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On the topology of character varieties of once-punctured torus bundles

STEPHAN TILLMANN
YOUHENG YAO

This paper presents, for the special case of once-punctured torus bundles, a natural method to study the
character varieties of hyperbolic 3-manifolds that are bundles over the circle. The main strategy is to
restrict characters to the fibre of the bundle, and to analyse the resulting branched covering map. This
allows us to extend results of Steven Boyer, Erhard Luft and Xingru Zhang. Both SL(2, C)-character
varieties and PSL(2, C)-character varieties are considered. As an explicit application of these methods, we
build on work of Baker and Petersen to show that there is an infinite family of hyperbolic once-punctured
bundles with canonical curves of PSL(2, C)-characters of unbounded genus. A version of Thurston’s
dimension bound for character varieties is stated and proven for PSL(2, C)-character varieties.

57K31, 57K32, 57TMO05; 14D20

1 Introduction

The first part of this paper extends results of Boyer, Luft and Zhang [4] concerning the SL(2, C)-character
variety X (M) of M, a hyperbolic once-punctured torus bundle over S ! with monodromy ¢, and we
determine its relationship with the PSL(2, C)-character variety X (My). Denote a once-punctured torus
fibre by S and let A be the associated longitude, ie the boundary of a compact core of S. The monodromy
induces a polynomial automorphism ¢ : X(S) — X(S) and we denote its fixed point set by X, (S). This
is the image of the restriction map r: X(My,) — X (S) (Lemma 11). We are interested in the topology of
the Zariski components! of X (M) that contain the characters of irreducible representations. Each such
component is one-dimensional (Proposition 14), and we let X’ irr(M(p) denote their union.

Boyer, Luft and Zhang [4] show that the binary dihedral characters in X' (M (1)) C X (M) are all simple
points of X (M), and they provide an exact count of them. Namely their number is

(1-1) 212+ tr(pa)| = 22172,

where by (¢) = b1 (My; Z,) with Zy = 7, /27 and ¢4 represents the automorphism induced by ¢ on first
homology of S. We show that these are the only irreducible characters of M|, that restrict to reducible
characters of S (Scholion 12).

Let e: w1 (My) — Z, be the nontrivial homomorphism that is trivial on 7 (S).

O0ur varieties are affine algebraic sets, and to avoid using the word irreducible in two different ways, we refer to irreducible
components of these sets as Zariski components.
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Theorem 1 Suppose M, is a hyperbolic once-punctured torus bundle. Then each Zariski component
of X irr(M(p) is one-dimensional and r : X irr(M(p) — X, (S) is a two-fold branched covering map. The
ramification points of r are simple points, namely the binary dihedral characters in X (My (1)) C X (M,).
The fibres of r correspond to the orbits of the action of (¢) < H'! (My, Z3). In particular,

X(X'™(My)) = 2x(Xy(S)) — L2 + tr(pa)| + 201072,

where x denotes the Euler characteristic in the above equation.

Implicit in the above statement is that the restriction map satisfies (X (My)) = r(X™(My)). This is
shown as follows. Let C be a Zariski component containing only reducible representations. Then C is
birationally equivalent to C and the restriction of r to C is constant. We apply a criterion due to Heusener
and Porti [20] to show that C N X'™(M,) # @, and that each point of intersection is contained on a
unique curve in X'™(M,). Moreover, the intersection point is a smooth point of both curves and the
intersection is transverse (Proposition 17).

In our applications, we either use genus bounds that follow from the above theorem (Corollary 20) or
well-known results linking genus to the Newton polygon (see Section 5.2). The proof of Theorem 1 is
organised as follows. We first show that no ramification point in X irr(Mw) is the character of a reducible
representation (Section 3.4), and then characterise the fibres as orbits of € and complete the proof with
Proposition 19.

The natural map X irr(Mq,) - X irr(M(,,) can be viewed as the quotient map
X'(My) — X" (M) /H' (Mg, Z) € X™(M,).
There is a natural splitting ! (My,7Z,) = () ® H, where H is the subgroup generated by all homomor-

phisms that are only nontrivial on 71 (S). We may view H < H'(S,Z,) = Z, ® Z,. Theorem 1 and
the analogous result for projective representations (Proposition 26) imply the following:

Corollary 2 Suppose M, is a hyperbolic once-punctured torus bundle. We have the following commuta-
tive diagram of maps whose degrees are indicated in the diagram:

Xi”(M¢)2rT>X¢,(S) c X)) = 3

‘hlzbl(‘ﬂ);l 42l2b1(w)1;1 Q2J4:1

X™(My) —— Xo(S) C  X(S)
Here, each of the maps r, q1, q is a branched covering map. The map ¢ is the quotient map associated
with the action of H' (M, Z.5) = (¢) @ H, and the map q; is the quotient map associated with the action
of H'(S,Z,) on X(S). The map r is the quotient map associated with the action of (). The orbits of
the action of H'(S, Z,) on X,(S) are the same as the orbits of H except when by (¢) = 2 and one of the
coordinate axes (with respect to the natural identification X (S) = C?) is contained in X, 0 (S).
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The fibres of the map 7 may have size one, two or four, arising from irreducible representations with
nontrivial centraliser. The restriction 7: X — X ¢(S) to a Zariski component XcXx irr(M(,,) is of degree
one, except for a special situation when b (¢) = 2 and the degree is two (see Proposition 26).

Corollary 3 Ifb;(¢) = 1, then we have a birational isomorphism yi“(M¢) = Xo(S).

Proof Since H(M:;Z,) = Z», we have H?>(71(M);Z,) = 0 and hence every representation into
PSL(2, C) lifts to a representation into SL(2,C). See Section 2.1 for details. Hence we obtain the
claimed birational isomorphism from the commutative diagram in Corollary 2 since the fibres of each of
the surjective maps ¢; and r are the orbits of the action of (g). |

The hypothesis of Corollary 3 is equivalent to ¢, mapping to an element of order three under the natural
epimorphism SL(2, Z) — SL(2, Z,) = Sym(3) (see Section 2.2).

Section 3 also contains a number of interesting facts about X' (M) and X, () that follow from our set-up.
For instance, M, always admits an irreducible representation whose restriction to the fibre has image
the quaternionic group. If Hy(X,Z,) = Z;, then this character always lies on one (or three) special
line(s) in X, (S). Section 4 provides analogous results for the PSL(2, C)-character variety X (My) and
the associated fixed point set X o(S) C X (S). We use a dimension bound due to Thurston, for which we
provide a proof (Proposition 8) and which is not implied by the dimension bounds in the setting of more
general Lie groups due to Falbel and Guilloux [11] and Porti [24].

As pointed out by a referee, the combination of the restriction map to the fibre and the factorisation of the
monodromy in terms of Dehn twists has previously been used by Porti [23, Section 4.5] to describe a
method to compute the Reidemeister torsion of once-punctured torus bundles. In Section 5, we apply
our refined analysis of the restriction map to compute the character varieties of infinite families of
once-punctured torus bundles and a number of small examples. We follow the standard convention letting
A, B e SL(2, Z) correspond to right-handed Dehn twists (see Section 2.2).

First family Baker and Petersen [2] determined the genera of the character varieties of the family M,
of once-punctured torus bundles with monodromy ¢, = AB"T2. We note that b; (¢,) = 1 if n is odd and
bi(¢n) =2 if n is even. In the case where n > 3 is odd, we show that X, (S) is a curve of genus zero,
and hence Corollary 3 implies that the genus of X' (M,,) is zero. This agrees with the computation in [2].
See Section 5.3.

Second family Let N, be the once-punctured torus bundle with monodromy v, = AB" T2 4. We note
that by (Y¥,) = 2 if n is odd and b; ({¥,) = 3 if n is even. In the case where n = 2k + 1 > 1 is odd, we
show that X, (S) is a curve of genus k and the genus of X'™(N,) is zero. See Section 5.4.
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Third family Let L, be the once-punctured torus bundle with monodromy w, = A?B"*2A. We note
that by (w,) = 1 if n is odd and b1 (wy,) = 2 if n is even. In the case where n = 2k + 1 > 3 is odd, we
show that X, (S) = X'™(L,) has %(n + 3) components, one of which is a curve of genus k and the
others have genus 0. The curves of genus k are all canonical. This answers a question posed by Alan
Reid of whether the canonical curves in the PSL(2, C)-character variety of once-punctured torus bundles
always have genus zero. See Section 5.5.

Small examples We summarise computational results for monodromies that are short words in A and B,
or in A and B™!, in Section 5.6. These were executed with Singular [10].

We remark that in all examples produced in this paper, each fixed-point set X,,(S) has the property that
there is at most one Zariski component of positive genus and each Zariski component is birationally
equivalent to an elliptic or a hyperelliptic curve.
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2 Preliminaries

This section collects some basic facts about character varieties of 3-manifolds in Section 2.1 and about
hyperbolic once-punctured torus bundles in Section 2.2. We also recall facts about mutation in Section 2.4
and the character variety of the free group of rank two in Section 2.5. None of the material in this section
is new, and it mainly serves to set up notation. In Section 2.6 we also include a statement and proof of a
dimension bound based on [25, Theorem 5.6] in Thurston’s notes. For varieties of representations into
SL(2, C) this was given by Culler and Shalen [9, Proposition 3.2.1], but we could not find the statement
of Proposition 8 for the case of representations into PSL(2, C) in the literature.

2.1 Basic facts about character varieties

We start by summarising the discussion found in [22, pages 512-513]. Let M be a compact, connected
and orientable 3-manifold. Let R(M) be the variety of representations of 71 (M) into SL(2, C), and
X (M) be the associated character variety. Similarly, let R(M ) and X (M) be the respective varieties of
representations into PSL(2, C) and their characters.

The quotient map ¢: SL(2, C) — PSL(2, C) induces a regular map ¢,: R(M) — R(M), and its image
is a union of topological components of R(M). Indeed, R(M) — g.(R(M)) is a regular covering map
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with group H!(m;(M); Z,). Following [22], we let
Q(M)=R(M)/H"({(M):Z,) = g« (R(M)) € R(M).

There also is a regular map ¢, : X(M) — X (M), and its image is a union of topological components of
X (M). The fibres over points in the image are again the orbits of the natural action of H! (71 (M);Z,)
on X(M). Let QX(M) = X(M)/H"(n{(M);Z>) = q.(X(M)) € X(M). However, on the level
of character varieties, the action may not be free. The points of X (M) fixed by h: (M) — Z, are
characterised by x(y) = 0 for all y € 7y (M) with the property that /() = —1. This defines an algebraic
subset S(/1) of X(M). Let U(M) be the Zariski-open set X (M) \ |, S(#). Then on U(M) the action
of H'({(M);Z,) is free and the quotient map U(M ) — X (M) onto its image is a regular covering
map of its image.

To make these general notions explicit, we appeal to the following material from [17]. For each y €
w1 (M), there is a regular function 7, : R(M') — C defined by 7, (p) = tr p(y) and a regular function
I,: X(M) — C defined by I,,(x) = x(v).

Suppose y1, ..., yn generate 1 (M), and consider the m = %n(n2 + 5) functions 7, as y ranges over
the set
G={yi.vivi.-vivivk |1 Si<n 1<i<j<n 1<i<j<k=n}

Then we obtain a regular map 7: R(M') — C™ defined by

p = (ty(p))yec

and it is shown in [17] that there is a natural identification t(R(M)) = X(M). We therefore use the
notation t: R(M) — X (M) for the natural map.

Projective characters have a similar interpretation, using the fact that the square of the trace of an element
in PSL(2, €) is well defined. Given a representation p: iy (M) — PSL(2, C), its character is the map

Xp:mi(M)— C definedby y > (tr p())?
As above, let 7: R(M) — X (M) be the natural map from representations to characters.

Throughout this paper, we make use of the following trace identities. Let A, B, C € SL(2, C). Then

(2-1) rd~! =trd4,

(2-2) (B 'AB)=tr 4,

(2-3) tr Atr B=tr(AB) +tr(AB™ "),

2-4) tr(ABC) =tr Atr(BC) +tr Btr(AC) + tr(C)tr(AB) —tr Atr Btr C —tr(ACB).

Recall that a representation into SL(2, C) is irreducible if the only subspaces of C?2 invariant under its
image are {0} and C2. Otherwise, a representation is reducible. If a representation is reducible, then it is
conjugate into the upper triangular matrices, and hence there is an abelian representation with the same
character. We make frequent use of the following results from [9]:
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Lemma 4 Suppose p € R(M).

(1) Then p is reducible if and only if x,(y) = 2 for each element y of the commutator subgroup of
71 (M).

(2) Suppose p is irreducible and o € R(M) satisfies X, = xo. Then p and o are conjugate and, in
particular, o is irreducible.

It follows from the above lemma that reducible representations form a closed subset of R(M ), and
irreducible representations form an open subset of R(M') with respect to the Euclidean topology. Moreover,
the subset X™4(M) € X(M) of all characters of reducible representations is an affine algebraic set, and
it is the same as the subset of all characters of abelian representations.

Let X'™(M) be the union of those Zariski components of X (M) that contain at least one (and hence a
Zariski-open) subset of irreducible representations. The following is shown in [23, Lemma 3.9(iii)].

Lemma 5 Suppose x € X'™(M) N X™4(M). Then each representation with character y is reducible
and there is a nonabelian reducible representation with this character.

The quotient QX ™(M) = X™(M)/H" (;(M), Z,) is naturally identified with a union of topological
components of the union X (M ) of Zariski-components of X (M) containing irreducible representations.
The above lemma implies:

Corollary 6 The map X'™ (M) — X (M) is a branched covering map onto its image and its ramification
points are characters of irreducible or nonabelian reducible representations in the set | J;, S(h).

A point of a complex affine algebraic set X is a simple point if it is contained in a unique Zariski
component Xy of X and is a smooth point of Xj.

Suppose the boundary of M is a union of pairwise disjoint tori and the interior of M admits a complete
hyperbolic structure of finite volume. Then the holonomy for the complete hyperbolic structure defines
a discrete and faithful PSL(2, C)-character, which is unique up to complex conjugation (the ambiguity
arises from the two different orientations possible on M). Each Zariski component of X (M) containing
such a character is called a canonical component. The discrete and faithful characters lift to SL(2, C),
and again each Zariski component of X' (M) containing at least one of these lifts is called a canonical
component. It is shown in [23, Corollary 3.28] that the discrete and faithful characters are simple points of
the canonical components. (The proof in [23] is given in the setting of SL(2, C)-characters, but descends
to PSL(2, C)-characters.)

