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Annular links from Thompson’s group T

LOUISA LILES

In 2014 Jones showed how to associate links in the 3-sphere to elements of Thompson’s group F . We
provide an analogue of this program for annular links and Thompson’s group T . The main result is that
any edge-signed graph embedded in the annulus is the Tait graph of an annular link built from an element
of T . In analogy to the work of Aiello and Conti, we also show that the coefficients of certain unitary
representations of T recover the Jones polynomial of annular links.

57K10, 57K14; 43A35

1 Introduction and statement of main results

Vaughan Jones introduced a method of constructing links in the 3-sphere from elements of the Thompson
group F , which are piecewise linear orientation-preserving self-homeomorphisms of the unit interval;
see [13; 14]. Jones proved that the Thompson group F gives rise to all link types in the 3-sphere,
suggesting that it can be used as an analogue of braid groups for producing links [13, Theorem 5:3:1].

We provide a method for building links in the thickened annulus A�I from Thompson’s group T , which
contains F and whose elements are piecewise-linear orientation-preserving self-homeomorphisms of S1.
This method recovers Jones’ construction for the subgroup F , but differs from Jones’ construction of
links from T in [13]. Whereas Jones builds links in S3 from T , we build links in A� I , the diagrams of
which, under the inclusion A ,!R2, become the diagrams of the links arising from Jones’ construction.

Given g 2 T , one can follow the process introduced in Section 3 to build an annular link LA.g/. On the
other hand, given an edge-signed graph � ,!A, one can construct a diagram of an annular link LA.g/

in analogy with Tait’s construction of links from planar graphs; see Figure 1. Jones proved that given
any Tait graph � 2R2, there is some g 2 F which produces the same link as � . The following theorem
states that the same is true for annular links and T :

Theorem 1.1 Let � ,!A be an edge-signed embedded graph. Then there exists some g 2 T such that
LA.g/ is isotopic in A� I to LA.�/.

The construction of links in the 3-sphere arose naturally in Jones’ definition of certain unitary representa-
tions of F and T [13]. The Kauffman bracket and Jones polynomial of links in the 3-sphere were then
shown to arise as coefficients of these unitary representations of F [2; 4] and T [3]; this was accomplished
by proving that they are functions of positive type. We establish a similar result for annular links and T ,
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Figure 1: An annular link built from an edge-signed graph embedded in A.

which follows from the construction of links outlined in Section 3, and from [3, Theorems 6:2 and 7:4].
We now introduce some notation necessary to state the precise result.

Elements of T can be specified by triples .R;S I k/, where R and S are trees and k is an integer; see
Section 2 for more details. When R, S and k are relevant, we will use LA.R;S I k/ to refer to the link
resulting from the unique element g 2 T determined by .R;S I k/. Using this notation, we can establish
the Jones polynomial of annular links as a function of positive type on ET , the oriented subgroup of T ,
which was first introduced by Jones in [13] and is further discussed in Section 3.

Corollary 1.2 For g D .R;S I k/ 2 ET , let n be the number of leaves in R, and let V A
L .t/ denote the

Jones polynomial of an annular link L, where unknotted curves wrapping once around A are equal to
.�t�1=2� t1=2/. Define V A

g .t/ W
ET !C analogously to [3], that is ,

V A
g .t/ WD V A

LA.R;S Ik/
.t/.�t�1=2

� t1=2/�nC1:

Then , for t 2 f1; i; e˙� i=3g, V A
g .t/ is a function of positive type on ET , and consequently the Jones

polynomial of LA.g/, evaluated at t 2 f1; i; e˙�i=3g, is the coefficient of a unitary representation of ET .

Annular links arise naturally in the study of knot theory, categorification [5] and representation theory
of planar algebras [10; 12; 15; 8]. The interplay between the Thompson group and link theory is an
emerging subject, and its full interaction with categorification, planar algebras and representation theory
is still being developed. Annular links will likely play an important role in this theory.

