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Cup-one algebras and 1-minimal models

RICHARD D. PORTER AND ALEXANDER I. SUCIU

Previously we introduced the notion of binomial cup-one algebras, which are differential graded algebras
endowed with Steenrod U;-products and compatible binomial operations. In this paper we show that
binomial cup-one algebras capture homotopy 1-type. In particular, given such an R-dga, (A, d4), defined
over the ring R = Z or F,, (for p a prime), with H°(4) = R and with H'(A) a finitely generated, free
R-module, we show that A admits a functorially defined 1-minimal model, p : (M(A4),d) — (A, dy),
which is unique up to isomorphism. Furthermore, we associate to this model a pronilpotent group,
whose continuous cohomology is isomorphic to that of M (A4). These constructions, which refine classical
notions from rational homotopy theory, allow us to distinguish spaces with isomorphic torsion-free integral
cohomology rings. Moreover, we show that there is an equivalence of categories between isomorphism
classes of finitely generated, torsion-free-nilpotent groups and isomorphism classes of finitely generated
I-minimal models over the integers.
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1 Introduction
1.1 Overview

Previously we combined properties of the Steenrod cup-one products of cochains and binomial rings
in the cochain complex of a space to define the algebraic categories of binomial cup-one differential
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graded algebras over the integers and over IF, for p a prime. We construct here the 1-minimal model M
for such a binomial, cup-one dga (A4, d), and prove its key properties; namely, that it is a free binomial
cup-one dga unique up to isomorphism, and that it determines a pronilpotent group, also unique up to
isomorphism, whose continuous cohomology is isomorphic to that of M.

Since the cochains of a space X with coefficients in the ring R = Z or [, are binomial U;-dgas,
it follows that invariants of the 1-minimal model for A = C*(X; R) give homotopy-type invariants of X
As an application, we define in Section 12 one such invariant, called n-step equivalence, and exhibit a
family of spaces that can be distinguished using the integral 1-minimal model, where the corresponding
approach in rational homotopy theory fails to distinguish those spaces. Moreover, we show in Section 13
that there is an equivalence of categories between isomorphism classes of finitely generated, torsion-free-
nilpotent groups and isomorphism classes of finitely generated 1-minimal models over the integers.

The reader familiar with rational homotopy theory [10; 11; 16], will note that the 1-minimal models
defined here over Z and over I, can be viewed as analogs of Sullivan’s 1-minimal model over the rationals.
Integral homotopy theory, as initiated by Ekedahl [8] and Kadeishvili [22], deals with E-algebras rather
than commutative differential graded algebras that are used in rational homotopy theory. In [28], Mandell
showed that two nilpotent, finite-type spaces are weakly equivalent if and only if their singular cochain
complexes are quasi-isomorphic as E-algebras. From this perspective, the 1-minimal model constructed
in this paper expresses precisely the Fo,-data that matter for the fundamental group.

In other recent work of interest, Petersen [31] develops a framework for studying the compactly sup-
ported cohomology of configuration spaces using a forgetful functor from E -algebras to twisted cdgas;
Richter and Sagave [37] use diagrams of chain complexes to model E,-dgas by strictly commutative
objects; Horel [21] constructs a fully faithful functor from finite-type nilpotent spaces to cosimplicial
binomial rings; Flynn-Connolly [12] explores the relationship between commutative algebras and E -
algebras in characteristic p; and Gadish [15] connects the first layer of the E -algebra structure on the
cochain complex of a space to “letter-braiding” invariants of the fundamental group.

1.2 Steenrod U;-products and binomial cup-one dgas

Let A = (C*(X; R),d) be the cellular cochain complex of a A-set X, with coefficients in a commutative
ring R. Then A is, in fact, a differential graded R-algebra, with multiplication given by the cup-product.
In [39], Steenrod introduced a sequence of operations, U; : A? @ g A — AP~ starting with Uy = U,
the usual cup-product. We are mainly interested here in the additional structure on the cochain algebra
provided by the Uq-product, which is tied to the differential and the cup product via the Steenrod [39]
and Hirsch [20] identities (see Section 4.1).