We end this section with a general discussion of the obstruction for lifting characters from X (M) to
X(M). See [19, Section 4], [7], [16, Section 4.5], or [17, Section 2] for details. Suppose p € I_Q(M).
Then / determines a Stiefel-Whitney class w,(p) € H?(w1(M); Z,). This is zero if and only if p lifts
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to a representation p € R(M). Moreover, the class is constant on topological components of R(M).
In the case of interest in this paper, M is aspherical and has boundary a single torus. Hence it is a
K(m (M), 1) and so H?(71(M); Z,) = H*(M; Z,). Moreover, Poincaré—Lefschetz duality implies
H*(M ;7)) = H\(M,dM;Z,). In particular, if H;(M:Z>) = Z,, then H*(nw{(M);Z,) = 0 and
hence every representation lifts.

2.2 Once-punctured torus bundles

Throughout the remainder of this paper, M, denotes a compact core of the hyperbolic once-punctured
torus bundle over S! with monodromy ¢, and S denotes a fixed fibre of M,, with the property that the
monodromy is the identity on dS. For our fundamental groups, we assume that the base point lies in
0S C dM,. (Note that this notation is a slight variation on the introduction, where we referred to the

noncompact manifolds.)

We also denote by ¢ the automorphism 71 (S) — 71(S) induced by the monodromy (this will cause no
confusion in this paper). Let ¢«: H1(S) — H;(S) be the induced automorphism on homology. Since
M, is hyperbolic, the associated monodromy is pseudo-Anosov and we have [tr x| > 2.

The fundamental group of M, admits the presentation
(2-5) m1(My) = (t.a,b |t at = p(a). t7'bt = p(b)),

where ¢ is a meridian of M|, (that is, it corresponds to the trace of the base point of 7y (M) under the
monodromy) and a, b are free generators of 71 (.S), chosen such that their commutator is the longitude of
M, (that is, it corresponds to 9.5).

We choose the basis of H;(S) corresponding to the generators a, b of 1 (S), and often implicitly identify
@+ with its corresponding matrix representation, [¢«] € SL(2,Z). We may write ¢ as a product of the
automorphisms « and 8 induced by the right-handed Dehn-twists about the curves corresponding to a
and b, since these generate the group of isotopy classes of orientation preserving homeomorphisms of the
punctured torus. The automorphisms are defined as follows (where we also include B~! for convenience):

a—a ar>ab! av—ab
2-6 = ’ = ’ -1 ’
(2-6) * {b|—>ba, P {b»—)b, p {b»—)b.

This also gives a factorisation of ¢4 in terms of the induced maps o« and B, on homology. We have

mter= (3 ) o a=(, )

The matrices A and B generate SL.(2, Z) and satisfy the relations
ABA =BAB, and (ABA)*=1.
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Using the second relation, we note that any element of SL(2, Z) can be written as a word in positive
powers of A and B by substituting

B~! = A(ABA)*A = A’BA’BA%BA? and A~! =B(BAB)’B = B2AB%AB%AB?.

Hence any element of SL(2, Z) (including the identity and powers of A or B) is conjugate to a word of
the form

_ aipbipazpba | panpbn
2-7) a%1gb1pa2pba .. panghn,

where 7 > 0 and the @; and b; are positive integers. Also note that (ABA)? = —I. The manifold My is
determined up to homeomorphism by [p«] € SL(2, Z). It is a result of Murasugi, see [8, Proposition 1.3.3],
that My, and M., are homeomorphic if and only if [¢«] is conjugate to either [«] or [y, .

The choice of a monodromy as a positive word in A and B is not unique, and there also is no simple
criterion to ensure that the absolute value of the trace is greater than two. It is well-known, see [18,
Proposition 2.1], that if |tr ¢«| > 2, then the conjugacy class of ¢, has a representative of the form

(2-8) +A91g—b1pa2g=ba . pang=bn

where n > 0, the @; and b; are positive integers, and the sign equals the sign of the trace of ¢4. This
representative is unique up to cyclic permutation of the factors A% Bbi

If tr s # 2, then H{(My,7Z) = Z @ Tor(My, 7). The parity of the trace contains information on the
rank of homology with coefficients in Z,. We now describe this in more detail.

2.3 Order and rank

The natural homomorphism Z — Z, gives an epimorphism from H;(S) — H;(S;Z,), and takes ¢4 to a
map ¢,: Hi(S;Z,) — H1(S;Z,). On the level of matrices, [¢«] — [¢2] under the natural epimorphism
SL(2,7Z) — SL(2,Z,). Since SL(2, Z;,) =~ Sym(3), the order o(g;) of ¢, is either one, two or three.
If ¢, is not the identity, then it has order two if tr(¢,) = 0 and order three if tr(p,) = 1. In particular,
o(0) = 0(B2) = 2 and the word in (2-7) maps to an element of order two if and only if the sum of all
exponents is odd.

A direct calculation shows that by(My; Z,) = rank H{ (M, Z3) = 4 —o(p2) € {1,2,3}. To simplify
notation, we write by (@) = b1(My; Z,). The maximal rank by(My; Z,) = 3 is attained if ¢, is the
identity, and hence for at least one of ¢, ¢ or ¢3. Hence each once-punctured torus bundle is either
2-fold or 3-fold covered by a once-punctured torus bundle with homology with coefficients in Z, of
maximal rank three.

We identify Hy(My,Z,) = Hom(my(My),Z,) = H'(My,Z5), and denote ¢: w1(My) — Z, the
homomorphism defined by

(2-9) e(t)=—1, e@=1, eb)=1.
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Let H < Hom(m;(My), Z5) be the subgroup consisting of all homomorphisms
h:mwy(My) — Zs
satisfying /1(z) = 1. Note that H has rank zero if tr(¢s) is odd. In the following, we will make use of the
splitting
(2-10) H'(M,,7,) = (e) @ H.

2.4 Mutation

The once-punctured torus S admits an orientation preserving involution ¢: S — S defined by
ar>ba 1p71,
- {b > bab~la=1p1.
We have 1, = —1I. If one cuts M, along S and changes the monodromy by ¢, one obtains M,,. This
process is called mutation.

It follows from [26, Proposition 1] that there is a birational equivalence between Zariski components of
X (M) and X (M, 1) that contain the character of a representation o0 whose restriction to S is irreducible
and has trivial centraliser. In particular, if one is interested in the topology of generic components of
X (M), then one may restrict attention to bundles where the trace of ¢y is positive. Moreover, components
where all irreducible representations have nontrivial centraliser can be understood directly (see Section 4.2).

In the case of SL(2, C)-character varieties, using the HNN-splitting for the fundamental group as in the
proof of [26, Proposition 1], one sees that the restriction maps to the fibre result in the same fixed-point
set; thatis: X, (S) = X, (S). However, the topology of the SL(2, C)-character varieties may be different.
For instance, mutation of the figure eight knot complement (with ¢, = AB™!) along the fibre results in
the associated sister manifold, and the smooth projective models of their canonical components are a
torus and a sphere respectively [26, Section 3.4].

2.5 The character variety of the free group of rank two

The fundamental group of the once-punctured torus fibre S is the free group (a, b), and the character
variety X (S) admits the affine coordinates (x, y, z) € C3, where

xX=14(p), y=1(p), z=71a(p)

as p ranges over R(S). An elementary calculation, which goes back to classical work of Fricke and
Klein [14; 15] and Vogt [28], shows that X(S) = C3.

Let p € R(S) be an irreducible representation. Up to conjugation, p is of the form

0
@1 pla) = (i D) em=(50).
where u # 0.

Algebraic € Geometric Topology, Volume 25 (2025)
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If p € R(S) is a reducible representation, then p is conjugate to one of the following:

(2-12) pla) = (f) sgl), p(b) = (’5 plfl),

(2-13) p(a)=(jf)1 ill) p(b)=(§ pbil)

Every point in X™4(S) is the character of a reducible character as in (2-12) with # = 0. A representation
p € R(S) is reducible if and only if its character satisfies the equation

x2+y2 +22—xyz—4 =0.
This is a consequence of the first part of Lemma 4. See [9] for details.

A parametrisation of the PSL(2, C)-character variety X (S) is described in [19, Section 4.2] as follows.
Since the fundamental group of S is free in two generators, every character in X (S) lifts to X(S). By
studying the invariant functions on X(S'), one obtains an identification

(2-14) XS)={(X.Y,ZW)eC* | W2=XYZ)},

where X =12, ¥ = rbz, Z = rjb and W = 1,15 74p = %(rgfg + rfb — rjb_l). The four-fold branched
covering map X (S) — X (S) thus has the following description in these coordinates:

(2-15) X(S)3 (x,y,2) > (x2,y%, 2%, xyz) € X(9).

2.6 Thurston’s dimension bound

Based on Thurston [25, Theorem 5.6], Culler and Shalen [9, Proposition 3.2.1] showed:

Proposition 7 (Thurston) Let N be a compact orientable 3-manifold. Suppose p: w1 (N) — SL(2,C)
is an irreducible representation such that for each torus component T of N,

p(im(r1(T) — 71 (N))) € {£1}.

Let Ry be an irreducible component of R(N') containing p. Then Xy = t(Rg) has dimension > s—3x(N),
where s is the number of torus components of ON .

An analogous statement for representations into PSL(2, C) is the following:

Proposition 8 (Thurston) Let N be a compact orientable 3-manifold. Suppose po: 71 (N)—PSL(2,C)
is an irreducible representation such that for each torus component T of N, pg (im(nl (T)— m1(N ))) is
nontrivial and not isomorphic with Z, @ Z,. Let R be an irreducible component of R(N') containing 5.
Then X o = 7(Ry) has dimension > s — 3x(N), where s is the number of torus components of dN .
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We first interpret the statement of the proposition before giving its proof.

The group Z, & Z, does not occur as an exclusion in the statement of [25, Theorem 5.6] because Thurston
was concerned with holonomies of hyperbolic structures and not arbitrary irreducible representations. Its
appearance is rather natural in light of the following observations.

First, abelian subgroups of PSL(2, C) either have a global fixed point in P!(C), or they are isomorphic
to the Klein four group Z, & Z, (and are irreducible but elementary). Up to conjugacy, the latter has the
nontrivial elements?

0 1 0 i i 0
(2-16) /q—:l:(_l 0)’ Kz—:l:(l, 0), K3—:|:(0 _l,).

In particular, for representations of (i, A) = Z @ Z, the two cases are distinguished by tr p[t, A] = 2 and
tr p[t, A] = —2, with the first equation determining a positive dimensional component in the PSL(2, C)-
character variety of Z @ Z and the second an isolated point. It also follows that an equivalent requirement
on pg in the statement of Proposition 8 is that

the image of each peripheral torus subgroup is nontrivial and reducible.

Second, each lift of the Klein four group to SL(2, C) is isomorphic to the quaternionic group and hence
if a peripheral subgroup corresponding to a torus boundary component has this image under a projective
representation, then it does not lift. This explains why this case does not appear in Proposition 7.

Proof of Proposition 8 We follow the wording of the proof of [9, Proposition 3.2.1] closely, and combine
this with observations from Thurston’s proof and results stated in [19].

By [19, Corollary 3.3.5], the conclusion is equivalent to the assertion that dim Ry > s —3x(N) + 3. We
shall prove this by induction on s. First suppose that s = 0. We may assume that dN # @ since otherwise
x(N) = 0 and there is nothing to prove. Now N has the homotopy type of a finite 2-dimensional
CW-complex K with one O-cell, and, say, m 1-cells and n 2-cells. Thus m{(/N) has a presentation
(g1.....8m | r1 = -+ =r, = 1). This presentation gives a natural identification of R(N) with an
algebraic subset of (PSL(2, C))™.

Suppose po(gi) = £G;. Then for each r; there exists €; € {31} such that

10
ri(Gr,....Gm) =€ (0 1).

Note that if €; = 1 for each j, then pg lifts to a representation to SL(2, C). Now consider the coordinate
ring Clay, by, c1,dy, ..., am, bm, Cm, dm]. Let R, be the variety with ideal defined by the m equations
ajc;i — bjd; = 1 and the 3n equations arising from the (1, 1), (1,2) and (2, 1) entries of the m matrix

J Cl dl T Cm dm J O 1 )

2Following standard convention, we write elements of PSL(2, C) not as sets {=C} but rather in the form C.

equations
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The equations given by the (2, 2) entries of the above matrix equations are a consequence of the other
equations and the multiplicative property of determinants. Our set-up gives a natural algebraic embedding
Ry — (PSL(2,C))™ with image in R(N). Hence we may identify R, with a subvariety of R(N)
containing po. Now

dimRo>4m—m—3n=3m—3n=-3x(K)+3=-3x(N)+3
gives the desired conclusion.

Now suppose s > 0. Let T be a torus component of dN. Since pg (im(nl (T) —> m (N))) Z {1}, there is
a € w1 (N), represented by a simple closed curve on T, such that pg(e) # 1 € PSL(2, C). Since py is
irreducible, there is y € 71 (V) such that p restricted to the subgroup generated by o and y is irreducible.

Following Thurston, we show that ¥ can be chosen such that tr? 5o(y) # 4. Hence suppose that
tr? 5o(y) = 4. Since po(c) and po(y) have no common fixed point on P (C), it follows that po(y) is
parabolic and has a unique fixed point on P!(C). We may conjugate ¢ such that

_ 11 _ ab
where ¢ # 0. Then

Bolay®™) = + (a b+2na)‘

¢ d+2nc

Hence tr? po(ay?") = (a +d +2nc)? and since ¢ # 0 we may choose # such that tr? po (e 2™) does not
equal 4. Now the parabolic 5 (y2") has the same fixed point on P!(C) as p(y). Hence pg(a) and pg(y2")
have no common fixed point on P!(C), and so the representation restricted to (o, y2") = (o, ay?") is
irreducible. This completes the argument that we may choose y such that tr? oo (y) # 4.

Choose a base point for the fundamental group of N based on 7" and thus represent y by a simple closed
curve based at this point. Drilling out a regular open neighbourhood of y gives a submanifold M of N
such that N is obtained by adding a 2-handle to a genus two boundary component S of M. We may
choose a standard basis o', B, y’, 8" of 1 (S) such that &’ and y’" are mapped to « and y under the natural
surjection iy : 71 (M) — 1 (N ); the 2-handle is attached to S along a simple closed curve that represents
the conjugacy class of §; and the relation for 71 (.S) is given by [o’, 8] = [y, §'].

The representation pj, = pg © ix: w1 (M) — PSL(2, C) is irreducible since ix is a surjection. By the
induction hypothesis, there is an irreducible component R{, of R(AM) that contains o, and has dimension

dim Ry > (s—1)=3x(M)+3=5-3x(N)+5
since (M) = x(N)—1. Let W be the intersection of 1_26 with the subvariety defined by the two equations
tr? p(8") =4, tply.8]=2.

