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Meromorphic projective structures:
signed spaces, grafting and monodromy

SPANDAN GHOSH
SUBHOJOY GUPTA

A meromorphic quadratic differential on a compact Riemann surface defines a complex projective structure
away from the poles via the Schwarzian equation. In this article we first prove the analogue of Thurston’s
grafting theorem for the space of such structures with signings at regular singularities. This extends
previous work of Gupta—Mj which only considered irregular singularities. We also define a framed
monodromy map from the signed space extending work of Allegretti-Bridgeland, and we characterize the
PSL,(C)-representations that arise as holonomy, generalizing results of Gupta—-Mj and Faraco—Gupta.
As an application of our grafting theorem, we also show that the monodromy map to the moduli space
of framed representations (as introduced by Fock—Goncharov) is a local biholomorphism, proving a
conjectured analogue of a result of Hejhal.

30F30, 57M50

1 Introduction

A marked and bordered surface is a pair (S, M) where S is a compact oriented surface of genus g and
k boundary components, together with a nonempty set M of finitely many marked points, where each
boundary component has at least one marked point. We shall assume that if g = 0 then |M| > 3.

Letn=(ny,n,,...,n,) be atuple of positive integers, each n; > 3, such that n; —2 is the number of marked
points on the i boundary. The set of marked points in the interior of the surface, which can be considered
as punctures, is denoted by IP. This paper concerns the space of (signed) meromorphic projective struc-
tures P+ (S, M) which is a 2/PI-fold branched cover over the space P(S, M) (see Section 2.3 for details).

Recall that such a meromorphic projective structure is determined by a meromorphic quadratic differential g
on a compact Riemann surface X of genus g, with k poles having orders (n, 15, ...,n) and |P| poles
having order at most 2, via the Schwarzian equation

(1) u” + $qu =0.

Namely, the ratio of solutions of (1) determines a developing map f: X — CP! that is equivariant with
respect to a holonomy/monodromy representation p: w1(X) — PSL;(C). Historically, these arose in the
context of uniformizing a punctured sphere (see, for example, Chapters VIII and IX of [43]).
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We recover (S, M) as the underlying topological surface via a real blow-up of the k poles of orders at
least 3; the horizontal directions of ¢ at such a pole determine the marked points on the corresponding
boundary circle. (Recall here that a pole of order n has n—2 horizontal directions, ie tangent directions v
where g(v) e RT))

Our first result in this paper is a more geometric parametrization of P*(S, M) which is an analogue
of Thurston’s grafting theorem, which we now briefly recall. For a closed oriented surface S of genus
g = 2, Thurston had introduced a “grafting” deformation of any hyperbolic structure on S that results in
a new complex projective structure. This construction starts with a hyperbolic surface X with developing
map f: X — H c CP!, and a measured geodesic lamination A on X. The new complex projective
structure is obtained by equivariantly inserting “lunes” along the images of the leaves of the lift of A
to the universal cover. Here a lune is a region of CP! bounded by two circular arcs, and its “angle” is
determined by the transverse measure on A; for details of this operation see [16; 46]. Thurston’s grafting
theorem (see [7; 33]) asserts that the space Py of complex projective structures on S is parametrized by
such deformations, ie the grafting map

2) Gr: Tg x ML — Pg

is a homeomorphism. (Here 7 is the Teichmiiller space of marked hyperbolic structures and ML is the
space of measured laminations on S.)

In our context, the analogues of the spaces in the left-hand side of (2) are enhanced Teichmiiller
space 7E(S, M) and the space of signed measured laminations ML (S, M), where in both cases
the signing is associated with the punctures in P (see Section 2 for details). The former space already
appears in previous literature in the context of marked and bordered surfaces (see, for example, [2]). The
latter is a space that we introduce, and should be related to the spaces of real .A- and X’-laminations that
Fock—Goncharov introduced in [19, Section 12] (see also [20]).

We shall prove:

Theorem 1.1 There is a grafting map

Gr: TH(S, M) x MLE(S, M) — PE(S, M),

which is a homeomorphism.

In the case when the set P = &, this was proved in [27]; the key technical step in the proof of Theorem 1.1
is to determine how the signings at the points of P play a role. In particular, we shall crucially use the
relation between the signed grafting map and the Schwarzian derivative at these poles (see Lemma 3.7).

Along the way, we shall provide a “grafting description” of the projective structures corresponding to
quadratic differentials with simple poles —see Corollary 3.4 — which could be of independent interest.
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Next, we introduce a monodromy map
3) ©: PE(S. M) — X(S. M),

where the target is the space of framed PSL,(C)-representations of the fundamental group 71 (S \ P) (see
[25, Section 5] for more on this space). We briefly recall here that a framed representation is a pair of a
PSL,(C)-representation p together with a framing 8: Fo, — CP! which is a p-equivariant map defined
on the lift of M to the ideal boundary of the universal cover (this set of ideal boundary points is the Farey
set Foo, following [19, Section 1.3]). Such a (framed) monodromy map had been previously defined by
Allegretti-Bridgeland [3] for a subspace P*(S, M) corresponding to meromorphic projective structures
with no apparent singularities. At a regular singularity, they had defined the framing using the signing to
choose a fixed point of the monodromy around it, and at an irregular singularity, they had defined the
framing in terms of the asymptotics of the solutions of the Schwarzian equation in Stokes sectors. The
latter description was shown to be equivalent to considering the asymptotic values of the developing map
in [27] (see Section 4.1 of that paper). We extend this here to the case of regular singularities, to provide
a more geometric definition of the framing in terms of the asymptotic behavior of the developing map,
that also applies at apparent singularities.

Our next theorem then characterizes the image of this framed monodromy map. Here, 5(\* (S, M) denotes
the subset of nondegenerate framed representations (see Definition 4.2) that had been introduced in [3].

Theorem 1.2 The image of @ in (3) is precisely the space X (S, M) of nondegenerate framed represen-
tations.

Allegretti-—Bridgeland had shown that the image of P*(S, M) is contained in 5(\* (S, M) (see Theorem 6.1
of their paper). We use completely different techniques, applying our (grafting) Theorem 1.1, to prove this
inclusion for the monodromy map ®. In particular, this provides an alternative proof of [3, Theorem 6.1].
The opposite inclusion, needed to complete the proof of Theorem 1.2 is already known as it follows from
the constructions in [18; 27] together with [3, Theorem 9.1] which implies that nondegenerate framed
representations have Fock—Goncharov coordinates with respect to some ideal triangulation.

Once again, Theorem 1.2 had been proved in the case that P = & in [26], and in the “opposite” case when
M = P in [25] under the additional assumption of no apparent singularities. See also the recent paper
of Nascimento [41] which discusses the case of projective structures with Fuchsian-type singularities,
and Le Fils [39] which handles the case of projective structures with branch points. For a closed surface,
the image of the monodromy map was characterized by Gallo-Kapovich—-Marden in [23]; the case of a
punctured surface was left as an open question in that paper.

As an immediate corollary we obtain:

Corollary 1.3 A representation p: 1 (S \ P) — PSL,(C) arises as the monodromy of a meromorphic
projective structure in P (S, M) (forgetting the framing) if and only if there exists a framing 8 such that
the pair (p, B) is nondegenerate.
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In Section 4 we provide an alternative characterization of the monodromy representations that appear,
without involving framings — see Corollary 4.6. In the case that S has no boundary components (ie M =P),
this coincides with the representations described in Theorem A of [18]. This paper thus provides an
alternative proof of that result, sans the construction of affine structures that is discussed in detail in [18].

Finally, we also prove:
Theorem 1.4 The monodromy map ® in (3) is a local homeomorphism.

For a closed surface S, the fact that the monodromy map from the space of projective structures to the
PSL, (C)-representation variety

4) O: Py — x(S)

is a local homeomorphism was a classical result of Hejhal in [30]. This can be considered a special case of
the Ehresmann—Thurston principle concerning the holonomy map from the deformation space of geometric
structures on a closed manifold to the corresponding representation variety (see, for example, [24]). This
local homeomorphism result was also proved in the case of projective structures with regular singularities
having loxodromic monodromy by Luo [40] (see the discussion in Section 2.3 of [25]). Recently, it was
also proved for projective structures with “cusps” (that allow apparent singularities) in [8, Theorem 5.6],
and those without apparent singularities and with fixed residues at the poles in [44]. The work in [26] had
proved the above theorem in the case that P = & (ie only irregular singularities); our proof here follows
their strategy and reduces to an application of a relative version of the Ehresmann—Thurston principle.

Using [3], we can conclude:
Corollary 1.5 The monodromy map ® is a local biholomorphism.

Theorem 1.4 verifies a conjecture by Allegretti in [1], and Corollary 1.5 answers a question raised in [3].

In the context of meromorphic projective structures, it remains to “explore the nonuniqueness of projective
structures with given monodromy”, quoting from [23, Problem 12.2.1]. For a closed surface, the fibers of
the monodromy map (4) are discrete by Hejhal’s result, and have been studied by Baba in [5; 6]; it is
conceivable that some of the techniques developed there can be generalized to the case of the framed
monodromy map .

Recall that the Schwarzian equation (1) is a first-order linear ODE on the Riemann surface. In a broader
context, linear differential equations of higher order n > 2 can be considered (see, for example, [31]).
These determine what are called SL; (C)-opers in the literature (see [21, Section 15.6]); indeed, projective
structures form the special case of SL,(C)-opers. Another direction to pursue would be to characterize
the surface-group representations into PSL,(C) that arise as the monodromy of SL,-opers. In contrast
with the n = 2 case, it follows from a dimension count that for n > 2 such representations form a subset
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of positive codimension in the PSL;, (C)-character variety, so the analogue of Theorem 1.4 does not hold.

The monodromy map has been studied recently by Alley in [4], in a special case of meromorphic cyclic
SL,(C)-opers on CP!.

The case of first-order linear ODEs on a Riemann surface is also interesting, as they relate to the theory
of translation structures on surfaces associated with abelian differentials. In that context, the monodromy
is determined by the periods of the differential, and the analogue of Theorem 1.2 for closed surfaces
was classical work of Haupt in [29] that was reproved by Kapovich in [34], and extended recently
by Le Fils [38] and Bainbridge—Johnson—Judge—Park [9]. For punctured surfaces and meromorphic
differentials, an analogue of Theorem 1.2 was proved recently by Chenakkod—Faraco—Gupta [14], and
was extended by Chen—Faraco [13].
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2 Signed parameter spaces

As mentioned in the Introduction, let (S, M) be a marked and bordered surface of genus g and k& boundary
components, and let n = {ny,n,, ..., n;} with n; > 3 be the associated integer-tuple. Here recall that
n; — 2 is the number of marked points on the i boundary component, for each 1 <i < k. We shall also
denote by m = |IP| the number of marked points in the interior of S. We define

k
(5) X=68—6+Y (ni+1)+3m
i=1
and we shall assume this is positive, throughout this article. This equivalent to requiring that if g = 0,
then M| > 3.

2.1 The enhanced Teichmiiller space

We shall define the space of hyperbolic structures on the marked and bordered surface (S, M). Such a hyper-
bolic structure X will have either a cusp or a geodesic boundary component at each interior puncture P C M,
and each boundary component of S with marked points will be a “crown end” (see [27, Section 3.2])
where each boundary arc between marked points is a bi-infinite geodesic (a side of the crown).
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Definition 2.1 A marking of a hyperbolic surface X as above by the surface (S, M) is a homeomorphism
f:S\M — X°, where X° is the surface obtained from X by removing the boundary components
homeomorphic to S'. Such a marking must take the set of interior punctures PP to geodesic ends or
cusps, and boundary arcs between marked points to bi-infinite geodesics of the crown ends. Two such
markings ( f1, X1) and (f>, X») are defined to be equivalent if there is an isometry g: X; — X, such
that g o f] is isotopic to f, relative to the marked points M. Then, the set of such markings ( f, X') under
this equivalence relation forms the Teichmiiller space 7 (S, M).

