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Equivariant double-slice genus, stabilization, and equivariant stabilization

MALCOLM GABBARD

We define the equivariant double-slice genus and equivariant superslice genus of a strongly invertible
knot. We prove lower bounds for both the equivariant double-slice genus and the equivariant superslice
genus. Using these bounds we find a family of knots which are double-slice and equivariantly slice,
but have equivariant double-slice genus at least . Using this result, we construct unknotted symmetric
2-spheres which do not bound symmetric 3-balls. Additionally, using double-slice and superslice genera
we find effective lower bounds for 1-handle stabilization distance and identify a possible method for using
equivariant double-slice and superslice genera to bound the symmetric 1-handle stabilization distance for
symmetric surfaces.

57K10, 57K45; 57K40

1 Introduction

Given a knot K C S3, its double-slice genus gas(K) was first defined by Livingston—Meier in [14] as the
minimal genus of an unknotted surface ¥ C S* such that ¥ intersects an equatorial S3 transversely with
intersection K. In 2021, Chen [5] was able to construct a lower bound for the double-slice genus using
Casson—Gordon invariants which allowed him to prove that there are slice knots with arbitrarily large
double-slice genus. A later result by Orson—Powell in [17] using a new lower bound for double-slice
genus from signatures refined this result, finding slice knots with double-slice genus exactly » for all n.

The discussion of equivariant genus of symmetric knots originates from Sakuma’s work [19] on the equi-
variant concordance group of strongly invertible knots. A strongly invertible knot (K, ) is aknot K C S3
and an involution 7: S3 — 3 satisfying 7(K) = K and fix(r) = S intersecting K in two points. The
equivariant concordance group of strongly invertible knots has received considerable attention in recent
years, including in [3; 4; 7; 8], providing many obstructions to strongly invertible knots being equivariantly
slice, ie bounding a symmetric disk in B*. A more general analysis was recently initiated by Boyle—Issa
in [3] where they define for a strongly invertible knot (K, 7) its equivariant 4-genus g4(K, 7) to be the
minimal genus of a properly embedded surface ¥ C B* with 3% = K, such that for some extension
7: B* — B* of t, 7(¥) = X. Using knot Floer homology, Dai-Mallick-Stoffregen [6] were able to find
slice knots which, viewed as strongly invertible knots, have arbitrarily large equivariant 4-genus.

Combining these ideas, we define the equivariant double-slice genus g4s(K, 7) of a strongly invertible
knot (K, ) to be the minimal genus of an equivariantly unknotted surface £ C S*# of which K appears
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Figure 1: The knot (K}, 7).

as the cross-section. In other words, it is the minimal genus of a surface X intersecting S> transversely
with intersection K and bounding a handlebody H such that 7(H) = H for some orientation preserving
extension of 7 to S*. In order to differentiate the equivariant double-slice genus from the equivariant
4-genus and the double-slice genus, we prove the following lower bound:

Theorem 1.1 Let (K, t) be a strongly invertible knot and let Ky and K, be the knots formed from the
union of an arc of K with, respectively, the half-axes ho and h{. Then

min{gqs(Ko), gas(K1)} =< gas(K, 7).

This lower bound allows, to some extent, questions about the equivariant double-slice genus of a strongly
invertible knot to be answered in terms of the nonequivariant double-slice genus of these other knots K
and K, allowing us to make use of the well-studied bounds for double-slice knots. Using this lower
bound, we are able to prove that the equivariant double-slice genus of a knot (K, t) does not depend on a
combination of its double-slice genus and equivariant 4-genus.

Theorem 1.2 The knot (K, t) depicted in Figure 1 satisfies the following:
(1) K, is double-slice.
(2) (Ky, ) is equivariantly slice.
(3) 8as(Kn.7) = .

1.1 Equivariantly superslice knots

Similar to double-slice genus, there is a notion of superslice genus gs(K) defined by Chen in [5] as
the minimal genus of a surface ¥ C B* with boundary K such that the double of ¥ along K in S* is
unknotted. We extend this discussion to the equivariant setting by defining the equivariant superslice
genus g (K, 7) of a knot to be the minimal genus of a surface ¥ C B* such that 7(X) = ¥ and the
double of ¥ is equivariantly unknotted. Using similar techniques to the double-slice setting we are able
to prove the following:
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Theorem 1.3 Let (K, t) be a strongly invertible knot and let Ky and K; be the knots formed from the
union of an arc of K with, respectively, the half-axes hog and h. Then

min{gss(Ko), gss(K1)} < &ss(K, 7).
1.2 Symmetric 2-knots

Similar to strongly invertible knots, one could ask what are the properties of 2-knots invariant under
some symmetry of S*. Using Theorem 1.3, we are able to construct interesting examples of symmetric
2-knots that distinguish them significantly from both nonequivariant 2-knots and strongly invertible knots.

