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Geometry of free extensions of free groups via automorphisms
with fixed points on the complex of free factors

PRITAM GHOSH

FUNDA GÜLTEPE

We give conditions of an extension of a free group to be hyperbolic and relatively hyperbolic using the
dynamics of the action of Out.F/ on the complex of free factors combined with weak attraction theory.
We work with subgroups of exponentially growing outer automorphisms and instead of using a standard
ping-pong argument with loxodromics, we allow fixed points for the action and investigate the geometry
of the extension group when the fixed points of the automorphisms on the complex of free factors are
sufficiently far apart.

20E06, 20F28, 20F67, 57M07

1 Introduction

Let F be a free group of finite rank � 3. Similar to that of mapping classes for a surface, there is a
dichotomy for elements of the group of outer automorphisms Out.F/ of the free group F , in terms of their
growth. An element � 2 Out.F/ is called exponentially growing if for some conjugacy class Œw� of an
element w 2 F , the word length of �i.Œw�/ grows exponentially with i for any fixed generating set of F .
We will call a subgroup of Out.F/ exponentially growing if all of its elements are. For an exponentially
growing subgroup Q < Out.F/, we are interested in understanding the geometry of the extension EQ

given by the short exact sequence
1! F !EQ!Q! 1

that is induced from the sequence

1! F ! Aut.F/! Out.F/! 1:

The extension group EQ is the pullback of Q to Aut.F/, and hence a subgroup of Aut.F/.

When Q is free group of rank � 2, which is our main focus for this paper, we say that EQ is a free-by-free
group and it is known that EQ Š F ÌbQ, where bQ is some (any) lift of Q to Aut.F/. In this paper we
give necessary and sufficient conditions for EQ to be hyperbolic using the dynamical information of the
generators of Q< Out.F/ obtained from train-track maps of free group automorphisms, as well as via
their actions on the complex of free factors FF .
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An outer automorphism � is atoroidal (or hyperbolic) if no power of � fixes a nontrivial conjugacy
class in F . Atoroidal automorphisms are a special class of exponentially growing elements of Out.F/.
Using train-track theory, Bestvina–Feighn–Handel [6] developed dynamical invariants for exponentially
growing outer automorphisms of F , called attracting and repelling laminations. Namely, associated to
each exponentially growing outer automorphism � (respectively, ��1), we have finitely many invariant
sets of biinfinite lines in the (compactified Cayley graph of) Gromov hyperbolic space F [ @F . These
sets of lines are called attracting laminations (respectively, repelling laminations) and denoted by LC.�/
(respectively, L�.�/). Atoroidal outer automorphisms are characterized by the property that for every
conjugacy class Œw�, the sequence �i.Œw�/ converges to some element of LC.�/ as i!1 [18, Lemma 3.1].
Ghosh showed that these sets were central to describing the Cannon–Thurston laminations for the extension
group F Ì h�i [18, Lemma 4.4]. We use L˙.�/ to denote the union of the two lamination sets LC.�/
and L�.�/.

We show that L˙.�/ is instrumental in characterizing hyperbolicity of the extension group EQ, when Q

is a free group of rank � 2. Our Theorem 1.1 shows that in this case the extension group is hyperbolic,
provided we enforce the condition that the attracting and repelling laminations associated to the generators
of Q to be pairwise disjoint. We also require throughout the paper that our outer automorphisms are
rotationless (see Section 2.6), a condition that ensures that we will be able to use special relative train-track
maps, which can be achieved by taking a uniform power of automorphisms [16].

Theorem 1.1 Let �1; : : : ; �k be a collection of exponentially growing outer automorphisms such that no
pair of automorphisms have a common power. Then the following are equivalent:

(1) Each �i is an atoroidal outer automorphism and L˙.�i/\L˙.�j /D¿ for all i ¤ j .

(2) There exists M >0 such that for all mi �M , QDh�
m1

1
; : : : ; �

mk

k
i is a free group and the extension

group F Ì bQ is hyperbolic (where bQ is any lift of Q).

Theorem 1.1 is comparable to Theorem 1.3 of Farb and Mosher [15] and the main Theorem of [22] where
hyperbolicity of the extension group EQ D �1.S/Ì Q is characterized by the convex cocompactness of
a free subgroup Q of the mapping class group MCG.S/ of a closed surface S .

We say that �i ; �j , i ¤ j are independent if generic leaves of elements of L˙.�i/ and L˙.�j / are not
asymptotic to each other. Hence, Theorem 1.1 can be written as;

Theorem Let �1; : : : ; �k be a collection of exponentially growing outer automorphisms such that no
pair of automorphisms have a common power. Then , �1; : : : ; �k is a purely atoroidal (all infinite-order
elements are atoroidal ), pairwise independent collection if and only if the extension group F Ì bQ for a
free group QD h�

m1

1
; : : : ; �

mk

k
i generated by high enough mi’s is hyperbolic.
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The interest in the geometry of extensions of groups started with Thurston [30] where the Z-extension of
�1.S/ of a closed surface S is hyperbolic if and only if the cyclic group is generated by a pseudo-Anosov
element of the mapping class group. Bestvina–Feighn [2] and Brinkmann [8] have shown that when Q is
an infinite cyclic subgroup of Out.F/, EQ is hyperbolic if and only if � is atoroidal.

We do not need Q to be free to prove that the collection is independent and purely atoroidal.

1.1 Fixed points on FF and hyperbolicity of the extension

Free factor complex FF of the free group F is a simplicial complex whose vertices are conjugacy classes
of nontrivial free factors of F . Two vertices corresponding to free factors are connected by an edge if one
includes the other as subgroup, up to conjugation. FF is Gromov-hyperbolic [3; 24] and in many other
ways shows resemblance to the curve complex. Hence the action of Out.F/ on FF is reminiscent of the
action of the mapping class group on the curve complex.

An element of Out.F/ is fully irreducible if and only if it has no periodic orbits on FF . It is well
known that fully irreducible elements of Out.F/ act loxodromically on FF [3] and this was exploited by
Dowdall–Taylor [13] to produce hyperbolic extensions of free groups. Their theorem can be compared
to those of Kent–Leininger [25], and Hamenstädt [22] characterizing convex cocompactness, hence the
hyperbolicity of the extension, with quasi-isometric embedding of the group in the curve complex. As
such the automorphisms of [13] are fully irreducible.

We take a different approach in this paper and produce hyperbolic extensions of groups whose elements
are not necessarily fully irreducible, hence we allow automorphisms to have fixed points on FF . The
following result shows that the only condition one needs for hyperbolicity is that they do not have a
common fixed point on FF .

Theorem 1.2 Let �1; : : : ; �k be a collection of atoroidal elements which do not have a common power.
If no pair �i , �j , i ¤ j , fixes a common vertex in the free factor complex FF , then

(1) there exists M > 0 such that for all mi �M , QD h�
m1

1
; : : : ; �

mk

k
i is a free group,

(2) the extension group F Ì bQ is a hyperbolic group (where bQ is any lift of Q).

Our Theorem 1.2 hence responds to the question of what happens when a pair �,  in a collection of
automorphisms do have common fixed points for their action on FF .

1.2 Sufficiently different automorphisms, nonattracting sink and the geometry of the
extension group

One of the motivations for this work is to establish a connection between the dynamics of the action of
Out.F/ on the free factor complex and the dynamical data that we have from the train-track theory. We
believe that this is a theme that has barely been explored and a lot can be learned if we are able exploit
this connection.

Algebraic & Geometric Topology, Volume 25 (2025)
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We call a collection of automorphisms sufficiently different if no pair of automorphisms have a common
power and for each pair of outer automorphisms in the collection, the distance between the fixed vertices
in FF is at least 2 (if such vertices exist) (see Section 3.1). Lemma 3.2 gives a simple criterion for
constructing free subgroups of Out.F/ using sufficiently different elements.

Given a short exact sequence 1 ! F ! E ! Q ! 1 of finitely generated groups, we say that E

has a cusp-preserving relatively hyperbolic structure if there exists a collection of finitely generated
subgroups fHig of F such that Q preserves conjugacy class of each Hi and E is (strongly) hyperbolic
relative to the collection fNE.Hi/g of normalizers of Hi in E. Our main aim in Section 3.2 is to address
the question of when a free subgroup Q of Out.F/ can yield relatively hyperbolic extension E with the
cusp-preserving property.

In the proposition below we conclude that being sufficiently different is an obstruction to cusp-preserving
relative hyperbolicity of the extension group, except in one particular case. Equivalently, it is an obstruction
to having an admissible subgroup system [20, Section 2.8] for the collection of �i’s. An admissible
subgroup system is a malnormal collection of subgroups with some special properties, and the nonattracting
sink K�

�
of an automorphism � 2 Out.F/, which is developed in [20] as an example of an admissible

subgroup system, carries all conjugacy classes which do not grow exponentially under iteration by � (see
Lemma 3.6). A nonattracting sink can be computed explicitly using relative train-track maps.

For a collection �1; : : : ; �k of pairwise sufficiently different exponentially growing outer automorphisms,
let K�i be the nonattracting sink of �i .

Proposition 3.10 Let �1; : : : ; �k be a collection of exponentially growing, sufficiently different outer
automorphisms. If all the nonattracting sinks are nonempty then exactly one of following are true:

(1) �1; : : : ; �k is a collection of fully irreducible geometric outer automorphisms induced by some
pseudo-Anosov homemorphisms of the same compact surface with one boundary component.
Moreover, all sufficiently high powers of �i’ s generate a free group Q such that EQ has a
cusp-preserving relatively hyperbolic structure.

(2) K�i ¤K�j for some i ¤ j and the extension EQ of a free group Q, which is generated by sufficiently
high powers of �i’s, cannot have a cusp preserving relatively hyperbolic structure.

We have the following theorem characterizing the hyperbolicity of EQ using sinks:

Theorem 1.3 Let �1; : : : ; �k be a collection of exponentially growing and sufficiently different outer
automorphisms. Let Q be a free group generated by sufficiently high powers of �i’s. Then, F Ì bQ is a
hyperbolic group if and only if K�i D¿ for all i 2 f1; : : : ; kg.

In this theorem Q is not necessarily a convex cocompact subgroup of Out.F/ in the sense of [11; 12; 21],
since our groups do not quasi-isometrically embed in FF . Hence our theorem cannot be obtained via
their work. In fact, as far as our knowledge goes, this theorem cannot be obtained by studying the action
of Q on any known hyperbolic simplicial complex with a nice Out.F/ action.
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In a similar vein, we obtain the following necessary and sufficient condition in terms of nonattracting
sinks, regarding cusp-preserving relative hyperbolicity of the extension group when Q is generated by
sufficiently different collections of outer automorphisms.

Theorem 5.1 Let �1; : : : ; �k be a collection of pairwise sufficiently different and exponentially growing
outer automorphisms. Let K�i be the nonattracting sink of �i ; i 2 f1; : : : ; kg, and assume that K�j ¤¿ for
some fixed j . Then the following are equivalent:

(1) F Ì bQ has a cusp preserving relatively hyperbolic structure where Q is a free group generated by
sufficiently large exponents of �i’s.

(2) K�i D K�j for all i .

