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BNSR-invariants of surface Houghton groups

NOAH TORGERSON
JEREMY WEST

The surface Houghton groups #,, are a family of groups generalizing Houghton groups H,,, which
are constructed as asymptotically rigid mapping class groups. We give a complete computation of the
BNSR-invariants X (P H,) of their intersection with the pure mapping class group. To do so, we prove
that the associated Stein—Farley cube complex is CAT(0), and we adapt Zaremsky’s method for computing
the BNSR-invariants of the Houghton groups. As a consequence, we give a criterion for when subgroups
of H, and PH, having the same finiteness length as their parent group are finite index. We also discuss
the failure of some of these groups to be co-Hopfian.

20F65, 57K20, 57M07

1 Introduction

To any group G of type Fj, one can assign a sequence of invariants X™(G), for m < k. These
invariants determine which subgroups of G (containing the commutator subgroup) share which finiteness
properties of G. Historically, they are difficult to compute. They were defined across several papers
(see [6; 7; 18]), primarily by Bieri, Neumann, Strebel, and Renz, hence the names “BNS-invariants™ and
“BNSR-invariants”. For the remainder of this paper, these will be referred to as X-invariants for the sake
of brevity. One recent collection of groups for which these have been computed is the family of Houghton
groups [19; 20].

Houghton defined his groups as permutation groups of infinite sets in [15]. More specifically, H, is
the group of “eventual translations” of the set {1,...,n} x N, ie permutations which in each ray are
translations outside some finite set. Brown proved, via a suitable simplicial complex, that Houghton’s
group Hj, is of type F;_1, but not of type F}, (in the language of “finiteness length” this is fl(H,) =n—1).
(Brown proved type FP,_; but not type FP,, and finitely presented, which together imply F; but
not Fy,_;.) In [2], the authors define a variant of Houghton groups, called surface Houghton groups, as
asymptotically rigid mapping class groups of surfaces with infinite genus. We denote the surface Houghton
groups by H,, and the pure (ie end-fixing) subgroups as P#H,. In the same paper, they also show that
fl(H,) = n —1, via a cube complex analogous to the Stein—Farley complexes for Thompson groups.

This is not the only asymptotically rigid mapping class group variant of Houghton groups. While the
surface Houghton groups replace the N-rays with ends accumulated by genus (without boundary), the
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braided Houghton groups (defined by Degenhardt in his PhD thesis [11]) can be realized as asymptotically
rigid mapping class groups as well (see [12] for details). This construction replaces the N-rays with
planar ends, accumulated by punctures; this surface has noncompact boundary. The braided Houghton
groups Br H,, also have fl(Br H,) = n —1 (as proven in [14]). The braided Houghton groups shall play a
small role in the final section of this paper.

In [19; 20], Zaremsky computed the X-invariants of the Houghton groups, using the cube complex defined
implicitly in [8], and explicitly in [16]. We carry out a parallel of Zaremsky’s arguments, showing that the
equivalent statement holds for pure surface Houghton groups. Namely, we prove in Section 4 the following,
where m () is the number of nonzero coefficients of y in ascending standard form (details in Section 4):

Theorem 4.1 Let y be a nonzero character of PH,. Then [y] € =mO=1(P3,)\ "0 (PH,,).

As an application of this, we provide a partial converse (for Houghton groups and surface Houghton groups)
of the well-known fact that if H < G is a finite-index subgroup, then fl(H) = fi(G). Specifically, we
show that whenever a subgroup of Hj, or P*H, has finiteness length n — 1 and intersects the corresponding
commutator with finite index, it is finite index in the full group. Further, in order to be finite index, the
intersection condition must hold, for general group-theoretic reasons. (These are also true of H,,, but for
trivial reasons: the commutator subgroup of #, is all of #,.) This is carried out in Section 5, along with
some discussion of co-Hopfianness.

In order to accomplish this, we demonstrate in Section 3 that the cube complex of [2] is CAT(0).
Theorem 3.9 Let X, denote the Stein—Farley complex for H,. Then X, is CAT(0).

To do this, we use a refinement of a proposition from [14]; see Proposition 3.2. In Section 2, we lay out
the definitions of the surfaces and groups we are concerned with, of the corresponding cube complex, and
of the version of discrete Morse theory we shall employ. Alongside these definitions are various lemmas
which we shall need. We also obtain various nice representatives for the vertices (Section 2) and edges
(Section 3) of the complex.

In Section 5, we finish with some applications of the X-invariants to when subgroups having maximal
finiteness length have finite index. This discussion applies to H,, H,, and PH,. To handle the infinite-
index case, there is some discussion of the failure of these groups to be co-Hopfian. In particular, we
have the following theorem.

Theorem 5.6 Let H denote either the Houghton group, or the pure surface Houghton group, and suppose
G < H has fI(G) = fl(H). Then G is finite index in H if and only if G N H' is finite index in H’, where
H'’ denotes the commutator subgroup of H. Furthermore, there exist subgroups G with fl(G) = fl(H) of
both finite and infinite index.
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Recently, Marie Abadie [1] analyzed the CAT(0) property for the Stein—Farley cube complexes of a
different family of asymptotically rigid mapping class groups, including the braided Houghton groups.
Similar methods are used, in particular a version of the same proposition as we use. Thus, one could
attempt to apply Zaremsky’s methods to compute the X-invariants of Br H,, as well. It seems reasonable
to guess that they should work out the same.

The recent paper [3] concerns a generalization of these surface Houghton groups, obtained by varying the
rigid structure on the same surface. As they show that the groups they consider are finite-index subgroups
of our #H,, the X-invariants are effectively the same. Additionally, our results in Section 5 apply to these
more general surface Houghton groups.
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2 Definitions

2.1 The (pure) surface Houghton group

Here we lay out the definitions necessary for the group P, the pure version of the surface Houghton
group defined in [2]. Let O = O, be a sphere with n boundary components, and let 7" be a torus with
two boundary components, 3~ and 9. Fix an orientation-reversing homeomorphism A: 3~ — 97, and
for each i an orientation-reversing homeomorphism j; from 9~ to the i boundary component of O.
We construct X, as follows: begin with M ! = O, then glue a copy of T to each boundary component
of M! via the p; to obtain M2. For each j > 2, glue a copy of T to each boundary component of
M/ via A to obtain M/ 11, Then the surface ¥, is the union of all the M/’s; ¥, is the surface with
n ends, all accumulated by genus. We call O the center of X, each of the closures of the components of
M7\ M/~ is called a piece, and each piece B has a canonical homeomorphism tz: B — T. We will
occasionally write B,‘i to denote the j piece in the k™ end.

Call a subsurface of X, suited if it is connected and the union of O and finitely many pieces. Let
¢: X, — Xy be ahomeomorphism. Call ¢ asymprotically rigid if there exists a suited subsurface Z C X,
(called a defining surface for ¢) such that

e ¢(Z) is also suited, and
e ¢ is rigid away from Z, that is, for every piece B C X, \ Z, we have that ¢(B) is a piece, and
¢lp = L;(IB) oLp.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 1: The handle shift p; (which pushes from end i to end n) being applied to various curves
inends i, n,and j.