By [19, Section 2.4], these are well defined invariant functions on I%. Then the dimension of each
component of W is at least s —3x(N) + 3.
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We first show that oy is contained in W. The kernel of i« is the normal closure of §’, and hence p((6") = 1.
This implies tr? Po(8") =4 and tr p[y’, §'] = 2. Hence there is an irreducible component Ry of W that
contains /66. To obtain the desired conclusion that we can identify R, with a subvariety of R(N) it
remains to show that all representations p € R near pg satisfy p(8’) = 1.

Hence suppose that for 5 € R near 5o, we have p(8') # 1. Then p(8’) is a nontrivial parabolic. Since
tr py’, 8'] = 2, it follows that p(8’) and 5(y’) share a fixed point on P!(C). Since p is near pg, p(y’) is
not a parabolic. Hence p[y’, §’] is a nontrivial parabolic that has the same fixed point as 5(8") and shares
a fixed point with p(y’).

Since [y/,§'] = [, B’] in 71 (M), we have tr p[a’, B'] = £2. Since p is near py, it follows from our
hypothesis on the peripheral subgroups that tr p[e’, '] = 2. Hence p(a’) and p(B’) have a common
fixed point on P!(C). Hence the unique fixed point of the nontrivial parabolic p[y’, §'] = p[a’, B] is in
common with both 5(y’) and p(e’) and thus tr pla’, '] = 2. But this is not possible since p is near py,,
and pj, restricted to the subgroup generated by o’ and )’ is irreducible. This is the final contradiction to
our hypothesis that p(8") # 1. O

Example 9 The PSL(2, C)-character variety of the Whitehead link complement contains 0-dimensional
components that satisfy the condition that all peripheral subgroups have image isomorphic with Z, & Z,.
See [27, Appendix C].

Example 10 Baker and Petersen [2, Theorem 7.6] give zero-dimensional components in character
varieties of once-punctured torus bundles that appear to contradict Proposition 8. A less sophisticated
approach than given in [2] shows that these characters indeed lie on one-dimensional components. The
presentation for the fundamental group of M), with monodromy ¢, = AB"*2 is given in [2, Section 2.1]
as

Tn=(a,p| 7" ="' BB,
where a meridian is the element = Ba and a corresponding longitude is A = (¢Ba~1)B(eBfa= 1)1 71,

see [2, Lemma 2.3]. Suppose |n| > 2 is even. Then

—yx" —1

pa)y==% [ gy and  5(f) = + (;; x91)
(I—x?)(1—x")

gives a representation of ', into PSL(2, C) that does not lift to SL(2, C) if
x2 4+ x" = p2 (1 —x) (1 —x").

Indeed, the above equation is equivalent to the determinant condition for p(«), and it is also a sufficient
condition for p(a)p(B) " p(er) + p(B)p(ar)?p(B) = 0 (noting that both summands are independent of
the choice of sign).
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The alleged isolated points in [2, Theorem 7.6] correspond to the points (xg, yo) satisfying x;j = —1 and
yo==£ \sz on this curve. At each of these points, the image of the commutator of meridian and longitude
has trace equal to two (hence the representation restricted to the peripheral subgroup is reducible) and the

image of the meridian has trace :I:\/LE (xo + x4 1) (hence the representation restricted to the peripheral

subgroup is nontrivial since the absolute value of the trace is bounded from above by +/2). The triple of
squares of traces is indeed as stated in [2, Theorem 7.6]

(tr? p(e), t? 5(B). t? p(ap)) = (2, (xo + x5 )2, L(xo +x51)?).

We have intentionally used the notation from [2] in this example. With respect to the notation of (2-5),
onehast =p~ !, a=B"'uppu~"! and b = B and

(M) = (t,a,b |t at =a(a b~ "2 7 1bt = ba).

3 Character varieties of once-punctured torus bundles

We continue with the notation introduced in Section 2 and analyse the SL(2, C)-character varieties of
once-punctured torus bundles using the restriction to the fibre.

3.1 The restriction map and the fixed point set

The fundamental group of a once-punctured torus bundle M, with monodromy ¢ is
11 (Mp) = (t,a,b |t at = p(a),t " bt = ¢(b)).
Throughout, we assume
e = (4! ) esLe.
Since we restrict our attention to hyperbolic once-punctured torus bundles, we have |tr g« | = |k +k4| > 2.
As in Section 2.1, X(M,) admits the affine coordinates (x, y,z, u, v, w,g) in C7, where
G-D x=mw(p)., y=wp). z=tm). u=tu), v=Talp). W=71p(p). q=Tap:(p)
for p € R(My). Consider the restriction map
r:X(My) — X(S), (x,y.z,u,v,w,q)— (x,y,2).
Each representation p € R(M,,) satisfies
p(O)" o(r)p(t) = ple(y)) forall y € m1(S).
Taking the traces on both sides,
tr(p(y)) = tr(p(e(y))) forall y € m(S).
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Since x, in X(.S) is uniquely determined by tr p(a), tr p(b) and tr p(ab), the image of r satisfies

im(r) € Xy (S) := {(tr p(a), tr p(b), tr p(ab)) | tr p(a) = tr p(gx(a)), tr p(b) = tr p(px (b)),
tr(p(ab)) = tr p(gx(ab)), p € R(S)}
C X(S).

Since tr p(@«(a)), tr p(e«(b)) and tr p(p«(ab)) can be written as polynomials with rational coefficients
inx =trp(a), y =trp(b) and z = tr p(ab), and since ¢, is an automorphism of the free group in two

letters, it follows that there is a polynomial automorphism ¢: C3 — C? induced by ¢ with the property
that X, (.S) is the set of fixed points of this polynomial automorphism:

(3-2) Xy(S) ={(x,7,2) € C* | (x,,2) = §(x, p,2)}.
Lemma 11 We have im(r) = X,(S). Moreover, there are at most finitely many reducible characters
in Xy (S).

Proof By definition, im(r) € X,(S) and for the first statement, it remains to show that the map is
surjective.

If (x, y,z) € Xy(S) is the character of an irreducible representation, then (x, y, z) € im(r) follows from
the presentation of the group and the second statement in Lemma 4. We analyse this situation in more
detail in Lemma 18.

Hence suppose (x, y,z) € X,(S) is the character of a reducible representation. Since this is also the
character of an abelian representation, we may assume that it is the character of the representation p

defined by
pla) = (f, 891), p(b) = (g p(ll)-

Since p(@«(a)) can be viewed as a word in these matrices, it is also diagonal. Similarly for p(¢«(b)).

0 0
plps (@) = (SO1 s_l), plys (b)) = (’f; p_l)-

1 1

Hence

Then the three trace conditions defining X, (.S) imply that we have the mutually exclusive cases,
(1) (s1.p1) = (5. p) or
(2) (s1,p1) = (s71, p~!) with either s # s~ or p # p~! (equivalently, s # 1 or p # *1).
In order to show that (x, y, z) € im(r), we need to determine 7 € SL(2, C) such that 771 pT = pgs.

In the first case, this is satisfied by 7 = (’g m(i] ) for arbitrary m € C*. We note that we have p(¢«(y)) =
p(y) for all y € m1(S), and the resulting representation of 71 (M) is abelian and hence reducible.

In the second case, this is satisfied by 7" = ((1) _01 ) We note that we have p(¢«(y)) = p(y)~! for all
y € w1(S), and the resulting representation of 7 (M,,) is irreducible and corresponds to a binary dihedral
representation in R(My, (1)) C R(My,) (see [4, Section 4]).

Hence in either case, this shows that (x, y, z) € im(r).
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We now prove the second statement. The monodromy ¢y = (i; ii) € SL(2,7) satisfies |ky + k4| > 2.

The pair of eigenvalues of the abelian representation p as above satisfies (s%1 pk3, sk2 pkay = (s*1, pE1)
since abelian representations factor through first homology and the latter is determined by ¢s. This
implies that each of s and p raised to the power of (k; F 1)(k4 F 1) — k k3 equals one. There are finitely
many solutions unless (k1 F 1)(k4 F 1) = kpk3. Using the determinant condition, this is equivalent with
k1 + k4 = F2, which contradicts the trace condition for ¢,. This proves the second statement. O

Scholion 12 The irreducible characters in X (M) that map to reducible characters in X, (S) are precisely
the characters of the binary dihedral characters in X (My (1)) C X (My).

3.2 The origin and the coordinate axes

For the automorphisms o and 8~! given in (2-6), the induced polynomial automorphisms are

a(x,y,z)=(x,z,xz—y) and B (x,y,z)=(z.y, yz—x),
respectively. Given the standard representative @y as in (2-8), it follows from Section 2.2 that the associated

polynomial automorphism ¢: C3 — C? induced by ¢ factors in terms of i, & and 1.

This implies that the origin (0, 0, 0) € X(.S) is always contained in X, (.S) for any M,,. Restricted to S,
any representation with this character has image in SL(2, C) isomorphic to the quaternionic group, and
image isomorphic to the Klein four group under the quotient map to PSL(2, C) (see (4-5) below).

The examples in Section 5.4 show that the component containing (0, 0, 0) in X, (.S') may have arbitrarily
large genus if b1 (¢) # 3. We now show that in the maximal rank case, at least one of the coordinate axes
is always contained in X, (S).

For all x, y,z € C, we have i(x, y,z) = (x, y,z) and

@(x,0,0) = (x,0,0), B '(x,0,0)=(0,0,—x),

&(0,.0) = (0.0.~y). B~(0,7.0) = (0.y.0).

@(0,0,2) = (0,z,00  B7'(0,0,2) = (z,0,0).
Denote the x, y, and z coordinate axes in C3 by L, L, and L3, respectively. Then & and B‘l permute
these three lines, with a sign change for exactly one of them. Indeed, we may assume that the permutation

of the lines corresponds to the permutation of the indices of the lines induced by [«;] and [8,] via the
isomorphism SL(2, Z;) = Sym(3).

Lemma 13 If Hi(My,Z;) = Zg, then X, (S) contains either exactly one or all three of Ly, L, and L.
Moreover, X ,2(S) contains all three lines.

Proof Since i(x, y,z) = (x, y, z), it suffices to restrict to the case where tr ¢« > 0. We may assume that
@« is given as in (2-8). Recall from Section 2.3 that H; (M, Z,) = Zg is equivalent to o(¢,) = 1. Then

1d = [¢2] = [2]™ [B2] 21 [02] 2 [B2] 722 - - - [2] [B2] 7Pn.
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It follows from the description of the action of a5, 8, on Ly, L, and L3, that the induced polynomial
automorphism ¢ stabilises each line. Hence, ¢(L;) = L;. Note that when & or ,3_1 permutes the lines,
the sign of exactly one line changes. Denote the number of sign changes of L; by n;. We have

¢(x.0,0) = ((=1)"x,0,0), 9(0,y.0)=(0,(=1)"2y,0), §(0,0,2) =(0,0,(=1)"2).

As 0o(¢y) = 1, the number ny +n, +n3 = Z?:l (a; + b;) is also even. Hence at least one #; is even and
at least one coordinate is fixed by ¢. We also see that either exactly one 7; is even or all three »; are even.
This proves the first statement. The second statement follows from the observation that

?%(x,0,0) = ((—1)*"1x,0,0) = (x,0,0),

©%(0,.0) = (0, (—1)*"2y,0) = (0, . 0),
?%(0,0,2) = (0,0, (—1)?"3z) = (0,0, 2). O

If b1 (M) = 1, then [¢;] has order 3. So ¢ does not stabilise any axis and L; N X, (S) = {(0,0,0)} for
eachi.

We also note that for any ¢, X6 (S) contains all three lines.

As a last observation, we add that (x,0,0) € Ly is a reducible character if and only if x2 = 4. In this

case, the extension to (M) is either reducible or binary dihedral according to Scholion 12.
3.3 Dimensions and cyclic covers

Proposition 14 Let M, be a hyperbolic once-punctured torus bundle. Then every Zariski component of
X (My) is one-dimensional.

Proof We first note that since Hy (M, Z) = Z. &Tor(M,, Z), every component containing only reducible
characters is one-dimensional and of genus zero.

Suppose X C X (M) is a component containing the character of the irreducible representation p € R(M,).
Since M, does not contain a closed essential surface (see [8; 12]), the dimension of X is at most one.

We now appeal to a result due to Thurston (see Proposition 7) which implies that the dimension of X
is at least one if p(;r1(dM)) is not contained in {+7}. Hence suppose that p(1(dM)) is contained
in {£7}; such a representation is said to have trivial peripheral holonomy. Since the longitude is
a~'b~lab, we note that Lemma 4(1) implies that p is reducible if p(¢) = £1 and p(a~'b~1ab) = I.
Hence p(a~'b~'ab) = —I. An elementary calculation setting p(a) and p(b) as in (2-11) and solving
p(ab) = —p(ba) shows that the resulting representation satisfies tr p(a) = tr p(b) = tr p(ab) = 0 and
hence is unique up to conjugation.

In particular, p descends to an abelian irreducible representation p: w1 (dM ) — PSL(2, C) with p(¢) =
{£1} and image isomorphic to the Klein four group, generated by the image of 1 (S). It follows that
Hi{(My;7Z,) = Zg. In particular, Lemma 13 implies that the character of p is contained in at least one
one-dimensional component containing irreducible representations. O
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The natural n-fold cyclic covering Myn — M, gives an embedding of (M) as a subgroup of index
n in w1 (My). Hence the restriction map induces a regular map X (M) — X (Myn). Example 16 below
shows that this may not be surjective. We can say more about this map:

Proposition 15  The natural n-fold cyclic covering M y» — M, induces a regular map X (My) — X (Myn)
of degree at most two. If n is odd, then the degree is one. Moreover, the map takes canonical components
to canonical components.

Proof The first sentence follows directly from [4, Corollary 3.5], and the second from [4, Proposition 3.3].
The last sentence follows since the restriction of a discrete and faithful representation to a subgroup gives
a discrete and faithful representation of that subgroup. O

We conclude with an example that ties the discussion in this section together and exhibits different
behaviours.

Example 16 Let ¢ = a?B72. Then

— 52
=225 = (3 })

Hy(My; Zy) = 73 = H{(M 2 L>).

and hence

A computation with the set-up in the proof of Proposition 14 shows that X' (M) contains no characters
of representations with trivial peripheral holonomy. Indeed, X (M) contains such a component, but it
does not lift. This example fits in the family given in [19].