To summarize, given a pair of sufficiently different, exponentially growing elements of Out.F/, all
sinks empty gives hyperbolic extensions (Theorem 1.3). No sink empty gives relatively hyperbolic
extensions with cusp-preserving structure only for geometric fully irreducibles (Proposition 3.10). Some
sink nonempty gives relatively hyperbolic extensions with cusp-preserving structure only if all sinks are
nonempty and are equal (Theorem 5.1).

1.3 Plan of the paper

Section 2 collects all the definitions and the tools we use.

In Section 3 we investigate obstructions to (relative) hyperbolicity using the dynamics of sufficiently
different automorphisms on FF . We also discuss the notion of a sink and include proof of Proposition 3.10.

In Section 4 we continue working with a specific type of exponentially growing automorphism; a reducible
automorphism that is fully irreducible on a free factor (a partial fully irreducible). We investigate the
conditions on the small displacement sets on FF of partial fully irreducible automorphisms that determine
the geometry of the extension groups they generate.

Section 5 includes proofs of Theorems 1.1, 1.2 and 5.1. In this section we discuss further the notion
of sink and how the sinks of automorphisms determine the geometry of an extension group generated
by those automorphisms and prove Theorem 1.3. We work with partial and relatively fully irreducible
elements directly to exhibit examples of relatively hyperbolic free group extensions.

Section 6 discusses further problems such as characterization of nonrelative hyperbolicity; in this section
we give an example which could help characterize nonrelative hyperbolicity of a free group extension.
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the anonymous referee for carefully reading the paper and providing numerous suggestions that have
improved the exposition.

Ghosh was supported by the Ashoka University faculty research grant. Gültepe was partially supported
by NSF grant DMS-2137611.

Algebraic & Geometric Topology, Volume 25 (2025)



4362 Pritam Ghosh and Funda Gültepe

2 Preliminaries

2.1 Marked graphs, circuits and path

A marked graph is a graph G which is a core graph (a graph with no valence-1 vertices) that is equipped with
a homotopy equivalence to the rose m WG!Rn (where nD rank.F/). Thus the fundamental group of G can
be identified with F (up to inner automorphisms). A circuit in a marked graph is a locally injective and con-
tinuous map of S1 into G. The set of circuits in G can be identified with the set of conjugacy classes in F .

A path is an immersion of the interval Œ0; 1� into G with endpoints at vertices of G. Every path can be
written as a finite concatenation of edges of G, so that there is no backtracking.

A line ` is a bi-infinite concatenation `D : : :Ei�1EiEiC1 : : : , i 2Z, of edges of G without backtracking,
ie so that E�1

j�1
¤Ej ¤E�1

jC1
(where E�1

s is Es traveled in opposite direction). A ray 
 is “one-sided”
infinite concatenation of edges 
 DEiEiC1 : : : , i 2 Z�0, in G without backtracking. Two lines are said
to be asymptotic if they have a common subray. Any continuous map f from S1 or Œ0; 1� to G can be
tightened to a circuit or path, in other words is freely homotopic to a locally injective and continuous
map. Tightened image of a path ˛ under f will be denoted by f#.˛/ and we will not distinguish between
circuits or paths that differ by a homeomorphism of their respective domains.

2.2 Topological representative, EG strata, NEG strata

A filtration of a marked graph G is a strictly increasing sequence G0�G1�� � ��GkDG of subgraphs Gr

with no isolated vertices. The filtration is f -invariant if f .Gr /�Gr for all r .

The stratum of height r is a subgraph Hr D Gr X Gr�1 together with the endpoints of edges. The
minimum r such that a subset of G is contained in Gr is called the height of the subset.

For an f -invariant filtration, the square matrix Mr whose j th column records the number of times
the image of an edge ej under f intersects the other edges in Hr is called the transition matrix of
the stratum Hr . Mr is said to be irreducible if for each i; j , the .i; j / entry of some power of Mr is
nonzero. In this case we say that the associated stratum Hr is also irreducible. When Hr is irreducible,
the Perron–Frobenius theorem states that the matrix Mr has a unique eigenvalue � � 1, called the
Perron–Frobenius eigenvalue, for which some associated eigenvector has positive entries. If �D 1 then
Hr is a nonexponentially growing (NEG) stratum whereas if � > 1 we say that Hr is an exponentially
growing (EG) stratum.

An automorphism � 2 Out.F/ can be represented by a homotopy equivalence f W G ! G that takes
vertices to vertices and edges to edge-paths of a marked graph G with marking � W Rn! G, called a
topological representative. Topological representative f preserves the marking of G, in other words
x� ıf ı � WRn!Rn represents Rn. A nontrivial path ˛ in G is a periodic Nielsen path if f k

# .˛/D ˛ for
some k, where the smallest such k is called the period. ˛ is a Nielsen path if k D 1. A periodic Nielsen
path is indivisible (iNP) if it cannot be written as a concatenation of nontrivial periodic Nielsen paths.

Algebraic & Geometric Topology, Volume 25 (2025)
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Given a topological representative f WG!G let Tf be such that Tf .E/ is the first edge in the edge path as-
sociated to f .E/. A turn is a pair of edges fEi ;Ej g of edges and we let Tf .Ei ;Ej /D .Tf .Ei/;Tf .Ej //

making Tf a map that takes turns to turns. We say that a nondegenerate (i.e, i ¤ j ) turn is illegal if for
some iterate of Tf the turn becomes degenerate; otherwise the turn is legal. A path is said to be legal
path if it contains only legal turns and it is r -legal if it is of height r and all its illegal turns are in Gr�1.

Relative train-track map Given � 2Out.F/ and a topological representative f WG!G with a filtration
G0 �G1 � � � � �Gk which is preserved by f , we say that f is a relative train-track map if the following
conditions are satisfied:

(1) f maps r -legal paths to r -legal paths.

(2) If 
 is a path in Gr�1 with endpoints in Gr�1\Hr then f#.
 / is nontrivial.

(3) If E is an edge in Hr then Tf .E/ is an edge in Hr . In particular, every turn consisting of a
direction of height r and one of height < r is legal.

By [6, Theorem 5.1.5] every � 2 Out.F/ has a relative train-track map representative which satisfies
some useful conditions in addition to the ones we listed above.

2.3 Weak topology

Given a graph G, we define an equivalence relation on the set of all paths, rays, lines, and circuits in G

by declaring two of paths/rays/lines/circuits to be equivalent if they differ by a homeomorphism of their
domains.

Let bB.G/ denote the compact space of equivalence classes of circuits and finite paths, rays and lines in a
graph G, whose endpoints (if any) are vertices of G. For each finite path 
 in G, we denote by bN .G; 
 /

the set of all paths and circuits in bB.G/ which have 
 as its subpath. The collection of all such sets gives
a basis for a topology on bB.G/ called weak topology. Let B.G/�bB.G/ be the compact subspace of all
lines in G with the induced topology.

Two distinct points in @F determine a line, up to reversing the direction. LeteBD f@F �@F�Mg=.Z=2Z/

be the set of pairs of boundary points of F where M is the diagonal and Z2 acts by interchanging factors.
We can give the weak topology to eB, induced by the Cantor topology on @F .

F acts oneB and the quotient space BDeB=F is compact but non-Hausdorff as such the topology is called
weak. The quotient topology is also called the weak topology. For any marked graph G, there is a natural
identification B � B.G/.

We call the elements of B lines as well. A lift of a line 
 2 B is an element z
 2eB that projects to 
 under
the quotient map and the two elements of z
 are called its endpoints.

A line (or a path) 
 is said to be weakly attracted to a line (path) ˇ under the action of � 2 Out.F/, if for
some k �k.
 / converges to ˇ in the weak topology, in other words, if any given finite subpath of ˇ is
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contained in �k.
 / for some k. Similarly if we have a homotopy equivalence f WG!G, a line(path) 

is said to be weakly attracted to a line(path) ˇ under the action of f# if f k

# .
 / weakly converges to ˇ. the
accumulation set of 
 is the set of lines l 2 B.G/ that are elements of the weak closure of a ray 
 in G.
This is the set of lines l such that every finite subpath of l occurs infinitely many times as a subpath 
 .
Similarly, the weak accumulation set of some point � 2 @F is the set of lines in the weak closure of any
of the asymptotic rays in its equivalence class.

2.4 Free factor systems and malnormal subgroup systems

A finite collection KD fŒK1�; ŒK2�; : : : ; ŒKs �g of conjugacy classes of nontrivial, finite-rank subgroups
Ks < F is called a subgroup system. A subgroup K < F is malnormal if xKsx�1\K is trivial for all
x 2 F �K. A subgroup system is called malnormal if each of its subgroups ŒKs � 2 K is malnormal and
for all ŒKs �; ŒKt �2K if ŒKs �\ ŒKt � is nontrivial then sD t . Given two malnormal subgroup systems K, K0

we define a partial ordering @ on the set of subgroup systems by K @ K0 if for each conjugacy class of
subgroup ŒK� 2 K there exists some conjugacy class of subgroup ŒK0� 2 K0 such that K <K0.

Given a finite collection fK1;K2; : : : ;Ksg of subgroups of F , we say that this collection determines a
free factorization of F if F DK1 �K2 � � � � �Ks . A free factor system F WD fŒF1�; ŒF2�; : : : ; ŒFp �g of F

is a finite collection of conjugacy classes of subgroups such that there is a free factorization of F of the
form F D F1 �F2 � � � � �Fp �B, where B is some (possibly trivial) finite-rank subgroup of F . Every
free factor system is a malnormal subgroup system.

A malnormal subgroup system K carries a conjugacy class Œc� 2 F if there exists some ŒK� 2 K such
that c 2K. We say that K carries a line 
 if one of the following equivalent conditions hold:

(1) 
 is the weak limit of a sequence of conjugacy classes carried by K.

(2) There exists some ŒK� 2 K and a lift z
 of 
 so that the endpoints of z
 are in @K.

For any marked graph G and any subgraph H � G, the fundamental groups of the noncontractible
components of H form a free factor system, denoted by Œ�1.H /�. Every free factor system F can be
realized as Œ�1.H /� for some nontrivial core subgraph H of some marked graph G. An equivalent way of
saying that a line or circuit 
 is carried by F is that for any marked graph G and a subgraph H �G with
Œ�1.H /�D F , the realization of 
 in G is contained in H .

We have the following fact:

Lemma 2.1 [23, Fact 1.8] Given a subgroup system K the set of lines/circuits carried by K is a closed
set in the weak topology.

As a consequence, given a malnormal subgroup system K and a sequence of lines/circuits f
ng, if K
carries every weak limit of every subsequence of f
ng, then 
n is carried by K for all sufficiently large n

[23, Lemma 1.11].
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Given two free factor systems, an extension of the notion of “intersection ” of subgroups, extended to
free factor systems is called the “meet” of free factors:

Lemma 2.2 [6, Section 2.6] Every collection fFig of free factor systems has a well-defined meet
V
fFig,

which is the unique maximal free factor system F such that F @ Fi for all i . Moreover , for any free factor
F < F we have ŒF � 2

V
fFig if and only if there exists an indexed collection of subgroups fAigi2I such

that ŒAi � 2 Fi for each i and F D
T

i2I Ai .

The free factor support Fsupp.B/ of a set of lines B in B is defined as the meet of all free factor systems
that carry B [6]. If B is a single line then Fsupp.B/ is single free factor. We say that a set of lines B is
filling if Fsupp.B/D F .

