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We develop a deformation theory controlled by pre-Lie algebras with divided powers over a ring of
positive characteristic. We show that every differential graded pre-Lie algebra with divided powers comes
with operations, called weighted braces, which we use to generalize the classical deformation theory
controlled by Lie algebras over a field of characteristic 0. Explicitly, we define the Maurer—Cartan set, as
well as the gauge group, and prove that there is an action of the gauge group on the Maurer—Cartan set.
This new deformation theory moreover admits a Goldman—Millson theorem which remains valid over the
integers. As an application, we give the computation of the 7y of a mapping space Map(B€(C), P) with
C and P suitable cooperad and operad, respectively.
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5568 Marvin Verstraete

Introduction

An important result in deformation theory asserts that every deformation problem over a field of character-
istic O can be encoded by a differential graded Lie algebra (see [15; 18]). More precisely, any deformation
problem can be described by a solution of the Maurer—Cartan equation:

d(x) + 3[x,x] =0,

in some differential graded Lie algebra. The group obtained by the integration of the differential graded
Lie algebra into a Lie group, called the gauge group, moreover acts on the Maurer—Cartan set. The orbits
of this action give isomorphism classes of deformation problems.

In [6], Dotsenko, Shadrin and Vallette showed that if the differential graded Lie algebra comes from a
differential graded pre-Lie algebra, then the Maurer—Cartan equation, the gauge group and its action on
the Maurer—Cartan set can be described in terms of pre-Lie operations. A differential graded pre-Lie
algebra is a vector space L with a bilinear operation x: L ® L — L such that

(xxy)wz—xx(yxz)=(DPIE((xx2)wy —x (2% y)).

and which satisfies the Leibniz rule with respect to the differential. Every differential graded pre-Lie
algebra is in particular a differential graded Lie algebra with the graded commutator:

[x,y] =xxy— (=D)Ily 5 .

Dotsenko, Shadrin and Vallette showed in particular that given a pre-Lie algebra L, the pre-Lie exponential
map exp: L% — (1 4+ L%) induces an isomorphism between the gauge group and the group (1+ L%, ®, 1)
with @ the circular product defined by

1
a®(1+b)= E —atb, ..., b},
n>0 n
where —{—, ..., —} denotes the symmetric braces determined by the pre-Lie structure *, starting with
x{y} = x«y. Then, by writing the Maurer—Cartan equation as a zero-square equation, they prove that the

action of the gauge group on the Maurer—Cartan set can be computed in terms of the circular product © as

ta= (ek*cx)@e_k,

allowing us to have an easier way to compute the Deligne groupoid associated to any differential graded
pre-Lie algebra over a field of characteristic 0.

The aim of this paper is to develop a deformation theory in positive characteristic which generalizes the
deformation theory controlled by pre-Lie algebras over a field of characteristic 0 developed in [6]. Our
idea is to use differential graded pre-Lie algebras with divided powers.

The notion of a pre-Lie algebra with divided powers (or I"'(PreLie, —)-algebra) has been studied by
Cesaro in [3]. He showed in particular that every pre-Lie algebra with divided powers comes equipped
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with weighted brace operations —{—, ..., —},,,....r,, for each collection of integers ry,...,r, > 0, which
satisfy similar identities as the quantities

1

X{V1see s Vlser s Vrsee s VYt

r n

x{y1’ .. -,Yn}rl,...,rn = 1—[

in a pre-Lie algebra over a field of characteristic O (see [3, Propositions 5.9-5.10] for a precise list of
these identities).

Every differential graded pre-Lie algebra with divided powers L comes equipped with analogous weighted
brace operations —{—, ..., —},,,....r, Which satisfy a graded version of the identities satisfied by weighted
braces in the nongraded framework. In this context, we have an analogue of the Maurer—Cartan equation:

d(x)+x{x}; =0.
With suitable convergence hypothesis, we also get that the circular product ® can be written as
a@(1+b)=Y albln
n>0

and gives rise to a group structure on 1 + L% This group is called the gauge group of L. As in
characteristic 0, we also show that this group acts on the Maurer—Cartan set of L.

Theorem A LetK be a ring.

(i) In any complete differential graded pre-Lie algebra with divided powers L, the circular product ®,
defined as above, endows the set 1 + L° with a group structure.

(ii) If we denote by d the ditferential of L, then this group acts on the Maurer—Cartan set via
(14 p) o= (@+pfal —dp) @ (1 +w)® "

We prove that this new deformation theory satisfies an analogue of the Goldman—Millson theorem given
in [12, Section 2.4]. Let Deligne(L, A) be the Deligne groupoid of the complete dg pre-Lie algebra with
divided powers L ® my, where L is a dg pre-Lie algebra with divided powers and my4 the maximal ideal
of a local artinian algebra A over the field of fraction K of K. We precisely get the following result.

Theorem B Let K be a noetherian integral domain and K its field of fractions. Let L and L be two
positively graded I' (PreLie, —)-algebras. Let ¢: L — L be a morphism of T'(PreLie, —)-algebras such
that H%(¢) and H(¢) are isomorphisms and H?(¢) is a monomorphism. Then for every local artinian
K -algebra A, the induced functor @4 : Deligne(L, A) — Deligne(L, A) is an equivalence of groupoids.

Other approaches to generalize the usual deformation theory in the positive characteristic framework have
been proposed recently in the literature. We have, for instance, a deformation theory in an associative
context, via Axo-algebras, which is used to study deformations of group representations (see [16]). Another
approach is given by (spectral) partition Lie algebras to get a full generalization of the Lurie-Pridham
correspondence in the setting of a field with positive characteristic (see [1; 2]).
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The main motivation for the approach developed in this paper is that operadic deformation problems
are expressed in terms of pre-Lie structures. The goal is then to compute the wy of a mapping
space Map(B€(C), P), where we take any dg operad P on the target and the operad B¢(C) given by
the cobar of a dg coaugmented cooperad C on the source. Recall simply that B€(C) defines a cofibrant
operad when C is cofibrant as a symmetric sequence (X, -cofibrant). It is well known that, over a field of
characteristic 0, the mo of this mapping space is the set of isomorphism classes of the Deligne groupoid
of the Lie algebra Homy (C, P). Using the pre-Lie algebra structure of Homy (C, P), this can be seen as
a consequence of the computations in [6]. To extend this result, we first show that Homyx (C, P) admits a
structure of a dg pre-Lie algebra with divided powers. Then we get the following statement.

Theorem C Let K be a field. Suppose that C is a X«-cofibrant coaugmented dg cooperad and P an
augmented dg operad. We then have an isomorphism:

wo(Map(B€(C), P)) ~ moDeligne(Homyx (C, P)),

where moDeligne(Homyx (C, P)) denotes the set of isomorphism classes of the Deligne groupoid.

Theorem C gives a first step for the calculation of the homotopy groups of a mapping space Map(B¢(C), P)
over any field.

In the first part of this paper, we recall some definitions and properties on pre-Lie algebras and pre-Lie
algebras with divided powers: in Section 1.1 we briefly review the definition of the notion of a pre-Lie
algebra and the construction of the corresponding operad; in Section 1.2, we review the definition of a
pre-Lie algebra with divided powers and of the weighted brace operations.

In the second part, we develop the deformation theory for differential graded pre-Lie algebras with
divided powers: in Section 2.1, we study pre-Lie algebras with divided powers in the dg framework;
in Section 2.2, we define the circular product and prove assertion (i) of Theorem A; in Section 2.3, we
define the Maurer—Cartan set and prove assertion (ii) of Theorem A; in Section 2.4, we finally prove our
analogue of the Goldman—Millson theorem (Theorem B) for this new deformation theory.

We conclude this article with our application of this deformation theory for operadic deformation problems:
in Section 3.1, we introduce some basic definitions on symmetric sequences and operads which will be
useful to write our formulas; in Section 3.2, we study the structure of a differential graded pre-Lie algebra
with divided powers of the convolution operad; in Section 3.3, we finally give a proof of Theorem C.

Conventions We denote the symmetric group on n letters by X,. We recall that a permutation
0 € Xy 4otr, is a shuffle permutation of type (r1,...,ry) if o preserves the order on the subsets
{ri+--4+ri+l<---<ri+--+4riy1pof {l <--- <ry+---+ry}. The shuffle permutation o is
pointed if we also have o(1) <o(ri+1)<---<a(r1+---+rp—1 +1).

We denote by Sh(ry, ..., ry) the subset of X, 4.4, composed of shuffle permutations of type (r1, ..., 7,)
and by Shy(rq, ..., r,) the subset of Sh(ry, ..., r,) composed of pointed shuffle permutations.
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1 Recollections on pre-Lie algebras with divided powers

We first recall some definitions and basic properties on pre-Lie algebras and pre-Lie algebras with divided
powers. Pre-Lie algebras were introduced in deformation theory by Gerstenhaber in [10], while pre-Lie
algebras with divided powers were introduced by Cesaro in [3].

In Section 1.1, we give brief recollections on the notion of a pre-Lie algebra. We will more particularly
see pre-Lie algebras as algebras over an operad introduced by Chapoton and Livernet in [5], the rooted
tree operad, of which we also recall the definition in this subsection.

In Section 1.2, we give recollections on the notion of a pre-Lie algebra with divided powers. These
objects can be seen as pre-Lie algebras with some extra operations. We will focus on some of these
operations called weighted braces that will mimic the quantities which appear in the definition of the
circular product.

1.1 Pre-Lie algebras and the rooted tree operad

We will use the following basic definitions.

Definition 1.1 A pre-Lie algebra over a ring K is a K-module L endowed with a bilinear morphism
*: L. ® L — L such that

(rx ) xz—xx(yxz) = (xx2) %y —x % (2% ).

The category of pre-Lie algebras is isomorphic to the category of symmetric braces algebras (see [17]

or [13]). The symmetric braces —{—, ..., —} are defined by induction on the length of the brace by
al} =a,
a{b1} =a by,
n—1

i=1

foralla,by,...,b, € L.

For our purpose, it will be more convenient to see pre-Lie algebras as algebras over an operad. This
operad can be described in terms of rooted trees as follows.

Algebraic € Geometric Topology, Volume 25 (2025)
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Definition 1.2 (see [5, Section 1.5]) We call an n-rooted tree a nonplanar tree with n vertices equipped
with a numbering from 1 to n, together with a distinguished vertex called the root. By convention, we
choose to put the root at the bottom in any representation of a tree.

We let RT (n) to be the set of all trees with n vertices, and PreLie(n) = K[RT (n)].

The collection PreLie is endowed with an operad structure. The action of X, on Prelie(n) for all
n > 1 is given by the permutation of the indices attached to the vertices. The i partial composition
So; T ePrelie(p+q—1)of SeRT(p) and T € RT (q) is given by the sum of all the possible trees
obtained by putting 7 in the vertex i of S, with the obvious choice of the numbering (see an example in
[5, Section 1.5]). This operad is also called the rooted tree operad.

One can show that the algebras over the rooted tree operad are precisely the pre-Lie algebras (see
[5, Section 1.9]). In particular, the symmetric braces are given by the trees F,, for n > 0 called corollas

1.2 Pre-Lie algebras with divided powers

with n leaves:

In this part, we recall the notion of a pre-Lie algebra with divided powers. We obtain this definition as a
particular case of a general construction, for algebras over an operad, which we briefly recall.

