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The cohomology of biquotients
via a product on the two-sided bar construction

JEFFREY D CARLSON

APPENDIX WRITTEN JOINTLY WITH MATTHIAS FRANZ

We compute the Borel equivariant cohomology ring of the left K-action on a homogeneous space G=H ,
where G is a connected Lie group, H and K are closed connected subgroups, and 2 as well as the
torsion primes of the Lie groups are units of the coefficient ring. As a special case, this gives the singular
cohomology rings of biquotients H nG=K. This depends on a version of the Eilenberg–Moore theorem
developed in the appendix, where a novel multiplicative structure on the two-sided bar construction
B.A00; A;A0/ is defined, valid when A00 A! A is a pair of maps of homotopy Gerstenhaber algebras.

16U80, 55N91, 57T15, 57T30; 16E45, 55T20, 57T35

Homogeneous spaces, which can be realized as coset spacesG=H forG a transitively acting Lie group and
H the stabilizer of a point, are arguably the most highly symmetric, most canonical, and most thoroughly
investigated objects of study in differential geometry after Lie groups. A generalization of perennial
interest, which offers many interesting examples in positive-curvature geometry, is the class of biquotients,
the orbit spaces KnG=H of G under free left–right actions by products K �H of two closed subgroups.

The cohomology rings of a Lie group G over Q and those finite fields Fp for which H�.GIZ/ lacks
p-torsion have been known to be exterior algebras since the fundamental 1941 work of Hopf [17], and
that of a homogeneous space G=H with connected stabilizer H has been known over R since work of
Henri Cartan from 1950 [9]:

H�.G=H/Š TorH�.BG/.R;H
�.BH//:

In his 1952 dissertation [6, Section 30], Borel used the Serre spectral sequence of the Borel fibration
G!G=H ! BH to show the same ring isomorphism also holds when H is of maximal rank, with Fp
coefficients if H�.GIZ/ and H�.H IZ/ lack p-torsion and with Z coefficients if they are torsion free.
Beyond this, however, ring isomorphisms proved hard to find. Starting with Baum’s 1962 dissertation, a
program began to obtain a more general result, additively at least, using the then-new Eilenberg–Moore
spectral sequence of the fibration G=H ! BH! BG. Cartan’s result implies this spectral sequence’s
collapse over R, and Baum proved collapse under hypotheses covering the best-studied homogeneous
spaces. Subsequent work of authors including Baum [2], Larry Smith [30], Gugenheim and May [15],
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Munkholm [26], and Joel Wolf [34] in the 1960s–70s proved collapse under substantially more general
hypotheses and with accordingly more involved proof techniques. Again, however, almost all of these
proofs provided only the additive structure of H�.G=H/, and those which in special cases gave the
ring structure could be factored through Borel’s theory. A collapse result guaranteeing a multiplicative
isomorphism was provided by Franz only in 2019 [11].

Arguably the most general of the Eilenberg–Moore collapse results actually applies to a more general
case than homogeneous spaces: Munkholm proves the collapse of the spectral sequence corresponding to
the total space of a pullback bundle

X �B E //

��

E

��

X // B

when X , B , and E have polynomial cohomology on countably many generators and the fundamental
group �1.B/ is trivial [26].1 A biquotient — and hence, in particular, a homogeneous space — fits into
this setting when X D BK, B D BG, and E D BH are models of classifying spaces chosen in such a
way that BH! BG is a fiber bundle, and Singhof [29] used Munkholm’s result in this case to determine
that H�.KnG=H/ is additively isomorphic to Tor�

H�.BG/.H
�.BK/;H�.BH//, and simply to Tor0 in the

special case where the rank of G is the sum of the ranks of K and H . Because the Eilenberg–Moore
spectral sequence is concentrated in the 0th column in this case, there is no extension problem, so this is
in fact a ring isomorphism. One might hope Singhof’s and Franz’s theorems were instances of a more
general result, and our initial motivation was to show this hope is justified.

Theorem 0.1 Let G be a connected Lie group , H and K closed connected subgroups , and k a principal
ideal domain in which 2 and the torsion primes of G, H , and K are units. Then the Borel equivariant
cohomology ring of the left translation action of K on G=H , or , equivalently, of the two-sided action of
K �H on G by .x; h/ �g WD xgh�1, is

H�K.G=H I k/ŠH
�
K�H .GI k/Š Tor�H�.BGIk/.H

�.BKI k/;H�.BHI k//:

In particular , if the two-sided action of K �H on G is free , the cohomology ring of the biquotient
KnG=H is given by

H�.KnG=H I k/Š Tor�H�.BGIk/.H
�.BKI k/;H�.BHI k//:

See Example 6.1 for a sample computation. This result in fact extends to what could be called generalized
biquotients by analogy with generalized homogeneous spaces; see Remark 4.3, where we recover a known
result on the cohomology of certain free loop spaces.

In broadest outline, our proof of Theorem 0.1 uses the Eilenberg–Moore theorem to show the cohomology
of the homotopy pullback of the diagram BK!BG BH is TorC�.BG/.C

�.BK/; C �.BH// and constructs
maps between H�.B�/ and C �.B�/ for � 2 fG;K;H g which then induce an isomorphism with

1 And additionally, in characteristic 2, the cup-1 squares of polynomial generators of H�.X/ and H�.E/ vanish.
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TorH�.BG/.H
�.BK/;H�.BH//. This much it has in common with many collapse results, but our result

also shows that this map takes the classical product on the Tor of cochain algebras to that on the Tor of
cohomology rings. The way this multiplicativity is established closely follows Franz’s proof, but among
the technical underpinnings necessary to extend his approach from a fibration to a general pullback is one
substantial innovation.

A Tor of DGAs in full generality is not endowed with a product, and the product that is defined on
TorC�.BG/.C

�.BK/; C �.BH// is synthetic, arising from the homological external product rather than
a multiplicative structure on the resolution itself. As a consequence, in previous collapse results, one
could not say whether the isomorphisms shown were multiplicative. But there is a cochain complex
B.A0; A;A00/, the two-sided bar construction, functorial in spans A0 A! A00 of DGA maps, whose
cohomology is TorA.A0; A00/ under mild conditions. In Theorem A.1, assuming the maps in the span
are actually maps of so-called homotopy Gerstenhaber algebras, a type of DGA with extra structure (of
which cochain algebras are the main examples), we are able to define a product on B.A0; A;A00/ inducing
a product on TorA.A0; A00/ which specializes to the known products when A0, A, and A00 are cochain
algebras or cohomology rings. This product may be the point of greatest interest in this paper; it is
certainly the most difficult. Then the maps between H�.B�/ and C �.B�/ alluded to in the previous
paragraph, chosen with sufficient care and assuming 2 is a unit of the coefficient ring k, will preserve this
novel product in the transition from B.H�.BK/;H�.BG/;H�.BH// to B.C �.BK/; C �.BG/; C �.BH//.

Outline The layout of the paper is as follows:

(1) In Section 1 we recall algebraic conventions and the two-sided bar construction.

(2) In Section 2 we discuss extended homotopy Gerstenhaber algebras and recall results showing
normalized cochain algebras and cohomology rings are examples.

(3) In Section 3 we recall the quasi-isomorphisms we need: A1-algebra maps � from H�.B�/ to
C �.B�/ for � 2 fK;G;H g and DGA maps f W C �.BT /!H�.BT / for T 2 fTK ; TH g maximal tori in
K andH . These f will be defined so as to annihilate the error terms distinguishing � from a genuine DGA

map, so that the compositesH�.BK/!C �.BK/!C �.BTK/!H�.BTK/ andH�.BH/!H�.BTH /

are just the functorially inducedH�.B.TK ,!K// andH�.B.TH ,!H//. The DGA quasi-isomorphisms
f do not necessarily exist if T is replaced by a more general Lie group, and to construct them we need
a simplicial model for BT , which necessitates the replacements discussed in Section 4.

It is an important technical point in showing the three A1-maps � from H�.B�/ to C �.B�/ induce a
map of Tors that they are essentially functorial up to homotopy. This fact, and our control over the error
term annihilated by f , come from the existence of a certain auxiliary structure on extended homotopy
Gerstenhaber algebras, a so-called strongly homotopy commutative algebra structure ˆ whose existence
was proven by Franz. The explicit formula for ˆ plays a key role in the appendix. The fact that ˆ,
so defined, is a structure of the type sought follows from an extraordinarily involved cochain-level
computation [10].
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(4) In Section 4 we apply the enhanced version of the Eilenberg–Moore theorem proven in the appendix
to the span BK ! BG BH whose homotopy pullback KnG=H we are interested in, showing that
B.C �.BK/; C �.BG/; C �.BH// carries a weak multiplicative structure inducing the cup product on
H�.KnG=H/. We then show this product is preserved when we replace BK ! BG  BH with a
simplicial model making available the DGA formality maps discussed in the previous paragraph.

(5) In Section 5 we weave these threads together to prove Theorem 0.1. We first construct a quasi-
isomorphism

‚ W B.H�.BK/;H�.BG/;H�.BH//! B.C �.BK/; C �.BG/; C �.BH//;

roughly to be thought of as B.�K ; �G ; �H /, which is not necessarily multiplicative. Letting TK �K and
TH �H be maximal tori, we then map the codomain into B.C �.BTK/; C �.BG/; C �.BTH //, using the
maps � W C �.B�/! C �.BT�/ for � 2 fK;H g to define a strictly multiplicative map

‰ D B.f�; id; f�/ W B.C �.BK/; C �.BG/; C �.BH//! B.H�.BTK/; C �.BG/;H�.BTH //;

inducing an injection in cohomology. Because we have chosen f and � to compose nicely, the composite
‰‚ is multiplicative up to homotopy, and because the multiplicative map H�.‰/ is injective, this shows
H�.‚/ is multiplicative as well, concluding the proof.

(6) Finally in the appendix, the technical core of the work, we construct a product on the two-sided
bar construction and use it to prove an Eilenberg–Moore theorem (Theorem A.27) in which the prod-
uct on the cohomology of the pullback of X ! B  E arises from the nonassociative product on
B.C �.X/; C �.B/; C �.E//.

Remark 0.2 (added in proof) Since the submission of the present article, several new results have been
obtained. Franz [12] has shown that the product on the two-sided bar construction mentioned above can
indeed be extended to an A1-structure; this had been anticipated in Remark A.26. Moreover, when the
domain is equipped with this A1-structure, the quasi-isomorphism � of Theorem A.27 is enhanced to
a map of A1-algebras. Munkholm [26, Section 9] had already introduced a product on TorA.A0; A00/,
for DGA maps A A0! A00 meeting certain hypotheses. Carlson [8] has resurrected and studied the
properties of this product and determined [7] that under mild flatness hypotheses, the product introduced
in the present article induces Munkholm’s product in cohomology.

Acknowledgments JDC would like to thank Omar Antolín Camarena for helpful discussions of and
references on matters simplicial, Vincent Gélinas for fielding questions of varying lucidity regarding
A1-algebras, and the organizers of the Fields Institute Spring 2020 Thematic Program on Toric Topology
and Polyhedral Products for financial and moral support. MF was partially supported by an NSERC
Discovery Grant.
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1 Algebras, twisting cochains, and bar constructions

In this background section we establish notational conventions and recount some foundational lemmas.
Nothing is original here, save possibly some of the lemmas on two-sided twisted tensor products and bar
constructions, which if not published are still likely known.

Fix forever a commutative base ring k with unity over which we will consider cochain complexes, and
with respect to which all tensor products and Hom-modules will be taken. We will take as understood
the Koszul sign convention and the notions of derivation, coderivation, differential graded k-algebra
(henceforth DGA), and differential graded k-coalgebra (DGC). A commutative DGA is a CDGA. All
algebras we consider are nonnegatively graded, associative, and connected unless otherwise noted,
and all coalgebras nonnegatively graded, coassociative, and cocomplete. All DGA maps preserve unit
and augmentation, and all DGC maps preserve counit and coaugmentation. All ideals of DGAs will be
two-sided differential ideals.

We also assume understood suspensions, desuspensions, tensor products, and Hom-modules of cochain
complexes, homomorphisms of DGAs and DGCs, and the classical (reduced) bar construction of a DGA.
We nevertheless need to establish notation:

Notation 1.1 (1) Given a cochain complex B D
L
Bn, its differential is canonically written dB . For

the tensor differential on a tensor product
N
B.i/ of complexes B.i/ we write d˝. We write jxj for the

degree n of a homogeneous element x 2 Bn. The desuspension s�1B D fs�1b W b 2 Bg is the (re)graded
k-module given by .s�1B/n WD BnC1, equipped with the differential ds�1B W s

�1b 7! �s�1db. The
desuspension map s�1 W b 7! s�1b is a degree-.�1/ isomorphism of cochain complexes with inverse
s W s�1B ��! B , the suspension.

(2) A DGA A is a list comprising, besides the underlying cochain complex .A; dA/, a canonically
named multiplication �A W A˝A! A, unit �A W k! A, and augmentation �A W A! k, the clarifying
decorations suppressed when practicable. The augmentation ideal is A and we write �Œn� W A˝n! A for
iterated multiplication.

(3) A DGC comprises a cochain complex .C; dc/, comultiplication �C WC !C ˝C , counit �C WC ! k,
and coaugmentation �C W k! C . Cocompleteness of C means that every element is annihilated by some
iterate of the reduced comultiplication c 7!�c � 1˝ c � c˝ 1.

(4) We use � to abbreviate indices or exponents representing an indefinite number of tensor factors to be
determined from context; for instance, ifA is a graded algebra, a� denotes a pure tensor a1˝� � �˝an2A˝n,
where n is to be gleaned contextually. A repeated � implies summation unless explicitly stated otherwise, so
that for example d˝D id�˝dA˝id� WA˝n!A˝n represents the sum of the nmaps id˝`˝dA˝id˝n�`�1

applying dA to one tensor factor. Given a pure tensor a� 2 A˝n, an expression involving the string a�
multiple times represents a sum over order-preserving subdivisions of a� into tensor factors.
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(5) Our notation for tensor-factor permutations is typically cyclic. For example, .12/ W A˝B! B˝A

denotes the k-linear map given by a˝b 7! .�1/jajjbjb˝a. We may at times also abusively use arguments
to indicate permutations; for example we may instead of .123/ write �a˝bIc W A˝B˝C ! C ˝A˝B

for the map taking a˝ b˝ c to .�1/jcjjajCjcjjbjc˝ a˝ b. Amongst all permutations, shuffles will be
of particular interest for us: a .p; q/-shuffle is a permutation � of f1; : : : ; pC qg such that �.i/ < �.j /
whenever i < j both lie in f1; : : : ; pg or both lie in fpC 1; : : : ; pC qg. Thus shuffles interleave two
blocks, leaving the order within each block unaffected. To avoid writing Koszul signs, we generally
manipulate such maps directly, without evaluating on elements.

