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A diagrammatic computation of abelian link invariants

DAVID CIMASONI
LIVIO FERRETTI
JESSICA LiUu

We show how the multivariable signature and Alexander polynomial of a colored link can be computed
from a single symmetric matrix naturally defined from a colored link diagram. In the case of a single
variable, it coincides with the matrix introduced by Kashaev (2021), which was recently proven to
compute the Levine—Tristram signature and the Alexander polynomial of oriented links (see Liu, 2023
and Cimasoni and Ferretti, 2024). As a corollary, we obtain a multivariable extension of Kauffman’s
(1983) determinantal model of the Alexander polynomial, recovering a result of Zibrowius (2017).

57K10

1 Introduction

As its title suggests, the aim of the present article is to give a way of computing several classical link
invariants directly from a diagram. Before specifying these invariants, let us mention that this story is
best told in the context of colored links, that we now recall.

Given an integer it > 0, a iu-colored link is an oriented link L C S* each of whose components is endowed
with a colorin {1, ..., i} in such a way that all these colors are used. Two colored links are isotopic if
they are related by an ambient isotopy which respects the orientation and color of all components. Clearly,
a l-colored link is just an oriented link, while a p-component p-colored link is an oriented ordered link.
A p-colored link can be described by an oriented link diagram D with colored components, an object
which we will refer to as a -colored diagram (see Figure 1 for an example). As usual, a crossing v of D
is naturally endowed with a sign that we denote by sgn v = +£1; see Figure 1. Finally, a crossing will be
called monochromatic if the two corresponding strands are of the same color, and bichromatic otherwise.

The invariants we are interested in computing are the classical abelian invariants of a p-colored link L,
namely its multivariable signature and nullity oy, nr: (S'\ {1})* — Z, and its multivariable Alexander
polynomial Ay in the normalized form given by the Conway function V. In the case u = 1, these are
the well-known Levine—Tristram signature and nullity and Alexander—Conway polynomial, without doubt
among the most studied of link invariants. We refer to Section 2 for the definition of these classical objects.

As our main result will show, these invariants can all be computed from a single symmetric matrix tp (x),
whose coefficients are functions of formal variables x = {x;, xjx | 1 < j,k < j} indexed by (unordered
pairs of) colors. We now give its definition.
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Figure 1: A 2-colored diagram D for a 2-colored link L = L1 U L,. The crossings are labeled 1
through 5 and the regions are labeled a through g. Crossings 1 to 4 are positive and bichromatic,
while crossing 5 is negative and monochromatic. The marked point on L; will serve a further

purpose.

Definition 1.1 Given a p-colored diagram D, let 7p (x) be the symmetric matrix with rows and columns
indexed by the regions of D defined by

)=y ﬁ“ﬁnm,
v J

where the sum is over all crossings of D, the indices j,k € {1,..., u} are the (possibly identical) colors

of the two strands crossing at v, and the only nonvanishing coefficients of the matrix 7, (x) are given in
Figure 2.

Also, we shall denote by Tp (x) the matrix obtained by removing the two rows and columns corresponding
to two adjacent regions of D determined by a marked point on D. We will assume without loss of
generality that this point is on a strand of color 1.

Note that if the regions «, b, ¢, d around a crossing v are not all distinct, then one should add the
corresponding rows and columns of 7, (x). This happens in the following example.

a b c d
a|Xjk Xj 1 Xj
bl x; 2xjxp—Xjk Xk 1
c| 1 Xk Xk Xj
d| xp 1 Xj 2XjXk — Xjk

Figure 2: A crossing v together with the corresponding 4 x 4 minor of 7, (x). The incoming left
strand is of color j, the incoming right strand of color k, and the four adjacent regions are a, b, c,
and d.
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Example 1.2 Consider the 2-colored diagram D illustrated in Figure 1. Ordering the regions alphabeti-
cally, the corresponding matrix is given by

_4(2X1X2—X12) 2X2 2X1 2X2 4 0 2X1
2X2 2X12 1 0 2X1 0 1
1 2X1 1 2X12 1 2)(2 0 0
p(x) = 2Xx5 0 1 2x12 2X1 0 1
l_x% v 1—X§ 4 2x1 ZX2 2X1 4(2X1X2—X12) 0 2X2
0 0 0 0 0 0 0
| 2x1 1 0 1 2XZ 0 2x12_
[0 0 0 o0 0 0 0 ]
0 0 0 O 0 0 0
1 0 0 0 O 0 0 0
- |10 0 0 0 0 0 0 ,
I=x110 0 0 0 2x2—x; 1 2%,
0 0 0 0 1 2xF—x11 2x
_0 0 0 0 2)(71 2X1 2X11 +2_

where the first summand contains the contributions from the four (positive) bichromatic crossings and the
second summand is the contribution from the (negative) monochromatic crossing.

Here is our main result.

Theorem 1.3 Let D be an arbitrary p-colored diagram for a ju-colored link L.
(i) Foranyw = (w1, ...,wy) € (S'\ {1})¥, the signature and nullity of L are given by
or(w) = 5(signTp (@) —wm(D)) and 1z (w) = 5 null ip (),

where wy, (D) is the sum of the signs of all monochromatic crossings of D, and tp(w) stands for the

evaluation of Tp(x) at

1/2 1/2 1/2
xj:Re(a)j/ ), xjk:Re(a)j/ a)k/ ).

(i1) If D is connected, then the Conway function of L satisfies

Vf(tl, o ty) = (];[(—sgn v)(%(zj _[j—l))(%(zk - tk_l))) -det7p(1?),

(=113
where the product is over all crossings of D, the indices j, k are the (possibly identical) colors of the two
strands crossing at v, and tp (t?) stands for the evaluation of p (x) at

1 —1 1 —1.—1
Xj=§(lj +lj ), xjk=§(ljlk+lj I ).

Several remarks are in order.

Algebraic & Geometric Topology, Volume 25 (2025)
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Remarks (i) We need to fix one square root of each coordinate w; € ST\ {1} of w. Our choice is to
take w; = = ¢'% with 8; € (0,2m), and w; 1/2 — ¢i9i/2 1n other words, w; 1/2 denotes the umque square root
such that Im(a) 1/2 ) lies in (0, 1]. In partlcular we have (@; /2= (a)l/z) and /1 —x7 = Im(a)l/2 .
Note that x? ; 79 1, so p(w) is a well-defined symmetric real matrix.

(i) When defining tp(¢?) in the second point of Theorem 1.3, we need to explain how we evaluate
V1— sz, since there is a sign ambiguity: we set /1 — sz = zll.(tj_1 —tj). (See also Note 3.2.)
(iii) In both points of Theorem 1.3, the evaluations of the formal variables satisfy x;j; = 2xj2 — 1 for

all j. Therefore, if a crossing v is monochromatic, then the matrix 7, (x) can be written in a simple form
which only depends on the single variable x;.