Every operad P on a suitable monoidal category C gives a functor S(P,—): C — C, called the Schur
functor, defined by
SP.V)=PPn) ®x, V",
n>0

where we consider, in the direct sum, the coinvariants of P(n) ® V' ®” under the diagonal action of %,
given by its action on P(n) and its action by permutation on the tensor product V®”". The image of a
tensor product p ® V1 ® -+ ® v, € P(n) ® V" in P(n) ®x,, V®" will be denoted by p(vy, ..., vs).
The Schur functor defines a monad and the category of algebras over this monad is the usual category of
algebras over the operad P. In particular, pre-Lie algebras in the sense of Definition 1.1 are identified
with S(PreLie, —)-algebras.

In the above definition, one can chose to take invariants instead of coinvariants. We obtain a new functor
I'(P,—): C — C defined by
T(P.V)=EPPn > ver.
n>0

If P(0) = 0, this functor also gives a monad (see [7, Section 1.1.18]). The algebras over this monad
are called P-algebras with divided powers. The motivation for this terminology comes from the fact
that I'(Com, —)-algebras are precisely the usual commutative and associative algebras over K with
divided powers.
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If C is a category whose objects are K-modules, then we have a morphism of monads Tr:S(P, V)—T'(P, V)
called the trace map and defined by

Tr(p(1,-- - vn)) = D (0-P) ®Vs-1(1) @+ ® Vg1 (y).-

g€,
If K is a field of characteristic 0, the trace map is an isomorphism. It is no longer the case in general
when char(K) # 0.

In the case C =Modk of the category of K-modules and P = PreLie, if V is a free K-module, we however
have an isomorphism of modules given by the orbit morphism O: S(PreLie, V) — I'(PreLie, V') defined
as follows. Let n > 1 and t € PreLie(n) ® V" be a basis element. We set

o) = > o-t,

0€X, /Staby,, (2)
where Staby, () is the stabilizer of t under the diagonal action of %, on PreLie(n) ® V ®". The map O
is then extended by linearity on PreLie(n) ® V®".

Theorem 1.3 (A Cesaro [3]) Every pre-Lie algebra with divided powers L comes equipped with
operations —{—, ..., —}r...r,: L**T1 — L called weighted braces which satisfy

(1) x{ya(l)a L] ya(n)}ra(l),...,ra(,,) = X{YI, L) Yn}rl,...,rn,
(i1) x{yla--~7)/i—1,y%yi+lv---,Yn}rl,...,r,',l,O,r,'Jrl,...,r,l = x{yla---’)/i—l,Yi+1,---J’n}rl,...,ri,l,ri+1,...,rn,
(iii) x{ylv cees /\yia ceey J’n}rl,...,ri,...,rn = /V"x{yl, ey Yige ooy yn}rl,...,r,j,...,rn’

(IV) x{yl,-- -,Yi,)’is---,)’n}rl,...,r,-,ri_,_l,...,rn :( ! r'.IJrl)x{yl,-. "yi"”’yn}rls~~-sri—lsri+ri+lsri+2,--~,rn’

ri
v) X{y17 e Yit Vi, yn}rl,...,r,-,...,rn = Z x{yh e YinYis oo yn}rl,...,s,r,-—s,...,rn,
s=0

(vi) x{y1...., )’n}rl,...,rn {z1...., Zm}sl,...,sm
= > ;x{yl{zl,...,zm} 1.1 Llyeees V1§21, -+ oy Zm} 1iry 1.r1
si=Bi+Y al* Hj(rj)! @1 o ®m %1 oeenlm
RO A -4 Zm}oe’f‘l,...,a,’;" R L 4 P ,Zm}aflﬁrn’.__’a;'lq,rn VZls e s ZmS e LB B
foralln,m>0,r1,...,7,81,....5m >0, 1 <i<n,ceX,,AeKandx,y1,...,Yn,21,-..,Zm € L.

The formula (vi) is written in a form that uses fractions for more convenience, but can be reduced
to Z using the other formulas. The process works as follows. Let i such that 1 <i < n. In the
sum, we first fix 81,..., Bm and oejp’q for1 <j<m,1<q<rjand p#i. We obtain a sum with
(a’l’l, s a;,’,l, s a’l’ri ey q,’,’,ri ) as yariables. We identify this last tuple with a tuple of tuples of the
form (%', ... )i ..o (@™ ... ). Let u be one of these tuples and suppose

U= U1,...,Ul,...,Ug,...,Ug)
n ty
up to permutation. If 777, . .., U4 are given, we exactly have r;!/(#1!---14!) such terms occurring in the
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sum. Then, by using the symmetry formula (i), the formula (iv) and by summing over all such tuples, we
have, in the sum,

1 ri! | |
Hj(rj)![1!---zq!t1'.”tq'x{yl{zl’."’Zm}“{’l’-“’“r]n’l""’yl{zl’."’Zm}a;’rlw-s%ln’rl’“"
yi{Zl,...,Zm}i[i,...,yi{Zl,...,Zm}d"q,...,yn{Zl,...,Zm}ailfl,,l,“.’a;zn,l,...,
yn{ZL""Zm}a?‘r’7,_,,,a,r;l’r”7zlv"'7Zﬂ’l}l,...,tl,...,tq,...,l,ﬂl,...,ﬂm9
where we have set yi{z1,....Zm}g = YitZ1. -+ Zmbay,.om if Uk = (@1, ..., 0). Hence,
1
mX{yl{Zl,...,Zm}all,l’m’a;}n,l,...,yl{Zl,...,Zm}all,rl,m,a']n,rl,...,
yl‘{Zl,...,Zm}lfl,...,yi{Zl,...,Zm}@,...,yn{Zl,...,Zm}aflq,l’m’a;qn.l,...,
yn{Zl? R Zm}a’ll’r”,m,a,’;l'r” yZ1y e aZm}l,...,tl,v,tq,...,l,ﬂl,...,ﬁm-

By iterating this argument on the other terms, we obtain an expression over Z.

The reader can find an example of such a reduction of the formula (vi) in [3, Example 5.11], as well as a
proof of the previous theorem (see [3, Propositions 5.9-5.10]).

We give the explicit construction of the weighted braces.

Construction 1.4 We regard the weighted braces x{y1, ..., Yn}r,....r, as the action of the corolla in r;
on the tensor

x®y1®...®y1®...®yn®...®yn
———— ———

r n

where we regard the y;’s as distinct variables (see below). If y; # y; for all i # j, then we precisely set

x{ylv"'vyn}rl,...,rn :V(Oinri(xiy17"'7y17"'7yn9"'9yn))7
—— ——

ri n

where y is the I'(PreLie, —)-algebra structure on L.

In order to include the case where some of the y;’s might be the same, let £, be the free K-module
generated by a basis e, eq, ..., e,. Let ¥x y,.....y,: En — L be the morphism which sends e to x and ¢;
to y; for all 1 <7 <n. We obtain a morphism

I'(PreLie, ¥x,y,,...,y,): I (PreLie, E,) — I'(PreLie, L).
We then take the orbit map at the source and apply this morphism next to have a good definition of the
weighted braces.
Remark 1.5 The converse of the previous theorem is also true, provided that L is free as a K-module.
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2 Deformation theory of I' (PreLie, —)-algebras

The main goal of this section is to extend the results proved in [6] in the context of a ring of positive
characteristic. The main idea is that formulas which define the circular product and the gauge action can
be written in terms of weighted brace operations.

In Section 2.1, we revisit the definition of pre-Lie algebras with divided powers in the dg framework.
In particular, we give the analogue of the weighted brace operations. We then make explicit an example
of differential graded pre-Lie algebras with divided powers given by differential graded brace algebras.

In Section 2.2, we define the circular product ® in terms of weighted brace operations that will generalize
the one given in [6]. We then show that this induces a group called the gauge group associated to the
I'(PreLie, —)-algebra.

In Section 2.3, we define the Maurer—Cartan equation in a I'(PreLie, —)-algebra, and then the Maurer—
Cartan set. We also see that the gauge group acts on the Maurer—Cartan set by a similar formula given in [6].

In Section 2.4, we finally motivate this new deformation theory with an analogue of the Goldman—Millson

theorem. This theorem, in particular, has the advantage to be true on integers.

2.1 Differential graded pre-Lie algebras with divided powers

As we are dealing with differential graded modules, our first goal is to define and study differential graded
pre-Lie algebras with divided powers.

In the following sections, we assume that dg modules are equipped with a cohomological grading
convention. We will denote by ® the usual tensor product of graded modules over any ring K. This
induces a symmetric monoidal category that we will denote by dgMody . If there is no possible confusion,
then we will denote by %+ any sign produced by the Koszul sign rule.

2.1.1 Weighted braces on I' (PreLie, —)-algebras Our goal here is to extend [3, Proposition 5.13] in
the context of dg modules. We begin with a basic definition.

Definition 2.1 A differential graded pre-Lie algebra is an algebra over the monad
S(PreLie, —): dgModk — dgMody .

Equivalently, we can see that a differential graded pre-Lie algebra is a graded module L = @y Lk
endowed with a morphism of graded modules x: L ® L — L such that

(xxy)xz—xx(y*xz)=£((x*z2)*y—x*x(z*Yy))
and a differential d : LK — L*¥*1 which satisfies
dx*y)=d(x)*y+x*d(y),
where =+ is the sign yielded by the permutation of x and d.
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We now define the notion of a pre-Lie algebra with divided powers in the dg framework.

Definition 2.2 A differential graded pre-Lie algebra with divided powers is an algebra over the monad
I'(PreLie, —): dgModg — dgMody .

Let L € dgMody. Suppose that LF is a free K-module for every k € Z. Let L be a basis of L composed
of homogeneous elements. Then we have a basis on PreLie(n) ® L®" for every n > 1 given by tensors
T®e1 ®---Qe, where T € RT(n) and ey,...,e, € L. We denote by RT(n) ® L®" this basis.
If char(K) # 2, then the action of ¥,, on PreLie(n) ® L®" does not restrict to an action on R7 (n) ® L®"
because of the Koszul sign rule. To handle things properly, we put this sign apart. We endow R7 (1) ® L®"
with the diagonal action of ¥,, where ¥, acts on £®" by the permutation of elements where we omit the
Koszul sign. Given a tensor t € R7 (n) ® L2, we denote by X, the orbit of ¢ under this action so that
we have the following equality of graded K-modules:

PreLie(n) @ L®" = @ K[X{].
E(RT(M®LB)/ Ty
We recover the Koszul sign rule in the following way. Let t € R7 (n) ® LZ". For every o € X,,, we define

e(0,t) € {1} C K* as the Koszul sign which appears after the usual action of o on t in the graded
module PreLie(n) ® L®". For every o, T € ¥,,, we have

elot,t) =¢e(o, t-He(r, t).
Equivalently, we can see ¢ as a functor from the groupoid with X} as set of objects and
Hom,t")={oc e X, |o- ="}
for t',t” € X to the groupoid, denoted by {41}, with only one object * and Hom(x, *) = {+1} C K*.
We can then define the 3,,-representation K[X{]* as K[X] endowed with the action of X,, defined by
o-xT = e(o,x)(o -x)lL
for every o € ¥, and x € X(. We thus have the following identity of X, -representations:
PreLlie(n) @ L&" = @ K[X{]*.
Ee(RT(M)QLO)/ T,

Our purpose it to define an analogue of the orbit map, by using the above decomposition in set-theoretic
orbits. We rely on the following lemma.