Now, we want to provide an additional signing parameter to our hyperbolic surfaces, namely an orientation
to the boundary components homeomorphic to S!. For each component, this parameter is a choice of an
element in {1}, depending on whether it agrees with the orientation induced from that on the surface.
Recall that there are at most m such boundary components. Thus, we get:

Definition 2.2 (Definition 3.4 of [2]) The enhanced Teichmiiller space 7+ (S, M) is a 2”-fold branched
cover of 7(S, M) (branched on the set of surfaces with at least one cusp end), with branching data given
by a choice of a sign at each geodesic end.

Parametrizing this space with shear coordinates, we have the following:

Theorem 2.3 (Proposition 3.5 of [2]) For a pair (S, M) with [M|| > 3 if g(S) = 0, we have that
T*(S, M) is homeomorphic to RX.

Here the expression for y is given in (5).

We denote an element of this set by a tuple (X, f, o), where X is the hyperbolic surface, f: S\ M — X°
is the marking, and o is the signing of each geodesic boundary component of X.

2.2 The enhanced space of measured laminations

Let (X, f,0) be an element of 7+(S, M) as above. Now, we define the space of measured geodesic
laminations on this element. First, we define a geodesic lamination on the surface:

Definition 2.4 A geodesic lamination on X is a closed subset L in X that is a disjoint union of simple
closed geodesics or a bi-infinite geodesics on X, including the boundary geodesics of X.

Since we always include the boundary geodesics, it will be helpful to consider L as the disjoint union of
two subsets, L° € X° and dX. Since the geodesics in a lamination cannot meet the boundary geodesics,
it follows that the leaves of the lamination must satisfy the following at the neighborhood of an end of X:

o If the end is a cusp, the leaves of the geodesic exiting the end must go inside the cusp, without any
spiraling. This can be seen by lifting to the universal cover H?; if we assume that the cusp end C lifts to
a horodisk H = {z | Im(z) > h} in the upper half-plane model of H?, such that C = H/(z +> z + 1),
then any such geodesic leaf lifts to a vertical line that remains in a single lift of the fundamental domain.

Algebraic € Geometric Topology, Volume 25 (2025)



Meromorphic projective structures: signed spaces, grafting and monodromy 4793

o If the end is a geodesic end, then each leaf entering a neighborhood of the end must spiral in a direction
around the geodesic and accumulate on it. Since the leaves are disjoint, it follows that (if there is more
than one leaf) they must all spiral in the same direction.

e If the end is a crown end, similar to a cusp, each leaf entering the end must go into one of the cusps of
the crown.

We recall another useful lemma regarding geodesic laminations:

Lemma 2.5 Given a geodesic lamination L on a hyperbolic surface X, there is a 71 (X )-invariant ideal
triangulation of the universal cover X such that no leaf of the lamination intersects the interior of a triangle.

Proof The completion of the complement of the geodesic lamination L comprises finitely many connected
hyperbolic surfaces that have crowns, cusps or geodesic boundary (see, for example, [11, page 7]). One
can equip each of these components with an ideal triangulation, where the (finitely many) edges of
the triangulation are geodesic lines between cusps or crown boundary cusps or spiraling onto geodesic
boundary components. The lift of these geodesic lines, together with the lift of L, defines a 7y (X)-
invariant ideal triangulation of the universal cover. |

Lemma 2.6 Given a geodesic lamination L, for each end of X there is a neighborhood of that end such
that only finitely many leaves of the lamination enter it. For a crown end, we can take the neighborhood
to be the whole crown.

Proof Consider a triangulation of the universal cover of X as before. Then, the triangulation descends to
the surface itself, due to 1 (X')-equivariance. From the Gauss—Bonnet formula, the number of triangles on
the surface is exactly —2 x(X'). Now, each triangle can contribute at most 3 geodesics going into the cusps
or crown cusps of X. Since each geodesic going into such an end is adjacent to two triangles, it follows
that the total number of geodesics going into cusps and crown cusps is at most —2x(X) x 3 = —6x(X).
This proves the first statement. For the second, any leaf of the lamination intersecting a crown must be a
geodesic going to one or two of its boundary cusps (ie crown tips), so the statement follows. a

We briefly recall the notion of a measured lamination, which is a geodesic lamination L as above, together
with a transverse measure on it (for details see, for example, [42, Section 1.8]):

Definition 2.7 Given a geodesic lamination L, let A(L) denote the collection of all compact 1-manifolds
embedded in X which are transverse to L and such that their boundary (if it exists) lies in X \ L. Then,
a measure on L refers to a function u: A(L) — R>( such that it is transverse to L (ie if « and § are
1-manifolds that are homotopic via 1-manifolds with boundary in X\ L, then pu(«) = u(f)), o-additive
(ie if o« = Jjen @ With o; Naj = da; N daj, then () = ) ; n(a;)), and its support is L°. This
pair (L, i) defines a measured lamination on X.
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Given a measured lamination, every isolated curve in L obtains a weight. We can define a topology on
the set of measured laminations as follows: First, given a lamination, we can lift the lamination to the
universal cover to get a 771 (X )-invariant set of geodesics in H?. Thus, it gives us a subset of the space
Moo = (OH? x 9H? \ A)/ ~, where ~ is the equivalence relation (x, y) ~ (¥, x). Then, a measure on
the lamination gives us a Borel measure on the space M,. We define the topology on the set of measured
laminations to be the topology it inherits from the weak-* topology of measures on M. Thus, we have:

Definition 2.8 The space of measured laminations on X', denoted by M L(X), is the set of all pairs (L, 1)
defined above, endowed with the topology it inherits from being a subset of the space of measures on M,

endowed with the weak-x* topology.

Now, we can parametrize the space ML(X) via the use of Dehn—Thurston coordinates as described in
the unpublished notes of Dylan Thurston [47], to get the following (see Proposition 1.5 of [28]):

Proposition 2.9 The space ML(X) is homeomorphic to RX™? x Rgo, where p is the number of cusp
ends of X.

Proof Recall here that yx is given by (5). For simplicity, let us first assume that there are no crown ends
on X,ie k =0 or M = P. In this case x = 6g — 6 4+ 3m where m = M.

We construct a pants decomposition of the topological surface underlying X'; an Euler characteristic count
this gives us a total of # P = 2g 4 m — 2 pairs of pants. Hence, there are ¢ = %(3 -#P —m) simple closed
curves in the interior of X that gives the decomposition. To this set of curves, we also add in the geodesic
boundaries and peripheral loops around the cusps of X to obtain a total of 7 + m curves. Let these curves
be given by (Py, Pa, ..., Pt, Pry1, ..., Prym). Also, let us choose a collection of dual curves D; for
each P;. Then, we have that associated to each pants curve P;, there is a pair of parameters for the measured
lamination, namely the length or intersection parameter 7 (i, P;) and the twist parameter 6 (i, P;), the
latter measured using D;. It follows from the discussion in [47] that the space of measured laminations
is homeomorphic to this space of intersection and twist parameters. This gives a factor of R??.

For a pants curve in the interior of X, the length parameter can take values in R>( while the twist
parameter takes values in R. Considering the pairs of parameter values (7, 8) € R>¢ x R, observe that in
the case of zero length, the twist parameter does not matter, leading to the identification (0, 8) ~ (0, —0).
Hence, the parameter space is in fact homeomorphic to R? for an interior curve. For a pants curve that is
a boundary geodesic, the twist parameter can only take oo as values if the length parameter is not zero.
If the length parameter is zero, the twist parameter is also necessarily zero. Hence, it follows that the
space parametrizing pairs (i, ) for a geodesic boundary is homeomorphic to R. This gives a factor of R,
where b is the number of geodesic boundary ends of X. For a pants curve that corresponds to a cusp end,
hence there is no twist parameter. Thus the corresponding space of parameters is homeomorphic to Rx>.
This gives a factor of R;O. Note that p + b = m; collecting the factors, we get a space homeomorphic to

R2! x R? x Rﬁo =RX7P x R’;O, as desired. This handles the case when there are no crown ends.
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The case of (only) crown ends was established in [27, Proposition 3.8], and we now follow the arguments
there to extend the above proof to include crown ends. As in that proof, we can first remove the crown
ends to obtain a surface with k additional boundary components. Following the argument above, the space
of measured laminations on the resulting surface X’ with » + k boundary components and p cusps is
homeomorphic to R% x R6+k xRéO. By [27, Proposition 3.7], the space of measured laminations on each
crown is homeomorphic to R” ~! where n; —2 is the number of boundary cusps of the i crown. Moreover,
these measured laminations can be glued to a measured lamination on X’ as long as one parameter — the
transverse measure of each boundary component that is glued — matches. Thus, the space of measured
laminations on X is homeomorphic to R? x R?*# x Rgo X ]_[f.;l R"~2 = RX™P x Rgo, as desired. O

Now, we consider an additional signing parameter for elements of the space ML(X): At each end of X
that is a cusp, we assign a sign =+ to the weight of measured lamination entering the end. By this marking,
we get a branched cover

MLEX) > ML(X)
branched over those measured laminations which have at least one cusp end with no weight of the
lamination entering it.

Lemma 2.10 The space M LT (X) is homeomorphic to the cell RX.

Proof This follows from the proof of Proposition 2.9, by observing that at each cusp end, the nonnegative
parameter, together with a sign, can be thought of as taking values in R. a

Now, the spaces ML*(X) are canonically homeomorphic to each other as X ranges over 7 (S, M). This
motivates us to define a space parametrizing signed measured laminations on the marked surface (S, M).
The space parametrizing measured laminations for the case P = @ was introduced in Section 3.3 of [27].

Definition 2.11 The space of signed measured laminations, denoted by MLE(S, M), is a space
parametrizing measured laminations on (S, M) along with a choice of signings for the total incident
weights at the set of punctures P C M. It has a topology induced from the transverse measures on finitely
many closed curves on the surface, along with the measures of arcs crossing into the cusp ends for the
interior punctures and the crowns.

Then the previous lemma can be interpreted as proving:
Proposition 2.12 The space ML¥ (S, M) is homeomorphic to the cell RX.
2.3 The space of signed projective structures

For a surface with a marking (S, M) as before, Allegretti—-Bridgeland introduced the space P(S, M)
in [3]. This space parametrizes meromorphic projective structures on X with k poles of orders given by
the tuple n and m poles of order less than or equal to 2, which are marked by the pair (S, M). We have
the following additional structure on this space:
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Theorem 2.13 (Proposition 8.2 of [3]) The space P(S, M) has the natural structure of a complex
manifold of complex dimension y, hence of real dimension 2.

Similar to the definition of the space of signed measured laminations, we shall define a signed version of
the space P(S, M), with the signing being given at each puncture PP by the exponent of the projective
structure at the puncture (defined below). The discussion here follows that in Section 8.2 of [3], though
we shall provide an alternative description in terms of a fiber product (Lemma 2.18).

2.3.1 The exponent at a regular singularity Given a meromorphic projective structure, we can define
the leading coefficient at a regular singularity p as

ap = lim ¢(z) .22,
z—p

where ¢(z)dz? is the Schwarzian derivative of the projective structure in a uniformizing neighborhood
of the puncture. This is independent of the choice of the uniformizing chart, hence well defined for the
projective structure. In other words, in any coordinate z around the regular singularity, the quadratic
differential g has the form

q(z) = (a—’z’ +---)d22.
z
We then define:

Definition 2.14 (exponent) The exponent at a regular singularity p € P of a meromorphic projective
structure is the complex number

defined up to sign, where a, is the leading coefficient at p.