(iv) In particular, if u = 1, then 7p(x) depends on a single variable. This matrix was first introduced by
Kashaev in [13]; see discussion below.

(v) In principle, it would be enough to only define the matrix tp(¢?) to state and prove Theorem 1.3.
The reason we chose to introduce the matrix zp (x) is merely historical: in doing so, we explicitly present
our results as an extension of Kashaev’s work.

(vi) In [13], Kashaev studied the effect of Reidemeister moves on the matrix zp (x) in the single-variable
case, proving that a certain modified S-equivalence class of the matrix is a link invariant. We expect a
similar result to hold in the multivariable setting.

(vil) As it will become apparent from the proof of the second point, our construction naturally produces

the square of the Conway function, so we cannot hope to recover its sign. (See also Note 1.6.)

Example 1.4 Consider once again the 2-colored link illustrated in Figure 1. From the corresponding
matrix tp(x) given in Example 1.2, we compute

. 2 —4
T
2+ ) ! o+t n+ty! 4 i
415! ti -+ttt 1 0 417!
% t+) ! 1 tiy+i7 ! 1 h+ty! ,
Hh+t,! 0 1 tiy+i7e ! t+it!
i 4 f41)! t+1! ntt 2+ )—’2 ’2
and obtain

—4
(ti—t7 (6 — 151

To compute sign 7p (@), we evaluate Tp (t?) att; =

5
det7p (12) = —( ) (t— 17—t Y+ g

l.l / 2, and recall that the signature can change value only
when the nullity changes value. Since Im(w Jl / 2) € (0, 1], the computation of the determinant immediately

implies that the nullity of Tp (w) vanishes on the complement of ¥:={(w;, ) € (S'\{1})? |0 w; = —1},

Algebraic & Geometric Topology, Volume 25 (2025)
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S0 its signature is constant on the connected components of this complement. Then, an easy but tedious
computation of minors shows that the nullity of Tp () is constant equal to 2 on X, so the signature is also

constant along each component of X. In particular, Theorem 1.3 implies that ny (w) =1 if wjw, = —1,
and nr (w) = 0 otherwise. As for the signature, the values of sign Tp (@) can now be computed by picking
one point in each of those connected components. For example, taking w; = w, = —1 we obtain

4 0 0 0 4

0-2 1 0 O

Ipw)=10 1 -2 1 0f,

0 0 1 -2 0

4 0 0 0 3
from which we compute sign Tp(w) = —3 and hence, by Theorem 1.3, oy (w) = —1. The other values

of a7, can be computed in a similar way. The result can be summarized in the formula o7 (w1, w;) =
—sign(Re((l —wy)(1— a)z))), and is plotted below, where the domain (S!\ {1})? is shown as a square:

0

Finally, we also get =V (¢1,1) = t1t, + tl_ltz_l.

The first point of this theorem provides a practical new way of computing multivariable signatures, but it
also yields much simpler proofs of known properties of this invariant. For example, consider the following
situation: let L be the (u — 1)-colored link obtained from a p-colored link L’ by identifying the colors
w— 1 and pu; then, for all (w1, ...,wu—1) € (ST\ {1)*~1, we have the equality

UL(Q)], e ,C()M_l) = GL’(C{)], e ’a)[l,—l,a)[,l,—l) - Zlk(K[L—l, K[L)’

the sum being over all components K, 1 C L of color ;& — 1 and all components K, C L of color p.
The original proof of this fact is rather tedious; see [4, Proposition 2.5]. It is an amusing exercise to check
that this fact immediately follows from Theorem 1.3. In particular, given a p-component p-colored link
L'= K, U---UK,, the underlying 1-colored link L satisfies the equality
E(L):=o0r(—1)+ Z k(K;, Kj) =0op/(—1,...,-1).
i<j

This, together with the straightforward [4, Proposition 2.8], yields a one line proof of the main result
of [17]: the integer £(L) does not depend on the orientation of the components of L.

The second point of this theorem implies a corollary that we now present. Given a connected colored
diagram D, let Kp be the matrix whose rows are indexed by the crossings of D, whose columns are

Algebraic & Geometric Topology, Volume 25 (2025)
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—-1/2,-1/2
Figure 3: The labels in the definition of Kp around a vertex v with s = sgnv.

indexed by the regions of D, and whose coefficients are defined by the label of the corners in Figure 3.
(If a region abuts a corner from two sides, then the corresponding labels should be added.) Finally, let Kp
denote the square matrix obtained from Kp by removing two columns corresponding to two adjacent
regions (separated by a strand of color 1).
Corollary 1.5 If D is a connected diagram for a colored link L, then

det Kp = +(t; —t; HVL(t1, ... 1)

Note 1.6 In fact, what we get from Corollary 1.5 is the symmetrized Alexander polynomial: since the
sign of the determinant depends on the order of the rows and columns of K D, ie on the numbering of the
regions and crossings of D, we cannot determine the sign of the Conway function.

Example 1.7 Consider one last time the 2-colored link illustrated in Figure 1. The matrix Kp equals

't1—1/2t21/2 111/2t21/2 0 0 Zl1/2t2—1/2 0 ll—l/zlz—l/z'

t11/212—1/2 t1_1/2t2_1/2 t11/2t21/2 0 Z1—1/2t21/2 0 0

t1—1/2t21/2 0 11—1/2[2—1/2 111/2t21/2 Z11/2t2—1/2 0 0

t11/2t2_1/2 0 0 t1—1/2t2—1/2 Z1—1/2[21/2 0 t11/2Z21/2
0 0 0 0 1 1ot +6!

from which we compute once again £V (t1,12) = 116, + 1 1 ty 1

Let us now put our results in the context of the preexisting literature.

In 2018, Kashaev [13] defined the matrix tp(x) in the case = 1, and conjectured Theorem 1.3 in this
special case. Recently, Cimasoni and Ferretti [3] provided a proof of the second part of this conjecture by
establishing a connection with Kauffman’s determinantal model of the Alexander polynomial [15]; they
also proved the first part of the Kashaev conjecture in a very restrictive case and indirect way. Immediately
afterwards, Liu [16] gave a complete proof of the conjecture. Joining our efforts, we now extend Liu’s
approach to the general multivariable case in Theorem 1.3 and in its proof.

As for Corollary 1.5, in the case ¢ = 1 it is nothing but Kauffman’s aforementioned model for the
Alexander polynomial [15]. Interestingly, Kauffman did state a multivariable version of his model
(a detailed proof was only given many years later by Sato [18]), but it is different from our model.

