is only as undefined as a smooth structure on the (closed) complement of an (open) quadrant in R2.
Indeed, an outward normal to @W and normal vectors to f�1; 1g inside Œ�2; 2� reduce the problem to
.R2 nQuadrant/�R2 by considering the embedding

.R2 nQuadrant/� @W ,! P 0:

In the following remarks, we present two ways to treat P 0 as, or alter P 0 to be, a smooth object. We are
careful here because, to avoid notational clutter, it will be very convenient to be able to treat the obvious
embeddings

(3-3) Œ�2;�1��X ,! P 0; Œ�2; 2��W ,! P 0; Œ1; 2��Y ,! P 0

as all smooth. (The embedding Œ�2; 2��W ,! P 0 is set-theoretically defined piecewise, equaling iX and
iY along the subintervals Œ�2;�1� and Œ1; 2�, respectively.)

3.2 A smoothing of P 0

Choice 3.4 Choose a small positive real number �. (All that matters is that � is less than 1, and this 1 is
only relevant because we play with intervals of length 1 below.)

We may also present P 0 as the point-set colimit of the diagram of topological spaces

(3-4)

W � Œ1; 1C ��

idW ��
��

iY��
// Y � Œ1; 2�

W � Œ�1� �;�1�
idW ��

//

iX��

��

W � Œ�1� �; 1C ��

X � Œ�2;�1�

where the � maps are inclusions of subintervals.

Notation 3.5 (u) We will denote an element of (all of) the intervals in (3-4) by u.

Example 3.6 In the setting of Example 3.2, P 0 inherits an obvious smooth atlas and is hence a smooth
manifold (possibly with boundary and corners) with atlas induced by those of W , X , Y and Œ0; 1�. If W ,
X , Y are furthermore connected, then P 0 is diffeomorphic to X � Œ�2; 2�ŠX � Œ0; 1�.

We make a smooth model P of P 0 as follows.
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Choice 3.7 (a coordinatized neighborhood of @W in P 0) As per Setup 3.1, we have assumed that
W , X , Y have no corners (but they may have boundary). This means W admits a vector field strictly
outward-pointing along its boundary. So choose one. Flowing along this vector field for time �2� (which
is possible because W is compact) realizes a self-embedding

c WW !W

whose image is disjoint from @W . This induces a diffeomorphism

(3-5) W
S

@W�.�1;0�v

.@W � .�1; �/v/
Š
�!W n @W:

The subscript v indicates the variable we will use for elements of the intervals in (3-5); we have
parametrized so that the v D�� locus in the domain is sent to c.@W / in the codomain.

Remark 3.8 We may consider the direct product of (3-5) with � to think of

.@W � .�1; �/v/� Œ�2; 2�u Š @W � Œ�2; 2�u � .�1; �/v

as a subset of P 0. Doing so, inside P 0 there is a neighborhood of @W � f�1gu � f0gv homeomorphic to

@W �
�
.�1� �;�1C �/u � .�1; 0�v

S
.�1� �;�1�u � .�1; �/v

�
:

Likewise we may think of @W � f1gu � .�1; �/v as a subset of P 0 and we obtain an identification

Nbhd.@W � f1gu � f0gv/Š @W �
�
.1� �; 1C �/u � .�1; 0�v

S
Œ1; 1C �/u � .�1; �/v

�
:

Choice 3.9 (smoothing a concave corner using 
;RX ; RY ) Now choose a set


 � A WD .�1� �;�1C �/u � .�2�; �/v

such that:

(i) 
 is a smooth, connected 1-dimensional submanifold.

(ii) For some small ball B containing the point f�1gu � f��gv 2 A, we have



T
.A nB/D

�
Œ�1;1/u � f��gv

S
f�1gu � Œ��;1/v

�T
.A nB/:

That is, outside of a tiny neighborhood of f�1gu � f��gv, 
 is equal to two positive rays.

(iii) 
 is contained in the region where u� �1 and v � ��.

See Figure 2. By (a version of) the Jordan curve theorem, 
 divides A into two connected regions. We let

RX � A

denote the region containing f�1gu�f��gv and with boundary given by 
 , so RX is a smooth 2-manifold
with smooth boundary. We informally think of RX as smoothing the region fu� �1g[ fv � ��g (or as
smoothing fu� �1g[ fv � 0g by removing a chunk of it).
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(i) (ii) (iii)

uD�1

v D 0

v D��

Figure 2: Illustrations of Choice 3.9. In all illustrations is a neighborhood of @W � f�1gu � f0gv
inside P 0, projected onto the square .�1� �;�1C �/u � Œ��; �/v . As in Figure 1, the u direction
is drawn horizontally. The v direction is drawn vertically. In (i), @W � f�1gu � f0gv is the fiber
over the point where the solid line intersects the dashed line. The fiber above the dashed line
is the locus @W � .�1� �;�1C �/u � f0gv . The region below the dashed locus represents the
region @W � .�1� �;�1C �/u � Œ��; 0/v . In (ii) is now a thin dotted line, indicating the locus
@W � .�1� �;�1C �/u � f��gv . The new curve in (iii) indicates 
 . The region consisting of
points to the left of or below 
 is RX . Note that RX intersects some portion of the thick dashed
line, but does not contain all of the thick dashed line.

Likewise, there is a smooth manifold with boundary

RY � .1� �; 1C �/u � .�2�; �/v

smoothing the locus fu� 1g[ fv � ��g.

Construction 3.10 (P ) We let P � P 0 denote the smooth manifold with boundary (and no corners)

P WD .X � Œ�2;�1�u/[ .@W �RX /[ .c.W /� Œ�1� �; 1C ��u/[ .@W �RY /[ .Y � Œ1; 2�u/:

See Figure 1. We are using Remark 3.8 to identify @W �RX and @W �RY as subsets of P 0. We think
of c.W /� Œ�1� �; 1C �� as a subset of W � Œ�1� �; 1C �� in the defining diagram of P (3-4).

Notation 3.11 (˛) By construction, P is a subset of P 0. The inclusion defines a smooth embedding

(3-6) ˛ W P ,! P 0;

where the smoothness of a makes sense because a avoids the locus f�1; 1g � @W .

Choice 3.12 (ˇ) Choose a smooth function � compactly supported inside @W � .RXqRY /� P 0, and
consider the vector field ��@v defined on all of P 0. For a well-chosen �, we can arrange for the time-1
flow to have image completely contained in P . This isotopy is clearly smooth in the coordinate system
invoked in Remark 3.8. We will denote by

ˇ W P 0 ,! P

the end result (ie, the time-1 map) of a choice of such an isotopy.
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Remark 3.13 By construction, ˇ respects the projection to Œ�2; 2�u.