~.

We may sometimes say that ¢ is rigid away from a piece B adjacent to O, which we take to mean that ¢
is rigid away from O U B. A special family of suited subsurfaces are those with pieces in only one end.
We denote by L the suited subsurface consisting of O and the first g-many pieces in the n'" end.

Definition 2.1 (surface Houghton group) The surface Houghton group #, is the subgroup of the
mapping class group Map(X,) whose elements have an asymptotically rigid representative. The pure
surface Houghton group PH,, is the intersection of H, with the pure mapping class group PMap(%,).

We define some special elements of H,. For o a permutation of {1, ..., n}, choose some homeomorphism
of O permuting the boundary components in the same fashion. For the sake of definiteness, consider o
first as an element of Map(So,), the sphere with n punctures; then o yields a homeomorphism of O,
which we also denote by . Up to some isotopy, we can assume that the restriction of o to the i " boundary
component of O is [ (;) © ,ul._l. Thus, we can obtain a homeomorphism of ¥, by extending this map to
be rigid outside of O; call this extension again by the same name, o. Such a map is not unique: there are
many choices of mapping class in the sphere with n punctures which induce the same permutation.

Next, we define the handle shifts p;, ala [17]. Fori € {1,...,n—1}, we want p; to be a homeomorphism
of %, which shifts the i end towards the n" end by a single genus. Specifically, for j > 1 map each
piece B,{ to B,{ +1, and map each piece Bl-j o Bl.j ; choose these to be the rigid maps. The ends other
than i and n are unchanged, so all that remains is to define how p; acts on Bl.1 U O. This is demonstrated

by Figure 1. Note that p; is asymptotically rigid outside of O U Bl.l.

Lemma 2.2 Any map ¢ € H, can be written as «p;, - -- p;; 0, where « is a compactly supported mapping
class, and o and the p;, ’s are as above.

Proof Consider an arbitrary element ¢ € H,: ¢ clearly induces some permutation ¢ on the ends of %,;
obtain from this o € H,,. Now we have that 9 oo ~! € P?#,, so we wish to analyze how pure mapping
classes act within ends. A rigorous examination of this is contained in Section 2.3. In the meantime,
consider how ¢ acts in the complement of a defining surface: as it does not permute the ends, and takes
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pieces to pieces, it must shift each end in or out by some integer amount. From this, we obtain a sequence
of handle shifts p;,, ..., p; . Finally, we have that ¢ o o lo (o, ~--,o,'k)_1 is a compactly supported
mapping class, «. a

Remark 2.3 The above expression obtained for ¢ is far from unique: choices were made both in the
selection of o, as well as in the selection of the handle shifts. However, any different choices made for
these will simply change o, and the properties of « are rarely relevant for this paper.

2.2 The contractible cube complex

The group H, acts on a contractible cube complex X, called the Stein—Farley complex. Consider ordered
pairs (Z, ¢), where Z is a suited subsurface, and ¢ € H,,. Declare two such pairs (Z1, ¢1) and (Z», ¢2)
to be equivalent if the rransition map ¢ 1o ¢ takes Z1 to Z, homeomorphically, and is rigid elsewhere
(ie in the complement of Z1).

Denote the equivalence class of (Z, ¢) by [Z, ¢], and the set of equivalence classes by S. The group H,
acts on S by
V-lZ. gl =1Z.yog]

Define the complexity of a pair (Z, ¢) to be the genus of Z. This extends to be an #,-invariant height
function f: S — Z C R. Given vertices x1, x2 € S, we say that x; < x; if there are representatives
(Zi, ¢i) of x; sothat 1 = @2, Z1 C Z», and m is a (nonempty) disjoint union of pieces (ie has at
most one piece from each end).

We now construct X, as a cube complex with vertex set S. We declare that whenever x; < x5, with
d = f(x2)— f(x1), there is a d-cube with vertex set given by {x | x; < x < x»}. As X, has n ends, the
complex X, is n-dimensional. The height function f extends affinely to an H,-invariant height function
on X;. Also, let X ,,f =k denote the subcomplex spanned by vertices with height at most k. We have the
following properties (see [2, Theorem 4.1]):

Theorem 2.4 The cube complex X, is contractible, and the action of ‘H, satisfies:
e The H,,-stabilizers of cubes are finite extensions of mapping class groups of compact surtaces.

e For k > 1, the subcomplex an =k js ‘H,, -cocompact.

We are actually more concerned with the action of P#, on X,. Note that P*H,, is a finite-index subgroup
of H,, and that the finite extension in the above theorem is by permutations of the ends. As mapping
class groups of compact surfaces are of type Foo, we have the following.

Corollary 2.5 The action of PH, on X, satisfies:

o The PH,-stabilizers of cubes are type Foo.

e For k > 1, the subcomplex X,{ =k js P, -cocompact.

Algebraic & Geometric Topology, Volume 25 (2025)
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We end this section by demonstrating that vertices and edges can be given a nice form. First, we show
that every vertex (indeed, every edge) can be expressed with only elements of PH,, then we provide a
canonical form for the suited subsurface component of the vertex. Specifically, we show that any edge
can be represented using only elements in the pure group:

Lemma 2.6 Any edge in X, can be expressed as [Z, p]—[Z U B, ¢], where ¢ € PH,,.

Proof Consider a vertex [Z, ¢], and let B be a piece adjacent to Z, so that Z U B is suited. Write
@ = apj, --+pi;0 as in Lemma 2.2. Then we wish to show that [Z, ¢] = [0(Z),¢ o o~1], and that
[ZUB,¢]=[0(Z)Uoc(B), oo ']. Consider the diagram

[Z. 9] [ZUB.gl| |l0(Z),¢007' ] [0(ZUB),po0™]

[0(Z)Uo(B),poo™"]

As o is rigid away from the center O, we have that o(B) is a piece, and of course it must be adjacent
to 0(Z), so all that remains to be checked is that [Z, ¢] = [0(Z), g oo !]. Note that (poo~!)"lop =0,
which is rigid away from O, and thus takes Z to 0 (Z) (a suited subsurface), and is certainly rigid outside
of Z. |

We assume from here on that any map ¢ is in P?H,. Vertices have two components, a map and a surface.
We now have some control over the map, but what of the surface? For many arguments, it will be
convenient to have the following canonical form. Recall that L is the surface built by taking the center,
and adding in the first g-many pieces in the n™ end. Then any edge can be represented with both surfaces
an appropriate Lg:

Lemma 2.7 Any edge in X, can be expressed as [Lg, p]—[Lg+1. V].