Algebraic & Geometric Topology, Volume 25 (2025)
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However, Zibrowius [20] gave a state sum model for the multivariable Conway function which uses the
same labels as the ones of Figure 3 up to a sign; using an extension of Kauffman’s clock theorem [15], this
state sum model can be turned into a determinantal model which coincides with the one of Corollary 1.5.
This latter fact can be found in Zibrowius’s PhD thesis [19, Chapter 1.4] (but not in [20]). Therefore, and
even though our proof is completely different, Corollary 1.5 is not a new result in the strict sense.

Let us finally mention that Friedl-Kausik—Quintanilha [11] recently provided an algorithm for the
computation of generalized Seifert matrices (see Section 2.1) for colored links given as closures of colored
braids. Since such matrices can be used to define oy, 1y and Vp, this method yields an algorithmic
computation of these invariants. However, the remarkable feature of Theorem 1.3 remains: a new way of
computing these invariants from a single symmetric matrix obtained directly from a colored diagram.

This paper is organized as follows. In Section 2, we recall the necessary background on generalized
Seifert matrices (Section 2.1), multivariate signatures of colored links (Section 2.2), and the Conway
function (Section 2.3). Section 3 contains the proof of our results, namely the first and second points of
Theorem 1.3 in Sections 3.1 and 3.2, respectively, and of Corollary 1.5 in Section 3.3. A slightly informal
last Section 3.4 contains results on the Alexander module.
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very valuable suggestions. David Cimasoni and Livio Ferretti are supported by the Swiss NSF grant
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2 Background

The aim of this section is to briefly recall the necessary background for our work: we start in Section 2.1
with the definition of C-complexes and generalized Seifert forms, then move on to multivariate signatures
in Section 2.2, before dealing with the Conway function in Section 2.3.

2.1 Generalized Seifert surfaces and matrices

Seifert surfaces and matrices are well-known tools in the construction and study of (single-variable)
abelian link invariants, such as the Levine—Tristram signature and the Alexander polynomial. Less well
known is the fact that multivariate invariants can be defined and studied via generalized Seifert surfaces,
known as C-complexes. We now introduce these objects, following [2; 8].

To do so, we will use the notation L = L U---U L, for a u-colored link, where L; is the sublink of L
consisting of all the components of color i.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 4: A positive clasp intersection (left), and a negative one (right).

Definition 2.1 A C-complex for a pi-colored link L = L U---U Ly isaunion § =S, U---U Sy, of
surfaces embedded in S3 satisfying the following conditions:

(i) For all 7, the surface S; is a (possibly disconnected) Seifert surface for L;.

(ii) For all i # j, the surfaces S; and S; are either disjoint or intersect in a finite number of clasps;
see Figure 4.

(iii) For all i, j, k pairwise distinct, the intersection S; NS; N S is empty.

A C-complex for a 1-colored link L is nothing but a (possibly disconnected) Seifert surface for the
oriented link L. The existence of a C-complex for any given colored link is easy to establish [2]. On the
other hand, the corresponding notion of S-equivalence is more difficult to prove; see [10] for the recently
corrected statement.

These C-complexes allow us to define generalized Seifert forms as follows. For any choice of signs
e=(&1,...,8,) E{E1}H, let

a: Hi(S)x H{(S) — 7Z
be the bilinear form given by a®(x, y) = lk(x%, y), where x¢ denotes a well-chosen representative of the
homology class x € H;(S) pushed off S; in the &;-normal direction (see [4] for a more formal definition).
We denote by A° the corresponding generalized Seifert matrices, defined with respect to a fixed basis
of H{(S). One easily checks the equality

(1) A7 = (45"
for all & € {#=1}*. The two generalized Seifert matrices A~, A" of a 1-colored link L coincide with the
usual Seifert matrix A of the oriented link L and its transposed matrix AT.

The general principle regarding these matrices is the following: what Seifert matrices can do in one
variable for oriented links, generalized Seifert surfaces can do in w-variables for p-colored links. In
Sections 2.2 and 2.3 we illustrate this principle with two examples of invariants.

2.2 Signatures and nullities of colored links

Fix a C-complex S for a p-colored link L and a basis of H;(S). Consider an element w = (wy, ..., ®y)
of TK := (S1\ {1})*, and set

a —&j e
) Hw)= ¥ (1‘[(1—401. ))A .

ge{1}n “i=1
Algebraic & Geometric Topology, Volume 25 (2025)
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Using (1), one easily checks that H(w) is a Hermitian matrix and hence admits a well-defined signature
sign H(w) € Z and nullity null H(w) € Z>y.

Definition 2.2 [4] The signature and nullity of the p-colored link L are functions

or.nL:TE = Z
defined by o7 (w) :=sign H(w) and 1y (w) :=null H(w), respectively.
The fact that these functions are well-defined invariants, ie do not depend on the choice of the C-complex S
for L, relies on the aforementioned notion of S-equivalence [4; 10]. In the case p = 1, the functions
or.nr: ST\ {1} — Z are the signature and nullity of the Hermitian matrix (1 —w)A4 + (1 —@)A": they

coincide with the Levine—Tristram signature and nullity of the oriented link L. We refer to the recent
survey [5] for background on this classical invariant.

In a nutshell, all the remarkable properties of the Levine—Tristram signature extend to the multivariable
setting. For example, the function o7 is constant on the connected components of the complement in T4

of the zeros of the multivariable Alexander polynomial Ay (#1,...,) [4] (see Section 2.3 below). Also,
if (w1, ...,wy) € TL is not the root of any Laurent polynomial p(ty, ..., ;) with p(1,...,1)= %1, then
op(wy,...,wy) and n (w1, ..., wy) are invariant under fopological concordance of colored links [6].

2.3 The Conway function of a colored link

The one-variable Alexander polynomial Ay (¢) of an oriented link L can be generalized to a p-variable
polynomial invariant Ay (¢1,...,1t,) of a u-colored link L, a fact known to Alexander himself [1]. To do
s0, consider the exterior X7, := S\ v(L) of L and the surjective group homomorphism

i (Xp) = Z*, [yl (k(y, Ly),....lk(y, L))

This defines a regular Z*-cover X, 1, of X7 whose homology groups are hence equipped with the structure
14_-1’ ..., tF1]. In particular, the module <7 := H, (fL) is
called the (multivariable) Alexander module of L (see Section 3.4), and a greatest common divisor of the

of a module over the group ring Z[Z*] = Z|t

elements of its first elementary ideal is the Alexander polynomial of L.

This Laurent polynomial in p-variables is only well defined up to multiplication by units of the ring
Z[tlil, e ,t,fl], ie up to a sign and powers of the variables. This later indeterminacy can be easily over-
come by harnessing the symmetry of A and requiring it to satisfy A (Zl_l, ot =%AL(, ..., R
but the sign issue is a nontrivial one.