Namely, we are able to prove the following result:

Theorem 1.4 There exists a symmetric 2-sphere in (S*, ) which bounds a 3-ball but bounds no
equivariant 3-ball.

1.3 Stabilization distance of disks rel boundary

The internal stabilization distance of embedded surfaces in 4-manifolds is a well-studied area [1; 2;
9; 10; 11; 12; 16; 20], which generally asks the following: given two embedded surfaces ¥ and X,
how many internal stabilizations (additions of 2-dimensional 1-handles to 3 and X,) are necessary
before X; and X, are isotopic? In recent work of Miller and Powell [16], this question was extended to
internal stabilizations of properly embedded surfaces rel boundary. In particular, the authors define the
1-handle stabilization distance d1(X1, £,) between smoothly and properly embedded genus g surfaces
¥, ¥, C B* with common boundary K to be the minimal » C N such that ¥ and ¥, become ambiently
isotopic rel boundary after each has been stabilized at most n times.

Using basic properties of double-slice and superslice genus, we are able to prove the following lower
bound for the 1-handle stabilization distance of surfaces satisfying certain conditions:

Theorem 1.5 Let X1 and X, be properly embedded genus h surfaces with boundary K C S3 such that
T Ug 33 C(B* £1) Uss iy (B*, £,) is unknotted. Then dy (21, ) > ges(K) —h.

By letting K be double-slice this immediately yields the following corollary:

Corollary 1.6 Let K be double-slice with gs(K) = n, then K admits slice disks D; and D, such that
dl (Dl , Dz) >n.

From here, we define a symmetric notion of 1-handle stabilization distance d { (21, ) for certain classes
of symmetric surfaces and prove the following symmetric analog of Theorem 1.5.

Theorem 1.7 Let £;,%, C B* be properly embedded genus h surfaces with boundary K which
are both T-invariant. If £; Ux —X, C (B*, X)) Ucs3, k) (B*,X,) is equivariantly unknotted, then
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1.4 Organization

Section 2 provides an overview of notation and conventions, as well as necessary background on double-
slice genus and equivariant 4-genus. Section 3 defines the equivariant double-slice genus and covers some
properties of involutions on handlebodies arising in this setting. In Section 4, we bound the equivariant
double-slice genus, proving Theorem 1.1 as well as Theorem 1.2. In Section 5, we define equivariant
superslice genus and prove analogous results to Section 4, as well as results about equivariantly knotted
2-spheres. In Section 6, we discuss stabilization of surfaces rel boundary and introduce a notion of
equivariant stabilization.

Acknowledgments

Many thanks to Dave Auckly for countless helpful conversations and Evan Scott for insights which
helped find a mistake in an earlier version of the paper. The author was partially supported by NSF grant
DMS-1952755.

2 Background

In this section, we recall the necessary background pertaining to double-slice classical knots and equivari-
antly slice strongly invertible knots.

2.1 Conventions and classical 4-genus

A knot K will refer to a classical knot, namely the oriented image of a smooth embedding of S into S3.
From a given knot K we have the following related knots:

e 1K is the reverse of a knot K, that is, K with the opposite orientation.
o mK is the mirror of a knot K, which is the image of K under a reflection of S3.
e —K is the inverse of a knot K, and is the reverse of the mirror.
Recall that the 4-genus g4(K) of a knot K is the minimal genus of a smooth properly embedded surface

¥ C B* with 0¥ = K. If g4(K) = 0, we say that X is slice. One well-known fact we will use consistently
is that given a knot K, K#—XK is slice.

2.2 Double-slice genus

The double-slice genus of a knot K, denoted by gqs(K), was defined by Livingston and Meier [14]
as the minimal genus of an unknotted smooth surface ¥ C S* such that the intersection of ¥ with an
equatorial S3 is K. By unknotted, we mean that the surface > bounds a smoothly embedded handlebody
in S*. If the double-slice genus of K is 0, ie K is the cross-section of an unknotted sphere, we say that K
is double-slice. One important fact we know from Sumners [26] is that given any knot K, K #—K is
double-slice.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 2: The knot L,: n copies of 8,y summed together.

