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Algebras for enriched 1-operads

RUNE HAUGSENG

Using the description of enriched1-operads as associative algebras in symmetric sequences, we define
algebras for enriched1-operads as certain modules in symmetric sequences. For V a symmetric monoidal
model category and O a †-cofibrant operad in V for which the model structure on V can be lifted to
one on O-algebras, we then prove that strict algebras in V are equivalent to1-categorical algebras in
the symmetric monoidal1-category associated to V. We also show that for an1-operad O enriched in
a suitable closed symmetric monoidal1-category V, we can equivalently describe O-algebras in V as
morphisms of1-operads from O to a self-enrichment of V.

18D50, 55U35

1 Introduction

If V is a symmetric monoidal category whose tensor product is compatible with colimits, then (one-
object) operads enriched in V can be described as associative algebras in Fun.F';V/, the category of
symmetric sequences in V. (We focus on the one-object case for simplicity, but similar descriptions apply
to (1-)operads with any fixed set (space) of objects.) Here F' denotes the groupoid

`
nB†n of finite

sets and bijections, and the monoidal structure on symmetric sequences is the composition product, which
is a monoidal structure given by

.X ˇY /.n/Š
1̀

kD0

� `
i1C���CikDn

.Y.i1/˝ � � �˝Y.ik//�†i1
�����†ik

†n

�
˝†k

X.k/:

In [8] we proved that (one-object)1-operads enriched in a suitable symmetric monoidal1-category V

admit a similar description, as associative algebras in Fun.F';V/ using a monoidal structure given by
the same formula.

Our goal in this short paper is to use this description of 1-operads to study algebras for enriched
1-operads. Classically, if O is a (one-object) V-operad, then an O-algebra in V consists of an object
A 2 V and †n-equivariant morphisms

A˝n˝O.n/! A

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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3790 Rune Haugseng

compatible with the composition and unit of O. This data can be packaged in a convenient way using
the composition product: an O-algebra is the same thing as a right1 O-module M in Fun.F';V/ that is
concentrated in degree zero, ie M.n/ is the initial object ¿ for n¤ 0. Indeed, such a right O-module is
given by a morphism

Mˇ O!M;

and expanding out the composition product we see that (since M.n/ vanishes for n¤ 0) this is precisely
given by a map

k̀

M.0/˝k˝†k
O.k/!M.0/:

Here we take the corresponding modules in the1-categorical setting (and their analogues for many-object
operads) as a definition of algebras for enriched1-operads. For a symmetric monoidal1-category V

(whose tensor product is compatible with colimits indexed by1-groupoids) and a V-enriched1-operad O,
this results in an1-category AlgO.V/ with several pleasant properties, including the expected formula
for free O-algebras, as we will see in Section 3 after reviewing the results of [8] in Section 2.

We then prove two main results about this1-categorical notion of O-algebras. First, in Section 4 we
prove a rectification result for algebras over operads enriched in a symmetric monoidal model category:

Theorem 1.1 (see Theorem 4.10) Let V be a symmetric monoidal model category (with cofibrant unit)
and O an S -colored†-cofibrant V-operad such that the category AlgO.V/ admits a model structure whose
weak equivalences and fibrations are detected by the forgetful functor to Fun.S;V/. Then this model
category describes the1-category of algebras for this operad in the1-categorical localization of V. That
is , there is an equivalence of1-categories

AlgO.V/ŒW
�1

O �' AlgO.V/;

where on the left WO denotes the collection of weak equivalences between O-algebras , and on the right
V WD VŒW �1� is the localization of V at its weak equivalences and O denotes O viewed an1-operad
enriched in V via the localization functor.

The comparison applies, for instance, to all †-cofibrant operads in chain complexes over a field of
characteristic zero or in simplicial sets.2 We in fact prove a slightly more general result that avoids the
assumption that the unit is cofibrant, which applies to all †-cofibrant operads in symmetric spectra. The
proof boils down to a combination of model-categorical results of Pavlov and Scholbach and our formula
for free algebras, using the same strategy as [12, Theorems 4.1.4.4; 14, Theorem 7.10] to prove that both
sides are1-categories of algebras for equivalent monads.

1This is correct under our convention for the ordering of the composition product, chosen to be compatible with our construction
of the1-categorical version; in most references on ordinary operads the reverse ordering is used, so that O-algebras are certain
left O-modules.
2For more general model categories, including chain complexes in positive characteristic, there is typically only a semimodel
structure on algebras over a †-cofibrant operad; see Remark 4.14 for more discussion of this case.

Algebraic & Geometric Topology, Volume 25 (2025)



Algebras for enriched1-operads 3791

Another classical description of algebras over (one-object) V-operads uses endomorphism operads: For v
an object of V there is an operad EndV.v/with n-ary operations given by the internal Hom HOMV.v

˝n; v/

(where the †n-action permutes the factors in v˝n). If O is a (one-object) V-operad then we can describe
O-algebras in V with underlying object v as morphisms of one-object operads O! EndV.v/. More
generally, we can consider an S -colored endomorphism operad EndV.f / for any map of sets S ! ob V,
where operations from .s1; : : : ; sn/ to s0 are given by HOMV.f .s1/˝� � �˝f .sn/; f .s

0//; for an S -colored
operad O, we can then identify O-algebras in V given by f on objects with morphisms of S-colored
operads from O to EndV.f /.

In Section 5 we will use Lurie’s construction of endomorphism algebras [12, Section 4.7.1], following work
of Hinich [10] in the case of enriched1-categories, to construct endomorphism1-operads EndV.f / for
any map of1-groupoids f WX ! V', where V is a closed symmetric monoidal1-category compatible
with colimits indexed by small1-groupoids. Moreover, we show that these endomorphism1-operads
can be combined into a self-enrichment of V, which gives our second main result:

Theorem 1.2 (see Theorem 5.12) Let V be a closed symmetric monoidal 1-category compatible
with colimits indexed by small 1-groupoids. Then there exists a V-1-operad V, whose object of
multimorphisms from .v1; : : : ; vn/ to w is the internal Hom MAPV.v1˝ � � � ˝ vn; w/, such that for a
V-1-operad O there is a natural equivalence of1-groupoids

fO-algebras in Vg ' fmorphisms of V-1-operads O! Vg:

Warning 1.3 Throughout this paper we use the term “V-1-operad” to refer to the algebraic notion
of an1-operad, given by objects of multimorphisms in V with homotopy-coherently associative and
unital composition operations. Thus we have a class of fully faithful and essentially surjective morphisms
between enriched1-operads that we would have to invert to get the “correct”1-category of V-1-operads.
In terms of the description of V-1-operads we use, this means we are not requiring these to be “complete”
(see [4, Section 3]). In the terminology of [1], our enriched1-operads can be thought of as being flagged
enriched1-operads, meaning a (complete) enriched1-operad equipped with an essentially surjective
morphism of1-groupoids to its space of objects. As we will see in Remark 3.10, the1-categories of
algebras we will study are in fact invariant under fully faithful and essentially surjective maps of enriched
1-operads, so it does not really make a difference whether we use complete objects or not.

1.1 Related work

Much of our work here is not particularly reliant on the specific construction of the composition product
from [8]. An alternative construction, using the description of symmetric sequences in V as the free
presentably symmetric monoidal1-category on V and generalizing the approach to 1-categorical operads
due to Trimble [19] and Carboni, has been worked out by Brantner [3]; however, this construction of
1-operads has not yet been compared to any of the other approaches. In the setting of dendroidal sets,

Algebraic & Geometric Topology, Volume 25 (2025)
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Heuts describes algebras valued in spaces and1-categories in terms of dendroidal versions of left and
cocartesian fibrations in [9].

Acknowledgments

I thank Stefan Schwede and Irakli Patchkoria for helpful discussions about model structures on spectra,
and David White for help with model structures on operad algebras. Much of this paper was written
while the author was employed by the IBS Center for Geometry and Physics in a position funded by grant
IBS-R003-D1 of the Institute for Basic Science of the Republic of Korea.

2 1-operads as algebras

In this section we will review the main results on enriched1-operads from [8], where we showed that
enriched1-operads can be viewed as associative algebras in a double1-category of symmetric collections.
For this the relevant notion of enriched 1-operads is an enriched variant of Barwick’s definition of
1-operads [2] as presheaves on a category �F satisfying Segal (and completeness) conditions; this
definition was first introduced in [4]. We will now briefly review this definition, as well as a slight
generalization considered in [8] that we will use to define modules over enriched1-operads; we start by
recalling the definition of Barwick’s category �F :

Definition 2.1 Let F denote a skeleton of the category of finite sets, with objects k WD f1; : : : ; kg,
k D 0; 1; : : : . We write �F for the category whose objects are pairs .Œn�; f W Œn�! F/, with a morphism
.Œn�; f /! .Œm�; g/ given by a morphism � W Œn�! Œm� in � and a natural transformation � W f ! g ı�

such that

(i) the map �i W f .i/! g.�.i// is injective for all i D 0; : : : ; m,

(ii) the commutative square

f .i/ g.�.i//

f .j / g.�.j //

�i

�j

is cartesian for all 0� i � j �m.

There is an obvious projection �
op
F ! �op; this is a double 1-category. There is also a functor

V W�
op
F ! F� which takes .Œn�; f / to

�`n
iD1 f .i/

�
C

; see [4, Definition 2.2.11] for a complete definition.

Remark 2.2 An object of �F is a sequence of maps of finite sets

a0
f1
�! a1! � � �

fn
�! an;

Algebraic & Geometric Topology, Volume 25 (2025)



Algebras for enriched1-operads 3793

which we can think of as a forest of janj oriented trees with n levels: the edges are the elements of all
the sets ai , and since each vertex has a unique outgoing edge we can also think of the elements of ai
for i > 0 as the vertices; the function fi assigns to each edge in level i � 1 the vertex of which it is an
incoming edge. This means the functor V takes each forest to its set of vertices (with a disjoint base
point). The morphisms in �F are defined so that a vertex in the source is mapped to a subtree of the
target with the same number of incoming edges.

Definition 2.3 For X 2 S, we write �
op
F ;X !�

op
F for the left fibration corresponding to the functor

�
op
F ! S obtained as the right Kan extension of the functor � ! S with value X along the inclusion
f.Œ0�; 1/g ,!�

op
F .

Remark 2.4 The fiber of �
op
F ;X !�

op
F at an object F is equivalent to a product of copies of X indexed

by the number of edges in the forest F ; we can thus think of an object of �
op
F ;X as a forest whose edges

are labeled by points of X .

Notation 2.5 If O is a nonsymmetric1-operad3, we write OF WDO��op �
op
F and OF ;X WDO��op �

op
F ;X .

Definition 2.6 We say a morphism in �
op
F is operadic inert if it lies over an inert morphism in �op.

We then call a morphism in �
op
F ;X operadic inert if it is a (necessarily cocartesian) morphism over an

operadic inert morphism in �
op
F . If O is a nonsymmetric 1-operad, we similarly say a morphism in

OF ;X is operadic inert if it maps to an inert morphism in O and an operadic inert morphism in �
op
F . The

functor V W �op
F ! F� takes operadic inert morphisms to inert morphisms, hence if V is a symmetric

monoidal1-category we can define an operadic algebra for OF ;X in V to be a commutative square

OF ;X V˝

�
op
F F�

A

V

such that A takes operadic inert morphisms to inert morphisms in V˝. We write Algopd
OF;X

.V/ for the full
subcategory of Fun=F�.OF ;X ;V

˝/ spanned by the operadic algebras. We also write Algdopd
OF
.V/! S for

the cartesian fibration corresponding to the functor X 7! Algopd
OF;X

.V/ and refer to its objects as operadic
OF -algebroids in V.

Remark 2.7 The condition for a commutative triangle

�
op
F ;X V˝

F�

F

3We do not review the definition here, as it will not really play a role in this paper: the only examples we will encounter are
�op and the nonsymmetric operad for right modules, which we describe explicitly in Definition 3.1. We refer the reader to
[8, Section 2.1] for a brief review, or [6, Section 2.2] for more motivation and discussion of the definition.

Algebraic & Geometric Topology, Volume 25 (2025)
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to be an operadic algebra is essentially that the value of F at a forest whose edges are labeled by points of
X consists of a list of the values of F at the corollas (one-vertex subtrees) of the forest. The latter should
be thought of as the objects of multimorphisms in a V-enriched1-operad, whose homotopy-coherent
composition is encoded by the rest of the data in F . Indeed, operadic algebras for �

op
F ;X gives one of the

notions of enriched1-operads introduced in [4], which justifies the following notation:

Notation 2.8 For a space X , we write

OpdX .V/ WD Algopd
�

op
F;X

.V/:

We also write Opd.V/ WD Algdopd
�

op
F
.V/, so that we have a cartesian fibration Opd.V/! S whose fiber at

X is OpdX .V/.

Notation 2.9 For X; Y 2 S, we write F'X;Y for the 1-groupoid
`1
nD0X

�n
h†n
� Y . For a functor

ˆ WF'X;Y !V we will denote its value at ..x1; : : : ; xn/; y/ byˆ
�
x1;:::;xn

y

�
. We also abbreviate F'X WDF'X;X

and write CollX .V/ WD Fun.F'X ;V/; we refer to the objects of this 1-category as (symmetric) X-
collections in V.

To state the main result we will use from [8], we need to recall one further definition:

Definition 2.10 A double1-category is a cocartesian fibration F!�op that corresponds to a functor
F W�op! Cat1 that satisfies the Segal condition: for every n, the functor

F.Œn�/! F.Œ1�/�F.Œ0�/ � � � �F.Œ0�/ F.Œ1�/;

induced by the value of F at the inert maps Œ0�; Œ1�! Œn� in �, is an equivalence. We say a double
1-category is framed if the functor F.Œ1�/! F.Œ0�/�F.Œ0�/, induced by the two face maps Œ0�! Œ1�,
is a cocartesian fibration. If O is a nonsymmetric1-operad, then an O-algebra in F is a commutative
triangle

O F

�op

A

such that A preserves cocartesian morphisms over inert maps in �op.

Remark 2.11 If F!�op is a double1-category, then we think of this as an1-categorical version of
a double category where

� the objects are the objects of FŒ0�,

� the vertical morphisms are the morphisms in FŒ0�,

� the horizontal morphisms are the objects of FŒ1�,

� the squares are the morphisms in FŒ1�.

Algebraic & Geometric Topology, Volume 25 (2025)
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Theorem 2.12 (see [8, Corollary 4.2.8]) Suppose V is a symmetric monoidal1-category compatible
with colimits indexed by small1-groupoids. Then there exists a framed double1-category COLL.V/
such that :

(i) COLL.V/0 ' S, ie the objects of COLL.V/ are small1-groupoids and the vertical morphisms are
morphisms thereof.

(ii) A horizontal morphism from X to Y is a functor F'X;Y ! V.

(iii) If ˆ is a horizontal morphism from X to Y and ‰ is one from Y to Z then their composite ˆˇY ‰
is given by

ˆˇY ‰
�x1; : : : ; xn

z

�
' colim

n!m!1
colim

.yi /2Y �m

O
i2m

ˆ
�xk W k 2 ni

yi

�
˝‰

�y1; : : : ; yk
z

�
:

(iv) If O is any nonsymmetric1-operad then there is a natural equivalence

AlgO.COLL.V//' Algdopd
OF
.V/:

(v) If F WV!W is a symmetric monoidal functor that preserves colimits indexed by small1-groupoids ,
then composition with F induces a morphism of double1-categories COLL.V/! COLL.W/.

Remark 2.13 In (iii), the outer colimit is more precisely over the groupoid Fact.n! 1/ of factorizations
n!m! 1, with morphisms given by diagrams

m

n 1

m0

�

Remark 2.14 In particular, associative algebras in COLL.V/ are equivalent to1-operads enriched in V:

Alg�op.COLL.V//' Algdopd
�

op
F
.V/' Opd.V/:

For X 2 V, the1-category

COLL.V/.X;X/' CollX .V/' Fun.F'X ;V/

of horizontal endomorphisms ofX has a monoidal structure given by composition. Moreover, by [8, Propo-
sition 3.4.8] a morphism f WX ! Y induces a natural lax monoidal functor f � W CollY .V/! CollX .V/,
given by composition with the induced map F'X ! F'Y . By [8, Corollary 3.4.10] we also have:

Algebraic & Geometric Topology, Volume 25 (2025)
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Corollary 2.15 Let O be a weakly contractible nonsymmetric1-operad. Then the functor

AlgO.COLL.V//! S

given by evaluation at � 2 O0 is a cartesian fibration corresponding to the functor S! Cat1 that takes X
to AlgO.CollX .V// and a morphism f WX! Y to the functor given by composition with the lax monoidal
functor f � W CollY .V/! CollX .V/.

Remark 2.16 This corollary applies in particular to the weakly contractible nonsymmetric1-operad �op,
so that by Remark 2.14, enriched1-operads with X as space of objects are given by associative algebras
in CollX .V/, ie

OpdX .V/' Alg�op.CollX .V//:

Remark 2.17 For f W X ! Y , the lax monoidal functor f � W CollY .V/ ! CollX .V/ is given by
composition with a morphism of 1-groupoids fF' W F'X ! F'Y . Since V has colimits indexed by
1-groupoids, this functor has a left adjoint fŠ, given by left Kan extension along fF' . Moreover,
since AlgO.CollX .V//! CollX .V/ detects limits and sifted colimits for any nonsymmetric1-operad O,
the functor f � W AlgO.CollY .V//! AlgO.CollX .V// preserves limits and sifted colimits, since this is
true for f � W CollY .V/ ! CollX .V/. If V is presentably symmetric monoidal, then the 1-category
AlgO.CollY .V// is presentable, since it is equivalent to Algopd

OF;X
.V/, which in turn is equivalent to the

1-category of algebras in V for some symmetric1-operad. It then follows from the adjoint functor
theorem that f � W AlgO.CollY .V//! AlgO.CollX .V// has a left adjoint. This implies:

Corollary 2.18 Let O be a weakly contractible nonsymmetric1-operad and V a presentably symmetric
monoidal1-category. Then the functor

AlgO.COLL.V//! S

given by evaluation at � 2 O0 is also a cocartesian fibration.

In general the cocartesian morphisms over f are not easily described in terms of the left Kan extension
along the map fF' WF

'
X !F'Y . However, we can derive a simple description in the case of monomorphisms

of1-groupoids:

Proposition 2.19 Suppose i W X ,! Y is a monomorphism of 1-groupoids. Then the left adjoint
iŠ W CollX .V/! CollY .V/ has a canonical monoidal structure , such that composition with iŠ and i� gives
for any1-operad O an adjunction

iŠ W AlgO.CollX .V//� AlgO.CollY .V// W i�:

Proof We will prove this by applying [12, Corollary 7.3.2.12], which requires us to show that for
ˆ;‰ 2 CollX .V/, the canonical map

iŠ.ˆ ˇX ‰/! iŠˆ ˇY iŠ‰

is an equivalence.

Algebraic & Geometric Topology, Volume 25 (2025)
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We first describe iŠˆ more explicitly: For .y1; : : : ; yn/ in Y n
h†n

, we can identify the fiber of Xn
h†n

over
this point as Xy1

� � � � �Xyn
using the commutative diagram

Xy1
� � � � �Xyn

Xn Xn
h†n

f.y1; : : : ; yn/g Y n Y n
h†n

� B†n

y y

y

where all three squares are cartesian. Hence the fiber of F'X !F'Y at
�
y1;:::;yn

y

�
is equivalent to

Q
i Xyi
�Xy ,

giving
iŠˆ

�y1; : : : ; yn
y

�
' colim
.x1;:::;xn;x/2

Q
i Xyi

�Xy

ˆ
�x1; : : : ; xn

x

�
:

We can then rewrite the formula for iŠ.ˆˇX ‰/
�
y1;:::;yn

y

�
as

iŠ.ˆˇX ‰/
�y1; : : : ; yn

y

�
' colim
.x1;:::;xn;x/2

Q
i Xyi

�Xy

.ˆˇX ‰/
�x1; : : : ; xn

x

�
' colim
.x1;:::;xn;x/2

Q
i Xyi

�Xy

colim
n!m!1

colim
.x0

j
/2Xm

O
j

ˆ
�xi W i 2 nj

x0j

�
˝‰

�x01; : : : ; x0m
x

�
' colim

n!m!1
colim
.y0

j
/2Ym

colim
.xi /2

Q
i Xyi

colim
.x0

j
/2
Q

j Xy0
j

colim
x2Xy

O
j

ˆ
�xi W i 2 nj

x0j

�
˝‰

�x01; : : : ; x0m
x

�
:

On the other hand .iŠˆˇY iŠ‰/
�
y1;:::;yn

y

�
is equivalent to

colim
n!m!1

colim
.y0

j
/2Ym

colim
.xi /2

Q
i Xyi

colim
.x0

j
/2
Q

j Xy0
j

colim
.x00

j
/2
Q

j Xy0
j

colim
x2Xy

O
j

ˆ
�xi W i 2 nj

x0j

�
˝‰

�x001 ; : : : ; x00m
x

�
;

and the canonical map corresponds under these equivalences to the map of colimits arising from the
diagonal map

Q
j Xy0j

!
Q
j Xy0j

�
Q
j Xy0j

. Since these are1-groupoids, this map is cofinal if and only
if it is an equivalence, which holds if and only if the spaces Xy for y 2 Y are either contractible or empty,
ie if and only if i is a monomorphism.

Corollary 2.20 Let i W X ! Y be a monomorphism of 1-groupoids and O a weakly contractible
nonsymmetric1-operad.

(i) For every A 2 AlgO.CollX .V//, the unit morphism A! i�iŠA is an equivalence.

(ii) The functor
iŠ W AlgO.CollX .V//! AlgO.CollY .V//

is fully faithful.
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Remark 2.21 We will also need a more general version of Theorem 2.12, which follows by using part (iii)
of [8, Proposition 3.5.6] instead of (vi): If F W V!W is a symmetric monoidal functor then composition
with F induces a morphism of generalized nonsymmetric1-operads F� WCOLL.V/!COLL.W/, which
restricts to lax monoidal functors F� WCollX .V/!CollX .W/. These are compatible with the lax monoidal
functors f � coming from maps of spaces f WX ! Y : A priori the square

CollY .V/ CollY .W/

CollX .V/ CollX .W/

F�

f � f �

F�

only commutes up to a natural transformation, but this is clearly a natural equivalence since both functors
are given by composition.

3 Algebras for 1-operads as modules

In this section we define algebras for an enriched1-operad O as certain right O-modules in COLL.V/.
We first recall the definition of the nonsymmetric 1-operad for right modules, and prove that this is
weakly contractible, allowing us to apply Corollary 2.15:

Definition 3.1 Let rm denote the nonsymmetric operad for right modules. This has two objects, a and m,
and there is a unique multimorphism .x1; : : : ; xn/! y if x1 D � � � D xn D y D a (n D 0 allowed) or
x1 D y Dm and x2 D � � � D xn D a, and no multimorphisms otherwise. We write RM!�op for the
corresponding nonsymmetric1-operad, or in other words the category of operators of rm. This has
as objects sequences .x1; : : : ; xn/ with each xi being either a or m, and a morphism .x1; : : : ; xn/!

.y1; : : : ; ym/ is given by a map � W Œm�! Œn� in � and multimorphisms .x�.i�1/C1; : : : ; x�.i//!yi in rm.

Proposition 3.2 The category RM is weakly contractible.

Proof In this proof it is convenient to use the notation .i0; : : : ; in/RM for the object of RM given by the
sequence .a; : : : ; a;m; : : : ; m; a; : : : ; a/ where there are n copies of m and it copies of a between the t th

and .tC1/st copy of m (and i0 before the first and in after the last). Define a functor � W�op
int! RM over

�op by taking Œn� to the unique object of the form .0; : : : ; 0/RM D .m; : : : ; m/ over Œn�, and determined
on morphisms by the inert morphisms between these objects. We claim that � is coinitial, and so in
particular a weak homotopy equivalence. To see this, it suffices by [11, Theorem 4.1.3.1] to show that for
every object X 2RM the category .�op

int/=X is weakly contractible. But this category has a terminal object:
if X D .i0; : : : ; in/RM then any morphism .0; : : : ; 0/RM!X factors as an inert morphism followed by the
(unique) degeneracy �.Œn�/!X . Since �

op
int is weakly contractible (for example, because the inclusion

�
op
int ,!�op is cofinal and �op has an initial object), this implies that RM is also weakly contractible.
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Corollary 3.3 The functor

Algdopd
RMF

.V/' AlgRM.COLL.V//! S;

given by evaluation at ./ 2 RM0, is a cartesian fibration corresponding to the functor S! Cat1 that takes
X to AlgRM.CollX .V// and a morphism f W X ! Y to the functor given by composition with the lax
monoidal functor f � W CollY .V/! CollX .V/.

To define algebras we want to restrict to those modules that are concentrated in degree 0, which will be
justified by the next proposition.

Definition 3.4 We say that ˆ 2 CollX .V/ is concentrated in degree 0 if

ˆ
�x1; : : : ; xn

y

�
'¿

whenever n > 0, where ¿ denotes the initial object in V.

Proposition 3.5 Let V be a symmetric monoidal1-category compatible with colimits indexed by small
1-groupoids.

(i) The functor Z W CollX .V/! Fun.X;V/ given by composition with X ,! F'X has a fully faithful left
adjoint , which identifies Fun.X;V/ with the collections that are concentrated in degree 0.

(ii) If M W F'X ! V is concentrated in degree 0, then so is M ˇX N for any N 2 CollX .V/.

(iii) The composition product induces a right CollX .V/-module structure on the1-category Fun.X;V/.

(iv) For f WX ! Y , composition with f and the induced functor F'X ! F'Y gives a lax RM-monoidal
functor

f � W .Fun.Y;V/;CollY .V//! .Fun.X;V/;CollX .V//

(v) Composition with a symmetric monoidal functor F W V!W gives a lax RM-monoidal functor

F� W .Fun.X;V/;CollX .V//! .Fun.X;W/;CollX .W//:

If F preserves colimits indexed by small1-groupoids , then F� is an RM-monoidal functor.

Proof Part (i) is obvious from the description of F'X as
`
nX
�n
h†n
�X and the formula for pointwise

left Kan extensions, while part (ii) follows immediately from the description of composition of horizontal
morphisms in COLL.V/ in Theorem 2.12. Part (iii) then holds by combining parts (i) and (ii), and
parts (iv) and (v) follow by restricting the lax monoidal functors discussed in Section 2.

Definition 3.6 Let O be a V-1-operad with space of objects X , viewed as an associative algebra
in CollX .V/. An O-algebra in V is a right O-module in Fun.X;V/. We write AlgO.V/ for the1-category
RModO.Fun.X;V// of these right modules.
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Remark 3.7 By Proposition 3.5(iv) we see that for O 2 OpdY .V/, composition with f WX ! Y gives a
functor AlgO.V/! Algf �O.V/, while composition with a symmetric monoidal functor F W V!W gives
a functor AlgO.V/! AlgF�O.W/.

Since there is always a formula for free modules, with this definition we immediately get a formula for
free algebras over enriched1-operads:

Proposition 3.8 The forgetful functor UO W AlgO.V/! Fun.X;V/ has a left adjoint FO, and the endo-
functor UOFO satisfies

UOFOM.x/'
ǹ

colim
.x1;:::;xn/2X

n
h†n

M.x1/˝ � � �˝M.xn/˝O
�x1; : : : ; xn

x

�
:

Moreover , UO preserves sifted colimits and the adjunction is monadic.

Proof By [12, Corollary 4.2.4.8] the left adjoint FO exists, and UOFO.M/ is given by the composition
product Mˇ O (with M viewed as a symmetric sequence concentrated in degree 0). Expanding out this
composition product now gives the formula.

It follows from [12, Proposition 4.2.3.1] that UO detects equivalences and from [12, Corollary 4.2.3.5]
that AlgO.V/ has sifted colimits and UO preserves these, since the composition product preserves sifted
colimits in each variable. The adjunction is therefore monadic by the monadicity theorem for1-categories,
[12, Theorem 4.7.3.5].

Applying [6, Proposition A.5.9], we get:

Corollary 3.9 If V is a presentably symmetric monoidal1-category and O is a V-enriched1-operad ,
then the1-category AlgO.V/ is presentable.

Remark 3.10 Let F WO!O0 be a morphism of V-1-operads given on spaces of objects by f WX! Y ,
and suppose f is surjective on �0 and F is fully faithful in the sense that all the maps

O
�x1; : : : ; xn

y

�
! O0

�f .x1/; : : : ; f .xn/
f .y/

�
are equivalences in V. Then we have a commutative square

AlgO0.V/ AlgO.V/

Fun.Y;V/ Fun.X;V/

F �

f �

where the surjectivity of f implies that the composite functor AlgO0.V/! Fun.X;V/ is a monadic right
adjoint. Using the formula from Proposition 3.8 it is easy to see that F � gives an equivalence of monads on
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Fun.X;V/ and so gives an equivalence of1-categories AlgO0.V/'AlgO.V/ by [12, Corollary 4.7.3.16].
This applies in particular if O0 is the completion of O, so by a two-out-of-three argument it follows that
any fully faithful and essentially surjective morphism of V-1-operads F W O! P induces an equivalence

AlgO.V/' AlgP.V/

on1-categories of algebras in V.

We end this section by showing that the nullary operations of a V-1-operad O give a canonical O-algebra,
using the next observation:

Proposition 3.11 Z W CollX .V/! Fun.X;V/ is a functor of CollX .V/-modules.

Proof By definition of the CollX .V/-module structure on Fun.X;V/, the inclusion Fun.X;V/ !
CollX .V/ is a functor of CollX .V/-modules. Using [12, Corollary 7.3.2.7], this implies that its right
adjoint Z is a lax RM-monoidal functor. Thus for M;N 2 CollX .V/ there are natural maps

Z.M/ˇX N !Z.M ˇX N/I

by the formula for ˇX these maps are equivalences, and so Z is an RM-monoidal functor.

Corollary 3.12 If O is an associative algebra in CollX .V/ and M 2 CollX .V/ is a right O-module , then
the restriction Z.M/ 2 Fun.Y;V/ is also a right O-module.

Since an algebra is canonically a right module over itself, this specializes to:

Corollary 3.13 Suppose O is an algebra in CollX .V/, ie a V-1-operad with X as space of objects. Then
the functor Z.O/ WX ! V picking out the nullary operations is canonically a right O-module.

4 Comparison with model categories of operad algebras

Let V be a symmetric monoidal model category (with cofibrant unit). Then by [12, Proposition 4.1.7.4]
the localization VŒW �1� (with W the class of weak equivalences) is a symmetric monoidal1-category,
and the localization functor V! VŒW �1� is symmetric monoidal when restricted to the cofibrant objects.
If O is a (levelwise cofibrant) operad in V then this means we can also view O as an operad in VŒW �1�.
Moreover, in good cases there is a model structure on the category AlgO.V/ of O-algebras in V. In this
section we will give conditions under which the corresponding1-category AlgO.V/ŒW �1O � (with WO the
class of weak equivalences of O-algebras) is equivalent to the1-category AlgO.VŒW �1�/, defined as in
the previous section. In order to do the comparison in sufficient generality to cover examples such as
symmetric spectra, we do not want to assume that the unit of the monoidal structure is cofibrant. Instead
we consider model categories with a subcategory of flat objects in the following sense:
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Definition 4.1 Let V be a symmetric monoidal model category.4 A subcategory of flat objects is a full
subcategory V[ that satisfies the following conditions:

� V[ is a symmetric monoidal subcategory, ie the unit is flat and the tensor product of two flat objects
is flat.

� If X is flat and Y ! Y 0 is a weak equivalence between flat objects, then X˝Y !X˝Y 0 is again
a weak equivalence.

� All cofibrant objects are flat.

Example 4.2 If the unit of V is cofibrant, then the subcategory Vc of cofibrant objects is a subcategory
of flat objects.

Proposition 4.3 Let V be a symmetric monoidal model category and V[ a subcategory of flat objects.
Then the inclusions Vc ,! V[ ,! V induce equivalences of localizations

VcŒW �1� ��! V[ŒW �1� ��! VŒW �1�;

where we denote the collections of weak equivalences in the subcategories by W in all cases.

Proof LetQ WV!V be a cofibrant replacement functor, with a natural weak equivalence � WQ! id. If i
denotes the inclusion Vc ,!V then we may viewQ as a functor V!Vc and � as a natural transformation
iQ! idV. If X is cofibrant, then �X WQX ! X is a morphism in Vc , so we may view �i W iQi ! i

as a natural transformation �c W Qi ! idVc . The functor Q preserves weak equivalences, and both �
and �c are natural weak equivalences. It follows that Q induces a functor VŒW �1�! VcŒW �1� and the
transformations � and �c induce transformations that exhibit this as an inverse of the functor VcŒW �1�!
VŒW �1� induced by i . The same argument applies to Q restricted to the full subcategory V[; the functor
V[ŒW �1�! VŒW �1� is therefore an equivalence by the two-out-of-three property of equivalences.

Corollary 4.4 Let V be a symmetric monoidal model category and V[ a subcategory of flat objects. Then
the1-category VŒW �1� inherits a symmetric monoidal structure such that the functor V[! VŒW �1� is
symmetric monoidal.

Proof By assumption, in V[ the tensor product is compatible with weak equivalences, and so the
1-category VŒW �1� ' V[ŒW �1� inherits a symmetric monoidal structure with this property by [12,
Proposition 4.1.7.4].

Using Remark 3.7, composition with the symmetric monoidal functor V[! VŒW �1� gives a natural
functor

AlgO.V
[/! AlgO.VŒW

�1�/;

if O is a levelwise flat V-operad. Here we can interpret AlgO.V[/ as the classical ordinary category of
O-algebras in V[.
4We assume that model categories have functorial factorizations.
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Definition 4.5 An S -colored operad O in a symmetric monoidal model category V is called admissible
if there exists a model structure on AlgO.V/ where a morphism is a weak equivalence or a fibration
precisely if its underlying morphism in Fun.S;V/ is one (ie it is a weak equivalence or fibration in V for
each element of S ).

Definition 4.6 An S -colored V-operad O is called†-cofibrant if the unit map 1S!U.O/ is a cofibration
in the projective model structure on Fun.F'S ;V/, where U denotes the forgetful functor from operads to
collections and 1S is the monoidal unit for the composition product, given by

1S
�s1; : : : ; sn

s0

�
D

�
1; nD 1; s1 D s

0;

¿; otherwise;

where 1 is the monoidal unit in V.

Example 4.7 A one-colored V-operad O is †-cofibrant precisely if 1!O.1/ is a cofibration, and the
object O.n/ is projectively cofibrant in Fun.B†n;V/ for all n¤ 1.

Definition 4.8 Let V be a symmetric monoidal model category and V[ a subcategory of flat objects. We
will say that a V-operad O is flat if it is enriched in the full subcategory V[.

Remark 4.9 Since cofibrant objects are flat, if O is †-cofibrant then it is flat precisely if in addition the
objects of (unary) endomorphisms O.x; x/ 2 V are all flat.

By [14, Proposition 6.2], if O is an admissible †-cofibrant V-operad, then cofibrant O-algebras have
cofibrant underlying objects in V. Since cofibrant objects are in particular flat, if O is flat, admissible and
†-cofibrant we have a functor

AlgO.V/
c
! AlgO.V

[/! AlgO.VŒW
�1�/:

This takes weak equivalences in AlgO.V/c to equivalences in AlgO.VŒW �1�/, since the weak equivalences
are lifted from the weak equivalences in V, and so induces a functor of1-categories

AlgO.V/
cŒW �1O �! AlgO.VŒW

�1�/;

where WO denotes the collection of weak equivalences between O-algebras.

Theorem 4.10 Let V be a symmetric monoidal model category equipped with a subcategory V[ of flat
objects. If O is a flat admissible †-cofibrant V-operad , then the functor

AlgO.V/
cŒW �1O �! AlgO.VŒW

�1�/

is an equivalence of1-categories.
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Proof We follow the proof of [14, Theorem 7.10], which in turn is a variant of those of [12, Theo-
rems 4.1.4.4 and 4.5.4.7]. Let S be the set of objects of O. The right Quillen functor AlgO.V/!Fun.S;V/
induces a functor of1-categories U W AlgO.V/cŒW �1O �! Fun.S;VŒW �1�/, which is a right adjoint by
[13, Theorem 2.1]. As O is †-cofibrant, the forgetful functor preserves sifted homotopy colimits by
[14, Proposition 7.8]. Since it also detects weak equivalences, it follows by [12, Theorem 4.7.3.5] (the
monadicity theorem for1-categories) that U is a monadic right adjoint. The same holds for the forgetful
functor AlgO.VŒW �1�/! Fun.S;VŒW �1�/ by Proposition 3.8, so using [12, Corollary 4.7.3.16] we
see that to show that the functor AlgO.V/cŒW �1O � ! AlgO.VŒW �1�/ is an equivalence it suffices to
show that the two associated monads on Fun.S;VŒW �1�/ have equivalent underlying endofunctors. This
follows from the formula in Proposition 3.8, since the †n-orbits that appear in the formula for free strict
O-algebras are homotopy orbits when O is †-cofibrant.

The cases to which this result applies are primarily those where all operads are admissible, as more
generally we only have semimodel structure on algebras over †-cofibrant operads. This includes the
following examples, as discussed in [15, Section 7]:

(i) the category Set� of simplicial sets, equipped with the Kan–Quillen model structure,

(ii) the category Top of compactly generated weak Hausdorff spaces, equipped with the usual model
structure,

(iii) the category Chk of chain complexes of k-vector spaces, where k is a field of characteristic 0 (or
more generally a ring containing Q), equipped with the projective model structure,

(iv) the category Sp† of symmetric spectra, equipped with the positive stable model structure,

In the first three examples the unit is cofibrant, and in the positive stable model structure on symmetric
spectra a suitable subcategory of flat objects is supplied by the S-cofibrant objects of [17] (see also
[16, Chapter 5], where these are called flat objects). A †-cofibrant operad in symmetric spectra is
necessarily flat, since the flat objects are the cofibrant objects in a model structure whose cofibrations
include the usual cofibrations.

Specializing to these cases, we have:

Corollary 4.11 (i) Let O be a †-cofibrant simplicial operad. Then

AlgO.Set�/ŒW �1O �' AlgO.S/:

(ii) Let O be a †-cofibrant topological operad. Then

AlgO.Top/ŒW �1O �' AlgO.S/:

(iii) Let O be a †-cofibrant dg-operad over a field k of characteristic zero. Then

AlgO.Chk/ŒW
�1

O �' AlgO.D.k//;

where D.k/ is the derived1-category of k-modules.
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(iv) Let O be a †-cofibrant operad in symmetric spectra. Then

AlgO.Sp†/ŒW �1O �' AlgO.Sp/;

where Sp is the1-category of spectra.

Remark 4.12 The case of simplicial operads was already proved as [14, Theorem 7.10].

Remark 4.13 According to Spitzweck’s thesis [18, Theorem 4], a V-operad with a single object that is
cofibrant in the semimodel structure on one-object operads in V is admissible without further assumptions
on V. A version for colored operads does not yet seem to appear in the literature, but if this is correct
then the comparison of Theorem 4.10 would apply in general for such cofibrant operads.

Remark 4.14 If O is a †-cofibrant operad in a symmetric monoidal model category V, then under much
weaker assumptions on V there exists a semimodel structure on the category AlgO.V/, by a result of
Spitzweck [18, Theorem 5] in the one-object case and White–Yau for colored operads [20, Theorem 6.3.1].
Using results of Cisinski [5], White and Yau have recently extended the results relating structures in
model categories to their analogues in1-categories needed to carry out the proof of Theorem 4.10 in the
setting of semimodel categories, and thereby extended the comparison with1-operad algebras to the case
where there is only a semimodel structure on algebras over a †-cofibrant operad; see [21, Section 7.3].

5 Endomorphism 1-operads

The first goal of this subsection is to prove that for any morphism of1-groupoids f WX!V' there exists
a corresponding endomorphism1-operad EndV.f /, where V denotes a closed symmetric monoidal1-
category compatible with small1-groupoid-indexed colimits. Our strategy for obtaining these objects is
taken from [10, Section 6.3] and uses the construction of endomorphism algebras from [12, Section 4.7.1],
which we first briefly recall:5

Suppose A is a monoidal1-category and M is right-tensored over A. An endomorphism algebra for
an object M 2M is an associative algebra End.M/ in A and a right End.M/-module structure on M
with the universal property that for any associative algebra A in A, right A-module structures on M are
naturally equivalent to morphisms of associative algebras A! End.M/.

By [12, Proposition 4.7.1.30 and Theorem 4.7.1.34] there exists a monoidal1-category AŒM � whose
objects are pairs .X 2 A;M ˝X !M in M/, with the property that an associative algebra in AŒM �

corresponds to an associative algebra A 2 A together with a right A-module structure on M . An
endomorphism algebra for M is thus precisely a terminal object in Alg�op.AŒM �/. Since the terminal
object of AŒM � has a unique algebra structure if it exists, we have:

5We restate it for right instead of left modules.
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Proposition 5.1 [12, Corollary 4.7.1.40] If AŒM � has a terminal object .A;M ˝A!M/ then A is the
underlying object of an endomorphism algebra for M .

By construction the forgetful functor AŒM �!A is a right fibration, corresponding to the functor

A 7!MapM.M ˝A;M/:

In the case of CollX .V/ and its right module Fun.X;V/ we can explicitly identify this functor:

Proposition 5.2 For M 2 Fun.X;V/ and S 2 CollX .V/ there is a natural equivalence

MapFun.X;V/.M ˇ S;M/'MapCollX .V/.S;EndV.M//;

where EndV.M/ W F'X ! V is the functor given by

EndV.M/
�x1; : : : ; xn

x

�
'MAPV.M.x1/˝ � � �˝M.xn/;M.x//;

with MAPV denoting the internal Hom in V.

Proof Since X is an1-groupoid, the twisted arrow1-category Tw.X/ is equivalent to X , and so [7,
Proposition 5.1] yields a natural equivalence

MapFun.X;V/.M ˇ S;M/' lim
x2X

MapV..M ˇS/.x/;M.x//:

Now the description of M ˇ S from Proposition 3.8 shows that this is naturally equivalent to

lim
x2X

MapV
�
ǹ

colim
.x1;:::;xn/2X

n
h†n

M.x1/˝ � � �˝M.xn/˝S
�x1; : : : ; xn

x

�
;M.x/

�
:

Taking the limit out and applying the universal property of MAP, this becomes

lim
x2X

�Q
n

lim
.x1;:::;xn/2X

n
h†n

MapV
�
S
�x1; : : : ; xn

x

�
;End.M/

�x1; : : : ; xn
x

���
:

We can now combine the limits to get a limit over
`
nX �X

n
h†n
' F'X , ie

lim
�2F'X

MapV.S.�/;EndV.M/.�//:

Applying [7, Proposition 5.1] once more now identifies this limit (since F'X is again an1-groupoid) with
MapFun.F'X ;V/.S;EndV.M//, as required.

Corollary 5.3 For any M WX ! V, the1-category CollX .V/ŒM � has a terminal object.

Proof By Proposition 5.2, the functor CollX .V/op! S corresponding to the right fibration

CollX .V/ŒM �! CollX .V/

is represented by the object EndV.M/. This implies that we have an equivalence

CollX .V/ŒM �' CollX .V/=EndV.M/:

Since the right-hand side clearly has a terminal object, this completes the proof.

Algebraic & Geometric Topology, Volume 25 (2025)



Algebras for enriched1-operads 3807

Applying Proposition 5.1, we get:

Corollary 5.4 For anyM 2Fun.X;V/ there exists an endomorphism1-operad EndV.M/ in OpdX .V/'
Alg�op.CollX .V// whose underlying X -collection is

EndV.M/
�x1; : : : ; xn

y

�
'MAP.M.x1/˝ � � �˝M.xn/;M.y//:

This has the universal property that , for any O 2 OpdX .V/, morphisms O ! EndV.M/ in OpdX .V/
correspond to O-algebra structures on M , ie there is natural equivalence

MapOpdX .V/
.O;EndV.M//' AlgO.V/

'
M ;

where the right-hand side denotes the underlying1-groupoid of the fiber of AlgO.V/! Fun.X;V/ at M .

Remark 5.5 For X ' �, so that the functor �! V picks out an object v of V, we get an1-categorical
analogue of the classical endomorphism operad: EndV.v/ is a one-object V-1-operad with underlying
symmetric sequence

EndV.v/.n/'MAPV.v
˝n; v/:

If O is a one-object V-1-operad, the universal property says that an O-algebra structure on v is equivalent
to a morphism of one-object1-operads O! EndV.v/.

Example 5.6 By Corollary 3.13, if O is any V-1-operad with space of objects X , then the functor
Z.O/ WX ! V picking out the nullary operations is canonically a right O-module. This corresponds to a
canonical morphism of V-1-operads O! End.Z.O//, given by maps

O
�x1; : : : ; xn

y

�
!MAPV.Z.O/.x1/˝ � � �˝Z.O/.xn/; Z.O/.y//;

adjoint to the composition maps

O
�
x1

�
˝ � � �˝O

�
xn

�
˝O

�x1; : : : ; xn
y

�
! O

�
y

�
for O.

We now observe that the endomorphism algebras are compatible with the lax monoidal functors f � W
CollY .V/! CollX .V/ induced by morphisms of1-groupoids f WX ! Y :

Proposition 5.7 For f W X ! Y a morphism in S and M W Y ! V, there is a natural equivalence of
RM-algebras

f �.M;EndV.M// ��! .f �M;EndV.f �M//:

Proof If O is a V-1-operad with Y as space of objects, the lax monoidal functor f � induces a natural
functor

AlgO.V/! Algf �O.V/;
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given on the underlying functors to V by composition with f . Applying this to the V-1-operad EndV.M/

and the canonical EndV.M/-algebra structure on M , we obtain an f �EndV.M/-algebra structure on
f �M DM ıf . By the universal property of endomorphism1-operads this corresponds to a morphism
of1-operads f �EndV.M/! EndV.f �M/. Using the explicit description of the underlying collection
of EndV.M/ in terms of internal Homs we see that this is an equivalence.

There exists a universal functor from an1-groupoid to V, namely the inclusion V'!V of the underlying
1-groupoid of V. Our construction does not apply directly to this, since the1-groupoid V' is not small.
However, by passing to a larger universe we can define a universal endomorphism1-operad for V:

Definition 5.8 Let V be a large closed symmetric monoidal 1-category compatible with colimits
indexed by small 1-groupoids. By [12, Proposition 4.8.1.10] there is a very large presentable 1-
category bV compatible with large colimits, with a fully faithful symmetric monoidal functor V ,!bV that
preserves colimits over small1-groupoids. Let Opd.bV/ be the1-category of bV-enriched1-operads
with potentially large spaces of objects.

Remark 5.9 Since V is a symmetric monoidal full subcategory of bV, we can regard Opd.V/ as a full
subcategory of Opd.bV/, containing precisely those bV-1-operads whose spaces of objects are small and
whose objects of multimorphisms all lie in the full subcategory V. Similarly, for any O 2 OpdX .V/ we
have a pullback square

AlgO.V/ AlgO.bV/
Fun.X;V/ Fun.X;bV/

where the horizontal maps are fully faithful.

Definition 5.10 Let i W V'!bV denote the inclusion of the space of objects in the full subcategory V.
Applying Corollary 5.4 in the enlarged universe to i , we get an endomorphism bV-1-operad

V WD EndbV.i/:
The formula for its multimorphism objects implies that we can regard V as a (large) V-1-operad (ie an
object in the 1-category OpdV'.V/ � OpdV'.bV/, which makes sense also when the 1-groupoid of
objects is large). Moreover, for any map of1-groupoids M WX ! V' where X is small, we can regard

EndbV.i ıM/'M �V

as an object of OpdX .V/.

Lemma 5.11 For any mapM WX!V' whereX is a small1-groupoid , we have a canonical equivalence

M �V' EndV.M/:
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Proof For O 2 OpdX .V/ we have a natural equivalence

AlgO.V/M
��! AlgO.bV/iM :

Using the universal property of the endomorphism objects this corresponds to a natural equivalence

Map.O;M �V/ ��!Map.O;EndV.M//;

and so an equivalence M �V ��! EndV.M/, as required.

Let U denote the canonical V-algebra structure on i , which we can regard as an object of AlgV.V/.
For every map M WX ! V' with X small, the pullback M �U is then the canonical EndV.M/-algebra
structure on M , which leads to the following:

Theorem 5.12 For any small V-1-operad O, the morphism of1-groupoids

Map
Opd.bV/.O;V/! AlgO.V/

';

which takes � W O! V to ��U 2 AlgO.V/
', is an equivalence.

Proof Let X be the space of objects of O. Then we have a commutative triangle of1-groupoids

Map
Opd.bV/.O;V/ AlgO.V/

'

Map.X;V/

It suffices to show that we have an equivalence on the fibers over each map M WX ! V. But we have an
equivalence between Map

Opd.bV/.O;V/M and

MapOpdX .V/
.O;M �V/'MapOpdX .V/

.O;EndV.M//;

under which the map to AlgO.V/
'
M is equivalent to that taking � W O! EndV.M/ to �� applied to the

canonical EndV.M/-algebra structure on M . This is an equivalence by the universal property of the
endomorphism algebra.

Remark 5.13 In [4] we constructed a natural tensoring of V-1-operads over1-categories. This induces
an enrichment in1-categories, given by

MapCat1.C;AlgO.P//'MapOpdV1
.C˝O;P/:

For P D V, we can use Theorem 5.12 to identify the 1-category AlgO.V/ with the Segal space
Alg��˝O.V/

'. We expect that this should in fact be equivalent to the 1-category AlgO.V/, but to
prove it we need a better understanding of the tensoring of V-1-operads and1-categories. As this was
defined rather inexplicitly in [4], we suspect that this requires setting up a new definition of enriched
1-operads where the tensoring can be described more concretely.
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In the case where V is the1-category S of spaces, we can identify S explicitly:

Proposition 5.14 Let S� denote the symmetric monoidal1-category given by the cartesian product in
S, viewed as an S-enriched1-operad. There is an equivalence S� ��! S.

Proof For X 2 S, we have Z.S�/.X/ ' MapS.�; X/ ' X , and the functor Z.S�/ W S' ! S is the
inclusion of the underlying1-groupoid. Hence, thinking of S as an endomorphism object for1-operads
enriched in large spaces, by Example 5.6 there is a canonical morphism S� ! S. This is given by
equivalences

S�
�X1; : : : ; Xn

Y

�
��!MapS.X1 � � � � �Xn; Y /;

and so it is an equivalence of S-1-operads.

Remark 5.15 It follows that for O an S-1-operad, the1-groupoid AlgO.S/
' in our sense is equivalent

to Map
Opd.bS/.O; S�/. This is the underlying1-groupoid of the1-category of O-algebras in S defined

in [12], so for S-enriched1-operads our notion of O-algebras agrees with that of [12], at least on the
level of1-groupoids.

References
[1] D Ayala, J Francis, Flagged higher categories, from “Topology and quantum theory in interaction”,

Contemp. Math. 718, Amer. Math. Soc., Providence, RI (2018) 137–173 MR

[2] C Barwick, From operator categories to higher operads, Geom. Topol. 22 (2018) 1893–1959 MR

[3] D L B Brantner, The Lubin–Tate theory of spectral Lie algebras, PhD thesis, Harvard University (2017)
Available at https://people.maths.ox.ac.uk/brantner/brantnerthesis.pdf

[4] H Chu, R Haugseng, Enriched1-operads, Adv. Math. 361 (2020) art. id. 106913 MR

[5] D-C Cisinski, Higher categories and homotopical algebra, Cambridge Stud. Adv. Math. 180, Cambridge
Univ. Press (2019) MR

[6] D Gepner, R Haugseng, Enriched1-categories via non-symmetric1-operads, Adv. Math. 279 (2015)
575–716 MR

[7] D Gepner, R Haugseng, T Nikolaus, Lax colimits and free fibrations in1-categories, Doc. Math. 22
(2017) 1225–1266 MR

[8] R Haugseng,1-operads via symmetric sequences, Math. Z. 301 (2022) 115–171 MR

[9] G Heuts, Algebras over1-operads, preprint (2011) arXiv 1110.1776

[10] V Hinich, Yoneda lemma for enriched1-categories, Adv. Math. 367 (2020) art. id. 107129 MR

[11] J Lurie, Higher topos theory, Ann. of Math. Stud. 170, Princeton Univ. Press (2009) MR

[12] J Lurie, Higher algebra, preprint (2017) Available at https://url.msp.org/Lurie-HA

[13] A Mazel-Gee, Quillen adjunctions induce adjunctions of quasicategories, New York J. Math. 22 (2016)
57–93 MR

Algebraic & Geometric Topology, Volume 25 (2025)

https://doi.org/10.1090/conm/718/14489
http://msp.org/idx/mr/3869643
https://doi.org/10.2140/gt.2018.22.1893
http://msp.org/idx/mr/3784514
https://people.maths.ox.ac.uk/brantner/brantnerthesis.pdf
https://doi.org/10.1016/j.aim.2019.106913
http://msp.org/idx/mr/4038556
https://doi.org/10.1017/9781108588737
http://msp.org/idx/mr/3931682
https://doi.org/10.1016/j.aim.2015.02.007
http://msp.org/idx/mr/3345192
https://doi.org/10.25537/dm.2017v22.1225-1266
http://msp.org/idx/mr/3690268
https://doi.org/10.1007/s00209-021-02881-w
http://msp.org/idx/mr/4405646
http://msp.org/idx/arx/1110.1776
https://doi.org/10.1016/j.aim.2020.107129
http://msp.org/idx/mr/4080581
https://www.math.ias.edu/~lurie/papers/HTT.pdf
http://msp.org/idx/mr/2522659
https://url.msp.org/Lurie-HA
http://nyjm.albany.edu:8000/j/2016/22_57.html
http://msp.org/idx/mr/3484677


Algebras for enriched1-operads 3811

[14] D Pavlov, J Scholbach, Admissibility and rectification of colored symmetric operads, J. Topol. 11 (2018)
559–601 MR

[15] D Pavlov, J Scholbach, Homotopy theory of symmetric powers, Homology Homotopy Appl. 20 (2018)
359–397 MR

[16] S Schwede, An untitled book project about symmetric spectra (2007) Available at https://
www.math.uni-bonn.de/~schwede/SymSpec.pdf

[17] B Shipley, A convenient model category for commutative ring spectra, from “Homotopy theory: relations
with algebraic geometry, group cohomology, and algebraic K-theory”, Contemp. Math. 346, Amer. Math.
Soc., Providence, RI (2004) 473–483 MR

[18] M Spitzweck, Operads, algebras and modules in general model categories, preprint (2001) arXiv
math/0101102

[19] T H Trimble, Notes on the Lie operad, preprint (2019) Available at https://math.ucr.edu/home/
baez/trimble/trimble_lie_operad.pdf

[20] D White, D Yau, Bousfield localization and algebras over colored operads, Appl. Categ. Structures 26
(2018) 153–203 MR

[21] D White, D Yau, Smith ideals of operadic algebras in monoidal model categories, Algebr. Geom. Topol. 24
(2024) 341–392 MR

Department of Mathematical Sciences, Norwegian University of Science and Technology
Trondheim, Norway

rune.haugseng@ntnu.no

Received: 14 November 2019 Revised: 10 September 2024

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

https://doi.org/10.1112/topo.12008
http://msp.org/idx/mr/3830876
https://doi.org/10.4310/HHA.2018.v20.n1.a20
http://msp.org/idx/mr/3785971
https://www.math.uni-bonn.de/~schwede/SymSpec.pdf
https://www.math.uni-bonn.de/~schwede/SymSpec.pdf
https://doi.org/10.1090/conm/346/06300
http://msp.org/idx/mr/2066511
http://msp.org/idx/arx/math/0101102
http://msp.org/idx/arx/math/0101102
https://math.ucr.edu/home/baez/trimble/trimble_lie_operad.pdf
https://math.ucr.edu/home/baez/trimble/trimble_lie_operad.pdf
https://doi.org/10.1007/s10485-017-9489-8
http://msp.org/idx/mr/3749666
https://doi.org/10.2140/agt.2024.24.341
http://msp.org/idx/mr/4721371
mailto:rune.haugseng@ntnu.no
http://msp.org
http://msp.org




msp
Algebraic & Geometric Topology 25:7 (2025) 3813–3831

DOI: 10.2140/agt.2025.25.3813
Published: 29 October 2025

An overtwisted convex hypersurface in higher dimensions

RIVER CHIANG

KLAUS NIEDERKRÜGER-EID

We show that the germ of the contact structure surrounding a certain kind of convex hypersurface is
overtwisted. We then find such hypersurfaces close to any plastikstufe with toric core, thereby proving
that the existence of a plastikstufe with toric core implies overtwistedness. All proofs in this article are
explicit, and we hope that the methods used here might hint at a deeper understanding of the size of
neighborhoods in contact manifolds.

In the appendix we reprove in a concise way that the Legendrian unknot is loose if the ambient manifold
contains a large enough neighborhood of a 2-dimensional overtwisted disk. Additionally we prove the
folklore result that the singular distribution induced on a hypersurface † of a contact manifold .M; �/
determines the germ of the contact structure around †.

53D10

1 Introduction

The fundamental distinction between tight and overtwisted contact structures was discovered first by
Eliashberg in dimension 3 [5], and then generalized to arbitrary dimensions by Borman, Eliashberg and
Murphy [2]. The main feature is that an overtwisted contact structure is flexible. However, the original
high-dimensional definition makes it practically unverifiable if a given contact structure is overtwisted.
Thanks to Casals, Murphy and Presas [3] we know that most previously existing conjectural definitions
for overtwistedness are actually equivalent to the one given in [2].

Still many open questions persist. One of them has been settled by Huang [8]: The second author of this
article proposed a definition of overtwistedness called plastikstufe [13]. The results in [12] combined
with those of [3] showed that certain very specific plastikstufes imply overtwistedness. Huang explained
in [8] that this result extends to any plastikstufe. However, we are unable to verify several claims made in
his proof.

In this article, we reprove Huang’s result for the more restrictive case of plastikstufes with toric core
(generalizing results by Adachi [1]).

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Our strategy is based on the following observation about a certain type of convex hypersurface. Consider
for any C > 0 the manifold

†C DD2�� � .�C;C /
2n

carrying a singular distribution DC given as the kernel of the 1-form ˇ D r sin r d# �
Pn
jD1 tj dsj ,

where .r; #/ are polar coordinates on the disk, and .sj ; tj / are the natural coordinates on the cube
.�C;C /n � .�C;C /n.

Theorem A There exists a constant COT > 0 such that the following holds for every contact mani-
fold .M; �/ of dimension at least 5. If .M; �/ admits an embedding of a hypersurface .†C ;DC / with
C > COT such that � induces the singular distribution DC on †C , then .M; �/ is overtwisted.

Consequently, we call any embedded hypersurface .†C ;DC / with C > COT an overtwisted convex disk.

Remark (a) This definition is closely related to the characterization of overtwisted contact structures
in terms of “large neighborhoods” given in [3; 15]. Our result states that instead of considering large
embedded balls, it is already sufficient to find a large hypersurface.

(b) In the model used in Section 4, one sees directly that there is an obvious contact vector field Z
(D @z in fact) which is transverse to the overtwisted convex disk. It is tempting to try to characterize the
constant COT more explicitly by trying to recognize some sort of higher-dimensional Giroux criterion for
convex hypersurfaces. Unfortunately, the dividing set for Z is noncompact, and we have not succeeded
in finding a more suitable contact vector field.

(c) Even though we are unable to give a specific value for the size parameter that appears in the definition
of overtwistedness in [2] (and the equivalent formulation via large neighborhoods in [3]), it follows from
our argument that the size parameter can be chosen uniformly for all dimensions.

Proof of Theorem A We show in Sections 3 and 4 that every neighborhood of D2�� �
�
�C;C

�2n
contains the embedding of a certain type of open subset B.h/�

�
�
5
6
C; 5

6
C
�2n of arbitrary height h > 0.

See Corollary 4.3 for the details. As explained first in [12, page 1813], the Legendrian unknot is loose if
C is chosen sufficiently large. We give in Appendix A a streamlined proof of this statement.

It was proved in [3] that any contact manifold in which the unknot is loose is overtwisted.

Question Is it possible to explicitly show that in any neighborhood of a hypersurface †C with C > COT

one can embed a hypersurface †C 0 with C 0 > 2C as in the analogous claim for loose charts [11,
Proposition 4.4]?

Choose a � > 0 and define V� as in Appendix A. It is likely that the contact germs around the overtwisted
convex disk .†C ;DC / correspond to thick neighborhoods of the form

�
R3�V�; ker.˛OTC�can/

�
. It was

Algebraic & Geometric Topology, Volume 25 (2025)



An overtwisted convex hypersurface in higher dimensions 3815

shown in [3] that these neighborhoods are for sufficiently large � > 0 overtwisted. However while it is
obvious that the contact germs considered here embed into such thick neighborhoods, it is not obvious
how to directly prove the converse. By taking instead the detour over the loose unknots, we are able to
split our argument cleanly into precise steps.

Even if it might be unclear at the moment if Theorem A is more than a curious observation, it allows us
to prove in an extremely elementary way that every contact manifold containing a plastikstufe with toric
core is overtwisted, as claimed in [8].

In Appendix A, we show that the Legendrian unknot is loose in a large neighborhood of an overtwisted
2-disk; in Appendix B we prove the folklore result that a hypersurface in a contact manifold determines
together with the induced singular distribution the germ of the contact structure.
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2 A plastikstufe with toric core implies overtwistedness

Denote the cylindrical coordinates on R3 by .r; #; z/. The 1-form

˛OT D cos.r/ dzC r sin.r/ d#

is then a well-defined contact form. The disk DOT WD
˚
.r; #; z/ j r � �; z D 0

	
is overtwisted, and we

will call it the standard overtwisted disk.

We choose a small cylindrical box of height h around DOT of the form

(2-1) B.h/ WDD2<�Cı � .�h; h/:

Let .M; �/ be a .2nC3/-dimensional contact manifold that contains a plastikstufe of the form DOT �Tn.
We will show that we can find an arbitrarily “large” hypersurface D2�� � Œ�C;C �

2n in any neighborhood
of the plastikstufe by successively unwinding each of the S1-factors of the torus. This way we obtain the
following corollary.

Corollary 2.1 Every contact manifold that contains a plastikstufe DOT �Tn with toric core also admits
an embedding of an overtwisted convex disk.
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Proof There is a neighborhood of the plastikstufe that is contactomorphic to an open neighborhood of
DOT �Tn in �

R3 �T �Tn; ˛OTC�can
�
I

compare [14, Theorem I.1.3.]. Choosing " > 0 and ı > 0 small enough, we can assume that this
neighborhood is contactomorphic to a product of the form B."/�D<ı

�
T �Tn

�
, where B."/�R3 is a

cylindrical box as defined in (2-1) and D<ı
�
T �Tn

�
is the disk bundle of radius ı in T �Tn.

We can now apply to this neighborhood Lemma 2.3 in dimension 5, or Lemma 2.4 in the general case to
find a hypersurface of the form D2�� � .�C;C /

n� .�a; a/n for aD ı=
�
2
p
n
�
, and where C > 0 can be

chosen to be arbitrarily large. The singular distribution induced by the contact structure agrees with the
kernel of r sin r d# �

Pn
jD1 tj dsj , where .r; #/ are polar coordinates on the disk, and .sj ; tj / are the

natural coordinates on the rectangle .�C;C /� .�a; a/.

If C > 0 is chosen larger than 2C 2OT=a, then it suffices to apply to each coordinate pair .sj ; tj / the
diffeomorphism .sj ; tj / 7!

�
��1sj ; �tj

�
with �D 2COT=a to obtain the desired overtwisted convex disk

.†�C ;D�C / for some appropriate �C > COT.

Remark 2.2 The initial version of a plastikstufe D2 �S introduced in [13] differed slightly from the
form DOT�S used here, because the boundary of DOT�S is composed of singular leaves of the foliation.
The presence of either type of a plastikstufe in a contact manifold implies by [14, Theorem I.1.3.] the
other one: The plastikstufe determines the germ of the contact structure which will be contactomorphic to
an open subset of

�
R3 �T �S; ˛OTC�can

�
. This allows us to modify the plastikstufe along its boundary

by a C 0-small deformation to move from one model to the other one.

We will now show how to “unwrap” the toric plastikstufe. Consider for simplicity first a contact manifold
of dimension 5 so that Tn D S1.

Lemma 2.3 Choose any " > 0 and ı > 0, and let B."/�D<ı
�
T �S1

�
be a neighborhood of a plastikstufe

DOT �S1 in
�
R3 �T �S1; ˛OTC�can

�
.

For any arbitrarily large C > 0 it is possible to embed the hypersurface

SC WDD2�� �
�
�C;C

�
�
�
�
ı
2
; ı
2

�
into B."/�D<ı

�
T �S1

�
such that the contact structure induces the singular distribution

D WD ker
�
r sin r d# � t ds

�
on SC . Here .r; #/ are polar coordinates on the disk , and .s; t/ are the natural coordinates on the rectangle�
�C;C

�
�
�
�
ı
2
; ı
2

�
.
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Proof Define for any „> 0 an embedding

‰„ WD
2
�� �R2!R3 �T �S1;

�
r; # I s; t

�
7!
�
r; #; „sI q D eis; p D t C„ cos r

�
;

“reeling up” the hypersurface along the S1-core of the plastikstufe. One easily verifies that

‰�
„

�
˛OTC�can

�
D r sin r d# � t ds

so that the singular distribution induced by ker
�
˛OTC�can

�
is indeed equal to D.

Choose „ D "=C and suppose that „ < ı
2

. We see that ‰„.SC / lies in the given neighborhood
B."/�D<ı

�
T �S1

�
.

For general dimensions, the embedding is only slightly more complicated. Denote the standard coordinates
on Tn by q D .q1; : : : ; qn/ and those on T �Tn by .q;p/D .q1; : : : ; qnIp1; : : : ; pn/.

Lemma 2.4 Any neighborhood B."/�D<ı
�
T �Tn

�
of a plastikstufe DOT �Tn with " > 0 and ı > 0

arbitrarily small contains an embedded hypersurface of the form

SC WDD2�� �
n
.s1; : : : ; snI t1; : : : ; tn/ 2R2n

ˇ̌
jsj j< C; jtj j<

ı

2
p
n

o
with C > 0 arbitrarily large such that the contact structure induces the singular distribution

DD ker
�
r sin r d# �

nP
jD1

tj dsj

�
on SC .

Proof Choose constants „1; : : : ; „n > 0 that are linearly independent over Q, and define a map
‰ WD2�� �R2n!R3 �T �Tn by�
r; # I s1; : : : ; snI t1; : : : ; tn

�
7!

�
r; #; z D

nP
jD1

„j sj I q1 D e
is1 ; : : : ; qn D e

isn Ip1 D t1C„1 cos r; : : : ; pn D tnC„n cos r
�
:

It is easy to verify that ‰�
�
˛OTC�can

�
D r sin r d# �

�
t1 ds1C � � �C tn dsn

�
induces the distribution D

on SC . It is also immediately clear that ‰ is an immersion.

To see that ‰ is injective, use first that the images of two points .r; # I s1; : : : ; snI t1; : : : ; tn/ and
.r 0; # 0I s01; : : : ; s

0
nI t
0
1; : : : ; t

0
n/ by ‰ can only agree if r D r 0, # D # 0, and tj D t 0j for all j D 1; : : : ; n,

and if sj � s0j is for every j D 1; : : : ; n an integer multiple of 2� . The equation „1s1C � � � C „nsn D
„1s
0
1C� � �C„ns

0
n implies that „1.s1� s01/C� � �C„n.sn� s

0
n/D 0, but by our assumption that the „j are

linearly independent over Q it follows that all coefficients s1� s01 need to vanish so that ‰ is injective.

We still need to verify that the image of ‰ lies in the neighborhood B."/�D<ı
�
T �Tn

�
. To respect the

z-height, it suffices to choose „1C� � �C„n < "=C , so that the z-coordinate of ‰ is bounded by ". For the
radius of the fibers in D<ı

�
T �Tn

�
choose „j < ı=

�
2
p
n
�

so that ‰ also stays inside the ı-disk bundle
of T �Tn.
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3 The standard overtwisted contact structure on R3

For a cylindrical box of height h around the standard overtwisted disk DOT in .R3; ˛OT/ of the form

B.h/ WDD2<�Cı � .�h; h/;

it is well known that the choice of h is not relevant for the contactomorphism type. Below we will give a
contact vector field that can be used to prove this fact by hand, but instead one can also easily convince one-
self that all B.h/ are overtwisted at infinity which uniquely characterizes by [6] a contact structure on R3.

The main technical problem that we will deal with in this article is to show that the choice of the h-
parameter also remains largely irrelevant for the contactomorphism type when we take the product with a
Liouville domain.

We will now discuss a contact vector field X whose flow compresses any large box B.h/ into an arbitrarily
small neighborhood of the standard overtwisted disk. Ideally we would like X to be a strict contact vector
field or at least to have a constant scaling factor c such that LX˛OTD c �˛OT. Unfortunately such a vector
field cannot exist: firstly, X should be contracting and thus it needs to reduce the total volume. This
implies that c would have to be strictly negative on a predominant part of its domain. On the other hand,
c cannot be everywhere strictly negative as this would allow us to squeeze with the strategy of Section 4
a high-dimensional overtwisted chart into an arbitrarily “thin” set, thus contradicting the existence of
tight contact manifolds.

The following vector field arose in discussions with Patrick Massot around 2010:

(3-1) X WD �z @z �
r cos.r/ sin.r/
r C cos.r/ sin.r/

@r

is well defined and induces a contact flow on .R3; ˛OT/.

Even though this vector field might at first appear overly complicated, note that all coordinates in X are
uncoupled. This allows us to see that its time T flow preserves the #-coordinate, and it contracts the
z-coordinate by the factor e�T . The radial coordinate is fixed on every cylinder of radius r 2 �

2
N. The

cylinders of radius r 2 �
2
C�N are repelling; the cylinders of radius r 2 �N are attracting, in the sense

that all points between these cylinders are pushed away from the repelling cylinder towards the attracting
one; see Figure 1.

The height of the box B.h/ is squeezed by the flow of X by an exponential factor, while the radial
direction also shrinks, without becoming ever smaller than � though. This way an arbitrarily tall box B.h/
can be squeezed by a contactomorphism into an arbitrarily small neighborhood of the standard overtwisted
disk. In fact, one can convince oneself that the image of a box B.h/ for a certain choice of ı > 0 will be
of the form D2

<�Cı 0 � .�h
0; h0/ for some smaller h0 > 0 and ı0 > 0.

Algebraic & Geometric Topology, Volume 25 (2025)



An overtwisted convex hypersurface in higher dimensions 3819

Figure 1: The flow of X preserves the cylinders of radius r 2 �
2
C �N. The boundary of the

standard overtwisted disk sits on an attracting cylinder.

Finally note that LX˛OT D g �˛OT, where

(3-2) g.r; #; z/D�
cos r .r cos r C sin r/

r C cos r sin r
:

As we claimed above, g takes both positive and negative values. More precisely:

Lemma 3.1 The function g W B.h/! R is everywhere negative on B.h/ except for the domain lying
between rm D �=2 and rM � 2:03 such that rM D�tan rM . See also the graph in Figure 2.

Proof The function g only depends on the radial coordinate r . Its denominator is everywhere positive
while the numerator changes once its sign at r D �=2, where cos r vanishes, and then again at r � 2:03,
where r cos r C sin r vanishes.

We can also read off from the graph, Figure 2, that g is everywhere smaller than 0:1; ie, even though g
becomes positive it only becomes very slightly so.

�
2

2:03

Figure 2: The graph of g D�cos r .r cos rCsin r/
rCcos r sin r

.
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4 Contactomorphism on product structure

Let .M; �/ be a contact manifold with contact form ˛. Assume that X is a contact vector field such that
LX˛ D g �˛ for some function g WM !R.

Choose an exact symplectic manifold .W; d�/ that has a Liouville vector field Y , then we easily check
that the contact form of

�
M �W;˛C�

�
is preserved by the vector field�X DX Cg �Y:

Note that even if Y points outwards and is expanding on .W; d�/, the behavior of �X on the product
manifold M �W is controlled in W -direction by the sign of the function g that might take positive or
negative values.

We consider now the main example we will be interested in: Let B.h/�
�
R3; ˛OT/ be a box of height h

as defined in (2-1), and let
�
L; h � ; � i

�
be a Riemannian manifold that does not need to be closed or

geodesically complete. We denote the disk bundle of radius c in
�
T �L; d�can

�
by

D<c
�
T �L

�
WD
˚
� 2 T �L j k�k< c

	
:

Proposition 4.1 There exists a positive constant �0 < 7
6

such that every contact domain�
B.h/�D<c

�
T �L

�
; ker

�
˛OTC�can

��
with c > 0 can be embedded by a contactomorphism into�

B.h0/�D<�0�c

�
T �L

�
; ker

�
˛OTC�can

��
independently of the choices of h; h0 > 0.

Proof For h0 � h the claim is obvious; for h0 < h the strategy is to use the flow of the vector field�X WD X C g � Y with X and g introduced in the previous section, and Y the Liouville vector field on
T �L that is defined by �Y d�can D �can.

By writing Y in a coordinate chart, one easily convinces oneself that the time t flow of Y simply consists
of multiplying the fiber of T �L by et . In particular, even if L is open or has boundary there is no danger
that the flow of �X escapes transversely through the fibers of T �L. Now let us study the behavior of the
flow ˆ

�X
T in more details.

Recall that the coordinates are uncoupled by the flow of X given in (3-1). We can thus write

ˆXT
�
r; #; z

�
D
�
F.r; T /; #; e�T z

�
;

where F.r; T / is the solution of the ODE

y0.t/D�
y.t/ cosy.t/ siny.t/
y.t/C cosy.t/ siny.t/

and y.0/D r:
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The flow ˆ
�X
T is therefore of the form

ˆ
�X
T

�
r; #; zI q;p

�
D

�
ˆXT

�
r; #; z

�
I q; eG.r;T / �p

�
:

That is, the flow on the R3-factor simply reduces to the corresponding flow of X and can be evaluated
independently of the T �L-part; the flow on the cotangent bundle factor is obtained by multiplying the
fiber direction by a positive function eG that can be computed via

(4-1) G.r; t/D

Z t

0

g
�
ˆXs .r; #; z/

�
ds D

Z t

0

g
�
F.r; s/

�
ds:

If T is chosen to be T D ln h
h0 , it follows thatˆ �X

T squeezes the first factor of B.h/�D<c
�
T �L

�
into B.h0/.

By Lemma 4.2 below, G.r; t/ < ln 7
6

for any point in B.h/ and any t � 0. This implies as desired that the
initial domain is squeezed into B.h0/�D<.7=6/c

�
T �L

�
.

Lemma 4.2 The function G.r; t/ given in (4-1) is bounded from above by ln 7
6

for all r 2 Œ0; �C ı/ and
all t 2 Œ0;1/.

The sharp upper bound in the lemma is ln 2rM sin rM
�

with rM specified in Lemma 3.1.

Proof Denote the r-coefficient of the vector field X by

f .r/D�
r cos.r/ sin.r/
r C cos.r/ sin.r/

:

Then F.r; t/ is the flow of the field Xr.r/ WD f .r/ @r on Œ0; � C ı/; that is, F is the solution of the
ordinary differential equation @tF.r; t/D f

�
F.r; t/

�
with initial condition F.r; 0/D r .

The only critical points of Xr are the points r 2 �
2

N; see also Figure 1. Furthermore, recall that r D �
2

and r D 3�
2

are repelling, and that r D � is an attracting critical point.

According to Lemma 3.1, the function g is everywhere on Œ0; �Cı/ negative except for the interval Œrm; rM �
with rm D �

2
, and rM � 2:03 given by rM D�tan rM .

Since all trajectories of Xr starting in
�
0; �
2

�
are trapped inside this interval, the function G.r; t/ will be

negative for all r 2
�
0; �
2

�
and all t � 0. Similarly, the points in Œ�; �C ı/ are pulled by the flow towards

rD� without ever crossing this point. ThusG.r; t/ will also be negative for all r 2 Œ�; �Cı/ and all t � 0.

It only remains to understand the behavior of G.r; t/ for r 2
�
�
2
; �
�
. Since f is strictly positive on this

interval, it follows that, for every initial value r 2
�
�
2
; �
�
,

F.r; � / WR!
�
�
2
; �
�

is an orientation preserving diffeomorphism, and in particular there is a unique time Tr 2 R such
that F.r; Tr/D rM .
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For every fixed r 2
�
�
2
; rM

�
and all positive t � 0, the upper bound of G.r; t/ in (4-1) is then given by

G.r; Tr/D

Z Tr

0

g
�
F.r; s/

�
ds;

because g is strictly positive up to t D Tr so that G.r; � / increases up to that moment; for all later
times t > Tr , the trajectory F.r; t/ lies in the zone ŒrM ; �/ where g is negative so that G.r; t/�G.r; Tr/
for all t � Tr .

To compute G.r; Tr/ use that F.r; � / WR!
�
�
2
; �
�

is for every choice of r 2
�
�
2
; �
�

a diffeomorphism,
so that we can substitute uD F.r; s/ in the integral using that du

ds
D f

�
F.r; s/

�
D f .u/, and obtain

G.r; Tr/D

Z Tr

0

g
�
F.r; s/

�
ds D

Z F.r;Tr /

F .r;0/

g.u/

f .u/
duD

Z rM

r

u cosuC sinu
u sinu

du

D ln
�
u sinu

�ˇ̌̌rM
r
D ln

rM sin rM
r sin r

:

The denominator r sin r is increasing on
�
�
2
; rM � so that its smallest value on this interval is attained

at r D �
2

. We obtain the estimate

G.r; t/� ln
rM sin rM
r sin r

< ln
rM sin rM
�
2

sin �
2

D ln
2rM sin rM

�
< ln 7

6
:

In particular, we obtain the following result.

Corollary 4.3 Let L be a manifold that does not need to be closed , and let

† WDD2�� �D<c0

�
T �L

�
be a hypersurface in a contact manifold .M; �/ such that the singular distribution induced by � on the
hypersurface agrees with the kernel of the 1-form ˇ D r sin r d# C�can, where .r; #/ denotes the polar
coordinates on D2�� .

Let c > 0 be such that �0c < c0 with the constant �0 < 7
6

in Proposition 4.1. Then we can embed the
contact domain �

B.h/�D<c
�
T �L

�
; ker

�
˛OTC�can

��
of “width” c > 0 and of any chosen “height” h > 0 into an arbitrarily small neighborhood of the
hypersurface D2�� �D<c0

�
T �L

�
.

Proof The induced singular distribution of a hypersurface determines by Proposition B.1 the germ of the
contact structure on a neighborhood of the hypersurface. We can thus assume that† has a neighborhood U
that is contactomorphic to

�
B."/�D<c0

�
T �L

�
; ker

�
˛OTC�can

��
for small " > 0. By Proposition 4.1 we

can thus embed B.h/�D<c
�
T �L

�
into U .
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Appendix A The Legendrian unknot is loose in a sufficiently large
overtwisted chart

In this appendix, we provide an elementary proof that Legendrian unknots are loose in ambient manifolds
containing a large neighborhood of an overtwisted chart. This was first hinted at in [12]. A proof was given
by Huang in [8] but he used piecewise smooth Legendrians so that a lot of the potential clarity was lost.

The key idea here is that for Legendrians that are in product form, any isotopy on the first factor can
be trivially extended to the second one to obtain a global isotopy. If the Legendrian is only locally in
product form, this construction only provides a local isotopy. To globalize it, we want to smoothen it
out so that local isotopy glues to the identity outside the considered neighborhood. This interpolation
requires a sufficient amount of space.

Except for a certain 3-dimensional result that is accepted as a black-box, the proof then boils down to a
careful inspection of the original definition of looseness given by Murphy [11].

Let
�
R2nC1; �0 D ker

�
dz�

Pn
jD1 yj dxj

��
with coordinates .x;y; z/D .x1; : : : ; xn; y1; : : : ; yn; z/ be

the standard contact space. The Legendrian unknot ƒ0 in R2nC1 can be given by the embedding

(A-1) Sn ,! .R2nC1; �0/; .x; s/ 7!
�
x;�sx; 1

3
s3
�
:

By extension, any Legendrian ƒ in a contact manifold is called a Legendrian unknot if there exists a
Darboux chart containing ƒ in its interior such that ƒ agrees in the chart with ƒ0.

Let .M; �/ be a contact manifold. We want to study Legendrians in M that look locally like product
submanifolds in the following sense: Suppose that there is an open subset U �M that is diffeomorphic
to UM �UW where UM is a manifold that carries a contact form ˛, and UW is an open Liouville domain
with Liouville form � such that �jU D ker.˛C�/. Then assume that a Legendrian ƒ satisfies

ƒ\
�
UM �UW

�
D L�N;

where L is a Legendrian in
�
UM ; ˛

�
and N is an exact Lagrangian in

�
UW ; �

�
with �jTN D 0. We do

not assume in general that L or N are closed.

The key notion we want to study in this appendix is due to Murphy [11].

Definition Let ƒ be a Legendrian in the manifold .M; �/ that is locally in product form L�Z� in a
chart

�
C �V�; ker.˛0C�can/

�
, where

� C D f.x; y; z/ 2 R3 j x; y; z 2 .�1; 1/g is a cube with side lengths 2 and standard contact form
˛0 D dz�y dx,

� V� D f.q;p/ 2R2n�2 j kqk< �; kpk< �g with Liouville form �can D�
P
j pj dqj ,

� L is a properly embedded Legendrian arc whose front is a zig-zag and which is equal to the set
fy D z D 0g near the boundary,

� Z� D
˚
.q;p/ 2 V� j p D 0

	
.

We say that ƒ is loose if � > 1.
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Remark A.1 If we replace the cube C in the definition above with any cube of side lengths smaller
than 2, then it can be seen with the argument in [11, Proposition 4.4] that the corresponding Legendrian
is still loose.

