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A new twist on modular links from an old perspective

KHANH LE

We show that the complement of arithmetic modular links found by Pinsky, Purcell and Rodríguez-
Migueles (Pacific J. Math. 327 (2023) 337–358) is homeomorphic to the complement of augmented
chain links. In particular, these link complements arise as n-fold cyclic covers of the Whitehead link
complement.

57K10, 57K32

1 Introduction

The modular surface †Mod is an orbifold obtained as the quotient space of the hyperbolic plane H2 by the
modular group PSL2.Z/. Since the action of PSL2.Z/ on H2 is by orientation-preserving isometries,†Mod

is an oriented 2-orbifold equipped with a hyperbolic metric. Any closed oriented geodesic x
 .t/ on†Mod has
a canonical lift 
 .t/ WD .x
 .t/; x
 0.t// to the unit tangent bundle UT.†Mod/. Milnor showed that UT.†Mod/

is homeomorphic to the complement of the trefoil knot T2;3 in S3 [12]. Therefore, every nonempty finite
collection of canonical lifts � �UT.†Mod/ of oriented closed geodesics in †Mod together with the trefoil
knot determines an .nC1/-component link � [fT2;3g in S3 for n� 1. Following Ghys [10], we refer to
the collection � , without the trefoil knot, as a modular link when j�j � 2 and modular knot when j�j D 1.
Here j � j denotes the number of connected components. The complement of modular links refers to
M� WD UT.†Mod/ n� . For emphasis, the complement of the modular link � is the complement of the
.nC1/-component link �[fT2;3g in S3 where j�j D n is the number of components of the modular link.

Modular links have attracted attention of mathematicians due to their connections to dynamics, low-
dimensional topology and number theory. For example, in [10], Ghys showed that the isotopy classes
of modular knots coincide with the isotopy classes of Lorenz knots which are periodic orbits of a
3-dimensional differential equation [3]. Furthermore, Ghys proved that the linking number in S3 between
the canonical lift 
 to UT.†Mod/ of an oriented closed geodesic x
 in †Mod and the trefoil knot T2;3 is
given by the Rademacher function, a classical arithmetic function coming from number theory [10]. The
latter result has been generalized to the setting of arbitrary .p; q;1/-triangle groups in [11].

The complement of modular links M� is known to be hyperbolic [9]. More recently, there have been many
works relating the hyperbolic volume to the length of the geodesics [2; 5; 6; 14]. Recently, Pinsky, Purcell
and Rodríguez-Migueles [13] found an infinite family F†Mod of modular links whose complement M�
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Figure 1: The Whitehead link S3 nC1, a 3-fold cyclic cover S3 nC3 (top left) and a 4-fold cyclic
cover S3nC4 (top right) both branched over the blue component. Forgetting the dotted components
in S3 nC3 and S3 nC4, we obtain two split links whose complement are handlebodies of genus 2
and 3, respectively. Consequently, we obtain surjective homomorphisms �1.S

3 nC3/! F2 and
�1.S

3 nC4/! F3 in each case.

admits an arithmetic hyperbolic structure [13, Theorem 1.1]. For any n� 3, the family F†Mod contains at
least two modular links with n-component. See Section 2.2 for a precise parametrization of modular links
in F†Mod in terms of the Farey graph. The hyperbolic structures of M� for any collection � in F†Mod

are all commensurable to that of the Bianchi orbifold H3=PSL2.ZŒi �/. Furthermore, there is a unique
modular knot �0 in the family F†Mod. The complement M�0

is known to be homeomorphic to that of the
Whitehead link [13]. In general, it is an open question that �0 is the only arithmetic modular knot [13].

The main result of this paper is to explicitly identify the complements of modular links in F†Mod as the
complements of augmented chain links in S3. These augmented chain link complements S3 nCn can
be obtained by taking the n-fold cyclic cover branched over the unknotted component of the Whitehead
link S3 nC1; see Figure 1. In particular, Cn is a link in S3 with nC 1 components.

Theorem 1.1 Let � 2 F†Mod be an n-component modular link. The complement M� is homeomorphic
to the complement S3 nCn.