Remark 3.14 Note that ˇ˛ is smoothly isotopic to idP . Also, even though P 0 is not a smooth manifold
a priori, let us define a map out of P 0 to be smooth if and only if the precomposition with ˇ�1 Wˇ.P 0/!P 0

is smooth. Then one also finds that ˛ˇ is smoothly isotopic to idP 0 . Thus, for any test object Z— that is,
any object Z of MflddimP — we find a homotopy equivalence

(3-7) ˛� W SingEmb0.P 0; Z/! SingEmb.P;Z/;

where Emb0 is the space of smooth embeddings out of P 0 (in the sense defined in this remark). By
definition, the maps in (3-3) are smooth embeddings; in this way, we conclude that P is a pushout in the
1-category Mfld˘ if SingEmb0.P 0;�/— upon passing to P 0 � Œ0; 1�k as k!1— models a functor
out of Mfld˘ corepresented by a pushout.

Remark 3.15 The analogues of (3-3) — obtained by postcomposing (3-3) with ˇ—

(3-8) Œ�2;�1��X ,! P; Œ�2; 2��W ,! P; Œ1; 2��Y ,! P;

are all smooth, codimension-zero embeddings.

The following is easy to verify; “smoothing then thickening” is isotopy equivalent to “thickening then
smoothing.” We omit the proof.

Proposition 3.16 There are natural isotopy equivalences

P.iX � idŒ0;1�; iY � idŒ0;1�/! P.iX ; iY /� Œ0; 1�:

Remark 3.17 Proposition 3.16 states that the construction of P is compatible with thickening. So the
restriction map along (3-8) fits into a homotopy-commutative diagram of Kan complexes

homMflddimP .P;�/
//

��

homMflddimP .Œ�2;�1��X;�/

��

homMflddimPC1.P � Œ0; 1�;�� Œ0; 1�/
// homMflddimPC1.Œ�2;�1��X � Œ0; 1�;�� Œ0; 1�/

and hence passes to the1-category of thickened manifolds

homMfld˘.P;�/! homMfld˘.Œ�2;�1��X;�/

(and likewise for Œ1; 2��Y and Œ�2; 2��W ).

Remark 3.18 (another approach using diffeological spaces) We may also expand our notion of smooth
manifold-with-corners, and treat P 0 as a diffeological space — ie, a space where we know what we mean
by a smooth map into P 0. Indeed, there is a natural notion of smooth map into P 0. Consider the map
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Quadrant� @W ,! P 0 induced by the normal vectors from the previous paragraph. Then we say a map
f W A! P 0 is smooth if

(i) when pulled back along the inclusion Quadrant � @W ,! P 0, the composition with the map
Quadrant� @W ,!R2 � @W is smooth, and

(ii) f is smooth when pulled back along the complement of f�1; 1g �W .

It is easy to see this is independent of choice of normal coordinates.

For this choice of smooth structure on P 0, one can arrange for our smoothing P from Construction 3.10
to sit into a diagram P ,!P 0 ,!P ,!P 0 where every composition is isotopic to the identity morphism —
that is, P ! P is isotopic to the identity of P through smooth embeddings, and P 0! P 0 is isotopic
to the identity through diffeologically smooth embeddings. Thus, we may simply treat P 0 as a smooth
manifold isotopy equivalent to an honest smooth manifold P possibly with corners. We do not take this
approach here, at the expense of cluttering some formulas with a and b.

3.3 Reduction to computing a homotopy pullback of spaces

Notation 3.19 (Is) For later notational clarity, we let

Is WD Œ0; 1�

denote the interval by which we thicken manifolds. The subscript s is to emphasize that we will denote
elements of Is by s.

Choice 3.20 (�; ht ) Here, we endow every interval in R with the standard orientation inherited from R.
We fix

(a) an orientation-preserving diffeomorphism

� W Œ�2; 2�! Is;

(b) a smooth isotopy of embeddings

fht W Is! Œ�2; 2�gt2Œ�2;2�

satisfying the following properties:

(i) ht D h�1 for all t � �1.

(ii) ht D h1 for all t � 1. (These first two conditions amount to a collaring condition on the isotopy.)

(iii) h�1 is an orientation-preserving diffeomorphism onto the image Œ�2;�1�.

(iv) h1 is an orientation-preserving diffeomorphism onto the image Œ1; 2�.

(v) ht is strictly increasing for �1 < t < 1, meaning that for every s 2 Is , the derivative @
@t
ht .s/

is positive.
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Using our choice of isotopies ht , we thus have a diagram�1��1!N.MflddimP /we informally depict as

(3-9)

Is �W
h1�iY

//

h�1�iX
��

Œ1; 2��Y

��

Œ�2;�1��X // P

Here, the iX , iY are as in (3-1), and unlabeled maps are those from (3-8). The diagram above commutes
up to the isotopy parametrized by t 2 Œ�2; 2� given as

fIs �W
ht�idW
�����! Œ�2; 2��W

(3-8)
��! P gt2Œ�2;2�:

Thus, for any test object �2Mfld˘, by applying the functor homMfld˘.�; �/ (and invoking Proposition 3.16)
we obtain a homotopy commuting diagram of Kan complexes — or, equivalently, a diagram in the1-
category Spc — as

(3-10)

homMfld˘.P; �/
//

��

homMfld˘.Œ�2;�1��X; �/

��

homMfld˘.Œ1; 2��Y; �/
// homMfld˘.Is �W; �/

Proposition 3.21 Suppose that for every test object �, the diagram (3-10) is a homotopy pullback diagram
of Kan complexes. Then P is a pushout of (3-1) in the1-category Mfld˘.

Proof If the hypothesis is satisfied, then the image of (3-9) in Mfld˘ is a pushout diagram. (This follows,
for example, from Proposition 7.4.5.13 (03BJ) of [8]. In the notation of loc cit, we take the1-category C

to be the opposite of the nerve of Mfld˘.) On the other hand, we note that the compositions

Is
h1
�! Œ1; 2� ,! Œ�2; 2�

�
�! Is; Is

h�1
��! Œ�2;�1� ,! Œ�2; 2�

�
�! Is

are both isotopic to idIs . Thus, in Mfld˘ the diagram (3-1) is equivalent to the diagram

Œ�2;�1��X
h�1�iX
 �����Is �W

h1�iY
����! Œ1; 2��Y;

so P is a pushout of (3-1).

