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Loop homology of moment-angle complexes in the flag case

FEDOR VYLEGZHANIN

We develop a general homological approach to presentations of connected graded associative algebras,
and apply it to the loop homology of moment-angle complexes ZK that correspond to flag simplicial
complexes K. For an arbitrary coefficient ring, we describe generators of the Pontryagin algebra
H�.�ZK/ and defining relations between them. We prove that such moment-angle complexes are
coformal over Q, give a necessary condition for rational formality, and compute their homotopy groups in
terms of homotopy groups of spheres.

16E30, 16W50, 57S12; 55P35, 55Q52, 55U15, 57T05

1 Introduction

For a simply connected spaceX and a commutative ring k with unit, the Pontryagin algebraH�.�X Ik/ is
a connected graded associative k-algebra with respect to the Pontryagin product. We study the Pontryagin
algebras of moment-angle complexes X D ZK WD .D

2; S1/K that correspond to simplicial complexes K.
Moment-angle complexes play an important role in toric topology [15], and they have interesting
homotopical properties and surprising connections to several topics in algebra and combinatorics [5]. If K
is a simplicial complex on the vertex set Œm�Df1; : : : ; mg, there is an effective action of them-dimensional
torus Tm D .S1/�m on ZK. The homotopy quotient ETm�Tm ZK (the Borel construction) is known as
the Davis–Januszkiewicz space DJ.K/ and is homotopy equivalent to the polyhedral product .CP1;�/K;
see [15, Theorem 4.3.2].

Panov and Ray [35] reduced the study of corresponding Pontryagin algebras to an algebraic problem.
Applying the based loops functor to the homotopy fibration

(1) ZK! DJ.K/! BTm;

they obtained a split fibration of H-spaces�ZK!�DJ.K/!Tm and thus an extension of cocommutative
Hopf algebras

k!H�.�ZKIk/!H�.�DJ.K/Ik/!ƒŒu1; : : : ; um�! k

over a field k. For any K, there is an isomorphism of Hopf algebras H�.�DJ.K/Ik/Š ExtkŒK�.k;k/
[20; 35] (moreover, this is true for any principal ideal domain k such that H�.�DJ.K/Ik/ is a free
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k-module). If K is a flag simplicial complex, this Hopf algebra is known completely: it is isomorphic to
the partially commutative algebra

kŒK�Š WD T .u1; : : : ; um/=.u2i D 0; i D 1; : : : ; mI uiuj Cujui D 0; fi; j g 2 K/; degui D 1:

Generators ui are primitive and have degree .�1; 2ei / with respect to the Z�Zm
�0-grading introduced

in [43]. In this case Grbić, Panov, Theriault and Wu [23] found a minimal generating set for the
algebra H�.�ZKIk/, and the author calculated the number of relations in any minimal presentation
(by homogeneous generators and relations) of this algebra [43].

The last calculation relies on homological methods developed by Wall [44] and Lemaire [29] for connected
graded associative algebras over a field. Namely, multiplicative generators of a connected k-algebra A
correspond to additive generators of the graded k-module TorA1 .k;k/, and relations correspond to
generators of TorA2 .k;k/. In order to study the integer Pontryagin algebra H�.�ZKIZ/, we generalise
these results to the case of arbitrary commutative rings k with unit, and construct explicit presentations
of connected k-algebras using cycles in the bar construction. These results are presented in Appendix A.
We hope that they will be useful in other contexts.

Let us give a general description of our approach. Suppose that we are given a connected k-algebra A
which is a free left module over its subalgebra S , A ' S ˝k V . We wish to construct a presentation
of S . Theorem A.6 does that, if we know a set of cycles in the bar construction B.S/, such that their
images generate the k-modules Hi .B.S//' TorSi .k;k/, i D 1; 2. The following algorithm computes
such cycles:

(i) Build a free resolution .A˝M;d/ of the left A-module k.

(ii) Interpret it as a free resolution .S ˝ V ˝M; yd/ of the left S-module k. Compute the functor
TorS .k;k/ as the homology of the complex .V ˝M; xd/. Find cycles in .V ˝M; xd/ such that their
images generate TorSi .k;k/, i D 1; 2.

(iii) Construct a morphism ' W .S˝V ˝M; yd/! .B.S/; dB/ of free resolutions of the left S -module k,
using the contracting homotopy of the bar resolution (see Corollary 2.2). Obtain a morphism of
chain complexes ' W .V ˝M; xd/! .B.S/; dB/ that induces an isomorphism on the homology.

(iv) Applying ' to the cycles from (ii), obtain the required cycles in B.S/.

This situation takes place if k ! S ! A ! V ! k is an extension of connected Hopf algebras;
see [2; 31, Proposition 4.9]. In that sense, our algorithm has similarities with the Reidemeister–Schreier
algorithm that constructs a presentation of a subgroup, given a presentation of the whole group. See [30]
for another approach to Hopf subalgebras in connected Hopf algebras. It is well known that extensions
of Hopf algebras arise in the study of fibrations F ! E ! B that have a section after looping (see
Appendix B for the proof). For such “�-split” fibrations, the proposed method allows us to study
presentations of H�.�F Ik/, if the algebras H�.�EIk/ and H�.�BIk/ are known.
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Fibrations of this kind are studied by Theriault [41]; see also [9, Proposition 6.1]. (However, these works
deal with cases when the algebra H�.�F Ik/ is known better than H�.�EIk/.) We consider the case
F D ZK, E D DJ.K/, B D .CP1/m. The algorithm is also applicable to partial quotients of moment-
angle complexes [15, Section 4.8] (we will consider their Pontryagin algebras in subsequent publications)
and polyhedral products of the form .PX;�X/K (here we refer to the recent work [16] by Li Cai).

1.1 Main results

We give a presentation of the algebra H�.�ZKIk/ for a flag simplicial complex K and any ring k. The
presentation is explicit up to a rewriting process described in Algorithm 5.4. For x 2H�.�DJ.K/Ik/
and a subset AD fa1 < � � �< akg � Œm�, define

c.A; x/ WD Œua1
; Œua2

; : : : ; Œuak
; x�; : : : �� 2H�.�DJ.K/Ik/:

This element belongs to the subalgebra H�.�ZKIk/ � H�.�DJ.K/Ik/, if x D ui and A ¤ ¿ (see
Corollary 3.10). For every J � Œm�, denote by ‚.J / the set of all vertices i 2 J such that

� vertices i and max.J / are in different path components of the complex KJ ;

� i is the smallest vertex in its path component.

Denote by zbi .X Ik/ the minimal number of elements that generate the k-module �Hi .X Ik/. Clearly,
j‚.J /j D zb0.KJ Ik/ for any principal ideal domain k. Consider the zb0.KJ Ik/-element set˚

c.J n fig; ui / W J � Œm�; i 2‚.J /
	
�H�.�ZKIk/:

We call its elements the GPTW generators (after Grbić, Panov, Theriault and Wu).

Theorem 1.1 Let k be a commutative ring with unit and K be a flag simplicial complex without ghost
vertices on vertex set Œm�.

(i) For every J � Œm�, choose a set of simplicial 1-cyclesP
fi<j g2KJ

�
.˛/
ij Œfi; j g� 2 C1.KJ Ik/

that generate the k-module H1.KJ Ik/. Then the algebra H�.�ZKIk/ is generated by GPTW generators
modulo the relations P

fi<j g2KJ

�
.˛/
ij

P
Jnfi;j gDAtB

max.A/>i;max.B/>j

˙Œyc.A; ui /; yc.B; uj /�D 0

that correspond to the chosen 1-cycles. (Here yc.A; ui /, yc.B; uj / are the elements c.A; ui /, c.B; uj /
of H�.�ZKIk/ that are arbitrarily expressed through the GPTW generators , and Œx; y� is defined as
x � y � .�1/jxj�jyjy � x.) In particular , H�.�ZKIk/ admits a Z�Zm

�0-homogeneous presentation byP
J�Œm�

zb0.KJ Ik/ generators and
P
J�Œm�

zb1.KJ Ik/ relations.

(ii) If k is a principal ideal domain , then this presentation is minimal : any Z�Zm
�0-homogeneous pre-

sentation of H�.�ZKIk/ contains at least
P
J�Œm�

zb0.KJ Ik/ generators and at least
P
J�Œm�

zb1.KJ Ik/
relations.
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This theorem follows from Theorems 5.1 and 5.6, proven in Section 5. For field coefficients, these results
were partially obtained by Grbić, Panov, Theriault, Wu (the minimal set of generators [23, Theorem 4.3])
and the author (number of relations and their degrees [43, Corollary 4.5]). Sometimes the number of
relations can be reduced, if we do not require them to be Z�Zm

�0-homogeneous (see Theorem 5.7).

We also present new results on the homotopy of moment-angle complexes that correspond to flag complexes.
Using a result of Huang [26], we prove in Corollary 6.7 that in the flag case ZK is coformal over Q in
the sense of rational homotopy theory. Results of Berglund [10] then give a necessary condition for such
moment-angle complexes to be rationally formal (Theorem 6.13). Finally, we improve a recent result of
Stanton [39] about the homotopy type of �ZK by finding the explicit number of spheres in the product:

Theorem 1.2 Let K be a .d�1/-dimensional flag simplicial complex on Œm� with no ghost vertices. Then
there is a homotopy equivalence

(2) �ZK '
Q
n�3

.�Sn/�Dn ;

where the numbers Dn � 0 are determined by

(3) �
P

J�Œm�

�.KJ / � t jJ j D .1C t /m�dhK.�t /D
Q
n�3

.1� tn�1/Dn ;

where �.X/ WD �.X/� 1 D
P
i�0.�1/

i dim �Hi .X/ is the reduced Euler characteristic and hK.t/ WDPd
iD0 hi .K/ � t i is the h-polynomial [15, Definition 2.2.5] of K. In particular , for every N � 1 we have

an isomorphism

(4) �N .ZK/'
NL
nD3

�N .S
n/˚Dn :

This theorem is proved in Section 6. Using (4), it is easy to describe the homotopy groups of corre-
sponding Davis–Januszkiewicz spaces (using the fibration (1)) and partial quotients of moment-angle
complexes, including quasitoric manifolds and smooth toric varieties (using similar fibrations; see
[15, Proposition 7.3.13; 19, Section 4]).

1.2 Organisation of the paper

Section 2 consists of algebraic preliminaries. We highlight Corollary 2.2 that allows us to construct
chain maps into the bar resolution. In Section 3 we recall notions from toric topology and discuss the
properties of Pontryagin algebras H�.�DJ.K/Ik/ and H�.�ZKIk/. Main calculations are carried in
Section 4. In Section 5 we prove Theorem 1.1 and consider an example. Section 6 contains results
about (co)formality and homotopy groups of moment-angle complexes in the flag case. In Appendix A
we develop the homological tools for working with presentations of connected graded algebras over a
commutative ring. In Appendix B we prove the following folklore fact: split fibrations of loop spaces
correspond (by passing to homology) to extensions of Hopf algebras. Appendix C contains commutator
identities that are used in Section 4.
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2 Preliminaries: algebra

2.1 Connected graded algebras

Fix a commutative associative ring k with unit. We consider associative k-algebras with unit that are
graded by a commutative monoid G (usually G D Z or Zk �Zm

�0, k D 0; 1; 2.) Left A-modules are also
G-graded. Elements of Zm

�0 are denoted by ˛ D .˛1; : : : ; ˛m/D
Pm
jD1 j̨ ej , j̨ � 0. Subsets J � Œm�

are identified with elements
P
j2J ej 2 Zm

�0. Define also

j˛j WD ˛1C � � �C˛m; supp˛ WD fi 2 Œm� W ˛i > 0g:

Every Zk �Zm
�0-graded algebra A is considered as Z-graded with respect to the total grading

An WD
L

nDi1C���CikCj˛j

Ai1;:::;ik ;˛:

The graded algebra A is connected if A<0 D 0 and A0 D k � 1. We have the canonical augmentation
" W A! A0 D k and the augmentation ideal I.A/ WD Ker ". Examples of connected k-algebras are

� the exterior algebra ƒŒm� WD ƒŒu1; : : : ; um�, deg.ui / D .�1; 2ei / 2 Z � Zm
�0, with the basis

fuI WD ui1 ^ � � � ^uik W I D fi1 < � � �< ikgg;

� the polynomial algebra kŒm� WD kŒv1; : : : ; vm�, deg.vi /D .0; 2ei /, with the basisn
v˛ WD

mQ
iD1

v
˛i

i W ˛ 2 Zm�0

o
I

� the tensor algebra T .x1; : : : ; xN /, where xi are homogeneous elements of arbitrary positive degrees.

For a homogeneous element a, define xa WD .�1/1Cdeg.a/ � a. Clearly, a � b D�xa � xb and xaD a.

Let A be a G-graded algebra. Complexes of A-modules .M; d/ are considered as Z�G-graded modules
with a differential of degree .�1; 0/. We use the Koszul sign rule with respect to the total grading:
d.a �m/D .�1/deg.a/a � d.m/D�xa � d.m/. Several formulas from [43] do not follow this rule and are
corrected in this paper.
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2.2 Bar resolution and bar construction

Let A be a connected k-algebra and " W A! k be the augmentation. The resulting left A-module k has
the bar resolution

� � � ! B2.A/! B1.A/! B0.A/! k! 0;

where Bn.A/ WD A ˝ I.A/˝n. An element of the form a ˝ a1 ˝ � � � ˝ an 2 Bn.A/ has bidegree�
n; deg.a/C

Pn
iD1 deg.ai /

�
and is traditionally written as aŒa1j : : : jan�. The differential dB has bi-

degree .�1; 0/ and is given by

�dB.aŒa1j : : : jan�/ WD xa � a1Œa2j : : : jan�C

n�1X
iD1

xaŒxa1j : : : jxai�1jxai � aiC1jaiC2j : : : jan�:

Consider also the contracting homotopy sn W Bn.A/! BnC1.A/,

(5) sn.aŒa1j : : : jan�/ WD

�
0; a 2 A0 ' kI

Œaja1j : : : jan�; deg.a/ > 0I
s�1 W k! B0.A/; 1 7! 1Œ � �:

It is easy to show that s ı dBC dB ı s D id, d2B D 0. Hence .B.A/; dB/ is a free resolution of the left
A-module k, assuming that A is a free k module. In this case, we obtain

TorAn .k;k/ŠHnŒB.A/; dB�;

where B.A/ WD k˝A B.A/ is the bar construction of A. We have

Bn.A/D I.A/˝n; deg.Œa1j : : : jan�/D .n; deg.a1/C � � �C deg.an//; deg dB D .�1; 0/;

dB.Œa1j : : : jan�/D

n�1X
iD1

Œxa1j : : : jxai�1jxai � aiC1jaiC2j : : : jan� 2 Bn�1.A/:(6)

In particular, dB.Œxjy�/D Œxx �y� and dB.Œxjyjz�/D Œxx �yjz�C Œxxjxy � z�.