Using the work of Cooper and Long [4], we obtain the following corollary of Theorem 1.1:

Corollary 1.2 Let � 2 F†Mod. The complement M� fibers. Furthermore , if j�j 62 f1; 2; 3; 5g, then the
complement M� contains a closed embedded essential surface.

The fact that the complement of modular links fibers was shown by Dehornoy in [8]. In fact, Dehornoy
proved a much more general fact: the complement of every finite collection of periodic orbits of the
geodesic flow on the unit tangent bundle of the triangle orbifold .p; q;1/ fibers [8, Corollary 1.5].
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Modular knots, without the trefoil component, considered in [13] are examples of Berge knots, namely
the family of knots which lie as simple closed curves on the fiber of the trefoil knot complement. Chain
links have also played an important role in the study of the topology and geometry of these Berge knots.
In particular, Baker gave a surgery description of Berge knots on the fiber of the trefoil knot using chain
links [1, Proposition 3.1]. Using this, he proved that this family of Berge knots contains hyperbolic knots
with arbitrary large volume [1, Theorem 4.1]. As a consequence, there is no surgery description for these
Berge knots on a single link in S3 [1].
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2 Preliminaries

We begin by stating some definitions, collecting some standard facts about modular links.

2.1 Definitions and background

The modular surface,†Mod, is the quotient space of H2 by the group PSL2.Z/. This group is generated by
two elliptic isometries: U which rotates about i by an angle of � , and V which rotates about 1

2

�
1C i
p

3
�

by an angle of 2
3
� . As elements of PSL2.Z/, U and V have the form

U D˙

�
0 �1

1 0

�
and V D˙

�
0 �1

1 �1

�
:

A fundamental domain of the action of PSL2.Z/ is the triangle with a real vertex at 1
2

�
1C i
p

3
�

and two
ideal vertices at 0 and1; see Figure 2. The hyperbolic metric on H2 descends to a hyperbolic metric on
†Mod with two points of cone angles � and 2

3
� and a single cusp. An oriented simple closed geodesic on

†Mod corresponds to a conjugacy class of a primitive hyperbolic elements in PSL2.Z/. Each oriented
simple closed geodesic 
 on †Mod has a representative in the corresponding conjugacy class that admits
a factorization into a product of

LD˙

�
1 1

0 1

�
and RD˙

�
1 0

1 1

�
:

Therefore, we associate to an oriented simple closed geodesic 
 in †Mod: a word, w
 , in the positive
powers of L and R that is not a power of any subword. The correspondence between 
 and w
 is well
defined up to a cyclic permutation of w
 .

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: A fundamental domain of †Mod in H2.

Since †Mod comes equipped with a hyperbolic metric, there exists a natural flow on the unit tangent
bundle UT.†Mod/ which is the geodesic flow ‰t defined as follows. Given a pair of a point and a unit
vector based at the point, .x; v/ 2 UT.†Mod/, the geodesic flow moves the point .x; v/ in unit speed
along the geodesic starting at x tangent to v. Each oriented simple geodesic 
 on †Mod has a canonical
lift to UT.†Mod/. The periodic orbits of ‰t on UT.†Mod/ correspond precisely to the canonical lift to
UT.†Mod/ of oriented simple geodesics on †Mod.

As noted in the introduction, UT.†Mod/ is homeomorphic to the complement of the trefoil knot S3 nT2;3.
In [10], Ghys showed that periodic orbits of ‰t can be isotoped to lie on a branched surface in S3 nT2;3

which is known as the Lorenz template, T ; see Figure 3.

The Lorenz template supports a flow which can parametrized as follows. We identify the branching locus
of the surface with the open interval .0; 1/. Starting at any point x < 1

2
, the flow line follows the left side

of the template and returns to the branching locus at the point 2x mod 1. If x > 1
2

, the flow line follows
the right side of the template and comes back to the branching locus at the point 2x mod 1. Any periodic
orbit of this flow can be determined by a periodic orbit of the times-2 map on the interval Œ0; 1�. Given
a sequence of LR-word w
 , we can obtain the corresponding point in .0; 1/ by converting LR into a

