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and the Deligne groupoid in positive characteristic

MARVIN VERSTRAETE

We develop a deformation theory controlled by pre-Lie algebras with divided powers over a ring of
positive characteristic. We show that every differential graded pre-Lie algebra with divided powers comes
with operations, called weighted braces, which we use to generalize the classical deformation theory
controlled by Lie algebras over a field of characteristic 0. Explicitly, we define the Maurer–Cartan set, as
well as the gauge group, and prove that there is an action of the gauge group on the Maurer–Cartan set.
This new deformation theory moreover admits a Goldman–Millson theorem which remains valid over the
integers. As an application, we give the computation of the �0 of a mapping space Map.Bc.C/;P/ with
C and P suitable cooperad and operad, respectively.
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5568 Marvin Verstraete

Introduction

An important result in deformation theory asserts that every deformation problem over a field of character-
istic 0 can be encoded by a differential graded Lie algebra (see [15; 18]). More precisely, any deformation
problem can be described by a solution of the Maurer–Cartan equation:

d.x/C 1
2
Œx; x�D 0;

in some differential graded Lie algebra. The group obtained by the integration of the differential graded
Lie algebra into a Lie group, called the gauge group, moreover acts on the Maurer–Cartan set. The orbits
of this action give isomorphism classes of deformation problems.

In [6], Dotsenko, Shadrin and Vallette showed that if the differential graded Lie algebra comes from a
differential graded pre-Lie algebra, then the Maurer–Cartan equation, the gauge group and its action on
the Maurer–Cartan set can be described in terms of pre-Lie operations. A differential graded pre-Lie
algebra is a vector space L with a bilinear operation ? W L˝L! L such that

.x ? y/ ? z� x ? .y ? z/D .�1/jyjjzj..x ? z/ ? y � x ? .z ? y//;

and which satisfies the Leibniz rule with respect to the differential. Every differential graded pre-Lie
algebra is in particular a differential graded Lie algebra with the graded commutator:

Œx; y�D x ?y � .�1/jxjjyjy ?x:

Dotsenko, Shadrin and Vallette showed in particular that given a pre-Lie algebraL, the pre-Lie exponential
map exp WL0! .1CL0/ induces an isomorphism between the gauge group and the group .1CL0;}; 1/
with } the circular product defined by

a} .1C b/D
X
n�0

1

nŠ
afb; : : : ; b„ ƒ‚ …

n

g;

where �f�; : : : ;�g denotes the symmetric braces determined by the pre-Lie structure ?, starting with
xfyg D x?y. Then, by writing the Maurer–Cartan equation as a zero-square equation, they prove that the
action of the gauge group on the Maurer–Cartan set can be computed in terms of the circular product } as

e� �˛ D .e� ?˛/} e��;

allowing us to have an easier way to compute the Deligne groupoid associated to any differential graded
pre-Lie algebra over a field of characteristic 0.

The aim of this paper is to develop a deformation theory in positive characteristic which generalizes the
deformation theory controlled by pre-Lie algebras over a field of characteristic 0 developed in [6]. Our
idea is to use differential graded pre-Lie algebras with divided powers.

The notion of a pre-Lie algebra with divided powers (or �.PreLie;�/-algebra) has been studied by
Cesaro in [3]. He showed in particular that every pre-Lie algebra with divided powers comes equipped
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with weighted brace operations �f�; : : : ;�gr1;:::;rn , for each collection of integers r1; : : : ; rn � 0, which
satisfy similar identities as the quantities

xfy1; : : : ; yngr1;:::;rn D
1Q
i ri Š

xfy1; : : : ; y1„ ƒ‚ …
r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

g

in a pre-Lie algebra over a field of characteristic 0 (see [3, Propositions 5.9–5.10] for a precise list of
these identities).

Every differential graded pre-Lie algebra with divided powers L comes equipped with analogous weighted
brace operations �f�; : : : ;�gr1;:::;rn which satisfy a graded version of the identities satisfied by weighted
braces in the nongraded framework. In this context, we have an analogue of the Maurer–Cartan equation:

d.x/C xfxg1 D 0:

With suitable convergence hypothesis, we also get that the circular product } can be written as

a} .1C b/D
X
n�0

afbgn

and gives rise to a group structure on 1 C L0. This group is called the gauge group of L. As in
characteristic 0, we also show that this group acts on the Maurer–Cartan set of L.

Theorem A Let K be a ring.

(i) In any complete differential graded pre-Lie algebra with divided powers L, the circular product },
defined as above , endows the set 1CL0 with a group structure.

(ii) If we denote by d the differential of L, then this group acts on the Maurer–Cartan set via

.1C�/ �˛ D .˛C�f˛g1� d.�//} .1C�/}�1:

We prove that this new deformation theory satisfies an analogue of the Goldman–Millson theorem given
in [12, Section 2.4]. Let Deligne.L;A/ be the Deligne groupoid of the complete dg pre-Lie algebra with
divided powers L˝mA, where L is a dg pre-Lie algebra with divided powers and mA the maximal ideal
of a local artinian algebra A over the field of fraction K of K. We precisely get the following result.

Theorem B Let K be a noetherian integral domain and K its field of fractions. Let L and L be two
positively graded �.PreLie;�/-algebras. Let ' W L! L be a morphism of �.PreLie;�/-algebras such
that H 0.'/ and H 1.'/ are isomorphisms and H 2.'/ is a monomorphism. Then for every local artinian
K -algebra A, the induced functor '� W Deligne.L;A/! Deligne.L;A/ is an equivalence of groupoids.

Other approaches to generalize the usual deformation theory in the positive characteristic framework have
been proposed recently in the literature. We have, for instance, a deformation theory in an associative
context, via A1-algebras, which is used to study deformations of group representations (see [16]). Another
approach is given by (spectral) partition Lie algebras to get a full generalization of the Lurie–Pridham
correspondence in the setting of a field with positive characteristic (see [1; 2]).
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The main motivation for the approach developed in this paper is that operadic deformation problems
are expressed in terms of pre-Lie structures. The goal is then to compute the �0 of a mapping
space Map.Bc.C/;P/, where we take any dg operad P on the target and the operad Bc.C/ given by
the cobar of a dg coaugmented cooperad C on the source. Recall simply that Bc.C/ defines a cofibrant
operad when C is cofibrant as a symmetric sequence (†�-cofibrant). It is well known that, over a field of
characteristic 0, the �0 of this mapping space is the set of isomorphism classes of the Deligne groupoid
of the Lie algebra Hom†.C;P/. Using the pre-Lie algebra structure of Hom†.C;P/, this can be seen as
a consequence of the computations in [6]. To extend this result, we first show that Hom†.C;P/ admits a
structure of a dg pre-Lie algebra with divided powers. Then we get the following statement.

Theorem C Let K be a field. Suppose that C is a †�-cofibrant coaugmented dg cooperad and P an
augmented dg operad. We then have an isomorphism:

�0.Map.Bc.C/;P//' �0Deligne.Hom†.C;P//;

where �0Deligne.Hom†.C;P// denotes the set of isomorphism classes of the Deligne groupoid.

Theorem C gives a first step for the calculation of the homotopy groups of a mapping space Map.Bc.C/;P/
over any field.

In the first part of this paper, we recall some definitions and properties on pre-Lie algebras and pre-Lie
algebras with divided powers: in Section 1.1 we briefly review the definition of the notion of a pre-Lie
algebra and the construction of the corresponding operad; in Section 1.2, we review the definition of a
pre-Lie algebra with divided powers and of the weighted brace operations.

In the second part, we develop the deformation theory for differential graded pre-Lie algebras with
divided powers: in Section 2.1, we study pre-Lie algebras with divided powers in the dg framework;
in Section 2.2, we define the circular product and prove assertion (i) of Theorem A; in Section 2.3, we
define the Maurer–Cartan set and prove assertion (ii) of Theorem A; in Section 2.4, we finally prove our
analogue of the Goldman–Millson theorem (Theorem B) for this new deformation theory.

We conclude this article with our application of this deformation theory for operadic deformation problems:
in Section 3.1, we introduce some basic definitions on symmetric sequences and operads which will be
useful to write our formulas; in Section 3.2, we study the structure of a differential graded pre-Lie algebra
with divided powers of the convolution operad; in Section 3.3, we finally give a proof of Theorem C.

Conventions We denote the symmetric group on n letters by †n. We recall that a permutation
� 2 †r1C���Crn is a shuffle permutation of type .r1; : : : ; rn/ if � preserves the order on the subsets
fr1C � � � C ri C 1 < � � � < r1C � � � C riC1g of f1 < � � � < r1C � � � C rng. The shuffle permutation � is
pointed if we also have �.1/ < �.r1C 1/ < � � �< �.r1C � � �C rn�1C 1/.

We denote by Sh.r1; : : : ; rn/ the subset of†r1C���Crn composed of shuffle permutations of type .r1; : : : ; rn/
and by Sh�.r1; : : : ; rn/ the subset of Sh.r1; : : : ; rn/ composed of pointed shuffle permutations.
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1 Recollections on pre-Lie algebras with divided powers

We first recall some definitions and basic properties on pre-Lie algebras and pre-Lie algebras with divided
powers. Pre-Lie algebras were introduced in deformation theory by Gerstenhaber in [10], while pre-Lie
algebras with divided powers were introduced by Cesaro in [3].

In Section 1.1, we give brief recollections on the notion of a pre-Lie algebra. We will more particularly
see pre-Lie algebras as algebras over an operad introduced by Chapoton and Livernet in [5], the rooted
tree operad, of which we also recall the definition in this subsection.

In Section 1.2, we give recollections on the notion of a pre-Lie algebra with divided powers. These
objects can be seen as pre-Lie algebras with some extra operations. We will focus on some of these
operations called weighted braces that will mimic the quantities which appear in the definition of the
circular product.

1.1 Pre-Lie algebras and the rooted tree operad

We will use the following basic definitions.

Definition 1.1 A pre-Lie algebra over a ring K is a K-module L endowed with a bilinear morphism
? W L˝L! L such that

.x ? y/ ? z� x ? .y ? z/D .x ? z/ ? y � x ? .z ? y/:

The category of pre-Lie algebras is isomorphic to the category of symmetric braces algebras (see [17]
or [13]). The symmetric braces �f�; : : : ;�g are defined by induction on the length of the brace by

afg D a;

afb1g D a ? b1;

8n� 1; afb1; : : : ; bng D afb1; : : : ; bn�1gfbng�
n�1P
iD1

afb1; : : : ; bi�1; bifbng; biC1; : : : ; bn�1g;

for all a; b1; : : : ; bn 2 L.

For our purpose, it will be more convenient to see pre-Lie algebras as algebras over an operad. This
operad can be described in terms of rooted trees as follows.
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Definition 1.2 (see [5, Section 1.5]) We call an n-rooted tree a nonplanar tree with n vertices equipped
with a numbering from 1 to n, together with a distinguished vertex called the root. By convention, we
choose to put the root at the bottom in any representation of a tree.

We let RT .n/ to be the set of all trees with n vertices, and PreLie.n/DKŒRT .n/�.

The collection PreLie is endowed with an operad structure. The action of †n on PreLie.n/ for all
n � 1 is given by the permutation of the indices attached to the vertices. The i th partial composition
S ıi T 2 PreLie.pC q� 1/ of S 2RT .p/ and T 2RT .q/ is given by the sum of all the possible trees
obtained by putting T in the vertex i of S , with the obvious choice of the numbering (see an example in
[5, Section 1.5]). This operad is also called the rooted tree operad.

One can show that the algebras over the rooted tree operad are precisely the pre-Lie algebras (see
[5, Section 1.9]). In particular, the symmetric braces are given by the trees Fn for n� 0 called corollas
with n leaves:

Fn D
1

2 3 nC 1� � �
:

1.2 Pre-Lie algebras with divided powers

In this part, we recall the notion of a pre-Lie algebra with divided powers. We obtain this definition as a
particular case of a general construction, for algebras over an operad, which we briefly recall.

Every operad P on a suitable monoidal category C gives a functor S.P;�/ W C ! C , called the Schur
functor, defined by

S.P; V /D
M
n�0

P.n/˝†n V
˝n;

where we consider, in the direct sum, the coinvariants of P.n/˝V ˝n under the diagonal action of †n
given by its action on P.n/ and its action by permutation on the tensor product V ˝n. The image of a
tensor product p˝ v1˝ � � � ˝ vn 2 P.n/˝ V ˝n in P.n/˝†n V ˝n will be denoted by p.v1; : : : ; vn/.
The Schur functor defines a monad and the category of algebras over this monad is the usual category of
algebras over the operad P . In particular, pre-Lie algebras in the sense of Definition 1.1 are identified
with S.PreLie;�/-algebras.

