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Hierarchies for relatively hyperbolic virtually special groups

EDUARD EINSTEIN

Wise’s quasiconvex hierarchy theorem classifying hyperbolic virtually compact special groups in terms
of quasiconvex hierarchies played an essential role in Agol’s proof of the virtual Haken conjecture.
Answering a question of Wise, we construct a new virtual quasiconvex hierarchy for relatively hyperbolic
virtually compact special groups. We use this hierarchy to prove a generalization of Wise’s malnor-
mal special quotient theorem for relatively hyperbolic virtually compact special groups with arbitrary
peripheral subgroups.

20F65, 20F67

1 Introduction

1.1 Background, history and motivation

One of the main goals of cube complex theory is to use the geometry and combinatorial structure of
cube complexes to better understand groups. The study of cubical groups has played an important role in
recent developments in the theory of hyperbolic 3-manifold groups, particularly in Agol’s proof of the
virtual Haken conjecture [1].

Virtually special cube complexes, developed by Wise and his collaborators, are central to the theory of
cubical groups. A group is called compact virtually special if it is the fundamental group of a compact
virtually special cube complex whose hyperplanes satisfy certain combinatorial conditions. Virtually
special cube complexes have desirable separability properties that allow certain immersions to be promoted
to embeddings using Scott’s criterion [27].

A construction in [24] due to Sageev provides a method for constructing a group action on a CAT.0/
cube complex using “codimension-1 subgroups”; however, in general, this action may not be proper,
cocompact, or have a virtually special quotient. For hyperbolic groups, the situation is much clearer:
Bergeron and Wise [5] proved that hyperbolic groups with an ample supply of quasiconvex codimension-1
subgroups have a proper and cocompact action on a CAT.0/ cube complex. The key to Agol’s proof of the
virtual Haken conjecture is that any geometric action of a hyperbolic group on a CAT.0/ cube complex
has virtually special quotient [1, Theorem 1.1]. In the case of closed 3-manifolds, the ample supply of
codimension-1 subgroups comes from immersed surfaces constructed by Kahn and Markovic in [20].
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Two key ingredients in Agol’s theorem are Wise’s quasiconvex hierarchy theorem and malnormal special
quotient theorem (MSQT). Wise’s quasiconvex hierarchy theorem [30, Theorem 13.3] characterizes the
virtually special hyperbolic groups in terms of virtual quasiconvex hierarchies.

Definition 1.1 [30, Definition 11.5] Let QVH be the smallest class of hyperbolic groups closed under
the following operations.

(1) f1g 2QVH.

(2) If G D A�C B and A;B 2QVH and C is finitely generated and quasi-isometrically embedded
in G then G 2QVH.

(3) If G D A�C , A 2QVH and C is finitely generated and quasi-isometrically embedded in G, then
G 2QVH.

(4) If H 6G with jG WH j<1 and H 2QVH, then G 2QVH.

In other words, groups in QVH are hyperbolic groups that can be built from the trivial group by taking
finite index subgroups or taking amalgamations and HNN extensions over quasiconvex subgroups.

Theorem 1.2 ([30, Theorem 13.3], Wise’s quasiconvex hierarchy theorem) Let G be a hyperbolic
group. Then G 2QVH if and only if G is virtually compact special.

As Wise notes in [30, Section 12], the MSQT is an essential ingredient in the proof of the quasiconvex
hierarchy theorem.

Theorem 1.3 (Wise’s malnormal special quotient theorem [30, Theorem 12.2]) Let G be a hyperbolic
and virtually special group with G hyperbolic relative to a collection of subgroups fP1; : : : ; Pmg. Then
there exist finite index subgroups PPi 6 Pi such that if G D G.N1; : : : ; Nm/ is any peripherally finite
Dehn filling with Ni 6 PPi , then G is hyperbolic and virtually special.

The MSQT together with virtually special amalgamation criteria from [13; 19] are used to prove
Theorem 1.2.

For relatively hyperbolic groups, much less is known. Wise’s methods from [30] extend to more general
situations than hyperbolic groups. In particular, many of the methods for hyperbolic groups extend to
finite volume hyperbolic 3-manifolds. Hsu and Wise [19] also proved a special combination result for
relatively hyperbolic groups albeit with much more restrictive hypotheses.

The main goal of this paper is to prove relatively hyperbolic analogs of important ingredients in the proof
of Theorem 1.2. The first result answers a question posed by Wise:

Algebraic & Geometric Topology, Volume 25 (2025)
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Theorem 1 Let .G;P/ be a relatively hyperbolic group pair and let G be a virtually compact special
group. Then there exists a finite index subgroup G0 6G and an induced relatively hyperbolic group pair
.G0;P0/ so that G0 has a quasiconvex, malnormal and fully P0-elliptic hierarchy terminating in groups
isomorphic to elements of P0.

Proving that the hierarchy is not only quasiconvex and malnormal but also fully P0-elliptic is a way
of ensuring that the hierarchy is compatible with the relatively hyperbolic structure on G and allows
for the use of relatively hyperbolic Dehn filling arguments. See Sections 3.2 and 3.3 for definitions of
quasiconvex, malnormal and fully P0-elliptic hierarchies.

Theorem 1 will be used to prove a relatively hyperbolic generalization of the MSQT using relatively
hyperbolic Dehn filling techniques similar to those used in [3]:

Theorem 2 Let .G;P/ be a relatively hyperbolic group pair with P D fP1; : : : ; Pmg. If G is virtually
compact special, then there exist subgroups f PPi C Pig where PPi is finite index in Pi such that if
G D G.N1; : : : ; Nm/ is any peripherally finite filling with Ni C PPi , then G is hyperbolic and virtually
special.

Peripherally finite fillings are defined formally in Definition 8.2. While Wise proved a generalized
relatively hyperbolic version of the MSQT in [30, Theorem 15.6] for relatively hyperbolic groups with
virtually abelian peripherals, Theorem 2 holds for arbitrary peripheral subgroups.

1.2 Outline

Section 2 contains a brief overview of the geometry of relatively hyperbolic groups. Section 3 covers
preliminaries about graphs of groups and quasiconvex hierarchies.

Section 4 is devoted to proving a relative fellow traveling result for a CAT.0/ space with a geometric
action by a relatively hyperbolic group, a generalized version of quasigeodesic stability in hyperbolic
spaces. The main result is Theorem 4.7. Similar results were proved by Hruska [14] and Hruska–Kleiner
in [17] for CAT.0/ spaces with isolated flats, and this result was previously known to experts in the
field. However, it was difficult to find an exact formulation of Theorem 4.7 in the literature, so a proof is
produced here.

Section 5 contains a combination lemma for certain subspaces of CAT.0/ spaces with a geometric action by
a relatively hyperbolic group. The main result, Theorem 5.6 shows that subspaces of such a CAT.0/ space
that are unions of convex cores for peripheral coset orbits and convex subspaces that obey a separation
property are quasiconvex. The proof technique is inspired partly by the proof of the combination lemma
in [19].

Section 6 reviews the properties of special cube complexes. In particular, Section 6.3 will introduce
separability and explain how to pass to a finite cover so that each hyperplane’s elevations to the universal

Algebraic & Geometric Topology, Volume 25 (2025)
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cover obey a separation property. Section 6.4 recalls a result of Sageev and Wise [26] used to represent
peripheral subgroups of a relatively hyperbolic compact special group G as immersed complexes in an
NPC cube complex X with �1X DG.

Section 7 follows the outline of [3, Section 5] and uses Wise’s double dot hierarchy construction to prove
Theorem 1. While the general strategy is the same, the hyperbolic geometry used in [3] to prove the
edge groups of the hierarchy are �1-injective and quasi-isometrically embedded needs to be replaced by
relatively hyperbolic geometric results from the preceding sections.

Section 8 uses Theorem 1 along with a relatively hyperbolic Dehn filling argument similar to the one
used in a new proof of Wise’s MSQT from [3] to prove Theorem 2, a relatively hyperbolic analog of
Wise’s MSQT.

Acknowledgements

The author would like to thank Jason Manning and Daniel Groves for their invaluable guidance and
suggestions. Specifically, the author would like to thank Groves for explaining the proof of Proposition 7.29.
The author also thanks Lucien Clavier, Yen Duong, Chris Hruska, Michael Hull and Daniel Wise for
useful conversations that helped shape this work. Finally, the author thanks the anonymous referee for
careful readings and suggestions that greatly helped improve the structure of this paper.

2 Relatively hyperbolic geometry

2.1 The geometry of CAT.0/ spaces being acted on by relatively hyperbolic groups

In the situation where a relatively hyperbolic group acts properly and cocompactly on a CAT.0/ space,
it is reasonable to hope to partially recover the geometric features of a hyperbolic space. There are many
equivalent definitions of a relatively hyperbolic group, see [16] for several examples; one definition,
originally due to Farb [10], is produced here:

Definition 2.1 [16, Definition 3.6] Let G be finitely generated relative to P with each P 2 P finitely
generated. The pair .G;P/ is a relatively hyperbolic group pair if for some finite relative generating set S ,
the coned-off Cayley graph b�.G;P; S/ is hyperbolic and .G;P; S/ has Farb’s bounded coset penetration
property (see [10, Section 3.3]).

The elements of P and their conjugates are called peripheral subgroups and the cosets fgP Wg2G; P 2Pg
are called peripheral cosets.

Definition 2.1 establishes useful notation to refer to a relatively hyperbolic group pair, but the technical
details will be less useful. Instead, most of the arguments involving relatively hyperbolic groups will be
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made using two key properties: that coarse intersections of peripheral cosets are uniformly bounded and
that triangles are relatively thin in a sense defined in Section 2.2.

The following fact is well known:

Proposition 2.2 Let .G;P/ be a relatively hyperbolic group pair. Let S be a finite generating set
for G. For all R > 0, there exists MR > 0 such if gP , g0P 0 is a pair of distinct peripheral cosets , then
diamNR.gP /\NR.g0P 0/6MR in the word metric on �.G; S/.

The uniform bounds on coarse intersections of peripheral cosets transfers nicely to the case where a
relatively hyperbolic group acts properly and cocompactly on a geodesic space by isometries:

Corollary 2.3 Let G be a finitely generated group acting properly and cocompactly by isometries on a
geodesic metric space X , and let x 2 X be a base point. If .G;P/ is a relatively hyperbolic group pair ,
then for all R > 0, there exists MR;X;x > 0 such that if P;P 0 2 P , g; g0 2 G with gP ¤ g0P 0, then
diamNR.gPx/\NR.g0P 0x/6MR;X;x .

2.2 Relatively thin triangles

Comparison tripods help compare geodesic triangles in X with tripods:

Definition 2.4 Let a; b; c 2 X and let 4abc be a geodesic triangle. There exists a map h W 4abc!
T .a; b; c/ where T .a; b; c/ is a unique tripod (up to isometry) with center point x such that h is isometric
on each side of the triangle and the three legs of the tripod are Œh.a/; x�, Œh.b/; x� and Œh.c/; x�. The
tripod T .a; b; c/ is called a comparison tripod for 4abc. The map h is the comparison map.

A geodesic metric space X is hyperbolic if there exists a ı > 0 so that for every geodesic triangle in X ,
the preimage of every point in the comparison map has diameter less than ı.

Definition 2.5 Let X be a geodesic metric space, and let F �X be a subset of X .

Let 4abc be a geodesic triangle in X and let ı > 0. Let T .a; b; c/ be the comparison tripod, and let
h W 4abc! T .a; b; c/ be the comparison map. If, for all p 2 T .a; b; c/,

(1) diam h�1.p/ < ı or

(2) h�1.p/�Nı.F /,

then 4abc is ı-thin relative to F .

Definition 2.6 Let X be a geodesic metric space, ı > 0 and let B be a collection of subspaces. The
space X has the ı-relatively thin triangle property relative to B if each geodesic triangle � is ı-thin
relative to some F 2 B.

Algebraic & Geometric Topology, Volume 25 (2025)
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�Nı.F /

a

b

cx

y
d.x; y/ < ı

Na

Nb

Nc
p

Figure 1: An example of a triangle which is ı-thin relative to some F with its comparison tripod.
Points in the blue part of the tripod have preimages in the triangle which lie in the blue shaded
region. All other points have preimages in the triangle with diameter ı like the point p whose
preimages x; y have d.x; y/ < ı. The fat part (see Definition 2.10) of each side is the subsegment
that intersects the blue shaded region.

See Figure 1 for an illustration of Definition 2.6.

The space X may contain triangles that are ı-thin. By definition, these triangles are ı-thin relative to every
element of B. In the applications, X will usually be a CAT.0/ space with a geometric action by a relatively
hyperbolic group G where the elements of B are convex subspaces of X that lie in uniformly bounded
neighborhoods of peripheral coset orbits. If .G;P/ is a relatively hyperbolic group pair, a CAT.0/ space
with a geometric action byG has the relatively thin triangle property relative to BDfgPx jg2G; P 2Pg:

Proposition 2.7 ([26, Theorem 4.1, Proposition 4.2], see also [8, Section 8.1.3]) Let .G;P/ be a
relatively hyperbolic group pair and let G act properly and cocompactly on a CAT.0/ space X by
isometries. Let x 2X be a base point and set

B D fgPx j g 2G; P 2 Pg:

Then for some ı > 0, X has the ı-relatively thin triangle property relative to B.

When X has the relatively thin triangle property relative to B, R > 0 and B0 D fNR.F / W F 2 Bg, then X
still has the relatively thin triangle property relative to B0.

The notion of fellow traveling will be useful for describing behavior of geodesics that issue from the
same point. Definitions of fellow traveling may vary, so the one that will be used is recorded here:

Definition 2.8 Let ˛ W Œa1; a2�!X and ˇ W Œb1; b2�!X be geodesics, and let k> 0. The geodesics ˛ and
ˇ k-fellow travel for distance D if d.˛.a1C t /; ˇ.b1C t //6 k for all 06 t 6D. If x WD ˛.a1/D ˇ.b1/
and ˛ and ˇ k-fellow travel for distance D, then ˛ and ˇ k-fellow travel distance D from x.

Algebraic & Geometric Topology, Volume 25 (2025)
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We also introduce tails of a geodesic to help us make geometric arguments:

Definition 2.9 Let 
 be a geodesic in �X , let p be an endpoint of 
 , and let k > 0. The k-tail of 
 at p is
the geodesic subsegment of T consisting of all x 2 
 so that d.x; p/6 k.

Definition 2.10 Let X be a CAT.0/ geodesic metric space with triangles that are ı-thin relative to B.
Let 4�X with vertices a, b, c with comparison map h W 4abc! T .a; b; c/. Let La be the closure of
the leg of the tripod T .a; b; c/ that contains h.a/. Let Thina WD fx 2 h�1.La/ W diam h�1.h.x// < ıg.
The corner segments of 4 at a are the two closures of the parts of Thina in each side and the corner
length is the length of a corner segment at a.

The fat part of the side ab �4 in 4 is ab n .Thina [Thinb/.

The corner segments at a are subsegments of the sides issuing from a that ı-fellow travel. Each of these
segments have the same length, which is defined to be the corner length. If4 is ı-thin relative to B4 2 B,
the fat part of each side of 4 is the maximal subsegment that does not lie in any of the corner segments
and hence lies in Nı.B4/. Note that the fat part of a side may be empty. Since X is CAT.0/, each corner
segment or fat part of a side is connected.

A .�; �/-quasigeodesic in X is a .�; �/-quasi-isometric embedding of a (possibly unbounded) interval in
the real line in X , see [7, Definition I.8.22] for details.

Quasigeodesic triangles in the Cayley graph of a relatively hyperbolic group also satisfy a thinness
condition which is used to obtain Proposition 2.7:

Theorem 2.11 ([26, Theorem 4.1], originally due to [8]) Let .G;P/ be a relatively hyperbolic group
pair with Cayley graph � . For all �> 1; � > 0 there exists a ı > 0 such that if4 is a .�; �/-quasigeodesic
triangle in � with sides c0, c1, c2, either

(1) there exists a point p that lies within ı
2

of each side or

(2) there is a peripheral coset gP so that each side ci of4 has a subpath c0i where c0i �Nı.gP / and
the terminal endpoint of c0i and the initial point of c0iC1 (indices mod 3) are within distance ı of
each other.

Lemma 2.12 is simple but is instrumental for working with relatively thin triangles.

Lemma 2.12 Let �X be a CAT.0/ space. Let �abc be a geodesic triangle in �X that is ı-thin relative
to F . Let ab, bc, ac denote the sides of �abc. If the length of the fat part of ac in �abc is bounded
above by kfat > 0, then the length of the fat part of bc and the length of the fat part of ab differ by at
most kfatC 3ı.

Algebraic & Geometric Topology, Volume 25 (2025)
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a

pab

pba

b

pbc

pcb

c

pcapac
< ı

< ı

< ı

Figure 2: Applying the triangle inequality four times gives a bound on the difference between the
length of Œpab; pba� and the length of Œpbc ; pcb� in terms of jŒpac ; pca�j; ı.

The proof involves four applications of the triangle inequality. See Figure 2 for a schematic. With
Lemma 2.12, a bound on the fat part of one side of a relatively thin triangle helps control the lengths of
the fat parts of the other two sides. This technique will be used repeatedly, particularly in Section 5.

Relatively hyperbolic groups interact nicely with passing to finite index subgroups:

Proposition 2.13 [3, Notation 2.9] Let G be a group and let P be a finite collection of subgroups of G.
Let H CG be a finite index normal subgroup. For each P 2 P , let E0.P /D fgPg�1\H j g 2Gg and
let E.P / be a set of representatives of H -conjugacy classes in E0.P /. Let P 0 D

F
P2P E.P /.

The pair .G;P/ is relatively hyperbolic if and only if .H;P 0/ is relatively hyperbolic.

There is also a generalized version of quasiconvexity for relatively hyperbolic groups.

Definition 2.14 [16, Definition 6.10] Let .G;P/ be a relatively hyperbolic group pair. Let H 6 G.
Let S be any finite set such that S [P generates G. Suppose there exists �.S; dS / such that for anyb�.G;P; S/-geodesic 
 with endpoints inH , 
\G lies in N�.H/ with respect to dS . ThenH is relatively
quasiconvex in .G;P/.

There are other equivalent definitions which are discussed in [16]. The definition is also independent of
the choice of finite relative generating set (see [16, Theorem 7.10]). Relative quasiconvexity will only be
needed for the peripheral subgroups:

Proposition 2.15 Let .G;P/ be a relatively hyperbolic group pair. Then every element of P is relatively
quasiconvex in G.

Proof In b�.G;P; S/ every P 2 P has diameter 1.

Algebraic & Geometric Topology, Volume 25 (2025)
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3 Graphs of groups and hierarchies

3.1 Graphs of groups

A graph of groups (together with an isomorphism from the fundamental group) is a way of decomposing
a group along a finite number of splittings and HNN extensions. Further decomposing the vertex groups
as graphs of groups, decomposing the resulting vertex groups as a graph of groups again and continuing
this process a finite number of times yields a kind of “multilevel graph of groups” called a hierarchy
which will be defined in Definition 3.6.

Definition 3.1 A graph of groups .�; �/ consists of the following data:

(1) a connected finite graph � D �.V;E/ where V is the vertex set of � and E is the oriented edge
set of � with an involution e 7! Ne that switches the orientation of each edge,

(2) an assignment map � W V tE!Grp that assigns a group to each vertex and edge,

(3) for all e 2E, �.e/D �. Ne/,

(4) attachment homomorphisms  e W �.e/! �.t.e// where t .e/ is the terminal vertex of the edge e.

� is a faithful graph of groups if the attachment homomorphisms  e are injective.

A graph of spaces is constructed like a graph of groups, except that the assignment map � assigns a (path
connected) topological space instead of a group to each edge and vertex. The attachment homomorphisms
are replaced by continuous attachment maps, and a faithful graph of spaces has �1-injective attachment
maps. A graph of spaces realization of a spaceX for a graph of spaces .�; �/ is a triple .�; �; q/where q is
a homotopy equivalence fromX to the mapping cylinders of the attachment maps glued along vertex spaces.

Some authors, for example Wise and Serre, take faithfulness to be a part of the definition of a graph of
groups. Not requiring faithfulness makes it easier to define graphs of groups in terms of graphs of spaces.
For the applications in Section 7, graphs of groups will be constructed first without showing that they are
faithful, but these graphs of groups will turn out to be faithful.

If .�; �/ is a graph of groups, and T is a maximal tree in � , then �1.�; T / will denote the fundamental
group of the graph of groups � with respect to the tree T . See [28] for further details about graphs of
groups.

A graph of groups structure is the group-theoretic analog of a graph of spaces realization:

Definition 3.2 Let G be a group, let .�; �/ be a graph of groups where T is a maximal tree and let
� WG! �1.�; T / be an isomorphism. The triple .�; �; T / is a graph of groups structure on G.

The structure .�; �; T / is degenerate if � is a single vertex labeled with G and � is the identity.

Algebraic & Geometric Topology, Volume 25 (2025)
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†1;1 †1;1

S1

ha; bi hc; d i

Z

Figure 3: A graph of spaces realization of a genus-2 surface where †1;1 is a punctured torus,
together with the corresponding graph of groups obtained by applying the �1 functor.

While a graph of groups structure determines a splitting of G, the choice of isomorphism and maximal
tree affects the precise splitting. In many cases, it suffices to give a splitting of G up to conjugacy which
will be the case in the examples below. When the splitting is given up to conjugacy, the choice of maximal
tree also becomes unnecessary.

Example 3.3 Figure 3 shows a graph of spaces decomposition of a genus-2 surface and a graph of
groups splitting of the fundamental group induced by the graph of spaces decomposition.

Example 3.4 If †g is a closed surface of genus g, then a pants decomposition of †g induces a splitting
of �1†g as a graph of groups where the vertex groups are isomorphic to a free group of rank 2 and the
edge groups are infinite cyclic groups.

Graph of groups structures interact naturally with finite index normal subgroups. The following is
[3, Proposition 3.18] but is originally due to Bass [4].

Proposition 3.5 Suppose G has a graph of groups structure .�; �; T /,H CG andH is finite index in G.
Then H has an induced graph of groups structure .e�;e�; T 0/ so that :

(1) Every vertex group of .e�; T 0/ has the form .Kg \H/C Kg and is finite index in Kg for some
vertex group K of .�; T / and some g 2G.

(2) Every edge group of .e�; T 0/ has the form .Kg \H/CKg and is finite index in Kg for some edge
group K of .�; T / and some g 2G.
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3.2 Hierarchies

Hierarchies of groups are inductively defined multilevel graphs of groups:

Definition 3.6 A hierarchy of groups of length 0 is a single vertex labeled by a group.

A hierarchy of groups of length n is a graph of groups .�n; �n/ together with hierarchies of length n� 1
on each vertex of �n.

If H is a length-n hierarchy of groups, the nth level of H is the graph of groups �n. For 16 k 6 n, the
.n�k/th level of H is the disjoint union of the .n�k/th levels of the hierarchies on the vertices of �n.

The terminal groups are the groups labeling the vertices at level 0.

It will be useful to think of graphs of groups as length-1 hierarchies. Realizing a group as a hierarchy is
similar to finding a graph of groups structure for that group:

Definition 3.7 Let G be a group, H be a hierarchy of length n. Let .�n; �n/ be the level-n graph of
groups. When nD 0, a hierarchy for G is a single vertex labeled by G. If n> 1, a hierarchy for G is H
together with a graph of groups structure .�n; �; T / for G so that for every vertex v of �n, the hierarchy
on length n� 1 on v is a hierarchy for the vertex group �n.v/. Let P be a collection of subgroups of G.
The hierarchy structure terminates in P if every terminal group of H is conjugate to �.P/ for some P 2P .

It will often be convenient to forget the choice of maximal tree and only give a hierarchy structure for a
group up to conjugacy. In general, hierarchies will be allowed to contain degenerate splittings, but in
order to obtain nontrivial results, it will be necessary to ensure that at least one of the splittings in the
hierarchy is nondegenerate.

Wise’s hierarchies in [30] permit only one-edge splittings rather than allowing a graph of groups splitting
for each vertex group in the hierarchy. The hierarchies in Definition 3.7 can be converted to hierarchies with
one-edge splittings for each vertex group at the expense of increasing the length of the hierarchy. Wise’s
hierarchies also terminate in the trivial group while Definition 3.7 allows arbitrary terminal groups. In prac-
tice, the goal in Section 7 will be to (virtually) find a hierarchy for a relatively hyperbolic group .G;P/
that terminates in groups isomorphic to those in the induced peripheral structure. Section 8 will explore
what happens to the hierarchy after quotienting out finite index subgroups of the peripheral subgroups.

A hierarchy of spaces and a hierarchy realization for a space X can be defined analogously by replacing
groups in Definition 3.6 with topological spaces and replacing graph of groups structures by realizations
in Definition 3.7.

Malnormality is an important group property which will play a role in Section 8 and is useful for
amalgamating virtually special groups to make new virtually special groups (see [19]).

Definition 3.8 Let G be a group and let H 6G. The subgroup H is malnormal inG if for all g 2G nH ,
g�1Hg\H D f1g. Similarly, H is almost malnormal in G if for all g 2G nH , jg�1Hg\H j<1.

Algebraic & Geometric Topology, Volume 25 (2025)



4448 Eduard Einstein

Malnormality also extends to collections of subgroups. Let P be a collection of subgroups of G. The
collection P is (almost) malnormal in G if for all g 2 G and P;P 0 2 P either g�1Pg \P 0 is trivial
(finite) or P D P 0 and g 2 P .

For example, if .G;P/ is a relatively hyperbolic group pair andG is finitely generated, then the collection P
is almost malnormal in G by Proposition 2.2.

Definition 3.1 (graphs of groups) and Definition 3.6 (hierarchies) are very flexible, but in practice, some
further restrictions will be needed to ensure that graphs of groups and hierarchies produce useful splittings:

Definition 3.9 Let .�; �/ be a faithful graph of groups and let .�; �/ be a graph of groups structure
(up to conjugacy) for a group G.

(1) � is quasiconvex if every edge attachment map is a quasi-isometric embedding into �1.�/.

(2) � is (almost) malnormal if for every e 2 E, the image of the attachment homomorphism  e in
�1.�/ is (almost) malnormal in �1.�/.

Let H be a hierarchy for G.

(1) H is faithful if every graph of groups at every level of H is faithful.

(2) H is quasiconvex if every edge group of every graph of groups at every level of H quasi-isometrically
embeds in G.

(3) H is (almost) malnormal if every edge group of every graph of groups at every level of H is
(almost) malnormal in G.

It may be possible to give a reasonable weaker definition of quasiconvex (or malnormal) hierarchy by only
requiring an edge group Ge of a graph of groups H in H to be quasi-isometrically embedded (malnormal)
in each adjacent vertex group, but the stronger definition given here will be needed in Section 8.

Here are some examples to help illustrate the definition of a hierarchy:

Example 3.10 A splitting of the fundamental group of a hyperbolic surface group can be realized along
quasiconvex infinite cyclic subgroups by using a pants decomposition. The splitting can be achieved
either as a sequence of 1-edge splittings to create a hierarchy or can be achieved a single multiedge graph
of groups splitting.

There are iterated hierarchy splittings that cannot be realized by a single graph of groups splitting:

Example 3.11 Figure 4 shows a length-2 hierarchy for the fundamental group of a genus-2 surface, †2.
Cuts are made along the both the blue and green simple closed curves which intersect, so the iterated
splitting of the fundamental group cannot be accomplished by a graph of groups (length-1 hierarchy).

Other notable examples of hierarchies are the Haken hierarchy for Haken 3-manifolds, see [22, Section 9.4],
and the Magnus–Moldvanskii hierarchy for one-relator groups, see [30, Chapter 19].
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F2 F2
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h1i
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Figure 4: A hierarchy for �1.†2/, the fundamental group of a genus-2 surface†2, where the iterated
splitting of �1.†2/ cannot be realized by a graph of groups. The first splitting is over the infinite
cyclic subgroup of �1.†2/ corresponding to one of the blue copies of S1. The resulting vertex spaces
are punctured tori whose fundamental groups are rank-2 free groups. Cutting along the green arc in
each punctured torus makes an annulus. Then the fundamental group of a punctured torus splits as
an HNN extension of the fundamental group of an annulus (Z) over the trivial group (corresponding
to the green arcs in each annulus which are glued together to make a punctured torus).

Proposition 3.5 extends to hierarchies by induction on the length of the hierarchy.

Corollary 3.12 Suppose G has a hierarchy H and H is a finite index normal subgroup of G. Then H has
an induced hierarchy H0 such that the length of H is the length of H0 and :

(1) Every vertex group at level i of the hierarchy H0 is of the form Kg \H which is finite index and
normal in Kg for some vertex group K of H at level i and some g 2G.

(2) Every edge group at level i of the hierarchy H0 is of the form Kg \H which is finite index and
normal in Kg for some edge group K of H at level i and some g 2G.

Lemma 3.13 follows from Corollary 3.12:

Lemma 3.13 If H is a quasiconvex hierarchy for G and G0 is a finite index normal subgroup of G, then
the induced hierarchy on H0 on G0 is quasiconvex.

The definition of a quasiconvex hierarchy for a group G only requires that the edge groups are quasi-
isometrically embedded in G; when a graph of groups .�; �; T / structure for G is quasiconvex, the vertex
groups are quasi-isometrically embedded as well.
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Lemma 3.14 Let .�; T / be a graph of groups structure for G. If the edge groups of � are quasi-
isometrically embedded in G, then the vertex groups of � are quasi-isometrically embedded in G.

Here is a rough sketch of the proof of Lemma 3.14. A Cayley graph ƒ.G; S/ of G coarsely looks
like a “tree of spaces” whose underlying (infinite) graph is the covering tree of .�; T / where the edge
spaces are Cayley graphs of edge groups and the vertex spaces are Cayley graphs of vertex groups.
If ƒv WD ƒ.Gv; Sv/ is one of the vertex spaces, the coarse tree structure ensures that if a ƒ.G; S/-
geodesic shortcut 
 between two points in ƒv exits ƒv through an edge space ƒe, it must return
throughƒe . If 
 enters and exitsƒv at points pe1 ; p

0
e1
; : : : ; pem ; p

0
em

, let 
i be the image (inƒ.G; S/) of
a ƒe-geodesic between pei and p0ei . There exist �> 1 and � > 0 so that every 
i is .�; �/-quasigeodesic
in ƒ.G; S/. We can build a new path � from 
 by replacing the subsegment of 
 from pei to p0ei with 
i .
Then � lies entirely in the image of ƒv and hence � is at least as long as the ƒv-distance between its
endpoints. Now the length of � is at most �j
 j C �, or equivalently, j
 j > 1

�
j�j � �. Thus 
 cannot be

much shorter than the shortest path in ƒv between the endpoints of 
 .

3.3 Fully P-elliptic hierarchies

Given a relatively hyperbolic group pair .G;P/ and a hierarchy H for G, the goal in Section 8 will be to
strategically find a quotient of G that has a hierarchy induced by H and inherits a relatively hyperbolic
structure from .G;P/ that is also compatible with the induced hierarchy structure. Theorem 1.2 can then
be used to show the resulting quotient is virtually special. To ensure that this happens, some additional
restrictions must be imposed on the interactions between the edge and vertex groups of the hierarchy and
the peripheral subgroups of G.

Definition 3.15 Let H be a hierarchy for a group G and let P be a collection of subgroups of G. Let V
be the vertex groups of H. For each H 2 V , let �1.�H ; �H ; TH / be the graph of groups structure for H
induced by the hierarchy H. The hierarchy H is P-elliptic if whenever there exists a g2G such that P g WD
gPg�1 �H 2 V , then there exists an h 2H such that hP gh�1 is contained in some vertex group of �H .

A P-elliptic hierarchy is fully P elliptic if whenever E is an edge group in H, then for all g 2G, either
P g \E is finite or P g 6E.

When H is a fully P-elliptic hierarchy for G and G0 is a finite index normal subgroup of G, the induced
hierarchy from Corollary 3.12 for H is also fully P-elliptic in the induced peripheral structure provided
by Proposition 2.13:

Proposition 3.16 Suppose thatG0 is finite index normal in G and let .G0;P0/ be the peripheral structure
induced on G0 by Proposition 2.13. If G has a fully P-elliptic hierarchy , then the induced hierarchy H0
of G0 is fully P0-elliptic.

Proposition 3.16 follows immediately from the explicit characterizations of the edge and vertex groups of
the induced hierarchies in Corollary 3.12 and from the explicit description of the induced peripheral structure.
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4 The relative fellow traveling property

4.1 CAT.0/ relatively hyperbolic pairs

The main result of the section is Theorem 4.7. In [14], Hruska proved that piecewise Euclidean 2-
complexes satisfy a relative form of quasigeodesic stability called the relative fellow traveling property.
In [17, Proposition 4.1.6], Hruska and Kleiner showed that CAT.0/ spaces with isolated flats have the
relative fellow traveling property relative to the isolated flats. Earlier, Epstein proved a version of relative
fellow traveling for truncated hyperbolic spaces associated to finite volume cusped hyperbolic manifolds
[9, Theorem 11.3.1]. Theorem 4.7 is a version of relative fellow traveling for CAT.0/ spaces with a proper
cocompact action by a relatively hyperbolic group. Theorem 4.7 is presumed to be known to experts
based on the works of [8; 14; 15; 17] and others, but the exact formulation used here proved difficult to
find in the literature. Therefore, a proof is provided here.

Definition 4.1 Let �X be a CAT.0/ space, let ı > 0, let f W R>0! R>0 be a function and let B be a
collection of subsets of �X . The pair .�X;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair if

(1) every geodesic triangle in �X is ı-thin relative to some F 2 B,

(2) for all r > 0 and F1; F2 2 B with F1 ¤ F2, diamNr.F1/\Nr.F2/6 f .r/.

We say that a .ı; f /-CAT.0/ relatively hyperbolic pair has the L-quasiconvexity property if there exists
L > 0 so that each F 2 B is L-quasiconvex in the sense that any �X-geodesic with endpoints in F lies
in NL.F /. The subspaces B are called peripheral spaces.

An immediate consequence of CAT(0) geometry is the following useful fact that we will use repeatedly:

Observation 4.2 If eY is an L-quasiconvex subspace of a CAT.0/ space �X , then for any R> 0, NR.eY / is
also L-quasiconvex. In other words, if x; y 2NR.eY /, then any geodesic between x, y lies in NRCL.eY /.
Definition 4.3 Let .�X;B0/ be a .ı; f0/-CAT.0/ relatively hyperbolic pair, and letR>0. AnR-thickening
of B0 is a collection, B, of subspaces of �X so that there exists a bijection B0 2 B0 $ B 2 B where
B0 � B , and B �NR.B0/.

Proposition 4.4 Let .�X;B0/ be a .ı; f0/-CAT.0/ relatively hyperbolic pair , and let B be anR-thickening
of B0. Let f .r/D f0.r CR/. Then .�X;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair.

Proof Let F1; F2 2 B with F1 ¤ F2. Then there exist F1;0; F2;0 2 B0 so that F1 � NR.F1;0/ and
F2 �NR.F2;0/. Then

diamNr.F1/\Nr.F2/6 f .r/:

A geodesic triangle 4 in �X is ı-relatively thin relative to some F0 in B0. Since F0 is contained in
some F 2 B element, 4 is ı-relatively thin relative to F .
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Definition 4.5 (similar to [17, Definition 4.1.4]) Let .�X;B/ be a .ı; f /-CAT.0/ relatively hyperbolic
pair. The pair .�X;B/ has the relative fellow traveling property if for all � > 1 and � > 0, there exist
U; V > 0 depending on �; � such that for any .�; �/-quasigeodesics � W Œ0; t� �! �X and 
 W Œ0; s
 �! �X
with the same endpoints, there exist partitions

0D s0 6 s1 6 � � �6 s2nC1 D s
 and 0D t0 6 t1 6 t2 6 � � �6 t2nC1 D t�

such that

(1) for all i , d.
.si /; �.ti //6 U ,

(2) if i is even, then dHaus
�

.Œsi ; siC1�/; �.Œti ; tiC1�/

�
6 U or

(3) if i is odd, 
.Œsi ; siC1�/; �.Œti ; tiC1�/�NV .Fi / for some Fi 2 B.

For a fixed .�; �/, we say that .�; �/-quasigeodesics .U; V /-fellow travel relative to B.

All the CAT.0/ relatively hyperbolic pairs we consider in later sections are of the form considered in the
next proposition:

Proposition 4.6 Let .G;P/ be a relatively hyperbolic group pair so that G acts geometrically on a
CAT.0/ cube complex �X . Let x 2 �X be a basepoint. Let BP D fgPx W g 2 G; P 2 Pg, and let B be
any R-thickening of BP . There exist ı; L.R/> 0 and f WR>0!R>0 so that .�X;B/ is a .ı; f /-CAT.0/
relatively hyperbolic pair that has the L.R/-quasiconvexity property.

Proof By [26, Theorem 1.1], for each P 2 P , the convex hull of Px lies in a bounded neighborhood
of Px. Since P is finite, there is an L > 0 so that the convex hull of gPx lies in NL.gPx/. Thus any
geodesic between points in gPx lies in NL.gPx/. By Observation 4.2, any R-thickening will have the
.LCR/-quasiconvexity property because the R-neighborhood of each B 2 B is L-quasiconvex. Let BgP
be the convex hull of gPx 2 BP . Since P is finite, there is an R (independent of g, P ) so that each
BgP � NR.gPx/. Hence B D fBgP W g 2 G; P 2 Pg is an R-thickening of BP . By Proposition 4.4,
it suffices to show that there exist ı > 0 and fP W R>0 ! R>0 so that .�X;BP/ is a .ı; fP/-CAT.0/
relatively hyperbolic pair. Proposition 2.7 implies Definition 4.1(1) holds. Corollary 2.3 ensures that
Definition 4.1(2) holds.

Theorem 4.7 Let .G;P/ be a relatively hyperbolic group pair where G acts geometrically on a CAT.0/
space �X with basepoint x 2 �X . If B is any R-thickening of fgPx j g 2 G; P 2 Pg then .�X;B/ has the
relative fellow traveling property.

The remainder of this section is devoted to the proof of Theorem 4.7. The proof of Theorem 4.7 is
completely self-contained, so a reader who is not interested in the technical details may wish to skip to
the next section. We now set the following standing hypotheses for the remainder of Section 4:
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Hypotheses 4.8 Let .G;P/ be a relatively hyperbolic group pair where G acts geometrically on a
CAT.0/ cube complex �X . Fix a basepoint x and let B be an R-thickening of fgPx j g 2G; P 2 Pg. Fix
ı > 0, L> 0 and f WR>0!R>0 so that .�X;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair with the
L-quasiconvexity property.

4.2 Some geometric features of .eX;B/ under Hypotheses 4.8.

In this section, we establish some geometric facts about the .ı; f /-CAT.0/ relatively hyperbolic pair .�X;B/.
Definition 4.9 Let .�X;B/ be a .ı; f /-CAT.0/ relatively hyperbolic pair. Let 
 � �X and let �> 0. The
�-saturation of 
 (with respect to B) is

Sat�.
/D
S
fB 2 B W 
 \N�.B/¤¿g:

In the following, 
 will usually be a quasigeodesic.

The following is a consequence of [8, Lemma 8.10] and the Milnor–S̆varc lemma:

Proposition 4.10 Under Hypotheses 4.8, for every �> 1 and � > 0, there exists u�;� so that if 
 , � are
.�; �/-quasigeodesics with the same endpoints , then

� �Nu�;� .
/[
� S
F 2Satu�;� .
/

Nu�;� .F /
�
:

Definition 4.11 Let �X be a geodesic metric space and let B be a collection of subspaces of �X . Let B 2B,
�> 1 and � > 0. Let 4 be a .�; �/-quasigeodesic triangle. Let 
1, 
2, 
3 be the sides of 4. We say that
4 is coarsely �-thin relative to F 2 B if

(1) there exists a point p 2 �X so that d.p; 
1/; d.p; 
2/; d.p; 
3/ <
�
2

or

(2) there exist subpaths ci � 
i so that ci �N�.F / and the distance between the terminal point of ci
and the initial point of ciC1 (where indices are taken mod 3) is less than � .

Theorem 2.11 and the Milnor–S̆varc lemma imply:

Proposition 4.12 With Hypotheses 4.8, for all � > 1 and � > 0, there exist ı�;� so that if 4 is a
.�; �/-quasigeodesic triangle , then there is an F4 2 B so that4 is coarsely ı�;�-thin relative to F4.

To simplify the proof of relative fellow traveling, we can make the following reduction:

Proposition 4.13 Assume Hypotheses 4.8. To show that .�X;B/ has the relative fellow traveling property ,
it suffices to prove Definition 4.5 holds in the special case that 
 is geodesic.

The proof of Proposition 4.13 is essentially identical to the reduction step in [14, proof of Theorem 13.1].
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Proposition 4.10 suggests it might be possible for a quasigeodesic to remain far from a geodesic with
the same endpoints by passing from one peripheral space to another. However, Lemma 4.14 shows that
such a quasigeodesic must always come close to the geodesic with the same endpoints when transitioning
from one peripheral space to another:

Lemma 4.14 Given � > 0, � > 1 and � > 0, there exists D\.�; �; �/ > � so that if � is a .�; �/-
quasigeodesic , 
 is a geodesic with the same endpoints as � , and �.t/ 2 N�.F1/\N�.F2/ for some
distinct F1; F2 2 Sat�.
/, then �.t/ 2ND\.�;�;�/.
/.

Proof There exist p1; p2 2 
 so that pi 2N�.Fi /. Let �1; �2 be geodesics so that �i joins �.t/ to pi .
By Observation 4.2 and the L-quasiconvexity of Fi , �i � N�CL.Fi /. Let 4 be the geodesic triangle
with sides �1; �2 and the subpath of 
 joining p1 to p2. Then 4 is ı-thin relative to some F 2 B.

Recall corner segments and fat parts of relatively thin triangles from Definition 2.10. Let � 01 and � 02 be the
corner segments of4 at �.t/. Observe that � 01�N�CL.F1/\N�CLCı.F2/, so j� 01jD j�

0
2j6f .�CLCı/.

Up to exchanging the indices of F1, F2, we may assume that F ¤ F1.

The fat part of �1 in 4 lies in Nı.F /\N�CL.F1/, so it has length at most f .�CLC ı/. The fat part
of �1 also intersects Nı.
/. Therefore, d.�.t/; 
/6 2f .�CLC ı/C ı.

If necessary, we may enlarge D\.�; �; �/ to ensure D\.�; �; �/> �.

4.3 Relative fellow traveling

Hypotheses 4.15 For the following subsection, we adopt the following baseline hypotheses in addition
to Hypotheses 4.8:

(1) Fix �> 1 and � > 0.

(2) Let � W Œ0; t� �! �X be a .�; �/-quasigeodesic triangle and let 
 W Œ0; s
 �! �X be a geodesic that has
the same endpoints as � .

(3) Enlarge ı from Hypotheses 4.8 so that all .�; �/-quasigeodesic triangles are coarsely ı-relatively
thin relative to some F 2 B (recall Definition 4.11 and Proposition 4.12) and all geodesic triangles are
ı-relatively thin relative to some F 2 B.

(4) Let uD u�;� as in Proposition 4.10.

(5) We abuse notation slightly and use D\ D D\.u C � C 1; �; �/ (see Lemma 4.14). Note that
D\ > uC �C 1> u.

(6) Let �0 D �C 2D\.

(7) Choose D� ı�;�0 C �
0 where ı�;�0 is a constant such that all .�; �0/-quasigeodesic triangles are

coarsely ı�;�0-thin relative to some F 2 B (recall Proposition 4.12).

(8) Let `> f .D/.
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We first obtain a stability result for .�; �/-quasigeodesics with endpoints in Nq.F / for some F 2 B:

Proposition 4.16 Let q > 0. There exists K.q/> 0 so that if ˛ W Œa1; a2�! �X is a .�; �/-quasigeodesic
with ˛.a1/; ˛.a2/ 2Nq.F / for some F 2 B, then ˛.Œa1; a2�/�NK.q/.F /.

Proof Let ˇ W Œb1; b2�! �X be a geodesic with ˇ.b1/D ˛.a1/ and ˇ.b2/D ˛.a2/. Since Nq.F / is L-
quasiconvex by Observation 4.2, ˇ�NLCq.F /. Let yD ˛.x/ for some a1 6 x6 a2. Let ˛l D ˛.Œa1; x�/
and let ˛r D ˛.Œx; a2�/. The sides ˛l , ˛r , ˇ define a .�; �/-quasigeodesic triangle that is coarsely thin
relative to some F 0 2 B.

If there exist p, ˛.al/, ˛.ar/, and ˇ.xb/ 2 ˇ so that d.p; ˛.al//; d.p; ˛.ar//; d.p; ˇ.xb// 6 ı
2

, then
jx� al j6 jal � ar j6 �.ıC �/. Then

d.ˇ.b/; y/6 d.˛.al/; y/C d.˛.al/; ˇ.xb//6 �.jx� al j/C �C ı 6 �2ıC��C �C ı:

If F D F 0, then there exist al 6 x 6 ar so that ˛.al/; ˛.ar/ 2Nı.F / and d.˛.al/; ˛.ar//6 ı. Hence
jal � xj6 jal � ar j6 �.ıC �/. Then d.˛.al/; y/6 �2ıC�2�C �, so y 2NıC�2ıC�2�C�.F /.