2.3 Chain maps into resolutions with a contracting homotopy

Any map of modules can be extended to a map of their free resolutions. Moreover, this extension can
be described in terms of the contracting homotopy for the latter resolution. This recursive construction
seems to be known to specialists: its generalisations and applications are discussed in [12]. The author
thanks Georgy Chernykh for the reference.

Lemma 2.1 Let A be an associative k-algebra. Suppose that the commutative diagram of left A-modules
and their homomorphisms

Cn
ydn
// Cn�1

ydn�1
//

'n�1

��

Cn�2

'n�2

��

Bn
dn

// Bn�1
dn�1

// Bn�2

satisfy the conditions
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(i) Cn is a free A-module with a basis feig;

(ii) ydn�1 ı ydn D 0;

(iii) there are k-linear maps sn�1 W Bn�1! Bn and sn�2 W Bn�2! Bn�1 such that

dn ı sn�1C sn�2 ı dn�1 D idBn�1
:

Define an A-linear map 'n W Cn! Bn on the basis by

'n.ei / WD sn�1
�
'n�1. ydn.ei //

�
2 Bn:

Then dn ı'n D 'n�1 ı ydn.

Proof Since dn ı'n and 'n�1 ı ydn are maps of A-modules, it is sufficient to show that they agree on
the basis of Cn. By definition,

dn.'n.ei //D .dn ı sn�1 ı'n�1 ı ydn/.ei /:

Condition (iii) gives d ı s ı ' ı yd D ' ı yd � s ı d ı ' ı yd . From the commutativity of the diagram and
condition (ii) we obtain s ı d ı' ı yd D s ı' ı yd ı yd D 0. Hence

dn.'n.ei //D 'n�1. ydn.ei //� 0:

Corollary 2.2 Let A be a connected k-algebra , .A˝V�; yd�/ be a free resolution of the left A-module k.
Let '0 W V0! k be a map of k-modules such that the diagram

A˝V1
yd1
// A˝V0

yd0
//

id˝'0

��

k

idDW'�1

B1.A/
dB;1

// A
"

// k

commutes. Choose bases fe.n/i g of k-modules Vn, and define A-linear maps 'n W A˝ Vn ! Bn.A/
recursively as

'0 WD idA˝'0; 'n.a˝ e
.n/
i / WD a � sn�1

�
'n�1. ydn.e

.n/
i //

�
;

where sn�1 W Bn�1.A/! Bn.A/ is the contracting homotopy (5).

Then '� W .A˝V�; yd/! .B�.A/; dB/ is a chain map.

Proof Induction on n. For nD 0 the identity

dB;n ı'n D 'n�1 ı ydn

holds, since the diagram commutes. The inductive step from n� 1 to n is supplied by Lemma 2.1.
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2.4 Hopf algebra extensions and loop homology

If A is a Hopf algebra over k, we denote the comultiplication by � W A! A˝A and the (co)unit maps
by �A W k! A, "A W A! k. A graded k-Hopf algebra A is connected if A<0 D 0, A0 D k � 1. The counit
is then the standard augmentation " W A! A0 ' k.

Definition 2.3 Let � W A! C , � W C ! B be morphisms of k-Hopf algebras. They form an extension of
Hopf algebras, or a short exact sequence of Hopf algebras

k! A
�
�! C

�
�! B! k;

if

(i) � is injective;

(ii) � is surjective;

(iii) � ı �D ";

(iv) Ker� D I.A/ �C ;

(v) Im �D fx 2 C W ..idC ˝�/ ı�/.x/D x˝ 1g.

See [2, Definition 1.2.0, Proposition 1.2.3] for an equivalent and more “symmetrical” definition. Extensions
of connected Hopf algebras were studied implicitly in [31, Section 4].

Proposition 2.4 (see [31, Proposition 4.9]) Let � W A! C , � W C ! B be maps of connected k-Hopf
algebras. Suppose that a mapˆ WA˝B!C is an isomorphism of left A-modules and right C -comodules ,
and suppose that

�Dˆ ı .idA˝ �B/; � ıˆD "A˝ idB :

Then k! A
�
�! C

�
�! B ! k is an extension of Hopf algebras. Conversely , for every Hopf algebra

extension there is a map ˆ with the described properties.

Our main example of Hopf algebras are Pontryagin algebras (loop homology) of connected topological
spaces. Let k be a commutative ring, Y be a topological space such that H�.Y Ik/ is a free k-module.
Then H�.Y Ik/ is supplied with the cocommutative cup coproduct which is dual to the cup product
on H�.Y Ik/: it is the composition

H�.Y Ik/
��
// H�.Y �Y Ik/

AW�
'
// H�.C�.Y Ik/˝C�.Y Ik// H�.Y Ik/˝H�.Y Ik/;

'

�
oo

where AW is the Alexander–Whitney map and � is the Künneth isomorphism. If Y is also an H-space,
the cup coproduct respects the Pontryagin product

m WH�.Y Ik/˝H�.Y Ik/
�
// H�.Y �Y Ik/

��
// H�.Y Ik/

Algebraic & Geometric Topology, Volume 25 (2025)
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and hence H�.Y Ik/ is a cocommutative Hopf algebra. In particular, H�.�X Ik/ is a connected co-
commutative k-Hopf algebra whenever X is a simply connected space such that H�.�X Ik/ is free
over k [31, 8.9]. Otherwise � fails to be an isomorphism, hence the coproduct is not defined and
H�.�X Ik/ is merely a connected associative k-algebra with unit.

In Appendix B we describe a situation when a fibration F !E! B of simply connected spaces gives
rise to an extension k!H�.�F Ik/!H�.�EIk/!H�.�BIk/! k of connected Hopf algebras.

3 Preliminaries: toric topology

3.1 Simplicial complexes and polyhedral products

A simplicial complex K on the vertex set W is a nonempty family of subsets I �W that is closed under
taking subsets. Elements I 2 K are called faces. We suppose that K has no ghost vertices, ie fig 2 K for
all i 2W . Usually W � Œm� WD f1; : : : ; mg. Sometimes by properties of a complex K we mean properties
of its geometrical realisation, of the topological space jKj WD

S
I2K�I ��W .

For every J �W , a simplicial complex KJ WD fI 2 K W I � J g on the vertex set J (a full subcomplex
of K) is defined.

Throughout the text, we write I n i WD I nfig for i 2 I and I t i WD I tfig for i 2W nI . A subset I �W
is a missing face of K if I …K, but I n i 2K for all i 2 I . A simplicial complex K is flag if all its missing
faces consist of two elements.

For every complex K on a vertex set Œm�, the Zm
�0-graded Stanley–Reisner ring

kŒK� WD kŒv1; : : : ; vm�=
� Q
i2I

vi D 0; I … K
�
; deg vi WD 2ei 2 Zm�0;

is defined. It has a homogeneous basis
˚
v˛ WD

Qm
iD1 v

˛i

i j supp˛ 2 K
	

as a k-module. The dual
k-module khKi is called the Stanley–Reisner coalgebra. It has an additive basis f�˛ j supp˛ 2 Kg,
deg�˛ D 2˛, and commutative associative comultiplication ��˛ WD

P
˛DˇC
 �ˇ ˝�
 .

Now let K be a simplicial complex on Œm� and .X;A/ WD ..X1; A1/; : : : ; .Xm; Am// be a sequence of
pairs of topological spaces. Their polyhedral product .X;A/K is the union

.X;A/K WD
S
I2K

.X;A/I �Xm; .X;A/I D Y1 � � � � �Ym; Yj WD

�
Xj ; j 2 I I

Aj ; j … I:

The addition of a ghost vertex v to K replaces the space .X;A/K with .X;A/K �Av. Hence in many
cases it is sufficient to consider only complexes without ghost vertices.

Define .X;A/K WD .X;A/K if Xi D X , Ai D A for all i 2 Œm�. We consider two special cases
of this construction: moment-angle complexes ZK WD .D2; S1/K and Davis–Januszkiewicz spaces
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DJ.K/ WD .CP1;�/K. It is well known that H�.DJ.K/Ik/Š kŒK� and H�.ZKIk/Š TorkŒm�.kŒK�;k/
as graded rings. Moreover,

Hn.ZKIk/D
M

nD�iC2jJ j

H�i;2J .ZKIk/; H�i;2J .ZKIk/Š �H jJ j�i�1.KJ Ik/;
and the product has a geometric description in terms of maps KItJ ,!KI �KJ ; see [15, Theorem 4.5.8].

3.2 Loop homology as Hopf algebras

Proposition 3.1 [15, Theorem 4.3.2, Section 8.4] There is a homotopy fibration

ZK! DJ.K/ i
�! .CP1/m

of simply connected spaces , where i is the standard inclusion. The map �i admits a homotopy section
� W Tm!�DJ.K/ that corresponds to the choice of generators in �2.DJ.K//Š Zm and gives rise to a
homotopy equivalence �DJ.K/'�ZK �Tm.

The following description of H�.�DJ.K/Ik/ was first given in [35, (8.4)] for k D Q, but the argu-
ment is easily generalised to the arbitrary coefficient ring. The main ingredients are integral formality
of DJ.K/ [34], Adams’ cobar construction (see [18]) and a result of Fröberg [21].

Theorem 3.2 [43, Theorem 1.1] For any simplicial complex K with no ghost vertices and any com-
mutative ring k, we have an isomorphism H�.�DJ.K/Ik/Š ExtkŒK�.k;k/ of graded k-algebras (with
respect to the Pontryagin product and to the Yoneda product). More precisely,

Hn.�DJ.K/Ik/Š
M

�iC2j˛jDn

ExtikŒK�.k;k/2˛:

This isomorphism defines the Z�Zm
�0-grading on H�.�DJ.K/Ik/. The “diagonal” subalgebra

D D
M
˛2Zm

�0

H�j˛j;2˛.�DJ.K/Ik/�H�.�DJ.K/Ik/

is isomorphic to the algebra

kŒK�Š WD T .u1; : : : ; um/=.u2i D 0; i D 1; : : : ; mI uiuj Cujui D 0; fi; j g 2 K/; degui D .�1; 2ei /:

For a flag K, the algebra H�.�DJ.K/Ik/ coincides with D, and we have H�.�DJ.K/Ik/Š kŒK�Š:

If H�.�Y Ik/ is a free k-module, the cup coproduct is compatible with the Pontryagin product, hence
this associative algebra is a cocommutative k-Hopf algebra. Similarly, if A is a commutative graded
k-algebra such that ExtA.k;k/ is a free k-module, then the shuffle product on the bar construction
(see [28, Theorem X.12.2]) induces a commutative coproduct on ExtA.k;k/ that is compatible with the
Yoneda product. In our case, these coproduct coincide. This follows from a stronger formality result for
Davis–Januszkiewicz spaces, the hga formality [20, Theorem 1.3].
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Proposition 3.3 [20, Proposition 6.5] Let K be a simplicial complex with no ghost vertices , and let k

be a principal ideal domain such that H�.�DJ.K/Ik/ is a free k-module. Then

H�.�DJ.K/Ik/Š ExtkŒK�.k;k/
as Hopf algebras.

Outline of the proof Let A be a dga algebra. The homotopy Gerstenhaber algebra (hga) structure on A
is a multiplication on its bar construction B.A/ such that B.A/ becomes a dga bialgebra [20, Section 4].
This structure arises naturally if A is commutative (then the multiplication is the shuffle product) or if
AD C �.X Ik/ is the dga algebra of cochains of a 1-reduced simplicial set (then the multiplication was
essentially constructed by Baues [8, Section 2]). Then H�.�X Ik/ŠH�ŒB.C �.X Ik//� as bialgebras.
By a result of Franz [20, Theorem 1.3], hga algebras C �.DJ.K/Ik/ and kŒK� are quasi-isomorphic.
The functor B preserves quasi-isomorphisms, so H�.�DJ.K/Ik/ ŠH�.B.kŒK�/Ik/ Š TorkŒK�.k;k/

as bialgebras. Since the Hopf algebra structure on a bialgebra is unique, it is an isomorphism of Hopf
algebras. The statement for H�.�DJ.K/Ik/ follows by dualisation.

Remark 3.4 The algebra H�.�DJ.K/Ik/ is not always a free k-module. For example, let K be a
minimal triangulation of RP 2. Then ZK is a wedge of †7RP 2 and spheres [23, Example 3.3]. We have
�DJ.K/ ' �ZK �Tm, hence �†7RP 2 is a retract of �DJ.K/. It follows that H�.�DJ.K/IZ/ has
2-torsion.

Recall that an element x is called primitive if �x D x˝ 1C 1˝ x, and a Hopf algebra is primitively
generated if it is multiplicatively generated by its primitive elements.

Conjecture 3.5 The Hopf algebra H�.�DJ.K/Ik/ is primitively generated for every simplicial com-
plex K and every ring k such that H�.�DJ.K/Ik/ is a free k-module.

By deep results of André and Sjödin — see [4, Theorem 10.2.1(5)] — for every field k the Hopf algebra
ExtA.k;k/ is the universal enveloping of a Lie algebra (of a 2-restricted Lie algebra, if char k D 2).
In particular, this Hopf algebra is primitively generated. (This also follows from results of Browder [11];
see [33, Theorem 10.4].) Hence Conjecture 3.5 holds if k is a field.

Remark 3.6 The Hopf algebraH�.�X Ik/ is not always primitively generated, even ifX is a suspension.
For example, one can take X D †CP 2, k D Z or Z=2 (see [13, Section 4.2]). On the other hand,
[25, Theorem B] implies that H�.�†CP d IZ=p/ is primitively generated for p > d .

Now we describe the connection between the loop homology of Davis–Januszkiewicz spaces and of
moment-angle complexes in the form of a Hopf algebra extension.

