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The Z [ p-equivariant cohomology of the genus-zero
Deligne-Mumford space with 1 + p marked points

DAIN KIM
NICHOLAS WILKINS

We prove that the Serre spectral sequence of the fibration Mo 14, — EZ/p Xz, Mo1+p — BZ/p
collapses at the E»-page. We use this to prove that a torsion element of the Z / p-equivariant cohomology
with F,-coefficients of genus-zero Deligne—Mumford space with 1 4+ p marked points is lifted from
nonequivariant cohomology. We conclude that the only “interesting” 7/ p-equivariant operations on
quantum cohomology are quantum Steenrod power operations.

53D45, 55N25, 55N91, 55T10

1 Introduction

1.1 Background

The study of equivariant cohomology operations in the context of symplectic geometry is relatively new,
but it builds off much older operadic roots. The first notions of these sort of equivariant cohomology
operations, specifically useful towards symplectic geometry, appeared in the work independently by
Betz [1] and Fukaya [4]. The next appearance of such operations was by Seidel in [8].

More recently, based on the initial definition by Fukaya in [4], Wilkins and Seidel defined and studied in
depth the notion of the “quantum Steenrod power operations” [9; 10; 14]. The idea of these papers was to
define operations that look like the topological Steenrod power operations of [12], but in the context of
quantum cohomology: much as the Steenrod power operations measure the chain-level noncommutativity
of the cup product, so do the quantum Steenrod power operations do likewise for the quantum cup product.

All of the above papers follow as their guiding principle the equivariant version of the symplectic operadic
principle: “The nature of an equivariant symplectic invariant defined by counting holomorphic curves is
determined by the operad of the space of domains.”

Without delving too deeply into the technical details and definitions of the quantum Steenrod power
operations, the general notion for invariants on quantum cohomology is the following: given a natural
number 7, and a permutation group G < Sym(#n), one can consider the Deligne-Mumford space Mg, 1.
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This space roughly consists of the set of 1 4+ n distinct marked points (zg, z1, . . ., z,) with z; € S? (with
a compactification we describe in Section 2.1), up to Mdbius reparametrisations of S2. Then G acts
via permuting the last n points. The idea is, for a nice choice of G and p | |G| for a prime p, that each
closed element of CZ (Mo 14n; IF») should have an associated equivariant quantum operation, and that
any boundary in C¢ (Mo,14n;Fp) determines a 1-dimensional cobordism (given by a 1-dimensional
parametric moduli space) between the moduli spaces determining the chain-level definitions of the two
different operations. Hence, one expects that HS (M, 0,14+n: Fp) should give a good amount of information
about G-equivariant quantum operations. One would also wonder the case p } |G|, but in this case the
G-equivariant cohomology of I, coefficients is the G-invariant part of the ordinary cohomology, which
gives no interesting operations.

Now, the quantum Steenrod p™-power operation is defined using n = p, G = Z/ p, and the class of
H *Z /p (/\_/10,1+ p:Fp) in question is determined by a fixed point of the G-action on the Deligne-Mumford
space. In particular, viewing S? as the extended complex plane, say zg = 0 and z1, . .. . Zp are pP-roots
of unity (in the obvious order z; = ¢’ for any primitive ).

When p = 2, this fixed point is the entirety of Mg 142, which is just a single point. But when p is larger,
the Deligne-Mumford space has more topology: the question of what is the equivariant cohomology of the
Deligne-Mumford space is the first step towards answering a question posed by Seidel in [9, Section 5c].
In particular, we study Z/ p-actions as opposed to Sym,,-actions. Using the localisation theorem eg [7],
we know that the Z/ p-equivariant cohomology of My 14, matches that of the fixed locus once one
inverts the generator u of H2(BZ/p;Fp). In particular, up to u-torsion the equivariant cohomology of
Mo, 1+ p should look like the fixed-points set of the Z/ p-action, which is indeed the case where zg = 0
and the other z; are roots of unity, hence quantum Steenrod power operations. Another way of saying
this is up to u-torsion, the only equivariant operations we obtain in this manner (ie taking classes in
H *Z /p (Mo,1+ p: Fp)) are quantum Steenrod power operations.

