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Loop homology of moment-angle complexes in the flag case

FEDOR VYLEGZHANIN

We develop a general homological approach to presentations of connected graded associative algebras,
and apply it to the loop homology of moment-angle complexes Zg that correspond to flag simplicial
complexes K. For an arbitrary coefficient ring, we describe generators of the Pontryagin algebra
H,(Q2Zk) and defining relations between them. We prove that such moment-angle complexes are
coformal over QQ, give a necessary condition for rational formality, and compute their homotopy groups in
terms of homotopy groups of spheres.

16E30, 16W50, 57S12; 55P35, 55Q52, 55U15, 57T05

1 Introduction

For a simply connected space X and a commutative ring k with unit, the Pontryagin algebra H«(2X ; k) is
a connected graded associative k-algebra with respect to the Pontryagin product. We study the Pontryagin
algebras of moment-angle complexes X = Z := (D?, S')* that correspond to simplicial complexes K.
Moment-angle complexes play an important role in toric topology [15], and they have interesting
homotopical properties and surprising connections to several topics in algebra and combinatorics [5]. If K
is a simplicial complex on the vertex set [m] = {1, ..., m}, there is an effective action of the m-dimensional
torus T™ = (S1)*™ on Zi. The homotopy quotient ET™ x1m Zx (the Borel construction) is known as
the Davis—Januszkiewicz space DJ(K) and is homotopy equivalent to the polyhedral product (C P>, %)*;

see [15, Theorem 4.3.2].

Panov and Ray [35] reduced the study of corresponding Pontryagin algebras to an algebraic problem.
Applying the based loops functor to the homotopy fibration

(1) Zx — DI(K) — BT™,

they obtained a split fibration of H-spaces Q2 Zx — QDIJ(K) — T™ and thus an extension of cocommutative
Hopf algebras
k— Hi(QZx: k) > H (QDJ(K); k) = Aluy, ..., um]l >k

over a field k. For any K, there is an isomorphism of Hopf algebras H.(2DJ(K); k) = Exty ) (k, k)
[20; 35] (moreover, this is true for any principal ideal domain k such that H4(QDJ(K); k) is a free
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k-module). If K is a flag simplicial complex, this Hopf algebra is known completely: it is isomorphic to
the partially commutative algebra

KIK) =Ty, .. oum) /@2 =0,i=1,...,m; ujuj +uju; =0, {i, j} €K), degu; = 1.

Generators u; are primitive and have degree (—1, 2¢;) with respect to the Z x ZZ,-grading introduced
in [43]. In this case Grbi¢, Panov, Theriault and Wu [23] found a minimal éenerating set for the
algebra H,.(2Zx; k), and the author calculated the number of relations in any minimal presentation
(by homogeneous generators and relations) of this algebra [43].

The last calculation relies on homological methods developed by Wall [44] and Lemaire [29] for connected
graded associative algebras over a field. Namely, multiplicative generators of a connected k-algebra A
correspond to additive generators of the graded k-module Tor{1 (k, k), and relations correspond to
generators of Tor‘24 (k, k). In order to study the integer Pontryagin algebra H(2Zx; Z), we generalise
these results to the case of arbitrary commutative rings k with unit, and construct explicit presentations
of connected k-algebras using cycles in the bar construction. These results are presented in Appendix A.
We hope that they will be useful in other contexts.

Let us give a general description of our approach. Suppose that we are given a connected k-algebra 4
which is a free left module over its subalgebra S, A >~ S ®; V. We wish to construct a presentation
of S. Theorem A.6 does that, if we know a set of cycles in the bar construction B(S), such that their
images generate the k-modules H; (B(S)) ~ Tor;g (k,k),i =1,2. The following algorithm computes
such cycles:

(1) Build a free resolution (A ® M, d) of the left A-module k.

(i) Interpret it as a free resolution (S @ V ® M, d ) of the left S-module k. Compute the functor
Tor® (k, k) as the homology of the complex (V ® M, d). Find cycles in (V ® M, d) such that their
images generate Tor;-g (k.k),i =1,2.

(iii) Construct a morphism ¢: (SR V @ M, d ) — (B(S), dp) of free resolutions of the left S-module k,
using the contracting homotopy of the bar resolution (see Corollary 2.2). Obtain a morphism of
chain complexes ¢: (V Q@ M, d) — (B(S), dg) that induces an isomorphism on the homology.

(iv) Applying @ to the cycles from (ii), obtain the required cycles in B(S).

This situation takes place if k — S — A — V — k is an extension of connected Hopf algebras;
see [2; 31, Proposition 4.9]. In that sense, our algorithm has similarities with the Reidemeister—Schreier
algorithm that constructs a presentation of a subgroup, given a presentation of the whole group. See [30]
for another approach to Hopf subalgebras in connected Hopf algebras. It is well known that extensions
of Hopf algebras arise in the study of fibrations F — E — B that have a section after looping (see
Appendix B for the proof). For such “§2-split” fibrations, the proposed method allows us to study
presentations of Hy(2F; k), if the algebras H.(Q2E; k) and H.(Q2B; k) are known.
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Fibrations of this kind are studied by Theriault [41]; see also [9, Proposition 6.1]. (However, these works
deal with cases when the algebra H.(2F; k) is known better than H.(Q2E; k).) We consider the case
F = Zx, E =DJ(K), B = (CP>)™, The algorithm is also applicable to partial quotients of moment-
angle complexes [15, Section 4.8] (we will consider their Pontryagin algebras in subsequent publications)
and polyhedral products of the form (PX, QX)X (here we refer to the recent work [16] by Li Cai).

1.1 Main results

We give a presentation of the algebra H. (2 Zx; k) for a flag simplicial complex K and any ring k. The
presentation is explicit up to a rewriting process described in Algorithm 5.4. For x € H«(QDJ(K); k)
and a subset A = {a; <--- <ay} C[m], define

(A, x):=[ua;, [Uay, ..., [Uay.X],...]] € H«(QDI(K); k).

This element belongs to the subalgebra H«(QZx;k) C H«(QDI(K); k), if x = u; and A # @ (see
Corollary 3.10). For every J C [m], denote by ©(J) the set of all vertices i € J such that

e vertices i and max(J) are in different path components of the complex Ky ;

e | is the smallest vertex in its path component.
Denote by~5,~ (X: k) the minimal number of elements that generate~the k-module ﬁi(X ; k). Clearly,
|©(J)| = bo(Ky; k) for any principal ideal domain k. Consider the by (K ; k)-element set

{c(U\{i}ui):J C[m], i € O()} C He(QZ: k).

We call its elements the GPTW generators (after Grbi¢, Panov, Theriault and Wu).

Theorem 1.1 Let k be a commutative ring with unit and KC be a flag simplicial complex without ghost
vertices on vertex set [m].

(i) Forevery J C [m], choose a set of simplicial 1-cycles
> A2y e Cikyik)
{i<jleKy,
that generate the k-module Hy (K j; k). Then the algebra H..(Q2Zx; k) is generated by GPTW generators
modulo the relations
YOAY Y (A, 8B =0

ti<jtek; 7 I\{i.jj=AuB
max(A4)>i,max(B)>j

that correspond to the chosen 1-cycles. (Here ¢(A,u;), ¢(B,u;) are the elements c(A,u;), c(B,u;)
of H«(2Zx; k) that are arbitrarily expressed through the GPTW generators, and [x, y] is defined as
x -y — (=D)¥ly . x ) In particular, Hy(Q2Z); k) admits a Z x 7 ,-homogeneous presentation by
Y JCim] bo(K 1 k) generators and > JCm] b1 (K k) relations. B

(i) Ifk is a principal ideal domain, then this presentation is minimal: any Z x Z,-homogeneous pre-
sentation of H« (2 Zx; k) contains at least ZJC[m] bo (Ky; k) generators and at least ZJC[m] b (Ky: k)
relations.
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This theorem follows from Theorems 5.1 and 5.6, proven in Section 5. For field coefficients, these results
were partially obtained by Grbi¢, Panov, Theriault, Wu (the minimal set of generators [23, Theorem 4.3])
and the author (number of relations and their degrees [43, Corollary 4.5]). Sometimes the number of
relations can be reduced, if we do not require them to be Z x ZZ,-homogeneous (see Theorem 5.7).

We also present new results on the homotopy of moment-angle complexes that correspond to flag complexes.
Using a result of Huang [26], we prove in Corollary 6.7 that in the flag case Zx is coformal over QQ in
the sense of rational homotopy theory. Results of Berglund [10] then give a necessary condition for such
moment-angle complexes to be rationally formal (Theorem 6.13). Finally, we improve a recent result of
Stanton [39] about the homotopy type of Q2 Zx by finding the explicit number of spheres in the product:

Theorem 1.2 Let K be a (d —1)-dimensional flag simplicial complex on [m] with no ghost vertices. Then
there is a homotopy equivalence
) Q2Zi ~ ] (28")*Pn,
n>3

where the numbers D, > 0 are determined by
3 = ¥ Kyt = A" (=) = [T A =""HPn,

JC[m] n>3
where y(X) := y(X)—1= Zizo(_l)i dim i-vli(X) is the reduced Euler characteristic and hy(t) :=
Z;izo h;i (K) - t* is the h-polynomial [15, Definition 2.2.5] of K. In particular, for every N > 1 we have
an isomorphism

N
@) 7N (Zx) = P 7y (5P,
n=3
This theorem is proved in Section 6. Using (4), it is easy to describe the homotopy groups of corre-
sponding Davis—Januszkiewicz spaces (using the fibration (1)) and partial quotients of moment-angle
complexes, including quasitoric manifolds and smooth toric varieties (using similar fibrations; see
[15, Proposition 7.3.13; 19, Section 4]).

1.2 Organisation of the paper

Section 2 consists of algebraic preliminaries. We highlight Corollary 2.2 that allows us to construct
chain maps into the bar resolution. In Section 3 we recall notions from toric topology and discuss the
properties of Pontryagin algebras H«(QDJ(K): k) and H«(2Zi; k). Main calculations are carried in
Section 4. In Section 5 we prove Theorem 1.1 and consider an example. Section 6 contains results
about (co)formality and homotopy groups of moment-angle complexes in the flag case. In Appendix A
we develop the homological tools for working with presentations of connected graded algebras over a
commutative ring. In Appendix B we prove the following folklore fact: split fibrations of loop spaces
correspond (by passing to homology) to extensions of Hopf algebras. Appendix C contains commutator
identities that are used in Section 4.
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2 Preliminaries: algebra

2.1 Connected graded algebras

Fix a commutative associative ring k with unit. We consider associative k-algebras with unit that are
graded by a commutative monoid G (usually G = Z or 7k x 77y, k =0,1,2.) Left A-modules are also
G-graded. Elements of ZT are denoted by « = (a1, . .. ,ozm)_: Z}"zl ajej, o > 0. Subsets J C [m]
are identified with elements ) jes€j € LZ,. Define also

lo| ;=1 + -+ o, suppa:={i €[m]:a; >0}
Every 7k x Z’go—graded algebra A is considered as Z-graded with respect to the total grading

Ay = P Ajy i
n=iy+-+ig+a|
The graded algebra A is connected if A<9 = 0 and Ap = k - 1. We have the canonical augmentation
g&: A — Ag = k and the augmentation ideal /(A4) := Kere. Examples of connected k-algebras are

o the exterior algebra A[m] := Afui, ..., um], deg(u;) = (—1,2¢;) € Z x ZZ,, with the basis
fur ==uipy AN Ay I =i <2 <kl
e the polynomial algebra k[m] := kv, ..., vn], deg(v;) = (0, 2¢;), with the basis
m
{v“ =[] v rae Z’;O};
i=1

e the tensor algebra 7'(x1, ..., xn ), where x; are homogeneous elements of arbitrary positive degrees.
For a homogeneous element a, define @ := (—1)!119¢@ .4 Clearly,a-b = —a-b and @ = a.

Let A be a G-graded algebra. Complexes of A-modules (M, d) are considered as Z x G-graded modules
with a differential of degree (—1,0). We use the Koszul sign rule with respect to the total grading:
d(a-m) = (—1)%€@q.d(m) = —a-d(m). Several formulas from [43] do not follow this rule and are

corrected in this paper.
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2.2 Bar resolution and bar construction

Let A be a connected k-algebra and ¢: A — k be the augmentation. The resulting left A-module k has

the bar resolution
-+ —>By(4) > B1(A4) > Bo(A) > k — 0,

where B, (4) := A ® 1(4)®". An element of the form ¢ ® a; ® --- ® a, € B,(A) has bidegree
(n, deg(a) + > i, deg(a,-)) and is traditionally written as a[ay]...|an]. The differential dg has bi-
degree (—1,0) and is given by

—dg(alay|...lan)) :=a-aifaz] .. |an1+Z [@1]...|@i—1|ai - aiv1laivol . . |an).
i=1

Consider also the contracting homotopy sy, : B, (4) — B, +1(A4),

L 0, aEA():k; . )
(5) sp(alay]...lan]) := alay] ... |an]. deg(a) > O: s—1:k —Bp(4), 1—1[-].