Figure 3: The modular template T together with a flow.
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Figure 4: The 3-component modular link fLR;L2R2;L2RLR2g (where these components
are drawn in blue, green, and magenta, respectively) and the trefoil knot T2;3 (red). The LR-
component corresponds to the sequence of periodic orbit

˚
1
3
; 2

3

	
on .0; 1/. The L2R2-component

corresponds to the sequence of periodic orbit
˚

1
5
; 2

5
; 4

5
; 3

5

	
on .0; 1/. Finally, the L2RLR2-

component corresponds to the sequence of periodic orbit
˚

11
63
; 22

63
; 44

63
; 25

63
; 50

63
; 37

63

	
on .0; 1/.

binary sequence by the rule L 7! 0 and R 7! 1. Let xw
 be the decimal number that corresponds to the
binary sequence and jw
 j be the length of the LR-word. The point in .0; 1/ that corresponds to w
 is
given by

xw


2jw
 j� 1
:

Therefore, given a collection of LR-words representing a modular link, we can draw the modular link on
the Lorenz template T by computing the corresponding sequences of periodic orbit on .0; 1/ and connect
them by the flow line on T . For an example of a 3-component modular link fLR;L2R2;L2RLR2g,
see Figure 4.

2.2 A construction of arithmetic modular links

Now we will review the construction of a family of arithmetic modular links F†Mod from [13]. First
consider the six-fold cyclic cover of †Mod by the once-punctured torus †1;1:

x� W†1;1!†Mod:

Viewing †1;1 as the quotient .R2 nZ2/=Z2, we see that †1;1 can be identified with the square torus with
a point removed; see Figure 5. A geodesic connecting the cone point of order 2 and the cusp of †Mod

lifts to a collection of three cusp-to-cusp geodesics on †1;1.

A line in R2 with slope p=q and disjoint from Z2 projects to an essential simple closed curve in †1;1.
Conversely, an essential simple closed curve in †1;1 lifts to a line in R2 with slope p=q and disjoint

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 5: The once-punctured torus †1;1 with a punctured removed (blue). The 0
1

curve is shown
in the middle. The 1

0
curve is shown on the right.

from Z2. We see that the isotopy classes of essential simple closed curve in †1;1 correspond to Q[
˚

1
0

	
.

They are organized by the Farey tessellation of H2; see Figure 6. In particular, the ideal vertices of the
Farey triangulation coincide with Q[f1g. The edges of the Farey triangulation connect p=q and r=s if
and only if the corresponding simple close curves have geometric intersection number 1.

We can parametrize isotopy classes of oriented essential simple closed curve in †1;1 by the set of vectors

U D
��

p

q

� ˇ̌̌
gcd.p; q/D 1; p D˙1 if q D 0; q D˙1 if p D 0

�
;

the set of rational direction in R2. The vector
�

1
0

�
corresponds to the positive y-direction of R2 while

the vector
�

0
1

�
corresponds to the positive x-direction of R2. By abusing notation, we will use elements

of U to denote isotopy classes of oriented essential simple closed curve in †1;1. Similarly, we will use
elements of Q[

˚
1
0

	
to the denote the unoriented counterpart in †1;1.

Since the deck group of x� W†1;1!†Mod acts by isometries on †1;1, we have an associated 6-fold cyclic
covering � W UT.†1;1/! UT.†Mod/. The unit tangent bundle UT.†1;1/ can be trivialized as a product
†1;1�S1 where S1DR=2�Z. In particular, the oriented curve

�
p
q

�
2 U on †1;1 determines a canonical

lift to the oriented curve �
p

q

�
�

�
arg

�
p

q

��
;

1
1

2
1

1
0

�
1
1

0
1

1
2

Figure 6: The Farey graph parametrizing essential simple closed curves on †1;1.
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where arg W U! Œ0; 2�/ is the angle from
�

0
1

�
to

�
p
q

�
in the counterclockwise direction. Since an oriented

curve in U �†1;1 completely determines its canonical lift to UT.†1;1/, we also use elements in U to
denote this canonical lift.

By [13, Lemma 5.1], the action of a generator � of the deck group of x� W†1;1!†Mod on the oriented
curve is by the order-6 matrix in SL2.Z/

� D

�
0 1

�1 1

�
:

Since an oriented curve in U �†1;1 determines its canonical lift, we can also denote the action of the deck
group of � W UT.†1;1/! UT.†Mod/ on the set of canonical lifts U � UT.†1;1/ by the same matrix �.

