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The structure of relatively hyperbolic groups
in convex real projective geometry

MITUL ISLAM

ANDREW ZIMMER

We prove a general structure theorem for relatively hyperbolic groups (with arbitrary peripheral subgroups)
acting naive convex cocompactly on properly convex domains in real projective space. We also establish
a characterization of such groups in terms of the existence of an invariant collection of closed unbounded
convex subsets with good isolation properties. This is a real projective analogue of results of Hindawi–
Hruska–Kleiner for CAT.0/ spaces. We also obtain an equivariant homeomorphism between the Bowditch
boundary of the group and a quotient of the ideal boundary.

20F65, 20F67, 22E40, 57N16, 57S20

1 Introduction

Let Hd denote real hyperbolic d -space and recall that a discrete subgroup � � Isom.Hd / is called
convex cocompact if there exists a nonempty �-invariant geodesically convex closed subset C � Hd

where the quotient �n C is compact. The Beltrami–Klein model realizes Hd as a properly convex domain
Bd � P .RdC1/ (namely the Euclidean unit ball in a standard affine chart) in such a way that the isometry
group Isom.Hd / coincides with the subgroup of PGLdC1.R/ which preserves Bd (namely PO.d; 1/ up
to conjugation). Further, in this model, a subset being geodesically convex is equivalent to being convex
in some (hence any) affine chart that contains Bd .

The Beltrami–Klein model perspective allows one to naturally generalize the classical notion of convex
cocompact groups. In particular, one can consider a general properly convex domain �� P .Rd / and the
group Aut.�/ � PGLd .R/ of projective automorphisms which preserve �. Then a discrete subgroup
� � Aut.�/ is called naive convex cocompact if there exists a nonempty �-invariant closed convex
subset C �� where the quotient �n C is compact. In this case, we say that .�; C; �/ is a naive convex
cocompact triple.

When the group � is word hyperbolic (eg in the classical real hyperbolic setting), there is a close
connection between this notion of naive convex cocompact groups and Anosov representations/higher
Teichmüller theory; see [7; 27]. As one moves beyond the word hyperbolic case, the structure of these
discrete groups becomes more mysterious.
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In this paper, we study naive convex cocompact groups which are (intrinsically) relatively hyperbolic
groups. This is a rich class with many examples, for instance where:

(a) � is a projective reflection group generated by reflection along faces of a projective Coxeter
polytope à la Vinberg and � is irreducible as a Coxeter group; see [8; 19].

(b) � is isomorphic to �1.M/ whereM is a closed three-manifold such that each geometric component
in its JSJ decomposition supports a hyperbolic structure; see [1; 17].

In both of these cases, the groups are relatively hyperbolic with respect to peripheral subgroups which are
virtually abelian of rank at least two. However, there also exist examples where � is relatively hyperbolic
with respect to non-virtually abelian subgroups; see the discussion in [23, Section 2.6.3]. The primary
goal of this paper is to describe the structure of such examples. One of our main results is proving that
the relative hyperbolicity of � is equivalent to the existence of a so-called peripheral family, a �-invariant
collection of closed convex subsets with good isolation properties.

This investigation extends some recent work. Previously in [15], we considered the special case where
the peripheral subgroups were virtually abelian of rank at least two. For such groups, we proved that
relative hyperbolicity is equivalent to the existence of a collection of properly embedded simplices with
good isolation properties. This geometric description is analogous to the case of CAT.0/ spaces with
isolated flats [13]. We also showed that the boundary of these simplices are, in a technical sense, the only
places where the boundary is irregular; see [15, Theorem 1.19(6), Theorem 1.8(7) and (8)]. Shortly after,
Weisman [23] considered convex cocompact groups (a more restrictive class than naive convex cocompact)
who were relatively hyperbolic and whose peripheral subgroups were also convex cocompact, but not
necessarily virtually abelian. For such groups he established a similar result about the irregular boundary
points and also showed that the Bowditch boundary could be realized as a quotient of the boundary.

There are a number of other results in the literature concerning relatively hyperbolic groups acting on
properly convex domains; see for instance [3; 4; 5; 6]. These results consider the case when �n C is
noncompact and characterize when � is relatively hyperbolic with respect to the fundamental groups of
the ends (under some geometric assumptions on the ends and C). There is some similarity between the
statements in this paper and the statements in [3; 4; 5], but to the best of our knowledge, there is no actual
overlap between the results.

We extend the results in [15; 23] to the case of general peripheral subgroups and the case of general naive
convex cocompact groups. The proofs build upon ideas from both papers.

We will now introduce the notation required to precisely state our main results. Given a properly convex
domain �� P .Rd /, we will let d� denote the Hilbert metric, which is a natural and classical Aut.�/-
invariant, proper, and complete metric on�; see Section 2.2 below. This allows us to speak of the diameter
diam�.A/ and r-open neighborhood N�.A; r/�� of a subset A�� relative to the Hilbert metric.
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Definition 1.1 Suppose that �� P .Rd / is a properly convex domain, C �� is a closed1 convex subset,
� � Aut.�/, and X is a collection of closed unbounded convex subsets of C. Then we say that:

(1) X is �-invariant if � �X D X .

(2) X is strongly isolated if for every r > 0 there exists D1.r/ > 0 such that if X1; X2 2X are distinct,
then

diam�.N�.X1; r/\N�.X2; r//�D1.r/:

(3) X coarsely contains the properly embedded simplices of C if there existsD2>0 such that if S�C is a
properly embedded simplex of dimension at least two, then there existsX 2X with S �N�.X;D2/.

When .�; C; �/ is a naive convex cocompact triple and X satisfies all three of the above conditions, we
say that X is a peripheral family of .�; C; �/.

Given a closed convex subset C�� of a properly convex domain, the ideal boundary of C is @i C WDC\@�
(see Section 2.3). Also, given x 2 x� we will let F�.x/ denote the open face of x in x� and given A� x�
we will let F�.A/D

S
x2A F�.x/. Using these boundary faces and a peripheral family, one can define a

natural quotient of the ideal boundary:

Definition 1.2 Suppose that X is a peripheral family of .�; C; �/. Let

Œ@i C�X WD @i C=�

be the topological quotient where x � y if and only if

(1) x; y 2 F�.@iX/ for some X 2 X , or

(2) F�.y/D F�.x/.

Remark 1.3 We remark that similar boundary quotients are considered by Choi [5] and Weisman [23].

We need one more piece of notation to state our main result: the limit set of a subgroup G � Aut.�/ is

L�.G/ WD @�\
S
p2�

G �p:

This definition ensures that L�.G/ is base point independent — unlike real hyperbolic geometry, the
accumulation points of a single orbit in � may depend on the base point.

Our main result — Theorem 1.4 below — is essentially an equivalence statement for a naive convex
cocompact triple .�; C; �/: the relative hyperbolicity of the group � is equivalent to the existence of a
peripheral family X . Theorem 1.4(1) shows that the group-theoretic property of relative hyperbolicity
implies the geometric property of admitting a peripheral family. Theorem 1.4(2) shows the converse.

1We make it our convention that, “Y �� is a closed subset” always means that Y is closed in the subspace topology inherited
from �.
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Theorem 1.4 Suppose that .�; C; �/ is a naive convex cocompact triple. Then the following hold :

(1) If � is relatively hyperbolic with respect to P D fP1; : : : ; PN g and Xj is the closed convex hull of
L�.Pj /\ @i C in �, then

X WD � � fX1; : : : ; XN g

is a peripheral family of .�; C; �/.

(2) If X is a peripheral family of .�; C; �/ and P WD fP1; : : : ; PN g is a set of representatives of the
�-conjugacy classes in fStab�.X/ WX 2 X g, then � is relatively hyperbolic with respect to P .

Moreover , when either of the above conditions are satisfied , then:

(a) .C; d�/ is relatively hyperbolic with respect to X D � � fX1; : : : ; XN g.

(b) There is a �-equivariant homeomorphism between the Bowditch boundary @.�;P/ and Œ@i C�X .

(c) Each .�;Xj ; Pj / is a naive convex cocompact triple.

(d) There exists L> 0 such that if x 2 @i C and diamF�.x/.F�.x/\ @i C/� L, then x 2 F�.@iX/ for
some X 2 X .

(e) There exists R > 0 such that if X 2 X and x 2 @iX , then

dHaus
F�.x/

.F�.x/\ @iX; F�.x/\ @i C/�R:

Remark 1.5 Properties (d) and (e) are somewhat technical. Informally, property (d) states that any
boundary face of � that @i C intersects in a “large set” must intersect the ideal boundary of an element
in X . Property (e) informally states that if X 2 X , then @iX coarsely contains any boundary face of @i C
that it intersects.

Theorem 1.4(1) and (2) can be viewed as a real projective analogue of the results of Hruska–Kleiner
and Hindawi–Hruska–Kleiner [13] in the setting of CAT.0/-geometry. This earlier work motivated the
results in this paper, but the methods of proof are very different. In particular, we should also note that
an old result of Kelly–Straus [18] says that a Hilbert geometry .�; d�/ is CAT.0/ if and only if it is
isometric to real hyperbolic .d�1/-space (in which case � coincides, up to a change of coordinates, with
the Beltrami–Klein model of real hyperbolic .d�1/-space).

As mentioned above, in previous work [15] we proved a version of Theorem 1.4 in the special case
when X consisted of properly embedded simplices of dimension at least two and the subgroups in P
were virtually abelian of rank at least two. In this case, using the simple structure of simplices and
abelian subgroups in naive convex cocompact groups (see [14]), one can weaken the strongly isolated
assumption to only assuming that X is closed and discrete. In fact, a substantial portion of this earlier
work was building a strongly isolated collection of properly embedded simplices from a closed and
discrete collection. It seems unlikely to us that such a weakening is possible in the general case.
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1.1 Convex cocompact groups

As mentioned above, the class of naive convex cocompact groups includes the more restrictive, but still
interesting, class of convex cocompact groups. For this class of groups, Theorem 1.4 can be restated in a
much simpler way.

Given a properly convex domain ��P .Rd / and a discrete subgroup � �Aut.�/, let C�.�/�� denote
the closed convex hull of L�.�/ in �.

Definition 1.6 A discrete subgroup � � Aut.�/ is called convex cocompact if C�.�/ is nonempty and
the quotient �n C�.�/ is compact.

Every convex cocompact subgroup is clearly naive convex cocompact, but the converse is not true; see [15,
Section 2.3] for some examples. One key difference between the two definitions is that if � � Aut.�/ is
convex cocompact, then any open boundary face of � which intersects @i C�.�/ is actually contained
in @i C�.�/. On the other hand, if .�; C; �/ is a naive convex cocompact triple, then it is possible for
@i C to intersect a boundary face of � in a small set. This seemingly small difference makes convex
cocompact groups much easier to study.

For convex cocompact groups, Theorem 1.4(a)–(e) can be restated and expanded as follows.