Lemma 2.3 Let G be a group and H C G be a subgroup. We consider the action of G on G/H
by the left translation. Let X be the groupoid with as set of objects G/H and with as morphisms
Hom(x,x')={ge€ G |g-x =x"}. Lete: X — {£1} C K> be a functor. We denote by (g, x) the image
of the morphism g: x — g - x under this functor. Consider the G -representation K[G/H|* = K[G/H]
on which G acts by g - x* = ¢(g,x)(g - x)* forevery x € G/H. For every g € G, we denote by g its
class in G/H and by [g*] the class of g% € K[G/H]* in (K[G/H]F)g.
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o Ifthere exists h € H such thate(h, 1) # 1, then

KIG/HI*)6 = K/2K)[1*]): (KIG/HH =To®)] ¥ e(e.DE*],
geG/H

where Tor, (K) denotes the set of 2-torsion elements of K.

e Otherwise,

KIG/HF)6 =KI[T*]: KIG/HH® =K| ¥ ee.Dg*]
geG/H

Proof We first compute (K[G/H]¥)g. For every g € G, we have g+ = g - (e(g, 1)1F) so that the
K-module (K[G/H]%)¢ is generated by [1%]. If there exists & € H such that e(h, 1) # 1 (meaning that
e(h,1) = —1 # 1 in K), then, for every A € K, we have that A[1%] = A[h- 1] = —A[1%] which shows
that (K[G/H]Y)g = (K/2K)[[1%]]. If e(H, 1) C {1}, then (K[G/H]T)g = K[[1%]].

We now compute (K[G/H]_i)G. Letx =) zeg/m )ngi € (K[G/H_]i)G. For every g € G, the identity
g-x =x gives Az = &(g, 1)A5. If there exists & € H such that ¢(h, 1) # 1, then

6(g. DAf = Ag = Az; = e(gh. DA; = e(g. Delh, DA1.
which gives 247 =0. Then A; € Tor, (K) which shows that (K[G/H]*)C =Tor, (K) [ deG/H e(g, I)gi].
If e(H, 1) C {1} then (K[G/H]*)C = K[ Y zeg/m £(3. DEE]. O
Lemma 2.4 In the situation of Lemma 2.3 and when e(H, 1) is a subset of {1}, we define the orbit map
O: (K[G/H]*)6 — (K[G/H]*)C by
OH =X eg.D3.

geG/H
This map is an isomorphism.

Proof This is an immediate consequence of the second point of Lemma 2.3. O

We can apply this lemma to our situation, by noting that for every t € R7(n) ® £L®", the set X; is
in bijection with X, /Staby, (t). In order to apply Lemma 2.4, we need to remove some elements of
RT(n)®L®". These elements are given by tensors t € RT (n) ® L& such that there exists o € Staby;,, (1)
with £(o, t) # 1. We denote by (R7 (n) ® £L2")° the set of such elements and

(RT(n) ® L") = (RT (n) ® LZ")\ (RT (n) ® LE)°.
In the case char(K) = 2, we just have (R7(n) ® L®")" = RT (n) ® L®".

These sets are stable under the action of ¥,. Indeed, if t € R7(n) ® £L®" is such that there exists
o € Staby, (t) with (0, t) # 1, then for every T € %, we have that tot~! € Staby, (7 - t) and

e(tot L rt) =e(r,0-Oe(o, )e(r™ L 1- ) = e(r, He(o, Ye(z 7L, - t) = e(0. t) # 1.
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We deduce that the quotient (R7 (n) ® £L®")/ X, is the disjoint union of (R7(n) ® L®")°/%, and
(RT (n) ® L")/ Z,,. We then define
S"(PreLie, L) = @ (K[(RT(n) ® £&")]*)y, C S(PreLie. L).
n>1 n

We deduce the following proposition.

Proposition 2.5 If K is an integral domain and if L* is a free K-module for every k € Z, then the map
O: 8" (PreLie, L) — I'(PreLie, L) is an isomorphism.

Proof Let £ be a basis of L composed of homogeneous elements. We adopt the same notation as before
Lemma 2.3 and before the statement of Proposition 2.5. Then

S"(PreLlie, L) = @ P K[X]F)z,;
n=1te(RT(n)@LB") /%,
['(PreLlie, L) = P &b (K[X{%)>n.

n=1te(RT(n)QLO")/Z,
If char(K) = 2, then 2K = 0 and Tor, (K) = K so that the proposition is an immediate consequence of
Lemma 2.4.

If char(K) # 2, then by the first point of Lemma 2.3 and by noting that Tor, (K) = 0 because K is an
integral domain, we have that (K[(R7 (n) ® £&")°]*)%» = 0. We are then reduced to analyze the orbit
maps O: (K[X{]i)gn — (K[X{*)Z for t € (RT (n) ® LB")", which are isomorphisms by the second
point of Lemma 2.4.

In any case, we then obtain that O: S” (PreLie, L) — ' (PreLie, L) is an isomorphism. |
Theorem 2.6 Let K be a ring. A graded pre-Lie algebra with divided powers L = @z Lk over K
comes equipped with operations, called weighted braces, which have the following form.
e [fchar(K) = 2, weighted braces are maps

~{— s =Y LT S L

defined for any collection of integers ry,...,r, > 0, which satisty all formulas of Theorem 1.3 and
preserve the grading in the sense that

Lk{Lkl N Lkn }rl,...,rn C Lk+k1r1+~~+knrn )

e Ifchar(K) # 2, by setting L% = @cz L2k and 104 = Drez L2k+1 weighted braces are maps

_{_’ sy Ty T ey _}rl,...,rp,l,...,l : L X (LCV)XP X (LOdd)Xq - Ly
——— —
P q
defined for any collection of integers p,q,r1, ..., rp > 0, which satisfy all formulas of Theorem 1.3 with

a sign given by the Koszul sign rule (see Remark 2.7 below) and preserve the grading.

Conversely, if K is an integral domain, if L¥ is a free K-module for every k € Z and if L admits weighted
brace operations, then L is a I'(PreLie, —)-algebra.
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Remark 2.7 If char(K) # 2, formulas (i) and (vi) of Theorem 1.3 differ by a sign given by the Koszul
sign rule. The sign which appears in formula (i) is given by

QRrs ®ron ® n
ya(l)(l) ®‘_.®yo(n)( ) s :tyl r ®'__®y’(1®r )

In formula (vi), for each B;’s and «;**’s, the sign which appears in the relevant term is given by

® 1.1 1.1 ® n,1 n.r
2?51 ®...®Z’;@1’5m > dz, %1 ®...®Z’%°‘m ® Q7 “1 ®...®Z’%°‘m " ®Z{®'B1 ®...®Z$’Bm_
These signs are induced by the permutation of the odd-degree elements between them. Since their
associated weight are equal to 1, formula (vi) can still be written without rational coefficients by the same
process as in the paragraph after Theorem 1.3.

In order to handle both of the cases, in the following, when taking elements with associated weights,
we will tacitly suppose that if char(K) # 2, then all odd-degree elements will have an associated weight
equal to 1.

Proof We basically do the same thing as in [3, Proposition 5.10]. Let x, y1,...,yn € L. Let Ex y, ..y,
be the graded K-module generated by e, e, . . . , e, with matching degrees. We have a morphism of graded
modules from ¥x y,....y,: Ex,y;,...y, — L which sends e to x and e; to y; for every 1 <i < n. This
gives rise by functoriality to a morphism I"(PreLie, ¥x y,,....y,) : ' (PreLie, Ex y,,....y,) = I'(PreLie, L).
We set

x{yl’ ceey yn}rl,...,rn = I(F(Pre£i69 WX,yl,...,y”)(OFZi ri (ev el’ ] ely LICIEEE) en, LECIEEE) en))),
—— ——
r n
where [ is the ['(PreLie, —)-algebra structure on L. One can check that all the desired formulas are
satisfied.

Now suppose that K is an integral domain and that L admits weighted brace operations —{—, ..., =}, ....r,-
Every element in I"(PreLie, L) can be described as a sum of iterated monadic compositions of corollas in
some basis of homogeneous elements of L. This can be proved by using Proposition 2.5 and by following
the same proofs of [3, Theorem 5.1 and Lemma 5.2], which come from the computation of the monadic
composition in I"'(PreLie, —). We next pick elements x, y1, ..., y, of the chosen basis such that y; # y;
if i # j, and set

l(OFZl.rl.(X,yh---,yl,---,yn,---,yn))3=X{YI»---»)’n}r1,.u,rn-

r n

Since every elements of I'(PreLie, L) can be described as a composite of corollas in I'(PreLie, —), we
have defined /: I"(PreLie, L) — L. We see that this construction does not depend on the choice of the
basis of the LX’s. Indeed, we can apply the same arguments as in [3, Lemma 5.15], which only rely on
computations and on the relations satisfied by weighted braces. The same proof of [3, Lemma 5.18] can also
be applied to prove that the resulting morphism / endows L with a structure of a I'(PreLie, —)-algebra. O

Algebraic € Geometric Topology, Volume 25 (2025)



5580 Marvin Verstraete

This theorem admits an analogue in the differential graded case.

Theorem 2.8 Every differential graded pre-Lie algebras with divided powers L = @<y, L* admits
weighted braces which satisty the same formulas as in Theorem 2.6, and which satisty

d(X{y1, .- Yntri,rn)

where g = |x| + |y1] 4+ + [ye-1l-
Conversely, it K is an integral domain, if Lk is a free K -module for every k € 7 and if L admits weighted
brace operations which satisty the previous identity, then L is a I'(PreLie, —)-algebra.

Proof Letx,yi,...,yn €L.Let Exy,,. .y, be the dg module generated by e, e1,...,en, f, f1,..., fn
such that |e| = |x|, le1| = |y1l,-- ., |len| = |yn| and d(e) = [, d(e1) = f1,...,d(en) = fn. We then

have a morphism Vx y.....y,,: Ex,y;,...,y, — L of dg modules defined by sending e to x, and e; (resp f;)

.....

to y; (resp d(y;)) forevery 1 <i <n. We set
X{yI, L) yn}rl,...,rn = I(F(Pl‘eﬁie, Wx,yl,...,yn)(OFZi ri (ea el? s 761’ L] en, sy en))),

ri n
where [ is the I'(PreLie, —)-algebra structure on L. By forgetting the differentials and by applying
Theorem 2.6, we have that the operations —{—, ..., —},,, ... r, satisfy all the formulas of Theorem 1.3,

with a sign. It only remains to prove the compatibility with the differential d:
AdX{y1s - s Yntryrn) = dl(F(PreEie, Y,y yn)(OFZi r (e,e1,....€1,...,6n,.. .,en)))
N —— N——

r n
= (T (PreLie, Vx,y;,..p))(dOFy. . (e.e1,....e1.....en.....e))),
——— e’
r n

by commutation of d with the algebra structure / and ¥ y,,....y,. Next, we claim that

d(’)FZm(e,el,...,el,...,en,...,en)=(’)FZiri(f,el,...,el,...,en,...,en)
~———— —_———— —_———— ——

ri n ri 147}
n
-1—2:I:OFZiri(e,el,...,el,...,ek,...,ek,fk,...,en,...,en).
=1 —— —— ——
ri rr—1 rn
Indeed, recall that
OFy ,(e.e1,....e1,....en, ... .n) = > 0-(F2ir,-®€®e?rl®"'®e;§>r")-
r"] r" oeSh(l,ry,..., )
n
We then have
d(’)FZAri(e,el,...,el,...,en,...,en)=OFZArl.(f,el,...,el,...,en,...,en)
i ~———— —— l ———— ~—————
ri n ri n
n Tk r ®i—1 ri—i [02]
+Y Y Y E0(Fr @8 08T @ fimel T @ @),

k=1o0€Sh(1,ry,....,rp)i=1
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Let 1 <k <n. Forevery 1 <i <rg, we define Tx,; as the permutation which permutes fr with the
block e]?rk_l. We then obtain

dOFy ,(e,e1,....e1,....en,....en) =OFy . (fe1,....e1,....n,... )
r n r 'n
L & 1 ®r ®rc—1 ®
+Z Z Ziafk,i'(FZ,-ri@e@ﬁ l®...®ekk ®fk®®enrn)
k=10€Sh(1,ry,....,rp)i=1
For every 1 <i <ry, the permutation G‘[k_} isin Sh(l,ry,...,rp—1,1,...,r,). In the converse direction,
ifo €Sh(l,ry,...,rx—1,1,...,ry), then there is a unique 1 <i <rg suchthat 5z ; € Sh(l,71,...,7rp).