In the above definition, one can chose to take invariants instead of coinvariants. We obtain a new functor
�.P;�/ W C ! C defined by

�.P; V /D
M
n�0

P.n/˝†n V ˝n:

If P.0/ D 0, this functor also gives a monad (see [7, Section 1.1.18]). The algebras over this monad
are called P-algebras with divided powers. The motivation for this terminology comes from the fact
that �.Com;�/-algebras are precisely the usual commutative and associative algebras over K with
divided powers.
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If C is a category whose objects are K-modules, then we have a morphism of monads Tr WS.P; V /!�.P; V /
called the trace map and defined by

Tr.p.v1; : : : ; vn//D
P
�2†n

.� �p/˝ v��1.1/˝ � � �˝ v��1.n/:

If K is a field of characteristic 0, the trace map is an isomorphism. It is no longer the case in general
when char.K/¤ 0.

In the caseC DModK of the category of K-modules and PDPreLie, if V is a free K-module, we however
have an isomorphism of modules given by the orbit morphism O W S.PreLie; V /! �.PreLie; V / defined
as follows. Let n� 1 and t 2 PreLie.n/˝V ˝n be a basis element. We set

O.t/D
P

�2†n=Stab†n .t/
� � t;

where Stab†n.t/ is the stabilizer of t under the diagonal action of †n on PreLie.n/˝V ˝n. The map O
is then extended by linearity on PreLie.n/˝V ˝n.

Theorem 1.3 (A Cesaro [3]) Every pre-Lie algebra with divided powers L comes equipped with
operations �f�; : : : ;�gr1;:::;rn W L

�nC1! L called weighted braces which satisfy

(i) xfy�.1/; : : : ; y�.n/gr�.1/;:::;r�.n/ D xfy1; : : : ; yngr1;:::;rn ,

(ii) xfy1; : : : ;yi�1;yi ;yiC1; : : : ;yngr1;:::;ri�1;0;riC1;:::;rn D xfy1; : : : ;yi�1;yiC1; : : : ;yngr1;:::;ri�1;riC1;:::;rn ,

(iii) xfy1; : : : ; �yi ; : : : ; yngr1;:::;ri ;:::;rn D �
rixfy1; : : : ; yi ; : : : ; yngr1;:::;ri ;:::;rn ,

(iv) xfy1; : : : ;yi ;yi ; : : : ;yngr1;:::;ri ;riC1;:::;rnD
�
riCriC1
ri

�
xfy1; : : : ;yi ; : : : ;yngr1;:::;ri�1;riCriC1;riC2;:::;rn ,

(v) xfy1; : : : ; yi C eyi ; : : : ; yngr1;:::;ri ;:::;rn D riP
sD0

xfy1; : : : ; yi ; eyi ; : : : ; yngr1;:::;s;ri�s;:::;rn ,

(vi) xfy1; : : : ; yngr1;:::;rnfz1; : : : ; zmgs1;:::;sm

D
P

siDˇiC
P
˛
�;�
i

1Q
j .rj /Š

xfy1fz1; : : : ; zmg˛1;11 ;:::;˛
1;1
m
; : : : ; y1fz1; : : : ; zmg˛1;r11 ;:::;˛

1;r1
m

;

: : : ; ynfz1; : : : ; zmg˛n;11 ;:::;˛
n;1
m
; : : : ; ynfz1; : : : ; zmg˛n;rn1 ;:::;˛

n;rn
m

; z1; : : : ; zmg1;:::;1;ˇ1;:::;ˇm ;

for all n;m� 0, r1; : : : ; rn; s1; : : : ; sm � 0, 1� i � n, � 2†n, � 2K and x; y1; : : : ; yn; z1; : : : ; zm 2 L.

The formula (vi) is written in a form that uses fractions for more convenience, but can be reduced
to Z using the other formulas. The process works as follows. Let i such that 1 � i � n. In the
sum, we first fix ˇ1; : : : ; ˇm and ˛p;qj for 1 � j � m, 1 � q � rj and p ¤ i . We obtain a sum with
.˛
i;1
1 ; : : : ; ˛

i;1
m ; : : : ; ˛

i;ri
1 ; : : : ; ˛

i;ri
m / as variables. We identify this last tuple with a tuple of tuples of the

form ..˛
i;1
1 ; : : : ; ˛

i;1
m /I : : : I .˛

i;ri
1 ; : : : ; ˛

i;ri
m //. Let u be one of these tuples and suppose

uD .eu1; : : : ; eu1„ ƒ‚ …
t1

; : : : ;fuq; : : : ;fuq„ ƒ‚ …
tq

/

up to permutation. If eu1; : : : ;fuq are given, we exactly have ri Š=.t1Š � � � tqŠ/ such terms occurring in the
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sum. Then, by using the symmetry formula (i), the formula (iv) and by summing over all such tuples, we
have, in the sum,

1Q
j .rj /Š

ri Š

t1Š � � � tqŠ
t1Š � � � tqŠ xfy1fz1; : : : ; zmg˛1;11 ;:::;˛

1;1
m
; : : : ; y1fz1; : : : ; zmg˛1;r11 ;:::;˛

1;r1
m

; : : : ;

yifz1; : : : ; zmg �u1 ; : : : ; yifz1; : : : ; zmg �uq ; : : : ; ynfz1; : : : ; zmg˛n;11 ;:::;˛
n;1
m
; : : : ;

ynfz1; : : : ; zmg˛n;rn1 ;:::;˛
n;rn
m

; z1; : : : ; zmg1;:::;t1;:::;tq ;:::;1;ˇ1;:::;ˇm ;

where we have set yifz1; : : : ; zmg �uk D yifz1; : : : ; zmg˛1;:::;˛m if fuk D .˛1; : : : ; ˛m/. Hence,

1Q
j¤i .rj /Š

xfy1fz1; : : : ; zmg˛1;11 ;:::;˛
1;1
m
; : : : ; y1fz1; : : : ; zmg˛1;r11 ;:::;˛

1;r1
m

; : : : ;

yifz1; : : : ; zmg �u1 ; : : : ; yifz1; : : : ; zmg �uq ; : : : ; ynfz1; : : : ; zmg˛n;11 ;:::;˛
n;1
m
; : : : ;

ynfz1; : : : ; zmg˛n;rn1 ;:::;˛
n;rn
m

; z1; : : : ; zmg1;:::;t1;v;tq ;:::;1;ˇ1;:::;ˇm :

By iterating this argument on the other terms, we obtain an expression over Z.

The reader can find an example of such a reduction of the formula (vi) in [3, Example 5.11], as well as a
proof of the previous theorem (see [3, Propositions 5.9–5.10]).

We give the explicit construction of the weighted braces.

Construction 1.4 We regard the weighted braces xfy1; : : : ; yngr1;:::;rn as the action of the corolla FP
i ri

on the tensor

x˝y1˝ � � �˝y1„ ƒ‚ …
r1

˝ � � �˝yn˝ � � �˝yn„ ƒ‚ …
rn

where we regard the yi ’s as distinct variables (see below). If yi ¤ yj for all i ¤ j , then we precisely set

xfy1; : : : ; yngr1;:::;rn D 
.OFPi ri .x; y1; : : : ; y1„ ƒ‚ …
r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

//;

where 
 is the �.PreLie;�/-algebra structure on L.

In order to include the case where some of the yi ’s might be the same, let En be the free K-module
generated by a basis e; e1; : : : ; en. Let  x;y1;:::;yn WEn! L be the morphism which sends e to x and ei
to yi for all 1� i � n. We obtain a morphism

�.PreLie;  x;y1;:::;yn/ W �.PreLie; En/! �.PreLie; L/:

We then take the orbit map at the source and apply this morphism next to have a good definition of the
weighted braces.

Remark 1.5 The converse of the previous theorem is also true, provided that L is free as a K-module.
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2 Deformation theory of �.PreLie;�/-algebras

The main goal of this section is to extend the results proved in [6] in the context of a ring of positive
characteristic. The main idea is that formulas which define the circular product and the gauge action can
be written in terms of weighted brace operations.

In Section 2.1, we revisit the definition of pre-Lie algebras with divided powers in the dg framework.
In particular, we give the analogue of the weighted brace operations. We then make explicit an example
of differential graded pre-Lie algebras with divided powers given by differential graded brace algebras.

In Section 2.2, we define the circular product } in terms of weighted brace operations that will generalize
the one given in [6]. We then show that this induces a group called the gauge group associated to the
�.PreLie;�/-algebra.

In Section 2.3, we define the Maurer–Cartan equation in a �.PreLie;�/-algebra, and then the Maurer–
Cartan set. We also see that the gauge group acts on the Maurer–Cartan set by a similar formula given in [6].

In Section 2.4, we finally motivate this new deformation theory with an analogue of the Goldman–Millson
theorem. This theorem, in particular, has the advantage to be true on integers.

2.1 Differential graded pre-Lie algebras with divided powers

As we are dealing with differential graded modules, our first goal is to define and study differential graded
pre-Lie algebras with divided powers.

In the following sections, we assume that dg modules are equipped with a cohomological grading
convention. We will denote by ˝ the usual tensor product of graded modules over any ring K. This
induces a symmetric monoidal category that we will denote by dgModK. If there is no possible confusion,
then we will denote by ˙ any sign produced by the Koszul sign rule.

2.1.1 Weighted braces on �.PreLie;�/-algebras Our goal here is to extend [3, Proposition 5.13] in
the context of dg modules. We begin with a basic definition.

Definition 2.1 A differential graded pre-Lie algebra is an algebra over the monad

S.PreLie;�/ W dgModK! dgModK:

Equivalently, we can see that a differential graded pre-Lie algebra is a graded module LD
L
k2ZL

k

endowed with a morphism of graded modules ? W L˝L! L such that

.x ? y/ ? z� x ? .y ? z/D˙..x ? z/ ? y � x ? .z ? y//

and a differential d W Lk! LkC1, which satisfies

d.x ? y/D d.x/ ? y˙ x ?d.y/;

where ˙ is the sign yielded by the permutation of x and d .

Algebraic & Geometric Topology, Volume 25 (2025)



5576 Marvin Verstraete

We now define the notion of a pre-Lie algebra with divided powers in the dg framework.

Definition 2.2 A differential graded pre-Lie algebra with divided powers is an algebra over the monad
�.PreLie;�/ W dgModK! dgModK.

Let L 2 dgModK. Suppose that Lk is a free K-module for every k 2 Z. Let L be a basis of L composed
of homogeneous elements. Then we have a basis on PreLie.n/˝L˝n for every n� 1 given by tensors
T ˝ e1 ˝ � � � ˝ en where T 2 RT .n/ and e1; : : : ; en 2 L. We denote by RT .n/˝ L˝n this basis.
If char.K/¤ 2, then the action of †n on PreLie.n/˝L˝n does not restrict to an action on RT .n/˝L˝n

because of the Koszul sign rule. To handle things properly, we put this sign apart. We endow RT .n/˝L˝n

with the diagonal action of †n where †n acts on L˝n by the permutation of elements where we omit the
Koszul sign. Given a tensor t 2RT .n/˝L˝n, we denote by Xt the orbit of t under this action so that
we have the following equality of graded K-modules:

PreLie.n/˝L˝n D
M

t2.RT .n/˝L˝n/=†n

KŒXt�:

We recover the Koszul sign rule in the following way. Let t2RT .n/˝L˝n. For every � 2†n, we define
".�; t/ 2 f˙1g � K� as the Koszul sign which appears after the usual action of � on t in the graded
module PreLie.n/˝L˝n. For every �; � 2†n, we have

".��; t/D ".�; � � t/".�; t/:

Equivalently, we can see " as a functor from the groupoid with Xt as set of objects and

Hom.t0; t00/D f� 2†n j � � t0 D t00g

for t0; t00 2Xt to the groupoid, denoted by f˙1g, with only one object � and Hom.�;�/D f˙1g �K�.
We can then define the †n-representation KŒXt�

˙ as KŒXt� endowed with the action of †n defined by

� � x˙ D ".�; x/.� � x/˙

for every � 2†n and x 2Xt. We thus have the following identity of †n-representations:

PreLie.n/˝L˝n D
M

t2.RT .n/˝L˝n/=†n

KŒXt�
˙:

Our purpose it to define an analogue of the orbit map, by using the above decomposition in set-theoretic
orbits. We rely on the following lemma.

Lemma 2.3 Let G be a group and H � G be a subgroup. We consider the action of G on G=H
by the left translation. Let X be the groupoid with as set of objects G=H and with as morphisms
Hom.x; x0/D fg 2G j g �x D x0g. Let " WX!f˙1g �K� be a functor. We denote by ".g; x/ the image
of the morphism g W x! g � x under this functor. Consider the G-representation KŒG=H�˙ DKŒG=H�

on which G acts by g � x˙ D ".g; x/.g � x/˙ for every x 2 G=H . For every g 2 G, we denote by xg its
class in G=H and by Œxg˙� the class of xg˙ 2KŒG=H�˙ in .KŒG=H�˙/G .
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� If there exists h 2H such that ".h; N1/¤ 1, then

.KŒG=H�˙/G D .K=2K/ŒŒN1
˙��I .KŒG=H�˙/G D Tor2.K/

h P
xg2G=H

".g; N1/xg˙
i
;

where Tor2.K/ denotes the set of 2-torsion elements of K.