Theorem 1.7 (see Section 10) Suppose that �� P .Rd / is a properly convex domain and � � Aut.�/
is a convex cocompact subgroup. If � is relatively hyperbolic with respect to P D fP1; : : : ; PN g, then:

(a) .C�.�/; d�/ is relatively hyperbolic with respect to

X WD � � fC�.P1/; : : : ; C�.PN /g:

(b) Let Œ@i C�.�/�P denote the quotient of @i C�.�/ obtained by collapsing each limit set L�.
Pj 
�1/
to a point (where 
 2 � and Pj 2 P). Then there is a �-equivariant homeomorphism between the
Bowditch boundary @.�;P/ and Œ@i C�.�/�P .

(c) Each Pj is a convex cocompact subgroup of Aut.�/.

(d) If x 2 @i C�.�/ is not a C1-smooth point of � (ie � does not have a unique supporting hyperplane
at x), then x 2 L�.
Pj 
�1/ for some 
 2 � and Pj 2 P .

(e) If `� @i C�.�/ is a nontrivial line segment , then `� L�.
Pj 
�1/ for some 
 2 � and Pj 2 P .

We should note that the main new content of Theorem 1.7 is part (c). In particular:

(1) Part (a) is an immediate consequence of part (c).

(2) In [15] we previously proved parts (d) and (e) in the case where each Pj is virtually abelian with
rank at least two, and once part (c) is known, the same argument works in the more general setting.

(3) Weisman [23] established parts (b) and (e) with part (c) as an assumption.

In the context of convex cocompact groups, peripheral families can also be defined in terms of their
boundary behavior.
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Proposition 1.8 (see Section 10) Suppose that��P .Rd / is a properly convex domain and ��Aut.�/
is a convex cocompact subgroup. If X is a �-invariant collection of closed unbounded convex subsets
of �, then the following are equivalent :

(1) X is a peripheral family of .�; C�.�/; �/.

(2) X has the following properties:
(a) X is closed in the local Hausdorff topology induced by the Hilbert metric d�.
(b) If X1; X2 2 X are distinct , then @iX1\ @iX2 D¿.
(c) If `� @i C�.�/ is a nontrivial line segment , then `� @iX for some X 2 X .

Moreover , when the above conditions are satisfied , then

(1-1) Œ@i C�.�/�P D Œ@i C�.�/�X ;

where P is a set of representatives of the �-conjugacy classes in fStab�.X/ WX 2 X g.

Previously, Weisman [23, Theorem 1.16] characterized when a convex cocompact subgroup is hyperbolic
relative to a collection of convex cocompact subgroups in terms of the behavior of the limit sets of the
subgroups. We note that combining Proposition 1.8 and Theorem 1.4 provides a “subset” version of this
characterization.

1.2 The case of Gromov hyperbolic groups

A word hyperbolic group is relatively hyperbolic with respect to the empty set. Thus if .�; C; �/ is a
naive convex cocompact triple and � is a word hyperbolic group, then Theorem 1.4 holds with X D¿.

However, the choice of this peripheral family X is not canonical even for a convex cocompact group �
(unlike our work in [15] where X was the set of all maximal properly embedded simplices in C�.�/ of di-
mension at least two). For instance, suppose that � WD ha; bi is a convex cocompact subgroup of PSO.2; 1/
that is isomorphic to a free group on two generators. Then � is relatively hyperbolic with respect to
P WDfhgigwhere g WDaba�1b�1. Then X WD� �.gC; g�/where .gC; g�/ is the unique g-invariant projec-
tive line in the Beltrami–Klein model of H2. On the other hand, we can also choose X D¿ (when PD¿).

1.3 Outline of the paper and proofs

Sections 2 and 3 are expository. In Section 2 we recall the basic definitions and results about properly
convex domains that we will require and in Section 3 we recall some properties of relatively hyperbolic
spaces and groups.

Sections 4 through 9 are devoted to the proof of Theorem 1.4. The difficult part of Theorem 1.4 is part (2).
Our general strategy is based on combining ideas from [15] and [23]. In particular, as in [23], we will
use Yaman’s characterization of relatively hyperbolicity to show that � is relatively hyperbolic. We will
verify the conditions in Yaman’s theorem by further developing the ideas used in [15] to study closed and
discrete collections of properly embedded simplices.
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We should also note that Choi [5] (which predates the work of Weisman) used Yaman’s characterization to
verify that the fundamental groups of certain noncompact convex real projective manifolds were relatively
hyperbolic with respect to the fundamental groups of their ends.

The arguments used to verify the conditions of Yaman’s theorem in this paper are somewhat similar to
the analogous ones in [5; 23]. But given the different setups, there does not seem to be an easy way to
reduce the proofs in this paper to any lemmas in these two works.

The content of these sections is as follows:

(1) In Section 4 we prove a quantitative result which informally states that long line segments in an
open boundary face (relative to the Hilbert metric of the face) imply the existence of nearby properly
embedded simplices.

(2) In Section 5 we establish a number of useful properties of peripheral families.

(3) In Section 6 we prove that peripheral subgroups of a relatively hyperbolic naive convex cocompact
subgroup are themselves naive convex cocompact.

(4) In Section 7 we prove a technical result which will allow us to show that nonconical limit points are
bounded parabolic points. A key tool here is a “closest subset” projection map.

(5) In Section 8 we prove some basic properties of the quotient space Œ@i C�X , including a sufficient
condition for a point to be a conical limit point.

(6) In Section 9 we put everything together and prove Theorem 1.4.

Finally, in Section 10, we use Theorem 1.4 to prove Theorem 1.7.
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2 Preliminaries

2.1 Notation

If V �Rd is a nonzero linear subspace, we will let P .V /� P .Rd / denote its projectivization. In most
other cases, we will use Œo� to denote the projective equivalence class of an object o, for instance:
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(1) If v 2Rd nf0g, then Œv� denotes the image of v in P .Rd /.

(2) If � 2 GLd .R/, then Œ�� denotes the image of � in PGLd .R/.

(3) If T 2 End.Rd / n f0g, then ŒT � denotes the image of T in P .End.Rd //.

We also standardize some metric notations. If .X; d/ is a metric space, p 2X , A�X , and r > 0, then:

(1) NX .A; r/ WD fx 2X W d.x; A/ < rg.

(2) BX .p; r/ WD fx 2X W d.x; p/ < rg.

(3) diamX .A/ WD supfd.x; x0/ W x; x0 2 Ag.

2.2 Convexity and the Hilbert metric

A subset C � P .Rd / is

(1) properly convex if there exists an affine chart A of P .Rd / where C � A is a bounded convex
subset;

(2) a properly convex domain if C is properly convex and open in P .Rd /.

Given a properly convex set C � P .Rd / and a subset X � xC , we define its convex hull as

ConvHullC .X/ WD
T˚
Y W Y is a closed convex subset such that X � Y � xC

	
:

A line segment in P .Rd / is a connected subset of a projective line. Given two points x; y 2 P .Rd /

there is no canonical line segment with endpoints x and y, but we will use the following convention: if
C � P .Rd / is a properly convex set and x; y 2 xC , then (when the context is clear) we will let Œx; y�
denote the closed line segment joining x to y which is contained in xC . In this case, we will also let
.x; y/D Œx; y� n fx; yg, Œx; y/D Œx; y� n fyg, and .x; y�D Œx; y� n fxg.

Let �� P .Rd / be a properly convex domain. If x; y 2� are distinct, let Œa; b� WD P .Spanfx; yg/\ x�
where a and b are labeled such that x 2 Œa; y� (ie the points are ordered a, x, y, b along Œa; b�). Then the
Hilbert distance between x and y is defined to be

d�.x; y/ WD 1
2

logŒa; x; y; b�;
where

Œa; x; y; b� WD
jx� bjjy � aj

jx� ajjy � bj

is the cross-ratio (here j � j is some (any) norm in some (any) affine chart which contains a, x, y, b). Then
.�; d�/ is a complete geodesic metric space and Aut.�/ acts properly and by isometries on �; see for
instance [2, Section 28]. Further, the projective line segment Œx; y� is a geodesic for the Hilbert distance.

2.3 Boundaries and faces

Suppose that C � P .Rd / is a properly convex set. The relative interior of C , denoted by rel-int.C /, is
the interior of C in P .SpanC/. We will say that C is open in its span if C D rel-int.C /.
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The boundary of C is @C WD xC n rel-int.C /, the ideal boundary of C is @iC WD @C nC , and the nonideal
boundary of C is @nC WD @C \C .

Definition 2.1 If C � P .Rd / is a properly convex set which is open in its span and x 2 xC , let FC .x/
denote the open face of x:

FC .x/D fxg[ fy 2 xC W there exists an open line segment in xC containing x and yg:

We have the following observation about faces; see [16, Appendix] for a proof.

Observation 2.2 Suppose that �� P .Rd / is a properly convex domain.

(1) F�.x/D� when x 2�.

(2) F�.x/ is open in its span.

(3) y 2 F�.x/ if and only if x 2 F�.y/ if and only if F�.x/D F�.y/.

(4) If x; y 2 x�, z 2 .x; y/, p 2 F�.x/, and q 2 F�.y/, then

.p; q/� F�.z/:

In particular , .p; q/�� if and only if .x; y/��.

If B � C � P .Rd / are properly convex sets, then we say that B is properly embedded in C if B ,! C is
a proper map with respect to the subspace topology. Note that B is properly embedded in C if and only
if @iB � @iC .

2.4 Limits of automorphisms

Every T 2 P .End.Rd // induces a map

P .Rd / nP .kerT /! P .Rd /

defined by x 7! T .x/. We will frequently use the following observation.

Observation 2.3 If fTng is a sequence in P .End.Rd // converging to T 2 P .End.Rd //, then

T .x/D lim
n!1

Tn.x/

for all x 2 P .Rd / nP .kerT /. The convergence is uniform on compact subsets of P .Rd / nP .kerT /.

We can view P .End.Rd // as a compactification of PGLd .R/ and then consider limits of automorphisms
in this compactification.

Proposition 2.4 [14, Proposition 5.6] Suppose that �� P .Rd / is a properly convex domain , p0 2�,
and fgng is a sequence in Aut.�/ such that :

(1) gn.p0/! x 2 @�.

(2) g�1n .p0/! y 2 @�.

(3) gn! T in P .End.Rd //.

Then imageT � SpanF�.x/, P .kerT /\�D¿, and y 2 P .kerT /.

Algebraic & Geometric Topology, Volume 25 (2025)
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In the case of “nontangential” convergence we can say more.

Proposition 2.5 [14, Proposition 5.7] Suppose that �� P .Rd / is a properly convex domain , p0 2�,
x 2 @�, fpng is a sequence in Œp0; x/ converging to x, and fgng is a sequence in Aut.�/ such that

sup
n�1

d�.gn.p0/; pn/ <C1:

If gn! T 2 P .End.Rd //, then T .�/D F�.x/.

Proposition 5.7 in [14] is stated differently and a proof of the statement above can be found in [28,
Proposition 2.13].

2.5 Projective simplices

A subset S � P .Rd / is called a k-dimensional simplex in P .Rd / if there exists g 2 PGLd .R/ such that

gS D
˚
Œx1 W � � � W xkC1 W 0 W � � � W 0� 2 P .Rd / W x1; : : : ; xkC1 > 0

	
:

In this case, we call the kC 1 points

g�1Œ1 W 0 W � � � W 0�; g�1Œ0 W 1 W 0 W � � � W 0�; : : : ; g�1Œ0 W � � � W 0 W 1 W 0 W � � � W 0� 2 @S

the vertices of S .