2.5 Attracting laminations and nonattracting subgroup systems

For any marked graph G, there is a natural identification B � B.G/ which induces a bijection between
the closed subsets of B.G/ of B. A lamination ƒ is a closed subset of any of these two sets. Given a
lamination ƒ � B we look at the corresponding lamination in B.G/ as the realization of ƒ in G. An
element � 2ƒ is called a leaf of the lamination.

A lamination ƒ is called an attracting lamination for � if it is the weak closure of a line ` (called the
generic leaf of ƒ) satisfying:

� ` is birecurrent leaf of ƒ: every finite subpath of ` occurs infinitely many times as subpath in both
directions.

� There is a neighborhood V C such that every line in V C is weakly attracted to ` in the weak
topology. V C is called an attracting neighborhood of ` (see [6, Definition 3.1.1]).

� no lift z̀2 B of ` is the axis of a generator of a rank-1 free factor of F .

Attracting neighborhoods of ƒ are defined by choosing sufficiently long segments of generic leaves of ƒ.
If V C is an attracting neighborhood, then �.V C/� V C.

Associated to each � 2Out.F/ is a finite set LC.�/ of laminations, called the set of attracting laminations
of � [6]. Similarly we define the set of attracting laminations (or the set of repelling laminations) L�.�/
of ��1 (or of �). Both LC.�/ and L�.�/ are �-invariant [6, Lemmas 3.1.13 and 3.1.6]. Given a relative
train-track map f WG!G representing �, then there is a bijection between the set LC.�/ and the set
of exponentially growing strata in G which is determined by the height of a generic leaf of ƒC 2 LC.�/
[6, Section 3].

Free factor support of an element ƒ of LC.�/ or L�.�/ is the smallest free factor system that carries
each leaf of ƒ, denoted by Fsupp.ƒ/ [6, Section 3.2]. Free factor support of ƒC 2 LC.�/ is equal to
free factor support of a generic leaf of ƒC [6, Corollaries 2.6.5 and 3.1.11]. If ƒ1; ƒ2 2 LC.�/ then
ƒ1 Dƒ2, Fsupp.ƒ1/D Fsupp.ƒ2/ [23, Fact 1.14].

Algebraic & Geometric Topology, Volume 25 (2025)
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An element of LC.�/ is dual to an element of L�.�/ if these two elements have the same free factor
support. This imposes a bijection between these two sets [6, Lemma 3.2.4].

A line/circuit 
 is said to be weakly attracted to ƒ1 2 LC.�/ if 
 is weakly attracted to some (hence
every) generic leaf of ƒ under action of �. No leaf of any element of L�.�/ is ever attracted to any
leaf of any element of LC.�/. No Nielsen path is weakly attracted to either an element of LC.�/ or an
element of L�.�/.

An attracting lamination ƒC and a repelling lamination ƒ� of � cannot have leaves which are asymptotic,
for otherwise it would violate the fact that no leaf of ƒ� is weakly attracted to ƒC. This allows us to
choose sufficiently long subpaths of generic leaves of ƒC, ƒ� and construct attracting and repelling
neighborhoods V C, V � so that V C\V � D¿.

An element of ƒ2LC.�/ is said to be topmost if there does not exists any ƒj 2LC.�/ such that ƒ�ƒj .

Elements of LC.�/ can be divided into two distinct classes. If there exists a finite, �-invariant collection
of distinct, nontrivial conjugacy classes C D fŒc1�; Œc2�; : : : ; Œcs �g such that Fsupp.C/D Fsupp.ƒ

C/, then
ƒC 2 LC.�/ is said to be geometric [23, Definition 2.19]. It is said to be nongeometric otherwise.

The nonattracting subgroup system of an attracting lamination was first introduced by Bestvina–Feighn–
Handel in [6] and later explored in great details by Handel–Mosher in [23, Part III, pages 192–202].
Nonattracting subgroup system records the information about the lines and circuits which are not attracted
to the lamination. We will list some of the properties which are central to our proofs.

Lemma 2.3 [23, Lemmas 1.5 and 1.6] Let � 2 Out.F/ and ƒC 2 LC.�/ be an attracting lamination
such that �.ƒC/DƒC. Then there exists a subgroup system Ana.ƒ

C/ such that :

(1) Ana.ƒ
C/ is a malnormal subgroup system and the set of lines carried by Ana.ƒ

C/ is closed in the
weak topology.

(2) A conjugacy class Œc� is not attracted to ƒC if and only if it is carried by Ana.ƒ
C/.

(3) If each conjugacy class of a finite-rank subgroup B < F is not weakly attracted to ƒC
�

, then there
exists some A< F such that B <A and ŒA� 2Ana.ƒ

C

�
/.

(4) If ƒ� and ƒC are dual to each other , we have Ana.ƒ
C/DAna.ƒ

�/.

(5) Ana.ƒ
C/ is a free factor system if and only if ƒC is not geometric.

(6) If f
ngn2N is a sequence of lines such that every weak limit of every subsequence of f
ng is carried
by Ana.ƒ

C/ then for all sufficiently large n, f
ng is carried by Ana.ƒ
C/.

A pseudo-Anosov on a surface with nonempty boundary induces a fully irreducible automorphism called
geometric fully irreducible. Geometricity was relativized by Bestvina–Feighn–Handel [6] by extending
it so that it is a property of an EG stratum of a relative train-track map. The definition of geometricity
is expressed in terms of the existence of what we call a “geometric model” (see [23] for details of
constructions of geometric models.)
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When ƒC is geometric, the geometric model gives us the structure of the nonattracting subgroup system
[23, Definition 2.1, Lemma 2.5]. In particular, there is a unique closed indivisible Nielsen path �r of
height r [23, Fact 1.42].

The facts listed above show that when ƒC is geometric, Ana.ƒ
C/ D F [ fŒFm�g, where F is some

free-factor system such that Œ�1Gr�1�@F . Moreover, � restricted to Fm has polynomial growth and if Œc�
is the conjugacy class determined by �r , then Œc� is carried by ŒFm�. We shall refer to the component ŒFm�

as a geometric component of Ana.ƒ
C/. In the case Hr is a top stratum, Ana.ƒ

C/D F [fŒhci�g.

2.6 Completely split improved relative train-track (CT) maps

A splitting of a line, a path or a circuit ˛ is a concatenation : : : ˛0˛1 : : : ˛k : : : of subpaths of ˛ in G such
that for all i � 1, f i

# .˛/ D : : : f
i

# .˛0/f
i

# .˛1/ : : : f
i

# .˛k/ : : : , for a relative train-track map f W G ! G.
The subpath ˛i’s in a splitting are called terms or components of the splitting of ˛. The notation ˛ �ˇ will
denote a splitting and ˛ˇ will denote a concatenation of nontrivial paths ˛; ˇ.

A splitting ˛1 � ˛2 � � �˛k of a nontrivial path or circuit ˛ is a complete splitting if each component ˛i

is either a single edge in an irreducible stratum, an indivisible Nielsen path, an exceptional path (see
[16, Definition 4.1]) or a taken connecting path in a zero stratum (see [16, Definition 4.4]).

Completely split improved relative train-track (CT) maps are topological representatives with particularly
nice properties. In particular, for each edge E in each irreducible stratum, the path f#.E/ is completely
split. Moreover, for each taken connecting path ˛ in each zero stratum, the path f#.˛/ is completely split.
CT maps are guaranteed to exist for rotationless (see [16, Definition 3.13]) outer automorphisms, as has
been shown in the following.

Lemma 2.4 [16, Theorem 4.28] For each rotationless � 2 Out.F/ and each increasing sequence F of
�-invariant free factor systems , there exists a CT map f WG!G that is a topological representative for �
and f realizes F .

Feighn–Handel [16] showed that there exists some k>0 such that, given any �2Out.F/, �k is rotationless.
So given any outer automorphism �, some finite power of � has a completely split improved relative
train-track representative. In the body of our work, we will use CT’s defined in [16]. In particular, we will
use the properties given in [23, Definition 1.29] assume all exponentially growing outer automorphisms
are rotationless.

2.7 Critical constant

Let � 2 Out.F/ be exponentially growing and f W G ! G be a CT map representing �. Below we
will adapt a bounded cancellation notion coming from Bestvina–Feighn–Handel’s bounded cancellation
lemma for train-track representatives of automorphisms of F [5]; which is inspired by Cooper’s same
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named lemma [9]. To summarize, if we have a path in G which has some r -legal “central” subsegment
of length greater than the critical constant given below, then this segment is protected by the bounded
cancellation lemma and the length of this segment grows exponentially under iteration.

Definition 2.5 Let Hr be an exponentially growing stratum with associated Perron–Frobenius eigen-
value �r and let BCC.f / denote the bounded cancellation constant for f . Then,

2 BCC.f /
�r � 1

is called the critical constant for Hr .

It is easy to see that for every number C > 0 that exceeds the critical constant, there is some 1� � > 0

such that if ˛ˇ
 is a concatenation of r -legal paths where ˇ is some r -legal segment of length � C , then
the r -legal leaf segment of f k

# .˛ˇ
 / corresponding to ˇ has length at least ��k jˇjHr
(see [5, page 219]).

Here jˇjHr
is the length of an edge-path ˇ �G is the number of the edges of ˇ that remain only in Hr .

For the rest of this paper, let C be a number larger than the maximum of all critical constants corresponding
to EG strata of f WG!G.

2.8 Admissible subgroup systems and relative hyperbolicity

Given a group G and a collection fK˛g of subgroups K˛ <G, we obtain the coned-off Cayley graph of
G or the electrocuted G relative to the collection fK˛g by assigning a vertex v˛ for each left coset of K˛

on the Cayley graph of G such that each point of a left coset of K˛ is joined to (or coned-off at) v˛ by an
edge of length 1

2
. The resulting metric space is denoted by .bG; j � jel/.

A group G is said to be (weakly) relatively hyperbolic relative to the collection of subgroups fK˛g ifbG is a ı-hyperbolic metric space. G is said to be strongly hyperbolic relative to the collection fK˛g

if the coned-off space bG is weakly hyperbolic relative to fK˛g and it satisfies a certain bounded coset
penetration property (see [14]). In this paper, when we say “relative hyperbolicity” we always mean
“strong relative hyperbolicity”.

Definition 2.6 Given � 2 Out.F/, let K D fŒK1�; ŒK2�; : : : ; ŒKp �g be a subgroup system and LCK .�/
(respectively, L�K.�/) denote the collection of attracting (respectively, repelling) laminations of � whose
generic leaves are not carried by K. Assume:

(1) LCK .�/, L
�
K.�/ are both nonempty.

(2) K is a malnormal subgroup system.

(3) �.Ks/DKs for each s 2 f1; : : :pg.

(4) Let V C denote the union of attracting neighborhoods of elements of LCK .�/ defined by generic
leaf segments of length � 2C . Define V � similarly for L�K.�/. By increasing C if necessary,

V C\V � D¿:

(5) Every conjugacy class which is not carried by K is weakly attracted to some element of LCK .�/.
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We will call subgroup systems satisfying the properties above an admissible subgroup system for � (where
� 2Out.F/ is exponentially growing). If we are given some finitely generated group QDh�1; �2; : : : ; �ki

we say that K is an admissible subgroup system for Q if K is an admissible subgroup system for each �i .
We will simply write “admissible subgroup system” when the context is clear.