A calculation shows that X, (S) = V' U L3, where V' is an irreducible curve, and X (My) = V'U L’ also
has two components. The preimage V' of V is the canonical curve and the preimage L/3 of L3 has the
property that the trace of the meridian is identically zero on it (hence the meridian maps to an element of
order four). All binary dihedral characters are contained in L/3 and since they are simple points they are
hence not contained in V. Since these characters are the only branch points (as will be shown in general),
it follows that L’3 — L3 is a two-fold branched cover, and V' — V is a two-fold unbranched cover.

Now X2(S) D Xp(S)UL ULy =V UL;UL,ULj. Hence this is an example where all three lines are
contained in the fixed-point set. The preimage in X(M,,2) of V' is the canonical curve, but the preimage
of L3 has two components L;L and L7 that are characterised by whether the trace of the meridian is
identically +2 or —2. The component L7 is the image of L’ under the map X (My) — X (M,,2) since
the square of an element of order four has order two. Hence L;" is not contained in the image of the map.
We note that each map L3 — L3 and L; — L3 is one-to-one.

3.4 Reducible characters
Since H{(My,7) = 7 @ Tor(My, Z), it follows that X red(M(,,) consists of finitely many affine lines.
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From the set-up in the proof of Lemma 11, we see that the reducible characters in X, (S) that are
restrictions of reducible characters in X (M,,) are the same as characters of abelian representations p
satisfying p(¢«(y)) = p(y) for all y € 71(S). Since the monodromy of M, is

Ox = ko ks € SL(2,Z) with |k; + k4| > 2,
ks ks

all possible pairs (s, p) of eigenvalues of p(a) and p(b) corresponding to a common invariant subspace
are determined by

(3-3) s = sklpk3, p= skzpk“.

The (not necessarily distinct) components of X red(M(,,) corresponding to the finitely many solutions to
these equations are given in our affine coordinates (3-1) by

1 1,-1

,sp+sT pT mAm!

1 1

m~ L spm+sT' pTim™H)
|m e C*}.

Xs,p:{(s—l—s_l, p+p- ,smA4sT'm™Y pm+p

Here, we continue to use the convention

1

x=1()=s+s"", y=up@ =p+p’

and u=1(p)=m—+m"!

from Section 3.1.
In particular, each component of X™%(M,,) has image a single point in X, (S).

The proof of the following proposition is an application of the main result of [20] and generalises the
example given in that paper by using fundamental results due to Fox [13]. We thank Michael Heusener
and Joan Porti for encouraging correspondence, and refer the reader to [20] for the required definitions of
twisted Alexander polynomials. The reader is especially encouraged to read [20, Examples 3.2, 4.4, 8.2]
before going through the proof below.

Proposition 17 For every component Xy, p, of X™4(M,), there exists mo € C* such that Xy, p,
intersects X™(My) at xm,, where xm, is the character of the abelian representation pp,, with

Iom()(t) :Diag(mo’mo_l)v me(a) :Diag(SO’sal)’ /Omo(b) ZDiag(Po, Pal)
Moreover, xm, is contained on exactly one curve C in X'™(M,), a smooth point of both Xy, p, and C

and the intersection at X, is transverse. Moreover, if 5o, ty € {£1}, then my is the square root of a zero
of the characteristic polynomial of ¢4« and otherwise mgo = £1.

2
0’

to the PSL(2, C)-character variety. We have a group homomorphism «: 1 (M,) — C* with

Proof Letm =mg, s = sé and p = p(z). With this set up, the remainder of the proof applies verbatim

ala)=s, ab)=p, al)=m.

The pair (s, p) satisfies (3-3), that is, the restriction &|g,(as,,,z) is induced by a group homomorphism
h:{a,b) — U(1) such that hop = h and h(a) = s and h(b) = p.
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We apply the criterion of deformations of reducible characters in [20, Theorem 1.3]. Fix the canonical
splitting Hy(My,Z) = Z @ Tor(My, Z) — Tor(My, Z) where p(a) = a, p(b) = b and p(t) = 0 and
an element Y € H'(M,, Z) where ¥ (a) = ¥ (b) = 0 and ¥ (¢) = 1. To prove the statement, we only
need to show that m is a simple zero of the twisted Alexander polynomial A}\pj‘w. A direct computation
shows that the Jacobian matrix is

t~lat=1) t7la7! (t%(p(a) — 1) Z_la_lt%ga(a)

In, = —1p—1 —1p-1, 9 —1p—1(, 9
R (e ) t='b law(b) t='b t%(p(b)—l

Each ¢ € Aut({(a, b)) linearly extends to a ring homomorphism of Z(a, b), also denoted by ¢. Under the
abelianisation homomorphism, it also induces a homomorphism ¢ : Z[a, b] — Za, b]. The Jacobian of
@ is
7, = (%w(a) %w(a)).

3a9(0) F50(b)

Let J;b denotes its image under the abelianisation homomorphism. By the chain rule [13], Jy, ¢, =
©1(Jp,)J g, for any @1, @2 € Aut(F,). Applying the abelianisation homomorphism and taking determi-

nants on both sides, we have
det J2°,, = det P (J22) det J3* = ¢{°(det J3) det J3.

We may assume that @, is given as in (2-8). Then det J2® = det J 391 = 1 implies that det ng =1. Let
Jé’ denotes the image of J, under the map /. It is clear that h(];b) = Jq’,’. Hence det J(f,’ =1.

By fundamental formula of free calculus [13], we have
d d
pa)—1=|—p@)@—1)+| e@)b-1).
da ab
Applying / on both sides, we have
d ad
(#(se@) =1 )= +h( e@) -1 =0
since i o ¢ = h. By symmetry,

9 9
(h(%go(b)) - 1)(p -+ h(%‘P(b)) (s—=1)=0.

Define Yy : w1 (My) — C[x*!], where Vg (y) = a(y)x¥®). The Jacobian JX,’IZ is given by (JA‘/,’[";)U =
Va((Ja,)ij). Since Alexander invariants are obtained from determinants, we may multiply each row by
an unit and work with the following matrix:

1—s h(a(gia))x—l h(%(p(a))x
do(b d
1—p h( “gi))x h(%w(b))x—l
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We now have the following cases:

(1) Ifh(a)=h(b)=1, adirect computation shows that J, q},’ =@x. SO AAW/ZD is the characteristic polynomial
of ¢«, which has 2 distinct simple zeroes since the trace is distinct from +2. Hence m equals one of

these roots.

(2) Ifh(a) =1 and h(b) # 1, from the above equations, we have

i i
h(%(p(a)) =0 and h(%(p(b)) =1.
Combined with det J/! = 1, we have h(%go(a)) =1so A}@“w = x — 1. By symmetry, AX’;W =x—1if
h(a) # 1 and h(b) = 1. Hence in each of these cases, m = 1.
(3) Ifh(a) # 1 and h(b) # 1, we have
0 0 0 d
(4@ 1) (1 550®) ~1) = ( get@)i( 5o00)

by multiplying the two equations. Rearranging the above equation and substitute det J(z’ =1 into it, we
ad ad
hl — hl —ob)) =2.
(s50@) (5500

0 0
h(%«)(b)) 1=t _h(w(a))

and we can rewrite the second equation as

(#(Ge@) =1 )= =h(o®) .

This gives us that the determinant of the first two columns of J AZZ is (1—p)(x—1). We can perform similar

computation for the other two determinants which both have a factor x — 1. This implies A}\/fj‘w =x—1

have

Then

andm = 1. O

A direct consequence of the above proposition is that r (X (My)) = r(X irr (My)). We now show that
there are no ramification points of r: X'™(M,) — X, (S) at reducible characters contained on X'™(M,).
Consider the action of H!(M,, Z,) on X™4(M,). We first characterise the points in X™4(M,) with
nontrivial stabilisers under this action. Suppose & € H! (M, Z,) with h(1) = €, h(a) = €4, h(b) = €.
Then a direct calculation shows that S (/1) N X™4(M,,) consists of all points in X™4(M,,) satisfying

m?>=e;, s*=e€5 pP=ep.

In particular, the trace functions take values in {—2,0, 2}.

We now focus on S(¢). Recall that () = —1, g(a) = ¢(b) = 1. In this case,
m*=—1, s*=1, p2=1

and hence s, p € {£1}. If such a character is in the intersection of X4 (Mp)NX i”(M(p), then Lemma 5
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implies that there is such a character of a nonabelian reducible representation p. Up to conjugacy and the

action of &€ on R(M,), we may assume that

p=(y %) w=(3) per=(5).

where s, p € {£1} and (u, v) # (0,0). Then

_ k1 k3 ki k3z—1 k1—1 k3
D AN _ [ €y kasTipBT v+ ks piu
(5 5)=rc at)—p(w(a))—( : s

and

_ ko k4 k ko ka—1 k ko—1 ,ka
p —v\ . _(s%p 452 p v+ KoS priu
(7)) =pe b0 =poen = s )

This implies in particular the equations u = —sp(k3v + kju) and v = —sp(k4v + kou). Now sp = £1,
and hence these two equations give

o) -1 ) ) ~+(0) )

But then ¢4 has eigenvalue £1 and hence tr(¢x) = %2, which is a contradiction. This shows that there
are no ramification points of r: X irr(M(p) — X, (S) at reducible characters contained on X irr(M(p).

3.5 Irreducible characters

The following lemma proves that every irreducible character in X, (S) is the restriction of two distinct
irreducible characters in X (M), and hence is not a branch point of r: X(My) — X,(S). This also
implies, via Proposition 17, that the degree of r is two on a Zariski dense subset. Moreover, Example 16
gives examples where these distinct characters lie in different Zariski components of X (M) and where
they lie in the same Zariski component.

Lemma 18 For any irreducible character x, of S such that x, € X,(S), there exists T € SL(2, C) such
that T~ p(y)T = p(p«(y)) forall y € w1 S. Moreover, T is unique up to sign and at least one of tr T,
tr(o(a)T), tr(p(b)T) and tr(p(ab)T) is nonzero.

Proof Let p € R(S) be an irreducible representation with y, € X,(S). We define p; € R(S) by
p1(y) = p(e«(y)) for y € m1(S). According to the definition of X, (S), xp = xp,. Since y, is the
character of an irreducible representation, it follows that p and p; are conjugate. Hence there exists
T e SL(2,C) such that T~!pT = p;. Since y is irreducible, the centraliser of p is &+ E, where E is the
identity matrix. Hence 7T is unique up to sign. This proves the first part of the lemma, and it remains to
show that at least one of the stated traces is nonzero.

Up to conjugation, we may assume that

(s 0 _(p u
p(a)—(1 S—l)’ p(b)—(o p_l),
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where u # 0. Since x, € Xy(S), we have

_ [ 52 _ (D1 P2
poc@n = LB ) seen=(0 )

for some s1, 52, 53, p1, P2, p3 € C. Suppose T = (%i %i) for some my,my,ms3,my € C, and that

tr T =tr(p(a)T) = tr(p(b)T) = tr(p(ab)T) = 0 holds. Then, we have
O0=trT =my +mgy,
0 =tr(p(a)T) = smy +my+5 'my,
0 =tr(p(b)T) = pmy +ums + p~'my,

0 =tr(p(ab)T) = spmy + pmy +usmz + (u + 57!

p~Hymy.

Note that the equations do not change if one replaces 7" with —7". From the first three equations, we have

my =—my, my = (s~ —s)m and m3 = %(p_1 — p)my, which gives
1 sTh—s
T =my -1_
y4 J4 -1
u

Substituting m,, m3, my into the fourth equation, we have
w+sp+sp t—sTp—sp~™Hm; =0.
However, this implies the contradiction

w4+sp+s1p7l—s1p—sp~hHm,

u
Hence at least one of tr T, tr(p(a)T), tr(p(b)T) and tr(p(ab)T) is nonzero. |

detT = =0.

Proposition 19 The fibres of r: X irr(M(p) — X, (S) are the orbits of ¢ and the branch points for r are
contained in the set of reducible characters in X, (S). Moreover, the ramification points are simple points
of X'™(M,) and are precisely the binary dihedral characters in X (My,(1)) C X (My).

Proof The action of & with respect to the affine coordinates (x, v, z, u, v, w, q) in C7is given by the the
involution (x, y, z,u,v,w,q) = (x, ¥, z, —u, —v, —w, —¢). It was shown in Lemma 18 that the preimage
under r of each irreducible character in X, (.S) is the orbit under this involution and has precisely two
elements. It follows by continuity that each fixed point of ¢ is a ramification point for 7. Hence the branch
points for r are contained in the set of reducible characters in Xy, (.5).

It was shown in Section 3.4 that there are no ramification points of r in X™4(M,) N X™(M,,). Hence all
ramification points correspond to irreducible characters in X irr(M(p) that restrict to reducible characters in
X, (S) and are fixed by . It was noted in Scholion 12 that the irreducible characters X irr(M(,,) that restrict
to reducible characters in X, (S) are precisely the binary dihedral characters in X (My(A)) C X(My,),
and it is an elementary calculation to verify that they satisfy u =v=w =¢ = 0.

It is shown in [4, Proposition 5.3] that these binary dihedral characters are simple points of X (My). O
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Proof of Theorem 1 First note that Proposition 17 implies that r (X (My)) = r(X'™(M,)). The main
statement of Theorem 1 is now the content of Propositions 14 and 19. The additional information about
the number of branch points follows from [4], but the formula is different. We now justify our formulation.
The number of binary dihedral characters in X (M) is given by [4, Propositions 5.3 and 4.5] as

3 (12 + (@) =),

where {p, € {1,2,4} is the order of Hom( coker(¢« + 1 g, (s1xs1))s Z2). Here, the once-punctured torus
is identified with the complement of a point in S! x S'. A direct calculation shows that

o =4 <= 0(p2) =1 <= bi(p) =3,

o =2=0(p2) =2 <= bi(p) =2,

o =1 = 0(p2) =3 <= bi(p) = 1.
Hence the identity ¢,, = 2370(¢2) = 261@)~1 gjyes

%(|2 + (@) = p,) = %|2 +tr(py)| — 2012
as claimed in (1-1). .

The relationship between Euler characteristic and genus of curves gives the following.

Corollary 20 Suppose X, (S) and X irr(M(p) are irreducible, and that X, (S') is a nonsingular affine curve.
Let gy and g, denote the genera of the smooth projective models of X irr(M(,)) and X, (S), respectively.

Th
en 1+ ex

2 ’

where e = % 2+ tr(gx )| — 201 @) =2 js the number of branch points in Xy (S) and e is number of branch

go=2g1—1+

points at ideal points of Xy (S). In particular, if i« is the total number of ideal points of X,(S'), then g
is bounded by )
el €1 loo
2g1—14+—=<go<2g1—-1+—+—.
g1 +2_go_g1 +2+2

4 Projective characters

Following the blueprint of Section 3, we now analyse the PSL(2, C)-character varieties of once-punctured
torus bundles. We make frequent use of Heusener and Porti [19] and refer the reader to original sources
therein.