Proof Suppose we are given a vertex [Z, ¢’]. Recall that the handle shift p; is rigid away from Bl.l, the
piece that it pushes across the center. As (¢)~! o ¢’ can be chosen to be a composition of handle shifts
taking Z to L, the only places where (¢) ™! o’ can be nonrigid are pieces in Z. This shows that vertices
can be represented as [Lg, ¢]. To extend this to the edge [Z, ¢'] —[Z U B, ¢'], consider the diagram

[LgU Bi1»§0]
i

[Lg+1,<P°Pl~_l]

[Lg. 9]

Observe that to obtain an Lg1 form for [Z U B, ¢'], we can first push Z to Lg, which sends B to a
piece Bl-l, and then append one more p;. |

Algebraic & Geometric Topology, Volume 25 (2025)
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2.3 Characters and X -invariants

Recall that a group is of type Fy, if it admits a proper cocompact action on an (m—1)-connected CW-
complex. Assume Y is a CW complex and /: Y — R is continuous. We call the corresponding filtration
V& Sh) teR on Y essentially (m—1)-connected if for any ¢t € R, there exists s < ¢ such that inclusion
Yi=h < y5=h jnduces the trivial map in 73, fork <m — 1.

For any group G, we define a character of G to be a homomorphism from G to the additive group R. As
characters factor through G (the abelianization of G), the space of characters is a vector space with
the same dimension as the rank of G®. Excluding the trivial character and modding out by positive
scaling, we obtain the character sphere 3(G). The -invariants (also called BNS or BNSR invariants,
for Bieri-Neumann—Strebel(—Renz)) are a filtration of the character sphere into subspaces

2°(G)22HG)222(G) D -+,

defined as follows (we use a slight correction of the definition in [19], as suggested in [20]).

Definition 2.8 Let G be a group of type Fy,, and let Y be an (m—1)-connected CW complex on which
G acts cocompactly. Suppose that the stabilizer of any k-cell is of type F,,_j and is contained in the
kernel of every character of G.! For each nontrivial y € Hom(G, R), there is a character height function
hy:Y — R, a continuous map satisfying h,(gy) = x(g) +hy(y) forall y € Y and g € G. Then X" (G)
is the set of those [x] such that the filtration (Y?=%x),cR is essentially (m—1)-connected.

Of what use are these invariants, one might ask? A standard result is the following classification of when
finiteness properties of G are preserved to subgroups containing the commutator subgroup.

Proposition 2.9 Let G be a group of type Fy,, and let K be a subgroup so that [G, G] < K < G. Then K
is of type Fy, if and only if for every character y € Hom(G, R) such that y(K) = 0, we have [y] € £™(G).

Definition 2.10 A (Zaremsky—)Morse function on an affine cell complex Y isamap h=(y, f):Y -RxR
such that both y and f are affine on cells. The codomain is ordered lexicographically, and we require
that f take only finitely many values on Y © and that there is some & > 0 such that adjacent vertices v

and w satisfy either | y(v) — y(w)| > &, or y(v) = y(w) and f(v) # f(w).

We record the following general form of the Morse lemma, as well as a more specific version of it. Both
will be used in Section 4.

Lemma 2.11 Let—00 < p <qg <r < +ooc. If forevery vertex v € Y 9<X=" the descending link lk}ypsx (v)
is (k—1)-connected, then the pair (Y P=X=" Y P=<X=4) js k-connected. If for every vertex v € Y P=X<4
the ascending link lk}}sz, (v) is (k—1)-connected, then the pair (Y P<X=T | Y4=X=') jg k-connected.

IThat the cell-stabilizers are contained in the kernels is the modification.

Algebraic & Geometric Topology, Volume 25 (2025)
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Corollary 2.12 Leth = (y, f): Y — R xR be a Morse function. If Y is (m—1)-connected and for
every vertex v € Y X=4 the ascending link lk};,T (v) is (m—1)-connected, then Y 4=X is (m—1)-connected.

Informally, we can think of the characters on PH, as being generated by counting the handle shifts
P1s---,Pn—1, Where p; shifts the i th end into the n'" end by one piece. Specifically, for 1 <i <n—1, take
xi (@) to be the negative of the sum of the powers of p; appearing in ¢; for i = n, take y, to be the sum
of the powers of p; through p,—;. We stress that this definition, while convenient to use, is not obviously
well-defined. An equivalent definition, which is better suited to demonstrating well-definedness, is as
follows (details can be found in Section 3 of [5]).

Let y be an oriented curve that separates one end E of X, from the rest, oriented so that the end E is on
the right-hand side of y. Then y defines a nonzero element of H fep (25,7Z). To every ¢ € PMap(X,)
andy e H ‘;ep(En, 7.), associate an integer 0,](¢), as a “signed genus” between y and ¢(y). Then the
map 0[,: PMap(X,) — Z is a well-defined nontrivial homomorphism, depending only on the homology
class of y. By identifying Hslep with Hom(H lsep , 7)) via the universal coefficients theorem, we obtain
a map ©: PMap(%,) — Hslep(En, 7.), by the rule ©(¢)[y] = 0[,1(¢). Restricting to PH;,, we obtain
characters, and it is not difficult to see that they agree with the informal definition above. We emphasize:

xi measures how much ¢ pushes the i end out.

Given a vertex, we can define the character height function %y, ([Z, ¢]) by adding the number of pieces
of Z in the i end to y;(¢). This is well defined: consider two representatives [Z, ¢] = [W, ¥/]. We
have that ¢~ !4 takes W to Z, and is rigid elsewhere. This composition can be further decomposed as a
mapping class of some suited subsurface composed with a sequence of handle shifts. This compactly
supported mapping class affects neither the distribution of the pieces of Z nor the value of any character
on ¢, so we need consider only handle shifts. Consider [Z, ¢] = [p;(Z), ¢ o p;” 11: we have moved one
piece from the i end to the n™ end, while increasing the amount of pushing into the i end and out of
the n'" end by one. These cancel out in & x; and &y, . All other basis characters are unchanged under these
operations, and thus we have well-defined character height functions on X,,. For an arbitrary character y,
we shall henceforth abuse notation by writing y when we mean /,. The domain will typically be clear.

3 The Stein-Farley complex X, is CAT(0)

We have a contractible cube complex on which PH, acts nicely. In this section, we show that X} is in
fact CAT(0). To begin, we require the following definition.

Definition 3.1 A cube complex X is cube-complete if whenever X 1) contains an embedded copy of the
1-skeleton of a d-cube, X contains the entire d-cube.

Once we have shown that X, is cube-complete, we seek to apply the following proposition, which is a
version of [14, Proposition 4.6], where it is taken out of the proof of [9, Theorem 6.1].
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Proposition 3.2 Let X be a cube-complete cube complex, whose 1-skeleton X V) is a graph with no
loops or bigons. Suppose that

(a) X is simply connected,

b)) X (M satisfies the 3-square condition.

Then X is CAT(0).

The 3-square condition says that whenever the cube complex has 3 squares intersecting in a vertex, and
pairwise intersecting in edges (call such an arrangement a 3-wheel), then they are part of a full 3-cube.