In our previous work, we proved:

Theorem 2.7 [20] Let �1; : : : ; �k be a collection of exponentially growing outer automorphisms of F

such that �i , �j do not have a common power whenever i ¤ j . Then the following are equivalent :

(1) There exists a subgroup system KDfŒK1�; : : : ; ŒKp �g which is admissible for each �i and for which
L˙K .�i/\L˙K .�j /D¿ whenever i ¤ j .

(2) For every free group Q generated by sufficiently high powers of �i’s , F Ì bQ is hyperbolic relative
to a collection fKs Ì bQsg

p
sD1

where bQs is a lift of Q that fixes Ks .

3 Detecting obstructions to (relative) hyperbolicity on the complex of free
factors

Why high powers? Throughout this paper we have worked with a subgroup Q which becomes a free
group after taking high powers of outer automorphisms, which satisfy certain conditions. We wish to
clarify the reasons for resorting to high powers. Firstly, there does not exist a good (for our purposes)
hyperbolic metric space where hyperbolic outer automorphisms act loxodromically. The second necessity
comes from a technicality, which we describe via the following example:

Let � be the outer automorphism class of the automorphism corresponding to

ˆ W a 7! ad; b 7! a; c 7! b; d 7! c

and let  be the outer automorphism class of the automorphism corresponding to

‰ W a 7! ac; b 7! a; c 7! b; d 7! db:

Observe that both � and  are positive automorphisms and one can get a relative train-track map (in fact
a CT map) on the standard rose with four petals. � has only one strata (the full graph) and  has an NEG
strata (namely d ) sitting on top of an EG strata (namely fa; b; cg), but the NEG edge d grows exponentially
under iteration. In both cases, we have exactly one EG strata and the corresponding attracting lamination
has a trivial nonattracting subgroup system by design.

Thus �,  are both atoroidal outer automorphisms (since nonattracting subgroup system for the unique
attracting lamination is trivial in both cases). Also, they have disjoint laminations since by design the
free factor support of the attracting lamination of  is Œha; b; ci� whereas � is fully irreducible, hence the
associated lamination fills. These automorphisms are sufficiently different and have empty sinks.
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If one looks at the extension group EQ associated to the group QD h�; i, then it follows that ˆ�1‰

fixes both b; c and hence the group EQ has multiple copies of Z˚Z, so EQ cannot be hyperbolic.
Now consider H D hˆ�1‰; b; ci. If EQ were relatively hyperbolic, then H would be conjugate into
some peripheral subgroup (call it P ) in this relatively hyperbolic structure. But b 2 ˆHˆ�1 together
with malnormality implies that H and ˆHˆ�1 are both contained in P . Hence ˆbˆ�1 2 P D) a 2 P .
Applying the same argument again, ˆaˆ�1 2 P D) ad 2 P D) d 2 P . As a result, F < P . Hence, EQ

cannot be relatively hyperbolic.

However, as we shall see later if the group Q, whose generators are sufficiently different with empty
corresponding sinks is generated instead by sufficiently high powers of � and  , its extension EQ is
hyperbolic –which is something one expects. This example highlights a tractable but key issue due to
which we need to pass to high powers throughout this paper.

3.1 Sufficiently different outer automorphisms and their dynamics on FF

In this section we will let our exponentially growing automorphisms have fixed points, but require those
fixed points to be sufficiently apart from each other in FF . We begin our analysis on FF and combine
dynamics of automorphisms on FF with the dynamics on the set of laminations via weak attraction theory.

Definition 3.1 A collection of outer automorphisms will be called sufficiently different if

� no pair of the automorphisms have a common power (hence they do not generate a virtually cyclic
(elementary) subgroup of Out.F/), and

� fixed vertices (if any) of these outer automorphisms on FF are distance at least 2 from each other
in FF .

Given that FF has infinite diameter, it is natural to expect that two randomly chosen exponentially
growing outer automorphisms will be sufficiently different. Hence, we study their dynamics in relation to
one another.

Lemma 3.2 Let �1; : : : ; �k be a collection of exponentially growing outer automorphisms of F that are
sufficiently different. Then ,

(1) No generic leaf of any attracting or repelling lamination of a �i is carried by the nonattracting
subgroup system of any attracting or repelling lamination of �j , for i ¤ j .

(2) There exists some M such that whenever mi �M , for all i , h�m1

1
; : : : ; �

mk

k
i is a free group.

Proof If no �i fixes any vertex in the free factor complex, then they are all fully irreducible and the
attracting and repelling laminations associated to them fill F (see Lemma 2.2 and the paragraph afterwards).
The result then follows from an induction argument applied to [5, Proposition 3.7].
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Suppose that some �i fixes some vertex in FF . Let ƒCj be an attracting lamination of �j , j ¤ i .
If Fsupp.ƒ

C
j / fills then we are done as in this case no generic leaf ofƒCj can be carried by the nonattracting

subgroup system of any attracting or repelling lamination of �i . Suppose then that Fsupp.ƒ
C
j / is proper

andƒCj is carried by Ana.ƒ
C
i / for some attracting laminationƒCi of �i . This would imply that Fsupp.ƒ

C
j /

is carried by a free factor component ŒB� 2 Ana.ƒ
C
i /. This violates the distance requirement of being

sufficiently different. So the result follows.

To prove (2), we claim that there exists an attracting (respectively, repelling) lamination ƒCi (respec-
tively, ƒ�i ) of �i and an attracting (respectively, repelling) lamination ƒCj (respectively, ƒ�j ) of �j such
that no generic leaf of ƒCi or ƒ�i is asymptotic to any generic leaf of ƒCj or ƒ�j . Assuming the claim to
be true we are done by [23, Corollary 2.17] and applying induction to [6, Lemma 3.4.2] (detecting F2

via laminations).

To prove the claim, suppose first that there exists some attracting lamination ƒ of �i such that Fsupp.ƒ/

is proper. If some generic leaf of ƒ is asymptotic to some generic leaf of an attracting or repelling
lamination of �j then birecurrency of generic leaves implies that both ends of a leaf would have the
same height, and as a result these lines would have the same free factor support. Hence, Fsupp.ƒ/ will
be invariant under both �i and �j , thus violating the distance requirement in FF between their fixed
vertices. So the claim is proved in the case of existence of any attracting or repelling lamination for either
�i or �j with a proper free factor support. Suppose then neither �i nor �j have an attracting lamination
with a proper free factor support. This implies that there exist unique attracting laminations ƒCi , ƒCj
for �i ; �j , respectively, that fill F . The filling condition implies that ƒCi , ƒCj are necessarily topmost.
If ƒCi , ƒCj have asymptotic generic leaves, say `i , j̀ , respectively, then `i cannot be carried by the
nonattracting subgroup system of ƒCj . Also, asymptoticity will imply that `i cannot be weakly attracted
to ƒ�j . Hence by the weak attraction theorem [6, Theorem 6.0.1] `i must be a generic leaf of ƒCj . But
by being a generic leaf, closure of `i is all of ƒCj (and it is also all of ƒCi by the nature of `i). Hence
ƒCi Dƒ

C
j . As a result, in this case the following proposition completes the proof of our claim by giving

us a contradiction with the hypothesis that no pair �i , �j have common power.

The following is a technical result which identifies dynamical conditions for detecting when a subgroup
of Out.F/ is virtually cyclic.

Proposition 3.3 Let �1; : : : ; �k be a collection of exponentially growing automorphisms of Out.F/ for
which the following conditions are satisfied :

(1) No pair �i , �j with i ¤ j have a common invariant free factor.

(2) There exists a common attracting lamination ƒC such that ƒC fills.

Then all �i are fully irreducibles with common powers.
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Proof We will prove the theorem for k D 2 to avoid extra notation as the general case is the same.
Consider the group HD h�1; �2i< Out.F/. Then H < Stab.ƒC/. If either �1 or �2 is fully irreducible,
then Stab.ƒC/ is virtually cyclic by [5, Theorem 2.14]. So H must be virtually cyclic and hence �1, �2

are both fully irreducible and must have common powers.

Suppose then that both �1, �2 are reducible. Then the group H is fully irreducible, since �1, �2 do not
have any common invariant free factor. By applying [23, Theorem C0, page 2] with F D¿, we see that
there exists a fully irreducible � 2H < Stab.ƒC/. Let ƒC

�
, ƒ�

�
be the unique attracting and repelling

laminations of � and `C be a generic leaf of ƒC
�

. Then ƒC
�

and ƒ�
�

both fill F . If ƒCDƒC
�

or ƒ�
�

, then
we are reduced to the earlier case. So suppose ƒC is distinct from ƒC

�
and ƒ�

�
. Choose a train-track

map f W G ! G for �. Let V C
�

be some attracting neighborhood of ƒC
�

, which is described by some
sufficiently long generic leaf segment of `C. Similarly choose a repelling neighborhood V �

�
. Now, by

our assumption, if 
C is a generic leaf of ƒC, then 
C fills, and it is not a generic leaf of ƒ�
�

. Then by
the weak attraction theorem [23, Corollary 2.17] together with [23, Theorem G], there exists some k > 0

such that f k
# .


C/ 2 V C
�

. Since � 2 Stab.ƒC/ and f k
# .


C/ is always birecurrent, f k
# .


C/ 2 ƒC is a
birecurrent leaf. Hence we conclude that some birecurrent leaf of ƒC contains the subpath of `C which
described V C

�
. As 
C was chosen to be generic leaf, we have 
C DƒC. Hence the chosen subpath of

`C is also a subpath of 
C. Since this subpath was chosen arbitrarily, we deduce that `C is in the closure
of generic leaves of ƒC, implying that ƒC

�
�ƒC.

Now consider the dual lamination ƒ� of ƒC. Since `C is a filling line, by the weak attraction theorem of
[6, Theorem 6.0.1] either `C is weakly attracted to ƒ� or `C is a generic leaf of ƒC. Since being weakly
attracted to a lamination is an open condition and every subpath of `C is a subpath of some generic leaf
of ƒC, the first option is not possible. Hence `C must be a generic leaf of ƒC, implying that ƒC DƒC

�
,

which is a contradiction to our assumption that they are distinct. Therefore ƒC DƒC
�

or ƒC Dƒ�
�

and
we are done by the first case.

Remark 3.4 Whenƒ˙
1

andƒ˙
2

are both geometric and �1, �2 satisfy the hypothesis of Lemma 3.2, it may
seem that no additional restriction is placed on the conjugacy class representing the unique indivisible
Nielsen path associated to the laminations. However, we shall see in Lemma 3.9 that the hypothesis that the
fixed vertex sets of �1 and �2 are of distance at least 2 in FF puts some very strong restrictions on them.

3.2 Cusp preserving relative hyperbolicity

Given a short exact sequence of finitely generated groups 1! F !E!Q! 1, we say that E has a
cusp-preserving relatively hyperbolic structure if there exists a collection of finitely generated subgroups
fHig of F such that Q preserves conjugacy class of each Hi and E is (strongly) hyperbolic relative
to the collection fNE.Hi/g (where NE.Hi/ is the normalizer of Hi in E) (see [20, Theorem 5.1] for
motivation behind this property).
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Recall that an outer automorphism � is said to be polynomially growing if for each automorphism
ˆ 2Aut.F/ representing � and each c 2 F the cyclically reduced word length of �i.c/ is bounded above
by a polynomial of i .