4.1 The restriction map

Let )?(p(S) ={x5 € X(S)| X5 = Xpepy- We first show that the natural restriction map 7 : )?(M(p) — X (S)
again satisfies im(7) = X ¢(S). Recall that we have the four-fold branched covering map X (S) — X(S)
from Section 2.5,

(4-1) X(S)> (x,y,2)~ (x2, 2,22, xyz) € X(S).
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Let p: m(My) — PSL(2,C) be a representation. Let 7, 4, B € SL(2,C) satisfying p(t) = £7T,
p(a) = £A, p(b) = = B. To account for all possible choices of sign, we write ¢(a) = ¢4(a, b) for a
fixed word given for ¢(a) in terms of the generators. Similarly for . Then

(4-2) T™VAT = e4(4, B)ga(A. B),
(4-3) T~'BT =ep(A, B)pp(4, B),
where ¢,(A, B),ep(A, B) € {£1}. Then
T YABT = ¢,(A, B)pa(A, B) -5 (A, B)pp(A, B).
In particular, the product of the signs in the last coordinate of (4-1) equals one and hence im(i) C X o(S).

Conversely, let p: 71 (S) — m1(S) such that x5 € )?w(S). Suppose p(a) = +A4 and p(b) = £ B, where
A, B € SL(2,C). Since x5 = X ¢, the first three coordinates of the corresponding points in X (S) (with
respect to the parametrisation in (4-1)) imply that there are &4, &p, €45 € {1} such that

trA =¢e4tr(pqa(A, B)), trB=gptr(pp(A, B)), trAB =¢euptr(pq(A4, B)pp(A, B)).
Now the fourth coordinate implies that e;epe,p5 = 1 and hence e, = g465. Hence

tr A =tr(eqpq(A4, B)), trB =tr(eppp(A, B)), trAB =tr(eqpq(A4, B)-eppp(A4, B)).
As in the proof of Lemma 11 there is 7" € SL(2, C) with

T VAT =640,(A, B) and T 'BT =sgppp(A, B).

This shows that x5 € im(7'). Hence im(7) = X ¢(S) as claimed.
It follows as in the proof of Lemma 18 that if p: 7; (M) — PSL(2, C) is irreducible, then
(4-4) ((r p(0))?, (trp(ta))®, (i p(th))?, (r p(tab))?) # (0,0,0,0).

As in Section 3.4, it is easy to show that there are finitely many characters in X »(S) that arise from
reducible representations of 71 (My). The proof of Proposition 17 shows that 7 : X irr(M(p) —- X o(S) is
surjective.

The proof of Corollary 3 and the statement of Proposition 14 now give the following:

Proposition 21 Suppose M, is a hyperbolic once-punctured torus bundle with by (¢) = 1. Then we have
the following commutative diagram of surjective maps whose degrees are indicated in the diagram:

Xi"(M(p)er>X¢(S) c X)) = C3?

611l2:1 ‘Izll:l ‘I2l4:1

X(My) ~— Xo(S) € X(S)
In particular, every component of X (M) is one-dimensional.
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For the bundles with b;(¢) > 1, we have the following to consider. Let p: 1(S) — PSL(2,C) be a
representation with x5 € X 0(S). We call the characters in 7~ !(x;) extensions of x, and similar for
representations. Any two extensions of p to m; (M) differ by an element in the centraliser C(im(p)). It
is well-known (see [19]) that if p is irreducible, then the centraliser C(im(p)) is either trivial, or cyclic of
order two, or isomorphic to the Klein four group. This is unlike the situation for SL(2, C), where the
centraliser of an irreducible representation is always central. In terms of our coordinate system for X (.S)
these possibilities are given in Section 4.2. We start with the following preliminary observation; the group
H<H! (My, Z5) in the statement was defined in Section 2.3 as those homomorphisms /: w1 (My) — Z,
satisfying Ai(¢) = 1.

Lemma 22 Suppose x,, Xo € X,(S) are in the same H'(S, Z,)-orbit, and that y, is irreducible.
If x, and x, are in the same H-orbit, then ql(r_l(xp)) = ¢q1(r Y (xo)). If they are in distinct H -
orbits, then g (r ! (Xp) # q1 (r~'(xo)). Moreover, g, (r~! (Xp)) and g, (r~'(xo)) are the characters of
representations into PSL(2, C) that agree on 71 (S') and whose image of t differs by a nontrivial element
in the centraliser of the image of w1 (S).

Proof Let p: 1(S) — SL(2, C) be a representation with character x,. Then there is & € H'(S, Z,)
such that the character of o (y) = h(y)p(y) is xo-

Since x, € Xy (S), there is T € SL(2, C) such that T 1o()T = p(p(y)) forall y € (S). In particular,
p extends to a representation of ;1 (M) into SL(2, C) by letting p(¢) = T or p(t) = —T and these are
the only extensions according to Lemma 18. Note that these extensions are in the same (g)-orbit.

If h € H, then h(y) = h(p(y)) for all y € m1(S). Hence

T 'o()T =T 'h(y)p()T = h(y)T ' p(¥)T = h(y)p(p(¥)) = h(e(¥))p(p(¥)) = o (p(¥))

for all y € m;(S). So as above, o extends to a representation of (M) by letting () = T or
o(t) = —T. Hence the extensions of p are in the same H! (Mg, Z,)-orbit as the extensions of o. This
implies ¢1(r " (xp)) = ¢1 ("' (xo))-

Suppose there isno i1 € H' (S, Zy) such that the character of o (y) =/ (y)p(y) is o Then gy (r ' (x,)) #

4100~ (X0))- Since g2(Xp) = q2(xo), we have 7(q1 (7" (%)) = 92(xp) = 02(xo) = F(q1(r ™" (X0)))-
Soq1(r~1(x 0)) and q1(r ~1(x4)) are the characters of nonconjugate representations that agree on 71 (S).
Hence the conclusion. O

4.2 The origin and three coordinate axes (revisited)

Let p: m1(S) — PSL(2, C) be an irreducible representation. We have C(im(p)) = Z, & Z, if and only
if x5=1(0,0,0,0) € X (S). For every ¢, we have (0,0, 0) € X, (S) and hence (0,0,0,0) € )?w(S). Up
to conjugation, we may assume

@9 pw=x(" )= a0=2(] )= sarr=x( %)=
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These Mobius transformations represent rotations by 7 with respective axes [—i, 7], [—1, 1] and [0, o0],
and we have C(im(p)) = im(p).

Lemma 23 If p: 71(S) — PSL(2, C) is irreducible and |C (im(p))| = 4, then
77 )] = 20O,

Moreover, exactly one of the characters in ¥~ (x p) lifts to X (M,). For each representation of w1 (M)
with character in 7~ ( Xp5), the image of the longitude is always trivial; the image of the meridian has
order two or four if b1 (¢) = 2 and it has order two or is trivial if by (¢) = 3.

Proof Since (0,0,0) € X, (S) is the unique preimage of x; in X, (S), it follows that any two lifts
to SL(2, C) of the Klein four group are conjugate in SL(2,C). Hence the uniqueness up to sign in
Lemma 18 implies that exactly one of the characters in 7~ (x 5) lifts to X' (My).

Note that the image of the longitude is the commutator of x; and x, and hence trivial.

If b1 (¢) = 3, then we have ¢(p(a)) = p(a) and ¢(p(b)) = p(b) and hence p(¢) € C(im(p)). This implies
that p extends to 7y (M) with p(7) any element in the centraliser. The values taken in (4-4) are (4,0, 0, 0),
(0,4,0,0), (0,0,4,0), (0,0,0,4). Hence, no two of these four extensions are conjugate, but all have
image equal to im(p). Example 16 shows that the character that lifts depends on ¢. The four extensions
are characterised by p(¢) = 1, p(¢t) = p(a), p(t) = p(b), and p(¢) = p(ab), respectively. This proves
the claim about the order. We call these representations the four extensions of the Klein four group and
denote them respectively by pg, o1, 02, 03 and their characters by X9, X1, X2, X3- Note that there is a
natural action of the Klein four group on these characters defined by «; - Xo = Xi.

If b1 (¢) = 2, then ¢ interchanges two of p(a), p(b), p(ab) and fixes the third. Without loss of generality,
assume ¢(p(a)) = p(b). Then a direct calculation shows that p extends to a representation of 7y (M)
by letting

(4-6) ﬁ(t)Zi(l.?/lv f) pla) =k1.  p(b) =kz.

The remaining extensions are obtained from this by twisting by the elements «;. The above extension is
conjugate to the twisted representation ¢ — «30(¢) via k1, and their values taken in (4-4) are (0, 2,2, 0).
Similarly, the two representations obtained by twisting p by k1 or x, are conjugate via xq, and their
values taken in (4-4) are (2,0, 0, 2); for instance

t—>kip(t) == (i?)/; —ﬁ)'

Hence we obtain two nonconjugate extensions and the order of the meridian is as claimed.
If b1 (¢) = 1, then any extension lifts to SL(2, C) and hence any two extensions are conjugate. m|
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Let p: 71(S) — PSL(2, C) be an irreducible representation. We have C(im(p)) = Z, if and only if
O#xpeii,where 3 _
Ly ={(x*,0,0,0)|x € C} C X(S),

EZ = {(O,yZ,O,O) | Y E(C} C)?(S)’
L3 =1{(0,0,z2,0)| ze C}C X(S)
are the images of the coordinate axes in X(S). The points (4, 0,0, 0), (0,4,0,0) and (0, 0, 4, 0) are the

only reducible characters on these lines. In R(S) we may choose for each L; a curve of representations
that have constant centraliser, and such that the curves meet in the representation given in (4-5).

Write (4p2,0,0,0) = (x,0,0,0) € L; and let ¢ € C such that p? 4 ¢ = 1. We may then choose
(4-7) p1(a) = (Z _qp) k1, p1(b) =Kz, andhence C(im(p1)) = (k7).

Write (0, —4p2,0,0,0) = (0, »,0,0) € L, and let ¢ € C such that p> — g2 = 1. We may then choose
@-8) pa@ =1 pa(by=sa (7 7). andhence Climipa) = ()

Let (0,0, (p + p~1)2,0) = (0,0, z,0) € L3. We may choose

(4-9) p3@) = k1, p3(b) =Kz (lé? —ip~!

), and hence C(im(p3)) = (k3).
Lemma 24 Suppose p: m1(S) — PSL(2, C) is irreducible. If x; € im(¥) and |C(im(p))| = 2, then
|71 (xp)| =2 and by (p) > 1. Moreover, either no character in il (xp) lifts to X(My); or exactly one

lifts and by (¢) = 3; or two of them lift and by (¢) = 2.

Proof We have 0 # x; € L;. Without loss of generality, we may assume L; = L3, and x5 = (0,0, zg, 0).
Hence

(tr p(a))? = (tr p(b))* = 0 # (tr p(ab))?
In L3, this character has two pre-images, y+ = (0,0, zg) and x— = (0,0, —z¢). Recall the action of ¢
on the coordinate axes. If () = 1, then the three axes are in the same orbit under ¢. Hence zy # 0,
implies by (¢) > 1.

We next show that |7~ (x 5)| = 2. Up to conjugation, we have

pla) =+ (_01 (1)), pb) ==+ (_;)_1 g), and hence C(im(p)) = <:|: (z) _Ol)>
where zg = —(p+p~ 1) €{—2,0, 2} since / is reducible if and only if zy = 42, and the centraliser has order
four if and only if zy = 0. These two cases correspond to the characters (x2, y2, z2, xyz) = (0,0, 4,0)

and (0, 0, 0, 0), respectively, with respect to (2-14). Assume that p is the restriction of a representation of
M, with p(t) = £T for some

T = (’”‘ m2) eSL(2,C).
4

ms m
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We know that |7~ (x5)| < |C(im(p))| = 2. Suppose that |F~!(x )| = 1. Then the two possible extensions
of the representation of S to M, defined by p(¢) = £T or p(t) = :I:(é _Ol.)T are conjugate. In particular,
their values taken in (4-4) are identical. This gives a system of 4 equations. A direct computation shows
that zo & {—2, 0, 2} implies that m; = m, = m3 = m4 = 0. This is a contradiction. Hence |7 ~!(x;)| = 2.

If b1 (¢) = 2, then @ stabilises one axis and permutes the other two axes. Since zg # 0, it preserves L3. We
therefore have either ¢(0, 0, z) = (0,0, z) for each z € C or ¢(0,0, z) = (0,0, —z) for each z € C. In the
second case, x; does not have a preimage in X, (.S) and hence no character in 7~ () lifts to X (My). In
the first case, the points (0, 0, z9) and (0, 0, —z¢) are both in X, (). Since ¢ stabilises L3 and permutes
Ly and L,, the group H is generated by a — —1, b — —1 and hence the points (0, 0, £z() are fixed
by H and thus in distinct H-orbits. Hence their extensions map to the two distinct characters in 7~ (x 5)-

If b1 (¢) = 3, we also have either ¢(0,0,z) = (0,0, z) for each z € C or (0,0, z) = (0,0, —z) for each
z € C. As above, in the second case, neither character in ;7_1()([3) lifts. In the first case, the points
(0,0, z0) and (0,0, —z¢) are in X,(S) and in the same H-orbit since H = H'(71(S), Z,). According to
Lemma 22, the extensions of these characters are in the same H!(r; (M), Z,)-orbit and hence have the
same image in 7 1 (x 5)- So exactly one of the characters in 7 —1(x 5) lifts and the other does not lift. O

The proof of Lemma 24 supplied the missing details for the following:

Corollary 25 Suppose M, is a hyperbolic once-punctured torus bundle. We have the following commu-
tative diagram of maps whose degrees are indicated in the diagram:

Xi”(Mw)#Xw(S) c X)) =~ 3

thlzln(w);l qzlzbl(W—l;l 42l4:1

X (My) —— Xo(5)  C X(S)
Here, each of the maps r, q1, ¢, is a branched covering map onto its image. The map ¢, is the quotient
map associated with the action of H'! (My,7Z,) = (&) ® H, and the map q, is the quotient map associated
with the action of H' (S, Z,) on X(S). The map r is the quotient map associated with the action of (g).
The restriction of q5 to X, (S) is the quotient map associated with the action of H unless by (¢) = 2 and
one of the coordinate axes is contained in Xy (S').