The Hilbert metric on a simplex can be explicitly computed (see [11; 20, Proposition 1.7; 22]) and from
this explicit form one obtains the following.

Proposition 2.6 If �� P .Rd / is a properly convex domain and S �� is a properly embedded simplex ,
then .S; d�/ is quasi-isometric to RdimS.

Remark 2.7 By the definition of the Hilbert metric, dS D d�jS�S . So the quasi-isometry constants only
depend on dimS .

2.6 The Hausdorff distance and local Hausdorff topology

When .X; d/ is a metric space, the Hausdorff distance between two subsets A;B �X is defined by

dHaus
X .A;B/Dmax

˚
sup
a2A

inf
b2B

d.a; b/; sup
b2B

inf
a2A

d.a; b/
	
:

When .X; d/ is a complete metric space, dHaus
X is a complete metric on the set of nonempty compact

subsets of X .

Algebraic & Geometric Topology, Volume 25 (2025)
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The local Hausdorff topology is a natural topology on the set of nonempty closed sets in X . For a
nonempty closed set C0, a base point x0 2X , and r0; �0 > 0, define the set U.C0; x0; r0; �0/ to consist
of all closed subsets C �X where

dHaus
X .C0\BX .x0; r0/; C \BX .x0; r0// < �0:

The local Hausdorff topology on the set of nonempty closed subsets of X is the topology generated by the
sets U. � ; � ; � ; � /. This is the same topology as the one called the local Hausdorff convergence topology in
[16, Section 2.5].

2.7 Distance estimates for the Hilbert metric

The asymptotic behavior of the Hilbert distance connects naturally with the structure of open faces in the
boundary.

Proposition 2.8 Suppose that �� P .Rd / is a properly convex domain and fpng, fqng are sequences
in � where pn! p 2 x� and qn! q 2 x�. If

lim inf
n!1

d�.pn; qn/ <C1;

then F�.p/D F�.q/ and
dF�.p/.p; q/� lim inf

n!1
d�.pn; qn/:

Proof This is a well-known property of the Hilbert metric, but we provide the proof for the readers’
convenience.

Passing to a subsequence we can suppose that

lim inf
n!1

d�.pn; qn/D lim
n!1

d�.pn; qn/:

Since d� is proper, if at least one of p; q is in �, then both must be in �. Further, if p; q 2 �, then
F�.p/D F�.q/D� and the continuity of the Hilbert metric implies that

dF�.p/.p; q/D d�.p; q/D lim
n!1

d�.pn; qn/:

Hence we can assume that p; q 2 @�. It suffices to consider p ¤ q since otherwise dF�.p/.p; q/D 0.

For each n� 1, let an; bn 2 @� be the points where pn; qn 2 .an; bn/ and labeled so that the points are
in the order an, pn, qn, bn along .an; bn/. Passing to a subsequence, we can assume that an! a and
bn! b in @�. Then p; q 2 Œa; b�. Since p ¤ q and

lim
n!1

1
2

logŒan; pn; qn; bn�D lim
n!1

d�.pn; qn/ <C1;

the definition of the cross-ratio implies that a, p, q, b are all distinct. Hence p; q 2 .a; b/ and so
F�.p/D F�.q/. Finally, since .a; b/� F�.p/, the monotonicity of the Hilbert metric implies that

dF�.p/.p; q/� d.a;b/.p; q/D lim inf
n!1

d�.pn; qn/:
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We will frequently use the following fact about the Hausdorff distance between line segments.

Proposition 2.9 [14, Proposition 5.3] Suppose that � � P .Rd / is a properly convex domain. If
p1; p2; q1; q2 2 x� are such that .p1; p2/��, F�.p1/D F�.q1/, and F�.p2/D F�.q2/, then

dHaus
�

�
Œp1; p2�\�; Œq1; q2�\�

�
�maxfdF�.p1/.p1; q1/; dF�.p2/.p2; q2/g:

Using induction, Proposition 2.9 can be upgraded as follows.

Proposition 2.10 Suppose that �� P .Rd / is a properly convex domain , q1; : : : ; qm 2 x�, and

z 2 rel-int.ConvHull�.q1; : : : ; qm//:

If p1; : : : ; pm 2 x� and F�.pj /D F�.qj / for all 1� j �m, then

dHaus
F

�
ConvHull�.q1; : : : ; qm/\F; ConvHull�.p1; : : : ; pm/\F

�
� max
1�j�m

dF�.qj /.qj ; pj /;

where F WD F�.z/.

Proof For 1� k �m, let

Sk WD rel-int.ConvHull�.q1; : : : ; qk// and S 0k WD rel-int.ConvHull�.p1; : : : ; pk//:

Since Sk; S 0k are open in their span, there exist faces Fk; F 0k of � such that Sk � Fk and S 0
k
� F 0

k
.

For each 1� k �m, we claim that Fk D F 0k and

dHaus
Fk

.Sk; S
0
k/� max

1�j�k
dF�.qj /.qj ; pj /:

We induct on k. The base case k D 1 is by definition.

Fix k > 1. Then fix w 2 Sk . We will show that Fk D F 0k and

(2-1) dFk
.w; S 0k/� max

1�j�k
dF�.qj /.qj ; pj /:

If w D qk , then we must have qk 2 Sk�1. Then qk 2 Fk�1, which implies that pk 2 Fk�1. So
Sk [S

0
k
� Fk�1 and Fk D Fk�1 D F 0k by the induction hypothesis. Further,

dFk
.w; S 0k/� dFk

.qk; pk/D dF�.qk/.qk; pk/:

If w ¤ qk , then there exists q0 2 Sk�1 such that w 2 .q0; qk/. Indeed, if qk 2 xSk�1, then Sk D Sk�1
and then this is obvious as we can extend .qk; w� beyond w 2 Sk . Otherwise, if qk 62 xSk�1, then every
point in xSk is a nontrivial convex combination of a point q00 2 xSk�1 and qk . Among all such points in xSk ,
Sk D rel-int. xSk/ is precisely the set of points for which q00 2 Sk�1. In particular, as w 2 Sk , there exists
q0 2 Sk�1 such that w 2 .qk; q0/.

Since q0 2 Sk�1, by induction there exists p0 2 S 0
k�1

with

dFk�1
.q0; p0/� max

1�j�k�1
dF�.qj /.qj ; pj /:

There are two cases to consider depending on whether p0 equals pk or not.
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Case 1 Assume p0 ¤ pk . Then Observation 2.2(4) implies that .q0; qk/ [ .p0; pk/ � Fk . Since
.p0; pk/� Sk , we then have Fk D F 0k . Further, by Proposition 2.9,

dFk
.w; S 0k/� dHaus

Fk
..q0; qk/; .p

0; pk//� max
1�j�k

dF�.qj /.qj ; pj /:

Case 2 Assume p0 D pk . Then pk D p0 2 S 0k�1 � Fk�1, which implies that qk 2 Fk�1. Therefore
Sk [S

0
k
� Fk�1 and Fk D Fk�1 D F 0k by the induction hypothesis. Further, by Proposition 2.9,

dFk
.w; S 0k/� dFk

.Œq0; qk�; Œpk; pk�/�max.dFk
.q0; pk/; dFk

.qk; pk//� max
1�j�k

dF�.qj /.qj ; pj /:

Thus in all cases Fk D F 0k and (2-1) holds. Since w 2 Sk was arbitrary, we see that

sup
w2Sk

dFk
.w; S 0k/� max

1�j�k
dF�.qj /.qj ; pj /:

Repeating the same argument with w0 2 S 0
k

shows that

sup
w 02S 0

k

dFk
.w0; Sk/� max

1�j�k
dF�.qj /.qj ; pj /:

Hence,
dHaus
Fk

.Sk; S
0
k/� max

1�j�k
dF�.qj /.qj ; pj /:

This completes the proof of the claim.

Now, to prove the proposition, we apply the claim when kDm. Since z 2Sm, we have F DF�.z/DFm.
By the claim, Sm[S 0m � Fm and

dHaus
Fm

.Sm; S
0
m/� max

1�j�m
dF�.qj /.qj ; pj /:

Finally, Sm (resp. S 0m) is dense in ConvHull�.q1; : : : ; qm/\F (resp. ConvHull�.p1; : : : ; pm/\F ). So
the result follows.

3 Relatively hyperbolic spaces and groups

In this expository section we recall some basic properties of relatively hyperbolic groups and spaces. We
define relative hyperbolic spaces and groups in terms of Drut,u and Sapir’s tree-graded spaces; see [10,
Definition 2.1].

Definition 3.1 (1) A complete geodesic metric space .X; d/ is said to be relatively hyperbolic with
respect to a collection of subsets S if all its asymptotic cones, with respect to a fixed nonprincipal ultrafilter,
are tree-graded with respect to the collection of ultralimits of the elements of S.

(2) A finitely generated group G is said to be relatively hyperbolic with respect to a family of subgroups
fH1; : : : ;HN g if the Cayley graph of G with respect to some (hence any) finite set of generators is
relatively hyperbolic with respect to the collection of left cosets fgHi W g 2G; i D 1; : : : ; N g.

Remark 3.2 These are one among several equivalent definitions of relatively hyperbolic spaces/groups;
see [10] for more details.
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Recall that if .X; d/ is a metric space, A�X , and r > 0, then

NX .A; r/ WD fx 2X W d.x; A/ < rg:

We will frequently use the following properties of relatively hyperbolic spaces. These results are taken
from Drut,u–Sapir [10].

Theorem 3.3 Suppose that .X; dX / is relatively hyperbolic with respect to S.

(1) [10, Corollary 5.8] For any A � 1 and B � 0 there exists M DM.A;B/ such that if k � 2 and
f WRk!X is an .A;B/-quasi-isometric embedding , then there exists some S 2 S such that

f .Rk/�NX .S;M/:

(2) [10, Lemma 4.15] For any A � 1 and B � 0 there exists t D t .A;B/ such that if S 2 S, r � 1,
and 
 W Œ0; T �!X is an .A;B/-quasigeodesic with 
.0/; 
.T / 2NX .S; r/, then


.Œ0; T �/�NX .S; t r/:

(3) [10, Theorem 4.1] For any r > 0 there exists D DD.r/ > 0 such that if S1; S2 2 S are distinct ,
then

diamX .NX .S1; r/\NX .S2; r//�D:

3.1 Immediate consequences in convex projective geometry

As an immediate consequence of the general theory of relatively hyperbolic spaces, we have the following.

Proposition 3.4 Suppose that .�; C; �/ is a naive convex cocompact triple and X is a �-invariant
collection of closed unbounded convex subsets of C. If .C; d�/ is relatively hyperbolic with respect to X ,
then X is a peripheral family of .�; C; �/ (ie �-invariant , strongly isolated , and coarsely contains the
properly embedded simplices of C).

Proof Theorem 3.3(3) implies that X is strongly isolated. Proposition 2.6 and Theorem 3.3(1) imply
that X coarsely contains the properly embedded simplices of C.