The solution was suggested by Conway in his landmark paper [7]. He claimed the existence of a
well-defined rational function V7, satisfying

(/=17 DALEY) ifp=1;

3 Vit ..., ty) =
) Lt w { NGRS if > 1,

Algebraic & Geometric Topology, Volume 25 (2025)
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where = stands for the equality up to multiplication by itf L., t,‘i“ with vy, ..., vy € Z. The first explicit
construction of this Conway function was given by Hartley [12] using free differential calculus, but we will
make use of the following geometric construction [2]. Given any connected C-complex S =S, U---US,
for a L, consider the matrix
4) As:= ) ( ﬁ 8,~tfi)A8.

se{t1}u Ni=1
Then, the Conway function of L is given by

(5) Vi(t1.....ty) = (sgn S)( 11— z,.—l)X<S\Sf>—1) det(—As),

i=1
where sgn S denotes the product of the signs of the clasps of S (recall Figure 4). Note that in the case
uw =1, (3) and (5) lead to the formula Ay () = det(t_l/ 24—V 2 AT), the classical definition of the
Alexander—Conway polynomial of the oriented link L [14].

This geometric construction of the Conway function yields straightforward proofs of the various properties
of this invariant. In particular, it yields a “geometric explanation” of the local relations that can be used
to compute it from a link diagram; see [2] for more details.

3 Proofs of the main results

We will now provide proofs of our results. More precisely, we start in Section 3.1 with the demonstration
of the first part of Theorem 1.3 on signatures and nullities. Section 3.2 deals with the second part on the
Conway function, while Section 3.3 contains the proof of Corollary 1.5 on the multivariable Kauffman
model. Finally, Section 3.4 consists in a slightly informal discussion on the Alexander module.

3.1 Signatures and nullities

We discuss how to compute the multivariable signature, proving part (i) of Theorem 1.3 which we now
restate for convenience.

Proposition 3.1 Let D be a diagram for a p-colored link L. For any = (w1, ...,wy) € (ST \ {1},
the signature and nullity of L are given by

or(@) = 3(sign Tp (@) —wm(D)) and 1z (w) = 3 null Tp (),

where wy, (D) is the sum of the signs of all monochromatic crossings of D, and tp(w) stands for the
1/2 1/2 1/2

evaluation of Tp(x) at xj = Re(a)j ) and X = Re(a)j 7).

Proof Fix an arbitrary p-colored link L, and let rL denote the p-colored link L with reverse orientation
but same coloring as L. Let L #; rL denote a connected sum of L and rL along two components of
color 1. Unlike for knots, the isotopy type of the connected sum of (colored) links is not well defined.
However, any two such connected sums have the same signature and nullity, as these invariants behave

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 5: First row: the construction of a C-complex S for L #; rL near a monochromatic
crossing (left three images) and a bichromatic crossing (right three images). Second row, left: the
diagram for the disjoint sum of L and rL obtained from D of Figure 1. Second row, right: the
corresponding C-complex S for L #; rL.

additively under this ill-defined operation; this follows from Propositions 2.12 and 2.5 of [4]. Since the
signature and nullity are unchanged by reversing the orientation (see [4, Corollary 2.9]), the relations

(6) oLt rL(@) =20r(w) and npg (@) =2nL(0)
hold for any such connected sum.

The idea of the proof is to use a diagram D for L to construct a C-complex S for L #; rL whose first
homology has a basis given by classes of loops corresponding to the regions and the monochromatic
crossings of D — minus the two regions near the connected sum. By taking generalized Seifert matrices
with respect to this basis, we show that the matrix H(w) used in Definition 2.2 is congruent to a block-
diagonal matrix of the form Tp(w) & Z with 6(Z) = —wy, (D) and null Z = 0. Combined with (6), this
completes the proof.

We now give the details. To construct a C-complex for L #; rL from D, we use the following procedure
(see Figure 5 (top row) for the construction near crossings, and Figure 5 (bottom row) for an example).

(i) At each crossing of D, draw a copy of the corresponding crossing for »L “a bit above and behind”
the crossing of D.

(i) Connect the remaining strands of L to each other following along the edges of D, possibly creating
an additional crossing along each edge (with rL passing under L). This yields a diagram for the
disjoint sum of L and rL.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 6: The five cycles of S near a monochromatic crossing (left, one image) and the four
cycles of S near a bichromatic crossing (right, four images). The labels a, b, ¢, d, v for the
regions are used for the local linking matrices in Figure 8.

(iii) Create a clasp intersection near each bichromatic crossing of D and apply the usual Seifert algorithm
near each monochromatic crossing of D. This yields a C-complex for the disjoint sum of L and rL.

(iv) Finally, pick a point on a strand of color 1 in D and cut the corresponding surface at that place.
The result is a C-complex S for (some version of) L #; rL.

Note that S’ deformation retracts onto a graph defined as follows: take the 4-regular graph underlying the
diagram D, add a loop at each vertex corresponding to a monochromatic vertex, and remove the edge
along which the connected sum was performed. As a consequence, a natural basis for H;(.S) is given
by classes of cycles corresponding to the regions and monochromatic crossings of D — minus the two
regions adjacent to where the connected sum happens. We use the convention that the cycles representing
our basis of H;(S) are oriented counterclockwise in the plane of D where S is drawn, and denote by
the same letter a region or monochromatic crossing and its corresponding cycle of H;(.S). Using this
explicit basis, we now study the local contribution to generalized Seifert matrices near crossings of D.

For the remainder of the proof, we adopt the following convention: we say a crossing v has color
(j, k) = (jv, ky) if its incoming left strand is color j, and incoming right strand has color &, as in
Figure 2. If j = k, we may simply say it has color ;.

As illustrated in Figure 6, there are five homology classes in H; () coming into play near a monochromatic
crossing of D, and four near a bichromatic crossing. To compute the Seifert forms locally, we need to
choose a convention for drawing the pushouts so that no contribution to the linking numbers comes from
the crossings that occur along the edges of D: this is illustrated in Figure 7.

The local contribution to the matrices A% near different types of crossings of D are given in Figure 8.
Since the C-complex near a negative bichromatic crossing is the mirror image of the C-complex near
a positive bichromatic crossing, the contribution near a negative bichromatic crossing can be obtained
by changing the sign of the contribution near a positive crossing. Moreover, by the symmetry (1), the
contribution for opposite choices of € can be obtained by transposition. In conclusion, the local linking of
all possible cases can be computed from those in Figure 8. For the sake of clarity, let us mention that in
the case of monochromatic crossings as well, one could compute the contribution for negative crossings
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¢ K ) k p
(/ \W

Figure 7: Convention for drawing the pushouts in the positive (left) and negative (right) directions
near a crossing of L#; rL occurring along an edge of D: if the pushout appears behind the surface
(dotted gray) then it is drawn between the original curve (black) and the diagram for L (thick
blue); if the pushout appears in front of the surface (solid gray) then it is drawn between the curve
and the diagram for L (thin blue).

from the one for positive crossings: the linking numbers involving the curves b and d (or their pushout)
is unchanged, while the others change in a controlled way. However, since the precise relation is less
immediately evident, we prefer to include both matrices in Figure 8.