� Otherwise ,

.KŒG=H�˙/G DKŒŒN1˙��I .KŒG=H�˙/G DK
h P
xg2G=H

".g; N1/xg˙
i
:

Proof We first compute .KŒG=H�˙/G . For every g 2 G, we have xg˙ D g � .".g; N1/N1˙/ so that the
K-module .KŒG=H�˙/G is generated by ŒN1˙�. If there exists h 2H such that ".h; N1/¤ 1 (meaning that
".h; N1/D�1¤ 1 in K), then, for every � 2K, we have that �ŒN1˙�D �Œh � N1˙�D��ŒN1˙� which shows
that .KŒG=H�˙/G D .K=2K/ŒŒN1˙��. If ".H; N1/� f1g, then .KŒG=H�˙/G DKŒŒN1˙��.

We now compute .KŒG=H�˙/G . Let xD
P
xg2G=H �xg xg

˙ 2 .KŒG=H�˙/G . For every g 2G, the identity
g � x D x gives �xg D ".g; N1/� N1. If there exists h 2H such that ".h; N1/¤ 1, then

".g; N1/� N1 D �xg D �gh D ".gh;
N1/� N1 D ".g;

N1/".h; N1/� N1;

which gives 2� N1D0. Then � N12Tor2.K/which shows that .KŒG=H�˙/GDTor2.K/
�P
xg2G=H ".g;

N1/xg˙
�
.

If ".H; N1/� f1g then .KŒG=H�˙/G DK
�P

xg2G=H ".g;
N1/xg˙

�
.

Lemma 2.4 In the situation of Lemma 2.3 and when ".H; N1/ is a subset of f1g, we define the orbit map
O W .KŒG=H�˙/G! .KŒG=H�˙/G by

O.ŒN1�˙/D
P
xg2G=H

".g; N1/xg˙:

This map is an isomorphism.

Proof This is an immediate consequence of the second point of Lemma 2.3.

We can apply this lemma to our situation, by noting that for every t 2 RT .n/˝ L˝n, the set Xt is
in bijection with †n=Stab†n.t/. In order to apply Lemma 2.4, we need to remove some elements of
RT .n/˝L˝n. These elements are given by tensors t2RT .n/˝L˝n such that there exists � 2Stab†n.t/
with ".�; t/¤ 1. We denote by .RT .n/˝L˝n/o the set of such elements and

.RT .n/˝L˝n/r D .RT .n/˝L˝n/ n .RT .n/˝L˝n/o:

In the case char.K/D 2, we just have .RT .n/˝L˝n/r DRT .n/˝L˝n.

These sets are stable under the action of †n. Indeed, if t 2 RT .n/˝ L˝n is such that there exists
� 2 Stab†n.t/ with ".�; t/¤ 1, then for every � 2†n, we have that ����1 2 Stab†n.� � t/ and

".����1; � � t/D ".�; � � t/".�; t/".��1; � � t/D ".�; t/".�; t/".��1; � � t/D ".�; t/¤ 1:
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We deduce that the quotient .RT .n/˝ L˝n/=†n is the disjoint union of .RT .n/˝ L˝n/o=†n and
.RT .n/˝L˝n/r=†n. We then define

Sr.PreLie; L/D
L
n�1

�
KŒ.RT .n/˝L˝n/r �˙

�
†n
� S.PreLie; L/:

We deduce the following proposition.

Proposition 2.5 If K is an integral domain and if Lk is a free K-module for every k 2 Z, then the map
O W Sr.PreLie; L/! �.PreLie; L/ is an isomorphism.

Proof Let L be a basis of L composed of homogeneous elements. We adopt the same notation as before
Lemma 2.3 and before the statement of Proposition 2.5. Then

Sr.PreLie; L/D
L
n�1

L
t2.RT .n/˝L˝n/r=†n

.KŒXt�
˙/†n I

�.PreLie; L/D
L
n�1

L
t2.RT .n/˝L˝n/=†n

.KŒXt�
˙/†n :

If char.K/D 2, then 2KD 0 and Tor2.K/DK so that the proposition is an immediate consequence of
Lemma 2.4.

If char.K/¤ 2, then by the first point of Lemma 2.3 and by noting that Tor2.K/D 0 because K is an
integral domain, we have that .KŒ.RT .n/˝L˝n/o�˙/†n D 0. We are then reduced to analyze the orbit
maps O W .KŒXt�

˙/†n ! .KŒXt�
˙/†n for t 2 .RT .n/˝L˝n/r , which are isomorphisms by the second

point of Lemma 2.4.

In any case, we then obtain that O W Sr.PreLie; L/! �.PreLie; L/ is an isomorphism.

Theorem 2.6 Let K be a ring. A graded pre-Lie algebra with divided powers LD
L
k2ZL

k over K

comes equipped with operations , called weighted braces , which have the following form.

� If char.K/D 2, weighted braces are maps

�f�; : : : ;�gr1;:::;rn W L
�nC1

! L;

defined for any collection of integers r1; : : : ; rn � 0, which satisfy all formulas of Theorem 1.3 and
preserve the grading in the sense that

LkfLk1 ; : : : ; Lkngr1;:::;rn � L
kCk1r1C���Cknrn :

� If char.K/¤ 2, by setting Lev D
L
k2ZL

2k and Lodd D
L
k2ZL

2kC1, weighted braces are maps

�f�; : : : ;�„ ƒ‚ …
p

;�; : : : ;�„ ƒ‚ …
q

gr1;:::;rp;1;:::;1 W L� .L
ev/�p � .Lodd/�q! L;

defined for any collection of integers p; q; r1; : : : ; rp � 0, which satisfy all formulas of Theorem 1.3 with
a sign given by the Koszul sign rule (see Remark 2.7 below) and preserve the grading.

Conversely, if K is an integral domain , if Lk is a free K-module for every k 2Z and if L admits weighted
brace operations , then L is a �.PreLie;�/-algebra.

Algebraic & Geometric Topology, Volume 25 (2025)



Pre-Lie algebras with divided powers and the Deligne groupoid in positive characteristic 5579

Remark 2.7 If char.K/¤ 2, formulas (i) and (vi) of Theorem 1.3 differ by a sign given by the Koszul
sign rule. The sign which appears in formula (i) is given by

y
˝r�.1/
�.1/

˝ � � �˝y
˝r�.n/
�.n/

7! ˙y
˝r1
1 ˝ � � �˝y˝rnn :

In formula (vi), for each ˇi ’s and ˛�;�i ’s, the sign which appears in the relevant term is given by

z
˝s1
1 ˝ � � �˝ z˝smm 7! ˙z

˝˛
1;1
1

1 ˝ � � �˝ z˝˛
1;1
m

m ˝ � � �˝ z
˝˛

n;1
1

1 ˝ � � �˝ z˝˛
n;rn
m

m ˝ z
˝ˇ1
1 ˝ � � �˝ z˝ˇmm :

These signs are induced by the permutation of the odd-degree elements between them. Since their
associated weight are equal to 1, formula (vi) can still be written without rational coefficients by the same
process as in the paragraph after Theorem 1.3.

In order to handle both of the cases, in the following, when taking elements with associated weights,
we will tacitly suppose that if char.K/¤ 2, then all odd-degree elements will have an associated weight
equal to 1.

Proof We basically do the same thing as in [3, Proposition 5.10]. Let x; y1; : : : ; yn 2L. Let Ex;y1;:::;yn
be the graded K-module generated by e; e1; : : : ; en with matching degrees. We have a morphism of graded
modules from  x;y1;:::;yn W Ex;y1;:::;yn ! L which sends e to x and ei to yi for every 1 � i � n. This
gives rise by functoriality to a morphism �.PreLie;  x;y1;:::;yn/ W�.PreLie; Ex;y1;:::;yn/!�.PreLie; L/.
We set

xfy1; : : : ; yngr1;:::;rn WD l
�
�.PreLie;  x;y1;:::;yn/.OFPi ri .e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

//
�
;

where l is the �.PreLie;�/-algebra structure on L. One can check that all the desired formulas are
satisfied.

Now suppose that K is an integral domain and thatL admits weighted brace operations�f�; : : : ;�gr1;:::;rn .
Every element in �.PreLie; L/ can be described as a sum of iterated monadic compositions of corollas in
some basis of homogeneous elements of L. This can be proved by using Proposition 2.5 and by following
the same proofs of [3, Theorem 5.1 and Lemma 5.2], which come from the computation of the monadic
composition in �.PreLie;�/. We next pick elements x; y1; : : : ; yn of the chosen basis such that yi ¤ yj
if i ¤ j , and set

l.OFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

// WD xfy1; : : : ; yngr1;:::;rn :

Since every elements of �.PreLie; L/ can be described as a composite of corollas in �.PreLie;�/, we
have defined l W �.PreLie; L/! L. We see that this construction does not depend on the choice of the
basis of the Lk’s. Indeed, we can apply the same arguments as in [3, Lemma 5.15], which only rely on
computations and on the relations satisfied by weighted braces. The same proof of [3, Lemma 5.18] can also
be applied to prove that the resulting morphism l endows L with a structure of a �.PreLie;�/-algebra.
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This theorem admits an analogue in the differential graded case.

Theorem 2.8 Every differential graded pre-Lie algebras with divided powers L D
L
k2ZL

k admits
weighted braces which satisfy the same formulas as in Theorem 2.6, and which satisfy

d.xfy1; : : : ; yngr1;:::;rn/

D d.x/fy1; : : : ; yngr1;:::;rn C
nP
kD1

.�1/"kxfy1; : : : ; yk; d.yk/; : : : ; yngr1;:::;rk�1;1;:::;rn ;

where "k D jxjC jy1jC � � �C jyk�1j.

Conversely, if K is an integral domain , if Lk is a free K-module for every k 2Z and if L admits weighted
brace operations which satisfy the previous identity, then L is a �.PreLie;�/-algebra.

Proof Let x; y1; : : : ; yn 2L. Let Ex;y1;:::;yn be the dg module generated by e; e1; : : : ; en; f; f1; : : : ; fn
such that jej D jxj; je1j D jy1j; : : : ; jenj D jynj and d.e/ D f , d.e1/ D f1; : : : ; d.en/ D fn. We then
have a morphism  x;y1;:::;yn WEx;y1;:::;yn!L of dg modules defined by sending e to x, and ei (resp fi )
to yi (resp d.yi /) for every 1� i � n. We set

xfy1; : : : ; yngr1;:::;rn WD l
�
�.PreLie;  x;y1;:::;yn/.OFPi ri .e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

//
�
;

where l is the �.PreLie;�/-algebra structure on L. By forgetting the differentials and by applying
Theorem 2.6, we have that the operations �f�; : : : ;�gr1;:::;rn satisfy all the formulas of Theorem 1.3,
with a sign. It only remains to prove the compatibility with the differential d :

d.xfy1; : : : ; yngr1;:::;rn/D dl
�
�.PreLie;  x;y1;:::;yn/.OFPi ri .e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

//
�

D l
�
�.PreLie;  x;y1;:::;yn/.dOFPi ri .e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

//
�
;

by commutation of d with the algebra structure l and  x;y1;:::;yn . Next, we claim that

dOFP
i ri
.e;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/DOFP
i ri
.f;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/

C

nP
kD1

˙OFP
i ri
.e;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; ek; : : : ; ek„ ƒ‚ …
rk�1

;fk; : : : ; en; : : : ; en„ ƒ‚ …
rn

/:

Indeed, recall that

OFP
i ri
.e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/D
P

�2Sh.1;r1;:::;rn/
� � .FP

i ri
˝ e˝ e

˝r1
1 ˝ � � �˝ e˝rnn /:

We then have

dOFP
i ri
.e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/DOFP
i ri
.f; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/

C

nP
kD1

P
�2Sh.1;r1;:::;rn/

rkP
iD1

˙� � .FP
i ri
˝ e˝ e

˝r1
1 ˝ � � �˝ e˝i�1

k
˝fk˝ e

rk�i
k
˝ � � �˝ e˝rnn /:
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Let 1 � k � n. For every 1 � i � rk , we define �k;i as the permutation which permutes fk with the
block e˝rk�i

k
. We then obtain

dOFP
i ri
.e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/DOFP
i ri
.f; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/

C

nP
kD1

P
�2Sh.1;r1;:::;rn/

rkP
iD1

˙���1k;i � .F
P
i ri
˝ e˝ e

˝r1
1 ˝ � � �˝ e

˝rk�1
k

˝fk˝ � � �˝ e
˝rn
n /:

For every 1� i � rk , the permutation ���1
k;i

is in Sh.1; r1; : : : ; rk�1; 1; : : : ; rn/. In the converse direction,
if z� 2 Sh.1; r1; : : : ; rk�1; 1; : : : ; rn/, then there is a unique 1� i � rk such that z��k;i 2 Sh.1; r1; : : : ; rn/.
We thus have proved that

dOFP
i ri
.e; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/DOFP
i ri
.f; e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/

C

nP
kD1

P
z�2Sh.1;r1;:::;rk�1;1;:::;rn/

˙z� � .FP
i ri
˝ e˝ e

˝r1
1 ˝ � � �˝ e

˝rk�1
k

˝fk˝ � � �˝ e
˝rn
n /;

which gives

dOFP
i ri
.e;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/DOFP
i ri
.f;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; en; : : : ; en„ ƒ‚ …
rn

/

C

nP
kD1

˙OFP
i ri
.e;e1; : : : ; e1„ ƒ‚ …

r1

; : : : ; ek; : : : ; ek„ ƒ‚ …
rk�1

;fk; : : : ; en; : : : ; en„ ƒ‚ …
rn

/:

Applying �.PreLie;  x;y1;:::;yn/ and l will then give the desired quantity, by definition of the weighted
braces.