3.2 Yaman’s characterization

We recall Yaman’s characterization of relatively hyperbolic groups in terms of convergence group
actions [21; 26].

Recall that when M is a nonempty compact Hausdorff metrizable space, a subgroup G � Homeo.M/

is called a convergence group if for every sequence fgng of distinct elements in G there exists a sub-
sequence fgnj

g and points x; y 2M such that gnj
jM�fyg converges locally uniformly to the constant

map x. For such a subgroup:
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(1) The limit set L.G/�M is the set of points x 2M where there exist y 2M and a sequence fgng
in G where gnjM�fyg converges locally uniformly to the constant map x.

(2) A point x 2 L.G/ is a conical limit point if there exist distinct points a; b 2M and a sequence of
elements fgng in G where limn!1 gn.x/D a and limn!1 gn.y/D b for all y 2M �fxg.

(3) A point x 2L.G/ is a parabolic point if StabG.x/ is infinite and nonloxodromic (ie x is the unique
fixed point in L.G/ for every g 2 StabG.x/ of infinite order).

(4) A parabolic point x 2 L.G/ is a bounded parabolic point if StabG.x/ acts cocompactly on
L.G/�fxg.

Finally, we say that a convergence groupG�Homeo.M/ is geometrically finite if L.G/ is a nonempty per-
fect set (ie #L.G/� 3) and every point in L.G/ is either a conical limit point or a bounded parabolic point.

Theorem 3.5 (Yaman [26, Theorem 0.1]) Suppose that G � Homeo.M/ is a geometrically finite
convergence group and B � L.G/ is the set of bounded parabolic fixed points. If B has finitely many
G-orbits and StabG.b/ WD fh 2G W h.b/D bg is finitely generated for every b 2 B , then:

(1) G is relatively hyperbolic with respect to PDfStabG.p1/;:::;StabG.pN /gwhereBD
FN
iD1G.pi /.

(2) The Bowditch boundary @.G;P/ is equivariantly homeomorphic to L.G/.

If � is relatively hyperbolic with respect to P , then � acts as a geometrically finite convergence group on
the Bowditch boundary.

4 Finding properly embedded simplices

For convex cocompact groups, if there is a line segment in the ideal boundary of the convex hull, then
there is a properly embedded simplex in the convex hull [7, Theorem 1.15]. This fails for naive convex
cocompact subgroups; see [15, Section 2.3]. Instead we will show that if there exists a line segment in
the ideal boundary which is sufficiently long (relative to the Hilbert metric of the face containing it), then
there exists a properly embedded simplex.

In the following proposition, dP denotes some distance on P .Rd / induced by a Riemannian metric.

Proposition 4.1 Suppose that .�; C; �/ is a naive convex cocompact triple and q 2 C. For any r; � > 0
there exists LD L.q; r; �/� 0 with the following property: if

(1) a; b 2 @i C are contained in a boundary face F of � with dF .a; b/� L,

(2) m 2 .a; b/ is the midpoint of Œa; b� relative to dF , and

(3) p 2 P .Spanfa; b; qg/\ C is sufficiently close to m (in the metric dP ),

then there exists a properly embedded simplex S � C of dimension at least two with

P .Spanfa; b; qg/\B�.p; r/�N�.S; �/:
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Proof Suppose for a contradiction that the proposition is false for some choice of r; � > 0. Then for
every n 2N there exist an; bn 2 @i C and a sequence fpn;j gj�1 where:

(1) an; bn are contained in a boundary face Fn and dFn
.an; bn/ > n.

(2) If mn 2 .an; bn/ is the midpoint of Œan; bn� relative to dFn
, then mn D limj!1 pn;j .

(3) pn;j 2 P .Spanfan; bn; qg/\ C for all j � 1.

(4) P .Spanfan; bn; qg/\B�.pn;j ; r/ is not contained in the �-neighborhood of any properly embedded
simplex in C of dimension at least two.

We first claim that for every n, there exists jn such that

(4-1) d�
�
pn;jn

; .an; q�[ Œq; bn/
�
�
1
2
n:

Fix n and suppose not. Then for every j 2N we can find an;j 2 .an; q� and bn;j 2 .bn; q� with

d�.pn;j ; fan;j ; bn;j g/� 1
2
n:

Since limj!1 pn;j Dmn and d� is proper, we must have limj!1 an;j D an and limj!1 bn;j D bn.
Further, by the definition of the Hilbert metric,

1
2
n� lim sup

j!1

d�.pn;j ; fan;j ; bn;j g/� dFn
.mn; fan; bng/ >

1
2
n:

So we have a contradiction and hence for each n such a jn exists.

After possibly passing to a subsequence we can find a sequence f
ng in � such that as n!1,


n.pn;jn
/! p1 2 C; 
n.an/! a1 2 C; 
n.bn/! b1 2 C; 
n.q/! q1 2 C:

By construction, Œa1; b1�� @i C, and by (4-1), we see that

Œa1; q1�[ Œq1; b1�� @i C:

Hence a1; b1; q1 are the vertices of a properly embedded two-dimensional simplex S � C which
contains p1. So for n large, we have

P
�
Spanf
n.an/; 
n.bn/; 
n.q/g

�
\B�.
n.pn;jn

/; r/�N�.S; �/;

which implies that
P .Spanfan; bn; qg/\B�.pn;jn

; r/�N�.
�1n S; �/:

Thus we have a contradiction.

5 Properties of peripheral families

Theorem 5.1 Suppose that .�; C; �/ is a naive convex cocompact triple and X is a peripheral family
of .�; C; �/ (ie X is �-invariant , strongly isolated , and coarsely contains all properly embedded simplices
in C). Then:

(1) � has finitely many orbits in X .

(2) If X 2 X , then Stab�.X/ acts cocompactly on X . In particular , Stab�.X/ is finitely generated.
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(3) If X1; X2 2 X are distinct , then F�.@iX1/\F�.@iX2/D¿.

(4) There exists L> 0 such that if x 2 @i C and diamF�.x/.F�.x/\ @i C/� L, then x 2 F�.@iX/ for
some X 2 X .

(5) There exists R > 0 such that if X 2 X and x 2 @iX , then

dHaus
F�.x/

.F�.x/\ @i C; F�.x/\ @iX/�R:

(6) If we have X 2 X , x 2 @iX , and Œx; y�� @i C, then Œx; y�� F�.@iX/.

(7) If Œx; y�� @i C, then either F�.x/D F�.y/, or there exists X 2 X such that x; y 2 F�.@iX/.

(8) If X 2 X , then Stab�.X/ acts cocompactly on

ConvHull�.F�.@iX/\ @i C/\�
and this set is nonempty.

For the rest of the section, fix �, C, � , and X satisfying the hypotheses of the theorem.

Since X coarsely contains all properly embedded simplices in C, there exists D2 > 0 such that if S � C is
a properly embedded simplex of dimension at least two, then there exists X 2 X with

(5-1) S �N�.X;D2/:

Lemma 5.2 If K � C is compact , then the set fX 2 X WX \K ¤¿g is finite.

Proof Suppose not. Then there exist an infinite sequence of pairwise distinct elements fXng in X where
Xn\K ¤¿ for all n. As each Xn is unbounded, we can fix kn 2Xn\K and xn 2 @iXn. Passing to a
subsequence we can suppose that kn! k 2K and xn! x 2 @i C. Then

lim inf
n;`!1

diam�
�
N�.Xn; 1/\N�.X`; 1/

�
� lim inf
n;`!1

diam�
�
N�.Œkn; xn/; 1/\N�.Œk`; x`/; 1/

�
D1;

and so by the strong isolation property Xn DX` for sufficiently large n; `. So we have a contradiction.

Lemma 5.3 (part (1)) � has finitely many orbits in X .

Proof Since � acts cocompactly on C, there exists a compact set K � C such that � �K D C. Then for
each X 2 X there exists g 2 � such that K \gX ¤¿. So by Lemma 5.2, there exist X1; : : : ; Xm such
that X D

Fm
iD1 � �Xi .

Lemma 5.4 (part (2)) If X 2 X , then Stab�.X/ acts cocompactly on X .

Proof This argument is standard; see [12, Theorem 3.7; 13, Section 3.1; 25, Proposition 4.0.4].

Fix a compact set K � C such that � �K D C. Let

G WD fg 2 � WX \gK ¤¿g:

Then X � G �K. Also, by the previous lemma

fg�1X W g 2 Gg D fh�11 X; : : : ; h�1k Xg
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for some h1; : : : ; hk 2 G. Notice that g�1X D h�1j X if and only if gh�1j 2 Stab�.X/; hence

G D
kS

jD1

Stab�.X/hj :

Finally, if yK WD
Sk
jD1 hjK, then yK is compact and X � Stab�.X/ � yK. So X D Stab�.X/ � .X \ yK/.

Since X is closed, X \ yK is compact and thus Stab�.X/ acts cocompactly on X .

Now, since X is convex, the metric space .X; d�/ is geodesic. So by the fundamental lemma of geometric
group theory, Stab�.X/ is finitely generated.

Lemma 5.5 (part (3)) If X1; X2 2 X are distinct , then F�.@iX1/\F�.@iX2/D¿.

Proof Suppose X1; X2 2X and x 2F�.@iX1/\F�.@iX2/. There exists x1 2 @iX1 and x2 2 @iX2 with

x1; x2 2 F�.x/:

Fix q1 2X1 and q2 2X2. Then Proposition 2.9 implies that

dHaus
� .Œq1; x1/; Œq2; x2//�maxfd�.q1; q2/; dF�.x/.x1; x2/g:

So for r >maxfd�.q1; q2/; dF�.x/.x1; x2/g, we have

diam�.N�.X1; r/\N�.X2; r//D1:

Since X is strongly isolated, then X1 DX2.

Recall that D2 is the constant in (5-1).

Lemma 5.6 There exists L> 0 such that if

(1) a; b 2 @i C are in the same boundary face F of �,

(2) dF .a; b/� L, and

(3) m is the midpoint of Œa; b� with respect to dF ,

then there exists X 2 X and x 2 @iX \F such that

dF .m; x/�D2C 1:

Proof Since X is strongly isolated, there exists r > 0 such that

(5-2) diam�.N�.X1;D2C 1/\N�.X2;D2C 1// < r

for all distinct pairs X1; X2 2 X . Fix q 2 C and let L> 0 satisfy Proposition 4.1 for q 2 C and constants
� D 1 and r as above. Now suppose

(1) a; b 2 @i C are in the same boundary face F of �,

(2) dF .a; b/� L, and

(3) m is the midpoint of Œa; b� with respect to dF .
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By our choice of L, there exists q0 2 .m; q� such that if p 2 .m; q0� then there exists some properly
embedded simplex Sp � C of dimension at least two such that

P .Spanfa; b; qg/\B�.p; r/�N�.Sp; 1/:

Then, by our choice of D2 in (5-1), there exists Xp 2 X such that

P .Spanfa; b; qg/\B�.p; r/�N�.Xp;D2C 1/:

We claim that Xp does not depend on p 2 .m; q0�. To verify this it is enough to fix p1; p2 2 .m; q0� with
d�.p1; p2/ < r and show that Xp1

and Xp2
coincide. For such p1; p2 2 .m; q0� we have

P .Spanfa; b; qg/\B�.p1; r/\B�.p2; r/�N�.Xp1
;D2C 1/\N�.Xp2

;D2C 1/;

and
diam�

�
P .Spanfa; b; qg/\B�.p1; r/\B�.p2; r/

�
� r:

So Xp1
DXp2

by our choice of r ; see (5-2).