The following lemma from [13] explains the relationship between canonical lifts of oriented closed
geodesic in †1;1 in U and canonical lifts of oriented closed geodesic in †Mod.

Lemma 2.1 [13, Lemma 5.1] Suppose that x
 is an oriented closed geodesic in †Mod obtained by
projecting the simple closed curve p=q�†1;1 via the covering map x� W†1;1!†Mod. Then the canonical
lift 
 � UT.†Mod/ has six lifts. These lifts are�

˙

�
p

q

�
;˙

�
q

q�p

�
;˙

�
p�q

p

��
� UT.†1;1/:

A main result of [13] is the following theorem:

Theorem 2.2 [13, Theorem 4.3, 5.3] Suppose that � WD
˚�aj

bj

�	
� UT.†1;1/ such that

(1) j�j<1,

(2) � is invariant under the action of � D
�

0
�1

1
1

�
, and

(3) for every
�aj

bj

�
, there exists

�ai

bi

�
and

�ak

bk

�
such that

ˇ̌
det

�ai

bi

aj
bj

�ˇ̌
D

ˇ̌
det

�aj
bj

ak

bk

�ˇ̌
D 1.

Then the manifolds UT.†1;1/ n� and UT.†Mod/ n�.�/ are both arithmetic.

Let us denote by F†1;1 the collection of � where � is the union of canonical lifts of oriented closed
geodesics in †1;1 to UT.†1;1/ satisfying the conditions of Theorem 2.2. The collection of arithmetic
modular links that was found in [13] is described as

F†Mod WD f� � UT.†Mod/ j �
�1.�/ 2 F†1;1g:

We end with the following observation from [13] underpinning their construction:

Lemma 2.3 [13, Lemma 4.1] Let N˛;ˇ be the manifold

N˛;ˇ WD .†1;1 � Œ0; 1�/ n f˛� f0g[ˇ� f1gg;

where ˛ and ˇ are p=q and r=s curves on †1;1 such that jps � qr j D 1. Then N˛;ˇ is homeomorphic
to N0;1.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remark 2.4 The homeomorphism between N˛;ˇ and N0;1 is induced by the linear map that sends ˛ to 0

and ˇ to 1. If we orient all the curves ˛, ˇ, 0 and 1, then there exists a unique linear transformation that
preserves the orientations of the curves and induces the homeomorphism between N˛;ˇ, N0;1.

3 Proof of the main results

3.1 Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. We begin with the following observation.

Lemma 3.1 For any � 2 F†1;1, � contains

�0 WD

�
˙

�
0

1

�
;˙

�
1

1

�
;˙

�
1

0

��
:

Consequently, �0 is the smallest collection in F†1;1 ordered by inclusion.

Proof We project � to †1;1 to get a collection of essential simple closed curves x� � †1;1. The fact
that � is �-invariant implies that x� is V -invariant where we view x��Q[f1g. Since x� is V -invariant,
j x�j D 3n for some n� 1. Furthermore, there are exactly n curves represented by vertices of the Farey
graph in the intervals from 0

1
to 1

1
, from 1

1
to 1

0
and from 1

0
to 0

1
all oriented counterclockwise. The third

condition for � is satisfied only if
˚

0
1
; 1

1
; 1

0

	
� x�. Lifting these curves to UT.†1;1/, we get the desired

conclusion for �.

Let �0 D
˚
�

�
0
1

�	
. Up to a reparametrization, the manifold M�0

is

M�0
D
†1;1 � Œ0; 1� n

˚
0
1
� f0g[ 1

1
� f1g

	
.x; 0/� .�.x/; 1/

:

Let � W M�0
! S1 be a surjection coming from projecting onto the second factor which induces a

surjective homomorphism �� W �1.M�0
/! Z. The map �� sends the meridian of the trefoil to 1 (up to

taking inverse) and the meridian of the 0
1

geodesic to 0. Let Mn be the cover of M�0
that corresponds to

��1
� .nZ/ for some positive integer n, then up to a reparametrization of S1 the manifold Mn is

Mn D
†1;1 � Œ0; n� n

˚
�i

�
0
1

�
� fig

	n

iD0

.x; 0/� .�n.x/; n/
:

See Figure 7 for an example of M2.