We now write H(w) as a sum over crossings of D. For a crossing v, let A% denote the square matrix (of
size equal to the first Betti number of S) given by the contribution to A? from the linking near v; in other
words, A% is zero everywhere except in the 5 x 5 or 4 x 4 minor corresponding to the homology classes
coming into play near v, where its values are given by the local contributions to linking numbers given by
the matrices from Figure 8. We have

“ w
(7) Hw) = ). (]‘[(1-@?))/18:2 > (n(l—aff))Af,z:ZHv,

eef{1}n Ni=1 v oge{t1p Ni=1
where H, =Y, ([T;(1 —®;")) A%, and the sums indexed by v always refer to the sum over all crossings
of D. Note that A3 is entirely specified by ¢, and &, . Thus, we use Af,“’ﬂ ) to denote A¢ for any & with
&j, = o and g, = B. If v is monochromatic with g;, = &, = «, we simply write AE,O‘).

k|a b ¢ d|v Ikl|la b ¢ d|v Ik |a b ¢ d 1k a b ¢ d
a2 -1 001 a®1 -2 o000 a®D|-1-1 00 a%Dio 000
pDfo o o o0of0o »®lo o o o000 »EDI0O 0 0 0 pEIHDI-L 1 9 0
c®lo -1 -1o c®lo -3 300 Do L Lo 7D 1o -1

1 1 1 1 1 1 — 1 1
dV L 0 1L o|-1 4®W|1 o 1 o0|-1 4@V LI 1 I 0 4%V|-1 0 0 1
vWlo 1 0 0|1 v®|-1 1 —10 |1

Figure 8: The local contributions to linking numbers near crossings of D, where the curves
are labeled as in Figure 6. First two tables: contributions near a positive (first) and negative
(second) monochromatic crossing of color j, where x() stands for x® with ¢ i = 1. Last two
tables: contributions near a positive bichromatic crossing of colors (J, k), with x¢ denoted
by x(&i-ex),
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When v is monochromatic of color j = j,, the matrix H, can be rewritten as

w
H, = )3 (TTa-ai)@ =340+ 1 -wpaf ™)

(I Ejyeues Eu)E{:l:l}“_l i=1
i#]

w
= ( [Ja-a)a —w»)((l — @) AN + (1 —w) ATD),
i=1
where the second equality uses the relation (1 —@;) + (1 —w;) = (1 —@;)(1 — w;). Hence, using the
notation s; := (1 — w;), the matrix H, for a monochromatic crossing v of color j is given by

u w
8) H, = ( [1 |s,~|2)(5,~A£“ +s745D) = (H |s,-|2)Av,
i=1 i=1

i#j i#j

while for a bichromatic crossing of colors (J, k), it is given by

u |z
©) Hv=( I1 |sl-|2)(5j5kA9’“+5jskA9"”+s;5kA$71’“+sJ-skA$,‘1"“)=:( I1 |s,-|2)Au,
i,k %,k

where we use the notation
) Sj Af,l) + 55 Al(,_l) if v is monochromatic of color j;
Avi=0 A o =D o LD (=) oo - :
SiSk Ay +Sjsk Ay + 555k Ay + 555 Ay if v is bichromatic of colors j, k.
Plugging (8) and (9) into (7), we get

W
(10) H(a)):ZHv:Z( I1 |s,~|2)Av.

v i?éjvakv

Writing the Hermitian matrix H (w) as a block matrix of the form

o = (3. 3).

where the first line and column correspond to regions and the second line and column correspond to
monochromatic crossings, we see that Z is a diagonal matrix with coefficient corresponding to the
monochromatic crossing v given by —(]_[f‘ _q lsi |2) sgnv. In particular, Z is invertible (and hence has
nullity null Z = 0), while its signature is equal to 06 (Z) = —wy, (D). Furthermore, H(w) is congruent to
the block diagonal matrix

—1lyx*
(11) MH()M* = (X_YZ re o )

0 7z !

via M = ((I) _2{1_1 ) Since 0(Z~ 1) = 06(Z) = —wy (D) and null Z~! = 0, it remains to show that the
matrix X —Y Z~1Y* coincides with Tp (w) up to transformations that do not affect the signature and nullity.
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a b ¢ d a b ¢ d
g | @ite  1+0; L e SSktsise Si(w; =) 515k 8j (@) —wk)
2 2 2 2 2 / 2
1 . 1 . D —(1): Y g (D1 —
p | _1to | 1 How; @; b sg(@j—wj)  SiSk+3isg (0 —wg) 85k
2 2 2 2 2
c o e wite;  1te; s Sj(wk—=0r) 55kt k(@) —w))
2 2 2 sk 2 2 2
4| 1t &; e J | Silex=on) 5 Sk(wj—w;) Sk +58jSk
2 2 2 2 2

Figure 9: The local contribution to X — Y Z~!Y* for a positive monochromatic and bichromatic
crossing v. If v is a negative crossing, the matrix is the negative of the corresponding matrix
for a positive crossing. Left: v positive monochromatic crossing of color j. Right: v positive
bichromatic crossing of colors (/, k).

To determine X — Y Z~1Y*, let us fix two regions a and b. Note that

(YZ_IY*)a,b = Z Ya,vZU_,:JYb,v’
v

and that it is only possible for both Y, , and Y} ,, to be nonzero if the regions a and b are both adjacent
to the crossing v. Therefore, the matrix YZ~!Y* is a sum over crossings, where the contribution at
each crossing is a matrix that is zero everywhere except in the 4 x 4 minor corresponding to the four
adjacent regions of the crossing. The same is then true for X — Y Z~1Y*. For a bichromatic crossing v,
there is no column of Y that corresponds to v, so this 4 x 4 minor is nothing but the nonzero 4 x 4 minor
of A,. For a monochromatic crossing v, the 4 x 4 minor of X — Y Z~!1Y* is obtained by performing
the corresponding matrix operations to the 5 x 5 minor of A,. The computation is similar to the single
variable case; see [16] for more details. The explicit values for these local contributions to X —YZ —ly*
are given in Figure 9. Since the minor for a negative crossing turns out to be the negative of the minor for
a positive one, we only provide these minors in the case of positive crossings.

We need to perform one last change of basis, which we now describe. If the sublink L; winds around the
region a a total of «; times, then multiply the basis element corresponding to a with ]_[ﬁ.;l (—w; 1/ 2)""’ .
This change of basis alters the matrices in Figure 9 in the following way. If v is a monochromatic crossing

of color j, then L; winds around b once more than it does around & and ¢, and it winds around d once fewer.