Finally, this leads us to the core question answered in this paper: “are there any interesting u-torsion cycles
in Hy /p (Mo,14p;Fp)?” A positive answer would have meant potentially interesting new operations,
while a negative answer means that every Z / p-equivariant operation is a Steenrod power operation. In this
paper, we demonstrate that while there are some u-torsion cycles in H / p(/\_/lo,1+ p:Fp), these all corre-
spond to nonequivariant cohomology: basically, they arise as Z/ p-invariant cycles in H*(Mog,14p: Fp).
In conclusion, apart from the resulting nonequivariant operations (which are just defined via standard
Gromov—Witten invariants) the only Z/ p-equivariant operations we may define are quantum Steenrod
power operations. We formalise this in Corollary 4.3.

Remark 1.1 This should be contrasted with the case where one considers the composition of quantum
Steenrod operations (see eg the quantum Adem relation [14, Section 7]): in this setting, n = p? and
G =7/ p [Z] p (the wreath product). At least for p =2 (and expected for larger p) there exist interesting
and exotic elements of H, 2‘; (/Wo,prn; [F) that do not obviously arise as Steenrod power operations.
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1.2 Summary of paper

We begin in Section 2.1 with recalling some preliminary concepts: in particular, we recall the Deligne—
Mumford space, cohomology with local systems, a construction of Z/ p-equivariant cohomology, Serre
spectral sequence, and the localisation theorem.

In Section 3, we recall a construction of H *(/Wo,pr p:Fp) and importantly observe how the action of
Z/p on Mo 1+ descends to an action on H*(Mo 1+ p;Fp), noting specifically the fixed classes. We
then proceed to construct the associated Serre spectral sequence associated to the fibration

Mo,1+p = Mo+pxz/p EL/p — BL/p.
Finally, in Section 4 we proceed to prove the main result:
Theorem 1.2 Let Mo,1+p be the Deligne-Mumford space of genus zero with 1 + p marked points.
Then the following map is injective:
H},(Mosp:Fp) 225 H* (Mo,14p:Fp) @ Hy, (MEY |, Fp),
where p is induced by forgetting equivariant parameters and i * by the inclusion i : /ng‘l +p Mo 14p-

To achieve this, we first demonstrate that the Serre spectral sequence collapses on the E»-page. Then we
use this collapse to demonstrate that the theorem holds.

Acknowledgements

Kim is grateful to Paul Seidel for numerous helpful discussions and support. Kim was partially supported
by MIT’s Undergraduate Research Opportunities Program. Wilkins, funded by the Simons Foundation
through award 652299, also thanks Paul Seidel. Further, Wilkins thanks MIT and the Max Planck Institute
for Mathematics in Bonn, for hosting them, respectively, during the writing and the amendments to
the paper.

Both authors thank the reviewer for very helpful comments and corrections.

2 Preliminaries

We first give the definition of the Deligne—Mumford space of genus zero, which is the space of interest.
We also recall the definition of equivariant cohomology. To compute the equivariant cohomology of the
Deligne-Mumford space Mo, 1+ p, we will use a fibration whose corresponding Serre spectral sequence
yields this equivariant cohomology. Here, we will need cohomology with twisted coefficients, called a
local system. At the end of the section, we will state a localisation theorem, which will be used to show
the collapse of a Serre spectral sequence.

Algebraic & Geometric Topology, Volume 25 (2025)



4344 Dain Kim and Nicholas Wilkins

2.1 The Deligne-Mumford space of genus zero

We give a definition of the Deligne—Mumford space of genus zero with marked points. We use the
definition from [6].

A stable nodal curve of genus zero consists of finitely many Riemann spheres S2 where some pairs of two
spheres are joined along a nodal singularity so that the adjacency graph of Riemann spheres is a connected
tree. An n-pointed stable nodal genus-zero curve is a stable nodal genus-zero curve with n marked points
on the spheres that are different from nodes so that each of the spheres has at least 3 nodes or marked
points. Two stable curves are isomorphic if there is a collection of Mobius transformations from each
Riemann sphere to another preserving nodes and marked points. Such a curve is stable in the sense that
the identity is the only automorphism.

Definition 2.1 (the Deligne-Mumford space of genus zero with n marked points) For n > 3, M, is
the moduli space of isomorphism classes of stable curves of genus zero with n marked points.

We are only interested in the case of n > 3, for purposes of the applications to equivariant quantum
operations. It should also be noted that this /\_/lo,n is a smooth compact manifold, for n > 3.

2.2 Cohomology with local systems

Let X be a path-connected and locally path-connected topological space. The n-chains of X are finite
sums ) _; n;0; where n; € Z and 0;: A" — X is an n-simplex, and the space of n-chains is denoted
as Cp,(X). We may extend the notion of n-chains by allowing coefficients n; to be elements of a fixed
abelian group G. The cochain complex of X with coefficient G is defined as Hom(C, (X), G). We call
the cohomology (resp homology) induced by such cochains (resp chains) as cohomology with coefficients
(resp homology with coefficients).