Finally, if F ¤ F 0, then there exist al , ar , bl , br with al 6 x 6 ar so that d.˛.al/; ˇ.bl// 6 ı,
.˛.ar/; ˇ.br//6 ı and ˇ.Œbl ; br �/�NqCL.F /\Nı.F 0/. Therefore

d.˛.al/; ˛.ar//6 d.ˇ.bl/; ˇ.br//C 2ı 6 f .qCLC ı/C 2ı:

Following computations similar to those in the previous cases,

jal � xj6 jal � ar j6 �.f .qCLC ı/C 2ı/C �;

d.˛.al/; y/6 �2.f .qCLC ı/C 2ı/C�2�C �;

d.ˇ.bl/; y/6 �2.f .qCLC ı/C 2ı/C�2�C �C ı:

Therefore, y 2NqCLC�2.f .qCLCı/C2ı/C�2�C�Cı.F /. Taking K.q/ to be the maximum of the constants
generated in the three cases yields an appropriate constant.

Here is a brief overview of our strategy for the rest of this section:

(1) We will partition Œ0; t� � into subintervals so that on each subinterval either � is near an element of B
or � does not stay close to any element of B for long (Proposition 4.17).

(2) In Lemma 4.18, we alter our partition of Œ0; t� � by widening the intervals where � remains near some
element of F so that � is near 
 at the endpoints of these intervals. In exchange, we need to calculate
looser upper bounds (Proposition 4.19) on how close � is to an element of B on these intervals.

(3) On what remains of the subintervals where � is not near an element of B, we prove that � lies within
bounded Hausdorff distance of a part of 
 (Proposition 4.21).
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(4) We use this information to find subintervals of Œ0; s
 � that cover Œ0; s
 � where 
 is either close to
an element of B or within bounded Hausdorff distance of � . However, these subintervals may overlap.
In Propositions 4.22 and 4.24, we show that overlapping can be controlled.

(5) In Propositions 4.25 and 4.26, we rearrange the interval endpoints and delete some subintervals of
Œ0; t� � and Œ0; s
 � to eliminate any overlap and use the bounds found in Propositions 4.22, 4.24 and 4.25
to ultimately construct a partition that witnesses relative fellow traveling.

In the following, we will use superscripts to help track the stages of partitioning and repartitioning Œ0; t� �
and covering Œ0; s
 � by subintervals.

Proposition 4.17 There exists a partition 0D t00 6 t01 6 t02 6 � � �6 t02nC1D t� and F0; F1; : : : ; Fn�1 2 B
with the following properties:

(1) diamft 2 Œt02i ; t
0
2iC1� W �.t/ 2ND.F /g6 ` for all F 2 B.

(2) �.t02iC1/; �.t
0
2iC2/ 2NDC�.Fi /.

(3) For all F 2 B, there do not exist t�F < t
0
2iC1 6 t02iC2 < t

C

F so that �.t�F /; �.t
C

F / 2NuC�.F /.

(4) Fj ¤ Fk for j ¤ k.

It turns out the choice of ` is somewhat arbitrary, but it does affect how much the partition produced by
Proposition 4.17 will need to be altered to give partitions of Œ0; t� � and Œ0; s
 � that witness relative fellow
traveling.

Proof Let m 2N so that .m� 1/`6 t� <m`. We proceed by induction on m.

If jt� j< `, then setting t00 D 0 and t01 D t� suffices.

Assume that Proposition 4.17 holds for quasigeodesics parameterized over intervals of length less than
.m � 1/`. Find 0 6 t� 6 tC 6 t� so that jtC � t�j realize supF 2Bfja � bj W �.a/; �.b/ 2 ND.F /g.
If jtC� t�j< `, then t00 D 0 and t01 D t� suffices.

Otherwise, by the inductive hypothesis, we obtain partitions

0D t00 6 t01 6 � � �6 t02jC1 D t� and tC D t
0
2jC2 6 t02jC3 6 � � �6 t02nC1 D t�

so that diamt2Œt0
2i
;t0
2iC1

�f�.t/ 2ND.F /g6 ` for all F 2 B, jt2iC2� t2iC1j> ` and �.t02iC1/; �.t
0
2iC2/ 2

NDC�.Fi / for some Fi 2 B. Combining these partitions into a partition of Œ0; t� � immediately satisfies
the first two requirements. We obtain item (3) because D > �0 >D\ > uC � (recall Hypotheses 4.15),
the inductive hypothesis and jtC� t�j is determined by a supremum. However, we need to check that
if k1 6 j and k2 > j (with k1 ¤ k2), then Fk1 ¤ Fk2 . If Fk1 D Fk2 , then there exist tl < t� < tC < tr
so that �.tl/; �.tr/ 2ND.Fk1/ with jtl � tr j> jt�� tCj> `, contradicting hypothesis (3).

In Proposition 4.17, it is not guaranteed that the �.t0j / are near 
 . To remedy this, we widen the intervals
Œt02iC1; t

0
2iC2� as necessary while shrinking Œt02i ; t

0
2iC1�:
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Lemma 4.18 For 06 j 6 2nC 1, there exist t1j so that :

(1) For all 06 i 6 n, diamft 2 Œt12i ; t
1
2iC1� W �.t/ 2ND.F /g6 ` for all F 2 B.

(2) 0D t10 6 t11 6 � � �6 t12n 6 t12nC1 D t� .

(3) t02i 6 t12i 6 t12iC1 6 t02iC1.

(4) Either t12i D t
1
2iC1 or d.�.t12i /; 
/; d.�.t

1
2iC1/; 
/6D\.

(5) jt12iC1� t
0
2iC1j; jt

1
2iC2� t

0
2iC2j6 `.

Proof For each i , we perform the following procedure to set t12i . Consider piD�.t02i /. By Proposition 4.10,
either pi 2Nu.
/ or pi 2Nu.F / for some F 2 Satu.
/ (where u is as defined in Hypotheses 4.15). In
the first case, we set t12i D t

0
2i noting that u6D\.

Suppose we are in the second case: let tCext D supft 2 Œt02i ; t
0
2iC1� W �.t/ 2Nu.F /g. Then jtCext� t

0
2i j6 `

by Proposition 4.17. One of the following holds:

� tCext D t
0
2iC1 and �.tCext/ 2NuC�.F / because tCext is a supremum.

� �.tCext/ 2NuC�C1.
/.

� �.tCext/ 2NuC�C1.F 0/ for some F 0 2 F with F 0 ¤ F .

Indeed, if tCext ¤ t
0
2iC1, then Proposition 4.10 and the fact that tCext is a supremum ensure either the second

or third possibility must hold. In the case that tCext D t
0
2iC1, set t12iC1 D t

1
2i D t

0
2iC1. Otherwise, set

t12i D t
C
ext. In this case, either �.t12i / lies in ND\.
/ directly or Lemma 4.14 with �D uC �C 1 (recall

Hypotheses 4.15(5)) implies that �.t12i / 2ND\.
/.

Proceeding similarly, if �.t02iC1/ 2 NuC�C1.
/, we set t12iC1 D t
0
2iC1. Otherwise, �.t12iC1/ 2 Nu.G/

for some G 2 Satu.
/. We then set t12iC1 D infft 2 Œt12i ; t
1
2iC1� W 
.t/ 2 Nu.G/g where G 2 Satu.
/.

As in the preceding argument, jt12iC1 � t
0
2iC1j 6 ` and one of the following holds: t12iC1 D t12i so

that �.t12iC1/ 2 ND\.
/, �.t12iC1/ immediately lies in ND\.
/ or there exists G0 2 Satu.
/ so that
�.t12iC1/ 2 NuC�C1.G0/\NuC�.G/ � ND\.
/. In the third case, the final containment follows from
Lemma 4.14 and Hypotheses 4.15(5).

Since Œt12i ; t
1
2iC1�� Œt

0
2i ; t

0
2iC1�, we automatically retain the property that

diamft 2 Œt12i ; t
1
2iC1� W �.t/ 2ND.F /g6 `

for all F 2 B.

We now show that �.Œt12iC1; t
1
2iC2�/ remains boundedly close to Fi .

Proposition 4.19 There exists Ddepth > 0 so that for all 06 i 6 n, �.Œt12iC1; t
1
2iC2�/�NDdepth.Fi /, and

if t12i D t
1
2iC1, d.�.t12i /; 
/6 f .Ddepth/CD\.
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Proof Since �.t02iC1/ 2 NDC�.Fi / and jt02iC1 � t
1
2iC1j 6 `, �.t12iC1/ 2 NDC�C�`C�.Fi /. Similarly,

�.t12iC2/ 2NDC�C�`C�.Fi /. Set Ddepth DK.DC�`C 2�/ where K.DC�`C 2�/ is determined (as a
function of �; �; `) as in Proposition 4.16.

Now suppose t12i D t
1
2iC1. By Proposition 4.10, if t12i …Nu.
/, there exists F 2B so that �.t12i /2Nu.F /.

Suppose first that F ¤ Fi . Let tF D supft 2 Œ0; t� � W �.Œt12i ; t �/ � Nu.F /g. By Lemma 4.18(3),
t12i 6 t02iC16 t02iC26 t12iC2. Then Proposition 4.17(3) implies tF 6 t12iC2. Moreover, F ¤Fi implies that
d.�.t12iC1/; �.tF //6f .Ddepth/. Since tF is a supremum, there exists a t > tF with d.�.t/; �.tF //6�C1
so that �.t/ 2 Nu.
/ or �.t/ 2 Nu.F 0/ for some F 0 ¤ F . Hence by Lemma 4.14, d.�.tF /; 
/ 6D\.
Therefore, d.�.t12i /; 
/6 f .Ddepth/CD\.

For the case F ¤ Fi�1 set tF D infft 2 Œ0; t� � W �.Œt; t12i �/ � Nu.F /g and then proceed using a similar
argument to the case F ¤ Fi .

We apply the bounds from Lemma 4.18 and Proposition 4.19 to obtain the following.

Corollary 4.20 Let Dendpoints D f .Ddepth/CD\ > 0. Then d.�.t1j /; 
/6Dendpoints.

We now find s1i in Œ0; s
 � so that 
.s1i / is close to �.t1i /. Let 06 s1j 6 s
 be such that d.
.s1j /; �.t
1
j // is

at most Dendpoints if t1j D t
1
j˙1 or D\ otherwise. If t12i D t

1
2iC1, ensure that s12i D s

1
2iC1. We may further

assume that s10 D t
1
0 D 0, t12nC1 D t� and s12nC1 D s
 .

Proposition 4.21 There exists Dhausdorff so that dhaus.�.Œs
1
2i ; s

1
2iC1�/; 
.Œt

1
2i ; s

1
2iC1�//6Dhausdorff for all

06 i 6 n.

Proof If t12iC1 D t
1
2i , then Dhausdorff DDendpoints suffices. Otherwise, Lemma 4.18 implies

d.�.t12i /; 
.s
1
2i //; d.�.t

1
2iC1/; 
.s

1
2iC1//6D\:

Recall from Hypotheses 4.15 that �0D �C2D\. Construct �i , a .�; �0/-quasigeodesic from �.Œt12i ; t
1
2iC1�/

by adding geodesics of length at most D\ connecting �.t12i / and �.t12iC1/ to 
.s12i / and 
.s12iC1/,
respectively.

Let y 2 �i . Partition �i into �l and �r so that �l is from 
.s12i / to y and �r is from y to �.s12iC1/. The
triangle bounded by 
.Œs12i ; s

1
2iC1�/, �l and �r is ı�;�0-coarsely thin relative to some F 2 B.

There are two possibilities:

Case (there exist points pl 2 �l , pr 2 �r and p
 in 
 so that d.pl ; pr/; d.pr ; p
 /; d.pl ; p
 /6 ı�;�0)
Since �i is quasigeodesic, d.y; pl/ 6 �.�.ı�;�0 C �

0//C �0 (a similar computation was carried out in
more detail in the proof of Proposition 4.16). Then d.y; 
/6 d.y; p
 /6 ı�;�0 C�.�.ı�;�0 C �

0//C �0.
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Case (there exist pl ; pl;
 2 �l , pr 2 �r and F 2 B so that the interval of �l between pl and pl;
 lies in
Nı�;�0 .F /, d.pl ; 
.Œs

1
2i ; s

1
2iC1�//6 ı�;�0 and d.pr ; pl/6 ı�;�0) Recall that

diamft 2 Œt12i ; t
1
2iC1� W �.t/ 2ND.F /g6 `

so d.pl ; pl;
 /6�`C3�0 where the additional 2�0 is accounting for the length of the segment linking 
.s12i /
to �.t12i / and the segment linking 
.s12iC1/ to �.t12iC1/. We have that d.y; pl/6 �.�.ı�;�0 C �

0//C �0

following the computation from the previous case. Hence

d.y; 
/6 ı�;�0 C `C �
0
C�.�.ı�;�0 C �

0//C �0:

From the two previous cases, we determine that d.y; 
/ is bounded as a function of �; �0.

Now consider x 2 
 . We will bound d.x; �/. Similar to the previous case, divide 
 jŒs1
2i
;s1
2iC1

� into two
segments 
l from 
.s12i / to x and 
r from x to 
.s12iC1/ and consider the quasigeodesic triangle with
sides 
l ; 
r ; �i that is ı�;�0-coarsely thin relative to some F 2 B. There are two possibilities:

Case (there exist xl ; xr ; x� so that xl 2 
l , xr 2 
r , x� 2 �i with d.xl ; �/; d.xr ; xl/ 6 ı�;�0) Then
d.xl ; x/6 d.xl ; xr/6 ı�;�0 because 
 is geodesic. Hence we have

d.x; �i /6 d.x; x� /6 d.x; xl/C d.xl ; x� /6 2ı�;�0 :

Thus d.x; �/6 2ı�;�0 CD\.

Case (there exist xl ; xr ; x� and F 2 B so that xl 2 
l , xr 2 
r , p�l ; p�r 2 �i so that p�l ; p�r 2
Nı�;�0 .F / and d.xl ; p�l /; d.xr ; p�r /6 ı�;�0) Since d.p�l ; �/; d.p�r ; �/6 �0, there exist tl ; tr so that
p�l D �.tl/; p�r D �.tr/ 2Nı�;�0C�0.F /. Then by Proposition 4.17 and Lemma 4.18 and the fact that
D� ı�;�0 C �

0, we have jtl � tr j6 `. It follows that d.�.tl/; �.tr//6 �`C �0. Hence

d.x; �.tl//6 d.xl ; xr/C d.xl ; p�l /C d.p�l ; �.tl//6 d.xl ; xr/C ı�;�0 C �
0

6 d.�.tl/; �.tr//C 2�
0
C 3ı�;�0 6 �`C 3�0C 3ı�;�0 :

Taking the largest constant from the four cases above yields an acceptable value for Dhausdorff.

Unfortunately, it is possible that j < k and s1j > s
1
k

, but this behavior can be controlled:

Proposition 4.22 There exists Doutorder so that if j < k and s1j > s
1
k

, then jtj � tkj6Doutorder.

Proof It suffices to consider the case where k is the largest index such that j < k and s1j > s
1
k

.

By construction, d.�.t1j /; 
.s
1
j //6Dendpoints. Since k is largest, s1j 2 Œs

1
k
; s1
kC1

� where s1
k

6 s1
kC1

. Since
s10 D 0 and s12n D s
 , there exists h� < j so that s1

k
lies in Œs1

h�
; s1
h�C1

� where s1
h�

6 s1
h�C1

.

Case (k is even) Then d.
.s1j /; �.t
1
j //6Dendpoints and there exists tC 2 Œt1k ; t

1
kC1

� such that

d.
.s1j /; �.tC//6Dhausdorff:

Hence d.�.t1j /; �.tC//6DhausdorffCDendpoints. We then obtain

jt1k � t
1
j j6 jt

1
j � tCj6 �.DhausdorffCDendpoints/C �:
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Case (h� is even) Then d.
.s1
k
/; �.t1

k
//6Dendpoints and there exists t� 2 Œt1h� ; t

1
h�C1

� so that

d.�.t�/; 
.s
1
k//6Dhausdorff:

Similar to the previous case, we conclude

jt1h� � t
1
h�C1

j6 jt1k � t
1
j j6 �.DhausdorffCDendpoints/C �:

Case (h� and k are both odd) Set h� D 2i�C 1 and k D 2iCC 1. Observe that 
.Œs1
h�
; s1
h�C1

�/ �

NDendpointsCDdepth.Fi�/ and similarly 
.Œs1
k
; s1
kC1

�/�NDendpointsCDdepth.FiC/.

We have s1
h�

6 s1
k
< s1j 6 s1

kC1
. If s1

h�
6 s1

k
6 s1j 6 s1

h�C1
; s1
kC1

, then


.Œs1k; s
1
j �/�NDendpointsCDdepth.Fi�/\NDendpointsCDdepth.FiC/:

Therefore,

d.
.s1k/; 
.s
1
j //6 f .DendpointsCDdepth/ and d.�.t1j /; �.t

1
k //6 2DendpointsCf .DendpointsCDdepth/:

Then
jt1j � t

1
k j6 �.2DendpointsCf .DendpointsCDdepth//C �:

Otherwise s1
h�

6 s1
k

6 s1
h�C1

6 s1j 6 s1
kC1

so that


.Œs1k; s
1
h�C1

�/�NDendpointsCDdepth.Fi�/\NDendpointsCDdepth.FiC/:

We see d.�.t1
k
/; �.t1

h�C1
//6 2DendpointsCf .DendpointsCDdepth/. Recalling h� < j , then

jt1j � t
1
k j6 jt

1
h�C1

� t1k j6 �.2DendpointsCf .DendpointsCDdepth//C �:

Taking Doutorder to be the maximum of the bounds found in each of the three cases therefore suffices.

Definition 4.23 An augmented partition of Œ0; t� � is a partition

06 t1 6 t2 6 � � �6 tm D t�

together with choices 0 D s0; s1; s2; : : : ; sm D s
 where si 2 Œ0; s
 �. We denote such an augmented
partition by

(1) .t0; s0/6 .t1; s1/6 � � �6 .tm�1; sm�1/6 .tm; sm/:

We call tj 6 tjC1 6 � � �6 tk a maximal crossover subinterval of the augmented partition (1) if sh < sj for
all h6 j and k is the largest index so that sk < sj .

In Propositions 4.24 and 4.25, we explain how to take an augmented partition like .t10 ; s
1
0/ 6 � � � 6

.t12nC1; s
1
2nC1/ and obtain an augmented partition with similar properties that has one fewer maximal

crossover interval from an augmented partition. Then, in Proposition 4.26, we work on .t10 ; s
1
0/6 � � �6

.t12nC1; s
1
2nC1/ from left to right using Proposition 4.25 to obtain a new augmented partition with similar

properties but no maximal crossover intervals.
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Proposition 4.24 Let t1j 6 t1jC1 6 � � �6 t1
k

be a maximal crossover subinterval of an augmented partition

.t0; s0/6 .t1; s1/6 � � �6 .tij�1; sij�1/6 .t1j ; s
1
j /6 .t1jC1; s

1
jC1/6 � � �6 .t1k ; s

1
k/6 � � �6 .t12nC1; s

1
2nC1/

of Œ0; t� �. Then

� d.�.t1
k
/; 
.s1j //6 �DoutorderC �CDendpoints,

� d.�.t1j /; 
.s
1
k
/6 �DoutorderC �CDendpoints, and

� dhaus.�.Œt
1
j ; t

1
k
�/; 
.Œs1

k
; s1j �//6 �DoutorderC �C 3Dendpoints.

Proof Recall d.�.t1j /;
.s
1
j //;d.�.t

1
jC1/;
.s

1
jC1//; : : : ;d.�.t

1
k
/;
.s1

k
//6Dendpoints. By Proposition 4.22,

jt1j � t
1
k
j6Doutorder. Then d.�.t1j /; �.t

1
k
//6 �DoutorderC �. We can conclude then that d.
.s1j /; 
.s

1
k
//6

�DoutorderC �C 2Dendpoints. Therefore, for all s1
k

6 s 6 s1j ,

d.
.s/; �.t1k //6 d.
.s1j /; 
.s
1
k//C d.
.s

1
k/; �.t

1
k //6 �DoutorderC �C 2DendpointsCDendpoints:

Similarly for all t1j 6 t 6 t1
k

, jt � t1
k
j6Doutorder so

d.�.t/; �.t1k //6 �DoutorderC �:

Therefore,
d.�.t/; 
.s1k//6 �DoutorderC �CDendpoints:

A similar argument will also show that d.�.t1
k
/; 
.s1j //6 �DoutorderC �CDendpoints.

Proposition 4.25 Let t1j 6 t1jC1 6 � � �6 t1
k

be a maximal crossover subinterval of an augmented partition

(2) .t0; s0/6 .t1; s1/6 .t2; s2/6 � � �6 .tij�1; sij�1/

6 .t1j ; s
1
j /6 .t1jC1; s

1
jC1/6 � � �6 .t1k ; s

k
1 /6 � � �6 .t12nC1; s

1
2nC1/

of Œ0; t1� � so that t0; t1; t2; : : : ; tij�1 are not contained in any maximal crossover subintervals of (2). There
is a new augmented partition

(3) 0D .t0; s0/6 � � �6 .tij�1; sij�1/6 .t1j ; s
1
k/6 .t1k ; s

1
j /6 .t1kC1; s

1
kC1/6 � � �6 .t12nC1; s

1
2nC1/

that has the properties

� t0; t1; : : : ; tij�1; t
1
j ; t

1
k

are not contained in any maximal crossover subinterval of (3),

� d.�.t1
k
/; 
.s1j //; d.�.t

1
j /; 
.s

1
k
//6 �DoutorderC �CDendpoints, and

� dhaus.�.Œt
1
j ; t

1
k
�/; 
.Œs1

k
; s1j �// < �DoutorderC �C 3Dendpoints.

Proof Since t0; t1; t2; : : : ; tij�1 are not contained in any maximal crossover subinterval, s0 6 s1 6 s2 6
� � � 6 sij�1 6 sk and sk 6 sj by hypothesis. Moreover, for all k0 > k, we have s1

k0
> s1j > s1

k
because

t1j 6 � � �6 t1
k

is a maximal crossover subinterval. Therefore, t1j and t1
k

cannot be contained in a maximal
crossover subinterval of the augmented partition (3).

From Proposition 4.24, we immediately obtain d.�.t1
k
/; 
.s1j //6 �DoutorderC �CDendpoints and

dhaus.�.Œt
1
j ; t

1
k �/; 
.Œs

1
k; s

1
j �//6 �DoutorderC �C 3Dendpoints:
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Proposition 4.26 There exist partitions

0D t20 6 t21 6 t22 6 t23 6 � � �6 t2n0 D t� and 0D s20 6 s21 6 s22 6 s23 6 � � �6 s2n0 D s


so that for 06 j 6 n0:

(1) d.�.t2j /; 
.s
2
j //6 �DoutorderC �CDendpoints.

(2) For each j , one of the following holds:

� dhaus.�.Œt
2
j ; t

2
jC1�/; 
.Œs

2
j ; s

2
jC1�//6 �DoutorderC �C 3Dendpoints.

� �.Œt2j ; t
2
jC1�/; 
.Œs

2
j ; s

2
jC1�/�NK.DdepthCDendpoints/.F

2
j / for some F 2j 2 B.

(3) If j ¤ j 0, then F 2j ¤ F
2
j 0 .

Proof sketch We can obtain the desired partition by starting with the partition from Lemma 4.18
and then working left to right using Proposition 4.25 to eliminate any maximal crossover subintervals.
Immediately, s10 D 0, so t10 is not contained in any maximal crossover subintervals. The bound on
d.�.t2j /; 
.s

2
j // is implied by Proposition 4.25. One of the following holds:

� t2j D t
1
2i , t

2
jC1 D t

1
2iC1, s2j D s

1
2i and s2jC1 D s

1
2iC1 for some i .

� t2j D t
1
2iC1, t2jC1 D t

1
2iC2, s2j D s

1
2iC1 and s2jC1 D s

1
2iC2 for some i .

� Proposition 4.25 implies that dhaus.�.Œt
2
j ; t

2
jC1�/; 
.Œs

2
j ; s

2
jC1�//6 �DoutorderC �C 3Dendpoints.

In the first case, Proposition 4.21 implies that dhaus.�.Œt
2
j ; t

2
jC1�/; 
.Œs

2
j ; s

2
jC1�// is bounded appropriately.

In the second case, Proposition 4.19 implies that �.Œt2j ; t
2
jC1�/�NDdepth.Fi /, so set F 2j D Fi . Since the

endpoints of 
.Œs2j ; s
2
jC1�/ are withinDendpoints of the endpoints of �.Œt2j ; t

2
jC1�/ and 
 is geodesic, we have


.Œs2j ; s
2
jC1�/�NK.DdepthCDendpoints/.F

2
j /

Since the Fi are distinct, if j ¤ j 0, then F 2j ¤ F
2
j 0 .

In the partition from Proposition 4.26, we call an interval Œt2j ; t
2
jC1� a Hausdorff interval if

dhaus.�.Œt
2
j ; t

2
jC1�/; 
.Œs

2
j ; s

2
jC1�//6 �DoutorderC �C 3Dendpoints:

Otherwise, if �.Œt2j ; t
2
jC1�/; 
.Œs

2
j ; s

2
jC1�/ � NK.DdepthCDendpoints/.F

2
j /, we call Œt2j ; t

2
jC1� a peripheral

interval.

Theorem 4.7 Let .G;P/ be a relatively hyperbolic group pair where G acts geometrically on a CAT.0/
space �X with basepoint x 2 �X . If B is any R-thickening of fgPx j g 2 G; P 2 Pg then .�X;B/ has the
relative fellow traveling property.

Proof By Proposition 4.6, .�X;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair and there exists L.R/ so
that Hypotheses 4.8 hold.
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Given .�; �/-quasigeodesics 
; � with the same endpoints, we can reduce to the case where 
 is geo-
desic by Proposition 4.13. Proposition 4.26 nearly provides the partition for relative fellow traveling
except that the intervals Œt2j ; t

2
jC1� as constructed in Proposition 4.26 do not alternate between Hausdorff

intervals and peripheral intervals. This can be easily remedied by turning any two adjacent Hausdorff
intervals into a single Hausdorff interval. In other words, if Œt2j ; t

2
jC1� and Œt2jC1; t

2
jC2� are both Haus-

dorff intervals, we remove these two intervals from the partition and replace them with the single
interval Œt2j ; t

2
jC2�. Likewise, replace Œs2j ; s

2
jC1� and Œs2jC1; s

2
jC2� with Œs2j ; s

2
jC2�. It is easy to check that

dhaus.�.Œt
2
j ; t

2
jC2�/; 
.Œs

2
j ; s

2
jC2�//6 �DoutorderC �C3Dendpoints in this case. Repeat this process until no

adjacent Hausdorff intervals remain.

5 A relatively hyperbolic combination lemma

The construction of hierarchies in Section 7 is quite similar to the hierarchy constructed in [3]. The goal
of this section is to prove a combination theorem for the relatively hyperbolic setting that will be used to
show the edge groups of the hierarchy are undistorted.

5.1 The attractive property in CAT.0/ relatively hyperbolic pairs

The first goal is to improve a CAT.0/ relatively hyperbolic pair so that geodesics that stay near a peripheral
space intersect the peripheral space.

Definition 5.1 Let �X be a geodesic metric space, let Z be a subspace of �X and let Katt WR>0!R>0 be
a function. The subspace Z is Katt-attractive if for all R > ı whenever 
 is a geodesic with endpoints in
NR.Z/ and j
 j>Katt.R/, then 
 \Z ¤¿.

We now fix hypotheses for the remainder of the Section 5.1.

Hypotheses 5.2 Suppose that .�X;B0/ is a .ı; f 0/-CAT.0/ relatively hyperbolic pair where every F 0 2 B0

is convex. Let B D fN2ı.F 0/ W F 0 2 B0g so that for some f W R>0! R>0, .�X;B/ is a .ı; f /-CAT.0/
relatively hyperbolic pair by Proposition 4.4. Fix M D f .6ı/.

Proposition 5.3 Under Hypotheses 5.2, every B 2 B is .3MC6RC21ı/-attractive.

The following result will be used to prove Proposition 5.3:

Proposition 5.4 Assume Hypotheses 5.2, let 
 be a geodesic and let F 2B0. If 
 has endpoints in NR.F /,
then diam 
 \N2ı.F / > j
 j � .3M C 6RC 9ı/.
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Figure 5: The quadrilateral constructed in the proof of Proposition 5.3.

Proof There is a quadrilateral whose sides are 
 , two geodesics �1, �2 of length at most R connecting
the endpoints of 
 to points in F and a geodesic ˛ connecting the endpoints of �1, �2 that are in F .
By convexity, ˛ � F . Let � be a diagonal so that there are two triangles, 41, 42, so that 41 has sides ˛,
�, �1 as a side and 42 has sides 
 , �, �2. Designate vertices p, q, r , s so that ˛ D Œp; q�, �2 D Œq; r�,

 D Œr; s�, �1 D Œp; s�, and �D Œq; s� as shown in Figure 5.

Case 1 (41 is ı-thin relative to some F 0 ¤ F ) Since F 0 ¤ F and ˛ � F , the length of the fat part of
˛ in 41 is at most M .

Let �1 be the corner segment of � in 41 at s. Then j�1j6R. Let �2 be the fat part of � in 41. The fat
part of �1 in 41 has length at most R, so by Lemma 2.12, j�2j 6 M CRC 3ı. Let �3 be the corner
segment of � in 41 at q. By construction, �3 �Nı.F /.

Let 
1 be the corner segment of 
 at s in 42, let 
2 be the fat part of 
 in 42 and let 
3 be the corner
segment of 
 in 42 at r . Observe that 
1\Nı.�3/�N2ı.F / and

diam 
1\Nı.�3/> j
1j � j�1j � j�2j> j
1j � .M C 2RC 3ı/:

If 42 is ı-thin relative to F , then 
2 � Nı.F /. If 42 is ı-thin relative to some other element of B0,
the fat part of � in 42 has length at most j�1j C j�2j CM 6 2M C 2RC 3ı because �3 �Nı.F /. By
Lemma 2.12,

j
2j6 2M C 2RC 3ıCRC 3ı

because j�2j6R. Finally, j
3j6R.

In summary, at most M C2RC3ı of 
1 lies outside of N2ı.F /, at most 2M C3RC6ı of 
2 lies outside
of N2ı.F /, and at most R of 
3 lies outside of N2ı.F /, so

diam 
 \N2ı.F /> j
 j � .3M C 6RC 9ı/:
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Case 2 (41 is ı-thin relative to F ) Let �1, �2, �3 and 
1, 
2, 
3 be as in the previous case. Here,
j�1j 6 R, �2 � Nı.F / since 41 is ı-thin relative to F and �3 � Nı.˛/ � Nı.F /. Since 
1 ı-fellow
travels a subsegment of � at s, diam 
1\Nı.�2[�3/> j
1j�R because j�1j6R. Since �2[�3�Nı.F /,
diam 
1 \N2ı.F / > j
1j �R. If 42 is ı-thin relative to some F 00 ¤ F , the fat part of � in 42 has
length at most RCM because its intersection with �2[�3 �Nı.F / has length at most M and j�1j6R.
Therefore by Lemma 2.12, j
2j<M C 2RC 3ı. On the other hand, if 42 is ı-thin relative to F , then

2 �Nı.F / so in both cases, all but a less than M C 2RC 3ı subsegment of 
2 lies in N2ı.F /.

In summary, diam 
1 \N2ı.F / > j
1j �R, diam 
2 \N2ı.F / > j
2j � .M C 2RC 3ı/ and j
3j 6 R.
Therefore, by the convexity of N2ı.F /,

j
 \N2ı.F /j> j
 j � .M C 4RC 3ı/:

Proof of Proposition 5.3 Let 
 be a geodesic with endpoints in NR.F /. Then by convexity, 
 �
NRC2ı.F 0/ for some F 0 2 B0 where F DN2ı.F 0/. By Proposition 5.4, if j
 j> 3M C 6.RC 2ı/C 9ı,
then 
 \N2ı.F 0/¤¿. Noting that F DN2ı.F 0/ completes the proof.

5.2 A combination lemma for CAT.0/ relatively hyperbolic pairs

Maintain the following baseline hypotheses for Section 5.2:

Hypotheses 5.5 Let .�X;B/ be a .ı; f /-CAT.0/ relatively hyperbolic pair and let M D f .6ı/ as before.
Suppose that every B 2 B is closed, convex and .3MC6RC2f .R/C21ı/-attractive.

In Section 7, we will use Proposition 5.3 to obtain attractiveness for a .ı; f /-CAT.0/ relatively hyperbolic
pair, and then thicken the peripheral spaces to make a new .ı; f /-CAT.0/ relatively hyperbolic pair. We
will then prove that the new peripheral spaces are .3MC6RC2f .R/C21ı/-attractive. For this reason,
Hypotheses 5.5 are slightly weaker than what would follow from Hypotheses 5.2 and the conclusions of
Proposition 5.3.

Theorem 5.6 Assume Hypotheses 5.5. Let 
 D b1a2b2a3b3 : : : anbn be a broken geodesic. Let 
i be
the geodesic connecting the endpoints of the subpath b1a2b2a3b3 : : : aibi of 
 . Suppose that :

(1) For each 16 i 6 n, there exists some Fi 2 B so that bi � Fi .

(2) If Fi D Fj , then i D j .

(3) For 16 i 6 n� 1, jbi j> 37M C 250ı.

(4) For all 26 i 6 n, diam ai \N3ı.Fi /6 5M C 39ı and diam ai \N3ı.Fi�1/6 5M C 39ı.

(5) For all 26 i 6 n, diam ai \N6ı.Fi /6 5M C 57ı and diam ai \N6ı.Fi�1/6 5M C 57ı.

Then 
n has a length at least jbnj�.24MC165ı/-tail at the endpoint it shares with bn (recall Definition 2.9)
that lies in N2ı.Fn/ and for all 26 i 6 n, j
i j> j
i�1jC janjC jbnj � 68M � 628ı.
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Figure 6: One possible configuration of41i and42i in the proof of Theorem 5.6. Corner segments
of triangles at the same point are connected by dotted lines.

Proof In the case nD 1, the proof is straightforward. The proof of Theorem 5.6 is by induction on n.

Notation 5.7 We now establish notation that will be used throughout the proof of Theorem 5.6.

(1) For each 2 6 i 6 n, let !i be the geodesic connecting the endpoints of the broken geodesic
b1a2b2 : : : bi�1ai .

(2) For each 26 i 6 n, let 41i be the triangle with sides 
i�1, !i and ai .

(3) For each 26 i 6 n, let 42i be the triangle with sides !i , bi and 
i .

(4) Label vertices so that ai D Œpi ; qi � and bi D Œqi ; piC1�.

(5) Let ci be the corner segment of !i in 42i at qi .

See Figure 6 for a visual representation.

We make the additional inductive assumption that for 1 6 i < n, 
i has a jbi j � .24M C 165ı/-tail at
piC1 in N2ı.Fi /.

Proposition 5.8 If i > 2 and we assume the inductive hypotheses for the proof of Theorem 5.6, then
there is a point xi 2 
i so that d.xi ; Fi�1/ 6 4ı. Further , jci j 6 12M C 81ı (recall Notation 5.7(5)).
When42i is ı-thin relative to Fi , then the length of the fat part of !i in42i is at most 12M C 81ı.

Proof Since 16 i�1<n, 
i�1 has a length at least 13MC85ı-tail at pi in N2ı.Fi�1/ by our inductive
assumption.

Case (41i is thin relative to F ¤Fi�1) The corner segments of41i at pi have length at most 5MC39ı
to avoid violating Theorem 5.6(4) because a more than 5M C 39ı-tail of 
i�1 at pi lies in N2ı.Fi�1/.
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Since 41i is thin relative to F ¤ Fi�1, the length of the fat part of 
i�1 in 41i is at most M . Therefore,
there is a point y 2 
i�1 and a point y0 2 !i so that d.y; pi /6 6M C 39ı and d.y; y0/6 ı so that y; y0

are endpoints of the corner segments of 41i at q1 and further, there exists a subsegment � (see Figure 6)
of the corner segment Œq1; y0�� !i with endpoint y0 so that j� j> 2M and � �N3ı.Fi�1/.

The intersection of � with the corner segment of !i in42i at qi lies in N3ı.Fi�1/\N3ı.Fi / and therefore
has length at most M . The fat part of !i in 42i is either contained in Nı.Fi�1/ or intersects � in a
segment of length at most M . Therefore, either there is a point in 
i that is at most ı from the fat part of
!i in 42i and the fat part of !i in 42i is contained in Nı.Fi�1/ or � intersects the corner segment of 42i
at q1. In the first case, there is a point xi 2 
i that lies in N2ı.Fi�1/ and in the second case, there is a
point xi 2 
i so that d.xi ; �/ < ı, so xi 2N4ı.Fi�1/.

The next tasks are to bound jci j from above and to prove that when42i is ı-thin relative to Fi , the fat part
of !i in42i has length at mostM . Note that ci �N2ı.Fi /. The intersection of ci with the corner segment
of !i in 41i at qi has length at most 5M C 39ı because diam ai \N3ı.Fi /6 5M C 39ı. If F ¤ Fi , the
intersection of ci with the fat part of !i in 41i is a segment of length at most M . Since jci \ � j 6M

and j� j > 2M , jci j 6 7M C 39ı. Further, if 42i is ı-thin relative to Fi , then the fat part of !i in 42i
intersects � in a segment of length at most M , intersects the fat part of !i in 41i in a length at most M
segment and intersects the corner segment of !i in 41i at qi in a segment of length at most 5M C 39ı.
Hence the fat part of !i in 42i has length at most 7M C 39ı when 42i is thin relative to Fi .

If F D Fi , then the fat parts of ai and 
i�1 in 41i , which are contained in Nı.Fi /, have length at
most 5M C 39ı and M , respectively. Therefore, the length of the fat part of !i in 41i is at most
5M C 39ıCM C 3ı. Then jci j6 12M C 81ı by a computation similar to the one in the previous case.

When F D Fi , the fat part of !i in 42i intersects � in a segment of length at most M , intersects the fat
part of !i in 41i in a segment of length at most 6M C 42ı and intersects the corner segment of !i in 41i
at qi in a segment of length at most 5M C 39ı. Therefore, if 42i is thin relative to Fi , then the length of
the fat part of !i in 42i is at most 12M C 81ı.

Case (41i is thin relative to Fi�1) Recall ci is the corner segment of !i in42i at qi . The intersection of
ci with the corner segment of !i in41i at qi again lies in N2ı.Fi /\Nı.ai / and hence has length at most
5M C 39ı. The fat part of !i in 41i lies in Nı.Fi�1/. Hence, if the length of the fat part of !i in 41i
exceedsM , then its intersection with ci has length at mostM so jci j6 6MC39ı. Hence for the purposes
of bounding jci j from above, assume the fat part of !i in 41i has length at most M . The length of the fat
part of ai in 41i is at most 5M C 39ı. If the length of the fat part of !i in 41i is at most M , then by
Lemma 2.12, the length of the fat part of 
i�1 in41i is at most 6MC42ı. Now, if y 2 
i�1; y0 2 
i�1 are
the endpoints of the corner segments of41i at q1, then d.y; pi /6 5M C39ıC6M C42ıD 11M C81ı.
Therefore there is a tail at y0 of the corner segment of !i in 41i at q1 called � so that j� j > 2M and
� � N3ı.Fi�1/ because 
i�1 has a more than 13M C 84ı-tail in N2ı.Fi�1/. Therefore, ci intersects
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Œy0; q1� in a segment of length at most M because ci �N2ı.Fi /. Hence jci j 6 7M C 39ı because the
union of the two corner segments of !i in 41i and the fat part of !i in 41i is !i .

In all cases, jci j6 12M C 81ı.

If 42i is ı-thin relative to Fi , the fat part of !i in 42i has length at most 6M C 39ı because the corner
segment of !i in41i at qi lies in Nı.ai /, and both � and the fat part of41i lie in Nı.Fi�1/. In particular,
the fat part of !i in 42i may only intersect Œq1; y0� in � because otherwise its intersection with � has
length more than M and lies in N3ı.Fi�1/\Nı.Fi /.

The only remaining thing to prove is that there is a point xi 2 
i so that d.xi ; Fi�1/6 4ı. If42i is ı-thin
relative to Fi�1 and is not ı-thin relative to any other F 2 B, then there is a point on 
i in N2ı.Fi�1/.
Hence assume 42i is thin relative to some G 2 B with G ¤ Fi�1.

Let !1 � Nı.Fi�1/ be the fat part of !i in 41i and let !2 be the corner segment of !i in 42i at q1.
If there exists r 2 !1\!2, then d.r; 
i / < ı, so there exists an xi 2 
i such that 
i 2N2ı.Fi�1/.

Otherwise, !1 intersects ci in a segment of length at most M because ci lies in N2ı.Fi / and intersects
the fat part of !i in 42i in a segment of length at most M (the fat part of !i in 42i lies in Nı.G/).
Hence j!1j6 2M . Let !3 be the corner segment of !i in 41i at q1. Let z 2 !i be the point where !1

intersects !3. By Lemma 2.12, the fat part of 
i�1 in 41i has length at most 2M C 5M C 39ıC 3ı D
7M C 42ı because diam ai \ N2ı.Fi�1/ 6 5M C 39ı. The corner length of 41i at pi is at most
5M C 39ı because any subsegment of ai in N3ı.Fi / has length at most 5M C 39ı. Then at least a
13M C 84ı� .5M C 39ıC 7M C 42ı/ >M -tail of !3 at z, which will be called !0, lies in N3ı.Fi�1/
because it ı-fellow travels a subsegment of the tail of 
i�1 at pi contained in N2ı.Fi�1/. The union of
ci and the fat part of 42i lie in N2ı.Fi /, so they collectively cannot extend past !0 in the direction of q1
because otherwise !0contains a length more than M subsegment in N3ı.Fi /\N3ı.Fi�1/. Therefore, !2,
the corner segment of42i at q1, must intersect !0. Since !0 lies in N3ı.Fi�1/ and !2 is a corner segment
of 42i at q1, there is a point xi 2 
i so that x 2N4ı.Fi�1/.

Proposition 5.9 If bi � Nı.Fi /, then the geodesic 
i has a jbi j � .24M C 165ı/-tail at piC1 that is
contained in N2ı.Fi /.

Proof There are two cases:

Case 1 (42i is ı-thin relative to some F ¤ Fi ) The corner length of 42i at qi is at most 12M C81ı by
Proposition 5.8. The length of the fat part of bi in 42i is at most M because bi �Nı.F /. Therefore, the
corner length of 42i at piC1 is at least jbi j � .13M C 81ı/. Thus the corner segment of 
i at piC1 has
length at least jbi j � .13M C 81ı/ and lies in Nı.bi /�N2ı.Fi /.

Case 2 (42i is ı-thin relative to Fi ) The corner length of 42i at qi is at most 12M C 81ı. Let s be the
length of the fat part of bi in42i . Then the corner length of42i at piC1 is at least jbi j�s� .12M C81ı/.
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By Proposition 5.8, the length of the fat part of !i in 42i is at most 12M C 81ı. By Lemma 2.12,
the fat part of 
i in 42i has length at least s � .12M C 81ı C 3ı/. The corner segment of 
i at
piC1 in 42i and the fat part of 
i in 42i both lie in N2ı.Fi / and their combined length is at least
s� .12M C 84ı/Cjbi j � s� .12M C 81ı/D jbi j � .24M C 165ı/.

Lemma 5.10 Let � WD Œpi ; piC1�. Then diam �\N5ı.Fi�1/6 12M C 117ı.

Further , d.qi ; �/6 10M C 79ı.

Proof Let 4 be the geodesic triangle with sides ai , bi , �. If the corner segment of � in 4 at pi lies in
N5ı.Fi�1/, then the corner length of4 at pi is at most 5M C57ı because ai \N6ı.Fi�1/ has diameter
at most 5M C 57ı.

Suppose 4 is ı-thin relative to Fi�1. The fat part of bi in 4 then lies in Fi and therefore has length at
most M . The fat part of ai in 4 has length at most 5M C 57ı because ai \N6ı.Fi�1/ has diameter
at most 5M C 57ı. Hence by Lemma 2.12, the length of the fat part of � in 4 is at most 6M C 60ı.
On the other hand, if � is ı-thin relative to some F ¤ Fi�1, then the intersection of the fat part of � with
N5ı.Fi�1/ has length at most M . In all cases, the fat part of � in 4 intersects N5ı.Fi�1/ in a segment
of length at most 6M C 60ı.