Thus the rows corresponding to b and d are multiplied by —a)j_l/ % and —o ]1 /2 respectively, and the columns
are multiplied by the conjugates —a);/ % and —wj_l/ 2. If v is a bichromatic crossing of colors (J, k),

then L; winds once more around ¢ and b than it does around ¢ and d, and L winds once more around b

and ¢ than it does around a¢ and d. Thus we multiply the row for a by —a)j_l/ 2. the row for ¢ by —a),?l/ 2
and the row for b by a)j_l/ 2a)]:l/ 2, and we multiply the corresponding columns by the conjugates.

Remarkably, the sum of local contributions to X —Y Z~1Y* from Figure 9 can now be written in terms
of the single matrix 7,(w), the evaluation of 7,(x) at x; = Re(a)}/z) and xji = Re(a);/zw,i/z), in both

Algebraic & Geometric Topology, Volume 25 (2025)



5128 David Cimasoni, Livio Ferretti and Jessica Liu

the monochromatic and bichromatic cases. Indeed, for a monochromatic crossing v, it coincides with
(sgnv)ty(w), while for a bichromatic crossing, it yields

4sgnvy/1 —x}u V1 —x,%vrv(a)).
The result of the matrix X — Y Z~1Y* after this change of basis thus gives

(12) Z (]_[ |si|2) sgn vty (w) + Z ( l_[ |s,~|2)4sgnv\/1—szu\/l—x,%vrv(w)

v monochr *j# j, v bichr * iz jy, . ky

- u
B ‘l‘(n |Si|2) 2 V1 —xs.2gn\})1_x,§ (@)= }1(1_[ |Si|2)fD(w).
v Jv v

i=1 i=1

The positive constant 3 ]—[ ie1 |si|? affects neither the signature nor the nullity, so we have

200 (@) =0(X —YZ 'Y +0(Z7Y) =0(ip(w)) — wm(D),

2L(@) = (X =YZ7'Y") +n(Z7") = n(ip(@)). O
Note 3.2 In the manipulations of matrices throughout this proof, we never used the fact that the w;

are complex numbers (except, of course, when computing signatures): the only property needed is that
wjw; = 1. Therefore, everything works equally well if we consider the a)jl /2 as formal variables, and set

cT)jl/Z::a)j_l/z, Re(a)l/z)— (11/2+a)j-_1/2), \/1———Im(a)1/2)— a)]l/Z a)j_l/z).

3.2 The Conway function

We now discuss how to compute the Conway function of a colored link from the matrix 7p(x) and prove
the second point of Theorem 1.3, which we now restate for convenience.

Proposition 3.3 If D is a connected j1-colored diagram for a ju-colored link L, we have the equality
1 _ - ~
Vit ty) = oy ( l_[(—sgn ) (36— 7)) (3t — 1 1))) -det 7p (1),
174 v

where the product is over all crossings of D, the indices j, k are the (possibly identical) colors of the two
strands crossing at v, and tp (t?) stands for the evaluation of Tp(x) at

i i i 1,1
xjp =50 +17), Xj =3+ 00).

Our starting point is (5), which expresses the Conway function Vp, in terms of the matrix A4 g associated

to a connected C-complex S for L; recall (4). If H(w) denotes the matrix defined in (2), which is used

for computing the multivariable signature, and we consider w; 1/2

w
(13) H@):=H@ 2. )= > (H(l—z,?ai))A‘?: > (]_[s,z &l "—tf"))Ae

ee{1}n ~i=1 ee{x1}# ~i=1

“ “ "
:(H—(t,——ti_l)) > (]_[gisz)Ae=(—1)“(]_[(z,-—z,.—1))AS.

i=1 ee{E1}1 Ni=1 i=1

=:t; as a formal variable, we have
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Hence, the Conway function can in fact be computed from the matrix H.

In order to prove Proposition 3.3, we adopt the same strategy as in the computation of the signature: starting
from a connected diagram D, we use the C-complex S for L #; rL constructed in the previous section
to compute the Conway function of L #; rL, and conclude by applying well-known formulas relating
the Conway function of a connected sum to the Conway functions of the summands. By construction,
requiring D to be connected precisely means that S is connected.

Let D= D{U---UD, be aconnected, j1-colored diagram of a pi-colored link L and let S = S; U---US,
be the C-complex for L #; rL defined in the proof of Proposition 3.1. As before, the notation #; stands
for the connected sum performed along a component of color 1. Let n,, and 1, denote the number of
monochromatic and bichromatic crossings of D, respectively, and n = n,,;, + np be the total number of
crossings. Similarly, let n,,,,; and np,_; denote respectively the number of monochromatic and bichromatic
crossings of D without the color i. Finally, recall that sgn S denotes the product of the signs of the clasps
of S (see Figure 4).

Lemma 3.4 With the notations above, the C-complex S satisfies:

(i) sgnS =[], picnr &0 v, where the product is taken over all bichromatic crossings.
(ii) Its first Betti number is equal to b1 (S) = n + ny, and is even.

(i) x(S\S1)=-np1—2ny,,; and x(S\ S;) =1—np ; —2np,,; foralli # 1.

Proof The first equality is clear by construction, since S has one clasp for each bichromatic crossing of D,
and the sign of the clasp is equal to the sign of the corresponding crossing. To check the second point, let r
denote the number of regions of D. By construction, we have by (S) = (r —2) +n,,, while an Euler charac-
teristic computation yields the equality r —2 = n. Since ny, is always even, it follows that b1 (S) =n+n,, =
ny 4 2n,, is also even. As for the third point, one just needs to notice that S\ S; deformation retracts onto
a graph I'; constructed from (the planar projection of) the diagram D \ D; by adding one loop to each
monochromatic crossing and, if i # 1, by removing one edge of color 1 (which corresponds to performing
the connected sum). The number of vertices of I'; minus the number of its edges yields the result. O

To shorten our formulas, we use the notation sp := [ [, pichy $€0 U and Sy = [ [,) monochr S€0 Vs Where the
product is taken respectively over all bichromatic and monochromatic crossings of D. We are now ready
to prove Proposition 3.3.