Definition 1.2 The graded module underlying the bar construction BA of a DGA A is the direct sum
of BnA WD .s�1A/˝n for n � 0. The projection BA ! BnA is denoted by prn. Pure tensors are
written as bar-words Œa1j � � � jan� 2 BnA, or Œa�� when the length `

�
Œa1j � � � jan�

�
D n is immaterial.

The empty word Œ� 2 B0A is the image of 1 2 k under the coaugmentation; the counit can be identified
with pr0. The comultiplication is the deconcatenation�BA W Œa�� 7!

P`.a�/
pD0 Œa1j � � � jap�˝ŒapC1j � � � ja`.a�/�.

We will employ Einstein–Sweedler notation for the values of iterated deconcatenations: �Œn�BAŒa�� DW

Œa.1/�˝ � � �˝ Œa.n/�, implicitly summing over partitions of Œa�� into n bar-subwords.

The sum of the tensor differentials on the BnAD .s�1A/˝n is the internal differential dint; the external
differential dext WBnA!Bn�1A is the bar-deletion operation id�˝ s�1�As˝2˝ id� for n� 2 and is 0 on
B�1A. The total differential dBA WD dintCdext makes BA a DGC. This DGC structure is functorial in DGA

maps f WA!B , with the DGC map Bf WBA!BB given by .s�1f s/˝n W Œa�� 7! Œfa1j � � � jfan�DW Œfa��

on BnA.

Neglecting the DGC structure, there is a structurally irrelevant but sometimes notationally convenient
concatenation map � W Œa1j � � � jap�˝ Œb1j � � � jbq� 7! Œa1j � � � japjb1j � � � jbq� which comes from viewing
BA as the tensor algebra on s�1A.

Definition 1.3 Given a DGC C and DGA A, we write Homn.C;A/ for the k-module of k-linear maps f
sending each Cj to AjCn, and set the degree jf j to n for such a map. We write Hom.C;A/ for the
graded module

L
n2Z Homn.C;A/. This module becomes a cochain complex under the differential

D D dHom.C;A/ given by Df WD dAf � .�1/jf jfdC and a DGA with respect to the cup product f ^
g WD �A.f ˝ g/�C , unity �A�C W C ! k ! A, and augmentation f 7! �Af�C . If h 2 Hom0.C;A/
satisfies h�C D �A, then a cup inverse h^�1 WD

P1
`D0.�A�C � h/

^` is well defined by cocompleteness
of C . An element t 2 Hom1.C;A/ satisfying the three conditions

�At D 0D t�C ; Dt D t ^ t

is called a twisting cochain.

Example 1.4 For each connected DGA A, the composition

tA W BA
pr1�� s�1A s�! A ,! A
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of degree 1 is a twisting cochain called the tautological twisting cochain. The assignment t.�/ is a natural
transformation between the functors assigning a DGA A the underlying graded modules of BA and of A.

Any twisting cochain C ! A extends uniquely to a DGC map C ! BA, and inversely, given a DGC map
F W C ! BA, postcomposing tA W BA! A gives a twisting cochain tAF W C ! A, thus prescribing a
bijection between twisting cochains C ! A and DGC maps C ! BA.

Example 1.5 Given a DGA A, one can check that the map

tr D �A.tA˝ �AC �A˝ tA/ W BA˝BA! A;

which takes Œa�˝ 1 and 1˝ Œa� to a and annihilates all other pure tensors, is a twisting cochain if and
only if A is a CDGA. In this case, the uniquely induced DGC map

�r W BA˝BA! BA;

called the shuffle product, is a product making BA a DG Hopf algebra. The shuffle product takes
Œa��˝ Œb�� 2 BpA˝BqA to the sum of all .p; q/-shuffles (with Koszul sign) of Œa�jb��.

More generally, let B be another DGA. Then the shuffle map

r W BA˝BB! B.A˝B/

is the direct sum of the maps BpA˝BqB! BpCq.A˝B/ sending Œa��˝ Œb�� to the sum of all tensor
.p; q/-shuffles of Œa1˝ 1j � � � jap˝ 1j1˝ b1j � � � j1˝ bq�. This is a DGC map, and if AD B is a CDGA,
then the composition B� ır is the product �r of the previous paragraph.

The bijection between DGC maps and twisting cochains preserves suitable homotopy notions.

Definition 1.6 A DGC homotopy from one DGC map F WC !B to another such map G is a degree-(�1)
map H W C ! B such that

�BH D 0; H�C D 0; DH DG �F; and �BH D F ˝H CH ˝G:

We write H W F 'G in this situation. Taking B D BA for an augmented DGA A, we may translate to an
appropriate notion of homotopy for twisting cochains. Given two twisting cochains t; u 2Hom1.C;A/, a
twisting cochain homotopy from the former to the latter is a map h 2 Hom0.C;A/ satisfying the three
conditions

�ChD �A; h�A D �C ; and DhD t ^ h� h^ u:

We again write h W t ' u.

Proposition 1.7 Given a DGC homotopy H W C ! BA, the map hD �A�C C tAH W C ! A is a twisting
cochain homotopy , and the assignment H 7! h is a bijection from the set of DGC homotopies F 'G to
the set of twisting cochain homotopies tAF ' tAG.
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Aside from providing a tractable encoding of DGC maps C ! BA and homotopies therebetween, twisting
cochains C ! A can also be harnessed to produce new differentials on C ˝A which we will use to
define the two-sided bar construction.

Definition 1.8 Let C be a DGC, A0 andA00 DGAs,M a differential right C -comodule, andN a differential
left A00-module. One defines the cap product with an element � 2 Hom.C;A00/ by

ıR
� WD .idM ˝�N /.idM ˝�˝ idN /.�M ˝ idN / WM ˝N !M ˝N; x˝y 7! ˙x.1/˝�.x.2//y:

It is standard that if � D t 00 is a twisting cochain, then d˝� ıR
t 00 is a differential on M ˝N , making it a

cochain complex we denote by M ˝t 00 N and call a twisted tensor product. When M D C and N D A00,
this prescription makes C ˝t 00 A00 a differential left C -module and a differential right A00-module.

A symmetric construction produces a cap product endomorphism ıL
� on P ˝Q from a graded linear

� W C ! A0, a differential left C -comodule Q, and a differential right A0-module P , and if � D t 0 is a
twisting cochain then ıL

t 0 Cd˝ is a differential on P ˝Q; we again write P ˝t 0Q for the twisted tensor
product. Applying this construction to P D A0 and QD C ˝t 00 A00, we obtain a two-sided twisted tensor
product [19, Remarks II.5.4]:

A0˝t 0 C ˝t 00 A
00
WD A0˝t 0 .C ˝t 00 A

00/:

This is an .A0; A00/-bimodule, and given ideals a0 E A0 and a00 E A00, we write .a0; a00/ for the .A0; A00/-
subbimodule a0˝C ˝A00CA0˝C ˝ a00.

We will need some lemmas describing when (homotopy-)commutative squares of maps

.1.9/

A00

��

C0

��

t 00
oo

t 000
// A000

��

A01 C1
t 01

oo

t 001

// A001

induce a map A00˝t 00 C0˝t 000 A
00
0! A01˝t 01

C1˝t 001
A001 of twisted tensor products. These properties seem

to be well known in the one-sided case (see e.g. Huebschmann [18, page 360] and Franz [11, Section 7]),
so we can safely suppress the proofs of their easily guessed two-sided generalizations.

Lemma 1.10 Let G W C0 ! C1 be a DGC map , f 0 W A00 ! A01 and f 00 W A000 ! A001 DGA maps , and
t 0j W Cj ! A0j and t 00j W Cj ! A00j twisting cochains for j 2 f0; 1g. Then f 0˝G˝f 00 is a cochain map

A00˝t 00
C0˝t 000

A000! A01˝t 01
C1˝t 001

A001

if t 01G D f 0t 00 and t 001G D f 00t 000 . If G is one such DGC map and zG another , and H W C0 ! C1 is
a DGC homotopy G ' zG such that t 01H and t 001H are 0, then f 0 ˝H ˝ f 00 is a cochain homotopy
f 0˝G˝f 00 ' f 0˝ zG˝f 00.
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Corollary 1.11 Let C0 and C1 be DGCs , A0 and A00 DGAs , t 0 W C1 ! A0 and t 00 W C1 ! A00 twisting
cochains , and G W C0! C1 a DGC homomorphism. Then t 0 ıG W C0! A0 and t 00 ıG W C0! A00 are
twisting cochains and

idA0 ˝G˝ idA00 W A0˝t 0G C0˝t 00G A00! A0˝t 0 C1˝t 00 A
00

a cochain map.

Lemma 1.12 Let C be a DGC, A0 and A00 DGAs , t 0j W C ! A0 and t 00j W C ! A00 twisting cochains for
j 2 f0; 1g, and a0EA0 and a00EA00 ideals , and suppose there exist homotopies h0 W t 00' t

0
1 and h00 W t 001 ' t

00
0

with h0C � a0 and h00C � a00.2 Then the composition

.ıL
h0 ˝ idA00/.idA0 ˝ ıR

h00/ W A
0
˝C ˝A00! A0˝C ˝A00

is a cochain isomorphism A0˝t 00
C ˝t 000

A00 ��!A0˝t 01
C ˝t 001

A00 congruent to the identity modulo .a0; a00/.

We now define the twisted tensor products of greatest interest to us:

Definition 1.13 Let A, A0, and A00 be augmented DGAs and F 0 W BA! BA0 and F 00 W BA! BA00 DGC

maps.3 Associated to F 0 and F 00 are twisting cochains t 0 D tA0F 0 and t 00 D tA00F 00, and we define the
two-sided bar construction as the two-sided twisted tensor product

B.A0; A;A00/ WD A0˝tA0F 0 BA˝tA00F 00 A
00:

We will write a pure tensor a0˝ Œa��˝ a00 2 B.A0; A;A00/ as a0Œa��a00. The differential of B.A0; A;A00/
preserves the length filtration B�`.A0; A;A00/ WD A0˝B�`A˝A00.

Example 1.14 This two-sided bar construction, when we take F 0 D Bf 0 and F 00 D Bf 00 for DGA

maps f 0 W A! A0 and f 00 W A! A00, coincides with the familiar classical two-sided bar construction
of differential graded algebras. In this case, the twisting cochains t 0 and t 00 defining the twisted tensor
product B.A0; A;A00/D A0˝t 0 BA˝t 00 A00 are simply tA0Bf 0 D f 0tA and f 00tA, respectively.

We see already from the preceding lemmas that DGA maps from A0 and A00 and DGC maps from BA
induce maps of two-sided bar constructions, and want to extend this technique to induce maps from
commutative diagrams of DGC maps of the form

.1.15/

BA00
G0
��

BA0
G
��

F 00
oo

F 000
// BA000

G00
��

BA01 BA1
F 01

oo

F 001

// BA001

2 Note this second homotopy goes the opposite direction to the one one might expect.
3 These are A1-algebra maps from A to A0 and A00 in the language to be introduced in Section 3.
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We write G0
.1/
W A00! A01 for the composite tA01 ıG

0 ı s�1
A00

and similarly for G00
.1/

; later, in Definition 3.1,
we will see ��CG0

.1/
W A00! A01 and ��CG00

.1/
W A000! A001 can be understood as a sort of approximate

DGA map.

Proposition 1.16 (Wolf4 [34, Theorem 7]; cf Gugenheim and Munkholm [16, Theorem 3.5�]) Suppose
given a strictly commuting diagram of DGC maps as in (1.15). Then , in the notation of Definition 1.2, we
may define a cochain map B.A00; A0; A

00
0/! B.A01; A1; A

00
1/ by

.1.17/ B.G0; G;G00/D .‡ 0˝G˝‡ 00/.idA00 ˝�
Œ3�
BA0 ˝ idA000 /;

where
‡ 0jk˝BA0 D idk˝ �BA0 W c0Œa.1/� 7! c0�Œa.1/�;

‡ 0j
A00˝BA0

D tA01
G0� .s

�1
A00
˝F 00/ W a0Œa.1/� 7! ˙tA01

G0
�
Œa0�˝F 00Œa.1/�

�
;

‡ 00jBA0˝k D �BA0 ˝ idk W Œa.3/�c
00
7! �Œa.3/�c

00;

‡ 00jBA0˝A000
D tA001

G00� .F
00
0 ˝ s

�1
A000
/ W Œa.3/�a

00
7! ˙tA001

G00
�
F 000 Œa.3/�˝ Œa

00�
�
:

If tA01G
0 takes B�2A00 into an ideal a0 E A01 and tA001G

00 takes B�2A000 into a00 E A001, then

B.G0; g;G00/� .��CG0.1//˝G˝ .G
00
.1/C ��/ .mod .a0; a00//:

Notation 1.18 In the event that the maps G, G0, and G00 in (1.15), are respectively Bg, Bg0, and Bg00 for
g WA0!A1, g0 WA00!A01, and g00 WA000!A001, we abuse notation by writing the map of Proposition 1.16
as B.g0; g; g00/ WD B.G0; G;G00/. Such a map is also a special case of that of Lemma 1.10.

We are interested in two-sided bar constructions because they provide functorial resolutions:

Proposition 1.19 (see Barthel, May, and Riehl [1, after Proposition 10.19]) Suppose k is a principal
ideal domain and A! A0 a map of DGAs flat over k. Then given another DGA map A! A00, the coho-
mology of the classical two-sided bar construction B.A0; A;A00/D B.A0; A;A/˝AA00 of Example 1.14
is TorA.A0; A00/. If H�.A/ and H�.A00/ are flat over k, then the E2 page of the associated algebraic
Eilenberg–Moore spectral sequence is TorH�.A/.H�.A0/;H�.A00//.