There are many obstructions to knots being double-slice, and a good survey is provided in [14]. The
primary bound for double-slice genus we will use is Theorem 1.1 of [17] from Orson and Powell, which
states:

Theorem 2.1 (Orson and Powell) Let K be a knot in S3 and o,,(K) be its signature function. Then

2as(K) = max 04 (K).

One important application of this theorem is the following example coming from Theorem 1.2 of [17]
which we will refer to in future constructions:

Example 2.2 Let L be the knot denoted by 8, in Rolfsen’s table [18] and let L,, = #" L as depicted in
Figure 2. In [17] it is shown, using the additivity of the knot signature function, that g4s(L,) = n, despite
the fact that L, is slice.

2.3 Equivariant 4-genus

To define the equivariant 4-genus, we first recall that a strongly invertible knot is a pair (K, T) consisting
of a classical knot K and an involution 7 acting on S3 such that fix(z) = S! and fix(z) N K is two points.
For a given strongly invertible knot (K, 7), we refer to the fixed point set as the axis and refer to the two
intervals of the axis separated by the intersection with K as half-axes.

As it will often be useful to work with a specified half-axis, we recall that a directed strongly invertible
knot is a triple (K, t, i) consisting of a strongly invertible knot (K, t) and an oriented half-axis denoted
by 4. Given a directed strongly invertible knot (K, z, &), its antipode is the knot a(K, t,h) = (K, , 1),
where /1’ is the other choice of half-axis; an example is shown in Figure 3.

Given a strongly invertible knot (K, t), Boyle and Issa define in [3] a notion of equivariant 4-genus

g4(K, 1), which we recall here.

Definition 2.3 Given a strongly invertible knot (K, t) in S3, an equivariant surface for (K, 1) is a
connected, smoothly properly embedded surface F C B* with F = K C 9B* such that 7(F) = F, for a
smooth extension 7: B* — B* of 1.
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Figure 3: A strongly invertible knot (94¢, 7, /1) and its antipode.

From here we define the equivariant 4-genus as in [3]:

Definition 2.4 The equivariant 4-genus of a strongly invertible knot (K, t) is the minimal genus of an
orientable equivariant surface for (K, t), denoted by g4(K, ). When clear from context, we may instead
write g4(K).

Given a strongly invertible knot (K, t), we have that (K # —K, 7) is equivariantly slice, where the
connected sum is an equivariant connect sum banding together two directed strongly invertible knots with
a symmetric band consistent with the orientations on the half-axis. For a more explicit description of the
equivariant connect sum, see [19]. Another common operation we will use to construct strongly invertible
knots is the equivariant double of a knot K, denoted by D(K).

The double of a knot K is a strongly invertible knot (D(K), t) where D(K) = K #rK and 7 is the
involution taking K to rK and vice versa, as shown in Figure 4. Of importance to our genus bounds is
the following immediate result:

Proposition 2.5 Given a knot K with 4-genus g4(K) = n, its double (D(K), t) has equivariant 4-genus
84(D(K)) = 2n.

T
|
|
|

SR>

N2

Figure 4: The equivariant double of 8.
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3 Equivariant double-slice genus

Having defined both double-slice genus and equivariant 4-genus, we can now define the logical combination
of the two, which we call the equivariant double-slice genus. In order to do this, we first discuss extensions
of 7 to S*.

We divide the possible extension of t into two categories: orientation preserving and orientation reversing.
By Smith [23], the fixed point set of these extensions will either be S? or S!, depending on if it is
orientation preserving or reversing, respectively. We will refer to an orientation preserving extension of ©
to S* as 7, which will be the primary focus of this paper. We discuss orientation reversing extensions
briefly at the end of this section.

With this in mind, we now define an equivariant slicing surface and an equivariant slicing handlebody:

Definition 3.1 Given a directed strongly invertible knot (K, 7, 4) C S3 and a smooth extension 7 of T
to S*, an equivariant slicing handlebody of (K, t,h) is a handlebody H C S* such that T(H) = H
and H intersects the standard S3 containing K transversely with 2 C H and 0H N S® = K. We call 0H
an equivariant slicing surface and say that (K, t, h) divides 0H.