It is easy to show that s odg + dg o5 = id, d§ = 0. Hence (B(A), dg) is a free resolution of the left
A-module k, assuming that A is a free k module. In this case, we obtain

Tord (k, k) = Hy[B(A), dg],
where B(A) := k ®4 B(A) is the bar construction of A. We have
B, (A) = I(A)®", deg([a1]...|an]) = (n,deg(ar) + --- + deg(an)), degdy = (~1,0),

6) dy([a1] .. |an1)—2[a1| Nai—11@i -aiy1laival .. |an) € Bupo1(A).
i=1

In particular, dg([x|y]) = [X - y] and dg([x|y|z]) = [X - y[z] + [X]y - z].
2.3 Chain maps into resolutions with a contracting homotopy

Any map of modules can be extended to a map of their free resolutions. Moreover, this extension can
be described in terms of the contracting homotopy for the latter resolution. This recursive construction
seems to be known to specialists: its generalisations and applications are discussed in [12]. The author
thanks Georgy Chernykh for the reference.

Lemma 2.1 Let A be an associative k -algebra. Suppose that the commutative diagram of left A-modules
and their homomorphisms

d dn—
Cn _”> Cn—l ”_1> Cn—2

l(ﬂn—l l‘ﬂn—Z

B, —— B,—1 —— By,
dn dn—l

satisty the conditions
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(1) Gy, is a free A-module with a basis {e; };
(i) dp—10dy =0;
(iii) there are k-linear maps s,—1: By—1 — By and sy,—»: By,—2 — Bp—1 such that
dposp—1+sp—20dy—1 =idp,_,.
Define an A-linear map ¢, : C, — Bj, on the basis by

on(ei) = sp—1 (‘pn—l(gin (el))) € By
Then dyp o o = p—1 0 C’in

Proof Since d,, o ¢, and ¢,—1 0o a?n are maps of A-modules, it is sufficient to show that they agree on
the basis of C,. By definition,

Ay (¢n(€1)) = (dn © Sn—1 0 pu—1 0 dn)(e;).

Condition (iii) gives d oso @ o d= @Yo d—sodo 0@ o d. From the commutativity of the diagram and
condition (ii) we obtain s od o @ o d=so o d od = 0. Hence

dn(@n(ei)) = @n—1(dn(ei)) —0. o

Corollary 2.2 Let A be a connected k-algebra, (A Q V,, (?.) be a free resolution of the left A-module k.
Let ¢g: Vo — k be a map of k-modules such that the diagram

d d
AQV] — 5 AQ Vo —— k

id®¢>0l

dg.1 &

Bi(d) — 4

d=:p_—1

k

commutes. Choose bases {el.(")} of k-modules V;,, and define A-linear maps ¢,: A ® V,, — B, (A)
recursively as

0o =ida ®Fo, ¢nla®e™)i=a-sp—1(on-1(dn(e))),
where s,—1: By—1(A) — B, (A) is the contracting homotopy (5).

Then ¢,: (AR V,, c’i\) — (B4(A), dp) is a chain map.

Proof Induction on n. For n = 0 the identity
dB,n OYn = Pn—10° dn
holds, since the diagram commutes. The inductive step from n — 1 to n is supplied by Lemma 2.1. 0O
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2.4 Hopf algebra extensions and loop homology

If A is a Hopf algebra over k, we denote the comultiplication by A: A — A ® A and the (co)unit maps
by ng:k — A, e4: A — k. A graded k-Hopf algebra A is connected if A<o =0, Ag = k - 1. The counit

is then the standard augmentation ¢: A — Ay ~ k.

Definition 2.3 Let:: A — C, m: C — B be morphisms of k-Hopf algebras. They form an extension of
Hopf algebras, or a short exact sequence of Hopf algebras

k—-A—C" Bk,
if
(i) is injective;
(i1) m is surjective;
(iii)) mwot=g;
(iv) Kerm =1(A)-C;
V) Imi={xeC:((dc ®m)oA)(x)=x®1}.

See [2, Definition 1.2.0, Proposition 1.2.3] for an equivalent and more “symmetrical” definition. Extensions

of connected Hopf algebras were studied implicitly in [31, Section 4].

Proposition 2.4 (see [31, Proposition 4.9]) Leti: A — C, w: C — B be maps of connected k -Hopf
algebras. Suppose that amap ®: A® B — C is an isomorphism of left A-modules and right C -comodules,
and suppose that

t=®o0(idg®np), mod=¢g4Ridp.

Thenk — A — C = B — k is an extension of Hopf algebras. Conversely, for every Hopf algebra

extension there is a map ® with the described properties. O

Our main example of Hopf algebras are Pontryagin algebras (loop homology) of connected topological
spaces. Let k be a commutative ring, Y be a topological space such that H«(Y; k) is a free k-module.
Then H«(Y; k) is supplied with the cocommutative cup coproduct which is dual to the cup product
on H*(Y; k): it is the composition

Ho(Y 1) = HaY X Y1) 255 Ha(CalV 1K) ® Ca(V5K)) 5 Ho (Y31 K) ® Ha(V5K),

where AW is the Alexander—Whitney map and « is the Kiinneth isomorphism. If Y is also an H-space,
the cup coproduct respects the Pontryagin product

m: Ho(Y k) ® He (Y1 k) —— Ho(Y x Y3 k)~ Ho (Y k)
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and hence H.(Y; k) is a cocommutative Hopf algebra. In particular, H«(2X; k) is a connected co-
commutative k-Hopf algebra whenever X is a simply connected space such that Hy(Q2X; k) is free
over k [31, 8.9]. Otherwise k fails to be an isomorphism, hence the coproduct is not defined and
H,.(Q2X; k) is merely a connected associative k-algebra with unit.

In Appendix B we describe a situation when a fibration ' — E — B of simply connected spaces gives
rise to an extension k — H«(QF; k) > H«(QE; k) —> H«(Q2B; k) — k of connected Hopf algebras.

3 Preliminaries: toric topology

3.1 Simplicial complexes and polyhedral products

A simplicial complex K on the vertex set W is a nonempty family of subsets I C W that is closed under
taking subsets. Elements / € K are called faces. We suppose that K has no ghost vertices, ie {i} € K for
alli e W. Usually W C [m] :={1,...,m}. Sometimes by properties of a complex C we mean properties
of its geometrical realisation, of the topological space |K|:= J;e A1 C Aw.

For every J C W, a simplicial complex Ky :={Il € K: I C J} on the vertex set J (a full subcomplex
of K) is defined.

Throughout the text, we write / \i :=I\{i}fori e l and I Ui :=TU{i}fori e W\I. Asubset [ CW
is a missing face of K if I ¢ IC,but I \i € K for alli € I. A simplicial complex K is flag if all its missing
faces consist of two elements.

For every complex K on a vertex set [m], the ZZ,-graded Stanley—Reisner ring

kK] :=k[vy,..., vm]/( [Tvi=0,1¢ IC), degv; :=2e; € Z7,,
iel -
is defined. It has a homogeneous basis {v"‘ = [lie, v:.xi | suppa € IC} as a k-module. The dual

k-module k(K) is called the Stanley—Reisner coalgebra. 1t has an additive basis {y, | suppa € K},
deg yo = 20, and commutative associative comultiplication Ay 1=, _ B+y XB ® Xy

Now let K be a simplicial complex on [m] and (X, A) := (X1, A1), ..., (Xm, Am)) be a sequence of
pairs of topological spaces. Their polyhedral product (X, A)* is the union

X;, jel;
XA = & CX™ (XA =Vixx Yy, V=)0
Iek Aj, J¢&1.

The addition of a ghost vertex v to K replaces the space (X, A)* with (X, A)* x 4,. Hence in many
cases it is sufficient to consider only complexes without ghost vertices.

Define (X, A)X := (X, A)* if X; = X, A; = A for all i € [m]. We consider two special cases
of this construction: moment-angle complexes Zx = (D?, S1)* and Davis—Januszkiewicz spaces

Algebraic & Geometric Topology, Volume 25 (2025)
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DJ(K) := (C P>, x)*. It is well known that H*(DJ(K); k) = k[K] and H*(Z); k) = Torg [ (k[K], k)
as graded rings. Moreover,
H'Zeky= @ H @k, H (Eek) =70 K k),
n=—i+2|J|

and the product has a geometric description in terms of maps Ky s <> Ky * Ky; see [15, Theorem 4.5.8].

3.2 Loop homology as Hopf algebras

Proposition 3.1 [15, Theorem 4.3.2, Section 8.4] There is a homotopy fibration
Zy — DI(K) - (C P>®)™

of simply connected spaces, where i is the standard inclusion. The map 2i admits a homotopy section
o:T™ — QDIJ(K) that corresponds to the choice of generators in 7, (DJ(K)) = Z™ and gives rise to a
homotopy equivalence QDIJ(K) ~ QZ x T™, |

The following description of H«(2DJ(K); k) was first given in [35, (8.4)] for k = Q, but the argu-
ment is easily generalised to the arbitrary coefficient ring. The main ingredients are integral formality
of DJ(K) [34], Adams’ cobar construction (see [18]) and a result of Froberg [21].

Theorem 3.2 [43, Theorem 1.1] For any simplicial complex K with no ghost vertices and any com-
mutative ring k, we have an isomorphism H,(2DJ(K); k) = Exty[xj(k, k) of graded k -algebras (with
respect to the Pontryagin product and to the Yoneda product). More precisely,
H,(QDI(K):k) = @  Extypq(k. k).
—i+2|a|=n

This isomorphism defines the Z x ZZ,-grading on H+(2DJ(K); k). The “diagonal” subalgebra

D= P H_jg)2a(RDI(K): k) C Hu(QDI(K): k)

a€Zl,

is isomorphic to the algebra
k[IC]! = T(ul,...,u,,,)/(ui2 =0,i=1,....myujuj +uju; =0,{i,j} €K), degu; =(—1,2¢).
For a flag K, the algebra H(2DI(K); k) coincides with D, and we have H,(QDI(K); k) = k[K]'. O

If H« (Y ; k) is a free k-module, the cup coproduct is compatible with the Pontryagin product, hence
this associative algebra is a cocommutative k-Hopf algebra. Similarly, if A is a commutative graded
k-algebra such that Extgq(k, k) is a free k-module, then the shuffle product on the bar construction
(see [28, Theorem X.12.2]) induces a commutative coproduct on Exty4 (k, k) that is compatible with the
Yoneda product. In our case, these coproduct coincide. This follows from a stronger formality result for
Davis—Januszkiewicz spaces, the hga formality [20, Theorem 1.3].
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Proposition 3.3 [20, Proposition 6.5] Let K be a simplicial complex with no ghost vertices, and let k
be a principal ideal domain such that H.(2DJ(K); k) is a free k-module. Then

H«(Q2DJ(K); k) = Extg[x(k, k)
as Hopf algebras.

Outline of the proof Let A be a dga algebra. The homotopy Gerstenhaber algebra (hga) structure on A
is a multiplication on its bar construction B(A) such that B(A4) becomes a dga bialgebra [20, Section 4].
This structure arises naturally if A is commutative (then the multiplication is the shuffle product) or if
A = C*(X;k) is the dga algebra of cochains of a 1-reduced simplicial set (then the multiplication was
essentially constructed by Baues [8, Section 2]). Then H*(Q2X:k) = H*[B(C*(X:k))] as bialgebras.
By a result of Franz [20, Theorem 1.3], hga algebras C*(DJ(K); k) and k[K] are quasi-isomorphic.
The functor B preserves quasi-isomorphisms, so H*(QDJ(K): k) = H*(B(k[K]); k) = Tork K (k| k)
as bialgebras. Since the Hopf algebra structure on a bialgebra is unique, it is an isomorphism of Hopf
algebras. The statement for H,(2DJ(K); k) follows by dualisation. a

Remark 3.4 The algebra H.(Q2DJ(K); k) is not always a free k-module. For example, let K be a
minimal triangulation of R P2. Then Z is a wedge of £7R P2 and spheres [23, Example 3.3]. We have
QDI(K) ~ QZx x T™, hence QX’R P2 is a retract of QDJ(K). It follows that H,(QDIJ(K); Z) has
2-torsion.

Recall that an element x is called primitive if Ax = x ® 1 + 1 ® x, and a Hopf algebra is primitively
generated if it is multiplicatively generated by its primitive elements.

Conjecture 3.5 The Hopf algebra H..(Q2DJ(K); k) is primitively generated for every simplicial com-
plex K and every ring k such that H,.(QDJ(K); k) is a free k-module.