Discussion 1.20 For the proof of Theorem A.13, we will need a more explicit expression for the
differential on the classical two-sided bar construction B.A0; A;A00/ of Example 1.14. Note that the total
differential is the sum of the tensor differential d˝ on A0˝BA˝A00 and two cap products. Separating
the summand idA0 ˝ dBA˝ idA00 into its internal and external components, dB.A0;A;A00/ decomposes as

4 Wolf [34] cites his unpublished dissertation [33] for a proof of this result; however, this work was not publicly accessible at
time of writing. (It is now available at the author’s webpage.) For our proof, which turns out to be nontrivial, see the first version
of this paper (arXiv 2106.02986v1). Proofs of the lemmas and many of the standard claims in this section can be found there as
well.
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the sum of tensor differentials and an “external” differential which is the sum of the two cap products and
the bar-deletion differential. Explicitly, appealing to Definition 1.8, this external differential d ext

B.A0;A;A00/
is given on the summand B`.A0; A;A00/ by

.1.21/

�A0.idA0 ˝f 0s/˝ id˝`�1
s�1A

˝ idA00

C idA0 ˝ dext ˝ idA00

� idA0 ˝ id˝`�1
s�1A

˝�A00.f
00s˝ idA00/:

The minus sign before the third term of (1.21) is important and not consistently noted in the literature.

2 Homotopy Gerstenhaber algebras

We ultimately want to describe the multiplicative structure on TorC�.B/.C �.X/; C �.E// in terms of a
product on the two-sided bar construction. The special property of a normalized singular cochain algebra
A enabling us to do so will turn out to be the existence of a DG Hopf algebra structure on BA, or in other
words, a DGC map BA˝BA! BA making it a DGA.5

Definition 2.1 Let A be a DGA such that BA admits a multiplication making it a DG Hopf algebra. If
the twisting cochain E WD tA�BA W BA˝BA! A satisfies Ej;` WD EjBjA˝B`A D 0 for j � 2, we call A,
equipped with �BA (equivalently, with E), a homotopy Gerstenhaber algebra (HGA).

Notation 2.2 We will on occasion write the values of the product �BA in infix notation as Œa��� Œb��. It
will be useful later to translate E1;� into a degree-zero map on A˝BA by taking

E WD E1;�.s�1˝ idBA/ W A˝BA! A; aŒb�� 7! E
�
Œa�˝ Œb��

�
:

We will also have occasion to use the operations E` D E1;` ı .s�1/˝1C` W A˝A˝`! A, whose values
we write as E`.aI b�/DE`.a˝ b1˝ � � �˝ b`/. An HGA structure on A is more commonly phrased as a
list of conditions [11, (6.2)–(6.4)] on the E`.

Remark 2.3 Unitality of �BA implies E0;1 and E1;0 must both be s W s�1A ��!A and Ej;0 and E0;` must
be 0 for j; ` � 2. The “t�D 0” clause in the definition of a twisting cochain in Definition 1.3 implies
E0;0 D E�BA D 0. For notational convenience, we will extend E0;1 and E1;0 to both be s W s�1A! A

(thus respectively sending Œ1�˝ Œ� and Œ�˝ Œ1� to 1) and extend the operations E1;` to .s�1A/˝1C` for
` � 1 by setting them to 0 on pure tensors any of whose factors lies in s�1 im �A. That is, we will
sometimes consider bar-words containing a letter c in the coefficient ring k, but such words are to be
annihilated by Ej;` unless .j; `/D .1; 0/ or .0; 1/.

5 Under our blanket assumption that A is graded and connected, a bialgebra structure on BA admits a unique antipode defined by
a formula analogous to the one defining the cup inverse in Definition 1.3 [14, Propositions 1.4.14 and 1.4.24].
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Example 2.4 If A is a commutative DGA, then the shuffle product �r of Example 1.5 makes the bar
construction BA a DG Hopf algebra, so that A becomes an HGA. The corresponding twisting cochain
tr D E satisfies ED E0;1CE1;0, so the operations E` vanish for `� 1.

The Maurer–Cartan identity DED E^ E for the twisting cochain E W BA˝BA! A defining an HGA

structure on A yields, upon mild rearrangement, the useful formulae

.2.5/ E.�A˝idBA/D
X
�

�A.E˝E/� WA˝A˝BA!A; E
�
a1a2Œb��

�
D

X
˙E

�
a1Œb��

�
E
�
a2Œb��

�
;

where the sum is over shuffles � W Œa1ja2�˝ Œb�� 7! ˙Œa1jb��˝ Œa2jb��, and

.2.6/
D˝ED dAE�Ed˝�A.s˝E/.12/CE.idA˝ d ext

B.A;A;A//��A.E˝ s/;

.D˝E/
�
aŒb��

�
D˙b1E

�
aŒb2jb�jb`�

�
˙E

�
aŒb1jb�jbpbpC1jb�jb`�

�
˙E

�
aŒb1jb�jb`�1�

�
b`

for ` � 2, with the middle term omitted if ` D 1.6 Here d˝ refers to the “internal” differential
dA ˝ idBA C idA ˝ d˝ on A˝ BA, omitting the external differential on the BA factor, and D˝ is
the derivation on Hom.A˝BA;A/ defined with respect to this internal differential and dA.

Critically, there is a natural way to make a variant of the cochain algebra into an HGA:

Definition 2.7 The normalized cochain algebra C �.X�I k/ on a simplicial set X� is the DG subalgebra
containing all and only cochains vanishing on each degenerate simplex. It is augmented with respect to
the map C �.X�I k/� C �.x0I k/

��! k induced by the inclusion of the simplicial subset associated to
any chosen basepoint x0 2X0.

The so-called interval-cut operations, among which the classical cup product and Steenrod cup-i products
are the most famous examples, are known [24, Theorem 2.15] to define on C �.X�I k/ the action of
a symmetric DG-operad X called the sequence operad [24] or surjection operad [3]. This operad is
known to be a quotient of the DG-operad E associated to the classical Barratt–Eccles simplicial operad [3,
Theorem 1.3.2], an E1-operad filtered by an increasing sequence of suboperads FnE whose geometric
realizations are equivalent to the little n-cubes operads, and the sequence operad is accordingly filtered by
quotients FnX [3, Lemma 1.6.1]. As it turns out, an HGA structure on a DGA A is precisely an algebra
structure over F2X [23; 24, Theorem 4.1; 3, Section 1.6.6] (cf Franz [13, (3.13)] for the signs of the
operations). Franz [10, Section 3.2] defines an extended homotopy Gerstenhaber algebra structure on a
DGA A to be an algebra structure over a certain suboperad F 03X of F3X containing F2X . This structure
comes in the form of operations Fp;q W A˝p˝A˝q! A for p; q � 1, in addition to the E`, satisfying
several compatibility conditions. An extended HGA homomorphism f W A! B is a DGA map which is
simultaneously an F 03X -algebra homomorphism (which is to say it distributes over the E` and the Fp;q).
Thus we have the following:

6 Compare Franz [13, Lemma 3.1] for conditions for a map C !�C ˝�C to be a twisting cochain inducing a DGC structure
on the cobar construction �C of a DGC C .
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Corollary 2.8 For any pointed simplicial set X�, its algebra C �.X�/ of normalized cochains is naturally
an extended HGA. Any CDGA A is naturally an extended HGA.

Convention 2.9 All CDGAs in this work, particularly cohomology rings, come equipped with this trivial
extended HGA structure. Consequently, if A is an extended HGA and B is a CDGA, then an extended HGA

map f W A! B annihilates the values of Fp;q and of E` for `� 1.

3 Strong homotopy commutativity

As adverted to in the introduction, we will require maps between DGAs that are not multiplicative, but
still preserve the multiplication up to coherent homotopy.

Definition 3.1 Given two A1-algebras A and B , an A1-map from the former to the latter is defined to
be a DGC homomorphism F W BA! BB . Such a map F is determined by the sequence of compositions

F.n/ W A
˝n .s

�1/˝n

�
������! BnA ,! BA F�! BB tB

�! B:

If A and B are DGAs, then we write FC
.1/
D F.1/ C �B �A W A ! B . This is a cochain map, and if

H�.FC
.1/
/ WH�.A/!H�.B/ is an isomorphism, we call F an A1-quasi-isomorphism.7

We will see it is possible to construct an A1-quasi-isomorphism from the CDGA H�.A/ with trivial
differential to A itself when A is a DGA with polynomial cohomology. To do so, we need two auxiliary
notions:

Proposition 3.2 [26, Proposition 3.3] There exists an internal tensor product of A1-maps which ,
given DGAs A, A0, B , and B 0 and DGC maps F W BA! BA0 and G W BB! BB 0, produces a DGC map

F ˝G W B.A˝B/! B.A0˝B 0/:
The operation .F;G/ 7! F ˝G

� extends the tensor product of DGA maps in the sense that if f W A! A0 and g W B! B 0 are DGA

maps , then Bf ˝Bg D B.f ˝g/,
� is functorial in each variable separately,

� is unital in the sense that F ˝ idk and idk˝F can be identified with F , and

� is associative in the sense that given a third pair C , C 0 of DGAs and a DGC map H W BC ! BC 0,
the iterated products .F ˝G/˝H and F ˝ .G˝H/ W B.A˝B˝C/! B.A0˝B 0˝C 0/ agree.

This notion of internal tensor product is connected to the ordinary external one by the shuffle map r of
Example 1.5.

7 The map FC
.1/

can be seen as a DGA map up to homotopy, and an ideal bEB containing the image of tBF.B�2A/ can be seen
as a measure of its deviation from multiplicativity, for FC

.1/
is a DGA map just if tBF.B�2A/D 0; and if so, then F D BFC

.1/
.
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Proposition 3.3 [11, Lemma 4.4] Let DGAs A00, A01, A000, and A001 and DGC maps G0 W BA00! BA01 and
G00 W BA000! BA001 be given. Then the following square commutes:

BA00˝BA000
r
//

G0˝G00

��

B.A00˝A
00
0/

G0˝G00

��

BA01˝BA001 r

// B.A01˝A
00
1/

The internal tensor product allows us to define another notion of homotopy commutativity a priori
unrelated to HGAs:

Definition 3.4 A strongly homotopy commutative algebra (henceforth SHC-algebra) is an augmented
DGA A equipped with an A1-map from A˝A to A (i.e. a DGC map ˆ W B.A˝A/! BA), satisfying the
following conditions:

(1) Its 1-component ˆ.1/ W A˝A! A is the restriction �AjA˝A of the given product on A.

(2) It is strictly unital in the sense that ˆ ıB.idA˝ �A/D idBA Dˆ ıB.�A˝ idA/.

(3) It is homotopy-associative: there is a homotopy between ˆ.ˆ˝ idA/ W B.A˝A˝A/! BA and
ˆ.idA˝ˆ/.

(4) It is homotopy-commutative: there is a homotopy between ˆ and ˆ ıB.12/, where .12/ is the
tensor-factor transposition A˝A ��! A˝A of Notation 1.1(5).

We define the iterates ˆŒn� W B.A˝n/ ! BA of the structure map ˆ by ˆŒ2� WD ˆ and ˆŒnC1� WD
ˆ.ˆŒn�˝ idA/.

An SHC-algebra structure ˆ on a DGA A allows one to combine maps in a useful way: given sequences
.Aj /

n
jD1 of DGAs and .Fj W BAj ! BA/njD1 of DGC maps, the composite

.3.5/ B
�O

Aj

� N
Fj
���! B.A˝n/ ˆ

Œn�

���! BA

is guaranteed to be another DGC map. We will say this map is compiled from the Fj .

Associated to each homogeneous element a 2A is a map from the free DGA on one generator of degree jaj
taking this generator to a. If a is a cocycle of even degree, this map factors through the map �a W kŒx�!A

taking x to a, where the differential on kŒx� is trivial. Thus, given a list EaD .aj / of even-degree cocycles
of A and taking Aj WD kŒxj � for jxj j D jaj j and Fj WD B�aj , the compilation procedure (3.5) yields a
DGC map

.3.6/ �Ea W B
� nO
jD1

kŒxj �

�
B.˝�aj /
������! B.A˝n/ ˆŒn����! BA:

Then .�Ea/
C

.1/
is easily seen to be the optimist’s candidate for a ring homomorphism,

kŒEx� WD kŒx1; : : : ; xn�! A; x
p1
1 � � � x

pn
n 7! a

p1
1 � � � a

pn
n :

Though this map is in fact almost never multiplicative, it is at least a quasi-isomorphism.
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Proposition 3.7 (Stasheff–Halperin [31, Theorem 9] and [26, 7.2]) If A is an SHC-algebra whose
cohomology ring H�.A/ is polynomial on classes represented by even-degree elements aj 2 A and �Ea is
defined as in (3.6), then H�.�Ea/

C

.1/
W kŒEx�!H�.A/ is an isomorphism.

In the target application, A is the normalized cochain algebra on a classifying space BG. Munkholm
[26, Proposition 4.7] (and stating a bit less, Gugenheim and Munkholm [16, Proposition 4.2]) showed that
the cochain algebra of a simplicial set admits a natural SHC-algebra structure, but to define the product on
the two-sided bar construction we will need later for our variant (Theorem A.27) of the Eilenberg–Moore
theorem, we will use a result of Franz defining an SHC-algebra structure in terms of extended HGA

operations.

Theorem 3.8 (Franz [10, Theorem 1.1 and (4.2)]) An extended HGA A admits an SHC-algebra structure
whose structure map ˆ and associativity and commutativity homotopies are defined in terms of the
extended HGA operations on A, and hence are natural in extended HGA maps. Moreover , the composite
ˆ ı r W BA˝BA! B.A˝A/! BA of the shuffle map of Example 1.5 and this structure map is the
given product �BA making A an HGA.

We will require an explicit formula for tAˆA in the proof of Theorem A.5, but hold off on stating it until
then. From Corollary 2.8 and Theorem 3.8, we immediately have the following:

Corollary 3.9 The normalized cochain algebra C �.X�I k/ of a pointed simplicial set is naturally an
SHC-algebra.