Remark 3.2 Since H N S3 contains an arc / of the fixed point set, 7 preserves the tangent vector to /
at a point of /. Since it setwise fixes the hemispheres of S*, it also fixes the normal vector to S3 at
that point. Furthermore, the fixed point set is two-dimensional, so we conclude that 7|z is orientation
reversing.

Remark 3.3 Given the equivariant connect sum of two directed strongly invertible knots, as defined in
the previous section, we get a natural equivariant connect sum of equivariant slicing surfaces which we
will make use of in future constructions.

To see that an equivariant slicing surface exists, we take an equivariant Seifert surface F C S* for
(K, 7, h), guaranteed to exist by [3], and consider F x[—1,1] C S 4. as in the nonequivariant setting
described in [14]. F x[—1, 1] is then an equivariant slicing handlebody for (K, t, 4). We say a surface is
equivariantly unknotted if it bounds an equivariant handlebody, but do not require the possibly stronger
condition that it is equivariant isotopic to some standard embedding. With this in mind, we define the

equivariant double-slice genus:

Definition 3.4 The equivariant double-slice genus of a directed strongly invertible knot (K, 7, &), which
we denote g4s(K, 7, /), is the minimal genus of an equivariant slicing handlebody for (K, t, /). If
gas(K,t,h) =0, we say (K, t, h) is equivariantly double-slice.

It is clear that the equivariant 4-genus of a directed strongly invertible knot is equal to that of its antipode,
as any symmetric surface one bounds is also bounded by the other. It is less clear, and currently unknown
to the author, if the same is true for the equivariant double-slice genus.
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Open Question A Given a directed strongly invertible knot and its antipode, does
Zas(K, 7. h) = gas(a(K, 7. h))?

Because this is unknown, we define the equivariant double-slice genus of a nondirected strongly invertible
knot (K, t) to be the minimum of g4s(K, 7, 4) and g4s(a(K, 1, h)).

The basic lower bounds gq45(K, 7) > g4s(K) and g4s(K, 7) > 2g4(K, ) for the equivariant double-slice
genus do not allow us to differentiate the equivariant double-slice genus from the double-slice genus and
the equivariant 4-genus at the same time, as can be done with Theorem 1.1.

3.1 Involutions of handlebodies

Here we provide a brief discussion of the involutions of handlebodies and, more specifically, equivariant
slicing handlebodies. We start by recalling a general result about involutions on handlebodies coming from
the work of Kalliongis and McCullough in [13]. In their work, they discuss multiple decompositions of
actions on handlebodies into simpler actions on smaller parts. We will make use of the first decomposition
they discuss, called the vertical-horizontal decomposition. They define an involution on a bundle ¥ x [/
to be vertical if it is of the form 1y X r and horizontal if it is of the form o x I for some involution o
of X; see Figure 5.

Theorem 3.5 [13, Theorem 5.1] Let t be an orientation reversing involution of a handlebody H, and
suppose that some component of fix(h) is 2-dimensional. We have a decomposition H = HyU (U]’ - H j),
where each piece is h-invariant, such that:

(1) Hy is an I -bundle over a connected 2-manifold, and the restriction of h to Hy is horizontal. This
action may be chosen to be a product action if and only if no component of fix(h) is a point or a
Mobius band.

(2) Each Hj is an I-bundle over a surface of negative Euler characteristic, which is a deformation

retract of a component of fix(h), and the restriction of h to H;j is vertical.

(3) {Hi,..., H.} are pairwise disjoint, and for 1 <i <r each Hy N H; is a single 2-disk.

In the case of an equivariant slicing handlebody, we get added restrictions on the vertical-horizontal
decomposition coming from our knowledge of 7.

Figure 5: Example of vertical H; components (left) and horizontal Hy components (right) with
fixed point set in red.
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Lemma 3.6 The fixed point set of an equivariant slicing handlebody for a directed strongly invertible
knot (K, t, h) is the disjoint union of some number of planar surfaces.

Proof Let H be an equivariant slicing handlebody for (K, 7, #). By Remark 3.2, T must be orientation
reversing on H with 2-dimensional fixed point set. So, by [13], the fixed point set of 7|z is a collection
of surfaces. However, the fixed point set of 7|z is a subset of the total fixed point set, a sphere. This
means the surfaces comprising the fixed point set are limited to planar surfaces. |

With this restriction on the fixed point set, we can now rewrite Theorem 3.5 for equivariant slicing
handlebodies to give us better restrictions on the H;.