We defined in [35] several categories of differential graded algebras (over R = Z or ) with extra
structure, coming from either the cup-one products, or from a binomial ring structure, or both, bound
together by suitable compatibility conditions. In Sections 4.3 and 4.4 we recall these notions, with
some mild modifications to better fit the present context. A cup-one differential graded algebra is an
R-dga (A, d) with a cup-one product map U; : A' @ g A! — A! that gives R @ A the structure of a
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Cup-one algebras and 1-minimal models 67
commutative ring and satisfies the Hirsch identity, as well as the “U;-d formula,”
(1-1) dlaUyb)=—aUb—-bUa+daU;b+dbUja—daodb,

for all a,b € A! with da, db equal to sums of cup products, where the map o is bilinear and satisfies
(a1Uaz)o(b1Uby) = (a1 U1 by)U(ay Uy by). The significance of (1-1) is that it expresses the differentials
of cup-one products of elements in A! in terms of the differentials of the factors and U;-products of
elements in A', as opposed to Steenrod’s formula, which involves Uy -products of elements in 4% with
elements in A!. Moreover, as shown in [35], if A = C*(X; R) is a cochain algebra, Steenrod’s formula
restricts to (1-1) for elements a, b € A! with da and db equal to sums of cup products.

In Section 5, we add extra structure to these algebras. A commutative ring A is called a binomial ring if
A is torsion-free as a Z-module, and has the property that the elements (fl) =a(@—1)---(a—n+1)/n!
lie in A for every a € A and every n > 0. An analogous notion holds for IF,-algebras. These objects come
equipped with maps &, : 4 —> A, a+— (Z) defined for all n > 0 over Z, and only for n < p over [F,,. Now
consider a cup-one dga (A4, d) over R = Z or [F,,. Such an object is called a binomial cup-one algebra
if A%, with multiplication 4° ® g A° — A° given by the cup-product, is a binomial R-algebra, and the
R-submodule R @ A' € A=!, with multiplication A' ® g A1 — A! given by the cup-one product, is an
R-binomial algebra.

Our main motivating example is the cochain algebra of a space. In Theorem 5.12 we show that, for
any A-set X, the cellular cochain algebra C = (C*(X; R),d) is a binomial cup-one dga, with maps
U :C'®pC! — C! given by (a U b)(e) = a(e)-b(e) for all 1-simplices e and with the o map equal

to Steenrod’s U,-product, with o = U, : C2 ® g C? — C? given by (vow)(s) = v(s) - w(s), for all 2-
a(e)

n

simplices s, and with binomial maps given by ¢, (a)(e) = ( ) when R = Z and analogously for R =TF,.

1.3 Free binomial cup-one dgas

These structures allow us to define in Section 6 the free binomial cup-one graded algebra, T = TH(X),
on a set X. When R = Z, the starting point is the ring Int(ZX) = {¢ € Q[X] | ¢(ZX) € Z} of
integrally valued polynomials with variables in X . This is a binomial ring, generated by the polynomials
(f) = [l ex (nxx) with ny € Z>¢. We define T to be the tensor algebra on my, the maximal ideal
at 0 in Int(ZX). When R = Fp, an analogous definition applies, with suitable modifications. In either
case, we have R-linear maps Uy : T' ® T! — T!, given by aU; b = ab and o : T> ® T?> — T2 given by
(a1 ® az) o (by ® by) = (a1h1) ® (azb,). Using the binomial structure on T', we show that the map
sending each x € X to 0 extends to a linear map do : T! — T2. In turn, dg extends to a differential on
the whole tensor algebra by the graded Leibniz rule, and (T g(X), dop) is then a binomial cup-one dga.

The key result that allows us to construct the differential dg is Theorem 6.6, which reads as follows.