Corollary 3.10 For a pointed simplicial set X� with polynomial cohomology and any list Ea in C �.X�I k/
of representatives for k-algebra generators of H�.X�I k/, the DGC map �Ea W BH�.X�I k/! BC �.X�I k/
given in (3.6) is such that H�.�Ea/

C

.1/
can be identified with the identity map of H�.X�I k/.

We have observed that though it is a quasi-isomorphism in the cases that interest us, the extended 1-
component .�Ea/

C

.1/
W H�.X�/! C �.X�/ is rarely a DGA homomorphism on the nose. However, the

extended HGA structure and the resulting SHC structure on C �.X�/ guarantee that, loosely speaking, it
is a DGA map up to an error term contained in an ideal kX� of C �.X�/ functorial in X�, independently
of the choice of representatives Ea in C �.X�/; thinking of kX� as a neighborhood of 0, we may consider
it a sort of uniform bound on failure to be a DGA map. It will be an important point in the proof of
our main result that the bounding ideal kX� lies in the kernel of the formality map f to be described in
Theorem 3.16, and hence f annihilates the error term.

Definition 3.11 (Franz [11, (10.2)]) Given a pointed simplicial set X�, viewing its normalized cochain
algebra C �.X�/ as an extended HGA via Corollary 2.8 we denote by kD kX�CC �.X�/ the ideal generated
by the following elements, where a, b, b�, and c� range over C �.X�/:
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(1) coboundaries,

(2) elements of odd degree,

(3) elements of the form E`.aI b�/ for `D `.b�/� 1,

(4) elements of the form Fp;q.b�I c�/ with .p; q/¤ .1; 1/,

(5) elements of the form a^2E`.bI c�/ with `� 2,

(6) elements of the form a^2

�
� � � ..b0^1 b1/^1 b2/^1 � � �

�
for cocycles a and b�.

From the naturality of the extended HGA structure on a cochain algebra, the following functoriality
property of k is immediate:

Lemma 3.12 (Franz [11, Proposition 10.1]) If � W Y�!X� is a map of pointed simplicial sets , then the
ideals of Definition 3.11 satisfy ��kX� � kY� .

Morally speaking, then, our maps �Ea are functorial and multiplicative modulo k:

Theorem 3.13 (Franz [10, Proposition 7.2; 11, Proposition 11.5 and Theorem 11.6]) Suppose 2 is a unit
of k. Then the maps �Ea W kŒEx�! C �.X�/ of (3.6) are functorial modulo k in the sense that , given a map
� W Y�!X� of simplicial sets with polynomial cohomology and sequences Ea in C �.X�/ and Eb in C �.Y�/
representing generators of H�.X�/ and H�.Y�/, respectively , the left diagram of (3.14) commutes up to a
DGC homotopy H� W BH�.X�/! BC �.Y�/ whose associated twisting cochain homotopy ��C tC�.Y�/H�
sends B�1H�.X�/ into kY� .

.3.14/

BH�.X�/

�Ea
��

BH��
// BH�.Y�/

�Eb
��

BC �.X�/
BC��

// BC �.Y�/

B
�
kŒEx�˝ kŒEx�

� B�
//

�Ea˝�Ea
��

B
�
kŒEx�

�
�Ea
��

B.C �.X�/˝C �.X�//
ˆ
// BC �.X�/

Moreover �Ea is multiplicative modulo k in the sense that tC�.X�/�Ea takes B�2
�
kŒEx�

�
into kX� and the

right diagram of (3.14) commutes up to a DGC homotopy H� W B
�
kŒEx�˝2

�
! BC �.X�/ whose associated

twisting cochain homotopy ��C tC�.X�/H� sends B�1
�
kŒEx�˝2

�
into kX� .

We remark that the mere existence of such homotopies, without the bound in terms of k, lies at the heart of
Munkholm’s collapse proof [26]. To make precise our claim that there is a map C �.BT /!H�.BT / in
the other direction annihilating k, we recall the classical construction of the simplicial classifying space:

Proposition 3.15 (see e.g. May [20, Section 21]) Let G� be a simplicial group. Then there exists a
contractible simplicial G�-space WG� functorial in G�. That is , if � WG�!H� is a homomorphism of
simplicial groups , thenW� WWG�!WH� is �-equivariant in the sense that .W�/.x �g/D .W�/.x/��.g/
for x 2 .WG�/n and g 2Gn. The projection WG�!WG� WDWG�=G� is a principal G�-bundle , and
the base WG� is the classifying simplicial set for simplicial principal G�-bundles.
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The promised map is then provided by the following result:

Theorem 3.16 (Franz [11, Theorem 9.6 and Proposition 9.7]) Let T� be a simplicial abelian group
pointed at 1 2 T0 and such that the cohomology H�.T�IZ/ of the normalized cochain complex C �.T�/
is an exterior algebra on finitely many degree-1 generators. Then there exists a quasi-isomorphism
f D fT W C

�.W T�/!H�.W T�/ of extended HGAs , called the formality map , which annihilates all
extended HGA operations Fp;q except for F1;1 D �^2. If 2 is a unit of k, the formality map can be
chosen so as to annihilate all ^2-products of cocycles and such that its kernel contains the ideal kWT� of
Definition 3.11.

4 Simplicial substitution

In this section we introduce a simplicial form of the homotopy pullback whose cohomology we will
ultimately compute.

Discussion 4.1 We use the functorial Milgram model [25; 32; 28] of the universal principal bundle
EG! BG associated to a Lie group G. It is well known that KnG=H is the homotopy pullback of
the diagram BK! BG BH when K �H acts freely on G [29, Section 2]. More generally, writing
i WK!G and j WH !G for the inclusions, the homotopy pullback can be identified as EK˝K G=H ,8

which is the pullback of the diagram BK
Bi
��! BG  EG=H , the homeomorphism being given by

e˝gH 7! .eK; .Ei/.e/gH/.

It is even better known that Ej W EH ! EG is H -equivariant and induces a homotopy equivalence
BH! EG=H . The resulting map of triples induces a map of bar constructions

B.C �.BK/; C �.BG/; C �.EG=H//! B.C �.BK/; C �.BG/; C �.BH//

which the algebraic Eilenberg–Moore spectral sequence shows is a quasi-isomorphism by Proposition 1.19.
Moreover, by Theorem A.27, this map is multiplicative with respect to the product of Theorem A.1, and
hence induces a ring quasi-isomorphism.

If we write G for the singular complex SingG of a connected Lie group, made a simplicial group by
equipping each level .SingG/n with the valuewise multiplication of maps �n ! G, then the counit
jGj !G of the standard adjunction j�j a Sing between the geometric realization and singular complex
functors is a homomorphism and a homotopy equivalence, and is natural in continuous homomorphisms
[20, Theorem 16.6(ii)]. For any simplicial group G�, there is a natural jG�j-equivariant homeomorphism
jWG�j

��! EjG�j descending to a natural homeomorphism jWG�j ��! BjG�j [4], so for G� D G we
get a composite weak homotopy equivalence jWGj ! EjGj ! EG equivariant with respect to the

8 This is the quotient of EK �G=H under the equivalence relation .ek; gH/� .e; kgH/ for k 2K, more commonly denoted by
EK �K G=H , the same notation as a pullback.
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homomorphism jGj ! G. Long exact homotopy sequences then show the map WG D jWGj=jGj !
.EG/=G D BG is a natural weak homotopy equivalence. By naturality, these maps yield a multiplicative
quasi-isomorphism B.C �.BK/; C �.BG/; C �.BH//! B.C �jWKj; C �jWGj; C �jWH j/.

Finally, the unit X� 7! Sing jX�j of the standard adjunction is a natural weak equivalence of simplicial
sets whenever X� is a Kan complex [20, Theorem 16.6(i)], which we know WK, WG, and WH are
[20, Lemma 21.3], so we have a multiplicative quasi-isomorphism to a more economical bar construction,
B.C �jWKj; C �jWGj; C �jWH j/! B.C �.W K/; C �.W G/; C �.W H//, although our proof does not
strictly speaking require this simplification.

All told, we have the following:

Proposition 4.2 Let G be a compact connected Lie group and H and K closed subgroups , and suppose
the coefficient ring k is a principal ideal domain. Then there is an isomorphism of graded algebras

H�K.G=H/ŠH
�B.C �.W K/; C �.W G/; C �.W H//;

natural with respect to the diagram K ,!G - H .

Proof It remains only to check naturality, but this follows from the functoriality of W , Sing, j�j, and C �

and the naturality of the unit, the counit, and the Eilenberg–Moore isomorphism.

Remark 4.3 May and Neumann observed [21] that the general result [15, Theorem 4.3] behind the
Gugenheim–May computation of the cohomology groups of a homogeneous space G=H applies equally
in many cases to a generalized homogenous space, meaning the homotopy fiber F of a map BH ! BG

of path-connected spaces. Here F is to be thought of as G=H for G D�BG and H D�BH , and we
assume a trivial �1.BG/-action on H�.F / and that H�.BG/ is a polynomial algebra over the principal
ideal domain k, finitely generated in each degree. The key additional assumption is that there is a map
BT ! BH , where BT is a K.Zn; 2/, making H�.BH / a free module of finite rank over H�.BT /; then
T D�BT is called a maximal torus of H .

Our result similarly generalizes. Given three path-connected spaces BG , BK , and BH such that K and
H admit maximal tori TK and TH and H�.BG/, H�.BK/, and H�.BH / are polynomial algebras of
finite type, then replacing SingBTK and SingBTH by W TK and W TK , respectively, the same proof as
in Section 5 shows that the cohomology of the homotopy pullback Y of the span BK ! BG BH is
given as a graded group by TorH�.BG/.H

�.BK/;H
�.BH //, and as a ring if 2 is a unit of k.

We are not aware of great interest in such spaces Y in general, but some special cases have been studied.
For instance, if BK and BH are points, we recover that H�.�BG/ is an exterior algebra, and for the
span BK!BK �BK BK , with both maps the diagonal, we find the cohomology ring of the free loop
space LBK is the tensor product of H�.BK/ and H�.K/. This is an instance of a more general result
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of Saneblidze [27], derived using Hochschild homology and a model of the total space of the fibration
�Y ! LY ! Y equipped with a cochain-level product related to the product described in Theorem A.5
and the HGA structure on C �.Y /. His result, however, requires of H�.Y / only that the cup-1 squares of
a set of polynomial generators be zero, without any maximal torus assumption, and of k only that it be a
commutative ring.

5 The quasi-isomorphisms

We have finally assembled the necessary ingredients to prove Theorem 0.1.

Notation 5.1 In the calculation that follows, the base ring k is now a principal ideal domain, still
usually suppressed in the notation. We will not require that 2 be a unit initially. Let G be a connected
Lie group and H and K closed connected subgroups such that BG, BK, and BH have polynomial
cohomology over k (equivalently, such that the torsion primes of G, H , and K are units). We will
work with normalized cochains on the simplicial models WG of Section 4, but in the notation for
cohomology identify H�.BG/ with H�.W G/ and so on, suppressing the natural isomorphisms induced
by the simplicial weak equivalences WG! Sing jWGj ! Sing BG.

From Proposition 4.2 we have a natural isomorphism

.5.2/ H�K.G=H/Š TorC�.WG/.C
�.W K/; C �.W H//

of graded algebras, and our goal is to use the maps � of (3.6) and f of Theorem 3.16 to induce a CGA

isomorphism

.5.3/ H�K.G=H/Š TorH�.BG/.H
�.BK/;H�.BH//;

natural in inclusion diagramsK ,!G -H . On the level of graded modules, this isomorphism particularly
means the Eilenberg–Moore spectral sequence of the homotopy pullback square of BK! BG BH
collapses, a theorem of Munkholm [26] we will reprove as Proposition 5.7. To improve this result to a
ring isomorphism, as both Tors arise as the cohomology of a two-sided bar construction, we will connect
the argument DGAs of the two via maps preserving enough structure to guarantee our novel product on
the two-sided bar construction is preserved up to homotopy. The structure of this section closely follows
that of Franz [11, Section 12] and specializes to it in the case K D 1.

Discussion 5.4 We begin by constructing an additive cochain map between the two bar constructions.
Selecting arbitrarily and fixing a list Ea of cocycles representing irredundant generators ofH�.BG/, and sim-
ilarly forH�.BK/ andH�.BH/, we may use (3.6) to constructA1-quasi-isomorphisms �G WBH�.BG/!
BC �.W G/, �K , and �H . Recall that these maps are selected so that if xj denotes the cohomology class
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of aj 2 C �.W G/ and rkG D n, then the extension .�G/C.1/ D ��C .�G/.1/ of the 1-component is the
additive quasi-isomorphism

kŒEx�ŠH�.BG/! C �.W G/; x
p1
1 � � � x

pn
n 7! a

p1
1 � � � a

pn
n ;

and similarly for �K and �H . We write the canonical twisting cochains BH�.BG/! H�.BG/ and
BC �.W G/! C �.W G/ respectively as tH and tC, and for any homomorphism L0! L of topological
groups will write �D �LL0 for the functorially induced DGA maps C �.W L/!C �.W L0/ and H�.BL/!
H�.BL0/. Then the candidate quasi-isomorphism

.5.5/ ‚ W B.H�.BK/;H�.BG/;H�.BH//! B.C �.W K/; C �.W G/; C �.W H//

is defined as the composition of the cochain maps

H�.BK/˝tHB�BH�.BG/˝tHB�H
�.BH/

B.�K ;id;�H /

��

C �.W K/˝tHB��GBH�.BG/˝tHB��GC
�.W H/

B.id;�G ;id/

��

C �.W K/˝tH�KB�BH�.BG/˝tH�HB�C
�.W H/

�

33

C �.W K/˝tCB�BC �.W G/˝tCB�C
�.W H/

given from beginning to end by Lemmas 1.16, 1.12, and 1.11, where � D .ıL
hK
˝ id/ ı .id˝ ıR

hH
/, the

twisting cochain homotopies hK WBH�.BG/!C �.W K/ and hH WBH�.BG/!C �.W H/ coming from
Theorem 3.13.