Proposition 3.7 Let H be an equivariant slicing handlebody for a directed strongly invertible knot (K ,t,h).
Then H has a decomposition H = Ho U (\J;=, Hj), where each piece is t-invariant, such that:

(1) Hy is an I-bundle over a connected planar surface, and the restriction of t to Hy is horizontal and
a product action.

(2) Each Hj is an I -bundle over a planar surface which is not a disk or annulus, which is a deformation
retract of a component of fix(t), and the restriction of T to Hj is vertical.

(3) {Hi,..., H} are pairwise disjoint, and for 1 <i <r each Hy N H; is a single 2-disk.

Proof We begin by verifying that the assumptions of Theorem 3.5 hold for an arbitrary equivariant slicing
handlebody H, ie that t|g is orientation reversing and that fix(t|g ) contains a 2-dimensional component.
The fact that 7|y is orientation reversing was discussed in Remark 3.2. The fact that fix(t|g) contains
a 2-dimensional component comes from the fact that it contains a half-axis of fix(z) C S3. Since this
subset is 1-dimensional, and since 7| is orientation reversing, it must then be a subset of a 2-dimensional
subset of fix(z|g). Thus, we know that H has a vertical horizontal decomposition as in Theorem 3.5.

We now look at the changes to (1), namely that Hy is an /-bundle over a planar surface and that the
restriction of 4 to Hy is horizontal and a product action. The fact that Hy is an /-bundle over a planar
surface, as opposed to an arbitrary 2-manifold as in Theorem 3.5, is a direct result of Lemma 3.6. Similarly,
by Lemma 3.6 no component of fix(t) is a point or Mobius band. So by (1) of Theorem 3.5, we have
that the restriction of t to Hj is horizontal and is a product action.

For (2) the only change made from Theorem 3.5 is noting that the only surfaces that can appear are, by
Lemma 3.6, planar surfaces. By (2) of Theorem 3.5, each must have a negative Euler characteristic and
thus is not a disk or annulus.

Since there were no changes to (3), this completes the proof. a
Considering orientation preserving extensions instead of orientation reversing extensions changes the
problem dramatically. The action then switches the hemispheres of S* and would be orientation preserving

on the equivariant slicing handlebody for (K, t). Our main results, which we now present, do not apply
in this setting, as the proofs rely heavily on the behavior of the action on the handlebodies we discussed.
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4 Bounds on equivariant double-slice genus

We prove Theorems 1.1 and 1.2 and discuss relevant examples. We first prove a version of Theorem 1.1
for directed strongly invertible knots, from which Theorem 1.1 follows immediately.

Theorem 4.1 Let (K, 7, h) be a directed strongly invertible knot and K be the union of h with an arc
of K ending on the two fixed points. Then gqs(Ko) < g4s(K, t, h).

Proof Let H be a minimal equivariant slicing handlebody for (K, 7, 7). We will start by creating a
decomposition of H which allows us to construct a useful slicing handlebody for K.

We start by decomposing H into H = Hy U (U]r-=1 H,) as described in Proposition 3.7. Using this
decomposition, we will show that the fixed point set 7|z, which by abuse of notation we will refer to as
simply 7, separates H into two identical components, H' and H? = t(H"). Smith proved that the fixed
point set of an involution on a sphere is a Z,-Cech homology sphere [21; 22; 24; 25]. This means an
involution on a circle has zero or two fixed points. It follows by extending the involution on a planar
surface ¥ to an involution on S that a 1-dimensional fixed point set of an involution on ¥ is either S or
a collection of properly embedded arcs, either of which separates the surface into identical components.

Thus, since t acts trivially on fibers of Hj, the fixed point set of 7 separates Hy into two identical
components, HO1 and HOZ, satisfying g(Hp) > g(H(’;) as shown in Figure 5. For the Hj, the fixed point
set is a planar surface separating the H; into identical components, H ]1 and Hj?, with H ]1 = r(Hj?) and
g(Hj) = g(H;) for i = 1,2 as shown in Figure 5. Note that all the attaching regions in both Hy and
the H; are disks containing an arc of the fixed point set which are identified. Since both fixed point sets
separate, the fixed point set of Ho U H; separates. Iterating, we get that the fixed point set of H separates
it into two handlebodies, H! and H?, with decompositions given by connect sums of the HJ.1 and sz,
respectively. Thus, we have
r r
g(H) = g(Ho) + ¥ g(H)) = g(Hpg) + by g(H)) = g(H").
j= j=
By construction, the H’ are splitting handlebodies for the two “halves” of K corresponding to the two
different arcs. d