Proposition 3.7 Let K be a simplicial complex on Œm� and k be a commutative ring with unit , such that
H�.�ZKIk/ is a free k-module. Then

k!H�.�ZKIk/
�
�!H�.�DJ.K/Ik/ p

�!ƒŒu1; : : : ; um�! k
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is an extension of connected Z �Zm
�0-graded k-Hopf algebras. The projection p maps ui to ui . Its

k-linear section �� WƒŒu1; : : : ; um�!H�.�DJ.K/Ik/ is given by

��.uI /D yuI WD ui1 � � �uik ; I D fi1 < � � �< ikg:

Therefore , ˆ.a ˝ uI / WD �.a/ � yuI defines an isomorphism of left H�.�ZKIk/-modules and right
ƒŒu1; : : : ; um�-comodules ˆ WH�.�ZKIk/˝ƒŒu1; : : : ; um�!H�.�DJ.K/Ik/.

Proof By Theorem B.3, the fibration from Proposition 3.1 gives rise to the required Hopf algebra
extension. The formula for p follows from functoriality, since the map DJ.K/ ,!DJ.�Œm�/Š .CP1/m is
induced by the inclusion K ,!�Œm�. The formula for �� follows from the description of the homotopy sec-
tion � WTm'�BTmD .�CP1/�m!�DJ.K/ as a concatenation of loops, .
1; : : : ; 
m/ 7! 
1 � � � 
m.
The maps p and �� respect the Z�Zm

�0-grading, hence the multigrading onH�.�ZKIk/ is well defined.

Since � is injective, we identify elements of H�.�ZKIk/ with their images in H�.�DJ.K/Ik/. Let
us describe some of these elements. Recall that we define Œa; b� WD ab C .�1/deg.a/ deg.b/C1ba and
c.I; x/ WD Œui1 ; Œui2 ; : : : ; Œuik ; x�; : : : ��2H�.�DJ.K/Ik/ for I Dfi1< � � �<ikg and x 2H�.�DJ.K/Ik/.
In particular, c.¿; x/ WD x and c.fig; uj /D Œui ; uj �D uiuj Cujui .

Corollary 3.8 Let x2H�.�DJ.K/Ik/ be a primitive element such that p.x/D0. Then x2H�.�ZKIk/.

Proof This follows from Corollary B.4 applied to the Hopf algebra extension from Proposition 3.7.

Corollary 3.9 Let x 2H�.�DJ.K/Ik/ be a primitive element and I � Œm�, I ¤¿. Then c.I; x/ is an
element of H�.�ZKIk/.

Proof Elements u1; : : : ; um 2H�.�DJ.K/Ik/ are primitive for dimension reasons. Primitive elements
form a Lie algebra, hence c.I; x/ 2H�.�DJ.K/Ik/ is primitive. We have p.c.I; x//D c.I; p.x//D 0,
since it is a commutator in the commutative algebraƒŒm�. Then c.I; x/2H�.�ZKIk/ by Corollary 3.8.

Corollary 3.10 Let j 2 Œm� and I � Œm�, I ¤¿. Then c.I; uj / is an element of H�.�ZKIk/.

3.3 The flag case

Let K be a flag complex with no ghost vertices. By Theorem 3.2, H�.�DJ.K/Ik/Š kŒK�Š is a free k-
module, hence the Hopf algebra structure on H�.�DJ.K/Ik/ is well defined. Moreover, the connected k-
algebra kŒK�Š is generated by elements of degree 1. These conditions determine the Hopf algebra structure
on kŒK�Š uniquely: the elements u1; : : : ; um are primitive. Therefore, in the flag case Conjecture 3.5 is
true for any k.

The following important result was recently obtained by Stanton.
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Theorem 3.11 [39, Corollary 1.5] Let K be a flag simplicial complex or a skeleton of a flag complex.
Then �ZK is homotopy equivalent to a finite-type product of spaces of the form S1, S3, S7 and �Sn

for n� 2, n¤ 2; 4; 8.

This gives a short proof of the fact that H�.�ZKIk/ is free over k.

Proposition 3.12 [23, Corollary 5.2] If K is a flag simplicial complex, then H�.�ZKIk/ is a free
k-module of finite type.

Proof By the Künneth formula (more precisely, by the collapse of the Künneth spectral sequence —
see [37, Theorem 10.90]), H�.X �Y Ik/'H�.X Ik/˝H�.Y Ik/ if H�.X Ik/ and H�.Y Ik/ are free
over k. Hence H�.X �Y Ik/ is also a free k–module.

Clearly,H�.SnIk/ andH�.�SnIk/'T .an�1/ are free k-modules. By Theorem 3.11 and the arguments
above, the same holds for H�.�ZKIk/.

Hence in the flag case we have a Hopf algebra extension

k!H�.�ZKIk/!H�.�DJ.K/Ik/!ƒŒm�! k

from Proposition 3.7 for any k.

4 Main calculations

In what follows, K is a flag simplicial complex on the vertex set Œm� with no ghost vertices, and k is a
commutative ring with unit. We consider Z�Zm

�0-graded k-algebras that are connected with respect to
the total grading An WD

L
nD�iCj˛jA�i;˛.

4.1 Resolutions and formulas for differentials

By [43, Proposition 4.1], the leftH�.�DJ.K/Ik/-module k has a free resolution .H�.�DJ.K/Ik/˝khKi; d /,
deg�˛ WD .j˛j;�j˛j; 2˛/, deg.d/D .�1; 0; 0/, with the differential

d.1˝�˛/ WD
X

i2supp.˛/

ui ˝�˛�ei
:

The isomorphism of left H�.�ZKIk/-modules

ˆ WH�.�ZKIk/˝ƒŒm�!H�.�DJ.K/Ik/; a˝uI 7! a � yuI ;

from Proposition 3.7 allows us to consider this resolution as a free resolution .H�.�ZKIk/˝ƒŒm�˝khKi; yd/
of the left H�.�ZKIk/-module k. We apply the functor k˝H�.�ZKIk/ .�/ and obtain a chain complex
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.ƒŒm�˝khKi; xd/ whose homology is isomorphic to TorH�.�ZKIk/.k;k/. The differentials yd and xd are
determined by the commutative diagram

� � � // H�.�DJ.K/Ik/˝khKi.n/
d

// H�.�DJ.K/Ik/˝khKi.n�1/ // � � �

� � � // H�.�ZKIk/˝ƒŒm�˝khKi.n/
yd
//

ˆ˝id '

OO

"˝id˝id
����

H�.�ZKIk/˝ƒŒm�˝khKi.n�1/

ˆ˝id '

OO

"˝id˝id
����

// � � �

� � � // ƒŒm�˝khKi.n/
xd

// ƒŒm�˝khKi.n�1/ // � � �

Here khKi.n/ is a k-submodule in khKiwith the basis f�˛ W j˛jDng. With different signs, this construction
was considered by the author in [43, Section 4]. Now we describe the differential yd explicitly. For subsets
A;B � Œm� define the Koszul sign �.A;B/ WD jf.a; b/ 2 A�B W a > bgj.

Proposition 4.1 The differential yd is given by

(7) yd.1˝uI ˝�˛/D
P

i2supp.˛/
.�1/jI j � 1˝ .uI ^ui /˝�˛�ei

C
P

i2supp.˛/

P
IDAtB

max.A/>i

.�1/�.A;B/CjAjc.A; ui /˝uB ˝�˛�ei
:

The differential xd is given by

(8) xd.uI ˝�˛/D .�1/
jI j P
i2supp.˛/

.uI ^ui /˝�˛�ei
:

Remark 4.2 We define max.¿/ WD �1, hence A cannot be empty.

Proof of the proposition Recall that u2j D 0 2H�.�DJ.K/Ik/. Therefore, by Proposition C.2,

yuI �ui D 1 �

�
.�1/jI>i jyuIti ; i … I

0; i 2 I

�
C

P
IDAtB

max.A/>i

.�1/�.A;B/CjBjc.A; ui / � yuB

Dˆ
�
1˝ .uI ^ui /C

P
IDAtB

max.A/>i

.�1/�.A;B/CjBjc.A; ui /˝uB

�
2H�.�DJ.K/Ik/:

(Here c.A; ui / 2H�.�ZKIk/ by Corollary 3.10.) Define ˆ0 Dˆ˝ idkhKi. Then

ˆ0. yd.1˝uI ˝�˛//

D d.ˆ0.1˝uI ˝�˛//D d.yuI ˝�˛/D .�1/
jI j P
i2supp.˛/

yuIui ˝�˛�ei

D .�1/jI j
P

i2supp.˛/
ˆ0

�
1˝ .uI ^ui /˝�˛�ei

C
P

IDAtB
max.A/>i

.�1/�.A;B/CjBjc.A; ui /˝uB ˝�˛�ei

�
:

Applying ˆ�10 , we obtain precisely (7). After the homomorphism "˝ id˝ id it turns into (8), since
".1/D 1 and ".c.A; ui //D 0 for A¤¿.
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4.2 Computation of Tor-modules

By [43, Theorem 1.2], for a flag K we have a Z�Z�Zm
�0-graded isomorphism of k-modules

(9) TorH�.�ZKIk/.k;k/Š
L

J�Œm�

�H�.KJ Ik/; TorH�.�ZKIk/
n .k;k/�jJ j;2J Š �Hn�1.KJ Ik/:

The homology of ZK admits a Z�Zm
�0-grading, and for any K we have a similar additive isomorphism

dual to [15, Theorem 4.5.8]:

H�.ZKIk/Š
L

J�Œm�

�H�.KJ Ik/; Hn�jJ j;2J .ZKIk/Š �Hn�1.KJ Ik/:
Hence TorH�.�ZKIk/.k;k/ Š H�.ZKIk/ for flag K. Moreover, both modules are computed as the
homology of .ƒŒu1; : : : ; um�˝khKi; d /.

Remark 4.3 In general, if X is simply connected and H�.�X Ik/ is free over k, there is Milnor–Moore
spectral sequenceE2p;qDTorH�.�X Ik/p .k;k/q)HpCq.X Ik/. We see that it collapses atE2 forXDZK

if K is a flag complex. For kDQ, the collapse is explained by the coformality of ZK; see Corollary 6.7
and the discussion after.

Now we construct a chain map g that induces the isomorphism (9). For any chain complex .C�; d / of
free k-modules, we have the dual complex

.C �; ddual/; C n WD Homk.Cn;k/; ddual.f / W c 7! f .d.c//:

Dualisation preserves isomorphisms and chain homotopies. For a simplicial complex K, the augmented
complex of simplicial chains �C�.KIk/ has the basis fŒI � W I 2 Kg, degŒI � WD jI jC 1 and the differential

d.ŒI �/ WD
P
i2I

.�1/jI<i jŒI n fig�:

The dual complex is the augmented complex of simplicial cochains .�C �.KIk/; ddual/, which has the basis
fŒI �� W I 2 Kg and the differential

ddual.ŒI �
�/D

P
i…I
Iti2K

.�1/jI<i jŒI t fig��:

Proposition 4.4 For every J � Œm�, consider the map

gJ W �C��1.KJ Ik/! .ƒŒm�˝khKi/�;�jJ j;2J ; ŒL� 7! �.L; J / �uJnL˝�L;

where �.L; J / WD .�1/
P

`2L jJ<`j. Then gJ are chain maps , and the direct sum

g W
L

J�Œm�

�C�.KJ Ik/! .ƒŒm�˝khKi; xd/

induces an isomorphism on homology. Therefore ,

Hn;�jJ j;2J .ƒŒm�˝khKi; xd/Š �Hn�1.KJ Ik/; J � Œm�; n� 0;

all the other graded components of H�.ƒŒm�˝khKi; xd/ being zero.
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Since TorH�.�ZKIk/.k;k/ŠH.ƒŒm�˝khKi; xd/, this proposition implies (9). The proof is the dualisation
of arguments from [15, Section 3.2].

Proof of Proposition 4.4 Consider the dga algebra .ƒŒu1; : : : ; um�˝kŒK�; d / with the differential that
is defined on generators by d.ui /D vi , d.vi /D 0 and with the Z�Z�Zm

�0-grading

degui WD .0;�1; 2ei /; deg vi WD .1;�1; 2ei /; deg d WD .1; 0; 0/:

This complex has the basis fuIv˛ W I � Œm�; ˛ 2 Zm
�0; supp.˛/ 2 Kg and the differentials

d.uIv
˛/D

X
i2I

.�1/jI<i juI<i
viuI>i

v˛ D
X
i2I

.�1/jI<i juIniviv
˛:

Then the dual complex .ƒŒm�˝kŒK�/� has the basis f.uIv˛/� W I � Œm�; supp.˛/2Kg and the differential

ddual..uIv
˛/�/D

X
i2supp.˛/
i…I

.�1/jI<i j.uItiv
˛�ei /�:

This formula is similar to (8). We obtain an isomorphism of chain complexes

 W .ƒŒm�˝khKi; xd/! ..ƒŒm�˝kŒK�/�; ddual/; uI ˝�˛ 7! .uIv
˛/�:

Consider the dga algebra R�.K/ WD .ƒŒm�˝kŒK�/=.uivi D v2i D 0; i D 1; : : : ; m/. It is well defined,
since the ideal .uivi ; v2i /�ƒŒm�˝kŒK� is d -invariant. The following facts are obtained in the proof of
[15, Theorem 3.2.9].

Lemma 4.5 [15, Lemma 3.2.6] The natural projection � WƒŒm�˝kŒK�!R�.K/ is a chain homotopy
equivalence.

Lemma 4.6 We have well-defined chain maps fJ W �C �.KJ Ik/!R�.K/,

fJ W �C n�1.KJ Ik/ Š�!Rn;�n;2J .K/; ŒL�� 7! �.L; J / �uJnLv
L; �.L; J / WD .�1/

P
`2L jJ<`j:

The direct sum f W
L
J�Œm�

�C �.KJ Ik/!R�.K/ is an isomorphism of chain complexes.