Proof If b;(¢) = 1 this is Proposition 21 and there is nothing to prove. If b;(¢) = 3, we have
H = H'(S,Z,) and there also is nothing to prove. Hence suppose b;(¢) = 2 and that L; is the unique
coordinate axis in X 0(S). It follows from Lemma 22 and the fact that all characters of representations
with nontrivial centraliser are contained on the coordinate axes that if L; is not contained in X, (S),
then ¢, is the quotient map of the H-action. If L; C X, (S), then for the same reasons, ¢, restricted
to X(,,(T\Li is the quotient map of the H-action. However, restricted to L;, it is the quotient map
associated with the sign change on L;, this has degree two. O
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Proposition 26 Let M, be a hyperbolic once-punctured torus bundle. Let X be a Zariski component of
X (M) containing the character of an irreducible representation. If 7 : X—-X »(S) does not have degree
one, then the degree is two and by (¢) = 2 and X is the preimage of one of the lines L; C X 0(S).

Proof The above classification of irreducible characters with nontrivial centraliser shows that
FiX = Xy(S)

has degree one unless L; C A_’(p(S) and X =7~ 1(L;) for some i € {1,2,3}. In this case, the degree is
two.

The conclusion for b1 (¢) = 1 now follows from the description of the action on the lines in the proof of
Lemma 13, which gives L; N X 0(S) =1{(0,0,0,0)} for each i. Alternatively, this follows from the fact
that each representation lifts and from the uniqueness up to sign in Lemma 18.

Suppose by () = 3 and that X = 7 ~1(L;). It follows from Lemma 24 that X — L; is a 2-fold (possibly
branched) cover. Since L; = C and hence is simply connected it follows that the map X — L; must have
a branch point. Lemma 24 shows that there are only two potential branch points: the Klein four group or
the reducible character on L;. It follows from the explicit description of the four extensions in the proof
of Lemma 23 and the description of the covering map in the proof of Lemma 24 that the extensions of
the Klein four group contained in 7 ~!(L;) are not ramification points. Hence it must be the reducible
character on L;. Without loss of generality suppose i = 3 and use the parametrisation from (4-9):

_ 0 1 _ 01 0
(4-10) ,O(a)=i(_1 0), p(b)=ﬂ:(_1 0) and let C=i(lo _i)-

Since p(a) = p(b) and both have order two, the hypothesis that b{(¢) = 3 implies that p(a) and p(¢)
commute. Hence there are two possibilities for p(t) = Tk:

@-11) lei(ml m2) or T2=i(m4 m3),
—my My ms —mgy
2 2 2 2
where my +m5 =1 orm5 +my =—1.

The representation defined by p1(¢) = T, p1(a) = p1(b) = k; satisfies tr[p1(¢), p1(a)] = 2 and hence
is reducible. Indeed, this gives a 1-dimensional family of reducible representations with the quadruple in
(4-4) equal to

(4m?3,4(1 —m?), 4(1 —m7), 4m?)

The representation defined by p,(¢) = T5, p2(a) = p2(b) = k1 satisfies tr[p,(¢), p2(a)] = —2 and hence
is irreducible. For any choice of m% + mﬁ = —1, the quadruple in (4-4) equals

(0,0,0,0).
Indeed, this has image isomorphic with Z, @ Z, and lifts to a binary dihedral representation into SL(2, C).
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The representations p; and p, are related by twisting by C (and possibly another element of the centraliser
of p(a) that fixes the fixed points of p(«)). In particular, the reducible character on L; has exactly two
preimages in X = 7 ~!(L;). This shows that there are no ramification points. |

Examples for the case in Proposition 26 where the degree is two are given in Section 5.4.1. In these
examples, one extension of the Klein four character is on this line, and the other extension is on the
canonical component.

In the case of maximal rank, we can give a complete picture of the Zariski components that are pre-images
of the lines:

Proposition 27 If H\(My, Z,) = Z%, then X ¢(S) contains all three of L1, L, and L3. Moreover, each
line L; has two pre-images L’ and L in X (M) that are pairwise disjoint. There is a permutation o €
Sym(4) such that the labels can be chosen such that x(;y € LY fori € {1,2,3}, and x4 () = Z’l ﬂf’z nZg
is the only pairwise intersection point of the six preimages and is a character that lifts to SL(2, C). Up to
passing to the degree two cover M2, we may assume that o is the identity.

Proof The fact that X ¢(S) contains all three of Ly, L, and L5 follows from the observation in the
proof of Lemma 13, noting that the sign is now irrelevant, and the fact that irreducible representations of
the fibre always extend. We know from Lemma 13 that X, (.S) either contains all three lines L, L5, and
L5 or it contains exactly one of them.

First assume that X, (S) contains all three lines. Then X (M) contains a character that extends the
quaternionic group and is the common intersection of the pre-images L/, L/, and L, in X(My) of the
three lines. Under the map to the PSL(2, C)-character variety, these map to Zariski components L, Z’Z,
L’;. Hence their common intersection is one of the extensions y; of the Klein four group.

Consider the line L3 and the parametrisation given in (4-9) that is consistent with (4-5). Each point in
L5 has precisely two preimages in X (My), and they are related by the action of k3. It follows that the
preimage 7 ~!(L3) either has one or two Zariski components. Since the lifting obstruction is constant
on topological components of the character variety and 7~ (L3) contains two distinct extensions of the
Klein four group, namely x; and 3 - x;, it follows that r “1(L3)isa disjoint union of two components
Zg and Zg and we have x; € Z’3 and k3 - xj € Eg/

The same argument applies to the lines L; and L, where the respective action with respect to the
appropriate parametrisations consistent with (4-5) is given by k1 and k5. It now follows from the action
of the Klein four group on the characters x¢, X1, X2, X3 that no two of Z;.’ and Z% have one of these
characters in common. This implies that they are pairwise disjoint.

If xj # xo., then the meridian is mapped to an element of order two under the character corresponding to
the triple intersection. Hence under the map X (My) — X (M,2), the character x; € X (M) is mapped
to xo € X (M,2), and each preimage of one of the lines L; in X (M) is mapped to the corresponding
connected component of the preimage of L; in X (M,,2) that passes through xo € X' (M,2). This completes
the proof of the lemma in the case where X,,(S) contains all three lines since «; - xo = X;.
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Now suppose that X, (.S) only contains one of the three lines L1, L, and L3. Without loss of generality,
we may assume this is L;. Then in X (M) there is a component l_/l/ that lifts to L. The same argument
as above shows that 7 ~!(L) has two disjoint components. Suppose x j € Z’l. Then k- xj € Z’l/ . Since
the lifting obstruction is constant on topological components, 7 ~' (L) and 7 ~!(L3) do not pass through
k1-Xj. Then 7! (L5) also does not pass through k,k “Xj =k3-xj,and 7! (L5) does not pass through
k3Kk1+Xj =Kz - Xj. Hence #~1(L,) contains xj and k3 - xj; and #~1(L3) contains xj and k3 - xj. This
proves that each extensions of the Klein four group is contained in at least one of the pre-images of
the lines L;. The proof is now completed by the observation in the proof of Proposition 26 that each
L; has preimage in X (M) consisting of two disjoint Zariski components, each containing one of the
two extensions of the Klein four group contained in 7 ~!(L;). The last statement now follows as in the
previous paragraph. |

Remark 28 1In the examples we computed explicitly, it is always that case that xo = L) N L, N Z’3.

Example 29 We continue the example of ¢ = o272 discussed in Example 16. As H| (My;Z3) =7 g
LiULyULs € Xy(S). A direct calculation shows that each line in X ,(.S) is the preimage of two
Zariski components in X (M) under the map 7. Consider the preimages L, Z’3’ of Lj. Suppose that
the component L/3 € X(My) described in Example 16 is the preimage of the component Eg/ in X (My).
The values in (4-4) on 5’3’ are (0,0, 0,4 — z?). Twisting by the generator of C(im(;)), we obtain another
component i’3 cX (M) where the corresponding values are (4, 0,0, z2). We may choose labels for the
preimages of the other lines such that the values taken in (4-4) for l_/l’ are (x2, (x2—2)2,0,0), for E’l
are (4 —x2,x2(4—x2),0,0), for Z’z’ are (2,0, (2 —2)2,0), and for Ij/z are (4— 12,0, y2(4—»?),0).
Note that L/, L', and L/3 intersect at the character with trivial peripheral holonomy, and each of the other
3 characters extending the Klein four group is contained in precisely one of L7, L’ and L7.

4.3 Dimensions and lifting
As an application of the discussion in the previous section, we have the following:

Proposition 30 Let M, be a hyperbolic once-punctured torus bundle. Then every Zariski component
of X (M) is at most one-dimensional. Moreover, if {5} C X (My) is a zero-dimensional component,
then this character does not lift to SL(2, C), by (¢) # 1, p(im(rw1(T) — 71(My))) = Z» & Z>, and f is
irreducible with trivial centraliser. Moreover, x5 maps to a character on a one-dimensional component in
XM 02)-

Proof The same arguments as in the proof of Proposition 14 show that every component containing
only reducible characters is one-dimensional and of genus zero, and that the dimension of each Zariski
component of X (My) is at most one since M, does not contain a closed essential surface. Suppose X is
a Zariski component containing the character of an irreducible representation p. Proposition 8 implies that
the dimension of X is at least one unless ﬁ(im(nl (T)—m (M(p))) is trivial or isomorphic with Z, @ Z,.
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If ﬁ(im(nl(T) — JTI(M(p))) is trivial, then tr p(a~'b~'ab) = £2 since a~ b~ ab is the longitude. If
the trace equals 42, then p(a) and p(h) have a common fixed point on P!(C). But since p(t) = £1 this
implies that the representation is reducible. Hence tr p(a~'h~'ab) = —2. Inthis case, p((a, b)) = Z, B Z,.
It follows that Hy(My; Z,) = Z g, and that x5 = xo is the extension of the Klein four group with trivial
peripheral holonomy. It now follows from Proposition 27 that this character is contained on a one-
dimensional component.

Hence suppose that p(im(ry (T) — 71 (My))) = Z, ® Z,. In this case, tr 5(a~ b~ ab) = 0 and therefore
the representation restricted to 1 (S) is irreducible and has trivial centraliser. Since the Klein four group
lifts to the quaternionic group, this representation does not lift to SL(2, C). In particular, by (¢) # 1.
Now under the map to X (M,2), xp maps to a character with the property that the peripheral subgroup
has image isomorphic with Z,. Hence Proposition 8 implies that the image lies on a one-dimensional
component of X (M,2). |

Remark 31 We do not have examples of once-punctured torus bundles with zero-dimensional components
in X (My). The purported examples given in [2, Theorem 7.6] contradict Proposition 8 and a simple
description of one-dimensional components containing them is given in Example 10.

Heusener and Porti [19, Section 4.2] give examples of hyperbolic once-punctured torus bundles that have
arbitrarily many one-dimensional Zariski components in X (M) that do not lift to X' (M,,). All of these
components are of genus zero. We remark that all these examples satisfy b;(¢) = 3. We give similar
examples with b1 (p) = 2 in Section 5.4.1, and it was already remarked that if b; (¢) = 1, then every
representation lifts.

Components containing only reducible characters have an analogous characterisation as given in Section 3.4.
Moreover, the proof of Proposition 17 gives the analogous result for the PSL(2, C)-character variety. We
state this here for completeness:

Proposition 32 For every Zariski component X of X ed(M,), the restriction 7 : X — X ¢(S) is constant
and X N X irr(M(p) # @. Each character ¥ in the intersection is contained on exactly one curve C in
X irr(Mq)), a smooth point of X and C and the intersection at ¥ is transverse.

4.4 An algebraic subset

For computations, it is useful to identify X ¢(S) with the image of a suitable algebraic subset of X(S)
under the four-fold branched covering map X(S) — X (S). Let

(4-12) X, (8) ={(x.y.2) € C* | ( x,—y.—2) =@(x,y.2)}.
(4-13) X, (8) ={(x,y.2) €C’ | (—x, y,—2) =@(x,y.2)},
(4-14) X, (S) ={(x,y.2) € C* | (=x. =y, 2)=¢(x.y.2)}.
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Note that the intersection of any two of the sets X, (S), X, (} (S), X (g (S), X (2 (S) is contained in a coordinate
axis. Recall that the natural map ¢, : X(S) — X (S) is the quotient map of the H'(S, Z,) action. The
definitions imply that

7y (X(8)) = Xy(S) U X, (S) U XG(S) U XG(S).
For each (x, y,z) € q2_1 ()?(p(S)), there are A, B € SL(2,C) withtrA=x, tr B=y and tr AB = z and
satisfying (4-2) and (4-3), where g4, &p € {11} are determined by
(¢ax,6py, €acpz) = P(x, y, 2).

The above sets therefore give us a simple way to compute the representations of 7; (M) into PSL(2, C).
We now determine redundancies that arise from the action of the elements of H!(S,Z,) that are not in
the group H < H'! (Mg, Z,) that was defined in Section 2.3 as those homomorphisms /1: 71 (My) — Z»
satisfying A(¢) = 1.

View h € H'(S,Z5) as a homomorphism /: r{(S) — {£1}. Then 4 € H if and only if & (a) = h(¢(a))
and h(b) = h(e(b)). Let p: w1(My,) — PSL(2, C) and use the set up from (4-2) and (4-3). Then p lifts
to SL(2, C) if and only if there is 1 € H'(S, Z,) with

h(a) = h(p(a))eq. h(b) = h(p(b))ep.

Note that the signs &4 and ¢ are uniquely determined by p if H = H'(S, Z,) and otherwise they depend
on the choice of the matrices A and B. The action of 4 € H'(S, Z,) is given by

h-(x,y,z) = (W(a)x, h(b)y, h(ab)z).

This induces a permutation of the sets X, (.S), X, (’} (S), X, (3 (S), and X (3 (S). The permutation of the sets
is determined by the action on the defining equations,

o(x,y.2) = (h(@h(p(@)eax. h(d)h((b))epy, h(ab)h(p(ab))eepz).

Each set is stabilised by H < H'(S,Z,) and the complementary elements permute the sets X, (5),
X, (8), X;(S), X, (S).

If b1 (@) = 3, then H = H'(S,Z5) and hence each of the sets is fixed under this action. In particular, p
does not lift if at least one of ¢4 and ep equals —1. Define

Legy — yl 2 3
X, () =X, (S)UX;(S)U X, (S).
If b1 (¢) = 2, then the action of H'(S,Z,) has two orbits, each containing two sets. Let
Lien i
Xo(S) = Xy (),
where Xé (S) is one of the sets not in the orbit of X, (.5).