Theorem 1.1 Letd : Tr(X) — Tg(X) be a degree-one map satisfying the U-d formula and the Leibniz
rule. Then d?*(x) =0 for all x € X if and only if d?(u) = 0 for all u € Tg(X), in which case (Tg(X), d)
is a binomial cup-one dga.
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Taking d(x) = 0 for all x € X yields the differential dp from above. As shown in [35], this differential
is compatible with the binomial structure on T g(X); more precisely,

n—1

(1-2) do(6n(x)) ==Y Ce(x) ® Gue (),

{=1

forall x € X, and foralln > 1 when R =7 and for 1 <n < p—1 when R =F,. As an application of
the methods developed here, we give in Theorem 7.10 a quicker, more conceptual proof of this result.

1.4 Differentials defined by admissible maps

A key thread in our paper involves the correspondence (described in Section 2) between a magma, that is, a
set M with a binary operation s : M x M — M, and a certain 2-dimensional A-set, A®)(M). In the case
when p is associative, that is, (M, @) is a semigroup, this 2-complex extends to an infinite-dimensional
cell complex A(M), whose n-simplices are given by ordered n-tuples of elements in M. Moreover,
if (M, ) is a group, then A(M) is the cell complex of the bar construction applied to M ; that is, an
Eilenberg—MacLane classifying space for M.

Properties of the cellular cochain algebras (C *(A(M); R),d A) are used in Section 7 to derive prop-
erties of differential graded algebras in our category of binomial U;-dgas, as follows. Given a set X
andasetmapt: X — T%e (X), we start by defining a binary operation, u; : M x M — M, on the
R-module M = M (X, R) of all functions from X to the ring R = Z or [F,,. Letting A@ (M) be the
2-dimensional A-set associated to the magma M; = (M, i), we define a degree-preserving, R-linear
map, ¥ =¥x T§2 (X) — C*(A®(M,); R). This map sends 1 € T(I)e (X) = R to the unit 0-cochain;
a polynomial g € T}e (X) = my to the 1-cochain whose value on a 1-simplex @ : X — R is g(a); and a
tensor ¢ ® ¢’ € T%(X) to the 2-cochain whose value on a 2-simplex (a,a’) is ¢(a)-¢’(a’). We then show
in Lemma 7.1 that the map i is a monomorphism which commutes with cup products, cup-one products,
and the o maps. Using the embedding 1, we show in Theorem 7.3 that there is a unique extension of the
mapt:X — T%e (X) to an R-linear map d; : Tr(X) — Tr(X) that satisfies the Leibniz rule and the
Uq-d formula.

To make further headway, we focus on the case when M7 is a semigroup (we then say t is admissible),
and consider the associated cell complex, A(M7). We then show in Theorem 7.6 that the map v extends
uniquely to an inclusion ¥ : (T g(X), d;) = C*(A(M7); R) that satisfies ¥ o d; = da o ¥, from which
it follows that d? is the zero map. These results can be summarized as follows.

Theorem 1.2 If t : X — T%(X) is admissible, then d? = 0 and the map T'(X) — C'(A(M;): R)
given by ¢ — (a — ¢(a)) extends uniquely to a monomorphism

Vx 1 (TR(X),dr) = (C*(A(My); R), dn)
of binomial cup-one dgas.
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1.5 Hirsch extensions

In Section 8 we continue laying out the groundwork for the construction of 1-minimal models for U;-dgas.
The first step in the construction is a free binomial U;-dga of the form (T g(X), dg) with X a finite set
of n elements. In this case, themap 7 : X — T% (X)) is the zero map, and the corresponding R-module,
M = M, is isomorphic to R”. Using a spectral sequence argument, we prove in Theorem 8.9 that the
map ¥x : (Tr(X),do) — C*(B(R"); R) induces an isomorphism on cohomology.

As in rational homotopy theory, Hirsch extensions of free binomial U;-dgas are the basic building
blocks for constructing 1-minimal models. An inclusion i : (Tg(X),d) = (Tr(X UY), a?) is called
a Hirsch extension if d ( y) is a cocycle in T%e (X) for all y € Y. As shown in Theorem 8.2, there is a
bijection between maps of sets from Y to cocycles in T%e (X) and Hirsch extensions of this sort.