Suppose now that K is an integral domain, that Lk is free for every k 2 Z and that L is endowed with
weighted brace operations. By Theorem 2.6, and by forgetting the differential of L, we can define a
morphism of graded modules l W �.PreLie; L/! L which is compatible with the monadic structure
of �.PreLie;�/. We now prove that l commutes with the differential d . Since d commutes with the
monadic structure, it is sufficient to prove the commutation with d when reducing to corollas. Let
x; y1; : : : ; yn be some basis elements with yi ¤ yj if i ¤ j and r1; : : : ; rn � 1. We then have

dl.OFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

//D d.xfy1; : : : ; yngr1;:::;rn/

D d.x/fy1; : : : ; yngr1;:::;rn

C

nP
kD1

˙xfy1; : : : ; yk; d.yk/; : : : ; yngr1;:::;rk�1;1;:::;rn :

We decompose d.yk/ in the chosen basis, and write

d.yk/D
nP
iD1
i¤k

�k;iyi Cfk;
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where fk D 0 or fk … Vect.y1; : : : ; yn/ (yk cannot appear in the decomposition of d.yk/ for degree
reasons). This gives

dl.OFP
i ri
.x;y1; : : : ;y1„ ƒ‚ …

r1

; : : : ;yn; : : : ;yn„ ƒ‚ …
rn

//D d.xfy1; : : : ;yngr1;:::;rn/

D d.x/fy1; : : : ;yngr1;:::;rn

C

nP
kD1

nP
iD1
i¤k

˙�k;ixfy1; : : : ;yk;yi ; : : : ;yngr1;:::;rk�1;1;:::;rn

C

nP
kD1

˙xfy1; : : : ;yk;fk; : : : ;yngr1;:::;rk�1;1;:::;rn

and then, by using the symmetry relations,

dl.OFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

//

D d.xfy1; : : : ; yngr1;:::;rn/

D d.x/fy1; : : : ; yngr1;:::;rn C
nP
kD1

nP
iD1
i¤k

˙�k;ixfy1; : : : ; yi ; yi ; : : : ; yk; : : : ; yngr1;:::;ri ;1;:::;rk�1;:::;rn

C

nP
kD1

˙xfy1; : : : ; yk; fk; : : : ; yngr1;:::;rk�1;1;:::;rn :

The second sum can be simplified, depending on the parity of jyi j for every i . If jyi j is even, then by
formula (iv) of Theorem 1.3, we have

xfy1; : : : ; yi ; yi ; : : : ; yk; : : : ; yngr1;:::;ri ;1;:::;rk�1;:::;rn

D .ri C 1/xfy1; : : : ; yi ; : : : ; yk; : : : ; yngr1;:::;riC1;:::;rk�1;:::;rn :

If jyi j is odd, then since we have supposed that any odd-degree element has an associated weight equal
to 1, we have that ri D 1. By using the symmetry relation, and using that we have no 2-torsion elements
since L is free and that K is an integral domain, we have that

xfy1; : : : ; yi ; yi ; : : : ; yk; : : : ; yngr1;:::;1;1;:::;rk�1;:::;rn D 0:

We finally have that

dl.OFP
i ri
.x;y1; : : : ;y1„ ƒ‚ …

r1

; : : : ;yn; : : : ;yn„ ƒ‚ …
rn

//

D d.xfy1; : : : ;yngr1;:::;rn/

D d.x/fy1; : : : ;yngr1;:::;rnC
nP
kD1

nP
iD1
i¤k

˙ıi�k;i .riC1/xfy1; : : : ;yi ; : : : ;yk; : : : ;yngr1;:::;riC1;:::;rk�1;:::;rn

C

nP
kD1

˙xfy1; : : : ;yk;fk; : : : ;yngr1;:::;rk�1;1;:::;rn ;

where ıi D 0 if jyi j is odd, and ıi D 1 otherwise.
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We now compute
ld.OFP

i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

//:

By the same computations as the beginning of the proof, we have that

dOFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/DOFP
i ri
.d.x/; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/

C

nX
kD1

X
z�2Sh.1;r1;:::;rk�1;1;:::;rn/

˙z� � .FP
i ri
˝ x˝y

˝r1
1 ˝ � � �˝y

˝rk�1
k

˝ d.yk/˝ � � �˝y
˝rn
n /:

We now fix 1� k � n. We aim to compute the sumX
z�2Sh.1;r1;:::;rk�1;1;:::;rn/

˙z� � .FP
i ri
˝ x˝y

˝r1
1 ˝ � � �˝y

˝rk�1
k

˝ d.yk/˝ � � �˝y
˝rn
n /:

We use the decomposition of d.yk/ in the chosen basis. The fk part will precisely give

OFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yk; : : : ; yk„ ƒ‚ …
rk�1

; fk; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/:

We now look at the other terms. These terms give the sum
nX
iD1
i¤k

X
z�2Sh.1;r1;:::;rk�1;1;:::;rn/

˙�k;i .z� � .F
P
i ri
˝ x˝y

˝r1
1 ˝ � � �˝y

˝rk�1
k

˝yi ˝ � � �˝y
˝rn
n //:

By putting the only yi with the others, we find that this sum is equal to
nX
iD1
i¤k

X
z�2Sh.1;r1;:::;ri ;1;:::;rk�1;:::;rn/

˙�k;i .z� �.F
P
i ri
˝x˝y

˝r1
1 ˝�� �˝y

˝ri
i ˝yi˝�� �˝y

˝rk�1
k

˝�� �˝y˝rnn //:

We now use that for every z� 2Sh.1; r1; : : : ; ri ; 1; : : : ; rk�1; : : : ; rn/, there exists a unique permutation �i;j ,
defined by inserting the last occurrence of yi among

yi ˝ � � �˝yi„ ƒ‚ …
ri

in position j (so that 1� j � ri C 1), such that z���1i;j 2 Sh.1; r1; : : : ; ri C 1; : : : ; rk � 1; : : : ; rn/. In the
other direction, for every � 2 Sh.1; r1; : : : ; ri C 1; : : : ; rk � 1; : : : ; rn/ and 1� j � ri C 1, we have that
��i;j 2 Sh.1; r1; : : : ; ri ; 1; : : : ; rk � 1; : : : ; rn/. We thus obtain the sum
nX
iD1
i¤k

X
�2Sh.1;r1;:::;riC1;:::;rk�1;:::;rn/

riC1X
jD1

˙�k;i .��i;j � .F
P
i ri
˝ x˝y

˝r1
1 ˝ � � �˝y

˝riC1
i ˝ � � �˝y

˝rk�1
k

˝ � � �˝y˝rnn //:
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For a fixed i ¤ k, we need to distinguish two cases: either jyi j is even, or jyi j is odd. In the first case, we
have that this sum is
nX
iD1
i¤k

X
�2Sh.1;r1;:::;riC1;:::;rk�1;:::;rn/

riC1X
jD1

˙�k;i .� � .F
P
i ri
˝ x˝y

˝r1
1 ˝ � � �˝y

˝riC1
i ˝ � � �˝y

˝rk�1
k

˝ � � �˝y˝rnn //;

which is precisely
nX
iD1
i¤k

˙�k;i .ri C 1/OFPi ri .x; y1; : : : ; y1„ ƒ‚ …
r1

; : : : ; yi ; : : : ; yi„ ƒ‚ …
riC1

; : : : ; yk; : : : ; yk„ ƒ‚ …
rk�1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/:

In the second case, since we have supposed that every odd-degree element has an associated weight equal
to 1, we have that ri D 1. We have that �i;1 permutes the two yi ’s, which gives a sign, while �i;2 D id.
The sum of the two obtained elements is then 0.

We thus have proved that

dOFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/DOFP
i ri
.d.x/; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/

C

nX
kD1

nX
iD1
i¤k

˙ıi�k;i .ri C 1/OFPi ri .x; y1; : : : ; y1„ ƒ‚ …
r1

; : : : ; yi ; : : : ; yi„ ƒ‚ …
riC1

; : : : ; yk; : : : ; yk„ ƒ‚ …
rk�1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/

C

nX
kD1

˙OFP
i ri
.x; y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yk; : : : ; yk„ ƒ‚ …
rk�1

; fk; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

/;

where we have set ıi D 0 if jyi j is odd, and ıi D 1 otherwise. By definition of l , we have

l.dOFP
i ri
.x;y1; : : : ; y1„ ƒ‚ …

r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

//

D d.x/fy1; : : : ; yngr1;:::;rnC

nX
kD1

nX
iD1
i¤k

˙ıi�k;i .riC1/xfy1; : : : ; yi ; : : : ; yk; : : : ; yngr1;:::;riC1;:::;ri�1;:::;rn

C

nX
kD1

˙xfy1; : : : ; yk; fk; : : : ; yngr1;:::;rk�1;1;:::;rn ;

which proves that l commutes with d .

We then deduce from Propositions 2.6 and 2.8 that every differential graded pre-Lie algebra with divided
powers is in particular a differential graded pre-Lie algebra, with

x ?y D xfyg1:
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Remark 2.9 If Q�K and if L is a differential graded pre-Lie algebra, then L is a differential graded
pre-Lie algebra with divided powers whose weighted braces are explicitly given by

xfy1; : : : ; yngr1;:::;rn D
1Q
i ri Š

xfy1; : : : ; y1„ ƒ‚ …
r1

; : : : ; yn; : : : ; yn„ ƒ‚ …
rn

g

in terms of symmetric braces.

Remark 2.10 Every morphism of �.PreLie;�/-algebras preserves the weighted braces:

f .xfy1; : : : ; yngr1;:::;rn/D f .x/ff .y1/; : : : ; f .yn/gr1;:::;rn :

In order to perform infinite sums, we define the notion of a complete �.PreLie;�/-algebra. We recall
the following definition.

Definition 2.11 A filtered dg module is the data of a dg module L with inclusions of dg modules

� � � � FnL� Fn�1L� � � � � F1LD L:

A filtered dg module is complete if the morphism L! limn�1L=FnL is an isomorphism.

In general, for every filtered dg module L, the dg module bLD limn�1L=FnL is a complete dg module
with the filtration FnbLD Ker.bL! L=FnL/, since bL=FnbL' L=FnL.

We now define the notion of a filtered �.PreLie;�/-algebra.

Definition 2.12 A filtered �.PreLie;�/-algebra is a �.PreLie;�/-algebra endowed with a filtration
preserved by the weighted braces in the sense that

FkLfFk1L; : : : ; FknLgr1;:::;rn � FkCk1r1C���CknrnL:

A filtered �.PreLie;�/-algebra is complete if L is complete as a filtered dg module.

If L is a filtered �.PreLie;�/-algebra, then the weighted braces �f�; : : : ;�gr1;:::;rn induce weighted
braces on the completion bLD limn�1L=FnL, which satisfy the formulas of Theorems 2.6 and 2.8, and
preserve the filtration on bL, so that bL forms a complete �.PreLie;�/-algebra (provided that we work
over a field).

2.1.2 Examples of �.PreLie;�/-algebras We give examples of dg pre-Lie algebras with divided
powers. The first examples are given by dg brace algebras, following the idea of the proof in the nongraded
framework in [3].
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Definition 2.13 A differential graded brace algebra is a differential graded module L endowed with
brace operations

�h�; : : : ;�iW L˝nC1! L;

which are compatible with the differential d :

d.f hg1; : : : ; gni/D d.f /hg1; : : : ; gniC

nX
kD1

˙f hg1; : : : ; d.gk/; : : : ; gni;

and such that f hi D f and

f hg1; : : : ; gnihh1; : : : ; hri D
X
˙f hH1; g1hH2i; : : : ;H2n�1; gnhH2ni;H2nC1i;

where the sum is over all consecutive subsets H1 tH2 t � � � tH2nC1 D fh1; : : : ; hrg, and the sign is
yielded by the permutation of the gi ’s with the hj ’s.