A subgroup Q < Out.F/ is called upper polynomially growing (UPG) if each � 2Q is polynomially
growing and Q has unipotent image in GLn.Z/. If Q<Out.F/ is UPG we will call every � 2Q also UPG.

Recall that if ƒ1, ƒ2 are attracting laminations for � with nonattracting subgroup systems K1, K2,
respectively, then we define the meet (Lemma 2.2) K1 ^K2 as follows:

K1 ^K2 D
˚
ŒA\Bw � W ŒA� 2 K1; ŒB� 2 K2; w 2 F ; A\Bw ¤ fidg

	
;

where Bw denotes the group w�1Bw, with w 2 F .

Definition 3.5 (sink of an automorphism [20, Section 4.3]) Given any exponentially growing outer
automorphism � of F , consider the full list of attracting laminations fƒqg

r
qD1

and let

K�� D K1 ^K2 ^ � � � ^Kr ; where Kq DAna.ƒq/ for q D 1; : : : ; r:

If � is not exponentially growing define K�
�
D fŒF �g. We shall call K�

�
the nonattracting sink of �.

The nonattracting sink K�
�

of � is thus a �-invariant malnormal subgroup system which carries all
conjugacy classes which are either fixed or grow polynomially under iteration by �. Thus, by construction,
the nonattracting sink is designed to trap obstructions to hyperbolicity properties of the extension groups.

Lemma 3.6 Given an exponentially growing � 2 Out.F/ and its nonattracting sink K�
�

, we have:

(1) The nonattracting sink of � is an admissible subgroup system for �.

(2) A conjugacy class is carried by K�
�

if and only if it is not weakly attracted to any attracting lamination
of �.

(3) A conjugacy class is carried by K�
�

if and only if it is either fixed by � or grows polynomially under
iteration by �.

(4) K�
�
D F [ fŒF1�; : : : ; ŒFp �g, for some free factor system F and finite-rank �-invariant subgroups

Fi 2 F , each of which is a geometric component of the nonattracting subgroup system of some
geometric lamination of �.

(5) If K�
�

has only infinite cyclic components , then no conjugacy class has nontrivial polynomial
growth under iteration by �.

Proof (1) and (2) follows from [20, Corollary 4.13]. (3) follows from the fact that any conjugacy class
grows exponentially under iteration by � if and only if it is weakly attracted to some attracting lamination
of � under iteration.
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(4) follows from the proof of part (1) of [20, Proposition 4.12].

To prove (5) note that if Œw� is a conjugacy class that grows polynomially under iteration by �, then there
must be at least a rank-2 subgroup which carries both Œw� and a twistor to generate at least linear-order
growth. This proves that if K�

�
has only infinite cyclic components, then no conjugacy class can have

nontrivial polynomial growth.

Remark If K�
�
D F [fŒF1�; : : : ; ŒFp �g then each nontrivial ŒFi � arises due to presence of a geometric

strata and restriction of � to each nontrivial Fi is polynomially growing. Moreover, each nontrivial ŒFi �

carries the conjugacy of the unique closed indivisible Nielsen path associated to a geometric strata. This
is an essential ingredient in the proof of [20, Proposition 4.12]

We now proceed with the following proposition which identifies a sufficient condition for a collection of
outer automorphisms to not have a common admissible subgroup system.

Proposition 3.7 Let �1; : : : ; �k be a collection of exponentially growing automorphisms so that no pair
of elements have a common power. Let Q be any free group generated by some powers of �i’s. Let K�i be
the nonattracting sink of �i and assume that the following conditions hold :

(1) K�i ¤¿ for some i 2 f1; : : : ; kg.

(2) If K�i ¤ ¿, then K�i is not carried by Ana.ƒ
C
j / for any attracting lamination ƒCj of �j for

some j ¤ i .

Then we have the following:

(a) There is no admissible subgroup system for Q.

(b) The extension group F Ì bQ is not hyperbolic relative to any collection of subgroups so that the
cusps are preserved.

Proof Suppose that .1/ and .2/ hold. Without loss of generality assume that K�
1
¤¿. Using item .3/ of

Lemma 2.3, condition .2/ implies that K�
1

cannot be carried by any admissible subgroup system for �j ,
for some j ¤ 1. If K were an admissible subgroup system for Q, then every conjugacy class not carried
by K would get weakly attracted to some element of LCK .�s/ (hence would grow exponentially under
iteration by �s), for each 1� s � k. Hence (a) holds.

Now suppose that F Ì bQ is hyperbolic relative to some collection of peripheral subgroups. Let Œg� be
carried by K�i . Then Œg� is not weakly attracted to any attracting lamination of �i and hence by definition
either Œg� is fixed by �i or j�i

n
# .Œg�/j grows polynomially. So g must be conjugate to some element in a

peripheral subgroup. As a consequence, the peripheral subgroup system in Theorem 2.7 is nonempty.
Moreover, whenever F Ì bQ preserves cusps, the same theorem ensures the existence of an admissible
subgroup system, contradicting (a) above. This completes proof of (b).
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Corollary 3.8 Let �1; : : : ; �k be a collection of exponentially growing and sufficiently different outer
automorphisms of F . Then if some �i fixes the conjugacy class of some rank-1 free factor Œhgi�, then
Œg� can not be carried by a free factor component of the nonattracting subgroup system of any attracting
lamination of �j , for any j ¤ i .

Moreover , if the distance between the fixed points sets in FF of any distinct pair of �i , �j is at least 5,
then Œg� is weakly attracted to every attracting lamination of �j for every j ¤ i .

Proof For concreteness, suppose �1 fixes the conjugacy class of a rank-1 free factor Œhgi�. Let ƒCj be
any attracting lamination of �j , 1¤ j . If Œg� is carried by ŒB� 2Ana.ƒ

C
j /DFj [ ŒFmj

�, then either ŒB� is
a free factor component of Fj or ŒB�D ŒFmj

�. The former case directly violates the sufficiently different
hypothesis.

To complete the proof, it remains to show that if the distance between the fixed points sets in FF of any
distinct pair of �i ; �j is at least 5, then Œg� is weakly attracted to every attracting lamination of �j for
every j ¤ i . To see this, observe that if Œg� is carried by ŒFmj

�, then the free factor conjugacy class Œhgi�
is disjoint from Fsupp.ƒ

C
j / and hence their distance in FF is at most 4 — violating our hypothesis.

In Proposition 3.7 we identified sufficient conditions for a collection of exponentially growing outer
automorphisms to not have a common admissible subgroup system. In the following lemma, we have
a hypothesis which negates that sufficient condition and examine the impact of our hypothesis on the
nonattracting sinks for a collection of sufficiently different outer automorphisms. As it turns out, the
nonattracting sinks in such cases will have a very rigid structure.

For an automorphism �, closed Nielsen paths are circuits which are in bijective correspondence with
conjugacy classes which are fixed by �. There are three primary cases in our analysis where Nielsen paths
appear. First one (and the most important for us) as an indivisible Nielsen path associated to a geometric EG
strata. The second one is from the “twistor” in Dehn twist parts. The third case is when there is an isolated
invariant rank-1 free factor, not covered by the previous two cases. All Nielsen paths are carried by the
nonattracting sink. In case of absence of a free factor component in the nonattracting sink, which is essen-
tially what the hypothesis of Lemma 3.9 ensures, the second and third cases of Nielsen paths are ruled out.

Lemma 3.9 Let �1; : : : ; �k be a collection of sufficiently different exponentially growing outer auto-
morphisms of Out.F/. Let K�i be the nonattracting sink of �i for each i and suppose that the following
condition holds:

� If K�i ¤ ¿ then for each j ¤ i , there exists an attracting lamination ƒCj of �j such that K�i is
carried by Ana.ƒ

C
j /.

Then the following are true:

(a) If K�i ¤¿ for some i , then K�i ¤¿ for every i . Moreover , each K�i has exactly one component.

(b) If K�i ¤¿ for some i , then there exists a finite-rank subgroup F such that K�i D ŒF � for each i .

(c) There exists an admissible subgroup system for the collection �1; : : : ; �k .
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Proof For concreteness assume that K�i D Fi [ ŒFi1
�[ � � �[ ŒFin

� is nonempty and let j ¤ i . Let ƒCj be
an attracting lamination of �j such that Ana.ƒ

C
j /D Fj [ ŒFj � carries K�i . Sufficiently different condition

implies that each component of the free factor system Fi must be carried by ŒFj �. Moreover, if the
conjugacy class Œgik

� carried by the geometric component ŒFik
�, which represents the indivisible Nielsen

path associated to the corresponding geometric strata, is a free factor conjugacy class, then ŒFik
� must

be carried by ŒFj � due to sufficiently different condition. On the other hand if Œgik
� is not a free factor

conjugacy class and is carried by some component of Fj , then the same component will also carry the free
factor support of Œgik

�, hence the free factor support of the corresponding geometric lamination (which is
invariant under �i) — violating sufficiently different condition. Thus each ŒFik

� (and hence entire K�i )
must be carried by ŒFj �. This also proves that K�j is nonempty as ŒFj � is one of the components of the
sink of �j .

Now, switching the roles of i , j in the above argument, we see that there exists an attracting laminationƒCi
with a nonattracting subgroup system F 0i[ŒFil

� for some 1� l �n and entire K�j is carried by ŒFil
�. But we

know that ŒFj � carries each ŒFik
�, thus proving that ŒFj �D ŒFil

� and ŒFik
� is trivial if k¤ l . For the final step,

observe that we have reduced to the case K�i DFi[ ŒFj � is carried by Ana.ƒ
C
j /DFj [ ŒFj �. If ŒB�2Fi is

nontrivial free factor component, as seen earlier — it must be carried by ŒFj �, which violates malnormality
of K�i . Hence K�i D ŒFj � has a single component. Since i was chosen arbitrarily, this proves (a).

To prove (b), observe that in the paragraph above, we have actually shown that K�i D ŒFj �D ŒFil
�D K�j .

Since i , j are arbitrary here, we may let ŒF �D ŒFj � and complete the proof of (b).

For the final part, we note that if all of the nonattracting sinks are empty, then we take KD¿ to be our
admissible subgroup system, otherwise we may take KD fŒF �g as our admissible subgroup system.

Having identified the structure of the nonattracting sinks for a sufficiently different collection of exponen-
tially growing outer automorphisms, we proceed to answering the question about when we can expect
extension groups to have a cusp-preserving relative hyperbolic structure. The answer breaks down into
three cases. The first case that we deal with is the following proposition, when all the nonattracting sinks
are nonempty. The remaining two cases when either all nonattracting are empty (Theorem 1.3) or the
mixed case with some being empty (Theorem 5.1) are dealt with later.

Proposition 3.10 Let �1; : : : ; �k be a collection of exponentially growing, sufficiently different outer
automorphisms. If all the nonattracting sinks are nonempty then exactly one of following are true:

(1) �1; : : : ; �k is a collection of fully irreducible geometric outer automorphisms induced by some
pseudo-Anosov homemorphisms of the same compact surface with one boundary component.
Moreover, all sufficiently high powers of �i’ s generate a free group Q such that EQ has a
cusp-preserving relatively hyperbolic structure.