After dualisation, we obtain a chain homotopy equivalence �� and an isomorphism f � of chain complexes.
It remains to show that the diagramL

J�Œm�
�C �.KJ Ik/ g

// .ƒŒm�˝khKi; xd/

.R�.K//�
�

��
//

f � '

OO

..ƒŒm�˝kŒK�/�; ddual/

' 

OO

is commutative. Indeed, f �..uJnLvL/�/D �.L; J / � ŒL�, hence

g
�
f �..uJnLv

L/�/
�
D �.L; J / � �.L; J /uJnL˝�L D  

�
��..uJnLv

L/�/
�
:

Remark 4.7 In our notation, �.L; J /D .�1/n, nD �.J nL;L/CjLj.jLj � 1/=2 for L� J .
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4.3 A chain map to the bar resolution

Theorem 4.8 The identity map of the left H�.�ZKIk/-module k can be extended to the map of free
resolutions '� W .H�.�ZKIk/˝ƒŒm�˝khKi; yd/!

�
B�.H�.�ZKIk//; dB

�
, given by

'n.uI ˝�˛/D .�1/
jI j

X
˛Dei1

C���Cein

IDA1t���tAn

max.At />it ;8t2Œn�

.�1/
P

1�t1<t2�n �.At1
;At2

/
Œc.A1; ui1/j : : : jc.An; uin/�:

Proof We apply Corollary 2.2 for '0.uI /D ".uI /. It is sufficient to show that

'nC1.uI ˝�˛/D s
�
'n. yd.uI ˝�˛//

�
for j˛j D nC 1, n� 0. By (7) and by the H�.�ZKIk/-linearity of 'n, we have

'n. yd.uI ˝�˛//D
X

i2supp.˛/

.�1/jI j'n..uI ^ui /˝�˛�ei
/

C

X
i2supp.˛/

X
IDAtB

max.A/>i

.�1/�.A;B/CjAjc.A; ui /'n.uB ˝�˛�ei
/:

The map s is trivial on summands of the first sum, since they belong to

B.H�.�ZKIk//� Ker s � B.H�.�ZKIk//:

Hence we have

s
�
'n. yd.uI˝�˛//

�
D 0C

X
i2supp.˛/

X
IDAtB

max.A/>i

X
˛�eiDei1

C���Cein

BDA1t���tAn

max.At />it ;8t2Œn�

.�1/�s
�
c.A;ui /Œc.A1;ui1/j : : : jc.An;uin/�

�

D

X
i2supp.˛/

X
IDAtB

max.A/>i

X
˛�eiDei1

C���Cein

BDA1t���tAn

max.At />it ;8t2Œn�

.�1/�
�
c.A;ui /jc.A1;ui1/j : : : jc.An;uin/

�
;

where � D jBjC �.A;B/CjAjC
P
1�t1<t2�n

�.At1 ; At2/. Defining i D i0, AD A0, we obtain

s
�
'n. yd.uI ˝�˛//

�
D

X
˛Dei0

C���Cein

IDA0t���tAn

max.At />it ;0�t�n

.�1/
Pn

tD1 �.A0;At /CjI jC
P

1�t1<t2�n �.At1
;At2

/
Œc.A0; ui0/j : : : jc.An; uin/�:

The right-hand side equals 'nC1.uI ˝�˛/ up to a shift of indices.

Theorem 4.9 Let J � Œm�. Let a class ˛ 2 TorH�.�ZK/
n .k;k/�jJ j;2J Š �Hn�1.KJ Ik/ be represented by

a cycle
� D

X
I2KJ

jI jDn

�I � ŒI � 2 �Cn�1.KJ Ik/:
Algebraic & Geometric Topology, Volume 25 (2025)



5636 Fedor Vylegzhanin

Then the same class is represented by the cycle �0 2 Bn.H�.�ZKIk//�jJ j;2J in the bar construction ,

�0 WD
X
I2KJ

jI jDn

�.I; J /�I
X

IDfi1;:::;ing
JnIDJ1t���tJn

max.Jt />it ;8t2Œn�

.�1/
P

1�t1<t2�n �.Ji1
;Ji2

/
Œc.J1; ui1/j : : : jc.Jn; uin/�:

Proof The map �H�.KJ Ik/! TorH�.�ZK/
� .k;k/ is induced by the composition

L
J�Œm�

�C�.KJ Ik/ g

�
// .ƒŒm�˝khKi; xd/

'

�
// .B.H�.�ZK//; dB/;

of chain maps, where g is defined in Proposition 4.4 and ' is induced by the chain map ' from Theorem 4.8.
We have �0 D '.g.�// by construction.

The formulas become simpler for nD 1; 2.

Corollary 4.10 Let J � Œm�. Let a class

˛ 2 TorH�.�ZKIk/
2 .k;k/�jJ j;2J Š �H1.KJ /

be represented by a cycle

� D
X

fi<j g2KJ

�ij Œfi; j g� 2 �C1.KJ Ik/:
Then the same class is represented by the following cycle in the bar construction:

�0 D
X

fi<j g2KJ

.�1/jJ<i jCjJ<j j�ij
X

Jnfi;j gDAtB
max.A/>i
max.B/>j

.�1/�.A;B/Œc.A; ui /jc.B; uj /�

C .�1/�.B;A/Œc.B; uj /jc.A; ui /�:

Corollary 4.11 Let J � Œm�, and let the simplicial complex KJ have t C 1 path components. Let
vertices i1; : : : ; it ;max.J / be representatives of these components. Then a basis of the k-module
TorH�.�ZKIk/

1 .k;k/�jJ j;2J Š �H0.KJ Ik/' kt is represented by cycles

Œc.J n is; uis /� 2 B1.H�.�ZK//�jJ j;2J ; s D 1; : : : ; t:

Proof Define j WDmax.J /. The cycles �s D Œfj g�� Œfisg� 2 �C0.KJ Ik/, 1� s � t �1, represent a basis
in �H0.KJ Ik/. By Theorem 4.9, the basis in TorH�.�ZKIk/

1 .k;k/�jJ j;2J is represented by cycles

�0s D 0˙ Œc.J n is; uis /�; s D 1; : : : ; t:

(The summand Œfj g� in �s does not contribute to �0s , since the subset J1 WD J n fj g does not satisfy the
condition max.J1/ > j .)
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5 Generators and relations in the flag case

5.1 Minimal sets of generators

Let M be a finitely generated k-module. Denote the smallest number of generators by gen.M/, and
define zbi .X Ik/ WD gen. �Hi .X Ik//. Since �H0.X Ik/ is a free module, this number does not depend on
k if k is a principal ideal domain, so we write zb0.X Ik/D zb0.X/. (In fact, zb0.X/C 1 is the number of
path components in X ).

Theorem 5.1 Let K be a flag simplicial complex on a vertex set Œm� and k be a commutative ring with unit.
For every J � Œm�, choose a zb0.KJ /-element subset ‚.J /� J n fmax.J /g such that ‚.J /t fmax.J /g
contains exactly one vertex from each path component of KJ . Then H�.�ZKIk/ is multiplicatively
generated by the following set of

P
J�Œm�

zb0.KJ / elements:

fc.J n i; ui / W i 2‚.J /; J � Œm�g; c.J n i; ui / 2H�jJ j;2J .�ZKIk/:

If k is a principal ideal domain , this set is minimal : any Z�Zm
�0-homogeneous presentation of

H�.�ZKIk/ contains at least zb0.KJ / generators of degree .�jJ j; 2J /; any Z-homogeneous presentation
contains at least

P
jJ jDn

zb0.KJ / generators of degree n.

Proof By Corollary 4.11, images of cycles fŒc.J n i; ui /� W J � Œm�; i 2‚.J /g � B1.H�.�ZKIk// ad-
ditively generate the k-module TorH�.�ZKIk/

1 .k;k/. Hence, by Theorem A.6(i), the algebra H�.�ZKIk/

is multiplicatively generated by the elements in question. The lower bounds on the number of generators
follow from (9) and from Theorem A.10(ii).

Definition 5.2 Let K be a simplicial complex on Œm�, and let J � Œm�. Choose ‚.J / as the set of the
smallest vertices in corresponding path components. More precisely, define ‚.J / as the set of all vertices
i 2 J such that

(i) i and max.J / belong to different path components of the complex KJ ;

(ii) i is the smallest vertex (has the smallest number) in its path component.

The corresponding set of generators fc.J ni; ui / W i 2‚.J /; J � Œm�g will be called the GPTW generators.

Grbić, Panov, Theriault and Wu proved [23, Theorem 4.3] that GPTW generators minimally generate
the algebra H�.�ZKIk/ if k is a field. The minimality was proved using topological methods. Our
Theorem 5.1 gives a purely algebraic proof for any ring k.

5.2 Rewriting of nested commutators

Thus the GPTW generators are indeed multiplicative generators of the algebra H�.�ZKIk/ for any
ring k and any flag complex K.

Algebraic & Geometric Topology, Volume 25 (2025)



5638 Fedor Vylegzhanin

Definition 5.3 Let i 2 J � Œm�. Express the element c.J n i; ui / 2H�.�ZKIk/ as a noncommutative
polynomial in GPTW generators (this expression may be nonunique). Any such expression will be
denoted by yc.J n i; ui /.

These noncommutative polynomials can be computed recursively, following the proof of [23, Theorem 4.3].
We describe an explicit rewriting process.

Algorithm 5.4 Suppose that expressions yc.A n t; ut /, jAj < jJ j, are already computed, and we com-
pute yc.J n i; ui /. Three cases are possible:

(i) i D max.J / Define j Dmax.J n i/. Then

c.J n i; ui /D c.J n ij; Œuj ; ui �/D c.J n j; uj /:

The task is reduced to the case i ¤max.J /.

(ii) i and max.J / belong to the same path component of KJ The length of the shortest path from i

to max.J / along the edges of KJ will be called the rank of a vertex i . We proceed by induction on the
rank. The case of rank zero is discussed above. If rank equals 1, we have Œumax.J /; ui �D 0, so

c.J n i; ui /D c.J n fi;max.J /g; Œumax.J /; ui �/D 0:

Suppose that rank is greater than one, and let fi; j g be the first edge in (any) shortest path from i to max.J /.
Since Œui ; uj �D 02H�.�ZKIk/, the identity (16) expresses c.J n i; ui / in terms of c.J nj; uj / (this ele-
ment has smaller rank) and commutators of smaller degree (expressions for which are already computed).

(iii) i and max.J / are in different path components Let i0 be the smallest vertex of the component
that contains i . The length of the shortest path from i to i0 will be called the rank of a vertex i . If the
rank is zero, then i 2‚.J /, so we can set yc.J n i; ui / WD c.J n i; ui /. Otherwise we decrease the rank
using (16), as in case (ii).

Remark 5.5 A similar argument works more generally: suppose that we have a set fxJ;i W i 2 J � Œm�g
such that, for any fi; j g 2 KJ , the linear combination xJ;i ˙ xJ;j is a noncommutative polynomial
on elements of smaller degree. Then we can express each element xA;t through the “GPTW elements”
fxJ;i W i 2 ‚.J /; J � Œm�g by a similar rewriting process. In our case xJ;i D c.J n i; ui /, and the
polynomial is given by the last summand in (16).

5.3 Minimal sets of relations

Theorem 5.6 Let K be a flag simplicial complex on a vertex set Œm�, and let k be a commutative ring.
For each J � Œm�, choose a collection of simplicial 1-cyclesX

fi<j g2KJ

�
.˛/
ij Œfi; j g� 2

�C1.KJ Ik/
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that generate the k-module H1.KJ Ik/. Then the algebra H�.�ZKIk/ is presented by GPTW generators
fc.J n i; ui / W i 2‚.J /; J � Œm�g (see Definition 5.2) modulo the relations

(10)
X

fi<j g2KJ

.�1/jJ<i jCjJ<j j�
.˛/
ij

X
Jnfi;j gDAtB

max.A/>i
max.B/>j

.�1/�.A;B/CjAjŒyc.A; ui /; yc.B; uj /�D 0:

In particular,H�.�ZKIk/ admits a presentation by
P
J�Œm�

zb0.KJ / generators modulo
P
J�Œm�

zb1.KJ Ik/
relations: one should take the 1-cycles that correspond to minimal sets of generators.

If k is a principal ideal domain , this presentation is minimal : any Z�Zm
�0-homogeneous presentation

contains at least zb1.KJ Ik/ relations of degree .�jJ j; 2J / for every J � Œm�.

Proof By Corollary 4.10, our 1-cycles correspond to the elementsX
fi<j g2KJ

.�1/jJ<i jCjJ<j j�
.˛/
ij

X
JnijDAtB
max.A/>i
max.B/>j

.�1/�.A;B/Œc.A; ui /jc.B; uj /�C .�1/
�.B;A/Œc.B; uj /jc.A; ui /�

in bar construction, and their images additively generate TorH�.�ZKIk/
2 .k;k/. We apply Theorem A.6(ii)

to this situation. (In the notation of this theorem, we take GPTW generators as a1; : : : ; aN . Their
images freely generate TorH�.�ZK/

1 .k;k/, so we can take R D 0. We take yc.A; ui / and yc.B; uj / as
polynomials Pj;˛ andQj;˛ .) It follows thatH�.�ZKIk/ is generated by GPTW generators and presented
by the relationsX
fi<j g2KJ

.�1/jJ<i jCjJ<j j�
.˛/
ij

X
JnijDAtB
max.A/>i
max.B/>j

.�1/�.A;B/yc.A; ui /yc.B; uj /C.�1/
�.B;A/

yc.B; uj /yc.A; ui /D 0:

Define x D yc.A; ui /, y D yc.B; uj /. Since �.A;B/C �.B;A/� jAj � jBj, we have

.�1/�.A;B/xxyC.�1/�.B;A/xyx D .�1/�.A;B/..�1/jAjxyC.�1/jBjCjAj�jBjyx/

D .�1/�.A;B/CjAj.xy�.�1/.jAjC1/.jBjC1/yx/D .�1/�.A;B/CjAjŒx; y�:

Hence the obtained relations coincide with (10). Finally, the lower bound on the number of relations
follows from (9) and Theorem A.10(ii).