Lemma 5.6 The map ‚ defined in (5.5) satisfies

‚� .�K/
C

.1/
˝�G ˝ .�H /

C

.1/
.mod .kWK ; kWH //:

Proof As tC�.WK/�K and tC�.WH/�H respectively take B�2H�.BK/ and B�2H�.BH/ into kWK and
kWH by Theorem 3.13, the first factor B.�K ; id; �H / is congruent to .�K/C.1/˝ id˝ .�H /C.1/ modulo
.kWK ; kWH / by Proposition 1.16. Next, by Theorem 3.13 again, the twisting cochain homotopies hK

and hH respectively send B�1H�.BG/ into kWK and kWH , so .ıL
hK
˝ id/.id˝ ıR

hH
/ is congruent to the

identity modulo .kWK ; kWH / by Lemma 1.12. Finally, B.id; �G ; id/ is id˝�G ˝ id.

Proposition 5.7 We retain the notation G, K, H from Notation 5.1 and ‚ from (5.5).

(i) The induced map

H�.‚/ W Tor�H�.BG/.H
�.BK/;H�.BH//! Tor�

C�.WG/
.C �.W K/; C �.W H//

of graded k-modules is an isomorphism.

(ii) The Eilenberg–Moore spectral sequence for the homotopy pullback of BK! BG BH collapses
at the E2 page.

Proof (i) Because H�.BG/ and H�.BK/ are flat over k, under the length filtration of two-sided bar
constructions discussed in Definition 1.13, the E2 page of the target under the map of associated filtration
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spectral sequences induced by ‚ is again Tor�
H�.BG/.H

�.BK/;H�.BH// as noted in Proposition 1.19.
Since �G , .�K/C.1/, and .�H /C.1/ are each quasi-isomorphisms, by Lemma 5.6, the map of E2 pages is
the identity map. These are half-plane spectral sequences with exiting differentials and in the associated
exact couples .E1; A1/ one has Ap1 D 0 for p > 0, and particularly lim

 ��
pA

p
1 D 0, so they are strongly

convergent [5, Theorem 6.1(a)]; hence H�.‚/ is a graded k-linear isomorphism [5, Theorem 5.3].

(ii) In the map of spectral sequences, the codomain is the Eilenberg–Moore spectral sequence of the
homotopy pullback of the diagram BK BG!BH. We have seen the spectral sequence map is a k-linear
graded isomorphism fromE2 on, so it is enough to show the domain spectral sequence collapses. ButE2 of
this domain sequence is already isomorphic to the sequence’s target H�B.H�.BK/;H�.BG/;H�.BH//
as a graded k-module.

To show H�.‚/ is multiplicative and natural will involve the formality map of Section 4, and particularly
from here on out, we will need 2 to be a unit in k. We will soon specialize to maximal tori, but for now let
arbitrary compact tori TK and TH and simplicial group homomorphisms ˛K W TK!K and ˛H W TH !H

be given, and choose formality maps fTK WC
�.W TK/!H�.BTK/ and fTH WC

�.W TH /!H�.BTH /

as guaranteed by Theorem 3.16, recalling that these maps respectively annihilate the ideals kWTK and
kWTH defined in Definition 3.11. As f and � are HGA and hence DGA maps, Lemma 1.10 provides a
cochain map of two-sided bar constructions

.5.8/ ‰˛K ;˛H W C
�.W K/˝�tC BC �.W G/˝�tC C

�.W H/

f�˝id˝f�
�������!H�.BTK/˝f�tC BC �.W G/˝f�tC H

�.BTH /:

Lemma 5.9 Let G, K, and H be as in Notation 5.1, ‚ as in (5.5), and ‰ as in (5.8).

(i) The cochain map ‰ is multiplicative with respect to the product z� of Theorem A.1.

(ii) The composite ‰‚ is equal to

�KTK ˝�G ˝ �
H
TH
WH�.BK/˝�tH BH�.BG/˝�tH H

�.BH/

!H�.BTK/˝f�tC BC �.W G/˝f�tC H
�.BTH /:

(iii) If ˛K and ˛H are inclusions of maximal tori , the induced map H�.‰/ in cohomology is injective.

Proof (i) Multiplicativity of ‰ follows from naturality of z� since f and � are HGA maps.

(ii) The restriction �KTK sends kWK to kWTK by Lemma 3.12, while by Theorem 3.16 fK annihilates
kWTK , and similarly fH�HTH annihilates kWH . As ‚ is congruent to .�K/C.1/˝�G ˝ .�H /

C

.1/
modulo

.kWK ; kWH / by Lemma 5.6, we then have

‰‚D .f�˝ id˝f�/‚D f�.�K/C.1/˝�G ˝f�.�H /
C

.1/
:

But taking cohomology of the cochain maps

H�.BK/
.�K/

C

.1/
�����! C �.W K/

�
�! C �.W TK/

f
�!H�.BTK/
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yields
H�.BK/ id

�!H�.BK/ ��! C �.BTK/
id
�!H�.BTK/;

and the differentials on H�.BK/ and H�.BTK/ are zero, implying the cochain map fK ı �KTK ı .�K/
C

.1/

is itself �KTK , and similarly for �HTH .

(iii) We factor ‰ as .f ˝ id˝f /.�˝ id˝�/ and show both factors induce injections in cohomology. As
f ˝ id˝f W B.C �.W TK/; C �.W G/; C �.W TH //! B.H�.BTK/; C �.W G/;H�.BTH // induces the
identity map between theE2 pages of the associated filtration spectral sequences, it is a quasi-isomorphism.
As for �˝ id˝�, consider the map of Serre spectral sequences induced by the map of (vertical) fibrations

TKGTH
//

��

BTK �BTH

��

KGH // BK �BH

The homotopy fiber of both fibrations is K=TK �H=TH . Thus the E2 page of the right spectral sequence
is concentrated in even degree, implying the sequence collapses, and the map of spectral sequences
implies the left spectral sequence collapses as well; it follows that the left fibration induces an injection
in cohomology. But by the naturality clause of Proposition 4.2 this injection is H�.�˝ id˝ �/.

Theorem 5.10 The isomorphism H�.‚/ of Proposition 5.7 is multiplicative.

Proof Since we know from Lemma 5.9 that H�.‰/ is injective and multiplicative it will be enough
to show the map ‰‚ D �˝ �G ˝ � is multiplicative up to homotopy. As H�.BK/ and H�.BH/ are
CDGAs, the HGA operations Ek are zero for k � 0 by Convention 2.9, so the product z� of (A.6) reduces
to a0Œa��a00 � b0Œb��b00 D ˙a0b0 ˝ Œa�� � Œb��˝ a00b00, which is just the tensor permutation … of (A.4)
rearranging the factors in the correct order followed by the coordinatewise product �˝3. Recalling from
the proof of Theorem A.1 that … gives a natural cochain isomorphism from the tensor-square of the
two-sided bar construction to the two-sided twisted tensor product with respect to the twisting cochains t 0

and t 00 given by �˝2.t˝��C��˝ t /, we can transfer the desired multiplicativity of ‰‚ up to homotopy
to a question about maps

H�.BK/˝2˝t 0 .BH�.BG//˝2˝t 00 H�.BH/˝2!H�.BTK/˝f�tC BC �.W G/˝f�tC H
�.BTH /:

We want to find a homotopy between the cochain maps

.�˝�G ˝ �/.�˝�BH�.BG/˝�/D ��˝�G�BH�.BG/˝ ��

and
.�˝�BC�.WG/˝�/.�

˝2
˝�˝2G ˝ �

˝2/D ��˝2˝�BC�.WG/�
˝2
G ˝��

˝2:

On tensor factors we have ��D��˝2 because � is a ring map, while Theorem 3.13 provides a coalgebra
homotopy H� W �GB�H�.BG/ 'ˆ.�G ˝�G/ such that tCH� takes B�1.H�.BG/˝2/ into kWG , so that
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the twisting cochains f�tC annihilate the image of H�. As the shuffle map r is a natural transformation
˝!˝ of bifunctors, we may append the square of Proposition 3.3:

.BH�.BG//˝2
r

//

�G˝�G
��

B.H�.BG/˝2/
B�
//

�G˝�G

��

B.H�.BG//

�G
��

.BC �.W G//˝2
r

// B.C �.W G/˝2/
ˆ
// BC �.W G/

Recalling ˆ ır D �BC�.WG/ (Theorem 3.8) and B� ır D �BH�.BG/ (Example 1.5), we then see H�r
is a DGC homotopy from �G�BH�.BG/ to �BC�.WG/�

˝2
G . As tCH�r takes the coaugmentation coideal

of .BH�.BG//˝2 into kWG , we may apply Lemma 1.10 to see that f�˝H�r˝f� is a homotopy doing
what we wanted.

This establishes the ring isomorphism of Theorem 0.1. It remains to show this isomorphism is natural in
inclusion diagrams.

Theorem 5.11 Given a diagram

.5.12/

K1
� � //

��

G1

��

H1?
_oo

��

K0
� � // G0 H0?

_oo

of continuous group homomorphisms such that the cohomology of each of the groups’ classifying spaces is
a polynomial ring over k and given cocycle representatives for an irredundant set of polynomial generators
of each cohomology ring , so as to define quasi-isomorphisms‚1 and‚0 as in (5.5), the following induced
square commutes:

Tor�
H�.BG0/

.H�.BK0/;H
�.BH0//

H�.‚0/ o

��

Tor��.�;�/
// Tor�

H�.BG/.H
�.BK1/;H

�.BH1//

H�.‚1/o

��

H�K0.G0=H0/
// H�K1.G1=H1/

Proof Let iK1 WTK1 ,!K1 and iH1 WTH1 ,!H1 be inclusions of maximal tori. We expand the description
of ‰‚ in Lemma 5.9 to the diagram in Figure 1. Note carefully the asymmetry in the bottom square:
on the left we have G0 rather than G1, but the tori TK1 and TH1 are subtori of G1 rather than G0. The
composite f�˝ id˝f� after ‚ in the right column is the map ‰iK1 ;iH1 of (5.8) and the composite after
‚ the first column is ‰jK ;jH , where jK and jH are respectively the compositions TK1 ,!K1!K0 and
TH1 ,!H1!H0.

Our goal is to show the top square commutes in cohomology, but as H�.‰iK1 ;iH1 / is injective by
Lemma 5.9(iii), it will suffice to postcompose ‰iK1 ;iH1 to the two paths around the square and show the
resulting maps induce the same map in cohomology. One confirms tensor factor by tensor factor that the
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H�.BK0/˝�tH BH�.BG0/˝�tH H�.BH0/

‚0
��

�˝B�˝�
// H�.BK1/˝�tH BH�.BG1/˝�tH H�.BH1/

‚1
��

C �.W K0/˝�tC BC �.W G0/˝�tC C �.W H 0/

�˝id˝�
��

�˝B�˝�
// C �.W K1/˝�tC BC �.W G1/˝�tC C �.W H 1/

�˝id˝�
��

C �.W TK1/˝�tC BC �.W G0/˝�tC C �.W TH1/

f˝id˝f
��

id˝B�˝id
// C �.W TK1/˝�tC BC �.W G1/˝�tC C �.W TH1/

f˝id˝f
��

H�.BTK1/˝f�tC BC �.W G0/˝f�tC H
�.BTH1/ id˝B�˝id

// H�.BTK1/˝f�tC BC �.W G1/˝f�tC H
�.BTH1/

Figure 1: A diagram of two-sided bar constructions.

bottom two squares commute, so it will be enough to find a cochain homotopy between the two paths
along the outer rectangle. By Lemma 5.9(ii), the composite along the upper right is

.5.13/ .�
K1
TK1
˝�G1 ˝ �

H1
TH1

/.�
K0
K1
˝B�G0G1 ˝ �

H0
H1
/D �

K0
TK1
˝�G1B�G0G1 ˝ �

K0
TK1

and the composite along the lower left is

.5.14/ .id˝B�G0G1 ˝ id/.�K0TK1
˝�G0 ˝ �

H0
TH1

/D �
K0
TK1
˝B�G0G1�G0 ˝ �

H0
TH1

:

Now Theorem 3.13 provides a DGC homotopy H� between �G0G1�G0 and �G�
G0
G1

such that tCH� takes
B�1H�.BG0/ into kWG1 , so that the two twisting cochains f�tC defining the common codomain of
(5.13) and (5.14) annihilate the image of H�. Applying Lemma 1.10, we see f�˝H� ˝ f� is the
sought-after homotopy between (5.13) and (5.14).

Corollary 5.15 The isomorphism H�.‚/ of Theorem 0.1 does not depend on the choice of representa-
tives defining ‚ in (5.5).

Proof One can take the vertical maps to each be the identity in (5.12), defining ‚0 in terms of one set
of representatives and ‚1 in terms of another.

6 Example

In this section we give an example where Theorem 0.1 provides information not previously available
from the standard techniques. This example is in a sense minimal in that in similar examples where the
differentials form a regular sequence, the fact that an exterior algebra is a free CGA allows one to resolve
the multiplicative extension problem, and in examples with Tor��2 D 0 one can resolve the extension
problem by noting that elements of Tor�1 annihilate one other and lie in odd degree, whereas Tor0 is
concentrated in even degree.
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Example 6.1 Let S be the image of the embedding z 7! diag.z�4; z; z; z/ of U.1/ in SU.4/. Theorem 0.1
computes the ring H�S

�
SU.4/=S IZ

�
1
2

��
as

Tor�H�.BSU.4/IZŒ1=2�/

�
H�

�
BSIZ

�
1
2

��
;H�

�
BSIZ

�
1
2

���
(previously, the Sullivan model noted by Kapovich showed the same with Z

�
1
2

�
replaced by Q). One

finds explicitly that the induced map Z
�
1
2

�
Œc2; c3; c4�

��! H�BSU.4/! H�BS ��! Z
�
1
2

�
Œt2� takes the

universal Chern classes c2, c3, and c4 respectively to �6t2, �8t3, and �3t4, so one can compute the Tor
using the associated Koszul complex, as the cohomology of the DGA Z

�
1
2

�
Œs2; t2�˝

V
Œv3; w5; x7� with

differential annihilating s and t and with

dv3 D 6.s
2
� t2/; dw5 D 8.s

3
� t3/; and dx7 D 3.s

4
� t4/:

Setting p2j D .sj � tj /=.s � t / for 2 � j � 4 one finds that Tor0 Š Z
�
1
2

�
Œs; t �=.s � t /.6p2; 8p4; 3p6/;

that Tor�1 is the quotient of the Z
�
1
2

�
Œs; t �-module generated by the cocycles

aD 3p2w5� 4p4v3 D
1

2.s�t /
d.v3w5/; b D 2p2x7�p6v3 D

1

3.s�t /
d.v3x7/;

c D 8p4x7� 3p6w5 D
1

s�t
d.w5x7/;

which satisfy p6a� 4p4bCp2c D 0, by the submodule generated by d.v3w5/, d.v3x7/, and d.w5x7/;
and that Tor�2 is the quotient of the free Z

�
1
2

�
Œs; t �-module generated by the class of

e D 3p6v3w5� 8p4v3x7C 6p2w5x7 D
1

.s�t /
d.v3w5x7/

by the submodule generated by d.v3w5x7/. All told, one finds that H�S
�
SU.4/=S IZ

�
1
2

��
is the quotient

of Z
�
1
2

�
Œs2; t2; e14�˝

V
Œa7; b9; c11� by the ideal generated by

.s3C s2t C st2C t /a� 4.s2C st C t2/bC .sC t /c; 2.s� t /a; 3.s� t /b; .s� t /c; .s� t /e;

ab� .sC t /e; ac � 4.s2C st C t2/e; bc � .s3C s2t C st2C t3/e; ae; be; ce and e2:

This computation resolves, for example, the multiplicative extension problem for products of the classes
corresponding to a, b, c, and e on the E1 page of the Serre spectral sequence beginning with E2 D
H�.BS�BS/˝H�SU.4/ and converging to H�S .SU.4/=S IZ/.