The paper proceeds as follows. Section 2 provides an overview of Thompson’s groups F and T and
outlines Jones’ construction of links in S3 from F . Section 3 introduces the construction of annular links
from T and connects it to Jones’ unitary representations. In this section the concept of annular Thompson
badness is presented as an extension of Jones’ concept of Thompson badness, which he uses to prove
that F can produce all link types. Section 4 uses annular Thompson badness to prove Theorem 1.1.
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Figure 2: A pair of standard dyadic partitions, their corresponding trees R and S , and their
associated element g 2 F .

2 Thompson’s groups F and T

2.1 Thompson’s group F

The Thompson group F consists of piecewise linear orientation-preserving self-homeomorphisms of the
unit interval Œ0; 1� such that all derivatives are powers of 2 and all points of nondifferentiability occur at
dyadic numbers, that is, numbers of the form a=2b for a; b 2 Z. For example:

g.t/D

8̂<̂
:

1
2
t; 0� t � 1

2
;

t � 1
4
; 1

2
� t � 3

4
;

2t � 1; 3
4
� t � 1:

A standard dyadic partition is a partition of the unit interval such that all subintervals are of the form
Œa=2b; .a C 1/=2b �. Any ordered pair of standard dyadic partitions with the same number of parts
determines an element of F , given by the function sending the first partition to the second. For example,
the function g above is given by the ordered pair�˚�

0; 1
2

�
;
�

1
2
; 3

4

�
;
�

3
4
; 1
�	
;
˚�

0; 1
4

�
;
�

1
4
; 1

2

�
;
�

1
2
; 1
�	�
:

Standard dyadic partitions can be represented as planar, rooted, binary trees, where each leaf represents
an interval of the partition. Therefore an ordered pair of such trees .R;S/ also determines an element
of F . This pair of trees is often represented by taking the vertical reflection of S and attaching it to R

along their leaves; see Figure 2.

Conversely, for every g 2 F there is a standard dyadic partition J such that g.J / is standard dyadic. The
pair .J;g.J // therefore determines g, but this pair is not unique. For any refinement J 0 of J which also
standard dyadic, .J 0;g.J 0// also represents g. In terms of trees, refining a pair of partitions corresponds
to adding finitely many canceling carets to their pair of trees, as shown in Figure 3.

In fact, any two pairs of trees representing the same element of F must differ by the addition or deletion of
finitely many canceling carets, and a pair of trees is called reduced if no carets can be canceled. Reduced
pairs of planar, rooted, binary trees are therefore in bijection with elements of F ; more details of this
correspondence can be found in [6]. From now on, an ordered pair .R;S/ will refer to both a pair of

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 3: A pair-of-trees representation of the same element g from Figure 2, which differs from
the pair in Figure 2 by a canceling caret.

standard dyadic partitions and its associated pair of trees, and elements of F will be specified by these
pairs.

Pairs of trees corresponding to elements of F are part of a broader class of graphs called strand diagrams,
introduced by Belk in [6]. A general strand diagram can be reduced according to moves of type I and II,
which were independently found by [6; 11]. These moves are useful for visualizing the group operation
in F . To compose g with f , place the pair of trees for g below that of f as in Figure 4 and then reduce
the resulting strand diagram. This leads to the unique reduced pair-of-trees diagram representing g ıf .

2.2 Link diagrams in the plane from F

Although Jones’ original construction of links was formulated in terms of unitary representations of F ,
Jones provided two equivalent diagrammatic methods for building links [13; 14].

The first, pictured in Figure 5, turns a reduced pair of binary trees .R;S/ into a reduced pair of ternary
trees .�.R/; �.S//, connects the two roots and the leaves from left to right, and then changes 4-valent
vertices to crossings.

The second method, pictured in Figure 6, builds the Tait graph �.g/ of L.g/. For gD .R;S/, one makes
two graphs �.R/ and �.S/ which have the same number of edges. Specifically, �.R/ has one vertex for
each leaf of R, and it is placed to immediately to the left of the leaf. The vertices for �.S/ are created in
the same way from S . For every edge e in R (resp. S ) that slopes up and to the right, �.R/ (resp. �.S/)
will have one edge which transversely intersects e once and no other edges. �.g/ is then built by reflecting

type I

type II

f

g

g ıf

and II
types I

Figure 4: Diagrammatic composition in F as given by [6; 11].