Sometimes we can reduce the number of relations if the presentation is not required to be Z �Zm
�0-

homogeneous. For example, suppose that for some I; J � Œm� we have jI j D jJ j D n, H1.KI IZ/DZ=2,
H1.KJ IZ/DZ=3. Then the graded components of the module TorH�.�ZKIZ/

2 .Z;Z/ having multidegrees
.�n; 2I / and .�n; 2J / are equal to Z=2 and Z=3. By Theorem A.10, every Z �Zm

�0-homogeneous
presentation of H�.�ZKIZ/ should contain relations of these multidegrees. On the other hand, these
Z�Zm

�0-graded components contribute Z=2˚Z=3'Z=6 to the Z-graded component of degree n. Hence
we can take just one Z-homogeneous relation (for example, the sum of these Z�Zm

�0-homogeneous
relations). Let us give a general result.
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Theorem 5.7 Let K be a flag simplicial complex and k be a principal ideal domain. Consider all
homogeneous presentations of the Z-graded k-algebra H�.�ZKIk/.

(i) There is a presentation that consists of , for each n � 0, exactly
P
jJ jDn

zb0.KJ / generators and
exactly gen

�L
jJ jDnH1.KJ Ik/

�
relations of degree n. One can take GPTW generators as gen-

erators , and take linear combinations of identities from Theorem 5.6, corresponding to minimal
generators of the k-module

L
jJ jDnH1.KJ Ik/, as relations.

(ii) For every n � 0, any presentation contains at least
P
jJ jDn

zb0.KJ / generators and at least
gen

�L
jJ jDnH1.KJ Ik/

�
relations of degree n.

Proof By Theorem A.10, gen TorH�.�ZKIk/
1 .k;k/n and gen TorH�.�ZKIk/

2 .k;k/nCrel TorH�.�ZKIk/
1 .k;k/n

are precise bounds on the number of generators and relations, respectively, of degree n. By (9), we have

TorH�.�ZKIk/
1 .k;k/nD

M
jJ jDn

�H0.KJ Ik/'k˚
P
jJ jDn

zb0.KJ /; TorH�.�ZKIk/
2 .k;k/D

M
jJ jDn

H1.KJ Ik/I

hence gen Tor1D
P
jJ jDn

zb0.KJ / and rel Tor1D 0. One can take the GPTW generators since the images
of corresponding cycles generate Tor1 by Corollary 4.11.

5.4 Example: moment-angle complexes for m-cycles

Let K be the boundary of an m-gon. The corresponding moment-angle complex ZK is homeomorphic to
a connected sum of sphere products, ZKŠ #m�1kD3 .S

k�SmC2�k/#.k�2/.
m�2
k�1/, and hence H�.�ZKIk/ is

a one-relator algebra. It was considered in [24; 42]. From the point of view of Theorem 5.6, the relation
corresponds to the 1-cycle

� D Œf1;mg��

m�1X
iD1

Œfi; i C 1g� 2 �C1.KIk/
and has the formX
f2;:::;m�1gDAtB

max.A/>1
max.B/>m

. : : : /�

m�1X
iD1

.�1/.i�1/Ci
X

Œm�nfi;iC1gDAtB
max.A/>i

max.B/>iC1

.�1/�.A;B/CjAjŒyc.A; ui /; yc.B; uiC1/�D 0:

The first sum is empty, since max.B/�m� 1. Similarly, in the second sum the inner sum is empty for
i Dm� 1;m� 2. The simplified relation is

m�3X
iD1

X
Œm�nfi;iC1gDAtB

max.A/;max.B/�iC2

.�1/�.A;B/CjAjŒyc.A; ui /; yc.B; uiC1/�D 0:

Some summands are immediately zero. For example, if max.B/D i C 2, then

c.B; uiC1/D c.B n fi C 2g; ŒuiC2; uiC1�/D 0;
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so we can take yc.B; uiC1/ D 0. Similarly, c.A; u1/ D 0 if i D 1 and m 2 A. Other summands can
be computed using Algorithm 5.4. We were not able to obtain a closed formula for this relation (as a
polynomial of GPTW generators or other minimal generators). However, we at least have an effective
algorithm that computes the relation for any given m.

Consider the case mD 5. Besides from the partitions Œ5�n fi; iC1g DAtB considered above, for i D 1
the allowed partitions are f3; 4; 5g D f3g t f4; 5g D f4g t f3; 5g D f3; 4g t f5g; for i D 2 the allowed
partitions are f1; 4; 5g D f4g t f1; 5g D f1; 4g t f5g. The resulting relation has five summands:

.�1/�.3;45/C1Œyc.3;u1/; yc.45;2/�C.�1/
�.4;35/C1Œyc.4;u1/; yc.35;2/�C.�1/

�.34;5/C2Œyc.34;u1/; yc.5;u2/�

C.�1/�.4;15/C1Œyc.4;u2/; yc.15;u3/�C.�1/
�.14;5/C2Œyc.14;u2/; yc.5;u3/�D 0:

All commutators, apart from yc.14; u2/ D Œu1; Œu4; u2�� D �Œu2; Œu4; u1�� D �c.24; u1/, already are
GPTW generators. We obtain the following identity between the generators:

�
�
Œu3; u1�; Œu4; Œu5; u2��

�
C
�
Œu4; u1�; Œu3; Œu5; u2��

�
�
�
Œu5; u2�; Œu3; Œu4; u1��

�
C
�
Œu4; u2�; Œu1; Œu5; u3��

�
C
�
Œu5; u3�; Œu2; Œu4; u1��

�
D 0:

This relation was first obtained by Veryovkin as a result of brute force [42, Theorem 3.2]. For mD 6,
the analogous relation is initially the sum of 7 C 10 C 4 D 21 commutators. After computing the
elements yc.J n i; ui / and changing the set of generators, it can be written as

P17
iD1Œai ; bi � D 0 (see

[42, Theorem 4.1]). This agrees with the homeomorphism ZK Š .S
3 �S5/#9 # .S4 �S4/#8.

6 Homotopical properties in the flag case

6.1 Homotopy groups

As in [39], we denote by P the class of H-spaces which are homotopy equivalent to finite-type products
of spheres and loops on simply connected spheres, and by W the class of topological spaces which are
homotopy equivalent to finite-type wedges of simply connected spheres. The author thanks Lewis Stanton
for providing a proof of the following lemma.

Lemma 6.1 Let A1; : : : ; Am be connected topological spaces , K be a simplicial complex on Œm�, and
suppose that �.CA;A/K 2 P . Then �.CA;A/K is homotopy equivalent to a finite-type product of loops
on simply connected spheres.

Proof By [40, Corollary 9.8], �.CA;A/K '
Qm
iD1�†Yi for some spaces Yi . Since the class P is

closed under retracts [39, Theorem 3.10], �†Yi 2 P . By repeated use of the homotopy equivalence
†.X � Y / ' †X _†Y _†.X ^ Y / and the James splitting †�†X '

W
n�1†X

^n [27], we have
†Z 2W for Z 2 P . In particular, †�†Yi 2W . On the other hand, †Yi is a retract of †�†Yi by the
James splitting. The class W is closed under retracts (see, for example, [1, Lemma 3.1]), so †Yi 2W .
Now �†Yi is homotopy equivalent to a product of loops on spheres by the Hilton–Milnor theorem.
It follows that the same holds for

Qm
iD1�†Yi .
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Proof of Theorem 1.2 Since K is flag, we have�ZK2P by Theorem 3.11. Hence�ZKD�.CS
1; S1/K

is a product of loops on spheres by Lemma 6.1. It follows that for some Dn � 0 we have a homotopy
equivalence

�ZK '
Y
n�2

.�Sn/�Dn :

The numbers Dn are finite, since dimkHi .�ZKIk/ <1 for all i . (Here k is any field.) Also D2 D 0,
since ZK is 2-connected [15, Proposition 4.3.5]. In order to compute Dn, we calculate dimHi .�ZKIk/

twice. Recall that the Poincaré series F.V I t / of a graded k-vector space V are the formal power series

F.V I t / WD
X
i�0

dimk.Vi / � t
i
2 ZŒŒt ��:

We have

F.V ˚W /D F.V I t /CF.W I t / and F.V ˝W I t /D F.V I t / �F.W I t /:

From F.H�.�S
kIk/I t /D .1� tk�1/�1 and the Künneth formula we have

F.H�.�ZKIk/I t /D
Y
n�3

.1� tn�1/�Dn :

On the other hand, it is known (see [15, Proposition 8.5.4] and [43, Theorem 4.8]) that

F.H�.�ZKIk/I t /D
1

.1C t /m�d � hK.�t /
D�

1P
J�Œm� �.KJ /t jJ j

for a flag complex K. We obtain the required identity (3).

Remark 6.2 In the proof above, the algebra H�.�ZKIk/ is actually Z�Zm
�0-graded. We expect that

factors of the product (2) can be considered as “Z�Zm
�0-graded spheres”, and thus ��.�ZK/ admits a

functorial Z�Zm
�0-grading as conjectured in [43, Remark 4.10].

Problem 6.3 Describe the Whitehead bracket in ��.ZK/ in terms of the decomposition (4).

6.2 Rational coformality of moment-angle complexes

Let X be a simply connected space and �X be the space of Moore loops. Since �X is a strictly
associative topological monoid, the chain complex C�.�X Ik/ is a dga algebra with respect to the
Pontryagin product for any k. Also, the cochain complex C �.X Ik/ is a dga algebra with respect to the
Kolmogorov–Alexander product (cup product).

Definition 6.4 A topological space X is formal over a ring k if the dga algebras H�.X Ik/ (with zero
differential) and C �.X Ik/ are quasi-isomorphic (are connected by a zigzag of dga maps which induce
isomorphisms on homology).

Definition 6.5 A simply connected space X is coformal over a ring k if the dga algebras H�.�X Ik/
(with zero differential) and C�.�X Ik/ are quasi-isomorphic.
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The notions of formality and coformality (over a field of characteristic zero) arose in rational homotopy
theory, and were initially formulated in terms of Sullivan and Quillen models. The rational homotopy type
of a formal (coformal) space is fully determined by the algebra H�.X IQ/ (by the algebra H�.�X IQ/).
As proved by Saleh [38, Corollary 1.2, 1.4], our definitions are equivalent to the classical ones.

Notbohm and Ray proved [34, Theorem 4.8] that all Davis–Januszkiewicz spaces DJ.K/ are formal
over Z. (In fact, the proof works over any ring k; see also [20, Theorem 1.3] for a stronger formality
result). Also, DJ.K/ is coformal over Q if and only if K is flag [15, Theorem 8.5.6]. First examples
of nonformal moment-angle complexes were constructed by Baskakov [6] using Massey products. See
[14, Introduction] for a survey of further developments in this area.

The following result of Huang can be used to prove coformality over Q.

Proposition 6.6 [26, Proposition 5.1] Let F i
�! E ! B be a fibration of nilpotent spaces of finite

type , such that

� the map i� W ��.F /˝Z Q! ��.E/˝Z Q is injective;

� E is coformal over Q.

Then F is coformal over Q.

Corollary 6.7 Let K be a flag simplicial complex with no ghost vertices. Then ZK is coformal over Q.

Proof We apply Proposition 6.6 to the fibration ZK ! DJ.K/ ! BTm. By Proposition 3.1 and
exact sequence of homotopy groups, ��.ZK/! ��.DJ.K// is injective. The second condition holds
by [15, Theorem 8.5.6].

It is natural to hope that Huang’s theorem admits the following generalisation.

Conjecture 6.8 Let F !E
p
�! B be a fibration of simply connected spaces of finite type , such that

� �p has a homotopy section;

� E is coformal over k.

Then F is coformal over k.

Let X be a simply connected space such that H�.�X Ik/ is a free k-module. The tensor filtration on the
bar construction B.C�.�X Ik// gives rise to the Milnor–Moore spectral sequence

E2p;q D TorH�.�X Ik/p .k;k/q) TorC�.�X Ik/pCq .k;k/ŠHpCq.X Ik/:

(The last isomorphism is due to Eilenberg and Moore; see [18, Theorem IV]).

The differential Tor is preserved by quasi-isomorphisms. Hence the spectral sequence collapses at E2 if
X is coformal over k. On the other hand, it collapses for X D ZK in the flag case; see (9). This suggests
the following conjecture.
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Conjecture 6.9 Let K be a flag simplicial complex. Then the spaces DJ.K/ and ZK are coformal over
any commutative ring with unit.

6.3 A necessary condition for the rational formality in the flag case

The space X is Koszul if it is both formal and coformal over Q. Hence DJ.K/ is Koszul if and only if K
is flag. Koszul spaces were introduced by Berglund [10].

Definition 6.10 Let k be a field, A D
L
n2ZA

n be a graded k-algebra that admits an additional
“weight” grading An D

L
j�0A

n;.j /. The algebra A is Koszul with respect to the weight grading if
ExtiA.k;k/

n;.j / D 0 for all i ¤ j .

For every Koszul algebra, there is a quadratic dual Koszul algebra AŠ; see [22]. More explicitly, we set

AŠ WD ExtA.k;k/; .AŠ/n;.i/ D ExtiA.k;k/
�i�n;.i/:

Then it is known that .AŠ/Š Š A as bigraded algebras.

Remark 6.11 In the classical theory of Koszul algebras [22; 36] the Z-grading AD
L
n2ZA

n is absent,
and only the weight grading .AŠ/.i/DExtiA.k;k/

.i/ is considered. Classical results are readily generalised
to the graded case.

The following result is due to Berglund. We replace the Koszul Lie algebras with their universal enveloping
algebras. Berglund considers a stronger version of the Koszul duality, the duality between Lie algebras
and commutative algebras.

Theorem 6.12 [10, Theorems 2 and 3] Let X be a simply connected space of finite type such that X is
coformal over Q. The following conditions are equivalent :

(a) X is formal over Q.

(b) The graded algebra A D H�.�X IQ/ admits a weight grading A D
L
i�0A

.i/ such that A is
Koszul with respect to it.

Moreover , if these conditions are met , then the Z-graded algebras AŠ and H��.X IQ/ are isomorphic:
Hn.X IQ/Š

L
i�0.A

Š/�n;.i/.