We may extend the cohomology with coefficients further by twisting the coefficient, which leads to the
notion of a local system. A local system on X is a locally constant sheaf of abelian groups on X.

Definition 2.2 Let A be a local system on X. If A" = [vg, v1, ..., vy], then the cochain complex of X
with local system A is defined as
c'x:H= [] Alcw))
o: A"—=X
with differential §: C"*(X; A) — C"T1(X; A) given as
n+1

(—1)"(8e)(0) = A() " e(@00) + 3 (=) c(d;0)
i=1
for c € C"(X; A) and o: A"t! — X where y is a path ¢ — o ((1 —t)vg + tv1) and A(y) is the map
from the stalk at o (vg) to the stalk at o (vy) induced by y. The cohomology of X with local system A is
H*(X;A):=kerd§/im.
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We refer the reader to [13, Chapter 4] for more details. The local coefficient G may be viewed as the
local system that is the trivial bundle X x G.

Even though the local system itself is complicated, if the local system is decomposable as a finite direct
sum of local systems, then the cohomology can be written as the direct sum of cohomology with each

component of the local system.
Proposition 2.3 Let X be a path-connected and locally path-connected topological space and F' a field. If
a local system A is decomposed as A = B@®C as vector spaces over F' for local systems I3 and C on X, then

H*(X: A) = H*(X:B)® H*(X:C).

Proof Since A=B®C,
C*(X:A)=CH*(X:B)®C*(X:0), Aly)=B@1)®C(y)
canonically. Therefore, § 4 = §5 @ §¢ for differentials corresponding to local systems, which leads to the

desired direct decomposition of cohomology. a

2.3 Z/p-equivariant cohomology

We begin by defining the classifying space BG, for some group G. First we consider EG, which
is a contractible space equipped with a free G-action. In our case, with G = Z/p, we may pick
EZ/p=S*®cC>*®= i C/, taking the Z / p-action to be diagonal multiplication by e2"//P_ In general,
the classifying space is

BG = EG/G.

Then, given some topological space X equipped with a G-action ¢, we define its homotopy quotient
EG xg X to be the quotient of EG x X by the diagonal action (abusively) denoted by

a(g)- (v,x) = (e*/Pv,0(g) - x),
for g € G.

Definition 2.4 Let X be a topological space, and a topological group G acts continuously on X . Then
the equivariant cohomology of X with action G and a coefficient F is
HG(X:F):=H*(EG x¢g X: F),
where E G is the universal cover of the classifying space BG.
We notice further that, in the case that X is fixed by the G-action, the homotopy quotient EG xg X
equals BG x X, and hence one can use the Kiinneth isomorphism to write
HG(X:F)=H*(EGxg X;F) =~ H*(BG;F)Q H*(X; F).
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We are interested in the case where G = Z/ p. Indeed, noting that My 3 is a single point (and therefore
has no torsion equivariant cohomology), we may restrict our attention to n > 4: thus, in this paper we
will assume that p > 2.

When F =, we follow the conventions of [9, Equation (5.5)] (with the natural extension for general
coefficient systems). In particular, we fix some generator g of Z/p and write

C3p(X:Fp) = Fplu] ® A(e) ® C*(X:Fp).
where |e| = 1 and |u| = 2, with
dwf ®@c) = euf @ (gc —c) +uF @ de,
duFe@c)=u*" '@ (c+gc+--+gP c)—uFe @ de.

2.4 Serre spectral sequence

Theorem 2.5 [11, Proposition 6] If F — E > B is a Serre fibration and G a fixed abelian group,

there is a spectral sequence
EJ? = H?(B:H!(FiG)) = H*(E:G).

which is called a Serre spectral sequence. Here, H4(F;G) is the local system over B with stalk
H49(F;G) induced by the Serre fibration w. If B is a CW complex, denote by B¥ the k-skeleton
of B. We have a filtration of E as EX = 7~1(B¥). Then the filtration of H™(E;G) is given as
FKH™(E;G) =ker(H™(E;G) — H™(E*¥~1; G)).

For brevity, we define F}" := FXH™(E; G).

Theorem 2.5 shows that the E2-page of the Serre spectral sequence corresponding to a fibration
X — EG xg X — BG with coefficient [}, is

H'(BG:H/ (X:Fp))
and converges to H*(EG xg X:Fp) = H;(X:Fp).