Appendix A product on the two-sided bar construction
joint with Matthias Franz

Given that an HGA structure defines a DGA structure on the bar construction of a DGA, one might hope
HGA homomorphisms A0 A! A00 similarly induce a DGA structure on the two-sided bar construction.
We cannot assert this, but we can at least define a nonassociative product sufficient to prove the variant
Eilenberg–Moore theorem (Theorem A.27) needed for the proof of Theorem 0.1.

Algebraic & Geometric Topology, Volume 25 (2025)



5304 Appendix by Jeffrey D Carlson and Matthias Franz

Theorem A.1 Let A0 f
0

 � A
f 00
��! A00 be HGA homomorphisms. Then there exists a cochain map

z� W B.A0; A;A00/˝B.A0; A;A00/! B.A0; A;A00/;

which we think of as a product , natural in the sense that given a commutative diagram

A0

g 0

��

A

g

��

oo // A00

g 00

��

B 0 Boo // B 00

of HGA homomorphisms , the induced map B.g0; g; g00/ W B.A0; A;A00/! B.B 0; B; B 00/ of Notation 1.18
is multiplicative.

Remark A.2 It requires the extended HGA operations Fp;q to define the natural homotopy hc witnessing
the homotopy-commutativity axiom for Franz’s natural SHC-algebra structure map ˆA described in
Theorem 3.8, but to define ˆA itself and show that ˆA ı r D �BA, which is all we require here, one
needs only that A be an HGA.

Proof of Theorem A.1 By Theorem 3.8, there exists a DGC map ˆA W B.A˝ A/ ! BA giving an
SHC-algebra structure on A, and similarly for A0 and A00. We set

.A.3/ z� WD B.ˆA0 ; ˆA; ˆA00/ ı .idA0˝A0 ˝r˝ idA00˝A00/„ ƒ‚ …
B.ˆA0 ;�BA;ˆA00 /

ı…;

where the B.�;�;�/ maps are as defined in Proposition 1.16 and the initial map

.A.4/
… W B.A0; A;A00/˝B.A0; A;A00/! .A0˝A0/˝t 0 .BA˝BA/˝t 00 .A00˝A00/;

a0Œa��a
00
˝ b0Œb��b

00
7! ˙a0˝ b0˝ Œa��˝ Œb��˝ a

00
˝ b00;

is the tensor permutation .2354/. Here the two-sided twisted tensor product is determined by the twisting
cochains

t 0 D .f 0/˝2tA˝2r D .f
0/˝2.tA˝ �A�BAC �A�BA˝ tA/ W .BA/˝2! .A0/˝2;

t 00 D .f 00/˝2tA˝2r D .f
00/˝2.tA˝ �A�BAC �A�BA˝ tA/ W .BA/˝2! .A00/˝2;

for r the shuffle map of Example 1.5, and it is not hard to check … is a cochain map. To see

id˝r˝ id W .A0˝A0/˝t 0 .BA˝BA/˝t 00 .A00˝A00/! .A0˝A0/˝t 0 B.A˝A/˝t 00 .A00˝A00/

is a cochain map, it is enough by Lemma 1.10 to observe t 0 D .f 0˝ f 0/tA˝Ar D tA0˝A0B.f 0˝ f 0/r
and similarly t 00 D tA00˝A00B.f 00˝f 00/r. To see

B.ˆA0 ; ˆA; ˆA00/ W B.A0˝A0; A˝A;A00˝A00/! B.A0; A;A00/
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is a well-defined cochain map, by Proposition 1.16 it is enough to note the diagram

B.A0˝A0/

ˆA0
��

B.A˝A/

ˆA
��

B.f 0/˝2
oo

B.f 00/˝2
// B.A00˝A00/

ˆA00
��

BA0 BA
Bf 0

oo

Bf 00
// BA00

commutes by the naturality of ˆ in HGAs.

Naturality follows because … is natural in sextuples of cochain complexes, r is natural in pairs of cochain
complexes, ˆ is natural in extended HGA maps, and B.�;�;�/ is functorial in triples of DGA maps.

To make real use of this product, we will require a more explicit formula:

Theorem A.5 The cochain map z� of Theorem A.1 is given in terms of the notation set in Definition 2.1
and Notation 2.2 by

.A.6/ a0Œa��a
00
˝ b0Œb��b

00
7! ˙a0b0 ˝ Œa��� Œb.2/� ˝ E

�
a00Œf 00b.3/�

�
b00

˙ a0E
�
f 0a1Œb

0
jf 0b.1/�

�
˝ Œa.2/�� Œb.2/�˝E

�
a00Œf 00b.3/�

�
b00;

where the first term is the sum over all decompositions Œb��D Œb.2/�˝ Œb.3/� into two tensor factors , and
the second is the double sum over decompositions Œa��D Œa1�˝ Œa.2/� where the first tensor factor is of
length 1 and decompositions Œb��D Œb.1/�˝ Œb.2/�˝ Œb.3/� into three tensor factors , and where we recall
from Remark 2.3 our convention that E

�
f 0a1Œb

0jf 0b.1/�
�
D 0 when b0 D 1. The signs are those imposed

by the Koszul convention. Explicitly, the first sum is

.A.7/

T0‚ …„ ƒ�
�A0 ˝�BA˝�A00.E.idA00 ˝Bf 00/˝ idA00/�Œb.3/�Ia00„ ƒ‚ …

T0;3

�
ı.idA0˝A0 ˝ idBA˝�BA˝ idA00˝A00/…

for �Œb.3/�Ia00 the tensor shuffle taking the factors Œb.3/� ˝ a0 to .�1/jŒb.3/�j�ja
0ja0 ˝ Œb.3/� and … the

permutation .2354/ from (A.4), and the second is

.A.8/

T1‚ …„ ƒ
� T1;1‚ …„ ƒ
�A0.idA0˝E.f 0s˝s�1˝Bf 0//�b0IŒa1�˝�BA˝

T1;3‚ …„ ƒ
�A00.E.idA00˝Bf 00/˝idA00/�Œb.3/�Ia00

�
ı
�
idA0˝.idA0��A0/˝..pr1˝idBA/˝.idBA˝idBA/˝.�BA˝idBA//�

Œ3�
BA˝BA˝idA00˝A00

�
…;

where �b0IŒa1� is again a tensor transposition.

Concatenations � (as defined in Definition 1.2) have been omitted in the statement and proof to aid
legibility (so far as possible).

Proof We first establish the formula modulo 2. The composition of the first two maps in (A.3) takes a
pure tensor a0Œa��a00˝ b0Œb��b00 to .a0˝ b0/˝r

�
Œa��˝ Œb��

�
˝ .a00˝ b00/. Recall r

�
Œa��˝ Œb��

�
is the

signed sum of terms Œ˛˝ˇ�� WD Œ˛1˝ˇ1j � � � j˛`˝ˇ`� where each j̨ ˝ ǰ is either am˝1 or 1˝bm for
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some m, and the indices of the a-arguments appear in increasing order as one encounters them from left
to right, as do the indices of the b-arguments. The map B.ˆA0 ; ˆA; ˆA00/ first breaks each term Œ˛˝ˇ��

into three factors Œ˛˝ˇ�.1/D Œ˛1˝ˇ1j � � � j p̨˝ p̌�, Œ˛˝ˇ�.2/, and Œ˛˝ˇ�.3/ via �Œ3�B.A˝2/, and applies
f 0 to each ˛ and ˇ in the first block and f 00 to each in the third block. The verification for each of the
three tensor factors will run in parallel.

Now there is a case distinction to be made. Write ˛0j D f 0 j̨ and so on. If a0 ˝ b0 2 A0˝A0 and
a00˝ b00 2 A00˝A00, then by (1.17), B.ˆA0 ; ˆA; ˆA00/ takes .a0˝ b0/˝r

�
Œa��˝ Œb��

�
˝ .a00˝ b00/ to

.A.9/ ˙tA0ˆA0 Œa
0
˝ b0j˛01˝ˇ

0
1j � � � j˛

0
p˝ˇ

0
p�˝ Œ˛˝ˇ�.2/˝ tA00ˆA00 Œ˛

00
1 ˝ˇ

00
1 j � � � j˛

00
q ˝ˇ

00
q ja
00
˝ b00�;

where pC `
�
Œ˛˝ ˇ�.2/

�
C q D `.a�/C `.b�/. If instead a0˝ b0 2 im �A0˝A0 D k, then the associated

clause ‡ 0D idk˝� from (1.17) applies instead, so the first tensor factor in (A.9) is replaced with a0b0, and
p D 0; similarly, if a00˝b00 2 im �A00˝A00 , then instead the third tensor factor in (A.9) is a00b00, and q D 0.
In either case, these simpler factors agree with those given in (A.6), (A.7), and (A.8) by our observations
and conventions from Remark 2.3 on the vanishing of E, so for the remainder of the verification we may
assume a0˝ b0 2 A0˝A0 and a00˝ b00 2 A00˝A00.

At this point it becomes necessary to recall the unsigned formula [10, (4.2)] for tAˆA

.A.10/ tAˆAŒ˛˝ˇ�� D
X
�

˙˛1EŒ˛2jˇ�� � � �EŒ˛njˇ��ˇn;

where the sum is over those permutations � separately preserving the orders of the indices of the ˛-
arguments and those of the ˇ-arguments, and such that, moreover, at every point, reading left to right, one
has encountered the symbol ˛ more often than ˇ. The key point in simplifying this formula in the present
context is that EŒ j̨ jˇ�� vanishes whenever one of the ˇ-letters other than ˇn is 1, by the convention set
in Remark 2.3.

Thus in order for tA0ˆA0
�
Œa0˝ b0�˝ Œ˛0˝ˇ0��

�
to be nonzero, one of two things must happen. The first

possibility is that p D `Œ˛0 ˝ ˇ0�� D 0, so that tA0ˆA0 Œa0 ˝ b0� D ˙a0b0. The other possibility is that
b0; ˇ01; : : : ; ˇ

0
p�1 are all non-1. Particularly, if b0 D 1, then ˙a0b0 is again the only term, agreeing with

(A.6), (A.7), and (A.8), so from now on we will assume b0 2 A0. Since for each j one of ˛0j and ˇ0j is 1,
it follows that ˛01 D � � � D ˛

0
p�1 D 1. As E1;0

�
Œ1�˝ Œ�

�
D 1 and otherwise E1;�

�
Œ1�˝ Œˇ��

�
D 0 by the

conventions of Remark 2.3, for a term in (A.10) to be nonzero one needs ˛0p ¤ 1, so that ˇ0p D 1. Thus
the only relevant terms have

Œ˛0˝ˇ0�� D Œ1˝f
0b1j � � � j1˝f

0bp�1jf
0a1˝ 1�;

tA0ˆA0
�
Œa0˝ b0�˝ Œ˛0˝ˇ0��

�
D˙a0E1;p

�
Œf 0a1�˝ Œb

0
jf 0b.1/�

�
;

where Œf 0b.1/�D Œf 0b1j � � � jf 0bp�1�.

Similarly, in order that tA00ˆA00 Œ˛001 ˝ˇ
00
1 j � � � j˛

00
q ˝ˇ

00
q ja
00˝ b00� be nonzero, the arguments ˇ00j must be

non-1, so each ˛00j is 1. Thus the relevant tensor factor is

tA00ˆA00
�
Œ1˝f 00b�.3/˝ Œa

00
˝ b00�

�
D˙E1;q

�
Œa00�˝ Œf 00b.3/�

�
b00;
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which vanishes by convention if a00 D 1. As for the middle tensor factor, we know from Theorem 3.8 that
ˆ ır D �BA. Combining our descriptions of the three tensor factors, we have established (A.6).

It remains to determine the signs. The sign for the permutation … of (A.4) is by definition the Koszul
permutation sign. For the composition of the second two maps, recall from (1.17) that before involving
ˆA0 and ˆA00 , the map B.ˆA0 ; �BA; ˆA00/ first breaks Œ˛ ˝ ˇ�� D r

�
Œa�� ˝ Œb��

�
into three chunks

via �Œ3�B.A˝A/. As r is a DGC map BA˝ BA ! B.A˝ A/ by Example 1.5, we equally well have
�
Œ3�

B.A˝A/r D r
˝3�

Œ3�
BA˝BA. Applying the definition (1.17), suppressing concatenations � , gives

.A.11/ B.ˆA0 ; ˆA; ˆA00/.idA0˝A0 ˝r˝ idA00˝A00/

D
� Q1‚ …„ ƒ
tA0ˆA0.s

�1
A0˝A0 ˝B.f 0˝f 0/r/˝ˆAr ˝

Q3‚ …„ ƒ
tA00ˆA00.B.f 00˝f 00/r ˝ s�1A00˝A00/

�„ ƒ‚ …
Q

ı .idA0˝A0 ˝�
Œ3�
BA˝BA˝ idA00˝A00/:

We will evaluate Q on terms

.a0˝ b0˝ Œa.1/�˝ Œb.1/�/˝ .Œa.2/�˝ Œb.2/�/˝ .Œa.3/�˝ Œb.3/�˝ a
00
˝ b00/

and compare with the evaluations of T0 and T1 from (A.7) and (A.8), recalling from the discussion of
nonzero values of tA0ˆA0 and tA00ˆA00 in the previous paragraph that the only nonzero terms in (A.11)
arise when Œa.3/� D Œ� is of length 0 and either we have Œa.1/� D Œb.1/� D Œ� of length 0 as well or else
Œa.1/�D Œa1� is of length 1.