Remark Our definition of exponent slightly differs from the one in [3], in that they have 1 + 4a,
under the square root in place of 1 —2a,. This is only matter of convention, arising from the fact that
their Schwarzian equation has a constant factor of —1 of the zeroth-order term while ours (in (1)) has
constant %

2.3.2 The signed space of projective structures First, we associate a signing to our marked projective
structures, as in Section 3.5 of [3]:

Definition 2.15 A signed marked projective structure is a marked projective structure on the pair (S, M)
along with a signing at each of the regular singularities, ie a choice of sign for the exponent at each
regular singularity having nonzero exponent.

Now, we define the space of signed marked projective structures as a cover of P(S, M), following
Proposition 8.4 of [3]:
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Theorem 2.16 There exists a complex manifold P¥ (S, M) that parametrizes signed, marked projective
structures on (S, M), along with a finite branched covering map

PES, M) — P(S, M)
of degree 2IPl obtained by forgetting the signing.

Proof The proof is essentially the same as that in [3]. First, we define the map
a:P(S,M) — CIPI

sending each projective structure to the collection of leading coefficients at each of its regular singularities.
We have that @ is a holomorphic map because of the way the complex structure on P(S, M) is constructed
(see, for example, [3, Proposition 7.3]). Moreover, a is a submersion, by a similar argument as in the
proof of Lemma 6.1 in [12] — it suffices to construct a quadratic differential whose leading coefficient is
nonzero at a given regular singularity and zero at all other regular singularities, which is clear from an
application of Riemann—Roch.

Due to these properties of a, we can construct a 2/Pl_branched cover P=(S, M) of P(S, M), branched
over the zero loci of {1 —2a,},cp, and such that the points in a fiber of the branching represent a choice
of a sign (ie an element of {+1}) for the nonzero exponents at the regular singularities. |

Remark Allegretti-Bridgeland [3] do the same construction as above, the only difference being that
they define the covering space over the subset of projective structures without any apparent singularities.

2.3.3 Describing the signed space by fiber products We provide another description of the space
PE(S, M) via fiber products, that will be helpful in defining the grafting map later. Recall the definition
of a fiber product (for example, see Chapter 1, Section 11 of [37]):

Definition 2.17 Let C be a category. Suppose we are given two morphisms f: A — C and g: B — C
among objects A, B, C. Then, the fiber product of 4 and B with respect to the given morphisms is
an object A X¢ B in C, along with morphisms g’: 4 x¢c B — A and f’: A x¢ B — B, such that
fog = go f’, and the following universal property holds: given any object D with morphisms
f":D— Band g”’: D — Asuchthat fog” = go f”, there is a unique morphismi: D — A x¢c B
such that f”/ = f’oi and g” = g’ oi, ie the maps f”, g” factor through i.

Now, we have the following:

Lemma 2.18 Let m = |P| and consider the map
r2:P(S,M)—C™

that assigns to a meromorphic projective structure the set of squares of exponents (see (6)) at its regular

singularities P, and
sq: C" - C™
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PE(S,M) —— CIPI

P

P(S.M) —— CIPI

Figure 1: Fiber product defining the space P (S, M). Here, 7 is the forgetful projection map.

that squares each coordinate of C™, ie sq(z1,z2,...,2Zm) = (zf, z%, ...,z%). Then, PE(S, M) is iso-
morphic to the fiber product P(S, M) xcm C™, in the category of complex manifolds as well as in the
category of topological spaces.

Although this is just a restatement of the way the branched cover is defined, and is in fact implicit in the
construction described in [3, Section 8.2], it is convenient as we shall use the universal property of fiber
products in Section 3.3 while defining the signed grafting map.

Remark The exponent at regular singularities was defined only up to sign on the space of unsigned
projective structures. The construction of the signed space allows us to uniquely define the exponent at
each regular singularity of a signed projective structure. Thus, we get a well-defined holomorphic map
r: PE(S,M) — C™ which sends a signed projective structure to the exponents at each of its regular
singularities. This is the map on the upper side of the commuting square in Figure 1.

3 The grafting theorem

Our first result concerns a grafting parametrization for the space of signed projective structures P (S, M).
If one ignores signings, the grafting operation was briefly described in the Introduction; for details, see
the references mentioned there, and for the present context of marked and bordered hyperbolic surfaces,
we refer the reader to [25; 27].

We begin by stating the following general result concerning simply connected projective surfaces, essen-
tially due to Kulkarni—Pinkall; see [27, Theorem 2.1; 35, Theorem 10.6].

Theorem 3.1 Let X bea simply connected projective surface that is not projectively isomorphic to C,
or the universal cover of CP! \ {0, 00}. Then there exists a unique measured lamination L on the
hyperbolic plane H? such that X is obtained by grafting H? along L. The map associating L to X is
equivariant, ie if X is the universal cover of a projective surface X, and the developing map X > CP!is
pc -equivariant for a representation pc : 7w1(X) — PSIL,(C), then L is invariant under the image of a
naturally associated representation pr : w1 (X) — PSL,(R). Moreover, the image I" of pR is discrete,
and the quotient H?/ T" is homeomorphic to X . Finally, the mapping X + L is continuous.
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We refer the reader to the sketch of the proof provided in [27]. However, it will help to keep in mind the
broad strategy of the proof: Each point x in the universal cover X is contained in “maximal disk” U x
whose image under the developing map of the projective structure is a round disk V, in CP!. The convex
hull C(Vy) in H? is bounded by a totally geodesic hyperbolic plane. The envelope of these convex hulls,
as x varies in X, then defines a pc-equivariant “pleated plane” in H3, bent along an equivariant collection
of geodesic pleating lines. In fact, each convex hull C(U, N aoof ) maps to a totally geodesic face or
“plaque” of the pleated plane, or a pleating line. “Straightening” the pleated plane then yields a totally
geodesic copy of H?, on which the pleating lines define the measured lamination L. This equivariant
pleated plane in H? determined by the projective structure is a key intermediate object, interesting in its
own right, that we shall refer to later.

The above result will be crucial in the proof of Theorem 1.1; in particular, we shall apply it to the lift of a

given projective structure on S to its universal cover.

3.1 Grafting a marked surface along a measured lamination

Given an element X € 7+(S, M) and a measured geodesic lamination A on X, we can perform the
operation of grafting the surface along this measured lamination A, to obtain a projective structure on S.
In this section we first show that this projective structure is in fact in P(S, M), ie the Schwarzian derivative
of the developing map descends to a quadratic differential with poles of prescribed orders at the punctures
of the underlying Riemann surface. (For brevity we shall often abbreviate this by saying that the projective
structure has poles of prescribed orders.) It suffices to verify this for each end of X'; recall that there are
only finitely many leaves of the lamination A going into a cusp, geodesic end or crown end.

For a boundary component of S (which defines a crown end of X'), we have the following from [27]:

Lemma 3.2 [27, Proposition 4.2] The operation of grafting along a measured geodesic lamination
exiting a crown end produces a meromorphic projective structure with a pole of order n; on the underlying
punctured Riemann surface.

For the cusps and geodesic boundary components of X', we have the following lemma. For the computa-
tions in the proof, it will help to recall the definition of the Schwarzian derivative:

o= ()45

Although this is essentially Proposition 3.5 of [25], we provide a complete proof here that clarifies some
of the arguments there; we shall refer to some of the computations throughout this paper.

Lemma 3.3 The operation of grafting at cusps and geodesic ends produces a projective structure such
that the Schwarzian derivative of the developing map on the underlying Riemann surface has a pole of
order at most 2.
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Proof We shall consider the two cases of a cusp end and a geodesic end separately:

 For a cusp, we can assume that it has a punctured-disk neighborhood D* that lifts to H = {z : Im(z) > a},
with D* biholomorphic to H/(z — z + 1). Let the lifts of the finitely many geodesics entering the cusp
be given by {z : Re(z) = a;} with corresponding weights «j for j =1,2,...,r (assuming without loss
of generality that 0 <a; <a; <---<a, <1). Let us define w; = ¢'% . Define by E;(w) the elliptic
element z —> ;" I(z = w) + w (ie clockwise rotation by « ; about the endpoints oo and w), and let T
denote the translation z = z + 1.

Now, referring to [16, Lemma 5.5], the monodromy after bending will be conjugate to the element
Ei(a1)o Ey(az)o---0 Ey(ay)o T, which is easily seen to be

(8) ce ooy o 24,
where
r
-1, —1 -1
9 c=a1+Zw1 wy ... (a4 —ai),

i=1
where we set a, 11 = 1. This element is elliptic if « := ) o; is not a multiple of 2. Otherwise, this is
either a parabolic element or the identity.

To determine the developing map and compute the Schwarzian derivative, we divide into the following
cases. The possible developing maps at a regular singularity are classified by studying solutions of the
Schwarzian equation (1); see Section 4.1.1 for a discussion.

(1) o is not an integer multiple of 2t Recall that the operation of grafting introduces “lunes” (regions
in CP! bounded by circular arcs) at every lift of a geodesic leaf entering D*. The total sum of the angles
of lunes is . Recall that the resulting peripheral monodromy after grafting is an elliptic rotation of
angle o; we can assume that it fixes the point oo € R € CP!. Let F be a fundamental domain of the
Z-action on H, bounded by the vertical lines {Re(z) = 0} and {Re(z) = 1}. On F the developing map
is a conformal map, that takes these two sides of F to two circular arcs incident at oo that differ by
an elliptic rotation of angle « fixing co. Such a conformal map is the map z > e ~27%Z; indeed, this
takes the two boundary lines of F to the circular arcs {>™* : x € RT} and {e27/® .¢2™* : x ¢ R},

—a/2m

On the punctured disk D*, the developing map descends to the map f: w > w , since the universal

covering map from H to D* is z > w := 277,

Moreover, the Schwarzian derivative of the developing map on F descends to the Schwarzian derivative

of f on D*. Computing this Schwarzian derivative using (7), we obtain
4% — o
S = —

N)=—<75,3

Since o # 27, this quadratic differential has a pole of order 2 at the puncture.

dw?.

Algebraic € Geometric Topology, Volume 25 (2025)



Meromorphic projective structures: signed spaces, grafting and monodromy 4801

(ii) o is an integer multiple of 27 Let @ = 2n, n > 0. In the case that ¢ = 0, note that n > 0, and we

have, from the same discussion as above, that the developing map descends to a map of the form w +— w”
1-n?
2w?

in a neighborhood of the puncture, and hence the Schwarzian derivative is dw?, which has a pole of

order 2 at the puncture if n # 1, and a zero at the puncture if n = 1.

Henceforth, let us assume that ¢ # 0, hence the monodromy of the structure around the puncture is a
parabolic element. In this case, the developing map descends to the map f: w — w™" + log(w) on
the punctured disk. On the universal cover H, the developing map is z — e 27""Z 4 27iz. Indeed,
this takes the lines {Re(z) = 0} and {Re(z) = 1} to the circular arcs {2 — 2z x : x € Rt} and
{e2™"X _ 2 x +2mi : x € RT} in CP! both incident at 0o, and having the same tangential direction there.
The monodromy around the puncture in this case is given by z — z + 27i. As before the developing
map “wraps” the infinite strip {0 < Re(z) < 1} on CP! by 2n7.

Computing the Schwarzian derivative of f, we obtain

m—_w"(2n® 4+ 2n) —n?(m*-1) , ,
dw”.
2w2(w" —n)?