3.4 A convenient model for the homotopy pullback of spaces

Notation 3.22 (H.a/ and fX , fW;t , fY ) Let us suppose Z is a test object with dimZ D dimX .
(One may always assume this by thickening either X or Z.) For every integer a � 0, we let

H.a/

denote the simplicial set where a k-simplex f in H.a/ is a triplet

.fX ; ffW;tgt2Œ�2;2�; fY /
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of maps where

� fX W �
k � .X � I as /! �k � .Z � I as / is a (codimension-zero) smooth embedding respecting the

projections to �k ,

� fY W �
k � .Y � I as /! �k � .Z � I as / is a (codimension-zero) smooth embedding respecting the

projections to �k , and

� ffW;tgt2Œ�2;2� is a t -parametrized isotopy of embeddings, which we may think of as a smooth map

Œ�2; 2�t ��
k
� .W � I as /!�k � .Z � I as /

respecting the projection to �k , and each of whose restrictions to t 2 Œ�2; 2� is a codimension-zero
smooth embedding.

The triplet must satisfy the following:

(1) ffW;tg is collared in the t -variable in the same sense as ht in Choice 3.20:

(3-11) fW;t D fW;�1 for t � �1 and fW;t D fW;1 for t � 1:

(2) For t � �1, and above every point of �k , the composition

W � I as
iX�id
����!X � I as

fX
��!Z � I as

is equal to the embedding fW;t (evaluated above the point of �k). By the collaring condition, this
condition need only be checked at t D�1.

(3) For t � 1, and above every point of �k , the composition

W � I as
iY�id
����! Y � I as

fY
��!Z � I as

is equal to the embedding fW;t (evaluated above the point of �k). By the collaring condition, this
condition need only be checked at t D 1.

Remark 3.23 Because all constructions will respect the simplicial maps between the �k , we will often
try to declutter notation by omitting the �k variable. In practice, such notation should be interpreted
to mean that — given a map �k �A! �k �B respecting the projections to �k — we are testing a
condition on the induced maps A! B for every element of �k .

Notation 3.24 (H.1/) There are natural thickening maps H.a/!H.aC1/ given by taking the direct
product of fX , fW;t , fY with idIs . We let

H.1/
WD colima!1H.a/

denote the increasing union. Because the thickening maps are cofibrations of simplicial sets, this increasing
union models the homotopy colimit of simplicial sets.
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Proposition 3.25 H.a/ admits a map to the homotopy pullback of the diagram of Kan complexes

(3-12)

homMflddimXCa.X � I
a
s ; Z � I

a
s /

��

homMflddimXCa.Y � I
a
s ; Z � I

a
s /

// homMflddimXCa.W � I
a
s ; Z � I

a
s /

commuting with thickening , and this map is a homotopy equivalence.

In particular , H.1/ is a homotopy pullback of the diagram of Kan complexes

(3-13)

homMfld˘.X;Z/

��

homMfld˘.Y;Z/
// homMfld˘.W;Z/

Proof The standard model for the desired homotopy pullback is a simplicial set of triplets .fX ; FW ; fY /
where FW is a map �1! homMflddimXCa.W � I

a
s ; Z � I

a
s /, and the evaluation of FW at f0g; f1g 2�1

restrict to fX and fY along h�1 � iX and h1 � iY , respectively.

Choosing an orientation-preserving diffeomorphism �1 Š Œ�2; 2�t and smoothly retracting the neighbor-
hood Œ�2;�1� to f�2g and Œ1; 2� to f2g, we obtain a homotopy equivalence from the simplicial set of
ffW;tgt2Œ�2;2� to the simplicial set of FW , in a way respecting the evaluation maps at f0; 1g ��1. Thus
we have a homotopy equivalence from H.a/ to the simplicial set of triplets .fX ; FW ; fY /.

The homotopy equivalence from the previous paragraph respects thickening, so we have a map of
sequential diagrams from the sequence H.0/!H.1/!H.2/! � � � to the sequence obtained by taking
the homotopy pullbacks of (3-12). This map of sequences is a homotopy equivalence at the ath stage for
every a, so induces a homotopy equivalence of the homotopy colimits.

On the other hand:

� The sequential colimit of (3-12) (as a!1) is precisely the diagram (3-13). This is in fact a
homotopy colimit because the thickening maps induce cofibrations of mapping spaces.

� Sequential (in fact, filtered) homotopy colimits of Kan complexes commute with homotopy pull-
backs (see Remark 3.26).

Thus the induced map from H.1/ to the homotopy pullback of (3-13) is a homotopy equivalence of Kan
complexes, proving the claim.

Remark 3.26 (sequential homotopy colimits commute with homotopy pullbacks) In Spc, filtered
homotopy colimits commute with finite homotopy limits. (This is not true of all1-categories, of course.)
While this is a well-known fact, we will save the reader some trouble and explain why this is true in the
special case of a sequential homotopy colimit and homotopy pullbacks. (This is the case we need in the
proof of Proposition 3.25.)
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Given a sequential diagram .Ai /D .Ai /i2I (in our setting, I is the linearly ordered set of natural numbers)
of simplicial sets, the homotopy colimit may be computed by replacing .Ai / by a projectively cofibrant
diagram .Ai /, and computing the honest colimit (eg, increasing union) of the Ai . This replacement can be
made functorially, in that a map of diagrams .Ai /! .Bi / results in a map of replacements .Ai /! .Bi /

while respecting compositions of maps of diagrams — see Construction 7.5.6.8 (03CC) of [8].

(Here, by replacement we mean the data of weak homotopy equivalences Ai ! Ai for which the two
compositions Ai ! Ai ! Aj and Ai ! Aj ! Aj are equal. By a projectively cofibrant sequential
diagram, we mean a diagram such that, for all i < j , Ai !Aj is a cofibration — ie, monomorphism, ie,
for all k, injections on the set of k-simplices. See Example 7.5.6.4 (03C7) of [8]. In particular, if Ai
already consists of cofibrations, the homotopy colimit is computed as the honest, point-set colimit.)

Recall that a homotopy pullback of a diagram A! B  C of simplicial sets (in the Quillen model
structure) is computed as follows: One replaces A!B by a weak equivalence followed by a Kan fibration
A ��! A0 ! B , and one then computes the point-set pullback of the diagram A0 ! B  C of Kan
complexes. Up to weak homotopy equivalence, this point-set pullback is independent of the choice of the
factorization A! A0! B . Even better, one can arrange for a factorization for simplicial sets for which:

(i) The factorization is functorial, meaning commutativity of the left-hand diagram below guarantees the
commutativity of the right-hand diagram

Ai //

��

Bi

��

Aj // Bj

D)

Ai
�
//

��

A0i
//

��

Bi

��

Aj
�
// A0j

// Bj

(ii) Cofibrations are preserved, in that if Ai ! Aj is a cofibration, so is the map A0i ! A0j above.