Assume now that X = ( J;> X;, with each X; a finite setand X | # @. An R-dga T = (Tg(X),d) is
called a colimit of Hirsch extensions if the differential d restricts to differentials d, on T g(X") such that
di(x)=0forall x € X1 and each dga (T (X" 1), d,, 1) is a Hirsch extension of (T g(X"), dy). To such
a colimit of Hirsch extensions, T, we associate in Lemma 8.11 a pronilpotent group, G, together with a
U;-dga map, ¥ : T — C*(B(G7); R), inducing an isomorphism on H'. As shown in Theorem 8.13,
if Y1 is a quasi-isomorphism and 0 - F — G %> G — 1 is a central extension of groups with F a
finitely generated, free R-module, then there is a Hirsch extension i : T < T such that G = G7, the map
Y+ is also a quasi-isomorphism, and B(w)* o 1 = Y oi.

In [36], we build on this correspondence between colimits of Hirsch extensions and sequences of
central extensions of groups. For the cochain algebra A = C*(Y'; R) of a path-connected space Y, we
will describe a concrete relationship between the group Gt and the fundamental group 71 (Y'), where T
is a colimit of Hirsch extensions together with a 1-quasi-isomorphism p: T — C*(Y’; R).

1.6 1-minimal models

In Sections 9 and 10 (which form the core of this work), we develop these ideas into a theory of 1-minimal
models over a ring R equal to Z or IF,,. A key technical tool is provided by the following lifting criterion
(Theorem 9.4): Let f : A — A’ be a surjective 1-quasi-isomorphism between binomial cup-one R-dgas
and let ¢ : T — A’ be a morphism from a colimit of Hirsch extensions to A’; there is then a morphism
¢ :T— Asuchthat fop = g.

Now let (A4, d) be a binomial cup-one R-dga. A 1-minimal model for A is a colimit of Hirsch
extensions M, = (Tg(X"), dy), together with morphisms p, : M, — A compatible with the Hirsch
extensions of M, into M,,; . Additionally, the map H!(p;): H'(M;) — H'(A) is required to be an
isomorphism; in particular, X | corresponds to a basis for H!(A4). For n > 1, the set X, ; is a basis for
the free submodule ker(H?(p,)) C H?*(M,) given by the cohomology classes of the 2-cocycles d,, 41 (x)
with x € X,,41.

In Theorems 9.8 and 10.3 we show that every binomial cup-one dga admits (under some mild finiteness
assumptions) a 1-minimal model, unique up to isomorphism. These results may be summarized as follows.
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Theorem 1.3 Let (A,d4) be a binomial cup-one dga over R = 7 or F,, with p a prime. Assume
H°(A) = R and H'(A) is a finitely generated, free R-module. Then,

(1) There is a 1-minimal model, M = (T g(X), d), for A, and a structural morphism, p : M — A, that
is a 1-quasi-isomorphism.

(2) Given 1-minimal models, p: M — A and p' : M" — A, there is an isomorphism f : M — M’ and
a dga homotopy ® : M — A Qg C*([0, 1]; R) from p to p' o f.

In the case when (4, d4) admits an augmentation, that is, a dga morphism ¢ : 4 — R, the iso-
morphism f from above is unique (in the category of augmented dgas). More precisely, we prove in
Theorems 9.10 and 10.8 that A has an augmented 1-minimal model, M, such that the structural morphism
is an augmentation-preserving 1-quasi-isomorphism. Moreover, given augmented 1-minimal models,
p:M— Aand p : M’ — A, there is a unique augmentation-preserving isomorphism f : M — M’
such that p is augmentation-preserving homotopic to p’ o f.

1.7 Compatibility of integer and rational 1-minimal models

In Section 11 we show that the integer 1-minimal model of a space Y tensored with the rationals is weakly
equivalent as a dga to the 1-minimal model for Y in rational homotopy theory.

The algebra of polynomial forms with rational coefficients on a standard simplex was used by Sullivan
in [42] to define the algebra A, (Y) of compatible polynomial forms on the singular simplices of a
space Y; this algebra is a commutative dga over the rationals. The properties of the 1-minimal model of a
cdga over Q are analogous to—and in fact are the motivation for — the properties we use to define the
1-minimal model for a binomial cup-one dga over Z or [F,.