S(f) =2

If n = 0, this equals %w‘zdwz, hence it has a pole of order 2. For n > 1, we can expand near 0 to get
(%(1 —n>)w2 —2nw" % + O(wz”_z))dwz. Clearly, it has a pole of order 2 if n > 2. If n = 1, then it
has a pole of order 1. (This final observation results in the next Corollary 3.4.)

¢ For a geodesic boundary end, we can take the universal cover of its neighborhood to be the set
B = {Z 1 F —e<arg(z) < %} C H? with the line {Re(z) = 0} mapping onto the geodesic. Here, we are
assuming that the lift of the surface lies to the right of this geodesic line. The end is biholomorphic to
B/{z — Az), where log(A) is the length of the geodesic end. The geodesics entering the end can spiral in
one of two directions, clockwise or anticlockwise. Correspondingly, the geodesics either have endpoints
at 0 and the positive real axis, or at co and the positive real axis, respectively.

Let us first consider the case of geodesics spiraling anticlockwise into the boundary component. Let
the geodesics entering the end of a fundamental domain U := {z € H? : 1 < Re(z) < A} be given by
{vi 1Re(z) = a;}, assuming 1 < a; <--- <a, < A. Recall the definitions of «;, w; and «; o are the
weights of the grafting geodesics, @ = ) «; is the total weight, and w; = el

This time, the monodromy after grafting can be computed as follows. Defining E;(w) to be the
elliptic elements as before, and 7" to be the map z — Az, we have from [16, Lemma 5.5] that the
monodromy after bending will be conjugate to E£(a;) o Ez(az)o---0 E,(a,) o T, which is computed to
be z > Awl_lwz_l oy z+e, fore = (a;—1)+ Za)l_lwz_l ...a)i_l(ai+1 —a;) (where a, 41 = A).
Since A > 1, the monodromy is either a loxodromic or hyperbolic element.

As before, we now compute the Schwarzian derivative of the developing map, and split into two cases
depending on the total angle « of the leaves of the lamination spiraling onto the geodesic boundary
component:
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(i) a =0 (seealso Lemma 3.4 of [25]) In this case, recall that the weight on the geodesic boundary
is infinite, and hence we perform an “infinite grafting” on any lift in the universal cover. This amounts
to attaching a “logarithmic end”, or “semi-infinite lune” Lo, ie semi-infinite chain of CP!-s each slit
along an identical arc, to any such lift. (See Section 4.2 of [27].) Take such a lift to be the vertical
geodesic Re(z) = 0 in H?2, with the lift of the surface lies to its right. The infinite grafting does not
change the monodromy of the end, so it remains {(z — Az). Recall that the semi-infinite lune that
is grafted in, descends to what is conformally a punctured disk D* on the surface (see the proof of
Lemma 4.3 in [27]). The developing map restricted to the universal cover of the punctured disk is thus
the conformal diffeomorphism f: H — Lo defined by z > i e!08*)?
H/{z+ z+ 1) =~ D* as before,)

. (Recall here that we are taking

This time, the developing map descends to the map g(w) =i wzer 0g®) on D*, which has a Schwarzian
derivative given by
4% +log(L)?

2
8m2w? dw’,

S(g) =
which clearly has a pole of order 2.

(i) « # 0 In this case, we first identify a suitable fundamental domain for the universal cover B of the
geodesic boundary end for which it is easier to compute a uniformizing map. As earlier, consider the
domain U := {z € H? : 1 <Re(z) < A}, and let V' be its image under the map z > % Then, V is the
region bounded by the semicircles joining 0 to % and 0 to 1, in the lower half-plane (the shaded region
in Figure 2). The grafting geodesics thus become semicircles in the lower half-plane joining 0 to %
We now follow the same argument as before.

First, the monodromy around the puncture is a loxodromic element that fixes 0, given by z > A~ 1e/®z
(this is using the monodromy formula we found earlier, conjugated by the map z — %). Next, grafting
introduces lunes of weight «; along the semicircles in the lower-half plane. This results in a total angle of
o between the tangents at 0 to the boundary semicircles after grafting. Using these observations, this time
the developing map descends to the map g(w) = w2r @Filog®) o *, Indeed, working in the punctured
disk, the two images of a radial slit under g have an angle of o between them, and the monodromy element
mapping one to the other is given by multiplication with (e2! )ﬁ(‘”" log)) — }—1el® 45 desired.

Computing the Schwarzian derivative, we get

4% — (o + i log(A))?
T-w

Since o + i log(A) # £27, we again get a pole of order 2.

Now, it only remains to consider the case of geodesics spiraling clockwise into the end, ie the geodesics
are semicircles in the upper half-plane. If we take the map z — %, B goes to its complex conjugate in C
while the geodesics go to the lines Re(z) = % in the lower half-plane. (See Figure 2.) This is clearly
the conjugate image of the earlier case of anticlockwise spiraling geodesics, with the grafting geodesics
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Figure 2: Grafting a geodesic boundary end: a fundamental domain in the universal cover (shown
shaded) with the lifts of the spiraling weighted geodesic (shown in red).

being given by Re(z) = ai,- in the domain U defined earlier. Thus, it follows that if z — f(z) is the
developing map for the earlier case, the new developing map is its Schwarz reflection, z — f(z). From
this, it follows that the holonomy will be conjugate to z — Aw ®; ... w,z + ¢, for

A A A
c=—-1)+ WrWyr—1 ... Wp+1—i — .
(ar ) Z rWr—1 r+1 l(ar—i ar—i—l—i)

This time, developing map descends to a map g on the punctured disk of the form w +— w e (@i log(A))

with Schwarzian derivative 5 5
474 — (o —ilog(h
S() = 0 la—ilog))?
8mr2w?

having a pole of order 2. a

Remark As a result of our computation in the above proof, we obtain a description of the grafting
configuration that gives rise to poles of order 1 —it occurs if and only if we graft a cusp end with @ = 27
and ¢ # 0. Thus, we have:

Corollary 3.4 If there is a pole of order 1, it must be obtained by grafting a cusp end along a measured
lamination with total weight of leaves going into the cusp equal to 2. Conversely, generically we obtain
a pole of order 1 by grafting at a cusp when the total weight of the leaves of the lamination going into the
cusp is 2w — the only exception is when ¢ = 0 (see (9)).

Example 1 Consider the projective structure on CP'\{0, 1, oo}, ie the thrice punctured sphere, obtained
by the trivial chart via the inclusion of this surface in CIP!. Then, if one does the inverse grafting
construction via constructing a pleated plane, one would obtain that the pleated plane would be the ideal
triangle in the interior of the ball H3 with vertices at {0, 1, 0o} € dooH?>. So, a grafting description of
this structure would be obtained by taking a hyperbolic sphere with three cusps and grafting in lunes of
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Figure 3: Grafting description of the projective structures in Examples 1 (left) and 2 (right). The
blue geodesics have weight m and the red geodesic has weight 2.

weight 7 along three geodesic lines running between pairs of cusps (see Figure 3). Since the developing
map is just the identity map, its Schwarzian derivative is identically zero. Now, we can compute the
constant ¢ (see (9)) in this case by considering the geodesics going into the cusp H/(z — z + 1) given by
ar =0,a, = % (according to the notation used in Lemma 3.3) both having weight 7. The computation
yields ¢ = 0+ (—1)(3 —0) + (1)(1 — 1) = 0. This illustrates the final statement of Corollary 3.4 —even
though the total weight at each puncture is 27, they are not poles of order 1.

Example 2 Consider another projective structure on CIP! \ {0, 1, 0o}, obtained by the developing map
that descends to the map f(z) = log(z) + % (more precisely, this structure descends from a developing
map on the intermediate cover C \ {2nwi : n € Z} given by z + z + ¢~ %?). As in the previous case,
one can perform the inverse grafting operation by constructing a pleated plane, to obtain the following
grafting description for this structure: take the thrice punctured sphere and graft along two weighted
geodesics: one having both ends going into 1 and of weight 7z, and the other with ends going into 1 and 0,
with a weight of 2. (See Figure 3.) Since the punctures corresponding to co and 1 have total weight
of lamination not equal to 27, and they are poles of order 2. Computing the constant ¢ at the puncture
corresponding to 0, we get ¢ = 1 # 0. So, we expect 0 to be a pole of order 1. We can compute the
Schwarzian derivative of the map f at the punctures to get that indeed 1 and oo are poles of order 2,
while 0 is a simple pole. This verifies Corollary 3.4 in this case.

We note the following observation culled from the proof of the above lemma (see also Lemma 3.2 of [25]):
Corollary 3.5 The following information can be inferred from the monodromy around a regular singular-

ity obtained by grafting a cusp or geodesic boundary end:

(i) the type of end (ie cusp or geodesic boundary) and in the case of the latter, the length of the
geodesic boundary;
(ii) the total weight of the leaves of the grafting lamination incident at that end, up to positive integer

multiples of 2.
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Proof We simply note the following from the proof of Lemma 3.2:

(i) If the monodromy is not loxodromic, we can infer the type of end to be a cusp. If the monodromy is
loxodromic and conjugate to the map z + Az, then the length of the boundary is given by [log(1)].

(ii) If the monodromy is parabolic or identity, clearly the total weight is 0 modulo 2. Otherwise, the
monodromy is conjugate to z — Az, and the total weight of leaves is given by arg(A) modulo 2. O

Since Lemmas 3.2 and 3.3 involve local computations in a neighborhood of each pole, by combining
them we obtain:

Proposition 3.6 The result of grafting a marked hyperbolic surface X € T(S, M) along a measured
lamination (L, u) € ML(X) is a marked projective structure in P(S, M).

Finally, we note a lemma that relates the grafting description at a geodesic or cusp end, to the corresponding
exponent of the Schwarzian derivative of the resulting projective structure:

Lemma 3.7 Suppose we obtain a projective structure by grafting a geodesic boundary end of length |
(which can be zero, giving a cusp end) and total weight of the leaves of the grafting lamination spiraling
onto that end being .. Let q(z)dz? denote the Schwarzian derivative of the projective structure at the punc-
ture corresponding to the end. Let the exponent of this quadratic differential be r. Then, if the geodesics
spiral anticlockwise, we have r = +(/ —i«a). If the geodesics spiral clockwise, we have r = +(/ +iq).

Proof This immediately follows from a simple calculation of the exponent using the Schwarzian deriva-
tives we computed in the proof of Lemma 3.3. Recall that the exponent r is given as r = +2wi /1 —2a,
where a is the coefficient of z72dz? in the Schwarzian derivative. We have the following cases:

e [ =0, ie we have a cusp end:

(i) « is not an integer multiple of 277: the exponent is +i«.

(i) o = 27n for n > 0: in both the cases considered, the coefficient of z=2dz? in the Schwarzian

1—n?

derivative is ———, so the exponent is +27in = +ia.

e We have a geodesic boundary end with / > 0:
(i) o = 0: the exponent is &+ log(A) = +/.
(i1) « 5 0: If the spiraling is anticlockwise, the exponent is (7« —log(A)) = +=(/ —i ). If the spiraling
is clockwise, it is £(/ +ia). |

3.2 Defining the unsigned grafting map

In this and the following sections, we omit the pair (S, M) for the parameter spaces if there is no source
of confusion. We define the unsigned grafting map,

(10) Gr': TML — P(S, M),
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where the domain is the space of pairs
TML={(X,A): X eT, Ae ML(X)},

which is a quotient of the product of signed spaces 7= (S, M) x ML (S, M), obtained by identifying
the pairs differing only in the signings.