The operad which governs brace algebras is denoted by Brace, and is defined, in arity n, as the K-module
spanned by the planar n-trees, ie trees with an order on the set of inputs for each vertex (see [3, Section 6.1]
or [4, Section 2] for some details on the operad Brace).

This operad allows us to represent all operations in brace algebras by the action of a planar tree, or by a
planar tree labeled with the inputs. For instance, we have

f

g1

h1 h2

g2 g3

h3

D f hg1hh1; h2i; g2; g3hh3ii:

Remark 2.14 Because the action of the symmetric groups on Brace is free, we have that the trace map
induces an isomorphism of monads Tr W S.Brace;�/! �.Brace;�/.

We have an inclusion
i W PreLie ,! Brace

defined by the symmetrization of trees. Namely, i is obtained by summing over all possible ways to write
a given tree t as a planar tree. For instance,

i

�
1

2 3 4
�
D

1

2 3 4

C
1

3 2 4

C
1

4 3 2

C
1

2 4 3

C
1

4 2 3

C
1

3 4 2

:

The map i induces a morphism of monads that can be used to define a �.PreLie;�/-algebra structure on
every dg brace algebra L, given by the composition

�.PreLie; L/ �.Brace; L/ S.Brace; L/ L;
�.i;L/

'

Tr l

where we denote by l W S.PreLie; L/! L the Brace-algebra structure. We aim to compute the weighted
braces.
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Theorem 2.15 Every dg brace algebra L is endowed with a �.PreLie;�/-algebra structure. Moreover ,
weighted braces �f�; : : : ;�gr1;:::;rn are explicitly given by

f fg1; : : : ; gngr1;:::;rn D
X

�2Sh.r1;:::;rn/

˙f hxg��1.1/; : : : ; xg��1.r/i;

where we have set r D
P
i ri and .xg1; : : : ; xgr/D .g1; : : : ; g1„ ƒ‚ …

r1

; : : : ; gn; : : : ; gn„ ƒ‚ …
rn

/.

Proof Let L be a brace algebra. As seen before, we have a �.PreLie;�/-algebra structure on L given
by the composite

�.PreLie; L/ �.Brace; L/ S.Brace; L/ L;
�.i;L/

'

Tr l

where l W S.Brace; L/! L is the brace algebra structure. We now compute the weighted braces. Let
f; g1; : : : ; gn 2L be homogeneous elements with gi ¤ gj whenever i ¤ j and r1; : : : ; rn � 0 (recall that
we have supposed that, in the situation char.K/¤ 2, any odd-degree element has an associated weight
equal to 0 or 1). We set E DEf;g1;:::;gn and  D  f;g1;:::;gn (see the proof of Theorem 2.8). We use the
commutative diagram

�.PreLie; L/ �.Brace; L/ S.Brace; L/ L

�.PreLie; E/ �.Brace; E/ S.Brace; E/

�.i;L/

'

Tr l

�.PreLie; /

�.i;E/

�.Brace; / S.Brace; /

'

Tr

We keep the notation f; g1; : : : ; gn for the corresponding elements in E. Then f fg1; : : : ; gngr1;:::;rn is
given by the image of

x DOFr.f; g1; : : : ; g1„ ƒ‚ …
r1

; : : : ; gn; : : : ; gn„ ƒ‚ …
rn

/ 2 �.PreLie; E/

under the composite

�.PreLie; E/ �.PreLie; L/ �.Brace; L/ S.Brace; L/ L:
�.PreLie; / �.i;L/

'

Tr l

Our goal is to compute the image of x under the bottom composite of the diagram, which is

�.PreLie; E/ �.Brace; E/ S.Brace; E/ S.Brace; L/:
�.i;E/

'

Tr S.Brace; /

We set
.xg1; : : : ; xgrC1/D .f; g1; : : : ; g1„ ƒ‚ …

r1

; : : : ; gn; : : : ; gn„ ƒ‚ …
rn

/

(we have added f here so that these xgi ’s are different from the xgi ’s of the theorem). We then precisely have

x D
X

�2†rC1=
Q
i †ri

˙.� �Fr/˝ xg��1.1/˝ � � �˝ xg��1.rC1/
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by definition of the orbit map (see Lemma 2.4). Now, because †rC1=
Q
i †ri is in bijection with

Sh.1; r1; : : : ; rn/, we can write x as

x D
X

�2Sh.1;r1;:::;rn/

˙.� �Fr/˝ xg��1.1/˝ � � �˝ xg��1.rC1/:

We now embed PreLie into Brace. The tree Fr can be seen in Brace as
P
s2†rC1;s.1/D1

s �Fr where Fr
is the planar tree

Fr D
1

2 3 r C 1� � �
:

We then obtain, in �.Brace; E/,

x D
X

�2Sh.1;r1;:::;rn/

X
s2†rC1
s.1/D1

˙.�s �Fr/˝ xg��1.1/˝ � � �˝ xg��1.rC1/:

We now need to compute y D Tr�1.x/ 2 S.Brace; E/. We claim that

y D
X

!2Sh.1;r1;:::;rn/
!.1/D1

˙Fr.xg!�1.1/; : : : ; xg!�1.rC1//:

We compute

Tr.y/D
X

!2Sh.1;r1;:::;rn/
!.1/D1

X
�2†rC1

˙.� �Fr/˝ xg!�1��1.1/˝ � � �˝ xg!�1��1.rC1/:

The fact that Tr.y/D x comes from the existence of a bijective correspondence

' W Sh.1; r1; : : : ; rn/� fs 2†rC1 j s.1/D 1g ! f! 2 Sh.1; r1; : : : ; rn/ j !.1/D 1g �†rC1:

Indeed, let � 2 Sh.1; r1; : : : ; rn/ and s 2 †rC1 be such that s.1/ D 1. We set � D �s, and write the
decomposition ��1�D s�1D!�where!2Sh.1; r1; : : : ; rn/ and�2†1�†r1�� � ��†rn . Since s.1/D1,
we have that !.1/D 1. We then set '.�; s/ WD .!; �/. Since the couple .!; �/ uniquely depends on s, we
have a well defined injective map ' between two sets with the same cardinal. The map ' is then a bijection.

Since we have xg���1.i/ D xg��1.i/ for every i , we obtain that Tr.y/D x.

Corollary 2.16 Let P be a nonsymmetric dg operad with P.0/ D 0. We denote by 1 2 P.1/ the unit
element of P , by p.q1; : : : ; qn/Dp˝q1˝� � �˝qn 2PıP and by 
 WPıP!P the operadic composition
of P . Then the dg module

L
r�1 P.r/ admits a structure of a �.PreLie;�/-algebra induced by the brace

algebra structure

phq1; : : : ; qni D
X

1�i1<���<in�r


.p.1; : : : ; q1
i1

; : : : ; qn
in

; : : : ; 1//:

We also set phq1; : : : ; qni D 0 if the operadic composition is not possible.

Proof We refer to [11] for the brace algebra structure of
L
r�1 P.r/. It is endowed with a �.PreLie;�/-

algebra structure by Theorem 2.15.
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In the symmetric context, we can recover an analogue of this corollary for
L
r�1 P.r/†r . However, the

operations �h�; : : : ;�i do not preserve
L
r�1 P.r/†r . We thus need to force the symmetry, and then to

sum on every possible positions of q1; : : : ; qn in order to retrieve a �.PreLie;�/-algebra structure.

Proposition 2.17 Suppose that K is a field and let P be a symmetric dg operad such that P.0/D 0. Then
L.P/D

L
r�1 P.r/†r is endowed with a �.PreLie;�/-algebra structure defined by

pfq1; : : : ; qngr1;:::;rn

D

X
�2Sh.r1;:::;rn/

X
1�i1<���<ir�u

!2Sh�.1;:::;xs��1.1/
i1

;:::;xs
��1.r/

ir

;:::;1/

˙! � 
.p.1; : : : ; xq��1.1/
i1

; : : : ; xq��1.r/
ir

; : : : ; 1//;

for elements of homogeneous arity p2P.m/†m ; q12P.s1/†s1 ; : : : ; qn2P.sn/†sn and where we have set

r D
X
i

ri ; .xq1; : : : ; xqr/D .q1; : : : ; q1„ ƒ‚ …
r1

; : : : ; qn; : : : ; qn„ ƒ‚ …
rn

/; .xs1; : : : ;xsr/D .s1; : : : ; s1„ ƒ‚ …
r1

; : : : ; sn; : : : ; sn„ ƒ‚ …
rn

/:

The sign is induced by the commutation of xq1; : : : ; xqr to xq��1.r/; : : : ; xq��1.1/. We set pfq1; : : : ; qngr1;:::;rnD0
if u < r1C � � �C rn. The weighted brace operations are then extended to the sum

L
r�1 P.r/†r by using

formula (v) of Theorem 1.3.

Proof We first prove that these operations preserve L.P/. Let p 2 P.m/†m ; q1 2 P.s1/†s1 ; : : : ;
qn 2 P.sn/†sn and r1; : : : ; rn � 0. Since we have

pfq1; : : : ; qngr1;:::;rn D pfq1; : : : ; qn; 1gr1;:::;rn;m�.r1C���Crn/;

we can suppose that mD r1C � � �C rn. We then have

pfq1; : : : ; qngr1;:::;rn D
X

�2Sh.r1;:::;rn/

X
!2Sh�.xs��1.1/;:::;xs��1.r//

˙! � 
.p.xq��1.1/; : : : ; xq��1.r///:

Let � 2†s1r1C���Csnrn . For a given � 2 Sh.r1; : : : ; rn/, we write �! De! � �.�1; : : : ; �r/ where � 2†r ;
�1 2†xs

��1.1/
; : : : ; �r 2†xs

��1.r/
;e! 2 Sh�.xs.��/�1.1/; : : : ;xs.��/�1.r//. We also have set �.�1; : : : ; �r/ to

be the composite of �1˚� � �˚ �r with the corresponding blocks permutation given by � 2†r . We obtain

�! � 
.p.xq��1.1/; : : : ; xq��1.r///De! � 
.p.xq.��/�1.1/; : : : ; xq.��/�1.r///;
as p; q1; : : : ; qn are invariants. We now write �� D z� � .e�1 ˚ � � � ˚ e�r/ where z� 2 Sh.r1; : : : ; rn/;e�1 2†r1 ; : : : ; e�r 2†rn . We thus obtain

�! � 
.p.xq��1.1/; : : : ; xq��1.r///De! � 
.p.xqz��1.1/; : : : ; xqz��1.r///:
We thus have proved that

� � .pfq1; : : : ; qngr1;:::;rn/D
X

z�2Sh.r1;:::;rn/

X
�!2Sh�.xsz��1.1/;:::;xsz��1.r//

˙e! � 
.p.xqz��1.1/; : : : ; xqz��1.r///
D pfq1; : : : ; qngr1;:::;rn :

The operations �f�; : : : ;�gr1;:::;rn then preserve L.P/.
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We now prove formulas of Theorem 2.6. We can immediately check that formulas (i)–(v) are satisfied.
The commutation with the differential is also satisfied since the operadic structure is compatible with
the differential. It remains to prove formula (vi) of Theorem 2.6. We first note that the theorem holds if
KDQ. Indeed, in that case, the trace map Tr W S.PreLie;�/! �.PreLie;�/ induces an isomorphism
of monads. We thus only need to prove that the �.PreLie;�/-algebra structure is induced by a pre-Lie
algebra structure. This presumed pre-Lie algebra structure is given by

pfqg1 D

mX
iD1

X
!2Sh�.1;:::;n

i
;:::;1/

! � .p ıi q/;

where p 2P.m/†m and q 2P.n/†n . We then recover the pre-Lie algebra structure given in Section 5.3.16
of [14]. We now need to prove that the operations �f�; : : : ;�g1;:::;1 coincide with the symmetric braces
�f�; : : : ;�g induced by the pre-Lie operation (see Definition 1.1). It is equivalent to prove

pfq1; : : : ; qnC1g1;:::;1 D pfq1; : : : ; qng1;:::;1fqnC1g1�

nX
kD1

˙pfq1; : : : ; qkfqnC1g1; : : : ; qng1;:::;1:

This follows from the associativity of the operadic composition. More precisely, pfq1; : : : ; qng1;:::;1fqnC1g1
is composed of two types of operadic composition. Either qnC1 is in the same level as q1; : : : ; qn, which
will give exactly pfq1; : : : ; qnC1g1;:::;1 by definition, or qnC1 will be attached to one of q1; : : : ; qn. These
last terms are removed in order to retrieve pfq1; : : : ; qnC1g1;:::;1.