Now let X WDXp for p 2 .m; q0�. Then

.m; q0��N�.X;D2C 1/

which implies, by Proposition 2.8, that there exists x 2 @iX \F such that

dF .m; x/�D2C 1:

Lemma 5.7 (part (4)) If x 2 @i C and

diamF�.x/.F�.x/\ @i C/� L;

then x 2 F�.@iX/ for some X 2 X .

Proof This follows immediately from Lemma 5.6.

Lemma 5.8 (part (5)) If X 2 X and x 2 @iX , then

dHaus
F�.x/

.F�.x/\ @i C; F�.x/\ @iX/�maxfL; 2D2C 2g:

Proof Fix X 2 X and x 2 @iX . Since F�.x/\ @iX � F�.x/\ @i C, it suffices to show that

sup
y2F�.x/\@i C

dF�.x/.y; F�.x/\ @iX/�maxfL; 2D2C 2g:

Fix y 2 F�.x/\ @i C and suppose for a contradiction that

dF�.x/.y; F�.x/\ @iX/ >maxfL; 2D2C 2g:

By changing x we may suppose that

dF�.x/.y; F�.x/\ @iX/D dF�.x/.y; x/:

Let m be the midpoint of Œx; y� with respect to dF�.x/. Then by Lemma 5.6 there exist X 0 2 X and
x0 2 @iX

0 such that
dF�.x/.m; x

0/�D2C 1:
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However, then x 2 F�.@iX/\F�.@iX 0/¤¿ and so by Lemma 5.5 we have X DX 0. So

D2C 1 <
1
2

dF�.x/.y; F�.x/\ @iX/D dF�.x/.m; F�.x/\ @iX/� dF�.x/.m; x
0/�D2C 1;

and we have a contradiction.

Lemma 5.9 (part (7)) If Œx; y� � @i C, then either F�.x/ D F�.y/, or there exists X 2 X such that
x; y 2 F�.@iX/.

Proof We suppose that F�.x/¤ F�.y/ and show that x; y 2 F�.@iX/ for some X 2X . Fix z 2 .x; y/.
Since F�.x/¤ F�.y/,

diamF�.z/..x; y//D1:

So by Lemma 5.7 there exists X 2 X with z 2 F�.@iX/. Then Lemma 5.8 implies that

.x; y/�NF�.z/.F�.z/\ @iX; maxfL; 2D2C 2g/:

Finally Proposition 2.8 implies that x; y 2 F�.@iX/.

Lemma 5.10 (part (6)) If we have X 2 X , x 2 @iX , and Œx; y�� @i C, then Œx; y�� F�.@iX/.

Proof This follows immediately from Lemmas 5.9 and 5.5.

Observation 5.11 If X 2 X , then ConvHull�.@iX/\� is nonempty.

Proof By assumption X is unbounded and so @iX ¤¿. Fix w2 2 @iX and w1 2X . Also fix a sequence
fw0ng � Œw1; w2/ such that w0n! w2. As Stab�.X/ acts cocompactly on X , for each n� 1 there exists

n 2 Stab�.X/ such that f
nw0ng lies in a compact subset of X . Up to passing to a subsequence, we can
assume that 
nw0n! z0 2 X and 
nwi ! zi 2 X for i D 1; 2. Then z2 2 @iX as @iX is compact and
z1 2 @iX as d�.z0; z1/D limn!1 d�.
nw0n; 
nw1/D1. Then .z1; z2/��; as z0 2 .z1; z2/\�.

Lemma 5.12 (part (8)) If X 2 X , then F�.@iX/\ @i C is closed in P .Rd / and Stab�.X/ acts cocom-
pactly on the nonempty set ConvHull�.F�.@iX/\ @i C/\�.

Proof We first verify that F�.@iX/\ @i C is closed. Suppose fxng is a sequence in F�.@iX/\ @i C
converging to some x 2 @i C (note @i C is closed). Then for each n there exists x0n 2 @iX with xn 2F�.x0n/.
In particular, Œxn; x0n�� @i C. Passing to a subsequence we can suppose that x0n! x0. Then x0 2 @iX and
Œx; x0�� @i C. Then Lemma 5.10 implies that x 2 F�.@iX/. Hence F�.@iX/\ @i C is closed.

Then the set
CX WD ConvHull�.F�.@iX/\ @i C/\�

is closed in C. As ConvHull�.@iX/ \� � CX , Observation 5.11 implies that CX is nonempty. As
Stab�.X/ acts cocompactly on X , it suffices to show that CX is contained in a bounded neighborhood
of X . Fix p 2 CX . Then there exist p1; : : : ; p` 2 F�.@iX/\ @i C such that p 2 ConvHull�.p1; : : : ; p`/.
Then by Lemma 5.8 there exist p01; : : : ; p

0
`
2 @iX such that

dF�.pj /.pj ; p
0
j /�maxfL; 2D2C 2g for j D 1; : : : ; `:
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Then by Proposition 2.10,

d�.p;X/� dHaus
�

�
ConvHull�.p1; : : : ; p`/\�;ConvHull�.p01; : : : ; p

0
`/\�

�
� max
1�j�`

dF�.pj /.pj ; p
0
j /�maxfL; 2D2C 2g:

Since p 2 CX was arbitrary, CX �N�.X;maxfL; 2D2C 2g/.

6 Naive convex cocompactness of peripheral subgroups

Proposition 6.1 Suppose that .�; C; �/ is a naive convex cocompact triple and � is relatively hyperbolic
with respect to fP1; : : : ; PN g. For 1� j �N , let

Xj WD ConvHull�.L�.Pj /\ @i C/\�:
Then:

(1) Each .�;Xj ; Pj / is a naive convex cocompact triple.

(2) .C; d�/ is relatively hyperbolic with respect to X WD � � fX1; : : : ; XN g.

The rest of the section is devoted to the proof of this proposition. Suppose .�; C; �/ is a naive convex
cocompact triple and � is relatively hyperbolic with respect to fP1; : : : ; PN g.

Fix a point p0 2 C. The fundamental lemma of geometric group theory implies that .C; d�/ is relatively
hyperbolic with respect to � � fP1.p0/; : : : ; PN .p0/g.

For each 1� j �N , let Lj � @i C denote the accumulation points of the orbit Pj .p0/ and let

yXj D ConvHull�.Lj /\�:

Lemma 6.2 yXj is nonempty and Pj acts cocompactly on yXj .

Proof For n � 1 let Y .n/j be the points which are contained in the convex hull of at most n points
in Pj .p0/. By Carathéodory’s convex hull theorem, Y .n/j D Y

.d/
j for all n � d . Further, the closure

of Y .d/j in � contains yXj .

By Theorem 3.3(2) there exists t > 0 such that if r � 1 and p; q 2 C \N�.Pj .p0/; r/, then we have
Œp; q��N�.Pj .p0/; t r/.

We claim that

(6-1) Y
.n/
j �N�.Pj .p0/; .n� 1/t/

for all n� 2. The base case follows by our choice of t . Suppose (6-1) holds for some n. If p 2 Y .nC1/j ,
then there exist p1 2 Pj .p0/ and p2 2 Y

.n/
j such that p 2 Œp1; p2�. Then, by induction there exists

q 2 Pj .p0/ with d�.p2; q/ < .n� 1/t . Then

Œp1; q�� Y
.2/
j �N�.Pj .p0/; t/;
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and by Proposition 2.9,

d�.p; Œp1; q�/� dHaus
� .Œp1; p2�; Œp1; q�/� d�.p2; q/ < .n� 1/t:

So p 2N�.Pj .p0/; nt/. Since p 2 Y .nC1/j was arbitrary, this completes the induction step. Thus (6-1)
holds for all n� 2.

Then
yXj � Y

.d/
j �N�.Pj .p0/; .d � 1/t/;

and so
yXj D Pj � .B�.p0; .d � 1/t/\ yXj /:

Thus Pj acts cocompactly on yXj .

We now show that yXj ¤¿. Since Pj is infinite and acts properly on �, there exists fgkg in Pj such that

lim
k!1

d�.p0; gk.p0//D1:

Let mk be the midpoint of Œp0; gk.p0/� with respect to d�. By (6-1),

mk 2 Y
.2/
j �N�.Pj .p0/; t/:

Thus there exists fhkg in Pj such that hk.mk/ 2 B�.p0; t /. Then, up to passing to a subsequence, we
can assume that hk.mk/!m 2� and hkŒp0; gk.p0/�! Œx; y�. Then x; y 2 Lj and so

m 2 .x; y/� yXj :

The fundamental lemma of geometric group theory implies that .C; d�/ is relatively hyperbolic with
respect to � � f yX1; : : : ; yXN g. In particular, by Proposition 3.4 and Theorem 5.1(5) there exists R> 0 such
that if 1� j �N and x 2 @i yXj , then

(6-2) dHaus
F�.x/

.F�.x/\ @i C; F�.x/\ @i yXj /�R:

Lemma 6.3 If 1� j �N , then
dHaus
F�.x/

. yXj ; Xj /�R:

Hence Pj acts cocompactly on Xj and .C; d�/ is relatively hyperbolic with respect to � � fX1; : : : ; XN g.

Proof First note that yXj �Xj , as Lj � L�.Pj /. By the previous lemma, Pj acts cocompactly on yXj .
Thus it suffices to show that

Xj �N�. yXj ; R/:

Fix q 2Xj . Then there exist q1; : : : ; q` 2 L�.Pj /\ @i C where

q 2 ConvHull�.q1; : : : ; q`/:

For each 1 � i � `, there exist pi 2� and a sequence f
i;ngn�1 in Pj with 
i;n.pi /! qi . Passing to
subsequences we can suppose that


i;n.p0/! q0i 2 Lj � @i yXj ;
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for all 1 � i � `. By Proposition 2.8, F�.qi / D F�.q0i /. So by (6-2) there exist q00i 2 @i yXj such that
dF�.qi /.qi ; q

00
i /�R. Then by Proposition 2.10,

d�.q; yXj /� dHaus
�

�
ConvHull�.q1;:::;q`/\�;ConvHull�.q001 ;:::;q

00
` /\�

�
� max
1�i�`

dF�.qi /.qi ;q
00
i /�R:

This finishes the proof of Proposition 6.1.

7 Cocompact boundary actions

Given a naive convex cocompact triple .�;X;G/, it seems natural to ask if G acts cocompactly on
@��F�.@iX/ or more generally on @i C�F�.@iX/ when C �� is a closed G-invariant convex subset
containing X . The next theorem gives a sufficient condition for this to occur.

Theorem 7.1 Suppose that .�;X;G/ is a naive convex cocompact triple and C � � is a closed
G-invariant convex subset containing X with the property that if x 2 @iX and Œx; y� � @i C, then
Œx; y�� F�.@iX/. Then G acts cocompactly on @i C �F�.@iX/.