As each of the three tensor factors of Q, of T0, and of T1 is of degree zero, it will be enough to compare
these factors separately. The middle tensor factor ˆAr of Q is �BA by Theorem 3.8, as in T0 and T1.
For the first and third factors, we will need to be explicit about the sign for ˆ. The signed version of
formula (A.10) for .ˆA/.n/ D tA ı .ˆA/jBnA ı .s

�1
A˝A/

˝n is

.A.12/ .ˆA/.n/ WD .�1/
n�1

X
�

�
Œ��
A

�
idA˝

O
m

E`m ˝ idA

�
�;

where the sum is over shuffles � as in (A.10); thus, the sequence .`m/ gives a partition of n�1, apportioning
subsequences of ˇ1; : : : ; ˇn�1 as arguments of EŒ˛2j�� through EŒ˛nj��, and E` is E1;`.s�1/˝1C` as
in Notation 2.2; similar arguments hold for ˆA0 and ˆA00 .

To interpret Q1, note that `Œa.1/� is either 0 or 1. In the case Œa.1/�D Œ�, the only term we need to worry
about is tA0ˆA0s�1A0˝A0 D .ˆA0/.1/, which is �A0 by Definition 3.4(1). This is the first factor of T0 from
(A.7). When Œa.1/�D Œa1�, we have seen from the discussion above that the only terms on which tA0ˆA0
will potentially not vanish are those of the form Œa0˝ b0j1˝ f 0b�.1/˝ Œf

0a1˝ 1�. Here the notation
Œa0˝b0j1˝f 0b�.1/ means some initial subword Œa0˝b0j1˝f 0b1j � � � j1˝f 0b`�, which is Œa0˝b0� if `D 0.

A term of r
�
Œa1�Œb.1/�

�
leading to a term of this form is created by the operation

� W Œa1�˝ Œb.1/� 7! Œa1˝ 1j1˝ b�.1/
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followed by the shuffle � D �Œa1˝1�IŒ1˝b�.1/ moving Œa1˝ 1� past each Œ1˝ bj �, resulting in

x WD ˙Œa0˝ b0�˝ Œ1˝f 0b�.1/˝ Œf
0a1˝ 1�:

To determine the sign explicitly, (A.12) tells us we should rewrite things in terms of the operations E`.
When we apply ˆA0 to x, we have seen above that the only nonzero term is ˙a0Ep.a1I b0; b.1//, which
comes from the summand in (A.12) corresponding to the shuffle

� 0 W .a0˝b0/˝

p�1O
jD1

.1˝f 0bj /˝ .f
0a1˝1/ 7! .�1/ja1j�.jb

0jCjb.1/j/a0˝1˝p�1˝f 0a1˝b
0
˝f 0b.1/˝1:

If we write ~ for the map omitting tensor factors 1, then this nonzero term can be written as

�0A.idA0 ˝Ep/�b0˝b.1/Ia1~.s
�1
A0˝A0/

˝pC1x;

where �b0˝b.1/Ia1 is the tensor shuffle moving a1 past b0˝ b.1/. Since .s�1/˝ns˝n is multiplication by
.�1/.

n
2/, we conclude from (A.12) that on .A0˝A0/˝B1A˝BpA, we have

Q1 D tA0ˆA0ı.s
�1
A0˝A0˝B.f 0/˝2��/

D .�1/.
pC1
2 /.ˆA0/.pC1/s

˝1Cp
A0˝A0 ı.s

�1
A0˝A0˝B.f 0/˝2��/

D .�1/.
pC1
2 /
�
.�1/p�A0.idA0˝E1;p.s�1A0 /

˝1Cp/�b0˝b.1/Ia1~
�
.�1/p.idA0˝A0˝s

˝p
A0˝A0B.f

0/˝2��/

D .�1/.
pC1
2 /�A0

�
idA0˝E.idA0˝.s�1A0 /

˝p/
�
�b0˝b.1/Ia1~.idA0˝A0˝s

˝p
A0˝A0B.f

0/˝2��/;

where the accounting of signs is as follows: the .�1/.
pC1
2 / comes from .ˆA0/.1Cp/ WD tA0ˆA0s

˝1Cp
A0˝A0 in

(A.12), the first .�1/p is the leftmost term of the right-hand side of (A.12), and the second .�1/p comes
from moving s˝pA0˝A0 past s�1A0˝A0 .

We must compare the sign of the value of Q1 on
�
Œa0 ˝ b0�˝ Œa1jb.1/�

�
with that of the first factor

T1;1 D �A0.idA0 ˝E.f 0s˝ s�1˝Bf 0//�b0IŒa1� from (A.8). This is done symbolically by determining
which tensor factors are moved past which others in the computation. For these purposes, the factors
�A0 , idA0 , E, ~, f 0, B.f 0˝f 0/, and � of degree 0 are invisible, as are the tensor factors 1 of degree 0
produced by � and deleted by ~. In Figure 2 below, Q1 is in the left column and T1;1 in the right, and
in each row of each column, operations are listed on the left and arguments on the right, the result of
applying the operations appearing on the right in the following row. As usual, moving two symbols y
and z past each other incurs the sign .�1/jyj�jzj, and the rule goes equally for y D s˙1.

In determining whether the signs agree, we can remove cancelling signs within one diagram or pairs of
matching signs in both diagrams, referring to this as “cancellation” either way. Then two crossings cancel
if both involve transposing the same symbols y and z, or if one crossing transposes s and z while the
other transposes s�1 and z. After cancellation, the only signs remaining are .�1/js

�1j�js�1j D�1, arising
from the crossing marked with a dot on the right, and the underlined

.�1/.
pC1
2 / � j.s�1/˝p�1s˝p�1j D .�1/.

pC1
2 /C.

p�1
2 / D .�1/p

2�pC1
D�1

at the bottom on the left, so the operations in question are indeed the same.
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� W a0 b0 s�1 a1 Œb.1/� �b0IŒa1�W a0 b0 s�1 a1 Œb.1/�

s˝p�1 sW a0 b0 Œb.1/� s�1 a1 s s�1W a0 s�1

�

a1 b0 Œb.1/�

�b0˝b.1/Ia1 W a0 b0 s˝p�1 Œb.1/� ss�1a1 a0 ss�1 a1 s�1b0 Œb.1/�

s�1.s�1/˝p�1W a0 a1 b0 s˝p�1 Œb.1/�

.�1/.
pC1
2 /W a0 a1 s�1b0 .s�1/˝p�1s˝p�1 Œb.1/�

Figure 2

As forQ3 and T0;3DT1;3 (from (A.11), (A.7), and (A.8)), we have seen above that the terms on which the
ˆA00 in Q3 is potentially nonzero are those of the form Œ1˝f 00b�.3/˝ Œa

00˝b00�. In particular, Œa.3/�D Œ�.
Recall that we write q D `Œb.3/�. We see the many 1 factors arising because r

�
Œ�˝ Œb.3/�

�
D Œ1˝ b�.3/

contribute nothing to the iterated �A00-product, so we may omit them with the map ~. When they are
omitted, the shuffle involved in the nonvanishing summand of (A.12) simplifies to the shuffle �f 00b.3/Ia00
switching the A00 tensor factors containing a00 and f 00b.3/ in f 00b.3/˝a00˝b00. Thus on BqA˝A00˝A00,
we can expand Q3 as

Q3 D tA00ˆA00 ı .B.f 00/˝2˝ s�1A00˝A00/

D .�1/.
qC1
2 /.ˆA00/.1Cq/ ı s

˝1Cq
A00˝A00 ı .B.f

00/˝2r ˝ s�1A00˝A00/

D .�1/.
qC1
2 /.�1/q�A00.E1;q.s�1A00 /

˝1Cq
˝ idA00/�f 00b.3/Ia00~ ı .s

˝q
A00˝A00B.f

00/˝2r ˝ idA00˝A00/

D .�1/.
qC1
2 /�q�A00

�
E.idA00 ˝ .s�1A00 /

˝q/˝ idA00
�
�f 00b.3/Ia00~.s

˝q
A00˝A00B.f

00/˝2r ˝ idA00˝A00/;

where, as in the analysis of Q1, the .�1/.
qC1
2 / comes from .ˆA00/qC1D tA00ˆA00s

˝qC1
A00˝A00 and the .�1/q is

the leftmost factor of the right-hand side of (A.12). We may simplify the exponent of �1 by observing that�qC1
2

�
� q D

�qC1
2

�
�

�q
1

�
D

�q
2

�
:

In Figure 3 the crossings for Q3 appear on the left and that for

T0;3 D T1;3 D �A00.E.idA00 ˝Bf 00/˝ idA00/�Œb.3/�Ia00

appears on the right.

When matching crossings are cancelled, the only signs remaining are the underlined .�1/.
q
2/ and

j.s�1/˝qs˝qj D .�1/.
q
2/ on the left, so the operations are equal, concluding the proof.

With this more explicit formulation of z�, we are able to relate it to the product on an HGA:
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s˝q W Œb.3/� a00 b00 �Œb.3/�Ia00 W Œb.3/� a00 b00

�f 00b.3/Ia00 W s˝q Œb.3/� a00 b00 a00 Œb.3/� b
00

.s�1/˝q W a00 s˝q Œb.3/� b
00

.�1/.
q
2/W a00 .s�1/˝qs˝q Œb.3/� b

00

Figure 3

Theorem A.13 Given a commutative diagram

A
f 0

~~

f 00

  

g

��

A0

g 0 ��

A00

g 00~~
zA

of HGA homomorphisms , the natural cochain map

.A.14/ � WD �
Œ3�

zA
.g0˝ �A�BA˝g

00/ W B.A0; A;A00/! zA; a0Œa��a
00
7! g0.a0/� zA�BAŒa��g

00.a00/;

induces a map in cohomology multiplicative with respect to the product on H�B.A0; A;A00/ induced by
the product defined by Theorem A.1 and the expected product on H�. zA/.

Proof By Theorem A.1, B.g0; g; g00/ is a multiplicative cochain map B.A0; A;A00/! B. zA; zA; zA/, so it
will be enough to show � WB. zA; zA; zA/! zA is a cochain map inducing a multiplicative map in cohomology.
In other words, we may as well start by assuming A0 DADA00 D zA and f 0 D f 00 D g0 D g00 D idA. Let
us then agree to write �D �A and idD idA and � D �A�BA, so we can restate (A.14) as

.A.15/ � D �Œ3�.id˝ �˝ id/ W c0Œc��c00 7! c0�Œc��c
00:

It is trivial to check this is a cochain map.

To show the induced map H�.�/ in cohomology is multiplicative, we show that

.A.16/ DhD � z����˝2 W B.A;A;A/˝2! A

for a certain homotopy h W B.A;A;A/˝2! A to be produced momentarily. It will help to adapt (A.6),
(A.7), and (A.8) to the present setup:

.A.17/ z�D
�
� ˝ �BA ˝�.E.id ˝ idBA/ ˝ id /

�
ı…0

a0b0˝ Œa��� Œb.2/�˝ E
�
a00 Œb.3/�

�
b00

C
�
�.id˝E.s ˝ s�1˝ idBA //˝ �BA ˝�.E.id ˝ idBA/ ˝ id /

�
ı…00

a0˝E
�
a1 Œb0 j b.1/�

�
˝ Œa.2/�� Œb.2/�˝ E

�
a00 Œb.3/�

�
b00;
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where …0 and …00 are preparatory tensor permutations. The permutations � in particular have been
absorbed into these without sign change because the operators between � and … in (A.7) and (A.8) are of
degree zero. Here the value, up to sign (determined by the Koszul convention, but not written out), on the
standard pure tensor a0Œa��a00˝ b0Œb��b00 is displayed below the function, to make the argument easier to
follow, though in principle these values are optional. We will continue with this notation throughout the
proof. Recall that if b0 is in the image of the unit map �A, then the E factor in the second term is defined
to vanish on bar-words containing it by Remark 2.3.

It is evident from (A.15) that ���˝2 vanishes unless `D `.a�/ and r D `.b�/ are both zero, in which
case it is

��Œ6�.id˝ �A˝ id ˝ id˝ �A˝ id /D� �Œ4�

a0 a00 b0 b00 a0a00b0b00:

As �BA is of degree 0 and �BA annihilates B�1A, the first term of � z� vanishes according to (A.15) and
(A.17) unless `.a�/D `.b.2//D 0, in which case it reduces to

�Œ3�
�
� ˝ �A˝�.E.id ˝ idBA/ ˝ id /

�
ı �a00Ib0

a0b0 E
�
a00 Œb.3/�

�
b00:

If additionally `.b.3//D 0D r , this further reduces to

�Œ3�. � ˝ �A˝�.id ˝ id // ı �a00Ib0 D �
Œ4�
ı �a00Ib0

a0b0 a00 b00:

The second term of � z� vanishes unless Œa��D Œa� is of length 1 and Œb.2/� is of length 0, in which case it
contributes

�Œ4�.id˝E.s ˝ s�1˝ idBA /˝E.id ˝ idBA/ ˝ id / ı� 00

a0 E
�
a1 Œb0 j b.1/�

�
E
�
a00 Œb.3/�

�
b00

for � 00 running over tensor permutations a0Œa�a00˝ b0Œb��b00 7! a0˝ Œa�b0Œb.1/�˝ a
00Œb.3/�˝ b

00. These
� 00 are the specialization of …00 from (A.17) to the case `.a.2//D 0.

All told, on B`.A;A;A/˝Br.A;A;A/ one has

.A.18/ � z���A�
˝2
D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

�Œ4��a00Ib0 � �Œ4�

a0b0a00b0 a0a00b0b00
if `D 0D r;

�Œ4�.id˝ id˝ E ˝ id /�a00Ib0
a0 b0 E

�
a00Œb��

�
b00

if `D 0 < r;

�Œ4�.id˝E.s ˝ s�1˝ idBA /˝E.id ˝ idBA/ ˝ id / ı� 00

a0 E
�
a1 Œb0 j b.1/�

�
E
�
a00 Œb.3/�

�
b00

if `D 1;

0 if `� 2:

The promised homotopy is given as

.A.19/
h WD �Œ4�.id˝ � ˝E.id ˝ s�1˝ idBA/˝ id /

a0 �Œa�� E
�
a00 Œb0 j b��

�
b00:

To show Dh agrees with � z���A�˝2, we follow the same case distinctions.
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If `D `.a�/ � 2, then h and hence dh vanish since �Œa��D 0, and since the differential on B.A;A;A/
takes B�2.A;A;A/ into B�1.A;A;A/, so does hdB.A;A;A/˝2 .