We thus have proved that

dOFy, ,;(e,er,....e1,....en,....en) =OFy . (fe1,....e1,....n,...,n)
! ~—— —— — e’ — e’
r1 Tn 71 Tn
n ~ Qr Qri—1
+Z Z :I:U-(le.ri®€®€1 1®'”®ek g ®fk®'”®e’?rn)’

k=10€Sh(1,ry,...,rx—1,1,...,rp)
which gives

dOFy . (e.e1,....e1,....en,....en) =OFy . (fie1,....e1,....€n,....€n)
——— ~————— ———— ——————
r n r n
n
+ > TOFy, i (e.e1,....€1, ...k, €k, freesCnsennsln).
k=1 N————— N——— ———
ri rr—1 n

Applying I'(PreLie, Y¥x,y,,...,y,) and [ will then give the desired quantity, by definition of the weighted
braces.

Suppose now that K is an integral domain, that Lk is free for every k € Z and that L is endowed with
weighted brace operations. By Theorem 2.6, and by forgetting the differential of L, we can define a
morphism of graded modules /: I'(PreLie, L) — L which is compatible with the monadic structure
of I'(PreLie, —). We now prove that / commutes with the differential d. Since d commutes with the
monadic structure, it is sufficient to prove the commutation with d when reducing to corollas. Let
X, Y1,...,Yn be some basis elements with y; # y; ifi # j and r,...,r, > 1. We then have

dl(OFZi rl.(x,yl, e Ve YY) =AY, Yn )

ri 'n

= d(x){YI, ey yn}rl,...,rn
n
+ Z :l:x{yl’ cec yk» d(yk)’ e Yn}rl,...,rk—l,l,...,rn-
k=1
We decompose d(yy) in the chosen basis, and write
n
d(ye) = X Ariyi + fe

=
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where fr = 0 or fx ¢ Vect(y1,...,yn) (Vi cannot appear in the decomposition of d(yx) for degree
reasons). This gives

dZ(OFZiri(X,YI,---,yl»---aJ’n,---»yn)) = d(x{YI,---,yn}rl,...,rn)
—_— —_—

r n

= d(x){yl geees yn}rl,...,rn

n n
+ Z Z :l:)‘k,ix{yl’---»yk»yi,---,J’n}rl,...,rk—l,l,...,rn
k li#k
n
+ Z :I:x{J’b---’J’k’fk,---»)’n}rl,...,rk—l,l,...,rn
k=1
and then, by using the symmetry relations,

dIOFy, 1, (X, 15+ V155 Yns oo o5 V)

r n

::d(x{yl,---’Yn}rhu”rn)

n

n
:d(x){YIa---ayn}rl,...,rn + Z Z :l:)tk,ix{J’l,---,yiaYi,---,J’k,---,J’n}rl,...,r,~,1,...,rk—1,...,rn
k=1i=1
i#k

n
+ Z :I:x{ylv'-'7ykafk7"'7yn}r] ..... rk—l,l ..... In-*
k=1

The second sum can be simplified, depending on the parity of |y;| for every i. If |y;| is even, then by
formula (iv) of Theorem 1.3, we have
XYoo s Vi Viveoos Vho oo os YSr1 ot s oo Fi—1yesr

=i+ DX, Yiv e Vs Y eti b etk =1, -

If | y;| is odd, then since we have supposed that any odd-degree element has an associated weight equal
to 1, we have that r; = 1. By using the symmetry relation, and using that we have no 2-torsion elements
since L is free and that K is an integral domain, we have that

x{yl’ .- -,)}i,yi, e 1yk7 .- -,Yn}rl,...,1,1,...,rk—1,...,rn = O

We finally have that
dIOFy, r; (X, Y15+, Y15+ -3 Ynse s Vn))
N— N—
ri n

:d(x{YI,---ayn}rl,...,rn)

k=1i=1
i#k
n

+ D EX{e Y Sl YR =11, s
k=1

where §; = 0 if |y;| is odd, and §; = 1 otherwise.

Algebraic € Geometric Topology, Volume 25 (2025)



Pre-Lie algebras with divided powers and the Deligne groupoid in positive characteristic 5583

We now compute
[d(OFs, 1y (X, Y1 Y1 Yo I0)).
N——— ———

r 'n

By the same computations as the beginning of the proof, we have that

dOFy, 1, (X, 915 Y15+ Yoo s Yn) = OFy 1 (d(X), Y15+ Y15+ Yoo o5 Vi)

r n r n

n
~ -1
+ 2 > 45 (Fy, , ®x @7 @@y @d(yp) @+ ® y2™).
k=10€Sh(1,ry,...,rx—1,1,...,ry)
We now fix 1 <k <n. We aim to compute the sum
3 46 (Fy,,, ®x @y @@y ' @d(yp) @@ y2™).

G€Sh(1,ry,...,rx—1,1,...,1y)

We use the decomposition of d(y) in the chosen basis. The f; part will precisely give

OFs . i (X, Y15 s V1o Vs oo o5 Vi Jho s Yns s V).
~——— ——— —_——
ri ri—1 n
We now look at the other terms. These terms give the sum

n

2. > £k, (G (Fy,r ®X@)P" @ @y T @ yi @@ y2™).

i=1o6eSh(1,ry,....,rx—1,1,...,r)
ik "

By putting the only y; with the others, we find that this sum is equal to

n
3> > i (G (Fy,  ®x@ Y @@y ®yi @@y T @@ yP™)).
;’;IiEGSh(l,rl,...,r[,1,...,rk—1,...,rn)
We now use that forevery 6 € Sh(1, 71, ...,r;, 1,...,rx—1, ..., ry), there exists a unique permutation t; ;,
defined by inserting the last occurrence of y; among
Vi®--QYi
\—/_/
ri
in position j (so that 1 < j <r; 4+ 1), such that ("frl._jl eSh(l,ry,....,ri+1,...,r,—1,...,ry). In the
other direction, for every o € Sh(1,ry,...,ri +1,...,rp—1,...,ry) and 1 < j <r; + 1, we have that
oti,; €Sh(l,ry,...,ri,1,...,rg —1,...,ry). We thus obtain the sum
n
llj;]iaeSh(l,rl,...,ri+1,...,rk—1,...,rn)
ri+1
Z :l:/\k,i(gfi,j . (in ri ® x ®y1®r1 R ® yle)r,'+1 R ® yl?rk—l Q- ®y’?rn)).
j=1
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For a fixed i # k, we need to distinguish two cases: either |y;| is even, or |y;| is odd. In the first case, we

have that this sum is
n

2 2

i=10€eSh(1,ry,..., ri+1,..., ri—1,..., T
i#k ( i k n)

ri+1
Z ikk,i(a'(FZiri ®x®y{®rl ®...®yl®ri+1 ®...®y];®rk_l ®..'®y;l®rn))’
j=1

which is precisely

n
Zj:)tk,,-(r,-—l—l)OFZ[,l.(x,yl,...,yl,...,y,-,...,y,-,...,yk,...,yk,...,yn,...,yn).
N——— N———

II;IIC 1 ri+1 r—1 Tn

In the second case, since we have supposed that every odd-degree element has an associated weight equal
to 1, we have that r; = 1. We have that 7; ; permutes the two y;’s, which gives a sign, while 7; » = id.
The sum of the two obtained elements is then 0.

We thus have proved that

dOFZir,-(x’yl,---,yla---ayn,---,yn):OFZiri(d(x),ylw--7y17---7Yns---syn)

r n r n

n n
+ZZﬂ:fgi)tk,i(ri+l)Oinri(xa)’L---,YL---,Yi,---,J’i,---,Yk,---,yk,---,Yn,---,Yn)

k:l;;i r ri+1 rg—1 n

n
+Zi(’)FZiri(x,yl,...,yl,...,yk,...,yk,fk,...,y,,,...,yn),
——
k=1 r re—1 n
where we have set §; = 0 if |y;| is odd, and §; = 1 otherwise. By definition of /, we have
HdOFy, v (X, Y1, s Y153 Ynsevos Vn))
——— ———

r n

n n
=d(x){yly---,Yn}rl,...,rn + Z Ziglkk,l(rl +l)x{yl,---»yi»---»Yk,---,)’n}rl,...,ri+1,...,r,~—1,...,rn

k=1i=1
ik
n
+ Z :|:X{y1, ey Vieo fk» cees yn}rl,...,rk—l,l,...,rn’
k=1
which proves that / commutes with d. m|

We then deduce from Propositions 2.6 and 2.8 that every differential graded pre-Lie algebra with divided
powers is in particular a differential graded pre-Lie algebra, with

x*y=x{y}.
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Remark 2.9 If Q C K and if L is a differential graded pre-Lie algebra, then L is a differential graded
pre-Lie algebra with divided powers whose weighted braces are explicitly given by

1
x{yl,---,yn}rl,...,rn :WX{YI,---,J’L---,yn,---,Yn}

i

r n

in terms of symmetric braces.

Remark 2.10 Every morphism of I'(PreLie, —)-algebras preserves the weighted braces:

SO ynirr) = FOOU D, )

In order to perform infinite sums, we define the notion of a complete T (PreLie, —)-algebra. We recall

the following definition.

Definition 2.11 A filtered dg module is the data of a dg module L with inclusions of dg modules
-Ckh,LCF,4LC---CFL=L.

A filtered dg module is complete if the morphism L — lim,>; L/ F, L is an isomorphism.

In general, for every filtered dg module L, the dg module L= lim,>1 L/ F, L is a complete dg module
with the filtration F,L = Ker(L — L/ FyL), since L/ F,L ~ L/F,L.

We now define the notion of a filtered I"(PreLie, —)-algebra.

Definition 2.12 A filtered I"(PreLie, —)-algebra is a I'(PreLie, —)-algebra endowed with a filtration
preserved by the weighted braces in the sense that

FxL{F, L, ..., Fi, L}ry,....ra C Fipkeyrydotknra L
A filtered I" (PreLie, —)-algebra is complete if L is complete as a filtered dg module.