Letting C D� and changing notation, we obtain:

Corollary 7.2 Suppose that .�; C; �/ is a naive convex cocompact triple with the property that if x 2 @i C
and Œx; y�� @�, then Œx; y�� F�.@i C/. Then � acts cocompactly on @��F�.@i C/.

Remark 7.3 The main application of Theorem 7.1 will be in Section 9 as we now explain. Suppose that
.�; C; �/ is a naive convex cocompact triple, X is a peripheral family of .�; C; �/, and X 2 X . Then
.�;X;Stab�.X// and C satisfy the conditions in Theorem 7.1; see Theorem 5.1(2) and (6). We will use
this in the proof of Theorem 1.4(2). In particular, we use this to show that nonconical points are bounded
parabolic points.

For the rest of the section, fix �, C, X , G satisfying the hypotheses of Theorem 7.1. The key idea will be
to study the following “closest point projection”.

Definition 7.4 Define �X W C! fsubsets of Xg as follows:

� For p 2 C, let
�X .p/ WD fx 2X W d�.p; x/D d�.p;X/g

denote the points in X closest to p.

� For y 2 @i C let �X .y/�X denote the set of all points x 2X where there exist sequences fpng
and fxng such that pn 2 C, xn 2 �X .pn/, pn! y, and xn! x.

We start by observing the following.

Observation 7.5 (1) If p 2 C, then �X .p/ is a compact convex subset of X .

(2) If p 2 C and x 2 �X .p/, then x 2 �X .q/ for all q 2 Œx; p�.

(3) If g 2G, then �X ıg D g ı�X .
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Proof Notice that if p 2 C, then

�X .p/DX \fx 2� W d�.p; x/� d�.p;X/g:

Part (1) is then a consequence of the fact that closed metric balls in the Hilbert metric are convex and
compact; see Proposition 2.9 above. Part (2) follows from the fact that Œx; p� can be parametrized to be a
geodesic in the Hilbert metric and part (3) is by definition.

Lemma 7.6 If y 2 @i C �F�.@iX/, then �X .y/�X is a nonempty bounded set.

Proof It suffices to fix sequences fpng and fxng such that pn2C, xn2�X .pn/, pn!y, and xn!x2X ,
then prove that x 2X .

Suppose for a contradiction that x 2 @iX . Since y 2 @i C � F�.@iX/ our hypothesis on X says that
.x; y/ � �. Fix v 2 .x; y/. Then pick a sequence vn 2 .xn; pn/ with vn! v. Then xn 2 �X .vn/ by
Observation 7.5(2). However, we then have

d�.v;X/D lim
n!1

d�.vn; X/D lim
n!1

d�.vn; xn/D lim
n!1

d�.v; xn/D1;

and we have a contradiction.

Lemma 7.7 If y 2 @i C \F�.@iX/, then �X .y/D¿.

Proof Suppose for a contradiction that there exist sequences fpng and fxng where pn 2 C, xn 2 �X .pn/,
pn! y, and xn! x 2X .

By hypothesis, there exists w 2 @iX with y 2 F�.w/. Fix q 2 .x; y/ such that d�.q; x/ > dF�.w/.y; w/.
Then fix qn 2 .xn; pn/ such that qn! q. By Observation 7.5(2),

d�.qn; X/D d�.qn; xn/;
and so

d�.q;X/D lim
n!1

d�.qn; X/D d�.q; x/ > dF�.w/.y; w/:

However, this is impossible since Proposition 2.9 implies that

d�.q;X/� d�.q; .x; w//� dHaus
� ..x; y/; .x; w//� dF�.w/.y; w/:

So we have a contradiction.

Lemma 7.8 If K �X is compact , then the set

yK WD fy 2 @i C W �X .y/\K ¤¿g
is compact.

Proof Consider a sequence fyng in yK where yn ! y 2 @i C. Fix xn 2 �X .yn/ \K. Passing to a
subsequence, we can suppose that xn! x 2 K. By the definition of �X , we can also find sequences
fpn;mg and fxn;mg such that pn;m 2 C, xn;m 2 �X .pn;m/, and

yn D lim
m!1

pn;m and xn D lim
m!1

xn;m:
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Then we can pick subsequences fpnj ;mj
g and fxnj ;mj

g such that

y D lim
j!1

pnj ;mj
and x D lim

j!1
xnj ;mj

:

So x 2 �X .y/\K and hence y 2 yK.

Proof of Theorem 7.1 Fix a compact setK�X such thatG �KDX . Then Lemmas 7.8 and 7.7 imply that

yK WD fy 2 @i C W �X .y/\K ¤¿g

is compact and contained in @i C �F�.@iX/.

We claim that
G � yK D @i C �F�.@iX/:

Fix y 2 @i C �F�.@iX/. By Lemma 7.6 there exists x 2 �X .y/. There exists g 2G such that g.x/ 2K.
Then g.x/ 2 �X .g.y// and so g.y/ 2 yK. So y 2G � yK. Since y was arbitrary, this proves the claim and
the theorem.

8 Basic properties of boundary quotients

For the rest of the section fix a properly convex domain �� P .Rd /, a closed convex subset C ��, and
a discrete subgroup � � Aut.�/ which preserves C. We do not assume that � acts cocompactly on C.

Also fix a �-invariant equivalence relation � on @i C such that the set

R WD f.x; y/ 2 @i C � @i C W x � yg

is closed and #.@i C=�/� 3. For each x 2 @i C, let Œx� denote the equivalence class of x and let

(8-1) Cx WD ConvHull�.Œx�/\�:

Notice that it is possible for Cx to be empty.

We consider two conditions:

Condition (1) Whenever x; y 2 @i C and Œx; y�� @�, we have x � y.

Condition (2) There exist r;D > 0 such that if x 6� y, then

diam�.N�.Cx; r/\N�.Cy ; r// < D:

We will prove the following results about the quotient space @i C=�. These arguments are similar to
analogous arguments of Choi [5] and Weisman [23].

Proposition 8.1 The quotient @i C=� is a compact Hausdorff metrizable space.

Proposition 8.2 If Condition (1) holds , then � acts as a convergence group on @i C=�.

To state the final result, we need a definition.

Definition 8.3 A point x 2 @� is a uniformly conical limit point of � acting on � if for any p0 2� the
image of Œp0; x/ in �n� is relatively compact.
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Proposition 8.4 If Conditions (1) and (2) hold , x 2 @i C is a uniformly conical limit point of � acting
on �, and Œx�� F�.x/, then Œx� 2 @i C=� is a conical limit point of � (in the convergence group sense;
see Section 3.2).

8.1 Proof of Proposition 8.1

The proof is an exercise in point set topology. We include it for the convenience of the reader. We also
note that similar arguments appear in [5, Proposition 10.3.8; 23, Proposition 8.10]. For the rest of this
proof, let � W @i C! @i C =� denote the quotient map.

We begin the proof with an useful observation:

Observation 8.5 Let U � @i C be an open set , U � WD fx 2 @i C W Œx�� U g, and V WD �.U �/. Then U �

and V are open subsets of @i C and @i C=� respectively.

Proof of Observation 8.5 If U � is empty, then V is empty and the statement is true. So assume that U �

is nonempty. To show that U � is open, we show that @i C � U � is closed. Consider any sequence
fzng in @i C �U � such that zn! z 2 @i C. Since zn 62 U �, there exists z0n 62 U such that .zn; z0n/ 2 R.
As @i C �U is compact, we can pass to a subsequence and assume that z0n! z0 2 @i C �U . Since R is
closed and .zn; z0n/! .z; z0/, we have .z; z0/ 2R. Thus, z 2 @i C �U � and hence @i C �U � is closed.

Since U � is a union of equivalence classes, we have

��1.V /D ��1.�.U �//D U �;

and so, by the definition of the quotient topology, V is open.

@i C=� is Hausdorff Since @i C is a compact Hausdorff space and R is closed, it is well known that
@i C=� is Hausdorff; eg [9, Proposition 1.4.4]. To see this, fix x; y 2 @i C such that �.x/¤ �.y/. Since
R is closed, Œw�D fz 2 @i C W .w; z/ 2Rg is a closed, and hence compact, subset of @i C for any w 2 @i C.
Then Œx� and Œy� are disjoint compact subsets of a Hausdorff space @i C. So we can separate Œx� and Œy�
using disjoint open sets Ux; Uy � @i C.

Let U �w WD fz 2 @i C W Œz�� Uwg and Vw WD �.U �w/ for w D x; y. By Observation 8.5, U �w are disjoint
open sets with Œw�� Uw for w D x; y. Then, by Observation 8.5, Vx and Vy are disjoint nonempty open
subsets of @i C=� that separate �.x/ and �.y/. So @i C=� is Hausdorff.

@i C=� is compact and metrizable Since @i C=� is Hausdorff and @i C=�D �.@i C/ is the continuous
image of a compact metric space, it is compact and metrizable; eg [24, Corollary 23.2]. Once again, we
include the argument.

Since @i C is compact and � is continuous, then @i C=� is compact. Then, by the Uryshon metrization
theorem, it suffices to show that @i C=� has a countable basis to prove that it is metrizable. Since @i C is
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a compact metrizable space, we can choose a countable basis U WD fUn W n 2Ng for @i C. Without loss of
generality, we can assume that U is closed under finite unions. For n� 1, let

U �n WD fx 2 @i C W Œx�� Ung and Vn WD �.U
�
n /:

By Observation 8.5, these are open sets. Further, since any equivalence class is compact and U is closed
under finite unions, for any x 2 @i C there exists Un with Œx� � Un. Then x 2 Œx� � U �n and Œx� 2 Vn.
Thus U� WD fU �n W U �n ¤¿; n 2Ng is an open cover of @i C and V WD fVn W U �n ¤¿; n 2Ng is an open
cover of @i C=�.

We will show that V a basis for the topology on @i C=�. Let w 2W � @i C=� where W is an open set.
Then ��1.w/ D Œw� is an equivalence class and hence compact. Then, since U is closed under finite
unions, there exists Un with Œw��Un � ��1.W /. Then w 2 V �n �W . Thus V is a basis for the topology.

8.2 Proof of Proposition 8.2

We also note that similar arguments appear in [5, Theorem 10.3.1; 23, Proposition 8.8].

Notice that Condition (1) implies that

@i C \F�.x0/� Œx0�
for all x0 2 @i C.

Suppose that f
ng is a sequence of distinct elements in � . Fix p0 2 C. Passing to a subsequence we
can suppose that 
n.p0/! x 2 @i C, 
�1n .p0/! y 2 @i C, and 
n ! S in P .End.Rd //. Then, by
Observation 2.3,

lim
n!1


n.z/D S.z/

for all z 2 P .Rd /�P .kerS/ and the convergence is locally uniform. By Proposition 2.4,

S.x��P .kerS//� x�\SpanF�.x/D F�.x/:
Then

S.C �P .kerS//� @i C \F�.x/� Œx�:

Proposition 2.4 also implies that P .kerS/ \ � D ¿ and y 2 P .kerS/. So if z 2 @i C \ P .kerS/,
then Œy; z�� @� and then Condition (1) implies that z 2 Œy�. Hence


nj.@i C=�/�Œy�

converges locally uniformly to the constant map Œx�.