We now prove the general case. Consider elements p; q1; : : : ; qn; f1; : : : ; fm in
L
r�1 P.r/†r which are

homogeneous in degrees and in arities, and r1; : : : ; rn; s1; : : : ; sm � 0. We need to compute

pfq1; : : : ; qngr1;:::;rnff1; : : : ; fmgs1;:::;sm

and to find the right-hand side of Theorem 2.6. We consider the symmetric sequence MK, defined over
any ring K, spanned by abstract variables P;Q1; : : : ;Qn; F1; : : : ; Fm of the same arities and degrees
as p; q1; : : : ; qn; f1; : : : ; fm and endowed with a trivial action of the symmetric groups. We have an
obvious morphism of symmetric sequences MK! P which sends P to p, the Qi ’s to the qi ’s and the
Fj ’s to the fj ’s. We thus have a unique morphism of operads F.MK/! P which extends the morphism
MK ! P , where F.MK/ is the free operad generated by the symmetric sequence MK. Because the
presumed �.PreLie;�/-algebra structure is written in terms of the operadic composition, if formula (vi)
of Theorem 2.6 holds for F.MK/, then it holds also for P .

We prove first that the formula is satisfied for F.MZ/. Since the morphism of rings Z ,! Q induces
an injective morphism of operads F.MZ/ ,! F.MQ/ and since the relation (vi) of Theorem 2.6 is true
in F.MQ/, then it is also satisfied in F.MZ/. By using the morphism Z! K which gives rise to a
morphism of operads F.MZ/! F.MK/, we find that it is also satisfied in F.MK/.

We thus have weighted braces operation on
L
r�1 P.r/†r . Since we work on a field K, by Theorem 2.8,

it implies that this structure endows
L
r�1 P.r/†r with a structure of a �.PreLie;�/-algebra.
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Corollary 2.18 Suppose that K is a field and let P be a dg operad such that P.0/D 0 and P.1/D K.
Then

Q
r�2 P.r/†r is a complete �.PreLie;�/-algebra.

Proof Let L.P/ D
L
r�2 P.r/†r . Note that L.P/ is a sub �.PreLie;�/-algebra of

L
r�1 P.r/†r .

We have a filtration on it given by FkL.P/D
L
r�kC1 P.r/†r which is preserved by the weighted brace

operations. The completion with respect to this filtration is exactly
Q
r�2 P.r/†r . By the remark after

Definition 2.12, we have weighted brace operations on
Q
r�2 P.r/†r . Since we work over a field, this

endows
Q
r�2 P.r/†r with a structure of a �.PreLie;�/-algebra by Theorem 2.8.

2.2 The gauge group

We can now define an analogue of the circular product given in [6] using the weighted brace operations.
Before doing so, we adopt the following notation. Let L be a complete �.PreLie;�/-algebra and
LCDK1˚L. We extend the weighted braces �f�; : : : ;�gr1;:::;rn WL

�nC1!L on LC�L�n by setting

1fy1; : : : ; yngr1;:::;rn D

�
yi if ri D 1 and 8k ¤ i; rk D 0;
0 if r1C � � �C rn > 1;

for every y1; : : : ; yn 2 L. We can check that all the formulas from Theorem 1.3 are still satisfied if we
take x 2 LC.

Definition 2.19 Let ˛ 2 LC and � 2 L0. We set

˛} .1C�/D
C1P
nD0

˛f�gn:

This quantity is well defined since L is complete, and because 1fygn D 0 as soon as n� 2.

By applying this definition in the case Q � K and using the weighted braces given by Remark 2.9,
we retrieve the usual circular product given in [6].

Remark 2.20 One can see that we have 1} .1C�/D 1C�D .1C�/} 1 so that 1 is a unit element
for }. We thus have

8�; � 2 L0; .1C�/} .1C �/D 1C �C
C1P
nD0

�f�gn;

which shows that } preserves 1CL0.

Lemma 2.21 The circular product } is associative , in the sense that for all ˛ 2 LC and �; � 2 L0,

.˛} .1C�//} .1C �/D ˛} ..1C�/} .1C �//:

Proof Let ˛ 2 LC and �; � 2 L0. We first have

.˛} .1C�//} .1C �/D
� C1P
nD0

˛f�gn

�
} .1C �/D

C1P
n;pD0

˛f�gnf�gp:
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On the other hand, we have

˛} ..1C�/} .1C �//D ˛}
�
1C �C

C1P
nD0

�f�gn

�
D

C1P
pD0

˛
n
�C

C1P
nD0

�f�gn

o
p
:

We thus need to prove that
C1P
n;pD0

˛f�gnf�gp D
C1P
pD0

˛
n
�C

C1P
nD0

�f�gn

o
p
:

To prove this identity, we use formula (vi) of Theorem 1.3:

˛f�gnf�gp D
P

pDˇC
Pn
iD1 ˛

i

1

nŠ
˛f�f�g˛1 ; : : : ; �f�g˛n ; �g1;:::;1;ˇ ;

which gives
C1P
n;pD0

˛f�gnf�gp D
C1P
nD0

C1P
pD0

pP̌
D0

P
p�ˇD

Pn
iD1 ˛

i

1

nŠ
˛f�f�g˛1 ; : : : ; �f�g˛n ; �g1;:::;1;ˇ :

In this sum, because of the symmetry, some terms occur several times. For a given p and ˇ, we count
the number of partitions of p � ˇ D ˛1C � � � C ˛n of the particular form r1 z̨

1C � � � C rq z̨
q . We get

n.z̨1; : : : ; z̨n/D nŠ=.r1Š � � � rqŠ/ for this number. We then have

1

r1Š � � �rqŠ
˛f�f�g�̨1 ; : : : ;�f�g�̨1 ; : : : ;�f�g�̨q ; : : : ;�f�g�̨q ;�g1;:::;1;ˇ D˛f�f�g�̨1 ; : : : ;�f�g�̨q ;�gr1;:::;rq ;ˇ :

We conclude by formula (v) of Theorem 1.3.

We now need to find an explicit inverse for a given element 1�� with � 2 L0.

Definition 2.22 Let t be a nonlabeled tree with n vertices and � 2 L0. We set

Ot .�/D 
.Ot .�˝n//;
for some choice of labeling of t .

Because O is †-invariant, this quantity does not depend on the choice of a labeling for t . For example,
let t be the nonlabeled tree

t D :

Then
Ot .�/D �f�f�g2; �f�g3; �g2;1;1:

Lemma 2.23 For every � 2 L0, the element 1�� has an inverse in 1CL0 for the circular product }
given by

.1��/}�1 D 1C
P

t2rRT�
Ot .�/;

where rRT� is the set of trees without any labeling and with at least one vertex.
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Proof We first see that this defines a right-inverse for 1��. Indeed, we first have that

.1��/}
�
1C

P
t2rRT�

Ot .�/
�
D 1C

P
t2rRT�

Ot .�/�
C1P
kD0

�
n P
t2rRT�

Ot .�/
o
k
:

Then, as every t 2 rRT� can be uniquely described by its root and branches, we have that every term in
the first sum at the right-hand side can be uniquely described by an element from the second sum, and
vice versa. Formula (v) from Theorem 1.3 thus give the result.

We now need to prove that it is a left inverse, which is slightly more difficult. We compute�
1C

P
t2rRT�

Ot .�/
�

} .1��/D 1��C
P

t2rRT�
Ot .�/C

P
k�1

� P
t2rRT�

Ot .�/
�
f��gk :

We focus on one term Ot .�/ from the first sum, for some tree t 2 rRT�. Recall that a vertex of t is called
a leaf if it is not the root of t and if it is connected to one and only one other vertex in t . We denote by
mt the number of leaves.

If mt D 0, then t is the trivial tree: Ot .�/D �. This term does not appear in the second sum (because
k � 1) and vanishes with ��.

If mt ¤ 0, the idea is to fix a number 1� k �mt , and to see which trees we can obtain if we remove k
leaves of t . These trees will occur in the second sum and give .�1/kOt .�/ by adding k copies of ��.

Let Xt be the set of leaves of t . Let Xt;k be the set of nonordered subsets of Xt with k elements. When
we remove k leaves, we need to take into account that we can obtain the same tree by removing a different
nonordered set of k leaves. For example, if we take the previous tree

t D

and if we look at the first branch, removing the vertex at the left gives the same tree as removing the
vertex at the right.

Let t1
k
; : : : ; t

pk
k

be all the different trees that we can get from t by removing k leaves. We denote by X
t i
k

t;k

the subset of Xt;k formed by all the vertices that lead to t i
k

when removing them from t . We then have a

disjoint union Xt;k D
Fpk
iD1X

t i
k

t;k
.

Each terms Ot i
k
.�/f��gk will then give, among other terms, .�1/k Card.X

t i
k

t;k
/Ot .�/. When we take

the sum over i , we obtain .�1/k Card.Xt;k/Ot .�/ D .�1/k
�
mt
k

�
Ot .�/. By taking the sum over k,

we therefore obtain �Ot .�/ which vanishes with Ot .�/ given by the first sum.

From Lemmas 2.21 and 2.23, we deduce assertion (i) of Theorem A:

Theorem 2.24 The triple G D .1CL0;}; 1/ is a group called the gauge group of L.
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2.3 Maurer–Cartan elements and the Deligne groupoid

We now aim to prove assertion (ii) of Theorem A. We first make explicit the definition of the Maurer–Cartan
set.

Definition 2.25 Let L be a dg �.PreLie;�/-algebra. A given ˛ 2 L1 is a Maurer–Cartan element if it
satisfies the Maurer–Cartan equation:

d.˛/C˛f˛g1 D 0:

We let MC.L/ to be the set of all Maurer–Cartan elements of L.

Remark 2.26 In the case Q�K, we retrieve the classical definition:

d.˛/C 1
2
Œ˛; ˛�D 0;

written with the dg Lie algebra structure on L.

As in the case of characteristic zero, we expect the gauge group to act on the Maurer–Cartan set. Before
seeing that, we define a new operation.

Definition 2.27 Let ˛ 2 LC, ˇ 2 L and 1C� 2G. We set

˛} .1C�Iˇ/D
C1P
nD0

˛f�; ˇgn;1:

Lemma 2.28 We have

.˛} .1C�//fˇg1 D ˛} .1C�IˇC�fˇg1/;

˛fˇg1} .1C�/D ˛} .1C�Iˇ} .1C�//;

d.˛} .1C�//D d.˛/} .1C�/C .�1/j˛j˛} .1C�I d.�//:

Proof By applying formula (vi) of Theorem 1.3, we find that

.˛} .1C�//fˇg1 D
C1P
nD0

˛f�gnfˇg1 D
C1P
nD0

˛f�; ˇgn;1C
C1P
nD1

˛f�;�fˇg1gn�1;1

D

C1P
nD0

˛f�; ˇC�fˇg1gn;1 D ˛} .1C�IˇC�fˇg1/;

as well as

˛fˇg1} .1C�/D
C1P
mD0

˛fˇg1f�gm

D

C1P
p;qD0

˛fˇf�gp; �g1;q

D ˛} .1C�Iˇ} .1C�//:
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Finally, by using the compatibility of d with weighted braces, we obtain

d.˛} .1C�//D

C1X
nD0

d.˛/f�gnC .�1/
j˛j
C1X
nD1

˛f�; d.�/gn�1;1

D d.˛/} .1C�/C .�1/j˛j˛} .1C�I d.�//:

We can now prove assertion (ii) of Theorem A.

Theorem 2.29 The gauge group G acts on the Maurer–Cartan set MC.L/ by

.1C�/ �˛ D .˛C�f˛g1� d.�//} .1C�/}�1

for all .1C�/ 2G and ˛ 2MC.L/.

Proof We first need to prove that ˇ D .1C�/ �˛ is indeed a Maurer–Cartan element. For this, we first
remark that applying d on each side of d.�/D˛C�f˛g1�ˇ}.1C�/, and by using that d.˛/D�˛f˛g1
and the previous lemma, we have

d.ˇ/} .1C�/D�˛f˛g1��f˛f˛g1g1C d.�/f˛g1Cˇ} .1C�I d.�//:

Moreover, again by the previous lemma, we have

d.�/f˛g1 D ˛f˛g1C�f˛g1f˛g1�ˇ} .1C�/f˛g1

D ˛f˛g1C�f˛f˛g1g1C�f˛; ˛g1;1�ˇ} .1C�I˛/�ˇ} .1C�I�f˛g1/:

Then

d.ˇ/} .1C�/D ˇ} .1C�I d.�//�ˇ} .1C�I˛/�ˇ} .1C�I�f˛g1/C�f˛; ˛g1;1:

We note that �f˛; ˛g1;1 D 0. Indeed, if we take the notation of the proof of Theorem 2.6, we have that
�f˛; ˛g1;1 D �.PreLie;  �;˛;˛/.OF2.e; e1; e2// where jej D 0 and je1j D je2j D 1 are formal elements.
We explicitly have that

OF2.e; e1; e2/D F2.e; e1; e2/C ..12/:F2/.e1; e; e2/� ..13/:F2/.e2; e1; e/

�F2.e; e2; e1/� ..12/:F2/.e2; e; e1/C ..13/:F2/.e1; e2; e/:

Applying  �;˛;˛ will then give �f˛; ˛g1;1 D 0. We then finally have

d.ˇ/} .1C�/D�ˇ} .1C�Iˇ} .1C�//:

By the previous lemma, this gives

d.ˇ/} .1C�/D�ˇfˇg1} .1C�/

and then .d.ˇ/Cˇfˇg1/} .1C�/D 0, that is to say d.ˇ/Cˇfˇg1D 0 by composing with .1C�/}�1

on the right. We thus have proved that ˇ 2MC.L/.
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We now need to check that we have indeed an action of G on MC.L/. We have that 1C 0 acts trivially
on MC.L/, so we just need to prove that ..1C �/} .1C�// �˛ D .1C �/ � ..1C�/ �˛/.