If b1 (¢) = 1, then there is just one orbit and we define X, wL (S) = @. This observation can be viewed as
an elementary proof of the fact that every representation into PSL(2, C) lifts to SL(2, C) in this case.
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These definitions imply that the map
1 —
X,(S)U X(ﬂ (S) = Xu(S)

is surjective, and corresponds to the quotient map of the action of H'(S,Z,) twisted via ¢.

S Examples

This section provides details about the three infinite families of once-punctured torus bundles mentioned
in the introduction, as well as the beginnings of a census. We begin by stating some general results that
will be used repeatedly. The main ingredients in the proofs are properties of a sequence of Fibonacci
polynomials, and determining irreducibility and genus of a plane algebraic curve from the Newton polygon
of a defining polynomial.

5.1 The Fibonacci polynomials

This section collects some facts about a family of recursive polynomials, which are used throughout the
computation in [2]. The Fibonacci polynomials will be used to compute X, (.S) for our examples.

Definition 33 For every integer n, the n-th Fibonacci polynomial f,(u«) is defined by the recursive
relation

W) = ufp—1(u) = fu—2(u),
where fo(u) =0 and fi(u) = 1.

A number of useful properties of f; according to [2] are listed below.

Lemma34 (1) Ifu=s+s"1, then

ST fu# 42,
S—S5
Jn) = \n ifu=2,

(=)"n  ifu=-2.
(2) Ifn # 0, the degree of f,(u) is |n| — 1.
(3)  fn(u) is divisible by u if and only if n is even. If n # 0, f,, (1) is not divisible by u?.
(4) For any integern, fn(u), fut1(u) = fu(u), fnt1(u) + fu(u) and fy42(u) — fu(u) are separable

except for fo(u) = 0.

(5) fu+a2()— frr1(m) =0 and f,+1 (1) — fn(u) = 0 do not have a common root.

Proof Part (1) follows from the defining relation. Parts (2), (3) and (4) follow from [2, Lemmas 4.3, 4.4
and 4.11]. A direct calculation using (1) results in (5). O
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5.2 Genus and the Newton polygon

A classical link between the Newton polygon and the genus of an irreducible algebraic curve is known as
Baker’s formula:

Theorem 35 (Baker [1]) Suppose that F(x, y) = 0 defines an irreducible algebraic curve X in C?2. The
genus of X is at most the number of lattice points in the interior of the Newton polygon of F.

Khovanskii [21] showed that one generically has equality instead of an upper bound. We use a version
of this result as implied by Beelen and Pellikaan [3]. A polynomial F(x,y) € C[x, y] is said to be
nondegenerate with respect to its Newton polygon if for every edge y of its Newton Polygon with the
corresponding polynomial F,,, the ideal generated by F,,, x% and yaa% has no zero in (C/{0})2.
Corollary 36 (Beelen—Pellikaan) Suppose that F(x, y) = 0 defines an irreducible algebraic curve X
in C2. If F is nondegenerate with respect to its Newton polygon and it is smooth at every point (x, y) € X
where xy # 0, then the genus of its nonsingular model is equal to the number of lattice points in the
interior of its Newton polygon.

Proof We show that this is implied by [3, Theorem 4.2]. The only statement that requires proof is
that the smoothness hypothesis implies that the singular points of the homogeneous curve with equation
F*(x,y,z)=0are among (0:0:1), (0:1:0) and (1:0:0), where F* denotes the homogenisation
of F.If § is a singular point other than the three points, it is not in the line of infinity and corresponds to
a singular point s = (x, y) € X such that xy s 0. This contradicts the smoothness condition. O

We will also appeal to the following result [5, Lemma 5.1]. The authors thank Michael Joswig for pointing
them to this reference.

Lemma 37 (Castryck—Voight [5]) Suppose that F(x, y) = 0 defines an irreducible algebraic curve X
in C2. Assume that F is nondegenerate with respect to its Newton polygon, and that there are at least two
lattice points in the interior of the Newton polygon of F'. Then X is hyperelliptic if and only if the interior
lattice points of the Newton polygon are collinear.

5.3 The family M,

The genera of the Zariski components of the SL(2, C)- and PSL(2, C)-character varieties of the infinite
family of once-punctured torus bundles M, with monodromies ¢, = AB"*? were determined by
Baker and Petersen [2, Theorem 5.1] via a birational isomorphism between X irr(M(/,n) and a family
of hyperelliptic curves. In this section, we compute the corresponding varieties X, (S). Note that
tr(¢,) = —n and M, is hyperbolic if n > 3 or n < —3. For computational simplicity, we only consider
the case when n > 3 and n is odd, and so by (¢,) = 1.
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The corresponding family of framings ¢, admit the form
B a_)a(a—lb—l)n+2,
“n=\b = ba.

By a direct computation as in Lemma 11, the binary dihedral characters for X (M},) are as follows.

Fact 38 For every odd integer n > 3, the ramification points of r are
(B2 + g2k, g* + 7%, pF + p7%,0,0,0,0)
,B** £1andk =0,1,...,n—3. There are

2mi
where f = en—2
Tn=3)=1n—21-1 = Lljwg, + 2| —201m=2

such binary dihedral characters in total, which agrees with (1-1).

5.3.1 Topology of Xy, (S) In this subsection, we compute the fixed point set Xy, (.S). Substituting
the automorphism ¢y into the definition of Xy, (.S) in Section 3.1, we obtain the three equations

trp(a) =trpa(@ 'b™H"2),  trpb) =trp(ba), trp(ab) =trpla(a™ b=+,
The second equation gives y = z. Define polynomials P, (x, y, z) =tr p(a(a~'b~1)") for n € Z. Using the
trace identities in Section 2, Py, satisfies the recursive relation Py, (x, y,z) =zP,_1(x,y,2)—Pr—2(x, y,2)

with Py(x, y,z) = x and P;(x, y,z) = y. Then Xy, (S) is defined by P,42 —x, Pyy1—zand y —z.
Recall the Fibonacci polynomial f, in Section 5.1. We observe that

(5-1) Pu(x,y.2) = ¥fu(2) =X fu-1(2) for neZ.

To simplify the defining equations of Xy, (S), we use the idea of Buchberger’s algorithm [6] which is used
to compute the Grobner basis of an ideal of a polynomial ring. Denote X, 42 = Py4+2 —x = P42 — Py,
Xy+1 = Py4+1 — P1. Buchberger’s algorithm involves the so-called S-polynomials (the S stands for
subtraction — one eliminates the leading terms of two polynomials). We apply the algorithm here and refer
to [6] for definitions and details. We compute the S-polynomial of the first two polynomials recursively
to summarise X, 4+, and X4 into one single polynomial.

Lemma 39 Define X;j4» = zX;41 — X; fori > 0. When n = 2k + 1 is a positive odd integer,
(Xn+2, Xnt+1) = (Px+2— Pr+1). Whenn =2k is a positive even integer, (X2, Xn+1) = (Pr+2— Px).

Proof Using induction, we can prove that X; = P; — P, 4,—; for 0 <i <n+ 2. Since X;4, is a linear
combination of X;4+1 and X;, (Xi+2’ Xi+1) - (Xi+1’ X;i). By definition, (Xi-l-l’ Xi) C (Xi+27 Xi-l-l)-
Thus, (Xi42, Xit1) = (Xit1, Xi).

Hence when n = 2k + 1,

(X2, Xpp1) =+ = (Xiq2, Xiy1) = (Prg2 — Prya)-

The even case follows analogously. O
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Figure 1: Newton polygon of gx.

When 7 is odd, Xy, (S) = V({Pk+2 — Pr+1.y — z)), where we use the notation V() for the variety
defined by the ideal /.. Under the restriction (x, y, z) = (x, ), Xy, (S) is homeomorphic to its image,
denoted by U,. Note that U, = V({pr4+2 — pk+1)) Where p,(x,y) = Py(x, y,y). Combining this
with (5-1), U, is defined by

gk(x, )= piy2— Pk+1 =V (rk2(0) = fer1 (D) = x(re+1(») = Sx(P))-

By Lemma 34, the Newton polygon of g is shown in Figure 1.
Lemma 40 g4 (x, y) is irreducible in C[x, y] for any positive integer k.

Proof If g;(x, y) is reducible, then we can factorise it into g (x, y) = si(x, ¥)tx (x, y), where #, g,
are nonconstant polynomials in C[x, y]. Since g (x, y) is linear in x, without loss of generality, we
assume that 7z (x, y) =3 (y) and s (x, y) = xs,({l) (») —}-sl((z) (»), where s,(cl)(y) and 7 () are polynomials

in C[y]. Then

Y Jies20) = fir1 ) =P M), ~ierr1 () = fu) = s 0k ().

Since #;(y) is nonconstant, by the fundamental theorem of algebra, #,(y) = 0 has a solution @ € C.
Lemma 34 tells us that fz11(») — fx(») has a nonzero constant term, which implies that & # 0. Then «
is a common zero of fr12(y) — fk+1(») and fr+1(¥) — fx(»). This contradicts Lemma 34(5). Hence
gk (x, y) is irreducible. a

Lemma 41 Forn =2k + 1 > 3, there is no singular point in U, = V(g) and gy, is nondegenerate.

Proof Suppose (x, ) is a singular point. Then

0
V(2 = See 1)) = x(fre11(0) = k() =0, %(X’ = Jer10) = fe(y) =0.

This clearly contradicts Lemma 34(5). The nondegeneracy condition for edges y; and y3 in Figure 1

is obvious. For the edge y2, Fy,(x, ) = y(fx+2(») — frt1(»)). Suppose that (x, y) € (C/{0})? is a

common zero of
oFy,

Yo

oF.
F,,, x 8;2 and
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This results in
k420 = fer10) =0, fl (0= fis1(») =0.

There is no such y # 0 satisfying the above two equations by Lemma 34(1). In detail, it is clear that
y = =2 are not zeros. When y # +2, the first equation implies that p?¥*3 4+ 1 =0 and p # —1 given
y = p+ p~ L. Using the change of variable formula

dfy _ dfy dy

dp  dydp’
the second equation implies that

p—k(k(p+1)(p2k+3_1)_1_2p+2p2k+3 +p2k+4)

=0.
(p> =D + p)?
Since y # 0,
k(p + 1)(p2k+3 _ 1) -1 _2p +2p2k+3 4+ p2k+4 =0.
Combining the above equation with pHt3 = implies p = —1, which is a contradiction. The
nondegeneracy condition for edge 4 can be checked using a similar argument. a

Proposition 42 [fn = 2k 4+ 1 > 3, then the variety yi“(M¢) = Xy, (S) is irreducible and a curve of
genus 0.

Proof By Lemmas 40 and 41, g (x, y) satisfies assumptions in Corollary 36, which implies that the
genus of Uy, is 0. As Uy, = X, (S), this proves the statement by Corollary 3. |

According to the Newton polygon Figure 1 and the theory of Puiseux expansions, there are k ideal points
such that x — 0o, y — ¢ (a nonzero constant) and one ideal point such that x — oo, y — oco. Hence
there are k + 1 = %(n + 1) ideal points. Since the number %(n — 3) of branch points is positive if n > 3,
the variety X' (M) is also irreducible, and the same can be confirmed by direct calculation if n = 3.
Hence Corollary 20 implies:

Theorem 43 Suppose that g,, denote the genus of X ™ (M,,). When n is a positive odd integer and n > 3,
gn is bounded by

Tn=7)<gy<3(n-73).

Baker and Petersen [2, Theorem 5.1] show that g, = %(n — 3) for n odd. So there are n — 1 branch
points in total. Hence in addition to the %(n — 3) branch points at the binary dihedral characters in
X(My(X)) C X(My), there are %(n + 1) branch points at ideal points. In particular, every ideal point is
a branch point (and in the case n = 3 these are the only branch points).
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5.4 The family N,

Let N, be the once-punctured torus bundle with monodromy ¥, = A B" T2 A. Note that tr(,,) = —2n—2
and N, is hyperbolic when n > 1 or n < —3. The corresponding family of framings 1, admit the form

_fa— a(a='p=hHn+2,
Yn= {b — ba?(a~ b1y +2,

We restrict to n = 2k + 1 > 1 odd and hence b (V) = 2.
The corresponding fixed-point set Xy, (S) is defined by the equations

twp(a) =t p(a(a='b=1)"*2),

trp(b) = tr p(ba*(a~'b~1)y"+?),

tr p(ab) = tr p(a(a™ b)Y 2ba? (@~ Hh™1)"T2).

Using the trace identities in Section 2, the above equations can be simplified to x = Py,4,(x, y, 2),
y= Py11(x,p,z) and z = xy — z, where P, is defined by (5-1). Then

Xy, (S)=V({(Ppy2—x, Pyy1—y,xy—2z2)).
By Lemma 39, Xy, (S) = V({Px42 — Px41.Xxy —2z)) when n = 2k + 1.
If x = 0, then z = 0 by second equation, and then 0 = Py 1y — Pry1 = ¥([fx+2(2) — fx+1(2)) which
implies y = 0 by Lemma 34(3). In particular, there is a unique point in X, (S) where x = 0.

When x # 0, we substitute y = 2z/x into Px,(x, y,z) — Pr41(x, y, z) = 0 and multiply by x on both
sides, giving
hie(x,2) 2= 2(fi12(2) = fier1(2)2 = (fir1(2) = fe(2)x* = 0.
Let V, be the variety in C? defined by /; € C[x, z]. Then X, v, (S) and V}, are birational via rational
maps
52) r: Xy, (8) - Vu, (x,p,2) > (x,2),
ro: Vp——> Xy, (S),  (x,2) > (x,2z/x,2).

Lemma 44 /. (x, z) is an irreducible polynomial in C[x, z] for every positive integer k.

Proof If /i (x, z) is reducible, then we can factorise it into /1y (x, z) = s (x, 2)t; (x, z), where t, 53 are
nonconstant polynomials in C[x, z]. Then the Newton polygon of /j (x, z) is the Minkowski sum of the
Newton polygons of s (x, z) and # (x, z). The Newton polygon of /i (x, z) is shown in Figure 2. The
boundary vector sequence of a Newton polygon is obtained by choosing an orientation of its boundary
and cyclically listing the vectors between consecutive integer lattice points on the boundary. Travelling
along the boundary of the Newton polygon of /i (x, z), we obtain the boundary vector sequence

v(he) = ((1,-2),(1,0),...,(1,0),(=1,1),(=1,1),(=1,0),...,(=1,0)),
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X
(0, 2) (1,2) (k,2)

(1,0) (2,0 (k, 0) (k+2,0)
Figure 2: Newton polygon of A (x, z).

where the number of repetitions of (1, 0) and (—1, 0) in v(/y) are k + 1 and k, respectively. The sequence
v(hy) can be partitioned into two disjoint nonempty subsequences v(sy) and v(#), each of which sums
to zero. Given (1,—2), (—1, 1) and (—1, 1) are the only three vectors with nonzero second components,
they must be in the same sequence. Without loss of generality, we assume that they are in v(s;). Noting
that sz has no linear term in x, we may write ;. (x, z) = #x(z) and sg (x,z) = xzs](cl) (2)+ s,(cz) (z), where
s,((i)(z) and f;(z) are polynomials in C|z]. Hence

2(fi42(2) = fia1 )z =50 @O (2), —(fir1(2) = fi(2) =5 @) 2).