The result we want to show in this appendix is the following proposition.

Proposition A.2 There exists a �0 > 0 (that is independent of the dimension of V�) such that the
Legendrian unknot ƒ0 is loose in every contact manifold�

B.1/�V�; ker.˛OTC�can/
�

for which � > �0. Here , ˛OT D cos.r/ dzC r sin.r/ d# denotes the standard overtwisted contact form
on B.1/; see also Section 3.

Proof By [4] or [7], see also the details in [12], the Legendrian unknot is in any overtwisted 3-manifold
the stabilization of another Legendrian knot L1. More precisely, let

�
B.1/; ˛OT

�
be the cylindrical box

surrounding an overtwisted disk described in Section 3. We can assume that there is a Darboux chart U1
centered around a point of L1 such that

� the restriction of ˛OT agrees in the coordinates of the Darboux chart with the standard form dz�y dx,

� U1 is a cube of size "1 < 1,

� L1\U1 is the Legendrian arc fy D z D 0g.

We stabilize L1 inside U1 by adding a zig-zag. The resulting knot is then a Legendrian unknot L0.

In particular, there exists a Darboux chart U0 in B.1/ such thatL0 lies in standard position (A-1) inside U0.
The restriction ˛OTjU0

with respect to the coordinates of U0 will be of the form ef .x;y;z/
�
dz�y dx

�
for

some smooth function f that probably cannot be chosen to be equal to 0. Nonetheless, we can assume
that there are constants c0 > 0, and C0 > 1 such that c0 � ef � C0.

Using the Darboux chart U0 in B.1/, we can find in the product contact manifold�
B.1/�V�; ker.˛OTC�can/

�
a higher-dimensional Darboux chart U0 �V�0 for �0 D �=C0 embedded by

U0 �V�0 ! U0 �V�; .x; y; zI q;p/ 7!
�
x; y; zI q; ef .x;y;z/p

�
:

If �0 > 1, we can embed the Legendrian unknot ƒ0 into this Darboux chart using the standard map (A-1)

SnC1 ,!
�
U0 �V�0 ; �0

�
; .x0;x; s/ 7!

�
x0;�sx0;

1
3
s3Ix;�sx

�
:

The intersection of ƒ0 with the slice B.1/�f0g is precisely the unknot L0 in U0 that we had singled out
in B.1/.
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By slightly deforming ƒ0 close to L0�f0g we can assume that ƒ0 is locally in product form L0�Z" for
some small constant " > 0. This can be easily seen using the front projection (even though “seeing” the
front projection requires from dimension 7 on some experience). More explicitly, let g W Œ0; 1�! Œ0; 1� be
a monotonous smooth function such that g is equal to 0 in a neighborhood of 0 and 1 in a neighborhood
of 1. We can then consider the deformed sphere SnC1g �RnC2 given by the equation

x20 C s
2
Cg

�
x2
�
�x2 D 1:

Interpolating linearly between the equation of the round sphere and the deformed one, one sees that both
are isotopic to each other.

We define a Legendrian embedding of SnC1g by

SnC1g ,!
�
U0 �V�0 ; �0

�
; .x0;x; s/ 7!

�
x0;�sx0;

1
3
s3II x;�sx

�
g.x2/Cx2g0.x2/

��
:

We denote this deformed sphere by ƒ00. It is Legendrian isotopic to the initial Legendrian unknot, and it
is composed of a cylindrical part L0 �Zı for small values of x in U0 �Vı .

Recall that the Darboux chart U1 � V�0 had been embedded into the ball B.1/ � V� via the map
.x; y; zI q;p/ 7!

�
x; y; zI q; ef .x;y;z/p

�
. By looking at the preimage of this embedding, it follows

that ƒ00 also has a cylindrical segment in B.1/�V�. More explicitly, we have shown that after an isotopy
the Legendrian unknot ƒ0 in B.1/ � V� has a cylindrical part of the form L0 �Zı 0 in the open ball
B.1/�Vı 0 with ı0 D ı=c0.

We stretch out ƒ00 in the V�-direction of B.1/�V� using an isotopy .x; y; zI q;p/ 7!
�
x; y; zI etq; e�tp

�
where the maximal size of t � 0 depends on the width of V�. If there is enough space, then we can suppose
that the cylindrical part found above expands to be of the formL0�Z� in the open ballB.1/�V� with �>1.

If we now consider the Darboux chart U1�B.1/, we see that the intersection of the deformed Legendrian
sphere with U1 �V� is L�Z�, where L is a Legendrian arc in U1 whose front is a zig-zag, just as in
the definition of looseness. If � > 1 and if U1 is a cube of size smaller than 1 (see Remark A.1), then
the deformed unknot and thus also ƒ0 are loose.

Appendix B Contact germ along a hypersurface

A folklore result states that a hypersurface in a contact manifold determines the germ of the contact
structure surrounding it. Not having found a proof for dimension > 3 in the literature we have decided to
add it here.

Proposition B.1 Let .M0; �0/ and .M1; �1/ be two .2nC1/-dimensional contact manifolds , and let †
be a (not necessarily closed ) 2n-dimensional manifold. Assume that there are two embeddings

�0 W† ,!M0 and �1 W† ,!M1

such that the singular distributions D0 D .D�0/�1.�0/ and D1 D .D�1/�1.�1/ agree.
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Then there exist a neighborhood U0 �M0 of �0.†/, a neighborhood U1 �M1 of �1.†/, and a contacto-
morphism

ˆ W .U0; �0/! .U1; �1/

such that ˆ ı �0 D �1.

Remark B.2 To be able to apply Proposition B.1 to a hypersurface † with nonempty boundary, one
needs to attach a small collar along @†, and extend the embeddings �0 and �1 in such a way that the
singular distributions D0 D .D�0/�1.�0/ and D1 D .D�1/�1.�1/ agree.

We split the proof of Proposition B.1 into several lemmas. The first one is due to Giroux, but we learned
about it from [9].

Lemma B.3 Let† be a (not necessarily closed ) manifold carrying a (cooriented ) singular distributions D
that is given as the kernel of a 1-form ˇ such that dˇ does not vanish at the singular points of D; that is ,
at the points where ˇ D 0.

If ˇ0 is any other 1-form such that D D kerˇ0 inducing the same coorientation , and such that dˇ0 does
not vanish either at the singular points of D, then there exists a smooth positive function f W†! �0;1Œ

such that
ˇ D f �ˇ0:

Proof Denote the set of all regular points of the distributions D by UregD fp 2† jDp ¤ Tp†g. On Ureg,
we can simply define f to be the quotient ˇ.X/=ˇ0.X/, where X is any vector field on Ureg that is
transverse to D. We are thus left with studying the singular points p … Ureg of D, where ˇ and ˇ0 both
vanish, and proving that f extends to a nonvanishing smooth function.

Use a coordinate chart for† centered at p 2†nUreg with coordinates xD .x1; : : : ; xn/. We can then write

ˇ D g1 dx1C � � �Cgn dxn and ˇ0 D g01 dx1C � � �Cg
0
n dxn

with functions g1; : : : ; gn and g01; : : : ; g
0
n such that all gj and all g0j vanish at the origin. In fact for

each j , the two functions gj and g0j vanish precisely on the same subset. By our assumption dˇ0 ¤ 0
at p, so that we can assume after possibly permuting the coordinates that .@g01=@x2/.0/¤ 0.

We will now show that f extends in the chart smoothly to a neighborhood of the origin such that
g1.x/D f .x/ �g

0
1.x/. Note that fx j g01.x/¤ 0g is a subset of Ureg so that f is a well-defined function

on this subset. The condition .@g01=@x2/.0/¤ 0 allows us to apply the implicit function theorem to find
a new set of coordinates y D .y1; : : : ; yn/ for which g01 simplifies to g01.y/D y2. In this new chart, we
obtain that f is defined in particular for all points fy2 ¤ 0g � Ureg.

Consider now the function g1 represented with respect to the y-coordinates. It also vanishes precisely
along the hyperplane fy2 D 0g so that there exists a smooth functions zg1 allowing us to write g1 as

g1.y/D y2zg1.y/I
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see, for example, [10, Lemma 2.1]. Using this representation we see that f .y/ D zg1.y/ extends to a
smooth function on the whole chart so that it obviously satisfies the equation g1 D f �g01.

In particular, since Ureg is dense in † the continuous extension of f is unique and does not depend on
our choice of charts. This way, f can be defined smoothly on all of †, and it satisfies ˇ D f �ˇ0 on †.

It remains to prove that f does not vanish anywhere, but this is clear because if f ever vanished at a
singular point p of D, we would find from ˇ D f �ˇ0 that dˇ D 0 at p— contrary to our assumption
that dˇ ¤ 0 along the singular set of D.

Lemma B.4 Let .M0; �0/ and .M1; �1/ be two .2nC1/-dimensional contact manifolds with contact
forms ˛0 and ˛1, respectively, and let † be a (not necessarily closed ) manifold of dimension 2n.

Suppose that there are two embeddings

�0 W† ,! .M0; �0/ and �1 W† ,! .M1; �1/

of † into M0 and M1 such that ��0˛0 D �
�
1˛1.

Then , there is a bundle isomorphism

ˆ W TM0j†! TM1j†

such that :

(i) ˆjT† D idT† (we identify here , and in the rest of the proof , T† with the tangent spaces of �0.†/
and �1.†/).

(ii) ˛1 ıˆD ˛0 on TM0j†.

(iii) The linear interpolation .1� �/ d˛0C � .d˛1 ıˆ/ is for every � 2 Œ0; 1� a symplectic form on �0j†.

Proof Denote the 1-form ��0˛0 D ��1˛1 by ˇ. To construct the desired bundle isomorphism ˆ, we
distinguish two types of subsets of †: Define

Ureg D
˚
p 2† j p̌ ¤ 0

	
and Usymp D

˚
p 2† j dˇnp ¤ 0

	
:

Both sets are open and their union covers all of †, because dˇ D ��j d j̨ is at every point p 2† where
Tp†D �j .p/ a maximally nondegenerate form on Tp†; that is, dˇ is a symplectic form on Tp† at every
point p where ˇ vanishes.

We construct now separate bundle isomorphisms over Ureg and over Usymp that we then glue together
using a partition of unity.

Over Usymp, we can decompose TMj as T†˚ span.Rj /, where Rj is the Reeb vector field of j̨ . This
allows us to define a first bundle isomorphism

ˆsymp W TM0jUsymp
! TM1jUsymp
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by ˆsymp.vC cR0/D vC cR1 for every v 2 T†jUsymp
and every c 2R. It is easy to verify that ˛0 and

˛1 ıˆsymp agree on TM0jUsymp
. Furthermore, d˛0 and d˛1 ıˆsymp also agree, because for any pair of

vectors v; v0 2 T†, we have d j̨ .v; v
0/D dˇ.v; v0/ on one hand, and d j̨ .Rj ; v/D 0 on the other, for

both j D 0; 1.

To construct a bundle isomorphism over Ureg, we define the characteristic foliation F on †. It is
characterized over Ureg as the (singular) subdistribution of kerˇ D T†\ � on which dˇjkerˇ vanishes.
A dimension count shows that F is of dimension 1.

Choose a volume form dvol† on †, and let X be the vector field determined by the equation

�Xdvol† D ˇ^ .dˇ/n�1:

Since X only vanishes at points where ˇ vanishes, it follows that X is everywhere on Ureg nonsingular,
and it is easy to convince oneself that the characteristic foliation is generated by X .

Choosing compatible complex structures J0 on .�0; d˛0/ and J1 on .�1; d˛1/, we define two vector
fields Y0D J0 �X and Y1D J1 �X along �0.†/ and �1.†/, respectively. These vector fields are everywhere
over Ureg transverse to † and they lie in the kernel of j̨ . This way, we can split the tangent bundles as

TMj
ˇ̌
Ureg
D T†jUreg

˚ span.Yj /
ˇ̌
Ureg
;

and use these decompositions to define the bundle isomorphism

ˆreg W TM0jUreg
! TM1jUreg

by ˆreg
�
vCcY0

�
D vCcY1 for every v 2 T†jUreg

and every c 2R. Again, we easily check that ˛1ıˆreg

agrees on TM0jUreg
with ˛0 so that ˆreg

�
�0jUreg

�
D �1jUreg

.

To understand the interpolation between d˛0 and d˛1 ıˆreg, choose at a point p 2 Ureg a basis of �0.p/
of the form v1; : : : ; v2n�2; X.p/; Y0.p/, where the vj all lie in kerˇ and are complementary to X.p/.
Assume they are ordered in such a way that

d˛n�10 .v1; : : : ; v2n�2/D dˇ
n�1.v1; : : : ; v2n�2/D d˛

n�1
1 .v1; : : : ; v2n�2/ > 0:

Note that d˛0.X; � / and d˛1.X; � / vanish on all the vectors v1; : : : ; v2n�2; X .

Define d˛� D .1� �/ d˛0C � .d˛1 ıˆreg/ for any � 2 Œ0; 1�. Then we compute for all � 2 Œ0; 1� that

d˛n� .v1; : : : ; v2n�2; X; Y0/D n d˛� .X; Y0/ � d˛
n�1
� .v1; : : : ; v2n�2/ > 0;

because d˛� .X; Y0/D .1� �/ d˛0.X; J0X/C � d˛1.X; J1X/ > 0.

We glue now ˆreg and ˆsymp to produce a global bundle isomorphism. Choose a smooth function
� W†! Œ0; 1� with support in Ureg such that 1�� has support in Usymp so that � and 1�� form a partition
of unity subordinate to

˚
Ureg; Usymp

	
. Define a bundle homomorphism

ˆ W TM0j†! TM1j†
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by mapping a vector v 2 TpM0 at a point p 2† to ˆ.v/D �.p/ �ˆreg.v/C .1� �.p// �ˆsymp.v/. It is
obvious that ˆ is a bundle homomorphism such that ˆjT†D idT† and such that ˛0D ˛1 ıˆ on TM0j†

proving properties (i) and (ii) in the lemma.

It remains to verify property (iii). Define the interpolation d˛� WD .1��/ d˛0C� .d˛1 ıˆ/ for � 2 Œ0; 1�.
Since ˆ agrees with ˆsymp at the points where ˇ D 0, we obtain that d˛� D d˛0 is nondegenerate at any
such point. We study now the desired property at points at which ˇ ¤ 0 and thus X ¤ 0.

Since d˛� jT† D dˇ is independent of � , we see that d˛� .X; � / vanishes on every vector that lies
in kerˇ. Using the same basis chosen above with Y0 D J0X and Y1 D J1X , it follows that the sign
of d˛n� .v1; : : : ; v2n�2; X; Y0/D n d˛� .X; Y0/ � dˇ

n�1.v1; : : : ; v2n�2/ only depends on the sign of the
term d˛� .X; Y0/.

For this term we obtain d˛� .X; Y0/D .1� �/ d˛0.X; J0X/C � d˛1
�
X;ˆ.Y0/

�
. The first term is clearly

positive, and for the second one write d˛1
�
X;ˆ.Y0/

�
D � d˛1.X; J1X/C .1� �/ d˛1

�
X;ˆsymp.Y0/

�
,

where the first term is again positive. Recall that d˛0 D d˛1 ı ˆsymp so that we can simplify the
second term as d˛1

�
X;ˆsymp.Y0/

�
Dd˛1

�
ˆsymp.X/;ˆsymp.Y0/

�
D
�
d˛1ıˆsymp

�
.X; Y0/Dd˛0.X; Y0/.

Thus d˛� .X; Y0/D .1� �/ d˛0.X; Y0/C �
�
� d˛1.X; Y1/C .1� �/ d˛0.X; Y0/

�
is positive as a convex

combination of positive terms, and we have shown property (iii).

Proof of Proposition B.1 Let ˛0 be a contact form for �0, and let ˛1 be a contact form for �1. By
Lemma B.3 there is a smooth function f W†!R>0 such that ��0˛0 D f � �

�
1˛1. We would like to extend

f ı��11 to all ofM1 to normalize ˛1 globally; in general though, if† is not closed, this might be impossible.

Denote the normal bundle of �1.†/ inM1 by �1†
�
�!†, and recall that there is a tubular neighborhood U1

of �1.†/ that is diffeomorphic to a neighborhood V1 of the 0-section in �1† (of course V1 will generally
not have uniform radius in the fiber directions, when † is not closed). The function f ı� is a smooth
positive function on �1†. We will replace M1 by the open subset U1, and use f ı� to rescale ˛1 on
U1 so that we can assume that ��0˛0 D �

�
1˛1. This allows us to apply Lemma B.4 to obtain a bundle

isomorphism ˆ between TM0j�0.†/
and TM1j�1.†/

.

Let U0 be a tubular neighborhood of �0.†/ in M0 such that the exponential map exp0 (with respect to
some Riemannian metric) defines a diffeomorphism exp0 W V0 ! U0, where V0 is a neighborhood of
the 0-section of the normal bundle of † in M0. Similarly, let exp1 be the exponential map on M1. By
suitably reducing the size of U0 and U1, we can assume that

‰ WD exp1 ı ˆ ı exp�10 W U0! U1

is a diffeomorphism. To simplify our setup, pull-back ˛1 to U0, and work in the fixed ambient manifold U0.
For simplicity we also write ˛1 for its pull-back. Then it follows that U0 contains the submanifold †, and
carries two contact structures given by contact forms ˛0 and ˛1 such that ˛0 and ˛1 agree at all points of†,
and such that the linear interpolation of d˛0 and d˛1 is a path of symplectic structures on �0j† D �1j†.
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The rest of the proof is an application of the Moser trick: Clearly the interpolation ˛� WD .1� �/˛0C �˛1
satisfies along † for every � 2 Œ0; 1� the contact condition. There is thus a small neighborhood of † in
U0 on which all ˛� are contact forms.

As in the standard proof of Gray stability, we define a vector fieldX� on this neighborhood by the equations

˛� .X� /D 0 and d˛� .X� ; � /D f�˛� � P̨�

with f� WD P̨� .R� /, where R� is the Reeb field of ˛� . Note that the right-hand side of the second equation
vanishes along †, thus it follows that X� .p/D 0 at every p 2†. By reducing to a smaller neighborhood
of † in U0, the flow of X� will be defined up to time 1 giving a contact isotopy between �0 and �1.

Composing this isotopy with ‰, we find the desired contactomorphism.
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Presheaves of groupoids as models for homotopy types

LÉONARD GUETTA

We introduce the notion of groupoidal (weak) test category, which is a small category A such that the
Grpd-valued presheaves over A model homotopy types in a “canonical and nice” way. The definition
does not require a priori that A is a (weak) test category, but we prove two important comparison results:
(1) every weak test category is a groupoidal weak test category, (2) a category is a test category if and
only if it is a groupoidal test category.

As an application, we obtain new models for homotopy types, such as the category of groupoids internal
to cubical sets with or without connections, the category of groupoids internal to cellular sets, the category
of groupoids internal to semisimplicial sets, etc.

We also prove, as a by-product result, that the category of groupoids internal to the category of small
categories models homotopy types.
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Introduction

In his famous manuscript Pursuing stacks from 1983 [10], Grothendieck introduced the theory of test
categories. Informally speaking, a test category is a small category A such that the category yA of Set-valued
presheaves over A models homotopy types in a canonical way, which was axiomatized by Grothendieck.
“Models homotopy types” means here that there is a particular class of morphisms on yA, such that the
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3834 Léonard Guetta

localization of yA with respect to this class of morphisms is equivalent to the category Hot of homotopy
types, that is, the category of CW-complexes and homotopy classes of continuous maps between them.1

The archetypal example of a test category is of course the category � of finite nonempty ordinals, for
which it has been known since the famous result of Milnor [19] that the category y� of simplicial sets
models homotopy types.

Examples of test categories abound, such as the cubical category [4, corollaire 8.4.13], the cubical category
with connections [18], Joyal’s ‚ category [5], the dendroidal category � [1], etc. The point of view of
the theory of test categories is that the category of presheaves on any test category should be, in some
sense, as good a model of homotopy types as the category of simplicial sets. But modeling homotopy
types is not the only good homotopical property of the category of simplicial sets. For example, we have
the following results:

(i) The category Ab.y�/ of abelian groups internal to simplicial sets models homology types, that is,
chain complexes in nonnegative degree up to quasi-isomorphisms2 [7; 13].

(ii) The category Grp.y�/ of groups internal to simplicial sets models pointed connected homotopy
types [14].

(iii) The category Grpd.y�/ of groupoids internal to simplicial sets models homotopy types [6, Theo-
rem 8.3; 12, Theorem 10].

In this article, we focus on property (iii) above and prove its generalization, whose precise formulation
requires the basic setup of the theory of test categories, which we recall now. For any small category A,
Grothendieck considers the canonical functor

iA W yA! Cat;

which sends an object X of yA to its category of elements A=X . By a result attributed to Quillen by Illusie
[11, chapitre VI, corollaire 3.3.1], the category Cat models homotopy types, when equipped with the class
W1 of functors u W C! D that induce a weak homotopy equivalence between the classifying spaces of C
and D. Using this, we can define the homotopy type of a presheaf X over A as the category iA.X/D A=X

seen as an object of CatŒW�11 �'Hot. This definition has a very natural interpretation: the category A=X

is nothing but the so-called Grothendieck construction of X , and by a theorem of Thomason [21], this is
the homotopy colimit of X , seen as a (discrete) space-valued presheaf. More generally, we define a class
of weak equivalences in yA as

WyA WD i
�1
A .W1/;

and consider the induced functor at the level of homotopy categories

N{A W yAŒW�1yA �! CatŒW�11 �'Hot:

1In practice, this equivalence of homotopy categories will always come from an equivalence at the level of .1; 1/-categories.
2The classical “Dold–Kan” equivalence even says that there is an equivalence of categories between Ab.y�/ and the category of
chain complexes in nonnegative degree. However, from a homotopical point view, it is the homotopical result stated above which
is relevant.
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The category A is a pseudotest category if this functor is an equivalence of categories, a weak test
category if the right adjoint of iA (which always exists) also preserves weak equivalences and induces an
equivalence of homotopy categories, and, finally, a test category if it is a weak test category and for every
object a of A, A=a is a weak test category.

What about Grpd.yA/ now? There are two trivial but essential observations: (1) the category of groupoids
internal to yA is equivalent to the category ŒAop;Grpd� of presheaves over A with values in the category of
groupoids, (2) the Grothendieck construction is also defined for Grpd-valued presheaves, and so we can
define a functor

IA W Grpd.yA/! Cat;

where IA.X/ is the Grothendieck construction of X . The generalization of the situation for yA described
earlier is then straightforward. We define a canonical class of weak equivalences on Grpd.yA/ as

WGrpd.yA/ WD I
�1
A .W1/;

and consider the functor induced at the level of homotopy categories

xIA W Grpd.yA/ŒW�1Grpd.yA/
�! CatŒW�11 �'Hot:

Then, we can define the notions of groupoidal pseudotest category, groupoidal weak test category and
groupoidal test category as perfect analogues of the usual notions for Set-valued presheaves.3 In fact,
almost all of the results from the usual theory also work in the groupoidal theory, once they have been
appropriately adapted. Once the new theory is well established, we can compare the Set-valued notions
with the Grpd-valued notions and we obtain the main results of this paper.

Main Theorem (Theorem 7.3 and Theorem 7.11) Let A be a small category.

(i) A is a groupoidal test category if and only if it is a test category.

(ii) If A is a weak test category, then it is also a groupoidal weak test category.

Before getting to the immediate applications of this theorem, let us comment on an important point.

Part (ii) of the previous theorem, which implies that for a (weak) test category A, the category Grpd.yA/

models homotopy types, does not really come as a surprise, and here is a sketch of a very short proof of
this mere fact (see Section 9 for details). One can easily show that if we equip the category Grpd.Cat/

of groupoids internal to the category of small categories with the class of weak equivalences induced
by the diagonal of a well-defined bisimplicial nerve, then for every weak test category A, we have an
equivalence of homotopy categories4

Ho.Grpd.yA//' Ho.Grpd.Cat//:

3We will also define the notions of “groupoidal local test category” and “groupoidal strict test category”.
4Note however that this does not work if we replace (internal) groupoids by (internal) groups. Indeed, simplicial groups
model pointed connected homotopy types, but groups internal to categories (ie crossed modules) only model pointed connected
homotopy 2-types (see Remark 9.10).
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Then, by applying this isomorphism twice, if B is any other weak test category, we have

Ho.Grpd.yA//' Ho.Grpd.yB//:

In particular, for BD�, we already know that Grpd.y�/ models homotopy types; hence the desired result.

Nevertheless, the approach taken in this paper is completely different and the proof of the Main Theorem
comes as an easy consequence of the theory of groupoidal test categories thoroughly developed beforehand.
The advantage is at least twofold:

(1) We do not use the previously known case of �, and hence we obtain a new (and much simpler)
proof that Grpd.y�/ models homotopy types.

(2) We also obtain part (i) of the Main Theorem, which gives a converse for groupoidal test categories:
if A is a groupoidal test category, then A is a test category.

This second point is rather astonishing; it says that the fact that Grpd.yA/ models homotopy types (in a
canonical way) is a necessary and sufficient condition for yA to model homotopy types. For the sake of
comparison, let us consider the category Cat.yA/ of category objects in yA. It is an easy exercise to show
that this category models homotopy types (in a canonical way) if and only if the nerve of A is weakly
contractible. In particular, it is not a sufficient condition to ensure that yA models homotopy types, and the
theory of “categorical test categories” is essentially trivial. Somehow, this is not the case for Grpd-valued
presheaves and requiring that a category is a groupoidal test category is, unexpectedly, not a weaker
condition than requiring that it is a test category. As an application of the Main Theorem, we obtain a
plethora of new models of homotopy types:

� the category Grpd. y�/ of groupoids internal to cubical sets with or without connections,

� the category Grpd.y‚/ of groupoids internal to cellular sets,

� the category Grpd. y�/ of groupoids internal to dendroidal sets,

� the category Grpd.y�0/ of groupoids internal to semisimplicial sets,

� etc.

The example of cubical sets without connections is certainly worth noticing. Indeed, it is part of
mathematical folklore that cubical groups without connections are not Kan in general (see [22] for
example), and consequently it is believed that the category of cubical groups without connections does not
model pointed connected homotopy types, contrary to simplicial groups. It can then come as a surprise
that the category of groupoids internal to cubical sets without connections models homotopy types. Once
again, Grpd-valued presheaves seem to behave particularly well and hopefully this justifies their study.

Let us end this introduction with a quick word on what is not treated in the present article. In his book [4],
Cisinski showed that the category of (Set-valued) presheaves on any test category admits a model structure
where the weak equivalences are the ones canonically defined by Grothendieck. The generalization of
this for Grpd-valued presheaves (known when AD� [6; 12]) is not addressed at all here and is left as
future work.
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Organization of the paper

Section 1 is a preliminary section recalling some basic homotopical algebra needed in the rest of the paper.
Section 2 is a quick recollection, without proofs, of the classical theory of test categories. It is in Section 3
that we finally dive into the subject and give the basic setup of the homotopy theory of Grpd-valued
presheaves, mimicking Grothendieck’s axiomatic for the homotopy theory of Set-valued presheaves. In
Sections 4, 5 and 6, we respectively develop the theory of groupoidal weak test categories, groupoidal test
categories and groupoidal strict test categories. Section 7 is dedicated to the comparison of the classical
theory with the groupoidal theory and in particular we obtain the Main Theorem stated previously in the
introduction. Then, in Section 8, we give an alternative definition of the weak equivalences of Grpd-valued
presheaves, which makes the link with previous existing works on simplicial groupoids. Finally, Section 9
is a “bonus” and almost independent section from the rest of the paper, where we prove that Grpd.Cat/
models homotopy types.
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1 Preliminaries

1.1 A category with weak equivalences is a pair .C;W/, where C is a category and W is a class of
morphisms of C, generically referred to as the weak equivalences, which contains all isomorphisms and
satisfy the 2-out-of-3 property. We say that W is weakly saturated if in addition it satisfies the following
closure property: if i WX ! Y and r W Y !X are morphisms of W such that ri D idX and ir 2W , then
r 2W (and thus so is i by 2-out-of-3).

When C has pullbacks, we say that a morphism f WX ! Y is a universal weak equivalence, if for every
pullback square

X 0 X

Y 0 Y

f 0 f
y

the morphism f 0 is a weak equivalence (in particular f is a weak equivalence).

By homotopy category of a category with weak equivalences .C;W/, we mean the localization of C with
respect to W [8]. It is denoted by HoW.C/, or simply Ho.C/ when there is no risk of confusion.

1.2 Let .C;W/ and .C0;W 0/ be two categories with weak equivalences. A functor F W C! C0 is said to
preserve weak equivalences if F.W/�W 0. In this case, it induces the functor

xF W Ho.C/! Ho.C0/
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at the level of homotopy categories. A homotopy inverse of such a functor is a functor G W C0! C which
preserves weak equivalences and such that there exist zigzags of natural transformations FG! idC0

and GF! idC , which are pointwise weak equivalences (see (ii) below). In this case, F induces an
equivalence of categories Ho.C/' Ho.C0/ and similarly for G.5

Finally, we say that an adjunction L W C� C0 WR is a homotopical equivalence if:

(i) L and R preserve weak equivalences

L.W/�W 0 and R.W 0/�W:

(ii) The unit and counit of the adjunction are pointwise weak equivalences: for every object X of C0

and every object Y of C, we have

"X W LR.X/!X 2W 0 and �Y W Y !RL.Y / 2W:

Note that in this case L and R are homotopy inverses to each other.

The following lemma is a very useful criterion to detect homotopical equivalences.

1.3 Lemma Let .C;W/ and .C0;W 0/ be two categories with weak equivalences and L W C� C0 WR an
adjunction. If W D L�1.W 0/, then L a R is a homotopical equivalence if and only if the counit of the
adjunction is a pointwise equivalence.

1.4 Remark The dual of the previous lemma is also true, but we won’t need it in this paper.

Proof First, let’s prove that R preserves weak equivalences. Let f W X ! Y be a morphism a C0 that
belongs to W 0. Since W D L�1.W 0/, we need to show that LR.f / 2W 0, and this follows from the
2-out-of-3 property of W 0, the commutativity of the square

LR.X/ LR.Y /

X Y

LR.f /

"X "Y

f

and the fact that the counit is a pointwise weak equivalence.

Now let’s prove that the unit of the adjunction is also a pointwise weak equivalence. Let Y be an object
of C0. Since W D L�1.W 0/, we need to show that L.�Y / is a weak equivalence. By the triangle identity,
the triangle

L.Y / LRL.Y / L.Y /
L.�Y /

idL.Y /

"L.Y /

is commutative; hence the desired result follows from the 2-out-of-3 property of W 0 and the fact that the
counit is a pointwise weak equivalence.
5In fact, F and G are then even Dwyer–Kan equivalences [2]; hence they induce an equivalence of .1; 1/-categories.
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2 Very brief recollection of the theory of test categories

We now provide only a quick summary of the basic notions and results (without proofs) of the theory of
test categories. For a detailed exposition, we refer the reader to Maltsiniotis’s book on the subject [17].

2.1 Notation For a small category A, we denote by yA the category of Set-valued presheaves over A, that
is, the category of functors Aop! Set and natural transformations between them.

We denote by Cat the category of small categories and functors between them. We use the notation e for
the terminal object of Cat, that is, the category with one object and no nonidentity morphism.

For a small category A and an object a of A, we denote by A=a the slice category of A over a. Explicitly,
A=a is the category whose objects are pairs .a0; p W a0! a/, where a0 and p are respectively an object
and a morphism of A, and whose morphisms .a0; p0/! .a00; p00/ are morphisms f W a0! a00 of A, such
that p00 ıf D p0. Note that we have an obvious projection functor A=a! A.

More generally, if u W A! B is a morphism of Cat and b is an object of B, we denote by A=b the category
whose objects are pairs .a; q W u.a/! b/, where a is an object of A and q is a morphism of B, and whose
morphisms .a; q/! .a0; q0/ are the morphisms f W a! a0 of A such that q0 ıu.f /D q. We make the
abuse of notation of not making u appear in the notation A=b, but this category obviously depends on u.

2.2 Let � be the category whose objects are the ordered sets �n WD f0 < � � �< ng for n� 0 and whose
morphisms are nondecreasing functions between them. The category y� is referred to as the category of
simplicial sets. The canonical inclusion � ,! Cat induces the so-called nerve functor

N W Cat! y�; C 7!
�
�n 7! HomCat.�n;C/

�
:

Let us denote by W1 the class of morphisms u W A! B of Cat such that N.u/ is a weak homotopy
equivalence of simplicial sets.6 Recall now the fundamental result of the homotopy theory of Cat [11,
chapitre VI, corollaire 3.3.1]: the nerve functor induces an equivalence

Ho.Cat/' Ho.y�/

at the level of homotopy categories. In other words, the category Cat equipped with W1 models
homotopy types. In the theory of test categories, the point of view is reversed and .Cat;W1/ is taken
as the fundamental model of homotopy types. As it happens, the results of this theory only rely on a few
formal properties of the class W1, which are shared by other classes of weak equivalences (not necessarily
modeling homotopy types), referred to as basic localizers, and whose definition is recalled below.

2.3 Definition A class W of morphisms of Cat is called a basic localizer if it satisfies the following
properties:

(i) W is weakly saturated.

6This means a weak equivalence of the Kan–Quillen model structure on simplicial sets.
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(ii) For every small category A with a terminal object, the canonical morphism to the terminal category

A! e

is in W .

(iii) If for every object c of C in any commutative triangle

A B

C

u

of Cat, the morphism induced by u,

A=c! B=c;

is in W , then u is also in W .

2.4 Example The class W1 is a basic localizer. It is in fact the smallest basic localizer [3]. More
generally, for any n� 0, let Wn be the class of morphisms u W A! B of Cat such that N.u/ induces an
equivalence on homotopy groups of simplicial sets, up to dimension n. Then, Wn is a basic localizer [4,
section 9.2] and .Cat;Wn/ models homotopy n-types.

We now fix once and for all in this section a basic localizer W of Cat.

2.5 A small category A is called W-aspherical, or simply aspherical, when the canonical morphism to
the terminal category A! e is in W .

More generally, a morphism u W A! B is W-aspherical, or simply aspherical, if for every object b
of B, the category A=b is aspherical. Note that it follows from the axioms of basic localizers that every
aspherical morphism is in W . Practically, this is very often how we will prove that a morphism of Cat is
a weak equivalence.

Finally, we say that a small category A is totally W-aspherical, or simply totally aspherical, if it is
aspherical and the diagonal functor ı W A! A�A is aspherical.

For later reference we put here the following lemma. We refer to [17, paragraphe 1.1.15] for the definition
of Grothendieck fibrations.

2.6 Lemma Let
A0 A

B 0 B

u

p0 p

v

y

be a pullback square of Cat. If p is a Grothendieck fibration and v is aspherical then u is also aspherical.

Proof This is a particular case of the dual of [17, théorème 3.2.15] combined with [17, exemple 3.2.2].

The first step of the theory of test categories is to equip yA, for any small category A, with a canonical
class of weak equivalences. For that, we use a canonical functor yA! Cat.
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2.7 Let A be a small category. We write iA W yA! Cat for the functor

iA W yA! Cat; X 7! A=X;

where A=X is the category of elements of X . In details, the objects of A=X are pairs .a; x/, where a is
an object of A and x 2X.a/. A morphism .a; x/! .a0; x0/ consists of a morphism f W a! a0 in A such
that x DX.f /.x0/.

The functor iA has a right adjoint given by the formula

i�A W Cat! yA; C 7!
�
a 7! HomCat.A=a;C/

�
:

2.8 Definition Let A be a small category. A morphism ' WX ! Y of yA is a W-equivalence, or simply a
weak equivalence, if iA.'/ belongs to W . We denote by WyA the class of W-equivalences.

An object X of yA is W-aspherical, or simply aspherical, if iA.X/ is a W-aspherical category.

Finally, an object X of yA is W-locally aspherical, or simply locally aspherical, if for every object a of A,
the object X jA=a of bA=a defined as the composition

.A=a/op
�! Aop X

�! Set;

is aspherical.

2.9 Lemma If A is aspherical , then an object X of yA is aspherical if and only if the canonical morphism
to the terminal presheaf X !� is a weak equivalence. In particular , every locally aspherical presheaf
over an aspherical category A is aspherical.

Proof See [17, section 1.2.6].

2.10 Example As follows from [11, chapitre VI, théorème 3.3(ii)], in the case that A D �, the
W1-equivalences coincide with the usual weak homotopy equivalences, and thus a simplicial set is
W1-aspherical if and only if it is weakly contractible.

2.11 Definition (Grothendieck) Let A be a small category. We say that:

(a) A is a W-pseudotest category, or simply a pseudotest category, if it satisfies both of the following
conditions:
(i) A is aspherical.7

(ii) iA W yA! Cat induces an equivalence Ho.yA/' Ho.Cat/ at the level of homotopy categories.

(b) A is a W-weak test category, or simply a weak test category, if the adjunction iA a i�A is a
homotopical equivalence (Section 1.2).

(c) A is a W-local test category, or simply a local test category, if for every object a of A, the category
A=a is weak test.

7In fact, it follows from a result of Cisinski [4, proposition 4.2.4] and from [17, proposition 1.3.5] that condition (i) is implied by
condition (ii).
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(d) A is a W-test category, or simply a test category, if it is both a weak test category and a local test
category.

(e) A is a W-strict test category, or simply a strict test category, if it is both totally aspherical and a
test category.

2.12 Remark We have the sequence of implications

strict test D) test D) weak test D) pseudotest;

but it can be shown that the converse of the first two implications do not hold. For the converse of the
third one, it is still an open question.

2.13 Example The archetypal example of a strict test category is � [17, proposition 1.5.13], but it is
far from being the only one. The class of strict test categories also contains the cubical category with
connections [18], Joyal’s ‚ category [5], etc. Examples of test categories which are not strict include the
cubical category (without connections) [4, corollaire 8.4.13] and the dendroidal category � [1]. Examples
of weak test categories which are not test include the subcategory �0 of � with only monomorphisms as
the morphisms [17, proposition 1.7.25]. All the examples above are of “shape-like” nature, but it is not
always the case. For example, the monoid of nondecreasing functions N!N, seen as a category with
only one object, is a strict test category [5, exemple 3.16].

We now sum up the classical criteria to detect weak test, local test, test and strict test categories. For
details and other characterizations, we refer to the first chapter of [17].

Recall that we denote by �1 the ordered set f0 < 1g.

2.14 Proposition Let A be a small category. We have the following characterizations:

(a) A is a weak test category if and only if for every small category C with a terminal object , the
presheaf i�A .C/ is aspherical.

(b) A is a local test category if and only if the presheaf i�A .�1/ is locally aspherical.

(c) A is a test category if and only if it is aspherical and i�A .�1/ is locally aspherical.

(d) A is a strict test category if and only if it is totally aspherical and i�A .�1/ is aspherical.

Proof The four items are respectively proposition 1.3.9, théorème 1.5.6, remarque 1.5.4(a) and proposi-
tion 1.6.8 of [17].

Let us end this section with a quick word on aspherical functors and locally aspherical functors.

2.15 Definition Let A be a small category, i W A! Cat a functor and let i� W Cat! yA be the functor
defined as

i� W Cat! yA; C 7!
�
a 7! HomCat.i.a/;C/

�
:
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We say that i is a W-aspherical functor, or simply an aspherical functor, if it satisfies the two following
conditions:

(a) i.a/ has a terminal object for every object a of A.

(b) If C is a small category with a terminal object, i�.C/ is an aspherical object of yA.

We say that i is a W-locally aspherical functor, or simply a locally aspherical functor, if it satisfies
condition (a) above and the following condition instead of (b):

(b0) i�.�1/ is a locally aspherical object of yA.

2.16 Remark The definition of aspherical functor given above is not the one given in [17, définition 1.7.1],
but is a particular case of the latter one, as follows from [17, proposition 1.7.6(d)]. This variant will be
sufficient for our purpose. (See also Remark 4.7 below.)

2.17 Remark The first item (resp second item) of Proposition 2.14 can be reformulated as: A is a weak
test category (resp local test category) if and only if A! Cat, a 7! A=a is an aspherical functor (resp
locally aspherical functor).

2.18 Proposition Let A be a small category and i WA!Cat a functor. We have the following implications:

(a) If A is weak test and i is an aspherical functor , then i� W Cat! yA is a homotopy inverse of iA.

(b) If i is a locally aspherical functor , then A is a local test category.

(c) If i is a locally aspherical functor and A is aspherical , then A is a test category and i� W Cat! yA is a
homotopy inverse of iA.

Proof This follows from [17, proposition 1.7.6 and théorème 1.7.13].

2.19 Example The archetypal example of aspherical functor (which is even locally aspherical) is the inclu-
sion functor i W� ,! Cat [17, exemple 1.7.18]. Then i� W Cat! y� is the nerve functor. Hence, we recover
via the above proposition that the nerve induces an equivalence of homotopy categories Ho.Cat/'Ho.y�/.

2.20 Remark The name locally aspherical functor is nonstandard, but by (b) of the previous proposition,
it is equivalent to the usual notion of local test functor. Similarly, an aspherical functor i W A! Cat such
that A is a (weak) test category, is usually called a (weak) test functor. We will not use this terminology.

3 Homotopy theory of presheaves of groupoids

3.1 Notation We denote by Grpd the category of (small) groupoids and for a small category A, we
denote by yAGrpd the category of Grpd-valued presheaves over A. That is, yAGrpd is the category of functors
Aop! Grpd and natural transformations between them.8 We use the notation � for the terminal object
of yAGrpd.

8By that, we mean actual strict natural transformations and not pseudonatural transformations.
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The canonical inclusion Set ,! Grpd, which identifies sets with discrete groupoids, induces a canonical
inclusion yA ,! yAGrpd. Hence, every Set-valued presheaf can be seen as a Grpd-valued presheaf.

3.2 Let A be a small category and X an object of yAGrpd. We write A�X for the category of elements
of X , which is defined as the following:

� An object is a pair .a; x/, where a is an object of A and x is an object of X.a/.

� A morphism .a; x/! .a0; x0/ is a pair .f; k/ where f W a! a0 is a morphism of A and k W x ��!
X.f /.x0/ is a morphism of X.a/ (which is necessarily an isomorphism).

The identity morphism of .a; x/ is given by .ida; idx/ and the composition of

.a; x/
.f;k/
��! .a0; x0/

.f 0;k0/
���! .a00; x00/

is given by
.f 0 ıf; k00/ W .a; x/! .a00; x00/;

where k00 is the composite of

x
k
�!X.f /.x0/

X.f /.k0/
����!X.f 0 ıf /.x00/:

For every object X of yAGrpd, the category A�X comes equipped with a canonical morphism

�X W A�X ! A; .a; x/ 7! a;

which is easily checked to be a Grothendieck fibration (see also Remark 3.3 below).

Given a morphism ˛ WX!X 0 of yAGrpd (ie a natural transformation), we define a functor A�X! A�X 0

in the following way:

� An object .a; x/ of A�X is sent to the object .a; ˛a.x// of X 0.a/.

� A morphism .f; k/ W .a; x/! .a0; x0/ of A�X is sent to the morphism

.f; ˛a.k// W .a; ˛a.x//! .a0; ˛a0.x
0//

of A�X 0 (where we used the naturality of ˛ for the target of this morphism to be compatible).

This makes the correspondence X 7! A�X functorial in X , and yields a functor denoted by IA:

IA W yAGrpd! Cat; X 7! A�X:

We shall see later that IA admits a right adjoint.

3.3 Remark Via the canonical inclusion Grpd ,! Cat, any Grpd-valued presheaf X can be seen as a
Cat-valued presheaf. Then, A�X is nothing but the Grothendieck construction of X (see Section 8.1 for
details) and the canonical morphism �X W A�X ! A is the Grothendieck fibration associated to X .

3.4 Remark When X is an object of yA, which we see as an object of yAGrpd via the canonical inclu-
sion yA ,! yAGrpd, we have

iA.X/D IA.X/:
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In other words, the following triangle is commutative:

yA yAGrpd

Cat

iA
IA

3.5 Remark By an obvious variation of the Yoneda lemma, the category IA.X/ can alternatively be
defined as the category whose objects are pairs .a; p W a! X/ (we identify an object a of A with the
Set-valued presheaf represented by a) and whose morphisms .a; p/! .a0; p0/ are pairs .f; �/, where
f W a! a0 is a morphism of A and � W p 'D) p0 ıf is a natural isomorphism.

For the rest of this section, we fix once and for all a basic localizer W of Cat.

3.6 Definition Let A be a small category. A morphism of yAGrpd

' WX ! Y

is a W-equivalence, or simply a weak equivalence, if the induced morphism of Cat

IA.'/ W IA.X/! IA.Y /

is in W . We denote by WyAGrpd
the class of W-equivalences.

An object X of yAGrpd is W-aspherical, or simply aspherical, if the category IA.X/ is aspherical.

3.7 Remark It follows from Remark 3.4 that a Set-valued presheaf is aspherical in the sense of
Definition 2.8 if only if it is aspherical in the sense of the previous definition (using the canonical
inclusion yA ,! yAGrpd).

In the case that the category A is aspherical, there is an equivalent characterization of aspherical objects
of yAGrpd as stated in the following lemma.

3.8 Lemma If A is aspherical , then for every object X of yAGrpd, we have the equivalence

X !� is a weak equivalence () X is aspherical:

Conversely, if this equivalence is true for every X in yAGrpd, then A is aspherical.

Proof Notice that IA.�/ ' A; hence � is aspherical if and only if A is aspherical. The equivalence
follows then from the obvious fact that for a morphism ' WX! Y of yAGrpd, if Y is aspherical, then ' is a
weak equivalence if and only if X is aspherical.

For the second part of the lemma, it suffices to notice that the identity morphism �! � is always a weak
equivalence (as all identity morphisms are) and IA.�/' A.

For later reference, we put here the following result which gives other characterizations of aspherical
morphisms of Cat.
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3.9 Proposition Let u W A! B be a morphism of Cat. The following conditions are equivalent :

(a) u is aspherical.

(b) The functor u� W yBGrpd! yAGrpd preserves and reflects aspherical objects: an object X of yBGrpd is
aspherical if and only if u�.X/ is aspherical.

(c) The functor u� W yBGrpd! yAGrpd preserves aspherical objects: for every aspherical object X of yBGrpd,
u�.X/ is aspherical.

All these equivalent conditions imply the following condition:

(d) The functor u� W yBGrpd!yAGrpd preserves and reflects weak equivalences: .u�/�1.WyAGrpd
/DWyBGrpd

.

If A and B are aspherical , then conditions (a) to (d) are all equivalent and equivalent to the following
condition:

(e) The functor u� preserves weak equivalences: u�.WyBGrpd
/�WyAGrpd

.

Proof Let us start with some preliminaries. It is easily checked that for every objectX of yBGrpd, the square

IA.u
�.X// IB.X/

A B

�u�.X/

�X

�X

u

y

where �X is the functor defined on objects as

.a; x/ 7! .u.a/; x/;

and on morphisms as �
.a; x/

.f;�/
7��! .a0; x0/

�
7!
�
.u.a/; x/

.u.f /;�/
7����! .u.a0/; x0/

�
;

is a pullback square.

Now, using the fact that the vertical morphisms of the previous pullback square are Grothendieck
fibrations, it follows from Lemma 2.6 that if u is aspherical, then �X is aspherical. In particular, with these
conditions,X is aspherical if and only if u�.X/ is aspherical, which proves the implication (a)D) (b). The
implication (b)D) (c) is tautological. To prove (c)D) (a), consider an object b of B, seen as a Set-valued
representable presheaf (and as an object of yAGrpd via the inclusion yA ,! yAGrpd). It is straightforward to
check that IA.u�.b//' A=b. Hence, if condition (c) is satisfied, then u is aspherical.

To prove (c)D) (d), it suffices to notice that �X is natural in X , and thus, for every morphism f WX! Y

of yBGrpd, we have a commutative square

IA.u
�.X// IA.u

�.Y //

IB.X/ IB.Y /

�X

IA.u
�.f //

�Y

IB.f /
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We have already seen that if u is aspherical, then the vertical arrows of the previous square are weak
equivalences. Hence, in this case, IB.f / is a weak equivalence if and only if IA.u�.f // is. By definition
of weak equivalences of Grpd-valued presheaves, this means exactly that u� preserves and reflects weak
equivalences.

The implication (d) D) (e) is trivial. Finally, let us prove (e) D) (c). Let X be an aspherical object
of yBGrpd. Since B is aspherical, we have already seen (Lemma 3.8) that this means exactly that the
canonical morphism

X !�

is a weak equivalence of yBGrpd. If u� preserves weak equivalences, then

u�.X/! u�.�/' �

is a weak equivalence of yAGrpd. Using that A is aspherical, we deduce from Lemma 3.8 again that u�.X/
is aspherical. Hence, u� preserves aspherical objects.

3.10 Definition A small category A is W-groupoidal pseudotest, or simply groupoidal pseudotest, if:

(a) A is aspherical.

(b) IA induces an equivalence at the level of localized categories,

Ho.yAGrpd/
��! Ho.Cat/:

4 Groupoidal weak test categories

4.1 Notation For two (small) categories C and D, we denote by Homiso
Cat.C;D/ the groupoid whose

objects are functors C! D and whose morphisms are natural isomorphisms between those functors.

4.2 Let i W A! Cat be a functor with A a small category. We denote by I� the functor

I� W Cat! yAGrpd; C 7! Homiso
Cat.i.�/;C/:

When i is the functor A! Cat, a 7! A=a, we use the special notation I�A for the functor I�. In other
words, for a small category C, I�A is the functor

I�A W Cat! yAGrpd; C 7! Homiso
Cat.A=.�/;C/:

The following lemma is without a doubt part of mathematical folklore and I claim no originality for it.

4.3 Lemma Let i WA!Cat be a functor , with A a small category. The functor I� WCat!yAGrpd has a left
adjoint. In the case that i is the functor a 7! A=a (and thus I� D I�A ), this left adjoint is IA W yAGrpd! Cat

(Section 3.2).
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Proof Denote by
R a2A

F.a; a/ the coend, and by
R
a2A F.a; a/ the end, of a functor F W Aop �A! Cat.

We define a functor IŠ W yAGrpd! Cat as

X 7!
Z a2A

X.a/� i.a/:

For every small category C and every Grpd-valued presheaf X , we then have the following sequence of
natural isomorphisms:

HomCat

�Z a2A
X.a/� i.a/;C

�
'

Z
a2A

HomCat.X.a/� i.a/;C/

'

Z
a2A

HomGrpd

�
X.a/;Homiso

Cat.i.a/;C/
�

' HomyAGrpd
.X; I�.C//:

Hence, IŠ is left adjoint of I�. In the case that i W A! Cat is the functor a 7! A=a, we have

IŠ.X/D
Z a2A

X.a/�A=a;

which is nothing but the Grothendieck construction of X . To see this, recall that the Grothendieck
construction of a Cat-valued functor (and, a fortiori, for a Grpd-valued functor) is its oplax colimit [9],
and that the oplax colimit of a contravariant functor is computed as the colimit weighted by the slices of
the source [20]. The conclusion follows then from Remark 3.3.

We now fix, once and for all in this section, a basic localizer W of Cat.

4.4 Definition A small category A is W-groupoidal weak test, or simply groupoidal weak test, if the
adjunction IAa I

�
A is a homotopical equivalence (Section 1.2).

4.5 Remark An immediate computation shows that IAI�A .e/'A. Thus, if A is groupoidal weak test, the
counit morphism A! e is a weak equivalence and so A is aspherical. This shows that every groupoidal
weak test category is a groupoidal pseudotest category.

We would like now to find characterizations of groupoidal weak test categories. For that, we begin by
studying a class of homotopically well-behaved functors A! Cat.

4.6 Definition Let A be a small category. A functor i W A! Cat is W-groupoidal aspherical, or simply
groupoidal aspherical, if:

(a) For every object a of A, the category i.a/ has a terminal object.

(b) For every small category C with a terminal object, the Grpd-valued presheaf I�.C/ is aspherical.

4.7 Remark A more general notion of groupoidal aspherical functor is obtained by replacing the
conditions of the previous definitions by:

(a0) i.a/ is aspherical for every object a of A.

(b0) For every small aspherical category C, I�.C/ is aspherical.
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This is the straightforward generalization of [17, définition 1.7.1]. (We will see in Proposition 4.11 that
when (a) is satisfied, conditions (b) and (b0) are equivalent.) However, the author does not know if the
theory fully works for this more general notion of groupoidal aspherical functor, and the restricted version
we chose is sufficient for our purpose. For the interested reader, the difficulty is that it seems that [17,
lemme 1.7.4(b)] cannot be generalized to Grpd-valued presheaves. (Nevertheless, see Lemma 7.8(b)
below for a partial generalization of this lemma.)

4.8 Let i W A! Cat be a functor, with A a small category, and suppose that for every object a of A, the
category i.a/ has a terminal object ea. We are going to define a canonical natural transformation

˛ W IAI
�
D) idCat:

Let C be a small category. Spelling out the definitions, we see that the category IAI�.C/ has for object
pairs .a; p W i.a/! C/ where a is an object of A and p a morphism of Cat. A morphism .a; p/! .a0; p0/

in IAI�.C/ consists of a pair .f; �/, where f W a! a0 is a morphism of A and

� W p
'
D) p0 ı i.f /

is a natural isomorphism.

At the level of objects, we define the morphism ˛C W IAI
�.C/! C with the formula

˛C.a; p/ WD p.ea/:

At the level of morphisms, the image of a morphism .f; �/ W .a; p/! .a0; p0/ is defined as the composite

˛C.f; �/ WD p.ea/
�ea
�! p0.i.f /.ea//! p0.ea0/;

where the morphism on the right is induced by the canonical morphism i.f /.ea/! ea0 .

We leave it to the reader to check that ˛C W IAI�.C/! C does indeed define a functor and that it is natural
in C.

4.9 Remark When i W A! Cat is the functor a 7!A=a, then ˛ W IAI
�
A D) idCat is nothing but the counit

of the adjunction IA a I
�
A .

4.10 Lemma Let i W A! Cat be a functor where A is a small category and suppose that for every object
a of A, the category i.a/ has a terminal object. For every small category C and for an object c of C, we
have a canonical isomorphism

IAI
�.C/=c ' IAI

�.C=c/:

Proof Let us denote by ea the terminal object of i.a/. The category IAI�.C/=c is described as follows:

� An object is a triple .a; p W i.a/! C; g W p.ea/! c/, where a is an object of A, p is a morphism
of Cat, and g is a morphism of C.
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� A morphism .a; p; g/! .a0; p0; g0/ is a couple .f; �/, where f W a! a0 is a morphism of A and

i.a/ i.a0/

C

i.f /

p
p0

�

'

is a natural isomorphism, such that the triangle

p.ea/ p0.e0a/

c

˛C.f;�/

g
g 0

is commutative.

The category IAI�.C=c/ is described as:

� An object is a couple .a; q W i.a/! C=c/, where a is an object of A and q is a morphism of Cat.

� A morphism .a; q/! .a0; q0/ is a pair .f; �/, where f W a! a0 is a morphism of A and

i.a/ i.a0/

C=c

i.f /

q
q0

�

'

is a natural isomorphism.

Let us write �c W C=c! C for the canonical projection functor. We define a morphism of Cat as

� W IAI
�.C=c/! IAI

�.C/=c; .a; q W i.a/! C=c/ 7!
�
a; �c ı q W i.a/! C; q.ea/ W �c.q.ea//! c

�
;

the definition on morphisms being the obvious one.

We now leave it to the reader to verify that this morphism is indeed an isomorphism. This mainly amounts
to showing the following general fact: let A and B be two categories and suppose that A has a terminal
object tA. For any object b of B, a functor f W A! B=b is entirely determined by the postcomposition
A

f
�! B=b! B and by f .tA/, seen as a morphism of B whose target is b. (This follows essentially from

the universal property of B=b as a comma-category.)

4.11 Proposition Let i W A! Cat be a functor such that for every a in A the category i.a/ has a terminal
object. The following conditions are equivalent :

(a) i is groupoidal aspherical.

(b) I� preserves aspherical objects: for every small aspherical category C, the Grpd-valued presheaf
I�.C/ is aspherical.

(c) I� preserves and reflects aspherical objects: a small category C is aspherical if and only if the
Grpd-valued presheaf I�.C/ is aspherical.
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(d) For every small category C, the canonical morphism

˛C W IAI
�.C/! C

is a weak equivalence.

(e) A is aspherical and I� preserves and reflects weak equivalences:

.I�/�1.WyAGrpd
/DW:

(f) A is aspherical and I� preserves weak equivalences:

I�.W/�WyAGrpd
:

Proof The implications (d) D) (c) D) (b) D) (a) are trivial (the last one comes from the fact that every
category with a terminal object is aspherical). For the implication (a)D) (d), it follows from Lemma 4.10
(and the fact the slices C=c have a terminal object) that ˛C is aspherical. Hence, ˛C is a weak equivalence.
This proves the equivalence of the first four conditions. For the implication (d) D) (e), notice first that
if CD e is the terminal category, we have IAI�.e/' A, and hence (c) implies that A is aspherical. The
fact that (d) implies that I� preserves and reflects weak equivalences follows from the naturality of ˛,
2-out-of-3 and the fact that WyAGrpd

D I�1A .W/ by definition. The implication (e) D) (f) is tautological.
Finally, for the implication (f) D) (b), let C be a small aspherical category and consider the canonical
morphism C! e, which is, by definition, a weak equivalence. Since I� preserves weak equivalences by
hypothesis, the induced morphism

I�.C/! I�.e/

is a weak equivalence of yAGrpd. But IAI�.e/' A, which is by hypothesis aspherical. Hence, I�.e/ is
aspherical and then so is I�.C/.

We then obtain the following characterization of groupoidal weak test categories.

4.12 Proposition Let A be a small category. The following conditions are equivalent :

(a) A is groupoidal weak test.

(b) For every small category C with a terminal object , the Grpd-valued presheaf I�A .C/ is aspherical.

Proof The second condition means exactly that the functor A! Cat, a 7! A=a is groupoidal aspherical
(since the slice categories A=a have a terminal object). The equivalence follows then from condition (d)
of Proposition 4.11 combined with Remark 4.9 and Lemma 1.3.

Interestingly, we also obtain the following result.

4.13 Corollary Let A be a groupoidal weak test category and i W A! Cat a groupoidal aspherical functor.
Then , I� W Cat! yAGrpd is a homotopy inverse of IA W yAGrpd! Cat.
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Proof We already know that if i is a groupoidal aspherical functor, we have a natural transformation
˛ W IAI

�D) idCat which is a weak equivalence argument by argument. Consider now the zigzag of natural
transformations

I�IA D) I�A IAI
�IA D) I�A IA (H id;

where the arrow on the left is induced by the unit of the adjunction IA a I
�
A , the middle arrow is

obtained by postcomposing I�A to ˛ and precomposing with IA and the arrow on the right is again the
unit of the adjunction IA a I

�
A . Since A is groupoidal weak test, the unit of this adjunction is a weak

equivalence argument by argument and I�A preserves weak equivalences. This proves that the three natural
transformations of the previous zigzag are weak equivalences argument by argument.

4.14 Remark Following the terminology from the usual test category theory, a groupoidal aspherical
functor whose source is a weak test category ought to be called a groupoidal weak test functor.

4.15 Remark Even if we remove the hypothesis that A is groupoidal weak test from the previous
corollary, it follows trivially from Proposition 4.11(d) that I� is a homotopical inverse “on one side”
of IA, but it does not seem to be a homotopical inverse “on both sides” in general. No counterexample,
however, is known by the author.

5 Groupoidal test categories

We fix once and for all in this section a basic localizer W of Cat.

5.1 Definition A small category A is W-groupoidal local test, or simply groupoidal local test, if for
every object a of A, the category A=a is groupoidal weak test. We say that A is W-groupoidal test, or
simply groupoidal test, if it is both a groupoidal weak test category and a groupoidal local test category.

We are now going to look for characterizations of groupoidal local test categories and groupoidal test
categories. For that, it is useful to introduce first a variation of the notion of aspherical object of yAGrpd.

5.2 Notation Let A be a small category and a an object of A. Given a Grpd-valued presheaf X over A,
we denote by X jA=a the Grpd-valued presheaf over A=a defined as the composition

.A=a/op
�! Aop X

�! Grpd;

where A=a! A is the canonical projection.

5.3 Definition Let A be a small category. An object X of yAGrpd is W-locally aspherical, or simply
locally aspherical, if for every object a of A, the object X jA=a of 1.A=a/Grpd is aspherical.

We now have the following reformulation.

Algebraic & Geometric Topology, Volume 25 (2025)



Presheaves of groupoids as models for homotopy types 3853

5.4 Proposition Let A be a small category. The following conditions are equivalent :

(a) A is groupoidal local test.

(b) For every small category C with a terminal object , I�A .C/ is locally aspherical.

Proof This follows immediately from Proposition 4.12 and the fact that for every small category C and
every object a of A, we have

I�A=a.C/' I
�
A .C/jA=a:

More generally, we can consider the following variation of groupoidal aspherical functors.

5.5 Definition Let A be a small category. A functor i W A! Cat is W-groupoidal locally aspherical, or
simply groupoidal locally aspherical, if the following conditions are satisfied:

(a) For every object a of A, i.a/ has a terminal object.

(b) For every small category C with a terminal object, I�.C/ is locally aspherical.

5.6 Remark In other words, Proposition 5.4 says that A is groupoidal local test if and only if A! Cat,
a 7! A=a is a groupoidal locally aspherical functor.

We now turn to a couple of key technical results on locally aspherical Grpd-valued presheaves.

5.7 Lemma Let A be a small category, a an object of A and X an object of yAGrpd. We have a sequence

IA.a�X/' IA=a.X jA=a/' IA.X/=a

of isomorphisms natural in X , where:

� On the left-hand side , we abusively wrote a for the Set-valued presheaf represented by a.

� On the right-hand side , we implicitly used the canonical morphism �X W IA.X/! A to make sense
of the slice category.

Proof These three categories have the same description (up to canonical isomorphism):

� An object is a triple .a0; p W a0! a; x/, where a0 is an object of A, p is a morphism of A, and x is
an object of X.a0/.

� A morphism .a0; p; x/! .a00; p0; x0/ is a pair .f; k/ where f W a0! a00 is a morphism of A such
that p0 ıf D p and k W x!X.f /.x0/ is a morphism of X.a0/.

5.8 Lemma Let A be a small category andX an object of yAGrpd. The following conditions are equivalent :

(a) X is locally aspherical.

(b) The image by IA of the morphism to the terminal object X !�,

IA.X/! A;

is an aspherical morphism of Cat.
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(c) For every object a of A, seen as a representable presheaf (and as an object of yAGrpd, via the canonical
inclusion yA ,! yAGrpd), the product in yAGrpd

a�X
is aspherical.

(d) The morphism X!� is a universal weak equivalence , ie for every object Y of yAGrpd, the canonical
projection

Y �X ! Y
is a weak equivalence.

Proof The equivalence of (a), (b) and (c) follows immediately from Lemma 5.7. For the implication
(b) D) (d), consider the cartesian square

Y �X X

Y �

y

We leave it to the reader to check that the functor IA preserves cartesian squares. Hence, we obtain a
cartesian square

IA.Y �X/ IA.X/

IA.Y / A

�X

�Y

y

Since IA.Y /! A is a Grothendieck fibration, we deduce from Lemma 2.6 that the left vertical morphism
of the above square is an aspherical morphism of Cat, which implies that Y �X!X is a weak equivalence.
Finally, for the implication (d) D) (c), let a be an object of A, and consider the canonical projection

a�X ! a;

where once again we wrote a for the Set-valued presheaf represented by a. Since the presheaf a is
aspherical (because the category IA.a/DA=a has a terminal object), it follows that a�X is aspherical.

5.9 Remark Lemma 5.8 hides a subtle distinction between the classical theory for Set-valued presheaves
and the theory for Grpd-valued presheaves. Indeed, let us call local weak equivalence a morphism
f WX ! Y of yAGrpd such that for every object a of A, the morphism of 1.A=a/Grpd

f jA=a WX jA=a! Y jA=a

is a weak equivalence. Then, an objectX of yAGrpd is locally aspherical if and only ifX!� is a local weak
equivalence. Now, Lemma 5.8(d) tells us that X is locally aspherical if and only if X !� is a universal
weak equivalence, and we might think that this characterization is true for all local weak equivalences (as
the analogue result is true for Set-valued presheaves [17, paragraphe 1.2.5]). This does not work though.
The correct generalization, which goes beyond the scope of this paper, involves what ought to be called
“comma-universal weak equivalence”, whose definition is the same as universal equivalence except that
pullback squares are replaced by comma squares.
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5.10 Lemma Let A be a small category and X an object of yAGrpd. If A is aspherical , then we have the
implication

X locally aspherical D)X aspherical:

Proof Thanks to Lemma 5.8 (for example item (b)), we know that if an object X of yAGrpd is locally
aspherical, then X !� is a weak equivalence. The conclusion follows from Lemma 3.8.

From this last lemma, we immediately deduce the following two propositions.

5.11 Proposition Let A be a small category and i W A! Cat a groupoidal locally aspherical functor.
Then i is a groupoidal aspherical functor if and only if A is aspherical.

5.12 Proposition Let A be a groupoidal local test category. Then A is groupoidal test if and only if it is
aspherical.

This last result means that in order to characterize groupoidal test categories, it suffices to characterize
groupoidal local test categories.

5.13 Let M be a category with finite products (this includes a terminal object, which we denote by eM).
An interval in M is a triple .I; i0; i1/, where I is an object of M and i0 and i1 are morphisms of M:

i0; i1 W eM! I:

A morphism of intervals .I; i0; i1/! .I0; i 00; i
0
1/ consists of a morphism ' W I! I0 of M such that i 0"D'ıi"

for "D 0; 1.

Now, let f; g WX ! Y be two parallel morphisms of M and .I; i0; i1/ an interval in M. An I-homotopy
from f to g is a morphism h W I�X ! Y of M such that the following diagram is commutative:

X

I�X Y

X

f
i0�X

h

g
i1�X

We consider the smallest equivalence relation on the set HomM.X; Y / such that f is equivalent to g if
there exists a I-homotopy from f to g. If two morphisms X ! Y are in the same equivalence class for
this relation, we say that they are I-homotopic.

We say that an object X of M is I-contractible if idX WX !X is I-homotopic to a constant morphism
(ie a morphism which factorizes through the terminal object eM).

Finally, notice that if F WM!M0 is a functor preserving finite products, then for any interval .I; i0; i1/
of M, .F.I/; F .i0/; F .i1// is an interval of M0, and F sends I-homotopic morphisms to F.I/-homotopic
morphisms. In particular, F sends I-contractible objects to F.I/-contractible objects.
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5.14 Example Let �1 be the poset f0 < 1g seen as an object of Cat, and denote by e0; e1 W e!�1 the
canonical inclusions of 0 and 1 respectively. Then .�1; e0; e1/ is an interval of Cat. A �1-homotopy
from a morphism u WA! B to a morphism v WA! B is simply a natural transformation uD) v. Notice
that a small category with either a terminal object or an initial object is �1-contractible.

5.15 Example Let i W A! Cat be a functor where A is a small category. Since I� preserves limits,
.I�.�1/; I

�.e0/; I
�.e1// is an interval of yAGrpd.

The following lemma relates the notion of I-homotopy with the homotopy theory induced by a class of
weak equivalences in the ambient category.

5.16 Lemma Let M be a category with finite products , W a weakly saturated class of morphisms of M

and I an interval of M such that the canonical morphism to the terminal object I! eM is universally in W.
Then , for every I-contractible object X of M, the canonical morphism X ! eM is universally in W.

Proof This is a reformulation of [17, lemme 1.4.6].

We can now apply this to groupoidal locally aspherical functors.

5.17 Proposition Let i W A! Cat be a functor , with A a small category , such that for every object a
of A, the category i.a/ has a terminal object. The following conditions are equivalent :

(a) i is groupoidal locally aspherical.

(b) I�.�1/ is locally aspherical.

Proof The implication (a)D) (b) is trivial because�1 has a terminal object. For the converse, we need to
show that for every small category C with a terminal object, I�.C/ is locally aspherical. By Lemma 5.8(d),
this is equivalent to showing that I�.C/!� is a universal weak equivalence. Notice that I� preserves
limits and so it sends �1-contractible objects of Cat to I�.�1/-contractible objects of yAGrpd. Since every
small category with a terminal object is �1-contractible, the result follows from Lemma 5.16.

We could now apply the previous proposition to the functor A!Cat, a 7!A=a and obtain a characterization
of groupoidal local test categories. As it happens, we will soon obtain an even finer characterization, but
we first need some more results on intervals.

5.18 Definition Let M be a category with finite products, and whose terminal object is denoted by eM.
A multiplicative interval in M is an interval .L; �0; �1/ together with a binary operation

ƒ W L�L! L;

such that �0 is a unit on the left and �1 is absorbing on the left.To wit, these diagrams are commutative:

eM �L L�L

L

�0�idL

idL

ƒ and
eM �L L�L

eM L

�1�idL

ƒ

�1
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5.19 Example The interval (�1; e0; e1) of Cat is multiplicative when equipped with the binary operation

�1 ��1!�1; .a; b/ 7! aC b� ab:

Since I�A preserves limits, it follows that the interval .I�A .�1/; I
�
A .e0/; I

�
A .e1//, equipped with the image

by I�A of the above binary operation, is multiplicative.

5.20 Lemma Let M be a category with finite products, W a weakly saturated class of maps of M,
.I; i0; i1/ an interval in M such that I! eM is universally in W and .L; �0; �1; ƒ/ a multiplicative interval
in M. If there exists a morphism of intervals .I; i0; i1/! .L; �0; �1/, then L! eM is universally in W .

Proof See [17, lemme 1.4.10].

For the next definition, recall that a .2; 1/-category is a 2-category such that every 2-morphism is
invertible (in other words, a Grpd-enriched category). Limits and colimits in a .2; 1/-category are the
Grpd-enriched ones.

5.21 Definition Let M be a .2; 1/-category with finite products (the terminal object is denoted by eM)
and an initial object ¿. An interval .I; i0; i1/ (of the underlying category of) M is said to be strongly
separating if for every 2-square of M

X eM

eM I

i0

i1

'

we necessarily have X D¿ (and thus the 2-morphism is the identity as colimits are understood to be the
enriched ones).

5.22 Example Consider Cat as a .2; 1/-category, where the 2-morphisms are the natural isomorphisms
between functors. Then .�1; e0; e1/ is strongly separating.

5.23 Let A be a small category. The category yAGrpd has a canonical structure of a 2-category where the
2-morphisms are the strict natural 2-transformations. That is, given two parallel morphisms '; WX! Y

of yAGrpd, a 2-morphism ˛ W ' D)  consists of a family of natural transformations

X.a/ Y.a/

'a

 a

˛a

such that, for every f W a! a0 in A, the following naturality condition is satisfied:

X.a0/ X.a/ Y.a/
X.f /

'a

 a

˛a D X.a0/ Y.a0/ Y.a/

'a0

 a0

Y.f /
˛a0

Notice that since X and Y take values in groupoids, every ˛a is invertible, and it follows that every
2-morphism of yAGrpd is also invertible. Hence, yAGrpd is a .2; 1/-category.
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5.24 Lemma Let i W A! Cat be a functor , with A a small category, such that for every object a of A, the
category i.a/ is not empty. Then , the interval .I�.�1/; I�.e0/; I�.e1// of yAGrpd is strongly separating.

Proof It is obvious that I� W Cat! yAGrpd can be extended to a .2; 1/-functor, and so is its left adjoint IŠ
which was defined in the proof of Lemma 4.3. We obtain this way a .2; 1/-adjunction. The fact that
.�1; e0; e1/ is strongly separating in Cat can be expressed as the fact that the commutative square

¿ e

e �1

e0

e1

is a .2; 1/-comma square.9 Since I� preserves Grpd-enriched limits, the square

¿ �

� I�.�1/

I�.e0/

I�.e1/

is also a .2; 1/-comma square (we used that I�.¿/ ' ¿, which follows from the hypothesis on the
nonemptiness of the categories i.a/), which means exactly that the interval .I�.�1/; I�.e0/; I�.e1// is
strongly separating. Details are left to the reader.

5.25 Lemma Let A be a small category. For every strongly separating interval .I; i0; i1/ of yAGrpd, there
exists a morphism of intervals .I; i0; i1/! .I�A .�1/; I

�
A .e0/; I

�
A .e1// (not necessarily unique).

Proof By adjunction, we need to find a morphism of Cat, u W IA.I/! �1, such that the following
diagram is commutative:

(1)

A e

IA.I/ �1

A e

e0

u

e1

Here, the map A! IA.I/ at the top is defined as a 7!
�
a; a �! �

i0
�! I

�
, and the other one similarly

with i1 instead of i0. Let
�
a; a

p
�! I

�
be an object of IA.I/.

� If p is such that there exists a natural isomorphism

a �

I
p

i0

'

then we define u.a; p/D 0.

� Else we define u.a; p/D 1.

9The definition is the same as the usual notion of comma square in a 2-category, except that every 2-morphism involved is
invertible.
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Given a morphism .a0; p0/! .a; p/ of IA.I/, notice that if u.a; p/D 0, then u.a0; p0/D 0 too. (In other
words, the objects sent to 0 form a sieve.) This allows for a unique possible way of defining u on arrows.

The upper square of (1) is commutative by definition. For the lower square, we need to prove that

u
�
a; a �! �

i1
�! I

�
D 1:

Suppose that it is not the case: this would mean that there exists a 2-square

a �

� I

i0

i1

'

which is forbidden since .I; i0; i1/ is strongly separating and the initial presheaf¿ is never representable.

5.26 Proposition Let A be a small category. The following are equivalent :

(a) A is groupoidal local test.

(b) I�A .�1/ is locally aspherical.

(c) There exists a strongly separating interval .I; i0; i1/ in yAGrpd, such that I is locally aspherical.

(d) There exists a groupoidal locally aspherical functor i W A! Cat.

Proof By Remark 5.6, A is groupoidal local test if and only if A! Cat, a 7! A=a is a groupoidal
locally aspherical functor. Hence, the implication (a) D) (d) is trivial and the equivalence (a)() (b)
follows from Proposition 5.17. From Lemma 5.24, we know that .I�A .�1/; I

�
A .e0/; I

�
A .e1// is a strongly

separating interval; hence the implication (b) D) (c). For the implication (c) D) (b), we know from
Example 5.19 that .I�A .�1/; I

�
A .e0/; I

�
A .e1// is a multiplicative interval. Then, Lemma 5.25 implies that

there exists a morphism of intervals .I; i0; i1/! .I�A .�1/; I
�
A .e0/; I

�
A .e1//. Since, by hypothesis, I is

locally aspherical, it follows from Lemma 5.20 that I�A .�1/ is locally aspherical.

So far, we have shown (c)() (b)() (a) D) (d). Let us conclude with the implication (d) D) (c). If
i W A! Cat is a groupoidal locally aspherical functor, then by definition I�.�1/ is locally aspherical.
Besides, each category i.a/ has a terminal object and in particular is not empty; hence Lemma 5.24
applies and .I�.�1/; I�.e0/; I�.e1// is a strongly separating interval.

6 Groupoidal strict test categories

We fix once and for all in this section a basic localizer W of Cat.

6.1 Recall that a small category A is totally aspherical if:

(i) A is aspherical.

(ii) The diagonal functor
ı W A! A�A

is aspherical.
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6.2 Example A small category that has finite products (including the empty product) is totally aspherical
[17, exemple 1.6.4].

6.3 Definition A small category A is W-groupoidal strict test, or simply groupoidal strict test, if the
following conditions are satisfied:

(a) A is totally aspherical.

(b) A is groupoidal test.

In the following proposition, it is important to understand that “finite” includes “empty”.

6.4 Proposition Let A be a small category. The following are equivalent :

(a) A is totally aspherical.

(b) The functor IA W yAGrpd ! Cat preserves finite products up to weak equivalence: for every finite
family .Xi /i2I of objects of yAGrpd, the canonical morphism

IA

� Q
i2I

Xi

�
!

Q
i2I

IA.Xi /

is a weak equivalence.

(c) The class of aspherical objects of yAGrpd is stable by finite products: if .Xi /i2I is a finite family of
aspherical objects of yAGrpd, then Q

i2I

Xi

is also aspherical.

(d) For every finite family of .ai /i2I of objects of A, seen as representable presheaves (and as objects
of yAGrpd via the canonical inclusion yA ,! yAGrpd), the product in yAGrpdQ

i2I

ai

is aspherical.

Proof Let us begin with (a) D) (b). For the empty product, this is simply saying that IA.�/' A! e is
a weak equivalence, which is the case because a totally aspherical category is in particular aspherical.
Now let X and Y be two objects of yAGrpd, and notice that the square

IA.X �Y / IA.X/� IA.Y /

A A�A

�X�Y �X��Y

ı

is commutative and a pullback square. Since a product of Grothendieck fibrations is again a Grothendieck
fibration, the right vertical arrow is a Grothendieck fibration and by Lemma 2.6 we deduce that the top
horizontal arrow is aspherical. The general case follows from an immediate induction and the fact that
weak equivalences in Cat are stable by finite products [17, proposition 2.1.3].

The implication (b) D) (c) is immediate because a finite product of aspherical categories is aspherical.
The implication (c) D) (d) is trivial.
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Finally, for the implication (d) D) (a), notice first that condition (d) applied to the empty product gives
that the terminal � object of yAGrpd is aspherical, which means exactly that A is aspherical as usual. Now
let a and b be the two objects of A, seen as representable presheaves and thus as objects of yAGrpd. It is
straightforward to check that

IA.a� b/' A=.a; b/;

where on the right-hand side, .a; b/ has to be understood as an object of A�A and the slice is relative
the diagonal functor ı W A! A�A. This slice category being aspherical for every .a; b/ 2 A�A means
exactly that ı is aspherical.

Now, the crucial result is the following.

6.5 Lemma Let A be a totally aspherical category and X an object of yAGrpd. The following conditions
are equivalent :

(a) X is aspherical.

(b) X is locally aspherical.

Proof A totally aspherical category being in particular aspherical, the implication (b) D) (a) has already
been proved in Lemma 5.10. For the other implication, let a be an object of A, which we see as a
representable presheaf (and then as an object of yAGrpd via the canonical inclusion yA ,! yAGrpd). Thanks to
Proposition 6.4 and because representable presheaves are always aspherical, we know that

a�X

is an aspherical object of yAGrpd, which proves that X is locally aspherical by Lemma 5.8.

The following results are straightforward consequences of the previous lemma.

6.6 Proposition Let A be a small category and i W A! Cat a functor. If A is totally aspherical , then the
following conditions are equivalent :

(a) i is a groupoidal locally aspherical functor.

(b) i is a groupoidal aspherical functor.

6.7 Proposition Let A be a small category. If A is totally aspherical , then the following are equivalent :

(a) A is groupoidal strict test.

(b) A is groupoidal test.

(c) A is groupoidal weak test.

(d) IA.�1/ is aspherical.

(e) There exists a strongly separating interval .L; i0; i1/ in yAGrpd such that L is aspherical.

(f) There exists a groupoidal aspherical functor i W A! Cat.
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7 Test categories vs groupoidal test categories

7.1 The comparison of the theory of groupoidal test categories and test categories relies on the following
trivial but essential observation. If D is a (small) category with no nontrivial isomorphisms, then for any
(small) category C, the groupoid Homiso

Cat.C;D/ doesn’t have any nontrivial morphisms. In other words,
Homiso

Cat.C;D/ is a set and we have
Homiso

Cat.C;D/D HomCat.C;D/:

In particular, let i W A! Cat be a functor, with A a small category. For any category D with no nontrivial
isomorphisms, we have

I�.D/D i�.D/:

(Remember that we consider yA as a full subcategory of yAGrpd.)

We then immediately have the following result.

7.2 Proposition Let i W A! Cat a functor such that for every object a of A, the category i.a/ has a
terminal object. The following are equivalent :

(a) i is a groupoidal locally aspherical functor.

(b) i is a locally aspherical functor.

Proof By Proposition 5.17, condition (a) is equivalent to I�.�1/ being locally aspherical. Condition (b)
means that i�.�1/ is locally aspherical (see Definition 2.15). Since �1 has no nontrivial isomorphism,

I�.�1/D i
�.�1/:

To conclude, let us prove that a Set-valued presheaf is locally aspherical as an object of yA (Definition 2.8)
if and only if it is locally aspherical as an object of yAGrpd (Definition 5.3). First notice that the canonical
inclusion yA ,! yAGrpd preserves and reflects limits, and preserves and reflects weak equivalences. Hence,
given an object X of yA, if X ! � is a universal weak equivalence of yAGrpd, then it is also a universal
weak equivalence of yA. The latter is the definition of locally aspherical object of yA and the former
is a characterization of locally aspherical object of yAGrpd (Lemma 5.8(d)). This proves the “if” part.
Conversely, if X ! � is a universal weak equivalence of yA, then for every object a of A, seen as a
representable presheaf, the canonical projection a�X ! a is a weak equivalence of yA. Since a is an
aspherical object of yA (because iA.a/D A=a has a terminal object), it follows that a�X is an aspherical
object of yA. By Remark 3.7, we deduce that it is also an aspherical object of yAGrpd, which proves that X
is locally aspherical as an object of yAGrpd by Lemma 5.8(c).

From this, we deduce our first comparison theorem.

7.3 Theorem Let A be a small category. We have the following equivalences:

(a) A is groupoidal local test() A is local test.

(b) A is groupoidal test() A is test.

(c) A is groupoidal strict test() A is strict test.
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Proof By Remark 5.6 (resp Remark 2.17), A is a groupoidal local test category (resp local test category)
if and only if A! Cat, a 7! A=a is a locally groupoidal aspherical functor (resp locally aspherical
functor). The equivalence (a) follows then from Proposition 7.2.

By Proposition 5.12 (resp Proposition 2.14), we know that A is groupoidal test (resp test) if and only if it
is groupoidal locally test (resp locally test) and aspherical. Hence, the equivalence (b) follows trivially
from (a).