By hypothesis, we have
d.�/D ˛C�f˛g1�ˇ} .1C�/;

d.�/D ˇC �fˇg1� 
 } .1C �/:

Let 1C�D .1C �/} .1C�/D 1C�C �} .1C�/. We compute

˛C�f˛g1�
}.1C�/D˛C�f˛g1C�}.1C�/f˛g1Cd.�/}.1C�/�ˇ}.1C�/��fˇg1}.1C�/

Dd.�/Cd.�/}.1C�/C�}.1C�I˛/C�}.1C�I�f˛g1/��}.1C�Iˇ}.1C�//

by the previous lemma. We then have

˛C�f˛g1� 
 } .1C �/} .1C�/D d.�/C d.�/} .1C�/C �} .1C�I d.�//D d.�/:

We end this section with the definition of the Deligne groupoid.

Proposition-Definition 2.30 Let L be a complete �.PreLie;�/-algebra. We let Deligne.L/ be the
category with MC.L/ as set of objects and MorDeligne.L/.˛; ˇ/D f.1C�/ 2G j .1C�/ �˛ D ˇg. Then
Deligne.L/ is a groupoid called the Deligne groupoid of L.

Proof It is a corollary of the previous theorem.

2.4 An integral Goldman–Millson theorem

We conclude this part with an analogue of the Goldman–Millson theorem. This theorem allows us to give
a link between two particular groupoids when changing a dg Lie algebra L to another one L which is
quasi-isomorphic to L (see [12, Section 2.4]).

Let A be a local artinian K -algebra with maximal ideal mA, where K is the field of fractions of some
noetherian integral domain K. Let L be a �.PreLie;�/-algebra (without any convergence hypothesis).
If ˝ denotes the tensor product over K, then L˝A is also a �.PreLie;�/-algebra with the definitions

.L˝A/k D Lk˝A;


.Ot .x1˝ a1; : : : ; xn˝ an//D 
.Ot .x1; : : : ; xn//˝ a1 � � � an;

d.x˝ a/D d.x/˝ a:

To retrieve our convergence hypothesis, we can consider the sub �.PreLie;�/-algebra L˝mA. This
�.PreLie;�/-algebra has a filtration given by

Fn.L˝mA/D L˝mnA;

which is 0 for n big enough, because mA is nilpotent. In particular, our series will be reduced to finite sums.
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Let Deligne.L;A/ D Deligne.L˝mA/ the associated Deligne groupoid. As in [12, Section 2.3], we
remark that Deligne.�;�/ defines a bifunctor such that, for all morphisms of �.PreLie;�/-algebras
' W L! L and for all morphisms of algebras  W A! A, we have the diagram

Deligne.L;A/ Deligne.L;A/

Deligne.L;A/ Deligne.L;A/

'�

 �  �

'�

which is commutative.

We can now prove Theorem B.

Theorem 2.31 Let K be a noetherian integral domain and K its field of fractions. Let L and L be two
positively graded �.PreLie;�/-algebras. Let ' W L! L be a morphism of �.PreLie;�/-algebras such
that H 0.'/ and H 1.'/ are isomorphisms , and H 2.'/ is a monomorphism. Then for every local artinian
K -algebras A, the induced functor '� W Deligne.L;A/! Deligne.L;A/ is an equivalence of groupoids.

Proof The proof is close to the one given in [12, Sections 2.5–2.11]. By the same arguments as in
[12, Section 2.5], we are reduced to prove the following. Let A be a local artinian K -algebra with
maximal ideal mA and I�A be an ideal such that I �mA D 0. Then if the theorem holds for A=I, then it
also holds for A.

Our first goal is to prove the same proposition given in [12, Section 2.6], which constructs three obstruction
maps o2, o1 and o0. Let �� WL˝A!L˝A=I be the map induced by the canonical projection � WA!A=I.

We first define o2 W Obj.Deligne.L;A=I//! H 2.L˝ I/ which is such that o2.!/ D 0 if and only if
there exists e! 2 Obj.Deligne.L;A// with ��.e!/D !.

Let ! 2 Obj.Deligne.L;A=I//�mA=I. Let e! 2 L1˝mA be such that

��.e!/D ! and Q.e!/D d.e!/Ce!fe!g1:
Then ��.Q.e!//D 0 to that Q.e!/ 2 L2˝ I. By using that I �mA D 0, we obtain

d.Q.e!//D d.e!/fe!g1�e!fd.e!/g1 D�e!fe!g1fe!g1Ce!fe!fe!g1g1 De!fe!;e!g1;1 D 0:
This implies that Q.e!/ 2Z2.L˝ I/. Let e!0 2 L1˝mA be some other element such that ��.e!0/D !.
In particular, e! �e!0 2 L1˝ I. We then have, using again that I �mA D 0,

Q.e!0/�Q.e!/D d.e!0�e!/C .e!0�e!/fe!0�e!g1Ce!fe!0�e!g1C .e!0�e!/fe!g1 D d.e!0�e!/:
We then let o2.!/ to be the class of Q.e!/ inH 2.L˝I/. Suppose that o2.!/D0. Then by definition, there
exists some 2L1˝I such that Q.e!/Dd. /. We can check thate!0 WDe!� 2Obj.Deligne.L;A// and
��.e!0/D!. In the converse direction, we obviously have that if !D��.e!/withe! 2Obj.Deligne.L;A//,
then o2.!/D 0.
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We now prove the following analogue of the lemma given in [12, Section 2.8]. For all ˛ 2 L1˝mA,
� 2 L0˝mA and u 2 L0˝ I, we have

.1CuC �/ �˛ D .1C �/ �˛� d.u/:

Let ˇ D .1C �/ �˛. We have

.ˇ� d.u//} .1CuC �/D

C1X
nD0

.ˇ� d.u//fuC �gn

D

C1X
nD0

nX
kD0

.ˇ� d.u//fu; �gk;n�k :

Since I �mA D 0, and because u 2 L1˝ I and � 2 L0˝mA, the terms with n¤ 0 and k ¤ 0 are 0 by
definition of the �.PreLie;�/-algebra structure in L˝A. We then have

.ˇ� d.u//} .1CuC �/D ˇ� d.u/C

C1X
nD1

ˇf�gn

D ˇ} .1C �/� d.u/

D ˛C �f˛g1� d.�/� d.u/

D ˛C .uC �/f˛g1� d.uC �/;

which finally gives

.1C �/ �˛� d.u/D .˛C .uC �/f˛g1� d.uC �//} .1CuC �/}�1 D .1CuC �/ �˛:

Let � 2Obj.Deligne.L;A=I//. We let ��1� .�/ be the category whose objects are ! 2Obj.Deligne.L;A//
such that ��.!/D� , and with morphisms the gauge group elements 
 2Deligne.L;A/ such that ��.
/D1.
We now construct a map o1 W Obj.��1� .�//�Obj.��1� .�//! Z1.L˝ I/ such that o1.˛; ˇ/D 0 if and
only if there exists a morphism 
 in ��1� .�/ such that 
.˛/D ˇ.

Let �2Z1.L˝I/. For every ˛2Obj.��1� .�//, we have that Q.˛C�/DQ.˛/C˛f�g1C�f�g1D0, since
I �mA D 0. Then ˛C � 2 Obj.Deligne.L;A//, and ��.˛C �/D � . We thus have an action of the group
Z1.L˝I/ on the set Obj.��1� .�//. This action is simply transitive. Indeed, let ˛; ˇ2Obj.Deligne.L;A//
be such that ��.˛/D ��.ˇ/D � . Then ˛�ˇ 2L1˝I and d.˛�ˇ/DQ.˛/�Q.ˇ/D 0. The element
� WD ˛�ˇ is then an element of Z1.L˝I/ whose action on ˇ is ˛. Since ˛�ˇD 0 if and only if ˛D ˇ,
the action is indeed simply transitive. We then can set o1.˛; ˇ/ to be the class of ˛�ˇ in H 1.L˝ I/.

Now, if there exists some element 1Cu 2G in the gauge group of L˝mA such that .1Cu/ �˛ D ˇ and
��.1C u/D 1, we then have, according to the analogue of the lemma given in [12, Section 2.8], that
ˇ D .1Cu/ � ˛ D ˛� d.u/ so that o1.˛; ˇ/D 0. In the converse direction, if o1.˛; ˇ/D 0, then there
exists u 2 L0˝ I such that ˛�ˇ D d.u/. By using the lemma again, we find that .1Cu/ �˛ D ˇ.

Let z̨; ž 2 Obj.Deligne.L;A// and ˛ D ��.z̨/; ˇ D ��. ž/ be such that there exists an element 1C u
of the gauge group of L˝ mA=I with .1C u/ � ˛ D ˇ. Let ��1� .1C u/ be the set of gauge group
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elements 1 C zu in L ˝ mA such that .1 C zu/ � z̨ D ž and ��.1 C zu/ D 1 C u. We finally con-
struct a map o0 W ��1� .1C u/ � ��1� .1C u/ ! H 0.L˝ I/ which satisfies the following. For every
1C zu; 1C zu0 2 ��1� .1Cu/, we have that o0.1C zu; 1C zu0/D 0 if and only if zuD zu0.

We define a simply transitive action of H 0.L˝ I/ on the set ��1� .1Cu/. Let 1C zu 2 ��1� .1Cu/ and
let w 2 L˝ I. We have that

.1C zuCw/ � z̨ D .1C zu/ � z̨ � d.w/D ž� d.w/:

Therefore, if w 2H 0.L˝ I/D Z0.L˝ I/, then .1C zuCw/ � z̨ D ž. This then defines an action of
H 0.L˝I/ on ��1� .1Cu/. Let 1Czu0 2��1� .1Cu/. We setwD o0.1Czu; 1Czu0/ WD zu�zu0 2L˝I. Then

d.w/D d.o0.1C zu; 1C zu
0//D .1C zu0/ � z̨ � .1C zu0Cw/ � z̨ D ž� ž D 0:

We then obtain that w 2H 0.L˝ I/ is the unique element which sends 1C zu to 1C zu0. The action is
then simply transitive, and we have constructed o0.

This then proves an analogue of the proposition given in [12, Section 2.6]. The other parts of the proof
only use these three obstructions maps and do not directly use the structure of L. We can then follow
exactly the same arguments in [12, Section 2.11] to obtain the result.

Definition 2.32 Two positively graded �.PreLie;�/-algebras L and L are quasi-isomorphic if there
exists a zig-zag of morphisms of �.PreLie;�/-algebras

LD L0! L1 � � � ! Lm�1 Lm D L

in which each morphism induces an isomorphism in cohomology.

Corollary 2.33 If L and L are quasi-isomorphic , then for all local artinian K -algebras A, the groupoids
Deligne.L;A/ and Deligne.L;A/ are equivalent. More precisely , we have a zig-zag of equivalence of
groupoids

Deligne.L;A/! Deligne.L1; A/ � � � ! Deligne.Lm�1; A/ Deligne.L;A/;

which is natural in A.

3 Application in homotopy theory for operads

The goal of this section is to establish Theorem C, which gives a computation of �0
�
Map.Bc.C/;P/

�
where C is a †�-cofibrant coaugmented cooperad, P an augmented operad and Bc the cobar construction
(see [9] or [14] for a definition of this construction). In the case of a field of characteristic 0, it can be
expressed in terms of the Deligne groupoid with the structure of dg Lie algebra of Hom†.C;P/. We extend
this result using a structure of �.PreLie;�/-algebra that underlies this dg Lie algebra structure.
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In Section 3.1, we define infinitesimal k-compositions and k-decompositions that generalize the usual
infinitesimal composition and decomposition operations given in [14, Section 6.1]. These operations will
be used in the next section to write more easily weighted brace operations of the convolution operad.

In Section 3.2, we recall the definition of the convolution operad Hom.C;P/, as given in [14, Section 6.4.1],
and study the �.PreLie;�/-algebra structure of Hom†.C;P/. In the same way that infinitesimal compo-
sition and decomposition can be used to express the pre-Lie algebra structure of the convolution operad
(see [14, Proposition 6.4.5]), we will use infinitesimal k-compositions and k-decompositions to compute
weighted brace operations of the convolution operad.