There is a forgetful projection map
(11) F:TExMLE > TML

that is described as follows: Let us take an element (X4,A;) € T £ x ML*E, where o, T denote the
respective signings. We need to define the corresponding element on the right-hand side. We take X to be
the underlying hyperbolic structure of X,. To define the measured lamination A it remains to prescribe
the direction in which the leaves of the lamination spiral on entering the geodesic boundary ends. We
define the spiraling direction to be clockwise (with respect to the orientation of X)) if the signs o and t
match at the end, and anticlockwise otherwise.

Remark There is a natural continuous map 7ML — T that takes the pair (X, 1) to X. However, this
map is not a fiber bundle, since the fiber over an element X is ML(X) which by Proposition 2.9 is
homeomorphic to RX™? x RI;O (where p is the number of cusp ends of X), and these fibers are not
homeomorphic to each other. Tn particular, 7 ML cannot be written as a natural product 7 x ML.

Proposition 3.8 The map Gr’ is continuous.

Proof We only provide a sketch of the proof here since this is essentially identical to the proof of
continuity of the grafting map for closed surfaces (which in turn follows from the discussion of the
continuity of the “quakebend cocycle” in [17, Chapter I1.3.11]).

In the closed case, the crucial observation is that if two pairs (X7, ;) and (X2, A;) are close in Tg x ML,
the corresponding lifted laminations would be close in the universal cover H?, suitably normalized by
fixing three ideal points. We describe this further: consider a (14¢€)-quasi-isometry from H? to H?
(fixing, say, 0, 1, 00 € dooH?) that descends to a (14€)-quasi-isometry between the two surfaces. (Here
€ > 0 is small if the surfaces X; and X> are close.) Such an almost-isometry extends to a homeomorphism
of the boundary that is close to the identity map. Now recall a measured lamination can be thought of
as a Borel measure on 0o H? x d5oH? \ A (where A is the diagonal subspace). The fact that the ideal
boundary correspondence is close to the identity map then implies that the lifts of same lamination A € M)
on the two hyperbolic surfaces will be close (in the Hausdorff metric) on any compact subset K of the
universal cover H?, where the respective universal covers are now identified via the (1+¢)-quasi-isometry
mentioned above. (In this argument “close” means €’-close where ¢/ — 0 as € — 0.) Moreover, the
topology on ML is the weak topology on the space of such measures, and nearby laminations in this
topology will also be Hausdorff-close on K (see, for example, Proposition 1.9 of [22] that follows
arguments in [42]).
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Figure 4: Lifts of a spiraling leaf to the universal cover H? accumulates to a lift of the geodesic
boundary component. The compact set K (shown shaded) intersects finitely many of such lifts.

As a consequence, if one restricts to such a compact subset K C H?, the resulting developing maps after
grafting (X7, A1) and (X5, A,) will be close in CP!. (Recall that these developing maps are obtained by
grafting in “lunes” along the leaves of the lamination A; and A, respectively.)

The only two new cases to consider in our nonclosed setting are:

(A) Grafting along a hyperbolic surface with geodesic boundary, where the grafting lamination spirals
on to the boundary. The leaves spiraling on to the boundary component are isolated geodesics, and
in the universal cover, lifts to a sequence of geodesic lines accumulating to the lift of the boundary
component. (See Figure 4.) Hence any compact set K C H? intersects finitely many such lines. As in the
closed-surface argument above, as one varies the hyperbolic surface (this might vary the length of the
geodesic boundary component), and the lamination (ie varying the weight of the spiraling leaves), the
picture of the laminations restricted to K varies continuously, and hence the grafting map is continuous.

(B) Grafting along a hyperbolic surface with a cusp, with finitely many isolated leaves of the grafting
lamination going out of the cusp. Once again, in the universal cover any compact set K will intersect
finitely many of lifts of such leaves. This time, varying the hyperbolic structure includes the possibility of
the cusp “opening out” to a geodesic boundary component (of some small length). It is a consequence
of the Collar Lemma that a sequence of hyperbolic surfaces with the length of a geodesic boundary
tends to zero converges to a cusped hyperbolic surface in the Gromov—Hausdorff sense (see, for example,
Lemma 2.15 of [36]). In particular, even in this case the restriction of the lamination to a fixed compact
subset K will vary continuously, and so will developing map after grafting.

Thus, in both cases, the grafting map is still continuous. a
3.3 Bijectivity of the unsigned grafting map

Before we turn to the signed grafting map, we shall first prove that the unsigned grafting map defined in
Section 3.2 is a bijection.
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First, let us note a lemma we will use; this is implicitly used in [27] (see the proof of Proposition 4.5
there). In what follows, we refer to Theorem 3.1 and the brief discussion that follows it.

Lemma 3.9 Let f: X — CP! be the developing map of a projective structure on a hyperbolic surface X
with a cusp. Let the lift of the cusp to the ideal boundary of X be denoted by p. Suppose that there is a
point g € CP! such that for x € X that continuously varies along a nonconstant path in the horocyclic
neighborhood of p, there is an embedded disk Uy > x in H such that p € dUy, f(Uy) is a round disk in
CP! tangent to g, and f extends continuously over Uy to p such that f(p) = q. Then, if the boundary
circles of the disks f(Uy) are not tangent to each other at q, the pleated plane corresponding to f has an
isolated pleating line incident at q.

Proof Each U, is contained in a maximal disk Vy on X , since its image is a round disk on CPl.
However, we have that the Vy must be distinct, since if Uy, U, C V, then f (V) is also a round disk
in CP!, containing the round disks f(Uy), f (Uy), but their boundaries must intersect at the common
point ¢, contradicting that the boundaries of f(Uy), f(U,) are not tangent to each other. Hence, we
get a family of maximal disks whose images have ¢ as a common boundary point. Now, consider the
interior of the convex hull associated to each maximal disk Vi, ie the convex hull in H? of the set
f(UN 8005; ) C dooH3. Following Section 4 of [35], since Vi are distinct maximal balls, it follows that
C(f(UynN doo X )) are distinct as well. These define the pleated plane corresponding to the projective
structure; in the totally geodesic copy of H? obtained by a “straightening” of this pleated plane, each
convex hull is either a plaque or a pleat with one boundary point at g. Now, if we have at least two among
these family of convex hulls which straighten to a plaque, the plaques must have a nonzero angle between
them, which implies that we must have some weight of geodesic lamination incident at g. Otherwise, we
would have a continuous family of convex hulls such that all of them straighten to pleating lines incident
on ¢, which again implies that ¢ will have an incident geodesic pleating lamination of nonzero weight.
By Lemma 2.6, the geodesic lamination must in fact have a pleating line incident on g. a

Next, we proceed to construct an inverse to the (unsigned) grafting map:

Proposition 3.10 Given a projective structure P € P(S, M), there is a unique hyperbolic surface
X € T(S,M) and a unique measured lamination (L, ) € ML(X) such that P is obtained by grafting X

along (L, 1).

Proof As aconsequence of Theorem 3.1, we know that P can be obtained by grafting a unique hyperbolic
surface homeomorphic to Sg x along a unique measured lamination on it. Now, to prove the proposition,
it suffices to show that the grafting lamination and the grafting ends are as described in Section 2.1, ie a
crown end, a cusp end or a geodesic end, with a finite number of geodesics going into the ends. Hence,
this is a completely local argument, and henceforth let us assume that P has no irregular singularities.
The case for irregular singularities was established in Proposition 4.5 of [27], and our proof for that case
follows from their result.
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Let the pair of hyperbolic surface and measured lamination be (X', L). Then, it follows that X" is of
genus g and has k ends, which are either cusps or flares. In the case of a cusp, basic hyperbolic geometry
implies that any leaf of L incident entering a horocyclic neighborhood of the cusp must be isolated and
exiting out of the cusp end (see Lemma 2.6). So, it suffices to show that if X’ has a flaring end bounded
by a closed geodesic y, then there is a leaf of L in the universal cover that is a geodesic line incident to
one of the end-points of the lift of y. This would imply that the leaves of L incident at that end either
spirals and accumulates onto y, or is y itself (with infinite weight). In other words, we need to only rule
out the possibility that there is a leaf of L that exits the flaring end “transverse” to y.

We shall do this in the remainder of the proof; for simplicity we shall assume that X’ has only one flaring
end and no cusps.

We shall now use the fact that in a neighborhood of a regular puncture that is conformally D*, the
developing map for the projective structure descends to explicit maps expressed in a local coordinate w
on D*, obtained by solving the Schwarzian equation (1). (See Section 4.1.1 for a discussion.) In what
follows, the neighborhood of the puncture is D* = H/{(z + z + 1) where H = {z| Im(z) > hg} is a
horodisk centered at co.

We have the following cases:

e f(w)=w"" +log(w) (on the punctured unit disk) or f(z) = ¢2"%Z (on the universal cover H?)
with o real In this case, the monodromy around the puncture is identity or elliptic or parabolic. We
shall also assume that the asymptotic value the puncture is 0 € CP!'. Now, if 6 # 0, for each z in the
horodisk H, there is a neighborhood of z which maps to a round disk in CP!, centered at f(z) and
tangent to 0 € CPP!. Varying z along a horocycle, the images of the disks have continuously varying
tangents at 0. Hence, by Lemma 3.9, we get that there is a pleating line incident at 0, which belongs
to a pc-equivariant family of geodesics. On straightening the plane, we get a pgr-equivariant family
of geodesics on the disk. (Recall here that pc is the original representation into PSL,(C), and pp is
the representation into PSL,(R) obtained after straightening, see Theorem 3.1.) Since the elliptic or
parabolic monodromy around the puncture fixes the point 0, we have that the pc-equivariant family of
pleating lines is also incident at 0, hence after straightening as well they will be incident at 0. Thus, the
Ppr-image of the peripheral loop around the puncture will be a hyperbolic or parabolic element. In case
of being a hyperbolic element, the geodesics of the lamination will either approach the geodesic fixed
by the hyperbolic element, or it will be that fixed geodesic with infinite weight. In either of these cases,
we know from the computations in Lemma 4.2. that the monodromy after grafting will be hyperbolic or
loxodromic, hence this case is not possible. Thus, it follows that the cusp monodromy will be parabolic,
so we obtain that X’ has a cusp end with a geodesic lamination going into it.

e f(w) = w® (on the punctured disk) with o not real In this case, instead of varying w along a
horocycle in the universal cover, we vary it along a path {(z, 6(¢)) : ¢ € (0, €)} in polar coordinates on D*

Algebraic € Geometric Topology, Volume 25 (2025)



4810 Spandan Ghosh and Subhojoy Gupta

where 0(¢) = fx‘—; log(t) + k (here o, o are the real and imaginary parts of « respectively). Then, the
image of this path under the developing map will be

(teiG)a — e(logt+i9)(a,~+ia,-) — e(log(t)ar—ea,-)-i-i(é)ar +log(H)ae;) _ eka+i(|a|2/ai)log(t)’

and as t — 0, log() — —oo. Therefore, the image of the path is clearly a circle on CP! separating the
fixed points of the monodromy. So, it is again easy to construct neighborhoods of z which map to round
disks in CPP! passing through 0 € CP! satisfying the hypotheses of Lemma 3.9. Since the monodromy
around the puncture is loxodromic, we know that the pgr-monodromy is hyperbolic. By Lemma 3.9
the grafting lamination L has a leaf converging to a fixed point of the loxodromic element that is the
monodromy around the puncture.