2.5 Localisation

The intuitive notion of the localisation theorem is that, up to u-torsion, all the equivariant cohomology
classes of a space X are encoded in the fixed-point space X X, We will use the localisation theorem on the
Deligne-Mumford space Mo, 1+ . The fixed-point space of the Deligne-Mumford space consists of a set
of points, and so the localisation theorem provides a powerful restriction on the equivariant cohomology
of M 0,14p-

We restate the localisation theorem given by Quillen as a version we will use to the Deligne-Mumford
space Mo,1+p with a group Z/ p.
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Theorem 2.6 [7, Theorem 4.2] For a compact manifold X with an action of Z/ p, the inclusion of the
fixed-point set X ™ < X induces an isomorphism

Hy, (X Fp)u™']1 = Hy, (X™ Ty,

where u is a generator of H>(BZ/ p; Fp).

3 The structure of H* (./\_/10,1+ p3 Fp) and the Serre spectral sequence

In this section, we investigate how Z/p acts on H*(Mo 1+ p:Fp), which will be used to compute the

Serre spectral sequence. We also compute /WOZ/lﬁ_ » which will appear in the localisation theorem.

3.1 The cohomology of ./\_40,14. p and its fixed point under the Z /p-action

The cohomology ring structure of Mg 1+ p was completely described by Keel in [5], and later an equivalent
description but in symmetric basis was given by [3]. We will use the basis by [3] to get a benefit of its
symmetry.

Theorem 3.1 [3, Theorem 5.5] For the Deligne-Mumford space /\_/lo,1+ p» let the marked points be
X1,...,Xp+1 and X = {x1,...,xp}. Foreach S C X with |S| > 3, there exists a cohomology class
Mg € H*(Mo,1+p; Z) so that monomials of the form [lis;>3 H‘és satisty the following conditions freely
generate H* (Mo, 14 p; Z) as a Z-module.

e Ifbothdg and dt are positive, then SNT € {2, S, T}.

e For each S withdgs > 0, if S1, ..., S are disjoint and form the maximal proper subsets of S
with dg;, > 0, then
ds <k—1+|S|=)_|Si|.
i

Moreover, ifo: X — X is an action induced by 1 € Z/ pZ, ie o (x;) = x; 1 for 1 <i < p—1,0(xp) = x1,
and 0 (xp+1) = Xp+1, then o (Ils) = I1,(s) and is compatible with the ring structure of H*(Mo,14p; Z).

In the following corollary, we adapt the aforementioned basis for H*(Mo,1+p; Z) and find the fixed
classes under the 7/ p-action.

Corollary 3.2 There is a basis for H*(Mo 1+ p:Fp), on which o* acts, which contains exactly p — 1
fixed elements (and the rest partitioning into 7,/ p orbits of size p).

Proof We take the basis of H* (Mg 1+ p: Z) described in Theorem 3.1. Suppose that ]_[| S>3 Hgs is
fixed under o, and d7 > 0 for some 7. Let 1 <i < j < p be two elements in 7.

Since the monomial ]_[| S>3 Hgs is fixed under o and dr > 0, it follows that d;(7) > 0. Repeating the
argument, we also have dgj—i () > 0.
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As i € T, by shifting the labels j —i times, j € o/ ~/(T) and |T| = |6/~ (T)|, so by the first condition
in Theorem 3.1, 0/ ~(T) = T. But as pis aprime and 0 < j —i < p, ie j —i is invertible in FX,
we obtain 0 (T') = T, which implies that 7 = X. Then the second condition of Theorem 3.1 forces that
1 <dx < p— 1. In the other direction, the cohomology classes Hé‘( are fixed since o (X) = X.

Any other monomials form several p-cycles since for any S C X, 0”(S) = S. This proves the corollary
for H *(/Wo,pr p:Z), ie the set of monomials is decomposed into p — 1 fixed points and some p-cycles.

Since H*(Mao,1+ p: ) is free, the generators of H *(Mo 1+ p: Fp) are obtained by reducing the coeffi-
cients of the generators in mod p. There are no relations among the generators because otherwise we can
lift the relation to H*(Mo,1+p; Z). Furthermore, the Z/ p action acts in the same way, so the desired
result follows. |

To use the localisation theorem, we investigate the fixed points of Mg 14, under the Z/ p-action.
To be explicit, elements of Mo,1+p consist of a nodal Riemann surface S along with a (1+ p)-tuple
(Z1s- -+ Zp, Zp4+1) C SPT1 and the Z/ p-action acts on the indices of z1, ..., Zp, i€ 7 Zj = Zj4n mod p>
while fixing zp41.