Algebraic & Geometric Topology, Volume 25 (2025)
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R �.R/

�.S/S

g L.g/

Figure 5: A Hopf link created from an element of F via the construction introduced by Jones [13].

�.S/ over the x-axis and identifying its leaves with those of �.R/. Edges of �.g/ originating from
�.R/ are given a positive sign and edges originating from �.S/ are given a negative sign.

2.3 Thompson badness

To detect whether a general edge-signed planar graph � is equal to �.g/ for some g 2F , Jones introduced
Thompson badness, a quantity which is zero exactly when � D �.g/. To calculate Thompson badness,
first embed � ,!R2 such that all vertices are on the x axis, the leftmost vertex is at the origin, and for
each edge e, its interior, denoted int.e/, is either entirely above or entirely below the x axis. Consider
each edge to be oriented from left to right, so that its rightmost vertex is considered the terminal vertex.
The formula for Thompson badness, which will be given momentarily, depends on the cardinality of the
following sets:

ein
v WD fe 2 e.�/ W v is the terminal vertex of eg;

eup
WD fe 2 e.�/ W int.e/ is in the upper half-planeg;

edown
WD fe 2 e.�/ W int.e/ is in the lower half-planeg;

eup
� WD fe 2 e.�/ W int.e/ is in the upper half-plane and e has sign �g;

edown
C WD fe 2 e.�/ W int.e/ is in the lower half-plane and e has sign Cg:

Jones defines Thompson badness as

TB.�/D
X

v2V .�/nf.0;0/g

�ˇ̌
1� jein

v \ eup
j
ˇ̌
C
ˇ̌
1� jein

v \ edown
j
ˇ̌�
Cjeup

� jC je
down
C j

and shows that TB.�/D 0 if and only if � D �.g/ for some g 2 F [13, Sections 4 and 5].

R �.g/�.S/�.R/S
� ��

C
C

C

Figure 6: �.g/, the Tait graph for L.g/, where g is specified by .R;S/.

Algebraic & Geometric Topology, Volume 25 (2025)
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g 2 EF EL.g/

C � C �

Figure 7: An oriented link EL.g/ built from g 2 EF :

2.4 The oriented subgroup EF

Jones defined EF as the set of elements g 2 F whose link diagram L.g/, when given the checkerboard
shading, results in an orientable surface, ie a Seifert surface for L.g/. Equivalently, this can be expressed
in terms of the chromatic polynomial Chr�.g/.Q/:

EF D fg 2 F W Chr�.g/.2/D 2g:

After its introduction by Jones, the subgroup EF was further studied by Golan and Sapir in [9].

If one follows the convention that the leftmost face of the checkerboard surface is always positively
oriented, each g 2 EF builds a link L.g/ with a natural orientation, namely that induced by the orientation
of the checkerboard surface as in Figure 7. It was shown in [1] that every oriented link can be built from
this subgroup, giving an analogue of the Alexander Theorem for oriented links and EF .

2.5 Thompson’s group T

T is the group of piecewise-linear orientation-preserving self-homeomorphisms of S1, thought of as
the unit interval with its endpoints identified, such that derivatives are powers of 2 and all points of
nondifferentiability occur at dyadic numbers. F is the subgroup of T whose elements send Œ1� 7! Œ1�.
Elements of T are given by triples .R;S I k/ where .R;S/ is a pair of planar, rooted, binary trees and k

is a positive integer between 1 and the number of leaves of R and S . The integer k indicates that the first
part of R is sent to the k th part of S , and this triple .R;S I k/ determines an element of T . Observe that
k D 1 if and only if gD .R;S I k/ 2F . To indicate the value of k in a pair-of-trees diagram, a decoration
is placed on the k th leaf of S , as in Figure 8.

g
1
2

3
4

1
4

1
2

Figure 8: The reduced pair of trees and decorated leaf representing the element g 2 T which
maps

�
0; 1

2

�
7!
�

1
4
; 1

2

�
,
�

1
2
; 3

4

�
7!
�

1
2
; 1
�
, and

�
3
4
; 1
�
7!
�
0; 1

4

�
.
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Figure 9: An unreduced triple representing the same element g as in Figure 8, which differs from
the triple in Figure 8 by a canceling caret, shown in red.

