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We correct here two errors in our earlier paper An algebraic model for finite loop spaces.

55R35; 20D20, 20E22

We correct two erroneous arguments found in [3].

In the proof of [3, Lemma A.8], we applied [2, Proposition 5.4] to orbit categories of transporter systems,
while that proposition is stated only for orbit categories of fusion systems. After replacing that by
Proposition 2.3 below, Lemma A.8 can be proven as stated in [3].

In the proof of [3, Corollary A.10], we applied [3, Proposition A.9(b)] in a way that is not valid unless all
objects in L are F-centric. That corollary is a special case of Proposition 1.6 here.

1 Inclusions of linking systems for the same fusion system

We refer to [3, Definition 1.9] for the complete definition of a linking system associated to a fusion system
F over a discrete p-toral group S . Very briefly, it consists of a category L whose objects are subgroups
of S , together with a pair of functors

TOb.L/.S/
ı
�! L �

�! F

satisfying certain conditions. Here, TOb.L/.S/ is the transporter category: the category with the same
objects as L, and where MorTOb.L/.S/.P;Q/ is the set of all g 2 S such that gP �Q. Also, the set Ob.L/
is required to be closed under F-conjugacy and overgroups, and must include all subgroups of S that are
F-centric and F-radical.

As usual, when P � Q are objects in a linking system L, we write �P;Q D ıP;Q.1/ 2 MorL.P;Q/
for the inclusion morphism. By “extensions” and “restrictions” of morphisms we mean extensions and
restrictions of source and target both, with respect to these inclusions.

Proposition 1.1 The following hold for each linking system L associated to a saturated fusion system F
over a discrete p-toral group S .
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4428 Carles Broto, Ran Levi and Bob Oliver

(a) For each P;Q 2 Ob.L/, the homomorphism �P;Q W MorL.P;Q/! HomF .P;Q/ is surjective.
The group Ker.�P / acts freely on MorL.P;Q/, and �P;Q induces a bijection

MorL.P;Q/=Ker.�P / Š�! HomF .P;Q/:

If P is fully centralized in F , then Ker.�P /D ıP .CS .P //.

(b) For every morphism  2MorL.P;Q/, and every P�;Q� 2Ob.L/ such that P��P ,Q��Q, and
�. /.P�/ �Q�, there is a unique morphism  jP�;Q� 2MorL.P�;Q�/ (the “restriction” of  )
such that  ı �P�;P D �Q�;Q ı jP�;Q� .

(c) Let P E P � S and Q � Q � S be objects in L. Let  2 MorL.P;Q/ be such that for each
g 2 P , there is h 2Q satisfying �Q;Q ı ı ıP .g/D ıQ;Q.h/ ı . Then there is a unique morphism
x 2MorL.P ;Q/ such that x jP;Q D  .

(d) All morphisms in L are monomorphisms and epimorphisms in the categorical sense.

(e) A morphism  in L is an isomorphism in L if �. / is an isomorphism in F .

Proof Points (a)–(d) are shown in [3, Proposition A.4], while (e) follows from [3, Propositions A.2(c)
and A.5].

We want to show that the geometric realizations of two linking systems associated to the same fusion
system are homotopy equivalent. The next lemma is a first step towards doing that.

Lemma 1.2 Let F be a saturated fusion system over a discrete p-toral group S . Let L0 � L be linking
systems associated to F such that Ob.L/XOb.L0/D P , where P is an F-conjugacy class of subgroups
of S . Then the inclusion of nerves jL0j � jLj is a homotopy equivalence.

Proof The following proof is essentially that given in [1, Proposition 3.11], modified for fusion systems
over discrete p-toral groups. To simplify notation, for ' 2MorL.Q;R/, we write Im.'/D Im.�.'//�R,
and '.Q0/D �.'/.Q0/�R if Q0 �Q.

We must show that the inclusion functor I W L0! L induces a homotopy equivalence jL0j ' jLj. By
Quillen’s Theorem A (see [5]), it will be enough to prove that the undercategory P#I is contractible (ie
jP#Ij ' �) for each P in L. This is clear when P … P (since P#I has initial object .P; Id/ in that case),
so it suffices to consider the case P 2 P . Since all subgroups in P are isomorphic in the category L, we
can assume that P is fully normalized.