Finally, A is groupoidal strict test (resp strict test) if it is groupoidal test (resp test) and totally aspherical.
Hence, the equivalence (c) follows trivially from (b).

7.4 Corollary If A is a test category (or equivalently a groupoidal test category), the canonical inclusion
functor yA ,! yAGrpd induces an equivalence at the level of homotopy categories:

Ho.yA/' Ho.yAGrpd/:

Proof Consider the commutative triangle
yA yAGrpd

Cat

iA
IA

If A is a test category (or equivalently a groupoidal test category), then both vertical arrows of the previous
triangle induce equivalences at the level of homotopy categories. The result follows then by a 2-out-of-3
property for equivalences of categories.

7.5 Remark The proof of the previous corollary is straightforwardly generalized to deduce that if A is a
test category, then yA ,! yAGrpd induces a Dwyer–Kan equivalence [2] .yA;WyA/

��! .yAGrpd;WyAGrpd
/; hence

it induces an equivalence of .1; 1/-categories.

7.6 Example It follows from Theorem 7.3 that all the examples of (strict) test categories given in
Example 2.13 are also groupoidal (strict) test categories. In particular,� is a groupoidal strict test category,
and we recover the classical result that the category y�Grpd models homotopy types (using Corollary 7.4
for example). But this is also the case of Grpd-valued presheaves over the cube category with or without
connections, over Joyal’s ‚ category, over the dendroidal category, etc.

Let us now compare groupoidal weak test categories with weak test categories. For this, first recall the
following technical result.

7.7 Lemma Let u WA!B be a morphism of Cat, and i WA!Cat and j WB!Cat be such that the triangle

A B

Cat

u

i
j

is commutative, and suppose that for every object b of B, the category j.b/ has a terminal object.
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(a) If u is an aspherical morphism of Cat, then i W A! Cat is an aspherical functor if and only if
j W B! Cat is.

(b) If j W B! Cat is fully faithful and i W A! Cat is an aspherical functor, then u is an aspherical
morphism of Cat and j W B! Cat is an aspherical functor.

Proof This is [17, lemme 1.7.4] with the only exception that our definition of aspherical functor
(Definition 2.15) is stronger than the one used there (see Remark 2.16). The only adaptation required is
to notice that with our hypothesis, it is clear that i.a/ has a terminal object for every object a in A.

For Grpd-valued presheaves, we have the following partial generalization.

7.8 Lemma Let u WA!B be a morphism of Cat, and i WA!Cat and j WB!Cat be such that the triangle

A B

Cat

u

i
j

is commutative, and suppose that for every object b of B, the category j.b/ has a terminal object.

(a) If u is an aspherical morphism of Cat, then i W A! Cat is a groupoidal aspherical functor if and
only if j W B! Cat is.

(b) If j W B! Cat is fully faithful, i W A! Cat is a groupoidal aspherical functor, and for every object b
of B, the category j.b/ does not have any nontrivial isomorphism, then u is an aspherical morphism
of Cat and j W B! Cat is a groupoidal aspherical functor.

Proof Notice first that the hypotheses imply that the category i.a/ has a terminal object for every object a
of A.

The given commutative triangle induces a commutative triangle

yAGrpd
yBGrpd

Cat

u�

I�
J�

If u is aspherical, it follows from Proposition 3.9 that for a small aspherical category C, J �.C/ is
aspherical if and only if I�.C/ is aspherical. In particular, this proves (a).

For (b), notice that with the hypotheses, we have, for every object b of B,

J �.j.b//D j �.j.b//' b;

where the first equality comes from the fact that j.b/ does not have any nontrivial isomorphism and the
second from the fact that j is fully faithful (note that on the right-hand side of the second equality, we
abusively wrote b for the Set-valued presheaf represented by b). We then have

u�.b/' u�
�
J �.j.b//

�
D I�.j.b//:
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Since i is a groupoidal aspherical functor and j.b/ is an aspherical category, we have that I�.j.b//
is aspherical and so is u�.b/. This means that the category iA.u�.b// is aspherical and an immediate
verification shows that we have a canonical isomorphism iA.u

�.b//' A=b, which proves by definition
that u is aspherical. Hence, we can apply (a) and the conclusion follows.

7.9 Remark It is only the (b) of Lemma 7.7 that does not generalize straightforwardly in Lemma 7.8
and for which we added the hypothesis that for every b in B, j.b/ does not have nontrivial isomorphisms.
We do not know whether this hypothesis is necessary or not.

We can now prove the following result.

7.10 Proposition Let i W A! Cat be a functor , with A a small category, such that i.a/ has a terminal
object for every object a of A. We have the following implication:

i is an aspherical functor D) i is a groupoidal aspherical functor:

If we suppose moreover that for every object a of A, the category i.a/ does not have any nontrivial
isomorphism , then we also have the converse implication:

i is a groupoidal aspherical functor D) i is an aspherical functor:

Proof We begin by the first implication. Suppose that i W A! Cat is an aspherical functor and let B be
the smallest full subcategory of Cat such that:

� Every i.a/, for a in A, is an object of B.

� B is stable by finite products.

Since a finite product of categories with terminal object has a terminal object, it follows that every object
of B has a terminal object. By construction, we have a factorization

A B

Cat

i0

i
j

where j is the canonical inclusion and i0 W A! B is the functor a 7! i.a/. Since i is an aspherical functor,
Lemma 7.7(b) implies that i0 is aspherical and j W B ,! Cat is an aspherical functor. Since B is stable by
finite products, it is totally aspherical (Example 6.2), and thus j is also a locally aspherical functor (this
follows easily from Lemma 6.5 applied to Set-valued presheaves). Applying Proposition 7.2, we obtain
that j is a groupoidal locally aspherical functor, and then a groupoidal aspherical functor because B is
aspherical. Finally, using Lemma 7.8(a), we have that i is a groupoidal aspherical functor.

For the converse implication, let i W A! Cat be a groupoidal aspherical functor such that each i.a/, for a
in A, does not have any nontrivial isomorphism and let B be the smallest full subcategory of Cat such that:

� Every i.a/, for a in A, is an object of B.

� Every object �n of �, for n� 0, is an object of B.
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Notice that the objects of B do not have any nontrivial isomorphism. By construction, we have a
commutative diagram

A B �

Cat

i0

i
j

k0

k

where:

� i0 is the functor a 7! i.a/.

� j is the full subcategory inclusion.

� k is the canonical fully faithful inclusion of � in Cat.

� k0 is the full subcategory inclusion.

By hypothesis, i is a groupoidal aspherical functor and since j is fully faithful and the objects of B do not
have any nontrivial isomorphism, it follows from Lemma 7.8(b) that i0 is an aspherical morphism of Cat.
Since k W�! Cat is an aspherical functor [17, exemple 1.7.18] (the functor k� W Cat! y� is nothing but
the nerve functor), and since j is fully faithful, it follows from Lemma 7.7(b) that j is also an aspherical
functor. Using that i0 is an aspherical morphism of Cat, we deduce from an application of Lemma 7.7(a)
that i is an aspherical functor.

From this we deduce the following comparison theorem.

7.11 Theorem Let A be a small category. We have the following implication:

A is a weak test category D) A is a groupoidal weak test category:

If we suppose that A does not have any nontrivial isomorphism , then we also have the converse implication:

A is a groupoidal weak test category D) A is a weak test category:

Proof By Proposition 4.12 (resp Remark 2.17), A is groupoidal weak test (resp weak test) if and only if
A! Cat, a 7! A=a is a groupoidal aspherical functor (resp aspherical functor). Hence, the result follows
immediately from Proposition 7.10.

7.12 Remark In light of Remark 7.9, we do not know if the hypothesis that A does not have any nontrivial
isomorphism is necessary for the second implication of the previous theorem. If a counterexample exists,
then it would necessarily be a small category A with nontrivial isomorphisms which is groupoidal weak
test but not groupoidal test (or else Theorem 7.3 applies).

7.13 Corollary If A is a weak test category , then the canonical inclusion yA ! yAGrpd induces an
equivalence at the level of homotopy categories

Ho.yA/' Ho.yAGrpd/:

Proof Similar to the proof of Corollary 7.4.

7.14 Remark Same remark as for Remark 7.5.
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7.15 Example It follows from Theorem 7.3 that all examples of weak test categories from Example 2.13
are also groupoidal weak test categories. For example, it is the case of the category �0 of finite nonempty
ordinals and nondecreasing monomorphisms. In particular, the category .y�0/Grpd models homotopy types.

7.16 Finally, let us end this section with a quick word on the comparison of pseudotest categories and
groupoidal pseudotest categories. Although the implication

(2) pseudotest category D) groupoidal pseudotest category

seems reasonable to expect, it remains an open question for the author. As for the converse implication,
it is not true in general. More precisely, the example below shows that there exists a basic localizer W
(which is not W1!) such that the class of W-groupoidal pseudotest categories strictly contains the class
of W-pseudotest categories. (Hence, for this particular basic localizer, the implication (2) is true.) The
question remains open for an arbitrary basic localizer, in particular for W1.

7.17 Example Consider the functor �1 W Cat! Grpd, left adjoint of the canonical inclusion functor
� W Grpd! Cat, and let W1 be the class of morphisms f of Cat such that �1.f / is an equivalence of
groupoids. We leave it as an exercise to the reader to show that W1 is a basic localizer of Cat. Since � is fully
faithful, the counit of the adjunction �1a � is an isomorphism and it follows then from Lemma 1.3 that this
adjunction induces a homotopical equivalence between .Cat;W1/ and .Grpd;WEqGrpd/, where WEqGrpd is
the class of equivalences of groupoids. (This proves in particular that Cat models homotopy 1-types.) It fol-
lows that a small category A is W1-groupoidal pseudotest if and only if it is W1-aspherical and the functor

yAGrpd! Grpd; X 7! �1.iA.X//;

induces an equivalence at the level of homotopy categories.

Now, let ADe be the terminal category. The previous functor is nothing but the identity functor of Grpd and
it follows trivially that e is W1-groupoidal pseudotest. On the other hand, e is not W1-pseudotest. Indeed,
ie W Set! Cat is simply the canonical inclusion functor and so i�1e .W1/ is the class of isomorphisms
of Set. If e was W1 pseudotest, this would imply that .Set; Iso/ ,! .Grpd;W1/ induces an equivalence at
the level homotopy categories (and that Set models homotopy 1-types), which is easily seen to be false.

7.18 Remark Note that the previous example also shows that the class of W1-groupoidal weak test
categories is strictly bigger than the class of W1-groupoidal pseudotest categories. Indeed, if the terminal
category e were a W1-groupoidal weak test category, then it would be a W1-weak test category (since it
does not have any nontrivial isomorphisms), and in particular a W1-pseudotest category.

8 Weak equivalences via the nerve

We now give an equivalent definition of weak equivalences of Grpd-valued presheaves in terms of nerve
functors. In particular, in Example 8.10 below, we recover the usual definition of weak equivalences
on y�Grpd used in the literature [6, Section 8; 12].
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8.1 Let A be a small category. For a functor X W Aop ! Cat, we denote by
R
AX the Grothendieck

construction of X . This means that
R
AX is the category such that:

� Objects are pairs .a; x/ where a is an object of A and x is an object of X.a/.

� A morphism .a; x/! .a0; x0/ is a pair .f; k/ where f W a! a0 is a morphism of A and k W x!
X.f /.x0/ is a morphism of X.a/.

(For details, we refer to [17, paragraphe 2.2.6], where the notation rA for
R
A is used.) This construction

is functorial and provides a functor Z
A
W yACat! Cat;

where we write yACat for the category of functors Aop! Cat and natural transformations between them.

We have canonical inclusions yA ,! yAGrpd ,! yACat, and, as already observed, for an object X of yA we
have

R
AX D iA.X/, and for an object X of yAGrpd we have

R
AX D IA.X/.

8.2 Proposition [17, proposition 2.3.1] Let W be a basic localizer of Cat and A a small category. The
functor

R
A W
yACat! Cat sends pointwise W-equivalences to W-equivalences.

We now fix once and for all a basic localizer W of Cat.

8.3 Let A and B be two small categories and consider the presheaf category 1A�B. Using the identification
1A�B' Hom.Aop; yB/ and the postcomposition by the functor iB W yB! Cat defines a functor

iB W1A�B! yACat

which we abusively denote by iB again. Then if we postcompose by
R
A, we obtain a functorZ

A
iB W1A�B! Cat:

The proof of the following lemma is a straightforward verification, which we leave to the reader.

8.4 Lemma For every object X of 1A�B, there is a canonical isomorphism

iA�B.X/'
Z
A
iB.X/;

which is natural in X .

8.5 Remark Remember that the Grothendieck construction of a functor with values in Cat is weakly
equivalent to its homotopy colimit (with respect to any basic localizer on Cat) [17, théorème 3.1.7].10

Since the functor iB is just the restriction of the Grothendieck construction to Set-valued presheaves, the
previous lemma can be simply restated by saying that the homotopy colimit of a functor of two variables
is computed by successively taking the homotopy colimit relative to each variable.
10When the basic localizer is W1, this is a result of Thomason [21].
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8.6 Let A and B be small categories and let i WB!Cat be a functor. Recall that we denote by i� WCat!yB
the functor C 7! HomCat.i.�/;C/. By considering Grpd as a subcategory of Cat, the functor i� induces
by postcomposition a functor

i� W yAGrpd!1A�B;

which we abusively denote by i� as well.

8.7 Proposition Let A and B be small categories and i W B! Cat a functor such that for every b in B, the
category i.b/ has a terminal object. Then, there exists a natural transformation

yAGrpd
1A�B

Cat

i�

IA iA�B

If i is an aspherical functor, then this natural transformation is a weak equivalence argument by argument.

Proof For every b in B, let eb be the terminal object of i.b/. By an analogous construction as the one in
Section 4.8 in the case of Set-valued presheaves (see [4, paragraphe 3.2.4] for details), for every small
category C we define a morphism

(3) ˛C W iBi
�.C/! C; .b; p W i.b/! C/ 7! p.eb/;

which is natural in C. For every X in yAGrpd and a in A, we obtain a map

˛X.a/ W iBi
�.X.a//!X.a/;

natural in X and a, and by applying
R
A, we obtain a canonical map

iA�Bi
�.X/'

Z
A
iBi
�.X/!

Z
A
X D IA.X/;

which is natural in X . Now, if i is an aspherical functor, then by [17, proposition 1.7.6] (which is the
analogue of our Proposition 4.11 for Set-valued presheaves), the map (3) is a weak equivalence. We
conclude with Proposition 8.2.

8.8 Corollary Let A and B be small categories , and i W B! Cat an aspherical functor (such that i.b/
has a terminal object for every object b of B). Then i� W yAGrpd ! 1A�B preserves and reflects weak
equivalences:

WyAGrpd
D i��1.WbA�B/:

A particular case where the previous corollary applies is the following.

8.9 Corollary Let A be a totally aspherical small category and i W A! Cat be an aspherical functor (such
that i.a/ has a terminal object for every object a of A). Then a morphism of yAGrpd is a weak equivalence
if and only if its image by i� W yAGrpd!1A�A is a diagonal weak equivalence:

WyAGrpd
D i��1.ı��1.WyA//;

where ı� W1A�A! yA is the diagonal functor.

Algebraic & Geometric Topology, Volume 25 (2025)



3870 Léonard Guetta

Proof If A is totally aspherical, then the diagonal functor ı W A! A�A is aspherical and so the induced
functor ı� W1A�A! yA preserves and reflects weak equivalences [17, proposition 1.2.9(d)].

8.10 Example Let A D B D � and i W � ! Cat be the canonical inclusion, so that i� W Cat ! y�
is the usual nerve functor. The previous corollary implies that the weak equivalences on simplicial
groupoids y�Grpd are exactly those morphisms that induce diagonal weak equivalences of bisimplicial sets.

9 Bonus result: groupoids internal to categories model homotopy types

9.1 Let C be a category with finite limits (or even only pullbacks). A groupoid internal to C consists of a
pair of objects .X0; X1/ of C equipped with

� source and target maps s; t WX1!X0,

� a unit map i WX0!X1 such that s ı i D t ı i D idX0
,

� an inverse map inv WX1!X1 such that s ı invD t and t ı invD s,

� a composition map m W X1 �X0
X1 ! X1 such that s ım D s ı �1 and t ım D t ı �2, where

X �X0
X1, �1 and �2 are defined as the fibered product

X1 �X0
X1 X1

X1 X0

�1

�2 t

s

y

All these objects satisfy the usual axioms saying that m is associative, i is the unit on the left and right of
the composition, and inv gives the inverse on the left and right of the composition.

We shall often abuse notation and refer to a groupoid internal to C as a pair X D .X0; X1/.

An internal morphism of groupoids f WX !X 0 is a pair of morphisms .f0 WX0!X 00; f1 WX1!X 01/

of C which commute with source, target, inverse, unit and composition in the obvious way. Internal
groupoids and internal morphisms of groupoids form a category denoted by Grpd.C/.

If C0 is another category with pullbacks and F W C! C0 is a functor preserving pullbacks, then F sends
groupoids internal to C to groupoids internal to C0, hence there is an induced functor

Grpd.F / W Grpd.C/! Grpd.C0/:

Furthermore, if F admits a left adjoint G W C0! C that also preserves pullbacks, then we have an induced
adjunction Grpd.G/ a Grpd.F /. The unit and counit of this adjunction are obtained by applying those of
the adjunction G a F levelwise. This means that if .X1; X0/ is an object of Grpd.C/, then the counit of
this adjunction is simply

."X1
WGF.X1/!X1; "X0

WGF.X0/!X0/;

where " is the counit of the adjunction G a F , and similarly for the unit.
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9.2 Remark Even if the left adjoint of F does not preserve pullbacks, under mild conditions (eg C and
C0 are locally presentable and F is accessible) the functor Grpd.F / still admits a left adjoint. In general,
this left adjoint is hard to manipulate and is constructed abstractly. The point of the previous paragraph is
that, when the left adjoint G of F preserves pullbacks, the left adjoint of Grpd.F / is simply Grpd.G/,
and furthermore the unit and counit have a particularly nice form. This will play an important role later
in the proof of Proposition 9.9 (see also Remark 9.10).

9.3 Let C be a category with pullbacks and X D .X0; X1/ an internal groupoid of C. The nerve of X is
the simplicial object N�.X/ W�op! C defined by

Nn.X/DX1 �X0
� � � �X0

X1„ ƒ‚ …
n times

;

where for n� 2, this means that Nn.X/ is the limit of the diagram

X1 X1 � � � X1

X0 X0 X0

s t s t s t

where X1 appears n times, and, by convention, for nD 0; 1,

N0.X/DX0; N1.X/DX1:

The face and degeneracy maps are defined as follows:

� For 0 < j < n, @j WNn.X/!Nn�1.X/ is induced by m WX1�X0
X1!X1 acting on the .j �1/st

and j th factors of Nn.X/.

� For n� 1, j D 0 or j D n, @j WNn.X/!Nn�1.X/ is the canonical projection that discards the
j th factor of Nn.X/.

� For 0�j �n, �j WNn.X/!NnC1.X/ is induced by i WX0!X1 hitting the j th factor ofNnC1.X/.

Note that this construction does not use the inverse map inv W X1! X1 and thus only depends on the
underlying category (internal to C) of X .

9.4 Lemma Let C, C0 be categories with pullbacks and F W C! C0 a functor preserving pullbacks. The
following diagram is commutative (up to an isomorphism of functors):

Grpd.C/ Grpd.C0/

Hom.�op; C/ Hom.�op; C0/

N�

Grpd.F /

N�

Hom.�op;F /

Proof This is a straightforward verification left to the reader.

We now fix once and for all a basic localizer W on Cat.
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9.5 Let Grpd.Cat/ be the category of groupoids internal to Cat. We denote by y�Cat the category of
Cat-valued presheaves over�. The construction from Section 9.3 yields a functor N� WGrpd.Cat/! y�Cat.
If we postcompose by the Grothendieck construction, we obtain a functor from Grpd.Cat/ to Cat:

Grpd.Cat/
N�
�! y�Cat

R
�
�! Cat:

9.6 Definition A morphism f WX ! Y of Grpd.Cat/ is a weak equivalence ifZ
�
N�.f / W

Z
�
N�.X/!

Z
�
N�.Y /

is in W .

9.7 Let A be a small category and consider the adjunction iA W yA� Cat Wi�A . The key observation is that
the left adjoint iA preserves pullbacks (this can been seen by observing that the Grothendieck constructionR
A W
yACat ! Cat=A has a left adjoint, and the forgetful functor Cat=A! Cat preserves pullbacks). In

particular, it follows from Section 9.1 that we have an induced adjunction

Grpd.iA/ W Grpd.yA/� Grpd.Cat/ WGrpd.i�A /:

We also have a canonical isomorphism Grpd.yA/' yAGrpd.

9.8 Lemma Let A be a small category. The functor

Grpd.iA/ W yAGrpd ' Grpd.yA/! Grpd.Cat/

preserves and reflects weak equivalences.

Proof Consider the commutative square (up to isomorphism) from Lemma 9.4

yAGrpd ' Grpd.yA/ Grpd.Cat/

1��A' Hom.�op; yA/ y�Cat

N�

Grpd.iA/

N�

Hom.�op;iA/

Let us say that a morphism f of y�Cat is a weak equivalence if
R
� f is in W . Then, by definition, the

vertical arrow on the right in the above square preserves and reflects weak equivalences, and it follows
from Lemma 8.4 that the bottom horizontal arrow of the above square also preserves and reflects weak
equivalences. By Corollary 8.8, the vertical arrow on the left of the previous square preserves and reflects
weak equivalences, and the desired conclusion follows at once.

9.9 Proposition Let A be a weak test category. The adjunction

Grpd.iA/ W yAGrpd ' Grpd.yA/� Grpd.Cat/ WGrpd.i�A /

is a homotopical equivalence (Section 1.2). In particular it induces an adjoint equivalence after localization ,

Ho.yAGrpd/� Ho.Grpd.Cat//:
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Proof From Lemma 9.8, we know that Grpd.iA/ preserves and reflects weak equivalences. Hence, by
Lemma 1.3, we need to show that for every object X D .X0; X1/ of Grpd.Cat/, the counit

"X W Grpd.iA ı i
�
A /.X/!X

is a weak equivalence of Grpd.Cat/. By definition, this means that we have to prove that
R
�N�."X / is

in W . It follows from the fact that iA preserves pullbacks that N�.Grpd.iA ı i�A /.X// can be identified
with the simplicial object in Cat

�op
! Cat; Œn� 7! i�A iA.X1 �X0

� � � �X0
X1„ ƒ‚ …

n times

/;

and that N�.�X / can be identified with the morphism of simplicial objects of Cat which is the counit of
the adjunction iAa i�A levelwise,

iAi
�
A .X1 �X0

� � � �X0
X1/!X1 �X0

� � � �X0
X1I

see Section 9.1. By hypothesis, A is a weak test category and thus these morphisms are all in W . The
conclusion follows then from Proposition 8.2.

9.10 Remark In particular, when W DW1, the previous proposition shows that Grpd.Cat/ models
homotopy types. This is slightly surprising considering that groups internal to categories only model
pointed connected homotopy 2-types [15; 16]. Somehow, restricting to groups internal to categories
instead of groupoids internal to categories does not only amount to considering pointed connected objects.
This is in contrast with what happens for simplicial sets: groupoids internal to simplicial sets model
homotopy types and groups internal to simplicial sets model pointed connected homotopy types [14].

A hint of explanation comes from the fact that the functor iA W yA! Cat does not preserve products (even if
it preserves pullbacks, as we have already seen), and in particular does not preserve group objects. Hence,
the strategy to prove Proposition 9.9 cannot be adapted for group objects instead of groupoid objects.

9.11 Remark The proof of Proposition 9.9 does not depend on the theory of groupoidal test categories
(as long as we define weak equivalences in Grpd.yA/ via the nerve as in Section 8). In particular, if we
already know that Grpd.y�/ models homotopy types (for example, by appealing to [6, Theorem 8.3; 12,
Theorem 10]), then we obtain a second proof of the fact that Grpd.yA/ models homotopy type for any
(weak) test category. Indeed, first we apply Proposition 9.9 for AD� to deduce that Grpd.Cat/ models
homotopy types and then we apply the same result again for an arbitrary (weak) test category A. Note,
however, that we do not recover this way the other direction in the equivalence (b) of Theorem 7.3.
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Product and coproduct on fixed point Floer homology
of positive Dehn twists

YUAN YAO

ZIWEN ZHAO

We compute the product and coproduct structures on the fixed point Floer homology of iterations on
a single positive Dehn twist, subject to some mild topological restrictions. We show that the resulting
product and coproduct structures are determined by the product and coproduct on Morse homology of
the complement of the twist region, together with certain sectors of product and coproduct structures on
the symplectic homology of T �S1. The computation is done via a direct enumeration of J-holomorphic
sections: we use a local energy inequality to show that some of the putative holomorphic sections do not
exist, and we use a gluing construction plus some Morse–Bott theory to construct the sections we could
not rule out.
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1 Introduction

In this paper, we calculate the product and coproduct structures on fixed point Floer homologies of
iterations of a single positive Dehn twist on a surface.

1.1 Fixed point Floer homology

In this section, we briefly review the definition of the fixed point Floer homology of a symplectomorphism
on a compact surface. Let .†; !0/ be a compact symplectic surface (possibly with boundary) and
� W † ! † a symplectomorphism. If @† is nonempty, we further assume that near each boundary
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component of @†, we can identify an open neighborhood with1 ..��i ; 0�xi
�S1

yi
; dxi ^ dyi/, such that

� is the time-1 map of the Hamiltonian Hi.xi ;yi/D �ixi for a small irrational number �i . Notice that
under such assumptions, there are no fixed points of � near @†. We assume that � is nondegenerate,
that is, for every fixed point x of �, the linearization d�x does not have 1 as an eigenvalue. The fixed
point Floer homology is the homology of the chain complex .CF�.†; �/, @/, whose underlying module
is generated over Z=2 by all fixed points of �.

The differential of CF�.†; �/ is defined by counting J-holomorphic cylinders in the symplectization of
the mapping torus of �. More precisely, for any symplectomorphism � W†!†, the mapping torus Y� is
defined as

Y� D Œ0; 1�t �†=
�
.1;p/� .0; �.p//

�
:

The mapping torus comes with a projection � W Y�! S1
t , and the symplectic form !0 induces a closed

2-form !� 2�
2.Y�/ which restricts to !0 on each fiber (to be more precise, !0 pulls back to a closed

2-form on the product Œ0; 1��†, and !� is the induced 2-form on the quotient space Y�). The vector
field @t on Œ0; 1�t �† descends to a vector field on Y� , which we still denote by @t . Notice that there is a
one-to-one correspondence between fixed points of � and closed orbits of @t that cover S1

t once. We will
denote by 
x the closed orbit associated to a fixed point x .

The projection � now extends to R�Y� ! R�S1, and the fiberwise symplectic form !� extends to
the symplectization as well. The symplectization of Y� is the 4-manifold Rs � Y� together with the
symplectic form ds ^ dt C!� . An almost complex structure J on R� Y� is called �-compatible, if
it is invariant under the natural R-action, sends @s to @t , sends ker d� to itself, and that !�. �;J �/ is a
Riemannian metric on ker d� . Given 2 fixed points x, y of �, we define the moduli space MJ

x;y to be

MJ
x;y WD

˚
u WRs �S1

t !R�Y� j @suCJ@tuD 0I lim
s!1

u.s; �/D 
x; lim
s!�1

u.s; �/D 
y

	
:

Now if � is monotone (we will clarify this notion later in Definition 5.1), the differential on CF�.†; �/ is
defined by

(1) h@x;yi WD #Z=2.Mx;y=R/:

Here Mx;y=R is the natural quotient of Mx;y induced by the R-translation on R�Y� . Recall that every
J-holomorphic section u has a Fredholm index:

ind.u/D 2c�1.u/CCZ� .
x/�CZ� .
y/

where � is a trivialization of ker d� over the periodic orbits 
x and 
y , c�
1
.u/ is the relative first Chern

number,2 and CZ� is the Conley–Zehnder index of the Reeb orbits with respect to � . For a more detailed

1Here and throughout the paper, we use notation like S1
y and Œ0; 1�t to indicate the coordinates we choose. For example,

S1
y denotes the circle S1 with coordinates written as y 2 S1. Later on we will use the notation ŒS1

y � to denote the homology
class generated by this circle whose coordinates we have chosen to be y 2 S1.
2The relative first Chern number c�

1
.u/ is defined as follows: u�.ker d�/ is a symplectic bundle over the domain of u. One

chooses a generic section � of this bundle which on each end is nonvanishing and constant with respect to the trivialization � and
c�
1
.u/ is defined to be the algebraic count of zeroes of �.
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explanation on these terms, see Section 5.2. Under the monotonicity assumption, for a generic almost
complex structure J , the set of Fredholm index one J-holomorphic sections modulo the natural R action is
a compact 0-dimensional manifold, and #Z=2.MJ

x;y=R/ denotes the mod 2 count of points in the moduli
space. If J is generic then @2 D 0, and we will denote by HF�.†; �/ the homology of .CF�.†; �/; @/.
The homology HF�.†; �/ is invariant under symplectic isotopies of �, see for example [23].

Fixed point Floer homology for a symplectomorphism of a surface has been computed in various cases,
see for example [7; 18; 21; 10; 8; 6; 16]. Fixed point Floer homology can also be viewed as a special
case of periodic Floer homology, which was calculated for iterations of a positive Dehn twist in [12].

1.2 Product and coproduct structures

Under suitable monotonicity assumptions3 (see Definition 5.3), fixed point Floer homology is functorial,
in the sense that fiberwise symplectic cobordisms with cylindrical ends induce morphisms between fixed
point Floer homologies. In this paper, we focus on (completed) fiberwise symplectic cobordisms coming
from the composition of two symplectomorphisms. We begin with a review of the concept of symplectic
fiber bundles.

Definition 1.1 [22, Definition 7.1] Let B be a smooth manifold. A symplectic fiber bundle .E; �; !/
over B is a smooth proper submersion � WE! B together with a closed 2-form ! 2�2.E/ such that
the restriction of ! to any fiber is nondegenerate.

The mapping torus Y� , together with the natural projection � W Y� ! S1 and the 2-form !� , is an
example of a symplectic fiber bundle. If �; W †! † are two symplectomorphisms, then there is a
symplectic fiber bundle .X; �X ; !X / over the thrice punctured sphere B0, which, near the three punctures,
is symplectomorphic to Œ0;1/� Y� , Œ0;1/� Y and .�1; 0�� Y ı� , respectively. A more precise
description will appear in Section 2. For now, let us observe that (under assumptions on monotonicity,
see Definition 5.3), such a bundle induces a morphism

� W HF�.†; �/˝HF�.†; /! HF�.†; ı�/

This is what we call the product structure of the fixed-point Floer homology. In particular, if we assume
that  is isotopic to the identity, then the product structure gives a H�.†IZ2/ module structure on
HF�.†; �/. For computations of this module structure, see [21; 8; 10; 6]. Similarly, one can define, under
suitable conditions, the coproduct structure:

� W HF�.†; ı�/! HF�.†; �/˝HF�.†; /:

Like the definition of the differential, the product and coproduct structures have geometric descriptions, this
time by counting rigid pseudoholomorphic sections of the bundle X !B0 with appropriate asymptotes.

3Or with the use of Novikov rings.
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Namely, if x, y, z are fixed points of �,  and  ı � respectively, and J is a tame almost complex
structure (see Section 2 for the definition) then the moduli space MJ

x;yIz is defined by

MJ
x;yIz D

8<:u W B0!X

ˇ̌̌̌
ˇ̌ �X ıu=id, u is J-holomorphic, and
u is asymptotic to 
x , 
y and 
z over the
three appropriate punctures.

9=;:
The product (under suitable monotonicity assumptions; see Definition 5.3) on the chain level is now
defined as

(2) hx �y; zi D #Z=2MJ
x;yIz;

where #Z=2MJ
x;yIz denotes the mod 2 count of Fredholm index 0 sections for a generic almost complex

structure. The coproduct structure is defined in a similar way.

1.3 Main results

In this paper, we calculate the product and coproduct structures of the fixed-point Floer homology of
iterations of a single positive Dehn twist. We fix a symplectic surface (possibly with boundary) .†; !0/

and a noncontractible simple closed curve 
 �†. We assume that 
 does not intersect @† and choose a
tubular neighborhood N of 
 with coordinates x 2 .��; 1C �/ and y 2 S1DR=Z, where !0D dx^dy.
A (unperturbed) positive Dehn twist along 
 is a symplectomorphism of †, which has the form

(3) �0 W .x;y/ 7! .x;y �x/

inside N , and is the time-1 map of a Morse function H0 outside of N 0 D Œ�; 1� ���S1 �N . To break
the degeneracy of the fixed points of �0, we perturb �0 near each of the S1-family of orbits, breaking the
Morse–Bott degeneracy, and denote by � the perturbed twist. We further assume, as before, that near each
boundary component of †, there are tubular coordinates xi 2 .��i ; 0�, yi 2 S1 and a small real number
�i such that H0.xi ;yi/D �ixi (later we will impose some other conditions on H0; see Section 2).

Let us assume for now that @†¤¿ or the genus of † is at least 2. Let †0 denote †�N 0. It was shown,
for example in [21] or [12], that for all positive integers m,

(4) HF�.�m/ŠH�.†0IZ2/˚

�m�1M
iD1

H�.S
1/

�
:

The isomorphism can be understood as follows. With our assumption on �, the chain complex CF.�m/ is
generated by two types of fixed points: those corresponding to the critical points of H0 on †0 and those
from the breaking of the Morse–Bott S1-family of the fixed points of �m

0
inside N 0. As it turns out, the two

types of fixed points generate subcomplexes of CF.�m/, whose homologies correspond to the summands
of the right-hand side of (4). Let m and n be two positive integers. With the previously described
isomorphism understood, let proj denote the projection map HF�.�m/!H�.†0IZ2/, let \ denote the
intersection product on H�.†0IZ2/ (which is the Poincaré dual of the cup product on H�.†0; @†0IZ2/),
and let � denote the inclusion map H�.†0IZ2/! HF�.�mCn/. Our first result is the following:
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Theorem 1.2 Suppose that

� if 
 is nonseparating , then @†¤¿ or † is closed with genus at least 2;

� if 
 is separating , then each component of †� 
 either contains a component of @† or has genus
at least 2.

Then for any pair of positive integers m; n, the product of HF.�m/ and HF.�n/ is the composition of

HF�.�m/˝HF�.�n/
proj˝ proj
������!H�.†0IZ2/˝H�.†0IZ2/

\
�!H�.†0IZ2/

�
�! HF�.�mCn/:

The counterpart for the coproduct structure is more involved. Let us first make the following remark on the
decomposition (4). The i th component of

Lm�1
iD1 H�.S

1/ has an explicit description as follows: let em
i

(resp. hm
i ) be the elliptic (resp. hyperbolic) orbit of �m over the tubular coordinate xD i

m
(i D 0; 1; : : : ;m)

that arises from perturbing the Morse–Bott degenerate � to �0 (see Section 2). Then em
i and hm

i are cycles
and the i th component of

Lm�1
iD1 H�.S

1/ is spanned by the two homology classes Œem
i � and Œhm

i �. Let us
denote by Œen

j �, Œh
n
j �, Œe

mCn
k

�, ŒhmCn
k

� the homology classes appearing in the similar decomposition for
HF�.�n/ and HF�.�mCn/, respectively. Finally, let us recall that for any space M , a coproduct structure
�0 on H�.M IZ=2/ is defined as the composition of diag� W H�.M IZ=2/! H�.M �M IZ=2/ and
H�.M �M IZ=2/ŠH�.M IZ=2/˝H�.M IZ=2/. Our second main result is the following:

Theorem 1.3 Suppose that

� if 
 is nonseparating , then @†¤¿ or † is closed with genus at least 2;

� if 
 is separating , then each component of †� 
 either contains a component of @† or has genus
at least 2.

Then for any pair of positive integers m; n, the coproduct � W HF�.�mCn/ ! HF�.�m/ ˝ HF�.�n/

described in the previous section is completely determined by the following:

(1) When restricted to H�.†0IZ2/� HF�.�mCn/, � is equal to

H�.†0IZ2/
�0
��!H�.†0IZ2/˝H�.†0IZ2/! HF�.�m/˝HF�.�n/:

(2) For each ŒemCn
k

� 2
LmCn�1

iD1 H�.S
1/,

�.ŒemCn
k

�/D
X

i2f0;1;:::;mg
k�i2f0;1;:::;ng

Œem
i �˝ Œe

n
k�i �:

(3) For each ŒhmCn
k

� 2
LmCn�1

iD1 H�.S
1/,

�.ŒhmCn
k

�/D
X

i2f0;1;:::;mg;
k�i2f0;1;:::;ng

Œem
i �˝ Œh

n
k�i �C Œh

m
i �˝ Œe

n
k�i �:

Remark 1.4 It was asked in [6] how one could get an understanding of the ring structure of
1M

nD0

HF�.†; �n/
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for general �. Our results compute the algebra and coalgebra structure of
L1

n>0 HF�.†; �n/ when � is
the positive Dehn twist. One can use the computation in [21] to calculate the case for nD 0.

The coproduct structure4 on
L

n�0 HF�.�n/ can be interpreted as the dual of the product structure on
the ring

L
n�0 HF�.�n/ associated with the negative Dehn twist. To see this, we observe that the curves

counted in computing the coproduct structure � WHF�.�mCn/!HF�.�m/˝HF�.�n/ are in one-to-one
correspondence with the curves counted in the product structure HF�.��m/˝HF�.��n/!HF�.��m�n/,
where HF�.��m/ can be naturally viewed as the dual of HF�.��m/ since we are using field coefficients.
Likewise, the product structure on

L
n�0 HF�.�n/ can be interpreted as the dual of the coproduct structure

on
L

n�0 HF�.�n/.

It will be clear from the proof of the main theorems that we can generalize Theorems 1.2 and 1.3 to the
case where � is the composition of disjoint positive Dehn twists, subject to certain topological conditions.

Theorem 1.5 Assume that † is either closed with genus at least 2 or @†¤¿. Let � be the composition
of positive Dehn twists along disjoint simple closed curves C1;C2; : : : ;Ck , such that

†0 WD†� .C1[C2[ � � � [Ck/

is connected. Then the same result in Theorem 1.2 holds.

Theorem 1.6 Let � be the composition of positive Dehn twists along disjoint simple closed curves
C1;C2; : : : ;Ck , such that †0 WD†� .C1[C2[ � � � [Ck/ is connected. Then the coproduct

� W HF�.�mCn/! HF�.�m/˝HF�.�n/

is completely determined by the following:

(1) When restricted to H�.†0IZ2/� HF�.�mCn/, � is equal to

H�.†0IZ2/
�0
��!H�.†0IZ2/˝H�.†0IZ2/! HF�.�m/˝HF�.�n/:

(2) For each circle Cj and each ŒemCn
k;j

� 2
LmCn�1

iD1 H�.S
1/,

�.ŒemCn
k;j

�/D
X

i2f0;1;:::;mg;
k�i2f0;1;:::;ng

Œem
i;j �˝ Œe

n
k�i;j �:

(3) For each ŒhmCn
k;j

� 2
LmCn�1

iD1 H�.S
1/,

�.ŒhmCn
k;j

�/D
X

i2f0;1;:::;mg;
k�i2f0;1;:::;ng

Œem
i;j �˝ Œh

n
k�i;j �C Œh

m
i;j �˝ Œe

n
k�i;j �:

In the above , the homology classes Œe�i;j � and Œh�i;j � correspond to the elliptic and hyperbolic orbits inside
the twist region around circle Cj , over the tubular coordinate xj D i=�.
4We thank Tim Perutz for pointing out this fact to us.
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1.4 Strategy of the proof

In this subsection, we summarize the key ideas behind the proof. As will be explained in more details in
Section 2, the symplectic fiber bundle X computing the product or the coproduct can be decomposed into
two pieces, which we will call XD and XH . Roughly speaking, XD is the union of fibers where iterations
of a positive Dehn twist take place, and XH is (an open neighborhood of) the complement. The first
key observation is that, under mild assumptions on the almost complex structure J , any J-holomorphic
section of X that has wrapping number (see Section 3) 0 must be completely contained in either XD

or XH . A key technical lemma used in the argument is the “local energy inequality” (Lemma 3.2) that
was inspired by Lemma 3.11 of [12], which is reproved in our setting in Section 3. We next observe that
for J-holomorphic sections, Fredholm index being 0 implies that the wrapping number is 0. Thus we
only need to focus on sections contained in one of the two pieces.

J-holomorphic sections that are contained in XH are relatively easy to understand: by results of [17; 9; 14]
(also known as the PSS isomorphism), these sections contribute to the intersection product or the coproduct
of H�.†0IZ2/.

Sections that are contained in XD are more interesting. When computing the product structure, we are
again able to rule out most of them using the local energy inequality. For the remaining sections, we use
a translation trick (equation (13)) together with the PSS isomorphism to conclude that they contribute
zero. For the coproduct structure, sections contained in XD do make contributions. To understand the
contributions of these sections, we give a concrete description of the (unperturbed) moduli spaces, see
Proposition 6.14, whose proof involves a deformation argument and a concrete construction. Finally, a
Morse–Bott correspondence theorem (explained in Section 6.2) finishes the calculation.

Remark 1.7 For the computation of the coproduct structure, we expect that sections contained in the
twist region XD could also be understood by results of [1; 4]. More precisely, we think that sections
contained in XD could be viewed as part of curves counted in the product of the Floer homology of
T �S1. By the results in [1; 4], the Chas–Sullivan loop product on the singular homology of the loop
space of S1 is expected to give us directly the coefficients in the coproduct structure. However, this
method is not used in the current paper. Instead, we explicitly determine the Morse–Bott moduli spaces,
with the expectation that such constructions will allow us to calculate similar cobordism maps for the
periodic Floer homology in the future.

1.5 Directions for future work

General pairs of symplectomorphisms While in this paper we computed the product and coproduct
structures for iterations of a single positive Dehn twist, it is interesting to investigate the same question
for �,  Dehn twists along different circles. In general we expect this to be hard, probably requiring
techniques beyond this paper.
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For a different direction, one could also investigate the situation where �,  are of finite type. The fixed
point Floer homology for finite type maps was computed in [10]. It might be possible that the separating
results in the current paper still holds under certain conditions, yielding a computation for the cobordism
maps.

Periodic Floer homology Fixed point Floer homology can be viewed as the degree d D 1 case of
the periodic Floer homology (PFH), which is a more complicated Floer theory one can associate to a
symplectomorphism of a surface. While the general construction of cobordism maps in PFH relies on
Seiberg–Witten theory, special cases in which cobordism maps can be defined via counts of holomorphic
curves or buildings have been worked out. For works in this direction, see for example [3; 19]. To
generalize the results in the current paper, one could try to calculate the product and coproduct structures
of PFH of a single Dehn twist over a surface. While getting a complete answer could be difficult, one
could start by understanding the (multi)sections contained in the twist region. We hope that the detailed
analysis presented in the current paper could give a hint on what the moduli spaces should look like.

1.6 Organization of the paper

The rest of the paper is organized as follows. In Section 2 we review the relevant geometric setup in
detail. In particular, we give an explicit description of the symplectic fiber bundles Xm;n and X m;n that
are used to define the cobordism maps. In Section 3, we follow an idea of [12] to establish “no crossing”
results for a special almost complex structure, Lemmas 3.11 and 3.13. In Section 4, we use an SFT
compactness argument to prove Theorem 4.1, which is a generalization of the “no crossing” results in
Section 3 for a general almost complex structure J . Finally, in Sections 5 and 6, we prove our main
results, Theorems 1.2 and 1.3.
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2 The setup

We fix a symplectic surface, possibly with boundary, .†; !0/. Let � be any symplectomorphism. Let Y�

be the mapping torus of �, let � be the projection Y�! S1, and let !� be the induced closed two-form.
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The mapping torus has the structure of a stable Hamiltonian manifold, where the 1-form is dt , the 2-form
is !� and the associated Reeb vector field is RD @t . Closed integral curves of the Reeb vector field are
called Reeb orbits, and they are called nondegenerate if the linearized first return map does not have 1 as
an eigenvalue. We call a nondegenerate Reeb orbit hyperbolic if the eigenvalues are real, and elliptic
otherwise. In this paper, we will be mainly interested in Reeb orbits of degree 1, that is, those who cover
once under the projection map � .

We fix a homologically nontrivial simple closed curve 
 �†. As mentioned in the introduction, we choose
a tubular neighborhood N of 
 with coordinates x 2 .��; 1C �/ and y 2 S1 DR=Z, and !0 D dx^dy.
The (unperturbed) positive Dehn twist along 
 is a symplectomorphism of †, which has the form

�0 W .x;y/ 7! .x;y �x/

inside N , and is the time-1 map of a Hamiltonian H0 outside of N 0 D Œ�; 1� ���S1 �N . We require
H0 takes the following form on N nN 0:

(1) H0.x;y/D
1
2
x2 in .��; �/�S1 �N , and

(2) H0.x;y/D
1
2
.x� 1/2 in .1� �; 1C �/�S1 �N .

We assume on †nN , the function H0 is a C 2 small Morse function, so that the associated time-1 map is
nondegenerate. We further assume that near each boundary component of †, there are tubular coordinates
xi 2 .��i ; 0�, yi 2 S1 and a small real number �i such that H0.xi ;yi/D �ixi .

We note the unperturbed positive Dehn twist is nondegenerate, except for the Morse–Bott S1 family of
periodic orbits corresponding to x D 0 and x D 1. We shall later consider iterations of �0, which we
denote by �n

0
. By the above, on N , the map �n

0
takes

.x;y/ 7! .x;y � nx/

on N and looks like the time-1 map of nH0 outside of N 0. We assume both nH0 (in C 2 norm) and n�i

are small.

We note that in order to define the fixed-point symplectic homology, we need the symplectomorphisms to be
nondegenerate (equivalently, that the Reeb orbits are cut out transversely). Since the symplectomorphism
�n

0
on †�N is the time-1 map of a Hamiltonian nH0, this is achieved outside of N by requiring that

H0 be a C 2-small Morse function. Inside the tubular region N , Reeb orbits come in Morse–Bott S1

families. Following [12], we overcome this technical difficulty by perturbing �0 (in a small neighborhood
of finitely many values of x over which Reeb orbits exist) in a Hamiltonian way, which amounts to adding
a Hamiltonian perturbation term. For example, near x D 0, we can modify H0 to be

�
1
2
x2C�.x/h.y/

�
,

where �.x/ is a cutoff function supported in .�ı; ı/x with �.0/D 1 as a nondegenerate local max, and
h W S1

y !R is a small perfect Morse function. We perform this kind of perturbation for each S1 family of
fixed points in N . We always assume that the Hamiltonian perturbation only takes place in the union of
all intervals .xi � ı;xi C ı/ (where xi’s are the x-coordinates for all possible Morse–Bott S1-families)
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for some positive real number ı much smaller than � (we’ll later call the complement of these intervals
the unperturbed range). Once this is done, viewed from the perspective of the mapping torus Y�n

0
, the S1

family of fixed points at xD i
n

become perturbed to a pair of Reeb orbits (one elliptic and one hyperbolic).

With the above perturbed positive Dehn twist, which we denote by �n, we can define its fixed point Floer
homology HF.†; �n/ after we pick a generic �n compatible almost complex structure J on Y�n �R. We
next describe the symplectic fiber bundle that allows us to define product and coproduct structures on
HF.†; �n/. We first describe the construction for the unperturbed positive Dehn twists, then perturb to
break the Morse–Bott degeneracy. The reason we describe the Morse–Bott situation in detail is because
for the coproduct computation we will be enumerating J-holomorphic sections in the Morse–Bott setting,
then we will use Morse–Bott theory to convert that to enumerations of J-holomorphic sections in the
nondegenerate setting.

Recall that, given two symplectomorphisms, there is a symplectic fiber bundle .X; �X ; !X / over the
thrice punctured sphere B0, which is modelled by the symplectizations of mapping tori over the punctures.
We now describe in more details what the bundle Xm;n used in computing the product structure

� W HF�.�m/˝HF�.�n/! HF�.�mCn/

looks like. The description for the bundle X m;n used to compute the coproduct structure is almost
identical, and we will mention at the end of this section what changes need to be made.

We designate two of the punctures of B0 as “positive”, and the other as “negative”. Choose local
conformal coordinates si 2 Œ0;1/ and ti 2 S1.i D 1; 2/ near the 2 positive punctures of B0, and local
conformal coordinates s�1 2 .�1; 0�, t�1 2 S1 near the negative puncture. Fix also a smooth map5

gm;n W B0! S1 such that dgm;n Dmdt1 near the first positive puncture, dgm;n D ndt2 near the second
positive puncture and dgm;n D .mC n/dt�1 near the negative puncture. We further assmume that
gm;n D d � g0m;n where d D gcd.m; n/ (the primitive g0m;n will be used in the proof of Theorem 1.2).
Define the closed one-form ˇm;n D dgm;n.

Let†0D†�N 0. We now describe the fiberwise symplectic cobordism Xm;n as the union of two fiberwise
symplectic cobordisms XD and XH as follows. Topologically, XD D B0 �N and XH D B0 �†0. In
order to describe �0 as the time-1 map of the Hamiltonian H0 near the two ends of the tubular region N

we choose coordinates .p;xL;yL/ 2 B0 � .��; �/�S1 and .p;xR;yR/ 2 B0 � .1� �; 1C �/�S1 for
the two ends of B0 � .N �N 0/�XH and impose that

(1) !0 D dxL ^ dyL or dxR ^ dyR in the two components of N �N 0,

(2) H0.xL;yL/D
1
2
x2

L
in .��; �/�S1 �N , and

(3) H0.xR;yR/D
1
2
.xR � 1/2 in .1� �; 1C �/�S1 �N .

5To see such a map exists, we can choose a degree mC n branched covering map ' W B0! R�S1 such that near the three
punctures ' has the standard local form .s; t�/ 7! .s; kt�/ (where k Dm; n;mCn, respectively), and let g be ' followed by the
projection map to S1.
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Topologically, the 4-manifold X is defined to be X DXH [XD=�, where we identify points

.p;x;y/ 2 B0 � .��; �/x �S1
y �XD with .p;x;y/ 2 B0 � .��; �/xL

�S1
yL
�XH

and

.p;x;y/2B0�.1��; 1C�/x�S1
y �XD with .p;x;yCgm;n.p//2B0�.1��; 1C�/xR

�S1
yR
�XH :

We define the fiberwise symplectic 2-form !X ;0 to be dx^dyCd.1
2
x2ˇm;n/ in XD , and !0Cd.H0ˇm;n/

in XH . It is easy to see that the two definitions agree in

XD � B0 � .��; �/x �S1
y D B0 � .��; �/xL

�S1
yL
�XH :

To see that the two definitions agree in XD �B0�.1��; 1C�/x�S1
y DB0�.1��; 1C�/xR

�S1
yR
�XH ,

we calculate

dxR ^ dyRC d
�

1
2
.xR � 1/2ˇm;n

�
D dx ^ .dyCˇm;n/C d

�
1
2
.x� 1/2ˇm;n

�
D dx ^ dyC dx ^ˇm;nC .x� 1/dx ^ˇm;n

D dx ^ dyC d
�

1
2
x2ˇm;n

�
:

We remark that over the positive punctures, the symplectic fiber bundle defined above are isomorphic
to Œ0;1/ times the mapping tori Y�m

0
, Y�n

0
, and over the negative puncture, the above fiber bundle is

modelled by .�1; 0� times the mapping torus Y
�

mCn
0

.

The above fiber bundle have Morse–Bott degeneracies in its Reeb orbits at each of its punctures. To arrive
at the definition of Xm;n, we perturb the Reeb orbits to be nondegenerate as before. Since we are working
in the language of a symplectic fiber bundle, we achieve this by adding a Hamiltonian perturbation term
to !X ;0 D dx ^ dyC d

�
1
2
x2ˇm;n

�
.

As before, near xD 0, we can modify !X ;0 to be !X Ddx^dyCd
��

1
2
x2C�.x/h.y/

�
ˇm;n

�
, where �.x/

is a cutoff function supported in .�ı; ı/x with �.0/D 1 as a nondegenerate local max, and h W S1
y !R is

a small perfect Morse function. We assume as before that the Hamiltonian perturbation only takes place
in the union of all intervals .xi � ı;xiC ı/ (where xi’s are the x-coordinates for all possible Morse–Bott
S1-families) for some positive real number ı much smaller than � (we’ll later call the complement of these
intervals the unperturbed range). Once this is done, near the first (resp. the second) positive puncture,
x D i

m

�
resp. x D j

n

�
each correspond to a pair of Reeb orbits (one elliptic and one hyperbolic), and near

the negative puncture x D k
mCn

each correspond to a pair of Reeb orbits (one elliptic and one hyperbolic).

This defines the fiberwise symplectic 2-form !X , and we now describe the symplectic structure on Xm;n.
It’s illustrated in eg [3] that from the fiberwise symplectic cobordism .X; �X ; !X / one can construct a
symplectic form �X D !X CK��

X
!B0

, where K is a large positive number, and !B0
is an area form

on B0. Without loss of generality, we assume from now on that K��
X
!B0
D dsi ^dti near the punctures.

This concludes the definition of Xm;n, we now equip it with a tame almost complex structure J .
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Definition 2.1 An almost complex structure on .Xm;n; !X ; �/ is called tame if the following conditions
are satisfied:

(1) Near the punctures of B0 where the symplectic fiber bundle is isomorphic to Y�n � Œ0;1/ (resp.
Y�m � Œ0;1/ or Y�mCn � .�1; 0�), the almost complex structure is given by the restriction of a
�n (resp. �m, or �mCn) compatible almost complex structure.

(2) Away from the cylindrical neighborhoods around the punctures of B0, the almost complex structure
J is tamed by the symplectic form �X .

Then for generic tame J , if x, y, z are fixed points of �n, �m and �mCn respectively, under suitable
topological assumptions (eg when the bundle Xm;n is weakly monotone; see Section 5.1) the moduli
space MJ

x;yIz , defined by

MJ
x;yIz D

8<:u W B0!X

ˇ̌̌̌
ˇ̌ �X ıu=id, u is J- holomorphic, and
u is asymptotic to 
x , 
y and 
z over the
three appropriate punctures.

9=;
is a manifold whose dimension is given by the Fredholm index formula

ind.u/D 1C 2hc�1.TXm;n/; Œu�iCCZ� .
x/CCZ� .
y/�CZ� .
z/:

Here � denotes a choice of fixed trivializations around each Reeb orbit, and CZ� denotes the Conley–
Zehnder indices of Reeb orbits with respect to this trivialization. Similarly the relative first Chern class
c�

1
is also determined by this choice of trivialization. See Section 5 for our specific choices of � . The

product on the chain level is now defined as

(5) hx �y; zi D #Z=2MJ
x;yIz;

where #Z=2MJ
x;yIz denotes the mod 2 count of Fredholm index 0 sections (we will explain in Section 5.1

that the monotonicity condition ensures that the moduli space is compact). See Section 5 for the details
of this computation.

For the coproduct structure, the symplectic fiber bundle X m;n is defined almost verbatim, so we only
highlight the minor changes that need to be made. We again begin with the thrice punctured sphere B0, but
this time choose one of the three punctures as the “positive puncture” with a local conformal coordinate
.s1; t1/ 2 Œ0;1/�S1, and choose the other two punctures as the two “negative” punctures with local
coordinates .si ; ti/2 .�1; 0��S1. Fix a smooth function gm;n WB0!S1 such that dgm;nD .mCn/dt1

near the positive puncture and dgm;n Dmdt1 and ndt2 near the two negative punctures respectively. We
again define X m;n by gluing two trivial fiber bundles XH D B0 �†0 and XD D B0 �N , but this time
the gluing map for the right side of XD is

B0 � .1� �; 1C �/x �S1
y 3 .p;x;y/� .p;x;yCgm;n.p// 2 B0 � .1� �; 1C �/xR

�S1
yR
:
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Let ˇm;n D dgm;n. We similarly define the (unperturbed) fiberwise symplectic 2-form !X ;0 to be
dx ^ dyC d

�
1
2
x2ˇm;n

�
in XD and !0C d.H0ˇm;n/ in XH . As before, we perturb !X ;0 to be !X in

order to break the Morse–Bott degeneracy, and we always assume that such perturbation is supported in a
ı neighborhood of Reeb orbits inside XD .

We also define the symplectic form �X on X m;n, and the notion of tame almost complex structures with
respect to �X . Then the coproduct is defined by considering the moduli space of J-holomorphic sections
MJ

zIx;y where z is a fixed point of �mCn we think of as the input, and x and y are fixed points of �n and
�m we think of as outputs. For generic J this moduli space is a manifold and the coproduct is defined by
the mod 2 count of Fredholm index 0 J-holomorphic sections.

3 The “no crossing” results for unperturbed J

Throughout this section, the symplectic fiber bundle X refers to either Xm;n or X m;n. As explained in the
introduction, to define the cobordism map, we count J-holomorphic sections that asymptote to appropriate
Reeb orbits. We’ll prove some key properties about such J-holomorphic sections for some particularly
nice almost complex structures. Before doing that, let us introduce some terminologies. Following [15],
the vertical distribution Ver is the kernel of d�X W TX ! TB0. The horizontal distribution Hor is defined
as Horx WD fu 2 TxX j !X .u; v/D 0 8v 2 Verxg.

Definition 3.1 [15, Definition 8.2.6] An almost complex structure on .X; !X / is called fibration-
compatible if the following holds:

(1) The projection �X is holomorphic: d� ıJ D j0 ı d� .

(2) For every p 2 B0, the restriction Jp of J to ��1
X
.p/ is tamed by !X j��1

X
.p/.

(3) The horizontal distribution Hor is preserved by J .

Note that by definition, there is a one-to-one correspondence between fibration-compatible almost complex
structures and !X -tame almost complex structures on the vertical distribution.

In this section we only consider fibration-compatible almost complex structures. For a fibration-
compatible J , all the horizontal sections are J-holomorphic (a section u W B0 ! X is horizontal, if
du.TB0/� Hor).

Following [12, Lemma 3.11], we now establish a local energy inequality for J-holomorphic sections.
To state the inequality, for any x 2 .��; 1C �/ we let Fx denote the 3-manifold B0 � fxg �S1

y � XD .
Likewise, let FŒx1;x2� denote the 4- manifold B0 � Œx1;x2�x �S1

y � XD . The first homology group of
XD D B0 � .��; 1C �/x �S1

y is Z3, generated by ŒS1
t1
�, ŒS1

t2
� and ŒS1

y �. We identify

pŒS1
y �C q1ŒS

1
t1
�C q2ŒS

1
t2
� 2H1.XD/

with a tuple .p; q1; q2/ 2 Z3.
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Lemma 3.2 (local energy inequality) Let C be a J-holomorphic section u W B0 ! X which is not
horizontal. Assume that C intersects Fx transversely and that C \Fx ¤¿ for some x in the unperturbed
range. Orient each circle in C \ Fx using the boundary orientation of C \ FŒx��0;x� (for a small �0)
induced by j0. Under this orientation , let .p; q1; q2/ denote the homology class of C \Fx , then we have

(6) pCx.mq1C nq2/ > 0:

Before proving the lemma, here are some observations on the vertical energy of J-holomorphic sections.

Definition 3.3 Let u W B0! X be a smooth section of the bundle X ! B0, J be an almost complex
structure and gJ the metric induced by !X and J . Let .s; t/ be a local conformal coordinate on B0. The
vertical energy of u is defined to be

E.u/D
1

2

Z
B0

j@su� @#
s j

2
gJ
Cj@tu� @

#
t j

2
gJ

ds ^ dt

where @#
s and @#

t are the horizontal lifts of the vector fields @s and @t , respectively.

Remark 3.4 Our definition, written in local conformal coordinates, coincides with that of [15, equation
8.1.8]. It’s also clear from the definition that a smooth map has zero vertical energy if and only if it is
a horizontal section. Later in Definition 6.7 we will generalize the notion of vertical energy to include
more examples of symplectic fiber bundles that will be useful later. For now, the main observation is the
following:

Lemma 3.5 Let u be a J- holomorphic section of .X; !X ; �X / described in Section 2. Let .s; t/ be a
local conformal coordinate on B0 and @#

s and @#
t be the horizontal lifts of the vector fields @s and @t . The

two-form
1
2
.j@su� @#

s j
2
gJ
Cj@tu� @

#
t j

2
gJ
/ ds ^ dt

can be rewritten as
u�!X �!X .@

#
s ; @

#
t / ds ^ dt;

which is equal to u�!X in XD minus the perturbed region.

Proof If u is J-holomorphic, we have
1
2
.j@su� @#

s j
2
gJ
Cj@tu� @

#
t j

2
gJ
/ ds ^ dt D !X .@su� @#

s ; @tu� @
#
t / ds ^ dt

D !X .@su; @tu/�!X .@
#
s ; @

#
t / ds ^ dt

D u�!X �!X .@
#
s ; @

#
t / ds ^ dt:

If we write the two-form !X as dx ^ dy CF.x;y; s; t/dsCG.x;y; s; t/dt inside XD , then the term
!X .@

#
s ; @

#
t / is equal to

@G

@s
�
@F

@t
C
@G

@x

@F

@y
�
@G

@y

@F

@x
;
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which is equal to zero outside of the perturbed region, where

@F

@y
D
@G

@y
D 0 and

@G

@s
D
@F

@t

by our construction.

It follows that if u is a J-holomorphic section of X , then the part of u in XD minus the perturbed region
satisfies

(7) u�!X .v; j0v/� 0

for any v 2TB0, and the equality holds if and only if du.v/2Hor. Now we are ready to prove Lemma 3.2.

Proof of Lemma 3.2 Choose x1 < x < x2 such that

(1) C intersects both Fx1
and Fx2

transversely,

(2) x�x1 D x2�x, and

(3) Œx1;x2� is contained in the unperturbed range.

We orient C \Fx1
and C \Fx2

in the same way as stated in the lemma, so we have @.C \FŒx1;x2�/ =
C\Fx2

�C\Fx1
. Also notice that with the specified orientations, C\Fx1

, C\Fx2
and C\Fx all have

the same homology class in H1.XD/. Now we note that C \FŒx1;x2� is not horizontal, otherwise C has
to be horizontal everywhere by unique continuation (recall that all horizontal sections are J-holomorphic).

Using the inequality (7), we have (in the following the one-form ˇ refers to either ˇm;n or ˇm;n)

0<

Z
C\FŒx1;x2�

u�!X D

Z
C\FŒx1;x2�

u�
�
dx ^ dyC d

�
1
2
x2ˇ

��
D

Z
@.C\FŒx1;x2�

/

u�
�
x dyC 1

2
x2ˇ

�
D x2

Z
C\Fx2

u� dyC 1
2
x2

2

Z
C\Fx2

u�ˇ�x1

Z
C\Fx1

u� dy � 1
2
x2

1

Z
C\Fx1

u�ˇ

D x2pC 1
2
x2

2.mq1C nq2/�x1p� 1
2
x2

1.mq1C nq2/

D .x2�x1/.pCx.mq1C nq2//:

Remark 3.6 It is clear from the proof that if u is a horizontal section, then the equality

pCx.mq1C nq2/D 0

holds.

Let’s assume for the moment that †0 D†�N 0 is connected. Following [12], we define the wrapping
number of J-holomorphic sections with cylindrical asymptotes:
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Definition 3.7 The wrapping number of a J-holomorphic section C with cylindrical asymptotes is
�.C /D #C \ .B0 � fP0g/, where P0 2†0 is not a critical point of H0.

The algebraic intersection number does not depend on the choice of P0, so the wrapping number is
well-defined. We also note that �.C / is identically zero if @†¤¿ and under the additional assumption
that near each boundary component, J is induced from the vertical almost complex structure that sends
@xi

to @yi
. The reason is that once such a J is chosen, no J-holomorphic sections can enter the boundary

region by the following maximum principle, so one can choose P0 inside one of the boundary region and
easily see that C \ .B0 � fP0g/D¿.

Lemma 3.8 (maximum principle) Let J be a fibration-compatible almost complex structure on X that
sends @xi

to @yi
near each boundary component of †. Here the index i labels the different boundary

components of †. Let V denote an open subset of B0 with local coordinates .s; t/. Let Qu W V ! XH

denote a J-holomorphic section , which in coordinates look like .s; t/ 7! .s; t;xi.s; t/;yi.s; t//. We further
assume for .s; t/ 2 V , the pair .xi.s; t/;yi.s; t// is in a neighborhood of the i th boundary component of†.
Then xi.s; t/ is a harmonic function.

Proof The setup is almost identical to that of Lemma 6.10, except that the Hamiltonian function is �ixi

instead of x2
i =2. In particular, the horizontal lifts are

@#
s D @s � �iF@y ; @#

t D @t � �iG@y

and we have a similar equation,

@xi

@t
C
@yi

@s
C �iF D 0;

@yi

@t
�
@xi

@s
C �iG D 0:

Notice that ˇD F.s; t/dsCG.s; t/dt being closed tells us that @F
@t
D
@G
@s

, so the conclusion follows by a
simple calculation.

In particular, the above lemma implies that as long as J is chosen in a neighborhood of each of the
boundary components of † to be fibration compatible and sends @xi

to @yi
, no J-holomorphic section

may approach the boundary components of †.

Remark 3.9 If †0 D†�N 0 is not connected, ie 
 is separating, we can define two wrapping numbers
�1 and �2 for each of the connected components of †0. It is clear from the above arguments that if each
connected components of †0 contains part of @†, then all the wrapping numbers vanish automatically.

Remark 3.10 Following a similar idea in [12, Lemma 4.3], we will show in the following (Remark 3.12)
that the wrapping numbers of any J-holomorphic sections are nonnegative.

The first main result of this section is the following “no crossing” lemma:
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Lemma 3.11 Assume J is a fibration-compatible almost complex structure on Xm;n. If C is a J-
holomorphic section of Xm;n such that all wrapping numbers are zero , then C is either contained in XH

or contained in XD .

Proof We first consider the case where C is not horizontal. Suppose there is a nonhorizontal J-
holomorphic section C that is neither contained in XH nor in XD , then since C is connected, we can
either find some �1 2 .ı; �/ such that C intersects both F�1

and F��1
transversely and C \F˙�1

¤¿, or
some �1 2 .ı; �/ such that C intersects both F1C�1

and F1��1
transversely and C \F1˙�1

¤¿. Without
loss of generality, let us assume the first situation happens. (If the second situation happens, the following
proof works almost verbatim; the only change one needs to make is that, if we use .p˙; q˙

1
; q˙

2
/ to denote

the homology classes of C \F1˙�1
, then the condition �D 0 translates to p˙Cmq˙

1
C nq˙

2
D 0.)

Let .p˙; q˙
1
; q˙

2
/ denote the homology classes of C \F˙�1

. Since all the wrapping numbers vanish, we
observe that p˙ D 0. To see this fact, notice that we can choose P0 to be .˙�1;y0/ 2†0 for some fixed
y0 2 S1, then #C \ .B0 � fP0g/ is precisely the number of times C \F˙�1

passes through y0, which
equals p˙.

Lemma 3.2 tells us that
�1.mqC

1
C nqC

2
/ > 0> �1.mq�1 C nq�2 /

which implies that
mqC

1
C nqC

2
� 1; mq�1 C nq�2 � �1:

Now we consider CŒ��1;�1� WD C \ FŒ��1;�1� which is a surface with boundary C \ F�1
� C \ F��1

,
possibly with positive and negative punctures at xD 0. Let d1(resp. d2, d�1) 2 f0; 1g denote the number
of punctures of CŒ��1;�1� that project to the first positive puncture (resp. the second positive puncture,
the negative puncture) of B0. Notice that the two Reeb orbits6 over x D 0 at the first positive puncture
(resp. the second puncture, the negative puncture) have the homology class .0; 1; 0/ (resp. .0; 0; 1/ and
.0; 1; 1/), so we have

d1.0; 1; 0/C d2.0; 0; 1/C .0; q
C

1
; qC

2
/D d�1.0; 1; 1/C .0; q

�
1 ; q
�
2 /

and hence
2� .mqC

1
C nqC

2
/� .mq�1 C nq�2 /D .mC n/d�1�md1� nd2

which implies that
d�1 D 1:

The above equation implies that C has no other negative punctures. So for any �2 2 .ı; �/, the section C

cannot intersect both F1��2
and F1C�2

, because otherwise, the same argument as above would imply
that C has another negative puncture asymptotic to one of the Reeb orbits over x D 1, a contradiction. So
there are two remaining possibilities:

6Recall that the unperturbed Reeb vector fields over x are @t1 �mx@y , @t2 � nx@y and @t�1 � .mC n/x@y near the three
punctures.
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(1) C \F1��2
D¿ Let us consider C \FŒ�1;1��2�. For this part of C , there are no negative punctures

or positive punctures, so we conclude that @.C \FŒ�1;1��2�/D�C \F�1
is null homologous in H1.XD/,

which contradicts the fact that mqC
1
C nqC

2
� 1.

(2) C \F1C�2
D ¿ Let us consider C \FŒ�1;1C�2�. For this part of C , let a; b 2 f0; 1g denote the

number of punctures C has at x D 1 that project to the first and second positive puncture, respectively,
of B0. Observe that the Reeb orbits at x D 1 near the first (resp. second) positive puncture have the
homology class .�1; 1; 0/ 2H1.XD/ (resp. .�1; 0; 1/ 2H1.XD/), so we conclude that

a.�m; 1; 0/C b.�n; 0; 1/D .0; qC
1
; qC

2
/;

which in turn implies that aDbD0. But then it follows that qC
1
DqC

2
D0, contradicting mq�

1
Cnq�

2
��1.

Finally, we consider the case where C is horizontal. Suppose there exist such horizontal section C that is
neither contained in XD nor in XH , then again without loss of generality we can assume that there exist
some �1 2 .ı; �/ such that C intersects both F�1

and F��1
transversely and C \F˙�1

¤¿. Recall that
inside XD apart from the perturbed region, !X D dx ^ dyC d.1

2
x2ˇm;n/. We show in the following

that outside of the perturbed region, the x-coordinate of the section contained in XD is locally constant,
which obviously leads to a contradiction.

To see this fact, we write the one-form 1
2
x2ˇm;n as

1
2
x2ˇm;n D f dsCg dt;

where .s; t/ is the local coordinate for B0. We next compute that the horizontal lifts @#
s , @#

t of the two
vector fields @s , @t are

@#
s D @sC

@f

@y
@x �

@f

@x
@y ; @#

t D @t C
@g

@y
@x �

@g

@x
@y :

It follows that if u is horizontal, then the part of u.s; t/ D .s; t;x.s; t/;y.s; t// in XD outside of the
perturbed region satisfies

@x

@s
D
@f

@y
;

@y

@s
D�

@f

@x
;

@x

@t
D
@g

@y
;

@y

@t
D�

@g

@x
:

Recall that by our assumption, away from the perturbed region inside XD , we have fy D gy D 0. It
follows that x is locally constant.

This concludes the proof of Lemma 3.11.

Remark 3.12 If we do not assume that the section C has vanishing wrapping number, the above argument
still shows that the wrapping number �.C / is nonnegative. To see this, using the same notation we have
pCC �.mqC

1
C nqC

2
/� 0 for all generic � > 0. Notice that the homology class .pC; qC

1
; qC

2
/ does not

depend on generic � > 0, so we can let �! 0 and conclude that �.C /D pC � 0.
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A parallel result holds for X m;n:

Lemma 3.13 Assume J is a fibration-compatible almost complex structure on X m;n. If C is a J-
holomorphic section of X m;n such that all wrapping numbers are zero , then C is either contained in XH

or contained in XD .

The proof of this result, however, is different from the one described above, so we present the details here:

Proof As before, we only need to consider the case where C is not horizontal. Suppose there is some
J-holomorphic section C that is neither contained in XH nor XD , without loss of generality we assume
that there is some �1 2 .ı; �/ such that C intersects both F˙�1

transversely and C \F˙�1
¤¿.

Let .p˙; q˙
1
; q˙

2
/ denote the homology classes of C \F˙�1

. Since �.C / D 0, we again observe that
p˙ D 0. Now the local energy inequality implies that

mqC
1
C nqC

2
� 1; mq�1 C nq�2 � �1:

Let d1(resp. d1, d2) 2 f0; 1g denote the number of punctures of CŒ��1;�1� that project to the positive
puncture (resp. the two negative punctures) of B0. We have

d1.0; 1; 0/C d2.0; 0; 1/C .0; q
�
1 ; q
�
2 /D d1.0; 1; 1/C .0; q

C

1
; qC

2
/

and hence
2�m.qC

1
� q�1 /C n.qC

2
� q�2 /Dm.d1� d1/C n.d2� d1/:

We conclude that d1 D 0 and that at least one of d1 and d2 is 1. There are two possibilities:

(1) d1 D d2 D 1 If this is the case, then C does not have other outputs. We conclude that for any small
enough �2, the section C cannot intersect both F1˙�2

, otherwise the exact same argument would tell
us that C has at least another output over x D 1. Choose l 2 f1� �2; 1C �2g such that C \Fl D ¿.
We now look at C \FŒ�1;l�. This part of C can only have a positive puncture (or no punctures at all)
with homology class .�k; 1; 1/ for some k 2 f1; 2; : : : ;mC ng, but the same homology class should
match .0; qC

1
; qC

2
/, which means that there’s no positive puncture. So we conclude that C \FŒ�1;l� is a

surface without puncture, whose boundary is �C \F�1
, which implies that qC

1
D qC

2
D 0, contradicting

mqC
1
C nqC

2
� 1.

(2) We have either d1 D 1 and d2 D 0 or d1 D 0 and d2 D 1. Without loss of generality let us assume
the first case happens. There are two subcases.

Case 2.1 If there is some small �2 2 .ı; �/ such that C \F1��2
D¿ or C \F1C�2

D¿, then as before we
fix l 2 f1��2; 1C�2g such that C \Fl D¿, and look at C \FŒ�1;l�. This part of C can have at most one
positive puncture with homology class .�k; 1; 1/ where k 2 f1; 2; : : : ;mC ng and at most one negative
puncture with homology class .�j ; 0; 1/ for some j 2 f1; 2; : : : ; ng. If C \FŒ�1;l� has no punctures, then
we argue as before to show that qC

1
D qC

2
D 0, which leads to a contradiction. So C \FŒ�1;l� has at least
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one puncture, but then again by homology considerations we conclude that C \FŒ�1;l� has precisely two
punctures, with homology classes .�k; 1; 1/ and .�k; 0; 1/ for some k 2 f1; 2; : : : ; ng. Now we have

.�k; 1; 1/D .0; qC
1
; qC

2
/C .�k; 0; 1/

which implies that qC
1
D 1 and qC

2
D 0. Now d1 D 1 and d2 D 0 tells us that q�

1
D qC

1
� 1 D 0 and

q�
2
D qC

2
D 0, contradicting mq�

1
C nq�

2
� �1.

Case 2.2 The other possibility is that we can find some �2 2 .ı; �/ such that C intersects both F1˙�2

transversely. We use .p1˙�2 ; q
1˙�2

1
; q

1˙�2

2
/ to denote the homology classes of C \F1˙�2

. The condition
�.C /D 0 now translates to p1˙�2 Cmq

1˙�2

1
C nq

1˙�2

2
D 0, because the wrapping number is now the

integral of dyR, which equals the integral of dyCˇm;n. The local energy inequality tells us that

p1��2 C .1� �2/.mq
1��2

1
C nq

1��2

2
/ > 0; p1C�2 C .1C �2/.mq

1C�2

1
C nq

1C�2

2
/ > 0

which simplifies to
mq

1C�2

1
C nq

1C�2

2
� 1; mq

1��2

1
C nq

1��2

2
� �1:

Let d 01; d
0
2
2 f0; 1g denote the number of punctures of CŒ1��2;1C�2� that project to the positive puncture

and the second negative punctures, respectively, of B0. We have

d 02.�n; 0; 1/C .p1��2 ; q
1��2

1
; q

1��2

2
/D d 01.�m� n; 1; 1/C .p1C�2 ; q

1C�2

1
; q

1C�2

2
/

which implies that
q

1C�2

1
D q

1��2

1
� d 01; q

1C�2

2
D q

1��2

2
C d 02� d 01:

Again 2 � m.q
1C�2

1
� q

1��2

1
/ C n.q

1C�2

2
� q

1��2

2
/ tells us that d 01 D 0 and d 0

2
D 1, and hence

p1��2 � nD p1C�2 .

We now look at C \FŒ��1;1C�2�. This part of C has two outputs with the homology classes .0; 1; 0/ and
.�n; 0; 1/, and at most one puncture with homology class .�k; 1; 1/ for some k 2 f1; 2; : : : ;mC n� 1g.
We also have @.C \ FŒ��1;1C�2�/ D C \ F1C�2

� C \ F��1
. We observe that C \ FŒ��1;1C�2� must

contain a positive puncture, otherwise p
1C�2

1
D �n, and hence p1��2 D 0, so � D 0 implies that

mq
1��2

1
C nq

1��2

2
D 0, contradicting the local energy inequality mq

1��2

1
C nq

1��2

2
� �1. Finally, we

have
.0; q�1 ; q

�
2 /C .0; 1; 0/C .�n; 0; 1/D .p1C�2 ; q

1C�2

1
; q

1C�2

2
/C .�k; 1; 1/

which implies that q�
1
D q

1C�2

1
and q�

2
D q

1C�2

2
, but then the local energy inequalities mq�

1
Cnq�

2
��1

and mq
1C�2

1
C nq

1C�2

2
� 1 cannot both be true. This concludes the proof of Lemma 3.13.

4 The “no crossing” results for general J

Although the fibration compatible almost complex structures in Definition 3.1 are convenient to work with,
they are not suitable for defining the cobordism map. The reason is that for given fibration compatible J ,
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not all J-holomorphic sections are cut out transversely, so there is not a well defined count for the
cobordism map as defined in Section 2. In this section, we use the SFT compactness theorem developed
in [2] to show that we can always perturb the almost complex structure slightly to a tame almost complex
structure — not necessarily fibration compatible, in such a way that the no crossing results Lemma 3.11
and Lemma 3.13 continue to hold.

Throughout this section, we let X denote either the bundle Xm;n or X m;n. We fix a fibration compatible
almost complex structure J on X , and denote by J 1

C, J 2
C, J� its restrictions on the three cylindrical ends

of X . In the case that @†¤¿, we choose coordinates .xi ;yi/ near each boundary component of @†,
such that any almost complex structure we choose, even if it is not fibration compatible elsewhere, is
fibration compatible near the boundary and sends @xi

to @yi
.

Theorem 4.1 Let fJkg be a sequence of tame almost complex structures that C1 converges to a fixed
fibration-compatible almost complex structure J , and fCkg be a sequence of finite-energy Jk-holomorphic
sections , which we view as maps uk W B0!X , that are asymptotic to fixed Reeb orbits in Y�m , Y�n and
Y�mCn . If all wrapping numbers of fCkg vanish , then Ck is contained in XH or XD for sufficiently large k.

The proof of Theorem 4.1 relies largely on a careful analysis of J-holomorphic sections in X and the
symplectizations Y�m , Y�n and Y�mCn , which we take up in the following subsections. To begin the
proof of Theorem 4.1, let us make the following simple observation. We could slightly shrink the two
open subsets XH and XD to XH ;Q� and XD;Q�, where Q� 2 .ı; �/ and

XD;Q� WD B0 � .�Q�; 1C Q�/x �S1
y ; XH ;Q� WD B0 � .†� .Q�; 1� Q�/x �S1

y /;

such that Lemmas 3.11 and 3.13 still hold for the new cover X DXD;Q� [XH ;Q�.

4.1 J -holomorphic cylinders in symplectizations

The next step is to analyze J-holomorphic cylinders in the symplectization R�Y�m . The analysis for
the remaining cases of Y�n and Y�mCn are analogous. Similar to what we saw in Section 2, there is a
decomposition of Y�m :

Ym;D;Q� WD S1
t � .�Q�; 1C Q�/x �S1

y ; Ym;H ;Q� WD S1
t � .†� .Q�; 1� Q�/x �S1

y /:

When Q�D �, without risk of confusion, we will abbreviate the two components by YD and YH , respectively.
The gluing map of Ym;D;Q� and Ym;H ;Q� is defined similarly as in Section 2. For J-holomorphic sections in
R�Y�m , the wrapping numbers are defined similarly; see [12, Definition 4.2].

As in Section 3, by slightly abusing the notations, let us denote by Fx the three-dimensional manifold
R�S1

t � fxg �S1
y � YD . Let F.x1;x2/ denote the four-manifold R�S1

t � .x1;x2/x �S1
y � R� YD .

We also identify the first homology class in YD with a pair .p; q/. Fix a symplectization compatible
(and hence by Definition 3.1, a fibration compatible) almost complex structure J on R�Y�m . The local
energy inequality for J-holomorphic sections in R�Y�m is the following:
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Lemma 4.2 [12, Lemma 3.11] Let C be a J-holomorphic section , which we write as a map

u WR�S1
!R�Y�m :

Assume that C intersects Fx transversely for some x in the unperturbed range. We have

pCmxq � 0:

Furthermore , the equality holds if and only if C \Fx D¿.

Proof This is a straightforward generalization of Lemma 3.2. For a different proof, see [12].

The above inequality implies the following “no crossing” result for J-holomorphic cylinders in R�Y�m :

Lemma 4.3 Let J be a symplectization-compatible almost complex structure on R� Y�m . If C is a
J-holomorphic section of the bundle R�Y�m !R�S1

t with vanishing wrapping numbers , then:

(1) For any Q� 2 .ı; �/, the section C is either contained in R�Ym;D;Q� or R�Ym;H ;Q�.

(2) For such a section , if the positive end is one of the two orbits over x D 0 (resp. x D 1), then for any
Q� 2 .ı; �/, C is contained in F.�Q�;Q�/ (resp. F.1�Q�;1CQ�/).