As was the case for F , one can refine the partitions R and S to produce an unreduced triple .R0;S 0I k 0/
which differs from .R;S I k/ by canceling carets; see Figure 9. Canceling carets are slightly less obvious
for diagrams in T nF due to the fact that interval corresponding to the first leaf of R is not mapped to
the interval corresponding to the first leaf of S .

Section 2.1 introduced strand diagrams as a way to visualize the group operation in F . An analogue for
T was developed by Belk and Matucci [7]. Specifically, every element of T corresponds to a unique
reduced cylindrical strand diagram, which satisfies the same conditions as a strand diagram, but is now
embedded in S1� Œ0; 1� rather than the unit square [7]. Following the definition in [7], isotopic cylindrical
strand diagrams are considered equal, and isotopies are not required to fix the boundary circles. Therefore,
cylindrical strand diagrams differing by Dehn twists are considered equal.

To associate a cylindrical strand diagram to an element g D .R;S I k/ 2 T , place the trees R and S in
the cylinder as in Figure 10. Identify leaves so that the first leaf of R is sent to the k th leaf of S , and then
connect the rest of the leaves in unique way for which the graph remains embedded; see Figure 10.

In Figure 10, the rightmost picture differs from the picture to its left by the smoothing of edges. For the
rest of this paper strand diagrams built from T will appear without smoothed edges, to indicate the pair
of trees from which the diagram was created.

Cylindrical strand diagrams may be reduced according to local moves of type I and II as in Figure 4.
As was the case for F , given cylindrical strand diagrams for f;g 2 T , vertically stacking the cylinders
and reducing using moves of type I and II results in the reduced cylindrical strand diagram for g ıf [7].
Just as strand diagrams are used to build links from F , this paper will use cylindrical strand diagrams to

Dg

g

Figure 10: A cylindrical strand diagram Dg built from g 2 T .

Algebraic & Geometric Topology, Volume 25 (2025)
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construct annular links from T . A forthcoming paper uses strand diagrams to relate Thompson’s group F
to Khovanov homology of links in 3-space [17; 16]; it may be possible to use cylindrical strand diagrams
to give an analogue for the group T and annular link homology theories.

3 Building annular links from Thompson’s group T

To construct annular links from T , this section introduces two equivalent methods analogous to those
introduced by Jones for F .

The first method is pictured in Figure 11. Given gD .R;S I k/, consider the associated strand diagram Dg.
Following the method for building links from F , add edges to R and S to make them ternary trees, and
consider these new edges numbered from left to right. The edge above each root is considered to be
numbered 0. Next, stack “empty” cylinders above and below Dg and connect numbered edges with
noncrossing arcs according to the following rule: when the nth edge of R is connected to the thm edge of
S and n>m, the arc connecting them must wrap around the annulus. Otherwise, the arc does not wrap
around the annulus. Note that this rule guarantees that the arc connecting the top root to another edge
will never wrap around the cylinder, and the arc connecting the bottom root to another edge will always
wrap around the cylinder, unless a single arc connects the two roots (in which case g 2 F ). Finally, all
4-valent vertices become crossings as before.

The second method for building annular links from T , pictured in Figure 12, involves building an edge-
signed graph �A.g/ ,! A and defining LA.g/ WD LA.�A.g//. �A.g/ is built from �.R/ and �.S/,
which are created as in Section 2. However, the first vertex of �.R/ is now identified with the k th vertex
of �.S/, and edges of R attaching to edges to their left in S must wrap counterclockwise around A; see
Figure 12. This second construction is used in Section 4 to prove Theorem 1.1.

Dg 0 0

1 2 3 1 2 3

LA.g/

Figure 11: Building the annular link LA.g/ from g 2 T via the strand diagram Dg.