Proposition 3.3 There are exactly p — 1 many fixed points of Mo,1+ p under the Z/ p-action.

Proof We denote by /Woz,/li p the fixed locus under the Z/ p-action. Further, the marked points on a
stable curve C € ./\_/IOZ’/Iip are denoted by x1,...,Xp+1.

We first show that C, as a nodal curve, has exactly one C P! component. Suppose for a contradiction
that C is composed of more than one sphere. The point x, 1 must then be alone, because if x; is on
the same sphere then so too should all of the other x;, which would imply C has only one Riemann
sphere. Since the number of marked points on the sphere containing x; is preserved throughout the action
of Z/ p, call this number b, then for any sphere that contains a marked point in {x1, ..., xp}, that sphere
must have exactly b marked points from that set. Denote by ¢ the number of such spheres containing a
marked point in {x1,...,xp}. Since p is a prime, and p = b - ¢, there are 2 cases (b = 1 or ¢ = 1): each
sphere has at most one marked point or x1, ..., x, are on one sphere and x, 1 is on another sphere. But
both cases lead to a contradiction because both lead to trees of spheres with leafs containing less than 2
marked points (hence less than 3 special points overall). Hence C has exactly one Riemann sphere.

Therefore, x1, X2, ..., Xp+1 lie on one Riemann sphere. By applying a Mobius transformation, we may
assume that x1 =1, xo =1, x4 1 =0 for aroot of unity n with n” = 1. Let o be the action of 1 € Z/ p. Then

(3-D) 0Xp+1 = Xp+1 =0,
(3_2) Oxl = x2 = ]”’
(3-3) 0P Ix,=x; = 1.
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Since C and o C are isomorphic, there is a Mobius transformation z Z;ig which gives an isomorphism

between two stable curves. Then (3-1) gives b = 0 and by (3-2) we may assume that a = n and
¢ +d = 1. The Mdbius transformation given by o”~! is a rational function whose numerator is constant
and denominator is of degree p — 1 polynomial in ¢. This can be proven by induction on the exponent
of 0. Therefore, applying (3-3) to this rational function, a solution ¢ satisfying (3-1), (3-2) and (3-3) is
in fact a solution of a degree p — 1 polynomial over C, hence there are at most p — 1 many such Mobius
transformations. Every fixed point of Mo, 1+ must have that the induced Z/ p action is such a Mbius
action, and any such action completely determines the points x3,. .., x,. Hence, p — 1 is similarly an
upper bound of the number of fixed points of Mo, 1+ p under the Z/ p-action.

Now we describe these p —1 fixed points. Those points are given as x,4+1 =0, x1 =1, and x; = n° (k=1)

for 1 <s <p-—1and2 <k < p+ 1. Denote the stable curve by Cs. Indeed, they are fixed under Z/ p

since Mobius transformation z — 7°z maps C to 0 C. To show that they represent distinct isomorphism

az+b
cz+d

1 <s1 <s2 < p—1. There exists an integer 2 <r < p—1 with rs; = s, (mod p). The M&bius transforma-

classes, suppose for a contradiction that there is a M6bius transformation z > from Cy, to Cy, for

tion maps the marked points of Cy, to the marked points of Cy, and so does the map z > z”. Therefore,

az+b ,
=z
cz+d
has at least p+ 1 solutions z =0, 1, °1, ..., n’! (r=1) Butasr < p—1, the equation is equivalent to a poly-

nomial of degree at most p, which forces the map to be the identity. Therefore, s; = s, a contradiction. O

3.2 The E,-page of the Serre spectral sequence

We compute the E,-page of the Serre spectral sequence for the fibration

MO,H—p d EZ/p XZ/p /\_/10,1—}-17 ad BZ/p.

Proposition 3.4 If A is the trivial Z / p-representation of I, then

H'(BZ/p:A) =F,
foralli.