The remainder of the proof is analogous to the proof of Lemma 40, where one obtains a contradiction to
Lemma 34(5). O

Lemma 45 Whenn = 2k + 1 > 1, hy, is nondegenerate and there is no singular point in V,, = V(hy,).
Proof The proof is almost identical to Lemma 41. a
Combining Lemmas 44 and 45 with Corollary 36 and Lemma 37 implies:

Lemma 46 The curve Vy, = Xy, (S) is hyperelliptic of genus k for eachn =2k +1 > 3.

5.4.1 PSL(2,C)-character variety Since n is odd, b; () = 2. If a representation 5 € R(N,,) lifts
to SL(2, C), then it generically has 4 lifts. Let X o(N,) be the subvariety of X™(N,,) consisting of the
characters of all PSL(2, C)-representations that lift to representations into SL(2, C). By Corollary 2,
Xo(Ny) = ¢ (X. v, (5)). We have the following proposition.

Proposition 47 For every positive odd integer n = 2k + 1, the subvariety X o(Ny) is birational to the
affine line.

Proof Since X o(NN,) is birational to ¢, (X v, (8)), it suffices to show that the latter has genus 0.

Take a homomorphism /4 € Hom(r; (Ny), Z,). A direct calculation shows that either (k(a), h(b)) = (1, 1)
or (h(a), h(b)) = (=1, —1) since n is odd. Hence ¢ (X, (S)) is the quotient of X, (.S) by the involution
(x,y,2) => (—=x,—y, 2).
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Recall that X, (S) is birational to its restriction V}, via the maps given in (5-2). Let V » be the variety
corresponding to the identification of V}, under the involution (x, z) — (—x, z). Letting (X, Z) = (x2, z),
V » is defined by

hi (X, Z) 2= 2(ficy2(Z) = fir1 (2N Z = (fis1 (Z) — () X.
The genus of V, is seen to be 0 by a simple modification of the argument of Proposition 42. |
For each irreducible PSL(2, C)-representation p which does not lift, we may choose T', A, B € SL(2,C)
with the properties p(¢) = {£+T}, p(a) = {£ A4}, p(b) = {x£ B} and
T7VAT = —yu(4), T7'BT =yu(B).

Using the convention from (4-12)—(4-14), the traces of these representatives under the restriction map r
are contained in the set

X]/ZIH(S) = {(xiy’z) GC3 | (_x»,V’_Z) =‘/_fn(X,y»Z)} = V(Pn+2+X,Pn+1 —y,XJ’)

This implies that the components of X’ 1/2fn (S) are

(5'3) L3 = {(O’ O’Z) | zZ€ (C}’
(5-4) Ce = {(0. 3, 8) | y € C}, where £ is aroot of fi42(2) = fis1(2) =0,
(5-5) Ce ={(x,0,8) | x € C}, where { isaroot of fr4(z)— fx(z) =0.

For each of the components C, C sz,n (S), the map X (Ny,) D i 1¢q2(Cy) — /\_’% (S) is a birational
equivalence onto its image since the irreducible characters in (5-4) and (5-5) arise from PSL(2, C)-

representations of 771 (.S') with trivial centraliser.

Points in Xy, (S) satisfy 2z = xy, and none of the roots £ or ¢ equal zero. Hence the only point in
Xy, (S)NX én (S) is (0, 0,0), and the existence of this intersection point is due to the fact that we are
not working with X (N,), but with X v, (S). The two representations of N, predicted by Lemma 23 are

p=x(" o) aw=x(; ")

=i =1 1
T1=i(@ ﬁ), Tz=ﬁ(a)T1=i<ﬁ

given by letting

and

l l

13 %)
Then p extends to a representation into PSL(2, C) by letting either p = T or p = T3, and the former lifts
to SL(2, C) whilst the latter doesn’t. Denote the characters in X (N,) of the 2 extensions as ¥ and ¥».
According to the discussion in Section 2.1, ¥; and ¥ are on different topological components of X (N,).
Note that ¥ is in X o(N,) while i is in 7 ~1g2(L3).

Sol-
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For the component L3 C X, 1/2,’1 (S), we follow the same parametrisation of L3 in (4-9). For any point
0,0,(p+ %)2, 0) € L3, a direct computation shows that it extends to 2 characters in X (V,) where the
quadruples in (4-4) are

I 1 ! !
n+2 n+4 n+2 n+4
(2—17 —W,O,O,Z—P _W) and (Z—i—p +pn+2’0’0’2+p +pn+4)'

Thus 7 ~1gy(L3) — L5 is a 2-fold branched cover with the only ramification point x».

5.5 The family L,

Let L, be the once-punctured torus bundle with monodromy w, = A? B"*t2 4. Note that tr(wy) =—3n—4
so Ly is hyperbolic when # is positive. When 7 is odd, b (w,;) = 1 and hence X™(L,) = X, (S)
according to Corollary 3. We now show:

Theorem 48 Suppose n = 2k + 1 > 3 is odd. The PSL(2, C)-character variety X (L,) consists of
k 4 2 components. The canonical curve X o(L,) C X'™(L,) is birationally equivalent to a hyperelliptic
curve of genus k while all the other Zariski components are birational to the affine line.

We remark that if n = 1, then X'™(L,) has 3 components, each of genus zero.

The framing w, of L, is
o {a _)a(a—Zb—l)n-i-Z’
=

b — ba*(a 2~ 1)n+2,

Then X, (S) is defined by

twp(a) =trpla@b=1)"*?2),

trp(b) = tr p(ba®(a—2b~1)y"+?),

tr p(ab) = tr p(a(a™2b~")"2ba (@ 2b~1)"T2).

Using the trace identities in Section 2, the second equation is tr p(h) = tr p(a(a—>b~1)"*1) and the third
equation is given by z = xy —zx + y. Let Qn(x, y,z) :=tr p(a(a=2b~')"). We have Qg =x, Q| =z
and @, = (xz—y)Qn—1 — O,—>. Note that the third equation is equivalent to (y —z)(x + 1) = 0 and
hence naturally splits the variety Xy, (S) into the union of two algebraic sets:

X, (8) =V({(Ont+2—x,Ont1 =y, x + 1D UV{(OQnt2—x,On+1—y, ¥y —2))

We denote the two algebraic sets in this union by R, and W,,, respectively.
Lemma 49 Each canonical component of X'™(L,,) is contained in the preimage of Wj,.

Proof We only need to show that each discrete and faithful character x,, € X'™(L,) is not in the
preimage of R,. Clearly pq is not binary dihedral, so we can write pg(a) and po(b) as in (2-11). If
x = —1, a simple calculation shows that py(a) is of order 3, which contradicts the faithfulness of pg since
a has infinite order in w1 (M,,,). a
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y
Va (k+1,2)
0,0)
V5
©.1)
V3
Y1
X
(1,0) 2 (k+1.0)

Figure 3: The Newton polygon of ry.

We will analyse W, and R, separately. Before doing so, we define a family of auxiliary polynomials
Q;, € C[x, y, z], which follow the same recursive relation as O, but with O = x and Q| = y. When
n =2k + 1 is odd, a similar argument as in Lemma 39 shows that

(On42—00:Ont1—01) = (Qk42— Oty Qkt1— Qin)-

In addition, we observe that
On=zfn(xz=y)=xfu_1(xz—y) and Q= yfu(xz—y)—=xfu_1(xz— ).

5.5.1 The canonical component Under the map (x, y,z) — (x — 1, y), W, is birationally equivalent
with its image, denoted by W, C C2. As Q, and Q), coincide when y = z, W, is defined by the single
element gx42(x, ¥) —qk+1(x, y) € C[x, y], where

qn(x.y) = yfu(xy) = (x + 1) fu—1(xy).

Let #;, be the variety in C? defined by the polynomial
(%, 3) = 32 (fer2 () = fir1 () = (4 2) (i1 (%) = fe (%))
There exists a birational isomorphism between W, and %}, via
r Wy = W, (xp) = (X)),
2= Wy (x,3) = (x/p.p).

Lemma 50 r(x, y) defined as above is an irreducible polynomial in C[x, y] for every positive odd
integern =2k + 1> 3.

Proof If r;(x, y) is reducible, then we can factorise it into r (x, y) = si (x, V)tr (x, y), where t, sy,
are nonconstant polynomials in C[x, y]. The Newton polygon of rj is shown in Figure 3. The boundary
vector sequence of ri(x, y) is

v(re) = ((1,0),....(1,0),(0,1), (0, 1), (=1,0), (=1,0),...,(=1,0), (0, 1), (1,—1)),

where the number or repetitions of (1, 0) and (—1, 0) in the sequence are k and k + 1, respectively. Given
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(0,1), (0,—1) and (1, —1) are the only vectors with nonzero vertical component, there are two cases to
split v(rg) into two disjoint nonempty subsequences v(sg) and v(#;), each of which sums to zero.

(1) All the four vectors with nonzero vertical component are in the same subsequence. Without loss of
generality, let si (x, y) = si(x) and #x (x, y) = e (x) y> + tlgl)(x) v+ ZIEO) (x), where the superscript i
indicates the degree in y that the polynomial ZIE’ € CJ[x] is a coefficient of. Then
2
Siea2(0) = fip1 (¥) = 57 (0 (),
1
~(fer1 () = () = 1 (s (),
0
—x(fier1(0) = fe(¥) = (7 ()5 ().
This is impossible due to Lemma 34(5).
(2) Hence (1,—1), (0, 1) belong to one sequence, and (0, 1), (0, —1) belong to the other sequence. Let
re(x,y) = (a(x)y + b(x))(c(x)y + d(x)) where a, b, ¢, d are polynomials in C[x]. Then
Jie+2(X) = fe41(x) = a(x)e(x),
~(Jie+1(x) = fi(x)) = a(x)d(x) + b(x)c(x),
=X (fie+1(x) = fie(x)) = b(x)d (x).
Without loss of generality, take a root a of fx1(x) — fx(x) which is also a root of b(x). The third

equation and Lemma 34(4) imply d(«) # 0. The first equation and Lemma 34(5) imply a(«) # 0. But
this gives a contradiction to the second equation.

Hence ry (x, p) is irreducible. a

Remark 51 Whenn =1, Wy = V(g2 —¢q1) = V(y + 1)U V(xy —x —1). Both components have
genus 0.

Lemma 52 Whenn = 2k + 1 > 3, r; is nondegenerate and there is no singular point in V; = V(ry).
Hence V}, is a hyperelliptic curve of genus k.

Proof The proof is straight forward using the same arguments as in the proof of Lemma 41. O

5.5.2 Other components When n = 2k + 1, Ry = V(Qk+2 — Q)11 Ok+1 — Q) ypr X + 1) is
birationally equivalent with its image, denoted by R,, under the restriction (x, y, z) — (y, z). The variety
R}, is defined by q;  , —qx+1 and gx42 —q;, |, Where

an(».2) = zfu(=z2 =)+ fam1 (=2 =), 4y (1.2) = Yfu(=2 =) + fu1 (=2 = ).
By a direct computation using the definition of f;,
Ry ={(=1.-DJUV(fi42(=y =2 + fit1(=y —2)).
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oo | g o(p)  #X,(S)  genera
A%B3 —4 2 1 0

A3 B? —4 2 1 0
AB? -3 3 1 0
A?B* —6 1 2 0,0
A3 B3 -7 3 3 0,0,0
A*B? —6 1 2 0,0

Table 1: Short words in A and B giving hyperbolic once-punctured torus bundles

The point (—1, —1, —1) is already contained in W, while the second algebraic set gives us k+ 1 components
{(x.y.2) | y+z+a=0,x+1=0}

as o ranges over the k + 1 distinct roots of fz 4, (1) + fx+1 (1) = 0. All these components are birationally
equivalent with affine lines.

5.6 Experimental results

As stated in Section 2.2, the choice of a monodromy as a positive word in A and B is not unique. Also,
there is no simple criterion to ensure that the absolute value of the trace is greater than two. We list in
Table 1 the shortest words with this property. The computations were executed with Singular [10] using
the following code template, and #X,(S) denotes the number of Zariski components of X, (.S). The map
m below represents ¢ and is given as a composition of maps alpha and betainv:

ring r=0,(x,y,z),dp;

map alpha=r,x,z,Xz-y;

map betainv=r,z,y,yz-X;

map m = [composition of alpha and betainv];
ideal I = m[1]-x,m[2]-y,m[3]-z;

def S = absPrimdecGTZ(I);

setring S;

absolute_primes;

The representative
+49 Bbr ga2 p=b2 ... gan p=bn

where n > 0, the a; and b; are positive integers, and the sign equals the sign of the trace of ¢, allows us
to build up a census of examples more efficiently. As explained in Section 2.4, if one is only interested in
the topology of the fixed-point set, then it suffices to restrict to the case of positive trace. We summarise
our computational results in Table 2.
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or lgs)  olp2)  #X,(S)  genera
AB™! 3 3 1 0

AB™2 4 2 1 0

A?*B1 4 2 0

AB™3 5 3 1 0

A*B~? 6 1 2 0,0
A3B~1 5 3 1 0

AB 'AB! 7 3 3 0,0,0
AB™* 6 2 2 0,0
A*B73 8 2 1 1

A3B~? 8 2 1 1

A*B™1 6 2 2 0,0

AB 1AB™2 10 2 3 0,0,0
AB~14%2B~1 10 2 3 0,0,0
AB™3 7 3 1 0

A*B~* 10 1 2 1,0
A3B73 11 3 2 1,0
A*B™? 10 1 2 1,0
A’B™1 7 3 1 0

AB 14AB3 13 3 3 1,0,0
AB~14%2B2 15 3 1 2
AB~143B~1 13 3 3 1,0,0

AB 24AB2 14 1 5 0,0,0,0,0
AB724%B1 15 3 1 2

AB 'AB1AB™! 18 1 7 0,0,0,0,0,0,0

Table 2: Short words in 4 and B~! giving hyperbolic once-punctured torus bundles.
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