If ` D 1, then h and hence dh vanish as before, but hd need not, by the formula for the “external”
differential d ext

B.A;A;A/ D dB.A;A;A/� d˝ given in (1.21), since the outer two operators reduce the length
of the bar-word in a0Œa�a00 to zero, taking it respectively to ˙a0aŒ�a00 and ˙a0Œ�aa00. Thus hd˝ and
h.idB.A;A;A/˝dB.A;A;A// vanish, but for h.dB.A;A;A/˝ idB.A;A;A//, plugging (1.21) into (A.19), we get

.A.20/ �Œ4�.id˝�˝E.id˝s�1˝ idBA/˝ id/

ı
�
.�.id˝s /˝�BA˝ id /˝ idB.A;A;A/� id˝�BA˝�.s ˝ id /˝ idB.A;A;A/

�
a0 a Œ� a00 b0Œb��b

00 a0 Œ� a a00 b0Œb��b
00

D��Œ4�.id˝s ˝E.id ˝s�1˝ idBA/˝ id /C�Œ3�
�
id˝E.�.s ˝ id /˝s�1˝ idBA/˝ id

�
a0 a E

�
a00 Œb0 j b.1/�

�
b00 a0 E

�
a a00 Œb0 j b.1/�

�
b00;

the change in signs coming in both terms from the factor s of degree 1 coming from d ext
B.A;A;A/ being

moved past the factor s�1 of degree �1 in the argument of E. By the Cartanesque formula (2.5), the
second term on the right-hand side of (A.20) can be replaced by

�Œ4�.id˝ .E˝E/�.s ˝ id ˝ s�1˝ idBA/˝ id /
a0 .E˝E/�

�
a a00 Œb0 j b��

�
b00;

where � runs over shuffles a˝ a00˝ Œb0jb�� 7! aŒb0jb��.1/˝ a
00Œb0jb��.2/ and Œb0jb��.1/˝ Œb0jb��.2/ is a

deconcatenation of Œb0jb��. There is a case distinction here: The deconcatenation yielding Œ�˝ Œb0jb��
recovers

�Œ4�.id˝ s ˝E.id ˝ s�1˝ idBA/˝ id /
a0 a E

�
a00 Œb0 j b��

�
b00;

cancelling the first term of (A.20). Otherwise, b0 is assigned to the first word in the deconcatenation, so
the value is Œb0jb.1/�˝ Œb.3/�, and one gets operations

.id˝E.s ˝ s�1˝ idBA/˝E.id ˝ idBA/ ˝ id / ı� 00

a0 E
�
a1 Œb0 j b.1/�

�
E
�
a00 Œb.3/�

�
b00

agreeing with the case `D 1 of (A.18). Because � preserves the relative positions of s and s�1, it does
not incur a sign change in moving past them to become � 00.

For the ` D 0 cases, we write the differential on B.A;A;A/˝2 as the sum of the “internal” tensor
differential d˝ and the “external” differentials idB.A;A;A/˝ d

ext
B.A;A;A/ and d ext

B.A;A;A/˝ idB.A;A;A/. We
may omit the second external differential in consideration of hdB.A;A;A/ since dB.A;A;A/ vanishes on
B0.A;A;A/, and when r D 0 we may omit the first external differential for the same reason. Write D˝
for the differential on Hom..A˝BA˝A/˝2; A/, where the domain is B.A;A;A/˝2 equipped with the
tensor differential d˝. Thus D˝hD dAhChd˝. Because composition is a cochain map, as are �A, idA,
�BA, idBA, and s�1, we have

.A.21/ D˝hD �
Œ4�.id˝ �BA˝ .D˝E/.id ˝ s�1˝ idBA/˝ id /
a0 .D˝E/

�
a00 Œb0 j b��

�
b00:
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Equation (2.6) shows that for fixed r , the function D˝E W A˝B1CrA! A is given by

.A.22/ D˝ED �.s ˝E/.12/ C E.id˝ dext/ � �.E˝ s/;

b0 E
�
a00Œb��

�
E
�
a00dextŒb

0
jb��

� �
E
�
a00Œ�

�
b0 r D 0;

E
�
a00Œb0jb1jb�jbr�1�

�
br r > 0:

The second term also vanishes when r D 0, and then plugging (A.22) into (A.21) yields

.A.23/ D˝hD �Œ4�.id˝ .s ˝ E/ �a00IŒb0�.id˝ s
�1
˝ �BA/˝ id /

a0 b0 E
�
a00Œ�

�
b00

D
�Œ4� ı �a00Ib0 ��

Œ4�.id˝ .E ˝ s /.id˝ s�1˝ �BA/˝ id /��Œ4�

a0b0a00b00 a0 E
�
a00Œ�

�
b0 b00 a0a00b0b00:

Here we use that ED id on A˝B0AŠ A, and the further simplification in the first term comes from the
calculation

.s˝ id/�a00IŒb0�.id˝ s
�1/D �a00Ib0.id˝ s/.id˝ s

�1/D �a00Ib0 :

The `D 0D r case of (A.18) agrees with (A.23), concluding that case.

For `D 0 < r , substituting (A.22) into (A.21) now gives instead

.A.24/ D˝hD �Œ4�.id˝ .s ˝ E /�a00IŒb0�.id˝ s
�1
˝ idBrA/˝ id /

a0 b0 E
�
a00Œb��

�
b00

C�Œ3�. id˝E.id˝ s�1�s˝2˝ idBr�1A/.id˝ s
�1
˝ ids�1A˝ idBr�1A/˝ id /

a0 E
�
a00Œb0b1jb2j � � � jbr �

�
b00

C�Œ3�. id˝E.id ˝ id ˝ dextjBrA/.id˝ s
�1
˝ idBrA/˝ id /

a0 E
�
a00 Œb0�˝ dextŒb��

�
b00

��Œ4�. id˝ .E ˝ s/ .id˝ s�1˝ idBr�1A˝ ids�1A/˝ id /
a0 E

�
a00Œb0jb1j � � � jbr�1�

�
br b00:

As for h.idB.A;A;A/˝ d
ext
B.A;A;A//, composing its definition from (1.21) with the expression for h from

(A.19) yields

.A.25/ �Œ3�.id˝E.id ˝s�1 �.id˝s/˝ idBr�1A/˝ id /
a0 E

�
a00 Œb0b1 j � � � jbr �

�
b00

C�Œ3�.id˝E.id ˝s�1˝dextjBrA/˝ id /
a0 E

�
a00 Œb0�˝dextŒb��

�
b00

��Œ3�.id˝E.id ˝s�1˝ idBr�1A /˝�.s ˝ id //
a0 E

�
a00 Œb0 j b1j � � � jbr�1�

�
br b00:

These three terms are the respective opposites of the second through fourth terms of (A.24), as transitioning
from one ordering of symbols to the other involves moving s�1 past s in the second and fourth terms
and past dext in the third, incurring each time a sign change of .�1/�1�1. Thus these three pairs of terms
cancel. It remains only to check that the uncancelled first term of (A.24) agrees with the `D 0 < r clause

Algebraic & Geometric Topology, Volume 25 (2025)



5314 Appendix by Jeffrey D Carlson and Matthias Franz

in (A.18). For this, note that id has degree 0, so we have �a00IŒb0�.id˝ s�1/D .s�1˝ id/�a00Ib0 , and E has
degree zero as well, so

�Œ4�.id˝.s˝E/�a00IŒb0�.id˝s
�1
˝ idBrA/˝ id/D �Œ4�.id˝.s˝E/.s�1˝ id˝ idBrA/˝ id/�a00Ib0

D �Œ4�.id˝ id˝E˝ id/�a00Ib0 :

Remark A.26 We expect that if A0, A, and A00 are extended HGAs, the product z� of Theorem A.1 is the
2-component of a differential on BB.A0; A;A00/ making B.A0; A;A00/ an A1-algebra and making the
map � of Theorem A.13 the extended 1-component „C

.1/
of an A1-map „ from B.A0; A;A00/ to zA, but

we will leave the exploration of this possibility for another occasion.9

We now can use the new product to establish the particular version of the Eilenberg–Moore theorem we
will need:

Theorem A.27 (Eilenberg–Moore with induced product) Suppose the coefficient ring k is a principal
ideal domain , and suppose given a pullback square

Y
ˇ
//

˛
��

E

��

X // B

of pointed topological spaces in which E ! B is a Serre fibration , B and X are path connected , the
action of �1.B/ on the cohomology of the fiber F is trivial , and

(1) each Hn.F / is a finitely generated k-module , or

(2) each Hn.B/ and each Hn.X/ is a finitely generated k-module.

Then there is a natural quasi-isomorphism

� W B.C �.X/; C �.B/; C �.E//! C �.Y /; xŒb��e 7! ˛�.x/ ^ �C�.Y /�BC�.E/Œb�� ^ ˇ�.e/;

inducing a ring isomorphism

Tor�C�.B/.C
�.X/; C �.E// ��!H�.Y /

with respect to the product on the domain induced by the product given in Theorem A.1.

We rely on the presentation of Gugenheim and May [15, Theorem 3.3] with some modification of
hypotheses.

Proof We assume B and X are path connected to guarantee that the homotopy type of the fiber F is
well defined and we only have to discuss one group �1.B/; one otherwise needs a separate argument
for each path component. This assumption then also implies �1.X/ acts trivially on H�.F /. Given

9 Added in proof: this expectation has now been confirmed; see Franz [12] and Remark 0.2.
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any proper projective resolution P � of C �.X/ as a C �.B/-module (or resolution in the more general
sense of Gugenheim and May [15, Definitions 1.1]), Gugenheim and May show the expected composite
filtered map # W P �˝C�.B/ C �.E/! C �.X/˝C�.B/ C

�.E/! C �.Y / is a quasi-isomorphism [15,
Theorem 3.3 and Corollary 3.5] under slightly different finiteness hypotheses, namely that k is Noetherian
and the groups Hn.X IZ/ and Hn.BIZ/ are all finitely generated.

These hypotheses are used only to see the canonical maps C �.B/˝H�.F /! C �.BIH�.F // and
C �.X/˝H�.F /! C �.X IH�.F // are quasi-isomorphisms, using a lemma [15, Lemma 3.2] asserting
that if k is a commutative Noetherian ring, G an k-module, and C a chain complex over Z with each
Hn.C / finite, then HomZ.C; k/˝kG!HomZ.C;G/ is a quasi-isomorphism. The proof of this lemma
uses only that Z is a principal ideal domain, and hence the same argument shows that if k is a principal
ideal domain, C now a differential graded k-module, and G a k-module, then Homk.C; k/˝k G !
Homk.C;G/ is a quasi-isomorphism. Thus, assuming k is a principal ideal domain, we can replace
Gugenheim and May’s hypothesis that each integral homology group Hn.BIZ/ and Hn.X IZ/ is finitely
generated with the weaker hypothesis (2) that the (co)homology groups with coefficients in k are. If,
alternatively, we assume (1) that the Hn.F / is finitely generated over k, then again assuming k is a
principal ideal domain, the decomposition of each Hn.F / as a finite product of cyclic k-modules shows
C �.B/˝Hn.F /! C �.BIHn.F // and C �.X/˝Hn.F /! C �.X IHn.F // are isomorphisms of
differential graded k-modules.

To see the suppressed details in the proof of the multiplicativity of H�.#/ with respect to the classical
product on Tor [15, page 26], subdivide the vertical cohomological Eilenberg–Zilber map featuring along
the upper-right of McCleary’s diagram gesturing at such a proof [22, page 255] as

H�.Y /˝H�.Y /
H�.ˆ/
�����!H�.C �.Y /˝C �.Y // i�!H�

�
.C�.Y /˝C�.Y //

�
� EZ�
 ��H�.Y �Y /:

Then there are evident horizontal maps subdividing the region into three rectangles that can be seen to
commute on choosing maps between resolutions [15, Theorem 1.7] and expanding out the definition of
the external product.

As k is a principal ideal domain, Proposition 1.19 implies that zC D B.C �.X/; C �.B/; C �.B// gives a
resolution zC ! C �.X/ of C �.X/ as a differential C �.B/-module and H�. zC/ is the desired Tor. The
map # then specializes to our � . As C � is a functor valued in HGAs, by Theorems A.1 and A.13 there is a
natural cochain map z� W zC˝2! zC such that the quasi-isomorphism � is multiplicative up to homotopy in
the sense that if � is the cup product on C �.Y /, then there exists h W zC !C �.Y / with DhD � z����˝2.
Thus the k-module isomorphism H�.�/ WH�. zC/!H�.Y / takes the induced product

H�. zC/˝H�. zC/ ��!H�. zC ˝ zC/
H�.z�/
����!H�. zC/

on Tor to the cup product on H�.Y /. Moreover, since the classical proof shows H�.�/ is multiplicative
with respect the standard product on Tor and the cup product on H�.Y /, we conclude that H�.z�/ ı� is
the standard product.
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Remark A.28 The classical Eilenberg–Moore theorem obtains the ring structure on the domain through
the external product and the Eilenberg–Zilber theorem, without reference to a cochain-level product on
any complex computing Tor. We went to all this trouble because in Section 5, we need the fact that the
product on Tor is induced by such a product in order to show certain maps of Tors are multiplicative and
finally obtain Theorem 0.1.
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