If L is a filtered I"(PreLie, —)-algebra, then the weighted braces —{—, ..., —},,
braces on the completion L= lim,>1 L/ Fy, L, which satisfy the formulas of Theorems 2.6 and 2.8, and

r, induce weighted

.....

preserve the filtration on L, so that L forms a complete " (PreLie, —)-algebra (provided that we work
over a field).

2.1.2 Examples of I' (PreLie, —)-algebras We give examples of dg pre-Lie algebras with divided
powers. The first examples are given by dg brace algebras, following the idea of the proof in the nongraded
framework in [3].
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Definition 2.13 A differential graded brace algebra is a differential graded module L endowed with
brace operations
—(— .., =)Lt

which are compatible with the differential d:

d(f (g1 8n)) =d(f)(g1... .. gn) + D £ f (g1, ... d(gk). - .. ).

k=1
and such that /() = f and

fgr. o gn)lhn. by =k f(Hi.g1(Ha). ... Han1.gn(Han). Hant1).

where the sum is over all consecutive subsets Hy U Hp U---U Hyy41 = {h1,...,hy}, and the sign is
yielded by the permutation of the g;’s with the /;’s.

The operad which governs brace algebras is denoted by Brace, and is defined, in arity #, as the K-module
spanned by the planar n-trees, ie trees with an order on the set of inputs for each vertex (see [3, Section 6.1]
or [4, Section 2] for some details on the operad Brace).

This operad allows us to represent all operations in brace algebras by the action of a planar tree, or by a
planar tree labeled with the inputs. For instance, we have

()() (o)
() () () = f{g1{h1, h2), g2, 83(h3)).
&)

Remark 2.14 Because the action of the symmetric groups on Brace is free, we have that the trace map
induces an isomorphism of monads Tr: S(Brace, —) — I'(Brace, —).

‘We have an inclusion
i:Prelie — Brace

defined by the symmetrization of trees. Namely, i is obtained by summing over all possible ways to write
a given tree ¢ as a planar tree. For instance,

(QOOY_ QOO QO QO O QO QO®
i = + + + + + .
O O @ O O @ O
The map i induces a morphism of monads that can be used to define a I'(PreLie, —)-algebra structure on

every dg brace algebra L, given by the composition

I'(PreLie, L) M) I'(Brace, L) (,T:—r S(Brace, L) SN L,

where we denote by /: S(PreLie, L) — L the Brace-algebra structure. We aim to compute the weighted
braces.
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Theorem 2.15 Every dg brace algebra L is endowed with a I'(PreLie, —)-algebra structure. Moreover,

weighted braces —{—, ..., —},,...r, are explicitly given by
flgn b= Y, (&) o)
0 €Sh(ry,...,rn)
where we have setr =) ;r; and (g1,...,8r) =(81,---.&1.---+8n+---+8n)-
———— —_———
r n

Proof Let L be a brace algebra. As seen before, we have a I'(PreLie, —)-algebra structure on L given
by the composite

r'G,L
I'(PreLie, L) L) I'(Brace, L) <,T:—r S(Brace, L) SN L,
where [: S(Brace, L) — L is the brace algebra structure. We now compute the weighted braces. Let
/.81,...,8n € L be homogeneous elements with g; # g; whenever i # j and ry, ..., r, > 0 (recall that
we have supposed that, in the situation char(K) # 2, any odd-degree element has an associated weight
equaltoOor 1). Weset E = Efg, . o, and ¥ = VYro o (see the proof of Theorem 2.8). We use the

commutative diagram

I'(PreLie, L) M) I'(Brace, L) (T:—r S(Brace, L) SN §

r (’PreLien//)T r (Brace,l//)T S(Bracen/f)T

I'(PreLie, E) W I'(Brace, E) A S(Brace, E)

We keep the notation f, g1, ..., g, for the corresponding elements in E. Then f{g1,...,8&n}r....r, 1S
given by the image of

x=0F-(f.g1,...,81+---+8n»...,&n) € L' (PreLlie, E)

ri n

under the composite

I'(PreLie, E) M} I'(PreLie, L) M) I'(Brace, L) <T_V—r S(Brace, L) AN

Our goal is to compute the image of x under the bottom composite of the diagram, which is

I'(PreLie, E) M} I'(Brace, E) (T:—r S(Brace, E) M) S(Brace, L).

We set
(§17~-'7gr+1):(f;gly'--’gl""5gn""’gn)

ri n

(we have added f here so that these g;’s are different from the g;’s of the theorem). We then precisely have

X = > (0 F)®8-1(1) ® @ &o—1(r+1)
o€X /11 Zri
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by definition of the orbit map (see Lemma 2.4). Now, because X,11/[[; £, is in bijection with
Sh(1,ry,...,ry), we can write x as

x = > (0 Fr) ®Z5-1(1) @+ ® Zo—1(r41)-

o €Sh(1,r1,...,rn)

We now embed PreLie into Brace. The tree F, can be seen in Brace as ) cx

Fr:.

rar1s(D)=15" F, where F,

is the planar tree

We then obtain, in I' (Brace, E),

x= ) Y. £ F)®F10)® @ o1 (41)-
o€Sh(1,ry,..., rn) SEX,F 41
s(1)=1

We now need to compute y = Tr™ ! (x) € S(Brace, E). We claim that

y= > £Fr @011y > Bl (r41))-
weSh(1,ry,..., )
We compute o()=1
Tr(y) = > Y. A F)®Fp1m1) ® @ i1 (rr)-
weSh(1,ry,..., rn) TEX, 41
w(1)=1

The fact that Tr(y) = x comes from the existence of a bijective correspondence
@:Sh(l,ry,....m)x{s€Xrq1|s(1)=1} > {weSh(l,r,...,r) |o(l) =1} X Ty 4.

Indeed, let 0 € Sh(1,rq,...,r,) and s € X, 41 be such that s(1) = 1. We set T = o, and write the

decomposition 1~ lo =s~! =wu where w € Sh(1,71,..., ) and u € T4 x Ty X+ --x X, . Since s(1) =1,
we have that w(1) = 1. We then set ¢(0, 5) := (w, 7). Since the couple (w, ) uniquely depends on s, we

have a well defined injective map ¢ between two sets with the same cardinal. The map ¢ is then a bijection.

Since we have g,,,-1(;) = &5-1(;) for every i, we obtain that Tr(y) = x. |

Corollary 2.16 Let P be a nonsymmetric dg operad with P(0) = 0. We denote by 1 € P(1) the unit
element of P, by p(q1,...,qn) = pRq1Q---®qn € PoP and by y : PoP — P the operadic composition
of P. Then the dg module €P,...; P(r) admits a structure of a I (PreLie, —)-algebra induced by the brace
algebra structure -
p{q1.....qn) = Z yp(,....q1,....qn..... 1)).
1<iy<-<ip<r i n

We also set p{q1, . ..,qn) = 0 if the operadic composition is not possible.

Proof We refer to [11] for the brace algebra structure of P, P(r). It is endowed with a I'(PreLie, —)-
algebra structure by Theorem 2.15. O
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In the symmetric context, we can recover an analogue of this corollary for @, . ; P(r)*r. However, the
operations —(—, ..., —) do not preserve P, -, P(r)%r. We thus need to force the symmetry, and then to
sum on every possible positions of ¢y, . .., g, in order to retrieve a I'(PreLie, —)-algebra structure.

Proposition 2.17 Suppose that K is a field and let P be a symmetric dg operad such that P(0) = 0. Then
L(P)=D,» P(r)¥r is endowed with a T'(PreLie, —)-algebra structure defined by

p{(Zl,---,Qn}rl ..... n

= Z Z :|:a)~)/(p(1,...,q_a—l(l),...,qg—l(r),...,1)),
0€Sh(ry,...,Fn) I<iy<-<ir<u i ir
w€Sh«(1,..., 5071(1) ..... Eafl(r) ..... 1)
i1 ir
for elements of homogeneous arity p eP(m)>m ¢, EP(sl)Esl - qn €P(sp)sn and where we have set
r =Zrl~, G1,--,9r)=(@q1,---+q1>-- -+ Gns--->qn)s (15 as87) = (515, S1sv-»Sns-nvrSn)-
i N—— N——
r n ry 147}

The sign is induced by the commutation of q1, . .., qr 0Gg—1(sy, - - - s Go—1(1)- Weset p{qi, ..., qn}ry,...r, =0
ifu <ry+---+ry. The weighted brace operations are then extended to the sum (P, - P(r)*r by using
formula (v) of Theorem 1.3.

Proof We first prove that these operations preserve £(P). Let p € P(m)=m, q; € P(s1)>1, ...,
Gn € P(sp)®sn and rq, ..., r, > 0. Since we have

PAL - dndry ey = PAL i Uiy (e etrn)
we can suppose that m =ry +--- 4+ r,. We then have
Pt b =D > £y (P@o10)s -+ do-1()-
oeSh(ry,..., ™) weSh*(Eofl(l) ..... Eofl(r))
Let 4 € X, 7| +-+s,r,- For a given o € Sh(ry,...,r,), we write pw = o -v(ty, ..., 1) where v € X,
11 € 250*1(1)’ L., Tyr € EEa*I(r)
be the composite of t1 @ - - - @ 1, with the corresponding blocks permutation given by v € ¥,. We obtain

, @ € Shu(S(yg)—1(1) - - - » S(wo)—1(r))- We also have set v(zy, ..., 1) to

po - y(Ps-1(1ys - -+ do=1(r)) = @ YV (P@wo)-1(1)> - - -+ o)1 (1))
as p.qi,...,qn are invariants. We now write vo = 6 - (71 @ --- ® 7,) where 6 € Sh(ry,...,rn),
1 €X,..., T € Xp,. We thus obtain
@ - y(p(Gg—1(1ys -+ do-1(r)) = @ V(P @5-1(1ys - - -+ q5-1(r)))-
We thus have proved that

W (plqas - Gntri,er,) = Z Z 0 -y(p(@z-101)> - - 5-1(r)))

GE€Sh(ry,...,rn) 5€Sh*(§5_1 (1)""’38_1 (r))

= p{qls e aCIn}rl,...,rn-
The operations —{—, ..., —},.....r, then preserve L(P).
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We now prove formulas of Theorem 2.6. We can immediately check that formulas (i)—(v) are satisfied.
The commutation with the differential is also satisfied since the operadic structure is compatible with
the differential. It remains to prove formula (vi) of Theorem 2.6. We first note that the theorem holds if
K = Q. Indeed, in that case, the trace map Tr: S(PreLie, —) — I'(PreLie, —) induces an isomorphism
of monads. We thus only need to prove that the I"(PreLie, —)-algebra structure is induced by a pre-Lie
algebra structure. This presumed pre-Lie algebra structure is given by

plahi=)_ > ®-(poiq),

i=1weSh«(1,...,n,...,1)
1

where p € P(m)™ and ¢ € P(n)>. We then recover the pre-Lie algebra structure given in Section 5.3.16
of [14]. We now need to prove that the operations —{—, ..., —};

.....

k=1
This follows from the associativity of the operadic composition. More precisely, p{q1,....qn}1,...1{qn+1}1
is composed of two types of operadic composition. Either g, is in the same level as ¢1, .. ., g5, which
will give exactly p{q1....,qn+1}1,...,1 by definition, or g, 41 will be attached to one of g1, . .., gn. These
last terms are removed in order to retrieve p{qi,...,qn+1}1,...,1-
We now prove the general case. Consider elements p,q1,...,qn, fi..-.. fm in D> P(r)*r which are
homogeneous in degrees and in arities, and ry, ..., 7y, S1,...,Snm > 0. We need to Eompute

p{lh, ce ,Qn}rl,...,rn{fl» cees fm}sl,...,sm

and to find the right-hand side of Theorem 2.6. We consider the symmetric sequence My, defined over
any ring K, spanned by abstract variables P, Q1,..., Qn, F1,..., F;; of the same arities and degrees
as p,q1,----4n, f1,--., fm and endowed with a trivial action of the symmetric groups. We have an
obvious morphism of symmetric sequences Mk — P which sends P to p, the Q;’s to the ¢;’s and the
F;’s to the f;’s. We thus have a unique morphism of operads 7 (M) — P which extends the morphism
My — P, where F(Mk) is the free operad generated by the symmetric sequence M. Because the
presumed I"(PreLie, —)-algebra structure is written in terms of the operadic composition, if formula (vi)
of Theorem 2.6 holds for F(Mf ), then it holds also for P.