Theorem 6.13 Let K be a flag simplicial complex on Œm�with no ghost vertices , such that ZK is rationally
formal. Then � DH�.ZKIQ/ is a Koszul algebra with respect to the grading

�.i/ WD
M
J�Œm�

H i�jJ j;2J .ZKIQ/D
M
J�Œm�

�H i�1.KJ IQ/:

In particular , � is generated by elements in �H 0.KJ IQ/ modulo the relations in �H 1.KJ IQ/.
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Proof By Theorem 6.12, the algebra A D H�.�ZKIQ/ is Koszul with respect to a weight grading
A D

L
i�0A

.i/. From [43, Theorem 1.2] we have TorAi .Q;Q/j D
L
jJ jDj

�Hi�1.KJ IQ/. Therefore,
ExtiA.Q;Q/

j D
L
jJ jDj

�H i�1.KJ IQ/. The algebra A is Koszul, hence

ExtiA.Q;Q/
j
D ExtiA.Q;Q/

j;.i/
D .AŠ/�i�j;.i/:

Since .AŠ/� Š ��� as graded algebras, we obtain a weight grading

� iCj;.i/ D
M
jJ jDj

�H i�1.KJ IQ/; �.i/ D
M
J�Œm�

�H i�1.KJ IQ/

such that � is Koszul with respect to it. Finally, any Koszul algebra is generated by elements of weight 1
modulo relations of weight 2.

Conjecture 6.14 If K is a flag complex and H�.ZKIQ/ is Koszul with respect to the grading from
Theorem 6.13, then ZK is formal over Q.

Appendix A Presentations of connected graded algebras

In this section we prove Theorems A.1 and A.10 that generalise some results of Wall [44, Section 7].
We also prove Theorem A.6, which seems to be new. We use the notation from Section 2; some of which
is recalled below.

A.1 Conventions

The ring k is assumed to be an arbitrary commutative associative ring with unit. All tensor products are
over k.

We considerG-graded k-algebras, whereG is a commutative monoid supplied with a homomorphismG!Z.
It induces a Z-grading. Such an algebra A is connected if it is connected with respect to the Z-grading,
ie A<0 D 0 and A0 D k � 1. Then the standard augmentation " W A! A0 Š k makes k a left A-module
and a right A-module.

Every complex of G-graded modules is considered as a Z �G-graded module with a differential of
degree .�1; 0/. Hence, A-linear differentials satisfy the following version of Leibniz’s rule:

d.a � x/D .�1/deg.a/a � d.x/D�xa � d.x/;

where xa WD .�1/1Cdeg.a/a.

A presentation of a connected k-algebraA is an isomorphism of the formA'T .x1; : : : ;xN /=.r1; : : : ; rM /,
sometimes written as

A' T .x1; : : : ; xN /=.r1 D � � � D rM D 0/;
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where T .x1; : : : ; xN / is a tensor algebra and .r1; : : : ; rM / � T .x1; : : : ; xN / is the two-sided ideal
generated by the set fr1; : : : ; rM g. It is assumed that generators and relations are homogeneous and have
positive degree, hence belong to Ker ". Note that A is not required to be a free k-module, and M , N can
be infinite of any cardinality.

A.2 Exact sequence of a presentation

Let T .x1; : : : ; xN / be a tensor algebra generated by homogeneous elements of positive degrees. Every
element w 2 T .x1; : : : ; xN / is uniquely represented as a sum

w D ".w/C
NP
iD1

wi � xi ; wi 2 T .x1; : : : ; xN /:

In the next proposition we use this representation implicitly. For example, we assume that

rj D ".rj /C
NP
iD1

rj i � xi :

Since rj 2 Ker ", the first summand is zero.

Proposition A.1 Let AD T .x1; : : : ; xN /=.r1; : : : ; rM / be a presentation of a connected k-algebra ,

� W T .x1; : : : ; xN /� A

be the projection. Then the following sequence of graded free left A-modules is exact :

A � fR1; : : : ; RM g
d2
�! A � fX1; : : : ; XN g

d1
�! A

"
�! k! 0;

d2.Rj / WD �
NP
iD1

�.rj i / �Xi ; d1.Xi / WD xi :

Proof We first prove that the sequence is a chain complex. Indeed, ".d1.Xi //D ".xi /D 0 and

d1.d2.Rj //D
NP
iD1

�.rj i / � d1.Xi /D
NP
iD1

�.rj i /xi D �
� NP
iD1

rj ixi

�
D �.rj /D 0 2 A

(rj 2 Ker ", hence rj D
P
i rj ixi ). We check the exactness in the term A. Let y 2 Ker "� A. We have

y D �.w/ for some element w 2 T .x1; : : : ; xN / of positive degree, hence

y D �
� NP
iD1

wixi

�
D

NP
iD1

�.wi /xi D d1

�
�

NP
iD1

�.wi / �Xi

�
2 Im d1:

We check the exactness in the term A �fX1; : : : ; XN g. Suppose that
PN
iD1 ai �Xi2Ker d1, so

PN
iD1 xaixiD0.

We have ai D �.vi / for some vi 2 T .x1; : : : ; xN /. Then the element w WD
PN
iD1 xvixi 2 T .x1; : : : ; xN /

belongs to Ker� . This kernel is a two-sided ideal generated by rj . Hence w D
PM
jD1

P
˛ uj;˛rjwj;˛ for

some uj;˛; wj;˛ 2 T .x1; : : : ; xN /. We can rewrite it as

w D
MP
jD1

P̨
uj;˛rj ".wj;˛/C

MP
jD1

P̨ NP
iD1

uj;˛rjwj;˛;ixi D
NP
iD1

MP
jD1

P̨
.".wj;˛/uj;˛rj i Cuj;˛rjwj;˛;i /xi :
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On the other hand, w D
PN
iD1 xvixi . Such a representation is unique, so we have

xvi D
MP
jD1

P̨
".wj;˛/uj;˛rj i Cuj;˛rjwj;˛;i ; i D 1; : : : ; N:

Applying� to both parts of this identity, we obtain xaiD
PM
jD1

P
˛ ".wj;˛/�.uj;˛/�.rj i /, since�.vi /Dai

and �.rj /D 0. Finally,

NP
iD1

ai �Xi D�
MP
jD1

P̨
".wj;˛/�.xuj;˛/�.xrj i / �Xi D d2

�
�

MP
jD1

P̨
".wj;˛/�.uj;˛/ �Rj

�
2 Im d2:

Remark A.2 Proposition A.1 holds for presentations of augmented algebras such that ".xi /D ".rj /D 0.
The corresponding exact sequence is called the “Koszul resolution” in [3, Section 2].

Corollary A.3 Let AD T .x1; : : : ; xN /=.r1; : : : ; rM / be a presentation of a connected graded k-algebra ,
which is a free k-module. Then the k-module TorA1 .k;k/ is additively generated by images of cycles
Œx1�; : : : ; ŒxN � 2 B1.A/.

Proof We extend the exact sequence from Proposition A.1 to a free resolution

� � � ! A � fX1; : : : ; XN g
d1
�! A

"
�! k! 0; d1.Xi /D xi ;

of the left A-module k. Consider the diagram

� � � // A � fX1; : : : ; XN g
d1

//

Xi 7!Œxi �

��

A
"
//

a 7!aŒ � �

��

k // 0

� � � // B1.A/
dB;1

// B0.A/
"
// k // 0

It is commutative, since d1.a˝Xi /D�xaxi and dB;1.aŒxi �/D�xaxi Œ � �. Hence it can be extended to a map
of resolutions (eg using Lemma 2.1). Apply the functor k˝A .�/. We obtain a map of chain complexes

� � �

��

// k � fX1; : : : ; XN g
0
//

Xi 7!Œxi �
��

k //

a 7!aŒ � �

��

0

� � � // B1.A/
dB;1

// B0.A/ // 0

The homology of both complexes equals TorA.k;k/, and the induced map in homology is an isomorphism.
The elements Xi in the first complex are cycles, and their images generate TorA1 .k;k/.

Corollary A.4 Let A D T .x1; : : : ; xN / be the tensor algebra over a ring k, where x1; : : : ; xN are
homogeneous elements of positive degrees. Then TorA1 .k;k/ is a free k-module with the basis represented
by cycles Œx1�; : : : ; ŒxN � 2 B1.A/. Moreover , TorAi .k;k/D 0 for i > 1.
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Proof By Proposition A.1, the sequence

0! A � fX1; : : : ; XN g
d1
�! A

"
�! k! 0; d1.Xi /D xi ;

is exact. As in the proof of Corollary A.3, we obtain a map of chain complexes

0

��

// k � fX1; : : : ; XN g
0
//

Xi 7!Œxi �
��

k //

a 7!aŒ � �

��

0

� � � // B1.A/
dB;1

// B0.A/ // 0

Homology of both complexes is equal to TorA.k;k/, and the induced map in homology is the identity.

A.3 A presentation that corresponds to cycles

Recall that TorA.k;k/ŠH.B.A// if A is a free k-module. The following lemma is proved by Lemaire
[29, Corollaire 1.2.3] in the case of field coefficients.

Lemma A.5 Let f W A! C be a morphism of connected k-algebras , where k is a commutative ring
with unit.

(i) Suppose that the map f�;1 WH1.B.A//!H1.B.C // is surjective. Then f W A! C is surjective.

(ii) Suppose that f�;1 W H1.B.A//! H1.B.C // is bijective , and f�;2 W H2.B.A//! H2.B.C // is
surjective. Then f W A! C is an isomorphism.

We prove by induction that the maps fn WAn!Cn are surjective (bijective). The base case is the bijection
A0 Š kŠ C0. Recall that the bar construction B.A/ is the chain complex

� � � ! B3.A/
d3
�! B2.A/

d2
�! B1.A/

0
�! k! 0;

Bk.A/D I.A/
˝k; d2.x˝y/D xxy; d3.x˝y˝ z/D xxy˝ zC xx˝ xyz:

We define f# W B.A/! B.C /.

Proof of statement (i) Suppose that f W Ai ! Ci is surjective for i < n. Consider the following map of
exact sequences:

B2.A/n
d2
//

f#;2
����

B1.A/n Š An //

f

��

H1.B.A//n //

f�;1
����

0

B2.C /n
d2
// B1.C /n Š Cn // H1.B.C //n // 0

The map f#;2 is surjective, since it is a direct sum of maps f ˝f WAi ˝Aj ! Ci ˝Cj for i; j < n, and
f is surjective in these degrees by the inductive hypothesis. The surjectivity f�;1 is given, and 0! 0 is
injective. Hence f W An! Cn is surjective by the “first half of five lemma” [37, Proposition 2.72(i)].
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Proof of statement (ii) Suppose that f W Ai ! Ci is bijective for i < n. Consider the following map of
exact sequences:

B3.A/n
d3
//

f#;3
����

Ker d2 //

'

��

H2.B.A//n //

f�;2
����

0

B3.C /n
d3
// Ker d2 // H2.B.C //n // 0

The map f#;3 is surjective, since it is a direct sum of maps f ˝f ˝f W Ai ˝Aj ˝Ak! Ci ˝Cj ˝Ck

for i; j; k < n, and f is surjective in these degrees. The surjectivity of f�;2 is given, and 0! 0 is
injective. Hence ' is surjective by the “first half of five lemma”. Now consider the following map of
exact sequences:

Ker dB;2
//

'

����

B2.A/n

f#;2'

��

d2
// B1.A/n Š An //

f

��

H1.B.A//n� _

f�;1

��

Ker dB;2
// B2.C /n

d2
// B1.C /n Š Cn // H1.B.C //n

We proved that ' is surjective. The map f#;2 is bijective by the inductive hypothesis (it is a direct sum of
maps f ˝f W Ai ˝Aj ! Ci ˝Cj , i; j < n); in particular, it is injective. The injectivity of f�;1 is given.
Hence the map f W An! Cn is injective by the “second half of five lemma” [37, Proposition 2.72(ii)].
By (i), this map is also surjective.

The following theorem allows one to obtain a presentation of a connected k-algebra A, knowing the
structure of k-modules H1.B.A// and H2.B.A//. In the proof, we do not use the notation Œxjyjz� for
elements of the bar construction, and write x˝y˝ z instead. Therefore, Œc� always denotes the class in
H.B.�// represented by a cycle c 2 B.�/.

We also use the following notation. Let a1; : : : ; aN 2 A be some homogeneous elements of positive
degree and K;L 2 T .x1; : : : ; xN / be homogeneous noncommutative polynomials that belong to the
augmentation ideal. Then the elements K.a1; : : : ; aN /; L.a1; : : : ; aN / 2 I.A/ are defined, and hence we
can consider the elements K.a1; : : : ; aN /˝L.a1; : : : ; aN / 2 I.A/˝ I.A/D B2.A/ and

dB;2.K.a1; : : : ; aN /˝L.a1; : : : ; aN //DK.a1; : : : ; aN / �L.a1; : : : ; aN / 2 B1.A/D I.A/:

Theorem A.6 Let A be a connected algebra over a commutative ring k with unit.

(i) Suppose that , for homogeneous elements a1; : : : ; aN 2 A>0, the k-module H1.B.A// is additively
generated by the classes Œa1�; : : : ; ŒaN � 2H1.B.A//. Then A is multiplicatively generated by a1; : : : ; aN .

(ii) Suppose that the k-moduleH1.B.A// is additively generated byN elements Œa1�; : : : ; ŒaN �moduloR
relations

NP
iD1

�ri Œai �D 0 2H1.B.A//; r D 1; : : : ; R; �ri 2 k:
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Suppose that homogeneous polynomials Pj;˛;Qj;˛; Kr;ˇ ; Lr;ˇ 2 T .x1; : : : ; xN / are such that

NP
iD1

�ri � ai D dB;2

� P̌
Kr;ˇ .a1; : : : ; aN /˝Lr;ˇ .a1; : : : ; aN /

�
2 I.A/; r D 1; : : : ; R;

and the cycles in bar constructionP̨
Pj;˛.aj ; : : : ; aN /˝Qj;˛.a1; : : : ; aN / 2 I.A/˝ I.A/; j D 1; : : : ;M;

generate the k-module H2.B.A//. Then the algebra A has a presentation

AŠ T .x1; : : : ; xN /=
� NP
iD1

�rixi D
P̌
Kr;ˇ �Lr;ˇ ; r D 1; : : : ; RI

P̨
Pj;˛ �Qj;˛ D 0; j D 1; : : : ;M

�
:

(Here N , M , R can be infinite of any cardinality.)

Proof of statement (i) Consider the morphism f W T .x1; : : : ; xN /!A, xi 7! ai , of connected algebras.
The classes Œa1�; : : : ; ŒaN � generate H1.B.A// and are images of classes Œx1�; : : : ; ŒxN � with respect to
the map f�;1 WH1

�
B.T .x1; : : : ; xN //

�
!H1.B.A//. Hence f�;1 is surjective. By Lemma A.5(i), f is

surjective.