Remark 3.3 In [14], there is a third condition: that the 1-skeleton not contain a copy of the complete
bipartite graph K> 3. This third condition is redundant: A careful examination of the proof of Theorem 6.1
in [9], especially the paragraph beginning “To prove the converse”, yields that the other hypotheses imply
the nonexistence of K5 3’s: A K3 3 is a 3-wheel where all the vertices opposite the common vertex are
identified, which cannot be the case in an embedded 3-cube. Another, smaller modification: there was a
condition that the 1-skeleton be a connected graph, which is automatically true in a simply connected
cube complex.

As we have a height function for X, and as adjacent vertices always differ by exactly 1, there are two
ways in which X}, can fail to be cube-complete.

Definition 3.4 By a collapsed cube, we mean the 1-skeleton of a d -cube, such that the difference between
its highest and lowest heights is less than d. By an empty cube, we mean the 1-skeleton of a d -cube that
is not filled by a d-cube.

Given the definition of X,,, we need to check two things: that X ,El) has no collapsed cubes, and that X ,El)
has no empty cubes.

Choosing vertex representatives to have their homeomorphism components contained in the pure group
allows us a consistent definition of “direction” for adding and removing pieces, ie we may consistently
label the ends from 1 to n without worrying about any potential reindexing.

In order to show that X, is cube-complete, we shall proceed as follows: first, we show that given a
vertex [Z, ¢], there is only one ascending edge per direction (see Lemma 3.5). Secondly, we show that
there are no collapsed squares. This easily gives that there are no collapsed cubes of any dimension. Finally,
we show that there are no empty squares, and from this induct to show that there are no empty cubes.

Lemma 3.5 (uniqueness of ascending edges) Given a vertex v = [Z, ¢], there exists exactly one
ascending edge in each direction, ie fori € {1, ...,n}, the collection {{Z U B;, @]}, where B; is the piece
in the i " end adjacent to Z, exhausts the vertices of the ascending link of v.

Algebraic & Geometric Topology, Volume 25 (2025)



4906 Noah Torgerson and Jeremy West

Proof What we wish to show is that, given two representatives [Z, ¢] = [Z’, ¢'], whenever we ascend
from [Z’, ¢] by adding a piece in the i end, we obtain the same vertex as by adding a piece in the i
end to [Z, ¢]. Consider the diagram

[Z,9] —— [ZU B, ¢]

[Z".¢'|——[Z' U B’ ¢']

Our goal is to show that, assuming B’ and B are both in the i'" end, we have [Z’ U B’, ¢'] = [Z U B, ¢].
As (¢')~ 1 o ¢ is rigid outside Z, it takes B to some piece adjacent to Z’. As (¢')" ! o¢@ € PH,, this
implies that (¢’) ™! 0 ¢(B) must still be in the i end (elements of P, cannot rigidly move pieces from
one end into another), and hence is B’. We then have that (¢’) ! o ¢ takes Z U B to Z’' U B’, and is rigid
elsewhere, ie that [Z U B, ¢] = [Z'U B’, ¢']. Thus, there can be only one ascending edge per direction. O

Combining this with the L representatives of Lemma 2.7, we see that the ascending edges over [Lg, ¢]
are of the form [Lg 1, (ppl._l], fori €{1,...,n}. (Recall that p, is just the identity.) Next, we prove that
there are no collapsed squares.

Lemma 3.6 Given any square in X,Sl), the difference between the maximal and minimal heights of

vertices is 2.

Proof For the sake of contradiction, suppose there is some collapsed square, which has only two values
for the heights of its vertices. Writing the lower height vertices as [Lg, ¢] and [Lg, ¥], we see that a
collapsed square must occur as in Figure 2. That the same representative can be used for both edges
from one of the side vertices is justified by Lemma 3.5. To show that the collapsed square in Figure 2
cannot occur, we assume that the middle pair of vertices are distinct, and prove that the leftmost and
rightmost vertices cannot be distinct. The equality of the different forms of the middle vertices says that
the transition map p,-kgo_l ij_kl takes Lg 11 to itself and is rigid elsewhere, for k = 1, 2. This implies
that p,-kgo_lij_kl has net-zero shifting in all ends, and hence is compactly supported (recall that for
asymptotically rigid maps, these are the same). As the middle vertices are distinct, we know that iy # i
and j; # j». Thus, we see that i = j for k = 1,2.

We will now show that [Lg, ] = [Lg,¥] by considering the transition map ¢~y on pieces outside
of Lg. The rigidity of the pik<p—11ﬂpj_k1 maps outside Lg 41 immediately handles all but three pieces:
Bl.ll, Bilz, and BY *1. The last of these is again easy: the L g transition maps are rigid on the (g+2)™
piece, which they first push to the (g+1)*! piece, then apply ¢!, then push back out by one. As this
must be sent rigidly to the (g42)" piece, we see that ¢!y must be rigid on the (g+1)% piece. For Bil1 ,
consider that ¢~ 1y and piz(p_lwpi_zl act the same on it. As the latter is rigid there, so is the former.
Symmetrically, we have rigidity on Bilz, and are done. Specifically, we have shown that ™! takes L to
itself, and is rigid elsewhere, implying that the supposed collapsed square was degenerate to begin with. O
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[Lg+1, (pp,_ll]

— |

[Le+1, V05, ']

[Lg.¢]

[Lg. V]

[Lg+1,90,,] /

[Lg+1. 907 ]

Figure 2: A collapsed square.

Proposition 3.7 The Stein—Farley complex X,, is cube complete.

Proof We begin by observing that there can be no collapsed cubes: any such cube must contain a
collapsed square. Now we show that there are no empty squares. As there are no collapsed squares, we
know that the 1-skeleton of a square must have a lowest vertex, say at height g, two vertices at height g+ 1,
and one vertex at height g + 2. By the uniqueness (per end) of ascending edges (Lemma 3.5), we see that
given a representative [Z, ¢] for the height g vertex, the other vertices must be of the form [—, ¢], with
the blank filled by Z U By, Z U B, and Z U By U B;, depending on height. The only concern about the
g + 2 vertex would be that the pieces lie in the same end, but we see that this cannot occur. Thus, there
are no empty squares.

Finally, we show that there are no empty cubes of any dimension. We do so inductively: suppose we
already have that there are no empty (d —1)-cubes. Consider the 1-skeleton of a d-cube C. Let the bottom
vertex of C be [Z, ¢], at height g. Each of the vertices of C adjacent to [Z, ¢] is of the form [Z U B;, ¢],
where B; is in the i" end; each i appears at most once by Lemma 3.5. Also, by the inductive hypothesis,
we have that [Z, ¢] connects to each of the vertices at height g +d — 1 via a (d—1)-cube, so that these
vertices can be written as [ZU B;, U- - - Bi; U B\ij UBi;
Choose two such vertices, and consider their common lower vertex (the one missing the two pieces

U---UB;,, ¢], where the hat indicates omission.

missing in either of the chosen vertices). Applying the doctrine of no empty squares to these 3 vertices
and the apex yields that the apex can be written as [Z U B;, U---U B, ¢], and thus the cube is filled. O

Remark 3.8 The argument above that ascending edges are unique per direction emphatically does not
hold for descending edges. In fact, for any vertex of height at least 1, there are infinitely many descending
edges per direction in which it can have a descending edge (given [Z, ¢], choose ¢ € PH,, such that
¢~ 'y|z is a homeomorphism, with some nontrivial behavior in the piece to be removed, and such that
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@~ 1y is rigid outside Z). It is helpful to keep in mind the following: when ascending, one can always
choose coherent representatives from a minimal vertex; when descending, nothing is guaranteed.