(3) For such a section , if the negative end is one of the two orbits over x D 0 (resp. x D 1), then for
any Q� 2 .ı; �/, the section C is contained in R�Ym;H ;Q�.

(4) Finally, if such a section does not have any end over xD 0 or xD 1, then it is completely contained
in R� .YD �YH / or R� .YH �YD/.

The proof is similar to that of Lemma 3.11, but it is worthwhile to write down the details.

Proof For any �1 2 .ı; �/, let us denote the homology classes of C \F˙�1
by .p˙; q˙/ (the choice of

�1 does not matter here). Since all wrapping numbers of C vanish, we conclude that p˙ D 0.

To prove the first bullet point, suppose C is not contained in either region. Without loss of generality we
could assume there is some �1 such that C \F˙�1

¤¿. Now Lemma 4.2 tells us that

m�1qC > 0>m�1q�:

So qC � 1 and q� � �1. Notice that for punctures of C that are contained in FŒ��1;�1�, the homology
class is .0; 1/. Let us assume there are d1 2 f0; 1g (resp. d�1) many of such positive (resp. negative)
punctures, and we have

d�1.0; 1/C .0; q
�/D d1.0; 1/C .0; q

C/:

But this is not possible, because otherwise

2� qC� q� D d�1� d1 � 1:
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To prove the second bullet point, it suffices to show that for any �1 2 .ı; �/, we have C \F˙�1
D ¿

and C \F1˙�1
D¿. Without loss of generality suppose C \F�1

¤¿ or C \F��1
¤¿. By the same

argument as in the previous paragraph, we have qC� q� � 1, but now we have d1 D 1, so

1� qC� q� D d�1� d1 � 0;

a contradiction.

To prove the third bullet point, simply notice that otherwise such a section is completely contained in
R�YD by the first bullet point. Now observe that Reeb orbits in YD that are over different values of x

have different homology classes, it follows that both ends of C are over x D 0 or x D 1. Now the second
bullet point shows that such a section is contained in R�Ym;H ;Q� as well.

Finally, to prove the last bullet point, observe that (in the same notation as before) d˙1 D 0 forces that
q˙ D 0, hence C \F˙�1

D¿. Similarly C \F1˙�1
D¿ for any �1.

4.2 More about J-holomorphic sections in the twist region

To prove Theorem 4.1, the final ingredient we need is a more detailed understanding of J-holomorphic
sections that are contained in the twist region XD . Let us recall that, for J-holomorphic sections of Xm;n

that are contained in the twist region XD D B0 � .��; 1C �/x �S1
y , the Reeb orbits can occur over

(1) x D i
m

(i 2 f0; 1; : : : ;mg) for the first positive end;

(2) x D j
n

(j 2 f0; 1; : : : ; ng) for the second positive end;

(3) x D k
mCn

(k 2 f0; 1; : : : ;mC ng) for the negative end.

The next lemma tells us that for pseudoholomorphic sections of Xm;n that are contained in the twist
region, the three ends must in fact lie over the same x-coordinate.

Lemma 4.4 Let J be a fibration-compatible almost complex structure on Xm;n, and C be a J-holomorphic
section that is completely contained in XD D B0 � .��; 1C �/x �S1

y . Then the x coordinate of the three
cylindrical ends of C asymptote to the same value. Furthermore , C itself is completely contained in the
ı-neighborhood of the slice Fx (the subscript x denotes the x value to which the ends of C asymptote.)

Proof The Reeb vector field near the first positive end is @t �mx@y , so the homology class of any Reeb
orbit over x D i

m
is ŒS1

t1
�� i ŒS1

y � 2H1.XD/. Similarly, for Reeb orbits over the second positive end with
the x-coordinate j

n
, the homology class is ŒS1

t2
�� j ŒS1

y � 2H1.XD/; the homology class for Reeb orbits
over the negative end with the x-coordinate k

mCn
is ŒS1

t1
�C ŒS1

t2
�� kŒS1

y � 2H1.XD/.

It follows that for a J-holomorphic section that is completely contained in XD , we have k D i C j for
homological reasons. Now if the three ends don’t share the same x-coordinates, without loss of generality
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we can assume that i
m
< iCj

mCn
< j

n
. Pick some x0 2

� iCj
mCn

; j
n

�
such that C intersects the slice Fx0

transversely, then the homology class of C \Fx0
in H1.XD/ is .�j ; 0; 1/. Using Lemma 3.2, we have

�j Cx0.m � 0C n � 1/� 0

which implies that x0 �
j
n

, a contradiction.

Now suppose C is not contained in the ı-neighborhood of the slice Fx , we can choose some Q� slightly
bigger than ı such that C intersects Fx˙Q� transversely and the intersect is nonempty. But notice that
C \Fx˙Q� are both null-homologous, so this is a violation of Lemma 3.2.

Remark 4.5 The second part of the above lemma also holds for J-holomorphic sections of X m;n that
are completely contained in the twist region. Namely, if all three ends of such a section share the same
x-coordinate, then the entire section is contained in the ı-neighborhood of the slice Fx .

4.3 Proof of “no crossing” for general J (Theorem 4.1)

Now we are ready to prove the main result of this section.

Proof of Theorem 4.1 Fix some Q� 2 .ı; �/. Suppose that the statement of Theorem 4.1 fails, by the SFT
compactness theorem, we can find a subsequence of fCkg, still denoted by fCkg, such that

(1) for every k, Ck is not contained in XH or XD , and

(2) fCkg converges to a J-holomorphic building B.

Let us first observe that by our assumptions, �2.Xm;n/, �2.X
m;n/, �2.Y�m/ are all trivial, so bubbling

off of J-holomorphic spheres cannot occur in any level of B. Notice also that it is not possible for any
component of any level of B to have only positive or only negative punctures, simply by homological
considerations. The above two observations imply that

(1) B has no nodes;

(2) the main level of B is a J-holomorphic section of X , and

(3) every other level of B is a (resp. pair of) holomorphic cylinder in the symplectization of Y�mCn

(resp. Y�mqY�n).

We note that all levels of B must have vanishing wrapping numbers. The reason is that the wrapping
number is homological, so the sum of the wrapping number from all different level is equal to zero. By
Remark 3.10, all wrapping numbers are nonnegative, so they have to vanish in each level as well.

If the main level of B is contained in XH ;Q�, we can use Lemma 4.3 and induction to show that all other
levels of B are contained in R�YmCn;H ;Q� or R� .Ym;H ;Q�qYn;H ;Q�/, respectively. For example, the first
level above the main level consists of one JC-holomorphic cylinder in R�Y�mCn (if X DX m;n) or a pair
of JC-holomorphic cylinders in R� .Y�mqY�n/ (if X DXm;n). In either case, those JC-holomorphic
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cylinders have negative ends which are either over x D 0; 1 inside the twist regions, or outside the twist
region. Now the third and forth bullets points of Lemma 4.3 tell us that these cylinders are entirely
contained in R�YmCn;H ;Q� or R� .Ym;H ;Q�qYn;H ;Q�/. We conclude, using induction, that all levels above
the main level are contained in the same region. Now let us consider the first level under the main level.
For any such J�-holomorphic cylinder, if the positive end is over xD 0; 1, then by the second bullet point
of Lemma 4.3, they are completely contained in F.�Q�;Q�/; if the positive end is contained outside of the
twist regions, then the third and forth bullet points of Lemma 4.3 imply that the cylinders are contained in
R�YmCn;H ;Q� or R� .Ym;H ;Q�qYn;H ;Q�/. Again, we can repeat the above analysis to find that all levels
under the main level are contained in R�YmCn;H ;Q� or R� .Ym;H ;Q�qYn;H ;Q�/. In summary, the entire
building is contained in the (slightly shrunk) nontwist region, which implies that for sufficiently large k,
the section Ck is contained in XH as well, a contradiction.

If the main level of B is contained in XD;Q� � XH ;Q�, then again we can use the fourth bullet point
of Lemma 4.3 and induction to deduce that all other levels of B are contained in R � YmCn;D;Q� or
R� .Ym;D;Q�qYn;D;Q�/. It follows that for sufficiently large k, the section Ck is completely contained
in XD , a contradiction.

5 The product

In this section, we use the no crossing results to calculate the pair-of-pants product defined in Section 2,

(8) HF�.�m/˝HF�.�n/! HF�.�mCn/;

where � is the (Hamiltonian perturbed) positive Dehn twist along a homologically nontrivial simple
closed curve 
 �†, with the extra conditions stated in Theorem 1.2.

As reviewed in Section 2, we fix the cobordism X DXm;n and a generic Hamiltonian perturbation. We
always assume that the almost complex structure J is C1 close to a fibration-compatible one, as in
Section 3. Furthermore, we require that near each boundary component of @† with local coordinates
.xi ;yi/, the almost complex structure J is fibration-compatible, and is induced from the almost complex
structure on Ver that sends @xi

to @yi
. Lemma 3.8 tells us that J-holomorphic sections cannot approach

@† by the maximum principle.

5.1 Several remarks on monotonicity

To define fixed point Floer homology without using the Novikov rings, we need a monotonicity condition.
In what follows, we will use a slightly stronger version of “weak monotonicity” introduced in [6].

Definition 5.1 [6, Condition 2.5] Let  be a symplectomorphism of .†; !0/. Let ! denote the 2-form
on the mapping torus Y induced by !0, and Ver the vertical distribution of Y ! S1. We say  is
weakly monotone if Œ! � vanishes on the kernel of

c1.Ver/ WH2.Y /!R:
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We have the following:

Lemma 5.2 For the positive Dehn twist � W .†; !0/! .†; !0/, the map �m is weakly monotone for any
positive integer m.

Proof The proof is almost verbatim to that of [12, Lemma 5.1], and the only difference is that in our
setting hŒ†�; c1.Ver/i D 2� 2g.†/ if @†D¿.

The above lemma tells us that the count in (1) is finite, so the fixed point Floer homology HF�.�m/ is
well-defined without using the Novikov rings. Similarly, we need a weak monotonicity condition for the
count (5) to be finite.

Definition 5.3 Let � W .E; !/! B be a symplectic fiber bundle, and Ver WD Ker.d�/ be the vertical
distribution. We say the symplectic bundle is weakly monotone if Œ!� vanishes on the kernel of

c1.Ver/ WH2.E/!R:

Similarly, we have the following lemma, which tells us that the count (5) is finite (see the discussions
following the proof of Lemma 5.4), and hence the product and coproduct structures induced by Xm;n and
X m;n are well-defined without use of Novikov rings.

Lemma 5.4 If @† ¤ ¿ or † is closed with genus at least 2, then both Xm;n and X m;n are weakly
monotone.

Proof Take a closed surface C �X such that ŒC � lies in the kernel of c1.Ver/. Using the same notation
as in Lemma 3.2, let .p; q1; q2/ denote the homology class of ŒC \F0�D ŒC \F1� 2H1.XD/ (isotope
C slightly to make the two intersections transverse).

Let us start with the situation where 
 is nonseparating and † is closed. It is not difficult to see that

(9) hŒC �; c1.Ver/i D .2� 2g.†//�.C /;

where � is the wrapping number. We conclude that the wrapping number of C is zero. As explained in
the proof of Lemma 3.11, we have

�.C /D p D pCmq1C nq2 D 0:

Now if 
 is separating and † is closed, let †1, †2 denote the two components of †� Œ0; 1�x �S1
y . By

our assumption: g.†1/;g.†2/� 1. Similar to the above, we have:

hŒC �; c1.Ver/i D .1� 2g.†1//�1.C /C .1� 2g2.†2//�2.C /:

So ŒC � 2 Ker.c1.Ver// implies that both wrapping numbers of C vanish, hence we have

p D pCmq1C nq2 D 0

again.
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It is not difficult to calculate, using the explicit expression of !X , that
R

C !X is a linear combination of
p and mq1C nq2. So Œ!X � indeed vanishes on ŒC �.

Finally, if @†¤¿, then the wrapping number of C is automatically zero if 
 is nonseparating. If 
 is
separating, then:

(1) If both components of †� Œ0; 1�x �S1
y contains at least one component of @C , then both wrapping

numbers of C automatically vanishes;

(2) If only one of the components of †� Œ0; 1�x � S1
y , say †2, contains components of @† (so �2

vanishes), then we have

hŒC �; c1.Ver/i D .1� 2g.†1//�1.C /:

So ŒC � 2 ker.c1.Ver/ implies that �1 vanishes as well.

The conclusion is that p D pCmq1C nq2 D 0 regardless. Using the exact same argument as above, we
conclude that Œ!X � vanishes on ŒC � as well.

Lemma 5.2 tells us that for any positive integer m, HF�.�m/ is well defined without use of Novikov
coefficients. In fact, it is well-known (see for example [21; 12]) that

(10) HF�.�m/ŠH�.†0IZ2/˚

�m�1M
iD1

H�.S
1/

�
;

where the i th component of
Lm�1

iD1 H�.S
1/ comes from the Reeb orbits inside the Dehn twist region

over x D i
m

.

Before proving Theorem 1.2, some remarks on the Hofer energy of the J-holomorphic sections are needed.
In the following, we view the cobordism Xm;n as the completion of the compact cobordism Km;n with
the same symplectic form �X .

Definition 5.5 [11; 25] Let J be a tame almost complex structure on Xm;n. The Hofer energy of a
J-holomorphic section u is defined as

EHofer.u/D sup
f 2T

Z
B0

u�!f

Where T D
˚
f 2 C1.R; .��; �// j f 0 > 0 and f .x/D x near Œ�ı; ı�/

	
(for sufficiently small � and ı),

and
!f D

�
�X on Km;n;

d.f .si/dti/C!X near the three punctures:

The discussions about the monotonicity conditions imply that when the J-holomorphic sections have the
same indices and the same asymptotes, they share the same integral

R
B0
!X . Hence we have a uniform

bound on the Hofer energy for sections in MJ
x;yIz , so the SFT compactness theorem implies that (5) (as

well as the corresponding count for the coproduct structure) is a finite count.
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5.2 All sections have vanishing wrapping numbers

In this section we explain that in our setting, all J-holomorphic sections of Xm;n! B0 with Fredholm
index 0 have vanishing wrapping numbers. This observation will allow us to use the no crossing results
from Sections 3 and 4.

Theorem 5.6 Let J be an almost complex structure on Xm;n that is close to a fibration-compatible one.
Suppose that

� if 
 is nonseparating , then @†¤¿ or † is closed with genus at least 2;

� if 
 is separating , then each component of †� 
 either contains a component of @† or has genus
at least 2.

Then for any Fredholm index zero J-holomorphic section C with cylindrical ends , C has vanishing
wrapping numbers.

To prove Theorem 5.6, let us recall the Fredholm index formula. Let C be a J-holomorphic section in
Xm;n with positive asymptotes ˛i and negative asymptote ˇ, represented by a map u WB0!Xm;n. Fix a
trivialization � of the vertical distribution along each Reeb orbit, and denote by hc�

1
.TXm;n/; ŒC �i the first

Chern number of the complex vector bundle u�TXm;n over B0 with respect to the trivialization � and
the natural splitting TXm;nj
 Š Ver˚RhR; @si over the ends. Here RhR; @si denotes the distribution
spanned by the Reeb vector field and the symplectization direction. For each asymptotic orbit, let CZ� be
the Conley–Zehnder index with respect to � . We have the Fredholm index formula:

(11) ind.C /D 1C 2hc�1.TXm;n/; ŒC �iC
X

CZ� .˛i/�CZ� .ˇ/:

Notice that in our setting, the map u is a section of the fibration Xm;n!B0, so u�TXm;n naturally splits
as u�TXm;n Š TB0˚u�Ver. In light of this splitting, we have

hc�1.TXm;n/; ŒC �i D �1Chc�1.Ver/; ŒC �i:

So the index formula can be rewritten as

ind.C /D�1C 2hc�1.Ver/; ŒC �iC
X

CZ� .˛i/�CZ� .ˇ/:

Now recall that the Reeb orbits can be divided into two types: those coming from critical points of mH0,
nH0 or .mC n/H0 outside of N and those lying inside the twist region. There is a natural choice of the
trivialization � of the distribution Ver over these Reeb orbits: for the critical points of H , the distribution
Ver can be identified with the tangent space T† at the point; and over the Dehn twist region N ; we
can identify Ver with TN . We will always choose � as above, and the Conley–Zehnder index CZ� with
respect to such a trivialization is:

�1 if the orbit comes from a local minimum of H , or is an elliptic orbit inside the Dehn twist region;

0 if the orbit comes from a saddle point of H , or is a hyperbolic orbit inside the Dehn twist region;

1 if the orbit comes from a local maximum of H .
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Following [12], we now demonstrate a lemma relating the relative first Chern number hc�
1
.Ver/; ŒC �i to

the wrapping number �.C / (similar ideas were applied in the proof of Lemma 5.4; we present a proof of
the generalization of (9) here):

Lemma 5.7 If † is a closed surface with genus g, the loop 
 is nonseparating , and C is a J-holomorphic
section , then

hc�1.Ver/; ŒC �i D .2� 2g/�.C /:

Proof Choose a generic point outside of the twist region, which we denote by pt 2 †0, such that C

intersects B0 � fptg transversely. Recall that �.C / is by definition the algebraic intersection number
#C \ .B0 � fptg/.

Choose a section  of Ver over Xm;n, with the following property:

(1) When restricted to the Reeb orbits,  is constant with respect to � .

(2) There are l points p1;p2; : : : ;pl concentrated in an arbitrarily small neighborhood of pt , such
that on each fiber of Xm;n! B0, the section  has transverse zeroes at precisely p1;p2; : : : ;pl ,
with total degree 2� 2g.

We can also arrange  so that C intersects each B0�fpig transversely. Now by definition, hc�
1
.Ver/; ŒC �i

is the algebraic count of zeroes of u� . Observe that the zeroes of  jC occurs at precisely

C \ .B0 � fp1;p2; : : : ;plg/;

and the algebraic count of these zeroes is .2� 2g/�.C /.

Now we are ready to prove Theorem 5.6.

Proof of Theorem 5.6 Let us start with the case where 
 is nonseparating. As remarked before, if
@†¤¿, then �.C / is automatically zero. If † is closed, by equation (9), we have

0D ind.C /D�1C 2.2� 2g/�.C /C
X

CZ� .˛i/�CZ� .ˇ/:

But since CZ� 2 f�1; 0; 1g, we have

ind.C /� 2C .4� 4g/�.C /:

This, together with the fact that �.C /� 0 and the assumption g � 2, forces that �.C /D 0.

Now let us deal with the case where 
 is separating. As before, let us denote by †1 and †2 the two
components of †�N . If † is closed, then similar to Lemma 5.7, we have

hc�1.Ver/; ŒC �i D .1� 2g.†1//�1.C /C .1� 2g.†2//�2.C /:
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So
0D ind.C /

D�1C 2.1� 2g.†1//�1.C /C 2.1� 2g.†2//�2.C /C
X

CZ� .˛i/�CZ� .ˇ/

� 2C 2.1� 2g.†1//�1.C /C 2.1� 2g.†2//�2.C /:

By our assumption, g.†1/;g.†2/� 2. Combined with the fact that �1; �2 � 0, we have

�1.C /D �2.C /D 0;

as desired.

The case where both †1 and †2 contain a component of @† is easy: we only need to observe as before
that if †i contains a component of @†, then �i is automatically zero. The only remaining situation is the
following: only one of the two components of †�N contains a component of @†, and the other one has
genus at least 2. Without loss of generality let us assume †2 is the one containing @† (so �2 vanishes
automatically). Similar to what we saw in Lemma 5.7, we have

hc�1.Ver/; ŒC �i D .1� 2g.†1//�1.C /

which implies that

0D ind.C /

D�1C 2.1� 2g.†1//�1.C /C
X

CZ� .˛i/�CZ� .ˇ/

� 2C 2.1� 2g.†1//�1.C /:

Again, since g.†1/� 2 and �1 � 0, we conclude that �1.C / has to vanish as well.

5.3 Computation of the product (proof of Theorem 1.2)

Proof of Theorem 1.2 We choose a generic tame almost complex structure J on Xm;n such that all
moduli spaces of Fredholm index zero sections are cut out transversely. We further assume that J is
C1 close to a fibration-compatible almost complex structure so that Theorem 4.1 applies. Theorems 4.1
and 5.6 tell us that all the J-holomorphic sections are either contained in XH or XD .

Now the count of J-holomorphic sections contained in XH precisely corresponds to the intersection
product of H�.†0IZ2/�HF�.�m/ and H�.†0IZ2/�HF�.�n/ in the sense of the decomposition (10).
By [17; 9; 14], the cobordism map of the pair-of-pants product in this case can be identified with the
intersection pairing (notice that in our case �2.†0/D 0, so no Novikov rings are needed here),

(12) H�.†0IZ2/˝H�.†0IZ2/
\

�����!H�.†0IZ2/:

To finish the proof, we only need to show that the count of sections contained in the twist region contributes
to zero in the cobordism map. By Lemma 4.4, any such J-holomorphic section must be contained in the
ı-neighborhood of some slice Fx , where x D i

d
for some i 2 f1; 2 : : : ; d � 1g, here d WD gcd.m; n/ (the

reason is that we need mx, nx and .mC n/x to be integers simultaneously for the three Reeb orbits to
exist inside a ı-neighborhood of Fx). Recall that, near x D i

d
, the symplectic fiber bundle is given by the

trivial product Xi WDB0�
�

i
d
�ı; i

d
Cı

�
x
�S1

y with the fiberwise symplectic closed 2-form !X , which is
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a small Hamiltonian perturbation of !X ;0D dx^dyCd
�

1
2
x2ˇm;n

�
. Now we use a change-of-coordinate

trick to show that the above symplectic fiber bundle is equivalent to another one, which calculates the
pair-of-pants product of the Hamiltonian Floer homology of small Hamiltonians on

�
i
d
� ı; i

d
C ı

�
x
�S1

y .
To do this, let X0 be the trivial bundle B0 � .�ı; ı/x0 �S1

y0 together with the fiberwise symplectic form
dx0 ^ dy0C d

�
1
2
x02ˇm;n

�
. Define a diffeomorphism � WXi!X0 by

(13) x0 D x�
i

d
; y0 D yC i �g0m;n.p/;

where p denotes the coordinate on B0. It’s easy to see that � preserves the fibers, and that � pulls
dx0 ^ dy0C d

�
1
2
x02ˇm;n

�
back to !X ;0, because (recall that d �g0m;n D gm;n)

��
�
dx0 ^ dy0C d

�
1
2
x02ˇm;n

��
D dx ^ .dyC i �g0m;n/C d

�
1
2

�
x� i

d

�2
ˇm;n

�
D dx ^ dyC i

d
dx ^ˇm;nC

�
x� i

d

�
dx ^ˇm;n

D dx ^ dyC d
�

1
2
x2ˇm;n

�
D !X ;0:

For any almost complex structure J on Xi , we have the following one-to-one correspondence:

fJ-holomorphic sections of Xig
1W1
 ! f��.J /-holomorphic sections of X0g:

Now, similar to the J-holomorphic sections that are contained in XH , it is clear that sections contained
in X0 computes the pair-of-pants product of (a small perturbation of) the fixed points of time-1 maps
of m � 1

2
x02 and n � 1

2
x02. This corresponds to the intersection product of H�..�ı; ı/x0 �S1

y0/, which is
identically zero. This concludes the proof of Theorem 1.2.

6 The coproduct

In this section, we generalize the methods used in Section 5 further to compute the pair-of-pants coproduct
of fixed point Floer homology of Dehn twists: HF�.�mCn/! HF�.�m/˝HF�.�n/, where m; n are
positive integers, and � is the positive Dehn twist described in the setup. Note that Lemma 5.4 tells us
that the cobordism map is well-defined even without the use of Novikov rings. The goal of this section is
to prove Theorem 1.3. To begin with, similar to Theorem 5.6, we have the following:

Theorem 6.1 Let J be an almost complex structure on X m;n that is close to a fibration-compatible one.
Suppose:

� If 
 is nonseparating , then @†¤¿ or † is closed with genus at least 2.

� If 
 is separating , then each component of †� 
 either contains a component of @† or has genus
at least 2.

Then for any index zero J-holomorphic section C with cylindrical ends , C has vanishing wrapping
numbers.
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And the proof is almost the same as that of Theorem 5.6 (we only need to slightly modify the Conley–
Zehnder index term). Combined with Theorem 4.1, it tells us the following:

Corollary 6.2 Suppose the almost complex structure J , and the loop 
 satisfy the same condition as
in Theorem 6.1, then all J-holomorphic sections of X m;n! B0 that have Fredholm index zero must be
contained in XH or XD .

What is different from Section 5 is that the count of sections contained in the twist region does not
contribute to zero in the cobordism map. In the following two subsections, we first give a detailed
understanding of the moduli space of all J-holomorphic sections in the Morse–Bott (unperturbed) setting,
then explain what would happen if we perturb the form !X ;0 to break the Morse–Bott degeneracy.

6.1 J-holomorphic sections inside the twist region

In this subsection, we analyze possible J-holomorphic sections inside XD . Unless otherwise specified, the
almost complex structure J is assumed to be fibration-compatible, and when restricted to Ver sends @x to
@y (so J is completely determined by the fiberwise symplectic 2-form !). We start with the fiberwise
symplectic 2-form !X ;0D dx^dyCd

�
1
2
x2ˇm;n

�
and view .XD ; !X ;0/ as part of XD WDB0�Rx�S1

y

with the same fiberwise symplectic 2-form. Note that by extending the cobordism we are not introducing
new curves: Lemma 3.2 ensures that if the x-coordinates of the asymptotic Reeb vector fields of a given
J-holomorphic section are contained in .��; 1C �/, then the entire J-holomorphic section of XD is in
fact entirely contained in XD .

Notice that with this Morse–Bott setting, the Reeb orbits at the ends come in S1-families. The possible
x-coordinates of such families are

� x D
k1

mCn
at the positive end,

� x D
k1

m
at the first negative end, and

� x D
k2

n
at the second negative end.

Observe that if a J-holomorphic section has cylindrical ends at x D
k1

mCn
;

k1

m
, and k2

n
, then k1Dk1Ck2.

We make the following two basic observations about J-holomorphic sections of XD with cylindrical
ends. In what follows, for any fiberwise symplectic 2-form ! on XD that coincides with !X ;0 outside of
some compact subset K �XD , let M!.k1I k1; k2/ denote the moduli space of J-holomorphic sections
of .XD ; !/ whose ends have x-coordinates asymptoting to

k1

mC n
;

k1

m
; and

k2

n
; where k1 D k1C k2:
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Remark 6.3 We make an observation about M!.k1I k1; k2/ that is already implicit in its definition.
Note here the Reeb orbits come in S1 families, and in defining M!.k1I k1; k2/ we allow the ends of its
elements to land on any Reeb orbit on a given S1 family. In other words, the ends of a J-holomorphic
section are “free”. We can also require ends of J-holomorphic sections to land on a specific Reeb orbit in
a S1 family, in which case the ends are “fixed”. This distinction will be very important to us when we
pass from Morse–Bott case to the Morse case.

Lemma 6.4 There is a one-to-one correspondence between

M!X;0
.k1I k1; k2/ and M!X;0

.k1CmC nI k1Cm; k2C n/:

Proof Define a diffeomorphism � WXD !XD , .p;x;y/ 7! .p;x0;y0/ by

x0 D x� 1; y0 D yCgm;n.p/:

Observe that � preserves Ver, and a simple calculation shows ��!X ;0 D !X ;0. So ��J D J , and hence
if u is a J-holomorphic section contained in M!X;0

.k1 CmC nI k1 Cm; k2 C n/, then � ı u is a
J-holomorphic section contained in M!X;0

.k1I k1; k2/, and vice versa.

Lemma 6.5 For any u 2M!.k1I k1; k2/, ind.u/D 1 and u is cut out transversely.

Proof Similar to what we did in Section 5, choose the trivialization

� W Ver! T .Rx �S1
y /ŠR2:

Let ˛ and ˇ1; ˇ2 denote the three ends of u. The index formula is

ind.u/D 1C 2hc�1.TX /; ŒC �iCCZC� .˛/�
X

CZ�� .ˇi/

D�1CCZC� .˛/�
X

CZ�� .ˇi/

D�1C 0� .�1/� .�1/D 1:

Now the automatic transversality theorem [24, Theorem 1] applies here, because

1D ind.u/ > cN .u/CZ.du/D 0C 0:

Notice that Lemma 6.5 does not require ! to be !X ;0. Let us consider a 1-parameter family of closed
fiberwise symplectic 2-forms !� for � 2 Œ0; 1�, where

(1) !0 D !X ;0,

(2) when restricted to each fiber of XD ! B0, we have !�jfiber D dx ^ dy,

(3) there is a compact subset of XD outside of which all !�, with � 2 Œ0; 1�, agree.
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Observe that any closed fiberwise symplectic 2-form ! that agrees with !X ;0 outside of a compact set and
restricts to dx ^ dy on each fiber can be connected to !X ;0 using a family !� described above: one can
simply put !� D �!C .1��/!X ;0. For each �, let J� denote the fibration compatible almost complex
structure on XD determined by !�. As before, let M!�.k1I k1; k2/ denote the moduli space of J�-
holomorphic sections of .XD ; !�/ whose ends have x-coordinates k1

mCn
;

k1

m
, k2

n
, where k1 D k1C k2.

Let fM!�.k1I k1; k2/gj�2Œ0;1� denote the parametrized moduli space:

fM!�.k1I k1; k2/gj�2Œ0;1� WD f.u; �/ju 2M!�.k1I k1; k2/; � 2 Œ0; 1�/g:

We now describe the specific type of deformed fiberwise symplectic 2-form that we will use. Fix a
compact subset K1 � B0 such that the complement of K1 is contained in the cylindrical ends. For any
R> 0, denote Œ�R;R�x �S1

y �Rx �S1
y by QR.

Definition 6.6 A 1-form � 2�1.B0;C
1.R�S1// is called admissible if there exists some compact

subset K2 � B0 containing K1, and some R> 0, such that � D ˇm;n �
1
2
x2 outside of K2 �QR.

For any admissible 1-form � , we define the corresponding closed fiberwise symplectic 2-form ! to be
dx ^ dyC d� . The following simple observation asserts that if ! D dx ^ dyC d� and � is admissible,
then all pseudoholomorphic sections in M!.k1I k1; k2/ have a uniform upper bound on the vertical
energy (see definition below) and the range of its x component is bounded.

Definition 6.7 Fix an admissible 1-form � and the corresponding almost complex structure J . Let gJ

denote the metric determined by ! D d� C dx ^ dy and J . For any smooth map u W B0!XD , define
the vertical energy E.u/ to be

E.u/D
1

2

Z
B0

j@su� @#
s j

2
gJ
Cj@tu� @

#
t j

2
gJ

ds ^ dt;

where @#
s and @#

t are the horizontal lifts of the vector fields @s and @t , respectively.

Lemma 6.8 Let ��j�2Œ0;1� be a family of admissible 1-form as in Definition 6.6 (where R is assumed to
be sufficiently large compared to k1, k1 and k2), and !� D dx ^ dyC d�� be the corresponding closed
fiberwise symplectic 2-form on XD . Let J!� denote the fibration-compatible almost complex structure
determined by !�. Then for any u 2M!�.k1I k1; k2/,

(1) u is contained in f�2R� x � 2Rg, and

(2) the vertical energy E.u/ has a uniform bound.

Proof Assume that there is some u 2M!�.k1I k1; k2/ not contained in f�2R� x � 2Rg. It’s easy to
show that such a section cannot be horizontal (otherwise, inside the region fR< jxj< 2Rg the function x

would be locally constant, a contradiction). Outside of f�2R�x�2Rg the 2-form ! coincides with !X ;0,
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so after picking some x0 such that jx0j> 2R and u intersects fx D x0g transversely in a nonempty way,
the homology class of the intersection u\fx D x0g satisfies the local energy inequality

pCx0.mq1C nq2/ > 0;

which contradicts the fact that u\fx D x0g is null-homologous. For the bullet point 2, we first observe
that for a sequence of subdomains Dk exhausting B0, we haveZ

B0

u�!� D lim
k!1

Z
Dk

u�!� D lim
k!1

Z
@Dk

u�.xdyC ��/D lim
k!1

Z
@Dk

u�
�
xdyCˇm;n

�
1
2
x2
�
:

And the last limit does not depend on � or u. We also observe that given the fact u 2M!�.k1I k1; k2/,
this term is finite.

Next, similar to what we did in Lemma 3.5, we calculate E.u/ for a J-holomorphic section u (again
using local conformal coordinates .s; t/):

E.u/D
1

2

Z
B0

j@su� @#
s j

2
gJ
Cj@tu� @

#
t j

2
gJ

ds ^ dt D

Z
B0

!�.@su� @#
s ; @tu� @

#
t / ds ^ dt

D

Z
B0

!�.@su; @tu/�!�.@
#
s ; @

#
t / ds ^ dt

D

Z
B0

u�!��

Z
B0

!�.@
#
s ; @

#
t / ds ^ dt:

So it suffices to estimate the term
R

B0
!�.@

#
s ; @

#
t /ds^dt . Write �� as F�.s; t;x;y/dsCG�.s; t;x;y/dt ,

and we have

!�.@
#
s ; @

#
t /D

@G�

@s
�
@F�

@t
C
@G�

@x

@F�

@y
�
@G�

@y

@F�

@x
:

Now we simply observe that on the union of cylindrical ends Z where �� D 1
2
x2ˇm;n, the term F� is

identically zero and G� is independent of s. Consequently, !�.@#
s ; @

#
t / is compactly supported on

.s; t;x;y; �/ 2 .B0�Z/� Œ�2R; 2R��S1
� Œ0; 1�

and hence has a uniform bound for all u 2M!�.k1I k1; k2/.

Lemma 6.8, together with the usual SFT compactness argument developed in [2] (see also [25] for a
nice account), tells us that for any closed fiberwise symplectic 2-form ! D dx ^ dyC d� where � is
admissible, the moduli space M!.k1I k1; k2/ is compact. To see that no SFT type breaking can occur for
a sequence of sections in M!.k1I k1; k2/, we observe that levels in the symplectizations are necessarily
cylinders, and such cylinders asymptote to orbits in the same Morse–Bott family for homological reasons.
Now such cylinders have zero vertical energy, hence are trivial cylinders. We also observe no bubbles
appear, as �2 of the bundle is trivial.

More generally, for such!, if we define the 1-parameter family!� WD�!C.1��/!X ;0, then the parametric
moduli space fM!�.k1I k1; k2/gj�2Œ0;1� is compact as well. Lemma 6.5 tells us that for such !, both
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M!.k1I k1; k2/ and fM!�.k1I k1; k2/gj�2Œ0;1� are transversely cut out, so fM!�.k1I k1; k2/gj�2Œ0;1�

is a compact cobordism between two closed 1-dimensional manifolds. Observe also that for each fixed
�0 2 Œ0; 1�, the slice M!�0 .k1I k1; k2/ � fM!�.k1I k1; k2/gj�2Œ0;1� is a closed 1-manifold, so we get
the following:

Corollary 6.9 For any ! D dx ^ dyC d� where � is admissible , M!.k1I k1; k2/ is diffeomorphic to
M!X;0

.k1I k1; k2/.

The next observation (Corollary 6.13) asserts that M!X;0
.k1I k1; k2/ has at most one component. To

get started, let us observe that there is an S1 symmetry of M!X;0
.k1I k1; k2/. In the following, we will

view J-holomorphic sections u of .XD ; !/ as maps Nu W B0 ! R� S1, so it is handy to establish the
following lemma:

Lemma 6.10 Choose a local conformal coordinate .s; t/ of B0 and suppose locally

� D 1
2
x2.F.s; t/dsCG.s; t/dt/; !X ;0 D dx ^ dyC d�:

A map u W B0 ! .XD ; !/ is a J-holomorphic section if and only if the corresponding map Nu D
.x.s; t/;y.s; t// W B0!R�S1 in our coordinate system solves the following PDE :

@x

@t
C
@y

@s
CxF D 0;

@y

@t
�
@x

@s
CxG D 0:

Proof Let v# denote the horizontal lift (with respect to !) of any vector v 2 TB0. A simple calculation
shows that

@#
s D @s �xF@y ; @#

t D @t �xG@y :

So by definition, J.@s �xF@y/D @t �xG@y . Recall that we required that J always sends @x to @y , so
this shows

J.@s/D @t �xF@x �xG@y :

Now suppose u W B0!XD , .s; t/ 7! .s; t;x;y/ is J-holomorphic, ie

J

�
@sC

@x

@s
@xC

@y

@s
@y

�
D @t C

@x

@t
@xC

@y

@t
@y :

Combine the above equations and collect the coefficients of @x and @y , and we get the desired PDE.

The following corollary is immediate:

Corollary 6.11 If u W B0! XD is a map given by .s; t/ 7! .s; t;x.s; t/;y.s; t//, and u is an element
of M!X;0

.k1I k1; k2/, then for any y0 2 S1, .s; t/ 7! .s; t;x.s; t/;y.s; t/C y0/ is also an element of
M!X;0

.k1I k1; k2/.
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In other words, if M!X;0
.k1I k1; k2/¤¿, then S1 acts freely on M!X;0

.k1I k1; k2/ by translating the
y-coordinate. We now show that this S1 action is also transitive.

Lemma 6.12 Suppose u1 and u2 are two different J-holomorphic sections in M!X;0
.k1I k1; k2/, and

let Nui W B0! R� S1 denote the corresponding maps to the fiber , which we write as .s; t/ 7! .xi ;yi/.
Then x1 D x2, and there is some y0 2 S1 such that y2.s; t/D y1.s; t/Cy0.

Proof Consider w WD Nu1 � Nu2 W B0! R�S1, .s; t/ 7! .l.s; t/;m.s; t//. By Lemma 6.10, locally the
following PDEs are satisfied:

@l

@t
C
@m

@s
C lF D 0;

@m

@t
�
@l

@s
C lG D 0:

Observe that by our assumption, u1 and u2 have the same asymptotics on their cylindrical ends, so it follows
that w induces the trivial map on �1, hence can be lifted to zw W B0!R�R, .s; t/ 7! .l.s; t/; zm.s; t//,
where .l; zm/ solves the same PDE. Let us denote the covering map R�R!R�S1 by � .

Now for any � 2 R, the map Nu2 C �.� � zw/ solves the same PDE, and hence gives an element in
M!X;0

.k1I k1; k2/. This implies that l.s; t/ is identically zero and hence zm.s; t/ is constant, because
otherwise,

Nu2C�.� � zwC � � .0; 1//

solves the same PDE for any �; � 2R, giving us a two dimensional family of solutions. This contradicts
the fact that u2 is cut out transversely and ind.u2/D 1.

A corollary of the above discussion is the following:

Corollary 6.13 For any admissible � , the moduli space Mdx^dyCd� .k1I k1; k2/ is either empty, or
diffeomorphic to S1.

We now proceed to show that Mdx^dyCd� .k1I k1; k2/ is not empty. By Lemma 6.4, we can assume that
k1, k1 and k2 are all positive. In light of Corollary 6.9, it suffices to find one special admissible � , and
show that M!.k1I k1; k2/ is not empty, where ! D dx^dyCd� . The rest of this subsection describes
how one can construct an admissible � with a nonempty Mdx^dyCd� .k1I k1; k2/.

To this end, we make the following observation. Fix cylindrical ends Z1, Z1 and Z2 of B0 outside
of K1, each with conformal coordinates .si ; ti/ 2 ŒN;1/�S1/ (or .�1;�N ��S1), and choose cutoff
functions �i WZi! Œ0; 1� such that 1��i are compactly supported. Suppose v WB0!R�S1 is a smooth
map, such that (notice the resemblance to the formulations in [20]):

(1) The restriction of v D .x;y/ to the cylindrical end Z1 solves the equations

@x

@t1
C

@y

@s1
D 0;

@y

@t1
�
@x

@s1
C .mC n/�1.s1; t1/x D 0:
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(2) The restriction of v D .x;y/ to the cylindrical end Z1 solves the equations

@x

@t1
C
@y

@s1

D 0;
@y

@t1
�
@x

@s1

Cm�1.s1; t1/x D 0:

(3) The restriction of v D .x;y/ to the cylindrical end Z2 solves the equations

@x

@t2
C
@y

@s2

D 0;
@y

@t2
�
@x

@s2

C n�2.s2; t2/x D 0:

(4) The restriction of v D .x;y/ to the complement of Z1[Z2[Z1 is holomorphic:

@x

@t
C
@y

@s
D
@y

@t
�
@x

@s
D 0

(5) The map v approaches the projections (to the fiber S1 �R) of three Reeb orbits at

x1 D
k1

m
; x2 D

k2

n
; x1 D

k1

mC n

at its corresponding cylindrical ends. Note the Reeb orbits whose projections the map v approaches
all live in S1 families. We do not care which orbits in these S1 families v approaches.

Then we can construct an admissible � such that the moduli space

Mdx^dyCd� .k1I k1; k2/

is not empty. The reason is that Qv W .s; t/ 7! .s; t; v.s; t// is a smooth section of XD!B0 with the desired
asymptotes, and the image of v is contained in QR for some large R. If we define an admissible 1-form
� such that

� D

8̂̂̂<̂
ˆ̂:

1
2
.mC n/x2�1.s1; t1/dt1; in Z1 �QR;

1
2
mx2�1.s1; t1/dt1; in Z1 �QR;

1
2
nx2�2.s2; t2/dt2; in Z2 �QR;

0; in .B0�Z1[Z2[Z1/�QR:

Then Lemma 6.10 tells us that Qv 2Mdx^dyCd� .k1I k1; k2/.

We now construct v as described above. In the following, inside the cylindrical ends Zi , we will always
assume that �i’s are ti-independent and monotone, and that

y D

8<:
�k1t1; in Z1;

�k1t1; in Z1;

�k2t2; in Z2:

So inside Zi , x is ti-independent, and the equations simplify to ODEs

@x

@s1
C k1� .mC n/�1.s1/x D 0;

@x

@s1

C k1�m�1.s1/x D 0;
@x

@s2

C k1� n�2.s2/x D 0:

If we let

a1.s1/ WD

Z s1

N

�.mCn/�1.�/ d�; a1.s1/ WD

Z s1

�N

�m�1.�/ d� and a2.s2/ WD

Z s2

�N

�n�2.�/ d�;
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then the solutions to the above ODEs can be explicitly written down:

x.s1/D e�a1

�
c1� k1

Z s1

N

ea1.�/ d�

�
;

x.s1/D e�a1

�
c1� k1

Z s1

�N

ea1.�/ d�

�
; x.s2/D e�a2

�
c2� k2

Z s2

�N

ea2.�/ d�

�
:

Based on our assumptions, it’s easy to show that for the first expression, there is a unique choice of
c1 2R such that x.s1/ stays at k1

mCn
when s1 is large enough. On the other hand, whatever choice of

c1 or c2 is, the second (resp. the third expression) will converge to k1

m

�
resp. k2

n

�
when si close enough

to �1. Notice also that near the boundaries of Zi (ie when si is close to ˙N ) the functions x.si/ are
linear with slopes �ki .

For a suitable choice of c1 < c1 D c2, it is not hard to construct a holomorphic k1-fold branched
cover vD .x;y/ WB0�Z1[Z2[Z1! Œc1; c1��S1 such that near @Z1 (resp. @Z1, @Z2), .x;y/D
.c1 � k1.s1 �N /;�k1t1/ (resp. .c1 � k1.s1CN /;�k1t1/ and .c2 � k2.s2CN /;�k2t2/). So for
such choices of c1 < c1 D c2, the map v glues smoothly with the three solutions on Zi’s. The above
discussion shows the following:

Proposition 6.14 For any admissible � , Mdx^dyCd� .k1I k1; k2/ is diffeomorphic to S1.

6.2 Morse–Bott theory and enumeration of sections after the perturbation

In this subsection we use some Morse–Bott theory to enumerate sections after we replace !X ;0 with
!X by adding a small Hamiltonian perturbation that breaks the Morse–Bott degeneracy (see Section 2).
We know from Theorems 6.1 and 4.1 that no holomorphic sections cross from XH to XD or vice versa,
so we only need to consider what happens to J-holomorphic sections that stay in XD as we break the
Morse–Bott degeneracy.

For simplicity let us work instead in XD . By abuse of notation, we will use the same letter !X to
denote the 2-form on the completion XD , and likewise for !X ;0. We first recall some conventions for
J-holomorphic sections whose ends land on Morse–Bott submanifolds. We fix J the fibration-compatible
almost complex structure (we will have a bit more to say about choice of J after we describe cascades).
In our case all Reeb orbits come in S1 families, corresponding to x D k1

m
; k2

m
; k1Ck2

mCn
in XD . Hence we

have tori that are foliated by Reeb orbits (we will call such tori “Morse–Bott tori”).

Recall for J-holomorphic sections ending on Morse–Bott tori, we can consider moduli spaces of sections
with “fixed” end points and moduli spaces of sections with “free” end points. These are conditions we im-
pose on the given cylindrical ends of the holomorphic section. “Fixed” end points condition means the given
end of the section must land on a specific Reeb orbit in the Morse–Bott torus, whereas the “free” end condi-
tion means that the given end of a section in the moduli space is allowed to freely move around on the Morse–
Bott torus. The dimension of the moduli space of course depends on how many ends are specified as fixed
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or free. For instance the moduli space we constructed in the previous section, Mdx^dyCd� .k1I k1; k2/

has all ends free by this convention (we implicitly assumed this in our previous construction).

We shall invoke some standard Morse–Bott theory (which is easily adapted to cobordisms) to figure
out how to count our J-holomorphic sections. However, the statement of the entire theory is rather
cumbersome, instead we will just state the small parts we need. We refer the reader to [26] for a more
detailed account.

We recall that in breaking the Morse–Bott degeneracy via perturbations, each torus of Morse Bott orbits
breaks into an hyperbolic orbit hk at maximum of h.y/ and an elliptic orbit ek at minimum of h.y/.
These orbits form the generators of the fixed point Floer homology.

For our purposes, J-holomorphic sections of degree one and Fredholm index zero in .XD ; !X / which
we need to count correspond to cascades in .XD ; !X ;0/. The cascades, generally speaking, take the
following form:

� There is a main level u0 W B0! .XD ; !X ;0/.

� There are upper levels indexed by i 2 Z>0. We write them as ui>0 W S
1 �R! .S1 �R�S1 �

R; !X ;0/.

� There are lower levels indexed by j 2Z<0 labeling the level number, and k 2 f1; 2g labeling which
negative puncture it corresponds to. We write them as: uk

j<0
W S1�R! .S1�R�S1�R; !X ;0/.

� For each map ui let � denote the projection to the base in the codomain, then � ıui is the identity;
likewise for uk

j .

� Let ev˙.ui/ denote the Reeb orbit ui approaches as s!˙1, let �T denote the gradient flow of
h.y/ for time T , then there exists Ti 2 .0;1/ so that �Ti

.ev�.ui//D evC.ui�1/.

� For the main level we have numbers T1;T
0
k
2 .0;1/ for k 2 f1; 2g so that

�T1
.ev�.u1//D evC.u0/; �T k

0
.ev�.u0//D evC.uk

�1/:

� For the lower levels, there are numbers T k
j 2 .0;1/ for k 2 f1; 2g so that

�T k
j
.ev�.uk

j //D evC.uk
j�1/:

Generally speaking there are more conditions we can achieve for cascades by choosing generic J , however
for our case we immediately observe for homological reasons ui¤0 are cylinders, in fact they must all be
trivial cylinders by energy considerations, so there is only the main level, which for ease of notation we
denote by u. Since our entire cascade only has one level, in order to count u, it must live in a moduli
space of dimension zero.

Thus we arrive at the following description of the cascades we must count:

Proposition 6.15 The (1-level ) cascades that we need to count takes the following form:

� u W B0! .XD ; !X ;0/ is a J-holomorphic section.
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� Let the ends of B0 be labeled f1; 2;1g. Then one of the ends in f1; 2;1g is fixed , the other 2
are free. Hence u belongs in a (transversely cut out) moduli space of index zero. (Fixing one end
reduces the virtual dimension by one.)

� All free ends avoid critical points of h.y/ (this can be achieved for generic J ). If the ends labeled
1; 2 are fixed , then they land on the maximum of h.y/. If the 1 end is fixed , it lands on the
minimum of h.y/.

That the cascades above are the ones we need to count to compute the coproduct map is supplied by the
following correspondence theorem:

Proposition 6.16 Given a perfect Morse function h.y/, we make the Morse perturbation smaller by
rescaling it to be Nıh.y/, where Nı > 0 is a small positive real number. For small enough Nı > 0, there is a 1–1
correspondence between J-holomorphic sections in the nondegenerate case and J holomorphic cascades.
Given a cascade u of the form described in the previous proposition , for the positive end of u, if it is a
free end we assign the generator hk , and if it a fixed end we assign it the generator ek . We reverse the
assignments for the two negative ends 1; 2. Then each cascade gives rise bijectively to one J holomorphic
section beginning and ending at the generators we assigned to the ends of cascade.

Proof See [26] for a proof of this statement and how the correspondence works in the general case of
multiple level cascades. However since we are only working in the simple case of 1-level cascades, the
correspondence theorem that we need is also established in [5].

Remark 6.17 Note by the above correspondence theorem, the only requirement we need to impose on J

in the Morse–Bott case is that all moduli spaces of index zero sections listed above are transversely cut out
and that the free ends avoid critical points of h.y/. It will be apparent from the paragraph following this
remark that the fibration compatible J we chose in Section 6.1, with the help of automatic transversality,
suffices for the purpose of showing the index zero sections are transversely cut out. To ensure the free
ends avoid critical points of h, instead of further perturbing J , we shall instead choose generic h. This
kind of strategy was also undertaken when Morse–Bott techniques were employed in [13].

We also remark that in the correspondence between cascades and J holomorphic sections we need
to perturb the almost complex structure from J in the Morse–Bott case in XD to a generic J Nı in the
nondegenerate case to establish a correspondence between cascades and holomorphic sections, see [26]
for more details. The difference between J Nı and J can be taken to be C1 small. Hence for small enough
Nı > 0 we do not need to worry about this change in almost complex structure since we already established
in Section 4 that for C1 small perturbations of J the no crossing results continues to hold.

Recall that Proposition 6.14 tells us the moduli space of sections with all three ends free in the Morse–Bott
case come in S1 families, and this S1 family is precisely rotation around the @y direction, ie rotation
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along the Morse–Bott tori. To obtain a cascade of Fredholm index zero in the form specified above, it is
readily apparent we restrict one of the three ends fixed and the rest two free. All of our cascades we need
arise this way.

Instead of perturbing J further to ensure that when we have fixed an end, all the remaining free ends
avoid critical points of h, we choose generic Morse perturbations h. To be specific, we choose perfect
Morse functions fhi

l
.y/g, where l 2 f1; 2;1g labels which cylindrical end of the base we are referring

to, and i 2 Z refers to the specific Morse–Bott torus in that end. (For example when l D 1 and i D 1,
this refers to the Morse Bott torus at x D 1 for the negative end labeled by k D 1). We then use these
functions to break the Morse–Bott degeneracy.

Given some large integer N , for a generic choice of fhi
l
.y/g we can arrange that for tuples .k1; k2; k1/

satisfying 0� k1; k2; k1 �N and k1 D k1C k2, if we consider the moduli space M!X;0
.k1I k1; k2/

(here all ends are free) which is diffeomorphic to S1, if any element in this S1 family has one end landing
on a critical point of any of the Morse functions in fhi

l
.y/g, then all the other ends avoid critical points of

elements in fhi
l
.y/g. We can arrange for this to happen by picking generic collection fhi

l
.y/g because we

only need to consider finite number of moduli spaces.

It is then apparent if a section in the S1 family M!X;0
.k1I k1; k2/ has one end hitting a critical point, it

is the only section in this S1 family with an end on that critical point. This, combined with the cascade
and holomorphic section correspondence (Proposition 6.16) thus produces the computation required for
the coproduct structure restricted to XD .

Remark 6.18 Even though all our previous proofs (eg no crossing) assumed we used a single Morse
function h.y/ to break the Morse–Bott degeneracy, one can check that using a collection of Morse
functions fhi

l
.y/g to break the degeneracy does not make a difference to our previous results.

Now we are ready to compute the coproduct map induced by X m;n. Let hmCn
k1

(resp. emCn
k1

) be the
hyperbolic (resp. elliptic) orbit over x D k1

mCn
at the positive end, hm

ki
(resp. em

ki
) be the hyperbolic (resp.

elliptic) orbit over x D ki

m
at the first negative end, and hn

ki
(resp. en

ki
) be the hyperbolic (resp. elliptic)

orbit over x D ki

n
at the second negative end. Let � be the coproduct map induced by .X m;n; !X /. The

above discussion shows the following:

Corollary 6.19 For all k1 2 f0; 1; : : : ;mC ng,

�.ŒemCn
k1

�/D
X

ki2f0;1;:::;mg;
k1�ki2f0;1;:::;ng

Œem
ki
�˝ Œen

k1�ki
�;(14)

�.ŒhmCn
k1

�/D
X

ki2f0;1;:::;mg;
k1�ki2f0;1;:::;ng

Œem
ki
�˝ Œhn

k1�ki
�C Œhm

i �˝ Œe
n
k1�ki

�:(15)
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Remark 6.20 Notice that in equations (14) and (15), the homology classes ŒemCn
0

�, ŒhmCn
0

�, ŒemCn
mCn �,

ŒhmCn
mCn�, Œe

m
0
�, Œhm

0
�, Œem

m �, Œh
m
m�, Œe

n
0
�, Œhn

0
�, Œen

n �, Œh
n
n� refer to homology classes in H�.†0IZ2/ in the sense

of the decomposition (10). It’s also not difficult to see that the computations for �.ŒemCn
0

�, �.ŒhmCn
0

�/,
�.ŒemCn

mCn �/ and �.ŒhmCn
mCn�/ coincide with that of the coproduct structure �0 on H�.†0IZ2/.

Finally, We are able to complete the proof of Theorem 1.3.

Proof of Theorem 1.3 Let J be an almost complex structure on X m;n sufficiently close to a fibration-
compatible one in the sense of Theorem 4.1. By Corollary 6.2, all J-holomorphic sections that are counted
in the cobordism map are either contained in the twist region XD or XH . Similar to what we observed in
the proof of Theorem 1.2, the count of J-holomorphic sections contained in XH precisely corresponds to
the coproduct

(16) HF�.�mCn/�H�.†0IZ2/
�0
��!H�.†0IZ2/˝H�.†0IZ2/! HF�.�m/˝HF�.�n/

in the sense of the decomposition (10). The remaining parts of Theorem 1.3 readily follows from
Corollary 6.19.

The proofs of Theorems 1.5 and 1.6 follow directly from the arguments in Sections 5 and 6. The reason
is that in the generalized situation, the wrapping number is still defined in the same way. And since the
“no crossing” results (Lemmas 3.11 and 3.13) only depend on the local result Lemma 3.2, a completely
analogous “no crossing” result holds in the generalized setting. The only global result we need is
contained in the first half of the proof of Theorem 5.6, which can be easily generalized to the case where
†� .C1[C2[ � � � [Ck/ is connected. Finally, our construction of the J-curves in Section 6 are purely
local, and hence can be directly generalized to the setups in Theorems 1.5 and 1.6.

Remark 6.21 The above two theorems can be further extended to the case where each component of
†0 D†� .C1[C2[ � � � [Cn/ contains either a component of @† or has genus at least 2. As explained
above, the only difference is that we need to define multiple wrapping numbers for each of the connected
components of†0. We also have to modify the proof of Theorem 5.6 and conclude that all of the wrapping
numbers �l.C / vanish for a J-holomorphic section C .
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Multitwists in big mapping class groups
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We show that the group generated by multitwists (ie products of powers of twists about disjoint non-
accumulating curves) doesn’t contain the Torelli group of an infinite-type surface. As a consequence,
multitwists don’t generate the closure of the compactly supported mapping class group of a surface of
infinite type.

20F65, 57K20

1 Introduction

The mapping class group of a surface of finite type has been thoroughly studied for decades. In particular,
multiple simple sets of generators are known. The Dehn–Lickorish theorem [7; 11], in combination with
the Birman exact sequence [4], shows that the pure mapping class group of a finite-type surface can be
generated by finitely many Dehn twists about nonseparating curves, and we need to add finitely many
half-twists to generate the full mapping class group. Humphries [10] proved that, if the surface is closed
and of genus g � 2, 2gC 1 Dehn twists about nonseparating curves suffice to generate the mapping
class group, and moreover this number is optimal: fewer than 2gC 1 Dehn twists cannot generate. Other
results show that mapping class groups can be generated by two elements (see eg [17]), by finitely many
involutions or by finitely many torsion elements (see eg [5]).

In the case of surfaces of infinite type, the (pure) mapping class group is uncountable, so in particular it is
not finitely (nor countably) generated. For some of these surfaces the mapping class group is generated by
torsion elements, or even by involutions (see [6; 12]), while for other surfaces they aren’t (see [6; 8; 12]).
To the best of our knowledge, no other generating set is known.

Note that the (pure) mapping class group of a surface of infinite type is endowed with an interesting
topology, induced by the compact–open topology on the group of homeomorphisms of the surface. So it
is interesting to talk about topological generating sets (sets whose closure of the group they generate is
the (pure) mapping class group). It follows from the finite-type results that Dehn twists topologically
generate the closure of the compactly supported mapping class group. Moreover, Patel and Vlamis [14]
proved that the pure mapping class group of a surface is topologically generated by Dehn twists if the
surface has at most one nonplanar end, and by Dehn twists and maps called handle shifts otherwise.

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Our goal here is to investigate a natural candidate for a set of generators of the closure of the compactly
supported mapping class group of a surface: the collection of multitwists. A multitwist is a (possibly
infinite) product of powers of Dehn twists about a collection of simple closed curves that do not accumulate
anywhere in the surface. Our main result is a negative one, and it follows from a nongeneration result for
the Torelli group:

Theorem A Let S be an infinite-type surface. Then the subgroup of the mapping class group of S

generated by multitwists doesn’t contain the Torelli group. In particular , multitwists don’t generate the
closure of the compactly supported mapping class group.

The idea of the proof is to produce an explicit element in the Torelli group that is not in the subgroup
generated by multitwists. This element is built by taking an infinite product of increasing powers of
partial pseudo-Anosov homeomorphisms supported on disjoint finite-type subsurfaces. We use work of
Bestvina, Bromberg and Fujiwara [3] to certify that the mapping class we construct is not in the subgroup
generated by multitwists.

Theorem A also begs the following question:

Question B What is the subgroup generated by the collection of multitwists? Is there an alternative ,
more explicit description of its elements?

Furthermore, our theorem shows that the subgroup generated by the collection of multitwists is not a
closed subgroup of the mapping class group. Therefore, it does not immediately inherit a Polish topology
from the topology on the mapping class group.

Question C Is the subgroup generated by the collection of multitwists a Polish group?

Acknowledgements The authors would like to thank Mladen Bestvina for his suggestion of how to
remove an unnecessary assumption in the main theorem. They are also grateful to the organizers of the Big
mapping class groups and diffeomorphism groups conference, during which most of the work was done.
They thank the referees for their useful comments. Fanoni thanks Peter Feller for useful conversations.

Domat was supported in part by the Fields Institute for Research in Mathematical Sciences, NSF RTG-
1745670 and NSF DMS-2303262.

2 Preliminaries

Here a surface is a connected orientable Hausdorff second countable two-dimensional manifold without
boundary unless otherwise stated. One notable exception is any subsurface, which will always have
compact boundary. Boundary components of subsurfaces are assumed to be homotopically nontrivial, but
are allowed to be homotopic to a puncture.
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Surfaces are of finite type if their fundamental groups are finitely generated and of infinite type otherwise.
A surface S is exceptional if it has genus zero and at most four punctures, or genus one and at most one
puncture, otherwise it is nonexceptional.

The mapping class group of a surface S is the group MCG.S/ of orientation-preserving homeomorphisms
of S up to homotopy. The pure mapping class group PMCG.S/ is the subgroup of MCG.S/ fixing all
ends and — if there are any — boundary components, and MCGc.S/ denotes the closure of the subgroup
generated by compactly supported mapping classes. The Torelli group I.S/ is the subgroup of the
mapping class group given by elements acting trivially on the first homology group of the surface.

A pseudo-Anosov mapping class f of a finite-type surface is chiral if f k is not conjugate to f �k for
every k ¤ 0. We will need chiral pseudo-Anosovs in the Torelli group. The existence of such is likely
well known, but since we could not find a proof in the literature we include the following:

Lemma 1 Let † be a finite-type nonexceptional surface with boundary. Then there is a mapping class
' 2MCG.†/ with the following properties:

(i) ' is pseudo-Anosov,

(ii) ' is chiral , and

(iii) if † is a subsurface of a surface S , so that each boundary component of † is separating in S , then
' acts trivially on the first homology of S .

Proof Begin by taking an arc � joining a boundary component c of † to itself, which is filling and
nullhomologous in H1.†; @†/. By Scott’s theorem [16] there is a cover of † in which � lifts to a
simple arc.

By taking a further cover, we can find a cover y†! † such that � lifts to a simple arc O� in y† joining
two different boundary components Oc1 and Oc2 of y†, and such that the cover is characteristic (ie every
homeomorphism of † lifts).

Denote by Oı the boundary of a regular neighbourhood of c1[ O�[c2. Observe that since one complementary
component of Oı is a pair of pants, and the other one is not, no orientation-preserving homeomorphism of
y† can preserve Oı setwise while inverting its orientation.

Now, let 
 be an oriented loop on † based at a point p 2 c, which lifts in y† to a curve freely homotopic
to Oı. We claim that the boundary-push P
 defined by 
 has the desired property.

First, 
 is filling (since �was filling), and so the same proof as that of Kra’s theorem (see [9, Theorem 14.6])
shows that ' D P
 is pseudo-Anosov, proving (i).

Next, boundary pushes defined by nullhomologous loops are in the Torelli group of†. If† is a subsurface
of a surface S and all of the boundary components of † are separating in S , the Torelli group of † is
contained in the Torelli group of S , showing (iii). (See [15] for a study of Torelli groups of subsurfaces
without assuming the boundary components to be separating.)
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Finally, note that conjugating a boundary-push simply has the effect of changing the pushing curve:

fP
f
�1
D Pf .
/:

Furthermore, push maps are equal if and only if the defining curves are homotopic (by the Birman exact
sequence). Thus, if f 'if �1 D 'j , then f .
 /i D 
 j . Since f preserves primitivity in the fundamental
group, we only have to exclude the case i D 1 and j D�1. But if f 'f �1 D '�1, there is a lift Of of f
which preserves Oı and inverts its orientation, which is impossible, as discussed above. Hence (ii) holds.

A curve on a surface is the homotopy class of an essential (ie not homotopic to a point, a puncture or a
boundary component) simple closed curve. Given a curve ˛, we denote by �˛ the Dehn twist about ˛.

An integral weighted multicurve � is a formal sum
P

i2I ni˛i , where the ˛i are pairwise disjoint curves
not accumulating anywhere and the ni are integers. Given an integral weighted multicurve �, we define ��
to be the mapping class

�� D
Y
i2I

�ni
˛i
:

Such a mapping class is called a multitwist.

We say that an integral weighted multicurve is finite if I is finite (ie it contains finitely many curves). An
integral weighted multicurve � is a submulticurve of an integral weighted multicurve �D

P
i2I ni˛i if

� D
P

i2J ni˛i , where J � I .

Given a surface with boundary, an arc is the homotopy class (relative to the boundary) of a simple arc that
cannot be homotoped into the boundary. We denote by C.S/ the curve and arc graph of a surface S , where
vertices are curves and, if @S ¤¿, arcs, and two vertices are adjacent if they have disjoint representatives.

For any two subsurfaces A and B of S that have an essential intersection, the subsurface projection of
B to A is the subset @B \A� C.A/. This projection is denoted by �A.B/. For any ˇ 2 C.B/ we also
define �A.ˇ/ WD�A.B/. These projections always have bounded diameter [13] and given any intersecting
subsurfaces A;B;C � S we define the projection distance as

dA.B;C / WD diamC.A/.�A.B/[�A.C //:

For a subgroup G <MCG.S/, we say that a subsurface K�S is G-nondisplaceable if gK and K cannot
be homotoped to be disjoint for any g 2G. Note that if a subsurface K is G-nondisplaceable, subsurface
projections are always defined between G-translates of K.

3 Proof of Theorem A

Fix an infinite-type surface S , different from the Loch Ness monster.

Figure 1 shows some examples of MCGc.S/-nondisplaceable subsurfaces that will be used in the following
lemma.
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Figure 1: The subsurfaces of Lemma 2.

Lemma 2 If S is an infinite-type surface , different from the Loch Ness monster , it contains infinitely
many finite-type MCGc.S/-nondisplaceable subsurfaces , which are pairwise disjoint and nonaccumulat-
ing. Moreover , the subsurfaces can be chosen to be nonexceptional.

Proof We split the proof into cases. In each we describe a finite-type MCGc.S/-nondisplaceable
subsurface such that we can clearly find infinitely many copies with the required properties.

Case 1 Suppose S is the once-punctured Loch Ness monster. Then note that any separating curve ˛
which separates the two ends cannot be mapped disjointly from itself by any mapping class (because it
bounds a nondisplaceable subsurface). As a consequence, for any g � 1, any genus-g subsurface with
two boundary components separating the two ends is nondisplaceable.

Case 2 Suppose S has at least two nonplanar ends. Note that by the argument in [14, Proposition 6.3],
any separating curve such that both complementary components have infinite genus is MCGc.S/-
nondisplaceable.

� If S has at least one nonplanar end — denoted by e — which is isolated in Ends.S/, for any g � 1,
any genus-g subsurface with two separating boundary components, each of which cuts off a surface
containing only the end e, is MCGc.S/-nondisplaceable.

� If S has at least one nonplanar end — denoted by e — which is isolated in Endsg.S/ but not in
Ends.S/, for any g � 1, any genus-g subsurface with three separating boundary components, two of
which cut off a subsurface whose only nonplanar end is e and the third one cuts off a planar surface, is
MCGc.S/-nondisplaceable.

� If no nonplanar end is isolated in Endsg.S/, Endsg.S/ is a Cantor set. If it contains an end e that is not
accumulated by planar ends, we choose a genus-g subsurface with two separating boundary components
and no planar ends, so that each complementary component has infinite genus, for g � 1. Otherwise, we
choose a genus-g subsurface with three separating boundary components, so that two complementary
components have infinite genus and one is a planar subsurface, for g � 1.
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Case 3 Suppose S has no nonplanar ends. We can then choose any n-holed sphere whose boundary
curves are separating, so that there is at least one end in each complementary component, for n� 5.

Fix a finite-type MCGc.S/-nondisplaceable subsurface † � S and let Y be the MCGc.S/-orbit of †.
As † is MCGc.S/-nondisplaceable, any two surfaces in Y have intersecting boundaries — in particular,
subsurface projections �A between surfaces in Y are always defined. Moreover, by [2; 13], there is some
constant � > 0 such that for every A;B;C 2 Y

� at most one of dA.B;C /, dB.A;C / and dC .A;B/ is bigger than �, and

� jfD 2 Y j dD.A;B/ > �gj is finite.

See [8, Lemma 3.8] for details on checking these in the infinite-type case. We can therefore run the
projection complex machinery to deduce (see [3, Proposition 2.7]):

Proposition 3 MCGc.S/ acts by isometries on a hyperbolic graph C.Y/ so that for every A;B 2 Y with
A¤ B:

(1) C.A/ is isometrically embedded as a convex set in C.Y/ and the images of C.A/ and C.B/ are
disjoint.

(2) The inclusion G
C2Y

C.Y / ,! C.Y/

is MCGc.S/-equivariant.

(3) The nearest-point projection to C.A/ sends C.B/ to a bounded set , which is at uniformly bounded
distance from �A.B/.

(4) If g 2MCGc.S/ is supported on A and the restriction is pseudo-Anosov, and � is the subgroup of
MCGc.S/ given by elements leaving A invariant and preserving the stable and unstable foliations
of g, then .MCGc.S/; C.Y/;g; �/ satisfies WWPD.

Furthermore, the same proof as [3, Lemma 2.8] yields:

Lemma 4 Let � be a multitwist about a finite multicurve �. Then for every A 2 Y there is a vertex vA
of C.Y/ such that the nearest-point projection to C.A/ of the � orbit of vA is uniformly bounded. In
particular , if � is hyperbolic , its virtual quasiaxis can intersect C.A/ only in a bounded-length segment.

Proof If �\AD¿, � fixes any element of C.A/, so it’s elliptic. Otherwise, let vA be an element of
A\�¤¿. Then the nearest-point projection of �n.vA/ to C.A/ is a uniformly bounded distance from
�A.�

n.vA//, which is defined to be �A.@.�
n.A//. But this is at bounded distance from �n.�/\AD�\A,

so the projection of �n.vA/ is at uniformly bounded distance from A\� for every n. This proves the
first statement of the lemma. The second statement follows as in the proof of [3, Lemma 2.8].

As a consequence, we can apply [3, Corollary 3.2] to deduce:
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Proposition 5 Let† be a MCGc.S/-nondisplaceable subsurface of finite type and f a mapping class that
is a pure chiral pseudo-Anosov mapping class of † of sufficiently large translation length and the identity
on the complement. Then there is a homogeneous quasimorphism ' WMCGc.S/!R of defect �� 12

such that j'.f n/j !1 and j'.�/j �� for every multitwist � and every element � acting elliptically on
C.MCGc.S/ �†/.

Proof Let Y DMCGc.S/ �†. The bounds on '.f / and '.�/, for � acting elliptically on C.Y/, are given
by [3, Corollary 3.2]. The only thing we need to check is that j'.�/j �� for every multitwist � . But a
multitwist � associated to an integral weighted multicurve �D

P
i2I ni˛i can be written as a product of

two multitwists, �1 and �2, where �1 is associated to the integral weighted multicurve

�1 D

X
iW˛i\†¤¿

ni˛i

and �2 to the integral weighted multicurve

�2 D

X
iW˛i\†D¿

ni˛i :

Then �2 acts elliptically on C.Y/, so '.�2/ D 0. By Lemma 4, if �1 doesn’t act elliptically on C.Y/,
its virtual quasiaxis has small projections. Thus, by the construction of the quasimorphism ' in
[3, Proposition 3.1], if the translation length of f is larger than the projection bound from Lemma 4, we
have '.�1/D 0. As a consequence j'.�/j ��.

Proof of Theorem A Suppose first that S is not the Loch Ness monster. We will construct an element F

of I.S/ which is not a finite product of multitwists. Since F is in MCGc.S/ (by construction, or by the
fact that I.S/�MCGc.S/ by [1]), this will also show that multitwists don’t generate the closure of the
compactly supported mapping class group. By Lemma 2, we can find pairwise disjoint nonaccumulating
MCGc.S/-nondisplaceable finite-type subsurfaces†n. For every n, fix a mapping class Fn of S supported
on †n which restricts to a chiral pseudo-Anosov mapping class in the Torelli group of †n. Then for any n,
by Proposition 5 (after potentially passing to a power in order to increase the translation length), we can
find a homogeneous quasimorphism 'n WMCGc.S/!R with defect at most �D 12 that is unbounded
on powers of Fn and bounded by � on all multitwists or elements acting elliptically on C.MCGc.S/ �†n/.
Choose powers kn so that

j'n.F
kn
n /j !1;

which exist because by assumption j'n.Fn/j> 1 for every n. Define

F D
Y
n2N

Fkn
n :

For every n,
Q

m¤n F
km
m acts elliptically on C.MCGc.S/ �†n/, so

j'n.F /j D

ˇ̌̌̌
'n

�
Fkn

n ı

Y
m¤n

Fkm
m

�ˇ̌̌̌
� j'n.F

kn
n /j ��!1:
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If F were a product of k multitwists �1; : : : ; �k , then for any n,

j'n.F /j D j'n.�k ı � � � ı �1/j � 2k�;

which gives a contradiction.

Suppose now that S is the Loch Ness monster and fix a point x 2 S . By the Birman exact sequence
[8, Appendix], the kernel of the surjection

I.S X fxg/! I.S/

is the fundamental group of S and is therefore generated by twists. In particular, if I.S/ is contained in
the subgroup generated by multitwists, so is the Torelli group of the once-punctured Loch Ness monster,
a contradiction. By [14], MCG.S/ DMCGc.S/ and MCG.S X fxg/ DMCGc.S X fxg/, so the same
argument applied to MCG.S/ and MCG.S X fxg/ proves the result for the closure of the compactly
supported mapping class group.
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Cofibrantly generated model structures for functor calculus

LAUREN BANDKLAYDER

JULIA E BERGNER

RHIANNON GRIFFITHS

BRENDA JOHNSON

REKHA SANTHANAM

Model structures for many kinds of functor calculus can be obtained by applying a theorem of Bousfield
to a suitable category of functors. We give a general criterion for when model categories obtained via this
approach are cofibrantly generated. Our examples recover the homotopy functor and n-excisive model
structures of Biedermann and Röndigs, but also include a model structure for the discrete functor calculus
of Bauer, Johnson, and McCarthy.

18F50, 18N40, 55U35; 18D15, 18D20

1 Introduction

Functor calculi have been used to produce significant results in a wide range of fields, beginning
with applications of the homotopy functor calculus of Goodwillie [20] to algebraic K-theory [35]
and vn-periodic homotopy theory [1; 23]. In another direction, the manifold calculus of Goodwillie and
Weiss [21; 48] and orthogonal calculus of Weiss [47] have been used to study embeddings and immersions
of manifolds, as well as characteristic classes [38], and spaces of knots [33; 42].

The essential data of a functor calculus is a means of approximating a functor F with a tower of functors
under F

F

PnF� � �P1FP0F PnC1F � � �

in a way analogous to the Taylor series for a function; indeed, we refer to them as Taylor towers.
In particular, each PnF should be thought of as some kind of degree n approximation to F . In
fact, in a functor calculus, the natural transformations pnF W F ! PnF induce weak equivalences
Pn.pnF /; pn.PnF / WPnF !P 2nF which in turn can be used to show that F !PnF is, in a categorical
sense, the best degree n approximation to F .

With a suitable model structure on a category of functors in place, the endofunctor Pn that assigns to
a functor its degree n approximation can be used to build a new model structure in which F !G is a
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weak equivalence precisely when PnF ! PnG is a weak equivalence in the original model structure.
This approach has been employed by Barnes and Oman [5] in the case of the orthogonal calculus, and
by Biedermann, Chorny, and Röndigs [9; 10] and by Barnes and Eldred [3] in the case of the homotopy
functor calculus. It has led to means by which different functor calculi can be extended to new contexts [45]
and compared to one another [4; 44], and provided the context in which to strengthen classifications of
homogenous degree n functors [10].

One can also work in a more flexible setting than model categories, such as some well-behaved model for
.1; 1/-categories, which is the approach taken by Lurie [34] and Pereira [37]. As their work demonstrates,
one can develop a good general theory for functor calculus in this kind of setting as well, but we do not
take that approach here, since we are particularly interested in the nuances of the model structures.

The starting point for this paper was the desire to develop a similar approach for the discrete functor
calculus of Bauer, McCarthy, and Johnson [6]. Our hope is to use the model structure for discrete calculus
developed here to recast existing comparisons between the homotopy functor and discrete calculi, such
as that found in [6], in model category-theoretic terms, and to develop a model category classification
of homogeneous degree n functors similar to the one for n-homogeneous functors in [10]. In addition,
we have sought to define the model structure for discrete calculus in a manner that could be conveniently
adapted for general classes of functor calculi. In particular, we would like for it to be applicable to
those that can be defined using towers of comonads in the same way as the discrete calculus does.
A general approach to such calculi is being developed by Brenda Johnson and Kathryn Hess. To this
end, we structure this paper around Theorems 1.1 and 1.2 below, and we show how to use them to build
cofibrantly generated model structures corresponding to both the homotopy functor and discrete calculi.

Model structures for abelian versions of the discrete functor calculus were established by Renaudin [39]
and Richter [40]. In general, the existence of such functor calculus model structures is guaranteed by a
theorem of Bousfield and Friedlander [12], which was modified by Bousfield for his work on telescopic
homotopy theory [11]. We use the following version of this theorem, derived from Bousfield’s, in the
present work; see Theorem 4.2 and Corollary 4.4. The three versions differ slightly in the third axiom.

Theorem 1.1 Let M be a right proper model category together with an endofunctor Q WM!M and a
natural transformation � W id)Q satisfying the following axioms:

(A1) the endofunctor Q preserves weak equivalences in M;

(A2) the maps �QX ;Q.�X / WQX !Q2X are both weak equivalences in M; and

(A30) Q preserves homotopy pullback squares.

Then there exists a right proper model structure , denoted by MQ, on the same underlying category as M
with the same cofibrations as M and in which X ! Y is a weak equivalence in MQ when QX !QY

is a weak equivalence in the original model structure on M. Furthermore , if M has the structure of a
simplicial model category, then so does MQ.
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A further version of this result by Stanculescu [43] drops the right properness assumption, but since we
have found this condition essential to our arguments here, we retain it. We also note that the second
axiom requires precisely the property described above that guarantees that PnF is, in a categorical sense,
the best degree n approximation to the functor F . In this sense, Bousfield and Friedlander’s theorem and
its variants seem tailor-made for constructing model structures for functor calculi. Localizations that are
produced via these theorems are sometimes referred to as Bousfield–Friedlander localizations, and the
endofunctors used to produce them are examples of what are often referred to in the literature as Quillen
idempotent monads. For specificity here we use the terminology Bousfield endofunctor to emphasize
that we are assuming the axioms of Theorem 1.1. We review Bousfield’s version of the localization
theorem and deduce Theorem 1.1 from it in Section 4, then apply it to obtain the hf- and n-excisive model
structures of [10] in Sections 5 and 6, and the desired discrete degree n model structure in Section 7.

However, applying Theorem 1.1 does not immediately give the additional structure of a cofibrantly
generated model category. Facing the same challenge, Biedermann and Röndigs [10] develop a simplicially
enriched version of Goodwillie’s homotopy functor calculus in such a way that their model structure for
n-excisive functors is cofibrantly generated. Because this additional structure is quite powerful, we want
to employ a similar strategy to develop a degree n model structure for discrete functor calculus.

Indeed, we develop a systematic way to show when model structures obtained from this theorem are
cofibrantly generated, via criteria for when arguments of the kind used by Biedermann and Röndigs can
be applied. As a result, we are able to present not only the new example of discrete functor calculus, but
also to show that the homotopy functor and n-excisive model structures arise as consequences of a general
theorem. Our hope is that, together with the presentation of each of these three model structures, this
general result will shed light on the shared features across these different model structures and the types
of technical details that must be checked in specific examples. With this goal in mind, even for the model
structures that were already known, we emphasize some of the details in the arguments. At the same
time, the general theorem should enable us quickly to establish that the model structures arising from
the functor calculi in the forthcoming work of Johnson and Hess, which are constructed using methods
similar to those used for the discrete calculus, are also cofibrantly generated.

In particular, in Biedermann and Röndigs’ cofibrant generation proofs, they rely on the construction of
equivalent formulations of functors such as Pn in terms of representables. Although our proofs do rely on
their methods, we are able to circumvent the need for these replacements and use their original formulations
instead. In our approach, these representable functors appear in the form of what we call test morphisms
for a Bousfield endofunctor in the following result, which is restated more precisely as Theorem 8.3 below.

Theorem 1.2 Suppose that Fun.C;D/ is a cofibrantly generated right proper model structure on a category
of simplicial functors in which all fibrations are also levelwise fibrations , with some modest additional
assumptions on C and D. If Q is a Bousfield endofunctor of Fun.C;D/ that admits a collection of test
morphisms , then the model structure on Fun.C;D/Q is cofibrantly generated.

Algebraic & Geometric Topology, Volume 25 (2025)



3934 Lauren Bandklayder, Julia E Bergner, Rhiannon Griffiths, Brenda Johnson and Rekha Santhanam

In practice, test morphisms represent maps in C that, for any functor F in Fun.C;D/, are converted to
weak equivalences by QF . After proving this theorem, we identify test morphisms for the hf-, n-excisive,
and degree n model structures induced by Bousfield’s theorem to prove that they are cofibrantly generated.

1.1 Outline of the paper

In Section 2 we review properties of right proper and simplicial model categories that will be used in
subsequent sections, and we look more specifically at simplicial model categories of functors, which are
the examples of interest in this paper. In Section 3 we summarize both the homotopy functor calculus of
Goodwillie and the discrete functor calculus of Bauer, Johnson, and McCarthy. We present the localization
techniques for model categories that we use in Section 4, and we apply them to get model structures
for homotopy functors, n-excisive functors, and degree n functors in Sections 5, 6, and 7, respectively.
We present our main theorem for cofibrant generation in Section 8 and include the homotopy functor
model structure there as a guiding example. We then apply the main theorem to the n-excisive model
structure in Section 9 and to the degree n model structure in Section 10.
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2 Background on simplicial model categories

In this section, we review some key facts about model categories that we need, focusing on some features
of right proper and simplicial model categories. Of particular importance are some results about simplicial
model categories that are difficult to find in the literature.

We begin with a number of properties of homotopy pullbacks in right proper model categories that we
use throughout this paper, stated here for ease of reference. The first provides some standard means of
constructing and comparing homotopy pullbacks.

Proposition 2.1 [24, 13.3.4, 13.3.8] Let M be a right proper model category, and let

X Z Y

X 0 Z0 Y 0

' ' '
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be a diagram in M where the vertical maps are all weak equivalences. The induced map between the
homotopy pullback of the diagramX!Z Y and the homotopy pullback of the diagramX 0!Z0 Y 0

is a weak equivalence. Moreover , if , in any diagram X ! Z Y in M, at least one of the maps is a
fibration , then the induced map from the ordinary pullback of the diagram to the homotopy pullback is a
weak equivalence.

The next result is a kind of “two-out-of-three property” for homotopy pullbacks.