Set
yP D fx 2NS .P / j cx 2Op.AutF .P //g:

Recall thatP …Ob.L0/, and hence by definition of a linking system cannot be both F-centric and F-radical.
If P is not F-centric, then yP � P �CS .P / > P . If P is not F-radical, then Inn.P / < Op.AutF .P //�
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AutS .P /, the last inclusion since P is fully normalized, and so yP > P . Thus yP 2 Ob.L0/ (and P E yP )
in either case.

Set NL0.P /D L0\NL.P /, and let

IN WNL0.P / �!NL.P /

be the inclusion (thus the restriction of I). Consider the functors

yP#IN
j2
�! P#IN

j1
�! P#I;

where j1 is the inclusion of undercategories, induced by the inclusions NL0.P /! L0 and NL.P /! L,
and where j2 sends an object .Q; ˛/ to .Q; ˛ ı �

P; yP
/ (for ˛ 2MorNL.P /.

yP ;Q/). For each i D 1; 2, we
will construct a retraction ri such that ri ı ji D Id, together with a natural transformation of functors
between ji ı ri and the identity. It then follows that jP#Ij ' jP#IN j ' j yP#IN j, and the last space is
contractible since . yP ; Id yP / is an initial object in yP#IN (recall yP 2 Ob.NL0.P //).

Step 1 We first construct the retraction functor r1 WP#I!P#IN , together with a natural transformation
.j1 ı r1

�
�! IdP#I/. By [3, Lemma 1.7(c)], for each R 2 P (the F-conjugacy class of P ), there is a

morphism in F from NS .R/ to NS .P / which sends R isomorphically to P . Since � is surjective on
morphism sets by Proposition 1.1(a), we can choose a morphism

ˆR 2MorL.NS .R/;NS .P //;

for each R 2 P such that ˆR.R/D P . We also require that ˆP D IdNS .P /.

For each .Q; '/ in P#I, set N.Q;'/.P /Dˆ'.P /.NQ.'.P ///. Thus P < N.Q;'/.P / � NS .P /, since
NQ.'.P // > '.P / by [2, Lemma 1.8]. Consider the diagram

(1-1)

P
'�

//

'0
''

NQ.'.P //
�

//

.ˆ'.P//�Š

��

Q

N.Q;'/.P /

'00

77

where � is the inclusion (in L), '� and .ˆ'.P //� denote the restriction morphisms of Proposition 1.1(b)
(restricting source and/or target as indicated), and '0 D .ˆ'.P //� ı '� and '00 D � ı .ˆ'.P //�1� (so the
triangles commute). Define r1 W P#I! P#IN on objects by setting

r1.Q; '/D .N.Q;'/.P /; '
0/:

We still need to define r1 on morphisms. For each morphism ˇ 2MorP#I..Q; '/; .R; //, ie for each
commutative square of the form

(1-2)

P
'
//

Id
��

Q

ˇ
��

P
 
// R

Algebraic & Geometric Topology, Volume 25 (2025)



4430 Carles Broto, Ran Levi and Bob Oliver

we get the following commutative diagrams:

(1-3)

P
'�
//

Id
��

NQ.'.P //
�
//

ˇ�
��

Q

ˇ

��

P
 �
// NR. .P //

�
// R

NQ.'.P //
.ˆ'.P//�

Š
//

ˇ�
��

N.Q;'/.P /

Ǒ

��

NR. .P //
.ˆ .P//�

Š
// N.R; /.P /

Again, ˇ�, '�, and .ˆ'.P //� denote the morphisms after restricting source and target as shown, while
Ǒ D .ˆ .P//� ıˇ� ı .ˆ'.P //

�1
� .

Since each of the three squares in (1-3) commutes, it follows that  0 D Ǒ ı'0 and  00 ı Ǒ D '00, where '0,
 0, '00, and  00 are as in (1-1). So we can define r1 on morphisms by setting

r1.ˇ/D ǑW .N.Q;'/.P /; '
0/ �! .N.R; /.P /;  

0/:

Define a natural transformation �W j1 ı r1! IdP#I by sending an object .Q; '/ to the morphism

'00 W .j1 ı r1/.Q; '/D .N.Q;'/.P /; '
0/ �! .Q; '/

(a natural transformation since  00 ı Ǒ D '00). Since r1 ı j1 D IdP#IN , this finishes the proof that
jP#Ij ' jP#IN j.