Proof Section 2a in [10] gives a cell decomposition of E7Z /p with coefficient IF,, as follows. There is
Al e CI(EZ/p; [Fp) such that Al oAl ..., 0P Al freely span C'(EZ/ p; IF,) where o is the action
of 1 € Z/ p, and the differential is given as

oAIT1 _ AIFT i even,

34 SAT =1 : ‘
( ) AI+I+O-AI+1+...+UP_1AZ+1, I odd.

Therefore each H (BZ/ p; A) is spanned by A’, and A’ = 0. Since every differential is zero, no A’ is
exact. Hence, H' (BZ/p; A) = F,. |
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Proposition 3.5 If A is a p-dimensional [Fj,-vector space V = Span(vy,...,vp) with the induced
7./ p-action on indices, then
] ]F ) | = 07
H(BZ/p: Ay 7!
0, i>0.

Proof This is an immediate consequence of the Eckmann—Shapiro lemma, see [2], relating
H*(BZ/p;A) = H*(Z/p; A) = H*(1;Tp)

(noting that A is the regular representation of Z/ p). |

Lemma 3.6 The E,-page of the Serre spectral sequence for the fibration

Mo,1+p —> EZ/p XZ/p Mo,1+p — BZ/p
is )
F,’ xF,, i=0,0<;<2(p—2),j even,
Ey) ~ Fp, i>1,0<j<2(p—2),j even,
0, otherwise,

where r; is the number of copies of the regular representation in cohomological degree j, appearing in
the local system associated to H/ (Mo,14p:Fp) over BZ/ p.

In particular, as a ring, E;J is generated by
« 1QaeEy?,
* u®le E; 0
e e®le Ezl’o,
e some further additional elements of Eg >
subject to at least the following two relations:
e these additional elements of Eg ** are eliminated by multiplication by u ® 1 ande ® 1,

e ¢ ® 1 is eliminated by multiplication withe ® 1.

Proof By Theorem 2.5,
Ey = H(BZ/p: H (Mo,14p:Fp)) = H*(EZ/p xz,p Mo,14p:Fp) = H}, (Mo,14,:Fp).

Corollary 3.2 breaks down the local system into Z/ p representations. Proposition 2.3 then tells one that
we only need to consider Propositions 3.4 and 3.5.

The ring structure follows because Proposition 2.3 holds for cohomology with coefficients in a local
system of rings, and the proof of Corollary 3.2 tells us exactly that the splitting of H* (Mo, 1+ p:Fp) as
7,/ p-representations is also a splitting as rings. |
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4 Main result

4.1 The spectral sequence collapses

Theorem 4.1 The Serre spectral sequence for the fibration

Mo, i+p —> EZ/pxz/p Mo14+p — BZ/p
collapses at the E,-page.

Proof Lemma 3.6 gives the E»-page of the spectral sequence. In the notation of the previous sections,
we define

H*(BZ/p;Fp) =Fplu] ® Ale] and  H*(Mo,1+p:Fp)™ = Fplal/ @),

where dega = 2. Then, when i > 0, one can write elements of E;’j of the form e€u’ ® a*. We will
abusively write this as a*ecul.

Suppose for a contradiction that the spectral sequence does not collapse at the E,-page.

A

Case 1 There is some nonvanishing differential on a*e€u!, where € € {0, 1}.

In particular, there is some minimal r and a nontrivial differential d” on some page E, such that
d" (@*u') # 0 or d” (a*eu’) 0 for some i. If d” (a*eu’) # 0, then we have

d" (ateu’) = d" (@*ul)e + (d"e)oul = d" (a*u')e # 0,
which implies that d” (@*u’) # 0. Hence, we may only consider the case d” (a*u’) # 0. Since
d" (@'t = d" (@b’ + dtuldT () = dT (erubyu!

and u acts injectively on the E», ..., E, pages except for those generators arising from p-cycles of gener-
ators by Proposition 3.5, this implies that d” (tuit/) = (. Hence, there are infinitely many nontrivial dif-
ferentials. In particular, for some sufficiently large m, there is an infinite sequence {m + 2k } ;> such that:

. i,J . N . 2k .
p—1= Y dimp, Ey’ > Y dimg, E}/ = dimg, Hg‘/; (Mo1+p:Fp).
i+j=m+2k i+j=m+2k

We write m = 2n + € with € € {0, 1}.

Now consider ¢*: Hg’/p(/\_/lo,wp;IFp) — Hi”/p(/ﬁg”‘lﬂ;lﬁ‘p). We know that once we invert u this
becomes an isomorphism by Theorem 2.6. Denote this isomorphism by

(4-1) G Hy (Mo ps Fp)lu™' 1= Hy ) (MG 4 53 Fp) ™.