Algebraic & Geometric Topology, Volume 25 (2025)
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R S; k �.R/ �.S/

CC
C

� � �

C

C
C

�
� �

Figure 12: Building the graph �A.g/ from g D .R;S I k/. Dotted lines denote identification of
vertices; they are not edges.

Annular links created from T are closely related to Jones’ planar links built from T ; see [13, Section 4:2].
By construction, �.g/ is the image of �A.g/ under the inclusion A ,!R2. Consequently, the diagram
L.g/ is the image of the diagram LA.g/ under the same inclusion. From this we can relate the Kauffman
bracket of LA.g/ to that of L.g/:

Proposition 3.1 Let g 2 T be given by .R;S I k/. Consider LA.g/ as an element of CŒx�, the Skein
module S.A/. Evaluating at x D .�t�1=2� t1=2/ returns the Kauffman Bracket of L.g/ 2 S3.

To discuss the analogous result for the Jones polynomial, we must first discuss the oriented subgroup ET ,
which was introduced by Jones in [13] and further studied by Nikkel and Ren in [18]. Defined analogously
to EF ,

ET WD fg 2 T W Chr�.g/.2/D 2g:

It follows that for g 2 ET , LA.g/ has a natural orientation.

The Jones polynomial of an annular link L, denoted V A
L .t; h/ 2 ZŒt˙1=2; h�, can be evaluated using

the usual skein relation, setting unknotted circles which do not wrap around the annulus equal to
.�t1=2� t�1=2/, and setting unknotted circles wrapping once around the annulus equal to h.

The following proposition relates the Jones polynomial of L.g/ to that of LA.g/.

Proposition 3.2 Let g 2 ET . Setting h WD .�t1=2 � t�1=2/, the Jones polynomial of LA.g/ is equal to
that of L.g/.

Propositions 3.1 and 3.2, together with Aiello and Conti’s proofs of [3, Theorems 6:2 and 7:4], imply
Corollary 1.2.

3.1 Annular Thompson badness

We now establish an annular analogue for Jones’ Thompson badness. In this section and Section 4, we
think of A as D1 n f.0; 0/g.

Algebraic & Geometric Topology, Volume 25 (2025)



5022 Louisa Liles

Definition Let � ,!A be an edge-signed graph. We say � is ATB-friendly if

� � has no loops,

� all vertices lie on the x axis,

� all edges have interiors either entirely above, or entirely below the x axis.

Now suppose a graph � ,! A is ATB-friendly. Define ein
v , eup, edown, eup

� and edown
C as before. Let vL

describe the leftmost vertex and let v1 describe the vertex immediately to the right of the origin. Label
the N vertices by f1; : : : ;N g so that v1 is labeled 1, the vertex immediately to its right is labeled 2, and
so on, until the rightmost vertex is labeled k�1. Then label the leftmost vertex k and continue increasing
left to right until the vertex immediately to the left of the origin is labeled N . For example:

3 4 1 2

Let l.v/ refer to the label of v. By construction l.vL/D k. Define

e<v WD fe 2 e.�/ W e connects v to some w such that l.w/ < l.v/g:

Now define annular Thompson badness, or ATB, as follows:

ATB.�/ WD
X

v2V .�/nvL

ˇ̌
1� jein

v \ edown
j
ˇ̌
C

X
v2V .�/nv1

ˇ̌
1� je<v \ eup

j
ˇ̌
Cjeup

� jC je
down
C j:

The following proposition motivates this definition as the correct analogue for Thompson badness.

Proposition 3.3 Let � ,!A be an ATB-friendly graph. Then ATB.�/D 0 if and only if � D �A.g/ for
some g 2 T .

Proof Suppose � D �A.g/, where g D .R;S I k/. By construction, jeup
� j D je

down
C j D 0.

It remains to show
P
v2V .�/nv`

ˇ̌
1�jein

v \ edownj
ˇ̌
D
P
v2V .�/nv1

ˇ̌
1�je<v \ eupj

ˇ̌
D 0. Beginning with the

first quantity, let �� denote the subgraph of � whose edges have interiors in the lower half plane. Since
�� D �.S/ and �.R;S/ has Thompson badness equal to zero,

P
v2V .�/nvL

ˇ̌
1� jein

v \ edownj
ˇ̌
D 0.