Lemma 3.2 The manifold Mn is homeomorphic to the complement of the n-component augmented
chain link S3 nCn.
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0
1

1
1

1
2

0
1

1
0

1
1

Figure 7: On the left is the manifold M� where � D
˚
�

�
0
1

�
; �

�
1
2

�	
realized as a once-punctured

torus bundle with some curves in red and green drilled out. The gluing map on the left is given
by the matrix � D

�
0
�1

1
1

�
which glues the bottom to the top. On the right is the manifold M2,

the cover of M�0
corresponds to ��1

� .2Z/. The gluing map on the right is given by the matrix
�2 D

�
�1
�1

1
0

�
which glues the bottom to the top.

Proof The manifold M�0
is homeomorphic to the complement of the Whitehead link by a homeomor-

phism h WM�0
! S3 nC1 described in [13, Figure 8]. Following [13, Figure 8], the homeomorphism h

is obtained by performing a Rolfsen twist about the component �0. The homeomorphism h takes the
meridian of the trefoil component in the link �0[fT2;3g to the meridian of a component of the Whitehead
link. Therefore, the homeomorphism h lifts to a homeomorphism between Mn and a n-fold cyclic
cover branched over h.N.T2;3// where N.T2;3/ is a neighborhood of the trefoil knot. Since the two
components of the Whitehead link are symmetric, the latter manifold is S3 nCn.

Remark 3.3 The manifold Mn can be thought of as the complement of a link in the n -fold cyclic
covering of the trefoil complement. In general, cyclic coverings of the trefoil complement do not embed
into S3. It is surprising that after drilling out some link components they do always embed in S3.

Proof of Theorem 1.1 Let ��UT.†Mod/ be any modular link in F†Mod, nDj�j and M�DUT.†Mod/n� .
Given Lemma 3.2, our goal is to show that M� and Mn are homeomorphic. We lift � to obtain a collection
�� UT.†1;1/ that is �-invariant. By Lemma 3.1, � contains

�
0
1

�
and

�
1
1

�
. Up to a reparametrization

of S1, M� is

M� D
.†1;1 � Œ0; n�/ n f
i � figg

n
iD0

.x; 0/� .�.x/; n/

for 0� i � n where 
0 and 
n are 0
1

and 1
1

curve on †1;1. Cutting both manifolds M� and Mn along the
thrice-punctured sphere †1;1 � f0g n

˚
0
1
� f0g

	
, we get

P� D†1;1 � Œ0; n� n f
i � figg
n
iD0 and Pn D†1;1 � Œ0; n� n

˚
�i

�
0
1

�
� fig

	n

iD0
:

By Lemma 2.3, for each 0� i � n� 1 we have a homeomorphism

hi WN
i ;
iC1
!N�i .0/;�iC1.0/:
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By Remark 2.4, we can choose hi so that they are induced by linear maps that preserve the orientations of
the removed curves. Note that †1;1 � fi C 1g n f
iC1 � fi C 1gg is homeomorphic to a thrice-punctured
sphere. Our choice of hi ensures that the composition h�1

i�1
ıhi on †1;1 �fi C 1g n f
iC1 �fi C 1gg is a

homeomorphism of the thrice-punctured sphere that preserves the punctures. Up to isotopy, we can glue
the homeomorphism hi’s together and get a homeomorphism h W P� ! Pn. Note that h is the identity on
†1;1 � f0g n

˚
0
1
� f0g

	
. Gluing the bottom of P� to the top, we get a homeomorphism

h WM� !
†1;1 � Œ0; n� n

˚
�i

�
0
1

�
� fig

	n

iD0

.x; 0/� ..hn�1 ı �/.x/; n/
:

The manifolds Mn and h.M�/ are obtained from Pn by gluing the bottom to the top via the two maps �n

and hn�1 ı �, respectively. The two gluing maps differ on †1;1 � f0g n
˚

0
1
� f0g

	
by ��n ı hn�1 ı �.