So given diagrams .Ai ! Bi  Ci /i2I indexed by a sequential diagram I , let .Ai ! Bi  Ci /i2I
denote the sequence of diagrams obtained by functorially replacing the diagrams .Ai /, .Bi /, .Ci /
by projectively cofibrant diagrams. Because homotopy fiber products are preserved under homotopy
equivalence (Corollary 8.13 of [4]; alternatively, see Remark 7.5.1.3 (03A2) of [8]), the natural-in-i maps

holim.Ai ! Bi  Ci /! holim.Ai ! Bi  Ci /

are all weak homotopy equivalences. Now let us functorially replace the maps Ai ! Bi by fibrations
A0i ! Bi , so that the natural-in-i maps

holim.Ai ! Bi  Ci /! lim.A0i ! Bi  Ci /

are weak homotopy equivalences. Now contemplate the induced arrow

(3-14) colimi2I lim.A0i ! Bi  Ci /! lim..colimi2I A0i /! colimi2I .Bi / colimi2I /Ci //:
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Limits and colimits of simplicial sets are computed levelwise — for example, fiber products are given on
k-simplices as .A0 �B C/k D A0k �Bk Ck . It is of course a classical fact that filtered colimits commute
with finite limits in sets, so we may conclude sequential colimits and fiber products commute in simplicial
sets. In other words, the above arrow (3-14) is an isomorphism.

On the other hand, by (ii) above, the maps A0i !A0j are cofibrations, which means they are levelwise
injections — in particular, the maps of fiber products A0i �Bi Ci !A0j �Bj Cj are all levelwise injections.
It follows that the colimits in (3-14) all compute homotopy colimits. On the other hand, we also know
that the arrow colimi2I A0i! colimi2I Bi is a fibration because fibrations of simplicial sets are preserved
under increasing unions. So all the fiber products in (3-14) are homotopy fiber products.

This proves the claim that sequential homotopy colimits and homotopy fiber products commute for
simplicial sets.

Notation 3.27 (r) For every a� 0 and every manifoldZ with dimZD dimP �1, there is a natural map

(3-15) r W homMflddimPCa.P � I
a
s ; Z � I

aC1
s /!H.aC1/;

which, given an embedding j W P � I as ! Z � I aC1s (or such a collection smoothly indexed by �k)
outputs the triplet obtained by precomposing j with the maps

X � I aC1s Š .Is �X/� I
a
s
.h�1�id/�id
�������! .Œ�2;�1��X/� I as

(3-8)�id
����! P � I as ;

fW � I aC1s Š .Is �W /� I
a
s
.ht�id/�id
������! .Œ�2; 2��W /� I as

(3-8)�id
����! P � I as gt2Œ�2;2�;

Y � I aC1s Š .Is �Y /� I
a
s
.h1�id/�id
������! .Œ1; 2��Y /� I as

(3-8)�id
����! P � I as :

Informally, r has the effect of substituting the .u; x/, .u;w/, .u; y/ variables with .˛ˇ.x/; hu.saC1//,
.˛ˇ.w/; hu.saC1//, and .˛ˇ.y/; hu.saC1//, respectively.

Remark 3.28 Let us be punctilious about the first isomorphism in each of the maps above. Write
I aC1s D I

f1;2;:::;a;aC1g
s as the set of functions from the ordered set f1; : : : ; aC 1g to Is . So, for example,

we have the isomorphisms

I aC1s D I f1;:::;aC1gs Š I f1;:::;ags � I faC1g:

This allows us to write

X � I aC1s ŠX � I as � I
faC1g
s Š .X � I faC1gs /� I as Š .I

faC1g
s �X/� I as Š .Is �X/� I

a
s

(and likewise for W and Y ). This pedantry makes it clear that r is not compatible with thickening using
our convention that thickening occurs by multiplying by Is on the right.

Remark 3.29 In Mfld˘ there are particular equivalences

Œ�2;�1��X 'X; Œ1; 2��Y ' Y; Is �W 'W
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given by choosing thickenings of X , Y , W and permuting coordinates. Choosing such equivalences
induces the map (3-17) in the composition below; it is a homotopy equivalence of Kan complexes:

homMfld˘.P;Z/! homMfld˘.Œ�2;�1��X;Z/�
h
homMfld˘ .Is�W;Z/

homMfld˘.Œ1; 2��Y;Z/(3-16)

! holim (3-13)(3-17)
Proposition 3.25
��������!H.1/:

We thus see (3-16) is a homotopy equivalence if and only if the composition of the above maps in a
homotopy equivalence. So consider the composition

(3-18) homMfld˘.P;Z/!H.1/:

Our goal is to now prove:

Lemma 3.30 For every Z 2 ObMfld˘, the map (3-18) is a homotopy equivalence of Kan complexes.

3.5 Proof of Lemma 3.30

Choice 3.31 (x� ) We fix an orientation-reversing diffeomorphism

(3-19) x� W Œ�2; 2�! Is:

Remark 3.32 In Choice 3.31 we demand x� to be orientation reversing. This demand is not strictly
necessary; it merely allows us to simplify the proof of Proposition 3.37. The trade-off is that we then
need to show that rqrq, rather than just rq, is homotopic to a thickening map in Proposition 3.41.

Proposition 3.33 The map

(3-20) Œ�2; 2�� Is! Œ�2; 2�� Is; .u; s/ 7! .hu.s/; x�.u//;

is isotopic to the identity. In fact , one can choose an isotopy of (3-20) to the identity through maps for
which the locus fu� �1g has image contained in itself , and likewise for the locus fu� 1g.

Proof This follows from our assumptions on h (Choice 3.20). See Figure 3.