It remains to show that X
v2V .�/nv1

ˇ̌
1� je<v \ eup

j
ˇ̌
D 0:

Define �C analogously to ��. Because of the edges wrapping around the annulus, �C ¤ �.R/, but we
can recover �.R/ from �C. This is accomplished by embedding �C in R2 so that labels of the edges
increase from left to right. Call this embedding � 0C and observe that � 0C D �.R/:

3 4 1 2 1 2 3 4

�C � 0C

Algebraic & Geometric Topology, Volume 25 (2025)
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Letting v0
L

refer to the leftmost vertex of � 0C, we haveX
v2V .� 0

C
/nfv0

L
g

ˇ̌
1� jeup

\ ein
v j
ˇ̌
D

X
v2V .�/nv1

ˇ̌
1� jeup

\ e<v j
ˇ̌
:

Since �.R;S/ has Thompson badness zero, the left hand side must be zero. Therefore, ATB.�A.g//D 0.

Conversely, let � be a graph with ATB.�/D 0. Let .R;S/ be the unique pair of trees corresponding to
.� 0C; ��/. Then � D �A.g/ where g D .R;S I l.vL//.

4 Proof of Theorem 1.1

This section uses annular Thompson badness to prove 1.1. Given a general graph � , we wish to find
a graph � 0 such that LA.�/'LA.�

0/, with ATB.� 0/ < ATB.�/. For this we use Jones’ definition of
2-equivalence [13].

4.1 2-equivalence

Two edge-signed planar graphs are defined to be 2-equivalent if they are related by a finite sequence of
three moves, which Jones calls 2-moves. If two graphs � and � 0 are 2-equivalent then their associated
links L.�/ and L.� 0/ are isotopic.

The first 2-move is the addition or deletion of a 1-valent vertex, which corresponds to a Reidemeister
move of type I. The remaining two 2-moves, each corresponding to Reidemeister moves of type II, are
shown in Figure 13.

Jones uses 2-moves to show that every link has a diagram whose Tait graph has Thompson badness
zero, and thus can be built from an element of the Thompson group. The proof of Theorem 1.1 will use
an analogous strategy to reduce annular Thompson badness of a given edge-signed graph � ,!A. To
accomplish this we wish to calculate ATB of any graph � , but so far the definition of ATB.�/ requires
that � is ATB-friendly. The following lemma takes care of this.

Lemma 4.1 Let � ,!A be an edge-signed graph. Then � is 2-equivalent to an ATB-friendly graph.

˙ �
type IIa

˙

�

type IIb

Figure 13: Moves of type IIa and IIb as introduced by Jones in [13].

Algebraic & Geometric Topology, Volume 25 (2025)
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�

C

�

C

Figure 14: Using moves of type IIa to correct for a loop (left) and an edge whose interior is in
both the upper and lower-half plane (right).

Proof Begin by arranging all vertices on the x-axis, which is always possible. At this point, if � is
ATB-friendly we are done. Otherwise, both loops and edges whose interiors are in both the upper and
lower half-plane can be corrected with moves of type IIa. Both cases are shown in Figure 14.

Therefore, for any graph � ,!A, we define ATB.�/ WD ATB.� 0/ where � 0 is obtained from � as in the
proof of Lemma 4.1.

Remark The following, when applied inductively, proves Theorem 1.1.

Theorem 4.2 Let � ,! A be an edge-signed graph. If ATB.�/ ¤ 0, there exists � 0 such that � 0 is
2-equivalent to � , and ATB.� 0/ < ATB.�/.

This proof can be thought of as an extension of Jones’ proof of [13, Lemma 5:3:13] to the annular case.

Proof To begin, we split into three cases, based on what is causing ATB.�/ > 0:

(1)
P
v2v.�/nvL

ˇ̌
1� jein

v \ edownj
ˇ̌
C
P
v2v.�/nv1

ˇ̌
1� je<v \ eupj

ˇ̌
> 0.

(2) The above quantity is zero but jeup
� j> 0.

(3) The above quantities are zero but jedown
C j> 0.