Theorem 3.9 Let X, denote the Stein—Farley complex for H,. Then X,, is CAT(0).

Proof By Proposition 3.7, X, is cube-complete. By construction, X,El) has no loops or bigons. As X, is
contractible, it is simply connected, so item (a) is covered. For item (b), we need to show that 3-wheels
can always be completed. There are four possibilities: the common vertex can be lowest height, highest
height, or either of the intermediate heights. In the first case, we can have all three edges out of the
common vertex use the same representative, each adding a piece/shift in a different end, so that the cube
is completed by adding in all three at once. In the intermediate height cases, something similar occurs:
we always have the lowest height vertex of the desired cube from which we can build upwards. It is
useful to keep in mind the following arrangement of the 1-skeleton of a 3-cube; the solid lines indicate
the 3-wheel, and the dashed lines indicate the rest of the 3-cube:

The difficulty is in the remaining case, where the common vertex is maximal in the cube. We begin with
the diagram in Figure 3. Our goal is to obtain a representative [Lg 12, ¢ o pg] for the height g + 2 vertex
currently represented with both ¢ and ¢”. This will imply the existence of a vertex [L g, ¢ 0 p; pj p], which
realizes this 3-wheel in a 3-cube. To begin, we have the following lemma that justifies part of the diagram.

Lemma 3.10 Whenever [Lg,@op;] =[Lg,¢' 0p;]and [Lgy1,¢] =[Lg41,¢'], we have thati = j.

Proof First, observe that [Lg, ¢ 0 p;] = [Lg, ¢ o p;] means that h = ,ol._l(p_lgo’,oj takes Lg to itself,
and is rigid elsewhere; also, [Lg+1, 9] = [Lg+1,¢'] means that 9 "1/ (Lg+1) = Lg4+1. Assume j # n,
and consider the piece B /.1; let « be the boundary curve it shares with @. What does / do to «? First,
p; deforms it into the center and stretches it into the n'" end, making it an essential curve in L g- Then
¢~ ¢’ moves it around to some essential curve in L g+1. Finally, p;~ ! pushes and stretches it towards the
i™end. As B jl is not in L, it must be sent to a piece, and /(«) must be the intersection of this piece
with Lg. As all representatives here do not permute ends, it must be that () = . If i # j, then p;
fixes o, s0 p; (@) # ¢~ ¢/ p; (), and h(a) # . Hence we must have thati = j. In the case where j =7,
equality is obvious. O

Now, we seek the following equality: [Lg42,¢ 0 pg] = [Lg+2.¢’ o pr]. That is, we wish to show that
p;lgo_lgo’ px takes L g5 toitself, and is rigid elsewhere. We already know that this holds for p;” Lo=1g/ ;.
The rigidity here occurs precisely when ¢ !¢’ does nothing untoward to whatever single piece gets
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[Lg+2.90pi
L — Il
[Lg+1.90pip)] [Lg+2.¢" 0 pil \
>/ [Le+s.9]
[Lg+2,90p)] Il
II [Lg+3v (p,]
[Le+1,9" 0 pipx]
£ ’ [Lgt2.9" 0pj] Il
S~ [Lg+3.¢"]
[Lg+2,§0/opk] /

[Lgt1.9"0pjpxl Il
[Lg+27 ¢" o pr]

Figure 3: A 3-wheel with common vertex maximal.

pushed into the n™ end, so it doesn’t matter which index we choose! (If we have chosen the index 7,
there is no pushing. To resolve this, simply choose a different height g + 2 vertex to work with. They
can’t share ends, as they are in squares with lower vertices, so we can apply Lemma 3.5.)

One small detail remains: we have a bottom vertex connecting to one of the height g 4 1 vertices, but
does it connect to the other height g + 1 vertices? Suppose not: then the cube between [Lg 43, ¢] and
[Lg, ¢ o pipjpx] contains a square differing from one of the original 3 squares only at its height g + 1
vertex (that is, at its lowest vertex). This however means that we would have two squares agreeing
on 3 vertices, disagreeing on the 4th, which would contain a collapsed square. As this cannot occur
(Lemma 3.6), our height g vertex connects to each of the height g 4 1 vertices we started with. O

4 X -invariants of PH,

The methods of this section are taken from [19; 20]. They need only minimal modification to work in this
setting, and are presented partly for the sake of having the entire argument in one place. We begin by noting
that the abelianization of PH,, is Z"~!, and the abelianization mapis (x1,..., xn—1) (see Section 6 of [2]).
As y1+ -+ xn =0, any (nontrivial) character y can be written (up to renumbering the ends of X,) in
ascending standard form, ie y = ay 1 +---+anxn, withay <--- < a;(y) <amp+1 =-""=an =0.
We shall henceforth assume all characters are written in such form. Observe that m(y) is defined to be
the maximal index so that a,,(,) < a, = 0. Then our goal in this section is to prove the following.

Theorem 4.1 Let y be a nonzero character of PH,. Then [y] € EmO=1(P3,)\ "0 (PH,,).
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4.1 Inclusion

We begin by showing the inclusion into the (m(y)—1)-layer of X (P H,).
Theorem 4.2 For any nonzero character y € Hom(PH,, R), we have [y] € "0~ 1(P,).
We recall here the form of the Morse lemma we shall use in this section.

Corollary 4.3 Leth = (x, f): Y — R xR be a Morse function. If Y is (m—1)-connected and for every
vertex v € Y X=4 the ascending link lk};(T (v) is (m—1)-connected, then Y 9=X is (m—1)-connected.

From now on, we write X for X,,. The role of ¥ shall be played by sublevel subcomplexes X /=7 for
sufficiently large g. Let y = a1 + -+ + an yn be a nontrivial character of P?H,, written in ascending
standard form. The function & = (y, f): Y — R? is a Morse function. Observe that between any two
adjacent vertices, each basis character differs by 1, 0, or —1. We examine h-ascending links in Y.

Lemma 4.4 Letv=[Lg,¢] be a vertex in Y. An adjacent vertex w = [Lg+1, Y] is in the h-ascending
link of v if and only if one of the two following conditions holds:

o w=[Lg_1,¥], withv=[Lg, w,ol._l] where i < m(y).
o w= [Lg+1,<ppl-_1], wherei > m(y) + 1.