Finally, the corner segment of � in 4 at piC1 lies in N2ı.Fi / and can hence intersect N5ı.Fi�1/ in a
segment of length at most M .

Since � is the union of its two corner segments and its fat part in 4, its intersection with N5ı.Fi�1/ has
diameter at most 12M C 117ı.

The corner length of 4 at qi is at most 5M C 39ı, because the corner segment of ai in 4 at qi lies
in ai \ N2ı.Fi /. If 4 is ı-thin relative to Fi , then the length of the fat part of ai in 4 is at most
5M C 39ı. Otherwise, if 4 is ı-thin relative to F ¤ Fi , then the length of the fat part bi in 4
is at most M . Since 4 is relatively ı-thin, in both cases, there exists a point on � that is at most
5M C 39ıC 5M C 39ıC ı D 10M C 79ı from qi .

Lemma 5.11 Let xi be a point on 
i so that xi 2N4ı.Fi�1/ and xi is the point closest to piC1 with this
property. Let �0 D Œpi ; xi � and let �00 D Œxi ; piC1�� 
i . Let40 be the triangle with sides �, �0, �00. Then
at least one of the following holds:

(1) The length of the fat part of � in40 is at most 12M C 117ı.

(2) The length of the fat part of �0 in40 is at most M 6 12M C 117ı.

Proof Suppose 40 is ı-thin relative to Fi�1. Then by Lemma 5.10, the fat part of � has length at most
12M C 117ı. On the other hand if 40 is ı-thin relative to some F ¤ Fi�1, then the fat part of �0 in 40

lies in N4ı.Fi�1/ by convexity, so the length of the fat part of �0 in 40 is at most M .
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Lemma 5.12 There exists yi 2 
i so that d.pi ; yi /6 24M C 235ı.

Proof The corner segment of � in40 at pi lies in N5ı.Fi�1/\�, so by Lemma 5.10, the corner length of
40 at pi is at most 12M C117ı. By Lemma 5.11, the length of fat part of � in40 or the length of the fat
part of �0 in40 is at most 12M C117ı, so there is a point yi in �00 � 
i so that d.pi ; yi /6 24M C235ı

because 40 is relatively ı-thin.

The next lemma follows immediately from the triangle inequality, but is convenient to have recorded:

Lemma 5.13 Let40 be a geodesic triangle in �X with sides abc and suppose that a and b meet at the
vertex p and d.p; c/6 J . Then jcj> jajC jbj � 2J .

Proposition 5.14 We have

j
nj> j
n�1jC janjC jbnj � 2.24M C 235ı/� 2.10M C 79ı/

D j
n�1jC janjC jbnj � 68M � 628ı:

Proof By Lemmas 5.12 and 5.13,

j
nj> j
n�1jC j�j � 2.24M C 235ı/:

Then by Lemmas 5.10 and 5.13,

j�j> janjC jbnj � 2.10M C 79ı/:

Putting the two preceding inequalities together yields the desired inequality.

Propositions 5.9 and 5.14 complete the inductive proof of Theorem 5.6.

Definition 5.15 Let A be a collection of subsets of a geodesic metric space and let K > 0. Suppose that
for all A1; A2 2A with A1 ¤ A2, d.A1; A2/>K. Then the collection A is K-separated.

The paths in Theorem 5.6 are of a special type to facilitate the inductive proof. Proposition 5.17 generalizes
Theorem 5.6 to apply to all geodesic paths coming from certain subspaces of �X with some additional
assumptions:

Hypotheses 5.16 Assume Hypotheses 5.5 and assume the following:

(1) Let ƒ WD 500M C 10000ı.

(2) Let A be a ƒ-separated collection of convex subspaces of �X .

(3) Let B0 � B.
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(4) Let T D
�F

A2AA
�
t
�F

B2B0 B
�
. Define an equivalence relation � on T by x � y if and only if

x D y or for some A 2A and B 2 B0, the images of x and y in �X agree and lie in the images of both A
and B .

Proposition 5.17 Under Hypotheses 5.16, if T=� is path connected , then the natural inclusion of
T=� ,! �X is a .2; 114MC1592ı/-quasi-isometric embedding (where the metric on T=� is the induced
path metric).

Proof Let 
 be the image in �X of a geodesic in T=� and let 
 0 be the �X -geodesic between its endpoints.

Up to reversing the direction of 
 , 
 can be written as a piecewise geodesic of one of the piecewise
geodesic forms

(1) b1a2b2 : : : anbn and jb1j; jbnj> 37M C 250ı,

(2) a1b1a2b2 : : : bnanC1 where ja1j; janC1j ¤ 0,

(3) a1b1 : : : anbn where ja1j ¤ 0 and jbnj> 37M C 250ı,

(4) a1b1 : : : anbn where ja1j ¤ 0 and jbnj6 37M C 250ı,

(5) b1a2b2 : : : anbn, where both of jb1j, jbnj are less than 37M C 250ı,

(6) b1a2b2 : : : anbn, where jb1j< 37M C 250ı and jbnj> 37M C 250ı,

where for each 1 6 i 6 n, ai � Ai 2A, for all 1 6 i 6 n, bi � Bi 2 B, and for 2 6 i 6 n� 1, jbi j >ƒ

because A is a ƒ-separated collection. Assume also that n is minimal and 
 is subdivided in a way that
maximizes the sum of the lengths of the bi .

If i ¤ j , then Bi ¤ Bj because otherwise the subsegment bi : : : bj of 
 could be replaced by a single
geodesic segment in Bi � T=� contradicting minimality of n. By the maximality of the lengths of the bi
and the .3MC6RC2f .R/C21ı/-attractiveness of every B 2 B,

diam ai \N3ı.Bi /; diam ai \N3ı.Bi�1/6 5M C 39ı;

diam ai \N6ı.Bi�1/; diam ai \N6ı.Bi /6 5M C 57ı

because otherwise the interiors of the ai intersect either Bi or Bi�1 so that bi or bi�1, respectively, could
be made longer by convexity.

For the following arguments, recall the earlier convention that the endpoints of the ai , bi are labeled so
that ai D Œpi ; qi � and bi D Œqi ; piC1�.

Case (1) (
 D b1a2b2 : : : anbn and jb1j; jbnj> 37M C 250ı) By Theorem 5.6,

j
 0j> jb1jC
� nP
iD2

jai jC jbi j
�
� .n� 1/ � .68M C 628ı/:

Algebraic & Geometric Topology, Volume 25 (2025)



4472 Eduard Einstein

Since jbi j> 136M C 1256ı, for 26 i 6 n� 1 then

j
 0j> jb1jC
� nP
iD2

jai jC jbi j
�
� .n� 1/.68M C 628ı/

> 1
2

� nP
iD2

jai j
�
Cjb1jC

� n�1P
iD2

.jbi j � .68M C 628ı//
�
Cjbnj � .68M C 628ı/

> 1
2

� nP
iD2

jai j
�
C 2.37M C 250ı/C

� n�1P
iD2

.jbi j � .68M C 628ı//
�
C .68M C 628ı/

> 1
2

� nP
iD2

jai j
�
C
1
2

� nP
iD1

jbi j
�
� 128ı

> 1
2
j
 j � 128ı;

and hence 
 is a .2; 128ı/-quasigeodesic in �X in this case.

Case (2) (
 D a1b1a2b2 : : : bnanC1 where ja1j; janC1j ¤ 0) Since A is a ƒ-separated collection, the
path 
0 D b1a2b2 : : : bn satisfies the hypotheses of Theorem 5.6. Let 
 00 be the geodesic connecting the
endpoints of 
0. Then j
 00j> j
0j�n.68M C628ı/ by Theorem 5.6. By Theorem 5.6, 
 00 has a length at
least 100M C 2000ı-tail in N2ı.Bn/ at pnC1 and a 100M C 2000ı-tail at q1 in N2ı.B1/.

Let 
1 be the geodesic Œp1; pnC1�. Let 41 be the geodesic triangle with sides a1; 
 00 and 
1. The corner
length of 41 at q1 is at most 5M C 57ı because diam a1 \N5ı.B1/ 6 5M C 57ı and 
 00 has a long
tail at q1 in N2ı.B1/. Either 41 is ı-thin relative to B ¤ B1 so that the length of the fat part of 
 00
in 41 has length at most M because a long tail of 
 00 at q1 is contained in N2ı.B1/, or 41 is ı-thin
relative to B1 in which case the length of the fat part of a1 in 41 has length at most 5M C 57ı. Hence
there is a point z1 on 
1 so that d.z1; q1/6 10M C 116ı because 41 is ı-relatively thin. Therefore by
Lemma 5.13, j
1j> j
 00jC ja1j � .20M C 232ı/.

Next we want to show that 
1 has a long tail at piC1 in N2ı.Bn/. If41 is ı-thin relative to B1, the corner
length at q1 is at most 5M C 57ı, and the fat part of 
 00 in 41 can have an at most length-M intersection
with the at least 100M C2000ı-tail of 
 00 at piC1 that lies in N2ı.Bn/. On the other hand, if41 is ı-thin
relative to B ¤ B1, then the corner length of 41 at q1 is still at most 5M C 57ı and the long tail of 
 00
at q1 that lies in N2ı.B1/ forces the length of the fat part of 
 00 in 41 to be at most M . In both cases,
all but 6M C 57ı of the 100M C 2000ı-tail of 
 00 at pnC1 that lies in N2ı.Bn/ must lie in the corner
segment of 
 00 at pnC1. Hence an at least 94M C 1000ı-tail of 
1 at pnC1 must lie in N3ı.Bn/.

Let 42 be the triangle with sides 
1, an, 
 0. By imitating the argument for 41, there is a point z2 2 
 0

so that d.z2; pnC1/6 10M C 116ı. Hence by Lemma 5.13,

j
 0j> j
1jC janj � .20M C 232ı/

so that
j
 0j> ja0jC j
 00jC janj � .40M C 464ı/
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and, by the computation from the previous case,

j
 0j> ja0jC 1
2
j
0j � 128ıCjanj � .40M C 464ı/> 1

2
j
 j � 128ı� .40M C 464ı/

so that 
 is a .2; 40M C 592ı/-quasigeodesic in �X .

Case (3) (
 D a1b1 : : : anbn, ja1j ¤ 0 and jbnj> 37M C 250ı) Since A is a ƒ-separated collection,
the path 
0 D b1a2b2 : : : bn satisfies the hypotheses of Theorem 5.6. Let 
 00 be the geodesic connecting
the endpoints of 
0. Then j
 00j> j
0j � .n� 1/.68M C 628ı/ by Theorem 5.6. By an argument similar
to the one in the previous case,

j
 0j> j
 00jC ja1j � .20M C 232ı/

and by arguments similar to the ones above,

j
 0j> 1
2
j
 j � .20M C 360ı/

so in this case, 
 is a .2; 20MC360ı/-quasigeodesic in �X .

Case (4) (
 D a1b1 : : : anbn where ja1j ¤ 0, jbnj 6 37M C 250ı) By a previous case, the path
a1b1 : : : an is a .2; 40MC592ı/-quasigeodesic in �X . Hence 
 is a .2; 77MC1000ı/-quasigeodesic
in �X .

Case (5) (
 D b1 : : : anbn where jb1j; jbnj< 37M C 250ı) Applying the immediately preceding case
to a2b1 : : : anbn and the fact that jb1j6 37MC250ı implies that 
 is a .2; 114MC1250ı/-quasigeodesic
in �X .

Case (6) (
 D b1a2b2 : : : anbn, where jb1j < 37M C 250ı and jbnj > 37M C 250ı) By case (3),
a2b2 : : : anbn is a .2; 20MC360ı/-quasigeodesic. Thus 
 is a .2; 57MC510ı/-quasigeodesic because
jb1j< 37M C 250ı.

Now, assume T=� is path connected. Let T0 be the image of T=� in �X . Let x; y 2 T=�. Let �T ; �T0 ; �
be the geodesics connecting x and y in T=� , T0 and �X , respectively. Since T=� is path connected,
�T maps to a path in T0, j�T0 j6 j�T j. From the preceding, 1

2
j�T j � .114M C 1592ı/6 j�j. Combining

these inequalities,
1
2
j�T0 j � .114M C 1592ı/6 j�j6 j�T0 j;

making �T0 a .2; 114MC1592ı/-quasigeodesic.

Proposition 5.18 Under Hypotheses 5.16, any geodesic in T=� is not mapped to a loop in �X .

Proof Let 
 be a T=�-geodesic that maps to a loop in �X . If 
 � A 2A or 
 � B 2 B, then 
 cannot
map to a loop in A or a loop in B . Then 
 can be written as a piecewise geodesic of the form

b1a2b2 : : : anbn;

where bi � Bi 2 B and ai � Ai � A 2 A, jb1j; jbnj > 1
2
ƒ and jbi j > ƒ for all 1 6 i 6 n. Since

ƒ> 4.114M C 1592ı/, j
 j> 2.114M C 1592ı/. Since 
 maps to a .2; 114MC1592ı/-quasigeodesic
in �X , the distance between the endpoints of 
 must be positive, so 
 cannot map to a loop.
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6 The geometry of special cube complexes

6.1 Nonpositively curved cube complexes

A cube complex is a union of Euclidean cubes Œ0; 1�n of possibly varying dimensions glued isometrically
along faces. A nonpositively curved (NPC) cube complex is a cube complex such that the link of every
vertex is a flag simplicial complex. See [29] Section 2.1 for details.

In each cube Œ0; 1�n, fixing one coordinate at 1
2

makes a codimension-1 midcube. A hyperplane H is a
connected union of midcubes glued isometrically along faces so that the intersection of H with any cube
is either a codimension-1 midcube or empty. See Figure 7 for an example of an NPC cube complex and
the link of a vertex.

6.2 Special cube complexes and separability

A special cube complex is a type of NPC cube complex developed by Wise and others whose hyperplanes
are embedded, are 2-sided and avoid two other pathologies, see [29, Definition 4.2]. The important
properties of special cube complexes that will be used in the following are the embeddedness and 2-
sidedness of the hyperplanes and the fact that hyperplane subgroups of special cube complexes are
separable (see Proposition 6.3).

A group is special if it is the fundamental group of a special cube complex. By work of Haglund and
Wise [12], compact special groups embed into right angled Artin groups and are hence residually finite.
Recall that if G is a group and H is a subgroup, H is separable in G if it is the intersection of the finite
index subgroups containing H .

Passing to finite index subgroups is compatible with separability:

Figure 7: An example of an NPC cube complex (including a 3-cube) with its hyperplanes as well
as the link of the blue vertex shown in orange and enlarged on the right.
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Lemma 6.1 Let G be a group , let G0 be a finite index subgroup of G and let H 6 G. Then H is
separable in G if and only if H \G0 is separable in G0.

Theorem 6.2 (Scott’s criterion, [27]) Let X be a connected complex, G D �1X and H 6 G. Let
p WXH !X be the cover corresponding to H . The subgroup H is separable in G if and only if for every
compact subcomplex Y �XH , there exists an intermediate finite cover XH ! bX!X such that Y ,! bX .

Every finitely generated subgroup of a free group is separable. Likewise, special groups have an ample
supply of separable subgroups. For example, the hyperplane subgroups of a special cube complex are
separable:

Proposition 6.3 Let X be a virtually special compact and nonpositively curved cube complex. Let W be
a hyperplane of X . Then �1.W / is separable in �1.X/.

Proposition 6.3 follows from Haglund and Wise’s canonical completion and retraction (see [29, Construc-
tion 4.12] or [12, Corollary 6.7]).

6.3 Elevations and R-embeddings

This subsection builds up the technical tools and terminology used to obtain finite covers whose hyperplanes
elevate to sufficiently separated images in the universal cover.

The first step is to formalize the notion of an elevation:

Definition 6.4 Let W be a connected topological space and let � WW !Z be a continuous map. Let
p W bZ! Z be a covering map. There is a minimal covering yp W bW !W such that � ı yp lifts to a mapb� W bW ! bZ. The mapb� is an elevation of W to bZ.

Often, the map bW ! bZ will be implied and an elevation of � will instead refer to the image of some
elevation.

Elevations may not be unique: two elevations of the same map are distinct if they have different images.

When � W W ! Z is an inclusion map, then the distinct elevations of � are precisely the components
of p�1.W /.

Definition 6.5 Let X be a metric space, R > 0 and let Y � X be connected. Let p W XY ! X be the
covering space associated to �1.Y / so that the inclusion Y ,!X lifts canonically to XY . The subspace Y
is R-embedded in X if p is injective on NR.Y /�XY .

The following lemma is straightforward but will be important:
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Lemma 6.6 Let p W bX !X be a finite regular cover. If A is R-embedded in X , then each component of
p�1.A/ is R-embedded in bX .

The main application of hyperplane separability is to show that every compact virtually special cube
complex has a finite cover where every hyperplane is R-embedded.

Proposition 6.7 Let X be a compact nonpositively curved cube complex, and let V1; V2; : : : ; Vn be
hyperplanes of X so that �1Vi is separable in �1X . Given R> 0, then there exists a finite regular cover C
such that V1; : : : ; Vn � C are R-embedded in C .

If eW 1, eW 2 are distinct elevations of a hyperplane V of C to the universal cover �X , then d�X .fW1;fW2/>2R.

Proof For each hyperplane W of X , �1.W / is separable by Proposition 6.3. By Theorem 6.2, there
exists a finite covering yp W bX !X such that there is an embedding iW WNR.W / ,! bX .

Let zp W �X !X , pW W �XW !X and p W �X !XW be canonical covering maps so that zp D pW ıp. LeteW ! eW 1; eW ! eW 2 be distinct elevations of W to �X , and let �w1 2 eW 1 and �w2 2 eW 2.

Suppose toward a contradiction there exists a path 
 � �X with j
 j6 2R between eW 1 and eW 2. Let zx 2 

such that d.zx; eW 1/ < R and d.zx; eW 2/ < R.

There exists g 2 �1.X/ such that g � �w1 2 eW 2, and g … �1.W / because otherwise g � �w1 2 W1 \W2
in which case �w1 2 eW 2, but �w1 … eW 2. Now d.g � zx; eW 2/ 6 R. Since g … �1.W /, p.zx/ ¤ p.g � zx/.
By definition of an elevation, p.eW 2/ is contained in the image of an inclusion of W into XW . Also
p.zx/, p.g � zx/ lie in an R-neighborhood of the image of W in XW . However,

pW ıp.zx/D zp.zx/D zp.g � zx/D pW ıp.g � zx/

contradicting the fact that iW WNR.W / ,! bX is an embedding.

Suppose X has n hyperplanes. By passing to a finite cover if necessary, assume XW is regular. The
number of hyperplane orbits under deck transformations of XW is at most n, and every hyperplane in the
orbit of an elevation of W to XW is R-embedded. Therefore, performing this procedure at most n times,
will produce a finite cover C !X where every hyperplane is R-embedded.

Proposition 6.7 will be used later in Section 7 to make the elevations of a hyperplane a 2R-separated
family in the sense of Definition 5.15.

6.4 Convex cores

Specialness also plays a role in building a geometric representation of the peripheral structure. In the
hyperbolic case, Wise and others [11; 25] (see also [12, Proposition 7.2]) proved that quasiconvex
subgroups of virtually special groups have “convex cores” in the CAT.0/ universal cover. This fact and
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canonical completion and retraction can be used to show that hyperbolic special groups are QCERF or
quasiconvex extended residually finite [12, Theorem 1.3] meaning that if G is hyperbolic and special,
then every quasiconvex subgroup of G is separable.

A similar result exists in the relatively hyperbolic case. One might imagine that replacing the quasiconvex
subgroup H by a relatively quasiconvex subgroup might yield a generalization; however, some care is
required. In particular, a subgroup may stabilize a quasiconvex subset of a CAT(0) cube complex but may
fail to stabilize a convex proper subcomplex, see Example 6.9.

Definition 6.8 If �X is a CAT(0) cube complex and eY � �X , the cubical convex hull of eY is the smallest
convex subcomplex of �X containing eY .

Example 6.9 Take the standard action of Z2 D h.1; 0/; .0; 1/i on R2 by translation. The diagonal
D WD f.r; r/ W r 2 Rg is a subspace stabilized by L WD h.1; 1/i 6 Z2. The subgroup L is .2; 0/-quasi-
isometrically embedded in the given presentation of Z2, but the cubical convex hull of D is all of R2.

Full relatively quasiconvex subgroups eliminate these pathologies:

Definition 6.10 [26, Section 4] Let .G;P/ be a relatively hyperbolic group pair and letH be a relatively
quasiconvex subgroup of G. The subgroup H is a full relatively quasiconvex subgroup of G if for each
g 2G and P 2 P , either gPg�1\H is finite or gPg�1\H is finite index in gPg�1.

Theorem 6.11 [26, Theorem 1.1] Let X be a compact nonpositively curved cube complex with
G D �1.X/ hyperbolic relative to subgroups P1; : : : ; Pn. Let �X be the CAT.0/ universal cover of X .
If H is a full relatively quasiconvex subgroup of G, then for any compact U � �X , then there exists an
H -cocompact convex subcomplex eY � �X with U � eY .

By Proposition 2.15, if .G;P/ is a relatively hyperbolic group pair, the elements of P and their conjugates
are relatively quasiconvex. By Proposition 2.2, the elements of P and their conjugates are full relatively
quasiconvex. Therefore:

Lemma 6.12 Let X be a nonpositively curved cube complex with CAT.0/ universal cover �X and
G WD �1.X/. Let .G;P/ be a relatively hyperbolic pair. Let x 2 �X be a base point in the universal cover.
For each P 2 P , there exists a Z0.P; x/ such that Z0.P; x/ is a P -cocompact convex subcomplex of �X
containing x.

It follows immediately that there exists a Q > 0 such that the cubical convex hull of Px is contained
in NQ.Px/.
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7 A malnormal quasiconvex fully P-elliptic hierarchy

For the following section, let X be a compact nonpositively curved cube complex with CAT.0/ universal
cover �X and G D �1.X/ hyperbolic relative to subgroups P WD fP1; : : : ; Png. Fix a base point x 2 �X .
By Lemma 6.12, there is a convex subcomplex zZ0P;x that is a P -cocompact convex subcomplex of �X
containing Px.

Let B0 WD fg zZ0P;x W g 2G; P 2 Pg. By Proposition 4.6, there exists f0 WR>0!R>0 and ı > 2 so that
.�X;B0/ is a .ı�2; f0/-relatively hyperbolic pair.

Let zZP;x DN2ı. zZ0P;x/. Theorem 6.11 implies that the collection B0 D fg zZP;x W g 2 G; P 2 Pg is a
thickening of B0. Proposition 4.4 implies there exists f 0 W R>0! R>0 so that .�X;B0/ is a .ı�2; f 0/-
CAT.0/ relatively hyperbolic pair. We also define f W R>0 ! R>0 where f .r/ D f 0.r C 2/. The
function f will be useful later when we carry out the augmentation construction defined in Section 7.1.

To maintain consistency with previous notation, we will use the notationM D f .6ı/ throughout Section 7.
Proposition 5.3 implies:

Proposition 7.1 For every g 2G, g zZP;x is .3MC6RC21ı/-attractive in the sense of Definition 5.1.

7.1 Superconvexity, peripheral complexes and augmented complexes

Here we will prove that bi-infinite geodesics contained in a bounded neighborhood of zZP;x actually lie
in zZP;x .

Definition 7.2 Let X be a nonpositively curved cube complex and let � WZ!X be a local isometry.
The map � is superconvex if for any elevatione� W zZ ,! �X of Z to the universal cover �X of X and any
bi-infinite geodesic 
 in �X such 
 lies in a bounded neighborhood of (thee� image of) zZ in �X , then 
 is
contained (in thee� image of) zZ.

If the immersion � WZ!X is superconvex, then Z is said to be superconvex in X (with respect to �).

Since zZP;x is a P -cocompact convex subcomplex of �X , the quotient ZP;x WDP n zZP;x is a cube complex
and there is a natural local isometry �P;x WZP;x!X that carries ZP;x to the image of Gn zZP;x in X .

Proposition 7.3 �P;x is superconvex.

Proof Suppose 
 is a bi-infinite geodesic contained in NR. zZP;x/ and p 2 
 . There exist s1; s2 2 
 so
that p 2 Œs1; s2� and d.si ; p/ > 3M C6RC21ı. Hence by Proposition 7.1 there exist points t1; t2 so that
t1 2 Œs1; p� and t2 2 Œp; s2� so that t1; t2 2 zZP;x . Therefore by convexity p 2 zZP;x . Hence 
 � zZP;x .

The complexesZP;x are called peripheral complexes. There is a convenient way to upgrade the immersion
to an embedding:
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Definition 7.4 Let X be a nonpositively curved cube complex with CAT.0/ universal cover �X and
G WD �1.X/. Let .G;P/ be a relatively hyperbolic group pair. Let Z WD

F
P2P ZP;x , and let ˆ WZ!X

be the map so that ˆjZP;x D �P;x . The augmented cube complex for the pair .X;ˆ/ is the complex

C.X;ˆ/ WDX [
� F
P2P

ZP;x � Œ0; 1�
�
=.ZP;x � f1g/� �P;x.ZP;x/;

consisting of the mapping cylinders of the �P;x identified along X .

The hyperplanes ZP;x� 12 are called peripheral hyperplanes while the remaining hyperplanes of C.X;ˆ/
are nonperipheral. Note that the nonperipheral hyperplanes of C.X;ˆ/ are in one-to-one correspondence
with the hyperplanes of X . Since �1X Š �1.C.X;ˆ//, a (virtual) hierarchy for �1.C.X;ˆ// determines
a (virtual) hierarchy of �1X .

Proposition 7.5 Let C.X;ˆ/ be the augmented cube complex for the pair .X;Z/ as in Definition 7.4.
If X is virtually special and W is a nonperipheral hyperplane of C.X;ˆ/, then �1W is separable in
�1C.X;ˆ/Š �1X .

Sketch The natural homotopy equivalence between C.X;ˆ/ and X that induces �1C.X;ˆ/Š �1.X/
brings nonperipheral hyperplanes of C.X;ˆ/ to hyperplanes of X . Therefore, W is homotopy equivalent
to a hyperplane V of X and �1V Š �1W is separable in �1X (recall Proposition 6.3).

Technically, the definition of C.X;ˆ/ depends on the base point, but since the following results are given
up to conjugacy, there is no need to keep track of base points.

Proposition 7.6 Let C.X;ˆ/ be the augmented cube complex for .X;Z/ described in Definition 7.4.
Let eC be the universal cover of C.X;ˆ/. Let B be the collection of (images of ) elevations of (images of )
ZP;x � Œ0; 1� in C.X;ˆ/ to eC .

(1) Each B 2 B is closed and convex.

(2) .eC ;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair.

(3) Every B 2 B is .3MC6RC2f .R/C21ı/-attractive (recall Definition 5.1).

Proof The universal cover �X of X embeds as a closed convex subset of eC so that each B 2 B intersects�X in some zZP;x . Since B intersects �X in a closed convex subspace, B is closed and convex in eC .

Every geodesic triangle in eC is Hausdorff distance 1 from a geodesic triangle in �X . Since triangles
in �X are .ı�2/-thin relative to translates of zZP;x , triangles in eC are ı thin relative to B. For every
B1; B2 in B with B1¤B2, Nt .B1/\Nt .B2/ is distance at most 1 from the intersection of g1Nt . zZP1;x/
and g2Nt . zZP2;x/ in �X for some g1; g2 2G and P1; P2 2 P , so the fact that �X is a .ı�2; f 0/-CAT.0/
relatively hyperbolic pair implies that .eC ;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair.
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Figure 8: The figure-8 loop on the left whose two hyperplanes are the two edge midpoints and
the double dot cover of the figure-8 loop on the right.

Let 
 be a geodesic in eC with endpoints in NR.B/ for some B 2 B. Since �X is CAT.0/ and B is convex,

 � NR.B/. Then 
 is either contained in B 0 for some B 0 2 B in which case j
 j 6 f .R/ or 
 has a
subpath � whose endpoints in �X are at most f .R/ from the endpoints of 
 . Therefore j� j> j
 j�2f .R/.
There is some g 2G and P 2 P so that g zZP;x D B \ �X . If the length of � is at least 3M C 6RC 21ı,
then �\g zZP;x ¤¿ by Proposition 7.1. Therefore, if the length of 
 is at least 3MC6RC2f .R/C21ı,
¿¤ 
 \g zZP;x � 
 \B .

7.2 The double dot hierarchy

The construction of a hierarchy will use a finite cover called the double dot cover whose construction is
originally due to Wise [30, Construction 9.1]. This treatment of the double dot cover is similar to the one
in [3, Section 5].

Definition 7.7 [30, Construction 9.1] Let X be a cube complex, let W � X be a hyperplane of X .
Let 
 be a based loop and let Œ
� 2 �1X . Then Œ
� has a well-defined (mod 2) intersection number
with W . Let W be the set of embedded, 2-sided, nonseparating hyperplanes of X . For each W 2W let
iW W �1X ! Z=2Z be the algebraic intersection map and define

‰ W �1X !
M
W 2W

Z=2Z; ‰ D
M
W 2W

iW :

The double dot cover of X is the cover corresponding to the subgroup ker‰ 6 �1X .

The double dot cover of a cube complex is usually a high-degree cover. Therefore, constructing examples
can be quite difficult. Fortunately, the double dot cover of a rose with 2 petals is easy to construct:

Example 7.8 See Figure 8 for the double dot cover of the figure-8 loop.

An important feature of the double dot cover is that the cover is taken over nonseparating hyperplanes.
This serves two purposes: first, making sure that double dot cover is not trivial and second, making sure
that the double dot hierarchy constructed later has nontrivial splittings. There is a way to obtain a complex
where every hyperplane is nonseparating:
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Theorem 7.9 [6, Proposition 2.12] LetX be a compact special NPC cube complex. ThenX is homotopy
equivalent to a compact special NPC cube complex whose hyperplanes are all nonseparating.

Let X be a special cube complex with finitely many hyperplanes W WD fW1; : : : ; Wng where every
hyperplane is nonseparating and let RpX W RX!X be the double dot cover of X . The hyperplanes of RX are
elevations of hyperplanes ofX , and they divide RX in a natural way. Let x2 RXn

S
Rp�1X .W/ be a base vertex.

Each component of RXn
S
Rp�1X .W/ contains a lift of RpX .x/ because the hyperplanes ofX are nonseparating.

There is only one lift of RpX .x/ which lies in each component of RX n
S
Rp�1X .W/ because otherwise there

is path � between two points of Rp�1X .x/ that does not cross Rp�1X .W/. The path � must project to a loop
that represents a nonidentity element of �1.X/nker‰ but does not cross any W 2W which is impossible.

Since ker‰ is normal, �1X= ker‰ acts by deck transformations on RX . This action induces a free and tran-
sitive action on Rp�1X .x/. Since each component of RX n

S
Rp�1X .W/ contains exactly one element of Rp�1X .x/,

we can label each of the components of RX n
S
Rp�1X .W/ by an element of �1X= ker‰ Š

L
W 2W Z=2Z.

With data specified below in Hypotheses 7.10, we will use the labels for components of RX n
S
Rp�1X .W/

to construct a double dot hierarchy of spaces for the double dot cover RC of C . When the data in
Hypotheses 7.10 satisfy certain criteria discussed in Section 7.3, the double dot hierarchy gives rise to
a quasiconvex and fully P-elliptic hierarchy of groups for �1. RC/ which is isomorphic to a finite index
subgroup of �1X . Passing to a particular finite cover will produce an induced hierarchy that is also
malnormal. The next several paragraphs outline the construction of the double dot hierarchy as it is
presented in [3, Section 5].

We now establish some baseline hypotheses for the remainder of Section 7.2.

Hypotheses 7.10 Let X be a compact special NPC cube complex so that:

� The hyperplanes of X are nonseparating.

� There exist a disjoint union Z WD
Fn
iD1Zi of NPC cube complexes together with a local isometric

immersion ˆ W Z!X .

� Let C be the augmented cube complex C.X;ˆ/ and let p W RC ! C be its double dot cover.

� Let W be the nonperipheral hyperplanes of C and choose an ordering of the elements of W so that
they are W1; W2; : : : ; Wn.

� Additionally, C is a mapping cylinder for the map ˆ, so we can view Z as an embedded subspace
of C . In the language of Definition 7.4, Z is the image of

Fn
iD1Zi � f0g in C .

� Let RZ D p�1.Z/ be the preimage of Z � C under the double dot covering map.

� Fix a base vertex.
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Each component of RC np�1
�S

W
�

is labeled (relative to the base vertex) by a vector Ot 2
Ln
iD1Z=2Z.

For each 16 i 6 n, let Wi be the first i hyperplanes and let Mi D
Li
1Z=2Z. Then the complementary

components of
S

Wi are labeled by elements of Mi . For each Ot 2Mi , let KOt be the closure of the part
labeled by Ot .

For each Ot 2Mi , a Ot-vertex space at level n� i C 1 is a component of KOt [ RZ that intersects KOt . In the
construction of the double dot hierarchy, the Ot-vertex spaces at level n� i C 1 specify all of the vertex
spaces at each level, but the actual graph of spaces structure at each level must be described.

If A is the closure of a component of p�1.Wi /n
S
j<i p

�1.Wj /, then A is called a partly cut-up elevation
of Wi . The double dot hierarchy is constructed by cutting along an elevation of a hyperplane Wi to RC
and any elements of RZ that intersect Wi , but the elevation of the hyperplane Wi may have already been
cut by one of the other hyperplane elevations of Wj with j < i .

By construction, any two Ot-vertex spaces at level n� i C 1 are either disjoint or intersect in a union of
components of RZ and disjoint partly cut-up elevations of Wi .

Now it is time to construct the graph of spaces structures at each level. Let Ot 2Mi and let V be the
corresponding Ot -vertex space at level n� iC1. Consider the canonical projection � WMiC1!Mi . Let OtC

and Ot� be the preimages of Ot under � . Let V C and V � be the collections of complementary components
of V n p�1

�S
WiC1

�
labeled by OtC and Ot�, respectively. Then V D V C [ V � and the components

in V C, V � will serve as the vertex spaces in the graph of spaces decomposition of V in this hierarchy.

The edge spaces are components of V C\V �. The attaching maps are the inclusion maps of edge spaces
into vertex spaces while the realization is provided by a homotopy equivalence collapsing the mapping
cylinders of the edge spaces onto the images of the edge spaces.

Let Ot 2Mn. Then the components of the Ot -vertex spaces are the vertex spaces of level 1 of the hierarchy,
so the terminal spaces of the hierarchy are precisely these spaces.

Definition 7.11 The hierarchy H constructed in the preceding paragraphs with vertex spaces is called
the double dot hierarchy for the pair .X;Z/.

The double dot hierarchy actually depends on an ordering on the hyperplanes, but the applications that
follow only need an existence of a hierarchy given some local isometric immersion Z ! X , so this
complication will be henceforth ignored.

A version of the double dot hierarchy exists for general NPC cube complexes, see [3, Section 5.2];
however, the double dot hierarchy may fail to be faithful and even if it is faithful, the hierarchy may fail to
be quasiconvex or malnormal. Also, the terminal spaces may not be useful. However, when hyperplanes
are embedded, nonseparating and two-sided, the terminal spaces are easy to understand:

Algebraic & Geometric Topology, Volume 25 (2025)



Hierarchies for relatively hyperbolic virtually special groups 4483

Lemma 7.12 [3, Lemma 5.5] Assume Hypotheses 7.10. If Y is a terminal space of the double dot
hierarchy for .X;Z/, then Y has a graph of spaces structure .�; �/ such that

(1) � is bipartite with vertex set V.Y /D V.Y /C tV.Y /�,

(2) if v 2 V.Y /C, �.v/ is contractible ,

(3) if v 2 V.Y /�, �.v/ is a component of RZ and

(4) every edge space is contractible.

Corollary 7.13 Under Hypotheses 7.10, the fundamental group of a terminal space of the double dot
hierarchy is a free product of the form

�¨p
iD1Gi

�
�F where F is a finitely generated free group and , for

all 16 i 6 p, Gi WD �1.Zi / where Zi is a component of Z .

7.3 A fully P-elliptic malnormal quasiconvex hierarchy

Hypotheses 7.14 We set some basic hypotheses and notation for Section 7.3:

(1) Let X0 be an NPC compact special cube complex.

(2) Let X be an NPC compact special cube complex that is homotopy equivalent to X so that the
hyperplanes of X are all nonseparating (the existence of X follows from Theorem 7.9).

(3) Let �X be the universal cover of X with base point x 2 �X that does not lie in any hyperplane.

(4) Let G WD �1X Š �1X0 and suppose that .G;P/ is a relatively hyperbolic group pair.

(5) For each P 2P , let �P;x WZP!X be the superconvex local isometric immersions and let ZD
F
ZP

that arise as a consequence of Proposition 7.3. Let ˆ W Z!X be the map that restricts to �P;x on ZP .

(6) Let C1 D C.X;ˆ/ be the augmented cube complex for .X;ˆ/ (recall Definition 7.4), and let eC be
its universal cover.

(7) Viewing C1 as a mapping cylinder of ˆ, ˆ gives rise to a natural embedding Z ,! C1. We call the
components ZP � f0g of the image of ˆ peripheral spaces.

By strategically passing to finite covers and building the double dot hierarchy, we will produce a faithful,
quasiconvex and fully P-elliptic virtual hierarchy for �1X .

Lemma 7.15 (see [3, Lemma 5.18]) Let C 0 be a finite regular cover of C1.

(1) There exists a finite cover X 0 of X with G0 WD �1X 0 and a superconvex local isometric immersion
ˆ0 W Z 0 ! X 0 such that .G0;P 0/ is the induced relatively hyperbolic group pair (see Proposition 2.13)
and C 0 is the augmented cube complex of the pair .X 0;Z 0/. The components of Z 0 have fundamental
group isomorphic to elements of P 0 and for each component Z of Z 0, the image of �1Z is conjugate to
an element of P 0 in G0.

(2) Every nonperipheral hyperplane of C 0 is nonseparating.
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Notation 7.16 (1) Let B be the collection of elevations of ZP � Œ0; 1� (as determined by the map-
ping �P;x) to eC . Let eZ be the union of the elements of B in eC .

(2) Recall from Proposition 7.6 that there exist .ı; f / so that .eC ;B/ is a .ı; f /-CAT.0/ relatively
hyperbolic pair.

(3) Let M D f .6ı/, let �D 4 and � D 10000.M C ıC 1/.

(4) Proposition 7.6 also implies that every B 2 B is .3MC6RC2f .R/C21ı/-attractive.

(5) Set Lrftp so that every pair of .�; �/-quasigeodesics in eC .Lrftp; Lrftp/-fellow travel relative to B
(recall Definition 4.5 and Theorem 4.7).

(6) Let Rrftp D �
�
�.3f .Lrftp/C �C 2Lrftp/C �

�
C 2f .Lrftp/.

(7) Let R0 >maxf4;Rrftp; 500M C 10000ıg.

Observation 7.17 The constants established in items (2) and (4) of Notation 7.16 ensure that the
pair .eC ;B/ satisfies Hypotheses 5.5.

Using Propositions 6.7 and 7.5, let C2 be a finite regular cover of C1 such that every nonperipheral
hyperplane of C2 is R0-embedded and nonseparating. Then C2 is the augmented cube complex of a
pair .X2;Z 00/ whereX2 is a finite cover ofX by Lemma 7.15. Recall that �X naturally embeds in eC , which
is also the universal cover of C2. Let G2 D �1.C2/ and let .G2;P 00/ be the induced peripheral structure.

Let c W RC2 ! C2 be the double dot cover of C2. Let . RG2; RP 00/ be the induced peripheral structure
on RG2 WD �1 RC2. The next few statements will show that the double dot hierarchy on RC2 is faithful,
quasiconvex and fully RP 00-elliptic hierarchy for �1 RC2. Passing to a finite regular cover will later yield a
hierarchy which is also malnormal.

By Lemma 7.15, RC2 is an augmented cube complex with respect to a pair . RX2; RZ2/ where RZ2 consists of
components of c�1.Z 00/. Let E be an edge space of the double dot hierarchy on RC2. Then E is a union
of partly cut-up elevations of a hyperplane of C2 and elements of RZ2.

Recall that .eC ;B/ is a .ı; f /-CAT.0/ relatively hyperbolic pair. Let zE be an elevation of E to eC . There
exist AE and BE so that AE is a collection of elevations to eC of convex partly cut-up hyperplane
elevations of W and BE is a collection of elevations of the peripheral spaces (recall Hypotheses 7.14(7))
to eC so that zE is the union of the elements of AE and BE .

Each element BE 2 BE is an elevation of a peripheral space. While BE is not an element of B,
there is a unique B 0E 2 B containing BE . In particular, B 0E is the 1-neighborhood of BE in eC . Let
B0E DfB 2B WBE �B for some BE 2BE g be the collection of elevations of the ZP � Œ0; 1� to eC whose
intersection with �X is some BE 2 BE . See Figure 9. Let zE 0 be the image of

�F
AE

�
t
�F

B0E
�

in eC .

By Observation 7.17, the R0-embeddedness of the hyperplane W and the construction of zE 0 imply:
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eX : : :

B 0E

BE

Figure 9: A schematic diagram showing the relationship between BE , B 0E and their attachment
to �X . The closure of the shaded region is B 0E .

Proposition 7.18 The subspace zE 0 � eC is a subspace of the form specified by Hypotheses 5.16.

Proof Observation 7.17 ensures .�X;B/ satisfies Hypotheses 5.5.

Recall that C2 has hyperplanes that are R0-embedded (recall R0 from Notation 7.16(7)), and recall that
R0-embeddedness of hyperplanes is preserved by finite covers (Lemma 6.6). Therefore, for all distinct
pairs of A1; A2 2 AE , d.A1; A2/ > 2R0, and R0 is large enough to provide the separation between
elements of AE required by Hypotheses 5.16.

By construction, B0E � B, and zE 0 is glued together from elements of AE and B0E as required.

Proposition 7.19 Let E be an edge space of the double dot hierarchy on RC2. Then the map E! RC2 is
�1-injective.

Proof Suppose not toward a contradiction. Then there exists a loop 
 in E such that 
 is essential in E
but has trivial image in �1. RC2/. Since 
 is �1 trivial in �1. RC2/, 
 elevates to a loop z
 � zE in eC . Since
zE is homotopy equivalent to zE 0, there is a loop 
 0 in RC2 that is the image of a geodesic in zE 0. Since zE 0

is the image of
�F

AE
�
t
�F

B0E
�

in eC , z
 0 cannot be a loop by Proposition 5.18.

The next step is to prove that the double dot hierarchy on RC2 is quasiconvex:

Proposition 7.20 Recall �, � from Notation 7.16. If E is an edge space of the double dot hierarchy on
RC2 and zE is the universal cover of E, then any elevation zE ,! eC of E to eC is a .�; �/-quasi-isometric

embedding.
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Proof Let 
 be a geodesic in zE and let 
 0 be a geodesic with the same endpoints in fE 0. Let 
 00 be a
geodesic in eC with the same endpoints as 
 . Proposition 7.18 implies we can use Proposition 5.17, which
implies that 
 0 is a .2; 114MC1592ı/-quasigeodesic in eC . Let n be the smallest number so that 
 0 can
be written as a1b1 : : : bnanC1 where

(1) ai can be a point if i D 1 or i D nC 1,

(2) otherwise ai is geodesic in some Ai 2AE , and

(3) bi is geodesic in some B 0i 2 B
0
E .

The endpoints of each bi lie in zE because every Ai � zE and 
; 
 0 have the same endpoints. Thus each bi
can be replaced by a path of length jbi j C 2 that lies entirely in zE. It is therefore possible to produce
a path in zE between the endpoints of 
 whose length is at most j
 0j C 2n, so j
 j 6 j
 0j C 2n. Further,
jbi j>R0 > 4 for 1 < i < n because the Ai are R0-separated, so we have that j
 j> 4n�8 which implies

(4) 2n6 1
2
j
 jC 4:

Therefore
j
 00j> 1

2
j
 0j � .114M C 1592ı/

> 1
2
.j
 j � 2n/� .114M C 1592ı/

> 1
2

�
1
2
j
 j � 4

�
� .114M C 1592ı/

> 1
4
j
 j � .114M C 1592ıC 2/;

where the third line follows from the second by the estimate in (4). Hence 
 is a .4; 114MC1592ıC2/-
quasigeodesic in eC .

Propositions 7.19 and 7.20 together yield the following:

Corollary 7.21 The double dot hierarchy induced on �1 RC2 is faithful and quasiconvex.

The next step is to prove that the double dot hierarchy on RC2 is fully RP 00-elliptic. Definition 7.22 introduces
geometric terminology for the situation where a subgroup of a relatively hyperbolic group pair .G;P/
contains an element g conjugate into a peripheral subgroupP such that no positive power of g lies inE\P .

Definition 7.22 Let Y be a locally convex subspace of RC2. Let E � RC2. The subspace E has an
accidental Y -loop if there exists a homotopically essential loop, 
 , which is both freely homotopic to a
geodesic loop in Y and has no positive power homotopic in E to a geodesic loop in Y .