Step 2 Recall that j2 W yP#IN ! P#IN is induced by precomposing with the inclusion �
P; yP
2

MorL.P; yP /. We now construct a retraction functor r2 W P#IN ! yP#IN , together with a natural
transformation of functors from IdP#IN to j2 ı r2.

Since P is fully normalized in F by assumption, it is also fully centralized by the Sylow axiom for a
saturated fusion system [3, Definition 1.4(I)]. So by Proposition 1.1(a), the structure homomorphism
�P WAutL.P /!AutF .P / is surjective and Ker.�P /D ıP .CS .P //. Since �P ııP WNS .P /!AutF .P /
sends g to cg , we have yP D ı�1P .��1P .Op.AutF .P ////, and so ıP . yP /D ��1P .Op.AutF .P ///. Since �P
is surjective, this proves that ıP . yP /E AutL.P /.

Fix subgroups Q;R �NS .P / containing P , and let ' 2MorNL.P /.Q;R/ be a morphism. For g 2Q yP ,
write g D g0x for g0 2Q and x 2 yP , and let y 2 yP be such that ıP .y/ D .'jP /ıP .x/.'jP /�1. Then
'ıQ.g

0/D ıR.'.g
0//' by condition (C) in the definition of a linking system ([3, Definition 1.9]), so after

restriction of source and target to P , we get .'jP /ıP .g0/.'jP /�1 D ıP .'.g0//. Set hD '.g0/y. Then

.'jP /ıP .g/.'jP /
�1
D .'jP /ıP .g

0/.'jP /
�1
ı .'jP /ıP .x/.'jP /

�1
D ıP .'.g

0/y/D ıP .h/

in AutL.P /, and hence

�
R;R yP

ı' ı ıQ.g/ ı �P;Q D �P;R yP ı .'jP / ı ıP .g/

D �
P;R yP

ı ıP .h/ ı .'jP /D ıR;R yP .h/ ı' ı �P;Q 2MorNL0 .P /
.P;R yP /:
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So �
R;R yP

ı ' ı ıQ.g/ D ıR;R yP .h/ ı ' since �P;Q is an epimorphism by Proposition 1.1(d). Hence by
Proposition 1.1(c), there is a unique morphism O' 2MorL0.Q yP ;R yP / (the “extension” of ') such that the
following diagram commutes in L:

Q
'

//

�
Q;Q yP

��

R

�
R;R yP

��

Q yP
O'

// R yP

Note that Q yP ;R yP 2 Ob.L0/ (and hence O' lies in NL0.P /) since yP > P .

The functor r2WP # IN ! yP#IN is defined on objects by setting

r2.Q; ˛/D .Q yP ; Ǫ /:

If ˇW .Q; ˛/! .R; 
/ is a morphism in P#IN , that is ˇ 2MorL.Q;R/ is such that ˇ ı˛ D 
 , then we
define r2.ˇ/D Ǒ. Because of the uniqueness of the extension Ǒ, this construction defines a functor from
P#IN to yP#IN . Moreover, r2 ı j2 D Id yP#IN , and j2 ı r2 ' IdP#IN , where the homotopy is induced
by the natural transformation given by the inclusions �

Q;Q yP
.

Lemma 1.2 says that under certain conditions, we can remove one class of objects from a linking system
without changing the homotopy type of its nerve. We need to combine this with the “bullet construction”,
defined in [2], to show that we can remove infinitely many classes of objects without changing the
homotopy type.

Definition 1.3 [2, Definition 3.1] Let F be a fusion system over a discrete p-toral group S , and let
T E S be its identity component. Let m� 0 be such that S=T has exponent pm; thus gp

m

2 T for all
g 2 S . Set W D AutF .T /.

(a) For each A� T , set I.A/D CT .CW .A//, and let I.A/0 be its identity component.

(b) For each P � S , set P Œm� D hgp
m

j g 2 P i � T , and set P � D P � I.P Œm�/0.

(c) Let F� � F be the full subcategory with Ob.F�/D fP � j P � Sg.

Some of the key properties of the bullet construction are listed in the following proposition:

Proposition 1.4 [2] Let F be a saturated fusion system over a discrete p-toral group S .