In Section 3.3, we just use a cylinder object of Bc.C/ given by Fresse in [8, Section 5.1] to get our result:
the quotient of Hom†.C;P/ by the gauge action gives �0.Map.Bc.C/;P//.

3.1 Infinitesimal compositions and decompositions of an operad and a cooperad

We first introduce some definitions which will be useful for the computations.

Let M and N be two symmetric sequences such that N.0/D 0. Recall that we have a monoidal structure
on the category of symmetric sequences defined by

M ıN.n/D
L
k�0

M.k/˝†k

� L
i1C���CikDn

Ind†n†i1�����†ik
.N.i1/˝ � � �˝N.ik//

�
;

with as unit the symmetric sequence I defined by

I.n/D

�
K if nD 1;
0 if n¤ 1:

Every element of M ıN.n/ can be identified as a tree of the form

x

y1

i11 i1r1

yn

in1 inrn� � � � � �

� � �

0

where x 2M.n/, y1 2N.r1/; : : : ; yn 2N.rn/, and where 1 � iqp �
P
i ri are labels which represent a

permutation of †r1C���Crn .

We can write M ı N.n/ without quotients by the group permutations by taking a choice of set of
representatives. This set is given by pointed shuffle permutations (see conventions):

M ıN.n/D
L
k�0

M.k/˝
� L
i1C���CikDn

N.i1/˝ � � �˝N.ik/˝KŒSh�.i1; : : : ; ik/�
�
:

We now generalize the definition of the infinitesimal composition/decomposition defined in [14], in order
to write some formulas in a more convenient way.

Algebraic & Geometric Topology, Volume 25 (2025)



Pre-Lie algebras with divided powers and the Deligne groupoid in positive characteristic 5601

Definition 3.1 Let M and N be two symmetric sequences. For all k � 0, we define a new symmetric
sequence denoted by M ı.k/N called the k-infinitesimal composite of M and N defined, in each arity n,
as the submodule of M ı .I ˚N/.n/ spanned by trees where exactly k elements at level 2 are in N , and
the others in I .

Let M , M 0, N and N 0 be symmetric sequences. One can check that if we have morphisms of symmetric
sequences f WM !M 0 and g WN !N 0, then we have a morphism f ı.k/ g WM ı.k/N !M 0 ı.k/N

0

induced by f ı .idI ˚g/.

Let P be an operad with composition 
 W P ı P ! P and unit � W I ! P , and let C a cooperad with
coproduct � W C! C ıC and counit " W C! I . We will suppose that P is augmented, ie the unit � W I ! P
admits a retraction � W P! I . We then have that there exists a symmetric sequence P with P ' I ˚P
such that the first projection on P is given by � . Similarly, we suppose that C is coaugmented, ie the
counit " W C! I admits a section s W I ! C. We then have that there exists a symmetric sequence C with
C ' I ˚ C such that the first projection is given by ".

In the following, we assume that C.0/D P.0/D 0 and C.1/D P.1/DK.

We give an extension of the usual infinitesimal composition and decomposition operations given in
[14, Section 6.1] for k D 1.

Definition 3.2 Let k � 1.

� We define the infinitesimal k-composition in P as


.k/ W P ı.k/ P.n/ P ıP.n/ P.n/;


where the first map is the inclusion of P ı.k/ P in P ıP .

� We define the infinitesimal k-decomposition in C as

�.k/ W C.n/ C ı C.n/ C ı.k/ C.n/;
�

where the last map is the projection of C ı C onto C ı.k/ C.

Because C is coaugmented, we have that the coproduct � W C! C ıC preserves the isomorphism C' I˚C
in the following sense. We have the isomorphism

C ı C ' I ı I ˚ C ı I ˚ I ı C˚
M
k�1

C ı.k/ C:

Then, we get that the restriction of � on I and on C are such that

� W I ! I ı I and � W C! C ı I ˚ I ı C˚
M
k�1

C ı.k/ C:
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We can then define the infinitesimal k-decompositions on C by

�.0/ W C C ı I ˚ I ı C˚
M
k�1

C ı.k/ C C ı I ˚ I ı C;

�.k/ W C C ı I ˚ I ı C˚
M
k�1

C ı.k/ C C ı.k/ C;

�

�

for all k � 1.

3.2 �.PreLie;�/-algebra structure of the convolution operad

Let M and N be two symmetric sequences of differential graded K-modules. We define a new symmetric
sequence Hom.M;N / in dg K-modules by Hom.M;N /.n/DHom.M.n/;N.n//, the differential graded
module formed by the homogeneous morphisms f WM.n/!N.n/. The differential on Hom.M;N / is
given by

d.f /D dM ıf � .�1/
deg.f /f ı dN ;

for all f 2 Hom.M;N /. The action of †n on Hom.M.n/;N.n// is defined by

8x 2M.n/; .� �f /.x/D � �f .��1 � x/;

for all � 2†n.

Proposition 3.3 (see [14]) Let C be a cooperad and P be an operad. Then Hom.C;P/ has the structure
of a dg operad called the convolution operad of C and P .

We recall the operad structure on Hom.C;P/. For elements f 2Hom.C;P/.k/, g1 2Hom.C;P/.i1/; : : : ;
gk 2 Hom.C;P/.ik/ the composition 
.f ˝g1˝ � � �˝gk/ is given by the composite

C.n/ C ı C.n/ C.k/˝ C.i1/˝ � � �˝ C.ik/˝KŒid�

P.k/˝P.i1/˝ � � �˝P.ik/˝KŒid� P ıP.n/ P.n/;

�

f˝g1˝���˝gk˝id




where nD
P
p ip.

We have Hom†n.C.n/;P.n//D Hom.C.n/;P.n//†n , and we set

Hom†.C;P/D
Y
n�1

Hom†n.C.n/;P.n//I

Hom†.C;P/D
Y
n�2

Hom†n.C.n/;P.n//� Hom†.C;P/:

Then, according to Corollary 2.18, we have that Hom†.C;P/ is endowed with a complete �.PreLie;�/-
algebra structure. We also have the isomorphism

Hom†.C;P/'K˚Hom†.C;P/;

Algebraic & Geometric Topology, Volume 25 (2025)



Pre-Lie algebras with divided powers and the Deligne groupoid in positive characteristic 5603

so that any morphism in Hom†.C;P/ can be identified with a morphism in Hom†.C;P/ which is 0
on C.1/DK.

We can explicitly describe the weighted braces with one input of Hom†.C;P/ in terms of infinitesimal
decompositions and compositions.

Lemma 3.4 Let xf ; xg 2 Hom†.C;P/. Then xf fxggk is given by the composite

C C ı.k/ C P ı.k/ P P:
�.k/ xf ı.k/xg 
.k/

In particular, we retrieve the well-known pre-Lie algebra structure on Hom†.C;P/ given by the composite

C C ı.1/ C P ı.1/ P P
�.1/ xf ı.1/xg 
.1/

as shown in [14, Proposition 6.4.5] (here we consider left actions).

Proof By definition of the �.PreLie;�/-algebra structure of Hom†.C;P/ (see Corollary 2.18), it is
sufficient to prove it on

L
r�2 Hom†r .C.r/;P.r//. We write

xg D g1C � � �Cgp;

where gi 2 Hom†ni .C.ni /;P.ni // with ni ¤ nj whenever i ¤ j . Since the identity we need to prove is
linear in xf , we can suppose that xf 2 Hom†n.C.n/;P.n//. We then have that

xf fxggk D
X

r1C���CrpDk

xf fg1; : : : ; gpgr1;:::;rp :

If we denote by 
 the operadic composition in the operad Hom.C;P/, and if we set

h1; : : : ; hk D g1; : : : ; g1„ ƒ‚ …
r1

; : : : ; gp; : : : ; gp„ ƒ‚ …
rp

and s1; : : : ; sk D n1; : : : ; n1„ ƒ‚ …
r1

; : : : ; np; : : : ; np„ ƒ‚ …
rp

;

then by definition of the �.PreLie;�/-algebra structure of
L
r�2 Hom†r .C.r/;P.r// (Proposition 2.17),

we have

xf fg1; : : : ; gpgr1;:::;rp

D

X
�2Sh.r1;:::;rp/

X
1�i1<���<ik�n

!2Sh�.1;:::;s��1.1/
i1

;:::;s
��1.k/

ik

;:::;1/

˙! � 
. xf .1; : : : ; xg��1.1/
i1

; : : : ; xg��1.k/
ik

; : : : ; 1//:

For a given � 2 Sh.r1; : : : ; rp/ and ! 2 Sh�.1; : : : ; s��1.1/
i1

; : : : ; s��1.k/
ik

; : : : ; 1/, we can see the corre-
sponding term in the sum as the composite

C.m/ C ı C.m/ C.n/˝ C.s��1.1//˝ � � �˝ C.s��1.k//˝KŒ!�

P.n/˝P.s��1.1//˝ � � �˝P.s��1.k//˝KŒ!� P ıP.m/ P.m/;

�

xf˝xh
��1.1/

˝���˝xh
��1.k/

˝id
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where mD nC .n1� 1/r1C � � �C .np � 1/rp, and where we omits some unit elements. Summing over
the !’s and using the decomposition of C ı C.m/ and P ıP.m/ just before Definition 3.1 will then give
the composite

C.m/ C ı C.m/ P ıP.m/ P.m/;�
xf˝xh

��1.1/
˝���˝xh

��1.k/ 


where we omit, again, the unit elements. Since xf and the xhi ’s are 0 on C.1/, this composite is also 0
on C.1/. Summing on all � 2 Sh.r1; : : : ; rp/ will give the desired composite.

Theorem 3.5 The circular product of two elements f D 1C xf ; g D 1C xg of the gauge group of
Hom†.C;P/ is given by

f }g W C C ı C P ıP P:� f ıg 


Proof Because fjI D gjI D 1, we have that .f } g/jI D 1. We thus need to show the equality on C.
Recall that we have infinitesimal decompositions on C denoted by �.0/ and �.k/ for k � 1 such that
�jC D�.0/˚

L
k�1�.k/. The map �.0/ will give xf C xg, and each �.k/ will give xf fxggk according to

the previous lemma. We thus have that the composite in the statement of the theorem gives

1C xf C
X
k�0

xf fxggk;

which is exactly f }g.

3.3 Computation of �0

�
Map.Bc.C/;P/

�
We now extend the computation of �0

�
Map.Bc.C/;P/

�
on a field K with positive characteristic. In this

last section, we chose to work with a homological convention to follow the conventions in the literature.
This does not change anything on the results of the previous sections.

Recall that we can give an explicit cylinder object for Bc.C/, where Bc is the cobar construction of C,
when C is †�-cofibrant (see, for instance, [8] or [14]). Explicitly, let K DK�0˚K�1˚K�01 where
j�0j D j�1j D �1, j�01j D 0 and d.�01/D �1 � �0. Then there exists a derivation of operads @ such
that the free dg operad .F.K˝ C/; @/ is a cylinder object for Bc.C/. We refer to [8, Section 5.1] for an
explicit construction of @ and a proof of the previous statement.

Theorem 3.6 Suppose that C is †�-cofibrant. We then have a bijection:

�0.Map.Bc.C/;P//' �0Deligne.Hom†.C;P//:

Proof Recall from Fresse (see [9, Theorem 3.2.14]) that �0
�
Map.Bc.C/;P/

�
'
�
Mor.Bc.C/;P/;�h

�
where �h is the homotopy relation in the category of symmetric operads. Recall also that the data of
a Maurer–Cartan element ˛ in Hom†.C;P/ is equivalent to give a morphism of operads �˛ from Bc.C/
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to P (see [8] or [14]). We just need to show that the action of the gauge group on the Maurer–Cartan set of
Hom†.C;P/ from one Maurer–Cartan ˛ to an other one ˇ is equivalent to give a homotopy from �˛ to �ˇ .

Let 1C� be an element of the gauge group. We define a morphism h WCyl.Bc.C//!P via h WK˝C!F.K˝C/
by setting

h.�0˝ 
/D ˛.
/; h.�1˝ 
/D ˇ.
/; h.�01˝ 
/D �.
/;

where 
 is some element of C. We claim that .1C �/ � ˛ D ˇ if and only if h is a homotopy from �˛

to �ˇ . Accordingly, we must prove

d.�/D ˛C�f˛g�ˇ} .1C�/ , d.h/D 0;

where d is the differential of Mor.Bc.C/;P/.

Because ˛ and ˇ are Maurer–Cartan elements, and by definition of @, the second equality is always
satisfied for �"˝ 
 with "D 0; 1 and 
 2 C. We just need to check this equality on terms �01˝ 
 for
any 
 2 C:

d.h/.�01˝ 
/D d.h.�01˝ 
//� h.@.�01˝ 
//

D d.�.
//��.d.
//�˛.
/Cˇ.
/��f˛g1.
/C .ˇ} .1C�/.
/�ˇ.
//

D d.�/.
/�˛.
/��f˛g1.
/Cˇ} .1C�/.
/:
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