Proof If wis f-ascending from v, thenw =[Lg 41, (p,ol._l] forsomei. Ifi >m(x)+1, then y(w) = x(v),
so w is h-ascending from v. If i <m(y), then w is y-descending from v, hence /-descending from v.
If wis f-descending, then v =[L, 1//,01-_1] for some i. If i > m(y)+ 1, then we again have y(w) = y(v),
so that w is h-descending from v. If i <m(), then w is y-ascending from v, hence h-ascending. O

Remark 4.5 It is worth observing a difference here from the situation in [19]. For the regular Houghton
groups, there is one way to go “up” and finitely many ways to go “down” per end (with respect to f);
here, while there is only one way to go up per end, there are infinitely many ways to go down. However,
the h-ascending link is still a join of its intersection with the f-ascending and f-descending links, as
these elements cannot share ends.

We shall need the following fact (see [2, Section 5.2]): Let v € X, be a vertex. If f(v) > 2n, then the
[ -descending link of v is (n—2)-connected. The version of this statement for the regular Houghton
groups uses f(v) > 2n —1 (see [16, Theorem 3.52]); this discrepancy will result in most of the numbers
in the following proposition being either one above or one below the corresponding numbers in [19].

Now set g =3n—2,s0 Y = X /=312,

Proposition 4.6 Letv be a vertex in Y. Then lk?,T (v) is (m(y)—2)-connected.
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Proof We have that f(v) is between 0 and 3n — 2. Suppose that f(v) < 2n 4+ m(y) —2. Writing
v = [Lg, ¢], we have that there are n —m(x) indices i for which v/ =[Lg41,¢ 0 pl._l] is h-ascending.
As 2n+m(y)—2)+ (n—m(y)) = 3n — 2, the entire f-ascending link of v in X is contained in Y.
Thus, the f-ascending part of the h-ascending link is an (n—m(y)—1)-simplex, which is contractible, so
that lk?,T (v) is contractible.

Suppose instead that 2n + m(y) — 1 < f(v) < 3n — 2, and thus that Y does not contain the entire
f-ascending part of the A-link of v. We still have its (3n— f(v)—3)-skeleton, which, being a skeleton
of an (n—m(y)—1)-simplex, is (3n— f(v)—4)-connected. As f(v) > 2n, we have that the entire f-
descending part of the k-ascending link in is Y. This is isomorphic to the f-descending link of a vertex
of the same f'-height as v in X, (), which we know is (m(y)—2)-connected so long as f(v) > 2m(y).
As f(v) = 2n + m(y) — 1, we need that 2n — 1 > m(x), which is certainly true. The join is now
((Bn— f(v)—3)+(m(y)—1))-connected. As f(v) <3n—2, we have that 3n— f(v)+m(y)—4) >m(x)—2,
and thus that Ik};,T (v) is (m(y)—2)-connected. |

4.2 Exclusion

To demonstrate that the result of the last section is sharp, we shall need to employ different techniques.
The main result of this section is:

Theorem 4.7 For any nonzero character y € Hom(PH,, R), we have [y] ¢ X700 (1,).

We gather here the propositions and definitions from [20] that we will need, starting with the strong nerve
lemma:

Proposition 4.8 Let X be a CW-complex covered by subcomplexes (X;);cy and let L be the nerve of
the cover. Letn > 1. Suppose that any nonempty intersection X;, N---N X;, is (n—r)-connected. Then
Hp(X) = Hy (L) forallk <n—1, and H, (X) surjects onto Hy,(L).

Definition 4.9 For a set of indices K C [n], consider the subcomplex ();cx X Xi=0 of X Call any
connected component of such a subcomplex a K-blanket. By a blanket we mean a K-blanket for some
unspecified K.

Recall that a subcomplex Z of a CAT(0) cube complex Y is locally combinatorially convex if every link
in Z of a vertex z € Z© is a full subcomplex of the link of z in Y, and combinatorially convex if it is
connected and locally combinatorially convex. It is known that combinatorially convex implies CAT(0),
hence contractible. In particular, this applies to connected components of locally combinatorially convex
subcomplexes.

Lemma 4.10 Forany K, (;cx XX =9 js Jocally combinatorially convex. Thus, blankets are combinato-
rially convex, and hence CAT(0) and contractible.
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Proof It suffices to show that each X %/=0 is locally combinatorially convex. Given a pair of adjacent
vertices, we can write themas v =[Lg,¢] and w =[Lg 1, (popj_l] for some j. Then y; (w)—yx; (v) =4; ;.
Thus, if C is a cube containing v, and wy, ..., wy are the vertices of C adjacent to v, then the maximum
and minimum values of y; on C lie in {x; (v), xi (w1), ..., xi (w)}. Thus, whenever v € X Xi=% and all
these w;’s lie in the link of v in X ¥ =0, then the cube C lies in X */=0. This implies that the link of v in
X Xi=0 is a full subcomplex of the link of v in X. O

As in [20], we have the immediate corollary that intersections of blankets are blankets for the union of
the sets of indices. What follows is essentially identical to Zaremsky’s approach for the Houghton groups,
reproduced here with minor changes for the sake of completeness. Recall now the more general statement
of the Morse lemma, Lemma 2.11. For notational convenience, we write X ¢ < for X f fk, and X}?,i for
the intersection X r<x N X=X,

Lemma 4.11 IfX})fgn_z is not (m(y)—1)-connected, then [x] € ™ (PH,,)C.

Proof If [y] € ™ (PH,), then the filtration (X}i)gn_z)te]g is essentially (m(y)—1)-connected.
Every h-ascending link of a vertex in Xr3,_5 is (m(y)—2)-connected, so for any s < ¢ the inclusion

t<x s<x
Xf§3n—2 Xf§3n—2
By assumption, for any ¢ there is some s < ¢ such that this inclusion induces a trivial map in 7z for

induces an isomorphism in 775 for kK < m(x) — 2, and a surjection in 7,,(y)—1-
k <m(yx)— 1, implying that X;?;n—z is (m (X)—l)-connicted. Rescal<ing if necessary, vie can assume
that s € y(PHy), and thus we can translate to obtain X;ggn_z ~ X})ggn_z, so that X})ggn_z is itself
(m(y)—1)-connected. |

In order to show that X})Egn—z is not (m(y)—1)-connected, we will apply the strong nerve lemma to
a covering we now define. For 1 <i <n, let {Z7} be the collection of {i }-blankets in X. The s are

indices in some set, and this index set is not itself important. Set also

_ 0<x
Y =Z7NX25, 5

Lemma 4.12 The Y with 1 <i <m(y) cover X})z’fn—r

Proof Asthe Z are the connected components of the X X/ =0 it suffices to show that

m(x)
X0=x ¢ U X Xi<O0
i=1
As y =aix1+ -+ amy) Im(x)> With all coefficients negative, any vertex v € X with y(v) > 0 must
satisfy y;(v) < 0 for some i. This implies the inclusion on vertices. Given a cube in X °=X, let v be its
maximal vertex with respect to f. Then all the vertices w of the cube satisfy y;(w) < y;(v), and hence
the entire cube lies in whichever X /=% contains v. |

Lemma 4.13 Any nonempty intersection of subcomplexes of the form Y* with 1 <i < m(y) is