The next few statements will show that the edge spaces of the double dot hierarchy for RC2 have no
accidental RZ 00-loops. This will imply the hierarchy is fully RP 00-elliptic. Elevations of partly cut-up
hyperplanes do not have accidental RZ 00-loops:
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Lemma 7.23 [3, Lemma 5.15] Let .X;Z/ be a superconvex pair where each component of Z is
embedded and let C be the corresponding augmented cube complex. For n > 1, let fW1; : : : ; Wng
be a collection of embedded , 2-sided , nonseparating hyperplanes of C . Let Q be a component of
Wn n

S
i<nWi . Then Q has no accidental Z-loops.

Proposition 7.24 Let E be an edge space of the double dot hierarchy for RC2. Then E has no accidental
RZ 00-loops.

Proof Recall that E is a union of a partly cut-up hyperplane elevations and components of RZ 00 that
intersect these elevations. Let Q be one of the partly cut-up hyperplane elevations. By Lemma 7.23,
Q has no accidental RZ 00-loops.

Suppose there exists a RC2-essential loop 
 in E such that 
 is freely homotopic in RC2 into RZ 00. Then a
representative of the homotopy class of 
 lifts to a bi-infinite zE-geodesic y
 where zE is an elevation of E
to eC , and a representative of the homotopy class of 
 lifts to a bi-infinite eC -geodesic �� zZ, an elevation
of a component of RZ 00 and there exists R > 0 so that y
 �NR.�/.

Since y
 is a zE-geodesic, y
 is a .�; �/-quasigeodesic in eC by Proposition 7.20.

Let y
0 be a subsegment of y
 with jy
0j D j
 j (eg take y
0 to be the subsegment between two consecutive
lifts of a point of 
 to y
). If y
0 � zZ0 where zZ0 is an elevation of a component of RZ 00, then y
 � zZ0 and
y
 is geodesic in eC . Then zZ D zZ0 because diamNR. zZ/\NR. zZ0/ D1 in which case 
 was not an
accidental RZ 00-loop.

On the other hand, if y
0 � eQ where eQ is some elevation of Q to eC , then Q has an accidental RZ 00-loop,
contradicting the fact that there are no such accidental Z-loops.

Therefore, there exist subsegments of y
 of the form 
m D am;1bm;1am;2bm;2 : : : am;kmbm;km such thatS1
1 
m D y
 , j
mj !1 and km!1 as m!1, am;i lies in an elevation eQi of Q to eC , bm;i � zZm;i

where zZm;i is an elevation of a component of RZ 00 to eC , and if i ¤ j , bm;i � zZi and bm;j � zZj ¤ zZi
(otherwise, by convexity of Zi , 
m could be written as a concatenation of fewer geodesic segments).
Recall that Q is R0-embedded, so for all m; i , jbm;i j>R0.

By construction there is a unique B 2B so that zZ�B . Let �m be the eC -geodesic connecting the endpoints
of 
m. Since �m �NR.B/ and B is .3MC6RC2f .R/C9ı/-attractive, all but .3MC6RC2f .R/C9ı/-
tails of the endpoints of �m lie in B . Therefore, there exists a subsegment �Bm � �m \ B so that
j�Bm j> j�mj � 2.3M C 6RC 2f .R/C 9ı/.

Recall that all .�; �/-quasigeodesics with the same endpoints .Lrftp; Lrftp/-fellow travel relative to B.
There exists a unique Bm;i 2 B containing zZm;i , so bm;i � Bm;i . Then for B 2 B with B ¤ Bm;i ,
diam bm;i \NLrftp.B/6 f .Lrftp/. Since �m and 
m relatively fellow travel, either

� there exist points p�m;i and pCm;i on bm;i � 
m that are at most f .Lrftp/ from the endpoints of bm;i
and are distance Lrftp from �m or
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� there exist p�m;i ; p
C
m;i on 
m so that p�m;i ; p

C
m;i are distance at most Lrftp from points in �m that lie

in NLrftp.Bm;i / and the interval of 
m between p�m;i and pCm;i contains all of bm;i except for a length at
most 2.f .Lrftp// subsegment of bm;i .

Indeed, any subsegment bm;i that lies in NLrftp.B/ for anyB 2B withB¤Bm;i has length at most f .Lrftp/.
In either case since 
m is .�; �/-quasigeodesic, there exists a length 1

�

�
1
�

�
R0�2.f .Lrftp//

�
��
�
���2Lrftp

subsegment of �m that lies in NLrftp.Bm;i /. As m!1, j�mj !1 while

j�mj � j�
B
m j6 2.3M C 6RC 2f .R/C 9ı/;

which does not depend on m. Therefore, for m� 0, there are at least two i such that �Bm has a length

1

�

�
1

�

�
R0� 2.f .Lrftp//

�
� �

�
� �� 2Lrftp > 3f .Lrftp/

subsegment lying in NLrftp.Bm;i /\NLrftp.B/ (recall R0 was chosen in Notation 7.16). Since the Bm;i
are pairwise distinct, we obtain a contradiction. Therefore, 
 cannot be an accidental RZ00-loop.

Corollary 7.25 The double dot hierarchy on RC2 is fully RP 00-elliptic.

Faithfulness, quasiconvexity and full P-ellipticity are preserved by taking the induced hierarchy of a
finite regular cover of RC2. The final step is to show that there exists a finite cover of RC2 whose induced
hierarchy is also a malnormal hierarchy.

The following lemma is straightforward:

Lemma 7.26 Suppose H 6 G and G0 is a finite index subgroup of G and let H0 DH \G0. If H is
malnormal in G, then H0 is malnormal in H .

The following is a special case of [26, Corollary 6.4]:

Proposition 7.27 Let G be the fundamental group of a relatively hyperbolic special compact NPC cube
complex, and let H 6G be full relatively quasiconvex. Then H is separable in G.

Proposition 7.28 (Hruska–Wise [18, Theorem 9.3]) IfG is relatively hyperbolic andH 6G is relatively
quasiconvex and separable , then there exists a finite index subgroup K0 6G containing H such that for
every g 2K0 nH either gHg�1\H is finite or gHg�1\H is parabolic in K.

Proposition 7.29 If G is relatively hyperbolic and H 6G is full relatively quasiconvex, there is a finite
index subgroup K 6G containing H such that H is almost malnormal in G.

Proof We first prove the following claim: If H 6G is full relatively quasiconvex, then there are only
finitely many double cosets of the form HgH so that H \Hg is infinite and parabolic.

Algebraic & Geometric Topology, Volume 25 (2025)



Hierarchies for relatively hyperbolic virtually special groups 4489

Let D be the induced peripheral structure on H . If H \Hg is infinite parabolic, then fullness implies
there are Q1;Q2 6 H that are maximal parabolic in H so that H \Hg is finite index in Q1 \Q

g
2 .

Then there exist D1;D2 2 D and h1; h2 2H so that Q1 DD
h1
1 and Q2 DD

h2
2 . It is easy to verify that

if g0 D h�11 gh2, then

(1) g0 2HgH ,

(2) HgH DHg0H , and

(3) H \Hg0 6D1\D
g0
2 .

In other words, given a double coset HgH so that H \Hg is infinite parabolic, we may assume that g
is chosen so that there are maximal parabolic D1;D2 6H so that H \Hg 6D1\D

g
2 .

Since D is finite, it suffices to show that for any D1;D2 2 D (D1;D2 need not be distinct) there are
finitely many double cosets of the form HgH so that H \Hg is infinite and H \Hg �D1\D

g
2 .

Now supposeHg1H is another double coset so thatH \Hg1 is an infinite subgroup ofD1\D
g
2 . We see

that Dg
�1

1 and D
g�11
1 have infinite intersection with D2 and are therefore finite index in D2 by fullness,

so Dg
�1

1 \D
g�11
1 is infinite and hence D1\D

gg�11
1 is infinite. Let P be the maximal parabolic subgroup

of G containing D1. The fullness of H implies that D1 is finite index in P . Therefore, P \P gg
�1
1

is infinite, so gg�11 2 P . There are finitely many left cosets t1D1; t2D1; : : : ; t`D1 of D1 in P . Hence
gg�11 D tid for some d 2D1 6H and 16 i 6 ` which means g�11 D g

�1tid , so Hg�11 H DHg�1tiH .
There are only finitely many choices for ti , proving the claim.

Proposition 7.28 implies that if we first pass to a finite index K0 6G containing H , we can ensure that if
g 2K0 nH and H \Hg is not finite, it is infinite parabolic. By the preceding, there is a finite collection
of double cosets Hk1H; : : : ;HkmH so that g 2 HkiH for some 1 6 i 6 m. Note all ki … H . The
separability of H implies that we can choose a finite index K 6K0 containing H so that k1; : : : ; km …K.
Then HkiH \K D¿ because H 6K. By the preceding, there exists no k 2K such that H \Hk is
infinite parabolic, so H \Hk is finite for all k 2K.

Corollary 7.30 is based on [3, Corollary 3.29]. Corollary 7.30 follows immediately from the two preceding
statements and the fact that when G is virtually special, G is linear and hence virtually torsion free.

Corollary 7.30 If G is hyperbolic relative to P and special , and H 6G is full relatively quasiconvex ,
then H is virtually malnormal.

Theorem 7.31 Let G be special , virtually torsion-free and let .G;P/ be a relatively hyperbolic group
pair. Let H be a fully P-elliptic quasiconvex hierarchy for G. Then there exists a finite index normal
subgroup G0 6G with induced fully P-elliptic quasiconvex hierarchy H0 of G0 which is malnormal and
fully P-elliptic.

The proof here is nearly the same as in [3, Theorem 3.30].
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Proof Because H is fully P-elliptic, the edge subgroups are full. Since there are finitely many edge
groups, by Corollary 7.30, there exists some G0 such that for every edge group E of H, E \G0 is
malnormal in G0. By passing to a deeper finite index subgroup, we may insist that G0 is normal. Since
G0 is normal, conjugation by g 2G is an automorphism of G0, so in particular, these edge groups E\G0
are malnormal in G.

At last, it is time to prove Theorem 1.

Theorem 1 Let .G;P/ be a relatively hyperbolic group pair and let G be a virtually compact special
group. Then there exists a finite index subgroup G0 6G and an induced relatively hyperbolic group pair
.G0;P0/ so that G0 has a quasiconvex, malnormal and fully P0-elliptic hierarchy terminating in groups
isomorphic to elements of P0.

Proof of Theorem 1 Let X be an NPC compact special cube complex so that �1.X/ is finite index in G.

First, pass to a finite index regular cover of X , X1 that is special. By applying a homotopy equivalence,
X1 is homotopy equivalent to a cube complex where every hyperplane gives a nontrivial splitting of �1X1
(see [3, Lemma 5.17]).

By Corollary 7.21, there exists a special cube complex X 01 homotopy equivalent to X1 with a finite regular
cover X2 such that G2 WD �1X2 with induced peripheral structure .G2;P2/ has a faithful, quasiconvex,
fully P2-elliptic hierarchy terminating in P2 �Fk where Fk is a free group.

By Theorem 7.31, there exists a finite regular cover X0 with G0 WD�1X0 and induced peripheral structure
.G0;P0/ such that the induced hierarchy on G0 is malnormal as well and terminates in free products
of free groups and elements of P0 (recall Corollary 7.13). The hierarchy can then be continued to a
malnormal, quasiconvex, fully P0-elliptic one that terminates in P0.

8 A relatively hyperbolic version of the malnormal special quotient theorem

Recall Wise’s malnormal special quotient theorem (MSQT), see Theorem 1.3 above or [30, Theorem 12.2]
mentioned in the introduction. The purpose of this section is to apply Theorem 1 to obtain a relatively
hyperbolic version of Wise’s MSQT using techniques from [3, Sections 6-9].

Wise’s quasiconvex hierarchy theorem [30, Theorem 13.3] has the following useful consequence:

Corollary 8.1 Let G be a hyperbolic group with a quasiconvex hierarchy terminating in finite groups.
Then G is virtually special.

The technique for proving a relatively hyperbolic analog of Theorem 1.3 will be to start with the
hierarchy provided by Theorem 1 and strategically take quotients using group-theoretic Dehn fillings (see
Definition 8.2). These quotients can be constructed to be hyperbolic, and with some care, the hierarchy
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structure can be passed down to the quotient so that Corollary 8.1 can be used. In [3], the authors avoided
using Corollary 8.1 because their account aimed to give a new proof of auxiliary results used to prove
Corollary 8.1. Consequently, they needed to ensure that the hierarchy structure on the quotient is also a
malnormal hierarchy. By using Corollary 8.1, we only need a quasiconvex hierarchy for such a quotient.

8.1 Group-theoretic Dehn filling

For this section, let .G;P/ be a relatively hyperbolic group pair where P D fP1; : : : ; Pmg unless stated
otherwise. When M is a finite volume hyperbolic 3-manifold with torus cusps, a Dehn filling of M is a
gluing of solid tori Ti ŠD �S1 by a diffeomorphism to the boundary components. The result of the
gluing depends only on the isotopy class of the curve 
i � @M that each copy of @D � fpg � Ti is glued
to (see eg [22, Section 10.1]). In this situation �1M is hyperbolic relative to a collection of copies of Z2,
one for each boundary component of M .

The next definition is a group-theoretic analog of Dehn filling.

Definition 8.2 Let fNi C Pi W 16 i 6mg. Then there exists a group-theoretic Dehn filling of G with
filling map � defined by the quotient

� WG!G.N1; : : : ; Nm/ WDG=
˝˝S

Ni
˛˛
:

The subgroups Ni are called filling kernels.

A filling is called peripherally finite if each filling kernel Ni is finite index in Pi .

For a classical filling, if every Ti is filled by gluing along the curves 
i that are sufficiently long, Thurston’s
Dehn filling theorem says that the resulting manifold is hyperbolic. The group-theoretic analog of a
sufficiently long classical Dehn filling is a group-theoretic Dehn filling where the filling kernels avoid a
finite set of elements:

Definition 8.3 A statement P holds for all sufficiently long fillings if there exists a finite B �G n f1g
such that whenever B \Ni D¿ for all 16 i 6m, the filling G.N1; : : : Nm/ has P.

Osin showed that sufficiently long Dehn fillings of relatively hyperbolic groups are relatively hyperbolic,
have kernels which intersect each peripheral subgroup Pi precisely in Ni and can be manipulated so that
any finite set of elements are not killed by the filling map.

Theorem 8.4 [23, Theorem 1.1] Let F � G be any finite subset of G. Then for all sufficiently long
Dehn fillings ,

(1) ker.�jPi /DNi for i D 1; 2; : : : ; m,

(2) the pair .G.N1; : : : ; Nm/; f�.P1/; : : : ; �.Pm/g/ is a relatively hyperbolic group pair , and

(3) �jF is injective.
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The edge subgroups of the hierarchy from Theorem 1 will need to be full relatively quasiconvex subgroups
of G. The quasiconvexity of the hierarchy will ensure that these subgroups are relatively quasiconvex.

Theorem 8.5 [16, Theorem 1.5] Let H 6G be a quasi-isometrically embedded subgroup. Then H is
relatively quasiconvex in G.

Theorem 8.6 [16, Theorem 1.2] Let H 6G be relatively quasiconvex. Then there exists a relatively
hyperbolic structure .H;D/ where D is finite and every element of D is conjugate into an element of P .

Corollary 8.7 The collection D can be chosen so that

(1) every element of D is infinite , and

(2) whenever H \P g is infinite , for some g 2G, there exists h 2H so that .H \P g/h is an element
of D.

Proof For the first statement, simply remove all finite elements of D. The second statement follows
from [16, Theorem 9.1].

When a filling ofG interacts nicely with a subgroupH , it is possible to induce a filling on the subgroupH .

Definition 8.8 [21, Definition B.1] Let H 6 G. A filling G ! G.N1; : : : ; Nm/ is an H -filling if
whenever gPig�1\H is infinite for some Pi 2 P , then gNig�1 �H .

Definition 8.9 Suppose H 6 G is a relatively quasiconvex subgroup and let .H;D/ be the relatively
hyperbolic structure from Theorem 8.6 and Corollary 8.7. Let � WG!G.N1; : : : ; Nm/ be an H -filling.
Let Dj 2 D. Then there exists some Pi 2 P and g 2G with g�1Djg � Pi . Let Kj WD gNig�1. Since
� is an H -filling, Kj CDj , so the groups Kj determine a filling

�H WH !H.K1; : : : ; KN /

called the induced filling of H with respect to G.N1; : : : ; Nm/.

Since Ni is normal in Pi , the groups Kj (and hence the filling) do not depend on the choice of g 2G.
The following theorem appears as stated in [3] as Theorem 7.11 and collects results about induced Dehn
fillings from [2]:

Theorem 8.10 Let H 6G be a full relatively quasiconvex subgroup and let F �G be a finite subset.
For all sufficiently long H -fillings , � WG!G.N1; : : : ; Nm/ of G,

(1) �.H/ is a full relatively quasiconvex subgroup of G.N1; : : : ; Nm/,

(2) �.H/ is isomorphic to the induced filling in that if �H WH!H.K1; : : : ; Km/ is the induced filling
map , then ker�H D ker� \H , and

(3) �.F /\�.H/D �.F \H/.
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8.2 The filled hierarchy

Let H be a quasiconvex fully P-elliptic hierarchy. By Lemma 3.14, Theorem 8.5 and the full P-ellipticity
of the hierarchy, the edge and vertex groups of the hierarchy are full relatively quasiconvex. Let � WG!G

be a filling and let .G;P/ be the relatively hyperbolic structure induced on the filling by Theorem 8.4.
The goal of this subsection is to build an induced hierarchy H (which may not be faithful) for G based
on H where the vertex and edge groups of H are induced fillings of vertex and edge groups of H. The
hierarchy H will be called a filled hierarchy for .G;P/.

The filled hierarchy is built by starting at the top level and building the hierarchy inductively downward.

At the top level, let H have the degenerate graph of groups decomposition for G consisting of a single
vertex labeled G. Let n be the length of H. Suppose the filled hierarchy has been filled down to the
.n� i/th level and let A be a vertex group at level n� i so that A is the induced filling of a vertex group
A at level n� i of H. Let .�; �/ be the graph of groups structure for A provided by H. Recall that � is
the assignment map for the graph of groups structure.

If x is a vertex or edge of � , let Ax WD �.x/ be the corresponding vertex or edge group. Let x�.x/ WD Ax
where Ax is the induced filling �x W Ax! Ax . The problem is that the pair .�; x�/ still needs attachment
homomorphisms to be a graph of groups.

Let �e WAe!Av be an attachment homomorphism of an edge group Ae to a vertex group Av . Two details
need to be checked: first there need to be attachment maps x�e W Ae ! Av such that x�e ı�e D �v ı �e.
Let T be the maximal tree that determines �1.�; �; T /. There will also need to be an isomorphism
˛ W �1.�; x�; T /! A so that .�; x�; T / is a graph of groups structure for A where ˛ ı�� D �A ı˛.

Completing the square
Ae ����!

�e
Ae??y�e ??yx�e

Av ����!
�v

Av

with a map x�e W Ae! Av is straightforward because �e is surjective and ker�e � ker�v ı�e.

Constructing the desired isomorphism ˛ W �1.�; x�; T /!G amounts to completing the square

�1.�; �; T / ����!
��

�1.�; x�; T /??y˛ ??y
A ����!

�A
A

Lemma 8.11 There exists an isomorphism ˛ W �1.�; x�; T /!G that completes the diagram.
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The proof of Lemma 8.11 is essentially identical to [3, Lemma 8.1].

For the following, let .G;P/ be a relatively hyperbolic group pair and let H be a quasiconvex fully
P-elliptic hierarchy for G. The next lemma ties together some definitions:

Lemma 8.12 If A6G is an edge or vertex group of H, then A is a full relatively quasiconvex subgroup
of .G;P/ and every filling is an A-filling.

Proof That A is full relatively quasiconvex follows immediately from the definition of full P-ellipticity
and Theorem 8.5.

Whenever gPig�1\A is infinite, then gPig�1 � A, so if Ni C Pi , then gNig�1 C A.

Lemma 8.13 Let A be an edge or vertex group of H. Then for all sufficiently long fillings

� W .G;P/! .G;P/
the following hold :

(1) The subgroup A WD �.A/ is full relatively quasiconvex in .G; P /.

(2) If G is hyperbolic , then A is quasiconvex in G.

(3) The subgroup A is isomorphic to the induced filling of A.

Proof There are only finitely many edge and vertex groups, so the first and third statements follow from
Theorem 8.10.

If A is full relatively quasiconvex in .G; P /, then A is undistorted in G by [16, Theorem 10.5] and
by [7, Corollary III.� .3.6], A is quasiconvex in G whenever G is hyperbolic.

The third point also makes the filled hierarchy H faithful:

Corollary 8.14 For all sufficiently long fillings � W .G;P/! .G;P/, the filled hierarchy H for G is
faithful.

Proof Let �e WAe!Av be an attachment homomorphism mapping an edge groupAe to a vertex groupAv .
Since �.Ae/ and �.Av/ are isomorphic to the induced fillings, we can regard the induced filling maps as
maps �v W Av! Av and �e W Av! Ae. Let x�e W Ae! Av be the induced edge homomorphism.

We now need to check that given ge 2 Ae , �e ı�e.ge/D 1 implies that �e.ge/D 1. If �e ı�e.ge/D 1,
then �v ı �e.ge/D 1, so �e.ge/ 2 ker�v D ker� \Av � ker� . Faithfulness of the original hierarchy
now implies ge 2 ker� \Ae D ker�e, so �e.ge/D 1.

The preceding results combine to produce a quasiconvex hierarchy:
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Theorem 8.15 (see [3, Theorem 2.12]) Let .G;P/ be a relatively hyperbolic group pair and let H be a
quasiconvex fully P-elliptic hierarchy terminating in P . For all sufficiently long peripherally finite fillings
� W .G;P/! .G;P/ so that every P 2 P is hyperbolic , the group G is hyperbolic and has a quasiconvex
hierarchy terminating in P .

Proof Theorem 8.4 implies that all sufficiently long peripherally finite fillings are hyperbolic.

By Corollary 8.14, the quotient G has a faithful hierarchy H where the underlying graphs and every
vertex or edge group of H is the image of a vertex or edge group (respectively) of H under � .

By Lemma 8.13(2), every edge and vertex group of H is quasiconvex in G and is hence also quasi-
isometrically embedded in G, so the hierarchy H is quasiconvex.

By construction, the terminal groups are fillings of the terminal groups of H, so the terminal groups of H
are in P .

Theorem 8.15 works for a group with a quasiconvex hierarchy, but Theorem 1 only gives a hierarchy
for a finite index subgroup. When the filling kernels are chosen carefully, a filling of a finite index
subgroup G0 CG can be promoted to a filling of G.

Definition 8.16 Let .G;P/ be a relatively hyperbolic group pair and let G0CG be a finite index normal
subgroup with induced peripheral structure .G0;P 0/. Let fN 0j C P 0j j P

0
j 2 P

0
j g be a collection of filling

kernels. The collection fN 0j g is equivariantly chosen if

(1) whenever gP 0jg
�1 and hP 0

k
h�1 both lie in Pi , then gN 0jg

�1 D hN 0
k
h�1 and

(2) every such gN 0jg
�1 is normal in Pi .

An equivariant filling of .G0;P 0/ is a filling with equivariantly chosen filling kernels.

An equivariant filling of .G0;P 0/ will induce a nice filling of .G;P/:

Proposition 8.17 An equivariant filling .G0;P 0/! .G0;P 0/ determines a filling .G;P/! .G;P/ so
that G0 is finite index normal in G and .G0;P 0/ is the peripheral structure induced by .G;P/.

For the reader’s convenience, here is a restatement of Theorem 2.

Theorem 2 Let .G;P/ be a relatively hyperbolic group pair with P D fP1; : : : ; Pmg. If G is virtually
compact special, then there exist subgroups f PPi C Pig where PPi is finite index in Pi such that if
G D G.N1; : : : ; Nm/ is any peripherally finite filling with Ni C PPi , then G is hyperbolic and virtually
special.

Proof By Theorem 1, there exists a finite index G0 CG with induced peripheral structure .G0;P 0/ and
a quasiconvex, fully P 0-elliptic hierarchy terminating in P 0. Let P 0 D fP 01; : : : ; P

0
M g. Since G is virtually

special and hence residually finite, there exist arbitrarily long peripherally finite fillings of .G0;P 0/. In
particular, our fillings of .G0;P 0/ will be sufficiently long for Theorem 8.15 to hold.
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Let G0.K1; : : : ; KM / be such a peripherally finite filling. Now pass to subgroups of the filling kernels to
obtain an equivariant filling; choose K 0j so that, if Kgj 6 Pi ,

.K 0j /
g
D
T
fKh` j h 2G; #.Kh` \Pi /D1g; 16 j 6M:

We set PPi C Pi equal to .K 0j /
g for some (any) choice of g 2 G where K 0j so that .K 0j /

g 6 Pi . The
new filling G0 DG0.K 01; : : : ; K

0
M / is longer than G0.K1; : : : ; KM / and remains peripherally finite. By

Proposition 8.17, the filling G0.K 01; : : : ; K
0
M / determines a filling of G.

Consider any filling G.N1; : : : ; Nm/ so that, for each i ,

(1) Ni C Pi ,

(2) Ni 6 PPi , and

(3) Pi=Ni is virtually special and hyperbolic,

with an induced equivariant filling
G0!G0.N 01; : : : ; N

0
M /

so that N 0j 6K 0j and N 0j C P 0j for each j . Condition (2) ensures the filling is sufficiently long so that
Theorem 8.15 implies

(1) G0 is hyperbolic, and

(2) G0 has a quasiconvex hierarchy terminating in P 0 D fP 0j =N
0
j g.

Then G0 is a hyperbolic group with a quasiconvex hierarchy that terminates in finite groups (which are
hence hyperbolic and virtually special). So by Corollary 8.1 (see [30, Theorem 13.3]), G0.N 01; : : : ; N

0
M /

is virtually special. By Proposition 8.17, G0DG0.N 01; : : : ; N
0
M / is finite index normal in G.N1; : : : ; Nm/,

so the filling G.N1; : : : Nm/ is also virtually special.
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Intersection norms on surfaces and Birkhoff sections for geodesic flows
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Every filling multicurve on a smooth surface determines a norm on the first homology group of the surface.
The unit ball of the dual norm is the convex hull of finitely many integer points. We give an interpretation
of these points in terms of certain coorientations of the multicurve. Our main result is a classification
statement: when the surface is hyperbolic and the filling multicurve is geodesic, integer points in the
interior of the unit ball of the dual norm classify isotopy classes of Birkhoff sections for the geodesic flow
(on the unit tangent bundle to the surface) whose boundary is the symmetric lift of the multicurve. All
results remain true when one replaces the hyperbolic surface by a 2-dimensional orientable hyperbolic
orbifold.

37D40; 37D45, 57K30, 57N37

Introduction 4499

1. Intersection norms and proof of Proposition B 4506

2. Unit balls and coorientations 4509

3. Birkhoff sections with symmetric boundary for the geodesic flow 4520

4. Extension to orientable 2-orbifolds 4534

5. Questions 4536

Appendix. Thurston’s theorem on integral seminorms 4537

References 4543

Introduction

This paper deals with the topological study of nonsingular flows on 3-manifolds. With this goal, we study
a family of norms on the first homology group of surfaces that may be of independent interest.

Given a smooth 3-manifold M and a smooth, nonvanishing vector field X on M , we denote by .'t
X
/t2R

the flow induced by X on M . An embedded Birkhoff section for .M; .'t
X
/t2R/ is a compact, oriented

surface S with boundary, embedded in M , whose interior is positively transverse to X , whose boundary
@S is tangent to X , and such that every orbit of .'t

X
/t2R intersects S in a uniformly bounded time. On
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the topological side, an embedded Birkhoff section induces an open book decomposition of the underlying
3-manifold, where the binding is the boundary @S , and the fibration of the complement over S1 is given
by an appropriate renormalization of the flow. On the dynamical side, when a flow admits an embedded
Birkhoff section, its dynamic is encoded by the first-return map on the section — much simpler data.
Such a section can be very helpful for understanding some properties of the flow, like the existence or
abundance of periodic orbits [5; 18].

There are several existence results on Birkhoff sections for different classes of flows, for example geodesic
flows [6; 16], Anosov flows [20], or Reeb flows [29; 30; 10; 9], among others. On the other hand, as far
as we know, there are very few situations in which all Birkhoff sections are classified. An exception is
given by the Hopf flow on S3, where the Birkhoff sections can be explicitly constructed [15], and the
geodesic flow on a flat torus [13]. Our main goal is to provide such a classification, for the geodesic flow
on the unit tangent bundle of a hyperbolic surface.

Theorem A For † a hyperbolic surface and 
 a finite collection of closed geodesics that fills †, denote
by EE
 the symmetric lift of 
 in T 1†. Then there is a one-to-one correspondence between

� isotopy classes of embedded Birkhoff sections for the geodesic flow on the unit tangent bundle
T 1† bounded by the symmetric lift EE
 of 
 , with negative orientation ,

� points satisfying a certain mod 2 condition in the open dual unit ball B�x
 � H 1.†;Z/ of the
intersection norm x
 associated to 
 .

Let us mention that such a statement is not really a surprise: the fact that Birkhoff sections with a given
boundary up to isotopy correspond to integral points inside certain polyhedrons follows from theorems of
Schwartzman, Thurston and Fried, as we explain later in this introduction. The main contribution of the
paper lies in the explicit and combinatorial aspects of all constructions involved.

In the rest of the introduction, we first explain Theorem A by presenting intersection norms, their dual
unit balls and the connection with Eulerian coorientations. The one-to-one correspondence in Theorem A
is made explicit using a construction we call Birkhoff–Brunella surfaces and which is encapsulated in
Proposition D. Then we put Theorem A in perspective by connecting it with Thurston and Fried’s theory
of fibered faces of the Thurston norm ball and with Schwartzman, Fuller, Fried, and Sullivan’s theory of
global sections for flows.

Intersection norms

Let † be a smooth surface without boundary. A multicurve1 on † is a proper, smoothly immersed
1-submanifold in †, without boundary, and in general position (meaning that all multiple points are

1These are called divides by Norbert A’Campo [2] who, along with Sabir M. Gusein-Zade, studied divides on the disc in the
context of singularities [1; 26; 27]. They were later generalized to arbitrary surfaces by Masaharu Ishikawa [31]. This terminology
is maybe not so common in the worlds of surface topologists or dynamists, so we use the more common term multicurve.
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double points where the intersection is transverse). On a compact surface, a multicurve consists of finitely
many closed curves.

Let 
 be a fixed multicurve on a compact surface †. We think of 
 as the discrete analog of a Riemannian
(or Finsler) metric; see [11] for a precise connection. The length of a generic path ˛ with respect to 
 ,
denoted by Len
 .˛/, is defined as the number of crossings between ˛ and 
 , and the length of a homology
class a 2H1.†IZ/, denoted by x
 .a/, is the minimal length of a generic integral 1-chain representing
the class a; see Section 1.

Our first result was proven by Schrijver on the torus [37], and was stated by Turaev without proof
[43, Remark 1.9].

Proposition B Let † be an oriented compact smooth surface and 
 a multicurve on†. Then the function
x
 WH1.†IZ/!N is a symmetric seminorm , that is , it is

� positively homogeneous: x
 .n � a/D n x
 .a/ for all a 2H1.†IZ/ and n 2N,

� subadditive: x
 .aC b/� x
 .a/Cx
 .b/ for all a; b 2H1.†IZ/,

� symmetric: x
 .�a/D x
 .a/ for all a 2H1.†IZ/,

Furthermore , if the multicurve 
 is filling (ie it meets every noncontractible closed curve in †), then x
 is
positive definite: x
 .a/ > 0 if a¤ 0.

The function x
 is called the intersection seminorm (or intersection norm if it is positive definite)
associated to 
 .

Remark 0.1 This seminorm satisfies x
 .a/� Œ
 �2.a/ mod 2 for each a 2H1.†IZ/, where Œ
 �2 is the
Z2-cohomology class of the cochain that maps each generic smooth 1-chain ˛ to its modulo 2 number of
intersections with 
 .

By a theorem of Thurston [42], any integer-valued seminorm N on a lattice L (ie an abelian group
isomorphic to Zd for some d 2N) can be written in the form N.v/Dmax'2F '.v/ where F is a finite
family of group morphisms L!Z. In fact, one can take as F the dual unit ball of N , that is, the set B�

N

of homomorphisms ' W L! Z that satisfy '.v/ � N.v/ for all v 2 L. Furthermore, if N coincides
modulo m (for a certain integer m� 1) with a given homomorphism � WL! Zm, then one can restrict
F to those functionals in B�

N
that coincide with � modulo m (see Theorem A.11). A natural question is

whether these homomorphisms have a nice interpretation in the case that N is an intersection norm (with
mD 2 and �D Œ
 �2). The answer is positive, as we now explain.
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Consider a fixed multicurve 
 on a surface †. A coorientation of 
 is a continuous transverse orientation
defined on 
 except at the double points, where the coorientation is allowed to flip. A coorientation �
induces a cochain c� which maps each generic piecewise-smooth path ˛ in † to the signed number of
crossings of ˛ with 
 , where the sign of each crossing is determined by �. The coorientation � is Eulerian
if c� is a closed cochain, that is, if c�.˛/D 0 whenever ˛ is a contractible closed curve. (Equivalently, � is
Eulerian if around each double point p of 
 , among the four fragments of 
 that meet at p there are exactly
two that are positively cooriented and two that are negatively cooriented. See an example in Figure 1, left.)
It follows that an Eulerian coorientation � induces an integral cohomology class Œ�� WD Œc�� 2H 1.†IZ/.
Note that different Eulerian coorientations may yield the same cohomology class.

The next result was proven when † is a torus by Schrijver, using different methods [36, Theorem 9]. It is
illustrated in Figure 1.

Theorem C Let 
 be a multicurve on an orientable closed compact surface †. Then the cohomology
classes in the closed dual unit ball B�x
 that coincide modulo 2 with Œ
 �2 are precisely the cohomology
classes of the Eulerian coorientations of 
 . Therefore , for every a in H1.†IZ/ we have

x
 .a/D max
� Eulerian

coorientation of 


Œ��.a/:

This result also gives an effective way for computing the norm x
 , since it reduces the minimization over
an infinite number of curves to a maximization over a finite number of coorientations.

Going back to the case where the multicurve 
 is a geodesic in a hyperbolic surface, Theorem A states that
there is a correspondence between (certain) integral points in the interior of B�x
 and Birkhoff sections
for the geodesic flow, and Theorem C states that (certain) integral points in B�x
 can be represented by
Eulerian coorientations. The correspondence of Theorem A is made explicit by associating to every
Eulerian coorientation a certain surface in T 1†, as in the following statement. The superscript BB stands
for Birkhoff–Brunella.

Proposition D Let † be a compact oriented surface with a Riemannian metric and 
 a finite collection
of closed geodesics on †. There is a canonical a map SBB that associates to every Eulerian coorientation
� of 
 an oriented surface SBB.�/ in T 1† whose interior is positively transverse to the geodesic flow
and whose oriented boundary is � EE
 . The Euler characteristic of SBB.�/ is independent of � and equals
minus twice the number of double points of 
 .

If two Eulerian coorientations �1 and �2 of 
 are cohomologous and their common class lies in the interior
of B�x
 , their interiors are isotopic along the flow.

Thurston norm balls, their fibered faces, and suspension flows

We now present Thurston’s theory of norms and fibered faces for 3-manifolds. This puts in perspective
and explains Theorem A at an abstract level.
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Given a compact 3-manifold M with toric boundary, its Thurston norm xM is a function on the space
H2.M; @M IR/ that encodes the minimal negative part of the Euler characteristic of embedded surfaces
in M with boundary in @M in the considered homology class [42]. It is a seminorm, and as such it is
determined by its unit ball BxM

. The latter turns out to be a polyhedron, which is compact when M is
atoroidal. It is a topological invariant that is in general hard to compute [22; 3].

Intersection norms can be seen as 2-dimensional siblings of the Thurston norms since they are defined by
minimizing a certain complexity measure over homology classes. Their unit balls are also polyhedrons,
but, unlike unit balls of Thurston norms, these can be easily computed using Theorem C.

The top-dimensional faces of Thurston norm balls are of two types, namely fibered and nonfibered. A
fibered face is such that every integral point in the cone generated by the fibered face is the class of the
fibers of a fibration of M over the circle.

Fried showed [21] that every pseudo-Anosov flow .'t /t2R (see Section 3.4 for a definition) on M that
is tangent to @M and that admits a global cross section canonically determines a fibered face of BxM

as follows: denote by D' the convex cone generated by the homology classes of the periodic orbits of
.'t /t2R in H1.M IR/. This cone actually coincides with the cone over the set of Schwartzman asymptotic
cycles [38]. The dual cone C' in H2.M; @M IR/ is defined as those classes that pair positively with all
of D' . It turns out that the integral classes in C' correspond exactly to the classes of the global sections
to .'t /t2R. Therefore C' is exactly the cone over the interior of a fibered face of the Thurston norm ball.
The cones D' and C' are polyhedral, and Fried also gives an algorithm [19] for computing D' and C'

starting from a Markov partition for .'t /t2R.

The connection with Birkhoff sections can be made as follows: Assume that ˇ is a collection of periodic
orbits of a flow ' in M . One can blow up the link ˇ and obtain a 3-manifold M nˇ with toric boundary
@M nˇ. If .'t /t2R is of class C 1, then it extends to a nonsingular flow .'t

ˇ
/t2R on M nˇ. If .'t /t2R

was of Anosov or pseudo-Anosov type, then .'t
ˇ
/t2R is pseudo-Anosov. In this context a Birkhoff section

for .'t /t2R with boundary in ˇ extends to a global section for the flow .'t
ˇ
/t2R. The discussion of

the previous paragraph then implies that, if ˇ bounds a Birkhoff section, isotopy classes of Birkhoff
sections whose boundary is in ˇ are classified by integral points in a certain polyhedral cone C';ˇ in
H2.M nˇ; @M nˇIR/'H2.M; ˇIR/.

In the context of Theorem A, M is the unit tangent bundle T 1† to a hyperbolic surface †, .'t /t2R is
the geodesic flow on T 1†, and ˇ is the symmetric lift EE
 of a filling collection 
 of geodesics on †; see
Section 3.1 for the definitions. The set of Birkhoff sections for the geodesic flow bounded by EE
 is then
the cone over a fibered face of the Thurston norm ball in H2.T

1†; EE
 IZ/ that we denote by Cgeod; EE
 .

In Theorem A, the assumption that the oriented boundary is exactly� EE
 (that is, every boundary component
has multiplicity �1) can be seen as a restriction on the homology class of the section: it has to lie in a
certain affine subspace denoted by @�1

EE

.�1; : : : ;�1/ of H2.T

1†; EE
 IR/. This means that the Birkhoff
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Figure 1: Illustration of Theorems A and C in the case of† a torus (with an abuse since Theorem A
deals with higher-genus surfaces, whose homology has dimension � 4). On the left, a multicurve

 on † consisting of four geodesics, and an Eulerian coorientation (blue arrows). Seen as a
graph, 
 has five vertices and ten edges. On the right, the dual unit ball B�x
 of the associated
intersection norm. The empty circle denotes the origin. The big dots denote those classes in
H 1.†IZ/ congruent to Œ
 �2 mod 2. Among these classes, ten (in blue, green, and red) are in
the dual unit ball B�x
 and correspond to all cohomology classes of Eulerian coorientations of 

(Theorem C). For example, the class corresponding to the blue coorientation is the blue point.
The blue and green points lie in the interior of B�x
 , and hence describe two isotopy classes of
Birkhoff cross sections for the geodesic flow bounded by � EE
 . If the genus of † was at least 2,
there would be no other isotopy class of Birkhoff cross section for the geodesic flow (Theorem A).
The eight points are on the boundary of B�x
 and correspond to classes of surfaces transverse to
the geodesic flow, but not intersecting every orbit, and bounded by � EE
 .

sections we are interested in are enumerated by the intersection of the cone Cgeod; EE
 with the affine subspace
@�1
EE

.�1; : : : ;�1/. It turns out that a suitable choice of an origin identifies the latter with H1.†IR/; see

Section 3.5. Under this identification, Theorem A can be summarized by the equality

Cgeod; EE
 \ @
�1
EE

.�1; : : : ;�1/D 1

2
B�x
 :

Our paper adds to this description the elementary and explicit characters of all the involved constructions.
Indeed, as far as we know, there is no other Anosov or pseudo-Anosov flow for which the set of global or
Birkhoff cross sections admits such an explicit and combinatorial description.

Remark 0.2 One may wonder how general Theorem A is, namely whether one can hope for an analogous
statement for any (transitive) Anosov flow. As explained above, the set of Birkhoff sections up to isotopy
fixing the boundary is described by the integral points inside a certain polyhedron. However we do
not know how to describe this polyhedron in general. It seems to be related to linking numbers of
periodic orbits of the flow [13; 14], but linking numbers are only defined for nullhomologous links.
Ghys proved that Gauss linking forms describe all linking numbers between periodic orbits for a vector
field in a homology sphere [24]. Moreover he showed how to use these Gauss forms to decide whether
all finite collections of periodic orbits bound a Birkhoff section (which he calls left- or right-handed
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flows). Probably one should first extend the concept of Gauss linking forms to manifolds that are not
rational homology spheres, and see how this helps define linking of periodic orbits and more generally of
invariant measures. Then one could hope that these generalized linkings describe exactly the homological
information needed to apply Schwartzman’s criterion, as we will do in Section 3.

Remark 0.3 It may look strange to deal with Birkhoff cross sections with negative boundary and not
with positive ones, ie with surfaces such that the orientation of the boundary inherited from the orientation
of the surface (itself inherited from the coorientation of the interior surface by the flow) is opposed to
the direction of the flow. The reason is that there is actually no positive Birkhoff cross section for the
geodesic flow, as explained in Théo Marty’s thesis [33, Chapter 3]. One could then look at mixed sections,
namely transverse surfaces some of whose boundary components are positively tangent to the geodesic
flow and some others are negatively tangent. There are more mixed sections than negative. Alas, we have
no analog of Proposition D in this more general case, meaning that we do not have an elementary way to
construct all mixed sections.

Remark 0.4 The case of the torus with a flat metric is not covered by Theorem A. In this case, the fact
that the unit tangent bundle T 1T2 is trivial allows us to cut-and-glue horizontal tori to Birkhoff cross
sections, so that there are infinitely many isotopy classes with a given boundary. However, modulo this
additional operation, there are still only finitely many classes. These have been classified in a previous
work by the second author [13, Theorem 3.12]. The statement is similar, namely equivalence classes of
Birkhoff sections are classified by points in the interior of a certain polygon with integral vertices. The
statement is even more general since, in this restricted case of the torus, there is no assumption that the
boundary of the section is symmetric. One could recover this earlier result in the symmetric case by a
proof very similar to that of Theorem A.

Extension to 2-dimensional orbifolds

Our results here can be generalized in the following sense. Instead of considering orientable surfaces
only, one can consider orientable 2-dimensional orbifolds, as introduced by Thurston [41]. Such a 2-
orbifold O is described by an orientable topological surface †O and charts that are local homeomorphisms
R2=.Z=kZ/!†O, where Z=kZ acts by rotation on R2.

There are several possible definitions for the homology of an orbifold that yield different spaces. The
one that is useful here is the most elementary: we define Hi.OIR/ to be the space Hi.†OIR/. In this
context the definition of intersection norms extends trivially. Proposition B and Theorem C still hold.
Now the unit tangent bundle T 1O is 3-manifold that is a Seifert fibered space over †O. The geodesic
flow is well defined on T 1O, and when O is hyperbolic it is still of Anosov type. Proposition D extends
directly in this context. Concerning Theorem A, it has to be modified for taking into account orbifolds
that are homology spheres — a case that does not occur with hyperbolic surfaces.
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Theorem E Let O be a hyperbolic orientable 2-dimensional orbifold. Let 
 be a finite collection of
closed geodesics on O.

� If †O is a sphere , then T 1O is a rational homology sphere. In this situation , the link � EE
 bounds
a Birkhoff section for the geodesic flow in T 1O if and only if 
 is filling in †O. In that case , the
Birkhoff section is unique up to isotopy fixing the boundary.

� If †O is not a sphere and if 
 is filling , then the map Œ�� 7! fSBB.�/g is a one-to-one correspondence
between integer points in the open unit ball int.B�x
 / congruent to Œ
 �2 mod 2 and isotopy classes
of Birkhoff cross sections for the geodesic flow in T 1† with boundary � EE
 .

� If †O is not a sphere and 
 is not filling , then there is no surface bounded by � EE
 and transverse to
the geodesic flow.