Notation 3.34 (q0) Fix a � 1, and fix a triplet .f D fX ; ffW;tgt2Œ�2;2�; fY / 2 H.a/. We define an
embedding

q0.f / W P 0 � I as ! .Z � I as /� Is

to be the union of the three compositions

Œ�2;�1�� .X � I as /Š .X � I
a
s /� Œ�2;�1�

id�x�
���! .X � I as /� Is

fX�id
����! .Z � I as /� Is;(3-21)

Œ�1; 1�� .W � I as /Š .W � I
a
s /� Œ�1; 1�

id�x�
���! .W � I as /� Is

.f
W;x��1

;id/
�������! .Z � I as /� Is;(3-22)

Œ1; 2�� .Y � I as /Š .Y � I
a
s /� Œ�2;�1�

id�x�
���! .Y � I as /� Is

fY�id
����! .Z � I as /� Is:(3-23)
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(3-20)

Figure 3: An isotopy of the map (3-20) to the identity. The horizontal direction is the Œ�2; 2�u
direction, while the vertical direction is the Is direction, with orientations indicated (in the
directions of increasing values of u and of s). The dotted arrows indicate isotopies, with the
images of each stage of the isotopy indicated as the shaded regions. Note also that the dashed
lines indicate the lines uD˙1 and their images under various stages of the isotopy.

We may define a map out of P 0 as a union of these three maps by definition of P 0 (3-2). That the union
of these maps is smooth follows from the collaring condition (3-11). That the union is a diffeomorphism
follows from the facts that x� is a diffeomorphism (3-19) and that the maps fX ; fY and fW;t for each t ,
are embeddings by definition of H.a/.

Example 3.35 On a triplet .u;w; Es / 2 Œ�1; 1�� .W � I as /, (3-22) evaluates as

.fW;u.w; Es /; x�.u// 2 .Z � I
a
s /� Is:

Notation 3.36 (q) We have defined q0.f / as a map with codomain P 0 � I as . By precomposing q0.f /
with the map ˛ W P ! P 0 (3-6), we obtain a map of simplicial sets

q WH.a/
! homMflddimPCa.P � I

a
s ; .Z � I

a
s /� Is/; f 7! .q0.f // ı˛:

(To define q and q0 on a k-simplex f , we follow Remark 3.23 to note that (3-21), (3-22), and (3-23) all
make sense as parametrizing functions parametrized over points of the k-simplex.)

We now have a sequence of Kan complexes

(3-24) � � �
r
�!H.a/ q

�! homMflddimPCa.P � I
a
s ; Z � I

aC1
s /

r
�!H.aC1/ q

�! homMflddimPCaC1.P � I
aC1
s ; Z � I aC2s / r

�! � � � :
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Proposition 3.37 For every a � 0, the composition qr is homotopic to the thickening map. (That is ,
qr is homotopic to the map of Kan complexes

homMflddimPCa.P � I
a
s ; Z � I

aC1
s /! homMflddimPCaC1.P � I

aC1
s ; Z � I aC2s /;

defined as in (2-1) by taking the direct products of domain and codomain manifolds with Is D Œ0; 1�—
see Notation 3.19.)

Proof of Proposition 3.37 Fix an embedding j 0 W P 0 � I a�1s ! Z � I as . Consider the restriction of
q0r.j 0 ı˛/ along the map

(3-25) .Œ�2; 2��W � I a�1s /� Is
.(3-3)�id/�id
�������! .P 0 � I a�1s /� Is:

Parsing through the definitions — (3-15), (3-21), (3-22), and (3-23) — we see this restriction is obtained
by the composition

Œ�2; 2�� .W � I as /Š .W � I
a
s /� Œ�2; 2�(3-26)

id�x�
���! .W � I as /� It

Š ..I fags �W /� I f1;:::;a�1gs /� It(3-27)
...h
x��1.t/

�id/�id/;id/
�������������!

�
.Œ�2; 2��W /� I a�1s

�
� It(3-28)

.(3-3)�id/�id
�������! .P 0 � I a�1s /� It(3-29)
.ˇ�id/�id
������! .P � I a�1s /� It

.j 0ı.˛�id//�id
���������! .Z � I a�1s /� It :

In the above notation, the intervals Is D It are the same set. The subscripts indicate that (in the relevant
lines) we use t to denote a variable representing the elements of the interval It , to remove the ambiguity
regarding the copy of I on which hx��1.t/ depends. Having disambiguated, we will henceforth revert to
writing Is for all thickening intervals.

In (3-27), we have used notation from Remark 3.28.

In fact, by replacing all instances of W by X , and all instances of Œ�2; 2� by Œ�2;�1�— which has the
effect of turning h��1.t/ into h�1 — the above lines also describe the restriction of q0r.j 0 ı˛/ along

.Œ�2;�1��X � I a�1s /� Is
.(3-3)�id/�id
�������! .P 0 � I a�1s /� Is;

and likewise for Y (by replacing the intervals with Œ1; 2�).

Now consider the compositions from line (3-26) through line (3-28) for each of X;W; Y (and their
relevant intervals Œ�2;�1�, Œ�1; 1� and Œ1; 2�, respectively). The compositions define self-embeddings

�X ; �W ; �Y

Algebraic & Geometric Topology, Volume 25 (2025)



Spaces over BO are thickened manifolds 4311

of the manifolds

.Œ�2;�1��X � I a�1s /� Is; .Œ�2; 2��W � I a�1s /� Is; .Œ1; 2��Y � I a�1s /� Is:

Each of these self-embeddings is a direct product with the identity embeddings of X , W , Y , respectively.
In particular, the maps �X , �W , �Y glue together to form a single embedding

� W .P 0 � I a�1s /� Is! .P 0 � I a�1s /� Is:

On the interval components — ie, ignoring the P 0 factor — � acts as

Œ�2; 2�� I as
Š
�! Œ�2; 2�� I a�1s � I; .u; s1; : : : ; sa/ 7! .hu.sa/; .s1; : : : ; sa�1/; x�.u//:

In other words, the composition acts trivially on all but two factors: It acts on the u and sa components
precisely by the map (3-20) from Proposition 3.33. So the isotopy guaranteed by Proposition 3.33 induces
isotopies

�X � id; �W � id; �Y � id:

(The condition that the isotopy preserves the loci u� �1; u� 1 guarantees that �X is isotoped through
.Œ�2;�1��X � I a�1s /� Is , and likewise for Y .) These isotopies glue together to exhibit an isotopy

(3-30) �� id:

At this point we can appreciate that gluing together the W , X , Y versions of (3-29) yields the identity
map of P 0. This means

q0r.j 0 ı˛/D
�
.j 0 ı .˛� idIa�1s

/ ı .ˇ� idIa�1s
//� id

�
ı �

and applying the isotopy (3-30) yields an isotopy

q0r.j 0 ı˛/� .j 0 ı .˛� idIa�1s
/ ı .ˇ� idIa�1s

//� id;

which, because ˛ˇ is isotopic to id, is isotopic to j 0 � id. By varying j 0, we find that the diagram of Kan
complexes

homMflddimPCa�1.P � I
a�1
s ; Z � I as /

r
// H.a/ q

//

q0

))

homMflddimPCa.P � I
a
s ; Z � I

aC1
s /

SingEmb0.P 0;�I a�1s ; Z � I as /

˛�

OO

��idIs
// SingEmb0.P 0 � I as ; Z � I

aC1
s /

˛�

OO

commutes up to homotopy. (In fact, the triangle on the right commutes on the nose.) By noting that ˛� is
a homotopy equivalence (3-7) that respects thickening up to homotopy, we are finished.