(2) K�i ¤K�j for some i ¤ j and the extension EQ of a free group Q, which is generated by sufficiently
high powers of �i’s, cannot have a cusp preserving relatively hyperbolic structure.
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Proof When (1) holds, the work of Bowditch [7] and Mj–Reeves [27] for mapping classes of once
punctured surfaces shows that sufficiently high powers of �i’s generate a free group Q of rank k and the
corresponding extension group F Ì bQ is hyperbolic relative to the collection fh�i˚ h�iig, where � is the
conjugacy class corresponding to the boundary of the surface. This gives us a cusp-preserving relatively
hyperbolic structure and an admissible subgroup system fŒh�i�g for Q, implying that (2) fails.

Suppose that (1) is false. We argue by contradiction to show that (2) must be true. Our argument involves
showing that we cannot satisfy the hypothesis of Lemma 3.9, hence we must satisfy the hypothesis of
Proposition 3.7. This will allow us to conclude that admissible subgroup system does not exist. Suppose
on the contrary that we do indeed satisfy the hypothesis of Lemma 3.9. Conclusion .2/ of Lemma 3.9
proves the existence of a finite-rank subgroup ŒF � such that K�i D ŒF � for each i . Moreover, the proof
shows that this ŒF � is actually a geometric component of K�i , for each i , ie, for each �i there exists some
(geometric) attracting lamination ƒCi such that Ana.ƒ

C
i /D Fi [ ŒF � for some free factor system Fi .

If F is not infinite cyclic, then this means there are NEG edges attached to the boundary circle of the
surface which supports the lamination ƒCi for each i . Using the fact that Ana.ƒ

C
i / cannot carry the

free factor support of ƒCi , we may conclude that if ŒF � is not cyclic, then there is a common free factor
conjugacy class (namely, the free factor support of the surface noted earlier) which is left invariant by
each �i — thus violating sufficiently different hypothesis. Thus F must be infinite cyclic, say hci, where
Œc� represents the conjugacy class of the word representing the boundary of the surface which supports
all the laminations ƒCi ’s. If the free factor support of this surface was proper, then we would violate
sufficiently different hypothesis. Hence the surface and therefore Œc� must fill, ie Fsupp.Œc�/D F . This
implies that the geometric stratum corresponding to the ƒCi is a top stratum for each i . Moreover, a
geometric lamination being bottommost [23, Proposition 2.15] implies that any of the lower strata cannot
be EG, since the lamination fills. But since the sink of each �i is just Œhci�, the lower filtration is just
trivial (contractible) in each case. Hence Ana.ƒ

C
i /D ŒF �D Œhci� for each i .

Using [17, Lemma 5.3], this implies that each �i is a geometric fully irreducible map which is induced by
a pseudo-Anosov homeomorphism on the same compact surface (with one boundary component), bringing
us back to (1) — which we had assumed to fail — hence giving us a contradiction. In conclusion, if (1)
fails, then we must satisfy the hypothesis of Proposition 3.7, and hence (2) follows using Theorem 2.7.

4 Small displacement sets, weak attraction theory and further obstructions
to (relative) hyperbolicity

To further our analysis and suggested by the previous section, we will consider a small displacement
sets in FF for exponentially growing outer automorphisms. We will then investigate interactions
between attracting/repelling laminations, their corresponding nonattracting subgroup systems and the
small displacements sets.
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4.1 Small displacement sets of partial fully irreducibles

Definition 4.1 Let F be some free-factor of F which is invariant under  2 Out.F/. If the restriction of
 to F is fully irreducible element of Out.F/, then we say that  is partial fully irreducible on F .

Consider the isometric action of Out.F/ on the free factor complex, FF . For an automorphism � and
constant C > 0, we define the small displacement set of h�i on FF to be

SC D fx 2 FF W 9k ¤ 0 such that d.x; �k.x//� C g:

Below we will prove that a small displacement set of a partial fully irreducible outer automorphism has a
diameter bounded from above. For that we will need a few definitions regarding FF .

A marking of a graph G is a homotopy equivalence Rn ! G from a rose Rn. A metric on G is a
function that assigns a positive number (length) to each edge of G. The (unprojectivized) outer space is
a space of marked metric graphs which is introduced by Culler and Vogtmann in [10] as an analog of
Teichmüller space. We will denote by CV the projectivized outer space, in which the graphs will all have
total volume 1. For the details we refer the reader to [10; 31].

We will use the coarse projection � W CV! FF defined as follows. For each proper subgraph �0 of
a marked graph G that contains a circle, its image in FF is the conjugacy class of the smallest free
factor containing �0. Now by [3], for two such proper subgraphs �1 and �2, dFF .�.�1/; �.�2// � 4

[3, Lemma 3.1]. Then for G 2 CV we define

�.G/ WD f�.�/ j � is a proper, connected, noncontractible subgraph of Gg

We will call the induced map CV! FF also � which is clearly a coarse projection in that the diameter
of each �.G/ is bounded by 4.

For a point G 2 CV and A< F we consider the core graph AjG corresponding to the conjugacy class
of A. We will denote the projection of this core subgraph to FF.A/ by �A.G/.

In other words, �A.G/D �.AjG/ where � W CV! FF is the coarse Lipschitz map that takes a graph
to the collection of all the proper subgraphs it contains. The image of this projection is of diameter at
most 4, by Bestvina–Feighn [3]. The pulled back metric via the immersion p W AjG ! G gives that
AjG 2 CV.A/, the outer space of A.

Let A and B be conjugacy classes of two free factors. Assume that A and B are not disjoint, in other
words they are not free factors of a common free splitting of F and one of them is not included in the
other. In this case A and B said to overlap. For two overlapping conjugacy classes of free factors, we
have the following definition.

Definition 4.2 [4; 28; 29] Let A, B be two overlapping free factors with rank of A at least 2. Then the
subfactor projection �A.B/ of B to A is defined to beS

f�A.G/ WG 2 CV and BjG �Gg;

where BjG �G will mean embedding of the core graph BjG in G.
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In other words, given any tree T with a vertex stabilizer B and F action, A fixes a tree T A. If T A is not
degenerate, which is guaranteed by the overlapping condition, the induced action of A on T A gives a set
of vertex stabilizers by the Bass–Serre theory. We define �A.B/ to be this set of vertex stabilizers.

Remark Any two rank-1 free factors of F are either disjoint or equal. There is no possibility of overlap.
Hence the definition of subfactor projections uses rank � 2.

Lemma 4.3 (bounded geodesic image theorem [4; 28]) For a free group of rank n� 3 there is a number
M0 � 0 such that if A is a free factor and 
 is a geodesic in FF such that every vertex of 
 meets A, then

diamf�A.
 /g �M0:

Proposition 4.4 Let � be partially fully irreducible automorphism with respect to a free factor F1 with
minimum translation length � on F1. Then , whenever � � M0 and for every C > 0, there exists a
sufficiently large constant D DD.C; �/ such that the diameter of the small displacement set

S�;C D fx 2 FF W 9k ¤ 0 such that dFF .x; �
k.x//� C g

corresponding to h�i is bounded above by D.

Proof Let x 2SC . Then, by definition of this set, for some k > 0 we have dFF .x; �
k.x//�C . Let also

G 2CV such that �.G/Dx. Now, let fGtg be a folding path in CV between G and �k.G/. The projection
path �.fGtg/ in FF is an unparametrized quasigeodesic between x and �k.x/ and it is Hausdorff close
to a geodesic [3].

Now, since F1 is of rank at least 2, the subfactor projection to the free factor complex FF.F1/ is coarsely
defined. Moreover, by the hypothesis (or for a suitable power > k of �), dF1

. Qx; �k
jF 1. Qx// >M0 where Qx

is the subfactor projection of x to F1 and M0 is the constant from the Lemma 4.3. By Lemma 4.3 again,
there is a vertex F2 along �.fGtg/ which does not project to FF.F1/. By [28] this means that either
F1 and F2 are disjoint or one is included in the other as subgroups. Hence we have dFF .F

1;F2/� 4.

Use triangle inequality to deduce that dFF .x;F
1/ � 4CC CC1 where C1 is the Hausdorff distance

between �.fGtg/ and the geodesic between x and �k.x/. Hence, D D 2.4CC CC1/.

The following proposition captures the impact of the separation of small displacement sets of auto-
morphisms �i , �j , i ¤ j , on the weak attraction property of their corresponding lamination sets. We
continue using the same notation we set up at the beginning of this subsection (see the paragraph before
Proposition 5.3).

Thus, let S� denote the small displacement set of h�i in FF . We define the distance between the small
displacement sets of �i and �j in FF to be

dFF .S�i
;S�j

/ WDminfdFF .ŒA�; ŒB�/ WA 2 S�i
; B 2 S�j

g
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Proposition 4.5 Let �i be partially fully irreducible on F i for all i 2 f1; : : : ; kg. Assume that
dFF .S�i

;S�j
/� 5 for all i ¤ j .

(1) There exists some M such that whenever mi �M , for all i , h�m1

1
; : : : ; �

mk

k
i is a free group.

(2) For i ¤ j , �i and �j do not have any common invariant free factors.

(3) For all i 2 f1; : : : ; kg, let ƒCi be any attracting lamination of �i and Ana.ƒ
˙
i / be nontrivial. For a

pair �i , �j , i ¤ j , let fŒAi
k
�g

p

kD1
DAna.ƒ

˙
i / and fŒBj

s �g
q
sD1
DAna.ƒ

˙
j /. Then , fŒAi

k
\B

j
s �gk;s is

a malnormal subgroup system.

(4) No generic leaf of any attracting or repelling lamination of a �i is carried by a nonattracting
subgroup system for any nongeometric dual lamination pair of �j , for j ¤ i .

(5) If Œg� is a nontrivial conjugacy class of a free factor which is fixed by �i , then Œg� is cannot be
carried by the nonattracting subgroup system of any attracting lamination of any �j for j ¤ i .

Proof (1) is straightforward using Lemma 3.2.

Any invariant free factor of �i is contained in the respective small displacement set. When the respective
small displacement sets are disjoint, the distance between any invariant free factor of �i and any invariant
free factor of �j is greater than 0. Hence we cannot have a common invariant free factor. This proves (2).

Every free factor component of Ana.ƒ
˙
i / is a vertex in the small displacement set of �i . When the

small displacement sets are of distance at least 5, every free factor component of Ana.ƒ
˙
i / of rank � 2

meets every free factor component of Ana.ƒ
˙
j / of rank � 2. Malnormality of the collection of subgroups

fŒAi
k
\B

j
s �gk;s follows directly from the malnormality of Ana.ƒ

˙
i /, for all i . This proves (3).

Let ƒCj be any attracting lamination for �j with nontrivial nonattracting subgroup system Ana.ƒ
˙
j /.

By definition every free factor component of Ana.ƒ
˙
j / is invariant under �j . Hence every free factor

component of Ana.ƒ
˙
j / is an element of the small displacement set of �j . Let ` be a generic leaf of

some attracting lamination ƒCi , i ¤ j , and let ŒB� 2Ana.ƒ
˙
j / be some free factor component of rank � 2.