A particular case is when O is a hyperbolic triangular orbifold, that is, a sphere with three conic points. In
this case every collection 
 of closed geodesics is filling, and hence its lift EE
 bounds a Birkhoff section.
This is a particular case of the main result of [14], which proves that in this case every finite collection of
periodic orbits (even nonsymmetric) bounds a Birkhoff section for the geodesic flow.
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1 Intersection norms and proof of Proposition B

In the whole section we fix an oriented compact smooth surface † with empty boundary and a multicurve

 on †. (Recall that a multicurve in † is a compact, closed 1-manifold that is smoothly immersed in †,
self-transverse, and has no points of multiplicity > 2).

Definition 1.1 A path in † is a continuous function ˛ W I ! † (where I � R is a compact interval),
considered up to a uniform shift in the parametrization, so that the concatenation ˛ˇ of two consecutive
paths ˛ and ˇ is well defined. The reverse of a path ˛ is the path ˛|.t/D ˛.�t/. The trivial path at a
point p 2† is denoted by 1p.

Definition 1.2 A smooth path in† is generic (with respect to 
 ) if it has no endpoint on 
 , it is transverse
to 
 , and it avoids the double points of 
 . We denote by P
 the set of generic piecewise-smooth paths,
obtained by concatenating finitely many generic smooth paths. The length with respect to 
 of a path
˛ 2 P
 is the number of times that it meets 
 ,

Len
 .˛/D j˛�1.
 /j:
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˛1

˛2

Figure 2: A genus 3 surface with a multicurve 
 made of four closed curves (black). On the left
the curve ˛1 (orange and bold) is transverse to 
 and intersects it three times. On the right ˛2 (red)
is homologous to ˛1 since their difference bounds a subsurface, namely the right hemisurface.
The curve ˛2 intersects 
 only once. This number cannot be reduced to 0 in the same homology
class, and hence ˛2 is x
 -realizing and we have x
 .Œ˛1�/D x
 .Œ˛2�/D jf˛

�1
2
.
 /gj D 1:

Definition 1.3 A generic integral 1-chain is a linear combination ˛ D
P

i ci˛i of paths ˛i 2 P
 with
integer coefficients ci 2 Z. Its length is defined as

Len
 .˛/D
X

i

jci jLen
 .˛i/:

Note that every homology class a in H1.†IZ/ may be represented by a generic integral 1-chain. The
length of the homology class a is defined as

x
 .a/D min
˛ closed generic integral
1-chain such that Œ˛�Da

Len
 .˛/:

A closed generic 1-chain that minimizes length in its homology class is called an x
 -realizing 1-chain.
The function x
 WH1.†IZ/!N is called the intersection seminorm (or intersection norm, if it is positive
definite) associated to 
 .

The function x
 has three properties that make it a seminorm, namely it is positively homogeneous,
subadditive and symmetric. To prove the first point we need two facts about curves on surfaces. Note first
that every homology class a 2H1.†IZ/ can be represented by an oriented multicurve. A multicurve ˛ is
simple if it has no double points, and is generic (with respect to 
 ) if it is transverse to 
 and the union
˛[
 is a multicurve. (The last condition holds if and only if each of the two multicurves ˛ and 
 avoids
the double points of the other one.)

Lemma 1.4 (simplification) Every homology class a in H1.†IZ/ can be represented by a simple
oriented multicurve that is generic with respect to 
 and x
 -realizing.

Proof Let ˛ be an oriented multicurve that represents the class a, and is generic with respect to 
 and
x
 -realizing. To make ˛ simple, we eliminate each self-crossing of ˛ by performing a local modification
of the form .
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Lemma 1.5 (partitioning) Every simple oriented multicurve in † of homology class n � a (for some
a 2H1.†IZ/ and n 2N¤0) is a union of n disjoint simple oriented multicurves , each of class a.

Proof Let ˇ be a simple oriented multicurve of homology class n �a. Since ˇ is of class n �a, its algebraic
number of crossings with any generic oriented loop is a multiple of n. Therefore we can label the regions
(ie connected components) of † nˇ with integers modulo n in such a way that the label increases by 1
when one crosses ˇ positively (ie from right to left). For every i 2Z=nZ, denote by ˛i the union of those
components of ˇ that have regions labeled i on their right, and regions labeled i C 1 on their left. Every
˛i is a simple multicurve, and by construction ˇ is the union of all of them. Any two curves ˛i , j̨ are
homologous since ˛i � j̨ bounds a subsurface of † (namely, the part with labels in Œi; j /). This implies
that Œˇ�D n � Œ˛i � for every i , and since H1.†IZ/ has no torsion, we conclude that Œ˛i �D a.

Now let us show that x
 is a seminorm. The symmetry property x
 .�a/D x
 .a/ is evident since the
number of intersections does not change by reversing the orientation of a curve. We have to prove positive
homogeneity and subadditivity.

Lemma 1.6 (positive homogeneity) For every a in H1.†IZ/ and for all n 2N one has

x
 .n � a/D n x
 .a/:

Proof Given a 2H1.†IZ/ and n 2N, consider a realizing multicurve ˛ in a. Since n parallel copies
of ˛ intersect 
 at n x
 .a/ points, we have x
 .n � a/� n x
 .a/. For the reverse inequality, consider an
x
 -realizing multicurve ˇ of homology class n � a. By simplification (Lemma 1.4) we can suppose ˇ
simple, and then it follows by partitioning (Lemma 1.5) that ˇ is the union of n multicurves ˛i of class a.
Each multicurve ˛i has at least x
 .a/ intersections with 
 , which implies that ˇ has at least n x
 .a/

intersections with 
 , proving the inequality x
 .n � a/� n x
 .a/.

Lemma 1.7 (subadditivity) For every a; b in H1.†IZ/ one has

x
 .aC b/� x
 .a/Cx
 .b/:

Proof The union of two multicurves that realize x
 .a/ and x
 .b/ crosses 
 in x
 .a/Cx
 .b/ points,
giving x
 .aC b/� x
 .a/Cx
 .b/.

This finishes the proof of Proposition B which states that the function x
 is a seminorm on H1.†IZ/.

Remark 1.8 One can easily extend the notion of intersection norm to a surface with boundary †, by
allowing the multicurves 
 to contain arcs with endpoints on @† (as did A’Campo [2; 1]). One then
obtains two norms on H1.†IZ/ and H1.†; @†IZ/, depending on whether one considers absolute or
relative homology classes. Proposition B also holds in the second context.
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Remark 1.9 One can wonder how the intersection norms compare with other known norms on the
first homology of a surface. For example, the stable norm xg induced by a metric g is defined by
xg.a/D lim infn!1min˛.n/2na g.˛.n//=n. On a surface the stabilization is not necessary, so that
one has xg.a/Dmin˛2a g.˛/. One can check that if .
k/k2N is a sequence of filling geodesics that
approximates g, meaning that the sequence of invariant measures on T 1† that are concentrated on the
lift E
k tends in the weak-* sense to the Liouville measure defined by g on T 1†, then the rescaled norms

1
g.
k/

x
n
tend to the stable norm of g. Equivalently, the rescaled unit balls g.
k/Bx
k

tend to the unit
ball of the stable norm.

2 Unit balls and coorientations

The context remains the same as in the previous section: we fix an oriented closed compact smooth
surface † of genus at least 1 and a multicurve 
 on it. We have shown that the intersection norm x
 is an
integer-valued seminorm on the lattice H1.†IZ/'Z2g. By Remark 0.1 it coincides modulo 2 with Œ
 �2.
Therefore we may apply the following result of Thurston (as extended in the appendix). Recall that a
lattice L is a finitely generated free abelian group. Its dual lattice L� is the group of homomorphisms
L! Z. Note that L'L� ' Zd for some d 2N.

Theorem 2.1 ([42, Theorem 2] and Theorem A.11) Every integral seminorm N on a lattice L is of the
form

N.v/D max
'2B�

N

'.v/;

where B�
N
�L� is the dual unit ball of N , that is the (finite) set of group homomorphisms ' WL! Z

that satisfy '.v/�N.v/ for all v 2L. Furthermore , if N coincides modulo a certain integer m> 1 with
a given homomorphism � WL! Zm, then we have

N.v/D max
'2B�

N
'mod mD�

'.v/:

Our goal in this section is to prove Theorem C, that is, to characterize the points of B�x
 that coincide
modulo 2 with Œ
 �2. Specifically, we will show that these cohomology classes are precisely those that can
be represented by Eulerian coorientations. We will do so as follows.

Recall, from the introduction, that a coorientation of 
 is a continuous transverse orientation defined on

 except at the double points, where the coorientation is allowed to flip. A coorientation determines a
1-cochain c� which maps each generic piecewise-smooth path ˛ in † to the signed number of crossings
of ˛ with 
 , where the sign of each crossing is determined by �. This cochain clearly satisfies

c�.˛/� Len
 .˛/ and c�.˛/� Len
 .˛/ mod 2 for each generic path ˛.
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Figure 3: A torus with a collection 
 (black) made of four curves, two vertical and two horizontal.
The curve ˛ (red and bold) intersects 
 in 10 points. It is the smallest number for a curve
whose homology class is .4; 1/, so that x
 .4; 1/ D 10. The norm x
 is actually given by
x
 ..p; q//D 2jpjC 2jqj in the canonical coordinates.

If we think of the multicurve 
 as a discrete metric, then we can see a coorientation � as a discrete field
of unit-norm covectors, and the number c�.˛/ as the value of the integral of � along the path ˛.

A coorientation � is Eulerian if c� is a closed cochain, that is, if c�.˛/D 0 whenever ˛ is a contractible
closed curve. In this case, the coorientation � defines a cohomology class Œ�� WD Œc�� 2H 1.†IZ/. This
cohomology class hD Œ�� satisfies the properties

h.a/� x
 .a/ and h.a/� x
 .a/ mod 2 for all a 2H1.†IZ/;

and we say then that h is 
 -special.

To go backwards, from a 
 -special cohomology class h to a coorientation � such that hD Œ��, we will
rely on an auxiliary object called an eikonal function. An eikonal function on a surface-with-a-multicurve
.†; 
 / is a function f W† n 
 ! Z that satisfies

(1) jf .y/�f .x/j � d
 .x;y/ and f .y/�f .x/� d.x;y/ mod 2 for all x;y 2† n 
:

If we think of the multicurve 
 as a discrete metric, and we see (Eulerian) coorientations as (closed)
unitary 1-forms, then we should see eikonal functions as scalar-valued functions that are nonexpansive (or
1-Lipschitz). We can differentiate an eikonal function to obtain an Eulerian coorientation, and reciprocally,
on a simply connected surface, we can integrate an Eulerian coorientation to obtain an eikonal function.

We will use eikonal functions as follows. Let .z†;�/ be the universal cover of †, and let x0 2 † be
a fixed, arbitrary point. The surface z† has a multicurve Q
 D ��
 (the pullback of 
 by the covering
map �). An Eulerian coorientation � determines an eikonal function f� on z† n Q
 , called the primitive
of �, by the formula

f�.x/D c�.� ı˛x0;x/;

where ˛x0;x is a generic path in z† from x0 to x. We note that f� is equivariant with respect to the
cohomology class hD Œ��, which means that

f .Tˇ.x//�f .x/D hŒˇ�;
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˛

Figure 4: A piece of a multicurve 
 (black). A coorientation � of 
 is indicated with blue arrows.
A path ˛ transverse to 
 is shown (purple and dotted). The pairing h�; ˛i equals �1C 2DC1 on
this example.

for any points x 2 z†, and any loop homotopy class fˇg 2…1.†; �.x0//, where Tˇ is the automorphism
of z† induced by the curve ˇ.

Moreover, this process can be reversed: any h-equivariant eikonal function f can be differentiated to
obtain a coorientation � of cohomology class h, such that f� D f . Therefore, to go backwards, from a

 -special cohomology class h to a coorientation � such that Œ��D h, we do as follows. We define first an
h-equivariant function f W ��1.p0/! Z, where p0 D �.x0/ 2†. We show that Qf is preeikonal (ie it
satisfies (1), even thought it is not defined at all points) since h is 
 -special. Finally, we show that any
preeikonal function can be naturally extended, using a standard formula, to an eikonal function Nf defined
on the whole space. Moreover, this extended function Nf is h-equivariant if f is so. Differentiating the
eikonal function Nf we obtain the coorientation � such that f� D Nf , and therefore Œ��D h.

2.1 Coorientations of multicurves

Recall that 
 is a multicurve in †. A cross-vector on 
 is a vector tangent to † that is located at a simple
point of 
 , and is transverse to 
 . The set of such vectors, considered as a topological subspace of the
tangent bundle of †, is denoted by C
 . Note that this space has finitely many connected components.

Definition 2.2 An integral cross-functional on 
 is a function � W C
 ! Z that is locally constant and
satisfies the equation �.�v/ D ��.v/ for all v 2 C
 . A coorientation of 
 is a cross-functional with
values ˙1. Note that there are finitely many coorientations of 
 .

As mentioned in the introduction, each coorientation � induces a cochain c� whose cohomology class
Œc�� 2H 1.†IZ/ is in the dual unit ball B�x
 , as we will see below. To reverse this process and show that
each cohomology class h 2B�x
 (equivalent to x
 mod 2) can be represented by a coorientation, we must
understand precisely which cochains are induced by coorientations or, more generally, by cross-functionals
of 
 . These cochains are called cross-cochains, and are characterized as follows.

Recall from Definition 1.2 that P
 is the space of piecewise-smooth paths on † that are generic with
respect to 
 .
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Definition 2.3 An integral cross-cochain (with respect to the multicurve 
 ) is a function c W P
 ! Z

with the following properties:

� It is additive with respect to concatenation of paths, that is, c.ı"/ D c.ı/C c."/ if ı, " 2 P
 are
consecutive paths.

� It is alternating with respect to path reversion, that is, c.˛|/D�c.˛/ for all paths ˛ 2 P
 .

� It is supported on 
 , that is, c.˛/D 0 if ˛ does not meet 
 .

� It is locally constant, that is, constant on any continuous family ."t /t2Œ0;1� of smooth paths "t 2 P
 .
(Such a family of paths is not called a homotopy of paths because the endpoints may move. However, the
endpoints never cross 
 , since at the instant of crossing the path would not be in P
 .)

Definition 2.4 The integral of a cross-functional � along a path ˛ 2 P
 is the number

c�.˛/ WD
X

t2˛�1.
 /

�.˛0.t//:

Lemma 2.5 The map � 7! c� is a bijection from the set of integral cross-functionals to the set of integral
cross-cochains on 
 .

The proof is straightforward.

Proof For a cross-functional �, it is clear that c� is a cross-cochain. Let F be the map from the set of
integral cross-functionals to the set of integral cross-cochains given by F.�/D c�.

To show that F is bijective, we use the following notation. For a cross-vector v 2 C
 , let C
 .v/ be the
connected component of C
 containing v, and let P
 .v/ be the set of smooth paths in P
 that cross 

exactly once, and with velocity v0 in C
 .v/. Note that any two arcs "0, "1 2 P
 .v/ are connected by a
continuous family of arcs ."t /t2Œ0;1� in P
 .v/. This implies that any cross-cochain is constant on P
 .v/.

The map F is injective since given two cross-functionals �¤ �0, we see that c�.v/¤ c�0 by evaluating
these two cochains at a path 
 2 P
 .v/, where v 2 C
 is a cross-vector such that �.v/¤ �0.v/.

Now let us show that F is surjective. Given a cross-cochain c, we shall produce a cross-functional �
such that c� D c. We define � as follows: for each cross-vector v 2 C
 , we set �.v/ WD c.˛/, for any
˛ 2P
 .v/. This value is well defined since c is constant on P
 .v/, as noted above. In addition, it is clear
that �.�v/D �.v/. This shows that � is a cross-functional.

To finish, let us show that c� D c. Given a path ˛ 2 P
 , we decompose it as a concatenation of smooth
paths ˛i 2 P
 , where each ˛i meets 
 once with certain velocity vi , or not at all, in which case we say
that i is trivial. Then we have

c.˛/D
X

i

c.˛i/D
X

i nontrivial

c.˛i/D
X

i nontrivial

�.vi/D c�.˛/:
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Remark 2.6 A cross-functional � is a coorientation if and only if the cross-cochain c� is unitary, that is,
it satisfies for each path ˛ 2 P
 the condition

c�.˛/D˙1 if Len
 .˛/D 1;

or, equivalently, the conditions

c�.˛/� Len
 .˛/ and c�.˛/� Len
 .˛/ mod 2:

2.2 Eulerian coorientations

Definition 2.7 A coorientation � of 
 is Eulerian if the cochain c� is closed, ie if c�.˛/D 0 whenever ˛
is a contractible closed curve, or, equivalently, if c�.˛/ depends only on the homotopy class f˛g. (The
homotopies we consider here are with fixed endpoints and disregarding 
 , meaning that the intermediate
paths may not be in P
 .) The set of all Eulerian coorientations of 
 is denoted by Eul.
 /.

Equivalently, � is Eulerian if around each double point p of 
 , among the four pieces of � that meet at p

there are exactly two with positive coorientation and two with negative coorientation. Hence the local
picture of � at p is one of the following two: either when traveling straight along 
 and encountering p the
coorientation changes — in this case the coorientation is said to be alternating at p — or the coorientation
does not change when following 
 — in which case it is nonalternating at p.

alternating nonalternating

Example 2.8 If Œ
 �2 2 H 1.†IZ=2Z/ is zero, then the regions of † n 
 can be colored in black and
white in such a way that adjacent regions have different colors. In this case we can coorient all edges
toward the white regions. The obtained coorientation is Eulerian, all double points being alternating.

Example 2.9 There always exist global Eulerian coorientations, even when Œ
 �2 2 H1.†IZ=2Z/ is
not zero. Indeed one can choose a coorientation for every component of 
 . This yields an Eulerian
coorientation having only nonalternating vertices. If 
 consists of c immersed curves, there are 2c such
coorientations.
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Remark 2.10 If � is an Eulerian coorientation of 
 , then for every generic closed 1-chain ˛, the number
c�.˛/ depends only of the homology class Œ˛� 2 H1.†IZ/. In consequence, � induces a cohomology
class Œ�� WD Œc�� in H 1.†IZ/.

We denote by ŒEul.
 /� the subset of H 1.†IZ/ consisting of the cohomology classes of the Eulerian
coorientations on 
 . Theorem C states that

ŒEul.
 /�D fh 2 B�x
 j hmod 2 D Œ
 �2g:

Let us prove the easy inclusion�, that is, that the cohomology class induced by any Eulerian coorientation
is in the dual unit ball B�x
 (ie it is � x
 ) and also coincides with Œ
 �2 modulo 2.

Lemma 2.11 For every Eulerian coorientation � of 
 and every homology class a in H1.†IZ/, we have
Œ��.a/� x
 .a/ and also Œ��.a/� Œ
 �2.a/ mod 2.

Proof Let ˛ be an x
 -realizing curve of class a. Then h�; ˛i counts every intersection point of ˛ and

 with a coefficient ˙1, while x
 .a/ counts these same intersection points with a coefficient C1 each.
Hence we have

c�.˛/� x
 .˛/ and also c�.˛/� x
 .˛/ mod 2:

To prove the reverse inclusion we will use eikonal functions.

2.3 Eikonal functions on the universal cover

As before, † is a compact closed surface with a multicurve 
 on it.

Our task now is to define the eikonal functions on the universal cover .z†;�/. The space z† has a
multicurve Q
 WD ��.
 / (that is, the pullback of 
 by the map �), which induces a length functional Len Q

and therefore, a distance function d Q
 , which we need to define the notion of eikonal functions. However,
we will instead define the distance function directly in terms of the multicurve 
 , by taking advantage of
the standard explicit construction of the universal cover.

We construct the universal cover .z†;�/ of the surface † as follows. The space z† is the set of homotopy
classes of paths in † starting at p0, where p0 2†n
 is a fixed, arbitrary point. Thus each point x 2 z† is
of the form x D f˛g where ˛ is a path in † starting at p0, and f˛g denotes its homotopy class (with fixed
endpoints). In particular, the space z† has a natural base point x0 D f1p0

g, where 1p0
is the trivial path

at p0. The covering map � W z†!† is the function that sends each homotopy class f˛g to the endpoint
of the path ˛.

The fundamental group…1.†;p0/, hereafter denoted by…1, acts (on the left) on z† as follows: each loop
homotopy class fˇg 2…1 induces on z† a transformation Tˇ W f˛g 7! fˇ˛g, where ˇ˛ is the concatenation
of the path ˇ followed by the path ˛. This action commutes with the covering map � (that is, it satisfies
� ıTˇ D � for all fˇg 2…1) and is transitive on each fiber of � .
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The length with respect to 
 of a homotopy class f˛g is defined as the minimum length of a generic path
˛0 in the class,

Len
 f˛g D min
˛02f˛g\P


Len
 .˛0/:

The distance between two points x D f˛g and y D fˇg 2 z† not located on the multicurve Q
 WD ��.
 / is

d Q
 .x;y/D Len
 f˛|ˇg

where ˛| is the reverse of the path ˛. Note that d Q
 satisfies the triangle inequality, therefore it is an
integer-valued (but not positive-definite) distance function on z† n Q
 . Moreover, an easy computation
shows that the transformations Tˇ preserve this distance function.

Definition 2.12 An integer-valued function f defined on a subset D of z† n Q
 is said preeikonal if it
satisfies

(2) jf .y/�f .x/j � d Q
 .y;x/ and f .y/�f .x/� d Q
 .y;x/ mod 2 for all x;y 2D;

An eikonal function is a preeikonal function defined on the whole set z† n Q
 .

Remark 2.13 A function f W z† n Q
 ! Z is eikonal if and only if it satisfies the local condition

f .y/�f .x/D

�
0 when d Q
 .x;y/D 0;

˙1 when d Q
 .x;y/D 1:

The term “eikonal function” comes from geometric optics, where it describes a (possible singular) real-
valued function f that solves the eikonal equation krf k � 1. The eikonal functions defined above are
discrete analogs of these real-valued functions.

Definition 2.14 An integer-valued function f defined on a subset D of z† n Q
 is said equivariant with
respect to a cohomology class h 2H 1.†IZ/, or h-equivariant, if it satisfies

f .y/�f .x/D hŒˇ�

for all pairs of points x;y 2D and all loop homotopy classes fˇg 2…1 such that Tˇ.x/D y.

Every Eulerian coorientation � of 
 determines a function f� W z† n Q
 ! Z, called the primitive of �, by
the formula

f� W f˛g 7! c�.˛/:

The number c�.˛/ does not depend on how the path ˛ is chosen within its homotopy class since � is
Eulerian.

Lemma 2.15 For each cohomology class h 2 H 1.†IZ/, the map � 7! f� bijects the set of Eulerian
coorientations of 
 of cohomology class h to the set of h-equivariant eikonal functions on z† n Q
 that
vanish at the base point x0 D f1p0

g.

Algebraic & Geometric Topology, Volume 25 (2025)



4516 Marcos Cossarini and Pierre Dehornoy

Proof Let us first see that for each Eulerian coorientation �, the function f� is eikonal, Œ��-equivariant,
and vanishes at the base point. The last claim is clear: since the trivial path 1p0

does not meet 
 , we have

f�.x0/D c�.1p0
/D 0:

To see that f is eikonal, take two points f˛g, fˇg 2 z† n Q
 at distance d Q
 .f˛g; fˇg/D 1. This means that
there exists a path " 2 P
 homotopic to ˛|ˇ with Len
 ."/D 1. Hence we can verify that

f�fˇg�f�f˛g D c�.ˇ/� c�.˛/D c�.˛
|ˇ/

D c�."/ since � is Eulerian

D˙1:

Similarly, one can see that f�fˇg D f�f˛g if d Q
 .f˛g; fˇg/D 0. Finally, to see that f� is Œ��-equivariant,
we take a loop homotopy class fˇg 2…1 and a point f˛g 2 z† n Q
 and we verify that

f�fˇ˛g D c�.ˇ˛/D c�.ˇ/C c�.˛/D Œ��Œˇ�Cf�f˛g:

Now let us fix a cohomology class h 2H 1.†IZ/. As we have just shown, the map � 7! f� restricts to a
map Rh from the set of Eulerian coorientations of class h to the set of h-equivariant eikonal functions on
z† n Q
 that vanish at the base point x0 D f1p0

g. Let us show that Rh is bijective.

To prove that Rh is injective, fix an Eulerian coorientation � and a cross-vector v 2 C
 . We shall express
�.v/ in terms of the function f�. Take a path " 2 P
 which crosses 
 just once with velocity v, and let
˛ 2 P
 be an auxiliary path from p0 to the starting point of ". Then we have

f�f˛"g�f f˛g D c�.˛"/� c�.˛/D c�."/D �.v/;

which shows that � can be recovered from the function f�, and thus Rh is injective.

Finally, let us show that Rh is surjective. Let f W z† n Q
 ! Z be an equivariant eikonal function that
vanishes at the base point x0D f1p0

g. We have to construct an Eulerian coorientation � such that f� D f .
To do so, we define first a cross-cochain c as follows. For any generic smooth path " 2 P
 , we let

c."/ WD f f˛"g�f f˛g

where ˛ 2P
 is an auxiliary path from p0 to the starting point of ". Let us show first that the value c."/ is
well defined. Let ˛0 be any other path from p0 to the starting point of ". Then we can write f˛0g D fˇ˛g
where ˇ WD ˛|˛0, and thus from the fact that f is h-equivariant for some h W…1! Z we get

f f˛0"g�f f˛0g D f fˇ˛"g�f fˇ˛g

D hŒˇ�Cf f˛"g� hŒˇ��f f˛g since f is h-equivariant

D f f˛"g�f f˛g:

We claim that c is a cross-cochain according to Definition 2.3, and in fact, a unitary and closed cross-
cochain.
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We note first that c."/ only depends on the homotopy class f"g. (This will imply that c is closed as a
cross-cochain.)

Let us prove that c is additive with respect to concatenation of paths. Let ı; " 2 P
 be consecutive paths.
To show that c.ı"/D c.ı/C c."/, we take an auxiliary path ˛ 2 P
 from p0 to the starting point of ı.
Then we have

c.ı"/D f f˛ı"g�f f˛g D f f˛ı"g�f f˛ıgCf f˛ıg�f f˛g D c."/C c.ı/:

Similarly, let us show that c is alternating with respect to path reversion. Consider a path " 2 P
 and its
reverse "|, and let ˛ 2 P
 be an auxiliary path from p0 to the starting point of ". Note that the path ˛"
goes from p0 to the starting point of "|, therefore we have

c."|/D f f˛""|
g�f f˛"g D f f˛g�f f˛"g D �c."/:

Next, let us show that c is supported on 
 , ie that c."/D 0 for any path " 2 P
 that avoids 
 . Let " 2 P


be such a path, and let ˛ 2 P
 be an auxiliary path from p0 to the starting point of ". Then we have

c."/D f f˛"g�f f˛g

� d Q
 .f˛g; f˛"g/ since f is an eikonal function

D Len
 f˛|˛"g D Len
 f"g D 0:

Similarly, let us show that c is unitary. For a path " 2 P
 of length Len
 ."/D 1, we have to show that
c."/ D ˙1. The fact that Len
 ."/ D 1 implies that Len
 f"g D 1, since the possibility Len
 f"g D 0 is
excluded because homotopic paths have the same length modulo 2. To compute c."/ we take an auxiliary
path ˛ 2 P
 from p0 to the starting point of " and we note that

c."/D f f˛"g�f f˛g D ˙1

since f is an eikonal function and

d Q
 .f˛g; f˛"g/D Len
 f˛|˛"g D Len
 f"g D 1:

Finally, let us show that c is constant on any continuous family ."t /t2Œ0;1� of smooth paths "t 2 P
 . It
suffices to verify that c."0/ D c."1/. Denote rt and st the starting point and endpoint of "t for each
t 2 Œ0; 1�. Note that the curves r W t 7! rt and s W t 7! st avoid the multicurve 
 . These curves r; s may
not be in P
 , but they surely can be approximated by respective curves �; � 2 P
 that are homotopic
to r and s, respectively (with fixed endpoints), and also avoid 
 . Then we have f"0g D f�"1�

|g, which
implies that

c."0/D c.�/C c."1/� c.�/D c."1/

since c.�/D c.�/D 0 because � and � avoid 
 .

This finishes the proof that c is a closed, unitary cross-cochain. Therefore, by Lemma 2.5 (together with
Remark 2.6), there exists an Eulerian coorientation � of 
 such that c D c�. We see that f� D f because
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x

y1

y2

y3

f .y1/D 0

Ix;y1
D Œ�1; 1�

f .y2/D 2 Ix;y2
D Œ�1; 5�

f .y3/D�1

Ix;y3
D Œ�3; 1�

Figure 5: A part of the multicurve Q
 (black and thin). Assume that the set D consists of three
points y1;y2;y3 (red, green and blue dots) with prescribed values f .y1/ D 0; f .y2/ D 2 and
f .y3/ D �1. Considering a fourth point x (purple), we see that we have Ix;y1

D Œ�1; 5�,
Ix;y2

D Œ�1; 1� and Ix;y3
D Œ�3; 1�. In particular these three intervals intersect, and one can set

Nf .x/D 1.

for any homotopy class f˛g 2 z† n Q
 (represented by a generic smooth path ˛ 2 P
 starting at p0 ) we
have

f�f˛g D c�.˛/D c.˛/D f f1p0
˛g�f f1p0

g D f f˛g

since f f1p0
g D 0. This shows that f� D f , concluding the proof that Rh is surjective.

The next result is the key to proving Theorem C.

Lemma 2.16 (extension) Every preeikonal function f defined on a subset D of z† n Q
 can be extended
to an eikonal function Nf W z† n Q
 ! Z given by

Nf .x/D min
y2D

f .y/C d Q
 .x;y/:

Proof For a point x 2 z† n Q
 , we want to define Nf .x/. We first observe that, for every y 2D, the value
Nf .x/ must lie in the interval Ix;y WD Œf .y/� d Q
 .x;y/; f .y/C d Q
 .x;y/�. See Figure 5.

We claim that for every y and y0 in D, the intervals Ix;y and Ix;y0 intersect. Otherwise there would
exist two points y and y0 such that f .y/Cd Q
 .x;y/ < f .y

0/�d Q
 .x;y
0/, which implies f .y0/�f .y/ >

d Q
 .x;y/C d Q
 .x; z/ � d Q
 .y;y
0/, contradicting preeikonality of f . Now, any set of intervals in R that

pairwise intersect has a global common point. Therefore the intersection \y2DIx;y is nonempty. So we
define Nf .x/ as the highest common point Nf .x/ WDminy2D f .y/C d Q
 .x;y/ of these intervals.

We claim that the extension Nf is preeikonal (and therefore eikonal, since it is defined at all points of z†n Q
 ).
Indeed, to prove that jf .x0/�f .x/j � d Q
 .x;x

0/, it is enough to check that

j.f .y/C d Q
 .x
0;y//� .f .y/C d Q
 .x;y//j � d Q
 .x;x

0/
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for each y, which follows from the triangle inequality in the form

jd Q
 .x
0;y/� d Q
 .x;y/j � d Q
 .x;x

0/:

To prove that f .x0/�f .x/� d Q
 .x;x
0/ modulo 2, we write

f .x0/�f .x/D .f .y0/C d Q
 .x
0;y0//� .f .y/C d Q
 .x;y// for certain y;y0 2D

� d Q
 .y;y
0/C d Q
 .x

0;y0/� d Q
 .x;y/ modulo 2 since f is preeikonal

� d Q
 .y;y
0/C d Q
 .x

0;y0/C d Q
 .x;y/ since plus and minus coincide mod 2

� d Q
 .x;x
0/ since homotopic paths have equal length mod 2.

Note that a preeikonal function f generally admits several eikonal extensions. The one we denoted by Nf
is the highest one. It has the advantage of being determined by f by an explicit formula.

2.4 Proof of Theorem C

As explained after Lemma 2.11, it remains to be shown that every cohomology class h 2 B�x
 that
coincides modulo 2 with Œ
 �2 is the cohomology class of some Eulerian coorientation �. We fix such a
cohomology class h.

Recall that we have chosen a point p0 in † n 
 to construct the universal cover z† and the covering map
� W z†!†. Denote D D ��1.p0/. We define a function f WD! Z by the formula f f˛g D hŒ˛�. This
function is well defined because homotopic paths are homologous.

Claim 2.17 The function f WD! Z is an h-equivariant preeikonal function.

Proof Let us show that f is h-equivariant. Take a loop ˇ in † based at the point p0. Then for points
y D f˛g, y0 D Tˇ.y/D fˇ˛g 2D we have

f .y0/�f .y/D hŒˇ˛�� hŒ˛�D hŒˇ�;

as claimed. To show that f is preeikonal we continue as follows. Any two points y, y0 2 D can be
written as y D f˛g, y0 D Tˇ.y/D fˇ �˛g. Therefore we have

f .y0/�f .y/D hŒˇ�� x
 Œˇ�

since h 2 B�x
 . On the other hand, the distance between y and y0 is

d Q
 .y;y
0/D Len
 f˛|ˇ˛g

D Len
 .ˇ0/ for some path ˇ0 2 f˛|ˇ˛g

� x
 Œˇ
0� by definition of x


D x
 Œˇ� since Œˇ0�D Œ˛|ˇ˛�D Œˇ�
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which shows that f .y0/� f .y/ � d Q
 .y;y
0/. To see that f .y0/� f .y/� d Q
 .y;y

0/ modulo 2 we note
that

f .y0/�f .y/D hŒˇ�

� Œ
 �2Œˇ� since h� Œ
 �2 modulo 2

D Œ
 �2Œˇ
0� since Œˇ0�D Œˇ� with ˇ0 as above

� Len
 .ˇ0/ modulo 2 by definition of Œ
 �2

D d Q
 .y;y
0/:

This finishes the proof that f is a preeikonal function.

By the extension lemma (Lemma 2.16), we can extend f to an eikonal function Nf W z† n Q
 ! Z defined
by the formula Nf .x/Dminy2D f .y/C d Q
 .y;x/.

Claim 2.18 The function Nf is h-equivariant.

Proof This follows from the fact that f is h-equivariant. Indeed, take a loop homotopy class fˇg in …1

and a point x 2 z† n Q
 . Then the value of f at the translate point x0 D Tˇ.x/ is

Nf .x0/D min
y02D

f .y0/C d Q
 .y
0;x0/

D min
y2D

f .Tˇ.y//C d Q
 .Tˇ.y/;Tˇ.x// since D D Tˇ.D/

D min
y2D

f .y/C hŒˇ�C d Q
 .y;x/ since f is h-equivariant and Tˇ preserves d Q


D Nf .x/C hŒˇ�:

Since f is an h-equivariant eikonal function, by Lemma 2.15 there exists a unique Eulerian coorientation �
with cohomology class Œ��D h such that f� D Nf .

Let us put everything together. We have shown in Proposition B that x
 is an integral seminorm on
H1.†IZ/, and this seminorm coincides modulo 2 with the cohomology class Œ
 �2. Therefore we can
apply Theorem 2.1 (the extension of Thurston’s theorem). We conclude that for each homology class
a 2H1.†IZ/, we have

x
 .a/D max
'2B�x


hmod 2DŒ
 �2

h.a/D max
�2Eul.
 /

Œ��.a/:

This concludes the proof of Theorem C.

3 Birkhoff sections with symmetric boundary for the geodesic flow

We now turn to geodesic flows on unit tangent bundles to hyperbolic surfaces and their Birkhoff sections.
Unlike the two previous sections, the surfaces we consider are now equipped with a hyperbolic metric, and
all considered multicurves are geodesic. We first recall in Section 3.1 what are the geodesic flow and the

Algebraic & Geometric Topology, Volume 25 (2025)



Intersection norms on surfaces and Birkhoff sections for geodesic flows 4521

symmetric lift of a geodesic. Then in Section 3.2 we associate to every Eulerian coorientation a surface
in the unit tangent bundle needed for proving the first part of Proposition D. We recall in Section 3.3 the
basic definitions on Birkhoff sections and the elements of Schwartzman–Fried–Sullivan theory we need
for our classification. Then in Section 3.4 we recall basic notions on pseudo-Anosov flows and Fried’s
result on their homology directions. In Section 3.5 we make a bit of elementary algebraic topology for
describing homology classes of surfaces with boundary. This allows us to prove in Section 3.6 the second
part of Proposition D, as well as Theorem A.

3.1 Geodesic flow and symmetric collections of orbits

Given a hyperbolic surface †, its unit tangent bundle is the circle bundle T 1† made of length 1 tangent
vectors, that is T 1†D f.p; v/ 2 T† j kvkD 1g. The geodesic flow .'t

geod/t2R on T 1† is the flow whose
orbits are lifts of geodesics. Namely for ˛ a geodesic on † parametrized with speed one, the orbit of
.'t

geod/t2R going through the point .˛.0/; P̨ .0// 2 T 1† is described by 't
geod.˛.0/; P̨ .0//D .˛.t/; P̨ .t//.

For every oriented periodic geodesic E˛ on †, there is one periodic orbit of .'t
geod/t2R corresponding to

the oriented lift of E˛ and denoted by Ę. If ˛ now denotes an unoriented geodesic on †, there are two
associated periodic orbits of .'t

geod/t2R, one for each orientation. We denote by EĘ the union of these two
periodic orbits, it is an oriented link in T 1† that is invariant under the involution .p; v/ 7! .p;�v/. A
link of the form EĘ1[ � � � [ EĘk is called a symmetric link.2

3.2 Birkhoff–Brunella surfaces and the first part of Proposition D

Starting from a hyperbolic surface † and a finite collection 
 of periodic geodesics3 on †, we now
explain how to associate to every Eulerian coorientation of 
 a surface in T 1† bounded by � EE
 and
transverse to .'t

geod/t2R, thus proving the first part of Proposition D.

Fix a coorientation � (not yet Eulerian) of 
 . For every edge e of 
 (ie segment between two double
points), we consider the set Re;� of those tangent vectors based on e and pairing positively with �. It is
a subset of in T 1† of the form e � Œ0; �� (see Figure 6), and hence we call it an elementary rectangle.
With the notation of Section 2, it is the closure of a connected component of C
 . It is bounded by the
two lifts of e in T 1† (called the horizontal part of @Re;�) and two halves of the fibers of the extremities
of e (called the vertical part of @Re;�). Note that the interior of Re;� is transverse to the geodesic flow
.'t

geod/t2R while the horizontal part of @Re;� is tangent to it. We then orient Re;� so that orbits of
.'t

geod/t2R intersect it positively. One checks that the induced orientation on @Re;� is opposite to the
one given by .'t

geod/t2R, as explained in Figure 6. This is the reason why we want to consider negative
orientations in Theorem A and Proposition D.

2The term “antithetic link” was suggested by Bruce Bartlett, but we remarked that symmetric is already used in the literature.
3In the sequel we always assume 
 to be in general position, meaning in particular that no point belong to three different arcs.
This is a restriction as there exists collection of geodesics on surfaces that exhibit triple points for all constantly curved metrics.
One way to deal with this situation is to perturb the metric, allowing the curvature to slightly change so that the position of the
collection becomes general. Indeed the arguments we use do not require constant curvature, only negative.

Algebraic & Geometric Topology, Volume 25 (2025)



4522 Marcos Cossarini and Pierre Dehornoy

Figure 6: Bottom: an edge e of 
 and a coorientation � on it. Top: the corresponding rectangle
Re;� in T 1†. The dotted lines represent the fibers of some points of †, that is, each point on
these lines represent a unit tangent vector to †. Since the fibers are actually circles, the top and
bottom extremities of the dotted lines should be glued. The rectangle Re;� is transverse to the
orbits of .'t

geod/t2R and the induced orientation is shown in red. The induced orientation of the
horizontal boundary of Re;� (red) is opposed to the orientation of the flow (black). Thus the
surfaces we construct are transverse surfaces whose boundary components have multiplicity �1.

Consider now the 2-dimensional CW-complex S�.�/ that is the union of the rectangles Re;� over all
edges e of 
 ; see the left parts of Figures 7 and 8.

Lemma 3.1 The 2-complex S�.�/ described above has boundary � EE
 if and only if the coorientation �
is Eulerian.

Proof Since S�.�/ is the union of one rectangle per edge of 
 , the horizontal boundary of S�.�/ is
always in EE
 . Since the orientation is opposite to the geodesic flow (see Figure 6), it is actually � EE
 .

What we have to check is that the vertical boundary is empty if and only if � is Eulerian. At every double
point v of 
 there are four incident rectangles, corresponding to the four adjacent edges. Now the vertical
boundary of a rectangle Re;� is oriented upwards at the right extremity of e (when cooriented by �) and
downwards at the left extremity. Then the vertical boundary in a vertex of 
 is empty if only if all vertical
contributions cancel. This is the case exactly when two edges are cooriented in a direction, and two others
in the opposite direction: this means that � is Eulerian around v. Conversely, if � is Eulerian, then up to
rotation there are two local configurations around v (that we called alternating and nonalternating), and
one checks that in both cases, the vertical boundary is empty (see the left parts of Figures 7 and 8).

When � is Eulerian, the complex S�.�/ is not a topological surface if � has some nonalternating points:
as depicted in Figure 8, there are edges in the vertical boundary of four adjacent rectangles, instead of
two for obtaining a topological surface. But it is the only obstruction and we can desingularize such
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Figure 7: On the left, the complex S�.�/ around the fiber of an alternating double point of 
 .
Every point of the fiber of v is adjacent to exactly two rectangles. On the right the surface SBB.�/

is obtained by smoothing S�.�/ in a neighborhood of the fiber of the double point. Its interior is
transverse to the vector field generating the geodesic flow (green).

segments as shown on the right of Figure 8. More precisely, label by 1; 2; 3; 4 the quadrants around the
considered nonalternating point so that two edges point toward 1 under the coorientation �. Then the set s

of those tangent vectors based on the double point and pointing toward quadrant number 1 is the singular
segment to which four rectangles are adjacent. We thus split s into two segments s1 and s3, so that the
extremities of both segments (in T 1†) coincide with the extremities of s, but s1 is pushed a bit into
quadrant number 1, and s3 is pushed a bit into quadrant number 3. Then we distort a bit the two rectangles
adjacent to quadrant 1 so that their vertical boundary is s1, and we distort a bit the two rectangles adjacent
to quadrant 3 so that their vertical boundary is s3. These gluings are made in a smooth way.

The main tool connecting Eulerian coorientations to Birkhoff sections is the following.

Definition 3.2 For � an Eulerian coorientation, the associated BB-surface is the surface SBB.�/ obtained
from S�.�/ by desingularizing and smoothing the fibers of the double points of 
 , as on the right parts
of Figures 7 and 8.

The term BB stands for Birkhoff–Brunella, as this construction generalizes previous constructions by these
two authors. Indeed, the BB-surface associated to a Birkhoff coorientation (Example 2.8) is isotopic to the
construction suggested by Birkhoff and popularized by Fried [6; 20]. Also the BB-surface associated to a
Brunella coorientation (Example 2.9) was introduced by Brunella [8, Description 2]. This construction
already yields the first part of Proposition D:
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1
2

34

Figure 8: On the left, the complex S�.�/ around the fiber of a nonalternating double point of 
 .
Every point of the fiber of v is adjacent to an even number of rectangles. On the right the surface
SBB.�/ is obtained by desingularizing S�.�/ on the portion of the fiber where four rectangles
meet. Note that the topology of the complex changes in this process. However its interior is still
transverse to the vector field generating the geodesic flow (green).

Proposition 3.3 For † a hyperbolic surface , 
 a geodesic multicurve , and � an Eulerian coorientation
of 
 , the associated surface SBB.�/ is embedded in T 1†, it is bounded by� EE
 , and its interior is transverse
to the orbits of the geodesic flow .'t

geod/t2R.

Proof The surface SBB.�/ is obtained by desingularizing S�.�/, so it is embedded. Its boundary coincide
with the boundary of S�.�/, so it is (with orientation) � EE
 . Finally, the desingularization preserves the
transversality to .'t

geod/t2R. Since S�.�/ is positively transverse to .'t
geod/t2R away from its boundary,

so is SBB.�/.

3.3 Birkhoff sections and Schwartzman–Fried–Sullivan theory

Our goal here is to present a criterion for the existence of a Birkhoff section in a given homology class. Such
a criterion exists when the Birkhoff section has no boundary (in this case we call it a global cross section),
and it goes back to Schwartzman. It can be adapted to Birkhoff sections using a blow-up construction.

Definition 3.4 Let M be a compact 3-manifold and let .'t
X
/t2R be a flow on M generated by a smooth

nonvanishing vector field X . (Note that X must be tangent to the boundary @M , which must therefore be
toric.) A global cross section for .M; .'t

X
/t2R/ is a compact orientable surface with boundary S such that:

� S is embedded in M with S \ @M D @S .

� S is positively transverse to X .

� Every orbit of X intersects S . Note that the time to reach S is a continuous (and hence, bounded)
function on M .
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When such a global cross section exists, there is a well defined, bijective first-return map f on S and the
first-return time � is bounded from above and below by compactness. In this case M fibers over the circle
with fiber S , so that M equipped with the vector field X is homeomorphic to S�Œ0; 1�=.p; 1/� .f .p/; 0/

equipped with �.p/ @
@z

, where f .p/D '�.p/.p/ is the first-return map and @
@z

denotes the vector field
tangent to the last coordinate. The dynamics of the flow .'t

X
/t2R are then, up to the time-reparametrization

function � , the dynamics of the map f .