Notation 3.38 (H ) We will now compute the iterate rqrq.f /. For this, we introduce the following
function for sake of brevity:

H W Is � Is � Œ�2; 2�t ! Œ�2; 2�t ; H.saC1; saC2; t /D hht .saC2/.saC1/:
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Remark 3.39 By the collaring condition on ht (Choice 3.20), we have

H D

�
h�1.saC1/; t 2 Œ�2;�1�;

h1.saC1/; t 2 Œ1; 2�:

Proposition 3.40 The self-map of Œ�2; 2�t � Is � Is given by

(3-31) .t; saC1; saC2/ 7! .H; x�H; x�ht .saC2//

is homotopic to the identity. Moreover , this homotopy fk�g�2Œ0;1� can be chosen through smooth maps

k� W Œ�2; 2�t � Is � Is! Œ�2; 2�t � Is � Is

such that :

(a) For any value of t and � , the composition

(3-32) ftg � Is � Is
k�
�! Œ�2; 2�t � Is � Is! Is � Is

is a (codimension-zero) smooth embedding. Here , the first arrow is the restriction of k� to the indicated
domain , and the last map is the projection forgetting the Œ�2; 2� factor.

(b) For every value of � , the composition (3-32) is collared in the t-variable. This means that for
all t � �1, the projections of k� .t;�;�/ and k� .�1;�;�/ to Is � Is are equal. Likewise , for all t � 1,
the projections of k� .t;�;�/ and k� .1;�;�/ to Is � Is are equal. (However , their projections to the t
variable may differ.)

(c) For every value of � , k� restricts to a self-map of Œ�2;�1�t � Is � Is — meaning the image of
Œ�2;�1�t � Is � Is under k� is contained in Œ�2;�1�t � Is � Is — and to a self-map of Œ1; 2�t � Is � Is .

Proof Let us first focus on the first factor of (3-31), ie, the function H taking value in the Œ�2; 2�t
component of the image. The conditions (a) and (b) are preserved by homotopies fk0�g� that only affect
this first factor. On the other hand, it is straightforward to produce a homotopy fk0�g� without changing
the latter two factors of (3-31), smoothly homotoping the first factor from H to t , while preserving (c).
Choose such a fk0�g� ; we have homotoped (3-31) to the map

.t; saC1; saC2/ 7! .t; x�H; x�ht .saC2//:

Now, for every fixed t , it is possible to isotope the map .x�H; x�ht .saC2// to the identity map of Is � Is .
It is clear one can do this smoothly in t , so choose such isotopies smoothly in t , and constantly along the
intervals �2� t � �1 and 1� t � 2. Such a choice yields a smooth homotopy fk00� g� (whose projection
to the interval Œ�2; 2�t is � -independent) preserving all the conditions required by the proposition.

Concatenating fk00� g� after fk0�g� , we have obtained the desired homotopy fk�g.

Proposition 3.41 For every a � 0, the composition rqrq is homotopic to the square of the thickening
map — ie , homotopic to the map H.a/!H.aC2/ obtained by performing twice the thickening map in
Notation 3.24.
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Proof of Proposition 3.41 Let us fix f 2H.a/ and compute the triplet rq.f /. For brevity, we let

Es WD .s1; : : : ; sa/ 2 I
a
s :

The map q.f / sends a point .p; Es / 2 P � I as to8<:
.fX .x; Es /; x�.u// if p D .u; x/ 2 Œ�2;�1��X;
.fW;u.w; Es /; x�.u// if p D .u;w/ 2 Œ�2; 2��W;
.fY .y; Es /; x�.u// if p D .u; y/ 2 Œ1; 2��Y:

(For points p in Œ�2;�1��W , the above is well defined thanks to the collaring conditions on h and
on fW;t ; likewise for points in Œ1; 2��W .) For every t 2 Œ�2; 2�, we have that

.rq.f //W;t WW � I
aC1
s ! .Z � I as /� Is

is given by the formula

.w; Es; saC1/ 7!
�
fW;ht .saC1/.˛ht .saC1/ˇht .saC1/.w/; Es /; x�ht .saC1/

�
:

Let us explain this notation. Clearly ˛ respects the u-coordinate of P 0, as does ˇ (Remark 3.13). Thus it
makes sense to fix a u-coordinate such as ht .saC1/ and restrict ˛ and ˇ as functions with domain and
codomain given by fibers above this u-value. In fact, ˛u is always the identity, so we may omit ˛ in much
of what follows.

Likewise, the maps

.rq.f //X WX � I
aC1
s ! .Z � I as /� Is and .rq.f //Y W Y � I

aC1
s ! .Z � I as /� Is

have formulas
.x; Es; saC1/ 7!

�
fX .ˇh�1.saC1/.x/; Es /; x�h�1.saC1/

�
and

.y; Es; saC1/ 7!
�
fY .ˇh1.saC1/.y/; Es /; x�h1.saC1/

�
;

respectively. In writing the formula for .rq.f //X , we have used that h�1.saC1/ 2 Œ�2;�1� and that
fW;t D fW;�1 D fX ı iW for t 2 Œ�2;�1�; and likewise for the formula for .rq.f //Y .

Now that we have computed rq, we may iterate to compute the following.

� rqrq.f /X sends an element .x; Es; saC1; saC2/ 2X � I aC2s to�
fX .ˇh�1.saC1/ˇh�1.saC2/.x/; Es /; x�h�1.saC1/; x�h�1.saC2/

�
:

� rqrq.f /Y sends an element .y; Es; saC1; saC2/ 2 Y � I aC2s to�
fY .ˇh1.saC1/ˇh1.saC2/.y/; Es /; x�h1.saC1/; x�h1.saC2/

�
:

� For all t 2 Œ�2; 2�, rqrq.f /W;t sends an element .w; Es; saC1; saC2/ to�
fW;H .ˇHˇht .saC2/.w/; Es /; x�H; x�ht .saC2/

�
2 .Z � I as /� Is � Is:
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Thus, each of these maps can be understood as a composition

(3-33) Œ�2; 2�t � �� I as � Is � Is
(3-34)
���! .Œ�2; 2�t � �� I

a
s /� Is � Is

.f�;t /�id� id
��������! .Z� I as /� Is � Is;

where the first map is given in coordinates by

(3-34) .t; �; Es; saC1; saC1/ 7! .H; ˇHˇht .saC1/. � /; Es; x�H; x�ht .saC2//:

Here, the � is a stand-in forX ,W , Y (or x, w, y in the coordinate formula), it is understood that fX;t DfX
and fY;t D fY , and we only evaluate the first map on those elements of Œ�2; 2��� that are elements of P 0.