Proof of Proposition 3.3 In what follows, we always evaluate H at w; = ;- 2 considered as formal
variables, and rely on Note 3.2 to use the computations from the proof of Proposition 3.1 in this formal
setting. Recall that, by (11) and the ensuing discussion, there exists a matrix M’ such that
M H@)M"™ =7 (0)® Z",
where the matrix “
Z = ( l_[(l —w;)(1 —a)i_l)) diag(—sgn v)
i=1
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is indexed by the monochromatic crossings of D, and det M’ = det M"* = det Z~! — in the notations
from the proof of Proposition 3.1, 7, () is the matrix X —YZ ~ly* after the final change of basis, as
in (12). Therefore,
14 nm
det H(w) = det Z det Tpy (w) = (—1)"" sy, ( l_[(l —w;i)(1— a)i_l)) det 7)) (w).
i=1
Evaluating at w; = ;- 2 and using the equality (1 — tl.z)(l -1 ) =—(t; — tl._l)z, we obtain
w

(14) det H(1™%) = (=1)"mthamg, ( ]_[(zi — t,.—l)Z"m) det 7, (¢%).

i=1

Furthermore, since %b is a matrix of size n and (12) yields

n
p(w) = i( [[a-wna —wﬂ))%a(w),

i=1

we have
uw

(15) det 7y, (%) = (= 1)H" ( ]_[(z,- —t,.—l)Z") det($7p(t%)).

i=1
Putting everything together, and writing ¢ for (¢, ...,?,), we obtain
Vi)

1
= VL)V,L(t) = ﬁVL#IrL(Z)

1—4

1 u
© (=1)"1 ) (sgn s>( [Tei- z,-”)X‘S\S")‘l) det A

P
=t i=1

n n
(1:3) Sp (H(ti _ ti—l)X(S\S,')—l)(_l)ubl(S) ( H(Zi . fl-_l)_bl (S)) det H(Z—Z)

—1
=t i=1 i=1
(14) Sp = —1\x(S\S;)—1-b1(S) nm+Uhim : —1\2n, =1 (42
== [T@-4h (-1) sm( []w—-47H det 7}, (%)
(C)) (_l)nm—i_unmsb‘gm a —1\x(S\S;)—1-b1(S)+2n un £ —1\2n 1=~ 2
= [ [ =g HxE\S m)(=DEr T [ -1 ) det(37p(1%))
1—h i=1 i=1

(D" spsm ( a M o i

= : ti —t )T T2 m it ) et 71, (1),

eIt 1;[1< ) (%)

where in the first line we used Corollary 2 and Proposition 5 of [2]. The following equalities derive,
as indicated, from (5), (13), (14) and (15), together with the first point of Lemma 3.4 in the third line

(with (13)), the second point in the fourth line (with (14)), and the second and third points in the last line.

To conclude, we note that the exponent —np_; — 21y, ; + n + ny,, appearing in the last line is equal to the
number of bichromatic crossings involving a strand of color i plus twice the number of monochromatic
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crossings of color i. Therefore,
w

g o) [ =7yt = Tsgnv) (35— 1) (30 = 1)),

i=1 v
where the product on the right-hand side is over all crossings of D and the indices j, k are the two
(possibly identical) colors of strands crossing at v. The proposition now follows from observing that
(=1)"m = (—=1)" since n = ny, + np and ny, is even. O

3.3 The multivariate Kauffman model

Having finished the proof of Theorem 1.3, we now turn our attention to Corollary 1.5.

Starting from a connected diagram D of a p-colored link, let Kp (or simply K) be the matrix defined
by the labels in Figure 3, and K be the square matrix obtained from K by removing two columns
corresponding to two adjacent regions of D separated by a strand of color 1. Corollary 1.5 is a direct
consequence of Proposition 3.3 together with the following lemma.

Lemma 3.5 Let S = (S,,y) be the diagonal matrix indexed by the crossings of D with coefficients
—4sgnv
G~ — 1Y)

where j and k are the colors of the two strands meeting at v. Then, we have

Sv,v =

tp(t?) = KTSK.
We start by proving Corollary 1.5, before addressing the proof of Lemma 3.5.

Proof of Corollary 1.5 By Lemma 3.5, we have 7p (12) = KTS K, yielding the equality
(det K)? = det S~ det 7p (£?).

Since
det S™! = l_[(—sgn v)(%(tj —Zj_l))(%(lk —lk_l)),

Proposition 3.3 implies that (det E)z = (1 -1, l)zvg (t1,...,ty), and Corollary 1.5 follows. |

Proof of Lemma 3.5 Recall that K = (K, ) is a matrix with rows indexed by the crossings of D
and columns indexed by the regions of D. Let us fix two regions f and g of D. By definition, the
corresponding coefficient of KTSK is

(16) (K'SK)pg =) URE (U
v J

while the corresponding coefficient of tp(2) is

(17) (o)) =)

ral G [P
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In both cases, the sum is over all crossings of D (and j, k denote the colors of the strands crossing at v),
but the only nonzero contributions come from the crossings adjacent to both f and g.

Comparing the labels of Figure 2 evaluated at x; = %(Zj + tj_l) and xj; = %(tj e+ tj_ltk_l) with the
labels of Figure 3, one notices an interesting relation. To state it precisely, let Q(¢) denote the field of

fractions of Z[tlil, ....tF1], and let ¢: Q(r) — Q(¢) be the involution induced by ; > - U forall i. We
claim that the following equality holds:
(18) (Tv(lz))f,g = %(Kv,va,g‘f’(P(Kv,va,g))-

The proof of this claim is divided into three cases, depending on the relative positions of the regions
f and g. Let us first assume that f and g are two different regions of the same checkerboard color.
In such a case, we have K, s Ky ¢ =1 = (1p (12))f,g for each crossing v incident to both f and g,
so (18) holds. Let us now assume that f and g are regions with different checkerboard colors, meeting
at a crossing v with strands of colors j and k. If f and g are adjacent to the strand of color j
(resp. k), we get K, r Ky g = t,étl (resp. tjil). Since the coefficient of 7,(¢?) is xx = %(lk + tk_l)
(resp. xj = %(tj + tj_l)), (18) holds in this case as well. Finally, let us assume that f = g. For a
crossing v incident to f', we get either K 5 = (t )t or K 5 = (tj_ltk)il, depending on the position
of f around v. Similarly, the corresponding coefficient of 7, (¢?) is either Xjk = %(Zj t + tj_ltk_ ) or
2Xj X — Xjk = %(lj tk_l + lj_llk), respectively. This concludes the proof of (18).

The equations (16), (17) and (18) immediately imply the equality
tp(?) = J(KTSK + o(K"SK)),

where ¢ is applied to matrices coefficientwise. To conclude the proof of Lemma 3.5, it remains to check
that (KTSK) = KTSK. This fact being surprisingly technical, we make it the object of a final separate
lemma. |

Lemma 3.6 Let Q(¢) denote the field of fractions on[tlil, ...t and let ¢: Q(t) — Q(¢) be the
involution induced by t; + ;" for all i. Then, we have the equality (K"SK) = K'SK.

Proof We have to show that, for any two regions f and g of D, the coefficient

(K'SK)y, = Z

> (G =)

is invariant under ¢, where the sum is taken over all crossings adjacent to both f" and g. We will consider

—4sgnv

v,va,g

several cases, according to the relative positions of f and g with respect to the crossings.

First of all, if f and g are two regions of the same checkerboard color, each common crossing v contributes
aterm —4sgnv/((¢j — tj_l)(tk — 1l 1)) to the coefficient (KTSK )a.b- Since all these terms are invariant
under ¢, this case is checked.
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4

Figure 10: The conventions in the proof of Lemma 3.6.