We prove first that the formula is satisfied for 7(Mz). Since the morphism of rings Z — Q induces
an injective morphism of operads F(Mz) < F(Mg) and since the relation (vi) of Theorem 2.6 is true
in F(Mg), then it is also satisfied in 7(Mz). By using the morphism Z — K which gives rise to a
morphism of operads F(Mz) — F(Mk), we find that it is also satisfied in F(Mx).

We thus have weighted braces operation on @rzl P(r)¥r. Since we work on a field K, by Theorem 2.8,

it implies that this structure endows €5 P(r)®r with a structure of a I'(PreLie, —)-algebra. a

r>1
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Corollary 2.18 Suppose that K is a field and let P be a dg operad such that P(0) = 0 and P(1) = K.
Then [], 5, P(r)>r is a complete I' (PreLie, —)-algebra.

Proof Let L(P) = D,-, P(r)¥r. Note that £(P) is a sub I'(PreLie, —)-algebra of D, - P(r)>r.
We have a filtration on it zg;iven by Fi L(P) =D, =k 11 P(r)®r which is preserved by the weig_hted brace
operations. The completion with respect to this filtration is exactly [ [,-, P(r)>r. By the remark after
Definition 2.12, we have weighted brace operations on [ [,..., P(r)>r. Since we work over a field, this
endows ]_[,22 P(r)¥r with a structure of a I'(PreLie, —)—al_gebra by Theorem 2.8. |

2.2 The gauge group

We can now define an analogue of the circular product given in [6] using the weighted brace operations.
Before doing so, we adopt the following notation. Let L be a complete I'(PreLie, —)-algebra and
Ly =K1 L. We extend the weighted braces —{—, ..., —},...r,: L™"T!1 — L on L4 x L*" by setting
W1, Ynbry e = Vi %f ri=1and Yk 71 r =0,
0 ifri+-4+r,>1,
for every y1,..., yn € L. We can check that all the formulas from Theorem 1.3 are still satisfied if we
take x € L 4.

Definition 2.19 Leto € L and € L°. We set
400
a@(+p) =) aipuln.
n=0
This quantity is well defined since L is complete, and because 1{y}, = 0 as soon as n > 2.
By applying this definition in the case Q C K and using the weighted braces given by Remark 2.9,
we retrieve the usual circular product given in [6].

Remark 2.20 One can see that we have 1© (1 +u) =14+ p = (1 4+ ) ® 1 so that 1 is a unit element
for ®. We thus have

+o00
Vuvel® (I+mel+v)=1+v+ Y pi{vi.

n=0

which shows that ® preserves 1 + L.

Lemma 2.21 The circular product @ is associative, in the sense that for alla € Ly and ., v € LO,

@eo(l+uwy)ed+v)=ae(1+n)e 0 +v)).

Proof Leta € L4 and p,v € L%, We first have

400 400
@o(+m)o1+n) =L aluh)@+)= % clplvi.

n=0 n,p=0
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On the other hand, we have

+o00 +o0 +o00
a1+ 1+v)=a0(1+v+ 3 pvln)= ¥ alv+ ¥ nivha) .
We thus need to prove that
+o00 +o00 +o0
Y atuhivlp= L alv+ ¥ plviaf .
n,p=0 p=0 n=0 p

To prove this identity, we use formula (vi) of Theorem 1.3:

1
apinvip = D Se{p{Vigts s MV e Vi, 18
p=B+Yi_ &
which gives

+oo +o0 +00 p 1
> oalutalvip= 3 > X > —a{p{Vigts .o VI, Vi,
n,p=0 n=0p=0p=0p-p=y"_ o '

In this sum, because of the symmetry, some terms occur several times. For a given p and 8, we count
the number of partitions of p — = a! +--- 4+ " of the particular form rq&@! + -+ + r,@9. We get
n@:,...,a") =n!/(r1!---rq") for this number. We then have

1
rilorg)

a{p{vigts . Vgt Vg Ve V0,8 = Vg AV Y Vg B+

We conclude by formula (v) of Theorem 1.3. O
We now need to find an explicit inverse for a given element 1 — 1 with u € L°.

Definition 2.22 Let ¢ be a nonlabeled tree with n vertices and . € L°. We set

Ot (p) = y(Or(u®")).
for some choice of labeling of 7.

Because O is X-invariant, this quantity does not depend on the choice of a labeling for ¢. For example,
let ¢ be the nonlabeled tree

Then
Ot(n) = pu{uipta, uipds, 1i2,1,1-

Lemma 2.23 For every u € L, the element 1 — . has an inverse in 1 4 L° for the circular product ®
given by

1—w® =1+ Y 0t
terRT*

where rRT* is the set of trees without any labeling and with at least one vertex.
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Proof We first see that this defines a right-inverse for 1 — u. Indeed, we first have that

+o0
(- (l+ ¥ ow)=1+ ¥ o=y nf ¥ ory,.
terRT* terRT* k=0 terRT*
Then, as every ¢ € rRT* can be uniquely described by its root and branches, we have that every term in
the first sum at the right-hand side can be uniquely described by an element from the second sum, and

vice versa. Formula (v) from Theorem 1.3 thus give the result.

We now need to prove that it is a left inverse, which is slightly more difficult. We compute
(1+ £ ow)et-p=1-p+ ¥ 0w+ ( X 0rGw)i-ph.
terRT* terRT* k>1 " terRT*

We focus on one term Of (i) from the first sum, for some tree ¢ € rRT*. Recall that a vertex of ¢ is called
a leaf if it is not the root of ¢ and if it is connected to one and only one other vertex in . We denote by
m, the number of leaves.

If m; =0, then ¢ is the trivial tree: Of () = . This term does not appear in the second sum (because
k > 1) and vanishes with —p.

If m; # 0, the idea is to fix a number 1 < k < m;, and to see which trees we can obtain if we remove k
leaves of 7. These trees will occur in the second sum and give (—1)¥Or () by adding k copies of — .

Let X, be the set of leaves of 7. Let X, x be the set of nonordered subsets of X; with k elements. When
we remove k leaves, we need to take into account that we can obtain the same tree by removing a different
nonordered set of k leaves. For example, if we take the previous tree

[ =
and if we look at the first branch, removing the vertex at the left gives the same tree as removing the

vertex at the right.

. . ¢
Let t,i, cees t]f X be all the different trees that we can get from ¢ by removing k leaves. We denote by X tkk

the subset of X; ; formed by all the vertices that lead to t,i when removing them from z. We then have a

C . t
disjoint union X, = | [7%, X X .

Each terms Ot,i (w){—p}x will then give, among other terms, (—1)* Card(X ttf‘k)(’)t (). When we take
the sum over i, we obtain (—1)¥ Card(X; )Ot(n) = (—1)F ("%")Ot (). By taking the sum over k,
we therefore obtain —Of (i) which vanishes with Ot () given by the first sum. m|

From Lemmas 2.21 and 2.23, we deduce assertion (i) of Theorem A:

Theorem 2.24 The triple G = (1 + L°, ®, 1) is a group called the gauge group of L.
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2.3 Maurer-Cartan elements and the Deligne groupoid

We now aim to prove assertion (ii) of Theorem A. We first make explicit the definition of the Maurer—Cartan
set.

Definition 2.25 Let L be a dg I'(PreLie, —)-algebra. A given o € L' is a Maurer—Cartan element if it

satisfies the Maurer—Cartan equation:
d(a) +afa} =0.

We let MC(L) to be the set of all Maurer—Cartan elements of L.

Remark 2.26 In the case Q C K, we retrieve the classical definition:
d(e) + Y[o.a] = 0.

written with the dg Lie algebra structure on L.

As in the case of characteristic zero, we expect the gauge group to act on the Maurer—Cartan set. Before
seeing that, we define a new operation.

Definition 2.27 Leta e Ly, € L and 1 + € G. We set
+o00o
a®(1+up)= 2 a{p. Bl
n=0

Lemma 2.28 We have
(@O (1+w){B}1 =a© (1 +w p+piph).
aifhreo(l+u)=ae(l+u;B6 (1+un),
da® (1+p)=d@ o1 +p+-)"ae (1 +udw).

Proof By applying formula (vi) of Theorem 1.3, we find that

+o00 +o00 +o00
@O (+m)Bh = L aliwatfh = L ot fina + L alin uifiin-r
+00
= goa{u,ﬁJru{ﬁ}l}n,l =a®(1+u: B+ uiBh).
as well as N
Bl o+ = X alpliium
+00
= > ofBinlp. g

p,4=0

=@ +u:Be(1+pn).

Algebraic € Geometric Topology, Volume 25 (2025)



Pre-Lie algebras with divided powers and the Deligne groupoid in positive characteristic 5595

Finally, by using the compatibility of d with weighted braces, we obtain

+00 400
d@® (1 +p) =Y d@imn+ DY afu, d(w)in-11

n=0 n=1

=d@) @1+ + D) ® 1+ u; d(n)). 0
We can now prove assertion (ii) of Theorem A.

Theorem 2.29 The gauge group G acts on the Maurer—Cartan set MC(L) by

(14 p) o= (a+pfah —dp)© 1 +w°®!
forall (14 p) € G ando € MC(L).

Proof We first need to prove that 8 = (1 + u) - « is indeed a Maurer—Cartan element. For this, we first
remark that applying d on each side of d(iu) = o+ u{a}1 —B © (1 + i), and by using that d () = —a{a};
and the previous lemma, we have

d(B) © (1+p) = —afaty — plofafih +d(wWiah + B @ (14 pid ().
Moreover, again by the previous lemma, we have
d(piajr = afajr + plahiiah =B © (1 + w)iah

=afa}y +plafajr b +Fpfaatin —BO 1+ pwia) =B (14 w; platy).
Then

dpe+uw) =0 +udu)-Fe 0 +ua)=Fo 0+ upiah)+ pla. aji.

We note that u{cr, a}1,1 = 0. Indeed, if we take the notation of the proof of Theorem 2.6, we have that
wia,obr,1 = T'(Prelie, Yy ,a,a0)(OF2(e, e, e2)) where |e| =0 and |eq| = |e2| = 1 are formal elements.
We explicitly have that

OFz(e,e1,e2) = Fa(e,e1,e2) + ((12).F2)(e1, e, e2) — ((13).F2)(e2, €1, €)
—Fa(e,ez,e1) = ((12).F2)(e2. e, e1) + ((13).F2)(e1, ez, e).