This allows us to partially reduce questions about the equivariant double-slice genus of a knot K to the
nonequivariant double-slice genus of a different knot K. With this, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 We will show the knot K, pictured in Figure 1 satisfies the desired properties. To
see that K, is double-slice, we note that K, = (820#—820)>". Since 8,0#—85¢ is double-slice, so is the 2n
connect sum of it with itself. Now we show that it is equivariantly slice. First, note that 8, is the pretzel
knot (3, —3, 2) and so, by Sakuma [19], is equivariantly slice. Additionally note that since 8, is slice,
D(859) is equivariantly slice. Since K, can be seen as an equivariant connect sum of 27 copies of 8,9 and
n copies of D(8,), which we just said are equivariantly slice, we know that K, is also equivariantly slice.

Algebraic & Geometric Topology, Volume 25 (2025)
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Figure 6: The decomposition of (K}, ) with both half-axes.

Lastly, we show that g45(Ky, T, h,) = n. To do this, we first see in Figure 6 that, regardless of which
half-axis we pick, the knot we get from taking an arc of K, union the half-axis is #" 8,9. Thus, by
Theorem 1.1, we have that, for either choice of half-axis, Zas(Kn. T, 1n) > gas(#" 820). As discussed in
Example 2.2, using signature invariants and the work of Orson—Powell [17], we can see gds(#” 8 20) =n.
Thus, we get our last property, that 24s( Ky, T) > n. |

Example 4.2 For a slightly different construction, we will show that the hyperbolic knot (S, 7, /)
depicted in Figure 7 (right) is double-slice, equivariantly slice, but not equivariantly double-slice. We will
do this by showing that the knot (K, 7, ) depicted in Figure 7 (left) is double-slice and equivariantly
slice, then identifying an invertible concordance from (S, z, #) to (K, 7, h). Because the constructed
concordance will be symmetric, this will show that (S, z, /) is also double-slice and equivariantly slice.
We will then apply Theorem 1.1 to see that it is not equivariantly double-slice.

Since K is the connect sum of the knot 8, with itself, and 85 is fully amphichiral (meaning 8,9 = —859),
we have that K = 8,9 #8,¢ and this knot is therefore double-slice. Additionally, 8, is slice, and therefore
by Proposition 2.5, K = D(8,9) is equivariantly slice.

By adding symmetric grabbers to 89#89 to construct S as in Figure 7 (right), one gets a symmetric invertible
concordance from (S, 7, /) to (K, t, h). Therefore, (S, t, /) is double-slice and equivariantly slice.

Lastly, to see that (S, 7, &) is not equivariantly double-slice, we apply Theorem 4.1. The knot we get
by adding a half-axis and deleting an arc is 8,9, which has g4s(8,9) = 1. Therefore, g45(S, 7, h) > 1,
meaning (S, 7, /) is not equivariantly double-slice.

&y B
(L@ K=K

Figure 7: Left: the knot 8¢ # 89. Right: a knot .S invertibly concordant to 89 # 89.
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5 Equivariant superslice genus and equivariantly knotted 2-spheres

We define a notion of equivariant superslice genus and construct bounds similar to those for equivariant
double-slice genus in Theorem 1.1. We will use this result in Section 5.2 to provide examples of unknotted
symmetric 2-spheres which are symmetrically knotted.

5.1 Equivariant superslice genus

Similar to the double-slice genus, there is a concept of superslice genus first defined by Wenzhao Chen
in [5]. The superslice genus of a knot K, denoted by g (K), is the minimal genus of a slicing surface =
for K such that ¥ is symmetric about K. That is to say, ¥ C S* is the double of a surface F C B*
along its boundary K C S3. We call ¥ a superslicing surface for K, and the handlebody it bounds a
superslicing handlebody. In the initial conception of superslice genus in [5], gss(K) is the genus of F as
opposed to X, meaning it is exactly half of our conception. This change is made to keep the numbers
consistent with those of the double-slice genus. If gy (K) = 0, we say K is superslice.