8.3 Proof of Proposition 8.4

We also note that similar arguments appear in [5, Theorem 10.3.1; 23, Proposition 8.17].

Recall the notation Cx from (8-1). We start with a lemma.

Lemma 8.6 If y 2 @i C and z 2 F�.@i Cy/\ @i C, then z � y.
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Proof By hypothesis, there exists some z0 2 @i Cy with z 2 F�.z0/.

Since Œy� is closed, the extreme points of ConvHull�.Œy�/ are contained in Œy�. Then there exist
y1; : : : ; ym 2 Œy� such that

z0 2 rel-int
�
ConvHull�.fy1; : : : ; ymg/

�
:

Thus y1; : : : ; ym 2 F�.z0/. Then Œz; y1� � @� where z; y1 2 @i C. Condition (1) implies that z � y1.
Thus z � y.

Now suppose x 2 @i C is a uniform conical limit point of � acting on �. Fix p0 2 C and a sequence fpng
in Œp0; x/ with pn! x.

By Condition (2), there exist r;D > 0 such that if y1 6� y2, then

diam�.N�.Cy1
; r/\N�.Cy2

; r// < D:

Lemma 8.7 For every n 2N, there exists qn 2 Œpn; x/ such that

B�.qn; 2D/\ .p0; x/ 6�N�.Cy ; r/
for all y 2 @i C.

Proof Fix n 2N and suppose not. Then for every q 2 Œpn; x/ there exists y.q/ 2 @i C such that

B�.q; 2D/\ .p0; x/�N�.Cy.q/; r/:

Note that this implies that Cy.q/ is a nonempty set. We claim that Cy.q/ does not depend on q. To show
this it is enough to fix q0; q00 2 Œpn; x/ with d�.q0; q00/�D and show that Cy.q0/ D Cy.q00/. In this case,
B�.q0;D/� B�.q00; 2D/; hence

B�.q0;D/\ .p0; x/�N�.Cy.q0/; r/\N�.Cy.q00/; r/:

Then by our choice of D, we have Cy.q0/ D Cy.q00/. Thus Cy.q/ does not depend on q 2 Œpn; x/. Thus

.pn; x/�N�.Cy.pn/; r/

Then Proposition 2.8 implies that x 2 F�.@i Cy.pn//. So by the previous lemma x � y.pn/. Then
Cx D Cy.pn/ is nonempty, which contradicts the assumption that Œx�� F�.x/.

We finish the proof of Proposition 8.4. Fix a sequence fqng as in the above lemma. Since x is a uniformly
conical limit point, there exists a sequence f
ng in � such that f
n.qn/g is relatively compact in �.
Passing to a subsequence we can suppose that 
n.p0/! b, 
�1n .p0/! c, and 
n.x/! a. By the proof
of Proposition 8.2,


nj.@i C=�/�Œc�

converges locally uniformly to the constant map Œb�. Also 
nŒx�! Œa�. So, to show that Œx� is a conical
limit point in the convergence group sense, we need to prove that Œx�D Œc� and Œa�¤ Œb�.
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Suppose for a contradiction that Œa� D Œb�. Since f
n.qn/g is relatively compact in � and 
n.qn/ 2
.
n.x/; 
n.p0//, we have .a; b/��. Hence .a; b/� Ca and so for n large,

B�.
n.qn/; 2D/\ .
n.p0/; 
n.x//�N�.Ca; r/:
This implies that

B�.qn; 2D/\ .p0; x/�N�.C
�1
n .a/; r/;

which is a contradiction. So Œa�¤ Œb�.

Since 
n.Œx�/! Œa� and Œa�¤ Œb�, we must have Œx�D Œc�.

9 Proof of Theorem 1.4

In this section we prove Theorem 1.4. Suppose that .�; C; �/ is a naive convex cocompact triple.

Theorem 1.4(1) Suppose that � is relatively hyperbolic with respect to P WD fP1; : : : ; PN g and

Xj WD ConvHull�.L�.Pj /\ @i C/\�; where j D 1; : : : ; N:

Then Proposition 6.1 implies that .C; d�/ is relatively hyperbolic with respect to

X D � � fX1; : : : ; XN g:

Proposition 3.4 implies that X is a peripheral family of .�; C; �/.

Theorem 1.4(2) Suppose that X is a peripheral family of .�; C; �/ and P is a set of representatives of
the �-conjugacy classes in fStab�.X/ WX 2 X g. Let

Œ@i C�X WD @i C=�

be as in Definition 1.2. We claim that the action of � on Œ@i C�X satisfies Theorem 3.5.

Lemma 9.1 The set R WD f.x; y/ 2 @i C � @i C W x � yg is closed.

Proof Suppose that f.xn; yn/g is a sequence in R converging to .x; y/ in @i C � @i C.

Case 1 Assume .x; y/ � �. Then .xn; yn/ � � for n sufficiently large, and for such n there exists
Xn 2 X with xn; yn 2 F�.@iXn/. By Theorem 5.1(5) there is some R > 0 such that for every n there
exist x0n; y

0
n 2 @iXn where

dF�.xn/.xn; x
0
n/�R and dF�.yn/.yn; y

0
n/�R:

Then by Proposition 2.9,
dHaus
� ..xn; yn/; .x

0
n; y
0
n//�R:

Since .xn; yn/! .x; y/, this implies that

lim
n;k!1

diam�.N�.Xn; RC 1/\N�.Xk; RC 1//D1:
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Since X is strongly isolated, X WDXn DXk for n; k sufficiently large. Then

.x; y/�N�.X;RC 1/;

and so x; y 2 F�.@iX/ by Proposition 2.8. Thus x � y.

Case 2 Assume Œx; y�� @�. Then x � y by Theorem 5.1(7).

Let
B WD fŒF�.@iX/\ @i C� WX 2 X g � Œ@i C�X :

Lemma 9.2 (1) Œ@i C�X is a compact Hausdorff metrizable space.

(2) � acts as a convergence group on Œ@i C�X .

(3) If z 2 Œ@i C�X �B , then z is a conical limit point of � .

Proof We use the results of Section 8. Part (1) follows from the previous lemma and Proposition 8.1.

Notice that Theorem 5.1(7) implies that the quotient Œ@i C�X satisfies Condition (1) from Section 8. We
claim that the quotient Œ@i C�X satisfies Condition (2) from Section 8. First notice that if z 2 Œ@i C�X �B ,
then Cz D ¿. So it suffices to consider elements in B . Further, if b D ŒF�.@iX/\ @i C� 2 B , then by
Theorem 5.1(2) and (8), Stab�.X/ acts cocompactly on both Cb and X . So Cb is contained in a bounded
neighborhood of X . By Theorem 5.1(1), we can choose this bound to be independent of b. Then since X
is strongly isolated, Œ@i C�X satisfies Condition (2).

Then � acts as a convergence group on Œ@i C�X by Proposition 8.2. If z 2 Œ@i C�X �B , then we have
z D ŒF�.x/\ @i C� for some x 2 @i C and so Proposition 8.4 implies that z is a conical limit point of � .
This proves parts (2) and (3).

Lemma 9.3 (1) � has finitely many orbits in B .

(2) If b D ŒF�.@iX/ \ @i C� 2 B , then Stab�.b/ D Stab�.X/. In particular , Stab�.b/ is finitely
generated.

(3) If b 2 B , then b is a bounded parabolic fixed point.

Proof (1) This follows immediately from Theorem 5.1(1).

(2) It is clear that Stab�.b/� Stab�.X/. For the other inclusion, if 
 2 Stab�.b/, then

F�.@i .
X//D 
F�.@iX/D F�.@iX/:

So 
X DX by Theorem 5.1(3). Hence 
 2 Stab�.X/ and so Stab�.b/D Stab�.X/. The “in particular”
part then follows from Theorem 5.1(2).

(3) The proof is an application of Theorem 7.1, as outlined in Remark 7.3. We now provide the details.

Fix b D ŒF�.@iX/\ @i C� 2 B . By Theorem 5.1(2), Stab�.X/ acts cocompactly on X . Furthermore, by
Theorem 5.1(6), if x 2 @iX and Œx; y�� @i C, then Œx; y� 2 F�.@iX/.

Then Theorem 7.1 implies that Stab�.X/ acts cocompactly on @i C � F�.@iX/. Thus Stab�.b/ acts
cocompactly on Œ@i C�X �fbg.
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Then Theorem 3.5 implies that � is relatively hyperbolic with respect to P and there exists a �-equivariant
homeomorphism @.�;P/! Œ@i C�X .

Theorem 1.4(a)–(e) Now suppose that at least one of the conditions is satisfied. Proposition 6.1 implies
parts (a) and (c). Part (b) was established in the proof of Theorem 1.4(2); see the last paragraph. Parts (d)
and (e) follow from Theorem 5.1.

10 The convex cocompact case

We prove Theorem 1.7 and Proposition 1.8. As mentioned in the introduction, the key result which allows
our results to simplify in the convex cocompact case is the following observation; see [7, Corollaries 4.10
and 4.13].

Observation 10.1 Suppose that �� P .Rd / is a properly convex domain and � � Aut.�/ is a convex
cocompact subgroup.

(1) If x 2 @� and F�.x/\ @i C�.�/¤¿, then F�.x/� @i C�.�/.
(2) L�.�/D @i C�.�/. In particular , L�.�/ is closed.

Proof (1) Fix x 2 @� with F�.x/\@i C�.�/¤¿. Then Proposition 2.5 implies that F�.x/�L�.�/
and we have L�.�/� @i C�.�/ by the definition of C�.�/.

(2) Since � acts cocompactly on C, we have @i C�.�/�L�.�/ and the reverse inclusion is by definition
of C�.�/.

10.1 Proof of Theorem 1.7

Suppose that � �Aut.�/ is a convex cocompact group such that � is relatively hyperbolic with respect to
P WD fP1; : : : ; PN g. Then by definition .�; C�.�/; �/ is a naive convex cocompact triple. Let CDC�.�/
and

X WD � � fC�.P1/; : : : ; C�.PN /g:

Lemma 10.2 (parts (a) and (c)) Each Pj is a convex cocompact subgroup of Aut.�/ and .C; d�/ is
relatively hyperbolic with respect to X .

Proof Since L�.Pj /� L�.�/� @i C, then

C�.Pj /D ConvHull�.L�.Pj //\�D ConvHull�.L�.Pj /\ @i C/\�:

Proposition 6.1 implies that Pj acts cocompactly on C�.Pj /. Then .C; d�/ is relatively hyperbolic with
respect to X .

If X 2X , then X D 
 C�.Pj /D C�.
Pj 
�1/ for some 
 2� and 1� j �N . Then, since Pj is a convex
cocompact subgroup of Aut.�/, Observation 10.1 implies that

(10-1) F�.@iX/D @iX D L�.
Pj 
�1/:
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Lemma 10.3 (part (e)) If `� @i C�.�/ is a nontrivial line segment , then `� L�.
Pj 
�1/ for some

 2 � and Pj 2 P .