Applying ¥ oo Will then give p{o, a}1,1 = 0. We then finally have
dfp)e(l+u =-pol+uwped+un).
By the previous lemma, this gives
dB)e (1 +pn) =—-p{fh1©0+uw

and then (d(B) + B{B}1) ® (14 ) = 0, that is to say d(B) + B{B}1 = 0 by composing with (1 4 1)©~1
on the right. We thus have proved that 8 € MC(L).
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We now need to check that we have indeed an action of G on MC(L). We have that 1 + 0 acts trivially
on MC(L), so we just need to prove that (1 +v) @ (1 +p))-a=1+v)-((1+ pn) o).

By hypothesis, we have
d(w) =a+pfaj1 —p o (1+u),

dw)=p+v{flhi—y@ 1 +v).
Letl+A=(0+v)o(l+pn)=14+p+ve(+ pn). We compute
at+Mati—y@(1+1) =a+pfehi +veo(l+uiaji+d(vV)@(1+pn)—pe(1+u)—v{f}1©(1+L1)
=d(W+dv)e(1+u)+ve(l+u;a)+ve(l+u; plat)—ve(l+u; o (1+wr))

by the previous lemma. We then have

a+Mahi—ye(l+veo(l+p)=dw+dv)o(l+pw)+veo(l+u;dpw)=dRr). O
We end this section with the definition of the Deligne groupoid.

Proposition-Definition 2.30 Let L be a complete I"(PreLie, —)-algebra. We let Deligne(L) be the
category with MC(L) as set of objects and Morpejigne(L) (@, B) = {(1+ ) € G | (1 + ) -a = B}. Then
Deligne(L) is a groupoid called the Deligne groupoid of L.

Proof It is a corollary of the previous theorem. a

2.4 An integral Goldman-Millson theorem

We conclude this part with an analogue of the Goldman—Millson theorem. This theorem allows us to give
a link between two particular groupoids when changing a dg Lie algebra L to another one L which is
quasi-isomorphic to L (see [12, Section 2.4]).

Let A be a local artinian K -algebra with maximal ideal m4, where K is the field of fractions of some
noetherian integral domain K. Let L be a I'(PreLie, —)-algebra (without any convergence hypothesis).
If ® denotes the tensor product over K, then L ® A is also a I'(PreLie, —)-algebra with the definitions

(LA =L o4,
V(Ot(xl ®a1,---,xn ®an))ZV(Ot(xl,---,xn))®al"'an’
dx®a)=d(x)®a.

To retrieve our convergence hypothesis, we can consider the sub I'(PreLie, —)-algebra L ® my. This
I'(PreLie, —)-algebra has a filtration given by

Fn(L®mA) =L ®m;11,
which is 0 for n big enough, because my is nilpotent. In particular, our series will be reduced to finite sums.
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Let Deligne(L, A) = Deligne(L ® m4) the associated Deligne groupoid. As in [12, Section 2.3], we
remark that Deligne(—, —) defines a bifunctor such that, for all morphisms of I'(PreLie, —)-algebras
¢: L — L and for all morphisms of algebras ¥ : A — A, we have the diagram

Deligne(L, A) SN Deligne(L, A)
v Iz
Deligne(L, A) — Deligne(L, A)
which is commutative.
We can now prove Theorem B.
Theorem 2.31 Let K be a noetherian integral domain and K its field of fractions. Let L and L be two
positively graded I' (PreLie, —)-algebras. Let ¢ : L — L be a morphism of T'(PreLie, —)-algebras such

that H%(¢) and H'(p) are isomorphisms, and H?(¢) is a monomorphism. Then for every local artinian
K -algebras A, the induced functor ¢4 : Deligne(L, A) — Deligne(L, A) is an equivalence of groupoids.

Proof The proof is close to the one given in [12, Sections 2.5-2.11]. By the same arguments as in
[12, Section 2.5], we are reduced to prove the following. Let A be a local artinian K-algebra with
maximal ideal m4 and J C A be an ideal such that J-my4 = 0. Then if the theorem holds for A/7J, then it
also holds for A.

Our first goal is to prove the same proposition given in [12, Section 2.6], which constructs three obstruction
maps 03,01 and 0g. Let w4 : L® A — L ® A/J be the map induced by the canonical projectionw: A — A/7J.

We first define 0,: Obj(Deligne(L, A/J)) — H?(L ® J) which is such that 02(w) = 0 if and only if
there exists @ € Obj(Deligne(L, A)) with 7 (@) = w.

Let € Obj(Deligne(L, A/J)) Cmy/J. Let @ € L' ® my be such that
mx(@)=w and Q) =d(®)+w{w};.
Then 74 (Q(@)) = 0 to that Q(@) € L? ® J. By using that J-my = 0, we obtain
d(Q)) = d(@){w} —old(@)h = —o{oh{oh + wi{e{oti h = o{o, 0}, =0.
This implies that Q(@) € Z?(L ® J). Let @’ € L' ® my4 be some other element such that 74(@") = w.
In particular, ® — @’ € L' ® J. We then have, using again that J-my = 0,
OF) ~ Q@) = d@ ~) + @ @)@ @) + D@ ~Fh + @ ~D)Th = d@ ~ ).

We then let 02 (w) to be the class of Q(@) in H?(L ®3J). Suppose that 02 (w) = 0. Then by definition, there
exists some ¥ € L ®7J such that Q(@) = d (). We can check that @’ := @ —1 € Obj(Deligne(L, A)) and
74(@") = w. In the converse direction, we obviously have that if @ = 7, (@) with @ € Obj(Deligne(L, A)),
then 03 (w) = 0.
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We now prove the following analogue of the lemma given in [12, Section 2.8]. For all @ € L! ® my,
nel’®®my andu € L° ®J, we have

I+u+n-a=>0+n a—du).
Let 8 = (14 1n)-a. We have

+oo
B—dw)©(+u+n=>Y (B—dw){u+nn

n=0

+oo n

=33 (B d)iu i nmr-

Since J-my = 0, and because u € L! ® J and n € L® ® my, the terms with n # 0 and k # 0 are 0 by
definition of the I"(PreLie, —)-algebra structure in L. ® A. We then have

+o00
(B-dw)© (I +u+n=p—dw)+ Y Binin
n=1

=pe(1+n)—du)
=a+nlatr —d(n) —d(u)
=a+ u+nleh —du+n),
which finally gives
(I+n)-a—dw) = (@+ @+l —du+n) @A +u+n° ' =0+u+n-

Let £ € Obj(Deligne(L, A/J)). We let ;! (£) be the category whose objects are @ € Obj(Deligne(L, A))
such that 77 (w) = &, and with morphisms the gauge group elements y € Deligne(L, A) such that 7« (y) =1.
We now construct a map o1 : Obj(r; 1 (£)) x Obj(r;1(£)) — Z'(L ® J) such that oy (a, ) = 0 if and
only if there exists a morphism y in 7 1 (£) such that y(a) = B.

Let ne Z(L®3J). For every o € Obj(rr; 1 (£)), we have that Q(a+1) = Q(ar) +a{n}1 +n{n}1 =0, since
J-my = 0. Then o + n € Obj(Deligne(L, A)), and 7. (¢ + 1) = £. We thus have an action of the group
Z(L®7) on the set Obj(r, ' (£)). This action is simply transitive. Indeed, let o, B € Obj(Deligne(L, A))
be such that 74 () = m«(B) =&. Thena — B € L' ® T and d(a — B) = Q(ar) — Q(B) = 0. The element
n:=a — B is then an element of Z!(L ® J) whose action on f is a. Since o — 8 = 0 if and only if @ = S8,
the action is indeed simply transitive. We then can set 01 («, B) to be the class of « — 8 in H'(L ® J).

Now, if there exists some element 1 4+ u € G in the gauge group of L ® my such that (14 u)-o = B and
7w« (1 +u) = 1, we then have, according to the analogue of the lemma given in [12, Section 2.8], that
B=((4u)-o=ao—du) so that o;(«, f) = 0. In the converse direction, if 01 (o, 8) = 0, then there
exists u € L® ® J such that & — 8 = d(u). By using the lemma again, we find that (1 +u)-a = B.

Let @, B € Obj(Deligne(L, A)) and o = 74 (&), B = 7« (E) be such that there exists an element 1 + u
of the gauge group of L ® my/J with (1 +u)-o = B. Let m; ' (1 + u) be the set of gauge group
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elements 1 + # in L ® my such that (1 +u)-& = E and 7«(1 + %) = 1 + u. We finally con-
struct a map 0¢: 7, (1 +u) x 7, ' (1 + u) — HO(L ® J) which satisfies the following. For every
141,14 € w71 (14 u), we have that 0g(1 4 i, 1 + ') = 0 if and only if i = ii’.

We define a simply transitive action of H°(L ® J) on the set 7 (1 4+ u). Let 1 + i € 7' (1 +u) and
let w € L ® J. We have that

(I+i+w)-ad=1+7)-a—dw)=pB—dw).

Therefore, if w € HO(L ®J3) = Z%(L ®J), then (1 + i + w)-& = ,g This then defines an action of
HY(L®J)onnm Y(14u). Let 1+’ € w1 (14-u). Wesetw =o0o(1+ii, 1 +'):=ti—%i’ € L®J. Then

dw)=d(oo(1+#,1+T)=1+7)a—1+7 +w)-a=8—p=0.

We then obtain that w € H°(L ® J) is the unique element which sends 1+ i to 1 4 ii’. The action is
then simply transitive, and we have constructed og.

This then proves an analogue of the proposition given in [12, Section 2.6]. The other parts of the proof
only use these three obstructions maps and do not directly use the structure of L. We can then follow
exactly the same arguments in [12, Section 2.11] to obtain the result. O

Definition 2.32 Two positively graded I'(PreLie, —)-algebras L and L are quasi-isomorphic if there
exists a zig-zag of morphisms of I'(PreLie, —)-algebras
L=L0—>L1 <——>Lm_1<—Lm=Z
in which each morphism induces an isomorphism in cohomology.
Corollary 2.33 If L and L are quasi-isomorphic, then for all local artinian K -algebras A, the groupoids

Deligne(L, A) and Deligne(L, A) are equivalent. More precisely, we have a zig-zag of equivalence of
groupoids

Deligne(L, A) — Deligne(L1, A) < --- — Deligne(L,,_1, A) < Deligne(L, A),

which is natural in A.

3 Application in homotopy theory for operads

The goal of this section is to establish Theorem C, which gives a computation of ¢ (Map(B (), 73))
where C is a X «-cofibrant coaugmented cooperad, P an augmented operad and B¢ the cobar construction
(see [9] or [14] for a definition of this construction). In the case of a field of characteristic 0, it can be
expressed in terms of the Deligne groupoid with the structure of dg Lie algebra of Homy (C, P). We extend
this result using a structure of I'(PreLie, —)-algebra that underlies this dg Lie algebra structure.
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In Section 3.1, we define infinitesimal k-compositions and k-decompositions that generalize the usual
infinitesimal composition and decomposition operations given in [14, Section 6.1]. These operations will
be used in the next section to write more easily weighted brace operations of the convolution operad.

In Section 3.2, we recall the definition of the convolution operad Hom(C, P), as given in [14, Section 6.4.1],
and study the I (PreLie, —)-algebra structure of Homyx (C, P). In the same way that infinitesimal compo-
sition and decomposition can be used to express the pre-Lie algebra structure of the convolution operad
(see [14, Proposition 6.4.5]), we will use infinitesimal k-compositions and k-decompositions to compute
weighted brace operations of the convolution operad.