By deep results of André and Sjodin — see [4, Theorem 10.2.1(5)] — for every field k the Hopf algebra
Extq(k, k) is the universal enveloping of a Lie algebra (of a 2-restricted Lie algebra, if chark = 2).
In particular, this Hopf algebra is primitively generated. (This also follows from results of Browder [11];
see [33, Theorem 10.4].) Hence Conjecture 3.5 holds if k is a field.

Remark 3.6 The Hopf algebra H.(2.X; k) is not always primitively generated, even if X is a suspension.
For example, one can take X = XCP?, k = Z or Z/2 (see [13, Section 4.2]). On the other hand,
[25, Theorem B] implies that Hy(2XC P9;Z/ p) is primitively generated for p > d.

Now we describe the connection between the loop homology of Davis—Januszkiewicz spaces and of
moment-angle complexes in the form of a Hopf algebra extension.

Proposition 3.7 Let K be a simplicial complex on [m] and k be a commutative ring with unit, such that
H.(Q2Z); k) is a free k-module. Then

k — Ho(QZc k) = Ho(QDI(K): k) 25 Aluy, ... o um] — k
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is an extension of connected 7. X Z'go—graded k-Hopf algebras. The projection p maps u; to u;. Its
k-linear section o« : Aluy, ..., um] - H«(QDI(K); k) is given by

ox(up) =ty :==u; -u;, 1 ={i1 <---<ig}

Therefore, ®(a ® uy) := t(a) - iy defines an isomorphism of left H«(2Zx; k)-modules and right
Aluy, ..., um]-comodules ©: Hy(QZic: k) ® Aluy, ..., um] = H«(QDI(K); k).

Proof By Theorem B.3, the fibration from Proposition 3.1 gives rise to the required Hopf algebra
extension. The formula for p follows from functoriality, since the map DJ(K) < DI(A{,,)) = (CP>°)™ is
induced by the inclusion K <> A[;,;}. The formula for o« follows from the description of the homotopy sec-
tiono: T™ ~QBT™ = (QC P>°)*™ — QDJ(K) as a concatenation of loops, (¥1,...,¥Ym) > Y1+ Vm.
The maps p and o« respect the Z xZ7,-grading, hence the multigrading on H« (2 Zx; k) is well defined. O

Since ¢ is injective, we identify elements of H.(Q2Zx; k) with their images in H.(QDJ(K); k). Let
us describe some of these elements. Recall that we define [a, b] := ab + (—1)de@dee®)+1p, and
c(l,x):=ui, Uiy, ..., [Uip, x],...]] € H«(QDI(K); k) for I ={i; <---<ir}and x € Hx(QDIJ(K); k).
In particular, (@, x) ;== x and c({i }, u;) = [u;, u;] = uju; +uju;.

Corollary 3.8 Letx € H.(2DJ(K); k) be a primitive element such that p(x) =0. Then x € Hx(QZx; k).
Proof This follows from Corollary B.4 applied to the Hopf algebra extension from Proposition 3.7. O

Corollary 3.9 Letx € H«(2DJ(K); k) be a primitive element and I C [m], I # @. Then c(I, x) is an
element of Hy«(QZx; k).

Proof Elements uq,...,u;, € Hx(QDJ(K); k) are primitive for dimension reasons. Primitive elements
form a Lie algebra, hence c(/, x) € H.(QDJ(K); k) is primitive. We have p(c(/,x)) =c(, p(x)) =0,
since it is a commutator in the commutative algebra A [m]. Then c (1, x) € H«(2Zx; k) by Corollary 3.8. O

Corollary 3.10 Let j € [m]and I C [m], I # @. Then c(I,u;) is an element of H«(Q2Zx; k). |

3.3 The flag case

Let K be a flag complex with no ghost vertices. By Theorem 3.2, Hy(QDJ(K): k) = k[K]' is a free k-
module, hence the Hopf algebra structure on H4(QDIJ(K); k) is well defined. Moreover, the connected k-
algebra k[K]' is generated by elements of degree 1. These conditions determine the Hopf algebra structure
on k[K]' uniquely: the elements u1, ..., 1, are primitive. Therefore, in the flag case Conjecture 3.5 is
true for any k.

The following important result was recently obtained by Stanton.
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Theorem 3.11 [39, Corollary 1.5] Let K be a flag simplicial complex or a skeleton of a flag complex.
Then Q Zx is homotopy equivalent to a finite-type product of spaces of the form S', §3, S7 and QS"
forn>2,n+#2,4,8. O

This gives a short proof of the fact that H. (2 Zx; k) is free over k.

Proposition 3.12 [23, Corollary 5.2] If K is a flag simplicial complex, then H.(Q2Zi; k) is a free
k-module of finite type.

Proof By the Kiinneth formula (more precisely, by the collapse of the Kiinneth spectral sequence —
see [37, Theorem 10.90]), H«(X XY k) >~ Ho(X; k) @ H«(Y; k) if H«(X:; k) and H«(Y ; k) are free
over k. Hence H.«(X x Y; k) is also a free k—module.

Clearly, Hy«(S"; k) and H«(2S"; k) ~ T (ay—) are free k-modules. By Theorem 3.11 and the arguments
above, the same holds for Hy(QZ; k). a
Hence in the flag case we have a Hopf algebra extension

k — H(QZc; k) > H (QDI(K); k) —> A[m] — k

from Proposition 3.7 for any k.

4 Main calculations

In what follows, K is a flag simplicial complex on the vertex set [m] with no ghost vertices, and k is a
commutative ring with unit. We consider Z x Z-graded k-algebras that are connected with respect to
the total grading An := P,—_; 4o A-isa-

4.1 Resolutions and formulas for differentials

By [43, Proposition 4.1], the left H, (Q2DJ(K); k)-module k has a free resolution (H«(QDIJ(K); k)Qk (K), d),
deg yo := (||, —|x]|, 20), deg(d) = (-1, 0, 0), with the differential

d(1® xa) := Z Ui @ Ya—e;-
i €supp(a)

The isomorphism of left Hy (€2 Zx; k)-modules
O: Hi(QZic: k) ® A[m] — H«(QDJ(K); k), aQuj+>a-iy,

from Proposition 3.7 allows us to consider this resolution as a free resolution (Hx(Q2Zx; k) QA [m]Qk (K), d )
of the left H (2 Zy; k)-module k. We apply the functor kK ® g, (@ z,:k) (—) and obtain a chain complex
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(A[m] ® k(K), d) whose homology is isomorphic to Torf* (@238 (k| k). The differentials d and d are
determined by the commutative diagram

o Ho(QDI(K): k) ® k () () ——2—— HW(QDI(K): k) ® k () (1) —— -+~

<I>®idT2 <I>®idT:

coo—— Hy(QZx k) @ A[m] ®k(l€)(n) - =2 He(QZx; k) @ A[m] ®k<’C>(n—1) —r

| )

8®id®idl 8®id®idl

e A ® k() gy~~~ - - - - 5 A @ () gy ————— -
Here k (KC) () is a k-submodule in k () with the basis { 4 : |a| =n}. With different signs, this construction

was considered by the author in [43, Section 4]. Now we describe the differential d explicitly. For subsets
A, B C [m] define the Koszul sign 6(A4, B) := |{(a,b) € Ax B :a > b}|.

Proposition 4.1 The ditferential d is given by
7 d0®ur®x)= ¥ (D100 Au)® fa—e

i esupp(a)
+ XY DIEPTe( ) ©up © fa—e,-
iesupp(e) I=AUB,
max(A)>i

The differential d is given by

®) dur @ yo) =D 3 Aui) ® fae
i €supp(a)
Remark 4.2 We define max (@) := —oo, hence A cannot be empty.

Proof of the proposition Recall that uj2 =0 € H«(2DJ(K); k). Therefore, by Proposition C.2,

—D=ilg, . i ¢l ~
(-1 0 Tui i i ; + Z (—I)Q(A’B)+|B|C(A,ui) -ip
’ (Y2

— q>(1 ® urAu)+ Y (=D)OPABFIBlL (4 y;) ®u3) € H.(QDI(K); k).
L
max 1

(Here c(A,u;) € H«(2Zx; k) by Corollary 3.10.) Define @9 = ® ® idg (). Then

Do(d (1@ ur ® X))
= d(Do(1®us ® o)) = d(lir ® xo) = DI Y Gju; ® yoae

ﬁl.uizl.{

i €supp(a)

=Y wo(1@w Au) @t + X (DAl u) @ up @ rame, ).
i €supp(a) I=AUB
max(A4)>i

Applying CDO_I, we obtain precisely (7). After the homomorphism & ® id ® id it turns into (8), since
e(1)=1and e(c(A4,u;)) =0 for A # @. O
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4.2 Computation of Tor-modules

By [43, Theorem 1.2], for a flag X’ we have a Z x Z x Z’go—graded isomorphism of k-modules

©)  Tor Q2B k)~ @ Ho(Krik), TorB©@ZCB) (ke k) 705 = Hy1 (K3 k).
JC[m]

The homology of Zx admits a Z x Z’go-grading, and for any K we have a similar additive isomorphism
dual to [15, Theorem 4.5.8]:

Hi(Ziik)= @ Hu(Kjik), Hy_j7125(Zxik) = Hy1 (Ky3 k).
JC[m]

Hence Tor+(@2¢k) (k k) ~ H,(Z; k) for flag . Moreover, both modules are computed as the
homology of (A[u1,...,um| @ k{K),d).

Remark 4.3 In general, if X is simply connected and H«(2.X; k) is free over k, there is Milnor—Moore
spectral sequence Eg,q = Torf*(QX;k) (k,k)g = Hpyq(X; k). We see that it collapses at E2 for X = Z
if K is a flag complex. For k = Q, the collapse is explained by the coformality of Zi; see Corollary 6.7
and the discussion after.

Now we construct a chain map g that induces the isomorphism (9). For any chain complex (C,, d) of
free k-modules, we have the dual complex

(C.» ddual)’ C":= Homk(cna k)’ ddual(f): (s f(d(C))

Dualisation preserves isomorphisms and chain homotopies. For a simplicial complex K, the augmented
complex of simplicial chains Cx (K; k) has the basis {[/]: [ € K}, deg[I]:=|I| 4+ 1 and the differential

d(I]) := ¥ (D=1 {3},

iel
The dual complex is the augmented complex of simplicial cochains (5 *(K: k), dgua1), which has the basis
{[I1* : I € K} and the differential

daa([11) = 3 (D=1 Ui,
1hex

Proposition 4.4 For every J C [m], consider the map
g7: Ca1(Kyi k) — (A[m] @ k{K))w —i 7127, [Llr>e(L,J)-unr ® xr,
where e(L, J) := (—=1)2eer V<tl Then g are chain maps, and the direct sum

g @ Cu(Kyik)— (Am]®@k(K),d)
JC[m]

induces an isomorphism on homology. Therefore,
Hy 17127 (Alm) @ k(K).d) = Hy—1(Kg: k). J C[m]. n =0,
all the other graded components of Hy(A[m] ® k(K), d) being zero.

Algebraic & Geometric Topology, Volume 25 (2025)



5634 Fedor Vylegzhanin

Since Torf* €220 (k| k) >~ H(A[m]®k (K), d), this proposition implies (9). The proof is the dualisation
of arguments from [15, Section 3.2].

Proof of Proposition 4.4 Consider the dga algebra (Afuy,...,un] ® k[K], d) with the differential that
is defined on generators by d(u;) = v;, d(v;) = 0 and with the Z x Z x ZT-grading

degu; := (0,—1,2¢;), degv;:=(1,—1,2¢;), degd:=(1,0,0).

This complex has the basis {uyv® : I C [m], @ € ZT,,, supp(e) € K} and the differentials

d(upv®) = Z (—1)‘I<i|u1<i viur v = Z (—1)|I<i|u1\l-v,-v°‘.
iel iel

Then the dual complex (A[m]®k[K])* has the basis {(u;v*)*: I C[m], supp(a) € K} and the differential
ddual((ulva)*) = Z (_1)\1<i|(uluiv0[—e,~)*‘

i esupp(a)
i¢l
This formula is similar to (8). We obtain an isomorphism of chain complexes
Vi (Alm] @ k(K). d) — (Alm] @ kKD, daua). 1 ® Yo+ (ugv®)*.

Consider the dga algebra R*(K) := (A[m] ® k[K])/(u;jv; = vi2 =0,i=1,...,m). Itis well defined,
since the ideal (u;v;, vl.z) C A[m] ® k[K] is d-invariant. The following facts are obtained in the proof of
[15, Theorem 3.2.9].