Assume ` is carried by ŒB�. Then ƒCi is carried by ŒB� which implies that Fsupp.ƒ
C
i / < ŒB�, since

Fsupp.ƒ
C
i / is the smallest free factor system that contains ƒCi . But Fsupp.ƒ

C
i / is invariant under �i and

hence Fsupp.ƒ
C
i / 2 S�i

which violates dFF .S�i
;S�j

/� 5 when i ¤ j . This completes the proof of (4).

Let Œhgi� be the conjugacy class of a rank-1 free factor fixed by �1. If j ¤ 1 and ƒCj is an attracting
lamination of �j , with Ana.ƒ

C
j / D Fj [ ŒFmj

�. If Œg� is carried by Fj , we would violate the distance
between small displacement sets � 5 condition. So suppose that Œg� is carried by ŒFmj

�. In this case, note
that the free factor support of ƒCj is not carried by ŒFmj

� and hence the free factor conjugacy classes
Œhgi� and Fsupp.ƒ

C
j / are disjoint and therefore violate that the small displacement sets have distance � 5.

Therefore, Œg� cannot be carried by Ana.ƒ
C
j /.

The following proposition produces examples similar to Example 6.2 when the small displacement sets
are sufficiently separated.
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Proposition 4.6 Let �i be partially fully irreducible on F i and assume dFF .S�i
;S�j

/� 5 for all j ¤ i .
Suppose that some �i fixes a rank-1 free factor Œg�. Then F Ì bQ is not hyperbolic relative to any collection
of subgroups so that cusps are preserved.

Proof By Proposition 4.5(5), Œg� is not carried by the nonattracting subgroup system of any attracting
lamination of any �j for j ¤ i . This tells us that Œg� is weakly attracted to every attracting lamination
of �j , j ¤ i . Using the fact that Œg� is carried by K�i , Proposition 3.7 now completes the proof.

5 Geometry of free by free extensions

5.1 Hyperbolicity of the extension from independent atoroidal automorphisms

Now we are ready to characterize hyperbolicity of the extension group when automorphisms are atoroidal.

Theorem 1.1 Let �1; : : : ; �k be a collection of exponentially growing outer automorphisms such that no
pair of automorphisms have a common power. Then the following are equivalent:

(1) Each �i is an atoroidal outer automorphism and L˙.�i/\L˙.�j /D¿ for all i ¤ j .

(2) There exists M >0 such that for all mi �M , QDh�
m1

1
; : : : ; �

mk

k
i is a free group and the extension

group F Ì bQ is hyperbolic (where bQ is any lift of Q).

Proof We prove the result for k D 2 for the sake of simplicity of the notation. The general case is an
exact replica of the argument.

.1/ D) .2/ Since �1, �2 are both hyperbolic, by [18, Lemma 3.1] every conjugacy class grows
exponentially under iteration by both of them. So K�

1
D K�

2
D ¿. We will use Theorem 2.7 for

K D K�
1
D K�

2
D ¿ (there is no restriction on K being nonempty in that theorem). To this end, all

that remains is to show that the set of laminations are pairwise disjoint. Let f W G ! G be a CT–
map representing �1. If a generic leaf `1 2 ƒ

C

1
2 L˙.�1/ has a common end with a generic leaf

`2 2 ƒ
C

2
2 L˙.�2/, then birecurrence implies that both ends of `i have height s, where Hs is the

exponentially growing strata corresponding to ƒC
1

and `1; `2 � Gs . Since `2 is asymptotic to `1 and
being weakly attracted to the dual lamination ƒ�

1
is an open condition, `2 cannot be weakly attracted to

ƒ�
1

under iteration by ��1
1

. Using [6, Proposition 6.0.8], we get that `2 is a generic leaf of ƒC
1

. Hence
ƒC

1
D `2 Dƒ

C

2
, violating our hypothesis. Hence (2) follows from Theorem 2.7 as F Ì bQ is hyperbolic

relative to empty sets by this theorem.

.2/ D) .1/ Hyperbolicity of F ÌbQ implies that the Cannon–Thurston map for the inclusion � WF!F ÌbQ
exists. Since �1, �2 do not have a common power, �1

1
, �1

2
represent two distinct points in the boundary

of F Ì bQ corresponding the forward end of the axis generated by the elements �1, �2, respectively.
Using [26, Proposition 5.1], we see that the ending lamination sets of corresponding to �1

1
and �1

2
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must be disjoint. Since [18, Theorem 3.1, Lemma 4.4] guarantees that generic leaves of all attracting
laminations for �i is contained in the ending lamination set corresponding to �1i and we know that the
ending lamination set corresponding to any boundary point is a closed set, we get that �1 and �2 have no
common attracting lamination. Similar arguments, while working with pairs of distinct boundary points
f�1

1
; ��1

2
g, f��1

1
; ��1

2
g, f��1

1
; �1

2
g, gives us L˙.�1/\L˙.�2/D¿.

A simple application of Theorem 2.7 given below demonstrates a way to construct free-by-free hyperbolic
groups. We neither need the automorphisms to be fully irreducible, nor do we need quasi-isometrically
embedded orbits for the quotient group for the hypothesis. The converse to the corollary is obviously false.

Theorem 1.2 Let �1; : : : ; �k be a collection of atoroidal elements which do not have a common power.
If no pair �i , �j , i ¤ j , fixes a common vertex in the free factor complex FF , then

(1) there exists M > 0 such that for all mi �M , QD h�
m1

1
; : : : ; �

mk

k
i is a free group,

(2) the extension group F Ì bQ is a hyperbolic group (where bQ is any lift of Q).

Proof Let ƒC 2 L˙.�i/\L˙.�j / be an attracting lamination for some i ¤ j . If Fsupp.ƒ/ is proper,
then �i , �j both fix the vertex corresponding to Fsupp.ƒ/, giving us a contradiction. If ƒ fills F , then
Proposition 3.3 gives us a contradiction. Hence L˙.�i/\L˙.�j /D¿ and the conclusions follow from
Theorem 1.1.

5.2 Hyperbolicity and relative hyperbolicity from sufficiently different automorphisms

In this section we will focus more on the action on FF of our outer automorphisms; fixing some free
factors.

Theorem 1.3 Let �1; : : : ; �k be a collection of exponentially growing and sufficiently different outer
automorphisms. Let Q be a free group generated by sufficiently high powers of �i’s. Then, F Ì bQ is a
hyperbolic group if and only if K�i D¿ for all i 2 f1; : : : ; kg.

Proof Suppose that K�i D¿ for all i 2 f1; : : : ; kg. If none of the �i fixes a vertex in FF , then they are
all fully irreducibles which do not have a common power, and we are done by [5, Theorem 5.2]. Suppose
some �i fixes a vertex in FF and K�i D¿ for all i 2 f1; : : : ; kg. To apply Theorem 1.1 it is enough to
show that L˙.�i/\L˙.�j /D¿ for all j ¤ i .

Since K�i is trivial every conjugacy class in F is weakly attracted to some attracting lamination of �i .
Hence �i is hyperbolic (atoroidal) outer automorphism for all i 2 f1; : : : ; kg.

Case 1 Let ƒCi be an attracting lamination of �i such that Fsupp.ƒ
C
i / is a proper free factor. Let j ¤ i .

If �j is fully irreducible, then ƒCi cannot be an attracting or repelling lamination of �j since �j has
unique attracting and repelling laminations which fill. If �j is reducible, then ƒCi cannot be an attracting
or repelling lamination of �j for otherwise Fsupp.ƒ

C
i / would be a common invariant free factor and this

contradicts the fact that any vertex fixed by �i is distance at least 2 from any vertex fixed by �j .
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Case 2 Suppose that ƒCi fills. Pick some j ¤ i . Then ƒCi is not an attracting lamination of �j for
otherwise hypotheses of Proposition 3.3 are satisfied, which contradicts with the fact that �i , �j do not
have a common power. Same contradiction occurs if ƒCi is a repelling lamination of �j by replacing
�j with ��1

j in Proposition 3.3. Therefore �i and �j do not have any common attracting or repelling
laminations. Now apply Theorem 1.1 to get hyperbolicity of F Ì bQ.

The converse part easily follows from the observation that hyperbolicity of F Ì bQ implies �i , �j are both
hyperbolic outer automorphisms for all i ¤ j , i; j 2 f1; : : : ; kg, and using [18, Lemma 3.1].

The following theorem gives a necessary and sufficient condition for F Ì bQ to have a cusp preserving rela-
tive hyperbolic structure when Q is generated by a collection of sufficiently different outer automorphisms.
One should read the following result as a relative hyperbolic analog of Theorem 1.3.

Theorem 5.1 Let �1; : : : ; �k be a collection of pairwise sufficiently different and exponentially growing
outer automorphisms. Let K�i be the nonattracting sink of �i ; i 2 f1; : : : ; kg, and assume that K�j ¤¿ for
some fixed j . Then the following are equivalent:

(1) F Ì bQ has a cusp preserving relatively hyperbolic structure where Q is a free group generated by
sufficiently large exponents of �i’s.

(2) K�i D K�j for all i .

Proof Lemma 3.2 ensures high enough mi’s so that QD h�
m1

1
; : : : ; �

mk

k
i is a free group. If .2/ holds,

then (1) immediately follows from Theorem 2.7.

Suppose next that for a free group Q generated by sufficiently large exponents of �i’s, F Ì bQ has a
relatively hyperbolic structure where cusps are preserved. By Proposition 3.7 K�j must be carried by
nonattracting subgroup system of some ƒi 2 LC.�i/ for each i 2 f1; : : : ; kg, i ¤ j . Lemma 3.9(b)
completes the proof.

5.3 Relatively hyperbolic extensions using partially fully irreducibles

In this section we will give examples of relatively hyperbolic extensions using specific types of ex-
ponentially growing outer automorphisms. Our first example is for an exponentially growing outer
automorphism which is partially fully irreducible.

Let �1; : : : ; �k be a collection of partially fully irreducibles, each with respect to a free factor F i with
ŒF i �¤ ŒFj � whenever i ¤ j . We denote the corresponding dual attracting and repelling lamination pair
of each �i by ƒCi and ƒ�i . By partial fully irreducibility we have Fsupp.ƒ

˙
i / D ŒF

i �. We use these
conventions below.

Lemma 5.2 Let �i be partially fully irreducible on F i , i 2f1; : : : ; kg. Thenƒ˙i andƒ˙j have asymptotic
leaves if and only if ŒF i �D ŒFj �.
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Proof Since the restriction of �i to ŒF i � is fully irreducible, every leaf of ƒCi and of ƒ�i is generic.
If `i 2ƒ

C
i and j̀ 2ƒ

C
j have a common end, birecurrency of generic leaves implies that `i is carried by

ŒFj �D Fsupp.ƒ
C
j /. But since Fsupp.ƒ

C
i /D Fsupp.`i/D ŒF

i �, we must have ŒF i �D ŒFj �. The converse
direction is obvious.

Proposition 5.3 Let �i be partially fully irreducible on F i , where ŒF i � ¤ ŒFj � whenever i ¤ j ,
i; j 2 f1; : : : ; kg.

(1) For all i 2 f1; : : : ; kg, ŒF i � and free factor components of Ana.ƒ
˙
i / are close in the free factor

complex FF .

(2) For i ¤ j , Ana.ƒ
˙
i / carries a leaf of ƒCj if and only if ŒFj � is carried by Ana.ƒ

˙
i /. Equivalently ,

Ana.ƒ
˙
i / carries a leaf of ƒCj if and only if ŒFj � is distance � 1 from some free factor component

of Ana.ƒ
˙
i /.