Proof of statement (ii) Consider the algebra

C WD T .x1; : : : ; xN /=
� NP
iD1

�rixi D
P̌
Kr;ˇ �Lr;ˇ ; r D 1; : : : ; RI

P̨
Pj;˛ �Qj;˛ D 0; j D 1; : : : ;M

�
:

The following identities in A are given:

NP
iD1

�ri � ai D
P̌
Kr;ˇ .a1; : : : ; aN / �Lr;ˇ .a1; : : : ; aN /; 0D

P̨
Pj;˛.a1; : : : ; aN / �Qj;˛.a1; : : : ; aN /:

Hence the morphism f WC!A, xi 7!ai , is well defined. The induced map f�;1 WH1.B.C //!H1.B.A//
is surjective, since the elements Œai �D f�;1.Œxi �/ generate H1.B.A//.

We prove that f�;1 is injective. Let � 2H1.B.C // and f�;1.�/D 0. By Corollary A.4 and surjectivity of
T .x1; : : : ; xN /!C , we have �D

PN
iD1 �i �Œxi � for some�i2k. Then 0Df�.�/D

P
i �i Œai �2H1.B.A//.

All linear relations between Œa1�; : : : ; ŒaN � follow from the relations
P
i �ri Œai � D 0, and therefore

�i D
PR
rD1 cr�ri for some cr 2 k. It follows that � is represented by the cycle

NP
iD1

RP
rD1

cr�ri � xi D
RP
rD1

cr
P̌
Kr;ˇ �Lr;ˇ D dB;2

� RP
rD1

cr
P̌
Kr;ˇ ˝Lr;ˇ

�
2 B1.C /:

Hence � D 0. We proved that f�;1 is bijective.

The elements
P
˛ Pi;˛˝Qi;˛ 2 I.C /˝ I.C / are cycles in B2.C /, and their images generate H2.B.A//.

Hence f�;2 WH2.B.C //!H2.B.A// is surjective. Conditions of Lemma A.5(ii) are satisfied, so f is
bijective.
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A.4 Bounds on the number of homogeneous generators and relations

Let A be a connected k-algebra. Proposition A.1 gives a lower bound on the number of generators and
relations in the homogeneous presentations of A, and Theorem A.6 gives an upper bound. These bounds
coincide if k is a principal ideal domain, A is a free k-module, and graded components are finitely
generated. We introduce some notation.

Definition A.7 Let M be a finitely generated module over a principal ideal domain k. By the structure
theorem of such modules, we have

(11) M ' k=.d1/˚ � � �˚k=.dr/;

where d1; : : : ; dr 2k are noninvertible, and di j diC1 for all i D 1; : : : ; r�1. The number r is determined
uniquely, and the elements di — uniquely up to a multiplication by an invertible element. Hence,

genM WD r; relM WDmaxfs W ds ¤ 0g

are well defined. We get a short exact sequence krelM ! kgenM !M ! 0.

Lemma A.8 Let k be a principal ideal domain. Suppose that there exists a short exact sequence
kA

f
�! kB !M ! 0 for some A;B <1. Then A� relM and B � genM .

Proof We can assume that f is in the Smith normal form, that is, f is represented by a diagonal matrix
with diagonal elements d 01; : : : ; d

0
s such that d 01 j d

0
2 j � � � j d

0
s . Remove all nonzero columns: this preserves

cokernel and does not increase A. If d 0i is invertible, remove the i th row and the i th column: this preserves
cokernel and diminish A and B by 1. We obtain a diagonal matrix B 0 �A0 having no zero columns and
no invertible elements on diagonal. Hence the cokernel is exactly of the form (11) for B 0 D r D genM
and A0 D s D relM .

Lemma A.9 Let k be a principal ideal domain and 0! ka! kb
f
�! kc! 0 be an exact sequence of

k-modules for some a; b; c <1. Then b D aC c.

Proof We can assume that f is in a Smith normal form. In this basis, f is represented by a diagonal
matrix c � b. Since f is surjective, the matrix has no nonzero rows, and all diagonal elements are
noninvertible. Hence Kerf ' kb�c . We have kd 6' kd

0

for d ¤ d 0, so aD b� c.

Recall that we consider G-graded algebras that are connected with respect to the Z-grading given by a
map G! Z.

Theorem A.10 Let A be a connected associative algebra with unit over a principal ideal domain k.
Suppose that k-modules TorA1 .k;k/n and TorA2 .k;k/n are finitely generated for all n 2G. Then:

(i) If A is a free k-module , it admits a homogeneous presentation that contains (for every n) precisely
gen TorA1 .k;k/n generators and gen TorA2 .k;k/nC rel TorA1 .k;k/n relations of degree n.

(ii) If A admits a homogeneous presentation that contains Nn generators and Mn relations of degree n,

(12) Nn � gen TorA1 .k;k/n; Mn � gen TorA2 .k;k/nC rel TorA1 .k;k/n:
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Proof of statement (i) For every n, choose a set of gen.TorA1 .k;k/n/ additive generators for the k-module
TorA1 .k;k/n, a set of rel.TorA1 .k;k/n/ linear relations between them, and a set of gen.TorA2 .k;k/n/ gen-
erators for TorA2 .k;k/n. These elements are represented by cycles and boundaries in the bar construction.
Applying Theorem A.6 to them, we obtain a presentation of required size.

Proof of statement (ii) Apply Proposition A.1 and continue the exact sequence to the free resolution of
the left A-module k. It has the form

� � � ! A˝kM ! A˝kN ! A
"
�! k! 0:

Applying the functor k˝A .�/, we obtain a chain complex of graded k-modules

� � � ! kM
@
�! kN

0
�! k! 0;

having TorA.k;k/ as homology. Therefore, for some @n W kMn ! kNn we have

Coker @n ' TorA1 .k;k/n; Ker @n� TorA2 .k;k/n:

In particular, TorA1 .k;k/n is generated by Nn elements, so Nn � gen TorA1 .k;k/n.

If Mn is infinite, both inequalities (12) are true, since the right side is finite. If Mn is finite, then Nn is
finite, since Coker @n is finitely generated. Thus Ker @n � kMn , Im @n � kNn are submodules of finitely
generated free modules, so these modules are free: Ker @n'kP , Im @n'kQ. We obtain exact sequences

kP ! kNn ! TorA1 .k;k/n! 0; kQ! TorA2 .k;k/n! 0; 0! kP ! kMn ! kQ! 0:

ThenNn�gen TorA1 .k;k/n, P � rel TorA1 .k;k/n,Q�gen TorA2 .k;k/n by Lemma A.8 and PCQDMn

by Lemma A.9. This proves (12).

As a corollary, we obtain a well known result by Wall [44, Section 7]:

Corollary A.11 Let A be a connected associative algebra with unit over a field k. Then:

(i) A admits a homogeneous presentation that contains (for every n) precisely dimk TorA1 .k;k/n
generators and dimk TorA2 .k;k/n relations of degree n.

(ii) If A admits a homogeneous presentation that contains Nn generators and Mn relations of degree n,
then Nn � dimk TorA1 .k;k/n and Mn � dimk TorA2 .k;k/n.

We also obtain a criterion of freeness.

Corollary A.12 [32, Proposition 8.5.4] Let A be a connected associative algebra with unit over a
principal ideal domain k, which is a free k-module. The following conditions are equivalent.

(a) A is a free algebra (a tensor algebra on homogeneous generators).

(b) TorA1 .k;k/ is a free k-module , and TorA2 .k;k/D 0.
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Proof By Corollary A.4, (a) implies (b). Conversely, suppose that (b) holds. Then

rel TorA1 .k;k/D gen TorA2 .k;k/D 0:

By Theorem A.10(i), the algebra A admits a presentation with no relations. Hence A is free.

Appendix B Loop homology and extensions of Hopf algebras

Consider a homotopy fibration F ! E
p
�! B of simply connected spaces, such that �p W�E!�B

admits a homotopy section (ie there is a continuous map � W�B!�E that preserves basepoints, and
a homotopy �p ı � � id�B ). It is well known that then �E is homotopy equivalent to �F ��B
(see [7, Proposition A.2; 17, Theorem 5.2]). If k-homology of these loop spaces is free, we obtain an
extension of Hopf algebras k!H�.�F Ik/!H�.�EIk/!H�.�BIk/! k. In Theorem B.3 we
give a full proof of this folklore result. We consider ordinary loop spaces instead of Moore loop spaces,
so that �.X �Y /Š�X ��Y is a strict isomorphism of H-spaces.

We have a natural isomorphism

˛ W �n.A�B/
Š�! �n.A/˚�n.B/; Œf � 7! ŒprA ıf �˚ ŒprB ıf �;

for any A, B and n� 1. We denote basepoint inclusion by " W � ! Y and collapse map by � W Y !�.

Lemma B.1 Let X be a simply connected space and � W�X ��X !�X be the composition of loops.
Then the following diagram is commutative:

�n.�X ��X/
��

//

˛ Š

��

�n.�X/

�n.�X/˚�n.�X/

.x;y/7!xCy

66

Proof Let elements x; y 2 �n.�X) be represented by maps f; g W Sn! �X . Consider the element
z D Œf � ��C Œ��g� 2 �n.�X ��X/.

The map � ı .f � �/ is the composition Sn f
�! �X

id��
��! �X ��X

�
�! �X . The composition of

two right maps is homotopic to the identity, hence � ı .f � �/ � f . Passing to homotopy groups,
we have ��.Œf � ��/ D x. Similarly, ��.Œ� � g�/ D y, hence ��.z/ D x C y. On the other hand,
˛.Œf ���/D Œpr1 ı .f ��/�˚ Œpr2 ı .f ��/�D Œf �˚ Œ�"�D x˚0. Similarly, ˛.Œ��g�/D 0˚y, hence
˛.z/D x˚y. We obtained ��.˛�1.x˚y//D ��.z/D xCy, so the diagram commutes.

In the following lemma, we say that a diagram commutes if it homotopy commutes.

Lemma B.2 Let F i
�! E

p
�! B be a fibration of simply connected spaces , and � W �B ! �E be a

homotopy section for �p. Consider the composition

f W�F ��B
�i��
���!�E ��E

�
�!�E:
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Then:

(i) f is a weak homotopy equivalence.

(ii) f respects the inclusion and the projection , that is , the following diagram commutes:

�E
�p

&&

�F ��

�i
88

id��
// �F ��B

f

OO

"�id
// ���B

(iii) f respects the left action of �F , that is , the following diagram commutes:

�F ��F ��B
�i�f

//

��id
��

�E ��E

�

��

�F ��B
f

// �E

(iv) f respects the right coaction of �B , that is , the following diagram commutes:

�F ��B
f

//

id��

��

�E

�
��

�E ��E

id��p
��

�F ��B ��B
f �id

// �E ��B

Proof We have an exact sequence

� � � ! �n.�F /
.�i/�
���! �n.�E/

.�p/�
���! �n.�B/! � � � ;

where the map .�p/� has a section ��. For every n� 1, we obtain an isomorphism of groups

' W �n.�F /˚�n.�B/
'
�! �n.�E/; '.x; y/D .�i/�.x/C ��.y/:

(We use that �1.�X/ is abelian.) By Lemma B.1 and naturality of

˛ W �n.�F ��B/! �n.�F /˚�n.�B/

we have
' ı˛ D .� ı .�i � �//� D f� W �n.�F ��B/! �n.�E/:

Hence f� is an isomorphism for all n, so f is a weak homotopy equivalence. Now consider the diagram

�E
�p

// �B

�E ��
id��

//

id
88

�E ��E

�

OO

�p��p
// �B ��B

�

OO

�F ��

�i�id

OO

id��
// �F ��B

�i��

OO

"�id
// ���B

��id

OO
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The triangle commutes, since � is a homotopy unit in �E. The upper right square commutes, since �p
is a map of H-spaces. The bottom left square commutes, since ��E D � ı ��B W � !�E. Finally, the
commutativity of bottom right square is equivalent to the existence of homotopies �p ı�i � � ı " and
�p ı � � id. The first homotopy exists, since p ı i is homotopy trivial; the second exists, since � is a
homotopy section for �p. Hence the whole diagram is commutative. The right side of the diagram is
homotopic to id W�B!�B , since � is a homotopy unit in �B . We obtain a commutative diagram

�E
�p

// �B

�F ��

�i�id
88

id��
// �F ��B

f

OO

"�id
// ���B

id

OO

that is equivalent to the diagram from (ii). Now consider the diagram

�F ��F ��B
�i��i��

//

��id
��

�E ��E ��E
id��

//

��id
��

�E ��E

�

��

�F ��B
�i��

// �E ��E
�

// �E

The left square commutes, since �i W�F !�E is a map of H-spaces; the right square commutes, since
� is homotopy associative. The top side of the diagram equals �i � .�ı .�i ��//D�i �f , the bottom
side equals f . Hence, it is the diagram from (iii). Finally, consider the diagram

�F ��B
�i��

//

D
��

�E ��E
�

//

D
��

�E

�
��

�F ��B ��F ��B

pr124

��

�i���"�id

++

�i����i��
// �E ��E ��E ��E

���
//

id�id��p��p
��

�E ��E

id��p
��

�F ��B ��B
�

// �E ��E ��B ��B
���

// �E ��B

where �.x/ WD .x; x/, D.x; y/ WD .x; y; x; y/ and �.f; b1; b2/ WD .�i.f /; �.b1/;�; b2/. Clearly, the
top two squares commute. The bottom right square commutes, since id W�E!�E and �p W�E!�B

are maps of H-spaces. The upper triangle commutes, since �p ı�i � " and �p ı � � id; the bottom
triangle commutes by the definition of �. The outer maps in the diagram give the required diagram (iv).

In the proof of next theorem we use the Künneth map � WH�.X Ik/˝H�.Y Ik/!H�.X �Y Ik/. It is
natural and associative. It is an isomorphism if H�.Y Ik/ is a free k-module.