Lemma 4.5 [15, Lemma 3.2.6] The natural projection 7w : A[m] ® k[K] — R*(K) is a chain homotopy
equivalence. a

Lemma 4.6 We have well-defined chain maps f7: C*(Ks:k) — R*(K),
TNk B R (), (LT (Lo d) - upygoh, (L) = (—DTeeL Ve,

The direct sum f: P JClm] C* (Kj; k) — R*(K) is an isomorphism of chain complexes. |

After dualisation, we obtain a chain homotopy equivalence 77 * and an isomorphism f* of chain complexes.
It remains to show that the diagram

D cpm C*(Ks:k) —— (A[m] @ k(K). d)
T |
(R*(K))* —— ((Alm] ® k[K])*. duwa)
is commutative. Indeed, f*((u,\LvE)*) =€(L,J)-[L], hence
g(f*(unv™)M) =e(L, J)-e(L, DupL ® o =¥ (7 (wpLv™)"). 0
Remark 4.7 In our notation, (L, J) = (—=1)",n =60(J\ L, L)+ |L|(|L|—1)/2for L C J.
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4.3 A chain map to the bar resolution

Theorem 4.8 The identity map of the left H..(Q2 Zx; k)-module k can be extended to the map of free
resolutions @,: (H«(QZx; k) @ A[m| Q@ k(K),d) — (B*(H*(QZ,C; k)), dB), given by

@n(ul ®Xot) — (_1)|I| Z (_1)215t1<t25n G(Atl’Atz)[C(Al,uilﬂ |C(Anauin)]-
a=e;, t+ej,
I=AU-UA,
max(A;)>i;,Vt€[n]

Proof We apply Corollary 2.2 for ¢pg(uy) = e(uy). It is sufficient to show that

on1(r ® ya) = s(on(d (u1 ® fa)))
for || =n+ 1, n > 0. By (7) and by the H.(2Zx; k)-linearity of ¢,, we have

on(dr @ xa) =y (~DTgn((ur M) ® game;)

FEsupp(@) 6(4,B)+ 4|
+ Y > (i (A, ui)pn(UB ® Ya—e;)-

i€supp(a) I=AUB
pp( )max(A)>i

The map s is trivial on summands of the first sum, since they belong to

B(H«(QZx; k)) C Kers C B(H«(Q2Zx: k)).
Hence we have
s(en@@r®ra)) =0+ Y. Y S EDEs(e(Aaunle(Arui)] e (An.ui,)])
iesupp(a) I=AUB a—e;=e; +-+ej,

max(A)>i  B—A,U--UA,
max(A;)>i;,Vte[n]

= > Yo Do) e(Aru)] . le(Anau,)].

iesupp(e) I=AUB a—e;=e; ++ei,
max(4)>i B=AU-LA,
max(A;)>i;,Vte[n]

where { = |B| + 60(A, B) + |A| + 3.1 </ <ty <n 0(A1,, Ar,). Defining i = ip, A = Ao, we obtain

S(‘Pn (L’Z;(M] ® Xa)))
— Z (—I)Z’;:l 040, AN+ N+ 1 <1 <tn<n O(Atl’Atz)[C(AOaui())l |C(An,ui,,)]-

a=e;,+-+ej,
I=ApU-+UA,
max(A4;)>i;,0<t<n

The right-hand side equals ¢, +1 (17 ® xq) up to a shift of indices. a

Theorem 4.9 Let J C [m]. Let a class a € Tory, *(QZ’C)(k, k)_|7)27 = Hp—1(Ky: k) be represented by
acycle

k=Y A€ Cua(Kyik).

IeKy
|I|=n
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Then the same class is represented by the cycle k’ € B, (Hy(Q Zx; k))_|s|,27 in the bar construction,

= Y e nr Y (pEEn=es Iy )] e (U, ).
IeKy I={i1,rin}
[I|=n J\I=Ju-LJ,
max(J;)>i;,Vte[n]

Proof The map H, (Ky; k) — Tor, *(QZ’C)(k, k) is induced by the composition

B s cpm CeKrs k) —— (AIm] @ k{K), d) —2 B(H.(2Zx)). dp).

of chain maps, where g is defined in Proposition 4.4 and ¢ is induced by the chain map ¢ from Theorem 4.8.
We have k' = @(g(k)) by construction. |

The formulas become simpler for n = 1, 2.

Corollary 4.10 Let J C [m]. Let a class

o € Tork* @2 (k k) 7155 = Hi(K))
be represented by a cycle
k=Y gl e Cikyik).

{i<j}eKk,
Then the same class is represented by the following cycle in the bar construction:
=3 Y Y YA e up)e(B.u))

{i<j}ek,y J\{i,j}=AuB

max(A)>i + (=1)9BD[e(B,uj)|c(A,u)]. O
max(B)>j

Corollary 4.11 Let J C [m], and let the simplicial complex Ky have t 4+ 1 path components. Let
vertices i1, ...,It,max(J) be representatives of these components. Then a basis of the k-module
Torfl*(ﬂz’c;k)(k, k)_jj)20 = ﬁo(ICJ;k) ~ k' is represented by cycles

[C(J \is, uis)] € EI(H*(QZIC))—ULZJ’ s=1,...,¢t.
Proof Define j := max(J). The cycles ks = [{j }] — [{is}] € Co(Ky:k),1<s<t—1, represent a basis
in ﬁo(KJ; k). By Theorem 4.9, the basis in Tor *(QZ’C;k)(k, k)_| |27 is represented by cycles
ki =0%x[c(J \is,ui)], s=1,...,1

(The summand [{; }] in k5 does not contribute to «;, since the subset J; := J \ {j } does not satisfy the
condition max(Jy) > j.) O
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5 Generators and relations in the flag case

5.1 Minimal sets of generators

Let M be a finitely generated k-module. Denote the smallest number of generators by gen(M ), and
define b; (X: k)= gen(ﬁi (X:k)). Since Hy (X; k) is a free module, this number does not depend on
k if k is a principal ideal domain, so we write by (X; k)= bo (X). (In fact, bo (X) + 1 is the number of
path components in X).

Theorem 5.1 Let K be a flag simplicial complex on a vertex set [m] and k be a commutative ring with unit.
For every J C [m], choose a bo (K y)-element subset ©(J) C J \ {max(J)} such that ®(J) U {max(J)}
contains exactly one vertex from each path component of Kj. Then H.(2Zi; k) is multiplicatively
generated by the following set of ) _ ; Clm] Z;O (Ky) elements:

fe(J\isup):i €OW), J Clml}, (I \isu;) € Hoj7)25(QZx: k).

If k is a principal ideal domain, this set is minimal: any 7. x Zgo -homogeneous presentation of
H.(2Zi; k) contains at least bo(K y) generators of degree (—|J |, 2J); any Z-homogeneous presentation
contains at least Z|J|=n 50 (K y) generators of degree n.

Proof By Corollary 4.11, images of cycles {[c(J \i,u;)]:J C[m], i € O(J)} C Bi(H«(QZx: k)) ad-
ditively generate the k-module Tor; «(22x:k) (k, k). Hence, by Theorem A.6(i), the algebra H..(Q2Zx; k)
is multiplicatively generated by the elements in question. The lower bounds on the number of generators
follow from (9) and from Theorem A.10(i). O

Definition 5.2 Let K be a simplicial complex on [m], and let J C [m]. Choose ®(J) as the set of the
smallest vertices in corresponding path components. More precisely, define ®(J) as the set of all vertices
i € J such that

(1) i and max(J) belong to different path components of the complex K s;

(ii) i is the smallest vertex (has the smallest number) in its path component.

The corresponding set of generators {c(J \i,u;):i € ©(J), J C[m]} will be called the GPTW generators.

Grbié, Panov, Theriault and Wu proved [23, Theorem 4.3] that GPTW generators minimally generate
the algebra H.(Q2Zx; k) if k is a field. The minimality was proved using topological methods. Our
Theorem 5.1 gives a purely algebraic proof for any ring k.

5.2 Rewriting of nested commutators

Thus the GPTW generators are indeed multiplicative generators of the algebra H«(2Zi; k) for any
ring k and any flag complex K.
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Definition 5.3 Leti € J C [m]. Express the element ¢(J \ i,u;) € H«(Q2Zx; k) as a noncommutative

polynomial in GPTW generators (this expression may be nonunique). Any such expression will be
denoted by ¢(J \ i, u;).

These noncommutative polynomials can be computed recursively, following the proof of [23, Theorem 4.3].
We describe an explicit rewriting process.

Algorithm 5.4 Suppose that expressions ¢(4 \ ¢,u;), |A| < |J|, are already computed, and we com-
pute ¢(J \ i, u;). Three cases are possible:

(1) i =max(J) Define j = max(J \i). Then

c(J\isui) =c(J\ij [uj,uil) =c(J\ j,uy).
The task is reduced to the case i # max(J).

(i) i and max(J) belong to the same path component of /IC; The length of the shortest path from i
to max(J) along the edges of K; will be called the rank of a vertex i. We proceed by induction on the
rank. The case of rank zero is discussed above. If rank equals 1, we have [Upax(r), ui] = 0, so

c(S\i,uj) = c(J\ i, max(J)}, [umax(s) ui]) = 0.

Suppose that rank is greater than one, and let {i, j } be the first edge in (any) shortest path from i to max(J).
Since [u;, u;] =0 € H«(Q2Zx; k), the identity (16) expresses ¢(J \i,u;) in terms of ¢(J \ j, u;) (this ele-
ment has smaller rank) and commutators of smaller degree (expressions for which are already computed).

(iii) i and max(J) are in different path components Let iy be the smallest vertex of the component
that contains i. The length of the shortest path from i to ip will be called the rank of a vertex i. If the
rank is zero, then i € ®(J), so we can set ¢(J \ i,u;) := c(J \ i,u;). Otherwise we decrease the rank
using (16), as in case (ii).

Remark 5.5 A similar argument works more generally: suppose that we have a set {x;; :i € J C [m]}
such that, for any {i, j} € Ky, the linear combination x;; & x; ; is a noncommutative polynomial
on elements of smaller degree. Then we can express each element x4 ; through the “GPTW elements”
{xg,;:1€0O(J), J C[m]} by a similar rewriting process. In our case x;; = ¢(J \ i,u;), and the
polynomial is given by the last summand in (16).

5.3 Minimal sets of relations

Theorem 5.6 Let K be a flag simplicial complex on a vertex set [m], and let k be a commutative ring.
For each J C [m], choose a collection of simplicial 1-cycles

Yo AP e Gy k)
{i<jleKy,
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that generate the k-module H1(K y; k). Then the algebra H..(Q2Zx; k) is presented by GPTW generators
{c(J\i,u;):ie€e®(J), J C[m]} (see Definition 5.2) modulo the relations

(10) Yo (pMat@ N () ABHAIE (A, ), 6(B.uy)] = 0.
{i<jleks J\{i,j}=AUB
max(A)>i
max(B)>j

In particular, H« (2 Z)c; k) admits a presentation by ) JCm] bo (Ks) generators modulo ) ; Cm] by Ky k)
relations: one should take the 1-cycles that correspond to minimal sets of generators.

If k is a principal ideal domain, this presentation is minimal: any 7. X Zgo -homogeneous presentation
contains at least by (Kj; k) relations of degree (—|J|,2J) for every J C [m].

Proof By Corollary 4.10, our 1-cycles correspond to the elements

> DYV ST DA (A unle(Baup] + (D ED[e(B.uy)le (4. up)]
{i<jleky J\ij=AUB
max(A)>i
max(B)>j
in bar construction, and their images additively generate Tor, *(QZ’C;k)(k, k). We apply Theorem A.6(ii)
to this situation. (In the notation of this theorem, we take GPTW generators as ai,...,ay. Their
images freely generate Tor *(QZ’C)(k, k), so we can take R = 0. We take ¢(A4,u;) and ¢(B,u;) as
polynomials Pj 4 and Q q.) It follows that H4(Q2Zx; k) is generated by GPTW generators and presented

by the relations
S M@ N ) AR u)E (B uj) + (— D EADE(Bu)E (A ui) =0.
{i<jleKy J\ij=AUB

max(A4)>i

max(B)>j
Define x = ¢(A,u;), y = ¢(B,uj). Since (A, B) + 6(B, A) = |A|-|B|, we have

(~1) D5y 4 ()P EDgx = (~D)PAB (= )Hlxy + ()P x)
= (=1)IABIH Al () () (AFDUABIFD gy — ()0 ABIHAI L ),

Hence the obtained relations coincide with (10). Finally, the lower bound on the number of relations
follows from (9) and Theorem A.10(i). O

Sometimes we can reduce the number of relations if the presentation is not required to be Z x ZZ -
homogeneous. For example, suppose that for some I, J C [m] we have |I|=|J|=n, Hi(K;Z) = 272,
H1(Ky;Z)=17Z/3. Then the graded components of the module Tor, (Q2c:2) (Z, 7)) having multidegrees
(—=n,2I) and (—n,2J) are equal to Z/2 and Z/3. By Theorem A.10, every Z x Z”',-homogeneous
presentation of H«(2Zi; Z) should contain relations of these multidegrees. On the other hand, these
7 x 22 ,-graded components contribute Z /2@ Z /3 ~ 7./ 6 to the Z-graded component of degree n. Hence
we can take just one Z-homogeneous relation (for example, the sum of these Z x ZZ,-homogeneous
relations). Let us give a general result. -
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Theorem 5.7 Let K be a flag simplicial complex and k be a principal ideal domain. Consider all
homogeneous presentations of the Z.-graded k -algebra Hy«(QLZx; k).