(3) If ŒF i � is at distance at least 2 from every free factor component of Ana.ƒ
˙
j /, then any generic leaf

of ƒCi is weakly attracted to ƒCj under the action of �i .�
�1
i /, for all i; j 2 f1; : : : ; kg; i ¤ j .

Proof Fix i . To prove (1), we show that any representative of ŒF i � and any representative of any free
factor component of Ana.ƒ

˙
i / intersect at identity only. If they are not, there is some nontrivial conjugacy

class Œg� of F i which is carried also by Ana.ƒ
˙
i /. Since �i restricted to F i is fully irreducible, this

implies that ƒCi must be geometric and Œg� must be a representative of the unique closed indivisible
Nielsen path corresponding to ƒCi . But this implies that Œg� cannot be a free factor of F and hence cannot
be carried by any free factor component of Ana.ƒ

˙
i /. The contradiction proves our claim.

Since the restriction of each �i to F i is fully irreducible, every leaf of ƒCi is generic and hence not a
circuit. If ` 2 ƒCi is any leaf which is carried by Ana.ƒ

˙
j /, i ¤ j , malnormality of Ana.ƒ

˙
j / implies

that there must be some free factor conjugacy class ŒH � 2Ana.ƒ
˙
j / which carries ƒCi (since the set of

lines carried by ŒH � is closed and `DƒCi ). By definition of free factor support we then get F i �H up
to conjugation, which is equivalent to saying that the distance between ŒF i � and ŒH � in the free factor
complex of F is � 1. The converse follows directly from definitions.

The proof of (3) is exactly the same as the proof of [19, Lemma 5.2] (the cited proof does not anywhere use
the assumptions of being atoroidal on the automorphisms) or one can see [23, Remark 2.8, page 208].

Lemma 5.4 Let  2 Out.F/ be partially fully irreducible with respect to F . Then there exists a  -
invariant , malnormal subgroup system K D fŒK1�; : : : ; ŒKp �g such that the extension group F Ì h i is
strongly hyperbolic relative to the collection of subgroups fKsÌ‰sZgp

sD1
, where ‰s is a chosen lift of �

such that ‰s.Ks/DKs .

Proof If  is partially fully irreducible with respect to F , then restriction of  to F is fully irreducible
and hence there exists an attracting lamination ƒC supported by ŒF �.

Let K be the nonattracting subgroup system associated to ƒC. Now apply the main result of [19] with K
and  .
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Theorem 5.5 Let �i be partially fully irreducible on F i , and ŒF i �¤ ŒFj �, i; j 2 f1; : : : ; kg. Suppose that
ŒF i � is distance � 2 from every free-factor component of Ana.ƒ

˙
j / for all i D 1; : : : ; k and i ¤ j ; if such

free factor components exist. Then there exists M > 0 such that for every mi �M , QD h�
m1

1
; : : : ; �

mk

k
i

is a free group of rank k.

Moreover , if Ana.ƒ
˙
1
/ D Ana.ƒ

˙
2
/ D � � � D Ana.ƒ

˙
k
/, then for any lift bQ of Q, F Ì bQ is relatively

hyperbolic group.

Proof Lemma 5.2 tells us that ƒ˙i and ƒ˙j do not have any asymptotic leaves. This implies that we can
choose long generic-leaf segments of ƒCi and ƒ�i and construct attracting and repelling neighborhoods
V Ci and V �i for each i D 1; : : : ; k so that V Ci , V �i , V Cj , V �j are pairwise disjoint for i ¤ j .

Since generic leaves of ƒCi are not carried by Ana.ƒ
˙
j / for i ¤ j , by Proposition 5.3 generic leaves of

ƒCi are weakly attracted to ƒCj (respectively, to ƒ�j ) under the action of �j (respectively, of ��1
j ).

The conclusion about Q being free group now follows directly using [6, Lemma 3.4.2, page 551]. For the
relative hyperbolicity of F Ì bQ, let KDAna.ƒ

˙
1
/ and apply of Theorem 2.7.

The above theorem remains true if we relax the requirement of Ana.ƒ
˙
1
/DAna.ƒ

˙
2
/D � � � DAna.ƒ

˙
k
/

and replace it by the requirement of Q having an admissible subgroup system.

5.4 Relatively hyperbolic extensions using relative fully irreducibles

Given a collection of free factors F1;F2; : : : ;Fp of F such that F D F1 �F2 � � � � �Fp �B with B

possibly trivial, we say that the collection forms a free factor system, written as F WDfŒF1�; ŒF2�; : : : ; ŒFp �g

and we say that a conjugacy class Œc� of a word c 2 F is carried by F if there exists some 1� s � p and a
representative H s of F s such that c 2H s .

Definition 5.6 We say that an automorphism � 2 Out.F/ is fully irreducible relative to a free factor
system F if F is �-invariant and there is no proper �-invariant free factor system F 0 such that F @ F 0.

Relative fully irreducibles were developed by Handel and Mosher [23] to find a better analog of Ivanov’s
theorem on subgroups of mapping class groups of a surface so that the analogous theorem for subgroups
of Out.F/ works “inductively” on free factors that are fixed and that the behavior of the automorphism in
between free factors is better understood. Below we will describe how subgroups made of relative fully
irreducibles give us easy ways to construct relatively hyperbolic extensions, under some mild restrictions
on the generators.

Let F @ F 0 be free factor systems, where F is a proper free factor system. If there exists a marked graph
G and realizations H �H 0 �G of these free factor systems such that H 0 XH is a single edge, then F 0

is said to be a one-edge extension of F . If no such realization exist, then F 0 is said to be a multiedge
extension of F .
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We record the following lemma which follows from various nontrivial results in [23] and use the conclusion
as our working definition of relative fully irreducible outer automorphism.

Lemma 5.7 Suppose F @ fŒF �g is a multiedge extension invariant under � and every component of F is
�-invariant. If � is fully irreducible rel F then there exists �-invariant dual lamination pair ƒ˙

�
such that

the following hold :

(1) Fsupp.F ; ƒ˙/D ŒF �.

(2) If ƒ˙
�

is nongeometric then Ana.ƒ
˙
�
/D F .

(3) If ƒ˙
�

is geometric then there exists a root free � 2 F such that Ana.ƒ
˙
�
/D F [fŒh�i�g.

Conversely, there exists a �-invariant dual lamination pair such that if (1) and (2) hold or if (1) and (3)
hold then � is fully irreducible rel F .

Proof Let f WG!G be an improved relative train-track map representing � and Gr�1 be the filtration
element realizing F . Apply [23, Proposition 2.2] to get all the conclusions for some iterate �k of �.

We claim that ƒ˙
�

obtained by applying [23, Proposition 2.2] must be �-invariant. Otherwise, by the
definition of being fully irreducible relative to F �.ƒC

�
/ will be an attracting lamination which is properly

contained in Gr�1 and hence is carried by F which in turn is carried by the nonattracting subgroup
system for ƒC

�
. This is a contradiction, hence ƒC

�
is �-invariant. Similar arguments work for ƒ�

�
.

The converse part follows from the case analysis in the proof of [23, Theorem I, pages 18–19].

Theorem 5.8 Let �,  be fully irreducible relative to the multiedge extension F , with corresponding
invariant lamination pairsƒ˙

�
,ƒ˙

 
(as in the equivalence Lemma 5.7). If no leaf ofƒC

�
[ƒ�

�
is asymptotic

to any leaf of ƒC
 
[ƒ�

 
, then there exists an integer M � 1 such that :

(1) QD h�m;  ni is free group of rank 2 for all m; n�M .

(2) Ifƒ˙
�

,ƒ˙
 

are both nongeometric then the extension group F Ì bQ is hyperbolic relative to the finite
collection of subgroups fFs Ì bQsg

p
sD1

, where bQs is a lift that preserves Fs .

(3) If both ƒ˙
�

and ƒ˙
 

are geometric laminations which come from the same surface , both fixing the
conjugacy class Œ� � representing the surface boundary , then F Ì bQ is hyperbolic relative to the finite
collection of subgroups fh�iÌ bQ�g[ fFs Ì bQsg

p
sD1

, where bQs is a lift that preserves Fs and bQ�

is a lift that fixes � .

Proof To prove (1) we apply Theorem 2.7 with K D F and to prove (2) we apply Theorem 2.7 with
KD F [ Œh�i�.

As a corollary of the theorem for F D¿, we recover the case for surface group with punctures, which
was proved in [27, Theorem 4.9].
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6 Further discussion: nonrelative hyperbolicity

From the results we have so far we gather a necessary condition of nonrelative hyperbolicity:

Proposition 6.1 Let F Ì bQ be NRH for every free group Q which is generated by nonzero powers of
�i’s which are sufficiently different. Then , there exists i 2 f1; : : : ; kg such that K�i ¤¿ and K�i ¤K�j for
some j ¤ i .

A sufficient condition for NRH remains to be unknown. However, we investigate the following example.

Example 6.2 Let F D ha; b; c; d; ei, F1 D ha; b; ci, F2 D ha; b; c; di. Define �1 as the outer au-
tomorphism class of the map ˆ1 W a 7! ac; b 7! a; c 7! b; d 7! dc; e 7! ec and �2 to be the outer
automorphism class of the map ˆ2 W a 7! ad; b 7! a; c 7! b; d 7! c; e 7! e. Then Ana.ƒ

˙
1
/ D ¿ and

Ana.ƒ
˙
2
/ D fŒhei�g. In any relatively hyperbolic structure, the subgroup Z˚ Z Š he; ˆ2i must be

contained in some peripheral subgroup. A simple computation shows that F � hˆ�1
1
ˆ2; b; ci and hence

the extension group 1! F !E! h�1; �2i ! 1 is not relatively hyperbolic (NRH as in [1]).

The hypothesis for freeness in the above theorem is easily checked, and so there exists M such that for
every m; n�M , the group QD h�m

1
; �n

2
i is a free group of rank 2. Once we raise the automorphisms

to sufficiently high powers, the abnormality with peripheral subgroups goes away. We ask the question:
is F Ì bQ hyperbolic relative to he; ˆ2i when Q is generated by high enough powers of �1; �2?

Remark 6.3 Note that ŒF i � is a fixed vertex for the action of �i on the free-factor complex FF ,
for i D 1; 2. Also the free-factors in the set Ana.ƒ

˙
i / are fixed vertices for the same action. If we translate

the hypothesis of Theorem 5.5 in the framework of the free factor complex FF of F , then what we
require is that ŒF1� and ŒF2� are distinct points in FF and Ana.ƒ

˙
1
/DAna.ƒ

˙
2
/. Using Proposition 5.3,

the second hypothesis in turn implies that ŒF1� and the free-factor components of Ana.ƒ
˙
2
/ are close

in FF . Similarly free-factor components of Ana.ƒ
˙
1
/ and ŒF2� are also close in FF . By partial fully

irreducibility ŒF i � and free-factor components of Ana.ƒ
˙
i / are also close. Therefore the entire setup of

Theorem 5.5 is in a small (bounded) region of FF . The obvious question that comes to mind is: if we
assume that ŒF1� and ŒF2� are far apart in Theorem 5.5 can we still expect relative hyperbolicity of F Ì bQ?
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