Proposition 2.2 [24, 13.3.15] Let M be a right proper model category. If the right-hand square in the
diagram

X Y Z

U V W

is a homotopy pullback square , then the left-hand square is a homotopy pullback if and only if the
composite square is a homotopy pullback.

Finally, the following result gives a useful criterion for identifying homotopy pullback squares together
with a nice property of homotopy pullback squares. It is proved in [36, 3.3.11(1ab)] for the category of
topological spaces, but the argument works for any right proper model category.

Proposition 2.3 Consider a commutative square in a right proper model category M:

X Y

U V

(1) If the square is a homotopy pullback square and Y ! V is a weak equivalence , then X ! U is a
weak equivalence.

(2) If both vertical arrows in the square are weak equivalences , then the square is a homotopy pull-
back square.

The model categories we consider in the paper are simplicially enriched model categories. We recall the
definition here, with the axioms labeled according to the usual convention. A more detailed overview of
simplicially enriched model categories can be found in the prequel to this paper [2].

Definition 2.4 [24, 9.1.6] A simplicial model category is a model category M that is also a simplicial
category, ie a category enriched in the closed monoidal category S of simplicial sets, such that the
following two axioms hold.
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(SM6) The category M is both tensored and cotensored over S. In particular, there are natural
isomorphisms

Map.X ˝K;Y /ŠMap.X; Y /K ŠMap.X; Y K/:

for each pair of objects X and Y in M and simplicial set K.

(SM7) If i W K ! L is a cofibration of simplicial sets and p W X ! Y is a fibration in M, then the
induced morphism

XL!XK �YK Y
L

is a fibration in D that is a weak equivalence if either i or p is.

Remark 2.5 [24, 9.3.7] Assuming axiom (SM6) holds, axiom (SM7) is equivalent to

(SM70) If i WK! L is a cofibration of simplicial sets and j WX ! Y is a cofibration in M, then the
induced morphism

X ˝LqX˝K Y ˝K! Y ˝L

is a cofibration in D that is a weak equivalence if either i or j is.

Example 2.6 [24, 9.1.13] The model category S of simplicial sets can be regarded as a simplicial
model category. Given any simplicial sets X and K, we can take the tensor structure X ˝K to be the
cartesian product X �K and the cotensor structure XK to be Map.K;X/.

We recall a result that is well known in the model category of spaces, but holds in any simplicial model
category; see, for example, [15, Section 2.4].

Proposition 2.7 Let M be a simplicial model category and let f W A! B be a morphism in M with A
cofibrant. Then there exists a factorization f D gif of f where if is a cofibration and g is a simplicial
homotopy equivalence.

Our main objects of study are categories whose objects are themselves functors between fixed categories.

Convention 2.8 From this point onward we assume that C is an essentially small simplicial category
and that D is a cofibrantly generated right proper simplicial model category. We denote by Fun.C;D/
the category whose objects are simplicial functors C! D and whose morphisms are simplicial natural
transformations. Simplicial natural transformations are defined analogously to simplicial functors; see
[30, Section 1.2] or [2, 2.10].

The following result tells us that there exists a model structure on the category of simplicial functors
Fun.C;D/ induced by the model structure on D. We need some further technical assumptions because
we consider simplicial functors between simplicial categories, compared to results such as [24, 11.6.1]
for ordinary functors. We omit some of these assumptions in the following theorem, but refer the reader
to [22, 4.32] for the precise statement.
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Theorem 2.9 [2, 4.2, 4.3, 5.10] Assuming D satisfies some mild conditions on the set of generating
acyclic cofibrations , the category Fun.C;D/ has a cofibrantly generated right proper model structure ,
called the projective model structure , in which a morphism F !G in Fun.C;D/ is a weak equivalence
or a fibration if it is one levelwise , ie FA!GA is a weak equivalence or fibration , respectively , in D for
all objects A of C.

Furthermore , it has the structure of a simplicial model category. The tensor and cotensor structures are
defined by .F ˝K/.A/D FA˝K and .FK/.A/D FAK , respectively, for each object A in C.

Given that the category Fun.C;D/ is enriched in S, one might wonder whether it is also enriched
in Fun.C;S/. However, such an enrichment would require Fun.C;S/ to be a closed monoidal category,
which is not true in general. Nevertheless, we show in Proposition 2.13 and Lemma 2.15 that Fun.C;D/
does satisfy generalizations of axioms (SM6) and (SM7) from Definition 2.4, and therefore enjoys many
of the properties of a model category enriched over Fun.C;S/.

Definition 2.10 For each object C of C, the simplicial functor RC W C! S represented by C sends each
object A of C to the simplicial set MapC.C;A/. Dually, the simplicial functor RC W Cop! S sends each
object A of C to MapC.A; C /.

The following definition is critical to many of our arguments in this paper.

Definition 2.11 Let F W C! D and X W C! S be simplicial functors. The evaluated cotensor of the
pair .F;X/ is the equalizer

FX WD

Z
A

FAXA!
Y
A

FAXA�
Y
A;B

FB.XA
MapC.A;B//

in D whose parallel morphisms are described explicitly in [2, Section 3]. Here, A and B range over
objects of C.

Remark 2.12 � As suggested by the notation FX D
R
AFA

XA, the evaluated cotensor can be thought of
as a generalization of an ordinary end. In the special case when DDS, the assignment FX .A;B/DFBXA

defines a simplicial bifunctor Cop � C! S whose end is precisely FX .

� This construction is originally due to Biedermann and Röndigs [10, 2.5], who use the notation hom.X; F /.
We have chosen the name “cotensor” and the notation we use here to emphasize the fact that it behaves
much like an ordinary cotensor; see Proposition 2.13.

Recall that a simplicial adjunction satisfies the usual condition for an adjunction, but using mapping
spaces rather than hom sets. It can be thought of as a special case of a V-adjunction for categories enriched
in a general V; see [30, Section 1.11]. The reference for the following proposition, which is an analogue
of axiom (SM6) of Definition 2.4 but for the evaluated cotensor, is stated at that level of generality.
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Proposition 2.13 [2, 4.4, 4.5, 4.6] For any simplicial functors X W C! S and F W C! D and object D
of D there are simplicial adjunctions

D Fun.C;D/

X ˝�

.�/X

? D Fun.C;S/op

MapD.�; F /

F .�/

? Fun.C;S/ Fun.C;D/

�˝D

MapD.D;�/

?

where .X˝D/.C / WDXC˝D and MapD.D; F /.A/ WDMapD.D; FA/. In particular , there are simplicial
natural isomorphisms

MapFun.C;D/.X ˝D;F /ŠMapFun.C;S/.X;MapD.D; F //ŠMapD.D; F
X /:

The evaluated cotensor also provides an enriched version of the (co)Yoneda lemma, stated below. The
proof follows an argument similar to the one outlined in [30, Section 2.4] for the case where C is a
V-category for some closed monoidal category V and DD V .

Lemma 2.14 [2, 3.5, 3.9] Let F W C ! D be a simplicial functor. For each object C of C there is a
natural isomorphism

FC Š FR
C

D

Z
A

FAR
C .A/

D

Z
A

FAMapC.C;A/:

Dually, we have

FC Š FRC D

Z A

FARC .A/ D

Z A

FA˝MapC.C;A/:

The next lemma establishes that a version of the condition (SM7) in Definition 2.4 holds for the evaluated
cotensor.

Lemma 2.15 Consider Fun.C;D/ and Fun.C;S/, each equipped with the projective model structure.
If X ! Y is a cofibration in Fun.C;S/ and F !G is a fibration in Fun.C;D/, then F Y ! FX �GX G

Y

is a fibration in D that is a weak equivalence if either X ! Y or F !G is.

Proof Let F ! G be a fibration in Fun.C;D/, so that FA! GA is a fibration in D for any object A
of C. If K! L is a cofibration in S, then by (SM7) the pullback-corner map for the ordinary cotensor

FAL! FAK �GAK GA
L

is a fibration in D. Thus, if D! E is an acyclic cofibration in D, there exists a lift in any diagram of
the form

D

E

FAL

FAK �GAK GA
L

'i
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Using the natural isomorphism MapD.E; FA/
L Š MapD.E; FA

L/ given by taking M D D in ax-
iom (SM6), we have a commutative diagram

K

L

MapD.E; FA/

MapD.D; FA/�MapD.D;GA/ MapD.E;GA/

in S. Since K! L is assumed to be a cofibration, and using the fact that A is an arbitrary object of C,
we can conclude that the map

MapD.E; F /!MapD.D; F /�MapD.D;G/ MapD.E;G/

is an acyclic fibration in Fun.C;S/. It follows that if X ! Y is a cofibration in Fun.C;S/, then a lift
exists in any diagram of the form

X

Y

MapD.E; F /

MapD.D; F /�MapD.D;G/ MapD.E;G/

'

Applying axiom (SM6) once more, we equivalently obtain a lift

D

E

F Y

FX �GX G
Y

'i

so we have thus shown that the map
F Y ! FX �GX G

Y

is a fibration in D. The proof that F Y ! FX �GX G
Y is also a weak equivalence if either X ! Y or

F !G is a weak equivalence is analogous.

Corollary 2.16 (1) If X ! Y is a cofibration in Fun.C;S/ and F is a fibrant object in Fun.C;D/, then
F Y ! FX is a fibration in D that is a weak equivalence if X ! Y is.

(2) If X is a cofibrant object in Fun.C;S/ and F !G is a fibration in Fun.C;D/, then FX !GX is a
fibration in D that is a weak equivalence if F !G is.

Remark 2.17 Lemma 2.15 and Corollary 2.16 also hold when the model structure on Fun.C;D/ is a
localization of the projective model structure with the same cofibrations, and whose fibrations form a
subclass of the projective fibrations. In particular, they apply to model structures obtained by applying
the localization given in Theorem 4.2, from which we get our main examples in this paper, as well as any
left Bousfield localization in the sense of [24].
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Finally, we include a result about the interaction between the evaluated cotensor and homotopy (co)limits.

Proposition 2.18 [2, 6.5] Let I be a small category and X an I-diagram in Fun.C;S/. Let D be a
cofibrantly generated simplicial model category such that the projective model structure on Fun.C;D/
exists. Then for any simplicial functor F W C!D, there is a natural isomorphism

F hocolimi Xi Š holimi FXi :

3 Background on functor calculus

In this section, we give a brief review of two different flavors of functor calculus: Goodwillie’s homotopy
functor calculus [20] and the discrete functor calculus of Bauer, Johnson, and McCarthy [6]. Each of
these functor calculi associates to a functor F a “Taylor” tower of functors under F

F

PnF� � �P1FP0F PnC1F � � �

that are analogous to Taylor polynomial approximations to a function; the nth term PnF is “degree n” in
some sense and serves as a universal degree n approximation to F . We review the construction of the
nth term in the towers for Goodwillie’s calculus and the discrete calculus, and establish some properties
that will be needed in subsequent sections.

We use the following notation. For any n� 1, let P.n/ denote the poset of subsets of the set nDf1; : : : ; ng.
Let P0.n/ denote the poset of nonempty subsets of n and P�1.n/ the full subcategory of P.n/ spanned
by the subsets of cardinality less than or equal to 1. An n-cubical diagram in a category C is a functor
X W P.n/! C. For more details about n-cubical homotopy theory, see [19; 31, Section 4.1; 36].

3.1 Goodwillie calculus

We describe the first version of functor calculus that we consider, namely, the calculus of homotopy functors
as defined by Goodwillie. This calculus grew out of work on pseudoisotopy theory and Waldhausen’s
algebraic K-theory of spaces, and has led to important results in K-theory and homotopy theory; see, for
example, [1; 8; 14; 32; 35]. The Taylor tower for this calculus is constructed in [20], which serves as the
reference for the definitions in this subsection.

Instead of restricting our source and target categories to spaces and spectra as Goodwillie did, we work
in the more general setting of simplicial model categories, an approach that Kuhn developed in [31].
In comparison to their approaches, we impose more structure on our category of functors and define
Fun.C;D/ to be the category whose objects are simplicial functors, and use a simplicial model structure
on it to define an n-excisive model structure in Section 6. To start, we describe the construction of the
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Taylor tower as developed by Goodwillie and Kuhn and then, at the end of this section, we describe the
adjustments that need to be made for our purposes.

Convention 3.1 In addition to the assumptions on C and D from Convention 2.8, we assume in this
subsection that C is a simplicial subcategory of a simplicial model category that is closed under finite
homotopy colimits and has a terminal object �C .

For an object A in C and a subset U of n, the fiberwise join A�U is the homotopy colimit in C of the
P�1.U /-diagram that assigns to ¿ the object A and assigns to each one-element set fig the terminal
object �C . If U is a one-element set, then A � U is the simplicial cone on A, and in general, A � U
consists of jU j copies of the simplicial cone on A glued along A. For a fixed object A in C, A�� defines
a functor from P.n/ to C. This functor plays a key role in the definition of the functors PnF W C! D
appearing in Goodwillie’s Taylor tower.

Definition 3.2 For any functor F W C! D, define the functors TnF and PnF by

TnF.A/D holim
U2P0.nC1/

F.A�U/ and PnF.A/D hocolim
k

T kn F.A/;

where the homotopy colimit is over a sequential diagram obtained by repeatedly applying the transforma-
tion F tnF

��! TnF induced by the canonical map ADA�¿!A�U for each U . These maps also yield
a natural transformation pnF W F ! PnF .

Remark 3.3 The functor PnF is the n-excisive approximation of F . More precisely, it is an n-excisive
functor, that is, it takes strongly homotopy cocartesian .nC1/-cubical diagrams in C to homotopy cartesian
.nC1/-cubes in D, and the induced natural transformation pnF W F ! PnF is appropriately universal
with respect to this property [20, 1.8].

3.2 Discrete functor calculus

Abelian functor calculus is a functor calculus developed for algebraic settings that builds Taylor towers
using certain classical constructions, such as the stable derived functors defined by Dold and Puppe [13]
and stable homology of modules over a ring R with coefficients in a ring S as defined by Eilenberg and
Mac Lane [16; 17], as the first terms in its Taylor towers. It has been used to study rational algebraic
K-theory, Hochschild homology, and other algebraic constructions, and to make connections between
functor calculus and the tangent and cartesian differential categories of Blute, Cockett, Cruttwell, and
Seely [7; 27; 28; 29]. Discrete functor calculus arose as an adaptation of abelian functor calculus for
functors of simplicial model categories. In general, the nth term in the discrete Taylor tower satisfies a
weaker degree n condition than the corresponding term in the Goodwillie calculus, but the towers agree
for functors that commute with realization [6, 4.11, 5.4].

For this kind of functor calculus, we need the notion of a stable model category. First, we recall that a
model category is pointed if it has a zero object, that is, if the initial and terminal objects coincide.
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Definition 3.4 A model category D is stable if it is pointed and its homotopy category is triangulated.

We do not go into the details of triangulated categories here, but refer the reader to [26, Chapter 7] for an
overview aimed at understanding stable model categories. For our purposes, the most important feature
of stable model categories is that homotopy pullback squares are the same as homotopy pushout squares.

The stability condition is used to guarantee the nth term in the discrete calculus tower for a functor is
really a degree n functor, a result that is straightforward using the agreement of homotopy pushout and
pullback diagrams in stable model categories; see [6, 4.5, 4.6, 5.4].

Convention 3.5 In addition to the assumptions on C and D from Convention 2.8, we assume in this
subsection that C has finite coproducts and a terminal object �C , and that D is a stable model category in
the sense of Definition 3.4. In particular, D has a zero object that we denote by ?D.

As we did in the previous subsection, we describe the construction of degree n approximations in the
discrete calculus as it was done originally in [6], and then, in the next subsection, explain what is needed
to ensure that the terms in the discrete Taylor tower are simplicial functors.

To define the nth term in the discrete Taylor tower, we use a comonad constructed from the iterated
homotopy fiber of a particular .nC1/-cubical diagram.

Definition 3.6 Let X W P.2/! D be a 2-cubical diagram. Its iterated homotopy fiber is

ifiber.X / WD hofiber

0BB@hofiber

0BB@
X¿

��

X2

1CCA! hofiber

0BB@
X1

��

X12

1CCA
1CCA:

In other words, we take the homotopy fibers of the two vertical maps, which produces the horizontal map
between those homotopy fibers; the iterated fiber is just the homotopy fiber of this induced map. The
iterated fiber of an n-cubical diagram X W P.n/! D can be defined analogously. More details can be
found in [6, 3.1; 36, Sections 3.4 and 5.5].

For an object A in C and a functor F W C! D, let F n.A;�/ be the P.n/-diagram that assigns to U � n

the object
F n.A; U / WD F

�
ì2n

Ai .U /
�
;

where

.3.7/ Ai .U / WD

�
A if i … U;
�C if i 2 U:

Furthermore, given a functor F W C! D, we define the functor F P0.2/
n W C �P0.2/�n! D by

F P0.2/
n .AI .S1; : : : ; Sn// WD

�
F n.A; '.S1; : : : ; Sn// if Si ¤ f2g for all i;

?D otherwise,
where

.3.8/ '.S1; : : : ; Sn/D fi j Si D f1; 2gg:
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Example 3.9 The diagram F
P0.2/
2 .A;�/ is given by the diagram

F.AqA/ F.�CqA/ ?D

F.Aq�C/ F.�Cq�C/ ?D

?D ?D ?D

Definition 3.10 For any functor F W C! D and any object A of C, define

?n F.A/ WD holim.S1;:::;Sn/ F
P0.2/
n .AI .S1; : : : ; Sn//;

where the homotopy limit is taken over the category P0.2/�n.

Observe that ?2 F.A/ is the iterated homotopy fiber of the diagram

F.AqA/ F.�CqA/

F.Aq�C/ F.�Cq�C/

More generally, ?n F.A/ is equivalent to the iterated homotopy fiber of the P.n/-diagram that assigns to
the set U � n the object F n.A; U /; see [6, Section 3.1] for details.

Definition 3.11 A functor F W C ! D is degree n provided that for any .nC1/-tuple of objects X D

.X1; : : : ; XnC1/ in C, the iterated homotopy fiber of the diagram

nC 1� U F
� `
i2nC1

Xi .U /
�

where
Xi .U /D

�
Xi if i … U;
�C if i 2 U;

is weakly equivalent to the terminal object in D. This iterated homotopy fiber is called the .nC1/st

cross effect of F at X and is denoted by crnC1F.X/. When X D .X; : : : ; X/ for an object X in C,
crnC1F.X/D?nC1 F.X/.

To define a degree n approximation, we note that ?n can be given the additional structure of a comonad.
Recall that a comonad .?; �; "/ acting on a category A consists of an endofunctor ?WA!A together
with natural transformations � W ?!?? and " W ?! idA satisfying certain identities. For an object A
in A, there is an associated simplicial object ?� A given by

Œk� ?kC1 A,

whose face and degeneracy maps are defined using " and �. See [46, Section 8.6] for more details, noting
that the author uses the term “cotriple” for what we are calling a “comonad” here.
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The indexing category P0.2/�n used for the homotopy limit that defines the functor ?n induces both a
comultiplication �n and a counit "n. Together with the natural transformations �n and "n, ?n defines a
comonad. Proving that ?n is a comonad requires proving that certain diagrams are strictly commutative.
Since ?n is defined using a homotopy limit and different models for homotopy limits may only agree up
to weak equivalence, one needs to fix a choice of model for homotopy limits. For the proof that ?n is a
comonad in [6, Section 3], one also needs to ensure that this model satisfies certain standard properties,
which are listed in Appendix A of [6], up to isomorphism, rather than weak equivalence. As shown in
[6, Appendix A], the standard model for homotopy limits in [24, 18.1.8] satisfies these conditions.

Once one has established the existence of a comonad structure for ?n with this choice of model for the
homotopy limit, and shown that the functors �nF in Definition 3.12 are in fact degree n, one can use a
different model for homotopy colimit to construct �nF , provided it is weakly equivalent to the original.
Thus we can make the following definition.

Definition 3.12 For a functor F W C! D, the degree n approximation of F at an object A is given by

�nF.A/ WD hocofiber
�
j?
�C1
nC1 F.A/j ! F.A/

�
;

where ?nC1 F.A/ is as in Definition 3.10, and j?�C1nC1 F.A/j is the homotopy colimit over �op of the
standard simplicial object associated to the comonad ?nC1 acting on F .

Remark 3.13 The functor �nF is degree n in the sense of Definition 3.11, which is a weaker condition
than the one for n-excisive functors, satisfied by the nth term in Goodwillie’s Taylor tower. However, the
proof that �nF is degree n uses a standard extra degeneracy argument for simplicial objects, whereas
Goodwillie describes his proof that PnF is n-excisive as “somewhat opaque” [20, 1.10]. As is the case
with the Goodwillie tower, one can show that there is a natural transformation F ! �nF that is universal
(up to homotopy) among degree n functors with natural transformations from F [6, Section 5].

3.3 Polynomial approximations for simplicial functors

To establish the existence of the n-excisive and degree n model structures in Sections 6 and 7, we need
to know that PnF and �nF are simplicial functors when F is, that is, that PnF and �nF are objects
in Fun.C;D/ as we have defined it. We also need to know that Pn and �n preserve weak equivalences
in Fun.C;D/. These conditions require knowing that the models we use for the homotopy limit and
homotopy colimit in D preserve weak equivalences and are suitably simplicial.

Remark 3.14 Here, we use the models for homotopy limits and homotopy colimits for simplicial model
categories as described in [24, 18.1.2, 18.1.8]. To guarantee that our homotopy limits and colimits preserve
levelwise weak equivalences, which need not be the case for these models [24, Chapter 18], we use
simplicial fibrant and cofibrant replacement functors. Such replacements exist for any cofibrantly generated
simplicial model category by [41, 24.2], so it is safe to assume that there are models for homotopy limits
and homotopy colimits in D that are simplicial and preserve levelwise weak equivalences of diagrams.
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We conclude the following.

Proposition 3.15 For a simplicial functor F in Fun.C;D/, both PnF and �nF are simplicial functors.

Proof As defined, the functor PnF is a composite of fiberwise joins, the original functor F , homotopy
limits, and a sequential homotopy colimit. Each of these components is simplicial. In the case of the
fiberwise joins, we can use [2, 7.15]. The other cases are consequences of the assumptions we have made.
A similar argument gives us the result for �nF .

We conclude this section by noting that using models for homotopy (co)limits that involve precomposition
with (co)fibrant replacement functors affects the natural transformations from F to PnF and �nF ; for
example, we may only have natural transformations from the cofibrant replacement of F to PnF and �nF .
We describe how to circumvent such issues in Sections 6 and 7.

4 Bousfield’s Q-theorem

In this section, we recall the approach to localization that we use in this paper, due to Bousfield and
Friedlander. Because the basic input is a model category equipped with an endofunctor Q, and we use
Bousfield’s later variant, we refer to this result simply as “Bousfield’s Q-theorem”. As is typical for a
localization, we would like to produce a new model structure with more weak equivalences; we begin by
defining the weak equivalences that we obtain from the endofunctor Q.

Definition 4.1 Let M be a model category, together with an endofunctor Q WM!M. A morphism f

in M is a Q-equivalence if it is a weak equivalence after applying the functor Q; that is, if Q.f / is a
weak equivalence in M.

We now state Bousfield’s Q-theorem.

Theorem 4.2 [11, 9.3, 9.5, 9.7] Let M be a right proper model category together with an endofunctor
Q WM!M and a natural transformation � W id)Q satisfying the following axioms:

(A1) the endofunctor Q preserves weak equivalences in M;

(A2) the maps �QX ;Q.�X / WQX !Q2X are both weak equivalences in M; and

(A3) given a pullback square

V X

W Y

f

g

h

if X and Y are fibrant , h WX! Y is a fibration , �X WX!QX and �Y W Y !QY are weak equivalences ,
and g WW ! Y is a Q-equivalence , then f W V !X is a Q-equivalence.
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Then there exists a right proper model structure , denoted by MQ, on the same underlying category as M
with weak equivalences the Q-equivalences and the same cofibrations as M. Furthermore , if M has the
structure of a simplicial model category, then so does MQ.

The next two results provide modifications of the hypotheses of this theorem. The first shows that it suffices
to check axiom (A2) on fibrant objects, while the second gives us a way to show that (A3) is satisfied.

Corollary 4.3 Let M be a right proper model category together with an endofunctor Q WM!M and
natural transformation � W id)Q satisfying axiom (A1). If (A2) holds for all fibrant objects in M, then
(A2) holds for all objects in M.

Proof Let X be an object in M and let ˇ WX '
�!X 0 be a fibrant replacement. By (A1), we know that

Qˇ WQX !QX 0 and Q2ˇ WQ2X !Q2X 0 are weak equivalences. Consider the commutative diagram

QX QX 0

Q2X Q2X 0

Qˇ

Q�X

Q2ˇ

Q�X0

obtained by applying Q to the naturality diagram for �. Since X 0 is fibrant, the right vertical arrow is a
weak equivalence by our assumption that (A2) holds for fibrant objects. As the horizontal arrows are also
weak equivalences, we see that Q�X is also a weak equivalence. The fact that �QX is a weak equivalence
is proved in a similar fashion by replacing the vertical maps in the diagram above with �QX and �QX 0 ,
respectively.

Corollary 4.4 Let M be a right proper model category together with an endofunctor Q WM!M and
natural transformation � W id)Q satisfying axioms (A1) and (A2) above. If

(A30) Q preserves homotopy pullback squares ,

then axiom (A3) holds , and in particular the model structure MQ exists and is right proper.

Proof If Q preserves fibrations, this statement is a direct consequence of the right properness condition.
To see why it holds more generally, assume that Q preserves homotopy pullback squares and that we have
a commutative square as in Theorem 4.2 satisfying the hypotheses of (A3). Since one of those hypotheses
is that h WX ! Y is a fibration, and M is right proper, such a square is necessarily a homotopy pullback
square by Proposition 2.1. By (A30), the diagram

QV QX

QW QY

Qf

Qg

Qh
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is a homotopy pullback square. Again by the hypotheses of (A3), Qg is a weak equivalence, and hence
Qf is a weak equivalence by Proposition 2.3, establishing (A3).

For ease of reference, we make the following definition.

Definition 4.5 A Bousfield endofunctor Q WM!M is an endofunctor together with a natural transfor-
mation � W id)Q satisfying axioms (A1) and (A2) from Theorem 4.2 and axiom (A30) from Corollary 4.4.

We refer to the fibrations in MQ, which are completely determined by the cofibrations and weak equiva-
lences as described in Theorem 4.2, as Q-fibrations. We include the following useful characterizations of
them, the first of which was part of Bousfield’s original statement of Theorem 4.2. The second part of
this result is a consequence of the first via Proposition 2.3. Some similar results are proved in [18, X.4]
under the further assumption of left properness.

Proposition 4.6 [11, 9.3] Let M be a right proper model category together with an endofunctor
Q WM!M and natural transformation � W id)Q satisfying axioms (A1), (A2), and (A3).

(1) A map f WX ! Y in M is a Q-fibration if and only if it is a fibration in M and the induced diagram

X QX

Y QY

�X

f

�Y

Qf

is a homotopy pullback square in M.

(2) Assume that �� W � ! Q.�/ is a weak equivalence where � is the terminal object in M. Then
an object X of M is Q-fibrant if and only if it is fibrant in M and the map �X W X ! QX is a weak
equivalence in M.

We refer to the homotopy pullback condition in the first part of the corollary as the Q-fibration condition,
for ease of referring to it in later sections.

5 The homotopy functor model structure

In this section, we apply Theorem 4.2 to obtain a model structure on Fun.C;D/ in which the fibrant
objects are homotopy functors, or functors that preserve weak equivalences. This model structure was
established in [10], but we treat it in some detail so that we can refer to the techniques in more generality.
While it is a first step in developing a model structure for n-excisive functors, this example is also key
because it requires us to look closely at many of the ingredients used.

We begin by identifying the necessary assumptions on the categories C and D for such a model structure to
exist, and one of those conditions requires the existence of a well-behaved simplicial fibrant replacement
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functor. While fibrant replacements exist in any model category, and they can be taken to be functorial in
nice cases such as cofibrantly generated model structures, it is important for our purposes that they also
preserve the simplicial structure. So, our first goal is to describe such a functor, for which we recall the
following definition. Although we assume we are working in a model category, since that is the context
in which we use it, this definition can be applied to any cocomplete category.

Definition 5.1 Let M be a model category. A set J of maps in M permits the small object argument if
there exists a cardinal � such that for every regular cardinal �> � and every �-sequence

A0 A1 A2 : : : Aˇ : : : .ˇ < �/

in B such that each Aˇ ! AˇC1 is a transfinite composition of pushouts of maps in J , the map

colimˇ<� HomM.U;Aˇ /! HomM.U; colimˇ<�Aˇ /

is an isomorphism whenever U is the domain of some map in J .

Remark 5.2 If J permits the small object argument and U is in the domain of some map in J , then any
map U ! colimˇ<�Aˇ factors through some A˛.

The following result is due to Shulman [41, 24.2], but since this case is not proved in full detail in that
paper, and we need to use some of the techniques elsewhere, we give a brief outline of the proof here.

Theorem 5.3 There exists a simplicial fibrant replacement functor on any cofibrantly generated simplicial
model category.

Proof Let M be a cofibrantly generated simplicial model category, and let J denote a set of generating
acyclic cofibrations. For any object A of M, define A0DA and, for each ˇ, define AˇC1 via the pushout

.5.4/

`
U!V MapM.U;Aˇ /˝U

Aˇ

`
U!V MapM.U;Aˇ /˝V

AˇC1
�A
ˇ

'A
ˇ

where the coproducts are taken over the set of generating acyclic cofibrations. We define the fibrant
replacement of A to be the transfinite sequential colimit FA WD colimˇ Aˇ . By setting K D ¿ and
LDMapM.U;Aˇ / in (S70) of Remark 2.5, we see that each MapM.U;Aˇ /˝U !MapM.U;Aˇ /˝V

is an acyclic cofibration. Then, using the fact that acyclic cofibrations are closed under small coproducts
and are stable under pushouts, we see that each 'A

ˇ
WAˇ !AˇC1 is an acyclic cofibration. It follows that

the composite 'A W AD A0! colimˇ Aˇ D FA is also an acyclic cofibration; see [24, 10.3.4].

It is a now a straightforward exercise to show that the unique map FA!�M is a fibration, that F is a
simplicial functor, and that this factorization is functorial.

Algebraic & Geometric Topology, Volume 25 (2025)



Cofibrantly generated model structures for functor calculus 3949

Remark 5.5 Observe that for any cofibrantly generated simplicial model category M, the functorial
fibrant replacement functor satisfies the following properties.

(i) If A is cofibrant, then FA is cofibrant, following from the fact that A!FA is an acyclic cofibration.

(ii) If A! B is a weak equivalence, then FA! FB is a weak equivalence by the two-out-of-three
property.

(iii) It follows from (i) and (ii) that if A! B is a weak equivalence between cofibrant objects, then
FA!FB is a weak equivalence between objects that are both fibrant and cofibrant, and is therefore
a simplicial homotopy equivalence.

(iv) Since fibrant replacements are sequential colimits they commute with all colimits in M, ie
F.colimi Ai /Š colimi FAi .

The remaining piece that we need before stating our assumptions is the following definition.

Definition 5.6 An object C in a simplicial category C is simplicially finitely presentable if the repre-
sentable functor RC DMap.C;�/ W C! S preserves filtered colimits, so

MapC.C; colimi Ai /Š colimi MapC.C;Ai /:

Convention 5.7 In this subsection, we make the following assumptions in addition to those listed in
Convention 2.8.

(1) Suppose that C is a full simplicial subcategory of a cofibrantly generated simplicial model category B,
and that the objects of C are all cofibrant and simplicially finitely presentable.

(2) For every object C of C, the fibrant replacement FC is a sequential colimit of objects Cˇ in C.

(3) Weak equivalences, fibrations, and homotopy pullbacks are preserved under sequential colimits
in D.

Remark 5.8 Although this list may seem lengthy, we claim that these conditions are satisfied by many
familiar model categories. For instance, condition (1) can be satisfied by taking C to be the full subcategory
of B consisting of the cofibrant simplicially finitely presentable objects.

If we only asked for the objects Cˇ to be in B, then condition (2) is satisfied for any cofibrantly generated
model category B, given our construction of fibrant replacements via the small object argument. The
issue is whether these objects are in the subcategory C, not in the larger model category B. It does hold in
many examples of interest, for example taking B to be the usual model structure on topological spaces or
simplicial sets and C the subcategory of finite spaces or finite simplicial sets, respectively.

Similarly, condition (3) holds in many nice cases, such as the categories of topological spaces and
simplicial sets. For conditions under which sequential colimits preserve weak equivalences and fibrations,
see [26, Section 7.4]; for a discussion of filtered colimits commuting with homotopy pullbacks, see [25].

The assumptions on D have the following consequence.
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Lemma 5.9 Sequential colimits are weakly equivalent to sequential homotopy colimits in D.

Proof Let colimDi be a sequential colimit in D and let D00 be a cofibrant replacement of D0. We can
factor the resulting map D00!D1 as a cofibration D00!D01 followed by an acyclic fibration D01!D1.
We can then repeat the process with the map D01!D2, and so on, giving a commutative diagram

D00 D01 D02
: : : colimD0i

D0 D1 D2 : : : colimDi

' ' '

where the map colimD0i! colimDi is induced by the universal property of colimits and, by condition (3)
of Convention 5.7, is a weak equivalence. Since the upper horizontal arrows in the diagram are all
cofibrations between cofibrant objects, we have hocolimDi D colimD0i , proving the result.

Before proceeding to the homotopy functor model structure, we need to state one more consequence of
our conventions. Recall that the simplicial left Kan extension of F W C! D along a simplicial functor
p W C! C0 is another simplicial functor pŠ.F / W C0! D together with a simplicial natural transformation

C D

C0

F

p pŠ.F /

+ �

that is appropriately universal with respect to this property. The functor pŠ.F / is given by the coend

pŠ.F /.B/D

Z A

MapC0.p.A/; B/˝FA

in D [30, 2.4].

Remark 5.10 Observe that for the inclusion functor i W C! B, it follows from Lemma 2.14 that

iŠ.F /.C /D

Z A

MapB.i.A/; C /˝FAD

Z A

MapC.A; C /˝FAŠ FC

for any object C of C, so iŠ.F / ı i D F , and � is the identity transformation.

Proposition 5.11 For any simplicial functor F W C! D, the simplicial left Kan extension iŠ.F / of F
along the inclusion i W C! B preserves filtered colimits.

Proof Let colimk Bk be a filtered colimit in B. Then

iŠ.F /.colimk Bk/D
Z A

MapB.A; colimk Bk/˝FAŠ
Z A

colimk.MapB.A;Bk//˝FA

Š colimk

Z A

MapB.A;Bk/˝FAD colimk iŠ.F /.Bk/;

where the first isomorphism holds by Convention 5.7(1), and the second isomorphism holds since both
tensoring and coends commute with colimits; the former is a left adjoint and the latter is itself a colimit.
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We now have the ingredients to define a means for replacing any functor F W C ! D by a homotopy
functor. This definition was first given in [10, 4.10].

Definition 5.12 Let F W C! D be a simplicial functor. We define the simplicial functor F hf W C! D as
the composite

C B B D,
i F iŠ.F /

where i W C! B is the inclusion and iŠ.F / is the simplicial left Kan extension.

Remark 5.13 Since iŠ.F /ı i DF , there exists a canonical natural transformation �F WF )F hf induced
by the transformation ' W idB) F defined in the proof of Theorem 5.3.

Let us first verify that this construction does in fact produce a homotopy functor, as suggested by the
notation.

Proposition 5.14 If F W C!D is a simplicial functor , then F hf W C!D is a simplicial homotopy functor.

Proof Consider a weak equivalence f W A! B in C. Then, by Remark 5.5(iii) and Convention 5.7(1),
F.f / W F.A/! F.B/ is a simplicial homotopy equivalence. Since simplicial homotopy equivalences are
preserved by any simplicial functor, iŠ.F /.F.f //D F hf.f / is a simplicial homotopy equivalence, and
therefore a weak equivalence.

In light of Proposition 4.6, the following fact is useful.

Lemma 5.15 The endofunctor .�/hf W Fun.C;D/! Fun.C;D/ preserves the terminal object.

Proof Consider an object C of C. By Convention 5.7(2) we can express FC as a sequential colimit of
objects Cˇ in C. Then

F hf.C /D .iŠ.F / ıF/.C /D iŠ.F /.colimˇ Cˇ /Š colimˇ iŠ.F /.Cˇ /;

where the isomorphism holds by Proposition 5.11. Now since each Cˇ is an object of C, we have

colimˇ iŠ.F /.Cˇ /D colimˇ FCˇ

by Remark 5.10. Therefore, if FCˇ is the terminal object for all ˇ, then F hf.C / is also terminal.

We now recall the hf-model structure [10, 4.14], which can be proved by showing that .�/hf satisfies
axioms (A1), (A2), and (A30).

Theorem 5.16 Under the assumptions of Convention 5.7 the category Fun.C;D/ has a simplicial right
proper model structure , denoted by Fun.C;D/hf, in which F !G is a weak equivalence if F hf!Ghf is
a levelwise weak equivalence , and the cofibrations are precisely the projective cofibrations.

We conclude this section with a few consequences of this result. They are all expected properties for
localized model structures, and whose analogues are known for left Bousfield localizations, but that do
not appear to be known in generality for Bousfield–Friedlander localization.
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Proposition 5.17 Let ˛ W F !G be a fibration in Fun.C;D/. Then ˛ is a fibration in Fun.C;D/hf if and
only if for each weak equivalence A! B in C the diagram

FA FB

GA GB

is a homotopy pullback square. Moreover , a functor F W C! D is fibrant in Fun.C;D/hf if and only if it is
a levelwise fibrant homotopy functor.

Proof The first statement can be proved just as in [10, 4.15] using Convention 5.7, Proposition 4.6, and the
fact that the maps Ai ! AiC1 in the sequential colimit defining the fibrant replacement of Theorem 5.3
are acyclic cofibrations. The statement about hf-fibrant objects follows from the first statement and
Proposition 2.3.

The next result is useful for establishing that our model for an n-excisive approximation to a functor
agrees with that of Goodwillie for all homotopy functors, which we prove in Section 6. In particular,
we prove that this result holds for homotopy functors that need not be levelwise fibrant.

Proposition 5.18 If F is a homotopy functor , then �F W F ) F hf is a levelwise weak equivalence.

Proof For any object C of C, we have F hf.C /D colimˇ FCˇ by Convention 5.7(2), Remark 5.10, and
Proposition 5.11. We can then write the map �FC as

FC D colimˇ FC ! colimˇ FCˇ ;

so in particular, �FC is the sequential colimit of the morphisms F.'C
ˇ�1
� � �'C1 �'

C
0 / WFC !FCˇ . From

the proof of Theorem 5.3, we know that each 'Ci is a weak equivalence. Since F is a homotopy functor,
it follows from Convention 5.7(3) that �FC is a weak equivalence.

6 The n-excisive model structure

In this section, we establish the existence of a model structure on the category Fun.C;D/ whose fibrant
objects are the n-excisive functors for a given n. To ensure that the endofunctor yPn we use to obtain this
model structure satisfies axiom (A1) of Theorem 4.2, we make use of the functor .�/hf of Definition 5.12.
So, in addition to the assumptions that we made about the category D for the hf-model structure, we need
to add another mild hypothesis to ensure that yPn interacts nicely with the hf-model structure. Thus, we
begin this section by making the following definition and then establishing some results for the hf-model
structure that we need.
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Definition 6.1 An object U of a category D is finite relative to a subcategory A if, for all limit ordinals �
and �-sequences

A0 A1 A2 : : : Aˇ : : : .ˇ < �/

in D such that each Aˇ ! AˇC1 is in A, the map

colimˇ HomD.U;Aˇ /! HomD.U; colimˇ Aˇ /

is an isomorphism.

For this section, we assume the following.

Convention 6.2 The set J of generating cofibrations of D can be chosen such that the codomain of each
map is finite relative to J , in addition to Conventions 3.1 and 5.7.

Remark 6.3 Since D is cofibrantly generated by assumption, the set J of generating cofibrations can
always be chosen such that the domain of each map is finite relative to J . The extra condition on the
codomain is satisfied, for example, by any finitely generated model category, as described in [26].

Our assumptions on D guarantee the following result. The proof is the same as the one for finitely
generated model categories; see [26, 7.4.1].

Lemma 6.4 Suppose that D satisfies the conditions of Convention 6.2, � is an ordinal , X; Y W �! D are
�-sequences of acyclic cofibrations , and p WX ! Y is a natural transformation such that pˇ WXˇ ! Yˇ is
a fibration for all ˇ < �. Then colimpˇ W colimXˇ ! colimYˇ is a fibration that is a weak equivalence if
each pˇ is.

Now we establish the compatibility with the functor .�/hf that we need.

Proposition 6.5 The endofunctor .�/hf on Fun.C;D/ preserves levelwise fibrations.

Proof Let ˛ W F !G be a levelwise fibration. Since F hf.C /D colimˇ FCˇ for any object C in C, the
component ˛hf

C WF
hf.C /!Ghf.C / at C is induced by the morphisms ˛Cˇ WFCˇ!GCˇ for all ˇ. Since

each of these maps ˛Cˇ is a fibration in D by assumption, the result follows by Convention 5.7(3).

We now turn our attention to n-excisive approximations of functors, using Definition 3.2. In addition,
we replace F with F hf as defined in Definition 5.12, making it possible to apply some results from [20]
that only hold for homotopy functors.
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Definition 6.6 For a functor F in Fun.C;D/, we define the functor yPnF by

yPnF WD colimk.F
hf
! Tn.F

hf/! T 2n .F
hf/! � � � ! T kn .F

hf/! � � � /:

Using T1n to represent this colimit, we have

yPnF D T
1
n F hf:

There is a morphism F ! yPnF given by the composite

F F hf T1n .F hf/D yPnF ,
�F �F hf

where � is the natural transformation whose component at G is induced by the natural maps G! TnG!

T 2nG!� � � . Since this construction is natural in F , it induces a natural transformation ypn W idFun.C;D/) yPn.
We sometimes omit the subscript on ypn when it can be understood from context.

We note that by Lemma 5.9, yPnF is weakly equivalent to Pn.F hf/. One can prove that yPnF is an
n-excisive functor using a proof similar to that of [20, 1.8]. The argument uses the fact that F hf is a
homotopy functor and is the reason we replace F with F hf in the definition of yPnF . By Lemma 5.9
and Proposition 5.18, yPnF is weakly equivalent to Goodwillie’s construction of PnF when F is a
homotopy functor.

Proposition 6.7 The endofunctor yPn on the category Fun.C;D/ preserves hf-fibrations.

Proof By Proposition 4.6, it suffices to prove that if F !G is an hf-fibration, then yPnF ! yPnG is a
projective fibration and

yPnF . yPnF /
hf

yPnG . yPnG/
hf

is a homotopy pullback square. The fact that yPnF ! yPnG is a projective fibration follows from the
definition of yPn, Proposition 6.5, the fact that homotopy limits preserve fibrations, and Convention 5.7(3).
To confirm that the diagram above is a homotopy pullback square, recall that yPnF and yPnG are homotopy
functors by Proposition 5.14. It follows that the horizontal maps are weak equivalences by Proposition 5.18,
and the square is a homotopy pullback by Proposition 2.3.

With the preceding proposition and definitions in place, we can establish the existence of the n-excisive
model structure. This theorem is also proved by Biedermann and Röndigs in [10, 5.8] using a different, but
naturally equivalent, model for the n-excisive approximation of a functor. To obtain cofibrant generation
of this model structure in Section 9, we need to take a localization of the hf-model structure, but arguments
similar to the ones presented here can be used to place an n-excisive model structure on Fun.C;D/ with
the projective model structure instead.
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Theorem 6.8 Under the assumptions of Convention 6.2, the category Fun.C;D/ has a right proper model
structure in which a morphism F !G is a weak equivalence if yPnF ! yPnG is a weak equivalence in
the hf-model structure , and is a cofibration precisely if it is a cofibration in the hf-model structure.

Proof We apply Corollary 4.4 to Fun.C;D/hf and the endofunctor yPn. In particular, we verify ax-
ioms (A1), (A2), and (A30).

To prove (A1), assume that F !G is an hf-equivalence, ie that F hf!Ghf is a levelwise weak equivalence.
Our choice of model for homotopy limits preserves such weak equivalences, so Tn does as well. Then
Convention 5.7(3) guarantees that yPnF ! yPnG is a levelwise weak equivalence. Since the functor
.�/hf preserves weak equivalences (by the proof of Theorem 5.16), it follows that yPnF ! yPnG is an
hf-equivalence.

For (A2), we need to prove that the natural transformations yp yPnF W
yPnF! yPn yPnF and yPn ypF W yPnF! yPn yPnF

are weak equivalences in the hf-model structure. Since .�/hf preserves levelwise weak equivalences,
it suffices to prove the stronger result that these natural transformations are levelwise weak equivalences.

For any object A in C, the .nC1/-cubical diagram given by U 7!A�U is a strongly homotopy cocartesian
diagram, so applying any n-excisive functor H to it produces a homotopy cartesian diagram. Then
the map from the initial object in this diagram to the homotopy limit of the rest of the diagram is a
levelwise weak equivalence. By definition, this map is H ! TnH , and since Tn preserves levelwise
weak equivalences, Convention 5.7(3) guarantees that the natural transformation �H WH ! T1n H is a
levelwise weak equivalence as well.

To see that yp yPnF W
yPnF ! yPn yPnF is a levelwise weak equivalence, consider, for an arbitrary functor X ,

the commutative square

X Xhf

T1n X T1n Xhf D yPnX

�X

�X �Xhf

T1n �X

When X D yPnF , the horizontal maps are weak equivalences by Proposition 5.14 since yPnF is a
homotopy functor and T1n preserves weak equivalences. As noted above, the left vertical map is also a
weak equivalence since yPnF is n-excisive. It follows that the composition of the right vertical and top
horizontal arrows is a weak equivalence, but this composite is yp yPnF .

To prove that yPn ypF is a levelwise weak equivalence, recall that it is the composite

yPnF yPn.F
hf/ yPn.T

1
n .F hf//.

yPn�F
yPn�F hf

The map yPn�F is a levelwise weak equivalence by Theorem 5.16, Convention 5.7(3), and the fact
that Tn preserves weak equivalences. To see that yPn�F hf is a levelwise weak equivalence, consider the
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commutative diagram

T1n .F hf/ T1n .T1n F hf/

T1n .F hf/hf T1n .T1n F hf/hf

T1n .�F hf /

T1n .�F hf / T1n .�T1n F hf /

T1n .�F hf /
hf

and note that the bottom horizontal arrow is yPn�F hf . The vertical maps are levelwise weak equivalences by
Propositions 5.14 and 5.18, and the fact that T1n preserves weak equivalences. We can use an argument
similar to the one used in the last paragraph of the proof of [20, 1.8] to prove that the top horizontal
map is a weak equivalence. In particular, it suffices to show that T1n .F hf/! T1n .TnF

hf/ is a weak
equivalence. By Convention 5.7(3) and the fact that homotopy limits commute, the target of this map
is weakly equivalent to TnT1n .F hf/. However, T1n .F hf/ is weakly equivalent to TnT1n .F hf/ because
T1n .F hf/D yPnF is an n-excisive functor. Hence, the bottom map in the diagram, which is yPn ypF , is a
levelwise weak equivalence as well, completing the proof that (A2) holds.

Consider a homotopy pullback square
F G

H K

in the hf-model structure. Since .�/hf preserves levelwise weak equivalences, it suffices to show that
there is a levelwise weak equivalence from yPnF to the homotopy pullback (in the hf-model structure) of
yPnH ! yPnK yPnG to prove (A30).

We factor H ! K into an hf-equivalence H ! H 0 followed by an hf-fibration H 0 ! K so that the
homotopy pullback of G ! H  K in the hf-model structure, which is right proper, is the strict
pullback H 0 �K G. Note that H 0 �K G is also the homotopy pullback of H 0 ! K  G in both the
projective and hf-model structures since every hf-fibration is a projective fibration.

Since the functor yPn preserves hf-fibrations and hf-weak equivalences (Proposition 6.7 and axiom (A1)),
yPnH ! yPnH

0! yPnK is also a factorization via an hf-equivalence and hf-fibration. As above, the strict
pullback yPnH 0� yPnK

yPnG is also the homotopy pullback of yPnH! yPnK yPnG in the hf-model struc-
ture, and of yPnH 0! yPnK yPnG in both model structures. Hence, to complete the proof, it suffices to
show there is a levelwise weak equivalence from yPnF to the homotopy pullback of yPnH 0! yPnK yPnG.

We now consider the diagram

.6.9/

F G

H 0 K
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By assumption, F hf is levelwise equivalent to .H 0 �K G/hf. But H 0 �K G is the homotopy pullback of
H 0!K G in the projective model structure and .�/hf preserves such homotopy pullbacks, making
F hf levelwise equivalent to the homotopy pullback of .H 0/hf!Khf Ghf. That is, applying .�/hf to
(6.9) yields a homotopy pullback in the projective model structure. Then Convention 5.7 and the fact
that Tn, as a homotopy limit, preserves homotopy pullback diagrams ensure that applying yPn to (6.9)
produces a homotopy pullback in the projective model structure.

Proposition 4.6 allows us to characterize fibrations and fibrant objects in the n-excisive model structure
as follows. Biedermann and Röndigs provide a similar characterization of fibrations in [10, 5.9].

Proposition 6.10 A morphism ˛ W F !G in Fun.C;D/ is a fibration in the n-excisive model structure if
and only if it is a fibration in the hf-model structure on Fun.C;D/ and the diagram

F yPnF

G yPnG

ypF

˛

ypG

yPn˛

is a homotopy pullback square in the hf-model structure. A functor F in Fun.C;D/ is fibrant in the
n-excisive model structure if and only if it is weakly equivalent in the hf-model structure to an n-excisive
functor and is fibrant in the hf-model structure.

Proof The first statement is an immediate consequence of Proposition 4.6. For the second part, one
can show that yp� W � ! yPn.�/, where � denotes the terminal object in Fun.C;D/, is a weak equivalence
in the projective model structure on Fun.C;D/ using Lemma 5.15, the facts that Tn preserves weak
equivalences and that Tn.�/ is weakly equivalent to �, and Convention 5.7(3). Since .�/hf satisfies (A1),
the map yp� W � ! yPn.�/ is also an hf-equivalence. By Proposition 4.6 it suffices to prove that ypF is an
hf-equivalence if and only if F is hf-equivalent to an n-excisive functor.

Consider the diagram

F yPnF

G yPnG

ypF

ˇ

ypG

yPnˇ

If ˇ is an hf -weak equivalence, then yPnˇ is an hf-weak equivalences since yPn preserves hf-weak
equivalences. Moreover, as noted in the proof of (A2) for Theorem 6.8, if G is n-excisive, the maps
in the colimit defining yPnG are all weak equivalences and as a result, �Ghf WGhf! yPnG is a levelwise
weak equivalence. Since .�/hf satisfies (A2) and preserves levelwise weak equivalences, it follows that
the composite ypG is an hf-equivalence. By Proposition 2.3, ypF is a weak equivalence, establishing one
implication. The converse follows immediately from the fact that yPnF is n-excisive.
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7 The degree n model structure

In this section, we turn our attention to the discrete functor calculus, with the goal of showing that one
can equip Fun.C;D/ with a degree n model structure via the degree n approximation �n. As was the case
with the homotopy functor and n-excisive model structures, our categories C and D must satisfy some
conditions, but they are much less complicated in this case.

Convention 7.1 In addition to Convention 3.5, we assume that D is left proper.

Recall from Definition 3.12 that for a functor F and an object A in C,

�nF.A/ WD hocofiber
�
j?
�C1
nC1 F.A/j ! F.A/

�
;

where j�j denotes the homotopy colimit over�op, sometimes referred to as the fat realization. We establish
the existence of the degree n model structure on Fun.C;D/ by proving that �n satisfies the conditions of
Theorem 4.2, for which we make use of specific models for the homotopy limits and colimits used to
define �n.

For the homotopy limit, we again use the model defined in [24, 18.1.8]. As noted in Section 3.2, we can
assume that ?nC1 is a comonad. To guarantee that ?knC1 preserves weak equivalences, we replace F
with its functorial fibrant replacement F.F /, which exists by Theorem 5.3. That is, we set

?
k
nC1 F WD?

k
nC1 F.F /

for any functor F . Then by [24, 18.5.2, 18.5.3] we know that ?knC1 preserves weak equivalences
in Fun.C;D/.

For the model of �n that we use, we also require a good model for homotopy colimits, for which we use the
one described by Hirschhorn [24, 18.1.2]. To ensure that j�j preserves weak equivalences, we precompose
the homotopy colimit with the simplicial functorial cofibrant replacement functor guaranteed by [41, 24.2].
Again, [24, 18.5.3] guarantees that this functor preserves levelwise weak equivalences of diagrams.

Finally, to guarantee that the homotopy cofiber preserves weak equivalences, and that there is a natural
transformation from the identity functor on Fun.C;D/ to �n, we use the following model for the homotopy
cofiber. For a mapF!G, we set hocofiber.F!G/ equal to the pushout of the diagramE.?D/ -F!G

where ?D is the constant functor on the zero object in D, and F!E.?D/!?D is a functorial factorization
of F ! ?D as a cofibration followed by an acyclic fibration. That this construction is homotopy invariant
follows from [24, 13.5.3, 13.5.4] and the fact that D is left proper.

When using the construction defined above, there is a natural map from G to hocofiber.F ! G/;
an application of this fact to the augmentation j?�C1nC1 F j ! F.F / yields a natural map F.F /! �n.F /,
and precomposing with the natural weak equivalence �F W F ! F.F / yields a natural transformation
F ! �nF that is natural in F . Hence, we have a natural transformation 
 W idFun.C;D/! �n.
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Recall that as part of Convention 3.5, we are assuming D is stable. As noted in Section 3, the proof that
the functor �nF is a degree n functor in [6, 5.4, 5.6.1] makes use of the fact that D is stable to ensure
that crnC1 commutes with the homotopy cofiber and colimit used to define �nF . We thus obtain

crnC1�nF D crnC1 hocofiber.j?�C1nC1 F j ! F /

' hocofiber
�
jcrnC1.?

�C1
nC1 F /j ! crnC1F

�
' ?D:

The last equivalence is a consequence of [6, 5.5] which uses an extra degeneracy argument to prove that
jcrnC1.?

�C1
nC1 F /j ! crnC1F is a weak equivalence.

We now state the main result of this section.

Theorem 7.2 Under the assumptions of Convention 7.1, there exists a degree n model structure on the
category of functors Fun.C;D/ with weak equivalences given by �n-equivalences and cofibrations the
same as in the projective model structure.

Proof We prove this result via an application of Corollary 4.4, setting M D Fun.C;D/ and Q D
�n W Fun.C;D/! Fun.C;D/. As described above, the functor �n W Fun.C;D/! Fun.C;D/ is constructed
from F via homotopy limits, homotopy colimits, and homotopy cofibers that preserve weak equivalences.
Hence, axiom (A1) of Theorem 4.2 is satisfied.

To prove that axiom (A2) holds, we assume that F is fibrant and use Corollary 4.3. By [24, 18.5.2, 18.5.3],
the results of applying ?knC1 to F and F.F / are weakly equivalent, so we can work directly with F
instead of its functorial fibrant replacement.

To prove that 
�nF is a weak equivalence, we note that for any degree n functor G,

?nC1 G D�
�crnC1G ' ?D;

where �� denotes precomposition with the diagonal functor. Hence, the simplicial object ?�C1nC1 G is
levelwise weakly equivalent to the constant simplicial object on ?D and j?�C1nC1 Gj ' ?D. Since �nG is
the homotopy cofiber of j?�C1nC1 Gj !G and D is left proper, the dual of Proposition 2.3 guarantees that

G is a weak equivalence. Setting G D �nF , we see that 
�nF is a weak equivalence.

To prove that �n
F is a weak equivalence, it suffices to show that �nj?�C1nC1 F j ' ?D. As a comonad,
?nC1 comes equipped with a natural transformation, the comultiplication ?nC1)?nC1?nC1, which
can be used to construct weak equivalences between j?knC1?

�C1
nC1 F j and ?knC1 F for k � 1, as in [6, 5.5].

Since D is stable, ?nC1, as a finite homotopy limit, commutes with j � j, so we haveˇ̌
?
�C1
nC1 j?

�C1
nC1 F j

ˇ̌
'
ˇ̌
j?
�C1
nC1?

�C1
nC1 F j

ˇ̌
' j?

�C1
nC1 F j:

It follows that �nj?�C1nC1 F j ' ?D, which implies that �n
F W �nF ! �n�nF is a weak equivalence.
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It remains to check that �n satisfies axiom (A30), ie that homotopy pullback squares are preserved by �n.
Suppose that

F G

H K

is a homotopy pullback square in Fun.C;D/ and recall that homotopy pullback and homotopy pushout
squares agree in a stable model category such as D. Since �n is constructed via homotopy limits and
colimits, homotopy limits preserve homotopy pullbacks, and homotopy colimits preserve homotopy
pushouts, it follows that applying �n to this diagram yields a homotopy pullback square.

We conclude with the following consequence of Proposition 4.6. Its proof is similar to the one of
Proposition 6.10 and hence omitted.

Proposition 7.3 A morphism ˛ W F ! G in Fun.C;D/ is a fibration in the degree n model structure if
and only if it is a fibration in the projective model structure on Fun.C;D/ and the diagram

F �nF

G �nG


F

˛


G

�n˛

is a homotopy pullback square. The object F in Fun.C;D/ is fibrant in the degree n model structure if and
only if it is degree n and is fibrant in the projective model structure.

8 Cofibrant generation for Bousfield Q-model structures

In this section, we establish conditions under which the localizations produced by an endofunctor Q
on Fun.C;D/ via Theorem 4.2 are cofibrantly generated, expanding on the more specific examples of
Biedermann and Röndigs in [10]. A core element of those examples is the strategic creation of additional
generating acyclic cofibrations for the model structure Fun.C;D/Q. Since our goal is to generalize those
examples, we make the following definition to capture the key features of the collections of maps that
they use. We assume throughout that C and D are as described in Convention 2.8.

Definition 8.1 Let Fun.C;D/ be equipped with a right proper model structure and letQ be an endofunctor
of Fun.C;D/ satisfying the conditions of Theorem 4.2, including the existence of a natural transformation
� W id)Q. A collection of test morphisms for � is a collection T .Q/ of morphisms in Fun.C;S/ such
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that, for each fibration F !G in Fun.C;D/, the diagram

F QF

G QG

is a homotopy pullback in Fun.C;D/ if and only if the diagram

F Y FX

GY GX

is a homotopy pullback in D for every X ! Y in T .Q/.

We sometimes omit the endofunctor Q from the notation and simply refer to the collection of test
morphisms as T . In all the examples in this paper, the functor Y is a representable functor RA, where A
is an object of C.

Example 8.2 Consider the hf-model structure on Fun.C;D/ from Theorem 5.16, where C and D addi-
tionally satisfy the conditions of Convention 5.7. Since it is designed to emphasize weak equivalence-
preserving functors, we claim that the collection of morphisms of representable functors fRB !RAg,
where A!B ranges over all weak equivalences of C, is a collection of test morphisms for � W id) .�/hf.
Indeed, our definition of a collection of test morphisms is essentially a distillation of the key properties
that Biedermann and Röndigs use in [10] to show that the hf-model structure is cofibrantly generated.
That these morphisms satisfy Definition 8.1 was proved by Biedermann and Röndigs in [10, 4.15] using
the fact that FR

A

Š F.A/ by the Yoneda Lemma 2.14.

We revisit this example at the end of this section and give additional examples in Sections 9 and 10, where
we consider the n-excisive and degree n model structures, respectively.

We can now state and prove our main result.

Theorem 8.3 Suppose that C and D satisfy the conditions of Convention 6.2, and that Fun.C;D/ is a
cofibrantly generated right proper model structure on Fun.C;D/ in which all fibrations are also fibrations
under the projective model structure. Let Q W Fun.C;D/! Fun.C;D/ be a Bousfield endofunctor that has
a collection T .Q/ of test morphisms for the natural transformation � W id)Q. Then the model structure
Fun.C;D/Q is cofibrantly generated.

Proof Let I and J denote sets of generating cofibrations and acyclic cofibrations, respectively, for the
model structure on Fun.C;D/. We need to identify sets of generating cofibrations and acyclic cofibrations
for the model structure Fun.C;D/Q. Since the cofibrations are unchanged by the Q-localization, we can
simply use the set I as a set of the generating cofibrations for Fun.C;D/Q.
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Assume that F ! G is a fibration in Fun.C;D/. To identify a set of generating acyclic cofibrations
for Fun.C;D/Q, we use the Q-fibration condition of Proposition 4.6, namely that F !G is a Q-fibration
if and only if it is a fibration in Fun.C;D/, and the diagram

.8.4/

F QF

G QG

�F

�G

is a homotopy pullback square in Fun.C;D/. We know that a map is a fibration in Fun.C;D/ if and only if
it has the right lifting property with respect to the set J . Thus, it suffices to identify a set of maps JQ such
that the above diagram is a homotopy pullback square if and only if F !G has the right lifting property
with respect to the maps in JQ; we can then take J [ JQ as the set of generating acyclic cofibrations
for Fun.C;D/Q.

By the definition of test morphism, (8.4) is a homotopy pullback square if and only if

.8.5/

F Y FX

GY GX

is a homotopy pullback square for each ˛ WX ! Y in T .

However, for each object X in Fun.C;S/ we can apply Proposition 2.7 to the morphism from the initial
object to X to obtain a simplicial homotopy equivalence

.8.6/ yX !X;

where yX is cofibrant. Since simplicial functors preserve simplicial homotopy equivalences [24, 9.6.10],
we have that FX ! F

yX and GX !G
yX are weak equivalences. For each test morphism ˛ W X ! Y ,

we obtain a diagram in which the right-hand square is a homotopy pullback square by Proposition 2.3:

.8.7/

F Y FX F
yX

GY GX G
yX

Applying Proposition 2.2 to this diagram, we see that (8.5) is a homotopy pullback if and only if the outer
square in (8.7) is a homotopy pullback square.

Again by Proposition 2.7 and the fact that simplicial functors preserve simplicial homotopy equivalences,
we know that the composite yX !X ˛

�! Y can be factored as a cofibration �˛ followed by a simplicial
homotopy equivalence yX �˛

�! Cyl.˛/ '�! Y , and we obtain weak equivalences of evaluated cotensors
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F Y ! F Cyl.˛/ and GY ! GCyl.˛/. Then, by Proposition 2.2, the outer square in (8.7) is a homotopy
pullback square if and only if

.8.8/

F Cyl.˛/ F
yX

GCyl.˛/ G
yX

is a homotopy pullback square.

Since F !G is a projective fibration by assumption, by Corollary 2.16 we know that F yX !G
yX is a

fibration, so (8.8) is a homotopy pullback if and only if

.8.9/ F Cyl.˛/
! F

yX
�
G yX

GCyl.˛/

is a weak equivalence. Note that (8.9) is a fibration by Lemma 2.15. So we can show that it is a weak
equivalence by showing that a lift exists in every commutative diagram of the form

.8.10/

C F Cyl.˛/

D F
yX �

G yX
GCyl.˛/

where C !D is in the set ID of generating cofibrations for D. By the first adjunction of Proposition 2.13,
a lift exists in (8.10) if and only if a lift exists in

D˝ yX
`
C˝ yX

C ˝Cyl.˛/ F

D˝Cyl.˛/ G

Hence, the left-hand vertical maps can be taken as the set JQ. That is,

JQ D fi � �˛ W C ˝Cyl.˛/q
C˝ yX

D˝ yX !D˝Cyl.˛/ j .i W C !D/ 2 ID; ˛ 2 T g:

The preceding argument shows that the maps in JQ have the left lifting property with respect to all
Q-fibrations, so that they are indeed acyclic cofibrations in the model structure induced byQ. To complete
the proof, it remains to show that this set of maps permits the small object argument. We need to show
that, given a transfinite composition colimn Fn of pushouts along acyclic cofibrations, any map

hf; giW C ˝Cyl.˛/q
C˝ yX

D˝ yX ! colimn Fn

factors through some Fk . By the universal property of pushouts, the data of such a map is equivalent to a
commutative square

C ˝ yX D˝ yX

C ˝Cyl.˛/ colimn Fn

i˝1

1˝�˛

f

g
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and a factorization of such a map through a functor Fk is equivalent to a commutative diagram

C ˝ yX D˝ yX

C ˝Cyl.˛/ colimn Fn

Fk

i˝1

1˝�˛

f

gfk

gk

Using the first adjunction of Proposition 2.13, this commutative diagram is in turn equivalent to

C .colimn Fn/Cyl.˛/

D .colimn Fn/
yX

F
Cyl.˛/
k

F
yX
k

yf

i

yg

1�˛

ygk

yfk

The fact that both C and D permit the small object argument, by Convention 6.2, guarantees the existence
of maps yfk and ygk such that the diagram above commutes.

As a first example of this localized cofibrant generation, the next theorem follows immediately from
Theorem 8.3 and Example 8.2; an alternate proof is given in [10, 4.14].

Theorem 8.11 Assuming Convention 6.2, the model category Fun.C;D/hf of Theorem 5.16 has the
structure of a cofibrantly generated model category.

When Fun.C;D/ has the projective model structure, Theorem 8.3 implies that for any Bousfield endo-
functor Q that has a collection of test morphisms, the model structure Fun.C;D/Q of Theorem 4.2 is
cofibrantly generated. Moreover, since the fibrations of Fun.C;D/Q must also be projective fibrations
by Proposition 4.6, we can use Theorem 8.3 to conclude that the localization of Fun.C;D/ obtained by
applying a sequence of Bousfield endofunctors satisfying the appropriate test morphism conditions is
cofibrantly generated. We provide an example of this in the next section by building an n-excisive model
structure on Fun.C;D/ from the hf-model structure. To do so, we make use of the next result.

Proposition 8.12 Consider the category Fun.C;D/ with the projective model structure , as well as a
localized model structure Fun.C;D/P induced by a Bousfield endofunctor P of Fun.C;D/. Suppose that
Q is an endofunctor of Fun.C;D/P that preserves P -fibrations. Then for any P -fibration F !G,

.8.13/

F QF

G QG

is a homotopy pullback square in the P -model structure if and only if it is a levelwise homotopy pullback.
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Proof By assumption, QF !QG is a P -fibration, and hence, a projective fibration. So the pullback of
G!QG QF is a homotopy pullback in both the projective and P -model structures.

If (8.13) is a levelwise homotopy pullback square, then the map F !QF �QG G is a levelwise weak
equivalence. Since P satisfies axiom (A1) of Theorem 4.2, this map is also a P -equivalence, and (8.13)
is a homotopy pullback square in Fun.C;D/P .

Conversely, suppose that the diagram (8.13) is a homotopy pullback square in the P -model structure, so
that the map PF ! P.QF �QG G/ is a levelwise weak equivalence. Since P satisfies axiom (A30) of
Corollary 4.4, the map P.QF �QG G/! PQF �hPQG PG is a levelwise weak equivalence, and the
right-hand square in the diagram

.8.14/

F PF PQF

G PG PQG

is a homotopy pullback square in Fun.C;D/. By Proposition 4.6, the left-hand square is a levelwise
homotopy pullback as well, from which we can conclude by Proposition 2.2 that the outer square is also
a levelwise homotopy pullback square.

However, this outer square can be obtained similarly as a composite diagram with middle vertical map the
P -fibrationQF !QG, so that the left-hand square is the square (8.13). We can conclude that this square
is a levelwise homotopy pullback square via another application of Propositions 4.6 and 2.2, completing
the proof.

9 Cofibrant generation and the n-excisive model structure

In this section, we apply Theorem 8.3 and Proposition 8.12 to show that the n-excisive model structure of
Theorem 6.8 is cofibrantly generated. As in Section 6, we assume Convention 6.2.

We first define a candidate set of test morphisms for the n-excisive model structure.

Definition 9.1 For an object A in C, let �A be the morphism

�A W hocolimU�P0.nC1/R
A�U
!RA

in Fun.C;S/ induced by the inclusions ¿ ,! U , where � denotes the fiberwise join as in Definition 3.2.
We denote by T . yPn/ the collection f�Ag of these morphisms as A ranges over all objects of C.

Proposition 9.2 For the hf-model structure Fun.C;D/hf, the collection T . yPn/ is a collection of test
morphisms for the natural transformation � W id) Pn.
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Proof Let F ! G be an hf-fibration. By Proposition 6.7, we know that yPn preserves hf-fibrations.
Hence, by Proposition 8.12, it suffices to show that

.9.3/

F yPnF

G yPnG

is a levelwise homotopy pullback square if and only if

.9.4/

FR
A

F hocolimU2P0.nC1/R
A�U

GR
A

GhocolimU2P0.nC1/R
A�U

is a homotopy pullback square in D for all objects A in C. Combining the isomorphism of Proposition 2.18,
Lemma 2.14, and the definition of Tn (Definition 3.2), we see that (9.4) is a homotopy pullback square
for all objects A in C if and only if

.9.5/

F TnF

G TnG

is a levelwise homotopy pullback square. So it suffices to show that (9.3) is a levelwise homotopy pullback
if and only if (9.5) is.

Suppose (9.3) is a levelwise homotopy pullback and consider the commutative cube

.9.6/
TnF Tn yPnF

TnG Tn yPnG

F yPnF

G yPnG

The front and back faces are homotopy pullbacks by assumption and the fact that Tn preserves homotopy
pullbacks, respectively. If we consider its back and right faces, we see that the right face is a homotopy
pullback because yPnF is n-excisive, and hence the composite of the back and right faces is a homotopy
pullback by Proposition 2.2. As a result, we can conclude that the composite of the left and front faces is
a homotopy pullback. Since the front face is a homotopy pullback, we can apply Proposition 2.2 again to
see that the left face, which is precisely (9.5), is as well.
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Conversely, suppose that (9.5) is a homotopy pullback square. Consider the commutative diagram that
defines yPn and the natural transformations in (9.3):

.9.7/

F F hf TnF
hf : : : colimk T kn F

hf D yPnF

G Ghf TnG
hf : : : colimk T kn G

hf D yPnG

It suffices to show that for each k � 0, the square

.9.8/

F T kn F
hf

G T kn G
hf

whose horizontal maps are given by composites of horizontal maps in (9.7) is a homotopy pullback square.
In the case that k D 0, this follows from Proposition 4.6.

Assuming (9.8) is a homotopy pullback for some k � 0, we see that the right-hand square of the
commutative diagram

.9.9/

F TnF T kC1n F hf

G TnG T kC1n Ghf

is a homotopy pullback since it is obtained by applying the functor Tn, which preserves homotopy
pullbacks, to (9.8). The outer square is then a homotopy pullback square by Proposition 2.2 since the
left-hand square is (9.5). The commutative cube

.9.10/
TnF T kC1n F hf

TnG T kC1n Ghf

F F hf

G Ghf

shows us that the outer square in (9.9) is the same square as (9.8) when k is replaced by kC1, completing
the proof by induction.

We can now conclude the main result of this section from Theorem 8.3.

Theorem 9.11 The n-excisive model structure on Fun.C;D/ from Theorem 6.8 is cofibrantly generated.
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Remark 9.12 Theorem 9.11 is also proved as part of [10, 5.8]. Our proof is essentially a reorganiza-
tion and generalization of theirs via Theorem 8.3, but our approaches differ in the stage at which the
representable functors of Definition 9.1 are introduced. In [10], the authors incorporate them into their
definition of Pn by replacing TnF with an evaluated cotensor

T Rn F.A/ WD F
An ;

where
An hocolimU2P0.nC1/R

A�U'

is a cofibrant replacement for the homotopy colimit of the representable functors RA�U . We proved
in [2, 7.4] that Tn and T Rn agree up to weak equivalence. We have chosen to define yPn without using
an evaluated cotensor to highlight the fact that this approach is not needed to establish the existence
of the n-excisive model structure. It does play a significant role in establishing cofibrant generation,
since, in the proof of Theorem 8.3, being able to replace (8.4) with the evaluated cotensor square (8.5)
provides the means by which we can identify a set of generating acyclic cofibrations, but now the specific
evaluated cotensor approach to yPn only appears concretely in our verification of our set of test morphisms
in Proposition 9.2.

10 Cofibrant generation and discrete functor calculus

We now revisit the degree n model structure of Section 7 and use Theorem 8.3 to show that it is cofibrantly
generated when D is. As in Section 7 we assume Convention 7.1.

Recall from Definition 3.12 and Section 7 that the functor �nF is defined in terms of a comonad ?nC1
that acts on the category Fun.C;D/. More explicitly, it is the homotopy cofiber given by

�nF WD hocofiber
�
j?
�C1
nC1 F.F /j ! F.F /

�
;

where j?�C1nC1 F j is the fat realization of the standard simplicial object associated to the comonad ?nC1
acting on F and F.F / is a functorial fibrant replacement of F .

Theorem 10.1 The degree n model structure on Fun.C;D/ from Theorem 7.2 is cofibrantly generated.

We want to prove this theorem by an application of Theorem 8.3, for which we need to define a collection
of test morphisms for �n. Recall from (3.7) that for an object A in C, subset U of nC 1, and element
i 2 nC 1, we defined

Ai .U / WD

�
A if i … U;
�C if i 2 U:

Using this definition, we define
t.A; U / WD

a
i2nC1

Ai .U /;
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and note that for U � V there is a natural map

�U;V W t.A; U /!t.A; V /

induced by the unique morphism A!�C on the components indexed by i 2 V nU .

Definition 10.2 For an object A in C, let �A be the morphism

�A W hocolimU�P0.nC1/R
t.A;U /

!Rt.A;¿/

in Fun.C;S/ induced by the morphisms �¿;U . We denote by T .�n/ the collection f�Ag of these morphisms
as A ranges over all objects of C.

Lemma 10.3 For the projective model structure on Fun.C;D/, the collection T .�n/ of Definition 10.2 is
a collection of test morphisms for the natural transformation 
 W id) �n.

To prove this lemma, we use the next two results.

Lemma 10.4 Let C be a subcategory of a model category that is closed under finite limits. If X is an
n-cube in C, then

ifiber.X /' hofiber.X .¿/! holimP0.n/ X .U //:

This lemma was proved in the context of spaces in [36, 3.4.3] for 2-cubes and [36, 5.5.4] for general
n-cubes; the same line of argument holds in this more general setting.

The proof of the following lemma is a straightforward exercise, using Proposition 2.2 and its dual.

Lemma 10.5 For a commutative square

.10.6/

A B

C D

˛




in a pointed right proper model category D, the induced map of homotopy fibers

hofiber.˛/! hofiber.
/

is a weak equivalence if the square (10.6) is a homotopy pullback square. If D is stable and proper , the
converse is true as well.

Proof of Lemma 10.3 Let F !G be a fibration in Fun.C;D/. By an argument similar to the one used
to start the proof of Proposition 9.2, it suffices to show that

.10.7/

F �nF

G �nG


F


G
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is a homotopy pullback if and only if the diagram

.10.8/

F.t.A;¿// holimU�P0.nC1/ F.t.A; U //

F.t.A;¿// holimU�P0.nC1/G.t.A; U //

is a homotopy pullback for all objects A in C.

We can write (10.7) as the composite

F F.F / �nF

G F.G/ �nG

'

'

by definition of the natural transformation 
 W idFun.C;D/! �n. Using the dual of Proposition 2.2 and the
fact that D is stable, we see that the right-hand square is a homotopy pullback if and only if the outer
square is a homotopy pullback. Similarly, (10.8) is a homotopy pullback if and only if the corresponding
square with fibrant replacements of F and G on the left is a homotopy pullback square. Hence, we can
restrict to the case where we use fibrant replacements of F and G and for simplicity, we suppress the
fibrant replacement notation F for the remainder of the proof.

By Lemma 10.4, the homotopy fibers of the top and bottom horizontal arrows in (10.8) are ?nC1 F.A/
and ?nC1 G.A/, respectively. Then by Lemma 10.5, the diagram (10.8) is a homotopy pullback if and
only if the induced map of homotopy fibers ?nC1 F.A/!?nC1 G.A/ is a weak equivalence.

If (10.8) is a homotopy pullback for all objects A in C, it follows that j?�C1nC1 F j ! j?
�C1
nC1 Gj is a weak

equivalence in Fun.C;D/. Consider the diagram

j?
�C1
nC1 F j F �nF

j?
�C1
nC1 Gj G �nG

where the top and bottom rows are the homotopy cofiber sequences defining �nF and �nG. respectively.
Since D is stable, the rows are also homotopy fiber sequences, and the right-hand square, which is
exactly (10.7), is a homotopy pullback by Lemma 10.5.

Conversely, if (10.7) is a homotopy pullback, then the square

?nC1 F ?nC1 �nF

?nC1 G ?nC1 �nG
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is also a homotopy pullback as?nC1 preserves homotopy pullbacks. As noted in the proof of Theorem 7.2,
?nC1 �nF ' � '?nC1 �nG, so ?nC1 F !?nC1 G is a weak equivalence by Proposition 2.3, and
(10.8) is a homotopy pullback for all objects A in C.

Proof of Theorem 10.1 The proof of Theorem 7.2 establishes that �n is a Bousfield endofunctor
on Fun.C;D/ with the projective model structure. Proposition 4.6 guarantees that the fibrations in
Fun.C;D/�n are also projective fibrations. Hence, we can apply Theorem 8.3, using the collection of test
morphisms for �n that we established in Lemma 10.3.
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Endomorphisms of Artin groups of type D

FABRICE CASTEL

LUIS PARIS

We determine a classification of the endomorphisms of the Artin group AŒDn� of type Dn for n� 6. In
particular we determine its automorphism group and its outer automorphism group. We also determine
a classification of the homomorphisms from AŒDn� to the Artin group AŒAn�1� of type An�1 and a
classification of the homomorphisms from AŒAn�1� to AŒDn� for n� 6. We show that any endomorphism
of the quotient AŒDn�=Z.AŒDn�/ lifts to an endomorphism of AŒDn� for n� 4. We deduce a classification
of the endomorphisms of AŒDn�=Z.AŒDn�/, we determine the automorphism and outer automorphism
groups of AŒDn�=Z.AŒDn�/, and we show that AŒDn�=Z.AŒDn�/ is co-Hopfian for n � 6. The results
are algebraic in nature but the proofs are based on topological arguments (curves on surfaces and mapping
class groups).

20F36; 57K20

1 Introduction

Let S be a finite set. A Coxeter matrix over S is a square matrixM D .ms;t /s;t2S indexed by the elements
of S , with coefficients in N [f1g, such that ms;s D 1 for all s 2 S and ms;t Dmt;s � 2 for all s; t 2 S
with s ¤ t . Such a matrix is usually represented by a labeled graph � , called a Coxeter graph, defined as
follows. The set of vertices of � is S . Two vertices s; t 2 S are connected by an edge if ms;t � 3, and
this edge is labeled with ms;t if ms;t � 4.

If a and b are two letters and m is an integer � 2, then we denote by ….a; b;m/ the word aba � � � of
length m. In other words ….a; b;m/ D .ab/m=2 if m is even and ….a; b;m/ D .ab/.m�1/=2a if m is
odd. Let � be a Coxeter graph and let M D .ms;t /s;t2S be its Coxeter matrix. With � we associate a
group AŒ��, called the Artin group of � , defined by the following presentation:

AŒ��D hS j….s; t;ms;t /D….t; s;ms;t / for s; t 2 S; s ¤ t; ms;t ¤1i:

The Coxeter group of � , denoted by W Œ��, is the quotient of AŒ�� by the relations s2 D 1 for s 2 S .

Despite the popularity of Artin groups, little is known on their automorphisms and even less on their
endomorphisms. The most emblematic cases are the braid groups and the right-angled Artin groups.
Recall that the braid group on nC 1 strands is the Artin group AŒAn� where An is the Coxeter graph
depicted in Figure 1, and an Artin group AŒ�� is called a right-angled Artin group if ms;t 2 f2;1g for all
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1 2 n-1 n

Figure 1: The Coxeter graph An.

s; t 2 S with s ¤ t . The automorphism group of AŒAn� was determined by Dyer and Grossman [26] and
the set of its endomorphisms by Castel [12] for n� 5, by Chen, Kordek and Margalit [17] for n� 3 and by
Orevkov [35] for n� 2 (see also Bell and Margalit [2] and Kordek and Margalit [31]). On the other hand
there are many articles studying automorphism groups of right-angled Artin groups (see Charney and
Vogtmann [15; 16], Day [23; 24], Laurence [33] and Bregman, Charney and Vogtmann [8] for example),
but almost nothing is known on endomorphisms of these groups.

Apart from these two families little is known on automorphisms of Artin groups. The automorphism
groups of two-generator Artin groups were determined by Gilbert, Howie, Metaftsis and Raptis [29],
the automorphism groups of the Artin groups of type Bn, zAn and zCn were determined by Charney
and Crisp [14], the automorphisms groups of some 2-dimensional Artin groups were determined by
Crisp [20] and by An and Cho [1], the automorphism groups of large-type free-of-infinity Artin groups
were determined by Vaskou [43], and the automorphism group of AŒD4� was determined by Soroko [41].
On the other hand, as far as we know the set of endomorphisms of an Artin group is not determined for
any Artin group except for those of type An.

Recall that an Artin group AŒ�� is of spherical type if W Œ�� is finite. The study of spherical-type Artin
groups began in the early 1970s with works by Brieskorn [9; 10], Brieskorn and Saito [11] and Deligne [25],
which marked in a way the beginning of the theory of Artin groups. This family, and that of right-angled
Artin groups, are the two most-studied and best-understood families of Artin groups and, obviously, any
question on Artin groups first arises for Artin groups of spherical type and for right-angled Artin groups.
Here we are interested in Artin groups of spherical type, and more particularly in those of type Dn.