(i) There is a presentation that consists of, for each n > 0, exactly Z| Jl=n EO(IC J) generators and
exactly gen(EBl J1=n H1 Kr; k)) relations of degree n. One can take GPTW generators as gen-
erators, and take linear combinations of identities from Theorem 5.6, corresponding to minimal
generators of the k-module @m:n H1(Kj; k), as relations.

(i) For every n > 0, any presentation contains at least Z|J|=n g()(’CJ) generators and at least
gen(@m:n Hi(Ky; k)) relations of degree n.

Proof By Theorem A.10, gen Tor) *(QZ’C;k)(k, k), and gen Tor, « 223k (k. k)n+rel Tor; «(22xc3k) (k. k),
are precise bounds on the number of generators and relations, respectively, of degree n. By (9), we have

Tor @28 (), = ) Ho(KCy:k) = kO Xii=nbolcn) | ol @2ek) g oy — O B, (ky:k);
|J|=n |J|=n

hence gen Tor; = Z| Jl=n l;o (Ks) and rel Tor; = 0. One can take the GPTW generators since the images
of corresponding cycles generate Tor; by Corollary 4.11. |

5.4 Example: moment-angle complexes for m-cycles

Let K be the boundary of an m-gon. The corresponding moment-angle complex Zx is homeomorphic to
a connected sum of sphere products, Zx = #7_ (Sk gm+2-ky#k— 2(i= 1) and hence H4«(QZx; k) is
a one-relator algebra. It was considered in [24, 42]. From the point of view of Theorem 5.6, the relation

corresponds to the 1-cycle

=[{1,m}] - Z[{z i + 1} € C1(K: k)
i=1
and has the form

m—1
> (.= (=nl=bH > (—1)IABHANE (4, u;), E(B, uj41)] = 0.

2,...,m—1}=AUB i=1 [m\{i,i+1}=AUB
max(A4)>1 max(A4)>i
max(B)>m max(B)>i+1

The first sum is empty, since max(B) < m — 1. Similarly, in the second sum the inner sum is empty for

i =m—1,m —2. The simplified relation is

m—3
> > (—DHABHANR(A, 1;), (B ui41)] = 0.

i=1 [m\{i,i+1}=AuUB
max(A4),max(B)>i+2

Some summands are immediately zero. For example, if max(B) =i + 2, then
c(B.uiy1) = c(B\{i +2}, [uiy2,ui+1]) =0,
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so we can take ¢(B,u;j+1) = 0. Similarly, c(A,u;) = 0if i = 1 and m € A. Other summands can
be computed using Algorithm 5.4. We were not able to obtain a closed formula for this relation (as a
polynomial of GPTW generators or other minimal generators). However, we at least have an effective
algorithm that computes the relation for any given m.

Consider the case m = 5. Besides from the partitions [5]\ {i,i + 1} = A U B considered above, for i = 1
the allowed partitions are {3,4,5} = {3} U {4,5} = {4} U {3,5} = {3,4} U {5}; for i = 2 the allowed
partitions are {1,4,5} = {4} LU {1, 5} = {1,4} U {5}. The resulting relation has five summands:

(—D)ICADTE3 1), 6(45,2)]+ (= 1) 3T E(4,00),8(35,2)] 4+ (=D CHDH2[6(34,u1),8(5,u2)]
+ (= DI u,), 8(15,u3)]+ (= DI T2[E(14,u5),8(5,u3)] = 0.

All commutators, apart from ¢(14,uz) = [uy, [ug, uz]] = —[uz, [ug, u1]] = —c(24,uy), already are
GPTW generators. We obtain the following identity between the generators:

—[[ez, u1], [ua, [us, ua]l] + [[ua. w1l [us, us, ua]]] — [[us, uz), [uz, [ua, u1]]]
+ [[ua, ua), [ur, [us, us]]] + [[us, us], [uz, [ua, u1]]] = 0.

This relation was first obtained by Veryovkin as a result of brute force [42, Theorem 3.2]. For m = 6,
the analogous relation is initially the sum of 7 4+ 10 + 4 = 21 commutators. After computing the
elements ¢(J \ i,u;) and changing the set of generators, it can be written as Zl-lll[ai,b,-] =0 (see
[42, Theorem 4.1]). This agrees with the homeomorphism Zi 2= (S3 x $2) # (54 x §4)*8.

6 Homotopical properties in the flag case

6.1 Homotopy groups

As in [39], we denote by P the class of H-spaces which are homotopy equivalent to finite-type products
of spheres and loops on simply connected spheres, and by W the class of topological spaces which are
homotopy equivalent to finite-type wedges of simply connected spheres. The author thanks Lewis Stanton
for providing a proof of the following lemma.

Lemma 6.1 Let Ay,..., Ay be connected topological spaces, K be a simplicial complex on [m], and
suppose that Q(CA, A)* € P. Then Q(CA, A)* is homotopy equivalent to a finite-type product of loops
on simply connected spheres.

Proof By [40, Corollary 9.8], Q(CA4, A)X ~ [T7L, 2XY; for some spaces Y;. Since the class P is
closed under retracts [39, Theorem 3.10], 2XY; € P. By repeated use of the homotopy equivalence
(X xY)~XEXVEYVIEXAY) and the James splitting XQXX ~\/,.; TX"" [27], we have
X7 e W for Z € P. In particular, Q2 3Y; € W. On the other hand, XY; is a r_etract of XQXY; by the
James splitting. The class W is closed under retracts (see, for example, [1, Lemma 3.1]), so £Y; € W.
Now QXY; is homotopy equivalent to a product of loops on spheres by the Hilton—Milnor theorem.
It follows that the same holds for [/, QXY;. |
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Proof of Theorem 1.2 Since K is flag, we have Q Zx € P by Theorem 3.11. Hence Q Zx = Q(CS!, SHX
is a product of loops on spheres by Lemma 6.1. It follows that for some D, > 0 we have a homotopy

equivalence
Q2 ~ [ [@sm)y*Pr.

n>2
The numbers D, are finite, since dimg H; (2Z); k) < oo for all i. (Here k is any field.) Also D, =0,
since Zx is 2-connected [15, Proposition 4.3.5]. In order to compute D,,, we calculate dim H; (2 Zx; k)
twice. Recall that the Poincaré series F(V ;t) of a graded k-vector space V are the formal power series

F(Vir):=Y_ dimg(V;)-1' € Z[1].
i>0
We have
FVeW)=FWV.;t)+ F(W;t) and F(VQW;t)=F(V;t)-F(W;t).
From F(H«(2S¥:k):1) = (1 —tk~1)~1 and the Kiinneth formula we have

F(Hu(QZx1k):0) = [T —r"=H7Pm,

n>3
On the other hand, it is known (see [15, Proposition 8.5.4] and [43, Theorem 4.8]) that
1 1
F(H«(QZx; k) 1) = == -
" A+ e (=1) X yepm 1K)
for a flag complex . We obtain the required identity (3). |

Remark 6.2 In the proof above, the algebra Hy(22)c: k) is actually Z x ZT-graded. We expect that
factors of the product (2) can be considered as “Z x Z’go—graded spheres”, and thus 74 (2 Zx) admits a
functorial Z x Z’go—grading as conjectured in [43, Remark 4.10].

Problem 6.3 Describe the Whitehead bracket in 7« (Zx) in terms of the decomposition (4).

6.2 Rational coformality of moment-angle complexes

Let X be a simply connected space and 22X be the space of Moore loops. Since QX is a strictly
associative topological monoid, the chain complex C.(2X;k) is a dga algebra with respect to the
Pontryagin product for any k. Also, the cochain complex C*(X; k) is a dga algebra with respect to the
Kolmogorov—Alexander product (cup product).

Definition 6.4 A topological space X is formal over a ring k if the dga algebras H*(X; k) (with zero
differential) and C *(X; k) are quasi-isomorphic (are connected by a zigzag of dga maps which induce
isomorphisms on homology).

Definition 6.5 A simply connected space X is coformal over a ring k if the dga algebras H«(QX: k)
(with zero differential) and C« (2 X; k) are quasi-isomorphic.
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The notions of formality and coformality (over a field of characteristic zero) arose in rational homotopy
theory, and were initially formulated in terms of Sullivan and Quillen models. The rational homotopy type
of a formal (coformal) space is fully determined by the algebra H*(X; Q) (by the algebra H«(Q2X; Q)).
As proved by Saleh [38, Corollary 1.2, 1.4], our definitions are equivalent to the classical ones.

Notbohm and Ray proved [34, Theorem 4.8] that all Davis—Januszkiewicz spaces DJ(K) are formal
over Z. (In fact, the proof works over any ring k; see also [20, Theorem 1.3] for a stronger formality
result). Also, DJ(K) is coformal over Q if and only if K is flag [15, Theorem 8.5.6]. First examples
of nonformal moment-angle complexes were constructed by Baskakov [6] using Massey products. See
[14, Introduction] for a survey of further developments in this area.

The following result of Huang can be used to prove coformality over Q.
Proposition 6.6 [26, Proposition 5.1] Let F ' E — B be a fibration of nilpotent spaces of finite
type, such that

o themapix: m«(F)®z Q — n«(E) ®z Q is injective;

e F is coformal over Q.

Then F is coformal over Q. O
Corollary 6.7 Let K be a flag simplicial complex with no ghost vertices. Then Zx is coformal over Q.

Proof We apply Proposition 6.6 to the fibration Zx — DJ(K) — BT™. By Proposition 3.1 and
exact sequence of homotopy groups, 7w« (Zx) — 7w« (DJ(K)) is injective. The second condition holds
by [15, Theorem 8.5.6]. O

It is natural to hope that Huang’s theorem admits the following generalisation.

Conjecture 6.8 Let F — E 25 B be a fibration of simply connected spaces of finite type, such that
e Qp has a homotopy section;
e F is coformal over k.

Then F is coformal over k.

Let X be a simply connected space such that H.(2X; k) is a free k-module. The tensor filtration on the
bar construction B(Cx(Q2X; k)) gives rise to the Milnor—-Moore spectral sequence

* 5 C«(QX;k ~ .
Elf’q = Torf (X k)(k,k)q = Torp+(q )(k,k) >~ Hpig(X: k).

(The last isomorphism is due to Eilenberg and Moore; see [18, Theorem IV]).
The differential Tor is preserved by quasi-isomorphisms. Hence the spectral sequence collapses at E? if

X is coformal over k. On the other hand, it collapses for X = Zx in the flag case; see (9). This suggests
the following conjecture.
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Conjecture 6.9 Let K be a flag simplicial complex. Then the spaces DJ(K) and Zi are coformal over
any commutative ring with unit.

6.3 A necessary condition for the rational formality in the flag case

The space X is Koszul if it is both formal and coformal over Q. Hence DJ(K) is Koszul if and only if &
is flag. Koszul spaces were introduced by Berglund [10].

Definition 6.10 Let k be a field, A = @,y A" be a graded k-algebra that admits an additional
“weight” grading A" = P >0 A™() The algebra A is Koszul with respect to the weight grading if
Ext!, (k, k)™() =0 forall i # ;.

For every Koszul algebra, there is a quadratic dual Koszul algebra A'; see [22]. More explicitly, we set

A :=Exty(k. k), (4O =Ext (k. k)=~ O.

Then it is known that (A')" 2 A as bigraded algebras.

Remark 6.11 In the classical theory of Koszul algebras [22; 36] the Z-grading A = @, 5 A" is absent,
and only the weight grading (4")@) = ExtI’;1 (k, k)@ is considered. Classical results are readily generalised
to the graded case.

The following result is due to Berglund. We replace the Koszul Lie algebras with their universal enveloping
algebras. Berglund considers a stronger version of the Koszul duality, the duality between Lie algebras
and commutative algebras.

Theorem 6.12 [10, Theorems 2 and 3] Let X be a simply connected space of finite type such that X is
coformal over Q. The following conditions are equivalent:

(a) X is formal over Q.

(b) The graded algebra A = H«(2X;Q) admits a weight grading A = ;¢ AY such that A is
Koszul with respect to it.

Moreover, if these conditions are met, then the Z-graded algebras A' and H™*(X; Q) are isomorphic:

H"(X:Q) = @A) ™. O

Theorem 6.13 Let K be a flag simplicial complex on [m] with no ghost vertices, such that Zy is rationally
formal. Then T = H*(Zy; Q) is a Koszul algebra with respect to the grading

r.= @ vz = @ 77K, Q.