(a) The set Ob.F�/D fP � j P � Sg contains only finitely many S -conjugacy classes of subgroups.

(b) For each P � S , we have .P �/� D P �.

(c) For each P �Q � S , we have P � �Q�.

(d) For each P;Q � S and each ' 2 HomF .P;Q/, there is a unique map '� 2 HomF .P
�;Q�/ such

that '�jP D '.
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4432 Carles Broto, Ran Levi and Bob Oliver

Proof Points (a)–(c) are stated as Lemma 3.2 in [2], and (d) is stated as Proposition 3.3.

In particular, points (b)–(d) in Proposition 1.4 imply that there is a well defined retraction functor F!F�

that sends an object P to P � and a morphism ' to '�.

The following lemma is shown in [2, Proposition 4.5] when L is a centric linking system, but we need it
in a more general situation.

Lemma 1.5 Let F be a saturated fusion system over a discrete p-toral group S , and let L be a linking
system associated to F .

(a) For each P;Q2Ob.L/ and each  2MorL.P;Q/, there is a unique morphism �2MorL.P �;Q�/
that restricts to  , and is such that �. �/D .�. //�.

(b) The space jL�j is a deformation retract of jLj, with retraction jLj ! jL�j induced by the functor
that sends P to P � and  to  �.

Proof (a) It suffices to show this when P is fully normalized in F . Set ' D �. / 2 HomF .P;Q/. By
Proposition 1.4(d), there is a unique '� 2 HomF .P

�;Q�/ that extends '. By [4, Proposition 1.13(v)],
we have CS .P /D CS .P �/, and by Proposition 1.1(a), this group acts freely and transitively on the sets
��1P;Q.'/ and ��1P �;Q�.'

�/. The restriction map from ��1P �;Q�.'
�/ to ��1P;Q.'/ commutes with this action,

and hence is a bijection.

(b) Point (a) implies that there is a well defined functor .�/� W L! L� that sends P to P � and  to  �.
This defines a map r W jLj ! jL�j, which is a retraction by Proposition 1.4(b). Let i denote the inclusion;
then i ı r homotopic to the identity on jLj since there is a natural transformation of functors from .�/� to
the identity that sends each object P to the inclusion �P;P � from P to P �.

We now combine Lemmas 1.2 and 1.5 to get the result we need.

Proposition 1.6 Let F be a saturated fusion system over a discrete p-toral group S , and let L0 � L be a
pair of linking systems associated to F . Then the inclusion of jL0j in jLj is a homotopy equivalence.

Proof Let L be the set of all linking subsystems L0�L containing L0 such that the inclusion jL0j � jL0j
is a homotopy equivalence. We must show that L 2L.

Assume otherwise, and choose L1 2 L for which Ob.L1�/ contains the largest possible number of
F-conjugacy classes. Let L2 � L be the full subcategory with Ob.L2/D fP 2 Ob.L/ j P � 2 Ob.L1/g.
By Lemma 1.5(b), jL1�j D jL2�j is a deformation retract of jL1j and of jL2j, so jL1j ' jL2j, and L2 2L.

Since L2 ¤ L by the assumption that L … L, we have Ob.L�/ ª Ob.L2/. Let P be maximal among
objects in L� not in L2. By definition of Ob.L2/, P is maximal among all objects of L not in L2. Let
L3 � L be the full subcategory with Ob.L3/D Ob.L2/[P F .

By Lemma 1.2, the inclusion of jL2j into jL3j is a homotopy equivalence. Hence L3 2L, contradicting
our maximality assumption on L1�.
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2 ƒ-functors

For any group G, let Op.G/ be the p-subgroup orbit category of G: the category whose objects are the
p-subgroups of G, and where

MorOp.G/.P;Q/D fQg 2QnG j
gP �Qg DQnfg 2G j gP �Qg:

Note that there is a bijection

MorOp.G/.P;Q/
Š
�!mapG.G=P;G=Q/

that sends a coset Qg to the G-map .xP 7! xg�1Q/.