Case 1 The following four-step process will reduceX
v2v.�/nvL

ˇ̌
1� jein

v \ edown
j
ˇ̌
C

X
v2v.�/nv1

ˇ̌
1� je<v \ eup

j
ˇ̌

to zero while preserving 2-equivalence.

Case 1, step 1 For each v 2 v.�/ n vL such that jein
v \ edownj D 0, let the vertex immediately to the left

of v be called w and proceed as in [13] regardless of whether v D v1:

w
or

v w vv�w

C

� w �

C

� v

The new vertex does not impact ATB, and the vertex v now has jein
v \ edownj D 1. Each time this step is

applied to a relevant vertex,
P
v2v.�/nvL

ˇ̌
1�jein

v \ edownj
ˇ̌

decreases by 1, and all other quantities remain
unchanged, so ATB decreases by 1.
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Case 1, step 2 For each v 2 v.�/ n vL such that jein
v \ edown

v j> 1, proceed as in [13]:

e

f
v e f

CCC

�
�

Step 2 ensures that
P
v2v.� 0/nvL

ˇ̌
1� jein

v \ edownj
ˇ̌
D 0 for all relevant vertices, however it may increase

the quantity
P
v2v.� 0/nv1

ˇ̌
1� je<v \ eupj

ˇ̌
. Take, for example, a vertex v with an outgoing edge stretching

over the origin:

f

e
v e f v�

�

C C C

In this example, step 2 increases je<v \ eupj from 1 to 2. This will be addressed momentarily in step
4, but at this point steps 1 and 2 have reduced

P
v2v.�/nvL

ˇ̌
1� jein

v \ edownj
ˇ̌

to 0. If we also have thatP
v2v.�/nv1

ˇ̌
1� je<v \ eupj

ˇ̌
D 0, we are done. Otherwise proceed to step 3.

Case 1, step 3 We wish to deal with vertices v 2 V .�/ n v1 for which je<v \ e
up
v j D 0. If v ¤ vL, let w

refer to the vertex immediately to the left of v and proceed as in [13]:

w v w v

CC

�

If v D vL, modify the graph as follows:

v
w

v w

C

C

�

In both cases,
P
v2v.�/nv1

ˇ̌
1� je<v \ eupj

ˇ̌
decreases by 1 and all other quantities remain unchanged.

Therefore each time this step is applied to a relevant vertex, ATB decreases by 1.

Case 1, step 4 We wish to deal with vertices v 2 v.�/ n v1 for which je<v \ eupj > 1. This can
happen one of four ways. In any case, proceed as in [13], see Figure 15. In each of the four cases,P
v2v.�/nv1

ˇ̌
1� je<v \ eupj

ˇ̌
decreases by 1 and all other quantities remain unchanged. Therefore each

time this step is applied to a relevant vertex, ATB decreases by 1. After these four steps, we haveX
v2v.�/nvL

ˇ̌
1� jein

v \ edown
j
ˇ̌
C

X
v2v.�/nv1

ˇ̌
1� je<v \ eup

j
ˇ̌
D 0;

and jeup
� jC je

down
C j remains unchanged. Therefore ATB has been reduced, and this concludes Case 1.
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e

f

e
f

� � �

C
C

fe fe

� � �

C
C

e

f
e

f

� � �

C
C

e f
e

f

� � �

C
C

Figure 15: Reducing annular Thompson badness as in Case 1, step 4. Four possible modifications
are shown, corresponding to four different ways a vertex v can have je<v \ eupj> 1.

Case 2 We have
P
v2v.�/nvL

ˇ̌
1 � jein

v \ edownj
ˇ̌
C
P
v2v.�/nv1

ˇ̌
1 � je<v \ eupj

ˇ̌
D 0 and jedown

C j > 0.
From now on, only edges in jeup

� j [ je
down
C j will be pictured with a sign; the rest are understood to be in

jedown
� j [ je

up
C j. Fix an edge in e0 2 edown

C and call its terminal vertex v. We further split into two cases,
depending on whether v D v1. Let w refer to the vertex immediately to the left of v. If v ¤ v1, proceed
as in [13]; see Figure 16.