JC[m] JC[m]

In particular, T is generated by elements in HO (Kj:Q) modulo the relations in H! (Kj:Q).
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Proof By Theorem 6.12, the algebra A = H.(Q2Zx; Q) is Koszul with respect to a weight grading
A= @izo A®D_ From [43, Theorem 1.2] we have Torfl(Q, Q); = @|J|=]~ Fh_l(KJ; Q). Therefore,
Exty(Q.Q) =Py, H'=1(K7;Q). The algebra A is Koszul, hence

Exty(Q. Q) = Ext}(Q. Q)" = (47 /0.
Since (A')* = I'* as graded algebras, we obtain a weight grading
PO = @ BN, 10 = @ BN )
| T1=j JClm]

such that I' is Koszul with respect to it. Finally, any Koszul algebra is generated by elements of weight 1
modulo relations of weight 2. |

Conjecture 6.14 If K is a flag complex and H*(Zx; Q) is Koszul with respect to the grading from
Theorem 6.13, then Zx is formal over Q.

Appendix A Presentations of connected graded algebras

In this section we prove Theorems A.1 and A.10 that generalise some results of Wall [44, Section 7].
We also prove Theorem A.6, which seems to be new. We use the notation from Section 2; some of which
is recalled below.

A.1 Conventions

The ring k is assumed to be an arbitrary commutative associative ring with unit. All tensor products are
over k.

We consider G-graded k-algebras, where G is a commutative monoid supplied with a homomorphism G —Z.
It induces a Z-grading. Such an algebra A is connected if it is connected with respect to the Z-grading,
ie A<o =0 and Ay = k - 1. Then the standard augmentation €: A — Ag = k makes k a left A-module
and a right A-module.

Every complex of G-graded modules is considered as a Z x G-graded module with a differential of

degree (—1,0). Hence, A-linear differentials satisfy the following version of Leibniz’s rule:
d(a-x)=(-1)%@gq . d(x) = —a-d(x),

where @ := (—1)1tdeg@g,

A presentation of a connected k-algebra A is an isomorphism of the form A >~ T (xy,...,xn)/(r1,...,"Mm),
sometimes written as

A~T(x1,...,xn)/(r1 =-=ry =0),
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where T(x1,...,xy) is a tensor algebra and (ry,...,rp) C T(x1,...,xy) is the two-sided ideal
generated by the set {r,...,rp}. It is assumed that generators and relations are homogeneous and have
positive degree, hence belong to Ker . Note that A is not required to be a free k-module, and M, N can
be infinite of any cardinality.

A.2 Exact sequence of a presentation

Let T(xy,...,xn) be a tensor algebra generated by homogeneous elements of positive degrees. Every
element w € T(x1,...,xn) is uniquely represented as a sum
N
w=ew)+ > w;i-x;, w;€T(x1,...,xXN).

i=1

In the next proposition we use this representation implicitly. For example, we assume that

N
rj = S(I‘j) + Z rjj - Xj.

i=1

Since r; € Ker ¢, the first summand is zero.

Proposition A.1 Let A= T(x1,...,xn)/(r1,...,7)) be a presentation of a connected k -algebra,
m:T(x1,...,xNy) > A
be the projection. Then the following sequence of graded free left A-modules is exact:

ARy, .. Ry} A (X, X B A Sk 0,

N
dy(R}) == n(F) - Xi.  di(X;) = x;.
i=1
Proof We first prove that the sequence is a chain complex. Indeed, e(d1(X;)) = e(x;) = 0 and

N N N
di(d2(Rj)) = > m(rji)-di(X;) = Y 7(rji)xi = JT( > rjixi) =m(rj)=0€A

i=1 i=1 i=1
(rj € Kere, hence r; =), rj; x;). We check the exactness in the term A. Let y € Kere C A. We have
y = (w) for some element w € T'(xyq,...,xy) of positive degree, hence

N N N -
y = 71( > w,-x,-) =Y m(wi)xi =d; (—Z n(w,-)-X,-) €Imd;.

We check the exactness in the term A-{X7,..., X5 }. Suppose that ZIN=1 a;-X;eKerdy, so ZIN=1 a;x; =0.
We have a; = 7 (v;) for some v; € T(x1,...,xn). Then the element w := ZIN=1 vixi € T(x1,...,XN)
belongs to Ker 7. This kernel is a two-sided ideal generated by r;. Hence w = Zjle D a UjaljWj g for
some Uj o, Wj,q € T(x1,...,xn). We can rewrite it as

M M N N M
w= Y > ujarie(Wja)+ D D D UjaljWiaiXi = Y, Y D (e(Wja)Ujalji +UjaljW)ai)Xi-
j=1a j=1a i=1 i=1j=1«a
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On the other hand, w = ZIN=1 v; x;. Such a representation is unique, so we have
M

v = Z Zs(wj,a)uj,arj,- +Mj’arjwj,a,i, i=1,...,N.
j=1 «

Applying 7 to both parts of this identity, we obtain a; = Zjle Y weWwja)m(uje)m(rji),since w(v;) =a;
and 7 (r;) = 0. Finally,

N M M
S ai X == Y e w @) w (@) Xi = da( = 3 T e(wi)mje) Ry) €Imdy. O
i=1 j=1« j=1«

Remark A.2 Proposition A.1 holds for presentations of augmented algebras such that e(x;) = e(r;) = 0.
The corresponding exact sequence is called the “Koszul resolution” in [3, Section 2].

Corollary A.3 Let A=T(x1,...,xn5)/(r1,...,rp) be a presentation of a connected graded k -algebra,
which is a free k-module. Then the k-module Tor’l‘1 (k, k) is additively generated by images of cycles
[Xl], RN [XN] € El(A).

Proof We extend the exact sequence from Proposition A.1 to a free resolution
S A X, XS A S k0, di(X) =,

of the left A-module k. Consider the diagram

d
o A X, XN ——— A — sk 0

iy, e |

d
i 3 B(A) — 2 S Bo(A) 2k ——0

It is commutative, since d1(a ® X;) = —ax; and dg,1(a[x;]) = —ax;[-]. Hence it can be extended to a map
of resolutions (eg using Lemma 2.1). Apply the functor k ® 4 (—). We obtain a map of chain complexes

0

kX1 XN k 0

J lxi’_’[xi] l“"’“[‘]

S B4 — 2 s Bo(4) —— 0

The homology of both complexes equals Tor“ (k, k), and the induced map in homology is an isomorphism.
The elements X; in the first complex are cycles, and their images generate Tor‘l4 (k. k). a

Corollary A4 Let A = T(xy,...,xn) be the tensor algebra over a ring k, where x1,...,xy are
homogeneous elements of positive degrees. Then Tor‘l‘1 (k, k) is a free k-module with the basis represented
by cycles [x1], ..., [xn] € B1(A). Moreover, Tor;‘l(k, k)=0fori > 1.
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Proof By Proposition A.1, the sequence
0 A (X1, Xnd IS Ak 50, di(Xi)=xi,

is exact. As in the proof of Corollary A.3, we obtain a map of chain complexes

0

0——k-{X1,...,Xn} k 0

J/ lX,‘l—)[X,‘] JaHa[']

e 3 Bi(A) —— 5 Bo(A) —— 0

Homology of both complexes is equal to Tor? (k, k), and the induced map in homology is the identity. O

A.3 A presentation that corresponds to cycles

Recall that Tor? (k, k) = H(B(A)) if A is a free k-module. The following lemma is proved by Lemaire
[29, Corollaire 1.2.3] in the case of field coefficients.

Lemma A.5 Let f: A — C be a morphism of connected k -algebras, where k is a commutative ring
with unit.

(i) Suppose that the map fx 1: H1(B(A)) — H1(B(C)) is surjective. Then f: A — C is surjective.
(ii) Suppose that fi1: H1(B(A)) — H1(B(C)) is bijective, and fx: H2(B(A)) — Ha(B(C)) is

surjective. Then f: A — C is an isomorphism.

We prove by induction that the maps f;: A, — C,, are surjective (bijective). The base case is the bijection
Ao = k = Cy. Recall that the bar construction B(A) is the chain complex

oo B3(4) L5 By(4) B (4) S k0,
Br(4) = I(A)%*, dy(x®y)=Xy, d3(xQ@y®2z)=Xy®z+XQ yz.
We define fi:B(A4) — B(C).

Proof of statement (i) Suppose that f: A; — C; is surjective for i < n. Consider the following map of
exact sequences:

Ba(A)y — 2 B1(A)y = Ay —— Hi(B(A))y —— 0
lf#.z Jf lf*.l
Ba(C)y — 2 B1(C)p 2= Cp —— Hy(B(C))y —— 0

The map fx is surjective, since it is a direct sum of maps f ® f: 4; ® A; — C; ® C; fori, j <n, and
f is surjective in these degrees by the inductive hypothesis. The surjectivity fx 1 is given, and 0 — 0 is
injective. Hence f: A, — C, is surjective by the “first half of five lemma” [37, Proposition 2.72(i)]. O
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Proof of statement (ii) Suppose that f': A; — C; is bijective for i < n. Consider the following map of
exact sequences:

_B3(A)n i) Kel‘d2 E— Hz(_B(A))n —0

T

E3(C)n L Kerdz E— Hz(E(C))n —0

The map fz 3 is surjective, since it is a direct sumof maps f ® f @ f:1 4, ® A; @ Ay - C; ®C; ® Ci,
for i, j,k < n, and f is surjective in these degrees. The surjectivity of fix » is given, and 0 — 0 is
injective. Hence ¢ is surjective by the “first half of five lemma”. Now consider the following map of
exact sequences:

— d — —
Kerdg , — Ba(A)n —— B1(A)n = Ay —— Hi(B(A))n

P P R

_ d»  — _
Kerdg , — B2(C)n —— B1(C)p = Cp —— H1(B(C))n

We proved that ¢ is surjective. The map fx > is bijective by the inductive hypothesis (it is a direct sum of
maps f ® f:A4; ® Aj — C; ® Cj, i, j <n);in particular, it is injective. The injectivity of fi 1 is given.
Hence the map f: A, — C, is injective by the “second half of five lemma” [37, Proposition 2.72(ii)].
By (i), this map is also surjective. |

The following theorem allows one to obtain a presentation of a connected k-algebra A, knowing the
structure of k-modules H;(B(A)) and H,(B(A)). In the proof, we do not use the notation [x|y|z] for
elements of the bar construction, and write x ® y ® z instead. Therefore, [c] always denotes the class in
H(B(I")) represented by a cycle ¢ € B(I").

We also use the following notation. Let ay,...,ay € A be some homogeneous elements of positive
degree and K, L € T(x1,...,xy) be homogeneous noncommutative polynomials that belong to the
augmentation ideal. Then the elements K(ay,...,an), L(ai,...,an) € I(A) are defined, and hence we

can consider the elements K(a1,...,ay)® L(ay,...,ay) € I(A) ® I(A) = B2(A4) and

dg,(K(ai,...,an)® L(ai,....aN)) = K(ay,...,an)-L(ay,...,an) € Bi(4) = I(A).

Theorem A.6 Let A be a connected algebra over a commutative ring k with unit.

(i) Suppose that, for homogeneous elements ai, ...,ay € Aso, the k-module H (E(A)) is additively
generated by the classes [a1], ..., [an] € Hi(B(A)). Then A is multiplicatively generated by ay, ..., an.

(ii) Suppose that the k-module Hy(B(A)) is additively generated by N elements [a1], ..., [an] modulo R
relations

N _
S Arilai]=0¢€ Hi(B(A)), r=1,....R, Ay €k.

i=1
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Suppose that homogeneous polynomials Pjy, Qj«. Ky g, Ly pg € T(x1,...,xN) are such that

N
Z Ari - a; =dg,z(zK,,ﬂ(al,...,aN)®Lr,,3(a1,...,aN)) el(4), r=1,...,R,
i=1 B

and the cycles in bar construction
ZPj,a(aj,...,aN)(X) Qj,a(al,...,aN) S I(A)(X)I(A), j=1,.... M,
o

generate the k-module H,(B(A)). Then the algebra A has a presentation

N _ _
AgT(xl,...,xN)/(ZArixi:ZKHL;-L,’/;, r=1,....R Y Pia Qja=0.j :1,...,M).
B o

i=1

(Here N, M, R can be infinite of any cardinality.)

Proof of statement (i) Consider the morphism f: T(x1,...,xn5) — A, Xj — a;, of connected algebras.
The classes [a1], ..., [an] generate H1(B(A)) and are images of classes [x1], ..., [xx] with respect to
the map fx1: Hi(B(T(x1,...,xn))) = Hi(B(A)). Hence fy 1 is surjective. By Lemma A.5(i), f is
surjective. O

Proof of statement (ii) Consider the algebra
N _ _

C = T(xl,...,xN)/( S drixi =Y Kyp-Lgr=1.....R Y Pjg-0ja=0. j= 1,...,M).
i=1 B o

The following identities in A are given:

N _ _
Yo Arica; = ZK,,ﬁ(al,...,aN)-Lr“g(al, ....an), 0=) Pjq4(ai....,an)-Qju(ai,....an).
i=1 B «

Hence the morphism f : C — A, x; > a;, is well defined. The induced map f1: H1(B(C))— Hi(B(A))

is surjective, since the elements [a;] = fx 1([x;]) generate H(B(A)).