Definition 2.1 Let G be a locally finite group, and let M be a ZG-module. Define a functor

FM WOp.G/op
!Ab

by setting

FM .P /D

�
M if P D 1;
0 if P ¤ 1;

for each p-subgroup P �G. Here, AutOp.G/.1/ŠG has the given action on M . Set

ƒ�.GIM/D lim
 �
�

Op.G/
.FM /:

We refer to [3, Definition A.1] for the definition of a transporter system. As in Section 1, when S is a
group and H is a set of subgroups of S , we let TH.S/ be the transporter category of S with object set H,
where MorTH.S/.P;Q/ is the set of all g 2 S such that gP �Q. A transporter system associated to a
fusion system F over a discrete p-toral group S consists of a category T whose objects are subgroups of
S , together with a pair of functors

TOb.T /.S/
"
�! T �

�! F ;

such that " is the identity on objects and injective on morphism sets, � is the inclusion on objects and
surjective on morphism sets, and several other conditions are satisfied. The only requirements on the set
Ob.T / are that it be nonempty and closed under F-conjugacy and overgroups.

As with linking systems, when P �Q are objects in a transporter system T , we write �P;Q D "P;Q.1/ 2
MorT .P;Q/ for the inclusion morphism. By “extensions” and “restrictions” of morphisms we mean
extensions and restrictions of source and target both, with respect to these inclusions. We will only need
to refer to the following properties:

Proposition 2.2 The following hold for any transporter system T associated to a saturated fusion system
F over a discrete p-toral group S .

(a) For each P;Q 2 Ob.T /, the composite �P;Q ı "P;Q sends g 2 NS .P;Q/ to the homomorphism
cg D .x 7!

gx/ 2 HomF .P;Q/.
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(b) Let P EP � S and Q�Q� S be objects in T . Let  2 IsoT .P;Q/ be such that for each g 2P ,
there is h 2Q satisfying �Q;Q ı ı "P .g/D "Q;Q.h/ ı . Then  extends to a unique morphism
x 2MorT .P ;Q/ such that x jP;Q D  .

(c) All morphisms in T are monomorphisms and epimorphisms in the categorical sense.

Proof Point (a) is axiom (B) in [3, Definition A.1], and point (c) is shown in [3, Proposition A.2(d)].

The existence of an extension in point (b) is axiom (II) in [3, Definition A.1], except that it is stated there
under the additional assumption that Q is normal in Q. But if Q�Q is not normal, and  2 IsoT .P;Q/,
g 2 P , and h 2Q are as above, then

QD Im.�.�Q;Q ı ı "P .g///D Im.�."Q;Q.h/ ı //D
hQ;

the last equality by (a), and so h 2NQ.Q/. Hence  extends to y 2MorT .P ;NQ.Q// by axiom (II) as
stated in [3], and we can take x D �NQ.Q/;Q ı

y .

The extension in (b) is unique since inclusion morphisms in T are epimorphisms by (c).

If T is a transporter system over a discrete p-toral group S , then its orbit category O.T / is the category
with the same objects, and where for each P;Q 2 Ob.T /,

MorO.T /.P;Q/D "Q.Q/nMorT .P;Q/:

Thus, for example, if T is the transporter system of a group G (with some set of objects), then O.T / is
the orbit category of G in the above sense.

Proposition 2.3 Let T be a transporter system associated to a saturated fusion system F over a discrete
p-toral group S . Fix P 2 Ob.T /, and let

ˆ WO.T /op
�!Ab

be a functor such that ˆ.Q/D 0 for each Q … P F . Then

lim
 �
�

O.T /
.ˆ/Šƒ�.AutO.T /.P /Iˆ.P //:

Proof By axiom (I) for a transporter system (see [3, Definition A.1]), there is Q 2 P F such that
the index of "Q.NS .Q// in AutT .Q/ is finite and prime to p. Thus AutT .Q/ is an extension of a
discrete p-toral group by a finite group, and we write "Q.NS .Q// 2 Sylp.AutT .Q// for short. Since
ƒ�.AutO.T /.Q/Iˆ.Q//Šƒ�.AutO.T /.P /Iˆ.P // for eachQ 2P F , it suffices to prove the proposition
when "P .NS .P // 2 Sylp.AutT .P //. We will show that this is a special case of [2, Proposition 5.3].

Set � D AutO.T /.P /D "P .P /nAutT .P /. To simplify the notation, we identify NS .P / with its image
"P .NS .P //� AutT .P /, and identify NS .P /=P with "P .NS .P //="P .P /.