We will show that this homeomorphism is isotopic to the identity. Since †1;1 � f0g n
˚

0
1
� f0g

	
is a

thrice-punctured sphere, it suffices to show that the map ��n ı hn�1 ı � preserves the punctures of
†1;1 � f0g n

˚
0
1
� f0g

	
. These punctures comprises of the puncture of †1;1 � f0g and the two sides of

the removed geodesic
˚

0
1
� f0g

	
. The homeomorphism ��n ı hn�1 ı � preserves the puncture coming

from †1;1 � f0g. The homeomorphism � up to isotopy is an orientation preserving linear map on †1;1.
In particular, � preserves the orientation of any oriented simple closed curve. By Remark 2.4, the
homeomorphisms hi can be chosen to preserves the removed geodesic as an oriented curve on †1;1.
Therefore, the map ��nıhn�1ı� is isotopic to the identity. Therefore, h.M�/ is homeomorphic to Mn.

3.2 Proof of Corollary 1.2

The claim about containing a closed embedded essential surface follows from the work of Cooper
and Long [4]. For completeness, we give a brief summary of their article focusing on the pertinent
details. In this article, the authors studied pure braids from the representation-theoretic and the geometric
perspective. On the representation-theoretic side, they introduced and studied the derivative variety
associated to an element of the pure braid group [4, Section 2,3].

On the geometric side, they studied the complement S3 n O� of the closure of a braid � 2Bn [4, Section 4].
In particular, they showed that S3 n O� contains a closed essential surface where � is a pure 4-braid
lying in the kernel of the Grassner representation [4, Theorem 4.8]. To establish this result, they give
general criteria for a link complement in S3 to contain a closed essential surface [4, Theorem 4.1 and
Corollary 4.6]. In Theorem 4.1, they showed that if the SL2.C/-representation variety of an n-component
link L � S3 contains a component of dimension > nC 3 and has an irreducible representation, then
S3 nL contains a closed essential surface. They pointed out a sufficient condition for the hypothesis
of Theorem 4.1 is that the link group �1.S

3 nL/ surjects a nonabelian free group of rank k such that
3k > nC3. This is the essential point of [4, Corollary 4.4]. The surjection �1.S

3 nL/!Fk where Fk is
the free group of rank k allows one to embed the representation variety of Fk into that of �1.S

3 nL/ by
pullbacks. The representation variety of the nonabelian free group of rank k contains a component with
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an irreducible representation and has dimension 3k > nC3. It follows that the hypothesis of Theorem 4.1
is satisfied if �1.S

3 nL/ surjects a nonabelian free group of rank k such that 3k > nC 3.

Remark 3.4 Though Corollary 4.4 of [4] is stated as removing one component of the link, to apply their
argument, one just needs the fact that the fundamental group of the link complement surjects a nonabelian
free group of sufficiently large rank.

Proof of Corollary 1.2 Theorem 1.1 shows that M� is a j�j-fold cyclic cover of M�0
. Since the

complement of the Whitehead link fibers, M� also fibers.

The claim about containing a closed embedded essential surface follows from the work of Cooper and
Long [4]. Suppose that n D j�j > 1, then we write n D 2k or n D 2k C 1 where k � 1 is an integer.
The group �1.S

3 n Cn/ has a surjection onto the free group of rank k C 1 coming from deleting k

components when nD 2k and kC 1 components when nD 2kC 1; see Figure 1. Therefore, �1.M�/

surjects a free group of rank k C 1 for an appropriate k. Similar to [4, Corollary 4.4], the surjection
shows that there exists a component of characters of irreducible SL2.C/-representations of dimension 3k.
The number of cusp of S3 nCn is j�j C 1 D nC 1. When n D 2k, 3k is strictly greater than nC 1 if
and only if k > 1. When nD 2kC 1, 3k is strictly greater than nC 1 if and only if k > 2. That is, if
j�j 62 f1; 2; 3; 5g, then S3nCn satisfy the hypothesis of [4, Theorem 4.1]. It follows from [4, Theorem 4.1]
that if j�j 62 f1; 2; 3; 5g, then S3 nCn, and hence M� , contains a closed embedded essential surface.
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