An Artin groupAŒ�� is called irreducible if � is connected. If �1; : : : ; �l are the connected components of
� , thenAŒ��DAŒ�1��� � ��AŒ�l � andW Œ��DW Œ�1��� � ��W Œ�l �. In particularAŒ�� is of spherical type
if and only if AŒ�i � is of spherical type for all i 2 f1; : : : ; lg. So to classify Artin groups of spherical type
it suffices to classify those which are irreducible. Finite irreducible Coxeter groups, and hence irreducible
Artin groups of spherical type, were classified by Coxeter [18; 19]. There are four infinite families,
An (n� 1), Bn (n� 2), Dn (n� 4) and I2.m/ (m� 5), and six “sporadic” groups, E6, E7, E8, F4, H3
and H4. As mentioned above, the automorphism group of AŒ�� for � of type An (n � 1), Bn (n � 2)
and I2.m/ (m� 5) is known. The next step is therefore to understand the automorphism group of AŒDn�
for n� 5 (the case � DD4 is known by Soroko [41]). The Coxeter graph Dn is illustrated in Figure 2.

1 2 n-2

n-1

n

Figure 2: The Coxeter graph Dn.
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Here we determine a complete and precise classification of the endomorphisms of AŒDn� for n� 6 (see
Theorem 2.3). In particular we determine the automorphism group and the outer automorphism group
of AŒDn� for n� 6 (see Corollary 2.6). We also determine a complete and precise classification of the
homomorphisms from AŒDn� to AŒAn�1� (see Theorem 2.1) and a complete and precise classification
of the homomorphisms from AŒAn�1� to AŒDn� (see Theorem 2.2). Note that all these results were
announced but not proved in Castel [13]; actually the proofs turn out to be much more difficult than the
first author thought when he announced them. Note also that our techniques cannot be used to treat the
cases nD 4 and nD 5. In particular we do not know how to determine Aut.AŒD5�/.

From our main result we deduce a classification of the endomorphisms of the group AŒDn�=Z.AŒDn�/
for n � 6, where Z.AŒDn�/ denotes the center of AŒDn� (see Theorem 2.8). Then we determine the
automorphism group and the outer automorphism group ofAŒDn�=Z.AŒDn�/ (see Corollary 2.10), and we
show that AŒDn�=Z.AŒDn�/ is co-Hopfian (see Corollary 2.11). These results follow from Theorem 2.3
and Proposition 2.7, which states that any endomorphism of AŒDn�=Z.AŒDn�/ lifts to an endomorphism
of AŒDn�. Such results were previously known for braid groups, that is, Artin groups of type An (see
Bell and Margalit [2]). Note that the application of our main result to the study of AŒDn�=Z.AŒDn�/ was
not present in an earlier version of the paper. It was suggested to us by the referee, for which we extend
our warm thanks.

A geometric representation of an Artin group is a homomorphism from the group to a mapping class
group (see Section 3 for more details). In order to achieve our goals we make a study of a particular
geometric representation of AŒDn� previously introduced by Perron and Vannier [40] with one boundary
component replaced by a puncture. This geometric representation will be the key tool for many of our
proofs. Overall, although the results of the paper are algebraic in nature, the proofs are mostly based on
topological arguments (on curves on surfaces and mapping class groups).

The paper is organized as follows. In Section 2 we give the main definitions and precise statements of
the main results. Section 3 is dedicated to the study of some geometric representations of Artin groups
of type An and type Dn. In Section 4 we determine the homomorphisms from AŒDn� to AŒAn�1�, in
Section 5 we determine the homomorphisms from AŒAn�1� to AŒDn�, and in Section 6 we determine the
endomorphisms of AŒDn�. In Section 7 we determine the endomorphisms of AŒDn�=Z.AŒDn�/.

Acknowledgments The authors would like to thank Bruno Cisneros de la Cruz and Juan González-
Meneses for helpful comments and conversations. They also want to thank the referee for many helpful
remarks. Paris is partially supported by the French project “AlMaRe” (ANR-19-CE40-0001-01) of
the ANR.

2 Definitions and statements

For n� 4 we denote by s1; : : : ; sn�1 the standard generators of AŒAn�1� numbered as in Figure 1 and by
t1; : : : ; tn the standard generators of AŒDn� numbered as in Figure 2.
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Let � be a Coxeter graph. For X � S we denote by AX D AX Œ�� the subgroup of AD AŒ�� generated
by X , by WX DWX Œ�� the subgroup of W DW Œ�� generated by X , and by �X the full subgraph of �
spanned by X . We know from van der Lek [34] that AX is the Artin group of �X and from Bourbaki [7]
that WX is the Coxeter group of �X . A subgroup of the form AX is called a standard parabolic subgroup
of A and a subgroup of the form WX is called a standard parabolic subgroup of W .

For w 2 W we denote by lg.w/ the word length of w with respect to S . A reduced expression for w
is an expression w D s1s2 � � � sl of minimal length, that is, such that l D lg.w/. Let ! W A! W be
the natural epimorphism which sends s to s for all s 2 S . This epimorphism has a natural set-section
� WW ! A defined as follows. Let w 2W and let w D s1s2 � � � sl be a reduced expression for w. Then
�.w/D s1s2 � � � sl 2A. We know from Tits [42] that the definition of �.w/ does not depend on the choice
of its reduced expression.

Assume � is of spherical type. Then W has a unique element of maximal length, denoted by wS , which
satisfies w2S D 1 and wSSwS D S . The Garside element of A is defined to be �D�Œ��D �.wS /. We
know that �S��1 D S and, if � is connected, then the center Z.A/ of A is an infinite cyclic group
generated by either � or �2 (see Brieskorn and Saito [11]). For X � S we denote by wX the element of
maximal length in WX and by �X D�X Œ��D �.wX / the Garside element of AX .

If � D An�1, then
�D .sn�1 � � � s1/.sn�1 � � � s2/ � � � .sn�1sn�2/sn�1;

�si�
�1 D sn�i for all 1� i � n� 1 and Z.A/ is generated by �2. If � DDn, then

�D .t1 � � � tn�2tn�1tntn�2 � � � t1/.t2 � � � tn�2tn�1tntn�2 � � � t2/ � � � .tn�2tn�1tntn�2/.tn�1tn/:

If n is even, then�ti��1D ti for all 1� i � n and Z.A/ is generated by�. If n is odd, then�ti��1D ti
for all 1� i � n� 2, �tn�1��1 D tn, �tn��1 D tn�1 and Z.A/ is generated by �2.

If G is a group and g 2G, then we denote by adg WG!G, h 7! ghg�1, the conjugation map by g. We
say that two homomorphisms '1; '2 WG!H are conjugate if there exists h 2H such that '2D adh ı'1.

A homomorphism ' WG!H is called abelian if its image is an abelian subgroup ofH . A homomorphism
' WG!H is called cyclic if its image is a cyclic subgroup ofH . If GDAŒAn�1�, then ' WAŒAn�1�!H

is abelian if and only if it is cyclic, if and only if there exists h2H such that '.si /Dh for all 1� i �n�1.
Similarly, if G D AŒDn�, then ' W AŒDn�!H is abelian if and only if it is cyclic, if and only if there
exists h 2H such that '.ti /D h for all 1� i � n.

Two automorphisms �; � 2 Aut.AŒDn�/ play a central role in our study. These are defined by

�.ti /D ti for 1� i � n� 2; �.tn�1/D tn; �.tn/D tn�1; �.ti /D t
�1
i for 1� i � n:

Both are of order 2 and commute, and hence they generate a subgroup of Aut.AŒDn�/ isomorphic to
Z=2Z�Z=2Z. If n is odd, then � is the conjugation map by �D�ŒDn�. On the other hand, if n is even,
then � is not an inner automorphism (see Paris [36]). The automorphism � is never inner.
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Two other homomorphisms play an important role in our study. The first, � W AŒDn�! AŒAn�1�, is
defined by

�.ti /D si for 1� i � n� 2; �.tn�1/D �.tn/D sn�1:

The second, � W AŒAn�1�! AŒDn�, is defined by

�.si /D ti for 1� i � n� 1:

Observe that � ı �D idAŒAn�1�, and hence � is surjective, � is injective and AŒDn�' Ker.�/ÌAŒAn�1�.
We refer to Crisp and Paris [21] for a detailed study on this decomposition of AŒDn� as a semidirect
product.

Let n� 4. For p 2 Z we define a homomorphism p̨ W AŒDn�! AŒAn�1� by

p̨.ti /D si�
2p for 1� i � n� 2; p̨.tn�1/D p̨.tn/D sn�1�

2p;

where �D�ŒAn�1� is the Garside element of AŒAn�1�. Note that ˛0 D � .

Set Y D ft1; : : : ; tn�1g. For p; q 2 Z we define a homomorphism p̌;q W AŒAn�1�! AŒDn� by

p̌;q.si /D ti�
2p
Y �

�q for 1� i � n� 1;

where �D�ŒDn� is the Garside element of AŒDn�, �Y D�Y ŒDn�, � D 2 if n is odd, and � D 1 if n is
even. Note that ˇ0;0 D �. Note also that, by Paris [36, Theorem 1.1], the centralizer of Y in AŒDn� is the
free abelian group of rank 2 generated by �2Y and �� .

For p 2 Z we define the homomorphism 
p W AŒDn�! AŒDn� by


p.ti /D ti�
�p for 1� i � n;

where �D�ŒDn� is the Garside element of AŒDn�, � D 2 if n is odd, and � D 1 if n is even. Note that

0 D id.

Concerning AŒAn�1�, we define an automorphism N� W AŒAn�1�! AŒAn�1� by

N�.si /D s
�1
i for 1� i � n� 1;

and for p 2 Z we define an endomorphism N
p W AŒAn�1�! AŒAn�1� by

N
p.si /D si�
2p for 1� i � n� 1;

where � is the Garside element of AŒAn�1�.

The main results of this paper are the following.

Theorem 2.1 Let n � 5. Let ' W AŒDn�! AŒAn�1� be a homomorphism. Then up to conjugation we
have one of the following two possibilities:

(1) ' is cyclic.

(2) There exist  2 h�i and p 2 Z such that ' D p̨ ı .
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Theorem 2.2 Let n � 6. Let ' W AŒAn�1�! AŒDn� be a homomorphism. Then up to conjugation we
have one of the following two possibilities:

(1) ' is cyclic.

(2) There exist  2 h�; �i and p; q 2 Z such that ' D  ı p̌;q .

Theorem 2.3 Let n� 6. Let ' W AŒDn�! AŒDn� be a homomorphism. Then up to conjugation we have
one of the following three possibilities:

(1) ' is cyclic.

(2) There exist  2 h�; �i and p; q 2 Z such that ' D  ı p̌;q ı� .

(3) There exist  2 h�; �i and p 2 Z such that ' D  ı 
p.

From Theorem 2.3 we deduce a classification of the injective endomorphisms and of the automorphisms
of AŒDn� as follows.

Corollary 2.4 Let n� 6. Let ' W AŒDn�! AŒDn� be an endomorphism. Then ' is injective if and only
if there exist  2 h�; �i and p 2 Z such that ' is conjugate to  ı 
p.

Proof Let ' W AŒDn�! AŒDn� be an endomorphism. By Theorem 2.3 we have one of the following
three possibilities, up to conjugation:

(1) ' is cyclic.

(2) There exist  2 h�; �i and p; q 2 Z such that ' D  ı p̌;q ı� .

(3) There exist  2 h�; �i and p 2 Z such that ' D  ı 
p.

If ' is cyclic, then '.tn�1/D '.tn/, and hence ' is not injective. If there exist  2 h�; �i and p; q 2 Z

such that 'D ı p̌;q ı� , then, again, '.tn�1/D '.tn/, and hence ' is not injective. So, if ' is injective,
then there exist  2 h�; �i and p 2 Z such that ' is conjugate to  ı 
p.

It remains to show that, if  2 h�; �i and p 2 Z, then  ı 
p is injective. Since the elements of
h�; �i are automorphisms, it suffices to show that 
p is injective. We denote by z W AŒDn� ! Z the
homomorphism which sends ti to 1 for all 1 � i � n. It is easily seen that 
p.u/ D u��pz.u/ for all
u 2 AŒDn�. Let u 2 Ker.
p/. Then 1D 
p.u/D u��pz.u/, and hence uD�q where q D��pz.u/. We
have z.�/D n.n� 1/, and hence z.u/D qn.n� 1/, thus

1D 
p.u/D�
q��pqn.n�1/ D�q.1C�pn.n�1//:

Since 1C �pn.n� 1/¤ 0, this equality implies that q D 0, and hence uD 1. So 
p is injective.

Corollary 2.5 Let n� 6. Let ' W AŒDn�! AŒDn� be an endomorphism. Then ' is an automorphism if
and only if it is conjugate to an element of h�; �i.
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Proof Clearly, if ' is conjugate to an element of h�; �i, then ' is an automorphism. Conversely, suppose
that ' is an automorphism. We know from Corollary 2.4 that there exist  2 h�; �i and p 2Z such that '
is conjugate to  ı 
p . Thus, up to conjugation and up to composing on the left by  �1, we can assume
that ' D 
p. It remains to show that p D 0.

Again let z W AŒDn� ! Z be the homomorphism which sends ti to 1 for all 1 � i � n. Recall that

p.u/D u�

�pz.u/ for all u 2 AŒDn�. For u 2 AŒDn�, we have

.z ı 
p/.u/D .1Cn.n� 1/�p/z.u/ 2 .1Cn.n� 1/�p/Z:

Since 
p is an automorphism, z ı 
p is surjective, and hence ZD Im.z ı 
p/ � .1C n.n� 1/�p/Z. It
follows that .1Cn.n� 1/�p/ 2 f˙1g, and hence p D 0.

By combining Corollary 2.5 with Crisp and Paris [21, Theorem 4.9] we immediately obtain the following.

Corollary 2.6 Let n� 6.

(1) If n is even , then

Aut.AŒDn�/D Inn.AŒDn�/Ì h�; �i ' .AŒDn�=Z.AŒDn�//Ì .Z=2Z�Z=2Z/;

and Out.AŒDn�/' Z=2Z�Z=2Z, where Z.AŒDn�/ denotes the center of AŒDn�.

(2) If n is odd , then

Aut.AŒDn�/D Inn.AŒDn�/Ì h�i ' .AŒDn�=Z.AŒDn�//Ì .Z=2Z/;

and Out.AŒDn�/' Z=2Z.

We denote by Z.AŒDn�/ the center of AŒDn�, we set AZ ŒDn� D AŒDn�=Z.AŒDn�/ and we denote by
� W AŒDn�! AZ ŒDn� the canonical projection. For each 1 � i � n, we set tZ;i D �.ti /. Note that an
endomorphism ' W AŒDn�! AŒDn� induces an endomorphism 'Z W AZ ŒDn�! AZ ŒDn� if and only if
'.Z.AŒDn�//�Z.AŒDn�/. We say that an endomorphism  WAZ ŒDn�!AZ ŒDn� lifts if there exists an
endomorphism ' W AŒDn�! AŒDn� such that 'Z D  . Then we call ' a lift of  . In Section 7 we prove
the following.

Proposition 2.7 Let n� 4. Then every endomorphism of AZ ŒDn� lifts.

From this proposition combined with Theorem 2.3 we will deduce the following.

Theorem 2.8 Let n� 6. Let 'Z W AZ ŒDn�! AZ ŒDn� be an endomorphism. Then we have one of the
following two possibilities , up to conjugation:

(1) 'Z is cyclic.

(2) 'Z 2 h�Z ; �Zi.
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In addition to Theorem 2.8 we have the following.

Proposition 2.9 Let n � 4. There are only finitely many conjugacy classes of cyclic endomorphisms
of AZ ŒDn�.

Proof Let 'Z W AZ ŒDn�! AZ ŒDn� be a cyclic endomorphism. There exists gZ 2 AZ ŒDn� such that
'Z.tZ;i /D gZ for all 1� i � n. We denote by � the Garside element of AŒDn�, and we set � D 2 if n
is odd and � D 1 if n is even. We have 1D .'Z ı �/.��/D g

�n.n�1/
Z , and hence gZ is of finite order.

By Bestvina [3, Theorem 4.5] there are finitely many conjugacy classes of finite subgroups in AZ ŒDn�.
Since hgZi is a finite subgroup of AZ ŒDn�, it follows that there are finitely many choices for gZ , up to
conjugation.

In Lemma 7.1 we will show that if n is even then h�Z ; �Zi \ Inn.AZ ŒDn�/D fidg, and if n is odd then
h�Zi \ Inn.AZ ŒDn�/D fidg. Furthermore, it is well known and can be easily proved (arguing as in the
proof of Cumplido and Paris [22, Proposition 3.1(4)], for example) that the center of AŒ��=Z.AŒ��/ is
trivial for any AŒ�� of spherical type. These two remarks combined with Theorem 2.8 imply the following.

Corollary 2.10 Let n� 6.

(1) If n is even , then

Aut.AZ ŒDn�/D Inn.AZ ŒDn�/Ì h�Z ; �Zi ' AZ ŒDn�Ì .Z=2Z�Z=2Z/' Aut.AŒDn�/;

and Out.AZ ŒDn�/' Z=2Z�Z=2Z' Out.AŒDn�/.

(2) If n is odd , then

Aut.AZ ŒDn�/D Inn.AZ ŒDn�/Ì h�Zi ' AZ ŒDn�Ì .Z=2Z/' Aut.AŒDn�/;

and Out.AZ ŒDn�/' Z=2Z' Out.AŒDn�/.

A group G is said to be co-Hopfian if every injective endomorphism of G is an isomorphism. Another
direct consequence of Theorem 2.8 is the following.

Corollary 2.11 Let n� 6. Then AZ ŒDn� is co-Hopfian.

In addition to the case Dn for n� 6 shown in Corollary 2.11, the Coxeter graphs � for which we know
that AŒ��=Z.AŒ��/ is co-Hopfian are the Coxeter graphs An, Bn, zAn and zCn for n � 2 (see Bell and
Margalit [2]). Note that, for zAn and zCn, the center Z.AŒ��/ is trivial, and hence the above remark means
that the Artin group itself is co-Hopfian.

3 Geometric representations

Let † be an oriented compact surface possibly with boundary, and let P be a finite set of punctures in
the interior of †. We denote by HomeoC.†;P/ the group of homeomorphisms of † that preserve the
orientation, that are the identity on a neighborhood of the boundary of† and that setwise leave invariant P .
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The mapping class group of the pair .†;P/, denoted by M.†;P/, is the group of isotopy classes of
elements of HomeoC.†;P/. If P D¿, then we write M.†;¿/DM.†/, and if P D fxg is a singleton,
then we write M.†;P/DM.†; x/. We only give definitions and results on mapping class groups that
we need for our proofs and we refer to Farb and Margalit [28] for a complete account on the subject.

Recall that a geometric representation of an Artin group A is a homomorphism from A to a mapping class
group. Their study is the main ingredient of our proofs. Important tools for constructing and understanding
them are Dehn twists and essential reduction systems. So, we start by recalling their definitions and their
main properties.

A circle of .†;P/ is the (nonoriented) image of an embedding a W S1 ,! † n .@† [ P/. It is called
generic if it does not bound any disk containing 0 or 1 puncture and if it is not parallel to any boundary
component. The isotopy class of a circle a is denoted by Œa�. We denote by C.†;P/ the set of isotopy
classes of generic circles of .†;P/. The intersection number of two classes Œa�; Œb� 2 C.†;P/ is
i.Œa�; Œb�/Dminfja0\ b0j j a0 2 Œa� and b0 2 Œb�g. The set C.†;P/ is endowed with a simplicial complex
structure, where a finite set A is a simplex if i.Œa�; Œb�/D 0 for all Œa�; Œb� 2A. This complex is called the
curve complex of .†;P/.

By a Dehn twist we mean a right Dehn twist and the (right) Dehn twist along a circle a of .†;P/ will
be denoted by Ta. The following is an important tool for constructing and understanding geometric
representations of Artin groups. Its proof can be found in Farb and Margalit [28, Section 3.5].

Proposition 3.1 Let † be a compact oriented surface and let P be a finite collection of punctures in the
interior of †. Let a and b be two generic circles of .†;P/.

(1) We have TaTb D TbTa if and only if i.Œa�; Œb�/D 0.

(2) We have TaTbTa D TbTaTb if and only if i.Œa�; Œb�/D 1.

Let f 2M.†;P/. A simplex A of C.†;P/ is called a reduction system for f if f .A/ D A. In that
case any element of A is called a reduction class for f . A reduction class Œa� is an essential reduction
class if, for all Œb� 2 C.†;P/ such that i.Œa�; Œb�/¤ 0 and for all m 2 Z n f0g, we have f m.Œb�/¤ Œb�.
In particular, if Œa� is an essential reduction class and Œb� is any reduction class, then i.Œa�; Œb�/D 0. We
denote by S.f / the set of essential reduction classes for f . The following gathers some key results on
S.f / that will be useful later.

Theorem 3.2 (Birman, Lubotzky and McCarthy [6]) Let † be a compact oriented surface and let P be
a finite set of punctures in the interior of †. Let f 2M.†;P/.

(1) If S.f /¤¿, then S.f / is a reduction system for f . In particular , if S.f /¤¿, then S.f / is a
simplex of C.†;P/.

(2) We have S.f n/D S.f / for all n 2 Z n f0g.

(3) We have S.gfg�1/D g.S.f // for all g 2M.†;P/.
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Figure 3: The geometric representation of AŒAn�1� for n even (left) and n odd (right).

The following is well known and is a direct consequence of Birman, Lubotzky and McCarthy [6] (see
also Castel [12, Corollaire 3.45]). It will be often used in our proofs.

Proposition 3.3 Let † be an oriented compact surface of genus � 2 and let P be a finite set of punctures
in the interior of †. Let f0 2 Z.M.†;P// be a central element of M.†;P/, let AD fŒa1�; : : : ; Œap�g
be a simplex of C.†;P/ and let k1; : : : ; kp be nonzero integers. Let g D T

k1
a1
T
k2
a2
� � �T

kp

ap
f0. Then

S.g/DA.

Let n� 4. If n is even, then †n denotes the surface of genus 1
2
.n� 2/ with two boundary components,

and if n is odd, then †n denotes the surface of genus 1
2
.n� 1/ with one boundary component. Consider

the circles a1; : : : ; an�1 drawn in Figure 3. Then by Proposition 3.1 we have a geometric representation
�A WAŒAn�1�!M.†n/ which sends si to Tai

for all 1� i � n� 1. The following is well known; it is a
direct consequence of Birman and Hilden [5], and its proof is explicitly given in Perron and Vannier [40].

Theorem 3.4 (Birman and Hilden [5]) Let n� 4. Then �A W AŒAn�1�!M.†n/ is injective.

The following is proved in Castel [12] for n� 6 using the geometric representation �A defined above. It
is proved in Chen, Kordek and Margalit [17] for n� 5 with a different method.

Theorem 3.5 (Castel [12], Chen, Kordek and Margalit [17] and Orevkov [35]) Let n � 5. Let
' W AŒAn�1�! AŒAn�1� be a homomorphism. Then up to conjugation we have one of the following two
possibilities:

(1) ' is cyclic.

(2) There exist  2 h N�i and p 2 Z such that ' D  ı N
p.

Let n� 6. Pick a puncture x in the interior of †n and consider the circles d1; : : : ; dn drawn in Figure 4.
Then by Proposition 3.1 we have a geometric representation �D W AŒDn�!M.†n; x/ which sends ti to
Tdi

for all 1� i � n. On the other hand, the embedding of HomeoC.†n; x/ into HomeoC.†n/ induces
a surjective homomorphism � WM.†n; x/!M.†n/ whose kernel is naturally isomorphic to �1.†n; x/
(see Birman [4]). It is easily seen that

�.Tdi
/D Tai

for 1� i � n� 2; �.Tdn�1
/D �.Tdn

/D Tan�1
;

Algebraic & Geometric Topology, Volume 25 (2025)



Endomorphisms of Artin groups of type D 3985

d2 dn-4 dn-3

dn-2

d1 x

dn

dn-1 d1 dn-4 dn-3

dn-2

dn-1
x

dn

Figure 4: The geometric representation of AŒDn� for n even (left) and n odd (right).

and hence we have the commutative diagram

(3-1)

1 // Ker.�/ //

N�

��

AŒDn�
�
//

�D

��

AŒAn�1� //

�A

��

1

1 // Ker.�/ //M.†n; x/
�
//M.†n/ // 1

where we denote by N� W Ker.�/! Ker.�/ the restriction of �D to Ker.�/.

The proof of the following can be found in Perron and Vannier [40, Theorem 1] with few modifications.
As this result is central in our paper, for the sake of completeness we give a proof. Note that our proof
is a little shorter than that of Perron and Vannier [40] because it uses results from Crisp and Paris [21]
which were not known and it does not need to deal with some Dehn twist along a boundary component,
but our arguments are essentially the same.

Theorem 3.6 (Perron and Vannier [40]) Let n� 4.

(1) The homomorphism N� W Ker.�/! Ker.�/ is an isomorphism.

(2) The geometric representation �D W AŒDn�!M.†n; x/ is injective.

Proof Part (2) is a consequence of (1) because of the following. Suppose N� is an isomorphism. Then,
since �A is injective, �D is injective by the five lemma applied to (3-1).

Now, we prove (1). We know from Crisp and Paris [21, Proposition 2.3] that Ker.�/ is a free group
of rank n� 1. We also know from Birman [4] that Ker.�/D �1.†n; x/, which is also a free group of
rank n�1. Recall that a group G is Hopfian if every surjective endomorphism G!G is an isomorphism.
It is well known that free groups of finite rank are Hopfian (see de la Harpe [30, Chapter III, Section 19]),
and hence in order to show that N� is an isomorphism it suffices to show that N� is surjective.

Set fn�1 D T �1dn�1
Tdn

. Note that t�1n�1tn 2 Ker.�/ and fn�1 D N�.t�1n�1tn/. In particular fn�1 2 Im. N�/�
Ker.�/D �1.†n; x/. This element, seen as an element of �1.†n; x/, is represented by the loop drawn
in Figure 5. For 2 � i � n� 1 we define fn�i 2 �1.†n; x/ �M.†n; x/ by induction on i by setting
fn�i DTdn�i

fn�iC1T
�1
dn�i

f �1n�iC1. The element fn�i , viewed as an element of �1.†n; x/, is represented
by the loop drawn in the left-hand side of Figure 6 if iD2j is even, and by the loop drawn in the right-hand
side of Figure 6 if iD2jC1 is odd, where we compose paths from right to left. Observe that f1; : : : ; fn�1
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dn-1

dn

x fn-1
fn-1

Figure 5: The loop fn�1 2 �1.†n; x/.

generate �1.†n; x/. So, in order to show that N� is surjective, it suffices to show that fn�i 2 Im. N�/ for
all i 2 f1; : : : ; n� 1g. We argue by induction on i . We already know that fn�1 D N�.t�1n�1tn/ 2 Im. N�/.
Suppose i � 2 and fn�iC1 2 Im. N�/. Let u 2Ker.�/ such that fn�iC1 D N�.u/. Since Ker.�/ is a normal
subgroup of AŒDn�, we have tn�iut�1n�i 2 Ker.�/; hence tn�iut�1n�iu

�1 2 Ker.�/, and therefore

fn�i D Tdn�i
fn�iC1T

�1
dn�i

f �1n�iC1 D N�.tn�iut
�1
n�iu

�1/ 2 Im. N�/:

Our last preliminary on geometric representations is a result implicitly proved in Castel [13, Section 3.2],
and it is in this theorem that we need the assumption n� 6.

Theorem 3.7 (Castel [13]) Let n� 6. Let ' W AŒAn�1�!M.†n; x/ be a noncyclic homomorphism.
Then there exist generic circles c1; : : : ; cn�1 in †n n fxg, " 2 f˙1g and g 2M.†n; x/ such that

(a) jci \ cj j D 1 if ji � j j D 1 and jci \ cj j D 0 if ji � j j � 2, for all 1� i; j � n� 1,

(b) g commutes with Tci
for all 1� i � n� 1,

(c) '.si /D T
"
ci
g for all 1� i � n� 1.

Proof Assume n is even. Let @1 and @2 be the two boundary components of †n. We denote by y†n the
closed surface obtained from †n by gluing a disk D1 along @1 and a disk D2 along @2. Moreover, we
choose a point Ox1 in the interior of D1 and a point Ox2 in the interior of D2, and we set yP D fx; Ox1; Ox2g.
Assume n is odd. Let @ be the boundary component of †n. We denote by y†n the closed surface obtained
from †n by gluing a disk D along @. Moreover, we choose a point Ox in the interior of D and we set
yP D fx; Oxg. For each n we denote by PM.y†n; yP/ the subgroup of M.y†n; yP/ formed by the isotopy
classes of elements in HomeoC.y†n; yP/ which pointwise fix yP . The embedding of †n into y†n induces a
surjective homomorphism $ WM.†n; x/! PM.y†n; yP/. If n is even, then the kernel of $ is the free
abelian group of rank 2 generated by T@1

and T@2
, and if n is odd, then the kernel of $ is the cyclic

group generated by T@. In both cases Ker.$/ is contained in the center of M.†n; x/.

fn-2j
1j 1j

fn-2j-1

Figure 6: The loop fn�i 2 �1.†n; x/.
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Let ' W AŒAn�1�!M.†n; x/ be a noncyclic homomorphism. Assume that $ ı' is cyclic. Then there
exists Og 2 PM.y†n; yP/ such that .$ ı'/.si /D Og for all 1� i � n� 1. Let g 2M.†n; x/ be such that
$.g/D Og. For each 1� i � n�1 there exists hi 2Ker.$/�Z.M.†n; x// such that '.si /D ghi . Let
1� i � n� 2. Then

g3h2i hiC1 D '.sisiC1si /D '.siC1sisiC1/D g
3hih

2
iC1:

Hence hi D hiC1. This shows that '.si /D gh1 for all 1� i � n�1, and hence that ' is cyclic, which is
a contradiction. So $ ı' is not cyclic.

To differentiate Dehn twists in M.†n; x/ from those in PM.y†n; yP/, for a circle c in y†n n yP we denote
by yTc the Dehn twist in PM.y†n; yP/ along c. By Castel [13, Theorem 1] there exist generic circles
c1; : : : ; cn�1 in y†n n yP , " 2 f˙1g and Og 2 PM.y†n; yP/ such that

(1) jci \ cj j D 1 if ji � j j D 1 and jci \ cj j D 0 if ji � j j � 2, for all 1� i; j � n� 1,

(2) Og commutes with yTci
for all 1� i � n� 1,

(3) .$ ı'/.si /D yT
"
ci
Og for all 1� i � n� 1.

Clearly, we can choose each ci siting in the interior of†n. Let g 2M.†n; x/ be such that$.g/D Og. It is
easily shown with Castel [13, Lemma 3.2.1] that g and Tci

commute for all 1� i �n�1. Furthermore, for
each 1� i � n�1, there exists hi 2Ker.$/�Z.M.†n; x// such that '.si /D T "ci

ghi . Let 1� i � n�2.
Then

T "ci
T "ciC1

T "ci
g3h2i hiC1 D '.sisiC1si /D '.siC1sisiC1/D T

"
ciC1

T "ci
T "ciC1

g3hih
2
iC1

D T "ci
T "ciC1

T "ci
g3hih

2
iC1;

and hence hiC1 D hi . So there exists h 2 Ker.$/ such that '.si /D T "ci
gh and gh commutes with Tci

for all 1� i � n� 1.

4 Homomorphisms from AŒDn� to AŒAn�1�

Proof of Theorem 2.1 Let n� 5. Let ' W AŒDn�! AŒAn�1� be a homomorphism. By precomposing '
with � WAŒAn�1�!AŒDn�, we obtain a homomorphism ' ı � WAŒAn�1�!AŒDn�!AŒAn�1�, and hence,
by Theorem 3.5, one of the following two possibilities holds:

� ' ı � is cyclic.

� There exist  2 h N�i and p 2 Z such that ' ı � is conjugate to  ı N
p.

Suppose 'ı� is cyclic. Then there exists u2AŒAn�1� such that .'ı�/.si /D'.ti /Du for all 1� i �n�1.
Moreover,

'.tn/D '.tn�2tn/'.tn�2/'.t
�1
n t�1n�2/D '.tn�2tn/'.t1/'.t

�1
n t�1n�2/D '.t1/D u;

and hence ' is cyclic.
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1 n-2 n-1 n

C2

C1

Figure 7: Circles in the punctured disk.

So, up to conjugating and replacing ' by ' ı� if necessary, we can assume that there exists p 2 Z such
that ' ı �D N
p . This means that '.ti /D .' ı �/.si /D si�2p for all 1� i � n�1, where � is the Garside
element of AŒAn�1�. Now we turn to showing that ' D p̨.

Set Y D fs1; : : : ; sn�3g. By Paris [37, Theorem 5.1] the centralizer of the group hs1; : : : ; sn�3; sn�1i
in AŒAn�1� is generated by �2, �2Y and sn�1, where �Y D�Y ŒAn�1�. These three elements pairwise
commute and generate a copy of Z3. Set u D '.tn/. Since u commutes with '.ti / D si�2p for all
i 2 f1; : : : ; n�3; n�1g and �2 is central in AŒAn�1�, u belongs to the centralizer of hs1; : : : ; sn�3; sn�1i,
and hence there exist k1; k2; k3 2 Z such that uD sk1

n�1�
2k2

Y �2k3 .

It is well known that AŒAn�1� is naturally isomorphic to the mapping class group M.D;P/, where D

denotes the disk and P D fx1; : : : ; xng is a set of n punctures in the interior of D. In this identification
s2n�1 corresponds to the Dehn twist along the circle c1 depicted in Figure 7, �2Y corresponds to the Dehn
twist along the circle c2 depicted in the same figure and �2 corresponds to the Dehn twist along a circle
parallel to @D. By Proposition 3.3 we have S.u2/� fc1; c2g, where c1 2 S.u2/ if and only if k1 ¤ 0 and
c2 2 S.u2/ if and only if k2¤ 0. We know that '.t21 /D s

2
1�

4p , and hence S.'.t21 // is formed by a single
circle containing two marked points in its interior. Since t21 and t2n are conjugate '.t21 / and '.t2n/D u

2

are conjugate, and hence, by Theorem 3.2, S.u2/ is also formed by a single circle containing two marked
points in its interior. It follows that S.u2/D fc1g, and hence k1 ¤ 0 and k2 D 0. It remains to show that
k1 D 1 and k3 D p.

From the equality tn�2tntn�2D tntn�2tn it follows that sn�2s
k1

n�1sn�2�
4pC2k3Ds

k1

n�1sn�2s
k1

n�1�
2pC4k3 ,

and hence
.sn�2s

k1

n�1sn�2/.s
k1

n�1sn�2s
k1

n�1/
�1
D�2k3�2p:

We know from Paris [38, Corollary 2.6] that Afsn�2;sn�1g
ŒAn�1�\ h�i D f1g, and hence

.sn�2s
k1

n�1sn�2/.s
k1

n�1sn�2s
k1

n�1/
�1
D�2k3�2p D 1:

Let z W AŒAn�1�! Z be the homomorphism which sends si to 1 for all 1� i � n� 1. We have

0D z.1/D z..sn�2s
k1

n�1sn�2/.s
k1

n�1sn�2s
k1

n�1/
�1/D 1� k1;

and hence k1 D 1. Moreover, �2k3�2p D 1 and � is of infinite order; thus k3 D p.
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5 Homomorphisms from AŒAn�1� to AŒDn�

The formula in the following lemma is a crucial point in various proofs, including those of Lemma 5.4
and Theorem 2.8.

Lemma 5.1 Let n� 1. Then

�ŒAn�
2
D .s1 � � � sn�1s

2
nsn�1 � � � s1/.s2 � � � sn�1s

2
nsn�1 � � � s2/ � � � .sn�1s

2
nsn�1/s

2
n:

Proof We argue by induction on n. The case nD 1 is trivial, and hence we can assume that n� 2 and
that the induction hypothesis holds. Recall that

�ŒAn�D .s1 � � � sn/�ŒAn�1�D�ŒAn�1�.sn � � � s1/:

Moreover, it is easily checked that si .sn � � � s1/D .sn � � � s1/siC1 for all 1� i � n� 1. By the induction
hypothesis,

�ŒAn�1�
2
D .s1 � � � sn�2s

2
n�1sn�2 � � � s1/ � � � .sn�2s

2
n�1sn�2/s

2
n�1:

Hence

�ŒAn�
2
D .s1 � � � sn/�ŒAn�1�

2.sn � � � s1/

D .s1 � � � sn/
�
.s1 � � � sn�2s

2
n�1sn�2 � � � s1/ � � � .sn�2s

2
n�1sn�2/s

2
n�1

�
.sn � � � s1/

D .s1 � � � sn/.sn � � � s1/
�
.s2 � � � sn�1s

2
nsn�1 � � � s2/ � � � .sn�1s

2
nsn�1/s

2
n

�
D .s1 � � � sn�1s

2
nsn�1 � � � s1/ � � � .sn�1s

2
nsn�1/s

2
n:

Now, Lemmas 5.2–5.8 are preliminaries to the proof of Theorem 2.2.

Lemma 5.2 Let n� 6. Let ' W AŒAn�1�! AŒDn� be a homomorphism. If � ı' W AŒAn�1�! AŒAn�1�

is cyclic , then ' is cyclic.

Proof Assume �ı' is cyclic. Then there exists u2AŒAn�1� such that .�ı'/.si /Du for all 1� i �n�1.
For 3� i � n� 1 we set vi D '.sis�11 /. We have �.vi /D uu�1 D 1, and hence vi 2 Ker.�/. We have

.s3s
�1
1 /.s4s

�1
1 /.s3s

�1
1 /D s3s4s3s

�3
1 D s4s3s4s

�3
1 D .s4s

�1
1 /.s3s

�1
1 /.s4s

�1
1 /;

and hence v3v4v3 D v4v3v4. Since Ker.�/ is a free group (see Crisp and Paris [21, Proposition 2.3])
and two elements in a free group either freely generate a free group or commute, the existence of such
equality implies that v3v4 D v4v3. It follows that v3v4v3 D v3v24 ; hence v3 D v4, and therefore

'.s3/'.s1/
�1
D v3 D v4 D '.s4/'.s1/

�1:

So '.s3/D '.s4/. We conclude by Castel [13, Lemma 3.1.1] that ' is cyclic.
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Let n� 6. If n is odd then †n has one boundary component, which we denote by @, and we denote by
T@ the Dehn twist along @. If n is even then †n has two boundary components, which we denote by @1
and @2, and we denote by T@1

and T@2
the Dehn twists along @1 and @2, respectively. It is known that the

center of M.†n/, denoted by Z.M.†n//, is the cyclic group generated by T@ if n is odd, and it is a free
abelian group of rank 2 generated by T@1

and T@2
if n is even (see Paris and Rolfsen [39, Theorem 5.6],

for example).

Lemma 5.3 Let n � 2. Let f 2 M.†n/ such that f T 2ai
D T 2ai

f for all 1 � i � n � 1. Then
f 2 2Z.M.†n//.

Proof Assume n is odd. The case where n is even can be proved in the same way. Let f 2M.†n/

such that f T 2ai
D T 2ai

f for all 1 � i � n� 1. Since f T 2ai
f �1 D T 2ai

we have f .Œai �/D Œai � (see Farb
and Margalit [28, Section 3.3]). The mapping class f may reverse the orientation of each ai up to
isotopy, but f 2 preserves the orientation of all ai up to isotopy, and hence f 2 can be represented by an
element of HomeoC.†n/ which is the identity on a (closed) regular neighborhood †0 of

Sn�1
iD1 ai . We

observe that †0 is a surface of genus 1
2
.n�1/ with one boundary component, @0, and that @[@0 bounds a

cylinder C . This implies that f 2 2M.C /�M.†n/. Since M.C /D hT@i DZ.M.†n//, we conclude
that f 2 2Z.M.†n//.

Lemma 5.4 Let n � 3. We set m D n� 1 if n is odd and m D n� 2 if n is even. Let 1 � k � m.
Let c be a generic circle of †n n fxg such that c \ di D ¿ for 1 � i � k � 2, jc \ dk�1j D 1 if k � 2,
c \ dk D¿ and c is isotopic to dk in †n. Then there exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all
1� i � k� 1 and g.Œc�/D Œdk�.

Proof We identify D3 with A3 in this proof to treat the cases k D 2 and k D 1. We first assume that k
is even. If c is isotopic in †n n fxg to dk , then it suffices to take g D id. So we can assume that c and
dk are not isotopic in †n n fxg. Since c and dk are isotopic in †n, by Epstein [27, Lemma 2.4] there
exists a cylinder C in †n whose boundary components are dk and c. Since c and dk are not isotopic in
†n n fxg, this cylinder must contain the puncture x.

Let †0 be a regular neighborhood of
�Sk�1

iD1 di
�
[ C . The surface †0 contains the cylinder C with

boundaries c and dk , having the puncture x in it, and dk�1 intersects c and dk once. Hence an arc of the
curve dk�1 connects a point on c with a point on dk within the cylinder C , and it may wind around the
cylinder in different ways (see Figure 8). However, by applying suitable Dehn twists about c and dk ,
one can unwind this arc to the simplest case, shown in Figure 9. Hence, up to homeomorphism of the
surface †n, we may assume that the circles d1; : : : ; dk; c are arranged as in Figure 9.

By Proposition 3.1 there are homomorphisms  1 W AŒDkC1�!M.†n; x/ and  2 W AŒAk�!M.†n; x/

defined by
 1.ti /D Tdi

for 1� i � k;  1.tkC1/D Tc ;

 2.si /D Tdi
for 1� i � k� 1;  2.sk/D Tc :
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x

dkc

dk-1

x

dkc

dk-1

x

dkc
dk-1

Figure 8: The intersection of C with dk�1.

We denote by �D;k the Garside element of AŒDkC1� and by �A;k the Garside element of AŒAk�, and
we set g D  1.�D;k/ 2.��2A;k/. We have �D;kti��1D;k D ti for all 1� i � k� 1, �D;ktkC1��1D;k D tk
and �2

A;k
si�
�2
A;k
D si for all 1 � i � k. Hence gTdi

g�1 D Tg.di / D Tdi
for all 1 � i � k � 1 and

gTcg
�1 D Tg.c/ D Tdk

. It follows that g.Œdi �/D Œdi � for all 1� i � k � 1 and g.Œc�/D Œdk� (see Farb
and Margalit [28, Fact 3.6]).

Since c and dk are isotopic in †n, the corresponding Dehn twists Tc and Tdk
are equal in M.†n/, and

hence for Tc and Tdk
, viewed on the surface †n n fxg, we have �.Tc/D �.Tdk

/. Moreover,

�D;k D .t1 � � � tk�1tktkC1tk�1 � � � t1/ � � � .tk�1tktkC1tk�1/.tktkC1/;

�2A;k D .s1 � � � sk�1s
2
ksk�1 � � � s1/ � � � .sk�1s

2
ksk�1/s

2
k;

(see Lemma 5.1 for the second equality); hence �. 1.�D;k//D �. 2.�2A;k//, and therefore �.g/D 1.
So g 2 Ker.�/.

Now assume k is odd. If c is isotopic in †n n fxg to dk , then we can take g D id. So we can assume that
c and dk are not isotopic in †n n fxg. Since c and dk are isotopic in †n, there exists a cylinder C in †n
whose boundary components are dk and c. Since c and dk are not isotopic in †n nfxg, this cylinder must
contain the puncture x. Let †0 be a closed regular neighborhood of

�Sk�1
iD1 di

�
[C . Then †0 is a surface

of genus 1
2
.k � 1/ with two boundary components and the circles d1; : : : ; dk�1; dk; c are arranged as

shown in Figure 10. Since k �m and k is odd, 1
2
.k� 1/ is strictly less than the genus of †n; hence we

can choose a subsurface †00 of †n of genus 1
2
.kC 1/, with one boundary component, and containing †0.

We can also choose a generic circle e in †00 n fxg such that je\d1j D 1, je\ cj D 1 if k D 1, e\di D¿
for all 2� i � k and e\ c D¿ if k � 2 (see Figure 10). By Proposition 3.1 there are homomorphisms

d1

dk-1

dk
x

c

Figure 9: The regular neighborhood of
�Sk�1

iD1 di
�
[C when k is even.
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d1

dk-1

dk
x

c

d2e

Figure 10: The regular neighborhood of
�Sk�1

iD1 di
�
[C when k is odd

 1 W AŒDkC2�!M.†n; x/ and  2 W AŒAkC1�!M.†n; x/ defined by

 1.t1/D Te;  1.ti /D Tdi�1
for 2� i � kC 1;  1.tkC2/D Tc ;

 2.s1/D Te;  2.si /D Tdi�1
for 2� i � k;  2.skC1/D Tc :

We denote by �D;kC1 the Garside element of AŒDkC2� and by �A;kC1 the Garside element of AŒAkC1�,
and we set g D  1.�D;kC1/ 2.��2A;kC1/. Then, as in the case where k is even, we have g.Œdi �/D Œdi �
for all 1� i � k� 1, g.Œc�/D Œdk� and g 2 Ker.�/.

The following lemma is the extension of Lemma 5.4 to the case c \ dk ¤¿.

Lemma 5.5 Let n � 3. Set mD n� 1 if n is odd and mD n� 2 if n is even. Let 1 � k � m. Let c
be a generic circle of †n n fxg such that c \ di D¿ for 1 � i � k � 2, jc \ dk�1j D 1 if k � 2, and c
is isotopic to dk in †n. Then there exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all 1 � i � k � 1 and
g.Œc�/D Œdk�.

Proof We argue by induction on i.Œc�; Œdk�/, which is computed on the surface †n n fxg and not on †n.
The case i.Œc�; Œdk�/D 0 is proved in Lemma 5.4, and hence we can assume that i.Œc�; Œdk�/� 1 and that
the induction hypothesis holds. Note that now c and dk cannot be isotopic in†nnfxg since i.Œc�; Œdk�/¤0.
We can assume without loss of generality that i.Œc�; Œdk�/D jc \ dkj. Since c and dk are isotopic in †n,
there exists a bigon D in †n cobounded by an arc of dk and an arc of c as shown in Figure 11. We can
choose this bigon to be minimal in the sense that its interior intersects neither c nor dk . The bigon D
cannot intersect di for 1� i � k�2 and one can easily modify c so that D does not intersect dk�1 either.
Since c and dk are not isotopic in †n n fxg, D necessarily contains the puncture x in its interior. We
choose a circle c0 parallel to c except in the bigon D, where it follows the arc of dk which borders D as
illustrated in Figure 11. By construction c0 \ di D ¿ for 1 � i � k � 2, jc0 \ dk�1j D 1 if k � 2, and
c0 is isotopic to dk in †n. Moreover i.Œc0�; Œdk�/� jc0\ dkj< jc \ dkj D i.Œc�; Œdk�/. By the induction
hypothesis there exists g1 2 Ker.�/ such that g1.Œdi �/D Œdi � for all 1 � i � k � 1 and g1.Œc0�/D Œdk�.

dk

x c

c'

Figure 11: The bigon cobounded by c and dk .
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∂1

∂2

d1
d2

dn-2

dn-1

dn

x

Figure 12: The circles d1; : : : ; dn.

By Farb and Margalit [28, Lemma 2.9], we can choose G1 2 HomeoC.†n; x/ which represents g1 such
that G1.di / D di for all 1 � i � k � 1 and G1.c0/ D dk . We set c00 D G1.c/. Then c00 \ di D ¿ for
1� i � k�2, jc00\dk�1j D 1 if k � 2, c00\dk D¿ and c00 is isotopic to dk in †n. By Lemma 5.4 there
exists g2 2Ker.�/ such that g2.Œdi �/D Œdi � for all 1� i � k�1 and g2.Œc00�/D Œdk�. We set gD g2 ıg1.
Then g 2 Ker.�/, g.Œdi �/D Œdi � for all 1� i � k� 1 and g.Œc�/D Œdk�.

Lemma 5.6 Let n � 4 be even. Let c be a generic circle of †n n fxg such that c \ di D ¿ for all
1� i � n� 3, jc \ dn�2j D 1, c \ dn�1 D¿ and c is isotopic to dn�1 in †n. Then we have one of the
following two possibilities:

(1) c is isotopic to dn�1 in †n n fxg.

(2) There exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all 1� i � n� 1 and g.Œc�/D Œdn�.

Proof The surface †n is a surface of genus 1
2
.n� 2/ with two boundary components @1 and @2. We

assume that the circles d1; : : : ; dn�1; dn are arranged as in Figure 12. Let � be the surface obtained by
cutting†n along

Sn�1
iD1 di . Then� has two connected components�1 and�2. Each of these components

is a cylinder that we represent by a square with a hole in the middle, as shown in Figure 13. Two opposite
sides of each square represent arcs of dn�2, one side represents an arc of dn�1 and the last side represents
a union of arcs of d1; : : : ; dn�3. The boundary of the hole represents @1 for �1 and @2 for �2. The
puncture x sits inside �2. The trace of the circle c in � is a simple arc `, either in �1 or in �2.

Suppose ` is in �1. Let q be the intersection point of c with dn�2. Then q is represented in �1 by two
points q1 and q2 on two opposite sides of �1, as shown in Figure 13, and ` is a simple arc connecting q1
with q2. Up to isotopy pointwise fixing the boundary of �1, there exist exactly two simple arcs in �1

q1 q2
∂1

d1 to dn-3

dn-1

dn-2 dn-2
l1

l2

q3 q4
∂2

d1 to dn-3

dn-1

dn-2 dn-2
l3

l4

x

C

Figure 13: The surface � with components �1 (left) and �2 (right).
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q3 q4
∂2

d1 to dn-3

dn-1

dn-2 dn-2

l5

x

Figure 14: The arc `5.

connecting q1 to q2 that are represented by the arcs `1 and `2 depicted in Figure 13. The arc ` cannot
be isotopic to `1, otherwise c would not be isotopic to dn�1 in †n. So ` is isotopic to `2 in �1, which
implies that c is isotopic to dn�1 in †n n fxg.

Now suppose ` is in �2. Let q be the intersection point of c with dn�2. Then q is represented in �2 by
two points q3 and q4 on two opposite sides of �2, as shown in Figure 13, and ` is a simple arc connecting
q3 with q4. Up to isotopy (in �2 and not in �2 n fxg) pointwise fixing the boundary of �2, there exist
exactly two simple arcs in �2 connecting q3 to q4 that are represented by the arcs `3 and `4 depicted in
Figure 13. The arc ` cannot be isotopic to `3 in �2, otherwise c would not be isotopic to dn�1 in †n.
So ` is isotopic to `4 in �2. Let fFt W �2! �2gt2Œ0;1� be an isotopy such that F0 D id, F1.`/ D `4
and Ft is the identity on the boundary of �2 for all t 2 Œ0; 1�. The arc `4 divides �2 into two parts: the
lower one, which does not contain the hole bordered by @2 and the puncture x, and the upper one, which
contains the hole bordered by @2 and the puncture x, as shown in Figure 13.

Suppose F1.x/ is in the upper part. Let C be the domain of �2 bounded by `4, two arcs of dn�2 and
an arc of dn�1, as shown in Figure 13. Let C 0 D F�11 .C /. Then C 0 is a domain of �2 bounded by `,
two arcs of dn�2 and an arc of dn�1, and C 0 does not contain the puncture x. The existence of such a
domain implies that c is isotopic to dn�1 in †n n fxg.

Now suppose F1.x/ is in the lower part. We can assume without loss of generality that the trace of dn on
�2 is the simple arc `5 drawn in Figure 14. We can choose an isotopy fF 0t W�2!�2gt2Œ0;1� such that
F 00 D id, F 01.`4/D `5, F 0t is the identity on the boundary of �2 for all t 2 Œ0; 1�, and F 01.F1.x//D x.
Let zF W †n! †n be the homeomorphism which is F 01 ıF1 on �2 and is the identity outside �2, and
let g 2M.†n; x/ be the mapping class represented by zF . Then g 2 Ker.�/, g.Œdi �/ D Œdi � for all
1� i � n� 1, and g.Œc�/D Œdn�.

Remark The element g at the end of the proof of Lemma 5.6 is not necessarily trivial. For example, `
can be as shown in Figure 15 up to isotopy and, in this case, g must be nontrivial. In fact, g can be any
element of the fundamental group �1.�2; x/, which is an infinite cyclic group, seen as a subgroup of
M.†n; x/.

The following lemma is the extension of Lemma 5.6 to the case c \ dk ¤¿.
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q3 q4

d1 to dn-3

dn-1

dn-2 dn-2l
x

Figure 15: An arc ` nonisotopic to `5.

Lemma 5.7 Let n � 4 be even. Let c be a generic circle of †n n fxg such that c \ di D ¿ for all
1 � i � n� 3, jc \ dn�2j D 1 and c is isotopic to dn�1 in †n. Then there exists g 2 Ker.�/ such that
g.Œdi �/D Œdi � for all 1� i � n� 2, and either g.Œc�/D Œdn�1� or g.Œc�/D Œdn�.

Proof In this proof the intersection number of two circles is computed on the surface †n n fxg and
not on †n. We can assume that jc \ dn�1j D i.Œc�; Œdn�1�/ and jc \ dnj D i.Œc�; Œdn�/. We argue by
induction on jc \ dn�1j C jc \ dnj D i.Œc�; Œdn�1�/C i.Œc�; Œdn�/. The case jc \ dn�1j D 0 follows
directly from Lemma 5.6, and the case jc \ dnj D 0 is proved in the same way by replacing dn�1
with dn. So we can assume that i.Œc�; Œdn�1�/ D jc \ dn�1j � 1, i.Œc�; Œdn�/ D jc \ dnj � 1 and that
the induction hypothesis holds. Note that now c and dn�1 cannot be isotopic in †n n fxg. Since c
and dn�1 are isotopic in †n, there exists a bigon D in †n cobounded by an arc of dn�1 and an arc
of c (see Figure 16). Since c and dn�1 are not isotopic in †n n fxg, this bigon necessarily contains
the puncture x. We can choose D to be minimal in the sense that its interior does not intersect c and
dn�1. Moreover, up to exchanging the roles of dn�1 and dn if necessary, we can also assume that dn
does not intersect the interior of D. Clearly D does not intersect di for any 1 � i � n � 3 and, up
to replacing c with an isotopic circle, we can assume that D does not intersect dn�2 either. Let c0

be a circle parallel to c except in the bigon D, where it follows the arc of dn�1, which borders D as
illustrated in Figure 16. We have c0 \ di D ¿ for all 1 � i � n� 3, jc0 \ dn�2j D 1 and c0 is isotopic
to dn�1 in †n. We also have i.Œc0�; Œdn�1�/ < i.Œc�; Œdn�1�/ and i.Œc0�; Œdn�/� i.Œc�; Œdn�/; hence by the
induction hypothesis there exists g1 2 Ker.�/ such that g1.Œdi �/D Œdi � for all 1� i � n� 2, and either
g1.Œc

0�/D Œdn�1� or g1.Œc0�/D Œdn�. Without loss of generality we can assume that g1.Œc0�/D Œdn�1�.
We choose G1 2 HomeoC.†n; x/ which represents g1 such that G1.di / D di for all 1 � i � n � 2
and G1.c0/ D dn�1. We set c00 D G1.c/. Then c00 \ di D ¿ for all 1 � i � n� 3, jc00 \ dn�2j D 1,
c00 \ dn�1 D ¿ and c00 is isotopic to dn�1 in †n. By Lemma 5.6 there exists g2 2 Ker.�/ such that
g2.Œdi �/D Œdi � for all 1� i � n�2, and either g2.Œc00�/D Œdn�1� or g2.Œc00�/D Œdn�. We set gD g2 ıg1.
Then g 2 Ker.�/, g.Œdi �/D Œdi � for all 1� i � n� 2, and either g.Œc�/D Œdn�1� or g.Œc�/D Œdn�.

Lemma 5.8 Let n� 6. Let c1; : : : ; cn�1 be generic circles in †n n fxg such that

(a) jci \ cj j D 1 if ji � j j D 1 and jci \ cj j D 0 if ji � j j � 2, for all 1� i; j � n� 1,

(b) ci is isotopic to di in †n for all 1� i � n� 1.
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dn-1

x c

c'

Figure 16: The bigon cobounded by c and dn�1.

Then:

(1) If n is odd , then there exists g 2 Ker.�/ such that g.Œci �/D Œdi � for all 1� i � n� 1.

(2) If n is even , then there exists g 2 Ker.�/ such that g.Œci �/D Œdi � for all 1� i � n� 2, and either
g.Œcn�1�/D Œdn�1� or g.Œcn�1�/D Œdn�.

Proof For 1� k� n�2 we construct by induction on k an element gk 2Ker.�/ such that gk.Œci �/D Œdi �
for all 1� i � k. Assume kD 1. Then, by Lemma 5.5 applied to kD 1, there exists g1 2Ker.�/ such that
g1.Œc1�/D Œd1�. Suppose 2 � k � n� 1 and gk�1 is constructed. We choose Gk�1 2 HomeoC.†n; x/
which represents gk�1 such that Gk�1.ci /D di for all 1� i � k� 1, and we set c0

k
DGk�1.ck/. Note

that, since gk�1 2 Ker.�/, the circle c0
k

is isotopic to ck in †n. Then, by Lemma 5.5, there exists
hk 2 Ker.�/ such that hk.Œdi �/D Œdi � for all 1� i � k� 1 and hk.Œc0k�/D Œdk�. We set gk D hk ıgk�1.
Then gk.Œci �/D Œdi � for all 1� i � k. Note that when n is odd we can extend the induction to k D n� 1
and conclude the proof here by setting g D gn�1. The case where n is even requires an extra argument.

Assume n is even. We chooseGn�22HomeoC.†n; x/which represents gn�2 and such thatGn�2.ci /Ddi
for all 1 � i � n� 2, and we set c0n�1 D Gn�2.cn�1/. Again, since gn�2 2 Ker.�/, the circle c0n�1 is
isotopic to cn�1 in †n. By Lemma 5.7 there exists hn�1 2 Ker.�/ such that hn�1.Œdi �/ D Œdi � for all
1� i � n�2, and either hn�1.Œc0n�1�/D Œdn�1� or hn�1.Œc0n�1�/D Œdn�. We set gD hn�1 ıgn�2. Then
g.Œci �/D Œdi � for all 1� i � n� 2, and either g.Œcn�1�/D Œdn�1� or g.Œcn�1�/D Œdn�.

Proof of Theorem 2.2 Let n � 6 and let ' W AŒAn�1�! AŒDn� be a homomorphism. Composing '
with � , we get a homomorphism � ı' W AŒAn�1�! AŒDn�! AŒAn�1�. We know by Theorem 3.5 that
we have one of the following possibilities:

� � ı' is cyclic.

� There exist  2 h N�i and p 2 Z such that � ı' is conjugate to  ı N
p.

By Lemma 5.2, if � ı' is cyclic, then ' is cyclic. So we can assume that there exist  2 h N�i and p 2 Z

such that � ı' is conjugate to  ı N
p . Up to conjugating and composing ' on the left by � if necessary,
we can assume that � ı' D N
p, that is, .� ı'/.si /D si�

2p
A , where �A denotes the Garside element of

AŒAn�1�.

Set U D �A.�2A/. If n is odd, then U 2 D T@, where @ is the boundary component of †n, and if n is even,
then U D T@1

T@2
, where @1 and @2 are the two boundary components of †n (see Labruère and Paris

[32, Proposition 2.12]). In particular U 2 2Z.M.†n// in both cases.
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By Theorem 3.7 there exist generic circles c1; : : : ; cn�1 in †n n fxg, " 2 f˙1g and f0 2M.†n; x/

such that

(a) jci \ cj j D 1 if ji � j j D 1 and jci \ cj j D 0 if ji � j j � 2, for all 1� i; j � n� 1,

(b) f0 commutes with Tci
for all 1� i � n� 1,

(c) .�D ı'/.si /D T
"
ci
f0 for all 1� i � n� 1.

For 1 � i � n� 1 we denote by bi the circle in †n obtained by composing ci W S1 ! †n n fxg with
the embedding †n n fxg ,!†n. In addition we set g0 D �.f0/. Then .� ı �D ı '/.si /D T "bi

g0 for all
1� i � n�1. Note that, since � ı�D D �Aı� (see (3-1)), we also have .� ı�D ı'/.si /D .�Aı N
p/.si /D
�A.si�

2p
A /D Tai

U p for all 1� i � n� 1, where the ai are the circles depicted in Figure 3.

Claim We have "D 1, g0 D U p and bi is isotopic to ai in †n for all 1� i � n� 1.

Proof of the claim Note that g0 D �.f0/ commutes with Tbi
D �.Tci

/ and U D �A.�2A/ commutes
with Tai

D �A.si /; hence T 2"
bi
g20 D .T

"
bi
g0/

2D .Tai
U p/2D T 2ai

U 2p . Since g20 commutes with T 2"
bi
g20 D

T 2ai
U 2p and U 2 2Z.M.†n//, g20 commutes with T 2ai

for all 1 � i � n� 1. By Lemma 5.3 it follows
that g40 2Z.M.†n//. By Proposition 3.3 applied to M.†n/ we deduce that S.T 4ai

U 4p/D S.T 4"
bi
g40/D

fŒai �g D fŒbi �g, and hence Œai � D Œbi � for all 1 � i � n � 1. Then T 4�4"ai
D U�4pg40; hence, by

Proposition 3.3, 4� 4"D 0, and therefore "D 1. Finally, from the equality Tai
U p D Tai

g0 it follows
that g0 D U p.

From the claim it follows that ci is isotopic to di in †n. Hence, by Lemma 5.8, there exists g 2 Ker.�/
such that g.Œci �/D Œdi � for all 1� i �n�2, g.Œcn�1�/D Œdn�1� if n is odd, and either g.Œcn�1�/D Œdn�1�
or g.Œcn�1�/ D Œdn� if n is even. These equalities imply that gTci

g�1 D Tdi
for 1 � i � n � 2,

gTcn�1
g�1 D Tdn�1

if n is odd, and either gTcn�1
g�1 D Tdn�1

or gTcn�1
g�1 D Tdn

if n is even. By
Theorem 3.6(1) there exists v 2 Ker.�/ such that �D.v/D g. So, up to composing ' on the left by adv
first, and composing on the left by � if necessary after, we can assume that .�D ı '/.si / D Tdi

f0 for
all 1 � i � n� 1, where f0 commutes with Tdi

for all 1 � i � n� 1. Since Td1
D �D.t1/ 2 Im.�D/,

we have f0 2 Im.�D/, and hence there exists u0 2 AŒDn� such that �D.u0/D f0. Since �D is injective
(see Theorem 3.6), we deduce that '.si /D tiu0 for all 1 � i � n� 1 and u0 commutes with ti for all
1� i � n� 1. We set Y D ft1; : : : ; tn�1g, �Y D�Y ŒDn�, �D D�ŒDn�, � D 2 if n is odd, and � D 1
if n is even. By Paris [36, Theorem 1.1] the centralizer of Y in AŒDn� is generated by �2Y and ��D , and
hence there exist q; r 2 Z such that u0 D�

2q
Y �

�r
D . We conclude that ' D ˇq;r .

6 Endomorphisms of AŒDn�

The following lemma is a counterpart of Lemma 5.8 for the case of odd n, and it is a preliminary to the
proof of Theorem 2.3.
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∂

d1 dn-3
dn-4 dn-1e2

e1 dn

x

Figure 17: The circles d1; : : : ; dn.

Lemma 6.1 Let n� 5 be odd. Let c be a generic circle of †nnfxg such that c\di D¿ for 1� i �n�3,
jc \ dn�2j D 1, c \ dn�1 D¿ and c is isotopic to dn�1 in †n. Then we have one of the following three
possibilities:

(1) c is isotopic to dn�1 in †n n fxg.

(2) There exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all 1� i � n� 1 and g.Œc�/D Œdn�.

(3) There exists g 2 Ker.�/ such that g.Œdi �/ D Œdi � for all 1 � i � n � 2, g.Œdn�1�/ D Œdn� and
g.Œc�/D Œdn�1�.

Proof The surface †n is of genus 1
2
.n�1/ with one boundary component, @. We assume that the circles

d1; : : : ; dn�1; dn are arranged as shown in Figure 17. The circles dn�3 and dn�1 divide dn�2 into two
arcs, e1 and e2, where the arc e1 intersects dn and the arc e2 does not intersect dn (see Figure 17). Let �
be the surface obtained by cutting †n along

Sn�1
iD1 di . Then � is a cylinder represented by an octagon

with a hole in the middle (see Figure 18). Two opposite sides of this octagon represent arcs of dn�1 and
two opposite sides represent arcs of d1; : : : ; dn�3, as shown in the figure. Two other sides represent arcs
of e1 and the last two sides represent arcs of e2, arranged as shown in Figure 18. The boundary of the
hole represents @.

The circle c intersects dn�2 in a point q, and q is either on the arc e1 or on the arc e2. Suppose first that q
is on the arc e1. Then q is represented on � by two points q1 and q2 lying on two different sides of � that
represent e1, and the trace of c in � is a simple arc ` connecting q1 to q2. Up to isotopy (in � and not in
� n fxg) pointwise fixing the boundary of �, there are exactly two simple arcs in � connecting q1 to q2,
represented by the arcs `1 and `2 depicted in Figure 18. The arc ` cannot be isotopic to `2, otherwise c
would not be isotopic to dn�1 in †n. So ` is isotopic to `1 in �. Let fFt W�!�gt2Œ0;1� be an isotopy
such that F0 D id, F1.`/D `1 and Ft is the identity on the boundary of � for all t 2 Œ0; 1�. The arc `1

dn-1

d 1
 t

o 
d n

-3

d 1
 t

o 
d n

-3

e2 e2

e1
e1

x

∂

dn-1

dn-1

d 1
to

 d
n-

3

e2 e2

x l1

l3

l2

q1
q2C

d 1
to

 d
n-

3

dn-1

∂

dn-1

d 1
to

 d
n-

3

e1 e1

q3 q4

l4

l5

l6

D

d 1
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 d
n-

3

dn-1

∂

Figure 18: The surface �.
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divides � into two parts: the lower one, which does not contain the hole bounded by @ and the puncture x,
and the upper one, which contains the hole bounded by @ and the puncture x, as shown in Figure 18.

Suppose F1.x/ is in the upper part. Let C be the domain of � bounded by `1, two arcs of e1 and an arc
of dn�1, as shown in Figure 18. Let C 0D F�11 .C /. Then C 0 is a domain of � bounded by `, two arcs of
e1 and an arc of dn�1 which does not contain the puncture x. The existence of such a domain implies
that c is isotopic to dn�1 in †n n fxg.

Suppose F1.x/ is in the lower part. We can suppose that the trace of dn on � is the arc `3 depicted
in Figure 18. We can choose an isotopy fF 0t W �! �gt2Œ0;1� such that F 00 D id, F 01.`1/ D `3, F 0t is
the identity on the boundary of � for all t 2 Œ0; 1�, and F 01.F1.x// D x. Let zF W †n ! †n be the
homeomorphism which is F 01 ı F1 on � and is the identity outside �, and let g 2M.†n; x/ be the
mapping class represented by zF . Then g 2Ker.�/, g.Œdi �/D Œdi � for all 1� i � n�1, and g.Œc�/D Œdn�.

Suppose now that q is on the arc e2. Then q is represented on � by two points q3 and q4 lying on two
different sides of � which represent e2, and the trace of c in � is a simple arc ` connecting q3 to q4. Up
to isotopy (in � and not in � n fxg) pointwise fixing the boundary of �, there are exactly two simple
arcs in � connecting q3 to q4 represented by the arcs `4 and `5 depicted in Figure 18. The arc ` cannot
be isotopic to `5, otherwise c would not be isotopic to dn�1 in †n. So ` is isotopic to `4 in �. Let
fFt W�!�gt2Œ0;1� be an isotopy such that F0 D id, F1.`/D `4 and Ft is the identity on the boundary
of � for all t 2 Œ0; 1�. The arc `4 divides � into two parts: the upper one, which does not contain the
hole bounded by @ and the puncture x, and the lower one, which contains the hole bounded by @ and the
puncture x, as shown in Figure 18.

Suppose F1.x/ is in the lower part. Let D be the domain of � bounded by `4, two arcs of e2 and an arc
of dn�1 as shown in Figure 18. Let D0 D F�11 .D/. Then D0 is a domain of � bounded by `, two arcs
of e2 and an arc of dn�1 which does not contain the puncture x. The existence of such a domain implies
that c is isotopic to dn�1 in †n n fxg.

Suppose F1.x/ is in the upper part. Let c0 be the circle drawn in Figure 19. We can assume that the trace
of c0 on � is the arc `6 drawn in Figure 18. We can choose an isotopy fF 0t W �! �gt2Œ0;1� such that
F 00 D id, F 01.`4/ D `6, F 0t is the identity on the boundary of � for all t 2 Œ0; 1�, and F 01.F1.x// D x.
Let zF W †n ! †n be the homeomorphism which is F 01 ı F1 on � and is the identity outside �, and
let g1 2M.†n; x/ be the mapping class represented by zF . Then g1 2 Ker.�/, g1.Œdi �/ D Œdi � for all
1� i � n� 1, and g1.Œc�/D Œc0�.

c'

μ

Figure 19: The circle c0 and the loop �.
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Let g2 2 �1.†n; x/ D Ker.�/ be the element represented by the loop � drawn in Figure 19. Let us
mention here that g2 is not the Dehn twist T� along �, but rather the image of the point-pushing map
applied to �, which is equal to T�1

T �1�2
for �1 and �2 the two boundary curves of a small regular

neighborhood of �, as explained in Farb and Margalit [28, Section 4.2.2]. We have g2.Œdi �/D Œdi � for all
1� i � n�2, g2.Œdn�1�/D Œdn� and g2.Œc0�/D Œdn�1�. Set gD g2ıg1. Then g 2Ker.�/, g.Œdi �/D Œdi �
for all 1� i � n� 2, g.Œdn�1�/D Œdn� and g.Œc�/D Œdn�1�.

Proof of Theorem 2.3 Let n�6. Let ' WAŒDn�!AŒDn� be an endomorphism. Consider the composition
homomorphism ' ı � WAŒAn�1�!AŒDn�!AŒDn�. We know from Theorem 2.2 that we have one of the
following two possibilities up to conjugation:

(1) ' ı � is cyclic.

(2) There exist  2 h�; �i and p; q 2 Z such that ' ı �D  ı p̌;q .

Suppose ' ı � is cyclic. Then there exists u 2AŒDn� such that '.ti /D .' ı �/.si /D u for all 1� i � n�1.
We also have

'.tn/D '.tn�2tntn�2t
�1
n t�1n�2/D '.tn�2tn/'.tn�2/'.t

�1
n t�1n�2/D '.tn�2tn/'.t1/'.t

�1
n t�1n�2/D '.t1/

D u;

and hence ' is cyclic.

So we can assume that there exist  2 h�; �i and p; q 2Z such that ' ı � is conjugate to  ı p̌;q . We set
Y D ft1; : : : ; tn�2; tn�1g, �Y D�Y ŒDn�, �D D�ŒDn�, � D 2 if n is odd, and � D 1 if n is even. Up
to conjugating and composing ' on the left by � if necessary, we can assume that there exist " 2 f˙1g
and p; q 2 Z such that '.ti /D .' ı �/.si /D t"i �

2p
Y �

�q
D for all 1� i � n� 1. The remainder of the proof

is divided into four cases depending on whether p is zero or not and whether n is even or odd.

Case 1 (n is even and p¤ 0) Then†n is a surface of genus 1
2
.n�2/ with two boundary components, @1

and @2, and �D1. We have �D.ti /DTdi
for 1� i �n�1 and, by Labruère and Paris [32, Proposition 2.12],

�D.�
2
Y /D TeT@1

and �D.�D/D T@1
T@2

, where e is the circle drawn in Figure 20. Set fi D .�D ı'/.ti /
for all 1� i � n. Then, by the above,

fi D T
"
di
T pe T

pCq

@1
T
q

@2
for all 1� i � n� 1:

In particular, S.fi /DfŒdi �; Œe�g for all 1� i � n�1. Since tn is conjugate in AŒDn� to t1, fn is conjugate
to f1 in M.†n; x/; hence fn is of the form fn D T

"
d 0
T
p
e0 T

pCq

@1
T
q

@2
, where d 0 is a nonseparating circle

∂1

∂2
e

x

d1
d2

dn-2

dn-1

Figure 20: Circles in †n when n is even and p ¤ 0.
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and e0 is a circle that separates †n into two components, one being a cylinder containing x and the other
being a surface of genus 1

2
.n� 2/ with two boundary components, @1 and e0, which does not contain x.

Moreover, by Theorem 2.1, .� ı'/.tn�1/D .� ı'/.tn/, and hence

T "dn�1
T pe T

pCq

@1
T
q

@2
D �.fn�1/D �.fn/D T

"
d 0T

p
e0 T

pCq

@1
T
q

@2

on †n, that is, T "
dn�1

T
p
e D T "

d 0
T
p
e0 as multitwists on †n. Now we can invoke Farb and Margalit

[28, Lemma 3.14] to conclude that each curve of the set fdn�1; eg is isotopic to a curve from the set
fd 0; e0g in †n. To decide which curve of one set is isotopic to which curve in the other set we observe that
removing a puncture does not change the property of a curve being nonseparating, but can make a separating
curve peripheral. Since both dn�1 and d 0 are nonseparating, whereas e and e0 are both separating or
peripheral in †n, we conclude that dn�1 is isotopic to d 0 in †n (and also that e is isotopic to e0 in †n).

We have f1fnD fnf1, and hence by Theorem 3.2(3) we have fn.S.f1//DS.f1/. Thus Œe� is a reduction
class for fn, and therefore i.Œe�; Œe0�/ D 0, because Œe0� is an essential reduction class for fn. We can
choose representatives e and e0 such that e\e0D¿ either by eliminating bigons, or by choosing geodesic
representatives. Let C;C 0 � †n be cylinders containing x and having boundaries @2 [ e and @2 [ e0,
respectively. Then either C � C 0 if e � C 0, or C 0 � C if e0 � C , with x 2 C \C 0. Say C � C 0. Being
a separating circle on †n, e separates C 0 into two subsurfaces, one containing @2 and x, and the other
containing e0. Being a subsurface with two boundary components lying inside a cylinder, the latter must
be a cylinder itself. This cylinder establishes an isotopy between e and e0 in †n nfxg, and hence Œe�D Œe0�.
So we can assume that e D e0.

Choose representatives dn�1 and d 0 in minimal position in †n n fxg. Denote by C0 and †0 the two
components into which the curve e separates †n, with C0 being a cylinder containing x, and †0 being the
rest of the surface †n, containing d1; : : : ; dn�1. Suppose dn�1\ d 0 ¤¿. Then dn�1 and d 0 cobound a
bigon. Since dn�1 and d 0 were chosen to be in minimal position in †n nfxg, such a bigon must contain x.
This implies that d 0 has nonempty intersection with the cylinder C0 which e separates from the rest of
the surface †n, and since e and d 0 are disjoint, d 0 lies entirely in C0. This is not possible because any
generic circle in C0 is peripheral in †n and d 0 is nonseparating in †n. So dn�1\ d 0 D¿. Then there
exists an embedded cylinder C in †n with boundary components dn�1 and d 0. Since e is disjoint from
d 0 and dn�1, e either lies entirely in C or is disjoint from C . The circle e cannot lie entirely in C because
e is peripheral in †n and, since both dn�1 and d 0 are nonseparating in †n, any generic circle lying in C
must be nonseparating. So e is disjoint from C , and hence C lies in †0. Therefore dn�1 is isotopic to d 0

in †n n fxg. Thus we can also assume d 0 D dn�1.

In conclusion we have .�D ı'/.tn�1/D .�D ı'/.tn/DT "dn�1
T
p
e T

pCq

@1
T
q

@2
, and hence '.tn�1/D'.tn/D

t"n�1�
2p
Y �

q
D . We conclude that ' D p̌;q ı� if "D 1 and ' D � ıˇ�p;�q ı� if "D�1.

Case 2 (n is odd and p ¤ 0) Then †n is a surface of genus 1
2
.n� 1/ with one boundary component, @,

and � D 2. We have �D.ti /D Tdi
for 1� i � n� 1 and, by Labruère and Paris [32, Proposition 2.12],
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x
e

d1

dn-2

dn-1

∂

Figure 21: Circles in †n when n is odd and p ¤ 0.

�D.�
4
Y /D Te and �D.�2D/D T@, where e is the circle drawn in Figure 21. Set fi D .�D ı'/.ti / for all

1� i � n. Then, by the above,

f 2i D T
2"
di
T pe T

2q

@
for all 1� i � n� 1:

In particular, S.fi /DS.f 2i /DfŒdi �; Œe�g for all 1� i � n�1. The element tn is conjugate to t1 in AŒDn�;
hence '.tn/ is conjugate to '.t1/ in AŒDn�, and therefore there exists v 2 AŒDn� such that '.tn/ D
v'.t1/v

�1 D .vt"1v
�1/.v�

2p
Y v
�1/�

2q
D . The element �D.vt1v�1/ is conjugate to �D.t1/ D Td1

, and
hence �D.vt1v�1/D Td 0 , where d 0 is a nonseparating circle. The element �D.v�4Y v

�1/ is conjugate to
�D.�

4
Y /DTe , and hence �D.v�4Y v

�1/DTe0 , where e0 is a circle that separates†n into two components,
one being a cylinder containing x and the other being a surface of genus 1

2
.n� 1/ with one boundary

component which does not contain x. We also have f 2n D T
2
d 0
T
p
e0 T

2q

@
and S.fn/D S.f 2n /D fŒd 0�; Œe0�g.

By Theorem 2.1 .� ı'/.tn�1/D .� ı'/.tn/, and hence �.f 2n�1/D �.f
2
n /. This implies that d 0 is isotopic

to dn�1 in †n.

Since f1fn D fnf1, by Theorem 3.2(3) we have f 2n .S.f1// D S.f1/; hence Œe� is a reduction class
for f 2n , and therefore i.Œe�; Œe0�/D 0, because Œe0� is an essential reduction class for f 2n . As in Case 1,
we can choose representatives e and e0 such that e \ e0 D ¿. Let C;C 0 � †n be cylinders containing
x and having boundaries @ [ e and @ [ e0, respectively. Then either C � C 0 if e � C 0, or C 0 � C
if e0 � C , with x 2 C \ C 0. Say C � C 0. Being a separating circle on †n, e separates C 0 into two
subsurfaces, one containing @ and x, and the other containing e0. Being a subsurface with two boundary
components lying inside a cylinder, the latter must be a cylinder itself. This cylinder establishes an
isotopy between e and e0 in †n n fxg, and hence Œe�D Œe0�. So we can assume that e D e0, and hence
�D.v�

4
Y v
�1/D Te0 D Te D �D.�

4
Y /. Since �D is injective, it follows that v�4Y v

�1 D�4Y .

Using the same argument as in Case 1, from the fact that d 0 does not intersect e0D e and that d 0 is isotopic
to dn�1 in†n, it follows that d 0 is isotopic to dn�1 in†nnfxg; hence we can also assume that d 0D dn�1.
Then �D.vt1v�1/D Td 0 D Tdn�1

D �D.tn�1/, and hence, since �D is injective, vt1v�1 D tn�1. At this
stage of the proof we have that '.tn/ D t"n�1.v�

2p
Y v
�1/�

2q
D and .v�2pY v

�1/2 D v�
4p
Y v
�1 D �

4p
Y . It

remains to show that v�2pY v
�1 D�

2p
Y .

By Theorem 2.2 there exist  2 h�; �i and r; s 2 Z such that ' ı � ı � is conjugate to  ı ˇr;s . The
automorphism � is inner since n is odd, and hence we can assume that  2 h�i. So there exist w 2
AŒDn�, � 2 f˙1g and r; s 2 Z such that '.ti / D wt

�
i �

2r
Y �

2s
Dw
�1 for all 1 � i � n� 2 and '.tn/ D

wt
�
n�1�

2r
Y �

2s
Dw
�1. Set g D �D.w/. We have .�D ı '/.t2i / D T 2"

di
T
p
e T

2q

@
D gT

2�

di
T re T

2s
@
g�1 for

all 1 � i � n� 2 and .�D ı '/.t2n/ D T
2"
dn�1

T
p
e T

2q

@
D gT

2�

dn�1
T re T

2s
@
g�1. So g�1.S.T 2"

di
T
p
e T

2q

@
// D
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S.T 2�
di
T re T

2s
@
/, and hence g�1.fŒdi �; Œe�g/�fŒdi �; Œe�g for all 1� i �n�1. This implies g�1.Œdi �/D Œdi �,

and hence g commutes with Tdi
; therefore w commutes with ti for all 1� i � n� 1. Since �Y is in the

subgroup of AŒDn� generated by Y D ft1; : : : ; tn�1g and �2D is central, it follows that '.ti /D t
�
i �

2r
Y �

2s
D

for all 1 � i � n� 2 and '.tn/D t
�
n�1�

2r
Y �

2s
D . Consider the equality '.t1/D t"1�

2p
Y �

2q
D D t

�
1 �

2r
Y �

2s
D .

Then t"��1 �
2.p�r/
Y D �

2.s�q/
D . The right-hand side of this equality lies in the center of AŒDn�, the

left-hand side lies in AY ŒDn� and, by Paris [38, Corollary 2.6], the intersection of AY ŒDn� with the
center of AŒDn� is trivial; hence s D q and t"��1 D�

2.r�p/
Y . The element �2.r�p/Y lies in the center of

AY ŒDn� and ht1i is a proper parabolic subgroup of AY ŒDn�; hence, again by Paris [38, Corollary 2.6],
t
"��
1 D �

2.r�p/
Y D 1, and therefore " D � and r D p. Here we use that AŒDn� is torsion-free, which

follows from Deligne [25], where it is proved that AŒDn� has a finite-dimensional classifying space. So
'.tn/D t

"
n�1�

2p
Y �

2q
D . We conclude that ' D p̌;q ı� if "D 1 and ' D � ıˇ�p;�q ı� if "D�1.