Hence in all the cases, it follows that on a neighborhood of a regular singularity, the projective structure
is obtained by grafting along a cusp end with some weight of the geodesic lamination going into the cusp
(in the case when the monodromy is parabolic, elliptic, or identity), or by grafting a geodesic boundary
component having infinite weight (in the case when the monodromy is hyperbolic) or grafting along
weighted geodesics spiraling onto a geodesic boundary component (in the case when the monodromy
is loxodromic). O

Remark In order to apply Lemma 3.9 in the first case above, we only require f to extend continuously
over a disc Uy and not over the whole neighborhood of the lift of a cusp end. This is an important distinction,
as we shall see in Section 4.1.1 when we discuss the asymptotic behavior of the map z — z™" + log(z).

3.4 The signed grafting map and proof of Theorem 1.1

We shall now define the signed grafting map
Gr: TE(S, M) x MLE(S, M) — PE(S, M)
and then prove that it is a homeomorphism (proving Theorem 1.1).
First, given an interior marked point p € PP, we define a complex function ¢, on TE x MLFE as
(12) cp(Xo. o) =1 +ia,
where « and / are the signed weight of geodesic lamination and signed length of geodesic boundary at p.

Now define the map

(13) o TEx MLE ™
as
(XUv /J*‘C) = (Cpl N CP27 ey Cpm)’
where p1, pa, ..., pm are the interior marked points P and ¢, is the complex parameter defined above.
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We already have defined an unsigned grafting map Gr’: T ML — P(S, M). Composing with the projection
F:TEx MLT - TML, we get a map G’ oF: T* x ML* — P. This map is not injective: more
precisely, suppose (X, 1) € TF x MLT such that there is a geodesic boundary component of X with a
leaf of A spiraling onto it, then in the signed spaces there is a sign associated with boundary, as well as
the leaf, and by our conventions, when both these signs agree, then they spiral in exactly the same way.
The map Gr’ o F would then take both these signed pairs to the same projective structure. We need to
then argue that in such a case, there is nevertheless a map to the signed space of projective structures P+
that is injective. This is most efficiently described using the map ¢ defined above, and the notion of the
fiber product (see Definition 2.17), as we shall now see.

Recall that the space of signed meromorphic structures P* introduced in Section 2.3 is a fiber product
P(S,M) xcm C™ where |P| = m, with respect to the map r2: P(S, M) — C™ and squaring map
sq: C™ — C™, Here, recall that r records the exponents (defined up to sign) of the Schwarzian derivative
at the punctures in P.

By Lemma 2.18, in order to define a map from 7% x MLT to P* that “lifts” the map Gr’ o F, it suffices
to define a map to C” and check that its composition with sq equals the composition 72 o (Gr’ o F). This
is exactly the map c defined above; indeed, Lemma 3.7 ensures that we have sqoc = r2 o (Gr’ o F). By the
universal property of fiber products (see Definition 2.17), this defines the signed grafting map Gr (as in
the statement of Theorem 1.1). This also shows that Gr is continuous.

We can now formally complete the proof of our main grafting theorem:

Proof of Theorem 1.1 Recall that we have defined the grafting map Gr by first defining the unsigned
grafting map Gr’ (see (10)) and then using the universal property of fiber products (see the preceding
discussion). By Proposition 3.10, the map Gr’ is a bijection. We will show that so is Cr, by working locally
at the punctures — since signings are local and independent parameters at the punctures, it is sufficient to
prove the bijection working locally. At a puncture p, given an unsigned projective structure, there are two
signed projective structures with different signings at p that descend to the given structure, except when
the exponent at p is zero. Similarly, if we look at the pair (|/,|, |ap|) at p, there are exactly two signed
pairs with different signings at p that descend to it—either (£/,, &) or (£/,, Fop) depending on the
direction of spiraling of the incident lamination geodesics —except when /, = «, = 0, and indeed, by
Lemma 3.7 the exponent at a regular singularity is 0 if and only if we graft along a cusp with no leaves of
the grafting lamination incident on it. Thus, due to the way the signings are defined, we get that Gris
bijective at the level of fibers over the signed spaces, hence Gr is bijective.

Also, the domain of Gr is a real-dimensional cell of dimension 2 X, by Theorem 2.3 and Lemma 2.10.
Thus, by the bijectivity of Gr and the invariance of domain, it follows that Gr is a homeomorphism. O
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4 The monodromy map

In Section 6 of [3], they define the framed monodromy of a signed projective structure without apparent
singularities. The first goal of this section is to extend their definition to the collection of all signed
projective structures, that is, we want to define a map

®: PEES, M) — %(S, M)

such that ® agrees with the map defined in [3] on the set of signed projective structures without apparent
singularities. Then, we shall characterize the image of P, proving Theorem 1.2 and finally show that it is
a local homeomorphism (Theorem 1.4).

4.1 Constructing the map ®

Given a signed and marked meromorphic projective structure P € PE(S, M), we shall construct a framing
by considering the asymptotic values of the developing map at the lifts of the marked points M. Recall
the following classical notion:

Definition 4.1 (asymptotic value) An asymptotic value of a (meromorphic) function at an ideal point p
is a point in CP! that is a limiting value along a path that diverges to p.

At an irregular singularity, there are exactly n — 2 asymptotic values (see [26, Corollary 4.1]); these can
be assigned to the marked points on the corresponding boundary of S. and the corresponding equivariant
assignment of lifts at the universal cover defines the framing at the lifts of such marked points. Thus,
it remains to define the framing at regular singularities, namely at the marked points P C M. First, we
determine the asymptotic values at these points.

4.1.1 Asymptotics of the developing map at regular singularities Let P be defined by a meromorphic
quadratic differential ¢, and consider a regular singularity of P, which recall is an interior puncture in S.
We endow the neighborhood of the puncture with the end-extension topology, as defined in Section 3.1.
of [10]. Now, we study the asymptotics of these developing maps at the puncture, according to the value
of the exponent r of the Schwarzian derivative (see Definition 2.14).

The possible developing maps are obtained by studying the Schwarzian equation (1) — see the discussion
in Section 2.3 of [25]. There is also a discussion regarding these asymptotics in Lemma 4.1.1 of [10].

The asymptotics are as follows:

(i) r =2mif for § e C\R The developing map is of the form y(z) = z% — the monodromy around

the puncture in this case is given as multiplication with 2" 0

, which is either a hyperbolic or loxodromic
element. There are two asymptotic values, 0 and co. A pair of paths that limit to these asymptotic values
are exactly paths spiraling into the cusp in opposite directions. As a consequence, it is not possible to

continuously extend the developing map to the puncture.
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(i) r=2mif for  eR\Z The developing mapis y(z) =z? and the monodromy around the puncture is
elliptic, given by multiplication with /™ 9 Itis possible to continuously extend the developing map to the
puncture by setting the value at the puncture to be 0. As a consequence, it has a unique asymptotic value.

(iii) r =2minfor n € Z The developing map is either y(z) = z” —in which case the monodromy is
identity, or y(z) =z~ "l +1og(z) — in this case the monodromy is a parabolic element. In the former case,
it is possible to extend the map continuously to the puncture by again setting the value at the puncture
to zero. In the latter case, it is not possible to extend the developing map continuously to the puncture.
However, there is a unique asymptotic value, co. To see this, we can write the developing map in polar
coordinates as f(se’?) = s7e71"% 10 +1og(s) = (s 7" cos(nf) +log(s)) + i (s " sin(nh) + 0). Now,
for s sufficiently small, |s™"| > |log(s)|. Hence, taking 6 to be zero and s — 0, f(s) — oo. However,
for s sufficiently small, we can also choose 6 to make the real part of the above zero, add an arbitrary
multiple of 27r/n to 6 so that the magnitude of the imaginary part becomes smaller than 27 /#. Thus,
f cannot be extended continuously to co. To see that the asymptotic value of oo is unique, note that
if (s(z), 6(¢)) is a curve converging to the puncture, we have s(t) — 0 as t — co. Now if f(s(z), 0(z))
approaches a bounded asymptotic value « + i, then clearly 8(¢) # 0 for ¢ sufficiently large, since
otherwise, the real part of [, ie s(¢)™" 4 log(s(¢)) would become arbitrarily large. So, for # sufficiently
large, 2k /n < 6(t) < 27 (k + 1)/n for an integer k, and moreover cos(6(¢)) — 0. However, then the
imaginary part of f will be unbounded, a contradiction.

Remark In each case the asymptotic values of the developing map determined above are also fixed
points of the monodromy around the puncture. Moreover, in the case that the monodromy is loxodromic
or parabolic, the fixed points are precisely the asymptotic values — see cases (i) and (iii) above. However,
when the monodromy is elliptic as in case (ii), there would be two fixed points, but the asymptotic value
is only one of them. A key advantage with using asymptotic values is that it is also uniquely defined at an
apparent singularity, when the peripheral monodromy is the identity element.

4.1.2 Defining the framing We define the framing at a puncture in P as follows:

(i) If the monodromy is identity or parabolic, we define the unique asymptotic value of the developing
map as the framing. These asymptotic values are computed in Section 4.1.1 for the model developing
maps described there, which assume that the puncture is at 0 € CP'. More generally, the developing map
differs from the model map by postcomposing with an element of PSL,(C), and the asymptotic values
differ accordingly.

(ii) If the monodromy is elliptic or loxodromic, we define the framing by considering the sign of the
projective structure at the puncture, exactly as in [3, Section 6]. (There is such a sign since the exponent
around such a puncture is necessarily nonzero; indeed, if » = 0 then the peripheral monodromy is either
identity or parabolic.) Namely, we assign the framing to be one of the two fixed points of the monodromy
around the puncture according to the sign. To be precise, since the fixed points in CP! are determined
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by the eigenlines corresponding to the two eigenvalues e+t

, we choose the eigenvalue with the same
sign in the exponent. By the preceding remark, in the case that the peripheral monodromy is loxodromic,
these fixed points are exactly the asymptotic values of the developing map at the puncture. However, in
the case where the peripheral monodromy is elliptic, the framing is not necessarily equal to the unique

asymptotic value.

Clearly, the association of points in CPP! with the punctures prescribed gives a well-defined framing f.
Together with the usual monodromy representation p: 71(S \ P) — PSL,(C), we obtain a framed
representation p = (p, B) € X(S, M). Recall that we had started with a signed projective structure P at
the beginning of the section; the assignment 5(P) = p thus defines the framed monodromy map . By
the preceding remark, our definition agrees with that of Allegretti-Bridgeland in the case where there are
no apparent singularities.

4.2 Nondegenerate framed representations and flips

First, we recall the definition of a nondegenerate framed representation (see [3, Section 4.2; 25, Definition
2.4; 27, Definition 2.6]).

Definition 4.2 A framed representation p = (p, B) is degenerate if one of the following holds:

(i) The image of B is a single point { p} and the monodromy around each puncture is parabolic with
fixed point p or the identity.

(i) The image of B has two points { p, ¢} and the monodromy around each puncture fixes both p and ¢.

(iii) There is a boundary segment / of S joining two consecutive marked points p;, ps, and a lift I,
such that its endpoints are given by lifts p1, p> € Fuo satisfying B(p1) = B(p2).

The framed representation is said to be nondegenerate if it is not degenerate.