Next, suppose that f* and g have different checkerboard colors. Each edge of D adjacent to both regions
gives two contributions to the sum, one for each crossing adjacent to the edge. So, let us consider
a common edge with endpoints v and v’, and suppose without loss of generality that the colors and
orientations of the strands are as in Figure 10 (left). The two contributions sum up to

_Aet—S _AolsS
4Stj 45 tk

GG -6 G -

where s = sgnv and s’ = sgnv’. Proving that the term displayed above is invariant under ¢ is clearly
equivalent to showing that

Gi=st7 (e — 1)+ 515 (6 — 171

satisfies ¢(G) = —G. Expanding the products and denoting by x the characteristic function, one checks
that G is equal to

(1, — tj_ltk_l)()(s’=l — Xs=—1) + ([jlk_l - [j_lzk)(Xs=—1 — Xs'=—1),
which is clearly antisymmetric, thus finishing this case.

Finally, let us consider the diagonal coefficient corresponding to a region f. Suppose that, when moving
around the boundary of f counterclockwise, one encounters n crossings vy, ..., v, of respective signs
S1,...,8,. (It can happen that f abuts the same crossing from two sides, but since the corresponding
labels are added, our computations remain valid in this case.) Let us also number the edges of the boundary
from 1 to # as in Figure 10 (right). To each edge, we assign a sign &; € {£1}, where &; = 1 if the edge i
is oriented coherently with the counterclockwise orientation of the boundary of f', and g; = —1 otherwise.
Without loss of generality, we can assume that all the edges have different colors, that we also denote
by 1,...,n; in the general case, if two colors coincide, one simply needs to identify the corresponding
variables in the following computations, a transformation which does not affect the symmetry.

With these notations and the help of Figure 3, one computes

Ei4+ —&; .
—4si (1, )

(i —1;7 )G =173

(KTSK)s s = Z

i=1
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As before, proving that this coefficient is invariant under ¢ is equivalent to showing that

G:= ]_[(zj —z‘l)Z i)

i=1 (ti _tl‘_l)(ti-i-l _ti+1)

.(Zf‘:i—i-l

satisfies ¢(G) = (—1)"G. Expandlng as a sum of monomials, we obtain

6=3( T i) =3 (T o i

i=1 “j#i,i+1 i=1 qe{*1}n—2 “j#i,i+l
= Z Cﬁlﬁl t,’?”

Be{£1}"
for some coefficient cg. To compute these coefficients explicitly, let us define for each g € {£1}" the
(possibly empty) set of indices Ig = {i € {1,...,n}| Bi = &;iy15i, Bi+1 = —¢isi}. We then have
cp=Y Bre-BicasiBiza-Bu=3  5iBiBix1(Bi--Bu)=Br--Bn O siBiBir1 = B1 -+ Budp,

ielg ielg ielg

with dg = Zielﬁ siBiBi+1. The desired equality ¢(G) = (—1)"G is equivalent to c_g = (—1)"cg for
all B € {£1}", which in turns is equivalent to d_g = dg.
Therefore, we are left with the proof of the equality d_g = dg for all B € {£1}". Given any such 8 and

any index i € {1,...,n}, define ﬁ by ,3, = —pB; and ,3 i = Bj for j #i. A straightforward but slightly
cumbersome computation yields

—¢&ifi if (Bi—1. Bi+1) = (—€isi—1, —&isi),
dg—dg=q eifi if (Bi—1,Bi+1) = (eisi—1.€isi),
0 otherwise.
This expression is invariant if we replace § by —p. It thus follows that, for any two 8, 8’ € {£1}", we
have dg —dg = d_g—d_g . To prove the equality d_g = dpg for all B, we therefore only need to check
it for a single 8. Taking 8 = (1,...,1), we get
dg—d_g= Z Sj — Z S = Z gi+1 =0,
i:(ei8i41)=(=5i,5;) i:(&i8i41)=(8i,—5i) I8 #Ei41
since there is an even number of crossings at which &; changes sign, going from 1 to —1 in exactly half
of the cases and from —1 to 1 in the others. |

3.4 The Alexander module

We conclude this article with a slightly informal discussion on yet another abelian link invariant, namely
the Alexander module (recall its definition from Section 2.3).

The question we address is whether it is possible to obtain a presentation of (the square of) the Alexander
module <77 of a p-colored link L from the matrix Tp (x) associated to a colored diagram D for L. As
we will see, the answer is positive in the case p = 1, but not in general.
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First, recall that =7 does not admit a square presentation matrix over A = Z[tlj:l, L tEIEAL #0
and o > 4 [9]. For this reason alone, there is no hope of answering the above question positively in

general. However, the module <77 does admit a square presentation matrix over the localized ring

AS:=Z[ZfE1,...,I,fl,(11 -7 =D

By Corollary 3.6 of [4], the generalized Seifert matrices can be used to compute such a square presentation
matrix. Therefore, it is natural to hope that the strategy developed in this work could be applied to this
invariant as well. However, since the change of variables 2x; = tjl/ >4 tj_l/ ? makes use of fractional

powers of the variables, we will need to work over the slightly larger ring
+1/2 - —
s=Zi P -7 - DT

In the case u = 1, this program can be carried out, yielding the following result. Let D be a connected
diagram for an oriented link L. As one easily checks, the coefficients of the matrix tp (x) are polynomials
in2x=:y. Let .#p denote the Z[y]-module presented by the matrix T7p (). Then, we have an isomorphism
of A'g-modules
Mp gy N ~ «Qfﬁz ®p A,

where A’y = Z[t*'/2 (t —1)""]is a Z[y]-module via the ring homomorphism Z[y] — A’g mapping y
to t1/2 +¢='/2 and a A-module via the natural inclusion A — A’s. Less formally, one can say that the
matrix Tp(y) is a presentation matrix of MISBZ over A’y via the substitution y = V2tV f L =K
is a knot, then the multiplication by (¢ — 1) is invertible in «/x. As a consequence, the matrix Tp(y)

presents /2> over the ring Z[r£!/2].

Unfortunately, these results do not carry over to the case ;o > 1. Indeed, let D be a p-colored diagram for
a p-colored link L, and assume that each pair of colors meet in D. Then, using Corollary 3.6 of [4], it is
possible to prove that the matrix Tp(x) presents the Alexander module of L #; rL over the ring

1 E1/2 +1/2 -1 -1

/A P N (ZIS ) RN (S D

under the substitutions x; = %(tj + tj_l) and xj; = %(tj te + lj_ltk_ 1). However, the isomorphism
ML#lL’ ~ JZfL D JZ{L/

that we used in the case p = 1 is no longer valid in general for ; > 1. In other words, the additivity under

connected sum enjoyed by the other abelian invariants considered in this work does not extend to the

Alexander module in general.
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