(m(x)—2)-connected.
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Proof To be nonempty, such an intersection can include at most one term Y;* for each i, and can thus
be written ¥ = Yl‘fl N---N Yi‘:’, with the i; all pairwise distinct. Let Z = Z?il N---N Zg’, so that
Y=27Zn X})?;n_z. We apply Morse-theoretic techniques to Z, this time using Lemma 2.11. As Z is an
intersection of blankets, it is a blanket, and thus contractible. Given adjacent vertices w = [Lg, ¢] and

vV=[Lgt1,¢p0 pl._l] with v € Z, we have that w € Z. Thus, for any vertex of Z, the entire f-descending

link is in Z. As this is (n—2)-connected for f(v) > 2n, we see that Z¢ 3,5 is (n—2)-connected, and

0=<yxy
Zf§3n—2'

a vertex v is a join between its f-ascending and f-descending parts. The latter is in Z for the same

so is certainly (m(y)—2)-connected. Now consider Y as As before, the h-ascending link of
reasons as above; the former is in Z because it consists of directions i where m(y) +1 <i <n, on
which the considered y;; are constant. Thus, the i-ascending link of v isin Zr<3,-2. As Zf <3, is
(m()—2)-connected, the Morse lemma tells us that Y is (m(y)—2)-connected. a

Let L be the nerve of the covering of X})Egn_z by the Y;¥. Since [x] € »m00=1(PH,), we know that
X})ign—Z is (m(y)—2)-connected, so by the strong nerve lemma L is (m(y)—2)-connected. The final

missing piece is to prove that L is not (m(y)—1)-acyclic.
Lemma 4.14 The nerve L is not (m()—1)-acyclic.

Proof Consider vertices corresponding to ¥;* and Y]ﬂ . These vertices can only be adjacent if i # j,
so L is (m(y)—1)-dimensional. Thus, it suffices to exhibit a nontrivial (m(y)—1)-cycle. This will come
from a collection of 2m(x) vertices, 2 for each i € {1,...,m(y)}, labeled as Yie", with € € {1, 2}, with
the property Y;" N---N Y;’E’)‘(’)" # . This will yield an embedded (m(y)—1)-sphere in L, which is
homologically nontrivial for dimensional reasons.

Recall that O is the centerpiece of our surface. For each i, take Yl-1 to be the Y;* containing vo = [0, id],
and take Yl.2 to be the Y;* containing v; =[O, ¢;], where ¢; is some nontrivial mapping class in the i™end;
for the sake of definiteness, choose some essential simple closed curve in the standard piece, and let ¢;
be the Dehn twist about its image in Bl.l. Any intersection Yf NN Y ncludes w = [O, I1 (pi],

m(x)
where the product (in an arbitrary order) is taken over those i with €; = 2, and is therefore nonempty.

It remains to show that Yl.1 # Yl-2 for each i. It suffices to show that Z l-l #* 7 12 If these are equal (call
them Z;), then we can connect vg to v; via a path in Z;. In X, one could assume that such a path is
one on which f first strictly increases, then strictly decreases; since Z; is combinatorially convex, this
property holds for Z; as well. Since the path lies in Z;, y; is nonpositive on the whole path. By the
uniqueness of ascending edges, this is a path of the form

(2.l — (Z'.01]

0.id] 10.1]
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where each of the ascending dotted lines indicates a sequence of edges which only add pieces. Since
xi(vo) = 0 = x; (v;), none of the edges of the path can be obtained by adding a piece in the i end. One
of Z and Z’ must have at least one piece in the i end, as the transition map is ¢;, which has nonrigid
behavior in the i™ end. Thus, we have a contradiction. O

5 Subgroups of maximal finiteness length

We use the notation fl(G) = n to mean that G is a group of type F;, but not of type Fy+1. We know that
if G < H is finite index, then fI(G) = fI(H). But what of the converse, that is, when does fl(G) = fi(H)
imply that G is finite index in H ? For Houghton groups, and for the (pure) surface Houghton groups, the
answer is positive for sufficiently large subgroups, in particular for coabelian subgroups. We denote by G’
the commutator subgroup of a group G. Recall that the commutator subgroups of the Houghton group H,
and the pure surface Houghton group PH,, are the finitely supported and compactly supported elements,
respectively. (Really, we could say compactly supported in both cases, using the discrete topology for the
N-rays on which the Houghton group acts.) For Theorem 5.1 and Proposition 5.2, let H be either H,,
or PH,. For Hy, this is a mild extension of [20, Corollary 2.6].

Theorem 5.1 Let G < H be a subgroup intersecting the commutator subgroup H' in a finite-index
subgroup. If fi(G) = n — 1, then G is finite index in H .

It suffices to show this for groups containing the commutator subgroup. We begin by showing that when
G contains the commutator subgroup, the image of G in the abelianization is a maximal rank sublattice,

which will then imply finite index.

Proposition 5.2 Let G < H be as above, ie fl(G) = n —1, and G contains the commutator H'. Write F
for the abelianization map to Z"~!. Then F(G) is finite index in Z"~!.

Proof We start by observing that F = (1, ..., xn—1). As X"~ (H) is empty, the only way for G to be
of type Fj—1 is that it cannot be killed by any nonzero character of H. We shall construct a sequence of
maps F; = (Fl.l, ce, Fl.”_l) : H — 7" ! with F = Fj, and a sequence of elements g; € G such that
Fnj (gi) is positive when i = j, and zero when i < j. Then F,(G) will be a maximal rank sublattice
of Z"~1, obtainable from F;(G) by integer matrix transformations.

As x1(G) # 0, we have some smallest positive integer ¢; € y1(G). Let g1 € )(1_1(01) N G, and write
Fi(g1)= (a%, .. .,a;_l) (note thata{ =c1). Set Fr, = (Xl,a}xz—aém, .. ,a%){n—l —a,ll_l)(l). Then
F>(g1) = (c1,0,...,0). By the same argument, we can choose ¢, > 0 minimal in the image of the
character a% X2 — a% X1, and then g» € G in its preimage. Carrying on, we obtain F; from F;_; by
modifying only the components from i onwards, and build a collection g, ..., g,—1 € G such that the
matrix obtained by applying Fj, to this collection is lower triangular with integer entries, with positive
values on the main diagonal. |
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We now prove Theorem 5.1, using the characterization of the commutator subgroup as the elements of
compact support. For H;, the ends correspond to the rays in the obvious way.

Proof Suppose first that G contains the commutator subgroup. Consider the map of coset spaces
V: H/G — Z" 1 /(eZ" 1) given by hG + F(h)eZ"!. To see that this is well-defined, suppose
h1G =h,G: then hy = hyg forsome g € G, and F(hy) = F(hy) + F(g). As F(g) € cZ" !, we see that
W(h1G) = VY(hyG). We now wish to show that W is injective. Suppose that W(h1G) = W(h2G). Then
F(hlhgl) = F(h1)— F(hy) = F(g) for some g € G. So our question becomes: does F(hlhgl) e F(G)
imply h1h5 ' € G? The element 71145 ' g~ will have no net translation in any end, and hence is compactly
supported, and therefore is in G. a

As there are clearly subgroups of finite index in both cases (take the preimage of a finite-index subgroup
of Z"~1), there is one loose end remaining: the infinite-index case. Specifically, do there exist subgroups
G < Hy (or G < PH,) whose intersection with the commutator subgroup have infinite index, and such
that fi(G) = n — 1. First, we see that G is necessarily infinite index in Hy (or P*H,), so all that remains is

to check whether this case actually occurs. We thank Noel Brady for the proofs of the following lemmas.
Lemma 5.3 Suppose G, K < H are subgroups. If G is finite index in H, then G N K is finite index in K.