Proof Fix x 2 rel-int.`/. Then dimF�.x/� 1 and so, by Observation 10.1,

diamF�.x/.F�.x/\ @i C/D diamF�.x/ F�.x/D1:

Thus by Theorem 1.4(d), there exist 
 2 � and Pj 2 P such that

x 2 F�.@iX/;

where X D C�.
Pj 
�1/D 
 C�.Pj /. Then (10-1) implies that

rel-int.`/� F�.x/� F�.@iX/D L�.
Pj 
�1/:

Since L�.
Pj 
�1/ is closed (see Observation 10.1), this completes the proof.

Recall that, by definition, Œ@i C�.�/�P is obtained from @i C�.�/ by collapsing each L�.
Pj 
�1/ to a
point. Hence (10-1) and Lemma 10.3 imply that

(10-2) Œ@i C�X D Œ@i C�P :

Lemma 10.4 (part (b)) There is a �-equivariant homeomorphism

@.�;P/! Œ@i C�.�/�P :

Proof This follows immediately from Theorem 1.4(b) and (10-2).

To prove Theorem 1.7(d) we will use the following lemma.

Lemma 10.5 [15, Lemma 15.5] Assume that x 2 @i C is not a C 1-smooth point of @� and q 2 C. For
any r > 0 and � > 0 there exists qr;� 2 .x; q� with the following property: if p 2 .x; qr;��, then there exists
a properly embedded simplex S D S.p/� C of dimension at least two such that

(10-3) B�.p; r/\ .x; q��N�.S; �/:

Let us now prove part (d).

Lemma 10.6 (part (d)) If x 2 @i C�.�/ is not a C1-smooth point of �, then x 2 L�.
Pj 
�1/ for some

 2 � and Pj 2 P .

Proof Fix q 2 C. By Theorem 1.4, X is a peripheral family of .�; C; �/. So there exist constants
D1;D2 > 0 such that:

(a) If S � C is a properly embedded simplex of dimension at least two, then there exists X 2 X with
S �N�.X;D2/.

(b) If X1; X2 2 X are distinct, then

diam�.N�.X1;D2C 1/\N�.X2;D2C 1// < D1:
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Let q0 2 .x; q� satisfy Lemma 10.5 for the constants r DD1C1 and �D 1. Fix a sequence fpng in .x; q0�
such that pn! x and d�.pn; pnC1/� 1. For each n� 1, fix Sn � C a properly embedded simplex of
dimension at least two such that

B�.pn;D1C 1/\ .x; q��N�.Sn; 1/:
Then fix Xn 2 X such that

Sn �N�.Xn;D2/:
Then

B�.pn;D1/\ .x; q��
�
B�.pn;D1C 1/\B�.pnC1;D1C 1/

�
\ .x; q�

�N�.Xn;D2C 1/\N�.XnC1;D2C 1/:

Since diam�.B�.pn;D1/\ .x; q�/ � D1, this implies that there exists X 2 X such that X D Xn for
all n large enough. Then

.x; q0��N�.X;D2C 1/:

Now X D C�.
Pj 
�1/ for some 
 2 � and Pj 2 P . Finally, Proposition 2.8 and (10-1) imply that
x 2 @i C�.
Pj 
�1/D L�.
Pj 
�1/.

10.2 Proof of Proposition 1.8

Suppose that � � Aut.�/ is a convex cocompact subgroup and X is a �-invariant collection of closed
unbounded convex subsets of �.

(1) D) (2) Suppose that X is a peripheral family of .�; C�.�/; �/.

Lemma 10.7 X is closed in the local Hausdorff topology induced by the Hilbert metric d�.

Proof This follows immediately from Lemma 5.2.

Lemma 10.8 If X1; X2 2 X are distinct , then @iX1\ @iX2 D¿.

Proof We prove the contrapositive. Suppose x 2 @iX1\ @iX2. Fix q1 2X1 and q2 2X2. Then

dHaus
� ..x; q1�; .x; q2�/� d�.q1; q2/

by Proposition 2.9. So

.x; q1��N�.X1; d�.q1; q2/C 1/\N�.X2; d�.q1; q2/C 1/;

and hence X1 DX2.

Lemma 10.9 If `� @i C�.�/ is a nontrivial line segment , then `� @iX for some X 2 X .

Proof Fix x 2 rel-int.`/. Then dimF�.x/� 1 and so by Observation 10.1,

diamF�.x/.F�.x/\ @i C/D diamF�.x/ F�.x/D1:

Thus by Theorem 5.1(4) there exists X 2 X with x 2 F�.@iX/. We claim that F�.x/� @iX which will
imply the lemma.
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To show that F�.x/� @iX , it suffices to fix an extreme point e 2 @F�.x/ of F�.x/ and show that @iX
contains e. By Observation 10.1 and Theorem 5.1(5) there exists R > 0 such that

dHaus
F�.x/

.F�.x/; @iX \F�.x//�R:

Since FF�.x/.e/D feg, then Proposition 2.8 implies that e 2 @iX .

(2) D) (1) Suppose that X has the following properties:

(a) X is closed in the local Hausdorff topology induced by the Hilbert metric d�.

(b) If X1; X2 2 X are distinct, then @iX1\ @iX2 D¿.

(c) If `� @i C�.�/ is a nontrivial line segment, then `� @iX for some X 2 X .

Lemma 10.10 If X1; X2 2 X and F�.@iX1/\F�.@iX2/¤¿, then X1 DX2.

Proof By hypothesis there exists x1 2 @iX1 and x2 2 @iX2 with F�.x1/D F�.x2/. If x1 D x2, then
property (b) implies that X1 D X2. Otherwise, Œx1; x2� � F�.x1/ � @� and so by property (c) there
exists X3 with Œx1; x2�� @iX3. But then by property (b), X1 DX3 DX2.

Lemma 10.11 X is discrete in the local Hausdorff topology induced by the Hilbert metric d�.

Proof Fix a sequence fXng in X converging to some closed subset X . Since X is closed, X 2 X . Fix
p 2X and x 2 @iX .

We claim that Xn DX when n is sufficiently large. Suppose not. Then after passing to a subsequence we
can suppose that Xn ¤ X for all n. For each n fix pn 2 Xn such that pn! p. Passing to a tail of our
sequence we can suppose that d�.pn; p/ < 1 for all n. The previous lemma implies that x … F�.@iXn/
and so by Proposition 2.8,

lim
q2Œpn;x/;q!x

d�.q;Xn/DC1:

So for each n there exists qn 2 Œpn; x/ with d�.qn; Xn/D 1. Notice that

lim
n!1

d�.qn; X/� lim
n!1

dHaus
� ..x; pn�; .x; p�/� lim

n!1
d�.pn; p/D 0

by Proposition 2.9. Then, since Xn ! X in the local Hausdorff topology and d�.qn; Xn/ D 1, the
sequence fqng must leave every compact subset of �. So qn! x.

Since qn2C, there exists f
ng in � such that f
n.qn/g is relatively compact in�. Passing to a subsequence,
we can suppose that 
n.qn/!q12C, 
n.p/!p12C, 
n.X/!X1, and 
n.Xn/!Y1. Since qn!x,
we must have p1 2 @i C. Since X is �-invariant and closed in the local Hausdorff topology, X1; Y1 2X .

By construction, q1 2X1 and d�.q1; Y1/D 1. So X1 ¤ Y1. Also

lim
n!1

d�.
n.p/; 
n.pn//D lim
n!1

d�.pn; p/D 0;
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so Proposition 2.8 implies that 
n.pn/! p1. Then, by Proposition 2.9,

Œq1; p1/�N�.Y1; 2/;

since Œqn; pn� � N�.Xn; 2/ for all n. So Proposition 2.8 implies that p1 2 F�.@iY1/. However, by
construction, p1 2 @iX1 and so Lemma 10.10 implies that X1 D Y1. So we have a contradiction.

Lemma 10.12 X is strongly isolated.

Proof Fix r > 0 and suppose for a contradiction that for every n 2N there exist Xn; Yn 2 X distinct
such that

diam�.N�.Xn; r/\N�.Yn; r//� n:

Proposition 2.9 implies that Cn WDN�.Xn; r/\N�.Yn; r/ is convex.

We claim that each Cn is bounded in .C; d�/. If not, there exists x 2 xCn \ @�. Then Proposition 2.8
implies that x 2 F�.@iXn/\F�.@iYn/. So Xn D Yn by Lemma 10.10. Thus we have a contradiction
and so each Cn is bounded in .C; d�/.

For each n let .pn; qn/ � Cn denote an open line segment with maximal length (with respect to the
Hilbert metric). Then d�.pn; qn/� n.

Now fix a sequence f
ng in � such that f
n.pn/g is relatively compact in �. Passing to a subsequence,
we can assume that 
n.pn/! p 2�, 
n.qn/! q 2 x�, 
n.Xn/!X , and 
n.Yn/! Y . Then q 2 @i C,
as d�.p; qn/!1 and qn 2 C. Furthermore,

.q; p/�N�.X; r C 1/\N�.Y; r C 1/;

and X; Y 2 X . Proposition 2.8 implies that

q 2 F�.@iX/\F�.@iY /:

So Lemma 10.10 implies that X D Y . Then Lemma 10.11 implies that


n.Xn/DX D Y D 
n.Yn/

for n large. So Xn D Yn for n large and we have a contradiction.

The following result implies that X coarsely contains the properly embedded simplices of C.

Lemma 10.13 If S � C is a properly embedded simplex with dimension at least two , then there exists
X 2 X with S �X .

Proof Fix a properly embedded simplex S � C with dimension at least two. Let v1; : : : ; vk denote the
vertices of S . By property (c), for each 2� j � k there exists some Xj 2 X with Œv1; vj �� @iXj . Then
by property (b), X2 DX3 D � � � DXk . So by convexity S �X2.

Proof of (1-1) in Proposition 1.8 Suppose that (1) and (2) hold, and let P be a set of representatives of
the �-conjugacy classes in fStab�.X/ WX 2 X g. To show that the quotients Œ@i C�X and Œ@i C�P coincide
it suffices to prove the following.
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Lemma 10.14 If X 2 X , then @iX D F�.@iX/D L�.Stab�.X//.

Proof Let P D Stab�.X/.

We first observe that @iX D F�.@iX/. By definition @iX � F�.@iX/. For the other inclusion, fix
x 2 F�.@iX/. Then fix x0 2 @iX with x 2 F�.x0/. Observation 10.1 implies that x 2 @i C. So, if x0 ¤ x,
then there exists Y 2 X with Œx0; x� � @iY . But then @iX \ @iY ¤ ¿ which implies that X D Y . So
x 2 @iX . Thus @iX D F�.@iX/.

Next we show that L�.P / is a subset of @iX . Fix x 2L�.P /, then there exist p 2� and a sequence fgng
inP such that gn.p/!x. Fix q2X . By passing to a subsequence we may suppose that gn.q/!x02@iX .
Then Proposition 2.8 implies that x 2 F�.x0/� @iX .

Finally, Theorem 5.1(2) implies that P acts cocompactly onX and so @iX �L�.P / by Proposition 2.5.
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