Because ˇu is a flow by a vector field (hence isotopic to the identity) we may find a path in H.aC2/

from (3-34) to the map

.t; �; Es; saC1; saC1/ 7! .H; �; Es; x�H; x�ht .saC2//:

By Proposition 3.40, this map enjoys a path in H.aC2/ to the (identity) map

.t; �; Es; saC1; saC1/ 7! .t; �; Es; saC1; saC2/:

Thus, postcomposing the resulting isotopy from (3-34) to id with .f�;t /� id� id, we witness an isotopy
from (3-33) to a two-fold thickening of f 2H.a/. Because the isotopy between rqrqf and f � id� id is
witnessed by precomposing f � id� id by a series of isotopies independent of f , the claim is proven.

Proof of Lemma 3.30 The sequential diagram (3-24) has a cofinal subdiagram

(3-35) � � � qr�! homMflddimPCa.P � I
a
s ; Z � I

aC1
s /

qr
�! homMflddimPCaC1.P � I

a
s ; Z � I

aC2
s /

qr
�! � � � :

By Proposition 3.37, this sequence is equivalent to the sequence of thickenings, hence has colimit given
by homMfld˘.P;Z/.

There is another cofinal subdiagram of the form

(3-36) � � �
rqrq
���!H.a/ rqrq

���!H.aC2/ rqrq
���! � � � :

(In fact, there are two such — one could take a to be odd or even. The choice is immaterial to us.)
By Proposition 3.41, this sequence is equivalent to the sequence with the same objects, with maps given
by (double) thickenings. Thus this subdiagram has colimit given by H.1/.

It is now straightforward to check that the induced map on homotopy groups

�� homMfld˘.P;Z/Š �� hocolim (3-35) Š�! �� hocolim (3-24) ŠÜ �� hocolim (3-36)Š ��H.1/

(where the dashed arrow is the inverse to the isomorphism induced by the cofinality of (3-36)) is the same
map as that induced on homotopy groups by (3-18).
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4 Proofs of the main results

4.1 Finite colimits: existence and preservation

Proof of Theorem 1.8 It is clear that Mfld˘ has an initial object — the empty manifold — so to see
Mfld˘ has all finite colimits, it suffices to prove that Mfld˘ has pushouts (Corollary 4.4.2.4 of [7]).

Given two morphisms as in (3-1), Proposition 3.21 shows that P is a pushout if and only if the map (3-16)
is a homotopy equivalence. By Remark 3.29, we are reduced to showing that (3-18) is a homotopy
equivalence. This is Lemma 3.30.

Remark 4.1 Let C be an 1-category and fix an object B 2 ObC. Fix a functor f W D ! C=B to
the slice1-category. Then a diagram DF! C=B is a colimit diagram if and only if the composition
DF! C=B ! C is a colimit diagram (see, for example, Corollary 7.1.3.20 (02KC) of [8]).

Proposition 4.2 The functor (1-2) preserves finite colimits.

Proof The isotopy-commuting diagram of smooth manifolds (3-9) — because it consists of codimension-
zero embeddings — induces a homotopy-commuting diagram of frame bundles. By quotienting by the free
O action, we thus obtain a homotopy-commuting diagram of spaces over BO. (It may help, or confuse,
the reader that this resulting diagram can be notated identically to (3-9).) It is classical that (3-9) is in fact
a colimit diagram in the1-category of topological spaces. (After all, P models a homotopy pushout
of (3-1), as P is homotopy equivalent to (3-2).) On the other hand, a diagram in the slice over-category
Top=BO is a colimit diagram if and only if its image in Top is (Remark 4.1).

This shows that (1-2) preserves pushouts. The functor also preserves initial objects, as it sends the empty
manifold to the empty space. Thus the functor preserves all finite colimits (Corollary 4.4.2.5 of [7]).

4.2 The point generates thickened manifolds

Proposition 4.3 (handle attachments are pushouts) Let X be a manifold of dimension d , possibly with
boundary, and let X 0 be obtained from X by attaching an index-k handle along @X . Then the induced
diagram �1 ��1!Mfld˘, which we informally draw as

Sk�1 �Dd�k //

��

X

��

Dk �Dd�k // X 0

is a pushout square. (The top horizontal arrow is modeled as the codimension-zero embedding of
.Sk�1 �Dd�k/� Œ0; 1� into a collar neighborhood of @X �X .)
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Proof We may assume there exists a Morse function f W X 0! R realizing the handle attachment —
concretely, f �1Œb � ı; bC ı� is the attaching handle Dk �Dn�k inside X 0, we assume b is the lone
critical value in Œb� ı;1�, and that X D f �1.�1; b� ı�. Using the induced map

X 0 � Œ�2; 2�v
f �pv
���!R� Œ�2; 2�v

one may describe the space P 0 from (3-4) as the subspace of X 0 � Œ�2; 2�v given by the union of the
three subsets

� f.x; v/ 2X 0 � Œ�2; 2�v j f .x/� b� ı=2; v � 1g,

� f.x; v/ 2X 0 � Œ�2; 2�v j f .x/ 2 Œb� ı; bC ı�; v 2 Œ1� �; 1C ��g, and

� f.x; v/ 2X 0 � Œ�2; 2�v j f .x/� bC ı=2; v � 1g.

It is then clear that the inclusion of the space P (Construction 3.10) into X 0 � Œ�2; 2� is an isotopy
equivalence. Because X 0 'X 0 � Œ�2; 2� in Mfld˘ and P was already shown to be a pushout, the rest is
straightforward.

The following is a categorical manifestation of the geometric tautology that manifolds are made out of
disks:

Lemma 4.4 The point generates Mfld˘ under finite colimits.