In Section 3.3, we just use a cylinder object of B€(C) given by Fresse in [8, Section 5.1] to get our result:
the quotient of Homy (C, P) by the gauge action gives o(Map(B€(C), P)).

3.1 Infinitesimal compositions and decompositions of an operad and a cooperad

We first introduce some definitions which will be useful for the computations.

Let M and N be two symmetric sequences such that N(0) = 0. Recall that we have a monoidal structure
on the category of symmetric sequences defined by

MoNm =@ MO @z, (@  WdF 5 (VD@ ®Nix).
k>0 i1+tig=n 1 k

with as unit the symmetric sequence / defined by
K ifn=1,

I(n) =
() {0 ifn# 1.
Every element of M o N(n) can be identified as a tree of the form

n
I

DY n
i,

where x € M(n), y1 € N(r1),...,yn € N(rn), and where 1 < ig <) ; ri are labels which represent a
permutation of X, ..4p,.

We can write M o N(n) without quotients by the group permutations by taking a choice of set of
representatives. This set is given by pointed shuffle permutations (see conventions):
MoNmn) = @ MKk)® ( D NGi)® - ®N(ix) ® K[Sha(i1. .. .,ik)]).
k>0 i1+-+ig=n
We now generalize the definition of the infinitesimal composition/decomposition defined in [14], in order
to write some formulas in a more convenient way.
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Definition 3.1 Let M and N be two symmetric sequences. For all kK > 0, we define a new symmetric
sequence denoted by M oy N called the k-infinitesimal composite of M and N defined, in each arity n,
as the submodule of M o (I & N)(n) spanned by trees where exactly k elements at level 2 are in NV, and
the others in 7.

Let M, M’, N and N’ be symmetric sequences. One can check that if we have morphisms of symmetric
sequences f: M — M’ and g: N — N’, then we have a morphism f o) g: M oy N = M’ oy N’
induced by f o (id; & g).

Let P be an operad with composition y: P o P — P and unit n: I — P, and let C a cooperad with
coproduct A: C — C oC and counit e: C — I. We will suppose that P is augmented, ie the unit n: I — P
admits a retraction 7 : P — I. We then have that there exists a symmetric sequence P with P ~ I & P
such that the first projection on P is given by m. Similarly, we suppose that C is coaugmented, ie the
counit £: C — I admits a section s: / — C. We then have that there exists a symmetric sequence C with
C ~ I & C such that the first projection is given by .

In the following, we assume that C(0) = P(0) =0 and C(1) = P(1) = K.

We give an extension of the usual infinitesimal composition and decomposition operations given in
[14, Section 6.1] for k = 1.

Definition 3.2 Let k > 1.

o We define the infinitesimal k-composition in P as
Yk) - P (k) P(n) —— PoP(n) L} P(n),

where the first map is the inclusion of P ox) P in P o P.

o We define the infinitesimal k-decomposition in C as
A(k) :C(n) L) CoC(n) — Eo(k) E(l’l),

where the last map is the projection of C o C onto C (k) C.

Because C is coaugmented, we have that the coproduct A : C — C oC preserves the isomorphism C ~ I &C
in the following sense. We have the isomorphism

CoCxlol®Col®IoCadPCoyC.
k>1
Then, we get that the restriction of A on I and on C are such that
A:l—>Tol and A:C—Col@®IoCa&EPConC.
k>1
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We can then define the infinitesimal k-decompositions on C by

A(O):EL) EOI@]OE@@EO(/C)E—»EOI@[OE,
k>1

A(k):é A, EOI@IOE@@EO(ME — > Eo(k)a
k>1
for all k > 1.

3.2 TI'(PreLie, —)-algebra structure of the convolution operad

Let M and N be two symmetric sequences of differential graded K-modules. We define a new symmetric
sequence Hom(M, N) in dg K-modules by Hom(M, N)(n) = Hom(M(n), N(n)), the differential graded
module formed by the homogeneous morphisms f: M(n) — N(n). The differential on Hom(M, N) is
given by

d(f)=dyo [~ (D)D) fody.

for all f € Hom(M, N). The action of X, on Hom(M (n), N(n)) is defined by
VxeMm), (o-f)x)=o0-f(0c"'x),

forall o € X,,.

Proposition 3.3 (see [14]) LetC be a cooperad and P be an operad. Then Hom(C, P) has the structure
of a dg operad called the convolution operad of C and P.

We recall the operad structure on Hom(C, P). For elements f € Hom(C, P)(k), g1 € Hom(C, P)(i1), ...,
gr € Hom(C, P)(i;) the composition y(f ® g1 ® --- ® g ) is given by the composite
C(n) —2= CoC(n) — C(k)®C(i1) ®--- ® Cix) ® K[id]
lf®g1®~-~®gk ®id
Pk) @ P(i1) ® -+ ® Pix) @ K[id] —— P oP(n) —— P(n),
where n =3}, ip.

We have Homgy,, (C(n), P(n)) = Hom(C(n), P(n))>", and we set
Homg(C.P) = [ | Homg, (C(n), P(n)):;

n>1

Homy (C.P) = [ [ Homs, (C(n). P(n)) C Homz(C. P).

n>2

Then, according to Corollary 2.18, we have that Homs (C, P) is endowed with a complete I'(PreLie, —)-
algebra structure. We also have the isomorphism

Homx(C,P) ~ K & Homg (C, P),
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so that any morphism in Homyx(C, P) can be identified with a morphism in Homy (C, P) which is 0
onC(1) =K

We can explicitly describe the weighted braces with one input of Homy (C, P) in terms of infinitesimal
decompositions and compositions.

Lemma 3.4 Let f,g € Homx(C,P). Then f{g} is given by the composite

¢ 29, CopyC SowE, 5, ouy P —25 P,

In particular, we retrieve the well-known pre-Lie algebra structure on Homyx (C, P) given by the composite

ciuzo(lcf—HD nP — P

as shown in [14, Proposition 6.4.5] (here we consider left actions).

Proof By definition of the I'(PreLie, —)-algebra structure of Homy (C, P) (see Corollary 2.18), it is
sufficient to prove it on P, ., Homy, (C(r), P(r)). We write

g=8g1+t +8&p,
where g; € Homgy, (C(n;),P(n;)) with n; # n; whenever i # j. Since the identity we need to prove is
linear in f , we can suppose that f_ € Homg, (C(n), P(n)). We then have that
fAge= Y. fl& Zrry
ritetrp=k

If we denote by y the operadic composition in the operad Hom(C, P), and if we set

Ri,oo bk =81, . 81, 8ps--- 8p DA S1,... Sk =M1, N1, fpy ., Tp,

1 k=81 81 8p gp and 51 Sk =11 ni fp Hp
r Tp ri Tp

then by definition of the I"(PreLie, —)-algebra structure of P, ., Homy, (C(r), P(r)) (Proposition 2.17),
we have

f{g_l,---,g_p}rl,...,rp

= Z Z :l:Cl)')/(f(l,...,ga—l(l),...,go.—l(k),...,1)).
G ESh(ry,...,7p) 1<i|<-<ix<n i1 ix
w€eSh«(1,..., So—1(1)rSg—1 (k) 1)
i ix
For a given 0 € Sh(ry,...,rp) and @ € Shi(1,. .. s Sg—1(1)s -+ s Sg—1(k)s - - - » 1), we can see the corre-
sponding term in the sum as the composite i ik

C(m) 25 CoC(m) — C() ®C(sg-1(1)) @ - ® Cs4—1 1)) @ K[]
lf@ﬁaq(l)®~-®12071(,()®id
P(1) ® P(sg-1(1)) ® - ® P(Sg-1(1)) @ K[w] — PoP(m) — P(m),
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where m =n + (n1 —1)ry +---+ (np — 1)rp, and where we omits some unit elements. Summing over
the w’s and using the decomposition of C o C(m) and P o P(m) just before Definition 3.1 will then give
the composite

f®h071 (l)®"’®hovfl k)

C(m) —2 coc(m) s PoP(m) —— P(m),

where we omit, again, the unit elements. Since f_ and the h;’s are 0 on C (1), this composite is also 0
on C(1). Summing on all o € Sh(ry,...,rp) will give the desired composite. a

Theorem 3.5 The circular product of two elements f = 1 + ]7 ,g& = 1 + g of the gauge group of
Homy (C, P) is given by

fo@g:C -2 coc L% pop Yy p.

Proof Because f; = g7 = 1, we have that (f ® g);; = 1. We thus need to show the equality on C.
Recall that we have infinitesimal decompositions on C denoted by Ay and A (g for k > 1 such that
Ae=A2@0)® @kzl A(ky- The map A gy will give f + g, and each Ay will give f{z}k according to
the previous lemma. We thus have that the composite in the statement of the theorem gives
L+ f+ ) figh.
k>0
which is exactly f ® g. |

3.3 Computation of o (Map(B*(C), P))

We now extend the computation of g (Map(Bc ©), P)) on a field K with positive characteristic. In this
last section, we chose to work with a homological convention to follow the conventions in the literature.
This does not change anything on the results of the previous sections.

Recall that we can give an explicit cylinder object for B€(C), where B¢ is the cobar construction of C,
when C is X -cofibrant (see, for instance, [8] or [14]). Explicitly, let K = Ko® @ Ko! @ Ko where
6% = |o!| = —1, |6°!]| = 0 and d(06°!) = 6! — 0. Then there exists a derivation of operads d such
that the free dg operad (F(K ® C), d) is a cylinder object for B€(C). We refer to [8, Section 5.1] for an

explicit construction of d and a proof of the previous statement.

Theorem 3.6 Suppose that C is X «-cofibrant. We then have a bijection:
mo(Map(B€(C), P)) ~ moDeligne(Homyx (C, P)).
Proof Recall from Fresse (see [9, Theorem 3.2.14]) that 7o (Map(B€(C). P)) =~ (Mor(B¢(C).P). ~4)

where ~y, is the homotopy relation in the category of symmetric operads. Recall also that the data of
a Maurer—Cartan element « in Homx (C, P) is equivalent to give a morphism of operads ¢, from B¢ (C)
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to P (see [8] or [14]). We just need to show that the action of the gauge group on the Maurer—Cartan set of
Homy (C, P) from one Maurer—Cartan o to an other one S is equivalent to give a homotopy from ¢y, to ®B.

Let 1+ be an element of the gauge group. We define a morphism /:Cyl(B¢(C))—P via h: KQC— F(K®C)
by setting

ho®®y)=aly), h@'®y)=B(). h® @y)=210y),
where y is some element of C. We claim that (1 + A) -« = B if and only if / is a homotopy from ¢y
to ¢g. Accordingly, we must prove

dA)=a+Ma}—Be(1+A) & dh) =0,
where d is the differential of Mor(B¢(C), P).

Because « and B are Maurer—Cartan elements, and by definition of 9, the second equality is always
satisfied for 0¢ ® y with e = 0,1 and y € C. We just need to check this equality on terms 0°! ® y for
any y € C:
d(h)(c®' ®y) =d(h(c* @) —h(@(@°* ®y))
=d(My)) —Ad(y)) —a(y) + B(y) —Maj1(y) + (B (1 +A)(y) - B(¥))
=dM)(y) —aly) —Maj1(y) + B (1 +A)(y). 0
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