We prove that fx 1 is injective. Let £ € H1(B(C)) and f5x,1(£) = 0. By Corollary A.4 and surjectivity of
T(x1,...,xy)—C, we have Esz\;l i +[xi] for some p1; €k. Then 0= fi(§)=Y"; wi[ai]€ H1(B(A)).
All linear relations between [a1],. .., [an] follow from the relations ) ; A,;[a;] = 0, and therefore
Wi = Z:;l crAri for some ¢, € k. Tt follows that £ is represented by the cycle

N R R _ R —

> Y edivi=3 XK Lip=ds,( L o XK p®Lyg) €Ba(C).
i=1r=1 r=1 ﬂ r=1 ﬂ

Hence & = 0. We proved that f 1 is bijective.

The elements ), P; o ® Qi o € I(C)® I(C) are cycles in B, (C), and their images generate H,(B(A)).

Hence fi2: H2(B(C)) — H2(B(A)) is surjective. Conditions of Lemma A.5(ii) are satisfied, so £ is
bijective. |
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A.4 Bounds on the number of homogeneous generators and relations

Let A be a connected k-algebra. Proposition A.1 gives a lower bound on the number of generators and
relations in the homogeneous presentations of A, and Theorem A.6 gives an upper bound. These bounds
coincide if k is a principal ideal domain, A is a free k-module, and graded components are finitely
generated. We introduce some notation.

Definition A.7 Let M be a finitely generated module over a principal ideal domain k. By the structure
theorem of such modules, we have

(11) M~k/(d)®---®k/(d),

where d1, ..., d, € k are noninvertible, and d; | d; +1 foralli =1,...,r —1. The number r is determined

uniquely, and the elements d; — uniquely up to a multiplication by an invertible element. Hence,
genM :=r, relM :=max{s:ds;# 0}

are well defined. We get a short exact sequence k™M — keenM . A 0,

Lemma A.8 Let k be a principal ideal domain. Suppose that there exists a short exact sequence
kAL>kB — M — 0 for some A, B < 00. Then A >relM and B > gen M .

Proof We can assume that f is in the Smith normal form, that is, f is represented by a diagonal matrix
with diagonal elements d1, ..., d; such that d] | d} | --- | dj. Remove all nonzero columns: this preserves
cokernel and does not increase A. If d/ is invertible, remove the i t row and the i column: this preserves
cokernel and diminish 4 and B by 1. We obtain a diagonal matrix B’ x A’ having no zero columns and
no invertible elements on diagonal. Hence the cokernel is exactly of the form (11) for B’ =r = gen M
and A’ =5 =rel M. O

Lemma A.9 Let k be a principal ideal domain and 0 — k% — k? S5 k¢ = 0 be an exact sequence of

k-modules for some a,b,c < o0o. Thenb =a +c.

Proof We can assume that f is in a Smith normal form. In this basis, f is represented by a diagonal
matrix ¢ x b. Since f is surjective, the matrix has no nonzero rows, and all diagonal elements are
noninvertible. Hence Ker f ~ k?=¢. We have k¢ % k9 ford #d',soa=b—c. a

Recall that we consider G-graded algebras that are connected with respect to the Z-grading given by a
map G — Z.

Theorem A.10 Let A be a connected associative algebra with unit over a principal ideal domain k.
Suppose that k-modules Tor‘l4 (k,k), and Tor‘z‘1 (k, k), are finitely generated for alln € G. Then:

(1) If A is a free k-module, it admits a homogeneous presentation that contains (for every n) precisely
gen Tor’l‘1 (k, k), generators and gen Tor’24 (k,k), +rel Tor‘l4 (k, k), relations of degree n.

(ii) If A admits a homogeneous presentation that contains N, generators and M,, relations of degree n,

(12) N, > genTorf(k,k)n, M, > genTor‘24(k,k)n +relT0r’14(k,k)n.
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Proof of statement (i) For every n, choose a set of gen(Torf1 (k, k), ) additive generators for the k-module
Torf (k,k),, aset of rel(Tor‘f1 (k, k)y) linear relations between them, and a set of gen(Tor‘z‘1 (k,k)n) gen-
erators for Tor’z‘1 (k,k),. These elements are represented by cycles and boundaries in the bar construction.
Applying Theorem A.6 to them, we obtain a presentation of required size. |

Proof of statement (ii) Apply Proposition A.1 and continue the exact sequence to the free resolution of
the left A-module k. It has the form
i ARQKM S AQKN - Ak 0.
Applying the functor k ® 4 (—), we obtain a chain complex of graded k-modules
SN N TN )
having Tor4 (k, k) as homology. Therefore, for some 9, : kM7 — k™» we have
Coker d;, >~ Tor‘l4 (k,k),, Kerd, —> Tor’24 (k. k)y.
In particular, Tor‘l4 (k, k), is generated by N, elements, so N, > gen Tor‘l‘1 (k,k)y.

If M, is infinite, both inequalities (12) are true, since the right side is finite. If M}, is finite, then N, is
finite, since Coker d,, is finitely generated. Thus Ker d, C k™7, Imd,, C k™ are submodules of finitely
generated free modules, so these modules are free: Ker 9, ~ k¥, Im 9, ~ k<. We obtain exact sequences

kP — kN —>Tor‘14(k,k)n—>0, kQ—>T0r‘24(k,k)n—>O, 0—>kP > kM - 2 0.
Then N, > gen Tor‘f(k, k),, P >rel Tor‘l‘l(k, k), O >gen Tor’z‘l(k, k), by Lemma A.8 and P+ Q = M,
by Lemma A.9. This proves (12). |

As a corollary, we obtain a well known result by Wall [44, Section 7]:

Corollary A.11 Let A be a connected associative algebra with unit over a field k. Then:

(1) A admits a homogeneous presentation that contains (for every n) precisely dimy, Tor‘f1 (k,k)n
generators and dimy, Tor’z‘1 (k, k), relations of degree n.

(ii) If A admits a homogeneous presentation that contains N, generators and M,, relations of degree n,
then N, > dimg Tor‘f(k, k), and M,, > dimg, Tor‘z4 (k,k)y. |

We also obtain a criterion of freeness.

Corollary A.12 [32, Proposition 8.5.4] Let A be a connected associative algebra with unit over a
principal ideal domain k, which is a free k-module. The following conditions are equivalent.
(a) A is a free algebra (a tensor algebra on homogeneous generators).

(b) Tor’l4 (k, k) is a free k-module, and T01r’2‘1 (k,k)=0.
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Proof By Corollary A.4, (a) implies (b). Conversely, suppose that (b) holds. Then
rel Torfl(k, k) = gen Toré (k,k)=0.

By Theorem A.10(i), the algebra A admits a presentation with no relations. Hence A is free. a

Appendix B Loop homology and extensions of Hopf algebras

Consider a homotopy fibration F — E -£> B of simply connected spaces, such that Qp: QF — QB
admits a homotopy section (ie there is a continuous map o : 2B — QE that preserves basepoints, and
a homotopy Qp oo ~ idgp). It is well known that then Q2E is homotopy equivalent to QF x QB
(see [7, Proposition A.2; 17, Theorem 5.2]). If k-homology of these loop spaces is free, we obtain an
extension of Hopf algebras k — H«(QF; k) > H«(QE; k) > H«(Q2B;k) — k. In Theorem B.3 we
give a full proof of this folklore result. We consider ordinary loop spaces instead of Moore loop spaces,
so that Q(X xY) = QX x QY is a strict isomorphism of H-spaces.

We have a natural isomorphism
o:n(AX B) =5 mn(A) @ 7n(B).  [f]+ [prao f1® [prpo f1.
for any A, B and n > 1. We denote basepoint inclusion by ¢: * — ¥ and collapse map by n: Y — *.

Lemma B.1 Let X be a simply connected space and j1: QX x QX — QX be the composition of loops.
Then the following diagram is commutative:

T (QX x QX) —2 4 7,(2X)

o | =
J %)H;ﬂ

T (2X) & 7, (2X)

Proof Let elements x,y € 7, (2X) be represented by maps f, g: S — QX. Consider the element
z=[fxnl+[nxglenm,(QX x QX).

The map p o (f x n) is the composition S” Soox N gy «xQx 45 QX. The composition of
two right maps is homotopic to the identity, hence p o (f x n) ~ f. Passing to homotopy groups,
we have u«([f x n]) = x. Similarly, u«([n x g]) = y, hence u«(z) = x + y. On the other hand,

a(lf xn) =[pryo(f xm]@[pryo (f xn)] =[f1®[ne] = x 0. Similarly, a([n x g]) =06 y, hence
a(z) = x ® y. We obtained 14 (@~ (x ® y)) = pu«(z) = x + y, so the diagram commutes. |

In the following lemma, we say that a diagram commutes if it homotopy commutes.

LemmaB.2 Let F -~ E -2+ B be a fibration of simply connected spaces, and o: 2B — QF be a
homotopy section for Q2p. Consider the composition
Qixo

f:QF xQB =% QFE xQE X5 QE.
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Then:

(1) f is a weak homotopy equivalence.

(ii) f respects the inclusion and the projection, that is, the following diagram commutes:
QF

o e

QEFxx — QF xQB —— xx QB
idxn exid

(iii) f respects the left action of Q F , that is, the following diagram commutes:

Qix f
QF xQF xQB —— QEXxQF

Juxid lu
f

QF xQB ——— QF

(iv) f respects the right coaction of Q2 B, that is, the following diagram commutes:

QFXQB%QE

|2
idx A QE xQE
lmp
QFXQBXQB&QEXQB
Proof We have an exact sequence
- 1 (QF) B0 7 (QE) E2% 1 (QB) —
where the map (£2p). has a section o4. For every n > 1, we obtain an isomorphism of groups
¢:n(QF) ® mn(QB) => 1 (QE),  @(x,y) = (Ri)«(x) + 0x(y).
(We use that 71 (€2.X) is abelian.) By Lemma B.1 and naturality of

a1y (QF xQB) = 71, (QF) @ 7, (2B)
we have
poa=(uo(RQi X0))x = fau:mn(QF xQB) - 71,(QE).

Hence fx is an isomorphism for all n, so f is a weak homotopy equivalence. Now consider the diagram

Qp
QF ————— QB

2 ]

QE x4 -2 QEx QE PP op « QB

QixidT QixaT nxidT

idXx
QF x % — 1 QF xQB -9, x x QB
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The triangle commutes, since 7 is a homotopy unit in $2E. The upper right square commutes, since €2p
is a map of H-spaces. The bottom left square commutes, since nog = o onqp: * — QE. Finally, the
commutativity of bottom right square is equivalent to the existence of homotopies Q2p o Qi ~ noe and
Qp oo ~id. The first homotopy exists, since p oi is homotopy trivial; the second exists, since o is a
homotopy section for 2p. Hence the whole diagram is commutative. The right side of the diagram is
homotopic to id: 2B — Q2 B, since 1 is a homotopy unit in 2B. We obtain a commutative diagram

Qp
QF ————— QB

e

idxn exid

QFx*x —— QF xQB —— *x QB

that is equivalent to the diagram from (ii). Now consider the diagram

QF xQF x QB — 252X o p QEx QE -2 QE x QE
lp,xid luxid lu
QF x QB Rixa QEXQE —" L QFE

The left square commutes, since Q2i: QF — QF is a map of H-spaces; the right square commutes, since
u is homotopy associative. The top side of the diagram equals Qi x (o (2i xg)) = Qi x f, the bottom
side equals f. Hence, it is the diagram from (iii). Finally, consider the diagram

QF x QB Qixo QExQE —M" . QFE

|2 |? o
QF x QB x QF x QB QE xQExQExQE XM QFE x QE

| Xo XeXid
lpr124 Lxoxex Jidxideprp lidxﬂp

QFxQBxQB— 2 QExQExQBxQB M QEXQB

where A(x) := (x,x), D(x,y) :=(x,y,x,y) and ¢(f, b1,b2) := (Ri(f),0(b1), *,b). Clearly, the
top two squares commute. The bottom right square commutes, since id: QF — QF and Qp: QFE — QB
are maps of H-spaces. The upper triangle commutes, since 2p o Qi ~ ¢ and Q2p oo ~ id; the bottom

QixoxXQixXo
_

triangle commutes by the definition of ¢. The outer maps in the diagram give the required diagram (iv). O
In the proof of next theorem we use the Kiinneth map «: Hx(X; k) ® Hi(Y; k) > H (X x Y k). Itis
natural and associative. It is an isomorphism if H«(Y; k) is a free k-module.