Remark The above notion is related to, but distinct from, the notion of a nondegenerate representation,
which was introduced in [25] while dealing with the case when the marked and bordered surface had no
boundary components (ie M = P). In that case, Definition 4.2(iii) holds vacuously, and a framed repre-
sentation is nondegenerate if the underlying representation is nondegenerate (see [25, Proposition 3.1]).
However, the converse is not true in the presence of apparent singularities. As an example, consider the
once-punctured torus, and a representation of its fundamental group given by o — ((1) i ), B ( (1) _1 ),
where o, B are the two generators of the fundamental group. Then, since both p(a), p(f8) fix the point co,
and the monodromy around the puncture [p(«), p(B)] = ((1) (1)) is the identity element, p is a degenerate
representation. However, we can frame this representation, by sending the one lift of the puncture to the
point 1 € C and then extending equivariantly. The image of the Farey set under the framing is then the
set of integers Z C C, and the framing is nondegenerate by the definition above.
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The image under the framing map S of a lift of a puncture is a fixed point for the peripheral monodromy
around the puncture. If the monodromy around a puncture is elliptic or loxodromic, we can get a new
framing by equivariantly choosing the other fixed point. We define a flip of a framing to be a change
of framing at a subset of the interior punctures P of S, which have peripheral monodromy that is either
elliptic or loxodromic, by choosing of the other fixed point of that monodromy element. We note the
following lemma, which is in essence Remark 4.4(v) of [3] (see also Lemma 9.4 of that paper):

Lemma 4.3 A framed representation is nondegenerate if and only if all of its flips are nondegenerate.
We note another useful lemma about framed representations, which is essentially taken from [3, Section 9]:

Lemma 4.4 Given a framed representation p = (p, ), the following are equivalent:

(i) The framed representation is nondegenerate.

(i) We can flip the framing so that there exists an ideal triangulation such that the Fock—Goncharov
coordinates associated to the triangulation are well defined.

(iii)) We can flip the framing so that the image of the framing has at least three points in its image and
there is no boundary component with two adjacent marked points having the same framing.

Proof (i) = (ii) is a consequence of Theorem 9.1 of [3]. (ii) = (iii) follows since an ideal triangulation
which gives well-defined Fock—Goncharov coordinates must have the property that the set of ideal vertices
of a pair of adjacent ideal triangles has at least three distinct points. (iii) => (i) follows from Definition 4.2
of nondegeneracy. |

Remark It follows from the definition of the framing in the previous subsection that changing signs of a
signed projective structure at a subset of the punctures in IP precisely results in the flipping the framing
of its framed monodromy at those punctures.

4.3 Characterizing the image of ®

We shall now prove Theorem 1.2 which characterizes the image of the monodromy map d. We begin
with the following observation:

Lemmad4.5 Let Z be a hyperbolic structure on a connected marked and bordered surface with a nonempty
set of marked points M, such that it has at least one geodesic boundary component in the case that |M| = 1.
Then there exists an immersed ideal triangle T in Z with vertices in M that lifts to an embedded ideal
triangle T in the universal cover of Z. Moreover, if C is a finite collection of isolated geodesic lines in Z
with endpoints in M, then we can choose T' such that the interior of T is disjoint from each element of C.
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Figure 5: A hyperbolic surface Z as in Lemma 4.5. One can choose three arcs from the marked
point pg (at the cusp end) to itself that wind around the geodesic boundary component and bound
an immersed ideal triangle.

Proof When |M| > 3, there exists an ideal triangle 7" embedded in Z with ideal vertices at three distinct
points in M: connect each pair of such points by arcs such that the arcs are pairwise disjoint, and then
take their geodesic representatives. For the second statement, we can choose the geodesic sides of T to
be either from C, or disjoint from each geodesic line in C; this would imply in particular that the interior
of T does not intersect any geodesic line in C.

In the case when M has exactly rwo points (say p, q), we consider the ideal triangle 7" where two of the
geodesic sides coincide and is exactly the geodesic between p and ¢, and the third geodesic side is the
geodesic arc from one of the points (p or ¢) to itself that goes around the other point. In the universal
cover, such an ideal triangle will lift to an embedded ideal triangle. For the second statement, each
geodesic in C starts and ends in the set {p, ¢}, and hence we can ensure that the two geodesics we chose
to be sides of 7, either coincide with elements of C or are disjoint from them.

Finally, assume that M has a single point pg. Recall that in this case we also assume that the hyperbolic
surface Z has a geodesic boundary component c. (See Figure 5.) Identify the universal cover Z as the
geodesically convex subset of H?. The ideal boundary points of Z will include infinitely many lifts of
Po; this uses the fact that Z has a nontrivial closed geodesic ¢ —lifts of arcs from py to itself that twist
around ¢ a different number of times will lift to arcs between different lifts of py. Choose three such lifts
of pg, and connect them with geodesic lines; by convexity of Z this defines an embedded ideal triangle
in the universal cover. Once again, we choose the three geodesic lines above to be either from the set C or
disjoint from its elements. The resulting ideal triangle will have its interior disjoint from C. O

We shall use the above lemma in the proof of Theorem 1.2, which recall, states the image of dis precisely
the set of nondegenerate framed representations.

Proof of Theorem 1.2 The proof of one inclusion follows from the constructions in [18; 26], so we refer
the reader to those papers for details. Briefly, let (o, 8) be a given nondegenerate framed representation
in (S, M). Then, by Lemma 4.4, we can flip the framing to (p, 8’) and construct a triangulation of the
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universal cover of the surface (S \ M), such that the Fock—Goncharov coordinates for this triangulation
are well defined. Then, we can construct the pleated plane and projective structure from this collection of
Fock—Goncharov coordinates (as described in [18, Section 3; 25, Section 3; 26, Section 3]) to obtain a
signed projective structure with framed monodromy (p, f’). Finally, we can change signing at punctures
in IP to recover the framed monodromy (p, ), since as noted in Section 4.2, changing signs is identical
to a flip of the framing. So, in what follows we shall focus on proving the other inclusion.

Let (P, u) be a signed meromorphic projective structure in P+, where u denotes the choice of a signing
on the subset of P having nonzero exponents. We know by Proposition 3.10, that the underlying unsigned
projective structure P is obtained by grafting a pair (X, A), where X is a hyperbolic structure on (S, M)
and A is a measured geodesic lamination. We shall show that the developing image of P has three distinct
asymptotic values at the lifts of its marked points at F,. Since such an asymptotic value is a fixed
point of the monodromy around that puncture, it follows that for some signing u/, the corresponding
framing will have at least three distinct points in its image, and hence the framed representation of the
signed projective structure (P, ') is nondegenerate. Since p is obtained by changing the sign of u/,
the framed monodromy of (P, ) is nondegenerate as well by Lemma 4.4. The fact that there is no
boundary component with adjacent marked points having the same image under the framing follows
from the asymptotics of the developing map at irregular singularities, and is discussed in [27], where it is
attributed to [45, Chapter 8].

The easiest case is when there is an embedded ideal triangle 7 in X \ A whose boundary edges are
bi-infinite leaves of the lamination A with vertices in Ml. This lifts to an ideal triangle T in the universal
cover, with ideal vertices in F,. Before grafting the developing images of these three points are distinct;
indeed, the developing image of T embeds in CP!. Since the interior of T is disjoint from the lift X of the
bending lamination, its image under the developing map remains embedded after grafting. In particular,
the images of the three ideal vertices will be distinct, and are asymptotic values of the developing map of
the projective structure P. Thus, we conclude that the image of B has at least three points, and we are done.

The argument works when there is an embedded ideal triangle in the universal cover with vertices in Fo
and that is disjoint from the lift of the bending lamination A.

An observation that will be useful in what follows is:

Claim An isolated leaf of A is either a simple closed geodesic, or a bi-infinite geodesic between two
points in M. (The latter possibility includes the case when both ends of the geodesic spirals onto geodesic
boundary components.)

Proof of claim This is essentially Corollary 1.7.4 of [42] and follows from the structure theory of
measured geodesic laminations (see, for example, [42, Corollary 1.7.3]): the only other possibility is to
have a leaf spiraling at either (or both) ends onto a compactly supported geodesic lamination, but that is
not possible since the finite measure of the accumulating leaf will endow that lamination with infinite
transverse measure. m|
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Figure 6: A possible hyperbolic surface X and geodesic lamination A’: the metric completion of
X \ A is shown in Figure 5.

Let A’ C A be the subset of the lamination supported in a compact part of the surface (ie away from
the ends including the geodesic boundaries). (See Figure 6.) By the claim above, the leaves of A \ A’
are isolated bi-infinite geodesics between points of M. Let ¥ = X/\\k’ be the metric completion of
the complement of A’. (See Figure 5.) Note that Y is a hyperbolic surface that contains ends of X
corresponding to the points of M, together with some additional ends that are adjacent to A" on X, which
we shall refer to as the “lamination-ends”. The lamination-ends are either geodesic boundary components
Of CTOWnS.

Let Z be a connected component of ¥ containing a nonempty set of points from M, and let C be the
collection of isolated leaves of the grafting lamination with endpoints in Ml contained in Z. We now apply
Lemma 4.5 to obtain an embedded ideal triangle in the universal cover of X, with ideal vertices in Foo,
completely contained in the subset that is the lift of Z (and hence lying in the complement of the lift
of ). As observed above, the existence of such an embedded ideal triangle suffices to complete the proof.

The only case where Lemma 4.5 will not apply is if Z contains a single point of M, and Z has no
geodesic boundary components. In this case, there is a lamination-end of Z which is a crown. Recall that
a lamination-end is adjacent to the compactly supported lamination 1 on X; the geodesic sides of the
crown cannot be isolated leaves of the lamination A, from the claim above. Hence, there are infinitely
many (in fact uncountably many) leaves of A’ that are accumulating onto any such geodesic side. (Indeed,
from the structure theory of geodesic laminations an arc transverse to A’ there will intersect it in a Cantor
set.) In this case consider a homotopically nontrivial arc y from py to itself that intersects A’, but such that
the transverse measure is small. Such a y can be described thus: it starts from py, crosses the geodesic
side of the lamination-end mentioned above, reaches one of the “gaps” in the Cantor-set cross-section
that also belongs to Z, and subsequently remains in Z and returns to pg. In the universal cover, the
end-points of its lift  will be points p1+ € F that are two lifts of pg. (See Figure 7.)

Let Z 1 and Z » be the corresponding two lifts of Z which § starts and ends in, respectively. Before
grafting, these regions of the universal cover develop into disjoint regions in CP'; in particular, the
developing image of pi are distinct points. This latter fact remains true after grafting, since the transverse
measure between Z 1 and Z » is small; this implies that for the developing map of P, the grafted region
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Figure 7: Two complementary regions (plaques) of the lift of the lamination separated by a
transverse arc (shown in red) with small measure. If two points in F, lie in the ideal boundary of
such plaques, after grafting they will define two distinct asymptotic values of the developing map.

in between their images has small angular width. Thus we obtain two points in Fs, Whose developing
images in CP! are distinct.

Repeating the argument for another (homotopically distinct) choice of arc from pg to itself with small
intersection with A/, that lifts to an arc, say from p_ to another point p’ € Foo, we can conclude that
the image of p_ and p’ are distinct under the developing map of P. Then, a third arc from p4 to p’
will also have small transverse measure, since it will be at most the sum of the transverse measures
between p_ and p’ and between p_ and p.. Once again, before grafting these images of the three points
{p’, p—, p+} are distinct, and since after grafting the relative bending between them (which is determined
by the transverse measures) is small, they remain distinct. We can then conclude that the three points
have distinct images under the developing map of P. Since the framing 8 for P is determined by the
asymptotic values of the developing map, its image has at least three points, and we are done. O

We shall now give a characterization of the representations underlying the framed representations in the

image of ®. Let
m:X(S. M) = x(S\P)

be the forgetful map to the PSL, (C)-representation variety of the punctured-surface group 71 (S \ P),
and let ® = 7 o ® be the unframed monodromy map. As a corollary of Theorem 1.2, we can characterize
the image ® as follows (see Theorem A of [18] for the case when P = M)):

Corollary 4.6 Recall that m denotes the number of punctures of S, k is the number of boundary
components, and {n; — 2}, <; <) are the numbers of marked points on the boundary components, so that
N = Zf;l (n; —2) denotes the total number of marked boundary points. If N > 3, then any representation
is in the image of ®, ie the unframed monodromy map is surjective. For N < 2, a representation p lies in
the image of ® if and only if one of the following hold:
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e p is a nondegenerate representation.

e k = 0 and p is a degenerate representation with at least one apparent singularity, excluding the
following cases:

— p is the trivial representation, forg > 0andm =1 orm = 2,

— the image of p is a group of order2 and g > 0, m = 1.
e N =1 and p is a degenerate representation, excluding the following cases:

— p is the trivial representation and m = 0 orm =1,

— the image of p is a group of order 2 and m = 0.

e N =2 and p is a degenerate representation, excluding the case where p is the trivial representation
andm = 0.