The following remark is folklore; see for example the discussion at the beginning of [42, Section 3]. It
suggests that questions of existence of global cross sections are of algebraic nature.

Proposition 3.5 For .M; .'t /t2R/ a flow , and S1 and S2 two global cross sections , there is an isotopy
along orbits of .'t /t2R that sends S1 on S2 if and only if S1 and S2 represent the same class in
H2.M; @M IZ/.

Proof The direct implication D) is obvious. For the converse, let yM be the infinite cyclic cover of M

associated to the class ŒS1�D ŒS2�2H2.M; @M IZ/ (DH 1.M IZ/ by Lefschetz duality). By construction,
the surface S1 lifts to Z distinct parallel copies .S .n/

1
/n2Z. The flow .'t /t2R lifts to a flow . O't /t2R

in yM . Since S1 intersects all orbits of .'t /t2R, every orbit of . O't /t2R intersects each of the surfaces
.S
.n/
1
/n2Z one after the other.

Now, S2 also lifts to Z parallel copies in yM with the same property. In particular every orbit of . O't /t2R

intersects exactly once each of the surfaces S
.0/
1

and S
.0/
2

. Hence for p 2 S
.0/
1

, we can define tp to be the
unique time so that O'tp .p/ 2 S

.0/
2

. The isotopy .fs W p 7! O'
stp .p//s2Œ0;1� hence connects S

.0/
1

to S
.0/
2

along orbits of . O't /t2R. Projecting back to M yields the result.

Note that if we are given a global cross section S , it intersects all orbits positively. So, taking homology
classes, we see that the class ŒS � 2H2.M; @M IZ/ intersects positively all homology classes of periodic
orbits of the flow. One may wonder whether the above remark can be turned into a sufficient condition:
when does a given homology class � in H2.M; @M IZ/ contain a global section?

The answer has been given by Sol Schwartzman [38] and Francis Fuller [23], and rephrased by Dennis
Sullivan [40]. The quicker way to express it requires to consider invariant measures as currents and to
consider their homology classes: given an X -invariant probability measure �, the associated 1-current c�

is the linear functional on the space �1.M / of 1-forms defined by c�.�/D
R

M �.X.p// d�.p/. Since �
is invariant, c� is closed as a current, and hence it induces a homology class Œc�� in H1.M IR/. The latter
is called the Schwartzman asymptotic cycle associated to �. The set of all asymptotic cycles is denoted by
SchwX . It is a convex subset of H1.M IR/ which contains the classes of the periodic orbits (consider the
Dirac linear invariant measures carried by periodic orbits). The following criterion is due to Schwartzman
in the case M has no boundary, and to Fried when @M is nonempty [38; 19]. Here h � ; � i.M;@M / denotes the
intersection pairing H2.M; @M IR/�H1.M IR/!R. Note that H2.M; @M IZ/�H2.M; @M IZ/˝RD

H2.M; @M IR/ by the universal coefficient theorem for homology.
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Theorem 3.6 (Schwartzman, Fuller, and Fried) Let M be a 3-manifold with toric boundary equipped
with a nonvanishing vector field X tangent to @M . A class � in H2.M; @M IZ/ contains a global section
for .M;X / if and only if for every asymptotic cycle c� 2 SchwX one has h�; c�i.M;@M / > 0.

Now we turn to Birkhoff sections. Recall from the introduction:

Definition 3.7 For M a compact, orientable 3-manifold with no boundary, X a nonvanishing vector field
on M whose flow is denoted by .'t

X
/t2R, an embedded Birkhoff section for .M; .'t

X
/t2R/ is a compact

orientable surface S embedded in M such that

� the interior of S is positively transverse to X ,

� its boundary @S is tangent to X ,

� we have 'Œ0;T �
X

.S/DM for some T > 0.

The second condition implies that the boundary of S is the union of finitely many periodic orbits of X .
Note that one sometimes allows the boundary of S to be immersed instead of embedded, as in [9]. In
such case we say that S is an immersed Birkhoff section.

The first and second conditions in the definition of a Birkhoff section may look hard to realize at the same
time, but actually it is not the case: in a flow box oriented so that the vector field is vertical, the general
picture of an embedded Birkhoff section near its boundary is that of one helicoidal staircase. Since the
interior of a Birkhoff section S is transverse to X , it is cooriented by X .

Since M is oriented, this induces an orientation on S , and in turn an orientation of @S . On the other
hand, @S is a collection of periodic orbits of X , so it is oriented by X . For every component ˇ of @S ,
we can then define the multiplicity of ˇ as the algebraic number of times one sees ˇi in @S . Since we
restrict our attention to embedded Birkhoff sections, this multiplicity is always ˙1. We call a Birkhoff
section positive (resp. negative) if every boundary component has multiplicity C1 (resp. �1).

negative positive
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The connection with global cross sections comes from the following remark: starting from a nonsingular
flow X on a compact 3-manifold M with no boundary, and given a finite collection ˇ of periodic orbits
of X , one can consider the normal blow-up of M along ˇ, denoted by Mˇ. It is obtained from M by
removing the 1-submanifold ˇ and replacing it by its unit normal bundle �1

X
.ˇ/. In this construction,

each component of ˇ is replaced by a torus. If X is of class C 1, it extends to �1
X
.ˇ/ via its differential,

so that Mˇ is equipped with a continuous vector field Xˇ.

Now if S is a global cross section for .Mˇ; .'
t
Xˇ
/t2R/, one can change it by an isotopy in an arbitrarily

small neighborhood of @Mˇ, so that every boundary component of @S is either

� a meridian circle of a boundary torus, that is, the normal bundle to a point p 2 ˇ, or

� a longitude of a boundary torus, that is, its projection in M is an immersion.

After such an isotopy, by blowing down the components of @S into orbits of X , we obtain an immersed
Birkhoff section for .M; .'t

X
/t2R/ whose boundary is in ˇ. So global cross sections for .Mˇ; .'

t
Xˇ
/t2R/

up to isotopy induce Birkhoff sections whose boundary is in ˇ up to isotopy fixing the boundary.

Conversely, starting from a Birkhoff section S , one can blow up its boundary and obtain a global cross
section on the blown-up 3-manifold.

Therefore, provided one can understand the Schwartzman asymptotic cycles after blowing up a periodic
orbit, one can adapt the Schwartzman–Fried criterion to the existence of Birkhoff sections. This was done
by Fried and even precised by Hryniewicz [19, Theorem N], [29], as we now explain. In our context of
a vector field X on a 3-manifold M with a specified finite set ˇ of periodic orbits, every X -invariant
measure can be split into two parts: one that is supported on M nˇ and then descends to a Xˇ-invariant
measure on Mˇ , and one part that corresponds to a combination of Dirac linear X -invariant measures on
the components of ˇ. This second part has to be replaced on Mˇ by an Xˇ-invariant measure on �1

X
.ˇ/.

Since a flow on a 2-torus is in general not uniquely ergodic, the unit normal bundle �1
X
.ˇ/ admits several

Xˇ-invariant measures. However, a given class � in H2.M; ˇIZ/ induces a class, also denoted by � , in
H2.Mˇ; @MˇIZ/. All asymptotic cycles associated to all Xˇ-invariant measures concentrated on �1

X
.ˇ/

have the same pairing with � , which corresponds to the rotation number of Xˇj�1
X
.ˇ/ with respect to the

slope induced by @� . We call this pairing the self-linking of ˇ along X associated to the framing given
by � , and denote it by h@�; ˇX i�1.ˇ/.

Theorem 3.8 (Schwartzman, Fuller, Fried, and Hryniewicz) Given are a compact 3-manifold M with
no boundary , a nonvanishing vector field X on M , and a finite collection ˇ of periodic orbits of X . Then
a class � in H2.M; ˇIZ/ contains an embedded Birkhoff section for .M; .'t

X
/t2R/ if and only if

� for every X -invariant measure � whose support does not intersect ˇ, the corresponding asymptotic
cycle c� 2 SchwX satisfies h�; c�i.M;ˇ/ > 0,

� for every component ˇi of ˇ, the boundary of @� travels plus or minus once along ˇi , and one has
h@�; ˇX

i i�1.ˇi /
> 0.
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3.4 Anosov flows

Geodesic flows on unit tangent bundles to hyperbolic surfaces are archetypes of transitive Anosov
flows [32; 4]. As such, their asymptotic cycles are easier to understand than those of general flows, as we
now explain.

Recall that a flow .'t
X
/t2R generated by a vector field X on a 3-manifold is of Anosov type if there are

two transverse 'X -invariant 2-foliations Fs;Fu on M that intersect along R:X , where X is the generator
of the flow, such that Fs is transversally exponentially contracted by 't

X
when t ! C1 and Fu is

transversally exponentially contracted4 by 't
X

when t !�1.

The leaves of Fs and Fu are called stable and unstable manifolds, respectively.

Recall that two flows are orbitally equivalent if there is a homeomorphism sending the oriented orbits of
the first flow onto the oriented orbits of the second one. The geodesic flow on a hyperbolic surface is
of Anosov type [4]. In particular it is structurally stable, meaning that a small enough perturbation of
the generating vector field yields an orbitally equivalent flow. Together with the connectedness of the
space of hyperbolic metrics, this implies that the geodesic flows associated to two different hyperbolic
metrics are orbitally equivalent [25]. This means that, as long as only the topological properties of orbits
are involved, the geodesic flows of all possible hyperbolic metrics on a given surface are equivalent.

Blowing-up some periodic orbits of an Anosov flow does not yield an Anosov flow. However it preserves
the pseudo-Anosov character, so we rather work in this context.

Consider the unit disc D2 in C. For any integer k � 3 consider the singular 1-foliation F1
k

on D2 given
by d.<.zk=2// D 0, and denote by F2

k
the singular 2-foliation F1

k
� .0; 1/ on D2 � .0; 1/. The leaf

f0g � .0; 1/ is singular. Also consider the half-unit disc U2 D D2 \ f=.z/ > 0g. Consider the singular
1-foliation F1

@
on U2 given by d.<.s/ � =.z//D 0, and denote by F2

@
the singular 2-foliation F2

@
� .0; 1/

on U2 � .0; 1/. The leaf f0g � .0; 1/ is also singular.

Given a compact 3-manifold M with toric boundary, a foliation with circle-prongs of M is a 2-foliation
with singularities F of M locally modeled on a standard 2-foliation or on some F2

k
in the interior of M ,

and on a standard 2-foliation tangent to @M or on F2
@

along @M ; see Figure 9.

4Actually this definition corresponds to topologically Anosov flows, which is enough for us, as the results we use hold for
topologically Anosov flows. Note that it was proven by Shannon that transitive topological Anosov flows are topologically
equivalent to smooth Anosov flows [39], so that the topological results on transitive smooth Anosov flows can be used for
topologically Anosov flows.
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Figure 9: The local picture of a standard 2-foliation in the interior of a 3-manifold (left) and on
the boundary (center left). The local picture of the foliation with circle-prong F2

4 (center right)
and the local picture of F2

@
(right).

A flow .'t /t2R on M is of pseudo-Anosov type if there are two .'t /t2R-invariant foliations with circle-
prongs Fs;Fu on M that are transverse to each other and intersect along R:X (except along the singular
curves which are common, and parallel to X ), where X is the generator of the flow, such that Fs

is transversally exponentially contracted by 't when t !C1 and Fu is transversally exponentially
contracted5 by 't when t ! �1. Note that the pseudo-Anosov flows we consider in the sequel are
obtained by blowing up periodic orbits of Anosov flows. Hence the circle-prongs of the blown-up
foliations are only of type F2

@
; the types F2

k
with k � 3 do not appear in our context.

Recall that a flow is transitive if it has a dense orbit. Geodesic flows on hyperbolic surfaces are transitive.
Brunella showed that transitive pseudo-Anosov flows admit finite Markov partitions [7, Theorem 2.1].
Earlier Fried showed that the cone generated by the asymptotic cycles of a flow admitting a finite Markov
partition is easy to describe [19, Theorem H]:

Theorem 3.9 (Fried) Given a compact 3-manifold M with toric boundary and a nonvanishing vector
field X on M tangent to @M generating a flow .'t

X
/t2R admitting a finite Markov partition , there is a finite

collection fˇ1; : : : ; ˇng of periodic orbits of .'t
X
/t2R such that RC:SchwX D Conv.fRCŒˇi �giD1;:::;n/.

Combining the above statement with the existence criterion of Theorem 3.8, in the case of geodesic flows
we obtain the following result.

Corollary 3.10 Given a hyperbolic surface † and Ě a signed collection of periodic orbits of .'t
geod/t2R

on T 1†, a class � in H2.T
1†; ĚIZ/ such that @� D Ě contains a Birkhoff section for .'t

geod/t2R if , and
only if ,

� for every periodic orbit Ę of .'t
geod/t2R not in Ě, one has h�; Œ Ę�i

.T 1†; Ě/
> 0,

� for every component Ěi of Ě, one has h@�; ĚXgeod
i i

�1. Ěi /
> 0.

Actually, Theorem 3.9 states that the infinite set of all periodic orbits in the first item could be replaced
by a finite one, but determining this finite set for every signed collection Ě does not look trivial to us.

5Pseudo-Anosov flows correspond to the expansive flows of Brunella [7]. Thanks to results of Inaba–Matsumoto and Paternain,
both notions coincide, as explained in Brunella’s thesis.
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3.5 Classes of surfaces with given boundary

We come back to the setting of Theorem A: † is a negatively curved surface, 
 is a finite collection of
periodic geodesics and EE
 denotes the symmetric lift of 
 . In order to apply Schwartzman, Fuller, Fried, and
Hryniewicz’s criterion in the form of Corollary 3.10 for finding Birkhoff cross sections bounded by � EE
 ,
we need to work in the complement T 1†n EE
 and in particular to determine the space H2.T

1†; EE
 IZ/. In
this section we explain that the homology classes of 2-chains bounded by � EE
 form an affine space and
we give a canonical origin to this space.

Lemma 3.11 The homology classes of those 2-chains whose boundary is � EE
 form an affine space
directed by H1.†IZ/.

Proof First we consider the sequence 0!H2.T
1†IZ/ i

�!H2.T
1†; EE
 IZ/ @�!H1. EE
 IZ/, where i is the

inclusion map and @ is the boundary map. We claim that it is exact.6 Indeed this is a part of the long exact
sequence associated to the pair .T 1†; EE
 /; see [28, Theorem 2.16], plus the fact that H2. EE
 IZ/ is zero.

Now the homology classes of those 2-chains whose boundary is � EE
 correspond to the preimages under @
of the point .�1;�1; : : : ;�1/ 2H1. EE
 IZ/' Z2j
 j. Indeed, given two 2-chains with the same boundary,
their difference induces a class in H2.T

1†IZ/. Using the fact that T 1† is a circle bundle with nonzero
Euler class, we get H2.T

1†IZ/'H1.†IZ/: a nontrivial class in H2.T
1†IZ/ can be represented by

the set of the fibers over a cycle in H1.†IZ/.

From Lemma 3.11 we deduce that if we are given an explicit 2-chain S0 bounded by � EE
 , the classes
of the other 2-chains bounded by � EE
 differ from ŒS0� by a class in H1.†IZ/. In our context, there
is a natural choice of such an origin S0, for which the computation of the intersection numbers with
asymptotic cycles of the geodesic flow will be easy.

We denote by S�
˙

the rational chain in C2.T
1†; EE
 IQ/ that is half the sum of all elementary rectangles Re;�

(see Figure 10) and by �˙ its homology class in H2.T
1†; EE
 IQ/,

S�˙ WD
1

2

X
e2
;�eD˙

Re;�e ; �˙ WD ŒS
�
˙�:

In other words, we consider the set of all tangent vectors based at points of 
 . Remember that every
elementary rectangle is cooriented by the geodesic flow, and hence oriented. Therefore, S�

˙
is also

oriented. Its boundary is then exactly � EE
 (thanks to the 1
2

factor). The 2-chain S�
˙

is not a surface since
the fibers of the double points of 
 are singular. As it is rational the class �˙ might not be realized by a
surface, but 2�˙ is always an integral class.7

6An erroneous version of this statement is in [19, Lemma 6], where it is claimed that the boundary map is surjective and admits a
section. It is not true in general, unless T 1† is a homology sphere.
7Actually, �˙ is realized by a surface if and only if Œ
 �2, the class of 
 in H1.†IZ=2Z/, is 0. In this case, the homology
class of Birkhoff’s coorientation �B (Example 2.8) is 0, and SBB.�B/ lies in the class �˙. Also the class �˙ is equal to
1
2
ŒSBB.�/CSBB.��/� for every Eulerian �. Hence it is always realized as the mean of two surfaces without any assumption

on Œ
 �2.

Algebraic & Geometric Topology, Volume 25 (2025)



Intersection norms on surfaces and Birkhoff sections for geodesic flows 4531

Figure 10: The 2-chain S�
˙

is half of the sum of all rectangles Re;�e . It is cooriented by the
geodesic flow, and hence oriented (in red). Its boundary, taking orientations into account, is � EE
 .

The class ŒS�
˙
� yields a canonical origin to the affine space of those 2-chains bounded by � EE
 , in the sense

that it connects the intersection numbers in T 1† EE
 to intersection numbers of the base surface †.

Lemma 3.12 For E˛ a collection of oriented periodic geodesics on †, none of which is a component of 
 ,
denote by Ę its lift in T 1†. Then the algebraic intersection h�˙; Ęi.T 1†; EE
/ is equal toC1

2
Len
 .

E
˛/.

This lemma appears in a different form in [17] where it is used to prove that the linking number of two
symmetric collections EE
 1; EE
 2 in T 1† is equal to �Len
1

.
2/.

Proof Since S�
˙

is positively transverse to the geodesic flow, all intersection points of Ę with S�
˙

contribute positively to the algebraic intersection. Since every rectangle has coefficient 1
2

in S�
˙

, the
contribution of every intersection point isC1

2
. Finally Ę intersects S�

˙
exactly in the fiber of the intersection

points of E˛ and 
 .

The connection with intersection norms is now straightforward:

Corollary 3.13 For E˛ a collection of oriented periodic geodesics on †, none of which is a component
of 
 , the intersection h�˙; Ęi.T 1†; EE
/ is at least equal to 1

2
x
 .Œ
E
˛�/, with equality if and only if E˛ is an

x
 -realizing collection of geodesics.

3.6 Proofs of Proposition D and Theorem A

Let us recall the context: † is a hyperbolic surface and 
 a finite collection of periodic orbits on †. We
denote by EE
 the symmetric lift of 
 in T 1† and by T 1† EE
 the 3-manifold obtained from T 1† by blowing
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up the link EE
 . It has toric boundary, and it is equipped with the extension, also denoted by .'t
geod/t2R, of

the geodesic flow. The latter is of pseudo-Anosov type (see Section 3.4).

Denote by �� the canonical projection from H2.T
1†IR/ to H1.†IR/. The next statement is the key

property connecting Birkhoff sections and intersection norms.

Lemma 3.14 If 
 is a filling geodesic multicurve on †, a class � 2H2.T
1†; EE
 IZ/ intersects positively

(resp. nonnegatively) every class Œ Ę� 2H1.T
1† EE
 IZ/ for E˛ an oriented periodic geodesic on† if and only

if the class ��.� � �˙/ 2H1.†IZ/ lies in the interior (resp. the closure) of 1
2
B�x
 .

Proof For every oriented geodesic E˛ on †, by Lemma 3.12, we have

h�; Ęi.T 1†; EE
/ D h� � �˙; Ęi.T 1†; EE
/Ch�˙; Ęi.T 1†; EE
/ D h� � �˙; Ęi.T 1†; EE
/C
1
2

Len
 .
E
˛/

D h��.� � �˙/;
E
˛i†C

1
2

Len
 .
E
˛/:

Hence h�; Ęi.T 1†; EE
/ is positive if and only if �h��.� � �˙/;
E
˛i† is smaller than 1

2
Len
 .

E
˛/.

Now the term �h�.� � �˙/;
E
˛i† depends only on the class ŒE˛� 2 H1.†IZ/, while the other term

C
1
2

Len
 .
E
˛/ is larger that 1

2
x
 .Œ
E
˛�/, with equality if E˛ is x
 -realizing (Corollary 3.13).

We then treat separately the cases ŒE˛�¤ 0 and ŒE˛�D 0 in H1.†IZ/.

Since there is an x
 -realizing geodesic in every nonzero homology class, �h��.� � �˙/;
E
˛i† <

C
1
2

Len
 .
E
˛/ for all nonnullhomologous geodesics E˛ if and only if �h��.���˙/; ai†< 1

2
x
 .a/ for every

nonzero homology class. In the same way, �h��.���˙/;
E
˛i† �C

1
2

Len
 .
E
˛/ for all nonnullhomologous

geodesics E˛ if and only if �h��.� � �˙/; ai† � 1
2
x
 .a/ for every nonzero homology class.

If E˛ is nullhomologous, 1
2

Len
 .
E
˛/ > 0 since the multicurve 
 is filling, and �h��.� � �˙/;

E
˛i† D 0.

Summarizing the two previous paragraphs, we find that the class � intersects positively (resp. non-
negatively) the class of every periodic orbit of the geodesic flow (in the complement of EE
 ) if and
only if for every class a 2 H1.†IZ/ we have the inequality �h��.� � �˙/; ai† < 1

2
x
 .a/ (resp.

�h��.� � �˙/; ai† �
1
2
x
 .a/), which means exactly that the point ���.� � �˙/ belongs to the interior

(resp. the closure) of 1
2
B�x
 . Since the latter is symmetric about the origin, this amounts to ��.� � �˙/

belonging to the interior (resp. the closure) of 1
2
B�x
 .

We can now assemble all blocks and prove our main results.

Proof of Proposition D For � an Eulerian coorientation, we consider the Birkhoff–Brunella surface
SBB.�/ given by Definition 3.2. By Proposition 3.3 its interior is transverse to the orbits of the geodesic
flow in T 1† while its boundary consists (with orientation) of � EE
 . One checks that every elementary
rectangle Re;� contributes to �1 to the Euler characteristics, and hence �.SBB.�// is �jE.
 /j. Since 

is seen as a graph of degree 4, one has jE.
 /j D 2jV .
 /j, so that �.SBB.�//D�2jV .
 /j.

Algebraic & Geometric Topology, Volume 25 (2025)



Intersection norms on surfaces and Birkhoff sections for geodesic flows 4533

If two Eulerian coorientations �1 and �2 are cohomologous, the class ŒSBB.�1/�SBB.�2/�2H2.T
1†IZ/

projects by � onto Œ�1��2�D 0. Since �� is actually an isomorphism we have ŒSBB.�1/�SBB.�2/�D 0,
which in turn implies ŒSBB.�1/�D ŒS

BB.�2/� in H2.T
1†; EE
 IZ/.

Finally, if SBB.�1/ and SBB.�2/ are both Birkhoff sections of .'t
geod/t2R and are homologous, one can

blow-up their boundary components (which are the same orbits), and Proposition 3.5 claims that the flow
actually realizes an isotopy between the blown-up surfaces. By blowing down, we obtain the desired
isotopy away from the boundary.

Proof of Theorem A Given a hyperbolic surface† and a geodesic multicurve 
 that fills†, Definition 3.2
yields a map that associates to every Eulerian coorientation � of 
 a surface SBB.�/ bounded by � EE

and whose interior is transverse to .'t

geod/t2R. Moreover, Proposition D states that if two Eulerian
coorientations �1; �2 are cohomologous and the surfaces SBB.�1/;S

BB.�2/ are Birkhoff sections for
.'t

geod/t2R, then they are actually isotopic along the flow. Therefore the map SBB projects to an injective
map ŒSBB � that takes a cohomology class of Eulerian coorientations to an isotopy class of surfaces
transverse to .'t

geod/t2R.

Lemma 3.11 claims that the homology classes of (rational) 2-chains bounded by � EE
 form an affine space
directed by H1.†IQ/. The class �˙ defined in Section 3.5 gives a canonical origin to this space. It is a
half-integral class, and its double 2�˙ is congruent to Œ
 �2 mod 2. Therefore the set 2H1.†IZ/ of the
doubles of all integral classes corresponds to the sublattice of H1.†IZ/ of those points congruent to Œ
 �2
mod 2.

Theorem C states that all classes Œ�� for � Eulerian belong to the closure of B�x
 , and every integral point
in B�x
 that is congruent to Œ
 �2 mod 2 is realized by the class of an Eulerian coorientation. This means
that the domain of ŒSBB � is exactly the integral classes in B�x
 that are congruent to Œ
 �2 mod 2.

What remains to prove is that the restriction of ŒSBB � to the interior of B�x
 has its image in the realm of
isotopy classes of Birkhoff sections, and that it is surjective.

By Schwartzman, Fuller, Fried, and Hryniewicz’s criterion in the form of Corollary 3.10, a class � 2
H2.T

1†; EE
 IZ/ whose boundary is Œ�E
 � contains a Birkhoff cross section if and only if it pairs negatively
with all classes Ę of periodic orbits of .'t

geod/t2R, plus it links negatively with all boundary components
(the > 0 in Corollary 3.10 are all replaced by < 0 because of the signs of all boundary components).

By Lemma 3.14 the first condition is equivalent to the difference ��.� � �˙/ lying inside 1
2
B�x
 , or

equivalently to 2��.� � �˙/ lying inside B�x
 .

Concerning the second condition in Corollary 3.10, one has to check that, if � is an Eulerian coorientation
such that Œ�� lies inside B�x
 , for every component E
i of EE
 , one has h@ŒSBB.�/�; E


Xgeod
i i�1.E
i /

> 0. As
explained just before Theorem 3.8, E
Xgeod

i denotes any Xgeod-invariant measure in the boundary component
of the blow-up of E
i . One such invariant measure is carried by the trace of the stable manifold of E
i , so
that one only has to prove that @SBB.�/\ �1. E
i/ intersects the trace of the stable manifold of E
i .
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Let us work by contrapositive and assume that @SBB.�/\ �1. E
i/ does not intersect the stable manifold
of E
i . Consider all double points that are met when traveling along the oriented curve E
i on †. If at least
one of them is alternating for � then one sees in Figure 7 that SBB.�/ rotates from top to bottom (or
bottom to top), so that it intersects the stable manifold of E
i in a neighborhood of the considered double
point. Therefore E
i has only vertices that are nonalternating for �. Moreover, looking at Figure 8, one
sees that at every vertex, the coorientation of the transverse component must be opposite to that of E
i .
Therefore the pairing �.E
i/ is 0, yielding Œ��.ŒE
i �/D 0, and so Œ�� does not lie in the interior of B�x
 .

The two previous paragraphs imply that the restriction of ŒSBB � to the interior of B�x
 has its image in
the realm of isotopy classes of Birkhoff sections, and that it is surjective, thus concluding the proof.

One may wonder what happens in Theorem A when 
 is not filling.8 In this case, there exists at least one
geodesic ˛ not intersecting 
 . The two oriented lifts of ˛ yield two periodic orbits Ę and Ęof .'t

geod/t2R.
These two lifts are anti-isotopic in the complement of EE
 : the isotopy obtained by rotating the tangent
vectors by an angle from 0 to � transports Ę to � Ę. This implies that a surface cannot be positively
transverse to Ę and Ęsimultaneously. Therefore � EE
 bounds no Birkhoff section. However, the dual unit
ball B�x
 may or may not contain integral points in its interior, depending on 
 . So there is no simple
extension of Theorem A when 
 is not filling, except by saying that � EE
 cannot bound a Birkhoff section.

4 Extension to orientable 2-orbifolds

We explain here how the results extend to 2-dimensional orbifolds. Actually Propositions B and D, and
Theorem C extend directly. The only point that is not straightforward is Theorem A, which requires an
additional argument.

Definition 4.1 [41, Chapter 13] A Riemannian orientable 2-dimensional orbifold O is given by an
orientable topological surface †O together with an atlas .U˛; '˛/˛2A of charts of the form

'˛ W U˛!D˛=.Z=k˛Z/;

with D˛ a 2-dimensional Riemannian disc on which Z=k˛Z acts by rotations, and such that the chart
transition maps '˛ ı'�1

ˇ
are isometries.

Actually the orbifolds to which our theorems extend are the hyperbolic ones. Such a 2-orbifold is always
good in the sense of Thurston, namely it is a quotient of a hyperbolic surface by a finite automorphism
group.

For our purpose we define the first homology group H1.OIR/ to be simply H1.†OIR/. Then the definition
of intersection norms extends directly and Proposition B and Theorem C hold.

8In a previous version of this article, it was claimed that Theorem A also holds in this case. This is false, as was noted by Marty.
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We now turn to Proposition D and Theorem A. First we have to define unit tangent bundles to orbifolds
and geodesic flows. If D is a Riemannian disc on which Z=kZ acts by rotation (with a fixed point), then
Z=kZ also acts on the unit tangent bundle T 1D. The action on T 1D is free, since the vectors tangent to
the fixed point are rotated. Hence the quotient T 1D=.Z=kZ/ is a 3-manifold (actually it is a solid torus).

Definition 4.2 Given a Riemannian orientable 2-orbifold O D .†O; .U˛; '˛/˛2A/, its unit tangent
bundle is the 3-manifold T 1O defined by the atlas . yU˛; O'˛/˛2A, where yU˛ D T 1U˛ and O'˛.x; v/ D
.'˛.x/; d.'˛/x.v//. It is equipped with a canonical projection � W T 1O! O. If O is of the form †=�

for some hyperbolic surface †, then T 1O is simply the quotient .T 1†/=� . The geodesic flow on T 1O

is defined as in the nonsingular case by 't
geod.
 .0/; P
 .0//D .
 .t/; P
 .t//, where 
 is any geodesic with

speed 1.

With these definitions, the constructions of Section 3.2 (the BB-surface SBB.�/ associated to an Eulerian
coorientation) can be transposed and Lemmas 3.1, 3.11, and 3.12 remain true.

Now, for O a hyperbolic 2-orbifold, the unit tangent bundle T 1O is a 3-manifold, and H2.T
1OIR/ '

H1.OIR/. Indeed closed curves in†O lift by ��1 to closed surfaces in T 1O. The fact that the unit tangent
to a conic disc D=.Z=kZ/ is a torus whose core is the singular fiber implies that cohomologous curves
lift to cohomologous surfaces, so that ��1 induces a well defined map ��1

� WH1.OIR/!H2.T
1OIR/.

The orbifold Euler characteristics of O is negative by hyperbolicity, so that the Euler number of T 1O (as a
Seifert fibered space) is also negative, and hence the map ��1

� is an isomorphism.

Now Corollary 3.13 holds, but Lemma 3.14 needs to be adapted. Firstly remark that if †O is a homology
sphere, x
 is the zero-function, so there is no possible interesting version of Lemma 3.14 in this case.
Secondly, if †O is not a homology sphere, Lemma 3.14 holds, but one argument needs to be developed,
namely:

Lemma 4.3 For O a Riemannian orientable 2-orbifold and 
 a geodesic on O, for every nonzero homology
class a in H2.OIR/, there is an x
 -realizing geodesic in a.

Proof Let ˇ be an x
 -realizing curve such that Œˇ�D a. As in the case of a standard surface we want
to strengthen ˇ to make it geodesic without changing the geometric intersection with 
 . Far from the
conic points, one can perform isotopies that shorten ˇ with respect to the hyperbolic metric. Since 
 is
geodesic, these isotopies cannot increase the number of intersection (that is, no Reidemeister II move is
involved).

Around a conic point, one can work in a local conic chart. This amounts to work on a standard disc where
everything in invariant under a rotation. Then one can also perform length-decreasing isotopies in an
equivariant way, and this does not increase the number of intersection points with 
 .

Proposition D holds with no modification in the proof, and Theorem A has to be changed into Theorem E
in order to treat the case of an orbifold whose underlying surface is a sphere.
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Proof of Theorem E Suppose that †O is a sphere. Then T 1†O is a rational homology sphere (in this
case, H1.T

1†OIZ/ is finite, but not reduced to the trivial group, unless †O is a sphere with three conic
points of respective orders 2; 3, and 7). If 
 is filling, then the class �˙ intersects every asymptotic cycle,
so it contains a Birkhoff section. Since H2.T

1†OIZ/ is trivial, all Birkhoff sections are homologous,
and hence isotopic relatively to their boundary.

If 
 is not filling, then there exists a geodesic ˛ not intersecting 
 on †O. Both its oriented lifts do not
intersect S�

˙
, and hence there is an asymptotic cycle whose algebraic intersection with �˙ is zero. Hence

the class �˙ contains no Birkhoff section. Since it is the unique class with boundary � EE
 , there is no
Birkhoff section bounded by � EE
 at all.

Finally if †O is not a sphere and 
 is filling, the norm x
 is nondegenerate, and the proof of Theorem A
translates directly.

5 Questions

On intersection norms If † is a flat torus, then the minimal intersection is always realized by geodesics,
which are unique in their homology class. Hence if the collection 
 is the union of k geodesics 
1; : : : ; 
k ,
then i
 .˛/ D

Pk
iD1 i
i

.˛/. This implies that the dual ball B�
 coincides with the Minkowski sum
B�
1
C � � �CB�
k

. Since the segment Œ�1; 1�� f0g �R2 is the dual unit ball B�x
 for 
 the vertical circle
on the torus, every segment containing 0 in the middle is the dual unit ball of some closed circle on the
torus. Therefore every convex polygon in R2 whose vertices are integral and congruent mod 2 is of the
form B�x
 for some 
 . This was already remarked by Thurston [42] and by Schrijver [37]. In higher
dimension the situation is probably more intricate.

Question 5.1 Which polyhedra of R2g with integer vertices can be realized as the dual unit ball B�x

for some 
 in †g?

A partial answer is given by Abdoul Karim Sane [35], who proves that some polyhedra in R4 cannot be
dual unit ball of any intersection norm on a genus 2-surface.

Also, if † is a torus and 
 is a union of geodesics, then the above remarks imply that the number of
self-intersection points of 
 is exactly 1

4
of the area of B�x
 (check in Figure 1). Is there an analogous

statement in higher genus?

Question 5.2 Which information concerning 
 can be read on B�x
 ? Is the number of self-intersection
points of 
 a certain function defined on B�x
 ?

This information is interesting since this number is exactly the opposite of the Euler characteristic of every
Birkhoff cross section bounded by EE
 . Note that the number of self-intersection points is homogenous
of degree 2, so we should look for degree 2 functions on polyhedra in R2g: does it correspond to some
symplectic capacity?
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Motivated by our application we only defined the intersection norm for a collection of immersed curves,
but one can directly extend it for an arbitrary embedded graph. One can wonder which properties extend to
this case and which information on the embedded graphs are encoded in this norm. For example when the
graph is Eulerian (ie all vertices have even degree) the connection with Eulerian coorientations remains.

On Birkhoff cross sections Our constructions and our classification result deal only with Birkhoff cross
sections bounded by a symmetric collection of periodic orbits of the geodesic flow, that is, invariant under
the involution .p; v/ 7! .p;�v/. However the only restriction a priori for being the boundary of a Birkhoff
cross section is to be a boundary, that is, to be nullhomologous. Our results here say nothing about the
classification, or even the existence, of Birkhoff cross sections with arbitrary nullhomologous boundary. In
this case, the theory of Schwartzman, Fuller, Thurston, and Fried, and the remarks of Sections 3.3 and 3.5
still apply, so that these sections still correspond to the point inside a certain polytope in H 1.†IR/.
However we have no analog for the coorientations and the explicit constructions derived from them.

Question 5.3 Is there a natural generalization of the polytope B�x
 to nonsymmetric finite collections E

of closed orbits of the geodesic flow .'t

geod/t2R, so that integer points in this polytope classify surfaces
bounded by E
 and transverse to .'t

geod/t2R?

In the case of the flat torus, this question is answered in [13, Theorem 3.12] where a polygon PE
 classifying
transverse surfaces bounded by E
 is defined for every nullhomologous collection E
 .

What would probably unlock the situation in the higher genus case would be to have, for every null-
homologous collection E
 , one explicit surface bounded by E
 (not necessarily transverse), that is, an analog
of �˙ when E
 is not symmetric. Such an explicit point allows us to compute its intersection with every other
periodic orbit Ę of .'t

geod/t2R. These intersection numbers are all we need in order to describe explicitly the
asymptotic directions of .'t

geod/t2R in T 1†n E
 . Generalizing the constructions of [12] is a possibility here.

More generally, one can wonder whether there exists a generalization to all flows of the intersection
norm x
 in the following sense:

Question 5.4 For every 3-dimensional flow X , is there an object that describes all isotopy classes of
Birkhoff cross sections?

A starting point would be to try with an Anosov flow that is not the geodesic flow, and see whether Gauss
linking forms could play this role [24].

Appendix Thurston’s theorem on integral seminorms

Our goal in this section is to state and prove Thurston’s theorem [42, Theorem 2] affirming that every
integral seminorm F defined on a lattice L' Zn is the pointwise maximum of a finite set ˆ of linear
functionals (ie homomorphisms L! Z). In addition, we strengthen the conclusion of the theorem in the
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case that F is equivalent modulo an integer m� 1 to a given homomorphism � WL!Zm, affirming that
in this case we can let ˆ contain only homomorphisms that are equivalent to � modulo m as well.

Note that other proofs of Thurston’s theorem have been given [21, Theorem 5; 34]. Here, we state the
theorem in a way that involves only integer numbers (rather than reals, although the version for real
numbers follows as a corollary). The proof we give is similar to Thurston’s original argument, but is
written in greater detail and, like the statement of the theorem, relies only on the lattice and its dual,
rather than extending the seminorm to a real vector space. In fact, the proof yields an effective method for
obtaining, for each integral seminorm F and each vector v, a functional ' �F that coincides with F at v.

To facilitate the exposition we introduce the concept of a narrow set with respect to an integral seminorm F ,
which is any finite subset X � V such that F is linear on the semigroup spanned by X .

A.1 Definitions and statement of Thurston’s theorem

Recall that a lattice L is a finitely generated free abelian group. Its dual lattice L� is the group of
homomorphisms L! Z. Note that L'L� ' Zn for some n 2N, called the rank of L. The elements
of L and L� will be called vectors and functionals, respectively. A basis of a lattice L is an n-tuple
X D .xi/i<n �L such that every element of L can be expressed by a unique integral combination of the
elements xi .

An integral seminorm on a lattice L is a function F WL! Z with the following two properties:

� Positive homogeneity F.�v/D �F.v/ for all v 2L and all scalars � 2N.

� Subadditivity F.vCw/� F.v/CF.w/ for all v, w 2L.

(Note that we allow F.�v/¤ F.v/, and even F.v/ < 0.)

Note first that every finite nonempty set of functionals ˆ�L� determines a integral seminorm Mˆ on L

given by

(3) Mˆ.v/Dmax
'2ˆ

'.v/:

Thurston’s theorem asserts that in fact every integral seminorm is of this form.

Theorem A.1 (Thurston’s theorem on integral seminorms) Every integral seminorm F on a lattice L is
of the form

(4) F.v/D max
'2B�

F

'.v/;

where B�
F
�L� is the dual unit ball of F , that is , the set of all functionals ' 2L� satisfying '.v/�F.v/

for all v 2L.

Remark A.2 The dual unit ball of any integral seminorm F is finite, since the coefficients of a
functional ' 2 B�

F
with respect to basis E D .ei/0�i<n are bounded by 'i D '.ei/ � F.ei/ and

�'i D '.�ei/� F.�ei/.
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Remark A.3 For any finite set ˆ of functionals on a lattice L we have

(5) Mˆ DMext.ˆ/;

where ext.ˆ/ denotes the set of extremal points of the set ˆ, that is, those points ' 2ˆ that cannot be
obtained as a (rational) convex combination of the elements of ˆ n f'g. Equation (5) holds since every
point of ˆ is a convex combination of the extremal points of ˆ. In particular, (4) in Thurston’s theorem
is equivalent to

(6) F.v/D max
'2ext.B�

F
/
'.v/:

Remark A.4 The more commonly formulated version of Thurston’s theorem, involving real numbers,
is as follows. A seminorm on a real vector space V is a subadditive, positively homogeneous function
F W V !R, where positive homogeneity means that F.�v/D �F.v/ for all vectors v 2Rn and scalars
� 2R�0. Its dual unit ball B�

F
is the set of (real-valued) functionals ' 2 V � that satisfy ' �F pointwise.

In this setting, Thurston’s theorem asserts that any real seminorm F on a vector space V 'Rn taking
integer values on some rank-n lattice L� V is of the form

F.v/Dmax
'2ˆ

'.v/;

where ˆ is the set of linear functionals ' 2 B�
F

that take integer values on L. This version of Thurston’s
theorem follows readily from Theorem A.1.

A.2 Proof of Thurston’s theorem

The proof is based on a method for verifying that a functional ' on a lattice L is in the dual unit ball of
an integral seminorm F after evaluating both functions at finitely many vectors. To describe this method,
we introduce the concept of narrow sets.

To define this concept, we first recall some additional standard terminology. Let L be a rank-n lattice. A
sublattice of L is a subgroup of L (and is itself a lattice of rank � n by the Smith normal form theorem),
and a semigroup in L is any subset S �L that is closed with respect to finite sums (including the empty
sum). Any set X �L spans a sublattice LX and a semigroup SX consisting, respectively, of all integral
or positive (ie nonnegative) integral combinations of elements of X .

Now we can define narrow sets. Note that, in essence, what we are trying to show in Thurston’s theorem
is that every integral seminorm is a piecewise-linear function.

Definition A.5 A subset X of a lattice L is narrow with respect to a seminorm F defined on L, or
F -narrow, if on the semigroup SX spanned by X the function F is linear, that is, it coincides with some
functional ' 2L�

X
.
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Note that there is at most one functional ' 2L�
X

that coincides with F on X , and in fact, exactly one if
X is linearly independent. To determine whether F coincides with ' on the whole semigroup SX we
have the following criterion.

Proposition A.6 (interior ray test) Consider a seminorm F on a lattice L, a vector tuple X D

.xi/i2k � L, and a functional ' 2 L�
X

that is greater than or equal to F at the vectors xi (and thus ,
at all vectors of the semigroup SX ). Take an integer combination cC D

P
i ˛ixi with strictly positive

coefficients ˛i > 0, so that

(7) F.cC/D F

�X
i

˛ixi

�
�

X
i

˛iF.xi/D '.c
C/:

Then the following are equivalent :

(a) F.cC/� '.cC/,

(b) F � ' on the lattice LX ,

(c) F D ' on the semigroup SX (and hence X is F -narrow).

The name of this result stems from the fact that the ray spanned by cC lies in the interior of the cone of
positive combinations of the vectors xi (in the rational vector space LX ˝Z Q). Proposition A.6 ensures
that the function F coincides with the linear function ' on the whole cone if it coincides along this single
ray.

Proof We need just show that (a) implies (b), since the other forward implications are evident. Suppose,
then, that (a) holds, and take any vector v 2 LX . We have to show that F.v/ � '.v/, and we do so as
follows.

Recall the picture of the interior ray described above. Since the ray spanned by cC is in the interior of
the cone spanned by X , it follows that there exists a vector c 2 SX such that the ray spanned by cC lies
between those spanned by c and by v. More precisely, the sum vC c is a positive multiple of cC.

Claim A.7 There exists a vector c 2 SX and a number � 2N such that vC c D �cC.

Proof of claim Recall that cC D
P

i ˛ixi for some strictly positive integers ˛i > 0, and since v 2LX ,
we can also write vD

P
i ˇixi using integers ˇi . Take a number � 2N such that �˛i � ˇi for all i . Then

we have �cC D vC c where c D
P

i.�˛i �ˇi/xi is a vector of SX since �˛i �ˇi � 0 for all i .

Since F is subadditive and ' is additive, from the equation �cC D cC v we infer that if the inequality
F � ' holds at c (which it does since c 2 SX ) and also holds strictly at v (let us assume this, for a
contradiction), then it also holds strictly at the vector �cC. However, we know that F.�cC/� '.�cC/ by
the hypothesis (a). Therefore the inequality F �' cannot hold strictly at v, which means that F.v/�'.v/,
as we had to show.
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Now we are ready to prove Thurston’s theorem. Let F be an integral seminorm on a lattice L, and take a
vector v 2L. We have to show that there exists a functional ' 2B�

F
such that '.v/D F.v/. And for this,

we may assume that v is a primitive element of L (that is, that it cannot be written as a multiple v D �w
of an element w 2L by an integer � > 1), since every element of a lattice is a positive multiple of some
primitive element (again, by the Smith normal form theorem).

To prove that F.v/ D '.v/ for some ' 2 B�
F

, it suffices to show that the vector v is contained in the
semigroup SX generated by some narrow basis X of L, because this means that F coincides with some
functional ' 2L� on SX , and this functional is in the dual unit ball B�

F
by Proposition A.6. Therefore,

to finish the proof of Thurston’s theorem, it is enough to establish the following result.