If v D v1, proceed as in Figure 17.

Note that m denotes the number of edges coming into v from the other side of the annulus. Distinguishing
these edges in the picture is necessary because, by virtue of stretching over the origin, they are not in e<v
and will not affect ATB.

One may wonder why we treat v D v1 differently from v ¤ v1 in Figures 16 and 17. Figure 18 depicts
what would have happened if we did not. The vertex vk now has je<vk

\ eupj D 2 which increases ATB
by 1 and necessitates a correction as in Case 1, step 4, bringing us back to Figure 17.

To see how Figure 16 preserves 2-equivalence use type IIb moves to remove canceling 2-cycles with
opposite signs, then use type I moves to eliminate 1-valent vertices, and finally use type IIa moves to

w v
C

w v

Figure 16: Reducing annular Thompson badness as in Case 2, when v ¤ v1:
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w v

m

C
w

m

Figure 17: Reducing annular Thompson badness as in Case 2, when v D v1:

collapse canceling edges, pictured in red, so that the original edge, pictured in blue, remains. A similar
sequence of moves demonstrates the 2-equivalence for Figure 17:

w v w v

The modifications in Figures 16 and 17 decrease jedown
C j by 1 and do not impact the quantityX

v2v.�/nvL

ˇ̌
1� jein

v \ edown
j
ˇ̌
C

X
v2v.�/nv1

ˇ̌
1� je<v \ eup

j
ˇ̌

or jeup
� j. Therefore each time this modification is applied to an edge in edown

C , ATB decreases by 1 and
any edge in edown

C can be corrected.

Case 3 All other quantities relevant to ATB.�/ are zero, but jeup
� j> 0. Once again we further split into

cases, depending on which side of A contains the terminal vertex v of a problematic edge e0.

If v is on the left side of A, let w refer to the vertex immediately to the left of v and proceed as in [13]:

w v w v

� C

A key fact that makes the above work is that as long as v is on the left side of A, we have jein
v \ eupj D 1,

which was assumed in [13]. When this is not true, a different correction will be required; specifically,
if instead e0 terminates at some v on the right side of A, we may have that jein

v \ eupj > 1, due to any
number of edges entering v from above which stretch over the origin. We must further divide into two
cases, based on whether e0 itself stretches over the origin.

w v

m

C
vkw

m

v

Figure 18: An illustration of why Case 2 must be treated differently when v D v1:

Algebraic & Geometric Topology, Volume 25 (2025)



5028 Louisa Liles

If not, perform the following combination of moves of type I, IIa and IIb, finitely many times until
jein
v \ eupj D 1:

�

v v

�

Then, we may proceed as in the previous case. If, on the other hand, e0 does stretch over the origin, apply
the above modification to isolate e0 from all other edges in jein

v \ eupj stretching over the origin. Once the
problematic edge is isolated, one may modify the graph as follows:

�

v

To see 2-equivalence, use type IIb moves to remove canceling 2-cycles, then use type I moves to remove
1-valent vertices. Lastly apply type IIa moves to collapse the three pairs of canceling edges pictured
below in red, blue and green:

The modifications in this step reduce jeup
� j by 1 and do not affect any other quantities relevant to ATB.

This concludes Case 3. These three cases demonstrate that any edge-signed graph embedded in A with
nonzero ATB is 2-equivalent to a graph with lower ATB.

4.2 Example: a positive trefoil embedded in A� I

Let � ,!A be the graph in Figure 19, which corresponds to the positive trefoil embedded as in Figure 1.
The graph � ,! A has jedown

C j D 1, jeup
� j D 0, jein

v3
\ edownj D 0, jein

v1
\ edownj D 1, je<v2

\ eupj D 0 and
je<v3
\ eupj D 2. Following the process outlined in Theorem 1.1 leads to the element g D .R;S I k/ 2 T

in Figure 19, and LA.g/DLA.�/.

v2
v3 v1

C
C

C

� ,!A

R S

Figure 19: The triple .R;S I k/ such that LA.R;S I k/DLA.�/:
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