Proof By Theorem 1.2, it suffices to show that these are the only representations that can be framed to ob-
tain a nondegenerate framed representation. This is a consequence of the following four cases/observations:

(i) If p is nondegenerate, we can arbitrarily assign a framing to obtain a nondegenerate (o, 8), by the
first part of [25, Proposition 4.1]. If N > 3, then again we can arbitrarily assign a framing to the marked
points on boundaries so that the image has at least 3 distinct points, making it nondegenerate.

(ii) Inthe case k = 0, we are reduced to the cases considered in Theorem A of [18]: If p is degenerate and
has no apparent singularities, any framed representation will also be degenerate by [25, Proposition 4.1],
which cannot arise as the framed monodromy of a projective structure by [3, Theorem 6.1]. If p is
degenerate and has an apparent singularity, we reduce to the following cases:

(a) p is the trivial representation In this case, is it easy to check that by Definition 4.2 the framed
representation will be nondegenerate if and only if the image of the framing consists of at least 3 points.
Thus, one can define a nondegenerate framing in this case if and only if m > 3.

(b) p is not the trivial representation and m > 2 In this case, suppose that the punctures are
{p1,P2,..., pm} and p; is an apparent singularity. We shall use the same labels for their lifts to a
fundamental domain in the universal cover of S. Let O denote the set of points that are fixed by all
elements of the image of p, as in the definition of a degenerate representation. Now, since the image
of p; under the framing can be arbitrary, and p is nontrivial, we can choose a point to be the image of
p1 and extend equivariantly such that there are at least two distinct images of the lifts of p; under the
p-equivariant framing, and moreover these images are disjoint from Q. Thus, the image of the resulting
framing has at least three points, ensuring that it is nondegenerate.

(c) p is not the trivial representation and m = 1 Let the only puncture be p;, which is also an
apparent singularity. If the image of p is a group of order two, then clearly the image of the framing can
have at most two points, and those set of points will be fixed by the image of p. Thus, it would be a
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degenerate framed representation by Definition 4.2. On the other hand if the image of p is a group of
order more than two, clearly we can choose a point p € CP! such that its orbit under the action of this
group consists of at least three points. Thus, we can define the framing by mapping a lift of the puncture
to p and extending equivariantly; the resulting framed representation is nondegenerate because the image
of the framing has at least three points. So, in this case, the representation has such a framing if and only
if the image of p is not a group of order two.

(iii) Suppose the total number N of marked points on boundaries be equal to 1, and p is a degenerate
representation. If the image of p is a group of order at least 3, we can frame the marked boundary points
so that its image under the action of p also has at least 3 points, hence we would obtain a nondegenerate
framing. Now we consider the rest of the cases:

(a) p is the trivial representation Clearly if 72 < 1, the image of the framed representation has exactly
2 points which are fixed points of the monodromy around all loops, hence the representation is degenerate.
If m > 2, then we can arbitrarily assign a framing to the punctures and the marked boundary points to
obtain a framing with 3 points, getting a nondegenerate representation.

(b) The image of p is a group of order 2 If 1 = 0, the image of any framing will necessarily consist
of at most 2 points. Moreover, since the image of p is abelian, the monodromy around the boundary must
be identity. Hence, it follows that the framed representation is degenerate. If m > 1, then we can define
a framing that sends the (lift of the) puncture to a point fixed by the monodromy around all loops, and
sends a lift of the marked point on the boundary to a point in CP! whose orbit under the image of p has
order 2. Then again, we obtain a framing with 3 points, making it nondegenerate.

(iv) Finally, if the total number of marked boundary points is 2, and there is at least 1 apparent singularity,
we can assign points in CP! to lifts of the marked boundary to a fundamental domain arbitrarily, and
extend equivariantly to obtain a framing with at least 3 points, making it a nondegenerate framing. If there
are no punctures, then again we can obtain 3 points in the image of the framing if p is not the trivial
representation. If p is trivial, then clearly any framed representation will be degenerate. |

Remark The projective structures in [18] and their resulting framed monodromies are consistent with
the characterization in Theorem 1.2, ie they are nondegenerate framed representations. For example,
in the case that the number of punctures 7 > 2, and p is a nontrivial affine representation (ie with image in
the affine group Aff(C) C PSL,(C)), then p is a degenerate representation. However, the corresponding
affine structure with holonomy p constructed in the proof of [18, Theorem C] does define a nondegenerate
framing by considering the asymptotic values of the developing map as in Section 4.1.2.

4.4 Showing ® is a local homeomorphism

In this section, we prove that the monodromy map is a local homeomorphism (Theorem 1.4). For the
case of projective structures with only irregular singularities, this was proved in [27], and we shall use
results from there, together with our grafting theorem (Theorem 1.1).
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Before starting the proof, we record the following observation that we shall use; this is also [8, Lemma 5.4].

Lemma 4.7 Let E be either a cuspidal end or a collar neighborhood of a geodesic boundary component
of a hyperbolic surface, and let L and L, be two distinct collections of pairwise-disjoint weighted
geodesics incident at that end, ie either going into the cusp or spiraling onto the boundary geodesic.
Suppose that

(i) the total sum of weights for both collections are the same,
(ii) in case of a geodesic boundary end, the leaves spiral in the same direction,

(iii) the resulting monodromy around the puncture is the same in both cases.

Then, the developing maps on the universal cover of the end E after grafting along L | and L, respectively,
are Z-equivariantly isotopic.

Proof Let E be a lift of E to the universal cover. We shall focus our attention on a fundamental domain
F C E of the Z-action. The geodesic lines in L and L, lift to a collection of pairwise-disjoint geodesic
lines passing through F, each asymptotic to the same point in the ideal boundary. Here, we choose the
fundamental domain F' such that there are finitely many such lifts in F. (See Figure 2 for the case of a
geodesic boundary end.) Grafting along L (and L») inserts lunes along these lines in the universal cover,
of angular widths equal to the corresponding weights. The intermediate regions of F can be thought of as
lunes of zero angular width (ie regions bounded on two sides by circular arcs incident to a common point in
CP! where they share a tangent line). After grafting, the new fundamental domain of the Z-action on the
target is a portion of a lune in CP! of angular width equal to the sum of the weights on the grafting lines.
Since we are also assuming that the monodromy in both cases is identical, the two circular arcs bounding
this fundamental domain can be taken to be exactly the same. The remaining boundary edge of F' might
result in distinct arcs after grafting (that depends on the locations of the grafting lines). However these
arcs will be isotopic to each other, and this isotopy can be extended to a Z-equivariant isotopy on E. o

Remark The monodromy around the puncture can differ even if the hypotheses (i) and (ii) in the
statement of Lemma 4.7 are satisfied, as the following example illustrates: Let £ = H/(z+z+ 1) be a
cusp, let L | comprise two geodesics, both with weight 7z, which lift to the vertical lines Re(z) = 0 and
Re(z) = % and let L, comprise two geodesics with weight 7, this time lifting to vertical lines Re(z) = 0
and Re(z) = % To compute the monodromy from (8) and (9), we use a1 =0, w1 = wy = el = —1,
which implies that ¢ = 1 — 2a, where a5 is the real coordinate of the second geodesic. Thus, in the first
case dy = % = ¢ and the monodromy is a parabolic element, while in the second case a, = %, ¢ =0and
the monodromy is the identity element.

Proof of Theorem 1.4 We shall use the strategy of the proof in [27]. By the invariance of domain it
suffices to show that ® is locally injective.
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Let p be a framed representation in ¥ (S, M) that lies in the image of ®andlet P € PE(S, M) such
that (P) = p.

By Theorem 1.1, we know that there exists (X, 1) € 7= x ML¥ such that we obtain the projective
structure P by grafting X along A. We shall show that there is a neighborhood U of P in PE(S, M) such
thatif P’ =Gr(X’, \") for some (X', A’) € U has the same framed monodromy 7, then X = X’ and A = A"

By Corollary 3.5 we know that the monodromy around any regular puncture determines the type of the
corresponding end of X and X’ (including, in the case of a geodesic boundary end, its length) and the
total weight (modulo 27) of the leaves of A that are incident at that end. Since A and A’ are close to
each other, the homotopy classes of the leaves are identical and the corresponding transverse measures
are close; in our context this implies that the leaves incident to the cusp or geodesic boundary end of X
(and X”) will have identical total weights. Moreover, in the case of a geodesic boundary end with leaves
of A of nonzero weight spiraling into it, one can ensure that the neighborhood U in 7% x ML* is small
enough such that the direction of spiraling of the leaves are the same. Since, as already mentioned, the
geometry of such an end E is the same for X and X, we conclude from Lemma 4.7 that one can modify
P and P’ by an isotopy (this does not change the corresponding points in the deformation space) such
that the restriction of their developing maps to the universal cover of E are identical.

Proposition 6.3 of [27] asserts that the same holds at irregular singularity: for each such singularity, the
framed representation p determines the corresponding hyperbolic crowns of X and X’, as well as the
leaves (and weights) of A and A’ that intersect the crown end.

Thus, as in [27], we are reduced to an application of the Ehresmann—Thurston principle for manifolds
with boundary (see, for example, Theorem 1.1.7.1 of [17] or Proposition 1 of [15]). Briefly, let Sy be the
compact surface-with-boundary obtained by removing the ends of the marked-and-bordered surface S,
and consider the space D of developing maps for projective structures on Sg such that on each boundary
component they all restrict to the same map. Then the Ehresmann—Thurston principle asserts that there
is a neighborhood of any developing map Dy in this relative deformation space D such that any other
developing map in that neighborhood with identical holonomy will be equivariantly isotopic to Dy. We
apply this to conclude that the projective structures P and P’ determine the same point in P£(S, M). O

4.5 Proof of Corollary 1.5

Following the remark at the end of Section 2.3.3, there are nonconstant holomorphic functions r,: Pt C
that map signed projective structures to the exponent at each puncture p in PP (which corresponds to
a regular singularity). We know from the computations in the proofs of Lemmas 3.3 and 3.7 that if
a puncture p is an apparent singularity for the projective structure, then the exponent r, = 2min for
some n € Z. Therefore, it follows that the projective structures having apparent singularities are contained
in the analytic subset of P¥ locally cut out by finitely many equations of the form {rp =2miny : p e P}
for a tuple of integers (1) pep € 7Pl

Algebraic € Geometric Topology, Volume 25 (2025)



4824

Spandan Ghosh and Subhojoy Gupta

By Theorem 1.1 of [3], we know that disa holomorphic map on the subset P* C P¥ of signed projective

structures with no apparent singularities. Therefore, by Riemann’s removable singularity theorem (see,

for example, Proposition 1.1.7 of [32]), it follows that Disa holomorphic map on all of P*. Combining

this with Theorem 1.4, we conclude that the map @ is a local biholomorphism. a
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