Proof of Lemma 4.4 Let X be a compact manifold, possibly with corners and boundary. By Remark 2.3
we may assume X has no corners, but possibly nonempty boundary. Then X admits a Morse function
f W X ! R for which X D f �1Œ�1; b� and f �1.b/D @X , with b a regular value. (See, for example,
Theorem 2.5 of [13]. Using the notation there, one considers V0 D ¿.) In the usual way, f creates a
filtration of X

X DXN �XN�1 � � � � �X1 �X0 �X�1 D¿;

where eachXi is obtained by attaching a single handle of index ai toXi�1. By Proposition 4.3, this realizes
Xi as a pushout of Xi�1, a (thickened) sphere, and a (thickened) point. On the other hand, by induction
on k, Proposition 4.3 also shows that any sphere is generated in Mfld˘ under finite colimits by a point.

4.3 Fully faithful

Proposition 4.5 For any smooth , compact manifold X (possibly with corners) there exists a natural
homotopy equivalence of Kan complexes

(4-1) homMfld˘.pt; X/! Sing Fr.X/:

Here , Sing Fr.X/ is the Kan complex of singular chains associated to the stable frame bundle Fr.X/, and
Fr is modeled as in Remark 2.11.
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Proof Set d D dimX . The space of smooth embeddings Œ0; 1�d !X fits into a fiber sequence

GL.Rd ; Tev0X/! Emb.Œ0; 1�d ; X/ ev0
��!X;

where the last map is the evaluation at the origin 0 2 Œ0; 1�d , and the fiber is identified with the space of
linear isomorphisms from the tangent space Rd Š T0Œ0; 1�d to Tev0X . (If X has boundary or corners,
we may replace X by its interior to obtain a homotopy-equivalent fiber sequence.) It follows that the map

Emb.Œ0; 1�d ; X/! Frd .X/

to the frame bundle — given by sending an embedding j W Œ0; 1�d !X to the derivative-induced framing
Rd ŠT0Œ0; 1�d ŠTj.0/X — is a map of fibrations overX (or over the interior ofX ) with homotopy equiv-
alent fibers, hence a homotopy equivalence. By taking the colimit of the induced maps of Kan complexes

SingEmb.Œ0; 1�dCk; X � Œ�1; 1�k/! Sing FrdCk.X/

as k !1, and noting that the transition maps from k to k C 1 are all cofibrations, we find that the
induced map (4-1) is indeed a homotopy equivalence of Kan complexes.

Now, given any smooth codimension-zero embedding X � Œ0; 1�k ! X 0 � Œ0; 1�k
0

(note this forces
d C k D d 0C k0), the diagram of Kan complexes below commutes:

homMfld˘.Œ0; 1�
dCk; X � Œ0; 1�k/ //

��

Sing FrdCk.X � Œ0; 1�k/

��

homMfld˘.Œ0; 1�
d 0Ck0 ; X 0 � Œ0; 1�k

0

/ // Sing Frd 0Ck0.X 0 � Œ0; 1�k
0

/

These maps are compatible with thickening, and is natural with respect to families of codimension-zero
embeddings. So the equivalence (4-1) is indeed natural.

Proposition 4.6 For every object X 2 Mfld˘, the map homMfld˘.pt; X/ ! homSpc=BO
.pt; X/ given

by (1-2) is a homotopy equivalence.

Proof Consider the functor (2-4). If X is modeled by a manifold of dimension d , a smooth embedding
j W Œ0; 1�d !X is sent to the GL-equivariant map Fr.Œ0; 1�d /! Fr.X/ induced by (the derivative of) j .
Restriction of j to the origin is compatible with the equivalence (4-1), in the sense that the following
diagram commutes up to homotopy:

homMfld˘.pt; X/
(4-1)

//

(2-4)
��

Sing Fr.X/

homTopGL
�
Fr.Œ0; 1�d /;Fr.X/

�ev0;idRd

55
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Here, ev0;idRd
is the evaluation of an GL-equivariant map at the canonical frame of the origin of Œ0; 1�d .

This evaluation map is a homotopy equivalence, as it is a map of fiber bundles with homotopy equivalent
base spaces (equivalent to X ) and homotopy equivalent fibers (equivalent to GL).

Now we finish by recalling the fact that mapping spaces in the 1-category Spc=BGL ' N.TopGL/

may be computed as equivariant mapping spaces between free GL-spaces, and that (1-2) is defined by
precomposing with (2-4). The equivalences (2-6) and (2-7) finish the job.

Lemma 4.7 The functor (1-2) is fully faithful.

Proof of Lemma 4.7 Fix smooth manifolds W and X . Up to thickening, W is written as a finite
colimit of a diagram involving only disks — ie, only the point, up to thickening. (This is the content of
Lemma 4.4.) So write W ' colimD pt where D is some finite diagram. We have the following homotopy
commuting diagram of Kan complexes:

homMfld˘.W;X/

��

homMfld˘.colimD pt; X/'
oo

'
//

��

holimD homMfld˘.pt; X/

��

homSpc=BO
.W;X/ homSpc=BO

.colimD pt; X/'
oo

'
// holimD homSpc=BO

.pt; X/

All vertical arrows are obtained from the functor (1-2).

The upper-left horizontal arrow is a homotopy equivalence by the hypotheses that W ' colimD pt; the
two horizontal arrows on the right are equivalences by the definition of colimit. We use Proposition 4.2
to conclude the lower-left horizontal arrow is an equivalence. By Proposition 4.6, the rightmost vertical
arrow is a homotopy limit of equivalences — hence an equivalence. It follows that the leftmost vertical
arrow is an equivalence, establishing the claim.

4.4 The equivalence (proof of Theorem 1.3)

Proof of Theorem 1.3 The functor (1-2) is fully faithful by Lemma 4.7. It remains to show it is
essentially surjective.

By definition, the1-category of finite spaces Spcfinite � Spc is the full subcategory generated by a point
under finite colimits. (For those readers who prefer other models: Spcfinite is equivalent to the1-category
of spaces homotopy equivalent to finite CW complexes. Noting cell attachments are homotopy pushouts
along maps Sn�1!Dn ' pt and by applying induction on dimensions of cells, we conclude that all
finite CW complexes are generated under finite colimits by a point.)

Thus, given an object X ! BO of Spcfinite
=BO , we have a constant finite diagram f W D! Spcfinite (with

value pt) having colimitX . Choose a functor f F WDF!Spcfinite exhibitingX as the colimit. Composition

Algebraic & Geometric Topology, Volume 25 (2025)
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with the map X ! BO lifts f F to a diagram . Qf /F WDF! Spcfinite
=BO . By Remark 4.1, . Qf /F is a colimit

diagram, hence we see that X ! BO is in the subcategory of Spcfinite
=BO generated by the object pt! BO.

The functor (1-2) contains the point pt!BO in its image, is fully faithful, and preserves all finite colimits
by Proposition 4.2. Thus it is essentially surjective.
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