While the double-slice genus is a clear lower bound for the superslice genus of a knot, in our work we
will make use of a stronger lower bound proved in [5]:

Theorem 5.1 (Chen) Given a knot K, let ¥ be the two-fold branched cover of S* along K. Let n be
the minimum number of generators for H(X;7Z). Thenn < gy (K).

In the same way we were able to define equivariant slicing handlebodies and surfaces, we now define
equivariant superslicing handlebodies and equivariant superslicing surfaces.

Definition 5.2 Given a strongly invertible knot (K, t, /), an equivariant superslicing handlebody H
of (K, 7, h) is a superslicing handlebody which is also an equivariant slicing handlebody. We call dH an
equivariant superslicing surface for (K, t, h).

The construction used in Section 3 to guarantee the existence of an equivariant slicing handlebody also
guarantees the existence of an equivariant superslicing handlebody. Thus, we can define the equivariant
superslice genus of a directed strongly invertible knot (K, t, /), denoted by g4 (K, t, /).

Definition 5.3 The equivariant superslice genus of a strongly invertible knot (K, 7, #) is the mini-
mal genus of an equivariant superslicing surface for (K, t,h). If g (K, t,h) = 0, we say (K, 1) is

equivariantly superslice.

As in the equivariant double-slice case, when considering a nondirected strongly invertible knot (K, 7),
we define the equivariant superslice genus of (K, 7) to be the minimum of the equivariant superslice
genus of the two directed strongly invertible knots obtainable from (K, 7).

Our primary bound for g« (K, 7, ) follows exactly as in the equivariantly double-slice case:
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Theorem 5.4 Let (K, t,h) be a directed strongly invertible knot and K be the union of an arc of K
with h. Then gs(Ko) < g(K, 7, h).

The proof of this is exactly the proof of Theorem 1.1, taking the equivariant slicing handlebody to be an
equivariant superslicing handlebody.

Example 5.5 Using Theorem 5.4, one can check that the superslice knot J in Figure 8 (left) is not
equivariantly superslice with the blue half-axis. When considered with the red axis, it is possible that
a(J,t,h) is equivariantly superslice, making it a possible example answering Open Question A in
the negative.

5.2 Symmetrically knotted 2-spheres

For strongly invertible knots, Marumoto [15] proves that any two strongly invertible knots which are
isotopic to the unknot are equivariantly isotopic to each other. We will show that this does not extend
to equivariantly unknotted 2-spheres in (S, 7). We create symmetric 2-spheres that are unknotted in
the classical sense (they bound a 3-ball) but do not bound any symmetric 3-ball, contrasting with the
properties of strongly invertible knots in S3.

Proof of Theorem 1.4 Consider the knot (Jq, t) = (J, t, h) #a(J, t, h) depicted in Figure 8 (right). We
will construct a slicing 2-sphere S?2 for K such that t(S?2) = S? is not an equivariant slicing sphere, ie
S? will be a symmetric 2-sphere bounding a 3-ball which bounds no invariant 3-ball.

First, we show that (J;, 7) is not equivariantly double-slice (with either half-axis), which means any
equivariant 2-sphere which it appears as a cross-section of cannot bound an equivariant 3-ball. This
follows immediately from Theorem 4.1 as the decomposition gives a connect sum of 6; with itself, which
is not double-slice.

Thus, to complete the proof, all we need is a symmetric 2-sphere for (J, 7) which we know is unknotted.
To construct this, we first construct such a sphere for (J, 7). This sphere is the ribbon 2-sphere constructed
by taking the double of the obvious ribbon disk for J. Since the ribbon disk is symmetric, so is the ribbon

C
LT (@]

T

\
SYLE

: w/w

Figure 8: Left: superslice knot (J, t, &) (blue) and a(J, t, k) (red). Right: the knot (Jy, t, h) #a(J1, T, h).
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2-sphere. The fact that this 2-sphere is unknotted comes from elementary moves for ribbon surfaces: a
homotopy of the core of the band in Figure 8 (left) to a trivial band between the two circles corresponds to
an isotopy of the corresponding ribbon 2-sphere. Thus, (J, T) appears as the cross-section of a symmetric
unknotted 2-sphere which we call S.