Proposition A.8 If F is an integral seminorm on a lattice L then every primitive vector v 2L is the first
element of some F -narrow basis.

The proof is constructive: if the integral seminorm F is given as an oracle (or “black box”) that outputs
the value F.v/ for any given input vector v 2L, we will show how to obtain, after invoking this oracle
finitely many times, an F -narrow basis X containing v and the corresponding functional ' 2 L� that
coincides with F on Sx , and therefore satisfies '.v/D F.v/, and is in the dual unit ball B�

F
.

Proof of Theorem A.1 Let X D .xi/0�i<n be a basis of the lattice L such that x0D v. (Every primitive
integral vector is part of a basis, which can be obtained by putting in Smith normal form the one-column
matrix of coordinates of v with respect to an initial arbitrary basis of L.)

In general the basis X is not narrow, but we can modify it to make it narrow as follows. We proceed
by induction on the dimension. Suppose that for some k < n, the k-tuple Xk D .xi/0�i<k is known to
be narrow. We may test whether XkC1 is narrow by evaluating F on the vector x0

k
WD xk Cw, where

w D
P

0�i<k xi . Note that

(8) F.x0k/� F.xk/CF.w/:

Claim A.9 (increment test) XkC1 is narrow if and only if equality holds in (8).

Proof of claim Let ' be the unique functional on the lattice LXkC1
that coincides with F on XkC1.

The vector x0
k

is the sum of all the vectors of XkC1, thus, by Proposition A.6, XkC1 is narrow if and
only if the inequality F.x0

k
/� '.x0

k
/ is an equality. However, this inequality is equivalent to (8) since

'.x0
k
/ D '.xk/C '.w/ D F.xk/C F.w/. (Here we used the equation '.w/ D F.w/, which holds

because w is a combination of the tuple Xk , that is assumed narrow.)

If the increment test is not passed, we replace the vector xk in X by the vector x0
k

, obtaining a new
basis X 0, and we redo the test. (Note that this replacement is an elementary operation on X , therefore X 0 is
another basis of L.) Since we may need to repeat this replacement many times, we define x

.t/

k
D xkC tw

for t 2N, and we denote by X .t/ the basis obtained from X by replacing xk with x
.t/

k
.
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Claim A.10 For a large enough t 2N, the tuple X
.t/

kC1
is narrow.

Proof of claim By the increment test described in Claim A.9 above, it suffices to show that the inequality

F.x
.tC1/

k
/� F.x

.t/

k
/CF.w/

is an equality for large enough t . To prove this we consider the function

f .t/D F.x
.t/

k
/D F.xk C tw/:

Its discrete derivative f 0.t/ WD f .t C 1/� f .t/ is integer-valued, increasing (since f is convex), and
bounded above by F.w/. Therefore f 0 eventually stabilizes at a constant value. In fact, it stabilizes at
the value F.w/. We see this by comparing f with the known function g.t/D F.tw/D tF.w/, whose
difference with f is bounded by the inequality

g.t/D F.xk C tw�xk/� F.xk C tw/CF.�xk/D f .t/CF.�xk/:

By this process we find a narrow basis X containing v as its first element. By Proposition A.6, it follows
that the unique functional ' 2 L� that coincides with F on X is in the dual unit ball B�

F
and satisfies

'.v/D F.v/, as we had to show.

A.3 Thurston’s theorem for seminorms of a given class modulo m

For an integer m� 1, denote by Zm the group of integers modulo m, and let �m WZ!Zm be the quotient
map. An integer-valued function F on a lattice L is congruent to a group homomorphism � WL! Zm if
the function Fmod m WD �m ıF is equal to �.

Our goal now is to prove the following extension of Thurston’s theorem.

Theorem A.11 Every integral seminorm F on a lattice L that is congruent modulo a certain integer
m� 1 to a given homomorphism � WL! Zm is of the form

F.v/D max
'2B�

F
'mod mD�

'.v/:

To prove this result we use the following lemma.

Lemma A.12 Let F be an integral seminorm on a lattice L, and let ' be an extremal functional of the
dual unit ball B�

F
. Then there exists a basis X of L such that F coincides with ' on the semigroup SX .

Proof Let . i/i be the functionals of the dual unit ball B�
F

excluding '.

We claim first that there exists some primitive vector v 2 L such that  i.v/ < '.v/ for all i . Indeed,
extremality of the functional ' implies that it cannot be written as a rational convex combination of the
functionals  i . By the Farkas lemma, it follows that there is a vector v 2L (which can be taken primitive)
such that '.v/ >  i.v/ for all i .
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Fixed the vector v 2L, we apply Proposition A.8, which ensures that the lattice L admits an F -narrow
basis X containing the vector v. Since X is F -narrow, the function F coincides with some functional
z' 2 L� on the semigroup SX (and in particular, at the vector v). Moreover, this functional z' is in the
dual unit ball B�

F
by Proposition A.6. We conclude that z' D ' because ' is strictly greater than all the

other functionals  i 2 B�
F

at the vector v.

To finish, let us prove Theorem A.11.

Proof of Theorem A.11 By Remark A.3, it suffices to show that every extremal point of the dual unit
ball B�

F
is congruent to � modulo m. Let ' be an extremal functional of B�

F
. By Lemma A.12, there

exists a basis X of L such that F D ' on SX . Suppose, for a contradiction, that 'mod m ¤ �. This means
that there is a vector v 2L such that 'mod m.v/¤ �.v/. Thus for each vector v0 of the set vCmL we
have

'.v0/� '.v/¥ �.v/� �.v0/ mod m

since both � and 'mod m vanish on the lattice mL. Take a vector v0 2 .vCmL/ whose coordinates with
respect to the basis X are positive, so that v0 2 SX , and hence we have

F.v0/D '.v0/¥ �.v0/ mod m;

contradicting the hypothesis Fmod m D �.
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Thin knots and the cabling conjecture

ROBERT DEYESO III

The cabling conjecture of González-Acuña and Short states that only cable knots admit Dehn surgery to a
manifold containing an essential sphere. We approach this conjecture for thin knots using Heegaard Floer
homology, primarily via immersed curves techniques inspired by Hanselman’s work on the cosmetic
surgery conjecture. We show that almost all thin knots satisfy the cabling conjecture, with a possible
exception coming from a (conjecturally nonexistent) collection of thin, hyperbolic, L-space knots. This
result serves as a reproof that the cabling conjecture is satisfied by alternating knots.

57K18

1 Introduction

For a knot K in S3, let S3
r .K/ denote r -sloped Dehn surgery along K. If S3

r .K/ is a reducible manifold,
meaning it contains an essential 2-sphere, we will call r a reducing slope. The primary example of a
reducible surgery to keep in mind is when K is the .p; q/-cable of some knot K0 and r is given by the
cabling annulus. In this case, we have S3

pq.K/Š L.p; q/ # S3
q=p

.K0/. The cabling conjecture asserts
that this is the only example of a reducible surgery.

Conjecture 1.1 (cabling conjecture, Gonzalez-Acuña–Short [8]) If K is a knot in S3 which has a
reducible surgery, then K is a cabled knot and the reducing slope is given by the cabling annulus.

The cabling conjecture is satisfied by many classes of knots. Torus knots, as cables of the unknot, were
shown to satisfy the conjecture in [25], and satellite knots [39] and alternating knots [24] satisfy the
conjecture as well. Additionally, genus-1 knots [3], strongly invertible knots [6], symmetric knots [18],
and knots with low bridge number [12] satisfy the conjecture (for a survey of known results and techniques
see [2].) Since the conjecture is satisfied by torus and satellite knots, it remains to consider hyperbolic
knots. Our aim is narrower than this however, as we will look at hyperbolic knots that are considered
“thin” due to the simpler structure of their knot Floer complexes.

We will present knot Floer homology in more detail in Section 2, but for now recall that bHFK.K/ with
coefficients in F2 is a bigraded vector space with Alexander and Maslov gradings, respectively denoted
by A and M . A knot K is Floer homologically thin if the generators of bHFK.K/ all have the same
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ıDA�M grading. This family contains alternating knots [28], and the more generalized quasialternating
knots [34]. We say K is an L-space knot if it admits a surgery to a (Heegaard Floer) L-space, which is a
manifold with the simplest Heegaard Floer homology. Using Heegaard Floer homology via immersed
curves techniques, we show that:

Theorem 1.2 If a thin , hyperbolic knot K in S3 admits a reducible surgery , then K is an L-space knot
and the reducing slope must be r D 2g.K/� 1 after mirroring K if necessary.

While stated for thin, hyperbolic knots, this theorem holds more generally for noncabled knots. This is
because we use the Matignon–Sayari genus bound, stated below, allowing us to consider only r�2g.K/�1.
The case where r > 2g.K/ � 1 can be handled using the techniques in this paper to conclude that
K D T .2; n/, but perhaps more immediate is the result of Dey that cables of nontrivial knots are not
thin [5]. Since the only alternating, L-space knots are the T .2; n/ torus knots [33], Theorem 1.2 provides
an immersed curves reproof that alternating knots satisfy the cabling conjecture.

Corollary 1.3 Alternating knots satisfy the cabling conjecture.

It is conjectured that the only thin, L-space knots are the torus knots T .2; n/. Provided this is true, there
would not exist thin, hyperbolic, L-space knots and so Theorem 1.2 would show that all thin knots satisfy
the cabling conjecture. Regardless, Bodish and the author have since generalized the absolute grading
computations in Section 5.1 to circumvent this condition to show that:

Theorem 1.4 [1] Thin knots satisfy the cabling conjecture.

Part of the proof strategy for Theorem 1.2 involves obstructing an RP3 connected summand, and so we
get the following corollary with identical proof to that of [20, Corollary 1.5].

Corollary 1.5 If K is a thin , hyperbolic knot , then S3 n �K does not contain properly embedded
punctured projective planes.

When K is a nontrivial knot in S3 with reducible surgery S3
r .K/, the surgery decomposes as a connected

sum and the reducing slope satisfies r ¤ 0 due to [7]. We saw from the cabled knot example that the
reducing slope is an integer and one of the connected summands is a lens space. The former and latter
conditions occur for all reducible surgeries due to [9; 10], respectively. A reducible surgery can admit at
most three connected summands due to the combined efforts of [21; 38; 40], in which case two summands
are lens spaces and the remaining summand is an integer homology sphere. Since S3

r .K/ must have a
nontrivial lens space summand, the integral reducing slope r satisfies r ¤�1; 0; 1. In [23], Matignon and
Sayari provide the following genus bound if K is noncabled:

1< jr j � 2g.K/� 1:

Heegaard Floer homology satisfies a Künneth formula for connected sums, and has proved very useful in
general for studying Dehn surgery. If surgery along K produces a connected sum of precisely two lens
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spaces, then K must be a cabled knot due to [11]. Further, [11] together with [4] shows that a hyperbolic
knot in S3 cannot admit both a lens space surgery and a reducible surgery. Hom, Lidman, and Zufelt
showed that a hyperbolic, L-space knot can admit at most one reducing slope, and the slope must be
2g.K/� 1 after mirroring the knot to make the slope positive [20]. They also established a periodicity
structure to the Heegaard Floer homology of a reducible surgery, which is invaluable to the proof strategy
of Theorem 1.2. We will involve these constraints via bordered invariants in the form of immersed curves.

Lipshitz, Ozsváth, and Thurston introduced bordered Heegaard Floer invariants for manifolds with
boundary in [22]. With M1[h M2 denoting a gluing of two such manifolds, they prove a pairing theorem
involving the two bordered invariants that recovers the Heegaard Floer homology of the glued-together
manifold (see Section 2.2 for more details). In the torus boundary case, Hanselman, Rasmussen, and
Watson reinterpreted these bordered invariants as collections of immersed curves in the punctured torus,
and proved an analogous pairing theorem. That is, they show that the hat flavor of Heegaard Floer
homology of M1[h M2 is the Lagrangian intersection Floer homology of the immersed curves invariants
for M1 and M2. In [13], Hanselman used this package to obtain obstructions for cosmetic surgeries along
knots in S3, and our approach in this paper is largely inspired by this work.

Organization We only consider surgeries with positive slopes, and mirror knots to achieve this whenever
necessary. All manifolds are assumed to be compact, connected, oriented 3-manifolds, and the coefficients
in Floer homology are taken to belong to F D F2. We will denote closed manifolds by X or Y , and
manifolds with (typically torus) boundary by M . Figures containing immersed curves invariants will
have the curves for S3 n �K in red and the curves for the filling solid torus in blue or purple.

Section 2 summarizes the relevant background from knot Floer homology and Heegaard Floer homology.
It also contains an overview of immersed curves invariants, their general properties and form for thin
knots, as well as their associated pairing theorem and how to compute Maslov grading differences.

Section 3 expands on the relative Maslov grading for immersed curves invariants of complements of thin
knots. Along the way we set up formulas for components of the grading difference formula in terms
of �.K/.

Section 4 uses these relations to generate obstructions to periodicity for various cases of r in relation
to �.K/ and g.K/. It hosts a sizable collection of lemmas for the cases with j�.K/j< g.K/, for which
referencing Figure 12 is highly advised.

Section 5 resolves the remaining cases where j�.K/j D g.K/, including some that use absolute grading
information. Once again, Figure 14 may be useful for following the arguments. Afterward, all lemmas
are collected to handle the proof of the theorem.

Acknowledgements I am grateful to Tye Lidman for his unending encouragement, patience, and insight
as an advisor. I would also like to thank Steven Sivek for pointing out an oversight in the regions used to
compute the H ’s and V ’s of knots with �.K/ < 0. I was partially supported by NSF grant DMS-1709702
while at NC State and NSF RTG grant DMS-2038103 while at Iowa.
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2 Background material

We will assume the reader is familiar with the cHF and HFC constructions of Heegaard Floer homology
for 3-manifolds [32], and knot Floer homology bHFK for knots in S3 (with associated full knot Floer
complex CFK1) [30; 37].

2.1 bHF for reducible surgeries

Let us identify Spinc.S3
r .K// with Z=rZ as in [35, Subsection 2.4], and denote the correspondence

using Œs� 2 Spinc.S3
r .K// for Œs� 2Z=rZ. We will also choose equivalence classes for elements of Z=rZ

as centered about 0, so that, for example, Z=rZD
˚
�

r�1
2
; : : : ; 0; : : : ; r�1

2

	
if r is odd. As an abuse of

notation, we will commonly use s for the representative of Œs� that falls within this range.

The following lemma is a simplified version of a more general Floer homology periodicity result for HFC

of a general reducible 3-manifold from [20]. Basically, we should expect to see repeated behavior among
the spinc summands of cHF.S3

r .K// if the surgery is reducible.

Lemma 2.1 (periodicity) Suppose S3
r .K/Š X # Y , where X is an L-space and jH 2.Y /j D k <1.

Then for any Œs� 2 Spinc.S3
r .K// and ˛ 2H 2.S3

r .K//Š Z=rZ, we have

cHF.S3
r .K/; ŒsC k˛�/Š cHF.S3

r .K/; Œs�/

as relatively graded F vector spaces.

Proof Let Œs�2Spinc.S3
r .K// restrict to Œsi �2Spinc.X / and Œsj �2Spinc.Y /. We see that cHF.X; Œsi �/ŠF

since X is an L-space, and so the Künneth formula for cHF [31, Theorem 1.5] implies

cHF.S3
r .K/; Œs�/ŠH�.cCF.X; Œsi �/˝F cCF.Y; Œsj �//

Š cHF.Y; Œsj �/:

For any ˛ 2 Z=rZ, we have that ŒsC k˛� restricts to Œsj � in Spinc.Y /. Then because cHF.S3
r .K/; Œs�/ is

independent of Œsi �, we obtain

cHF.S3
r .K/; ŒsC k˛�/Š cHF.Y; Œsj �/Š cHF.S3

r .K/; Œs�/

as relatively graded F vector spaces.

We also need to gather some integral invariants of K involved with the mapping cone formula that relates
CFK1.K/ to HFC.S3

r .K// [35]. For s 2 Z, recall the subcomplexes and quotient complexes of the
Z˚Z-filtered full knot Floer complex CFK1.K/

ACs D C fmaxfi; j � sg � 0g and BCs D C fi � 0g:
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Notice BCs Š CFC.S3/ by definition. There are also chain maps vCs WACs ! BCs and hCs WACs ! BCsCr

between these subcomplexes. Take homology to obtain ACs DH�.ACs / and BCs DH�.BCs /ŠHFC.S3/,
and induced maps vCs and hCs . Let T C denote HFC.S3/, and notice that U N .ACs /Š T C for sufficiently
large N . By restricting both vCs and hCs to this submodule, we obtain xvCs and xhCs . The integral invariants
of K that we desire are due to [26], and are defined by

Vs D rank.ker xvCs / and Hs D rank.ker xhCs /:

These terms have simple behavior when K is alternating because of the “staircase” part of CFK1.K/ due
to [28]. This holds more generally for thin knots due to [36], but we will have an alternative geometric
way of computing these terms later in Section 2.2. By [20, Lemma 2.3], the maps vCs and hC�s agree on
homology after identifying ACs ŠAC�s (essentially reversing the roles of i and j above) so that Vs DH�s .
These integer invariants are by definition nonnegative, and also satisfy the following lemma.

Lemma 2.2 [26, Lemma 2.4] The Vs form a nonincreasing sequence and the Hs form a nondecreasing
sequence , so that

Vs � VsC1 and Hs �HsC1 for all s 2 Z:

For a rational homology sphere Y , we can write

HFC.Y; s/Š T C˚HFred.Y; s/;

where T CŠF ŒU;U�1�=F ŒU � denotes the “tower” submodule. The d -invariants d.Y; s/, sometimes called
the Heegaard Floer correction terms, record the smallest absolutely graded element of T C�HF.Y; s/ [27].
These invariants satisfy a few symmetries, such as spinc conjugation symmetry d.Y; s/D d.Y; s/ and
orientation reversal d.�Y; s/D�d.Y; s/, as well as additivity for connected sums. It is normalized so
that d.S3; s0/D 0, and is recursively determined for lens spaces in [27, Proposition 4.8]. In [26], the
d-invariants of rational surgeries are shown to be determined by the invariants Vs and Hs together with
the d-invariants of a lens space that depends on homological data. We state a special case of the more
general result for our purposes.

Proposition 2.3 [26, Proposition 1.6] Suppose r is integral and positive , and fix 0� s < r � 1. Then

d.S3
r .K/; Œs�/D d.L.r; 1/; Œs�/� 2 maxfVs;Vr�sg:

Among many of its applications, this result enables the following lemma.

Lemma 2.4 [20, Lemma 2.5] For all s 2 Z, the integers Vs and Hs are related by

Hs �Vs D s:

We will involve the d -invariants later in Section 5.1 when necessary.
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Figure 1: Edges of a grading arrow either follow or oppose the orientations of the attached curve components.

2.2 bHF via immersed curves

Bordered Heegaard Floer homology, introduced by Lipshitz, Ozsváth, and Thurston, provides a relative
version of the hat flavor of Heegaard Floer homology for a compact manifold M with boundary. As our
only manifolds with boundary in this paper have torus boundary, some of the subtleties of the general
bordered theory will be glossed over — please refer to [22] for further details. A bordered manifold .M; �/

is a compact manifold M with boundary and an orientation-preserving diffeomorphism � W T2! @M .
They associate an algebra A to T2, and define two bordered invariants related to .M; �/: a type-D
structure bCFD.M; �/ that is a left differential module over A, and a type-A structure bCFA.M; �/ that is
a right A1 module.

These two bordered invariants may be “paired” together via the box tensor product, a computable model
for the A1 tensor product, providing a cut-and-paste style of recovering cHF for a 3-manifold Y by
decomposing Y along a surface. Dubbed the pairing theorem, we will invoke it on bordered invariants in
immersed curves form (see Theorem 2.8) due to Hanselman, Rasmussen, and Watson [15; 16]. For a
bordered manifold .M; �/ with torus boundary, we will specify � by choosing a parameterization .˛; ˇ/
of @M , and also fix a basepoint z 2 @M . They recast the type-D structure bCFD.M; ˛; ˇ/ as cHF.M /—
a collection of immersed curves in TM D @M n z, possibly decorated with local systems, defined up to
regular homotopy of the curves. When M DS3n�K, we will often take � described by the Seifert-framed
meridian-longitude basis f�; �g.

Remark We caution the reader regarding the similarity of the notation cHF.Y / and cHF.M /, with Y a
closed manifold and M a compact manifold with boundary. The former invariant is a graded vector space
over F , whereas the latter is a (possibly decorated) immersed curve in @M n fzg.

The manifolds in this paper all happen to be loop type (see [17]), which means that their associated
immersed curves invariant has trivial local systems. If the invariant has multiple curve components, then
they are connected by pairs of edges which we denote with a grading arrow as in [15, Definition 28].
These are presented in Figure 1, and while domains involving grading arrows do not contribute to the
differential, they are considered when determining Maslov grading differences. When M D S3 n �K,
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2

1

0

�1

�2

x


x�

Figure 2: An example of cHF.M / for a hypothetical thin knot K in T M . Integral heights are
indicated, showing that the curves capture g.K/D 2, �.K/D 1, and �.K/D 1.

we can lift cHF.M / to the infinite cylindrical cover T M , where each lifted marked point resides within a
neighborhood of the lift of the meridian x�. The lifts of the marked points will be taken to lie at purely
half-integral heights, and we will isotope the lifted curve components so that their horizontal tangencies
occur at integral heights. Precisely one of the curves wraps around the cylinder, and we will use x
 to
denote this component. While x
 is generally immersed, we will see that x
 is embedded for thin knot
complements. Figure 2 shows a centered lift of the invariant for the complement of a hypothetical example
of a thin knot K.

Recall that bHFK.K/ detects g.K/ due to [29]. Looking in T M , genus detection manifests itself incHF.M / by ensuring that some curve component crosses at height g.K/. The immersed curves also
satisfy a very powerful constraint related to a conjugation symmetry. For invariants of knot complements
of S3, this means that the curves are invariant under rotation by � .

Theorem 2.5 [15, Theorem 7] The invariant cHF.M / is symmetric under the elliptic involution of @M .
Here , the involution is chosen so that z is a fixed point.

With a horizontally or vertically simplified basis for CFK�.K/ (see [19, Section 3] for specifics regarding
these bases that all knots admit), the procedure of [15, Proposition 47], which is the immersed curves
version of [22, Theorem 11.31], allows one to construct cHF.M / from CFK�.K/. In the special case when
CFK�.K/ is simultaneously horizontally and vertically simplified, HFK�.K/ is generated by pairing
(see Theorem 2.8 below) cHF.M / with x� in T , and the differentials are recovered using bigons containing
modified lifts of the marked point. This is not much of a constraint for us, since thin knots always admit a
simultaneously horizontally and vertically simplified basis due to [36, Lemma 7]. In this lemma, Petkova
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shows that when the vertical and horizontal arrows in CFK�.K/ have length one, then CFK�.K/ consists
of acyclic box complexes C and a staircase complex Cl . The following is a restatement of these conditions
in immersed curves form.

Lemma 2.6 [36, Lemma 7] If K is thin , then the lifted curve invariant associated to S3 n �K satisfies:

� The essential component x
 winds between adjacent basepoints , the height of which is determined by
�.K/, before ultimately wrapping around the cylinder (corresponding to the staircase complex Cl ).

� Every other component is a simple figure-eight , enclosing vertically adjacent basepoints (corre-
sponding to the acyclic box complexes C ).

This lifted curve invariant also encodes numerical and concordance invariants of K. For example, the
Seifert genus is given by the height of the tallest curve component by genus detection above. After
following x
 around the cylinder, the height of the first intersection that x
 makes with x� is precisely the
Ozsváth–Szabó invariant �.K/. This is because this intersection corresponds to the distinguished generator
of vertical homology whose Alexander grading is �.K/. Hom’s � invariant may also be determined by
observing what x
 does next. The essential curve either turns downwards, upwards, or continues straight
corresponding to �.K/ being 1, �1, and 0, respectively. These two invariants determine the slope x

outside of a thin vertical strip surrounding the lifts of the marked point, given by 2�.K/� �.K/.

Definition 2.7 Let en denote the number of simple figure-eight components at height n of cHF.M /,
viewed in T M .

We have e�n D en due to Theorem 2.5, and Figure 2 provides an example with e0 D 0 and e�1 D e1 D 1.
Equipped with their properties, we now turn to the main reason for involving bordered invariants in the form
of immersed curves. The following is the immersed curves reformulation of the bordered pairing theorem.

Theorem 2.8 [15, Theorem 2] Consider the gluing M1[h M2, where the Mi are compact , oriented
3-manifolds with torus boundary and h W @M2! @M1 is an orientation reversing homeomorphism for
which h.z2/D z1. Then

cHF.M1[h M2/Š HF
�cHF.M1/; h.cHF.M2//

�
;

where intersection Floer homology is computed in TM1
and the isomorphism is one of relatively graded

vector spaces that respects the Spinc decomposition.

More precisely, HF
�cHF.M1/; h.cHF.M2//

�
decomposes over spinc structures and carries a relative Maslov

grading on each spinc summand. Theorem 2.8 places these in correspondence with the spinc decomposition
on cHF.M1[h M2/, and also ensures the relative Maslov gradings agree. This is best seen when viewing
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l2
4

l1
4

l0
4

l�1
4

lift to T M
������!

Figure 3: The pairing of cHF.S3 n �T .2; 5// and h.cHF.D2 � S1//, whose intersection Floer
homology is cHF

�
S3

4 .T .2; 5//
�
.

Dehn surgery as such a gluing, continuing to use M for S3 n �K. We have S3
r .K/DM [hr

.D2 �S1/

with hr the slope-r gluing map. Then Theorem 2.8 providescHF.S3
r .K//Š HF

�cHF.M /; hr .cHF.D2
�S1//

�
:

The spinc decomposition is recovered by using r vertically adjacent lifts of hr .cHF.D2 � S1/, which
is the precise number required to lift every intersection from TM to T M without duplicates. This is
motivated by the example in Figure 3, showing the pairing of curves that recovers cHF

�
S3

4
.T .2; 5//

�
. The

invariant for the solid torus simply consists of a horizontal essential curve, and so h4.cHF.D2 �S1/ is a
slope-4 curve in the punctured torus. We have four lifts of h4.cHF.D2�S1/, each generating intersections
in correspondence with the four spinc summands of cHF.S3

4
.K//. These lifts are selected at heights in

correspondence with the selected representatives of Z=rZ from Section 2. These are�1; 0; 1, and 2 for the
example in Figure 3, and motivate the following definition when lifting further to the tiled-plane cover eT .

Definition 2.9 Let ls
r D hr .cHF.D2 � S1/ denote the slope-r line in eT that crosses lifts z� at heights

congruent to s .mod r/. These are selected so that each ls
r crosses at height s in the same column of eT ,

with s taken to be the representative of Œs� that falls within the Z=rZ range.

In this way, Theorem 2.8 impliescHF.S3
r .K/; Œs�/Š HF.cHF.S3

n �K/; ls
r /:

As in the discussion following [13, Theorem 14], the Lagrangian intersection Floer homology has
dimension equal to the minimal geometric intersection number of the immersed curves. In particular, using
length-minimizing, or “pulled-tight”, representatives for curve invariants by regular homotopy that avoid
basepoints forces the differential to be identically zero, and so we may determine dim

�cHF.S3
r .K/; Œs�/

�
by counting intersections between cHF.M / and ls

r . In general this count is modified by any immersed
annuli cobounded by the paired curves, but this is only possible if r D 0 since S3 n �K is Seifert-framed.
As 0-surgery cannot yield a reducible manifold, no immersed annuli appear.
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(a)

xn yn

(b)

as

yn

(c)

as

yn

Figure 4: Bigons between intersections of cHF.M / (in red) and ls
r (in blue) that are used to

determine the relative Maslov grading. Example (a) does not involve a grading arrow, while (b)
(without a cusp) and (c) (with a cusp) do.

To incorporate the relative Maslov grading, we may compute grading differences between generators
belonging to the same spinc structure using a formula from [13]. Suppose x and y are two intersections
belonging to the same Œs� 2 Spinc.S3

r .K//, arising from intersections between cHF.M / and ls
r . Further,

let P be the bigon from y to x whose boundary consists of a (not necessarily smooth) path from y to x

in cHF.M /, concatenated with a path from x to y in ls
r . Defined this way, the boundary of P is a closed

path that is smooth apart from right corners at x and y, and possibly one or more cusps (possible when
traversing grading arrows between components of cHF.S3 n �K/. The following formula follows from
the conversion of bordered invariants into immersed curves, keeping track of grading contributions from
relevant Reeb chords [15, Section 2.2].

Proposition 2.10 Suppose x, y, and P are defined as above. Let Rot.P / denote 1
2�

times the total
counterclockwise rotation along the smooth sections of P . Alternatively this is 1

2�

�
2��a�

2
� c�

�
, where

a denotes the number of corners and c the number of cusps traversed. Let Wind.P / denote the net winding
number of P around enclosed basepoints , and finally let Wght.P / be the sum of weights (counted with
sign) of all grading arrows traversed by P . Then

M.x/�M.y/D 2 Wind.P /C 2 Wght.P /� 2 Rot.P /:

If ls
r intersects a simple figure-eight component at height n, it generates a right intersection yn and a left

intersection xn. Figure 4 shows off the three types of bigons that will typically appear. The first type has
P connecting a right and left intersection of the same simple figure-eight. The bigon encloses a single
basepoint with positive winding number, total counterclockwise rotation along smooth sections as � , and
no contribution from traversed grading arrows. These traits imply M.xn/�M.yn/D 1. The second and
third types are the more interesting ones, and have the same winding number of enclosed basepoints, but
the rotation and grading arrow contributions to M.yn/�M.as/ initially appear to be different. We will
see later that for these bigons, the 2 Wght.P /�2 Rot.P / component of the grading difference is the same.
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3 Thin knots and Maslov grading differences

Throughout this section, let K be a thin knot and let M denote S3 n �K. To enable swift grading
comparisons later on, let us designate a reference intersection associated to Œs� 2 Spinc.S3

r .K//. We will
define a vertical intersection to be an intersection between ls

r and a vertical segment of x
 within the
neighborhood of x�, provided they exist. If s satisfies 0� jsj< j�.K/j, then such an intersection occurs
and we will denote it using as . Alternatively, if jsj � �.K/� 0 then any intersection between ls

r and x

is outside any neighborhood of the lifts of the marked point in T M . In this case ls

r intersects x
 once if
�.K/� 0, and so as will denote this lone intersection. When �.K/ < 0 and s � 0, we let as denote the
intersection between lr

s and x
 to the left of x�. Analogously when �.K/ < 0 and s < 0, we will have
as be the intersection between lr

s and x
 to the right of x�. It is likely helpful to reference Figure 5 for
these different possibilities. While cumbersome, this scheme allows us to label the intersection that often
corresponds via the pairing theorem to a generator with the least Maslov grading.

It will also be particularly useful to know the winding number of enclosed lifts of the marked point of
specific regions. Consider the neighborhood of x� in T M that contains the lifts of the marked points, which
is also wide enough to enclose the vertical segments of x
 . Intersect x
 with a horizontal line ls slightly longer
than this neighborhood at height s, so that these segments together bound regions enclosing basepoints.

When �.K/ > 0, we will define Hs to be the number of enclosed lifts of the marked point in the region
bounded above by ls , on the side(s) by the neighborhood of x�, and below by x
 . If the region is empty, then

(a) �.K/D 0 (b) �.K/ > 0 (c) �.K/ < 0

x
 x
 x


ls
r ls

r ls
r

l�s
r

Figure 5: The possibilities for the reference intersection as (denoted by stars). (c) has two curves
representing s � 0 (intersection with the blue curve) and s < 0 (intersection with the purple curve).
The case when �.K/ > 0 and jsj � �.K/ is similar to (a).
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x


x


x


(a) �.K/D 0 (b) �.K/ > 0 (c) �.K/ < 0 (d)

Figure 6: The regions in the discussion above whose winding numbers determine the H ’s and V ’s
of a knot. Green regions correspond to H ’s and pink regions correspond to V ’s when �.K/ > 0.
Otherwise when �.K/ < 0, the difference in winding numbers between the cyan and yellow
regions are used. With Ls counting the winding numbers for the yellow region and Us counting
the winding numbers for the cyan region, we have Hs DLs�Us and Vs D 0 for s � 0. The region
in (d) exhibits Hs �Vs D s.

HsD0. Analogously, there is often a region where ls bounds from below and x
 bounds from above, and so
we will denote the number of enclosed lifts of the marked point of such a region by Vs . These regions are
depicted in parts a and b of Figure 6, where green regions correspond to H ’s and pink regions correspond
to V ’s. Due to Theorem 2.5, we have both H�s D Vs and Hs �Vs DHs �H�s D

1
2
.s� .�s//D s.

Remark This relationship between the H ’s and V ’s is no coincidence. In [14], Hanselman establishes
the HFC immersed curves theory for knot complements of S3, recovering the C-flavored mapping cone
diagram. With simple enough curve invariants (x
 makes no self-intersections — see [14, Corollary 12.6]),
the tower summands �C of the As’s and Bs’s correspond to specific intersections between x
 and ls

r .
Additionally, the V ’s and H ’s then correspond to the number of lifts of the marked point in bigons
between these specific intersections. In our case, slight pointed-homotopies of curves yield equivalent
intersections that provide the regions above (see Figure 7).

When �.K/ < 0, multiple regions are needed to compute H ’s and V ’s since the base of the tower in
ACs no longer corresponds to an intersection x with A.x/ D s. The intersection corresponding to the
base of the tower is similar to the reference intersection defined before Figure 5. When s � 0, the base
of the tower in ACs corresponds to a generator x with A.x/ D ��.K/. The bigon between it and the
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AC
�1

hC
�1
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vC
0

AC
0

hC
0

BC

vC
1

AC
1

Figure 7: Modified curves cHF
�
S3 n .T .2; 5//

�
(in red) and l1 (in blue) in eT to recover the

complexes and maps between them associated to CFK1.T .2; 5// in the mapping cone calcu-
lating cHF

�
S3

1
.T .2; 5//

�
. Intersections corresponding to surviving generators in homology are

represented with orange asterisks.

nonvertical intersection corresponding to the tower BC in the codomain of vCs contains no marked points.
On the other side, we traverse two bigons (split when the filling curve crosses x� at height s) to reach
the nonvertical intersection corresponding to the tower BC in the codomain of hCs . This agrees with the
yellow and cyan bigons in Figure 6, and in short Vs D 0 and Hs D s when s � 0. Alternatively when
s < 0, the base of the tower in ACs corresponds to a generator x with A.x/ D �.K/, and we likewise
have Vs D�s and Hs D 0. In proofs to come, we may use Us and Ls to denote the number of enclosed
marked points in the upper (cyan) bigon or the lower (yellow) bigon, where Hs DLs�Us and Vs D 0 for
s � 0. Also, it is clear that Ls is an increasing function of s and Us is a decreasing function of s when
their respective bigons are defined.

From the discussion in the previous section, we know that the form of cHF.M / is very restricted. Our goal is
to leverage this to constrain gradings on cHF.S3

r .K/; Œs�/ŠHF.cHF.M /; ls
r / to obstruct reducible surgeries.

We use multisets, which are sets with repetition allowed, to collect these relative Maslov gradings. As
mentioned after Definition 2.9, we will think of intersections y 2 cHF.M / t ls

r and generators y of
HF.cHF.M /; ls

r / interchangeably.
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Definition 3.1 Let Œs� 2 Spinc.S3
r .K// be arbitrary with reference intersection as . For any generator y

of HF.cHF.M /; ls
r /, let Mrel.y/ denote the grading difference M.y/�M.as/. We define the desired

multiset by
MRŒs� WD fMrel.y/ j y 2 cHF.M / t ls

r g:

Further, let Width.MRŒs�/ denote the difference between the largest and smallest elements of this multiset.

Remark As defined, MRŒs� is a collection of integral Maslov gradings differences, and so in general is not
an invariant of the pair .S3

r .K/; Œs�/. However, Width.MRŒs�/ is an invariant of the pair .S3
r .K/; Œs�/ since

MRŒs� can be made to agree with the multiset containing absolute Maslov gradings by uniformly translating
all elements by some element of Q. Likewise, the cardinality of MRŒs� and multiplicities of its elements
(after uniformly translating so that 0 is the smallest element) are also invariants of the pair .S3

r .K/; Œs�/.

Next, we establish lemmas that enable us to swiftly compute grading differences. For a bigon P

between intersections of cHF.M / and ls
r , we will determine the grading difference contribution of

2 Wght.P / � 2 Rot.P /. This is done by considering an analogous, regularly homotopic bigon PK

between intersections of cHF.M / and x� that correspond to generators of bHFK under pairing. We show
that the quantities 2 Wght.P /� 2 Rot.P / and 2 Wght.PK /� 2 Rot.PK / agree, and computing the latter
in terms of the knot Floer invariant �.K/.

Lemma 3.2 Let yn be a right intersection belonging to a simple figure-eight at height n of cHF.M /, let a

be an intersection from a different component of cHF.M / and ls
r , and suppose P is a bigon between them.

If K is thin , then 2 Wght.P /� 2 Rot.P /D�1� �.K/� jnj.

Proof In the infinite cylinder T M , we can represent x�, the lift of the meridian of TM , as the vertical
line that pierces each lift of the marked point in T M . Let a��.K / be the last intersection that x
 makes
with x� before wrapping around T M . Because cHF.M / is invariant under the action by the hyperelliptic
involution, the weights of the grading arrows connecting x
 to the simple figure-eights at heights n and �n

are equivalent. From this we can assume that n is nonnegative, and use jnj in future formulas otherwise.

Lift cHF.M / to T for convenience, and intersect it with x�. If we place z and w basepoints to the
left and right, respectively, of every lift of the marked point, then bHFK.K/ Š HF.cHF.M /; x�/ due to
[15, Theorem 51]. This pairing is depicted in Figure 8. The formula in Proposition 2.10 still holds with
the adjustment that Wind is modified to count the net winding number of enclosed w basepoints, denoted
by Windw.

Since cHF.M / has a simple figure-eight component at height n, there must be a generator � of bHFK.K/
with A.�/D nC 1. Let PK be the bigon from a��.K / to � that traverses the grading arrow connecting
the relevant components of cHF.M /, visible in Figure 8 with �.K/� 0 and �.K/ < 0, respectively. To
determine Wght.PK / directly would require care for the orientations of the grading arrow. However
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(a) (b) (c)

�

a��.K /

�

a��.K /

�

a��.K /

Figure 8: The bigon PK between a��.K / and �, formed from path components in cHF.M / and x�.
(a) shows this for �.K/ � 0 and (b) shows this for A.�/ > ��.K/ > 0. However for (c) with
A.�/� ��.K/ > 0, the bigon PK runs from � to a��.K /.

since we are after a different term, we can abuse notation by having every grading arrow connect to the
right side of a simple figure-eight, regardless of its orientation. Essentially, any change that Wght.PK /

experiences between the two ways of attaching the grading arrow is inverted and absorbed by Rot.P /, so
that 2 Wght.PK /� 2 Rot.PK / remains unchanged.

If �.K/� 0 so that A.a��.K // < n, we have

M.�/�M.a��.K //D 2 Windw.PK /C 2 Wght.PK /� 2 Rot.PK /:

However since K is thin, it follows that

M.�/�M.a��.K //DA.�/�A.a��.K //DA.�/C �.K/:

Then 2 Wght.PK /� 2 Rot.PK /D A.�/� 2 Wind.PK /C �.K/. Since Wind.PK /D A.�/C �.K/, we
have 2 Wght.PK /� 2 Rot.PK /D�A.�/� �.K/D�1� �.K/� n.

If �.K/ < 0, the above computation follows through for A.�/ > ��.K/, but the case for A.�/� ��.K/

differs slightly. In this situation PK is a bigon from � to a��.K / that also traverses the grading arrow in
reverse, visible in Figure 8. Traveling the grading arrow in reverse means that we have

M.a��.K //�M.�/D 2 Windw.PK /� 2 Wght.PK /� 2 Rot.PK /;
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(a) (b)

�

a��.K /

yn

a

Figure 9: Tilting bigons to show they have equivalent net clockwise rotation along their boundaries.
(a) The bigon PK from a��.K / to �. (b) The bigon P from a to yn.

and so

�2 Wght.PK /� 2 Rot.PK /DM.a��.K //�M.a�/� 2 Windw.P /

D��.K/� .nC 1/� 2.��.K/� .nC 1//

D 1C �.K/C n:

Due to the shape of PK , the bigon has a cusp near the grading arrow regardless of how it connects these
components, and so Rot.PK /D 0. Then we have

2 Wght.PK /� 2 Rot.PK /D 2 Wght.PK /C 2 Rot.PK /D�1� �.K/� n;

as claimed.

With the formula established for PK , we will now show that it is satisfied for a bigon between generators
of HF.cHF.M /; ls

r / with similar attributes. Let yn be a right intersection from the simple figure-eight
at height n and let a be an intersection from a vertical segment of x
 and ls

r . With P denoting the
bigon from a to yn, we see that P must traverse the same grading arrow that PK traversed, and so
Wght.P /DWght.PK /. Additionally, it is straightforward to see that Rot.P /D Rot.PK / after tilting the
bigons as well, with visual given in Figure 9.

The following proposition considers left and right intersections of a simple figure-eight whose height n

is less than j�.K/j. There is then a nearby vertical intersection an, and we will see that these three
intersections have little difference in grading.

Proposition 3.3 Let K be thin and have M denote S3 n �K. Further , let xn and yn be left and right
intersections belonging to a simple figure-eight of cHF.M / with height 0� n< j�.K/j, and let an be the
nearby vertical generator. Then �1�M.yn/�M.an/� 0 and 0�M.xn/�M.an/� 1.
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Proof If P is the bigon between an and yn, we have 2 Wght.P /� 2 Rot.P /D�1� �.K/� jnj due to
Lemma 3.2. Due to the hyperelliptic involution invariance of cHF.M /, we can take 0� n< j�.K/j. We
have Wind.P / is Hn if �.K/� 0 or Un if �.K/ < 0, the values of which depend on the parity of n and
�.K/ when K is thin. The simple structure of x
 for a thin knot together with a counting argument for
�.K/ > 0 yields

Hn D

(
1
2
.nC �.K// if parity.n/D parity.�.K//;

1
2
.nC �.K/C 1/ if parity.n/¤ parity.�.K//:

Then for �.K/ > 0 we have M.yn/�M.an/D 2Hn�1��.K/�n implies M.yn/�M.an/ is either �1

or 0. Since M.xn/�M.yn/D 1, we see that M.xn/�M.an/ is either 0 or 1, handling the �.K/> 0 case.

When �.K/ < 0, the bigon P runs from yn to an, encloses Un lifts of the marked points, traverses the
grading arrow in reverse, and has Rot.P / D 0. Figure 6 shows that Un with �.K/ < 0 is the same as
VnDH�n with �.K/� 0, except using ��.K/ or ��.K/�1 in the formula above. Using Lemma 3.2 and
the ��.K/ modified formula for H�n, we have M.an/�M.yn/D 2H�nC1C �.K/Cn. This is either
1 or 0, and so M.yn/�M.an/ is either �1 or 0 and analogously M.xn/�M.an/ is either 0 or 1.

Since M.xn/�M.yn/D 1, these possibilities happen in pairs. A simple figure-eight at height n< j�.K/j

contributes either fMrel.a
n/;Mrel.a

n/�1;Mrel.a
n/g�MRŒs� or fMrel.a

n/;Mrel.a
n/;Mrel.a

n/C1g�MRŒs�.
An example of this to keep in mind is when looking at large surgery on the figure-eight knot 41. In this
situation we have f0;�1; 0g DMRŒ0�, and the right intersection contributing �1 to MRŒ0� actually has
the smallest relative Maslov grading. Proposition 3.3 then allows us to determine which intersection
associated to Œs� 2 Spinc.S3

r .K// has the smallest relative Maslov grading depending on parity.�.K//:

� If �.K/� 0, parity.s/D parity.�.K//, and there is a right intersection ys , then Mrel.y
s/D�1 is

the smallest relative grading of MRŒs�.

� If �.K/ � 0, parity.s/ D parity.�.K//, and there is no simple figure-eight at height s, then
Mrel.a

s/D 0 is the smallest relative grading of MRŒs�.

� If �.K/ � 0 and parity.s/ ¤ parity.�.K//, then Mrel.a
s/ D 0 is the smallest relative grading

of MRŒs�.

� If �.K/ < 0, then Mrel.a
s/D 0 is the smallest relative grading of MRŒs�.

The last component of the grading difference formula in Proposition 2.10 to determine is Wind.P /. Lift
both cHF.M / and each ls

r to the tiled plane eT , and let the 0th column be the neighborhood of the lift z�
for which each ls

r intersects z� at height Œs�. For Œs� 2 Z=rZ define ws D
n�Œs�

r
, with n the largest natural

number satisfying 0� n� g.K/� 1 and n� s .mod r/. This number represents the number of columns
of marked points in eT between as and a potential furthest right intersection yn. Further, because the
slopes we consider satisfy r � 2g.K/� 1, we have ws � 0. While it is certainly possible that a simple
figure-eight component may not exist at this height, it is still sufficient for the following strategy to
suppose otherwise.
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x
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yn
ls
r
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yn
ls
r

(a) (b)

Figure 10: Example bigons P between as and yn, showing the contributions from each column
to Wind.P / for (a) �.K/� 0 and (b) �.K/ < 0 with s � 0.