Proof Suppose [H : G] =m < co. Write H = Ghy U---U Ghy,, as a disjoint union. For each index i
such that K N Gh; # @, there is some g; € G and k; € K such that k; = h; g;. Then we can write

Gh; = Ggl-_lkl‘ = Gk;.
Thus,
KNGhi = KNGk; = Kki NGk; = (KN G)k;.
Intersecting this with our original disjoint decomposition for H, we have

K=(KNG)k U---U(KNG)ks,

where s < m is the number of indices for which K N Gh; # @. |

Lemma 5.4 Suppose that a group H has an exhaustion by subgroups, ie there exists a nested chain of
subgroups K1 < K» <--- < H such that H is the union of all the K;’s. Let G < H. Then [H : G] is finite
if and only if the sequence ([K; : G N K;]) is eventually constant, in which case it is the limiting value.

Proof By the proof of Lemma 5.3, we see that the sequence ([K; : G N K;]) is bounded by [H : G] = m.
It is not hard to see that it is nondecreasing, so we need only show that it can’t stabilize below m. Choosing
a decomposition of H into G-cosets, say H = Ghy U---U Gh,,, we see that there must be some index j
such that K; contains all of {h1, ..., h,}. Therefore, the sequence of indices stabilizes at m.

For the converse, consider a decomposition H = Ghy U Ghy U ---. Intersecting this with K;, we see as
before that the index [K; : G N K;] is the number of indices j such that Gh; N K; is nonempty. As every
hj must be in some K;, we see that if [H : G] is infinite, the sequence ([K; : G N K;]) goes to infinity. O
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We return to our question on the existence of infinite-index subgroups of Houghton groups with finiteness
length n — 1, We must now split off the ordinary Houghton group from the surface Houghton group.
For H,, the answer to our existence question is easily yes: there are even copies of Hj itself as infinite-
index subgroups of H,! Consider the stabilizer of a single point in [#] x N: ignoring the fixed point, and
sliding its ray back by one to fill in, we have a natural bijection between [n] x N, on which H}, acts, and
([In] x N)\ {(i, j)}, on which Stab(i, j) acts, and we see that these actions are the same. (This fact was
known to Houghton; see [15].)

By the same argument, the subgroup fixing pointwise any finite set will be a copy of Hj,, and the subgroup
fixing (as a set, not pointwise) any finite set will be a finite extension of H,,.

In [10], Yves Cornulier defined a stronger failure of co-Hopfianness, which he called “dis-cohopfian™. Call
a group G dis-co-Hopfian if there is some injective homomorphism n: G — G such that the intersection
of all iterated images of this homomorphism is trivial, ie

o0
() 7"(G) = {e}.
n=1
By taking the finite set being stabilized to be the first point in each N-ray, we obtain the following:
Proposition 5.5 The Houghton groups Hj, are not co-Hopfian, and are in fact dis-co-Hopfian.

To extend the result on the existence of infinite-index subgroups of finiteness length n — 1 to surface
Houghton groups, we shall work out more carefully the embedding Br H,, — H,, suggested by [2]. For
the braided Houghton group, we take the asymptotically rigid mapping class group of the following
surface, which we shall call 3 (see [12] for details). Begin with a 2n-gon as the center piece, and take a
punctured square for the attached pieces (see Figure 4). In [13], it was shown that the braided Houghton
group Br Hy, is type Fj,—; but not type F'P,. This makes it a good candidate for an infinite-index subgroup
of H, with fi(Br H,) = fl(H,).

To obtain a homomorphism Br H;,, — #,, we replace each puncture with a boundary component, and then
pass to the double. Write ¥’ for the surface obtained by replacing punctures with boundary components.
As for why this yields an injective homomorphism, consider the following diagram, where the upper row
is exact:
1 —— K —— Map(¥') —%— Map(X) — 1
I

Map(X)

The failure of  to be an injective homomorphism is precisely the subgroup generated by boundary parallel
twists. The kernel of a is generated by twists parallel to the compact boundary components. Therefore,
we obtain an injective homomorphism Map(i) — Map(X). Restricting to asymptotically rigid subgroups
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Figure 4: Left: the defining surface for Br H,,. Right: the surface ¥'.

yields an injective homomorphism Br H, — H,. As Br H, acts trivially on the maximal (ie nonpuncture)
ends, this image lies in PH,,.

The image of this homomorphism is a subgroup which fixes (up to isotopy) the multicurve defined by the
images of the curve B in Figure 5 in each piece, via the canonical maps tp of Section 2.1.

All that remains is to see that this subgroup has infinite index in P#,. Consider its intersection with the
mapping class group of any suited subsurface: here, it must fix the multicurve consisting of the above
curves, and is therefore of infinite index. As infinite index in a subgroup implies infinite index in the full

group, we have our result.

Between Theorem 5.1, Proposition 5.5, and the above discussion, we have proven the following:

Theorem 5.6 Let H denote either the Houghton group, or the pure surface Houghton group, and suppose
G < H hasfi(G) = fi(H). Then G is finite index in H if and only if G N H' is finite index in H', where
H’ denotes the commutator subgroup of H . Furthermore, there exist subgroups G with fl(G) = fl(H) of
both finite and infinite index.

We finish with further consideration of co-Hopfianness. It is easy to see that Br H}, is not co-Hopfian:
there is an inclusion map from the defining surface of Br H,, to itself, sliding the first puncture in some
end out, and with all elements moving things only on one side of the skipped puncture (see Figure 6).

Figure 5: The central curve B in a piece which is fixed by the image of Br H, in PH,,.
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Figure 6: Pushing one puncture “off to the side”.

As with the Houghton groups, doing such a move in all ends simultaneously yields a homomorphism
whose iterated images act trivially on arbitrarily large compact subsurfaces. This yields:

Theorem 5.7 The braided Houghton group Br H,, is not co-Hopfian, and is in fact dis-co-Hopfian.

These approaches are not immediately available for the surface Houghton group, as there is no inclusion of
surfaces which skips over a single genus. In fact, in light of the results of [4], if the pure surface Houghton
group were to fail to be co-Hopfian, then it must fail either by a non-twist-preserving homomorphism, or
by a homomorphism which is not the restriction of a homomorphism on the level of pure mapping class
groups. This leaves us with the following question:

Question 5.8 Is the pure surface Houghton group PH, co-Hopfian? If not, is it dis-co-Hopfian?
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