If X is a simply connected space and H«(2X: k) is free over k, this module is a connected k-Hopf
algebra with the standard cup coproduct (see Section 2.4) and the Pontryagin product

m: He(QX: k) @ He (X k) — Hx(QX x QX k) £55 H (QX k).
The unit and counit k —— H4(Q2X; k) < k are induced by the H-space maps * —> QX —— .
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Theorem B.3 Let k be an associative ring with unit. Let F S E-2,Bbea homotopy fibration of
simply connected spaces such that H«(Q2B; k) and H«(Q2F ; k) are free k-modules, and the map Qp
admits a homotopy section o : Q2B — QE. Consider the composition

®: Ho(QF k) ® Heo(QB: k) E®% g (QE: k) ® Hyo(QE k) ™ Ho(QE; k).
Then
(1) @ is an isomorphism of k-modules;
(i) (2i)« = Po(idpy, @F k) ® NH.(QB:k)):
(iii) (Rp)xo® = ey, (@F:k) ®idy, (B:k);
(iv) @ is a morphism of left Hy (2 F; k)-modules and right H(S2 B; k)-comodules, where the (co)mod-
ule structure on Hy«(QQE; k) is induced by the maps (2i)« and (2p)«.

In particular, k — H.«(QQF; k) LCDLN H.(QE: k) ), H.(2B; k) — k is an extension of connected
Hopft algebras over k.

Proof We write H.(2X) instead of H.(2X; k). Note that ¢ is continuous, and i, Qp are maps
of H-spaces. Hence o is a map of coalgebras, and (27 ), (2p)+« are maps of Hopf algebras. By the
naturality of Kiinneth map, the following diagram commutes:

Qi) *
Ho(QF) ® Hy(2B) 2% H(QE) ® Ho(QE) — " H,(QE)

|- | |
(Qixo)x

Hy(QF xQB) ——7" H(QExQE) —"" H.(QE)

The top side of diagram equals ®, and the bottom side equals fx. Hence & is the composition
Hy«(QF) ® Hy(2B) = H«(QF x QB) PLN H.(QE). The left map is bijective by the assumption,
the right map is bijective by Lemma B.2(i). Hence ® is an isomorphism, so (i) is proved. Consider

the diagram
Hy(QE)

(Qi) (2p)+
a
Hy(QF x %) ————— Hy(QF xQB) ——— Hyx(x xQB)
(idxn)« £xid)
KT: KT KT:
id®n &®id
H.(QF)®@k — H«(QF)® H«(Q2B) — k ® H«(Q2B)

The top half of the diagram commutes by Lemma B.2(ii), the bottom half commutes by naturality of «.
Since fi ok = &, we have a commutative diagram

H.(QE)
(i)« (Qp)«
QT
id®n £®id

Ho(QF) —% H (QF)® He(2B) =25 H,(Q2B)
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which proves (ii) and (iii). Now consider the diagram

i Q. >k >k
Ho(QF) ® He(QF) ® He(2B) —2 H (QF) @ Ho(F x 2B) 22 %% H(QE) ® H.o(QE)

lk@id J/IC lx
k®id (Qix f)x

Hy(QF x QF)® Hy(QB) —2° H (QF x QF x QB) —— 2 H,(QE x QE)

lm@id l(uxid)* lu*
S

H.(QF) ® Hy(QB) « Hy(QF x QB) Hy(QE)

The bottom right square commutes by Lemma B.2(iii), the other squares commute by naturality of «.
Since pux ok =m: Hy(QX) ® Hi(2X) - H«(R2X), the outer maps in the diagram are

Qi)+
H.(QF)Q Hy«(QF) ® H«(2B) l—> H«(QE)R® H«(QE)

| o |

Ho(QF)® Hy(QB) ® Ho(QE)

Hence ® is a map of left H« (€2 F)-modules. Similarly, by Lemma B.2(iv) and the Kiinneth isomorphisms
we have the commutative diagram

H«(QF)® H«(2B) H.(QE)
p
d®A H.(QE)R H«(QE)
lid@(ﬂp)*
oQid

Hy(QF)® H«(QB) @ H«(QB) —— Hx«(QQE) ® Hx(2B)
hence ® is a map of right H, (2 B)-comodules.
Since (i)—(iv) hold, the maps of Hopf algebras (2i)«: Hx(QF)— H«(QQE) and (2p)«: Hx(QE)—> H«(2B)

form an extension of Hopf algebras by Proposition 2.4. a

Recall that an element x € A of a Hopf algebra is primitive if Ax =1® x 4+ x ® 1. The set of primitive
elements is a Lie subalgebra PA C A. Every map of Hopf algebras f: A — A’ induces a map of Lie
algebras Pf := f|p4a: PA — PA'.

Corollary B.4 Suppose that the conditions of Theorem B.3 are met. Let x € H,.(Q2E; k) be a primitive
element such that (2p)«(x) = 0. Then x = (2i)«(y) forsome y € H«(QF; k).

Proof Since k - H«(QF;k) > H«(QE;k) - H«(QB; k) — k is a Hopf algebra extension, the
sequence 0 > PH.(QF; k) > PH«(QE; k) > PH.«(Q2B; k) is exact; see [31, Proposition 4.10]. (This
also easily follows from definitions). We have

x € Ker(PH4(QE; k) — PH.(QB:k)) = Im(PH.(QF; k) — PHL(QE: k)). O
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Appendix C Commutator identities

Fix elements u1, .. ., U, of degree 1 in a graded associative algebra I'. For a subset [ ={i; <---<iy}C[m],
we define
ar=uj uj, o, x) = [u uip, [ [uie. x],... ], xel.

We write A < B when A, B C [m] and max(A4) < min(B). If A < B, we have tiq,p = li4 -t and
c(AUB,x)=c(A,c(B,x)). Also, ig = 1, ¢(&, x) = x.

Define the Koszul sign by 6(A, B) := |{(a,b) € A x B : a > b}|. In a graded commutative algebra,
we would have 7ig4 -iig = (—=1)?@:B)i14 5 if AN B = @. It has the following properties:

(i) 0(A,B)=|A|-|B|+6(B, A) mod?2.
(i1) If Ay U By < Ay U By, then
0(A1 U Az, By U By) = 0(A1, By) + 0(Az, Bz) + [Az] - | By
For I C[m], j €[m],wewrite I«; ={i€l:i<j},I~;={ie€l:i> j}. Wealsousei as ashortened

notation for {i }.

C.1 Regrouping of monomials

The following formulas can be used to express any monomial on u1, ..., Uz as a linear combination of
c1--cs-up, c;i =c(A; uj;), Ai # .
Lemma C.1 Let ! C [m], and let x € " be homogeneous. Then

(13) fip-x= Y (~)IABHIBleg, xyip.
I=AuUB

Proof Define d := deg(x). We induct on |/|. The base case I = & is clear. For the inductive step, let
i =min(/), I’ = I \i. Then the right-hand side is equal to

Z (_1)0(iI_IA,B)+d-|B|C(l~ LA, x)ﬁB + Z (_I)G(A,iI_IB)-i-d-UI_IB\C(A’x)ﬁiuB

I'=AUB I'=AUB
= ¥ (D)PABTEBN (4, 0]+ (DA e (4, 0wy - iig
I'=AUB
= ¥ ()IADTEElyie(4.x) g,
I’'=AUB
By the inductive hypothesis, this sum is equal to u; - Uy'x = U - X. O

Proposition C.2 Let I C [m], j € [m]. Then

~ —

Grous = _)0ABHIBl 4y )i + (D)) MU Ué .

Uy 1=§u3( ) (A,uj)up +(=1) i, w3, jel
max(A4)>j
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Proof Define P =1<;, Q = I-;. Then P < Q, therefore

Urugys J ¢l

ﬁ1=ﬁpﬁ s r:=ﬁpu'ﬁ =19 . ~ .
Q J Q u1<j.u‘12..ul>/_’ ]EI'

Apply (13) to 21 - u;, and consider the summand with A, = @ separately:

Ur-uj =uUpilgu; = > (—1)6(‘42’32)"*leit\PC(Az,uj)ﬁB2
Q=A>UB,
= (—1)|Q|ﬁpujﬁQ + Z (—I)G(AZ’BZ)HBz'ﬁpC(Az,uj)ﬁgz.
Q=A,UB>

Ar#D

Applying (13) to iip - ¢ (A2, u;), we obtain the required identity:

ir-uj = (—1)‘Q‘r + ¥ 3 (_1)9(A1,Bl)+(|A2|+1)‘|Bl|+0(A2,Bz)+\32| (A1, c(Ay. u;))iip, fip,
P=AUB| Q=A>UB»
Ar#2
=D+ Y (—D)IABFIBI (4 u))ip. O
PUQ=ALB
Asj#D

C.2 Identities for nested commutators

In this section I' can be a Lie superalgebra.

Lemma C.3 For I C [m] and homogeneous elements x, y € I', we have

(14 c(Lxyh)= ¥ (~)IABFeeIBlc (4 1) (B, y)]

I=AUB
=[e(1,x),y]+ (=% ey c(1,y)]+ ¥ (—1)IABITeet1Bl[e (4 x) ¢(B,y)].
1445

Proof The second identity follows from 6(&, I) = 08(1, D) = 0 and ¢(D, x) = x. Let us prove the first
identity by induction on |/|. The base case I = & is clear. For the inductive step, define i = min(/),
I’ =1\1i,d = deg(x). Then, by the inductive hypothesis,
c(.fxy) =[uie(" e yD]= ¥ ()IAEIFEE o (4’ x). (B )]
I'=A'UB’
= X ()IEEREE L (A x)) (B )]
[=AuB by (CD)PABIRB A (A ), g c(B. )]
I'=A'UB’
= > (DIERAEREE G U A x). (B y)]

I'=A’UB’ ' 4 j !
+ Z (_1)9(14 ,JUB")+d-|iUB |[C(A/,X),C(i L B/’ y)]
I’'=A"UB’
= Y (~)fABIBI (4 x) o(B. y)]. -
I=AUB
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Corollary C4 Letl C[m],I =1"ul’,I1”" <I'. Letx,y € I be homogeneous, and let A C 21"y ol
be a family of pairs of subsets. Then

(15 Y (DIABHBI (1 [e(A x) (B y)))= Y (=DIABTHBIc(4,x).¢(B,y)].
I'=A"UB’ I=AUB
(A’,B")eA (ANI’,BNI")eA

Proof This follows from (14) and from identities
c(A",c(A,x))y=c(A"ud x), 6(A"uA,B"UB)=0(A",B"y+0(A",B")+|A|-|B”|

that are true for A”, B” < A’, B’. m]

Proposition C.5 LetJ C [m] andi, j € J suchthati < j and J~; # &. Then

(16) (I \ij, [ui,u;]) = (D=7 le (I \i,u) — (~0)=ile(I \ juy)

+ X ()PABHBIe(A ), ¢(B,u))).
J\ij=AUB
14>l'aB>j?ég
Proof Define P =J.;, 0 =J>;NJ<;, R=J>;. Hence P <i < Q < j <Rand R # &. The
left-hand side is equal to x := c(P U Q,c(R, [ui,uj])). Define also y := c¢(P U Q, [c(R,u;),uj]),
z:=c(PUQ,[ui,c(R,ujy)]). Then
x=y+ DRz B (I (PUQ [e(A ui). (B u))
R=A'UB’
A ,B'#@
=y + DRz 3 DA ), e (B.uy)),
as J\ij=AUB
Asj,B>;#D
y=EDRe(PUQ. uj.e(Rup]) = DRl \ioup),

z=c(P,c(Q.ui.c(R, Uj)]))(ﬁ)C(P, [c(Q.ui), c(R,uj)]) + (=12 e (P, [u;, c(Q U R, uy)])

=C(J\.]7uj)
+ Y (—1)0U2BITBAC(P [e(As,u;), c(Ba U R, u)])
0=A>UB>
Az, Bo#D
= (DR ()P ABFBIe (A u;), (B, uy)]
s J\ij=AUB
BNO=w
As i =0 .
=2 Rl jaup + DR D)IABTE (A ). e (BLuj)).
J\ij=AUB
BNO#9,0
As =0
Therefore,

x = (DRl \iup) + (=DICFRIC TN juy)
+ Y EDPABTFBIc A u), c(Boupl+ Y (—DIABTIBIe (4, u;), ¢ (B uy)).

J\ij=AUB J\ij=AuUB
Asi #D A>j»B>j7é®
As =0
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In the first sum the condition B ; # & is always true, since R = A~ ; U B>, A~; = @ and R # .
In the second sum, A-; # & is always true. Hence the sums can be merged into
D O A CENHRICRTI

J\ij=AUB
A>i,B>j7é®

Using |R| = |J> | and |Q + |R| = |J>;| — 1, we obtain (16). |
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