Proposition 3.4 For a given Œs� 2 Z=rZ, let as be the chosen reference intersection and yn be a right
intersection of a furthest possible figure-eight component. If �.K/� 0, then

Wind.P /DHsC

wsP
iD1

.sC i r/:

If �.K/ < 0, then

Wind.P /D

8̂̂̂<̂
ˆ̂:

wsP
iD0

.sC i r/ if Œs�� 0;

wsP
iD1

.sC i r/ if Œs� < 0;

where all sums are taken to be zero if empty.

When �.K/� 0, the contribution to Wind.P / from the 0th column of eT is Hs . The contribution from the
i th column is HsCir � VsCir D sC i r , and is shown in Figure 10. When �.K/ < 0, we have the two
different reference intersections as depending on s influencing whether there is a contribution from the 0th

column. Regardless, in every column the contribution to Wind.P / is HsCir �VsCir DHsCir D sC i r .
Since these terms are always nonnegative, it follows that the smallest relative grading belongs to an
intersection in the 0th column.
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4 Initial cases with j�.K /j< g.K /

Our objective is to build a collection of lemmas required to prove the main theorem. These vary depending
on r in relation to g.K/, and on �.K/ and its parity. The primary technique involves comparing the
various values of Width.MRŒs�/ to obstruct periodicity (see Lemma 2.1), typically done by showing that
Width.MRŒs

0�/ is maximal if Œs0� is the spinc structure associated to the line that crosses height g.K/� 1.
At other times the widths will agree up to translation, but the multiplicity of specific elements of the
grading multisets will not.

Recall that Theorem 2.8 identifies cHF.S3
r .K/; Œs�/Š HF.cHF.M /; ls

r /. In order to halve the amount of
comparisons to make, we leverage the fact that cHF.S3

r .K/; Œs�/Š
cHF.S3

r .K/; Œ�s�/ [31]. In immersed
curves form, Theorem 2.5 implies that intersections between cHF.M / and ls

r in negative columns of eT
are in correspondence with intersections of cHF.M / and l�s

r that belong to positive columns of eT (see
Figure 11). Also, intersections associated to the self-conjugate spinc structure(s) Œ0� (and possibly Œr=2�)
are symmetric in this way by default.

ls
r

l�s
r

E

Figure 11: The elliptic involution, denoted by E , on @M n fzg affects the lift of cHF.M / to the
tiled plane by placing intersections of cHF.M / and ls

r in negative columns (dashed blue line) in
correspondence with intersections of cHF.M / and l�s

r in positive columns (solid purple line).
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Figure 12: The case flowchart for the arguments in this section. Blue boxes indicate that the
contained lemmas only appeal to relative grading information, while purple boxes use some of the
absolute grading material from Section 5.

Recall that the smallest element of MRŒs� is the relative grading of an intersection belonging to the
0th column of eT , which is either the reference intersection as or a nearby right/left intersection. This means
that we can capture Width.MRŒs�/ by considering nonnegative intersections associated to both Œs� and Œ�s�.
Note that since parity.Œs�/D parity.Œ�s�/, the need to translate a multiset by 1 is consistent if it arises.

Definition 4.1 The multiset MRŒs�C consists of the relative gradings of intersections between cHF.M /

and ls
r that belong to nonnegative columns of eT . We define MRŒs�� analogously, and notice that

Width.MRŒs�/DmaxfWidth.MRŒs�C /;Width.MRŒs�� /g.

Due to how genus detection is expressed by cHF.M /, either x
 achieves height g.K/ (equivalent to
j�.K/j D g.K/), or only a simple figure-eight at height g.K/�1 achieves this desired height (equivalent
to j�.K/j < g.K//. We will divide the problem among these two cases, starting with the latter. The
ensuing case analysis is admittedly complicated, but hopefully Figure 12 makes it more palatable.

Case A (j�.K/j< g.K/) Since j�.K/j< g.K/, there exists a simple figure-eight component at height
g.K/� 1. Let Œs0� be the spinc structure for which ls0

r intersects this simple figure-eight, which means
ws0 D .g.K/� 1� s0/=r . Our potential reducing slopes of 1 < r � 2g.K/� 1 divide this case into
two subcases. When r � 2.g.K/� 1/, we equivalently have Œs0�D g.K/� 1 and ws0 D 0. Otherwise
r < 2.g.K/� 1/, or equivalently ws0 > 0, which is the easier starting point.

Subcase A1 (r < 2.g.K/� 1/) In this situation, we will show that Width.MRŒs
0�/ is maximal.

Lemma 4.2 Suppose K is thin , j�.K/j < g.K/, and 1 < r < 2.g.K/ � 1/. Then there exists an
Œs0� 2 Spinc.S3

r .K// for which every Œs�¤ Œ˙s0� satisfies MRŒs� 6ŠMRŒs
0� up to translation.
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Proof For some Œs�¤ Œ˙s0�, the largest possible relative grading that MRŒs�C can achieve is associated
to an intersection of some hypothetical simple figure-eight at largest height. Looking at the terms in
the grading difference formula for a bigon from as to such a generator, we see that the 2 Wind.P / term
satisfies 2 Wind.P /� 2n while the other term is �1� �.K/� n. For this reason, we will suppose thatcHF.M / has a simple figure-eight at height n, taken to be the largest integer satisfying both n< g.K/� 1

and n � s .mod r/. Let P 0 be the bigon between as0 and yg�1, and P the bigon between as and yn.
Because the choice of as0 depends on �.K/, we will handle the �.K/� 0 subcase first before handling
the �.K/ < 0 subcase.

Subsubcase A1a (�.K/ � 0) Due to Lemma 3.2 and Propositions 3.3–3.4, Width.MRŒs�C / is nearly

determined by Mrel.y
n/. We have Mrel.y

n/ � Width.MRŒs�C / � Mrel.y
n/ C 1, with either equality

depending on whether as is the smallest relatively graded intersection. To compare widths, we compute

Mrel.y
g�1/D 2

�
Hs0 C

ws0P
iD1

.s0C i r/
�
� 1� .s0Cws0r/;

and likewise
Mrel.y

n/D 2
�
HsC

wsP
iD1

.sC i r/
�
� 1� .sCwsr/:

Their difference is then

Mrel.y
g�1/�Mrel.y

n/D 2
�
Hs0 C

ws0P
iD1

.s0C i r/�
�
HsC

wsP
iD1

.sC i r/
��
� .s0Cws0r � .sCwsr//

D 2
�
.Hs0 �Hs/C

ws0P
iD1

.s0C i r/�
wsP

iD1

.sC i r/
�
� .s0� s/� r.ws0 �ws/:

If s < s0 so that ws D ws0 , then

Mrel.y
g�1/�Mrel.y

n/D 2..Hs0 �Hs/Cws0.s
0
� s//� .s0� s/

D 2.Hs0 �Hs/C .2ws0 � 1/.s0� s/

� 1;

since ws0 > 0 and s0 > s implies that Hs0 �Hs .

If s > s0 so that ws D ws0 � 1, then shifting P one column to the right in eT (see Figure 13) provides

Mrel.y
g�1/�Mrel.y

n/D 2
�
.Hs0 �Hs/C

ws0P
iD1

.s0C i r/�
wsP

iD1

.sC i r/
�
� .s0� s/� r.ws0 �ws/

D 2
�
.Hs0 �Hs/C

ws0P
iD1

.s0C i r/�
ws0P
iD2

.sC .i � 1/r/
�
� .s0C r � s/

D 2
�
.Hs0 �Hs/C .s

0
C r/C

w0sP
iD2

.s0C i r/�
ws0P
iD2

.sC .i � 1/r/
�
� .s0C r � s/

D 2
�
.Hs0 C s�Hs/C .s

0
C r � s/C .ws0 � 1/.s0C r � s/

�
� .s0C r � s/

D 2.Hs0 C .s�Hs//C .2ws0 � 1/.s0C r � s/

D 2.Hs0 �Vs/C .2ws0 � 1/.s0C r � s/

D 2.Hs0 �H�s/C .2ws0 � 1/.s0C r � s/;
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(a) (b)

as0 as

yg�1

ysCr

as0 as

yg�1

ysCr

Figure 13: Example bigons P 0 (split-shaded green and pink) and P (shaded pink) when ws0 D 1.
(a) has s < s0, while (b) has s > s0 together with the single column shift to the right.

where the second line is by column shift. Notice that s0C s� 1� 2.Hs0 �H�s/� s0C s depending on
the parities of s and s0 together with s > s0. Then we have

Mrel.y
g�1/�Mrel.y

n/D 2.Hs0 �H�s/C .2ws0 � 1/.s0C r � s/

� s0C s� 1C .2ws0 � 1/.s0C r � s/

� s0C s� 1C s0C r � s

D 2s0� 1C r

> 1;

since ws0 > 0 and s0 < r�1
2

if there exists an s > s0.

In both situations, we see that Mrel.y
g�1/�Mrel.y

n/� 1. If this difference is greater than one, then

Width.MRŒs
0�/�Width.MRŒs

0�
C /�Mrel.y

g�1/ >Mrel.y
n/C 1�Width.MRŒs�C /:

This handles the possibility where we need to translate MRŒs�C by 1, so suppose Mrel.y
g�1/�Mrel.y

n/D 1.
This is possible only if Hs D Hs0 , ws0 D 1, and s D s0 � 1, which altogether imply that s D �.K/.
However, the widths only match if Width.MRŒs�C /DMrel.y

n/C 1. This condition is equivalent to having
parity.s/ ¤ parity.�.K//, which is a contradiction. Therefore Width.MRŒs

0�/ > Width.MRŒs�
˙
/, which

completes the �.K/� 0 subcase.
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Subsubcase A1b (�.K/ < 0) Recall that the reference intersection as has no nearby left/right intersec-
tions belonging to a simple figure-eight. This means that as has the smallest relative grading of MRŒs�,
and so Width.MRŒs�C /DMrel.y

n/C 1. From Proposition 3.4 we see

Wind.P /D

8̂̂̂<̂
ˆ̂:

sC
wsP

iD1

.sC i r/ if s � 0;

wsP
iD1

.sC i r/ if s < 0:

If 0� s < s0, then proceeding as before we have

Mrel.y
g�1/�Mrel.y

n/D 2
�
s0C

ws0P
iD1

.s0C i r/�
�
sC

wsP
iD1

.sC i r/
��
� .s0� s/� r.ws0 �ws/

D 2.s0� sCws0.s
0
� s//� .s0� s/

D .2ws0 C 1/.s0� s/

� 3:

If s < s0 � 0, then
Mrel.y

g�1/�Mrel.y
n/D .2ws0 � 1/.s0� s/� 1:

If s > s0, then as before we have ws D ws0 � 1. If s > s0 � 0, then

Mrel.y
g�1/�Mrel.y

n/D 2
�
.s0� s/C

ws0P
iD1

.s0C i r/�
wsP

iD1

.sC i r/
�
� .s0� s/� r.ws0 �ws/

D 2
�
.s0� s/C

ws0P
iD1

.s0C i r/�
ws0P
iD2

.sC .i � 1/r/
�
� .s0C r � s/

D 2.s0C .s0C r � s/C .ws0 � 1/.s0C r � s//� .s0C r � s/

D 2s0C .2ws0 � 1/.s0C r � s/

� 1;

where the second line is by column shift. In the event that 0� s > s0, we get

Mrel.y
g�1/�Mrel.y

n/D 2
� ws0P

iD1

.s0C i r/�
wsP

iD1

.sC i r/
�
� .s0� s/� r.ws0 �ws/

D 2
� ws0P

iD1

.s0C i r/�
ws0P
iD2

.sC .i � 1/r/
�
� .s0C r � s/

D 2.s0C r C .ws0 � 1/.s0C r � s//� .s0C r � s/

D 2.sCws0.s
0
C r � s//� .s0C r � s/

D 2sC .2ws0 � 1/.s0C r � s/

� 2sC s0C r � s

� .s0C s/C r

� 1;
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where the second line is by column shift. In every inequality we have Mrel.y
g�1/ >Mrel.y

n/. Then

Width.MRŒs
0�/�Width.MRŒs

0�
C /DMrel.y

g�1/C 1>Mrel.y
n/C 1DWidth.MRŒs�C /;

for each Œs� 2 Spinc.S3
r .K//. This completes the �.K/ < 0 subsubcase, and the proof of Lemma 4.2.

Case A2 (r � 2.g.K/� 1/) Recall that in this case we have ws0 D 0. Let us consider r D 2g.K/� 1

first. When �.K/� 0, the surgery slope is large enough so that every intersection lies in the 0th column
of eT . Width alone as an invariant won’t be enough, so we will also need to appeal to the multiplicities of
the elements of the relative grading multisets. They will be used to show that only spinc structures with
the same parity are unobstructed. When we assume that S3

r .K/ is reducible later on, the fact that r is
odd will provide a contradiction with periodicity. When �.K/ < 0, we need far less subtlety.

Lemma 4.3 Suppose K is thin , 0 � �.K/ < g.K/, and r D 2g.K/ � 1. Then there exists an
Œs0� 2 Spinc.S3

r .K// for which Œs� ¤ Œ˙s0� satisfies MRŒs� ŠMRŒs
0� up to translation only if parity.Œs�/

equals parity.Œs0�/.

Proof The spinc structure Œs0� we want to consider has Œs0� D g.K/ � 1. Suppose for the sake of
contradiction that some Œs�¤ Œ˙s0� satisfies MRŒs� ŠMRŒs

0� up to translation and parity.s/¤ parity.s0/.
We know that r > 1 forces g.K/ > 1, and also that each ls

r intersects cHF.M / exactly once due to this
large surgery slope. Because the choice of reference generator as0 depends on �.K/, let us split into two
cases: �.K/� 0 and �.K/ < 0.

Assume �.K/ � 0. Because all intersections lie within the 0th column of eT , we will instead use the
hyperelliptic involution invariance of cHF.M / to only consider s� 0. If cHF.M / has no simple figure-eight
at height s, then Width.MRŒs�/D 0 immediately does not match Width.MRŒs

0�/� 1, so we may as well
assume that there is a simple figure-eight at height s. We have

Mrel.y
s0/D 2Hs0 � 1� �.K/� s0 D s0� 1� �.K/

by Lemma 3.2 and Proposition 3.4, since Hs0 D s0 when �.K/� g.K/� 1D s0. Further,

Mrel.y
s0/�Mrel.y

s/D 2Hs0 � 1� �.K/� s0� .2Hs � 1� �.K/� s/

D 2.Hs0 �Hs/� .s
0
� s/:

If s > �.K/, then Hs D s implies that Mrel.y
s0/�Mrel.y

s/D s0� s � 1. But then

Width.MRŒs
0�/DMrel.y

s0/C 1>Mrel.y
s/C 1�Width.MRŒs�/;

so s� �.K/ together with Width.MRŒs�/D 1. Notice that Width.MRŒs
0�/DMrel.y

s0/C1D s0��.K/> 1

if �.K/ < s0� 1, and so we are also forced to have either �.K/D s0� 1 or �.K/D s0. In both cases we
have Width.MRŒs

0�/D 1. Since using width as an invariant has been exhausted, let us count multiplicities
of elements of the MRŒs�’s next.
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Recall that en denotes the number of simple figure-eights at height n of cHF.M /. Further, we need esD es0

in order to have jMRŒs� j D jMRŒs
0�
j. We have assumed that parity.Œs�/¤ parity.Œs0�/, so one of these two

multisets contains �1 and must be translated by 1 to make 0 the smallest element. This translated multiset
will then contain 0 with multiplicity es0 , while the other multiset will contain 0 with multiplicity es0C1.

When r D 2.g.K/� 1/, we will end up having Width.MRŒs�/D 1 for every Œs� if �.K/ is large enough.
This means relative grading information alone will not be enough, and so we will return to such cases in
Section 5.

Lemma 4.4 Suppose K is thin , 0 � �.K/ < g.K/� 2, and r D 2.g.K/� 1/. Then there exists an
Œs0� 2 Spinc.S3

r .K// for which every Œs�¤ Œ˙s0� satisfies MRŒs� 6ŠMRŒs
0� up to translation.

Proof We again use s0 D g.K/� 1, and notice that when �.K/ < g.K/� 2, we have

Mrel.y
s0/D 2.g.K/� 1/� 1� �.K/� .g.K/� 1/D g.K/� 2� �.K/ > 0:

This shows that Width.MRŒs
0�/DMrel.y

s0/C1>1. Any Œs�¤ Œ˙s0�with jsj��.K/ has Width.MRŒs�/D1

due to Proposition 3.3, so suppose �.K/ < jsj< s0. In this case, Width.MRŒs�/�Mrel.y
s/C 1, but we

also have Mrel.y
s0/�Mrel.y

s/D s0� jsj> 0. Then Width.MRŒs�/ <Width.MRŒs
0�/.

When �.K/ < 0, the fact that the reference intersection as lies outside of the neighborhood of z�0 is very
convenient. This is an example of a nonvertical intersection, which is an intersection between ls

r and x

that lies outside of a neighborhood of a lift z�.

Lemma 4.5 Suppose K is thin , �g.K/ < �.K/ < 0, and r � 2.g.K/ � 1/. Then there exists an
Œs0� 2 Spinc.S3

r .K// for which every Œs�¤ Œ˙s0� satisfies MRŒs� 6ŠMRŒs
0� up to translation.

Proof Since ws0 D 0, we again have Œs0� D g.K/ � 1. Notice that each ls
r gives rise to only two

nonvertical intersections around the 0th column and intersections at height s when Œs�¤ Œ˙s0�. We have
s0 maximal when ws0 D 0, so use hyperelliptic involution invariance to assume 0 � s < s0. Recall that
Width.MRŒs�/DMrel.y

s/C 1 under the assumptions that �.K/ < 0. The formula for Wind.P / does not
depend on �.K/, which means

Mrel.y
s0/�Mrel.y

s/D 2s0� 1� �.K/� s0� .2s� 1� �.K/� s/

D s0� s:

Then Width.MRŒs
0�/DMrel.y

s0/C1>Mrel.y
s/C1DWidth.MRŒs�/, which implies MRŒs� 6ŠMRŒs

0�.

In the following section we address the remaining cases involving j�.K/j D g.K/, as well as the few
unresolved cases of this section. In particular, the cases with g.K/�2��.K/<g.K/ and rD2.g.K/�1/

are handled in Lemma 5.5.
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5 Remaining cases and absolute gradings

With the case analysis for j�.K/j<g.K/ out of the way, we turn to the more difficult part. As in Section 4,
Figure 14 breaks down the upcoming case analysis.

Case B (j�.K/j D g.K/) When j�.K/j is at its largest, the essential curve x
 suffices to indicate g.K/

and we are not guaranteed a simple figure-eight at height g.K/�1. For these cases we still choose Œs0� so
that g�1� s0 .mod r/ and continue to use ws , except now modifying it to just be the largest multiple of
r so that sCwsr < g.K/. The �.K/D�g.K/ case is easier, so we start there.

Subcase B1 (�.K/D�g.K/)

Lemma 5.1 Suppose K is thin with �.K/D�g.K/, and let 1< r � 2g.K/� 1. Then there exists an
Œs0� 2 Spinc.S3

r .K// for which every Œs�¤ Œ˙s0� satisfies MRŒs� 6ŠMRŒs
0� up to translation.

Proof Recall the labeling scheme from Figure 5, and both Us and Ls defined just before Definition 3.1.
The reference intersection as is a nonvertical intersection immediately to the left of the 0th column if
s � 0, and is similarly immediately to the right of the 0th column if s < 0. In general we will label these
generators xl

s and xr
s , respectively. Let us dispense with the ws0 D 0 case first.

Notice that each MRŒs� contains two elements whose difference is precisely 2jsj. The two bigons we
traverse from xl

s to xr
s involve the same regions and winding numbers as those in Figure 6 (Part c), and so

Mrel.x
r
s /�Mrel.x

l
s/D 2Ls�1�.2Us�1/D 2HsD 2s. We also see that 2Ls�1�Width.MRŒs�/� 2Ls

if s � 0 and 2Us � 1�Width.MRŒs�/� 2Us if s > 0, with the right-hand, even equalities achieved if an
appropriate generator from a simple figure-eight exists at height s. So if some Œs�¤ Œ˙s0� is to achieve

Figure 14: The case flowchart for the arguments in this section. As before, blue boxes indicate
that the contained lemmas only appeal to relative grading information, while purple boxes use
absolute gradings.
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MRŒs� ŠMRŒs
0� up to translation, we should see that the widths of these multisets agree and that there

exist pairs with grading differences 2jsj and 2js0j. These are only possibly simultaneously true if Us DLs0

and Ls D Us0 , which forces s D�s0 with K thin. Thus, we may assume ws0 > 0.

If ws0 > 0, we can appeal to MRŒs
0� achieving maximal width. Due to the formula for Wind.P / when

�.K/<0, the grading difference between consecutive nonvertical intersections between x
 and ls
r around the

i th column is 2.sCi r/. As before, this happens because 2LsCir�1�.2UsCir�1/D 2HsCir D 2.sCi r/,
which is also positive. Then among nonnegative columns, the vertical intersection in final .ws/

th column,
which we now denote by bs , has the largest relative grading in MRŒs�. This is because the differences around
any given column are positive, and the vertical intersection on the right side of the final .ws/

th column
necessarily has a smaller relative grading than bs . The same reasoning applies to nonpositive columns
(one way to see this is to appeal to hyperelliptic involution invariance to note that such a maximally
graded vertical intersection belonging to a negative column is in correspondence to one belonging to
a positive column associated to the conjugate spinc structure). Thus, Width.MRŒs�/ is either Mrel.b

s/

or Mrel.b
�s/ when ws > 0. We will obtain our desired contradiction by comparing Mrel.b

s0/ to every
Mrel.b

s/ with s ¤˙s0, just as in the lemmas of the previous section.

Chaining the grading differences of vertical intersection pairs from bs back to as , we see that

Mrel.b
s/D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

2

�ws�1X
iD0

.sC i r/CLsCwsr

�
� 1 if s � 0;

2

�ws�1X
iD1

.sC i r/CLsCwsr

�
� 1 if s � 0;

with empty sums taken to be zero as before. Since it can be hectic determining when such a sum is empty,
we break into more cases.

When s < s0 we have ws D ws0 , and it is straightforward to check that

Mrel.b
s0/�Mrel.b

s/� 2.Ls0Cws0r �LsCws0r / > 0:

This follows because the various multiples of s0� s are positive if they appear, and because Ls0Cws0r >

LsCws0r when s < s0.

Let us begin the s0 < s cases with ws0 D 1. For 0� s0 < s we can once again use a column shift to see

Mrel.b
s0/�Mrel.b

s/D 2.s0CLs0Cr �Ls/ > 0;

since s0 � 0 and Ls0Cr > Ls . The same inequality holds if s0 � 0 < s, together with dropping the
s0 term. For s0 < s � 0 with ws D 0, we are forced to have Width.MRŒs�/ D 2Ls � 1 if s � 0 and
Width.MRŒs�/D 2Us � 1 if s � 0, since Width.MRŒs

0�/ is guaranteed to be odd. For the former we get

Mrel.b
s0/�Mrel.b

s/D 2.Ls0Cr �Ls/ > 0;
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since s < s0C r . The latter yields

Mrel.b
s0/�Mrel.b

s/D 2.Ls0Cr �Us/ > 0;

since s > s0.

Finally we are left with ws0 > 1 with s0 < s (which then implies ws D ws0 � 1). If we have 0 � s0 < s,
then the fact that Ls0Cws0r is maximal ensures

Mrel.b
s0/�Mrel.b

s/D 2

�ws0�1X
iD0

.s0C i r/�

ws�1X
iD0

.sC i r/

�
C 2.Ls0Cws0r �LsC.ws0�1/r /

D 2

�
s0C

ws0�1X
iD1

.s0C i r/�

ws0�1X
iD1

.sC .i � 1/r/

�
C 2.Ls0Cws0r �LsC.ws0�1/r /

D 2s0C 2.ws0 � 1/.s0C r � s/C 2.Ls0Cws0r �LsC.ws0�1/r /

> 0;

where the second line is by column shift. Analogously, the same inequality holds true if s0 � 0< s by
dropping the 2s0 term. For s0 < s � 0 a single s0C r � s term disappears, but the inequality holds since
s0C r � s > 0 and LsCws0r �LsC.ws0�1/r > 0.

Then since Mrel.b
s0/ > Mrel.b

s/ for every configuration of s relative to s0 for ws0 > 0, we have
Width.MRŒs

0�/ >Width.MRŒs�/. Together with the argument for ws0 D 0, this completes the proof.

Subcase B2 (�.K/D g.K/) Let us consider 1< r < 2.g.K/� 1/ first, delaying the penultimate slope
to Lemma 5.5 and the maximal slope to Lemma 5.3. If r < 2.g.K/� 1/, then ls0

r intersects x
 more than
once for s0 � g.K/� 1 .mod r/. Our approach involves different arguments depending on whether ls0

r

makes nonvertical intersections on both sides of the 0th column. Also, since �.K/ is positive recall that
the reference intersection as is once again the vertical intersection belonging to the 0th column.

Lemma 5.2 Suppose K is thin with �.K/D g.K/, the surgery slope satisfies 1< r < 2.g.K/� 1/, and
that there exists a k properly dividing r so that every Œs� 2 Spinc.S3

r .K// satisfies MRŒs� ŠMRŒsCk� up
to translation.

� If r < g.K/� 1, then MRŒs� ŠMRŒs
0� up to translation only if Œs�D Œ�s0�.

� If r � g.K/� 1, then �.K/D g.K/D r D 3.

Proof If r <g.K/�1, then the slope of ls0

r is small enough so that intersecting it with x
 produces vertical
intersections in at least 3 columns of eT . We know ws0 > 0 since r < 2.g.K/�1/, so suppose ws0 D 1. We
have nonvertical intersections with x
 to the left and right of this column, which we can label cs0 and bs0 ,
respectively. Then Mrel.c

s0/D2Vs0�1 and Mrel.b
s0/D2Hs0�1, and so 2Hs0�1�Width.MRŒs

0�/�2Hs0

since s0 > 0 yields Hs0 > Vs0 . If some Œs� ¤ Œ˙s0� satisfies MRŒs� Š MRŒs
0� up to translation then the
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Vs�Vs0

�����!
Hs0�Hs

 �����

Figure 15: If Hs DHs0 and s D s0� 1, then Vs �Vs0 D 1 when K is thin.

parities of their widths must agree. Under the same labeling convention for intersections associated to Œs�,
we see that 2Vs � 1�Width.MRŒs�/� 2Vs if s � 0 and 2Hs � 1�Width.MRŒs�/� 2Hs if s � 0.

For 0< s0 < s, we compute for either parity of width that

Width.MRŒs
0�/�Width.MRŒs�/D 2.Hs0 �Vs/:

This implies that Vs DHs0 , which is impossible when s0 > 0. Similarly, if s < �s0 then the analogous
statement holds true using Hs .

When �s0 < s < s0, something interesting occurs. In addition to ls0

r , we see that ls
r successfully makes two

nonvertical intersections on both sides of the 0th column. Also since K is thin, it follows that Vs �Hs0

and Hs �Hs0 , with equality only possible when s D�s0C 1 or s D s0� 1, respectively. However, this
results in the configuration shown for the latter situation in Figure 15. We see that while the widths
of MRŒs� and MRŒs

0� can agree if Hs D Hs0 , this necessarily results in Vs ¤ Vs0 since K is thin. This
is true vice versa as well, and so the multisets cannot both contain the same relative gradings for their
respective vertical intersection pairs. Thus we must consider ws0 > 1, and we will do so following similar
computations to those in Lemma 5.1.

When ws0 > 1 the intersection with largest relative grading in MRŒs� comes from the furthest nonvertical
intersection, which we will update and label bs when s � 0 or cs if s � 0. Since we can use the
hyperelliptic involution invariance of cHF.M / to treat such a cs as b�s , let us only compare Mrel.b

s0/ to

Algebraic & Geometric Topology, Volume 25 (2025)



4576 Robert DeYeso III

the various Mrel.b
s/. Chaining grading differences between adjacent nonvertical intersections from bs

back to as , we have

Mrel.b
s/D 2

�
HsC

ws�1P
iD1

.sC i r/
�
� 1:

If s < s0 then ws D ws0 , and we compute

Mrel.b
s0/�Mrel.b

s/D 2
�
Hs0 �HsC

ws�1P
iD1

.s0C i r/�
ws�1P
iD1

.sC i r/
�

D 2.Hs0 �HsC .ws0 � 1/.s0� s//

� 1:

We have equality only if Hs0DHs , sD s0�1, andws0D2. In this case, we have parity.s0C2r/Dparity.s0/
regardless of r . However parity.s0C 2r/¤ parity.�.K//, and so parity.s/D parity.�.K//. This implies
Width.MRŒs�/�Mrel.b

s/, which means we cannot have s < s0.

If s > s0, then with ws D ws0 � 1 we obtain

Mrel.b
s0/�Mrel.b

s/D 2
�
Hs0 �HsC

ws0�1P
iD1

.s0C i r/�
ws�1P
iD1

.sC i r/
�

D 2
�
s0C r CHs0 �HsC

ws0�1P
iD2

.sC i r/�
ws0�1P
iD2

.sC i r/
�

D 2.s0C r/� 2.Hs �Hs0/C 2.ws0 � 2/.s0C r � s/;

where the second line is by column shift. Now s � s0 � 2.Hs �Hs0/ � s � s0C 1 when K is thin by
careful inspection of these regions. This implies

Mrel.b
s0/�Mrel.b

s/D 2.s0C r/� 2.Hs �Hs0/C 2.ws0 � 2/.s0C r � s/

� 2.s0C r/� .s� s0C 1/C 2.ws0 � 2/.s0C r � s/

D 2s0C r � 1C .2ws0 � 3/.s0C r � s/

> 1:

Altogether, these grading comparisons are enough to see that MRŒs� 6Š MRŒs
0� up to translation when

r < g.K/� 1. Next we look at the cases with larger surgery slopes.

If r Dg.K/�1, then ws0 D 1 and s0D 0. Due to hyperelliptic involution invariance, we can assume s¤ s0

satisfies s < 0. Notice that MRŒs
0� contains 2Hs0 � 1 with multiplicity at least two since ls0

r generates
nonvertical intersections on both sides of the 0th column and Vs0 DHs0 . The only way that MRŒs� could
contain this grading with multiplicity greater than one is if a simple figure-eight component in the 1st
column has an intersection with ls

r . The nearby vertical intersection asCr has Mrel.a
sCr /D 2Hs0�2, and

so we would require parity.sC r/¤ parity.�.K// in order for an intersection with a simple figure-eight
to have the desired grading. However sC r D �.K/�2, and so MRŒs� cannot contain 2Hs0 �1 more than
once. Thus, no Œs�¤ Œs0� satisfies MRŒs� ŠMRŒs

0� up to translation when r D g.K/� 1.
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We still have ws0 D 1 if r > g.K/� 1, but now s0 < 0. The crux of the argument in the previous case
relied on Hs0 > 1. This holds more generally when r < 2g.K/� 3, except now MRŒs

0� need only contain
2Hs0�1 once. Since Width.MRŒs

0�/� 3, the above argument still applies to show that MRŒs�ŠMRŒs
0� up

to translation only if Œs�D Œs0˙1�. This forces k D 1, which in turn forces r � 3 so that there cannot exist
Œs0C˛k� with Width.MRŒs

0C˛k�/D 1. The possibility r D 2 is handled exactly as in the r D g.K/� 1

argument, and so we must have r D 3. This means s0 D�1, and so �.K/D g.K/D r D 3.

If r D 2g.K/ � 3, then only l˙s0

r generates nonvertical intersections between columns of eT . All
other ls

r intersect cHF.M / only in the 0th column, which means that every Width.MRŒs�/ D 1. Since
parity.s0/D parity.�.K// when r D 2g.K/� 3, we must have es0 D 0. This is because a simple figure-
eight component at this height would contribute an intersection with relative grading �1 to MRŒs

0�, which
would yield Width.MRŒs

0�/ D 2 and prevent periodicity. We have dim cHF.S3
r .K/; Œs

0�/ D 3C 2es0Cr ,
and so some Œs0C k� satisfying MRŒs

0Ck�
Š MRŒs

0� up to translation forces 1C 2es0Ck D 3C 2es0Cr ,
or es0Ck D es0Cr C 1. If necessary, translate MRŒs

0Ck� so that 0 is the smallest element. The only way
that the multiplicities of 0 and 1 agree is if MRŒs� contains more 0’s than 1’s, which happens only when
parity.s0Ck/D parity.�.K//. But parity.s0/D parity.�.K// as well, which is a contradiction since k is
odd when r odd.

We return to the two unhandled cases of �.K/Dg.K/D r D 3 and r D 2.g.K/�1/ shortly in Section 5.1,
and for now are left with the case where r D 2g.K/� 1. Because �.K/D g.K/, there is no guaranteed
simple figure-eight at height g.K/� 1. This small difference is enough of an issue if K is an L-space
knot, since each MRŒs� D f0g means cHF cannot provide an obstruction. With existing techniques, we can
only show the following:

Lemma 5.3 Suppose K is thin with �.K/D g.K/, and let r D 2g.K/� 1. If there exists a k properly
dividing r such that every Œs� 2 Spinc.S3

r .K// satisfies cHF.S3
r .K/; Œs�/Š

cHF.S3
r .K/; ŒsC k�/, then K is

an L-space knot.

Proof Suppose for the sake of contradiction that K is not an L-space knot, meaning that

dim cHF.S3
r .K/; Œs�/ > 1

for some Œs� 2 Spinc.S3
r .K//. Each ls

r intersects x
 precisely once since r � 2g.K/� 1. In order to have
dim cHF.S3

p .K/; Œs�/ > 1 for some Œs�, we need for cHF.M / to have a simple figure-eight component at
height s. Let t be the height of the lowest simple figure-eight component. We have et many simple
figure-eights at height t , and so we must also have etCk D et many simple figure-eight components at
height t C k to satisfy

dim cHF.S3
r .K/; Œt �/D dim cHF.S3

r .K/; Œt C k�/:

If parity.Œt �/¤ parity.ŒtCk�/, then one of MRŒt � or MRŒtCk� contains �1 and would need to be translated
by 1 to make 0 the smallest element by Proposition 3.3. However, this results in both multisets having
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unequal multiplicities of 0’s and 1’s. This would lead to MRŒt � 6ŠMRŒtCk� up to translation, and so we
must have parity.Œt C k�/D parity.Œt �/. However this condition implies that k is even, which contradicts
r D 2g.K/� 1 being odd. Therefore, K must be an L-space knot.

5.1 Obstructions from absolute gradings

Until now, we have primarily appealed to information carried by cHF.S3
r .K// as this is the easier flavor

of Heegaard Floer homology computable by immersed curves techniques. However, we now need to
involve the absolutely, Q-graded, C-flavor of Heegaard Floer homology to handle the remaining cases.
When considering S3

r .K/D Y # Z with jH 2.Y /j D k <1, we will use properties of the d-invariants
mentioned in Section 2 in order to obtain a relationship between r , k, and the V ’s associated to K. We
initially settle the curious �.K/D g.K/D r D 3 case, and afterwards assemble the proof of Theorem 1.2.

Lemma 5.4 Let K be a thin knot with �.K/D g.K/D 3. Then S3
3
.K/ is irreducible.

Proof If S3
3
.K/ is reducible, it must admit an integer homology sphere connected summand Y since

r D 3 is prime. Using the additivity of the d -invariants, we have

d.S3
3 .K/; Œs�/D d.L.3;˙1/; Œs�/C d.Y /:

Proposition 2.3 then implies d.Y / D �2V0.K/ D �2V1.K/, which in turn forces V0.K/ D V1.K/.
However this is true only for thin knots with even �.K/, which can be seen using the formula in
Proposition 3.3 together with Vs DH�s . This forms the desired contradiction.

Lemma 5.5 Let K be a thin knot with �.K/ � g.K/ � 2. Then S3
r .K/ is irreducible when r D

2.g.K/� 1/.

Proof Let �.K/ � g.K/� 2, and suppose for the sake of contradiction that S3
r .K/ is reducible for

r D 2.g.K/� 1/. Then S3
r .K/ admits as connect summands a lens space Y and a summand Z with

jH 2.Z/j D k <1. Since H1.S
3
r .K// is cyclic and r is even, one of jH1.Y /j D

r
k

or k is even. We will
show the latter must be true.

Using the immersed curves techniques of the previous section, we see that Width.MRŒs�/D 1 for all Œs�
when K is thin and �.K/ � g.K/ � 2. Using s0 � g.K/ � 1 .mod r/ again, we are guaranteed to
have dim cHF.S3

r .K/; Œs
0�/ > 1 since ls0

r either intersects a simple figure-eight at height g.K/� 1 when
�.K/ < g.K/ or intersects x
 multiple times when �.K/D g.K/. In order for some Œs0 � k� to satisfy
MRŒs

0�k�
ŠMRŒs

0� up to translation, we also require parity.s0� k/D parity.s0/ so that the multiplicities
of 0 and 1 agree. This implies k is even.

Let �Y .Œs�/ and �Z .Œs�/ denote the restrictions of Œs� to Spinc.Y / and Spinc.Z/, respectively. Since
Spinc.S3

r .K//Š Z=rZ is Z=rZ-equivariant [35], we have both

�Y

�h
sC

r

k

i�
D �Y .Œs�/ and �Z .ŒsC k�/D �Z .Œs�/:
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The two self-conjugate spinc structures of S3
r .K/ must project onto the lone self-conjugate structure of

L
�

r
k
; q
�
, and so

�Y .Œ0�/D �Y

�h
r

2

i�
2 Spinc

�
L
�

r

k
; q
��
:

Their respective restrictions on Z are distinct, and so let �Z .Œ0�/D ue and �Z

��
r
k

��
D uo (subscripts

indicate parity of the spinc structure before restriction). Due to the additivity of d -invariants, we have

d.S3
r .K/; Œs�/D d

�
L
�

r

k
; q
�
; �Y .Œs�/

�
C d.Z; �Z .Œs�//:

Since k is even, we may apply this to the self-conjugate structures to see

d.S3
r .K/; Œ0�/� d

�
S3

r .K/;
h

r

2

i�
D

�
d
�
L
�

r

k
; q
�
; Œ0�

�
C d.Z;ue/

�
�

�
d
�
L
�

r

k
; q
�
; Œ0�

�
C d.Z;uo/

�
D d.Z;ue/� d.Z;uo/:

Observe that �Z

��
k
2

��
D u0, and so �Z

��
rCk

2

��
D ue . We likewise have �Y

��
k
2

��
D �Y

��
rCk

2

��
, and so

d
�
S3

r .K/;
h

k

2

i�
� d

�
S3

r .K/;
h

rCk

2

i�
D d.Z;uo/� d.Z;ue/:

Using the inductive formula for d.L.p; q// [27, Proposition 4.8], it follows that

d.L.r; 1/; Œs�/D
s2

r
� sC

r�1

4
:

Summing the prior two equations and using Proposition 2.3 (with V r�k
2
DmaxfV rCk

2

;V
r� rCk

2

g) yields

2.V0�V r
2
CV k

2
�V r�k

2
/D d.L.r;1/; Œ0�/�d

�
L.r;1/;

h
r

2

i�
Cd

�
L.r;1/;

h
k

2

i�
�d

�
L.r;1/;

h
rCk

2

i�
D�

�
r2

4r
�

r

2

�
C

�
k2

4r
�

k

2

�
�

�
.rCk/2

4r
�

rCk

2

�
D

r�k

2
;

Therefore, we have the following relationship between r , k, and the V ’s associated to K:

(1) r�k

4
D .V0�V r

2
/C .V k

2
�V r�k

2
/:

Notice that when K is thin and �.K/� 0, we have that

V0 D

8̂<̂
:
�.K/C1

2
if parity.�.K//D 1;

�.K/

2
if parity.�.K//D 0:

We will use this to generate contradictions, and break into cases since the values of V r
2

and V r�k
2

depend
on �.K/. It will also be useful to use the fact that k � r

3
.

Case C1 (�.K/D g.K/) Here we have V r
2
D 1 and V r�k

2
> 0. We see that V k

2
� V r�k

2
is given by

half the distance between r�k
2
�

k
2

since K is thin. Thus,

V k
2
�V r�k

2
D

r

4
�

k

2
:

Algebraic & Geometric Topology, Volume 25 (2025)



4580 Robert DeYeso III

This together with (1) above then yields

V0 D
k

4
C 1:

If parity.�.K//D 1, then we have

�.K/C1

2
D

k

4
C 1 ,

�.K/�1

2
D

k

4

,
�.K/�1

2
�

r

12

, 6.�.K/� 1/� 2.g.K/� 1/

, 6.�.K/� 1/� 2.�.K/� 1/

) 4�.K/� 4:

However this would imply g.K/D �.K/D 1) r D 0, a clear contradiction. If parity.�.K//D 0, then
similar reasoning yields �.K/� 2, which forces r D �.K/D g.K/D 2. We return to immersed curves
techniques to rule out this case by comparing the multiplicity of elements of MRŒ0� and MRŒ1�. Since
parity.�.K// D 0, we must translate MRŒ0� by one so that 0 is its smallest element. The multiplicity
of 0 in the translated MRŒ0� is e0, and the multiplicity of 0 in MRŒ1� is 2e1C 2. However if S3

2
.K/ is

reducible then Lemma 2.1 forces e0 D 2e1C 1 in order for dim cHF.S3
2
.K/; Œ1�/D dim cHF.S3

2
.K/; Œ0�/,

generating the desired contradiction.

Case C2 (�.K/D g.K/� 1) Once again V r�k
2
> 0, and in this case we obtain V0 D

k
4

since V r
2
D 0.

Together with r D 2�.K/, the argument of the previous case yields the contradiction 4�.K/� �4 when
parity.�.K//D 1 or 4�.K/� 2 when parity.�.K//D 0.

Case C3 (�.K/ D g.K/� 2) We still have V r
2
D 0, and things are more interesting here since it is

possible for V r�k
2
D 0. This happens only if k D 2, in which case (1) becomes

r�2

4
D V0CV1:

Curiously enough �.K/DV0CV1 for a thin knot, and so this would force �.K/D r�2
4
D

2.�.K /C1/�2
4

,

4�.K/D 2�.K/) �.K/D 0. However this forces r D k, a contradiction. Then we cannot have k D 2,
and so V r�k

2
> 0 and we have V0 D

k
4

. As with the previous cases, having r D 2.�.K/C 1/ would yield
the contradictions 6.�.K/C1/� 2.�.K/C1/ if parity.�.K//D 1 or 4�.K/� 2 if parity.�.K//D 0.

5.2 Proof of Theorem 1.2

Proof Suppose S3
r .K/ is reducible for K thin and hyperbolic. The Matignon–Sayari bound implies that

1< r � 2g.K/�1 [23, Theorem 1.1], after mirroring the knot if necessary to make the surgery slope posi-
tive. Reducibility also gives S3

r .K/Š Y #Z for some lens space Y and some Z with jH 2.Z/j D k <1.
By Lemma 2.1, we have cHF.S3

r .K/; Œs C ˛k�/ Š cHF.S3
r .K/; Œs�/ for arbitrary Œs�; ˛ 2 Z=rZ. When

r <2.g.K/�1/, Lemmas 4.2, 5.1, and 5.2 apply to show that there exists an Œs0�2Spinc.S3
r .K// such that
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either cHF.S3
r .K/; Œs

0�/ is relatively graded isomorphic only to cHF.S3
r .K/; Œ�s0�/, or �.K/Dg.K/D rD3.

The latter is prevented by Lemma 5.4, so we proceed with the former. Since Y 6ŠS3, we see that Œs0� cannot
be self-conjugate and also that jH1.Y /j D 2. This implies Y DRP3, as well as k D jŒs0�� Œ�s0�j D 2 jŒs0�j.
However, together this means 4 divides r , which is impossible when S3

r .K/ admits an RP3 summand
with H1.S

3
r .K// cyclic.

Therefore, we must have r � 2.g.K/� 1/. Lemmas 4.4 and 4.5 cover �g.K/ < �.K/ < g.K/� 2 and
Lemma 5.5 covers �.K/ � g.K/� 2 for the possibility that r D 2.g.K/� 1/, and so we must have
r D 2g.K/�1. In this situation k is odd since r is odd, which means periodicity will cycle through spinc

structures with different parities. Then Lemmas 4.3, 4.5, and 5.1 apply to fully obstruct reducibility via
the above argument if �.K/¤ g.K/. If �.K/D g.K/, our techniques have been exhausted and leave
just the conclusion of Lemma 5.3, showing that K must be an L-space knot.
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