However, for the infinite sequence of {m + 2k };>( described above, the :* cannot be surjective due to
the fact that dim H%"/p(./\_/lo,wp; Fp) < p—1,but

dim Hz', (Mg 1 3 Fp) = dim(H (MG, 4 3 Fp) ® H™(BZ/ p;Fp)) = p— 1.
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Here we use the Kiinneth isomorphism for the first equality, and Proposition 3.3 for the second (ie
dim HO(MG, |, Fp) = p—1).

By the pigeonhole principle, there exists v € HO(/\/l0 14+p° i Fp) = Fl?(p_l)

integers 11,15, ... such that v ® e€u" ™" ¢ Hm+2n; (MO 14> Fp) is not hit by ¢* for each n;.

, and a set of strictly increasing

Now, considering v ® e€u™ as an element of H* (/\/l0 1+ F p)[u_l], we see that it must be hit by some
element of H / p(X Nu~™ 1] under ([u~1], as (4-1) is an isomorphism.

Hence, there is some } _; aju’ e Hi/p(/\_/lo,l.i_p;IFp)[u_ | witha; € H (./\/lo 14 p; Fp) such that
t*[u_1]<2aju_j> =v®e‘u”.
J
Let J be maximal such that a y is nonzero. Then if k > J, we obtain that

k— 2k .
Zaju J GH%/—; (./\/lo,1+p,]Fp),
J

and in HZ’/;Z (Mo, 14 p:Fp)[u™1] we see that
Zajuk_j = (Zaju_j)uk
J J
Then for v: H*/ (MO 14p) < Z/p(MO 1+p)[u_l] and 7: H%‘/p(./\_/lo,wp) — Hg/p(f\_/lo,wp)[u_l],
o Zajuk_j =*u 'y Zajuk_j
(S ) = (o)

= L*[u_l](<2aju_j)uk)
J
= L*[u_l](Zaju_j>uk
J
=1 ® eeiuni—f-k‘

Now we choose k > J such that k = n; for some /. This yields a contradiction, because ¢* does not
surject onto v @ e€u Tk =y @ e€u

Case 2 There is some nonvanishing differential on some element of the spectral sequence arising from
p-cycles in Eg *J (the additional generators in the statement of Lemma 3.6).

There is a minimal r and a nontrivial differential d” on E, such that d” (x) # 0 for x € IF# of p-eycles <E, 0.,
Note that xu = 0. But since u acts injectively apart from such x, we deduce 0=d” (0) =d" (xu) =d" (x)u
is nonzero, a contradiction.

From the above two cases, we conclude that the spectral sequence collapses at the E;-page. O

We now have all of the required components to prove the main theorem.

Algebraic & Geometric Topology, Volume 25 (2025)



The 7./ p-equivariant cohomology of the genus-zero Deligne—Mumford space with 14 p marked points 4353

4.2 The proof of Theorem 1.2

Since the spectral sequence collapses at the E»-page, we have
. A . ~ ls]
i+j=m
an isomorphism of IF,, vector spaces.

We assume, for a contradiction, that there exists some nonzero x € H %”/p (/\_/lo,1+ p:Fp) such that p(x) =0
and (*(x) = 0. Since ¢ is an isomorphism, there is a decomposition of x = xg + x1 + -+ + Xz SO
that ¢(x;) € E;™ .

We first prove that xo = 0. By the second statement of Theorem 2.5,
FOHZ) (Mo+p) = H™(EZ/p xz/p Mo,1+p),
FYHZ, (Mo,14p) = ker(Hz) ,(Mo,1+p) = H™(Mo,1+p))-
Hence the map ¢y : H;’/p (Mo,14p) — Eg’m, the projection of ¢ onto Eg’m, is given as
Hz (Mo,1+p) = Hz,(Mo,1+4p)/ker(Hz), ,(Mo,1+p) — H™ (Mo,1+p))
induced by the projection. Let p: (EZ/p Xz, Mo 14p, Mo, 14p) = (BZ/ p, x). Then

Hi"/p(/\_/lo,wp)

0

~N

H™(Mo,14p)

8

~N

H™YEZ/pxz/p Mo, 1+p. Mo,1+p)

A

*

p
H™Y(BZ/p. %) s H™Y(BZ/p)

Since the domain of d™ is H™(Mo,1+p), the transgression gives that for every & € H™ (Mo 1+ ) there
exists B € H™ TV (BZ/ p, ) with §a = p*B and d"a = ,g e H™*Y(BZ/p), where ,gis the image of
Bin H™" Y (BZ/p,*) — H™T1(BZ/p). But as d™ vanishes, B = 0, and hence § = 0. Then by the
exactness of the first row, p is surjective, and therefore p induces the same map as ¢g. In particular,
¢ (x0) = ¢o(x0) = p(x) =0, and hence x¢ = 0.