Note that a(Jy, 7, #) also appears as a cross-section of the same 2-sphere S, as this 2-sphere does not
depend on the choice of half-axis. Therefore, taking the equivariant connect sum of these two spheres,
we get another symmetric sphere S2 whose intersection with S is (J1, 7, h)#a(J;, t, h). Since this S
is the connect sum of two unknotted spheres, it itself is unknotted. Thus, this S2 is a symmetric sphere
bounding a 3-ball which does not bound any invariant 3-ball. |

6 Internal stabilization rel boundary

In Section 6.1, we describe how to use superslice genus to obstruct isotopy of surfaces rel boundary and
bound their 1-handle stabilization distance. In Section 6.2, we define a notion of equivariant stabilization
distance and extend the results of Section 6.1 to this new equivariant setting.

6.1 Internal stabilization bounds from double-slice genus

First, we must define some terms. Let 3, 3, C B* be two properly embedded surfaces with common
boundary K. The 1-handle stabilization distance di(X1, X,) from X to X, is the minimum number of
orientation preserving ambient 1-handles {/;} and {/}} needed so that X U {;} is smoothly isotopic rel
boundary to X5 U {/}}, as defined in [16]. With this we are ready to prove Theorem 1.5.

Proof of Theorem 1.5 Let d = d{(Z;,3) and let &) = Xy U {h;}%_, and ), = 3, U {A}}L | be
stabilized surfaces that are isotopic rel boundary. Since ¥; Ug —%, C (B4, X)) Uss k) (B*, %,) is
unknotted, the stabilized surface ' = ¥} Ug —%, C (B*, T)) U(s3, k) (B*, X)) is also unknotted, as
it is an unknotted handlebody ¥; Ugx —3, union handles. Since E/l is isotopic rel boundary to X/,
we can isotope ¥’ in S* rel B* (the hemisphere containing X)) to get the double of (B4, X). This
means that the double of (B4, E’l) is a superslicing surface for K and therefore & + d > % gss(K), ie
d> % gss(K) —h. We have % gss(K), not g4 (K), because we want the genus of the surface bounded by
the knot, not its double. Thus, d{ (X, X;) > %gss(K) —h. |

Letting K be double-slice, we are able to use this to obstruct certain slice disks of K from being isotopic
rel boundary, from which Corollary 1.6 immediately follows.

In [14] a survey of double-slice knots with 12 or fewer crossings is conducted, finding 20 knots which are
double-slice and providing an explicit description of the double-slicing via bands. Of these 20 knots, 17
have Alexander polynomial not equal to 1 and are therefore not superslice. Thus, for these 17 knots, the
band diagrams given in [14] depict slice disks not isotopic rel boundary. This fact has been proven for the
first of these 17 knots, 94¢, by others including Miller and Powell [16] and Sundberg and Swann [27].
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Of the 17 knots with Alexander polynomial not equal to 1, the following 15 knots have H{(X,Z) = Z,%
for some 1, where X is the 2-fold branch cover of S3 along one of the knots K:

946. 1099, 10123, 10155, 11174, 12a427, 12ay105, 121263,

121397, 12n414, 12n605, 12n636, 121706, 121317, 12ng33.

Thus, if you take the connect sum #™ K, where K is any of the 15 knots, you get that H, (X, Z) = Z,%m.
By Theorem 5.1, this means that gss(#m K ) > 2m. Combining this fact with Theorem 1.5, we get that
any two slice disks arising from the same double-slicing of #” K have stabilization distance at least .

6.2 Equivariant stabilization

We now define an equivariant notion of 1-handle stabilization distance and reprove Theorem 1.5 in this
equivariant setting.

Definition 6.1 Let p be a smooth Z, action on B* KcCS3bea p-invariant knot, and ¥, ¥, C B* be
T-invariant properly embedded surfaces with common boundary K. The equivariant 1-handle stabilization
distance, denoted by cip(El , 21»), is the minimal number of orientation preserving ambient 1-handles {/; }
and {}} needed so that p(X; U {h;}) = X; U {h;} fori € {1,2} and X U {h;} is smoothly equivariantly
isotopic rel boundary to X5 U {A}.

Restricting our attention to the action 7 discussed in Section 2.3 we can ask about equivariant stabilization
distance bounds coming from equivariant double-slice and equivariant superslice genus. More specifically,
we get the statement of Theorem 1.7, the proof of which follows exactly as in the nonequivariant setting.
One interesting question about equivariant stabilization that Theorem 1.5 may be useful for is the following:

Open Question B For every n € N, does there exist T-invariant surfaces X1, ¥, C B* which are isotopic
but have df (X1, X3) = n?
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