Case 3 (n is even and p D 0) Then, again, †n is a surface of genus 1
2
.n� 2/ with two boundary

components, @1 and @2, and � D 1. We have �D.ti /D Tdi
for 1� i � n� 1 and, by Labruère and Paris

[32, Proposition 2.12], �D.�D/D T@1
T@2

. Set fi D .�D ı'/.ti / for all 1� i � n. Then, by the above,

fi D T
"
di
T
q

@1
T
q

@2
for all 1� i � n� 1:

In particular, S.fi /D fŒdi �g for all 1� i � n� 1. Since tn is conjugate in AŒDn� to t1, fn is of the form
fn D T

"
d 0
T
q

@1
T
q

@2
, where d 0 is a nonseparating circle.

For 1 � i � n � 3 we have ti tn D tnti ; hence Tdi
Td 0 D Td 0Tdi

, and therefore, by Proposition 3.1,
i.Œdi �; Œd

0�/D 0. Similarly, i.Œdn�1�; Œd 0�/D 0. Since tn�2tntn�2D tntn�2tn, we have Tdn�2
Td 0Tdn�2

D

Td 0Tdn�2
Td 0 , and hence, by Proposition 3.1, i.Œdn�2�; Œd 0�/D 1. So we can assume that di \d 0 D¿ for

1� i �n�3, dn�1\d 0D¿ and jdn�2\d 0jD 1. Moreover, by Theorem 2.1, .� ı'/.tn�1/D .� ı'/.tn/;
hence �.fn�1/D �.fn/, and therefore d 0 is isotopic to dn�1 in †n. By Lemma 5.6 it follows that we
have one of the following two possibilities:

(1) d 0 is isotopic to dn�1 in †n n fxg.

(2) There exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all 1� i � n� 1 and g.Œd 0�/D Œdn�.

Suppose d 0 is isotopic to dn�1 in †n n fxg. Then .�D ı'/.tn/D T "dn�1
T
q

@1
T
q

@2
, and hence, since �D is

injective, '.tn/D t"n�1�
q
D . We conclude that ' D ˇ0;q ı� if "D 1 and ' D � ıˇ0;�q ı� if "D�1.

Suppose there exists g 2Ker.�/ such that g.Œdi �/D Œdi � for all 1� i � n�1 and g.Œd 0�/D Œdn�. We have

.�D ı'/.ti /D T
"
di
T
q

@1
T
q

@2
D g�1T "di

T
q

@1
T
q

@2
g

for all 1� i � n� 1 and
.�D ı'/.tn/D T

"
d 0T

q

@1
T
q

@2
D g�1T "dn

T
q

@1
T
q

@2
g:

By Theorem 3.6 there exists v2Ker.�/�AŒDn� such that �D.v/Dg. Since �D is injective, it follows that

'.ti /D v
�1t"i �

q
Dv for all 1� i � n:

We conclude that ' D adv�1 ı 
q if "D 1 and ' D adv�1 ı� ı 
�q if "D�1.
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Case 4 (n is odd and p D 0) Then, again, †n is a surface of genus 1
2
.n � 1/ with one boundary

component, @, and � D 2. We have �D.ti / D Tdi
for 1 � i � n � 1 and, by Labruère and Paris

[32, Proposition 2.12], �D.�2D/D T@. Set fi D .�D ı'/.ti / for all 1� i � n. Then, by the above,

fi D T
"
di
T
q

@
for all 1� i � n� 1:

In particular, S.fi /D fŒdi �g for all 1� i � n� 1. Since tn is conjugate in AŒDn� to t1, fn is conjugate
to f1 in M.†n; x/, and hence fn is of the form fn D T

"
d 0
T
q

@
where d 0 is a nonseparating circle.

For 1 � i � n � 3 we have ti tn D tnti , and hence Tdi
Td 0 D Td 0Tdi

. Therefore, by Proposition 3.1,
i.Œdi �; Œd

0�/D 0. Similarly, i.Œdn�1�; Œd 0�/D 0. Since tn�2tntn�2D tntn�2tn, we have Tdn�2
Td 0Tdn�2

D

Td 0Tdn�2
Td 0 , and hence, by Proposition 3.1, i.Œdn�2�; Œd 0�/D 1. So we can assume that di \d 0 D¿ for

1� i �n�3, dn�1\d 0D¿ and jdn�2\d 0jD 1. Moreover, by Theorem 2.1, .� ı'/.tn�1/D .� ı'/.tn/;
hence �.fn�1/D �.fn/, and therefore d 0 is isotopic to dn�1 in †n. By Lemma 6.1 it follows that we
have one of the following three possibilities:

(1) d 0 is isotopic to dn�1 in †n n fxg.

(2) There exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for all 1� i � n� 1 and g.Œd 0�/D Œdn�.

(3) There exists g 2 Ker.�/ such that g.Œdi �/ D Œdi � for all 1 � i � n � 2, g.Œdn�1�/ D Œdn� and
g.Œd 0�/D Œdn�1�.

If d 0 is isotopic to dn�1 in †n n fxg, then we prove as in the case where n is even that ' D ˇ0;q ı� if
"D 1 and ' D � ıˇ0;�q ı� if "D�1. Similarly, if there exists g 2 Ker.�/ such that g.Œdi �/D Œdi � for
all 1� i � n� 1 and g.Œd 0�/D Œdn�, then we prove as in the case where n is even that ' D adv�1 ı 
q if
"D 1 and ' D adv�1 ı� ı 
�q if "D�1, where v is an element of Ker.�/� AŒDn�.

Suppose there exists g 2 Ker.�/ such that g.Œdi �/ D Œdi � for all 1 � i � n� 2, g.Œdn�1�/ D Œdn� and
g.Œd 0�/D Œdn�1�. We have

.�D ı'/.ti /D T
"
di
T
q

@
D g�1T "di

T
q

@
g for 1� i � n� 2;

.�D ı'/.tn�1/D T
"
dn�1

T
q

@
D g�1T "dn

T
q

@
g; .�D ı'/.tn/D T

"
d 0T

q

@
D g�1T "dn�1

T
q

@
g:

By Theorem 3.6 there exists v2Ker.�/�AŒDn� such that �D.v/Dg. Since �D is injective, it follows that

'.ti /D v
�1t"i �

2q
Dv for 1� i � n� 2; '.tn�1/D v

�1t"n�
2q
Dv; '.tn/D v

�1t"n�1�
2q
Dv:

We conclude that ' D adv�1 ı � ı 
q if "D 1 and ' D adv�1 ı � ı� ı 
�q if "D�1.

7 Endomorphisms of AŒDn�=Z.AŒDn�/

Proof of Proposition 2.7 Let � be the Garside element of AŒDn�. We set � D 2 if n is odd and � D 1 if
n is even. Recall that Z.AŒDn�/ is the cyclic group generated by �� . Let 'Z WAZ ŒDn�!AZ ŒDn� be an
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endomorphism. For each 1� i �n�2 we define ui 2AŒDn� by induction on i as follows. First choose any
u1 2AŒDn� such that �.u1/D 'Z.tZ;1/. Now assume that 2� i � n�2 and that ui�1 is defined. Choose
u0i 2 AŒDn� such that �.u0i /D 'Z.tZ;i /. Since 'Z.tZ;i�1tZ;i tZ;i�1/D 'Z.tZ;i tZ;i�1tZ;i /, there exists
ki 2Z such that ui�1u0iui�1Du

0
iui�1u

0
i�
�ki . Then set uiDu0i�

�ki . Note that �.ui /D �.u0i /D'Z.tZ;i /
and

ui�1uiui�1 D ui�1u
0
iui�1�

�ki D u0iui�1u
0
i�
2�ki D uiui�1ui :

Define in the same way un�1; un 2 AŒDn� such that �.un�1/ D 'Z.tZ;n�1/, �.un/ D 'Z.tZ;n/,
un�2un�1un�2 D un�1un�2un�1 and un�2unun�2 D unun�2un.

Let i; j 2 f1; : : : ; ng be such that i ¤ j and ti tj D tj ti . We have 'Z.tZ;i tZ;j /D 'Z.tZ;j tZ;i /, and hence
there exists l 2 Z such that uiuj D ujui��l . Recall the homomorphism z W AŒDn�! Z which sends ti
to 1 for all 1� i � n. Since z.�/D n.n� 1/, the previous equality implies that

z.ui /C z.uj /D z.uj /C z.ui /C �ln.n� 1/:

Hence l D 0, and therefore uiuj D ujui .

By the above we have an endomorphism ' W AŒDn�! AŒDn� which sends ti to ui for all 1� i � n, and
this endomorphism is a lift of 'Z .

Proof of Theorem 2.8 Let n� 6. Let 'Z W AZ ŒDn�! AZ ŒDn� be an endomorphism. We know from
Proposition 2.7 that 'Z admits a lift ' W AŒDn�! AŒDn�. By Theorem 2.3 we have one of the following
three possibilities up to conjugation:

(1) ' is cyclic.

(2) There exist  2 h�; �i and p; q 2 Z such that ' D  ı p̌;q ı� .

(3) There exist  2 h�; �i and p 2 Z such that ' D  ı 
p.

Clearly, if ' is cyclic then 'Z is cyclic.

Now we show that the second case cannot occur. Suppose there exist  2 h�; �i and p; q 2 Z such
that ' D  ı p̌;q ı � . As ever, we set � D 2 if n is odd and � D 1 if n is even. Recall that the
center of AŒDn� is generated by �� , where � is the Garside element of AŒDn�. We need to show
that '.��/ … Z.AŒDn�/ D h��i, which leads to a contradiction. Since  2 Aut.AŒDn�/, we have
 .Z.AŒDn�//DZ.AŒDn�/, and hence we can assume that ' D p̌;q ı� . Let Y D ft1; : : : ; tn�1g and let
�Y D�Y ŒDn� be the Garside element of AY ŒDn�. Since

�D .t1 � � � tn�2tn�1tntn�2 � � � t1/ � � � .tn�2tn�1tntn�2/.tn�1tn/;

�ŒAn�1�
2
D .s1 � � � sn�2s

2
n�1sn�2 � � � s1/ � � � .sn�2s

2
n�1sn�2/s

2
n�1;

(see Lemma 5.1 for the second equality), we have �.�/D�ŒAn�1�2, and hence

'.��/D . p̌;q ı�/.�
�/D p̌;q.�ŒAn�1�

2�/D�
2�.1Cpn.n�1//
Y ��

2qn.n�1/:

This element does not belong toZ.AŒDn�/Dh��i, because �.1Cpn.n�1//¤ 0 and h�2Y i\h�
�iD f1g.
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Suppose we are in the third case. So there exist  2 h�; �i and p 2 Z such that ' D  ı 
p. We have


p.�
�/D��.1C�pn.n�1// 2 h��i;

and hence 
p induces an endomorphism 
Z;p W AZ ŒDn�! AZ ŒDn�. Moreover, for all 1� i � n,


Z;p.tZ;i /D �.ti�
�p/D �.ti /D tZ;i ;

so 
Z;p D id. Clearly  is the lift of an element  Z 2 h�Z ; �Zi, and hence 'Z D  Z ı 
Z;p D  Z .

Now, as promised in Section 2, we prove the following.

Lemma 7.1 Let n � 4. If n is even , then h�Z ; �Zi \ Inn.AZ ŒDn�/ D fidg, and if n is odd , then
h�Zi \ Inn.AZ ŒDn�/D fidg.

Proof We first show that, if ' W AŒDn�! AŒDn� is an automorphism such that 'Z 2 Inn.AZ ŒDn�/, then
' 2 Inn.AŒDn�/. Let ' 2 Aut.AŒDn�/ be such that 'Z 2 Inn.AZ ŒDn�/. There exists gZ 2 AZ ŒDn� such
that 'Z.tZ;i / D gZtZ;ig�1Z for all 1 � i � n. Again, we denote by � the Garside element of AŒDn�,
and we set � D 2 if n is odd and � D 1 if n is even. Let g 2 AŒDn� be such that �.g/D gZ . For every
1� i � n, there exists ki 2 Z such that '.ti /D gtig�1��ki . Let i; j 2 f1; : : : ; ng be such that fti ; tj g is
an edge of Dn. From the equality ti tj ti D tj ti tj it follows that

gti tj tig
�1��.2kiCkj / D '.ti tj ti /D '.tj ti tj /D gtj ti tjg

�1��.kiC2kj /:

Hence 2kiCkj D kiC2kj , and therefore ki D kj . Since Dn is a connected graph, it follows that ki D kj
for all i; j 2 f1; : : : ; ng. So there exists k 2 Z such that '.ti /D gtig�1��k for all 1� i � n. Recall the
homomorphism z W AŒDn�! Z which sends ti to 1 for all 1 � i � n. Since ' is an automorphism, we
have Im.z ı'/D Im.z/DZ. Furthermore, since z.�/D n.n�1/, we have .z ı'/.ti /D 1C�kn.n�1/
for all 1 � i � n, and hence Im.z ı '/ D .1C �kn.n � 1//Z. This implies that k D 0, and hence
' D adg 2 Inn.AŒDn�/.

Arguing in a similar way we can see that lifts of �Z and �Z in Aut.AŒDn�/ are unique. Since we know
that h�; �i \ Inn.AŒDn�/ D fidg if n is even and h�i \ Inn.AŒDn�/ D fidg if n is odd, it follows that
h�Z ; �Zi \ Inn.AZ ŒDn�/D fidg if n is even and h�Zi \ Inn.AZ ŒDn�/D fidg if n is odd.
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Linear bounds of the crosscap number of knots

ROB MCCONKEY

Kalfagianni and Lee found two-sided bounds for the crosscap number of an alternating link in terms of
certain coefficients of the Jones polynomial. We show here that we can find similar two-sided bounds for
the crosscap number of Conway sums of strongly alternating tangles. Then we find families of links for
which these coefficients of the Jones polynomial and the crosscap number grow independently. These
families will enable us to show that neither linear bound generalizes for all links.

57K10, 57K14, 57K16

1 Introduction

In [17] Kalfagianni and Lee showed that the crosscap number of an alternating link admits two-sided
linear bounds in terms of certain coefficients of the Jones polynomial of the link. The purpose of this
paper is twofold; we first generalize the result of [17] for links that are the Conway sum of strongly
alternating tangles. Second, we construct families of knots obstructing the generalization of the result
of [17] to arbitrary knots.

For a link L let
V .L/D ˛Ltn

CˇLtn�1
C � � �Cˇ0LtmC1

C˛0Ltm;

where ˛L and ˛0
L

are nonzero, be the Jones polynomial, and let TL D jˇLjC jˇ
0
L
j.

Definition 1.1 For a nonorientable connected surface S , bounded by a link L, the crosscap number is
defined to be

C.S/D 2��.S/� kL;

where kL is the number of components of L. Then the crosscap number for a link L, denoted C.L/ will
be the minimum crosscap number of all nonorientable surfaces bounded by the link.

Quantum knot invariants, such as the crosscap number, have historically been used to better under-
stand classical knot invariants and the geometry of knots and links. In the eighties Kauffman [18] and
Murasugi [25] showed that the span of the Jones polynomial realizes the crossing number for alternating
links. More recent results from Futer, Kalfagianni, and Purcell showed how the coefficients of the colored
Jones polynomial store information about the geometry of incompressible surfaces in the link complement
and their strong relations to geometric structures and in particular hyperbolic geometry [11; 12; 13].
For example, specific coefficients of the colored Jones polynomial can coarsely define the volume of large

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://dx.doi.org/10.2140/agt.2025.25.4009
http://www.ams.org/mathscinet/search/mscdoc.html?code=57K10, 57K14, 57K16
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


4010 Rob McConkey

families of hyperbolic links [8; 10]. Further, Dasbach and Lin [7] did this for all hyperbolic alternating
links. The volume conjecture [23] predicts that the asymptotics of the colored Jones polynomial can be
used to calculate the volume of all hyperbolic links.

More recently, for alternating links Kalfagianni and Lee showed that there exist linear bounds for the
crosscap number with respect to certain coefficients of the Jones polynomial (see Theorem 1.1 in [17]).
Before their work, the best known lower bound for all alternating links was C.K/� 1. On the other side,
Clark [4] observed that for any knot the crosscap number is bounded by

C.K/� 2g.K/C 1;

where g.K/ is the orientable genus of the knot. Kalfagianni and Lee’s results gave an exact calculation
of the crosscap number for 283 prime alternating knots on Knotinfo and improvements of 1472 prime
alternating knots. Kindred [19] has also made progress in calculating the crosscap number, calculating it
for alternating knots with less than 13 crossings. We hope our results in this paper will pave the way for
similar calculations for nonalternating knots which are less understood.

Another source of motivation comes from the work that has been done concerning the orientable genus of
links and the Alexander polynomial and Heegard Floer homology of a link. Crowell [5] and Murasugi [24]
have independently shown that the orientable genus of an alternating link is half the degree span of
the Alexander polynomial of the knot. The Heegard Floer homology is now known to detect the genus
of links [22]. There is also an algorithm using normal surface theory to calculate the orientable knot
genus [2; 15]. The hope with the crosscap number is to find parallel results to Heegard Floer and orientable
genus using quantum invariants such as the Jones polynomial and Khovanov homology.

In this paper we will start by finding two-sided linear bounds for C.L/, where L is a Conway sum of
tangles in terms of TL. We also define many of the necessary terms for Theorem 1.2 in that section,
which we state here.

Theorem 1.2 Let T1 and T2 be nonsplittable , twist reduced , strongly alternating tangles whose Conway
sum is a link L. Let C.L/ be the crosscap number of L and kL be the number of components of L. Then˙

1
6
TL

�
� kL � C.L/� 2TLC kLC 8:

A key ingredient in the proof of Theorem 1.2 is Theorem 1.3 which we state below. Theorem 1.3 gives us
bounds for C.L/ in terms of the crosscap numbers of the closures of the tangles which sum to L.

Theorem 1.3 Let T1 and T2 be nonsplittable , twist reduced , strongly alternating tangles , and let L be
the link formed by the Conway sum of T1 and T2. Let KiN and KiD be the links formed by the numerator
and denominator closures of Ti , respectively, i 2 f1; 2g. We have

m� 2� C.L/�mC 2;

where mDminfC.K1N /CC.K2N /;C.K1D/CC.K2D/g.

Algebraic & Geometric Topology, Volume 25 (2025)
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Having Theorem 1.3 at hand we use a result of [17] and the additivity of twist numbers for strongly
alternating tangles to find bounds for C.L/ in terms of the twist number of L. Then using these bounds
and a generalization of Theorem 1.6 from [9] by Futer, Kalfagianni, and Purcell gives us Theorem 1.2.

In Section 5 we show that for arbitrary knots the crosscap number and TL are independent. Specifically
we show:

Theorem 1.4 (a) There exists a family of links for which TL � 2, but C.L/ is arbitrarily large.

(b) There exists a family of links for which C.L/� 3, but TL is arbitrarily large.

To show part (a) of Theorem 1.4, we use work by Teragaito [27] to find a family of torus knots T .p; q/

where C.T .p; q// grows with q and q can be made arbitrarily large. On the other hand we will show that
TT .p;q/ � 2.

For part (b) we will introduce a family of Whitehead doubles for which the crosscap number is always
bounded by 3 but jˇ0

W
j can be made arbitrarily large. Clark [4] showed that for all links C.L/� 2g.L/C1

which shows that for all Whitehead doubles, C.W /�3. On the other hand, using work by Stoimenow [26],
we are able to compute jˇ0

W
j for B-adequate links. Then we find a family of B-adequate Whitehead

doubles for which jˇ0
W
j can be made arbitrarily large.

All the links constructed in Theorem 1.4 are nonhyperbolic. This leaves the question of whether
Theorem 1.2 may be generalized to all hyperbolic links. See Section 6 for more details.

Acknowledgements

The author thanks their advisor Efstratia Kalfagianni for guidance, helpful discussions, and comments on
earlier drafts. Part of this research was supported in the form of graduate Research Assistantships by NSF
grants DMS-2004155 and DMS-2304033 and funding from the NSF/RTG grant DMS-2135960.

2 Crosscap bounds on connection of two strongly alternating tangles

In this section we will work to prove Theorem 1.3.

2.1 Preliminaries and the upper bound of Theorem 1.3

We start with a couple definitions.

Definition 2.1 A tangle is a graph in the plane contained within a box which intersects the box at the four
corners with one-valent vertices, with all other vertices, contained inside the box, four-valent, and given
over/under crossing data. We label the four one-valent vertices NW, NE, SE, SW, positioned according to
Figure 1.
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SW

NW

SE

NE

T T T

Figure 1: Left: a tangle inside a box with directional strands labeled. Center: numerator closure.
Right: denominator closure.

Definition 2.2 The closure of a tangle is the link which results when we connect the NW and NE points
along the box and SW and SE points along the box as seen in the center panel of Figure 1, this is called
the numerator closure. If we close as in the right-hand panel of Figure 1 we call it the denominator
closure. A tangle is strongly alternating if both closures are prime, alternating, and contain no nugatory
crossings.

Definition 2.3 A Conway sphere is a 2-sphere which intersects a knot or link transversely in four points.
A Conway sum is a sum of tangles as shown in Figure 2. For our purposes, a Conway sphere † will be
positioned such that it intersects a Conway sum at the four one-valent vertices for one of the tangles in
the sum. If we let S be a spanning surface for our Conway sum, then S \† will contain two arcs and a
possibly empty collection of simple closed curves as in Figure 3.

We are now ready to begin proving Theorem 1.3. We separate it into the upper and lower bounds,
beginning with the upper bound:

Lemma 2.4 Let T1 and T2 be a pair of nonsplittable , strongly alternating tangles. Let L be the link
formed by the Conway sum of T1 and T2. Let KiN and KiD be the numerator and denominator closures ,
respectively, of T1 and T2. If C.L/ is the crosscap number of L, then

C.L/�minfC.K1N /CC.K2N /C 2;C.K1D/CC.K2D/C 2g:

Proof Start with a pair of strongly alternating tangles, T1 and T2. Let K1N and K2N be the links
acquired by the numerator closures of the tangles. Let S1 and S2 be nonorientable spanning surfaces

T2T1 Tl. . .

Figure 2: An example of a Conway sum of l tangles.
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Σ

S

Figure 3: Here we see a tangle contained within a Conway sphere. The dots represent the
intersection of Ti with †. Then the dotted lines are the intersections of S with †.

which realize the crosscap numbers of K1N and K2N , respectively. We find a spanning surface S of L

by attaching S1 and S2 with a pair of bands bounded by the strands along which the Conway sum was
taken. As we do not cut S1 and S2, S will also be nonorientable.

Now we study the relationship between C.S/ and the sum of C.S1/ and C.S2/. We remind the reader
that C.S/ D 2� �.S/� k. The difference between S and the disjoint union of S1 and S2 is the two
connecting bands used to construct S . So, �.S/D �.S1/C�.S2/� 2.

Next we compare the number of link components in L with the total in K1N and K2N . The gluing of the
East strands of K1N to the West strands of K2N will reduce the number of components by 1 as we are
connecting two disjoint links. The other attachment can increase or decrease the number of components
by 1, or keep it the same. Then kL D kK1N

C kK2N
� � where � D 0; 1, or 2.

Now we substitute for �.S/ and kL to find

C.S/D 2��.S1/��.S2/C 2� kK1N
� kK2N

C � D C.K1N /CC.K2N /C �:

Hence

C.L/� C.S/D C.K1N /CC.K2N /C 2;

as � D 2, will give the weakest upper bound. By the same argument with the denominator closures of T1

and T2, we find that

C.L/� C.K1D/CC.K2D/C 2:

Here we remark that Lemma 2.4 will hold even if we take two general tangles. Notice in the proof that
we do not use the fact that T1 or T2 are nonsplittable or strongly alternating. As this will not hold true
for the other statements we included these hypotheses for uniformity.
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L

ˇ

˛

D

D

ˇ

S

�1

�2

Figure 4: This figure shows a case where L is meridianally boundary compressible.

2.2 Technical lemmas

Before we show the lower bound, we will need some more background, as well as some technical results.
Lemma 2.5 below was discussed in the proof of Lemma 2.4.

Lemma 2.5 Let L be the Conway sum of the tangles T1 and T2, and let K1 and K2 be closures of T1

and T2. If kL is the number of link components for L, and k1 and k2 the number of link components for
K1 and K2, respectively, then kL D k1C k2� � for � D 0; 1; 2.

Definition 2.6 Let L be a link in S3 and let N.L/ be a neighborhood of L. A spanning surface S of L

in S3 is defined to be meridianally boundary compressible if there exists a disk D embedded in S3nN.L/

such that @D D ˛[ˇ where ˛ DD\ @N.L/ and ˇ DD\S . Notice both ˛ and ˇ are arcs, ˇ does not
cut off a disk of S , @D\ @S cuts @S into two arcs �1, �2 and ˛[�i is a meridian of the link for one of
i D 1; 2 as shown in Figure 4. A spanning surface is said to be meridianally boundary incompressible if
no such disk exists.

Definition 2.7 Given an alternating projection of a link L on S2, we modify it so that in a neighborhood
of each crossing, we have a ball whose equator lies on S2 such that the over strand runs over the ball and
the under goes underneath; see Figure 5. We call every such ball a Menasco ball, and we call such an
embedding of L relative to S2 a Menasco projection P with n crossings.

Definition 2.8 We say that a surface S intersects a Menasco ball Bi in a crossing band if S\Bi consists
of a disc bounded by the over and under strands on @Bi along with opposite arcs along the equator of Bi .
We refer the reader to Figures 28–30 in [1].
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Figure 5: Here we put a crossing into Menasco form, with the over strand running across the top
of the ball and the lower strand running along the bottom.

Let F D S2 n
S

i Bi , where the Bi are the Menasco balls for L. Given an incompressible (not necessarily
meridianally) surface S spanning L, we can isotope S so that:

(i) S \F is a collection of simple closed curves and arcs with endpoints on L or the equator of a
Menasco ball.

(ii) S is disjoint wherever possible from the interior of the Bi , including along N.L/. The only
exception will be at crossing bands.

We say such a surface isotoped in this way is in Menasco form.

We will also need Lemma 5.1 from [1] by Adams and Kindred which we state here as Lemma 2.9.
Lemma 2.9 is required to prove Lemma 2.10, which is proven as Corollary 5.2 in [1]. Lemma 2.10 is
essential to our proof of the lower bound, as it guarantees the connectedness of any spanning surface of
the numerator or denominator closures of tangles that we consider.

Lemma 2.9 An incompressible and meridianally boundary incompressible surface S spanning an
alternating link L can be isotoped relative to a given nontrivial Menasco projection P to obtain a crossing
band.

Lemma 2.10 Any spanning surface for a nonsplittable , alternating link is connected.

Proof This proof uses induction on the number of crossings a nonsplittable, alternating link contains.
As the unknot contains only one link component, any spanning surface for the unknot must be connected.
Now consider a nonsplittable alternating link L which has n crossings, and let S be a spanning surface
for L. Then S is either incompressible and meridianally boundary incompressible or a finite sequence of
compressions take S to an incompressible and meridianally boundary incompressible surface S 0. Choose
a reduced alternating diagram of L and put S 0 into Menasco form relative to L. By Lemma 2.9, we can
isotope S 0 such that S 0 contains a crossing band in at least one of the Menasco balls, M . Further, when we
cut open the link along M , we find a spanning surface S 00 for a nonsplittable alternating link with fewer
crossings L0. Part of the equator of M replaces the crossing strands and guarantees that S 00 is a spanning
surface of L0. Then, by induction, as S 00 is a spanning surface for a link of n�1 crossings, it is connected.
Regluing in the crossing band does not disconnect our surface, showing that S 0 and S are connected.
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Lemma 2.11 Let † be a Conway sphere which intersects a Conway sum L of two strongly alternating
tangles T1 and T2 in S3 such that † separates T1 and T2. If we let S be a spanning surface of L and
S \† contains a simple closed curve 
 such that 
 does not separate the two arcs in S \† on †, then
there exists an isotopy on S which will eliminate 
 .

Proof Assume there is only one closed curve 
 contained in S \†. First we consider the case where
cutting S along 
 and gluing in disks along the resulting boundary components results in two disconnected
closed components. This implies that S has a disconnected closed component, contradicting that S is a
crosscap realizing surface.

Next assume that cutting along 
 and gluing in disks does not result in a closed surface component. Then
cutting S along † and gluing disks along the copies of 
 will result in spanning surfaces for a closure of
T1 and a closure of T2, both of which are connected by Lemma 2.10. Reversing this procedure everywhere
but 
 results in a new connected surface S 0 which also spans L. But as S 0 has two additional disks,
�.S 0/ D �.S/C 2, showing that C.S 0/ < C.S/ contradicting that S is a crosscap realizing spanning
surface.

The only remaining possibility is if cutting S along 
 and gluing disks to the two resulting boundaries
results in a single closed surface component, U . Then U will separate S3 into two disjoint spaces. As 

does not separate the two arcs on†, one side of U must not contain any part of S . But then we can move U

to the opposite side of† and reglue it to S along 
 to find an isotopy of S for which 
 is no longer in†\S .

In the case that we have multiple such closed curves along † we do the same as above starting with the in-
nermost closed curve. The innermost closed curve in this case is the one that bounds an empty disk on†.

By Lemma 2.11, we can choose S such that the only simple closed curves in †\S are those which
bound two disks each containing an arc. Next we show that S can be chosen so that S \† contains at
most one such simple closed curve.

Lemma 2.12 There exists a spanning surface S for L, where L is the Conway sum of two strongly
alternating tangles , such that C.S/D C.L/ and †\S contains at most one closed curve.

Proof By Lemma 2.11 we can assume that if †\S contains closed curves 
1; : : : ; 
n, they each split
† such that the two arcs lie on opposite disks. Assume we have n> 1 such closed curves in †\S , and
let 
1 and 
2 be such that 
1 bounds a disk on † such that no other 
i are in the disk and 
2 bounds a
disk where the only closed curve in it is 
1.

We now find a spanning surface S 0 such that C.S 0/D C.L/ and S 0 \† contains n� 2 closed curves.
We start with S and cut along 
1 and 
2 and then glue in annuli whose boundaries are a copy of 
1 and
a copy of 
2. Then as the Euler characteristic of an annulus is 0, this cutting and gluing operation will
result in �.S/D �.S 0/.
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It remains to show that S 0 will be a connected surface. As in the proof of Lemma 2.11 we cut S along
† and glue in disks along each 
i except for 
1 and 
2 which we glue a pair of annuli. This results
in spanning surfaces S1 and S2 for closures of T1 and T2 which by Lemma 2.10 are connected. If we
reverse this procedure everywhere except 
1 and 
2 the result will be S 0 and as we only remove disks
before regluing, S 0 will be connected. Hence, we have found a spanning surface S 0 for L such that
C.S 0/DC.L/ and S 0\† contains two fewer closed curves. Hence, repeating for all such pairs of closed
curves in S \† we will find the claim.

Lemma 2.13 We can choose a surface S which spans a link L such that C.S/DC.L/ and cutting along
† will not give us a closed surface component.

Proof This was shown in the proof of Lemma 2.11.

2.3 Lower bound of Theorem 1.3

In this subsection we will prove the lower bound of Theorem 1.3, which will be restated as Lemma 2.14.
We start by discussing what happens when we cut our link L along †. Assume that S is a nonorientable
spanning surface for L with C.S/D C.L/. The two arcs on † will define how we close T1 and T2 after
cutting. We let K1 and K2 be these closures. To see that K1 and K2 are the numerator or denominator
closures consider a crossing which as a vertex in the tangle graph is adjacent to a one-valent vertex. If the
exterior regions for a tangle are the faces bounded by the box in the graph then one of the two exterior
regions adjacent to the crossing must be included in S . This means the boundary of this region will result
in the numerator or denominator closures.

We are now ready to prove the lower bound of Theorem 1.3.

Lemma 2.14 Let T1 and T2 be nonsplittable , strongly alternating tangles and L the link resulting from
the Conway sum of T1 and T2. Also , let S be a spanning surface of L such that C.L/D C.S/. Then

C.K1/CC.K2/� 2� C.L/:

Proof Let S be a nonorientable spanning surface for L such that C.L/D C.S/. By Lemma 2.12 S can
be chosen such that the intersection of S with † contains at most one closed curve 
 and that both disks

 bounds contain arcs. We cut S along † and if 
 exists we glue a disk to each copy to get spanning
surfaces S1 and S2 for K1 and K2, respectively. By Lemma 2.13 we know that S1 and S2 will not have
closed components and by Lemma 2.10 S1 and S2 must be connected as K1 and K2 are alternating.

If k1 and k2 are the number of link components for K1 and K2, respectively, then by Lemma 2.5
k1C k2� � D kL where � D 0; 1; 2.

Next we consider how the Euler characteristics of S and the sum of the Euler characteristics of S1 and S2

will be related. We know that†\S contains two arcs and at most one closed curve by Lemma 2.12. Then
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cutting the two arcs along † will increase the Euler characteristic by 2. Assume there are n closed curves.
Gluing disks along the two copies after cutting will further increase the Euler characteristic by 2n. The
final consideration we have to make is whether S1 and S2 are nonorientable. Let t D 0; 1; 2 be the number
of Si which are orientable. We will have to add t half twist bands to make sure all the Si are nonorientable
decreasing the Euler characteristic by t . Now we see that �.S/D �.S1/C�.S2/� 2� 2nC t . Then

C.S1/CC.S2/D 4��.S/� 2� 2nC t � kL� � D C.L/� 2nC t � �:

Simplifying we find
C.K1/CC.K2/C 2n� t C � � C.L/:

This will be the weakest when nD 0, t D 2, and � D 0. Hence we find C.K1/CC.K2/� 2� C.L/.

We restate Theorem 1.3:

Theorem 1.3 Let T1 and T2 be nonsplittable , twist reduced , strongly alternating tangles. Let L be
the link formed by the Conway sum of T1 and T2. Let KiN be the link formed by the numerator
closure of Ti , i 2 f1; 2g, similarly KiD will be the link formed by the denominator closure. If we let
mDminfC.K1N /CC.K2N /;C.K1D/CC.K2D/g, then

C.K1/CC.K2/� 2� C.L/�mC 2:

Theorem 1.3 follows directly from Lemmas 2.4 and 2.14. A result similar to Theorem 1.3 exists for the
cross cap number of connected sums. In particular, Clark [4] showed with a strategy similar to our own,
that if K1 and K2 are knots, then

C.K1/CC.K2/� 1� C.K1#K2/� C.K1/CC.K2/:

3 Crosscap number, twist number, and the Jones polynomial

3.1 Twist number bounds

Now we have a relationship between the crosscap numbers of the Conway sum of two tangles and the
closures of the tangles which compose it. Unfortunately, the bounds depend upon the tangles and which
closures we take. But we can use Theorem 1.3 to find bounds for C.L/ entirely dependent upon L.
Before proceeding with the statements, we will need a definition.

Definition 3.1 The twist number of a link diagram or a tangle diagram is the number of twist regions
a link diagram contains, where a twist region is a maximal collection of bigon regions contained end
to end. We call a link diagram twist reduced if any simple closed curve which meets the link diagram
transversely at four points, with two points adjacent to one crossing and the other two another crossing,
bounds a possibly empty collection of bigons arranged end to end between the two crossings.
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We take a brief pause to mention that we can take the Conway sum of more than two tangles. In particular,
for tangles T1;T2; : : : ;Tn, we can glue the eastern strands of Ti to the western strands of TiC1. Then we
glue the eastern strands of Tn to the western strands of T1. See Figure 2 for an example.

Lemma 3.2 Let T1;T2; : : : ;Tn be strongly alternating tangle diagrams whose Conway sum is a link
diagram D.L/. Then tw.D.L// D

Pn
iD1 tw.Ti/, where tw.D.L// is the twist number for D.L/ and

tw.Ti/ the twist number for the tangle diagram Ti .

Proof First notice that taking the sum of tangles will not result in new twist regions. This is because,
when taking a Conway sum, crossings that shared a twist region will still share a twist region and we
introduce no new crossings. Therefore, tw.D.L//�

Pn
iD1 tw.Ti/.

Now assume that tw.D.L// <
Pn

iD1 tw.Ti/. Then for some i , a twist region in Ti and a twist region
in TiC1 become one region in L. This implies there exists a simple closed curve 
 which transversely
intersects D.L/ twice in Ti and twice in TiC1. If we think back to Ti lying in a unit square, then 
 must
intersect the north and south edges or the east and west edges of the square. In the first case, this shows
that the denominator closure is not prime, and the second, the numerator closure is not prime. But as Ti

is strongly alternating, this would be a contradiction, therefore tw.D.L//D
Pn

iD1 tw.Ti/.

Next we consider the relationship between the twist number of a tangle diagram and the twist numbers of
diagrams of its closures.

Lemma 3.3 Let T be a strongly alternating tangle diagram , and let D.K/ be the link diagram which
comes from the numerator or denominator closure. Then

tw.T /� 2� tw.D.K//� tw.T /:

Proof The upper bound is true as we are not adding crossings when closing a tangle, and hence cannot
create new twist regions.

The lower bound stems from the fact that when we choose a closure for T we create two new potential
bigons. If either region is a bigon, then it joins two twist regions. If both regions are bigons, the twist
number is reduced by 2. In Figure 6 we see an example of a tangle where the lower bound is sharp for
both closures.

We will also need Theorem 3.8 from [17] which we state here. This theorem allows us to relate the cross
cap numbers of the closures of strongly alternating tangles to twist numbers of their diagrams.

Theorem 3.4 Let L � S3 be a link of kL components with a prime , twist reduced , alternating dia-
gram D.L/. Suppose that D.L/ has tw.D.L//� 2 twist regions. Let C.L/ denote the crosscap number
of L. We have ˙

1
3

tw.D.L//
�
C 2� kL � C.L/� tw.D.L//C 2� kL:

Furthermore , both bounds are sharp.
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Figure 6: Left: a strongly alternating tangle with 5 twist regions. Right: the numerator closure
with 3 twist regions. The denominator also results in 3 twist regions, showing the sharpness of the
lower bound.

Now that we have that the twist number is additive for strongly alternating tangles by Lemma 3.2 and can
relate C.Ki/ and tw.Ti/ by Lemma 3.3 and Theorem 3.4, we are ready to state Theorem 3.5

Theorem 3.5 Let T1 and T2 be diagrams of nonsplittable , strongly alternating , twist reduced tangles
whose Conway sum is a link diagram D.L/. Let C.L/ be the crosscap number of L, tw.D.L// be the
twist number of D.L/ and kL be the number of link components in L. Then˙

1
3

tw.D.L//
�
� kL � C.L/� tw.D.L//C 4� kL:

Proof We start with a lower bound in the proof of Lemma 2.14 with ambiguity on � where k1Ck2��DkL.
Then C.K1/CC.K2/�2C � � C.L/. Let D.K1/ and D.K2/ be the diagrams of K1 and K2 that arise
from cutting L as in Theorem 1.3. Notice that tw.D.Ki//� 2 for i D 1; 2 as Ti is strongly alternating,
and tangle diagrams with twist number 1 will have a nonprime closure. Then by Theorem 3.4 we find for
i 2 f1; 2g that

˙
1
3

tw.D.Ki//
�
C 2� ki � C.Ki/ where Ki has ki link components. So˙

1
3

tw.D.K1//
�
C
˙

1
3

tw.D.K2//
�
C 2C �� k1� k2 � C.L/:

By Lemma 3.3 tw.Ti/� 2� tw.D.Ki// and from Lemma 3.2 we know tw.T1/C tw.T2/D tw.D.L//.
Combining the two lemmas shows˙

1
3

tw.D.L//
�
� 2�

˙
1
3
.tw.T1/� 2/

�
C
˙

1
3
.tw.T2/� 2/

�
(1)

�
˙

1
3

tw.D.K1//
�
C
˙

1
3

tw.D.K2//
�
:(2)

Finally substituting in k1C k2 D kl C �, we find˙
1
3

tw.D.L//
�
� kL � C.L/:

Now we consider the upper bound. Similar to the lower bound we start with a step from Lemma 2.4,
C.L/�minfC.K1N /CC.K2N /C�;C.K1D/CC.K2D/C�g. By Lemma 3.3 we see that tw.D.KiN //�

tw.Ti/ and tw.D.KiD//� tw.Ti/ and then by Theorem 3.4,

C.L/� tw.T1/C tw.T2/C 4C �� k1� k2:

Then substituting for k1C k2 D kLC � and considering Lemma 3.2,

C.L/� tw.D.L//C 4� kL:
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A B

Figure 7: Given a crossing, we can resolve it to either the A- or B-resolution.

3.2 Jones polynomial bounds

From here we work to find bounds in terms of TL, but first we have to generalize Theorem 1.6 in [9]
which will allow us to relate the twist number of the diagram of a link L to TL. Theorem 1.6 from [9] only
considers knots but we want a similar result for links. We start with some necessary definitions and then
a generalization of Lemma 5.4 from [9] which is a necessary piece of our generalization of Theorem 1.6.

Definition 3.6 If we let D.L/ be the diagram of a link L we define the A-resolution and B-resolution as
shown in Figure 7. Then a Kauffman state is a choice of resolutions for each crossing in a link diagram.

Definition 3.7 Next we construct a all A (resp all B) state graph GA.D.L// (resp GB.D.L//) by adding
edges where we performed resolutions and then contracting the simple closed curves to vertices. Let eA

(resp eB) be the number of edges in GA.D.L// (resp GB.D.L//). Further, if we identify all parallel
edges (edges which share two vertices) we find the reduced state graph G0

A
.D.L// (resp G0

B
.D.L//).

Let e0
A

(resp e0
B
/ be the number of edges in G0

A
.D.L// (resp G0

B
.D.L//).

Now we are ready to define what it means for a link to be adequate.

Definition 3.8 We call a link diagram A-adequate (resp B-adequate) if the A-state (resp B-state) graph
of the diagram has no one-edge loops. A link diagram is called adequate if it is both A-adequate and
B-adequate, and a link is adequate if it has a diagram which is adequate.

Here we recall some terminology from [9].

Definition 3.9 Let D.L/ be the link diagram obtained by taking the Conway sum of strongly alternating
tangles T1; : : : ;Tn. Let `in.D.L// denote the loss of edges in GA.D.L// and GB.D.L// as we pass from
eAC eB to e0

A
C e0

B
which come from equivalent crossings in the same tangle Ti . Then let `ext.D.L//

be the number of edges we lose from identification when we take the Conway sum. It follows that
`in.D.L//C `ext.D.L//D eAC eB � e0

A
� e0

B
.

For an alternating tangle diagram T , the vertices of GA.T / and GB.T / are in one-to-one correspondence
with the regions of T . For the state graph of a tangle, if we consider the tangle lying within a disk,
we have four exterior regions bounded by the disk. This means our state graphs have interior vertices
those whose region lie entirely within the interior of the disk and two exterior vertices with corresponding
region, with sides on the boundary of the disk.
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Figure 8: Top: two strongly alternating tangles. Middle: the all A-resolution diagrams for the
tangles. Bottom left: the all A-state diagram for the Conway sum of two of the left tangles which
has all admissible bridges. Bottom right: the all A-state diagram for the Conway sum of one of
both tangles; here the bridges are all inadmissible.

For a tangle Ti , a bridge of GA.Ti/ or GB.Ti/ is a subgraph consisting of an interior vertex v, and
edges e0, e00 which connect v to the exterior vertices v0 and v00. We call the bridge inadmissible if the
vertices become identified in GA.D.L// or GB.D.L//; see Figure 8.

Now we find an upper bound for `ext.D.L// in terms of the twist number. This work will largely follow
the proof of Lemma 5.4 in [9].

Lemma 3.10 Let T1 and T2 be strongly alternating tangles whose Conway sum is a link diagram D.L/.
Let kL be number of link components in L. Then

`ext.D.L//�
1
2

tw.D.L//C kLC 4:

Proof For T 2 fT1;T2g let bA.T /, bB.T / be the number of bridges in GA.T / and GB.T /, respectively.
Then the contribution of T to `ext will be at most bA.T /C bB.T /. Any other edge identification from
moving to the reduced graph will still be counted by `int.

If b is a bridge there are two possibilities:

(i) The edges e0, e00 do not come from the resolutions of a single twist region.

(ii) The edges e0, e00 come from the resolutions of a single twist region.
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For type-(ii) bridges the two crossings which result in the edges are the only two in their respective twist
region. Otherwise the two edges will not be adjacent to the exterior vertices or this would no longer
constitute a twist region.

For type-(i) bridges when we pass from GA.T / and GB.T / to G0
A
.T / and G0

B
.T / the contributions

to `ext is half the number of twist regions involved in such bridges. Unlike in [9] we can have more than
one type-(ii) bridge, as each additional type-(ii) bridge creates a new link component.

Case 1 Suppose that bA.T /�3 or bB.T /�3. Without loss of generality let bA.T /�3. Then bB.T /D0.
If bB.T / were not zero then the B state bridge would cross the A state bridges, implying two internal
vertices which is not a bridge.

There can be any number of type-(ii) bridges, but each bridge beyond the first will add a new link
component. If we have only type-(ii) bridges bA.T /� kT where kT is the number of tangle components.
On the other hand if we only have type-(i) bridges bA.T /�

1
2

tw.T /. Then for any mix of bridges we
find that

bA.T /C bB.T /�
1
2

tw.T /C kT :

Case 2 In this case we will consider bA.T /D bB.T /D 2. Then k must be at least 2, as the bridges in
GA.T / and GB.T / will create a square resulting in a tangle second component. Also, as GA.T / has two
bridges there are at least two twist regions in T . Then

bA.T /C bB.T /�
1
2

tw.T /C kT C 1:

Case 3 Either bA.T / � 2 and bB.T / � 1 or bA.T / � 1 and bB.T / � 2. Without loss of generality
consider the first possibility. Then bA.T /C bB.T / is at most three. If it’s less than three we see that
kT C 1� 2 so we need only consider when they sum to three. But as with the previous case we will have
at least two twist regions as GA.T / has two bridges. Thus,

bA.T /C bB.T /�
1
2

tw.T /C kT C 1:

Then by Lemma 3.2 we know that the twist number is additive over Conway sums. By Lemma 2.5
k1C k2 � kLC 2. Then we find the bound

`ext �

2X
iD1

bA.Ti/C bB.Ti/�
1
2

tw.D.L//C kLC 4:

Now we have the tools necessary to prove the main lemma needed to find bounds for C.L/ in terms of TL.

Lemma 3.11 Let T1; : : : ;Tn be strongly alternating tangles whose Conway sum is a link diagram D.L/

for a link L. Then letting ˇL and ˇ0
L

be the second and second-to-last coefficients of the Jones polynomial
of L, TL D jˇLjC jˇ

0
L
j, and kL the number of link components , we have

1
2

tw.D.L//� kL� 2� TL � 2 tw.D.L//:
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Proof We start by noting that we can mutate the link L in such a way that it either is alternating or
the sum of T and T 0 where T is a positive strongly alternating tangle and T 0 is a negative strongly
alternating tangle, without changing its Jones polynomial [20]. The positive and negative refer to whether
the northwest strand originates from an overcrossing or an undercrossing. In the former case we have a
stronger result by Dasbach and Lin [7] that TL D tw.L/.

We will assume that L is not alternating. Then work by Lickorish and Thistlethwaite [21] shows that
D.L/ is adequate. Further, by Propositions 1 and 5 of [21] we have vA C vB D c where vA is the
number of vertices in GA.D.L//, vB the same in GB.D.L// and c the number of crossings in D.L/.
Every edge we lose when passing from GA.D.L// and GB.D.L// to G0

A
.D.L// and G0

B
.D.L// comes

from either multiple edges in a twist region or an inadmissible bridge. By Lemma 5.2 in [9] we see
that the number of edges lost due to twist regions is c � tw.D.L// which is equivalent to `in. This
is because the edges which share a twist region are equivalent to those who become identified in the
reduction before taking the Conway sum. On the other hand type-(i) inadmissible bridges for strongly
alternating tangles will be precisely those which we lose from identification when taking the Conway
sum, `ext.D.L//. Then the first part of the move from (4) to (5) below will come from the equality
e0
A
C e0

B
� eA � eB D �.c � tw.D.L//C `ext/. Work by Stoimenow shows that for an adequate link

diagram (see [7] for a proof)

TL D e0AC e0B � vA� vBC 2(3)

D .e0AC e0B � eA� eB/C eAC .eB � vA� vB/C 2(4)

D�.c � tw.D.L//C `ext/C cC .c � vA� vB/C 2(5)

� tw.D.L//� `extC 2(6)

� tw.D.L//� 1
2

tw.D.L//� kL� 4C 2D 1
2

tw.D.L//� kL� 2:(7)

The upper bound on TL was shown by Futer, Kalfagianni and Purcell in [8].

Theorem 1.2 Let T1 and T2 be nonsplittable , twist reduced , strongly alternating tangles whose Conway
sum is a link L. If C.L/ is the crosscap number of L, TL D jˇLj C jˇ

0
L
j and kL is the number of link

components in L we find that ˙
1
6
TL

�
� kL � C.L/� 2TLC kLC 8:

Proof This follows immediately from Theorem 3.5 and Lemma 3.11.

Corollary 3.12 Let T1 and T2 be twist reduced , nonsplittable , strongly alternating tangles whose
Conway sum is a link L. Assume that tw.Ti/D tw.KiN /D tw.KiD/. If C.L/ is the crosscap number
of L, TL D jˇLjC jˇ

0
L
j and kL is the number of link components in L, we have˙

1
6
TL

�
C 2� kL � C.L/� 2TLC kLC 8:
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4 Generalizing to larger Conway sums of tangles

Our goal in this section is to generalize Theorem 1.2 to Conway sums of more than two tangles. A Conway
sum of more than 2 tangles is a closure where we connect diagrams of the tangles T1;T2; : : : ;Tl linearly
west to east shown in Figure 2. As with the case of the sum of two tangles, if we let L be our Conway
sum and S a spanning surface, cutting S along a Conway sphere intersecting Ti will result in a spanning
surface for either KiN or KiD , dictating the closure for the tangle. When we cut L, we position l Conway
spheres such that †i intersects L at the directional strands of Ti . We note that S3 n

S
i †i will not be

a sphere, but we are concerned with the surfaces within the interior of each †i . S n [i†i will be a
collection of bands and tubes which we consider in the Euler characteristic change. This section will
have similar results to the previous sections but with a factor for the number of tangles. We start with the
following lemma which is a generalization of Lemma 2.5.

Lemma 4.1 Let L be the Conway sum of the tangles T1;T2; : : : ;Tl , and K1;K2; : : : ;Kl are closures
of the tangles. Then if kL is the number of link components for L, and k1; k2; : : : ; kl the number of link
components for each link , respectively, then kL D

Pl
iD1 ki � l C � for � D 0; 1; 2.

Theorem 4.2 Let T1;T2; : : : ;Tl be nonsplittable , strongly alternating tangles , and let L be the Conway
sum that results from the l tangles. If Ki is the closure of Ti resulting from cutting the crosscap realizing
spanning surface for L for all i 2 f1; 2; : : : ; lg and KiN is the numerator closure of Ti and KiD the
denominator closure , then we have

lP
iD1

C.Ki/� l � C.L/�min
n lP

iD1

C.KiN /C l;
lP

iD1

C.KiD/C 2
o
:

Proof This proof will largely follow the work we did in Lemmas 2.14 and 2.4. We will start by
considering the upper bound.

First we consider the case where we have KiN for all i 2 f1; 2; : : : ; lg, and spanning surfaces Si for each
KiN such that C.Si/ D C.KiN /. Unlike in Lemma 2.4 the NW and NE strands connect to different
tangles and we will find the same for the SW and SE strands. Then the spanning surface resulting from
the Conway sum will have northern and southern disks attached to each of the Si by a band as seen in
Figure 9. Let this resulting surface be S .

By this construction �.S/ D
Pl

iD1 �.Si/ � 2l C 2 where the 2l comes from the bands connecting
each surface to the disks, and the 2 from the disks themselves. Then by Lemma 4.1 we see that
kL D

Pl
iD1 kiN � l C �. Then

C.S/D 2�
� lP

iD1

�.Si/� 2l C 2
�
�

� lP
iD1

kiN � l C �
�
D

lP
iD1

C.KiN /C l � �:
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T1 T2 Tl

Figure 9: We see here that a surface would have to fill the shaded areas to connect the numerator
closures of the tangles since the western and eastern boundaries of the Si connect to separate tangles.

Then we see the weakest upper bound is when � D 0, so

C.L/� C.S/D
lP

iD1

C.KiN /C l:

Meanwhile the all denominator closure case will be similar to when l D 2. In particular �.S/ DPl
iD1 �.Si/� l as we add bands to connect each of the Si to their neighboring surfaces. By Lemma 4.1

and similar computations to the numerator closure case we find C.L/�
Pl

iD1 C.KiD/C2. We have a 2
instead of an l as we added half the number of bands in constructing S . Then we take the minimum of
the denominator and numerator bounds to find an upper bound for C.L/.

Now we consider the lower bound. Let S be a spanning surface for L such that C.S/DC.L/. Similar to
Lemma 2.14 we will be considering the surfaces S1;S2; : : : ;Sl that result from cutting along the Conway
spheres †i . By a similar argument to the one for Lemma 2.12, S can be chosen so that †i \S contains
at most one closed curve for all i . Notice that if any of the steps in Lemma 2.12 were to disconnect the
surface outside †i , then for some other †j , i ¤ j , Tj would span a disconnected surface which is a
contradiction to Lemma 2.10. Then when we cut along the Conway spheres we see that we are at most
cutting along two arcs and a closed curve.

We know from Lemma 4.1 that kL D
Pl

iD1 ki � l C � for � D 0; 1; 2. If we have closed curves along
a †i , when we cut we will have to add disks to both resulting boundary components which increases the
Euler characteristic by 2. For any surface resulting from cutting that is orientable we will have to add in
a half twist band to make it nonorientable. Each such half twist band reduces the Euler characteristic
by 1. Then

Pl
iD1 �.Si/D �.S/C t C c � b where t D l or t D 2l � 2 depending on if the Ki are the

denominator or numerator closures, c the number of closed curves on the †i which can be as large as l

and b the number of twist bands added to make the Si nonorientable which also has maximum l . The
value of t arises from the bands which sit in S3 n

S
i †i .

Now we see that
lP

iD1

C.Si/D 2l �
lP

iD1

�.Si/�
lP

iD1

ki D 2l ��.S/� t � cC b� kL� l C �:
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The weakest upper bound for
Pl

iD1 C.Si/ is when t and c are minimal and b and � are maximal. So this
will be when we do not have any closed curves and each of the resulting Si need half twist bands to make
them nonorientable. So

lP
iD1

C.Si/D 2l ��.S/� l C l � kL� l C 2D C.L/C l:

Then moving the l to the other side we see that
Pl

iD1 C.Ki/� l � C.L/, showing the claim.

As in Section 3 we will now use Theorem 3.4 to find bounds for C.L/ in terms of tw.D.L// where
tw.D.L// is the twist number for a diagram of L.

Theorem 4.3 Let T1;T2; : : : ;Tl be nonsplittable , twist reduced , strongly alternating tangles and let
D.L/ be the link diagram for the link L which results from taking the Conway sum of the tangles. Let
tw.D.L// denote the twist number of D.L/ and C.L/ the crosscap number for L. Then˙

1
3

tw.D.L//
�
C 2� kL � C.L/� tw.D.L//C l C 2� kL:

Proof We start with the bounds from Theorem 4.2. From here we use Theorem 3.4 and Lemma 3.3 to
get bounds on C.L/ with respect to the twist numbers of diagrams of T1; : : : ;Tl . Combining these two
statements we find

lP
iD1

˙
1
3
.tw.Ti/� 2/

�
C l �

lP
iD1

ki � C.L/�
lP

iD1

tw.Ti/C 2l C 2�
lP

iD1

ki ;

where ki is the number of link components for each Ki .

We know that the twist number of strongly alternating tangles is additive over a Conway sum by Lemma 3.2.
So the only detail left to consider is the relationship between kL and

Pl
iD1 ki . By Lemma 4.1 and a

similar argument to that in Theorem 3.5 we find the claim:˙
1
3

�
tw.D.L//� 2l

��
C 2� kL � c.L/� tw.D.L//C l C 2� kL:

The final piece of our puzzle is to find bounds in terms of TL. To do this we use Lemma 3.11 and
Theorem 4.3 and the result follows.

Theorem 4.4 Let T1;T2; : : : ;Tl be nonsplittable , twist reduced , strongly alternating tangles and let L

be the link which results from taking the Conway sum. Then let C.L/ be the crosscap number and kL the
number of link components in L. Then˙

1
6
.TL� 2l/

�
C 2� kL � C.L/� 2TLC l C 6C kL:

With an additional constraint on our tangles we find the following corollary:
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Corollary 4.5 Let T1;T2; : : : ;Tl be nonsplittable , twist reduced , strongly alternating tangles such that
tw.Ti/D tw.D.KiN //D tw.D.KiD// for all i 2 f1; : : : ; lg. Let L be the link which results from taking
the Conway sum , C.L/ the crosscap number , and kL the number of link components in L. Then˙

1
6
TL

�
C 2� kL � C.L/� 2TLC l C 6C kL:

5 Families where TL and the crosscap number are independent

We begin by recalling the following theorem from [17] which gives linear bounds for the crosscap number
of an alternating link in terms of TL, where TL D jˇLj C jˇ

0
L
j and ˇL and ˇ0

L
are the second and

second-to-last coefficients of the Jones polynomial of L, respectively.

Theorem 5.1 Let L be a nonsplit , prime alternating link with k components and with crosscap num-
ber C.L/. Suppose that K is not a .2;p/ torus link. We have˙

1
3
TL

�
C 2� k � C.L/� TLC 2� k;

where TL is as above. Furthermore , both bounds are sharp.

In the previous sections we showed Theorem 5.1 generalizes to Conway sums of strongly alternating
tangles. In this section we will show that Theorem 5.1 does not generalize to arbitrary knots.

Theorem 1.4 (a) There exists a family of links for which TL � 2, but C.L/ is arbitrarily large.

(b) There exists a family of links for which C.L/� 3, but TL is arbitrarily large.

5.1 Part (a) of Theorem 1.4

In this section we will consider the family of torus knots T .p; q/, where q D j and p D 2C 2j k for
odd j > 1 and all natural numbers k. This family will allow us to prove part (a) of Theorem 1.4. We start
with the following definition from Teragaito [27].

Definition 5.2 We define the value N.p; q/ from [27] for fractions p
q

, where p and q are coprime,
to begin write p

q
as a continued fraction

p

q
D Œa0; a1; a2; : : : ; an�D a0C

1

a1C
1

a2C
1

: : :
C 1

an

;

where the ai are integers, a0 � 0, ai > 0 for 1� i � n, and an > 1. A continued fraction of this form is
unique (see [14]). Now we recursively define bi as

b0 D a0; bi D

(
ai if bi�1 ¤ ai�1 or if

Pi�1
jD0 bj is odd;

0 if bi�1 D ai�1 and
Pi�1

jD0 bj is even:

Then, N.p; q/D 1
2

Pn
iD1 bi . We say a torus knot K is even if the product of p and q is even and we say

K is odd otherwise. Using these definitions we can state Theorem 1.1 from [27].
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Theorem 5.3 Let K be the nontrivial torus knot of type .p; q/, where p; q>0 and let F be a nonorientable
spanning surface of K with C.F /D C.K/.

(i) If K is even , then C.K/DN.p; q/ and the boundary slope of F is pq.

(ii) If K is odd , then C.K/D N.pq � 1;p2/ (resp N.pqC 1;p2/) and the boundary slope of F is
pq� 1 (resp pqC 1) if xq ��1 (mod p) has an even (resp odd ) solution x satisfying 0< x < p.

We take advantage of (i) from Theorem 5.3 to both construct our family of torus links and prove
Proposition 5.5 below. We also need the following lemma, which gives an explicit formula for the Jones
polynomial of a torus knot originally given in Proposition 11.9 of [16], which allows us to calculate TL

for torus knots.

Lemma 5.4 The Jones polynomial for a torus knot T .p; q/ is given by

V .T .p; q//D t .p�1/.q�1/=2 1� tpC1� tqC1C tpCq

1� t2
:

Proposition 5.5 Let L D T .p; q/ be the family of torus knots where q > 1 is odd and p D 2C 2qk

for k 2N. Then TL � 2 but C.T .p; q// can be made arbitrarily large.

Proof Let q > 1 be odd, and p D 2C 2qk where k is a natural number. To show that for all such torus
knots, LDT .p; q/, C.L/ does not have a universal upper bound with respect to TL, we will show that as
k goes to1, C.L/ also goes to1, but TL � 2. We start by computing the crosscap number of T .p; q/

using Theorem 5.3.

First we notice that
p

q
D

2C 2qk

q
D 2kC

1

1C 1
2

:

Then AD Œ2k; 1; 2�. Then by Definition 5.2 B D Œ2k; 0; 2�. Finally, as pq is even,

C.L/DN.p; q/D 1
2
.2kC 0C 2/D kC 1:

Then as k!1, C.L/ also goes to1.

Next by Lemma 5.4 we know that

V .L/D t .p�1/.q�1/=2 1� tpC1� tqC1C tpCq

1� t2

D t ..2C2qk/q�.2C2qk/�qC1/=2 1� t2C2qkC1� tqC1C t2C2qkCq

1� t2

D t ..2C2qk/q�.2C2qk/�qC1/=2.�t2qkCq
� t2qkCq�2

� � � � � t2C2qkC1
C tq�1

C � � �C t2
C 1/:

The last step arises from taking the polynomial division. Therefore, given our choices of p and q we see
that TL � 2.

Then Proposition 5.5 shows part (a) of Theorem 1.4.
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Figure 10: Here we see the unknot with a clasp contained inside the torus, then we see the
resulting positive Whitehead double with the blackboard framing when map the torus to the trefoil.

5.2 Part (b) of Theorem 1.4

In this section we will work to prove part (b) of Theorem 1.4 and the following theorem:

Theorem 5.6 There does not exist a universal linear lower bound on C.L/ for all links L in terms of TL.

To prove this we will introduce a family of links for which C.L/ is uniformly bounded but TL can be
made arbitrarily large. These links will be constructed by using the Whitehead double defined here:

Definition 5.7 The Whitehead double of a knot L is the satellite of the unknot clasped inside of the
torus. We call it a positive Whitehead double if the clasp is as in Figure 10 and a negative Whitehead
double if not.

The particular family is defined in this next theorem:

Theorem 5.8 Let K1;K2; : : : ;Kn be alternating knots such that ˇ0
Ki
¤ 0. Then we let K be the connect

sum of K1;K2; : : : ;Kn such that K is alternating and W�.K/ be the negative Whitehead double of K

using the blackboard framing. Then C.L/� 3 and jˇ0
L
j � n.

Lemma 5.9 If a link is B-adequate then the negative Whitehead double of the link using the blackboard
framing is also B-adequate.

A similar statement was proven in [3] as Proposition 7.1. They show it for the untwisted negative
Whitehead double of a knot with nonnegative writhe. The writhe of the knot introduces extra twists into
the diagram of the untwisted Whitehead double, which can interfere with adequacy around the clasp.

Proof We start by showing that the blackboard two-cabling will be B-adequate. This is shown by
Lickorish in [20] for n-cablings. Let D be a B-adequate diagram for our link and D2 the two-cabling.
Notice in D2 there will be four copies of each crossing in D. Then when we have the all B-resolution
state we will end up with four parallel strands instead of two as we did in D. If we were to have a
one-edge loop, then two of the strands are part of the same state circle. But these state circles are copies
of the state circles for D so this would contradict that D is adequate.
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Figure 11: The result of the B-resolution on the clasp of a negative Whitehead double.

Now we want to look at the negative Whitehead double of D using the blackboard framing. If we let
the Whitehead double be W�.D/ we will see that G0.W�.D// will be the same as G0.D2/ but with
an additional vertex and 2 new edges as we see in Figure 11. As resolving the clasp does not create a
one-edge loop we see that W�.D/ is B-adequate.

Here we remind the reader that G0
B
.D.L// for a link diagram D.L/ is the reduced all B-state graph.

We continue with the following lemma:

Lemma 5.10 If W�.D.L// is the negative Whitehead double of a B-adequate link diagram D.L/

using the blackboard framing , and b.G/ the first Betti number for a graph , then b
�
G0

B

�
W�.D.L//

��
D

b
�
G0

B
.D.L//

�
C 1.

Proof Dasbach and Lin [6] showed in Lemma 2.5 that if D2 is the two-cabling of a B-adequate link
diagram then b.G0

B
.D2//D b

�
G0

B
.D.L//

�
. For a graph G, b.G/D e� vC 1, where e is the number of

edges and v the number of vertices. In the reduced graph when we take the two-cabling every parallel
copy of a state circle will also produce a new edge. Hence, the change in v and e will be the same between
G0

B
.D2/ and G0

B
.D.L//. Then when we move to W�.D.L// the clasp will add 2 edges and 1 vertex as

we see in Figure 11. Then we see that b
�
G0

B

�
W�.D.L//

��
D b.G0

B
.D2//C 1D b

�
G0

B
.D.L//

�
C 1.

The two previous lemmas allow us to see that the blackboard framing of the negative Whitehead double
of an alternating link will be B-adequate. Also, we have a formula for the Betti number of the Whitehead
double in relation to the first Betti number of the original link. The only remaining piece of the puzzle is
to get from the first Betti number of the reduced B-state graph to the second-to-last coefficient of the
Jones polynomial. This comes from the following result proven by Stoimenow in Proposition 3.1 of [26].

Lemma 5.11 If D.L/ is a B-adequate , connected diagram for a link , then in the representation of the
Jones polynomial , V .D.L//, we have ˛0

D.L/
D˙1, ˛0

D.L/
ˇ0

D.L/
� 0, and

jˇ0D.L/j D e0� v0C 1D b
�
G0B.D.L//

�
;

where G0
B

is the reduced all B-state graph and e0 and v0 are the number of edges and vertices of the
graph G0

B
.D.L//, respectively.
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Figure 12: The negative Whitehead double of the connect sum of m trefoil knots.

We now have the tools to prove Theorem 5.8. But first we show a more specific example of a family
which satisfies Theorem 1.4(b).

Proposition 5.12 Let W�.Km/ be the negative Whitehead double using the blackboard framing of the
connect sum of m trefoils as in Figure 12. Then for all m, C.W�.Km//� 3 and TW�.Km/ grows with m.
Therefore , TW�.Km/ can be made arbitrarily large across the family of knots.

Proof The first part of the lemma is a direct result of [4] by Clark where he shows that c.K/� 2g.K/C1

where g.K/ is the genus of the knot. For any Whitehead double we can find an oriented spanning
surface with genus exactly one by taking the annulus with a double twisted band at the clasp. Then
C.W�.Km//� 3 as g.W�.Km//D 1.

Now we will compute ˇ0
W�.Km/

by finding G0
B
.W�.Km//. By Lemma 5.11 we only need to find the

number of vertices and edges as W�.Km/ is B-adequate. By Lemma 5.11 and the graph G0
B
.W�.Km//

shown in Figure 13

(8) jˇ0W�.Km/j D e
�
G0B.W�.Km//

�
� v

�
G0B.W�.Km//

�
C 1D .5mC 3/� .4mC 3/C 1Dm:

Hence, we have shown that TW�.Km/ �m for all k, proving the claim.

Here we will introduce a more general family of knots for which Theorem 1.4(b) holds true:

Figure 13: Left: the all B-state circle diagram. Right: the reduced state graph G0B.L/. Notice the
disjoint dots are not nodes for the graph but represent that we have k copies of the subgraph on
the left.
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Theorem 5.8 Let K1;K2; : : : ;Kn be alternating knots such that ˇ0
Ki
¤ 0. Then let K be the connect

sum of K1;K2; : : : ;Kn such that K is alternating , and let W�.K/ the negative Whitehead double of K

using the blackboard framing. Then C.W�.K//� 3 and jˇ0
W�.K /

j � n.

Proof As in Proposition 5.12 for a Whitehead double such as W�.K/, C.W�.K//� 3. Now we will
work to compute TW�.K /. From [20] we know that the Jones polynomial for K will be the product of
the Jones polynomials of the Ki . Then as all of the Ki are alternating, ˛0

Ki
D˙1 so ˇ0

K
D
Pn

iD1˙ˇ
0
Ki

.
From Lemma 5.11 we know that ˛0

Ki
ˇ0

Ki
� 0 which tells us that the signs of ˛0

Ki
and ˇ0

Ki
do not match. If

we let m be the number of the ˛0i which are negative, then we see that ˇ0
K
D
Pn

iD1.�1/m˙1jˇ0
Ki
j. Hence,

in our sum the signs match so jˇ0
K
j D

Pn
iD1 jˇ

0
Ki
j. By our hypothesis jˇ0

Ki
j> 0 for all i , hence jˇ0

K
j � n.

By Lemma 5.9 we know that W�.K/ will be B-adequate as K is alternating and therefore B-adequate.
Then by Lemmas 5.10 and 5.11 we see that jˇ0

W�.K /
j D jˇ0

K
jC 1 and as jˇ0

K
j is at least as large as the

number of knots in the connect sum so is jˇ0
W�.K /

j and further TW�.K /. Then TW�.K / will grow with n

showing that it is unbounded across the family.

Combining Proposition 5.12 and Theorem 5.8 shows Theorem 1.4(b).

6 Future directions

In Sections 2, 3, and 4, we generalized the work from [17] to bound the crosscap number of sums of strongly
alternating tangles. Then in Section 5, introduced infinite families of knots for which their crosscap
number and TL grow independently. The links we considered in Sections 2, 3, and 4 are all hyperbolic,
meanwhile those that we constructed in Section 5 are not hyperbolic. This leads to the following question:

Question 6.1 Does Theorem 4.4 generalize for all hyperbolic knots?

A first step for Question 6.1 would be to relax the requirement that the individual tangles be strongly
alternating. At the time of writing, this seems reasonable for the first step of our proof, but the uncertainty
arises in moving from bounds in terms of the crosscap numbers of individual tangles to the twist number.
In particular, alternating is a requirement for our usage of Theorem 3.4. Another potential way to move for-
ward with this question would be to look at adequate links in general, which will be studied in future work.
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We study equivariant Hermitian K-theory for representations of symplectic groups, especially SL2.
The results are used to establish an Atiyah–Segal completion theorem for Hermitian K-theory and
symplectic groups.

19G38

1. Introduction 4037

2. The Grothendieck–Witt rings of some Real split reductive groups 4039

3. Grothendieck–Witt rings of some classifying spaces 4053

References 4070

1 Introduction

In [38], a completion theorem for Hermitian K-theory of schemes with trivial torus action is established. Let
X be a regular Noetherian separated scheme over Spec

�
Z
�
1
2

��
with a trivial action of a split torus T ŠGt

m.
We let IOD ker.GWT;Œ0�

0 .X/! GWŒ0�
0 .X// be the Hermitian version of the augmentation ideal. Define

GWT;Œn�.X/^IO

as the derived completion of the GWT;Œ0�.X/-module GWT;Œn�.X/ with respect to IO; see [39] for details.
Also define

GWŒn�.BTX /D lim
n

GWŒn�..PnX /
�t /:

In [37, Proposition 8.2.2], it is shown that this definition is in fact an equivalence of GW-spectra of
motivic spaces. In [38, Theorem 3.2.3], the following completion theorem for Hermitian K-theory is
established.

Theorem 1.0.1 For all i; n 2 Z, the natural map

�i .GWT;Œn�.X/^IO/
Š�! GWŒn�

i .BTX /
is an isomorphism.
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In the case of algebraic K-theory, the corresponding result for split tori T , due to Totaro [47] for K0 and
Knizel–Neshitov [26] for higher K-groups, was the first important step for establishing more general
versions of an Atiyah–Segal style completion theorem for linear algebraic groups, due to Krishna [28],
Tabuada–van den Bergh [45] and Carlsson–Joshua [12], and their proofs all rely on a reduction to the
case of a split torus. The proof for algebraic K-theory and tori T is easier than Rohrbach’s theorem above
on Hermitian K-theory because the classifying space BT is a product of copies of P1, and algebraic
K-theory is orientable in the sense of Levine–Morel and Panin. As of yet, there is no completion theorem
for Hermitian K-theory in the case of general linear groups GLn, although [40] contains a partial result in
this direction by computing the Hermitian K-theory of even-dimensional Grassmannians.

We restrict our attention to the Hermitian K-theory of symmetric forms and symplectic forms in degree
zero, which is the Z=2Z-graded Grothendieck–Witt group GW˙. The results can likely be extended to
higher Hermitian K-theory over general base schemes using the machinery of derived completion as in [38],
in line with the recent work of Tabuada–van den Bergh [45] and Carlsson–Joshua [12]. An extension of
the completion theorem for Hermitian K-theory to schemes with nontrivial actions seems more difficult, as
all the known proofs in algebraic K-theory rely on the equivariant localization theorem, whose analogue in
Hermitian K-theory has not yet been established, and on a suitable geometric equivariant decomposition
theorem. We refer to the last subsection for further details.

In a series of fundamental articles, Panin and Walter establish the theory of symplectic oriented cohomology
theories on smooth algebraic varieties. In this setting, the one-dimensional torus GL1 is replaced by
Sp2D SL2. They also show that Hermitian K-theory is a symplectic orientable theory, which in particular
implies the following computation of BSp2n over a base field k (see [32; 34, Theorem 9.1]):

BO�;�.BSp2n/Š BO�;�.Spec k/Jb1; : : : ; bnK;

where the bi are the Borel classes of [34, Section 8] and the right-hand side is the ring of graded power
series over BO�;�.Spec k/; compare, eg, [27, Section 6.3]. From this point of view, one might argue that
the conjectural Atiyah–Segal completion result for Sp2n and Hermitian K-theory is the correct analogue
of the completion theorem for GLn and algebraic K-theory, and should provide computations involving
free polynomial rings that are easier than Rohrbach’s theorem above. We will show that this is indeed the
case and prove the following theorem as Corollary 3.3.13 below.

Theorem 1.0.2 Let k be a field of characteristic not two. There is a canonical map of GW˙.k/-algebras

GW˙.Rep.Sp2r//! GW˙.BSp2r/;

which exhibits GW˙.BSp2r/ as the completion of GW˙.Rep.Sp2r// with respect to IOSp2r .

The strategy for GW-theory consists in some sense in systematically replacing GL1 by Sp2, and more
generally GLn by Sp2n in all steps of the proof for complex or algebraic K-theory.

Algebraic & Geometric Topology, Volume 25 (2025)
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This approach has already been used in computations for Chow–Witt groups, see, eg, [19], and is motivated
in part by the fact that real realization of Sp2n has U.n/ as a maximal compact subgroup.

The techniques used in this proof, which build on and slightly generalize those of Morel–Voevodsky
and Panin–Walter, can be used to construct geometric classifying spaces for other groups G and other
Grothendieck topologies � . A general result about geometric descriptions of classifying spaces B�G in
motivic homotopy theory is given in Theorem 3.2.17.

Readers familiar with the proof of [4] might consider still another strategy for proving general Atiyah–
Segal completion theorems for real and Hermitian K-theory, respectively: rather than Sp2n and its
subgroup Sp�n2 , one should work with GLn and its maximal split torus, but both equipped with a suitable
involution that up to homotopy becomes complex conjugation under complex realization. There are
indeed nice models for these in the algebro-geometric setting, which are explained in the introduction
of Section 2. In particular, the results in Section 2.3 apply to these algebraic groups with involution.
However, we are not yet able to perform all necessary equivariant GW-computations for these algebraic
models of GLn and split tori with involution, and the authors hope to return to this topic in the future.

This article, particularly Section 2, contains results about the Real (sometimes quadratic or Hermitian)
representation ring of a large class of reductive groups with involution, such as Sp2n and GLn with
involution. This builds on previous work of Calmès–Hornbostel [11] and Zibrowius [49] and is of
independent interest. As an example of how some of the techniques of this paper extend to such Real
groups, we have included in Section 3.4 a short construction of a classifying space for the multiplicative
group Gm with a nontrivial involution.

Acknowledgements This research was conducted in the framework of the DFG- funded research
training group GRK 2240: Algebro-geometric methods in algebra, arithmetic and topology. Rohrbach
was supported by the ERC through the project QUADAG. This paper is part of a project that has received
funding from the European Research Council (ERC) under the European Union’s Horizon 2020 research
and innovation programme (grant agreement 832833). Hornbostel thanks Marc Hoyois for explaining
several details in [21]. Rohrbach would like to thank Chris Schommer-Pries and Denis-Charles Cisinski
for helpful comments on model structures on simplicial presheaves. We also kindly thank the anonymous
referee for detailed comments and suggestions.

2 The Grothendieck–Witt rings of some Real split reductive groups

Recall that the proof of Atiyah–Segal completion for topological KO-theory in [4] relies on the splitting
of [3, Proposition (5.2)] for topological KR-theory for Real groups, ie for groups with an involution. We
now discuss the algebraic analogue of such groups.

A Real group is a an algebraic group G with an involution � WG!G. This involution is assumed to be a
group homomorphism. We denote by Rep.G/ the abelian category of finite-dimensional representations

Algebraic & Geometric Topology, Volume 25 (2025)



4040 Jens Hornbostel, Herman Rohrbach and Marcus Zibrowius

of G, and equip it with a duality _� as follows. Recall first that, irrespective of any involution on G,
associating with a representation E of G the dual representation E_ WD HomG.E; k/ defines a duality _
on Rep.G/. More precisely, we obtain a category with duality .Rep.G/;_; �/, where � denotes the
canonical double-dual identification. Given the involution � on G, we define the associated duality
Rep.G/ as the composition _� WD _ ı ��, ie E_� WD .��E/_. We thus obtain a category with duality
Rep.G; �/ WD .Rep.G/;_�; ��/.

In this section, we compute the Grothendieck–Witt ring

GW˙.Rep.G; �// WD GWC.Rep.G; �//˚GW�.Rep.G; �//

in cases when G is split reductive, the involution � restricts to a maximal torus T , and all irreducible
representations are self-dual with respect to _�.

Example 2.0.1 Consider .T; inv/, where T is a split torus of rank r and inv is the involution given
by z 7! z�1. All representations of T are symmetric with respect to _inv.

Example 2.0.2 Consider .GLn; �/ with �.A/ WD .A�1/T , an involution that restricts to the involution inv
on the standard maximal torus of GLn. All representations of GLn are symmetric with respect to _�.

Example 2.0.3 Consider .Sp2n; id/. All representations of Sp2n are self-dual with respect to _id. Some
are symmetric, some are antisymmetric (see Example 2.3.15 for more details).

2.1 Reductive groups — the setup

Let k be a field. Let .G;B; T / be a triple consisting of a connected split reductive group G over k with
T �B�G, whereB is a Borel subgroup and T is a maximal torus of rank t . We writeX� WDHom.T;Gm/

and X� WDHom.Gm; T / for the character lattice and the cocharacter lattice, respectively, both isomorphic
to Zt , and h�;�iWX� �X�! Z for the canonical pairing between them. Let ˆDˆ.G; T / denote the
associated set of roots, ˆC D ˆ.B; T / the set of positive roots associated with the Borel subgroup B
as in [13, Proposition 1.4.4], and ��ˆC the set of simple positive roots. We write ˛co for the coroot
associated with a root ˛.1 Let XC �X� denote the cone of dominant characters determined by ˆC, also
known as the (closed, integral) fundamental Weyl chamber [13, Equation (1.5.3)]. Explicitly, the relation
between ˆC and XC can be described as

XC D fx 2X� j hx; ˛co
i � 0 for all ˛ 2�g;(2.1.1)

ˆC D f˛ 2ˆ j hx; ˛co
i � 0 for all x 2XCg:(2.1.2)

The dominant characters parametrize the irreducible representations of G [43, lemme 5]: for each x 2XC,
there is an irreducible G-representation Ex of highest weight x, unique up to isomorphism. We fix one

1We deviate from the universally agreed notation ˛_ for ˛co to avoid any confusion with the duality _ on Rep.G/.
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here [13] [43]

X� X.T / M character lattice
XC C P dominant cone=

[fundamental] Weyl chamber

ˆ ˆ R set of roots
ˆC ˆC RC set of positive roots
� � — set of simple roots
X� X_.T / — cocharacter lattice

Table 1: Translation between notation used here and notation in some of our references.

such representation for each x 2 XC. When G is simply connected, XC Š Nn
0 , with basis given by

fundamental weights !1; : : : ; !n. Following [43, section 3.6], we define a partial order on X� as follows:

Definition 2.1.1 For x; y 2 X�, we write x � y if and only if y � x can be written as a Z-linear
combination of elements of ˆC with nonnegative coefficients.

Other definitions abound in the literature. The ordering defined here is slightly different from both
orderings defined in [9, Chapter VI, Definition 2.2].

Finally, let W DW.G; T /DW.ˆ/ be the associated Weyl group. We refer to any translate wXC �X�

as a Weyl chamber. The Weyl group acts simply transitively on the set of Weyl chambers. For the
convenience of the reader, a partial translation of the notation used here and the notation used in some of
the references is provided by Table 1.

2.2 The representation ring

Lemma 2.2.1 For dominant weights x; y 2XC,

Ex �Ey DExCy C
X
z

Ez

in K0.Rep.G//, where the sum is over a finite number of z 2XC such that z < xCy.

Proof By [43, théorème 4], there is an injective ring morphism

chG W K0.Rep.G//! ZŒX��

with image ZŒX��W . By [43, lemme 5], chG.Ex/D exC
P
i e
xi for a finite number of xi 2X� such

that xi < x, and similarly for chG.Ey/ and chG.ExCy/. It follows that

chG.Ex/ chG.Ey/D exCy C .terms smaller than xCy/;

where by “terms smaller than xCy” we mean a Z-linear combination of terms ez with z 2X� such that
z <xCy. On the other hand, chG.Ex/ chG.Ey/D chG.Ex˝Ey/, and Ex˝Ey can be decomposed into

Algebraic & Geometric Topology, Volume 25 (2025)
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a sum of irreducible representations E1; : : : ; EN . Writing chG.Ek/ D ewk C .terms smaller thanwk/,
we find that

chG.Ex/ chG.Ey/D
NX
kD1

.ewk C terms smaller than wk/:

It follows by comparison that wk � xCy for each k, and that wk D xCy for exactly one k.