If X is a simply connected space and H�.�X Ik/ is free over k, this module is a connected k-Hopf
algebra with the standard cup coproduct (see Section 2.4) and the Pontryagin product

m WH�.�X Ik/˝H�.�X Ik/
�
�!H�.�X ��X Ik/

��
�!H�.�X Ik/:

The unit and counit k
�
�!H�.�X Ik/

"
�! k are induced by the H-space maps � �

�!�X
"
�! �.
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Theorem B.3 Let k be an associative ring with unit. Let F i
�! E

p
�! B be a homotopy fibration of

simply connected spaces such that H�.�BIk/ and H�.�F Ik/ are free k-modules , and the map �p
admits a homotopy section � W�B!�E. Consider the composition

ˆ WH�.�F Ik/˝H�.�BIk/
.�i/�˝��
������!H�.�EIk/˝H�.�EIk/

m
�!H�.�EIk/:

Then

(i) ˆ is an isomorphism of k-modules;

(ii) .�i/� Dˆ ı .idH�.�F Ik/˝ �H�.�BIk//;

(iii) .�p/� ıˆD "H�.�F Ik/˝ idH�.�BIk/;

(iv) ˆ is a morphism of leftH�.�F Ik/-modules and rightH�.�BIk/-comodules , where the (co)mod-
ule structure on H�.�EIk/ is induced by the maps .�i/� and .�p/�.

In particular , k!H�.�F Ik/
.�i/�
���!H�.�EIk/

.�p/�
���!H�.�BIk/! k is an extension of connected

Hopf algebras over k.

Proof We write H�.�X/ instead of H�.�X Ik/. Note that � is continuous, and �i , �p are maps
of H-spaces. Hence �� is a map of coalgebras, and .�i/�, .�p/� are maps of Hopf algebras. By the
naturality of Künneth map, the following diagram commutes:

H�.�F /˝H�.�B/
.�i/�˝��

//

� '

��

H�.�E/˝H�.�E/
m

//

�

��

H�.�E/

H�.�F ��B/
.�i��/�

// H�.�E ��E/
��

// H�.�E/

The top side of diagram equals ˆ, and the bottom side equals f�. Hence ˆ is the composition
H�.�F /˝H�.�B/

�
�! H�.�F ��B/

f�
�! H�.�E/. The left map is bijective by the assumption,

the right map is bijective by Lemma B.2(i). Hence ˆ is an isomorphism, so (i) is proved. Consider
the diagram

H�.�E/
.�p/�

&&

H�.�F ��/

.�i/�
33

.id��/�
// H�.�F ��B/

f�

OO

."�id/�
// H�.���B/

H�.�F /˝k

� '

OO

id˝�
// H�.�F /˝H�.�B/

�

OO

"˝id
// k˝H�.�B/

� '

OO

The top half of the diagram commutes by Lemma B.2(ii), the bottom half commutes by naturality of �.
Since f� ı � Dˆ, we have a commutative diagram

H�.�E/
.�p/�

%%

H�.�F /

.�i/�
33

id˝�
// H�.�F /˝H�.�B/

ˆ

OO

"˝id
// H�.�B/
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which proves (ii) and (iii). Now consider the diagram

H�.�F /˝H�.�F /˝H�.�B/

�˝id
��

id˝�
// H�.�F /˝H�.�F ��B/

�

��

.�i/�˝f�
// H�.�E/˝H�.�E/

�

��

H�.�F ��F /˝H�.�B/
�˝id

//

��˝id
��

H�.�F ��F ��B/
.�i�f /�

//

.��id/�
��

H�.�E ��E/

��

��

H�.�F /˝H�.�B/
�

// H�.�F ��B/
f�

// H�.�E/

The bottom right square commutes by Lemma B.2(iii), the other squares commute by naturality of �.
Since �� ı � Dm WH�.�X/˝H�.�X/!H�.�X/, the outer maps in the diagram are

H�.�F /˝H�.�F /˝H�.�B/
.�i/�˝ˆ

//

m˝id
��

H�.�E/˝H�.�E/

m

��

H�.�F /˝H�.�B/
ˆ

// H�.�E/

Hence ˆ is a map of left H�.�F /-modules. Similarly, by Lemma B.2(iv) and the Künneth isomorphisms
we have the commutative diagram

H�.�F /˝H�.�B/
ˆ

//

id˝�

��

H�.�E/

�
��

H�.�E/˝H�.�E/

id˝.�p/�
��

H�.�F /˝H�.�B/˝H�.�B/
ˆ˝id

// H�.�E/˝H�.�B/

hence ˆ is a map of right H�.�B)-comodules.

Since (i)–(iv) hold, the maps of Hopf algebras .�i/� WH�.�F /!H�.�E/ and .�p/� WH�.�E/!H�.�B/
form an extension of Hopf algebras by Proposition 2.4.

Recall that an element x 2 A of a Hopf algebra is primitive if �x D 1˝ xC x˝ 1. The set of primitive
elements is a Lie subalgebra PA � A. Every map of Hopf algebras f W A! A0 induces a map of Lie
algebras Pf WD f jPA W PA! PA0.

Corollary B.4 Suppose that the conditions of Theorem B.3 are met. Let x 2H�.�EIk/ be a primitive
element such that .�p/�.x/D 0. Then x D .�i/�.y/ for some y 2H�.�F Ik/.

Proof Since k! H�.�F Ik/! H�.�EIk/! H�.�BIk/! k is a Hopf algebra extension, the
sequence 0!PH�.�F Ik/!PH�.�EIk/!PH�.�BIk/ is exact; see [31, Proposition 4.10]. (This
also easily follows from definitions). We have

x 2 Ker.PH�.�EIk/! PH�.�BIk//D Im.PH�.�F Ik/! PH�.�EIk//:
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Appendix C Commutator identities

Fix elements u1; : : : ; um of degree 1 in a graded associative algebra � . For a subset IDfi1<� � �<ikg�Œm�,
we define

yuI WD ui1 � � �uik ; c.I; x/ WD
�
ui1 ; Œui2 ; Œ : : : Œuik ; x�; : : : ��

�
; x 2 �:

We write A < B when A;B � Œm� and max.A/ < min.B/. If A < B , we have yuAtB D yuA � yuB and
c.AtB; x/D c.A; c.B; x//. Also, yu¿ D 1, c.¿; x/D x.

Define the Koszul sign by �.A;B/ WD jf.a; b/ 2 A � B W a > bgj. In a graded commutative algebra,
we would have yuA � yuB D .�1/�.A;B/yuAtB if A\B D¿. It has the following properties:

(i) �.A;B/� jAj � jBjC �.B;A/ mod 2.

(ii) If A1 tB1 < A2 tB2, then

�.A1 tA2; B1 tB2/� �.A1; B1/C �.A2; B2/CjA2j � jB1j:

For I � Œm�, j 2 Œm�, we write I<j D fi 2 I W i < j g, I>j D fi 2 I W i > j g. We also use i as a shortened
notation for fig.

C.1 Regrouping of monomials

The following formulas can be used to express any monomial on u1; : : : ; um as a linear combination of
c1 � � � cs � yuB , ci D c.Ai ; uji

/, Ai ¤¿.

Lemma C.1 Let I � Œm�, and let x 2 � be homogeneous. Then

(13) yuI � x D
P

IDAtB

.�1/�.A;B/Cdeg.x/�jBjc.A; x/yuB :

Proof Define d WD deg.x/. We induct on jI j. The base case I D¿ is clear. For the inductive step, let
i Dmin.I /, I 0 D I n i . Then the right-hand side is equal toP
I 0DAtB

.�1/�.itA;B/Cd �jBjc.i tA; x/yuB C
P

I 0DAtB

.�1/�.A;itB/Cd �jitBjc.A; x/yuitB

D
P

I 0DAtB

.�1/�.A;B/Cd �jBj
�
Œui ; c.A; x/�C .�1/

jAjCdc.A; x/ui
�
� yuB

D
P

I 0DAtB

.�1/�.A;B/Cd �jBjuic.A; x/ � yuB :

By the inductive hypothesis, this sum is equal to ui � yuI 0x D yuI � x.

Proposition C.2 Let I � Œm�, j 2 Œm�. Then

yuI �uj D
P

IDAtB
max.A/>j

.�1/�.A;B/CjBjc.A; uj /yuB C .�1/
jI>j j �

�
yuItj ; j … I

yuI<j
�u2j � yuI>j

; j 2 I

�
:
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Proof Define P D I�j , QD I>j . Then P <Q, therefore

yuI D yuP yuQ; r WD yuPuj yuQ D

�
yuItfj g; j … I I

yuI<j
�u2j � yuI>j

; j 2 I:

Apply (13) to yuQ �uj , and consider the summand with A2 D¿ separately:

yuI �uj D yuP yuQuj D
P

QDA2tB2

.�1/�.A2;B2/CjB2jyuP c.A2; uj /yuB2

D .�1/jQjyuPuj yuQC
P

QDA2tB2

A2¤¿

.�1/�.A2;B2/CjB2jyuP c.A2; uj /yuB2
:

Applying (13) to yuP � c.A2; uj /, we obtain the required identity:

yuI �uj D .�1/
jQjr C

P
PDA1tB1

P
QDA2tB2

A2¤¿

.�1/�.A1;B1/C.jA2jC1/�jB1jC�.A2;B2/CjB2j c.A1; c.A2; uj //yuB1
yuB2

D .�1/jQjr C
P

PtQDAtB
A>j¤¿

.�1/�.A;B/CjBjc.A; uj /yuB :

C.2 Identities for nested commutators

In this section � can be a Lie superalgebra.

Lemma C.3 For I � Œm� and homogeneous elements x; y 2 � , we have

(14) c.I; Œx;y�/D
P

IDAtB

.�1/�.A;B/Cdeg.x/�jBjŒc.A;x/;c.B;y/�

D Œc.I;x/;y�C.�1/deg.x/�jI jŒx;c.I;y/�C
P

IDAtB
A;B¤¿

.�1/�.A;B/Cdeg.x/�jBjŒc.A;x/;c.B;y/�:

Proof The second identity follows from �.¿; I /D �.I;¿/D 0 and c.¿; x/D x. Let us prove the first
identity by induction on jI j. The base case I D ¿ is clear. For the inductive step, define i D min.I /,
I 0 D I n i , d D deg.x/. Then, by the inductive hypothesis,

c.I; Œx; y�/D
�
ui ; c.I

0; Œx; y�/
�
D

P
I 0DA0tB 0

.�1/�.A
0;B 0/Cd �jB 0j

�
ui ; Œc.A

0; x/; c.B 0; y/�
�

D
P

I 0DA0tB 0
.�1/�.A

0;B 0/Cd �jB 0j
�
Œui ; c.A

0; x/�; c.B 0; y/
�

C
P

I 0DA0tB 0
.�1/�.A

0;B 0/Cd �jB 0jCdCjA0j
�
c.A0; x/; Œui ; c.B

0; y/�
�

D
P

I 0DA0tB 0
.�1/�.itA

0;B 0/Cd �jB 0jŒc.i tA0; x/; c.B 0; y/�

C
P

I 0DA0tB 0
.�1/�.A

0;itB 0/Cd �jitB 0jŒc.A0; x/; c.i tB 0; y/�

D
P

IDAtB

.�1/�.A;B/Cd �jBjŒc.A; x/; c.B; y/�:
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Corollary C.4 Let I � Œm�, I D I 00 t I 0, I 00 < I 0. Let x; y 2 � be homogeneous , and let A� 2I 0 � 2I 0

be a family of pairs of subsets. Then

(15)
P

I 0DA0tB 0

.A0;B 0/2A

.�1/�.A
0;B 0/CjB 0jc

�
I 00;Œc.A0;x/;c.B 0;y/�

�
D

P
IDAtB

.A\I 0;B\I 0/2A

.�1/�.A;B/CjBjŒc.A;x/;c.B;y/�:

Proof This follows from (14) and from identities

c.A00; c.A0; x//D c.A00 tA0; x/; �.A00 tA0; B 00 tB 0/D �.A00; B 00/C �.A0; B 0/CjA0j � jB 00j

that are true for A00; B 00 < A0; B 0.

Proposition C.5 Let J � Œm� and i; j 2 J such that i < j and J>j ¤¿. Then

(16) c.J n ij; Œui ; uj �/D .�1/
jJ>j jc.J n i; ui /� .�1/

jJ>i jc.J n j; uj /

C
P

JnijDAtB
A>i ;B>j¤¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�:

Proof Define P D J<j , Q D J>i \ J<j , R D J>j . Hence P < i < Q < j < R and R ¤ ¿. The
left-hand side is equal to x WD c

�
P tQ; c.R; Œui ; uj �/

�
. Define also y WD c.P tQ; Œc.R; ui /; uj �/,

z WD c
�
P tQ; Œui ; c.R; uj /�

�
. Then

x D yC .�1/jRjzC
P

RDA0tB 0

A0;B 0¤¿

.�1/�.A
0;B 0/CjB 0jc

�
P tQ; Œc.A0; ui /; c.B

0; uj /�
�

D
(15)
yC .�1/jRjzC

P
JnijDAtB
A>j ;B>j¤¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�;

y D .�1/jRjc
�
P tQ; Œuj ; c.R; ui /�

�
D .�1/jRjc.J n i; ui /;

z D c
�
P; c

�
Q; Œui ; c.R; uj /�

��
D

(14)
c
�
P; Œc.Q; ui /; c.R; uj /�

�
C .�1/jQj c

�
P; Œui ; c.QtR; uj /�

�„ ƒ‚ …
Dc.Jnj;uj /

C
P

QDA2tB2

A2;B2¤¿

.�1/�.A2;B2/CjB2jc
�
P; Œc.A2; ui /; c.B2 tR; uj /�

�
D

(15)
.�1/jRj

P
JnijDAtB
B\QD¿

A>jD¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�

C .�1/jQjc.J n j; uj /C .�1/
jRj P

JnijDAtB
B\Q¤¿;Q
A>jD¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�:

Therefore,

x D .�1/jRjc.J n i; ui /C .�1/
jQjCjRjc.J n j; uj /

C
P

JnijDAtB
A>i¤¿

A>jD¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�C
P

JnijDAtB
A>j ;B>j¤¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�:
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In the first sum the condition B>j ¤ ¿ is always true, since R D A>j tB>j , A>j D ¿ and R ¤ ¿.
In the second sum, A>i ¤¿ is always true. Hence the sums can be merged intoP

JnijDAtB
A>i ;B>j¤¿

.�1/�.A;B/CjBjŒc.A; ui /; c.B; uj /�:

Using jRj D jJ>j j and jQCjRj D jJ>i j � 1, we obtain (16).
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