Now we prove that x; =0 for all i > 1. Let j > 1 be the minimal index such that x; # 0. Let u be

the cohomology class as in the proof of Theorem 4.1, and v € F22 /(0) the class of u on the level of the

spectral sequence. Let ¢ : HZ‘/p (Mo,14p) — Eé"m_k be the projection map of ¢ onto Eg’m_k.
Since the cup product induces F J.m X Fzzlf — Fmt2k

ok and this product induces

mpm 2k m+2k ; pm+2k
FP [ F < Foe = B T ey
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we obtain ¢’" (xj)v ¢>Jm++2%ck (x; uk). But as in the proof of Theorem 4.1, ¢(xj)vk # 0, and hence

m+2k (-xj Mk) ;ﬁ 0.

j+2k
In the case where s > j, we 2an run a sig{nilar arglllcment using the inclusion (F}", F s ) k—) (F" F ) +1) and
2 +2 +2 +2
considering FJ"* / F]| | x FJ} _>Fn-1r2k /Fnjrzk+1 In particular, we have ¢m+2k (xsu”) = 7" (xs ywk =0.

Therefore, ¢m++2%€k (xu*) # 0. In particular, xu¥ # 0 for all k. Then by Theorem 2.6, 1*(x) ;é 0, which is

a contradiction. Therefore, x = 0, and the desired result follows.

4.3 The connection with quantum operations

In this section, we will describe the relevance of this topological result to symplectic geometry. In order
to circumvent the usual requirements of long technical definitions, we will instead provide citations to the
relevant technical work for the interested reader.

Fix some prime p. Suppose that (M, ®) is a symplectic manifold, with appropriate technical conditions
to define quantum cohomology. As mentioned above, we will not give a formal definition of quantum
cochains QC* (M) or quantum cohomology QH* (M), nor the conditions necessary to define them, but
we refer the reader to the definition of quantum cohomology in [6].

Definition 4.2 We will say that, given a parametrised moduli space of holomorphic maps M, this moduli
space is G -equivariantly parametrised of order a if:

e there is a G-action on {1,...,a}, inducing an action on the latter @ marked points of Mg 1+, (the
1 + a marked points being denoted by (mg, m1, ..., mg)),

e there is some i € Z>¢ and some finite-dimensional smooth manifold A C /Wo,pra xg E G representing
a homology class in HS (Mo, 1+4)

e there is some collection of Hamiltonians Hy,: M — R and almost complex structures J,, on M (for
w € EG), with conditions such that a generic choice of these ensures regularity of the moduli space
(eg if M is monotone, we can require Hy, = 0 and J to be independent of w, whereas if M is weakly
monotone we must ensure J is independent of w by Hy, # 0. See [10, Section 4] or [14, Section 4] for
more details),

e there is some f € QH* (M) ® H}(QC* (M)®%), represented by B C M x I1¢M x EG (where B is
made as a choice among generic representatives such that regularity of the moduli space holds),

such that the moduli space consists of triples (2, w, u) satisfying

(1) [m,w] € A, where here [ *] denotes the equivalence class with respect to the G-quotient,
(2) u:Und(m) — M, where here Und(m) is the underlying nodal genus-zero Riemann surface,
(3) d5,u = Xg,,

4) (u(mo),u(my),...,u(my),w) € B.
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We will define an operadic G -equivariant quantum operation of order a to be some additive homomor-
phism
QH*(M;Fp) — H(QC*(M)®4:Fp) — QH* (M Fp) ® H*(BG: Fy),

such that the first map is induced by the map x — x®“ and the second map is defined by counting the
number of points in O-dimensional moduli spaces that are G-equivariantly parametrised of order a, in the
usual way. Some examples of such operations include quantum Steenrod operations ([10, Section 4], when
G =Z/p and a = p), those involved in the quantum Cartan relation ([14, Section 5], when G = Z/ p
and a = 2p), and those involved in the quantum Adem relation ([14, Section 7], when G = D>, or
G = S, and a = p?).

An immediate consequence of Theorem 1.2 is then the following:

Corollary 4.3 Any operadic Z / p-equivariant quantum operation of order p is a sum of quantum Steenrod
operations and some other quantum operation defined by counting (nonequivariant) Gromov—Witten
invariants.
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