Lemma 2.2.2 There is no z 2XC such that z < 0.

Proof Let � � ˆC denote the set of simple roots. If z < 0 then z D
P
˛2� a˛˛ with a˛ � 0 for all

˛ 2� and a˛ < 0 for at least one ˛. In particular, z lies in the span of ˆ, so we can pass from the root
system ˆ�X�˝Z R to the reduced root system ˆ�ˆ˝Z R, to which the results of [7, chapitre VI,
section 1, nı10] apply. Let � be the half-sum of all coroots ˛co corresponding to roots ˛ 2 ˆC. Then
by [7, chapitre VI, section 1, nı10, corollaire], h˛; �i D

P
˛2� a˛ . This number is smaller than zero by

assumption, so z 62XC.

Proposition 2.2.3 Suppose XC can be split into a direct sum XC Š Nn
0 ˚ Zm. Pick elements

!1; : : : ; !n 2 X
C and �1; : : : ; �m 2 XC corresponding to an N0-basis of Nn

0 and a Z-basis of Zm,
respectively. There is a unique ring homomorphism

ZŒw1; : : : ; wn; z
˙1
1 ; : : : ; z˙1m �! K0.Rep.G//

taking each wi to E!i and each zj to Ezj , and this ring homomorphism is an isomorphism.

Example 2.2.4 For simply connected G, XC Š Nn
0 with basis !1; : : : ; !n the fundamental weights.

The proposition shows that K0.Rep.G// is a polynomial ring over Z on generators E!1 ; : : : ; E!n .

Example 2.2.5 For G D T a split torus of rank m, XC DX� Š Zm. Pick a Z-basis �1; : : : ; �m of X�.
The proposition shows that K0.Rep.T // is a ring of Laurent polynomials with the one-dimensional
representations E�i as generators.

Proof of Proposition 2.2.3 It suffices to show that there is a well-defined ring map

f W
ZŒw1; : : : ; wn; z1; : : : ; zm; z01; : : : ; z

0
m�

.zj z
0
j � 1 j j D 1; : : : ; m/

! K0.Rep.G//

that sends wi to E!i , zj to E�j and z0j !E��j , and that this map is an isomorphism.

To see that f is well defined, note that by Lemma 2.2.1

f .zj /f .z
0
j /DE�j �E��j DE0C

X
z

Ez;

where the sum is over certain z 2 XC such that z < 0. By Lemma 2.2.2, this is the empty sum. So
f .zj /f .z

0
j /DE0 D 1, as required.
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To see that f is an isomorphism, we associate the Laurent monomialM x WDw
a1
1 � � �w

an
n �z

b1
1 � � � z

bm
m with

the element x D
P
i ai!i C

P
j bj �j 2X

C. This defines a bijection between a Z-basis of the Laurent
ring and XC. Under f , the basis element M x maps to

Q
i .E!i /

ai
Q
j .E�j /

bj . By Lemma 2.2.1, we can
rewrite this element as

(2.2.1) f .M x/DExC
X
z

Ez;

for certain z 2 XC with z < x. Using [7, chapitre VI, section 3, nı4, lemme 4] as in the proof of
[43, lemme 6], we deduce that the elements f .M x/ for x 2XC form a Z-basis of ZŒX��W .

Remark 2.2.6 (alternative generators) More generally, under the assumptions of Proposition 2.2.3,
we can choose generators for K0.Rep.G// as follows. Take !i and �j 2XC as before. For i 2 f1; : : : ; ng,
pick classes e!i 2 K0.Rep.G// such that

e!i DE!i C .smaller terms/;

in K0.Rep.G//, where (smaller terms) refers to a Z-linear combination of irreducible representations Ex
indexed by finitely many x 2XC with x < !i . Then again we have a ring isomorphism

ZŒw1; : : : ; wn; z
˙1
1 ; : : : ; z˙1m � Š�! K0.Rep.G//

taking each wi to e!i and each zj to E�j . Indeed, this follows with the same proof, as the key identity
(2.2.1) still holds for these more general generators.

2.3 The ˙-symmetric representation ring

From now on, we always assume char.k/¤ 2.

We now assume that G is equipped with an involution � (possibly trivial) that restricts to the chosen
maximal torus T , and study the associated duality _� on Rep.G/ introduced at the beginning of the section.

The following lemmas describe the highest weight of the _�-dual of an irreducible representation. As we
have assumed that � restricts to T , we have induced involutions �� and �� on the character lattice X� and
the cocharacter lattice X�, respectively, compatible with the canonical pairing h�;�i. For example, the
involutions inv� and inv� induced by the involution from Example 2.0.1 are given by �id. Interpreting
characters as one-dimensional representations, we see that the dualities _ and _� also define involutions
on X�. Explicitly, _D�id on X�, hence _� D��� on X�.

Lemma 2.3.1 There is a unique involution w� 2 W whose action on Weyl chambers agrees with this
action of _� D��� on the Weyl chambers. In particular , �!��� defines an involution of the fundamental
Weyl chamber XC.
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Example 2.3.2 If �jT D id, then _� D�id on X�, and w� D w0, the longest element of the Weyl group.
If �jT D inv is the inversion from Example 2.0.1, then _� D id on X�, and w� D 1.

Proof The case when �D id is standard. For the general case, note that both involutions �� and _ on X�

send roots to roots. (For ��, this follows from � is a group homomorphism compatible with the inclusion
T �G; see [13, above Theorem 1.3.15].) The claim then follows from the fact that the Weyl group acts
simply transitively on the set of Weyl chambers.

Lemma 2.3.3 Given an irreducible G-representation Ex with highest weight x, the dual representation
.��Ex/

_ has highest weight �w���x, where w� is as in the previous lemma.

Proof Let�E �X� be the set of weights of E WDEx . As _�D��� on X�, we have�.��E/_ D����E .
Now consider an arbitrary weight z 2 �.��E/_ . As �.��E/_ is invariant under the action of the Weyl
group, we also have !�z 2�.��E/_ . So !�z 2 .����E /. As x is the highest weight of E, this means that
!�zD��

�.x�
P
b2�mbb/ for certainmb 2Z�0. So zD�!���xC

P
b2w���.�/

m0
b
b for certainm0

b
2Z�0.

As noted in Lemma 2.3.1, !���.XC/ D �XC. In view of (2.1.2), this implies that w���.�/ � �ˆC.
So z D �!���x �

P
b2ˆC m

00
b
b, for certain m00

b
2 Z�0. It follows that �w���x is the highest weight

of .��E/_.

Definition 2.3.4 A dominant character x 2 XC is (_�-)self-dual if x D �w���x, where w� is as
in Lemma 2.3.1.

Definition 2.3.5 We call a representation E of G self-dual if there exists an isomorphism � WE!E_� .
We call a self-dual representation E symmetric or antisymmetric if � can be chosen to be symmetric or
antisymmetric, respectively.

By Lemma 2.3.3, the irreducible representation with highest weight x is _�-self-dual if and only if x is
_�-self-dual. In general, a representation may be both symmetric and antisymmetric. However, in our
setting a self-dual irreducible representation is always either symmetric or antisymmetric, but never both:

Lemma 2.3.6 Let E be an irreducible representation of a split reductive group G. If there exists
an isomorphism � W E ! .��E/_, then � is either symmetric or antisymmetric , and any isomorphism
E! .��E/_ is a multiple of � by an (invertible) scalar.

Proof This is essentially [11, Corollary 2.3], which relies on [11, Lemma 1.21]. Note that [11, Section 1]
is phrased in the generality of abelian categories with duality and hence applies to the category of
G-representations regardless of our choice of duality on this category.

In light of this lemma, we make the following definition.
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Definition 2.3.7 The sign s.x/ of a dominant character x 2XC is an element of f�1; 0; 1g, which is 1
if Ex is symmetric, �1 if Ex is antisymmetric, and 0 if Ex is not _�-self-dual.

For an abelian category A with duality, ie with a fixed involution _ and double-dual identification !,
we write GWC.A;_; !/ and GW�.A;_; !/ for the Grothendieck–Witt groups of symmetric and anti-
symmetric forms over A, respectively. Taking A to be the category of finite-dimensional k-vector spaces
with its usual duality, this construction yields the usual groups GWC.k/ and GW�.k/ of symmetric and
antisymmetric bilinear forms over k. The tensor product furnishes us with a Z=2-graded ring structure
on the direct sum GW˙.k/ WD GWC.k/˚GW�.k/. As it is convenient to think of the grading group
Z=2 multiplicatively as f˙1g, we will refer to this grading as a ˙-grading in all that follows. Note that
GW�.k/ does not depend on the field k. Explicitly, GW�.k/D Z �H� as a group, and

(2.3.1) GW˙.k/D
GWC.k/ŒH��
..H�/2� 2HC/

as a ring, where H˙ 2 GW˙.k/ are the respective hyperbolic planes.

More generally, for the category with duality .Rep.G/; �/ introduced at the beginning of this section,
we obtain a˙-graded algebra GW˙.RepG; �/ over the˙-graded ring GW˙.k/. The following theorem is
an analogue of [11, Theorem 2.10] for Grothendieck–Witt theory, under the assumption that all characters
are self-dual so as to eliminate the existence of hyperbolic elements.

Proposition 2.3.8 Assume that all x 2XC are _�-self-dual. Choose an isomorphism �x WEx! .��Ex/
_

for each x 2XC. Then the classes ŒEx; �x� form a basis of the GW˙.k/-module GW˙.Rep.G; �//.

Proof The proof is the same as for [11, Theorem 2.10], noting that the obstruction from [11, Remark 2.11]
has been removed with the assumption that all dominant characters are self-dual. The main ingredients are
[11, Corollary 1.14], which provides additive decompositions of both GWC.Rep.G// and GW�.Rep.G//,
and [11, Corollary 1.38], which identifies the summands of GWC.Rep.G/ corresponding to symmetric
characters and the summands of GW�.Rep.G// corresponding to antisymmetric characters. For a full
proof, [11, Corollary 1.38] and the preceding [11, Proposition 1.37] need to be mildly generalized to
include all signs. (For example, strictly speaking the identification of GW.Ai / with GW�.A1/ as a
GW.A1/-module is missing from [11, Corollary 1.38 (i)], as the tensor unit 1 is assumed to be symmetric,
not just ı-symmetric, throughout [11, Section 1.4].)

Remark 2.3.9 Even in the presence of non-self-dual characters, it is easy to describe the GW˙.k/-
module structure of GW˙.Rep.G; �//. Let HC.E/ and H�.E/ denote the symmetric and antisymmetric
hyperbolic space associated with a representation E, respectively. The results quoted from [11] in the
proof above show that every pair of non-self-dual dominant characters .z;�w�z/ contributes a copy of Z

generated by HC.Ez/ to GWC.Rep.G; �// and a copy of Z generated by H�.Ez/ to GW�.Rep.G; �//.
However, we want to concentrate on the case when GW˙.Rep.G; �// is a free GW˙.k/-module here.
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Lemma 2.3.10 Consider the duality _� on RepG. Suppose .V; �/ is an �-symmetric representation of
G such that V DExC .smaller terms/ in K0.Rep.G//, for some x 2XC and � 2 f˙g. Then there exists
an �-symmetric isomorphism �x on Ex such that

.V; �/D .Ex; �x/C .smaller terms/

in GW�.Rep.G; �//, where (smaller terms) refers to a GW.k/-linear combination of terms Tz indexed
by finitely many z 2XC with z < x such that , for each z, Tz is either of the form .Ez; �z/ (in case z is
�-symmetric) or of the form H �.Ez/ (in case z is not).

Proof Using the decomposition of GW�.Rep.G; �// of [11, Corollaries 1.14 and 1.38] as in the proof
of Proposition 2.3.8 above, we can write .V; �/ as a GW.k/-linear combination of elements .Ez; �z/
with z 2 XC such that �z is �-symmetric, and of elements H �.Ev/ with v 2 XC such that Ev is not
�-self-dual:

.V; �/D
X

zWs.z/D�

˛z � .Ez; �z/C
X

vWs.v/D��
or s.v/D0

av �H
�.Ev/:

The coefficients av may be taken in Z, as a �H �.b/DH ı�.F.a/b/ for any a 2 GWı.Rep.G; �// and
any b 2 K0.Rep.G//. By [11, Remark 1.15], we even know that the coefficients ˛z of .Ez; �z/ can be
chosen to be actual symmetric forms over k of positive rank, and that the coefficients av 2 Z of H �.Ev/

are positive. Applying the forgetful map, we thus find that

V D
X
z

.rank˛z/EzC
X
v

2avEv

in K0.Rep.G//. As the irreducible representations Ex with x ranging over XC form a Z-basis of
K0.Rep.G//, we deduce by comparing this decomposition with the given decomposition of .V; �/ that
one of the z’s in the first sum must be equal to x, with ˛x of rank one, and that for all other z’s and all
v’s we have z < x and v < x, respectively.

The following is a careful restatement of [11, Lemma 2.14]:

Lemma 2.3.11 For any two self-dual x; y 2XC, the sum xCy 2XC is also self-dual. Moreover , given
�x- and �y-symmetric isomorphisms �x W Ex ! .��Ex/

_ and �y W Ey ! .��Ey/
_, respectively, there

exists an �x�y-symmetric isomorphism � WExCy! .��ExCy/
_ such that

.Ex; �x/ � .Ey ; �y/D .ExCy ; �/C .smaller terms/;

in GW�x�y .Rep.G; �//, where (smaller terms) is to be read as in Lemma 2.3.10.

Proof The claim that xCy is self-dual is immediate from the definitions. Also, .Ex; �x/˝.Ey ; �y/ is an
�x�y-symmetric representation and hence defines an element of GW�x�y .Rep.G; �//. From Lemma 2.2.1,
we know that Ex �Ey DExCy C .smaller terms/, so we can apply Lemma 2.3.10.
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The following result should be compared to [11, Theorem 2.16]. It is an analogue, with more restrictive
hypotheses, of the description of the usual representation ring provided in Proposition 2.2.3.

Proposition 2.3.12 Suppose that all x 2 XC are _�-self-dual. Assume in addition that XC can be
split into a direct sum XC Š Nn

0 ˚ Zm. Pick elements !1; : : : ; !n 2 XC and �1; : : : ; �m 2 XC

corresponding to an N0-basis of Nn
0 and a Z-basis of Zm, respectively. Pick (anti )symmetric iso-

morphisms �!i and ��j for each of the representations E!i and E�j , respectively. Consider the ring
GW˙.k/Œw1; : : : ; wn; z˙11 ; : : : ; z˙1m � as a graded GW˙.k/-algebra with generators wi and zj in degrees
s.wi / and s.zj /, respectively. Then there is a unique graded GW˙.k/-algebra homomorphism

f W GW˙.k/Œw1; : : : ; wn; z˙11 ; : : : ; z˙1m �! GW˙.Rep.G; �//

taking each wi to .E!i ; �!i / and each zj to .E�j ; ��j /, and this homomorphism is an isomorphism.

For the one-dimensional representationsE�j we haveE_
�j
ŠE��j with respect to the usual duality_D_id.

So, for m> 0, the assumption that each E� be self-dual with respect to _� cannot hold with respect to
the usual duality _.

Example 2.3.13 Take .G; �/ D .T; inv/, a split torus of rank m equipped with the inversion from
Example 2.0.1. In this case, XCDX�ŠZm, and all characters are self-dual symmetric. The proposition
shows that GW˙.Rep.T /; inv/ is a ring of Laurent polynomials over GW˙.k/ with one-dimensional
symmetric representations as generators.

Example 2.3.14 Take .G; �/ D .GLn; �/, the general linear group equipped with the involution from
Example 2.0.2. The fundamental representations of GLn are given by the exterior powers of the standard
n-dimensional representation V [24, Part II, Section 2.15]. More precisely, in the notation from above,
E!i D ƒi .V / for i D 1; : : : ; n � 1 and E�1 D ƒn.V /. As noted in Example 2.0.2, we can choose
a nondegenerate _�-symmetric form � on V , so that we obtain elements �i WD .ƒi .V /;ƒi .�// in
GWC.Rep.GLn; �//. The above proposition then shows that

GW˙.Rep.GLn; �//Š GW˙.k/Œ�1; : : : ; �n�1; �n; ��1n �:

Example 2.3.15 Take .G; �/D .Sp2n; id/, as in Example 2.0.3. The irreducible representation E!i is
symmetric for even i and antisymmetric for odd i [8, Chapter VIII, Table 1], so we can choose a nonde-
generate .�1/i -symmetric form �i on each E!i . The proposition then shows that GW˙.Rep.Sp2n/; id/
is a polynomial algebra over GW˙.k/ on n generators .E!1 ; �!1/, . . . , .E!n ; �n/, with .E!i ; �i / of
degree .�1/i . (We will see in Lemma 2.4.2, using the generalization of Proposition 2.3.12 discussed
in Remark 2.3.16, that alternative polynomial generators are again given by the exterior powers of the
standard representation.)
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Proof of Proposition 2.3.12 We have seen in the proof of Proposition 2.2.3 that E�j � E��j D 1

in K0.Rep.G/. In particular, eachE�j is one-dimensional. We can therefore pick symmetric isomorphisms
���j on each E_

��j
such that

.E�j ; ��j / � .E��j ; ���j /D 1

in GW.Rep.G; �//. It follows that we have a well-defined GW˙.k/-algebra homomorphism

f W GW˙.k/Œw1; : : : ; wn; z˙11 ; : : : ; z˙1m �! GW˙.Rep.G; �//

sending wi to .E!i ; �!i /, zj to .Ezj ; �zj /, and z0j to .E�zj ; ��zj /.

To see that this map is an isomorphism, we argue exactly as in the proof of Proposition 2.2.3 and associate
the Laurent monomial M x WDw

a1
1 � � �w

an
n � z

b1
1 � � � z

bm
m with the element x D

P
i ai!i C

P
j bj �j 2X

C.
Under the map f above, the basis element M x maps to

nY
iD1

.E!i ; �!i /
ai �

mY
jD1

.E�j ; ��j /
bj ;

and it suffices to show that these classes form a basis of GW˙.Rep.G// considered as GW˙.k/-module.
By Lemma 2.3.11, we can rewrite f .M x/ as

(2.3.2) f .M x/D .Ex; �x/C
X
z

az.Ez; �z/;

where �x is an appropriately chosen (anti)symmetric isomorphism on Ex , the sum is over certain z 2XC

such that z <x, and az 2GW˙.k/. (Remember all z 2XC are self-dual by assumption.) Proposition 2.3.8
tells us that, if we equip each irreducible representation Ex with the isomorphism �x that appears here,
the elements .Ex; �x/ form a GW˙.k/-module basis for GW˙.Rep.G//. The claim then again follows
from [7, chapitre VI, section 3, nı4, lemme 4].

Just as in the case of the usual representation ring (Remark 2.2.6), we can and sometimes will pick more
general generators than the ones specified in Proposition 2.3.12.

Remark 2.3.16 (alternative generators) Under the assumptions of Proposition 2.3.12, we can more
generally choose generators for GW.Rep.G; �// as follows. As before, pick (anti)symmetric isomor-
phisms �!i and ��j for each of the representations E!i and E�j , respectively. Pick homogeneous classes
e!i 2 GW˙.Rep.G; �// for i 2 f1; : : : ; ng such that

e!i D .E!i ; �!i /C .smaller terms/;

where (smaller terms) is to be read as in Lemma 2.3.10. Then again we have an isomorphism of graded
GW˙.k/-algebras

f W GW˙.k/Œw1; : : : ; wn; z˙11 ; : : : ; z˙1m �! GW˙.Rep.G; �//

taking each wi to e!i and each zj to .E�j ; ��j /. Indeed, this follows with the same proof, as the key
identity (2.3.2) still holds for these more general generators.
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2.4 Some details on symplectic groups

Now let G D Sp2n be the symplectic group, ie the group of automorphisms of the antisymmetric form

(2.4.1) J WD

�
0 idn
�idn 0

�
;

and T the maximal torus, of rank n, consisting of matrices

(2.4.2)
�
D 0

0 D�1

�
withD 2GLn is diagonal; see, eg, [13, Exercise 2.4.6]. The Weyl group ofG is the wreath product S2 oSn,
that is, the semidirect product Sn2 ÌSn with the permutation action of Sn on Sn2 . The character lattice X�

of G is a free Z-module of rank n, with dominant characters XC ŠNn
0 .

If nD1, thenGDSL2DSp2 andXCŠN0. The standard 2-dimensional representation V ofG preserves
the standard nondegenerate antisymmetric bilinear form �, yielding an element ŒV; �� 2 GW�.Rep.G//.
Note that V is a simple representation of highest weight 1, which is fundamental. By Proposition 2.3.12,
GW˙.Rep.Sp2// therefore is a polynomial algebra over GW˙.k/ on one generator .V; �/. It will be
convenient for us to use the rank-zero element b WD .V; �/�H� as a generator instead, so that we have

(2.4.3) GW˙.Rep.Sp2//Š GW˙.k/Œb�:

We think of b as a “first Borel class”, and note that b generates the graded augmentation ideal of
GW˙.Rep.Sp2// (see Definition 3.3.1).

For n>1, it will be convenient for us to replace the standard polynomial generatorsE!i of K0.Rep.Sp2n//
and the corresponding generators of GW˙.Rep.Sp2n// from Example 2.3.15 by alternative polynomial
generators given by the exterior powersƒi .V / andƒi .V; �/, respectively, where V is the 2n-dimensional
standard representation.

Lemma 2.4.1 In K0.Rep.Sp2n//, ƒ
iV DE!i C

P
xWx<!i

nxEx for all i 2 f1; : : : ; ng, where the sum
runs over a finite number of dominant weights x such that x < !i in the partial order of Definition 2.1.1,
and nx 2N. In particular , K0.Rep.Sp2n//Š ZŒV;ƒ2V; : : : ; ƒnV �.

Proof We first note that the fundamental weights !i of Sp2n satisfy

(2.4.4) !iC2 > !i

for all i , ie for all i 2 f1; : : : ; n� 2g. Indeed, we see from [7, planche III] that

!iC2�!i D ˛iC1C
� r�1P
jDiC2

j̨

�
C˛r ;

where ˛1, . . . , ˛n are the simple roots, so !iC2�!i > 0.
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In characteristic zero, ƒiV decomposes as

(2.4.5) ƒiV ŠE!i ˚E!i�2 ˚ � � �˚

�
E!1 if i is odd,
k if i is even,

for i D 1; : : : ; n as a representation, not just as an element of K0.Rep.Sp2n//. (See [8, Chapter VIII,
Section 13.3 (IV)] for a proof of the corresponding statement for the Lie algebra of Sp2n, and recall
that in characteristic zero we can pass from decompositions of a representation of a split semisimple
simply connected algebraic group to decompositions of the associated representation of its Lie algebra
and vice versa using [22, Section 3.2].) The claim of the lemma is therefore immediate from (2.4.4) in
characteristic zero.

Suppose now that k is a field of positive characteristic. Note that Sp2n lifts to a split reductive group scheme
Sp2n;Z over Z [10, théorème 7.2.0.46], hence the results of [43, section 3.7] apply. Let us temporarily
write Sp2n;Q and Sp2n;k for the symplectic groups over Q and k, which can be obtained from Sp2n;Z via
base change, and let us denote by E!i ;Q and E!i ;k the respective irreducible representations of highest
weight !i . Consider the category Rep.Sp2n;Z/ of Sp2n;Z-representations that are finitely generated and
free over Z, and the associated K-ring K0.Rep Sp2n;Z/, denoted by RZ.Sp2n/ in [43, section 3.3].

The base-change homomorphisms

iQ W K0.Sp2n;Z/! K0.Sp2n;Q/ and ik W K0.Sp2n;Z/! K0.Sp2n;k/

are homomorphisms of �-rings, essentially because exterior powers are compatible with base change
[16, Proposition A2.2(b)]. By [43, théorème 5], iQ is an isomorphism. Better still, we see from
[43, lemme 2(a)] that for each representation EQ of Sp2n;Q there exists a representation EZ, not just a
virtual representation, such that iQ.EZ/D EQ. In particular, for each dominant weight !, we have a
representation E!;Z of Sp2n;Z with iQ.E!;Z/DE!;Q. Note, however, that there is no reason to assume
that ik.E!;Z/DE!;k in general. Rather, arguing as in [43, section 3.8, remarque 3], we find that

(2.4.6) ik.E!;Z/DE!;kC
X
x<!

nxEx;k;

where the sum is over all dominant x with x < !, and only finitely many of the coefficients nx 2N0 are
nonzero. Indeed, let us write chk for the character homomorphism chSp2n;k (see Lemma 2.2.1). As we
have a maximal torus of Sp2n defined over Z, and as restriction to this maximal torus is compatible with
base change, we find that chSp2n;k .ik.E!;Z//D chSp2n;Q.E!;Q/. Thus, [43, lemme 5(a)], applied both
over Q and over k, yields the following two identities, for certain coefficients ax; bx 2N0:

chk.ik.E!;Z//D e
!
C

X
x<!

axe
x and chk.E!;k/D e

!
C

X
x<!

bxe
x :

Equation (2.4.6) follows from a comparison of these two identities and the injectivity of chk .

On the other hand, the standard representation of Sp2n is already defined over Z, so we have a represen-
tation VZ of Sp2n;Z with ik.VZ/D Vk for arbitrary fields k. Equation (2.4.5), appropriately decorated

Algebraic & Geometric Topology, Volume 25 (2025)



Atiyah–Segal completion for the Hermitian K-theory of symplectic groups 4051

with subscripts .�/Z, is therefore equally valid in K0.Sp2n;Z/. The claimed decomposition of ƒi .V / in
K0.Rep.Sp2n// now follows by combining (2.4.4), this integral version of (2.4.5), and (2.4.6).

The final claim is immediate from this decomposition and Remark 2.2.6.

Lemma 2.4.2 Let .V; �/ denote the 2n-dimensional standard representation of Sp2n with its canonical
antisymmetric form. The exterior powers ƒi .V; �/ for i 2 f1; : : : ; ng define homogeneous polynomial
generators of the˙-graded GW˙.k/-algebra GW˙.Rep Sp2n/:

GW˙.Rep.Sp2n//D GW˙.k/Œ.V; �/;ƒ2.V; �/; : : : ; ƒn.V; �/�:

The generator ƒi .V; �/ is of degree .�1/i .

Proof Applying Lemma 2.3.10 to the decomposition of ƒi .V / given in Lemma 2.4.1, we find that
ƒi .V; �/D .E!i ; �!i /C .smaller terms/ for certain symmetric isomorphism �!i on E!i . So the claim
is immediate from Remark 2.3.16.

Restriction to diagonal The group Sp2n has a canonical subgroup isomorphic to Sp�n2 DSp2 � � � ��Spn.
This is most easily seen by replacing the antisymmetric form J from (2.4.1) by the isometric form
nH� D H� ? � � � ? H�; then Sp�n2 is simply given by n diagonally concatenated copies of Sp2
inside Sp2n. The inclusion of this subgroup induces a commutative diagram

K0.Rep.Sp2n// K0.Rep.Sp�n2 //

K0.Rep.T //

res

which shows that the restriction map res W K0.Rep.Sp2n//! K0.Rep.Sp�n2 // is injective. Its image can
easily be identified, as follows (see explicit calculations in [25, Appendix D]). Consider the symmetric
group Sn acting by permutation on Sp�n2 , and its induced action on K0.Rep.Sp�n2 //. The image of the
restriction map is precisely the fixed ring of this action:

K0.Rep.Sp2n//
Š

res�! K0.Rep.Sp�n2 //Sn

We will now show that the corresponding statement for GW˙ also holds.

Lemma 2.4.3 The restriction map GW˙.Rep.Sp2n//!GW˙.Rep.Sp�n2 // is injective , with image the
invariant subring under the permutation action of the symmetric group Sn.

Proof Note that Sp�n2 is a simply connected reductive group, and that Proposition 2.3.12 applies just
as it applies to Sp2n. So GW˙.Rep.Sp�n2 // is a polynomial ring in n variables, which we can identify
with

Qn
iD1 GW˙.Rep.Sp2//. Writing v.i/ WD .V .i/; �.i// for the standard representation of the i th factor

in Sp�n2 , equipped with its canonical antisymmetric form, we thus obtain

(2.4.7) GW˙.Rep.Sp�n2 //Š ZŒv.1/; : : : ; v.n/�:
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Under this isomorphism, the permutation action of Sn on the left corresponds to the obvious permutation
action on the generators v.i/ on the right.

Now let .V; �/ denote the 2n-dimensional standard representation of Sp2n, equipped with its canonical
antisymmetric form. As we have seen in Lemma 2.4.2 we can take the exterior powers ƒk.V; �/ for
kD 1; : : : ; n as polynomial generators of GW˙.Rep.Sp2n//. Write �k.v�/ 2GW˙.Rep.Sp�n2 // for the
kth elementary symmetric function in the classes v.i/ D .V .i/; �.i// introduced above. We claim that

(2.4.8) resƒk.V; �/D �k.v
�/C a polynomial in �j .v�/ with j < k:

To this end, recall that the operations �k defined in terms of the exterior powers ƒk give GW˙.Rep.G//
the structure of a pre-�-ring (for any affine group scheme G); see [17, Proposition 4.2.1; 49]. For
k D 1, equation (2.4.8) simply follows from the fact that .V; �/ restricts to the direct sum of the
representations .V .i/; �.i//:

res.V; �/D
nP
iD0

v.i/D �1.v
�/:

For higher k, consider the power series expansion �t .x/ WD
P
k �

k.x/tk . For the two-dimensional
standard representation .V2; �2/ of Sp2, we find ƒ2.V2; �2/D .k; det.�//D .k; id/, and ƒk.V2; �2/D 0
for k > 2, so

�t .V2; �2/D 1C .V2; �2/t C t
2:

As the restriction commutes with the �-operations, this implies

res�t .V; �/D �t
�P
i

v.i/
�
D

nQ
iD1

�tv
.i/
D

nQ
iD1

.1C v.i/t C t2/:

Now res�k.V; �/ is the coefficient of tk in the above power series. As the power series is invariant
under the permutation action of Sn, so is each coefficient. So res�k.V; �/ is a polynomial in the
symmetric polynomials � i .v�/. Moreover, the highest-degree monomials in the V .i/’s that occur in the
coefficient of tk are precisely the monomials that occur �k.v�/, and they occur with multiplicity one.
This proves (2.4.8), and hence the lemma.

For the completion at the augmentation ideal, it is again convenient to reformulate the above description
in terms of the “first Borel classes” defined as in (2.4.3) above. So let us write b.i/ WD .V .i/; �.i//�H�

for the first Borel class of the i th copy of Sp2, and �i .b�/ for the i th elementary symmetric polynomial in
these classes. Clearly, the isomorphism (2.4.7) from the proof above can be rewritten as

(2.4.9) GW˙.Rep.Sp�n2 //Š ZŒb.1/; : : : ; b.n/�:

Corollary 2.4.4 The restriction induces an isomorphism between GW˙.Rep.Sp2n// and the sub-
ring GW˙Œ�1.b�/; : : : ; �n.b�/� of GW˙.Sp�n2 /. Under this isomorphism , the graded augmentation
ideal IO˙Sp2n

(see Definition 3.3.1) corresponds to the ideal generated by �1.b�/; : : : ; �n.b�/. In particular ,

GW˙.Rep.Sp2n//
^

IO˙Sp2n

Š GW˙.k/J�1.b�/; : : : ; �n.b�/K:
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3 Grothendieck–Witt rings of some classifying spaces

The main purpose of this chapter is to prove Theorem 1.0.2. First, we introduce the specific model
category we will be working with to model motivic spaces. Next, in Section 3.2, we recall the notion of
acceptable gadgets as introduced in [32, Definition 8.3] and establish some important properties of these.
In Section 3.3, we finally use the results of Section 2.4 to construct the Atiyah–Segal completion map, and
to prove the main theorem. In the final two subsections, we discuss the construction of a classifying space
for the multiplicative group with nontrivial involution, and conjectural tools that may be used to generalize
our main results to base schemes with nontrivial action and to arbitrary closed subgroups of Sp2n.

3.1 Čech localization

Let S be a scheme of finite type over a field k. Our standing assumption that char.k/¤ 2 is not necessary
for any of the results of this section. Let sPre.SmS / be the model category of simplicial presheaves on
SmS with the global injective model structure, and Lmot sPre.SmS / its motivic localization, which is
defined as Lmot D .LA1LNis/

1, where the repeated localizations are necessary to ensure that LmotF is
both Nisnevich local and A1-local for any simplicial presheaf F . This is a presheaf variant of the model
category constructed in [30], with homotopy category the unstable motivic homotopy category H.S/.
The weak equivalences in Lmot sPre.SmS / will be called motivic weak equivalences; these are precisely
the maps that become isomorphisms in H.S/.

More generally, for a subcanonical topology � on SmS , let L� sPre.SmS / be the (left) Bousfield lo-
calization with respect to covering sieves for � , as considered in [1, Section 3.1]. This localization is
also considered in [15, Appendix A], where it is called the Čech localization because it is a localization
with respect to Čech covers in the topology � ; see [15, Theorem A5]. This is the naming convention we
will follow.

The fibrant objects of L� sPre.SmS / are those fibrant simplicial presheaves in sPre.SmS / that satisfy
�-descent; we will refer to these as �-fibrant. The weak equivalences in sPre.SmS / will be called
objectwise weak equivalences and the weak equivalences in L� sPre.SmS / will be called �-local weak
equivalences. We denote by L� the � -fibrant replacement functor, viewed as endofunctor on sPre.SmS /.

Remark 3.1.1 (relation to model structure used by Morel and Voevodsky) Note that L� sPre.SmS /

is not the same as the Jardine model structure Lhyp-� sPre.SmS /, which is Quillen equivalent to the
Joyal model structure on simplicial sheaves used in [30]. In general, we only have successive Bousfield
localizations

sPre.SmS /! L� sPre.SmS /! Lhyp-� sPre.SmS /:

However, the Bousfield localization L� sPre.SmS /! Lhyp-� sPre.SmS / is a Quillen equivalence for �
the Nisnevich topology and S any reasonable base scheme. See [1, Remark 3.1.4] for more details.
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Remark 3.1.2 (1-language) We may also view sPre.SmS / as an 1-category as in, eg, [20]. The
fibrant replacement functor L� is analogous to the localization endofunctor defined in [20, Proposition 3.4]
and has the same formal properties. Lemma 2.1 from [21] will play a key role in our discussion of
classifying spaces (see the proof of Proposition 3.2.16 below).

We will need very few specifics about the � -local model structure. The proof of the following proposition
relies on the two subsequent lemmas, both presumably well known.

Proposition 3.1.3 (a) For any subcanonical topology � , every S -scheme is � -fibrant.

(b) For any topology � at least as coarse as the fppf topology , any filtered colimit in sPre.SmS / of
S -schemes is � -fibrant.

In particular , for any scheme X as in (a) or any filtered colimit X as in (b), the � -fibrant replacement map
X ! L� .X/ is an objectwise weak equivalence.

Proof For (a), let X be an S -scheme. We need to show that X is fibrant in the injective model structure
on sPre.SmS / and � -local. For the first assertion, see Lemma 3.1.4 below. For the second assertion, see
[1, Example 3.1.2]: a simplicially constant presheaf is � -local if and only if it is a � -sheaf. The presheaf X
in question is a � -sheaf precisely because � is assumed to be subcanonical. For the filtered colimit in (b),
the claim follows by the same argument plus the observation, spelled out in Lemma 3.1.5 below, that such
filtered colimits are indeed sheaves. The final assertion is just an application of Ken Brown’s lemma.

As remarked above, the following two lemmas are probably well known to the experts. Lemma 3.1.4 is
stated without proof in [36, Section 2.6]. We include full details here for future reference.

Lemma 3.1.4 Let C be a small category. A simplicially constant presheaf F 2 sPre.C/ is fibrant in any
model structure on sPre.C/ whose weak equivalences are objectwise weak equivalences. In particular ,
constant simplicial presheaves are fibrant in the injective model structure.

Proof Let i W A! B be an objectwise weak equivalence in sPre.C/ and a W A! F a map of simplicial
presheaves. To prove the statement, it suffices to prove the existence of a map b WB!F such that bi D a.
Note that F is an objectwise Kan complex and therefore projective fibrant, so that a factors through a
functorial projective fibrant replacement RA of A, as in the diagram

A RA F

B RB

�

i

a0

Ri

�
b0

and a lift b of a along i exists if a lift b0 W RB ! F of a0 along Ri exists. Therefore, we may and do
assume both A and B to be projective fibrant, that is, they are both objectwise Kan complexes.
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We first produce a collection of maps bC W B.C/ ! F.C/ such that aC D bC iC for each C 2 C.
Let C 2 C. Since iC WA.C/!B.C/ is a weak equivalence of Kan complexes, it is a simplicial homotopy
equivalence. Let jC W B.C/! A.C/ be a homotopy inverse to iC and define bC W B.C/! F.C/ as the
composition aC jC . Then the composition aC jC iC W A.C/! F.C/ is homotopic to the map aC , and
since homotopic maps into a constant simplicial set are equal, aC D bC iC . Thus, for each C 2 C we have
bC D aC jC for a fixed choice of homotopy inverse jC of iC .

We now need to show that the square

B.D/ F.D/

B.C / F.C /

bD

B.f / F .f /

bC

commutes for any arrow f W C !D in C. Consider the diagram

B.D/ A.D/ F.D/

B.C / A.C / F.C /

jD

B.f / A.f /

aD

F.f /

jC aC

and note that the right square commutes. Again because homotopic maps into a constant simplicial set
are equal, it suffices to show that the left square commutes up to homotopy. Note that

jC iCA.f /jD D jCB.f /iDjD

because i is a map of simplicial presheaves. Moreover, the left-hand side is homotopic to A.f /jD and
the right-hand side is homotopic to jCB.f / because jC iC � idA.C/ and iDjD � idB.D/ by definition.
Hence, F.f /bD D bCB.f /.

Lemma 3.1.5 Consider a topology � coarser than the fppf topology. Given a family .Fi /i2I of repre-
sentable � -sheaves on a quasicompact scheme S , where I is a filtered index category , the filtered colimit
F1 WD colimi2I Fi is also a � -sheaf.

Proof As S is quasicompact, we have to check the sheaf condition for F1 only for finite � -covers U of
a scheme U , by the following argument. Let U be an arbitrary � -cover of U . As U is quasicompact, there
exists a finite Zariski cover V of U . Note that U \V is a refinement of U . For V 2 V , we consider the
� -cover U \V of V . By (the proof of) [44, Tag 021P], this refines to a finite � -cover of V . Hence U \V
refines to a finite � -cover of U , and from now on we assume that U is a finite � -cover of U . We denote the
associated covering sieve by hU , which is a subpresheaf of the representable presheaf hU . We are reduced
to showing that if the canonical map Hom.hU ; Fi /!Hom.hU ; Fi / is a bijection for all i 2 I , then it also
is a bijection for i D1. The representable sheaf hU is compact, hence commutes with filtered colimits.
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Moreover, for a finite covering U D .Uj ! U/j2J , hU can be described by the explicit small coequalizera
j;j 0

Uj �U Uj 0�
a
j

Uj

of representables, hence is also compact.

3.2 Acceptable gadgets and classifying spaces

Let S be a scheme of finite type over a field k. Our standing assumption that char.k/¤ 2 is not necessary
for any of the results of this section.

Classifying spaces We now fix a � -sheaf of groups G over S . In applications, G will often be a linear
algebraic group over Spec k base changed to S .

The simplicial classifying space BG is defined in [30] as the nerve of G viewed as a presheaf of groupoids
with a single object (so the n-simplices are BGn WD G�n and face and degeneracy maps are given by
composition and inserting identities, as usual).

Definition 3.2.1 For a topology � at least as coarse as the fppf topology, the � -classifying space B�G of
G is defined as B�G WD L� .BG/.

Note that B�G is well defined — irrespective of any particular choice of fibrant replacement functor — up
to objectwise weak equivalence. We now briefly discuss the dependency of B�G on the topology � . For
the definition of � -locally trivial G-torsors, we refer to [2, Definition 2.3.1].

Lemma 3.2.2 The following conditions on G and � are equivalent :

(1) Every (fppf-locally trivial ) G-torsor in SmS is already � -locally trivial.

(2) The canonical map B�G! BfppfG is an objectwise weak equivalence.

Proof This equivalence follows from [2, Lemma 2.3.2(i) and (ii)]. (See also [30, Lemma 4.1.18]).

Example 3.2.3 (smooth affine groups) For smooth affine group schemes G, every G-torsor is already a
étale-locally trivial, so BfppfG is objectwise weakly equivalent to BKetG. Indeed, smoothness is preserved
by faithfully flat descent, so any G-torsor is smooth over the base, and smooth morphisms admit sections
étale locally.

Example 3.2.4 (special groups) A linear algebraic groupG over S is called special if every étale-locally
trivial G-torsor over a (not necessarily smooth) S-scheme is already Zariski-locally trivial. Thus, for a
special groupG, BZarG is objectwise weakly equivalent to BKetG, and to B�G for any intermediate topology
such as � D Nis. Special groups include, in particular, split tori, GLr , SL2r , Sp2r , and finite products
of these [35, Lemmas 3.1 and 3.2]. (In [35; 42], the notion is introduced and discussed only for groups
defined over a field k, but note that the defining property is stable under base change along S ! Spec.k/.
Special groups over fields have been fully classified [18; 23; 29].)
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Of course, for � DNis or any coarser topology, B�G is motivically equivalent to the simplicial classifying
space BG, for any G, as � -local equivalences are motivic equivalences in this case. Only for finer choices
of topologies � , B�G may be motivically distinct.

Remark 3.2.5 (comparison with [30]) By construction, B�G only satisfies � -descent. However, it also
satisfies �-hyperdescent for dimension reasons by the argument given in the proof of [2, Lemma 2.3.2],
so by Ken Brown’s lemma, the canonical map B�G ! Lhyp-� BG is an objectwise weak equivalence.
In view of Remark 3.1.1, this shows, in particular, that the definition of BKetG used here agrees with the
definition in [30, page 130].

Outline Using the admissible gadgets with a nice G-action of [30, Definitions 4.2.1 and 4.2.4], one
constructs a geometric approximation of a universal G-torsor over BKetG, namely a colimit of G-torsors
in SmS . We will instead use the more flexible concept of acceptable gadgets, following [32, Definition 8.3],
and adding a version of a nice G-action in this setting. Suppose that we have a commutative diagram of
G-torsors

(3.2.1)
X1 X2 � � �

Y1 Y2 � � �

in SmS , where the horizontal arrows are closed immersions, such that the colimit of this diagram should
be thought of a motivic approximation of EG! BKetG, with EG being a motivically contractible space
with free G-action. We will make this idea precise further in a more general setting for any Grothendieck
topology � at least as coarse as the fppf topology, and for �-locally trivial G-torsors and �-classifying
spaces B�G.

Namely, we will establish a chain of weak equivalences

Y1 '
.1/
L� .X1==G/ '

.2/
L� .S==G/ Š

.3/
B�G:

All quotients �==G appearing here are stacky; see Definition 3.2.9. The objectwise weak equivalence (1) is
established below in Lemma 3.2.13. Equivalence (2) is a motivic weak equivalence; see Proposition 3.2.16.
The isomorphism (3) is completely general and clear from the definitions; see Lemma 3.2.10. Combined,
these equivalences yield a motivic weak equivalence Y1 ' B�G for any sequence of �-locally trivial
G-torsors as in (3.2.1) in which the sequence of Xi ’s forms an acceptable gadget. This result, which
is stated as Theorem 3.2.17 below, will be used in the next section to show that the products .HPn/�r

approximate BSp�r2 , and similarly certain quaternionic Grassmannians approximate BSp2r . These are
crucial steps in the proof of Atiyah–Segal completion for BSp2r .

We begin by recalling the definition of an acceptable gadget.
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Definition 3.2.6 An acceptable gadget .Xn/n2I over a scheme S is a countable totally ordered set I
together with a diagram X W I ! SmS such that each Xn DX.n/ is quasiprojective and for each n < m
in I , the map X.n <m/ WXn!Xm is a closed immersion of S -schemes, and such that for any Henselian
regular local ring R and any commutative square

@�iR Xn

�iR S

there exists an m� n and a map �iR!Xm making this diagram commute:

(3.2.2)

@�iR Xn Xm

�iR S

Here is a lemma that shows that acceptable gadgets yield contractible motivic spaces, which will make
them useful to construct contractible spaces with free actions, whose quotients are classifying spaces
as we will see in Proposition 3.2.16. Some version of Lemma 3.2.7 is implied in [32, page 954 after
Proposition 8.5].

Lemma 3.2.7 Let .Xi /i2I be an acceptable gadget over a scheme S . Then X1 D colimi Xi is con-
tractible in the category H.S/ of motivic spaces over S .

Proof By [30, Lemmas 2.3.8 and 3.1.11], it suffices to show that the simplicial set Sing.X1/.R/ is
contractible for every regular Henselian local ring R over S , in other words, for every Nisnevich point
of S ; see also Remark 3.1.1.

By construction, a map @�n! Sing.X1/.R/ is given by a morphism @�nR! X1. Let f be such a
morphism. Since @�nR is representable by an object of SmS , it is compact, and f factors through a
finite stage f 0 W @�nR ! Xi for some i 2 I . Since .Xi /i2I is an acceptable gadget, there exists j > i
in I such that the composition @�nR!Xi !Xj extends to a morphism �nR!Xj , which shows that
Sing.X1/.R/ is contractible.

We prove a lemma that allows us to construct acceptable gadgets from existing ones. The first of these
shows that acceptable gadgets are stable under base change.

Lemma 3.2.8 Let .Xn/n2N and .Yn/n2N be acceptable gadgets over a scheme S .

(a) For any Y 2 SmS , the base change .Xn �S Y /n2N is an acceptable gadget over Y .

(b) For any cofinal I �N, the sequence .Xn/n2I is an acceptable gadget over S .

(c) The product .Xn �S Yn/n2N is an acceptable gadget over S .
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Proof We only prove (c); the proofs of (a) and (b) are similar. Consider a commutative diagram

@�iR Xn �S Yn

�iR S

The projection maps Xn �S Yn!Xn and Xn �S Yn! Yn yield commutative diagrams

@�iR Xn Xm1

�iR S

@�iR Yn Ym2

�iR S

as .Xn/n2N and .Yn/n2N are acceptable gadgets. Let m D maxfm1; m2g. Then the compositions
�iR!Xm1!Xm and �iR! Ym2! Ym yield a map �iR!Xm�S Ym making this diagram commute:

@�iR Xn �S Yn Xm �S Ym

�iR S

All quotients �==G used in the following will be stacky quotients, defined as follows. Recall that the
action groupoid of a set X with a group action is the groupoid with objects the elements of X , and
morphisms from x1 2X to x2 2X given by the group elements that send x1 to x2.

Definition 3.2.9 For a presheaf of sets X on SmS with G-action, the stacky quotient X==G is the
simplicial presheaf given by the nerve of the action groupoid of X .

We will mainly be interested in two extremal cases: the stacky quotient of the (trivial) G-action on the
base scheme S , and the stacky quotient of the (free) G-action on a G-torsor. These are discussed in the
following two lemmas, respectively.

Lemma 3.2.10 For any subcanonical topology � , we have a canonical isomorphism of simplicial
presheaves B�G Š L� .S==G/.

Proof For any U 2SmS , the action groupoid of theG.U /-action on the one-point set S.U / is isomorphic
to the groupoid G.U / used in the definition of BG.

Lemma 3.2.11 For any �-locally trivial G-torsor � WX ! Y in SmS , we have a canonical objectwise
weak equivalence L� .X==G/! Y .
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Proof For any presheaf of sets X with a free G-action, the stacky quotient X==G is objectwise weakly
equivalent to the presheaf quotient U 7!X.U /=G.U /, which we temporarily denote by X=preG. Indeed,
when the G.U /-action on X.U / is free, the action groupoid X.U / is canonically equivalent to the orbit
set X.U /=G.U /, viewed as a discrete groupoid, so we obtain a weak equivalence when passing to nerves.

For a smooth S-scheme X with a free G-action, we hence have an objectwise weak equivalence from
L� .X==G/ to the �-sheafification .X=preG/

� of the presheaf quotient. Indeed, note first that the object-
wise weak equivalence X==G ! X=preG described above induces an objectwise weak equivalence
L� .X==G/! L� .X=preG/ (by two-out-of-three and Ken Brown’s lemma). Secondly, as .X=preG/

� is
� -fibrant (by Lemma 3.1.4 and [1, Example 3.1.2]), the canonical map X=preG! .X=preG/

� factorizes
through a morphism L� .X=preG/ ! .X=preG/

� , which also is an objectwise weak equivalence by
[1, Example 3.1.2]. So altogether we obtain the objectwise weak equivalence claimed above. Finally, in
the situation at hand, we have an isomorphism .X=preG/

� Š Y .

We now provide a variant of [30, Definition 4.2.4].

Definition 3.2.12 An acceptable G-gadget .Xn/n2I over S is an acceptable gadget over S satisfying

(i) for each n 2 I , Xn is endowed with a G-action; and

(ii) for each n < m in I , the corresponding closed immersion Xn!Xm is G-equivariant.

The following result generalizes Lemma 3.2.11 from a single torsor to a sequences of torsors.

Lemma 3.2.13 Let .Xn! Yn/n2N be a sequence of G-torsors as in (3.2.1), with all torsors �-locally
trivial and all maps Xn!XnC1 monomorphisms. Then the induced map

L� .X1==G/! Y1

is an objectwise weak equivalence. In particular , this holds if .Xn/n2N is an acceptable G-gadget with a
� -locally trivial G-torsor Xn! Yn for each n 2N.

Proof All objects are cofibrant, and the maps Xn!Xm, Xn==G!Xm==G and Yn! Ym are monomor-
phisms, hence cofibrations in our model structure. So X1, colim.Xn==G/ and Y1 are colimits of
cofibrations and thus homotopy colimits. The canonical maps Xn==G ! Yn, which are �-local weak
equivalences by Lemma 3.2.11, therefore induce a �-local weak equivalence colimn.Xn==G/! Y1.
Finally, we observe that the action groupoid of X1 is the strict colimit of the action groupoids of the Xn,
so that we have an isomorphism

colim
n
.Xn==G/ŠX1==G:

Hence, we obtain a � -local weak equivalence X1==G! Y1. As Y1 is � -fibrant by Proposition 3.1.3(b),
this �-local weak equivalence factors through L� .X1==G/, and by Ken Brown’s lemma we thus obtain
the desired objectwise weak equivalence

L� .X1==G/! Y1:
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If .Xn/n2N is an acceptable G-gadget with a � -locally trivial G-torsor Xn! Yn for each n2N, the maps
Xn!Xm are closed immersions and therefore monomorphisms by assumption. AsXn.U /!Xm.U / is a
G.U /-equivariant monomorphism for everyU 2SmX , the induced mapsXn.U /=G.U /!Xm.U /=G.U /

are also monomorphisms. We argue at the end of the proof of Lemma 3.2.11 that Yn and Ym differ from
the presheaf quotients only by sheafification. As sheafification is exact, this shows that Yn! Ym is also
a monomorphism.

We now verify a crucial generalized contractibility condition for acceptable G-gadgets. Given a � -locally
trivial torsor T ! Y in SmS , consider the map L� .X1 �S T /! Y given by applying first .�==G/
and then L� to the G-equivariant projection map X1 �S T ! T and then composing with the map
L� .T==G/! Y of Lemma 3.2.11. This map is canonical up to the choice of L� .

Proposition 3.2.14 Let .Xn/n2I be an acceptable G-gadget over S . Then , for each �-locally trivial
G-torsor T ! Y in SmS , the map

L� ..X1 �S T /==G/! Y

is a motivic weak equivalence.

Proof Apply Lemma 3.2.13 to the sequence of � -locally trivial G-torsors Xn�S T !Xn�S Y to obtain
an objectwise weak equivalence

L� ..X1 �S T /==G/!X1 �S Y:

This objectwise weak equivalence is, in particular, a motivic weak equivalence. As the map in the statement
of the proposition can be obtained by composing this map with the projection map p WX1 �S Y ! Y ,
it suffices to show that p is a motivic equivalence over S .

We know that p is a motivic weak equivalence over Y by Lemmas 3.2.7 and 3.2.8. We now use the functor
u] W Lmot sPre.SmY /! Lmot sPre.SmS / from [5, Proposition 4.5.4] for the structure map u W Y ! S to
deduce that p is also a motivic weak equivalence over S . (These general results do not use the assumption
on the “coefficients” discussed at the beginning of section 4.4 of loc cit. Compare also [20, Section 4.1]
for a related discussion in the 1-setting.) More precisely, u] maps a smooth scheme over Y to the
same smooth scheme over S by the proof of loc cit., and is a left Quillen functor for the projective
model structures by [5, Theorem 4.5.14]. As left adjoints preserve colimits, u] also maps the morphism
p WX1 �S Y ! Y over Y to the same morphism considered over S . Hence, as u] is left Quillen, p is a
motivic weak equivalence over S for the projective motivic model structure, and thus also for the injective
model structure, which has the same weak equivalences.

Remark 3.2.15 There are definitions of G-torsors which are more general than [2, Definition 2.3.1],
see, eg, [30, page 128], but which have in common that the conclusion of Lemma 3.2.11 holds. The
proofs of Lemma 3.2.13 and Proposition 3.2.14 immediately generalize to these more general torsors
provided the bases Yn are representable.
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Proposition 3.2.16 For any acceptable G-gadget .Xn/n2I over S , L� .X1==G/ is motivically equivalent
to L� .S==G/.

Proof By [21, Lemma 2.1] it suffices to verify the condition established in Proposition 3.2.14. Though
[21, Lemma 2.1] is only stated for the fppf-topology, it holds equally for any finer topology � , as is evident
from its (very short) proof. Also, while [21, Lemma 2.1] is stated in terms of general1-G-torsors, for a
simplicially discrete group G any such torsor over a simplicially discrete base X is again discrete, as it
is locally isomorphic to X �S G. So in our setting it suffices to verify the assumptions for simplicially
discrete G-torsors as in [2, Definition 2.3.1]. (Alternatively, we could use Remark 3.2.15.) Finally, the
1-quotients appearing in [21, Lemma 2.1] coincide with our stacky quotients. See Lemmas 3.2.10 and
3.2.11 above for special cases, and [31, Section 3] for details in the general case.

The following theorem is the promised precise version of the “outline” at the beginning of this section.

Theorem 3.2.17 Let .Xn/n2N be an acceptable G-gadget such that we have a � -locally trivial G-torsor
Xn ! Yn and induced monomorphisms Yn ! Ym for all n;m 2 N. Then we have motivic weak
equivalences

Y1 ' B�G ' BfppfG:

Proof As already explained in the outline, Lemma 3.2.13, Proposition 3.2.16 and Lemma 3.2.10 yield
a chain of motivic weak equivalences Y1 ' L� .X1==G/ ' L� .S==G/ ' B�G. As the same chain
of equivalences also applies for any topology finer than � , we also obtain the motivic equivalence
with BfppfG.

As recalled in Example 3.2.4, for special affine algebraic group schemes G any torsor is Zariski-locally
trivial, so that Theorem 3.2.17 will yield motivic equivalences Y1 ' BG ' BfppfG.

3.3 Hermitian ASC for symplectic groups

Let G be a linear algebraic group over a field k of characteristic not two. In particular, G is smooth and
an étale sheaf on Smk .

Definition 3.3.1 We define IOG and IO˙G as kernels of restriction maps:

IOG WD ker.GWC.Rep.G//! GWC.k// and IO˙G WD ker.GW˙.Rep.G//! GW˙.k//:

Our definition of IOG agrees with the definition given in [38]. The graded ideal IO˙G is not considered
there.

Lemma 3.3.2 The IO˙G-adic topology on GW˙.Rep.G// agrees with the IOG-adic topology.
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Proof This is a general fact about graded ideals. Consider a ˙-graded ring RDRC˚R� and a graded
ideal aD aC˚ a� �R. Clearly .aC/i �R � ai . On the other hand, as .a�/2 � aC, we find that

a2i D .aCC a�/2i �

2iX
jD0

.aC/2i�j .a�/j � .aC/i �RC˚ .aC/i �R�:

So a2i � .aC/i �R. This shows that the a-adic topology on R agrees with the aC-adic topology.

Recall from [32; 33] the Sp2r -torsors HU.r; n/ over the quaternionic Grassmannians HGr.r; n/ associated
with the tautological symplectic bundle, defined over a smooth quasiprojective base scheme S .

Proposition 3.3.3 The sequence of Sp2r -torsors HU.r; n/! HGr.r; n/ with n 2 N of [32, Proposi-
tion 8.5] defines an acceptable Sp2r -gadget .HU.r; n//n2N over S .

Proof It is shown in [32, Proposition 8.5] that .HU.r; n//n2N is an acceptable gadget over S . It obviously
also satisfies the conditions of an acceptable Sp2r -gadget, where the compatible actions come from the
structure as Sp2r -torsors.

Theorem 3.3.4 (Panin–Walter) There are motivic weak equivalences

BNis Sp2r ' BKet Sp2r ' HGr.r;1/:

Proof Both equivalences are stated in [32, after Proposition 8.5], along with a brief indication on how to
modify the arguments of [30] to obtain a proof, using their concept of an acceptable gadget. Section 3.2
provides more details for this argument. The first equivalence is evident from the fact that Sp2r is special
(see Example 3.2.4). The second is immediate from Theorem 3.2.17 applied to the acceptable gadget
of Proposition 3.3.3.

Remark 3.3.5 The motivic equivalence BKet Sp2r ' HGr.r;1/ of Theorem 3.3.4 was proven in [41,
Proposition 5] for r D1 using a different technique. However, [41, Proposition 3], which is an ingredient
of this alternative proof, has no obvious analogue for finite r .

Remark 3.3.6 For the reader’s convenience, let us compare the discussion above to some arguments
in [30]. Theorem 3.3.4 is an analogue for Sp2r of [30, Proposition 4.3.7] for GLr . In either case, the
first equivalence is established by noting that GLr and Sp2r , respectively, are special, and by using
[30, Proposition 4.1.18]. The second equivalence rests on [30, Proposition 4.2.6], which has its parallel in
our Proposition 3.2.16. Both of these intermediate results rely on the contractibility of colimits of gadgets.
For admissible gadgets, this is proved in [30, Proposition 4.2.3], using the ambient vector bundles, while
for acceptable gadgets this is Lemma 3.2.7 above. In [30], this contractibility enters via [30, Lemma 4.2.9];
see the proof of [30, Proposition 4.2.6] spelled out below [30, Lemma 4.2.9]. In our case, the contractibility
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enters via the corresponding Proposition 3.2.14. Despite all these parallels, the definition of acceptable
G-gadget employed here is significantly simpler than the definition of nice admissible G-gadget used by
Morel and Voevodsky: there is no analogue of part (iii) of [30, Definition 4.2.4] in our Definition 3.2.12.
The main reason why this simplification is possible is [21, Lemma 2.1].

For Sp2, Proposition 3.3.3 yields an acceptable gadget .HU.1; n C 1//n�1 built from Sp2-torsors
HU.1; nC1/!HPn, where HPn is the quaternionic projective space defined in [33]. In combination with
Lemma 3.2.8(c), we moreover obtain acceptable gadgets .HU.1; nC 1/�r/n�1 built from Sp�r2 -torsors
over products of quaternionic projective spaces .HPn/�r , for any r 2N.

Proposition 3.3.7 The following maps are isomorphisms:

(i) the canonical map GW˙.B Sp2/! limn GW˙.HPn/;

(ii) the canonical map GW˙.B Sp�r2 /! limn GW˙..HPn/�r/; and

(iii) the canonical map GW˙.B Sp2r/! limn GW˙.HGr.r; n//.

Proof By [32, Theorem 13.4], bigraded GW-theory is represented by a commutative ring spectrum BO,
which is .8; 4/-periodic by [32, Theorem 7.5]. Restricting BO to bidegrees .0; 0/ and .4; 2/ yields the
commutative ring GW˙.X/ for motivic spaces X which are not schemes. For an acceptable G-gadget
.Xn/n2N such that we have compatible G-torsors Xn! Yn for each n, we may consider the motivic
Milnor exact sequences (see, eg, [34, Theorem 5.7]):

0! lim1n BO�1;0.Yn/! GWC.Y1/! limn GWC.Yn/! 0;

0! lim1n BO3;2.Yn/! GW�.Y1/! limn GW�.Yn/! 0:

These yield a canonical isomorphisms GW˙.Y1/! limn GW˙.Yn/ provided the lim1-terms vanish.
When Yn D HGr.r; n/, they do vanish, as [32, Theorem 9.5] provides the necessary surjections of BO-
groups, thus proving (i) and (iii). To prove (ii), we argue similarly, using [32, Theorem 9.5] inductively
by viewing .HPn/�r as a trivial quaternionic projective bundle over .HPn/�r�1.

In view of this proposition, the reader preferring motivic spaces to actual varieties may replace several
limn GW˙.HPn/ below by GW˙.BKet Sp2/ or GW˙.BSp2/.

We are now ready to examine the case G D Sp2 in detail. The gadget .HU.1; nC 1//n�1 has nice formal
properties for Borel classes. Let .Un;  n/ be the tautological rank-2 symplectic bundle on HPn. It defines
an element in GW�.HPn/. We define the universal first Borel class

b1 D .b1;.n//n2N 2 lim
n

GW�.HPn/

to be the limit of the first Borel classes b1;.n/ 2 GW�.HPn/, where b1;.n/ D b1.Un;  n/ is the first Borel
class of .Un;  n/ on HPn, as defined in [33, Definition 8.3]. By [32, Proposition 9.9], we have

b1;.n/ D ŒUn;  n��H� 2 GW�.HPn/;
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where H� is the symplectic hyperbolic space of rank 2 with trivial Sp2-action. Let .V; �/ be a trivial
symplectic vector space of rank 2nC 2 in which .V0; �0/ is a distinguished rank-2 symplectic subspace,
and write Sp2nC2 D Sp.V; �/. In this case .V; �/ is the standard representation of Sp2nC2 discussed in
Example 2.3.15. There is a decomposition

.V; �/Š .V0; �0/? .V
?
0 ; �

?
0 /:

Then Sp2nC2 acts on HPn D HP.V; �/, and the stabilizer of the distinguished point .V0; �0/ in HPn is
given by those a 2 Sp.V; �/ that fix .V0; �0/ and .V ?0 ; �

?
0 /, and is therefore given by Sp2n �Sp2, where

we make the identifications Sp2n D Sp.V ?0 ; �
?
0 / and Sp2 D Sp.V0; �0/. Under the identification

HPn Š Sp2nC2 =.Sp2n �Sp2/;

the canonical Sp2-torsor HU.1; nC 1/ is given by Sp2nC2 =Sp2n, which corresponds to the univer-
sal bundle .Un;  n/ under the correspondence between Sp2-torsors and rank-2 symplectic bundles
as outlined in, for instance, [2, Section 3.3, page 1025]. We let Xn denote HU.1; n C 1/ for ease
of notation. Let �n W Xn ! Spec k be the G-equivariant structure map. Since the pullback functor

�n WVect.HPn/!VectG.Xn/ along the projection 
n WXn!HPn is an equivalence of exact categories with
duality, 
�n induces a canonical isomorphism 
�n WGW˙.HPn/!GW˙G.Xn/. The following lemma studies
the Atiyah–Segal map GW˙.Rep.Sp2//! GW˙.BSp2/ induced by approximations �n WXn! Spec k
of the pullback along ESp2! Spec k.

Proposition 3.3.8 Let H� be the trivial symplectic plane bundle equipped with the trivial Sp2-action
and ŒV0; �0� the Sp2-representation from above. The composition

.
�n /
�1��n W GW˙.Rep.Sp2//! GW˙Sp2

.Xn/! GW˙.HPn/

sends ŒV0; �0��H� to the (first) Borel class b1;.n/ D ŒUn;  n��H�.

Proof The pullback map ��n W GW˙.Rep.Sp2//! GW˙Sp2
.Xn/ sends ŒV0; �0� to the class ŒVn; �n� of

the trivial rank-2 symplectic bundle on Xn with the standard Sp2-action. Since .Un;  n/ is a rank-2
symplectic bundle corresponding to the torsor Xn D Symp.Un; n/, its pullback to Xn is also the trivial
symplectic bundle ŒVn; �n� with the standard Sp2-action. As Xn! HPn is an Sp2-torsor, the map

Sp2 �kXn!Xn �HPn Xn

given on points by .a; x/ 7! .ax; x/ is an isomorphism. Hence,

AutSymp.H
�
Xn
/Š Sp2 �kXn Š 


�
n Symp.Un; n/ Š Symp.f �Un;f � n/

and we deduce
��n .ŒV0; �0��H

�/D ŒVn; �n��H
�
D 
�n .ŒUn;  n��H

�/:

As an immediate corollary, we obtain Atiyah–Segal completion for G D Sp2 and GW˙.
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Corollary 3.3.9 For G D Sp2, the map GW˙.Rep.G//! limn GW˙.HPn/ from Proposition 3.3.8
above is a completion of GW˙.Rep.G// with respect to the Hermitian augmentation ideal IOG .

Proof The computation (2.4.3) immediately implies that IO˙Sp2
is generated by ŒV0; �0� �H�. By

[32, Theorem 9.5],
lim
n

GW˙.HPn/Š GW˙.k/Jb1K:

Hence the claim follows from Proposition 3.3.8 and Lemma 3.3.2.

Now we prove Atiyah–Segal completion for general Sp2r . We will use the diagram

(3.3.1)

GW˙.Rep.Sp2r// GW˙.Rep.Sp�r2 //

GW˙.BSp2r/ GW˙.BSp�r2 /

res

in which the vertical arrow is a completion by Proposition 3.3.12. We start with the following result of
Panin and Walter.

Proposition 3.3.10 For 1� i � r , let yi 2 limn GW˙..HPn/�r/ be the element defined by the inverse
limit

lim
n2N

b1.U .i/n ; �.i/n /

of the first Borel classes b1.U
.i/
n ; �

.i/
n / of the i th tautological rank-2 bundle on .HPn/�r . Then

lim
n

GW˙..HPn/�r/D GW˙.k/Jy1; : : : ; yrK:

Proof For r D 1, this is a consequence of [33, Section 11] or [32, Theorem 9.5] as already recalled
above. Note that .HPn/�r ! .HPn/�r�1 is a trivial HPn-bundle, so by [32, Theorem 9.4],

GW˙..HPn/�r/Š
GW˙..HPn/�r�1/Œb1.U

.r/
n ; �

.r/
n /�

.b1.U
.r/
n ; �

.r/
n /n/

:

Iterating, we obtain

GW˙..HPn/�r/Š
GW˙.k/Œb1.U

.1/
n ; �

.1/
n /; : : : ; b1.U

.r/
n ; �

.r/
n /�

.b1.U
.1/
n ; �

.1/
n /n; : : : ; b1.U

.r/
n ; �

.r/
n /n/

and it follows that
lim
n

GW˙..HPn/�r/D GW˙.k/Jy1; : : : ; yrK:

For n 2N, let fn W .HPn/�r ! HGr.r; rn/ be the canonical map such that the pullback of the tautolog-
ical rank-2r symplectic bundle on HGr.r; rn/ is the orthogonal sum of the rank-2 symplectic bundles
.U .i/n ; �

.i/
n / on .HPn/�r ; such a map exists by the universal property of quaternionic Grassmannians

discussed in [33, 10–11]. Note that .HGr.r; rn//n2N is an acceptable gadget by Lemma 3.2.8. Recall
also that we have limn GW˙.HGr.r; rn//Š GW˙.k/Jb1; : : : ; brK by [33, Theorem 11.4].
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Theorem 3.3.11 Let bi 2 limn GW˙.HGr.r; rn// be the element defined by the inverse limit

b1.Ur;rn; �r;rn/n2N

of Borel classes of the tautological rank-2r bundle on HGr.r; rn/. The limit

f � W lim
n

GW˙.HGr.r; rn//! lim
n

GW˙..HPn/�r/

of the pullback maps f �n sends bi to the i th symmetric elementary polynomial in the variables yj defined
in Proposition 3.3.10.

Proof The i th tautological symplectic bundle of rank 2 on .HPn/�r is an orthogonal direct summand of
f �n .Ur;rn; �r;rn/ by definition of fn. We can now run the same argument as in the first part of the proof
of [33, Theorem 10.2] to show that the image of bi is the i th symmetric elementary polynomial in the
variables yj .

Recall from Proposition 3.3.7 that we have an isomorphism

GW˙.BSp�r2 /Š lim
n

GW˙..HPn/�r/

with the ring structure given by Proposition 3.3.10. Considering the composition .
n/�1 ı��n and n!1
for G D Sp�r2 and G D Sp2r , we obtain morphisms of GW˙.k/-algebras GW˙.Rep.G//!GW˙.BG/
as well, both generalizing (take r D 1) the map of Corollary 3.3.9.

Proposition 3.3.12 The map of GW˙.k/-algebras

GW˙.Rep.Sp�r2 //! GW˙.BSp�r2 /

defined above exhibits GW˙.BSp�r2 / as the completion of GW˙.Rep.Sp�r2 // with respect to IOSp�r2
.

Proof By Proposition 3.3.8, the generator b.i/ 2 GW˙.Rep.Sp�r2 // of (2.4.9) is mapped to the Borel
class yi 2GW˙.BSp�r2 / of Proposition 3.3.10 for each 1� i � r . Since IOSp�r2

�GW˙.Rep.Sp�r2 // is
generated, as an ideal, by the classes b.i/, the result follows.

We are now ready to prove the following Atiyah–Segal completion result for Hermitian K-theory and
symplectic groups:

Corollary 3.3.13 The map of GW˙.k/-algebras

GW˙.Rep.Sp2r//! GW˙.BSp2r/

defined above exhibits GW˙.BSp2r/ as the completion of GW˙.Rep.Sp2r// with respect to IOSp2r .
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Proof By Corollary 2.4.4, the map res W GW˙.Rep.Sp2r//! GW˙.Rep.Sp�r2 // from the upper line
of (3.3.1) is injective and maps (higher) Borel classes to elementary symmetric polynomials in the
generators b.i/ 2 GW˙.Rep.Sp�r2 //. Similarly, by Theorem 3.3.11 and Proposition 3.3.7, the map
GW˙.BSp2r/! GW˙.BSp�r2 / from (3.3.1) is injective and maps (higher) Borel classes to elementary
symmetric polynomials in the generators yi 2 GW˙.BSp�r2 /. It follows that the image of IOSp2r in
GW˙.Rep.Sp�r2 // is

IOSp2r D IOSp�r2
\GW˙.Rep.Sp2r//

if we consider GW˙.Rep.Sp2r// as a subalgebra of GW˙.Rep.Sp�r2 // via the restriction map. Thus it
follows from Proposition 3.3.12 that the map

GW˙.Rep.Sp2r//! GW˙.BSp2r/

exhibits GW˙.BSp2r/ as the completion of GW˙.Rep.Sp2r// with respect to IOSp2r .

3.4 Classifying space for multiplicative group with a nontrivial involution

Consider the multiplicative group Gm with the involution � W t 7! t�1, as in Example 2.0.1. In this section,
we show how to approximate the classifying space BGm in a way that is compatible with the involution.
That is, we will construct Gm-torsors Un! Bn such that the torsors Un form an acceptable gadget, and
are equipped with involutions � W Un! Un that are compatible with the Gm-action in the sense that

(3.4.1) �.t:x/D �.t/:�.x/

for t 2 Gm, x 2 Un. This condition ensures, in particular, that the involution on Un descends to an
involution on Bn.

Remark 3.4.1 Usually, BGm is approximated by the projective spaces Pn. We have Gm-torsors
AnC1 n 0! Pn, and these torsors form an acceptable gadget. However, there seems to be no involution �
on AnC1 n 0 satisfying (3.4.1).

Concretely, we will use the principal Gm-torsors

Un WD f.x; y/ 2AnC1 �AnC1 j xT y D 1g

with Gm-action t:.x; y/ WD .tx; t�1y/ and involution � W .x; y/ 7! .y; x/. This involution clearly satis-
fies (3.4.1). Quotienting by the Gm-action, we obtain the following open subschemes of Pn �Pn:

Bn WD f.Œx�; Œy�/ 2 Pn �Pn j xT y ¤ 0g

The induced involution on Bn is given by � W .Œx�; Œy�/ 7! .Œy�; Œx�/.

Remark 3.4.2 To verify that the obvious projection Un! Bn is a principal Gm-torsor, we can identify
it with the canonical projection

GL1Cn =.1�GLn/! GL1Cn =.Gm �GLn/
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via the map that sends the left coset represented by a matrix A to the pair .x; y/ consisting of the first
column of A, and of the first row of A�1:

GL1Cn
1�GLn

Un

GL1Cn
Gm�GLn

Bn

Š

Gm Gm

Š

The involutions on Un and Bn are induced by the involution A 7! .A�1/
T on GL1Cn.

Remark 3.4.3 The fixed points of the scheme Bn under the involution can be identified with the scheme
fŒx� 2 Pn j xT x ¤ 0g, ie with the complement of a quadric in Pn. This complement is often used as an
algebro-geometric replacement for real projective space RPn, for example in [14] or [48]. It is a special
case of the algebraic orthogonal Grassmannians of Schlichting and Tripathi [41].

Lemma 3.4.4 The schemes Un with the obvious inclusions Un � UnC1 � � � � form an acceptable gadget
in the sense of Definition 3.2.6.

Proof Let R be an arbitrary commutative ring, and g 2 R. As in the proof of [32, Proposition 8.5],
it suffices to show that, given an arbitrary morphism Spec.R=g/!Un, we can fill in the dashed arrow in
the diagram

Spec.R=g/ Un UnC1

Spec.R/

The given arrow corresponds to a tuple .xa0; : : : ; xan; xb0; : : : ; xbn/ in .R=g/2nC2 such that
P
i xai
xbi D 1

in R=g. Pick an arbitrary lift .a0; : : : ; an; b0; : : : ; bn/ 2R2gC2. Then the previous equality tells us that
there exists some element r 2 R such that

P
i aibi D 1C gr in R. The composition from Spec.R=g/

to UnC1 corresponds to the tuple .xa0; : : : ; xan;x0; xb0; : : : ; xbn;x0/ in .R=g/2nC4. In order to construct the
dashed arrow in a way that the diagram commutes, we need to construct a lift of this tuple, say,

.a00; : : : ; a
0
n; gc; b

0
0; : : : ; b

0
n; gd/

such that
P
i a
0
ib
0
i C g

2cd D 1. Pick a0i WD ai , b
0
i WD bi � grbi , and c WD d WD r . A quick calculation

shows that this choice fits the bill.

3.5 Tools for generalizations to base schemes with nontrivial group actions

Recall that if we have Atiyah–Segal completion for GLn for schemes X with arbitrary GLn-action, then
applying it to X DGLn =H yields the completion theorem for H over a point Spec.k/. The same applies
to Sp2n, and hence either case would cover all H which are, eg, split reductive, and in particular all
finite groups.
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We now briefly recall two techniques that have been successfully used to generalize results on schemes X
with trivial G-action to general G-schemes X . Both only apply to G D T a torus, and both have the
same underlying idea: under suitable assumptions, there is a big open G-subscheme U of X on which
the action of X has a very simple product description. Using this product description, we may prove
the desired result for U , and then using a finite number of induction steps also for X , assuming that the
equivariant cohomology theory we care about (here: equivariant Hermitian K-theory) satisfies a suitable
equivariant localization theorem.

The first technique is to work with T -filtrable schemes for G D T an “algebraic torus”, and has been
used, eg, by Brion and Krishna, and more recently by [45]. This goes back to Białynicki-Birula. The
main ingredient is probably [6, Theorem 2.5], which states that U is T -equivariantly isomorphic to
.U \XT /�V , where V is a finite-dimensional T -module.

The second technique uses the “torus generic slice theorem” of Thomason; see [46, Proposition 4.10].
Here X is very general, and G D T is a “diagonalizable torus”. The main geometric result here is that
we have a T -equivariant isomorphism U Š T=T 0 �U=T with T 0 a diagonalizable subtorus, and the
induction is then done essentially on page 804 of loc cit.

Both techniques would be useful if we could generalize them from tori T to GLn or Sp2n, or to products
of Sp2, or to tori with involution. We unfortunately don’t have this yet. Still, the above method is expected
to yield the completion theorem for subgroups of T , eg, products of groups of roots of unity �l . If we
assume that these roots �l are contained in the base field, we could deduce the completion theorem for
the corresponding direct sums of (constant) cyclic groups.
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A minimality property for knots without Khovanov 2-torsion

ONKAR SINGH GUJRAL

JOSHUA WANG

A conjecture of Shumakovitch states that every nontrivial knot has 2-torsion in its Khovanov homology.
We show that if a knot K has no 2-torsion in its Khovanov homology, then the rank of its reduced Khovanov
homology is minimal among all knots obtainable from K by a proper rational tangle replacement.
It follows, for example, that unknotting number 1 knots have 2-torsion in their Khovanov homology.

57K18

Shumakovitch conjectured that every nontrivial knot has an element of order 2 in its Khovanov homology
[10, Conjecture 1]. The conjecture has been verified for some infinite families of knots (see, for example,
[2; 9; 10]) and has withstood large computational searches. In this note, we provide topological evidence
for the conjecture, and we verify the conjecture for a large class of knots that include all unknotting
number 1 knots.

Two links differ by a rational tangle replacement if they agree outside of a ball, and if within the ball, each
is a rational tangle. A rational tangle replacement is proper if the arcs of the two rational tangles connect
the same end points [4; 8]. Changing a crossing is an example of a proper rational tangle replacement,
while resolving a crossing is an example of a nonproper rational tangle replacement. In the following
statement, Kh.K/ and Kh.K/ denote the unreduced and reduced Khovanov homology groups of K,
respectively, thought of as abelian groups with bigradings suppressed.

Theorem 1 Suppose K is a knot such that there is no 2-torsion in Kh.K/. If J is a knot that differs from
K by a proper rational tangle replacement , then

rank Kh.K/� rank Kh.J /:

Corollary 2 Any knot whose unknotting number is 1 has 2-torsion in its Khovanov homology. More
generally, if K is a nontrivial knot that can be obtained from the unknot or a trefoil by a proper rational
tangle replacement , then Kh.K/ contains 2-torsion.

Proof of Corollary 2 Let J be the unknot or a trefoil, and let K be obtained from J by a proper rational
tangle replacement. If there is no 2-torsion in Kh.K/, then rank Kh.K/� rank Kh.J /� 3 by Theorem 1.
The rank of Kh.K/ cannot be 3 since then K would be a trefoil [3, Theorem 1.4], which has 2-torsion in
its Khovanov homology. Since the rank of Kh.K/ is odd, it must be 1, and so K is the unknot [6].

© 2025 The Authors, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.
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Our proof of Theorem 1 combines the main result of Iltgen, Lewark, and Marino [4] with an observation
of Kotelskiy, Watson, and Zibrowius [5, Proposition 9.3] using the following lemma.

Lemma 3 Let F be a field , and suppose M and N are finitely generated modules over the polynomial
ring F ŒX � of the form

M D .F ŒX �/r
˚

mM
iD1

F ŒX �

X ai
; N D .F ŒX �/s

˚

nM
iD1

F ŒX �

X bi
;

where r; m; s; n� 0 and a1; : : : ; am; b1; : : : ; bn � 1. Furthermore , suppose f WM !N and g WN !M

are F ŒX �-module maps for which f ıg DX and g ıf DX . If the numbers a1; : : : ; am are all at least 2,
then m� n.

Proof Let XM and XN denote the structural maps X WM !M and X WN !N , respectively. Our aim
is to establish mD dimF ker XM � dimF ker XN D n.

Setting C WD g�1.ker XM /, we first claim that gjC W C ! ker XM is surjective. Since the numbers
a1; : : : ; am are all at least two, any element y in the kernel of XM lies in the image of XM , and therefore
may be written as y DXM z D g.f .z//, which proves the claim. Next, note that g sends XN C to zero,
and so gjC induces a surjection C=XN C ! ker XM . Thus

dimF ker XM � dimF C � dimF XN C D dimF ker.XN jC /� dimF ker XN :

Proof of Theorem 1 Let BN.K/ denote the reduced Bar-Natan homology of K with rational coefficients.
It is a rank-1 finitely generated graded module over QŒH � where H has nonzero degree, so we may write

BN.K/ŠQŒH �˚

mM
iD1

QŒH �

H ai
; BN.J /ŠQŒH �˚

nM
iD1

QŒH �

H bi
;

where a1; : : : ;am;b1; : : : ;bn are positive. By hypothesis, there is no 2-torsion in Kh.K/, so Proposition 9.3
of [5] implies that the numbers a1; : : : ; am are all at least 2. Furthermore, [5, Proof of Proposition 9.3]
also gives rk Kh.K/D 1C 2m and rk Kh.J /D 1C 2n.

By [4, Proof of Theorem 1.1], there are QŒH �-module maps f WBN.K/!BN.J / and g WBN.J /!BN.K/

satisfying f ıgDH and gıf DH . We note that the complex ŒŒD�� over ZŒG� associated to a diagram D

considered in [4] recovers the reduced Bar-Natan complex as ŒŒD��˝ZŒG� QŒH � where ZŒG�! QŒH �

sends G to �H . By Lemma 3, we obtain

rk Kh.K/D 1C 2m� 1C 2nD rk Kh.J /:

Remark 4 Suppose K is a knot such that BN.K/ does not contain QŒH �=H as a direct summand. Our
proof of Theorem 1 implies that the conclusion of Theorem 1 holds for K. This observation gives evidence
in favor of the affirmative for [5, Question 9.4], which suggests that the reduced Bar-Natan homology

Algebraic & Geometric Topology, Volume 25 (2025)
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of any nontrivial knot contains QŒH �=H as a direct summand. We note that the existence of such a
summand in reduced Bar-Natan homology implies the existence of 2-torsion in Khovanov homology
[5, Proposition 9.3]. An analogous question is raised in [1; 7] in the context of the Floer homology of
rational homology spheres.
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