Algebraic & Geometric Topology, Volume 25 (2025)
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Let H be the set of all subgroups of NS .P /=P 2 Sylp.�/. Define

˛ WOH.�/ �!O.T /
by setting ˛.Q=P /DQ, and

˛.Q=P
R

��!R=P /D Œ N
� 2MorO.T /.Q;R/

where 
 2 AutT .P / extends to a unique morphism N
 2MorT .Q;R/ by Proposition 2.2(b).

The proposition will follow immediately from [2, Proposition 5.3] once we have shown that conditions
(a)–(d) in the proposition all hold. Set c0 D ˛.1/, following the notation used in that proposition, and
note that c0 D P .

(a) For each P 2Ob.T / and each 2EndT .P /, the homomorphism �. /2EndF .P / is an isomorphism
of groups, and hence  2 AutT .P / by [3, Proposition A.2(c)]. So by construction, ˛ sends � D
AutOH.�/.1/ isomorphically to EndO.T /.P /D AutO.T /.P /.

(b) Let U 2 Ob.T / be such that U … P F . We must show that all isotropy subgroups of the �-action on
MorO.T /.P; U / are nontrivial and conjugate in � to subgroups in H. Since H is the set of all subgroups
of a Sylow p-subgroup of � , where � has a discrete p-toral subgroup of finite index, this means showing
that each isotropy subgroup is a nontrivial discrete p-toral subgroup.

Fix  2 MorT .P; U /, and let Œ � be its class in Mor.O.T //. Set Q D �. /.P / < U . Then  D
�Q;U ı . jP;Q/, where  jP;Q 2 IsoT .P;Q/. So the isotropy subgroup for the action of � on  is
isomorphic to the isotropy subgroup of AutO.T /.Q/ on �Q;U .

For each 
 2 AutT .Q/, we have Œ�Q;U 
�D Œ�P;U � if and only if there is g 2 U such that gQDQ and

 D "U .g/jQ;Q D "Q.g/. Thus the isotropy subgroup is the group of all Œ"Q.g/� for g 2NU .Q/, and
hence is isomorphic toNU .Q/=Q. This last group is a nontrivial discrete p-toral group by [2, Lemma 1.8]
and since Q<U are both discrete p-toral groups.

(c) We claim that all morphisms in O.T / are epimorphisms in the categorical sense. To see this,
fix subgroups P;Q;R 2 Ob.T / and morphisms ' 2 MorT .P;Q/ and ˛; ˇ 2 MorT .Q;R/ such that
Œ˛�Œ'�D Œˇ�Œ'�, where Œ�� denotes the class in O.T / of a morphism in T . Thus there is g 2R such that
˛' D "R.g/ˇ' in T .

By Proposition 2.2(c), all morphisms in T are epimorphisms. So ˛ D "R.g/ˇ, and hence Œ˛� D Œˇ�,
proving that ' is an epimorphism in O.T /.

(d) FixQ=P �NS .P /=P ,U 2Ob.T /, and '2MorT .P; U / such that Œ'"P .g/�D Œ'� in MorO.T /.P; U /
for each g 2Q. We must show that there is N' 2MorT .Q;U / such that Œ N'jP;U �D Œ'� in MorO.T /.P; U /.

By assumption, for each g 2Q, there is u 2 U such that "U .u/' D '"P .g/. Set U0 D �.'/.P / � U .
Thus ' D �U0;U'0, where '0 D 'jP;U0 2 IsoT .P; U0/. So

"U .u/�U0;U'0 D �U0;U'0"P .g/:

Algebraic & Geometric Topology, Volume 25 (2025)
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HenceU0D Im.�.'0"P .g///D Im.�."U .u/�U0;U'0//D
uU0 (the last equality by Proposition 2.2(a)), and

so u2NU .U0/. Thus �U0;U'0"P .g/'
�1
0 D "U .u/�U0;U D �U0;U "U0.u/. Since morphisms in a transporter

category are monomorphisms by Proposition 2.2(c), this implies that '0"P .g/'�10 2 "U0.NU .U0//. So
by Proposition 2.2(b), there is N' 2MorT .Q;U / such that N'jP;U0 D '0, and hence N'jP;U D '.
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