In addition to the Sullivan algebra A, (Y) and the singular cochain algebra C*(Y; Q), there is a
dga over the rationals CA(Y') with the property proved in [10] that for topological spaces Y, there are
natural quasi-isomorphisms C*(Y; Q) — CA(Y) < Ay (Y). Consequently, A, (Y) is weakly equivalent
(as a dga) to C*(Y; Q). The following result, Theorem 11.4, shows that weak equivalence extends to
I-minimal models.

Theorem 1.4 Let Y be a connected topological space with H'(Y ; Z) finitely generated. Then the 1-
minimal model for C*(Y ; 7Z) tensored with the rationals is weakly equivalent as a dga to the 1-minimal
model in rational homotopy theory for Ay (V).

As we shall see next, although the 1-minimal model for C*(Y'; Z) is weakly equivalent over Q to the
(rational) 1-minimal model for 4, (Y'), the integral version does contain more refined information than
its rational version.

1.8 n-step equivalence and triple Massey products

Given a positive integer n, we define in Section 12 the relation of n-step equivalence on the set of
augmented binomial cup-one dgas (A4, d) over Z for which H®(A4) = Z, H'(A) is finitely generated and
torsion-free, and H?(A) is finitely generated. We then construct an infinite family of spaces that can be
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distinguished using the 1-minimal model over Z, though the same approach in rational homotopy theory
fails to distinguish among the spaces in the family.

The definition of n-step equivalence is motivated as follows. If a morphism ¢ : A — A’ induces
isomorphisms of cohomology groups in degrees up to 2, then for each n > 1 there is an isomorphism of
the n-th step in the respective 1-minimal models, f, : M, — M;, such that this diagram commutes:

2
H2 (M) 29 g2y
(1-3) HZ(pn)l le(p;)
H?(p)

H*(A) ———— H*(4)
The horizontal arrows in (1-3) are isomorphisms. We say that 4 and A’ are n-step equivalent if there are
isomorphisms f, : My — M., and ey, : H*(A) — H?(A’) such that the diagram (1-3) commutes with
H?(gp) replaced by ey,.

If A and A’ are n-step equivalent, then the cokernels of the homomorphisms H?(p,) and H? (o))
are isomorphic, and hence have isomorphic torsion subgroups. Given a space X with n-th step in the
1-minimal model given by (M, pn), we define «,(X) = Tors(coker H?(p,)). The following result
(proved in Theorem 12.4) relates the invariant «, (X) of the n-step equivalence class of C*(X; Z) to the
fundamental group of X.

Theorem 1.5 Let X and X' be two connected A-complexes with first and second integral cohomology
groups finitely generated.

(1) If my(X) = my(X'), then kp(X) = k), (X) foralln > 1.

(2) If kn(X) # «,,(X) for some n > 1, then the cochain algebras C*(X;Z) and C*(X';Z) are not
n-step equivalent.

We apply this result to an infinite family of links in the three-sphere, {L(n)},>1, the first term of
which is the well-known Borromean rings. Set X (n) equal to the complement of L(n) in S3. In
Proposition 12.5, we show that k5 (X (n)) = Zy & Zy, so by part (2) of Theorem 1.5, X (n) and X (m) are
not 2-step equivalent for n % m. We also show that the Sullivan algebras Ay (X (n)) and Ap (X (m)) are
2-step equivalent for all n,m > 1.

In the proof of Proposition 12.5, the cokernel of H?(p,) is given by triple Massey products of
cohomology classes in H!(X(n);Z). This framework provides the context for defining restricted Massey
products, which is a particular case of a more general construction that will be developed in [33]. The
theory of generalized Massey products continues the program initiated in [34] and is being developed
more fully in [33].

1.9 1-minimal models for nilmanifolds

Finally, in Section 13 we establish a correspondence between finitely generated, torsion-free nilpo-
tent groups (for short, 7-groups) and finite colimits of Hirsch extensions over Z. The main result
(Theorem 13.1) may be summarized as follows.

Algebraic & Geometric Topology, Volume 26 (2026)



72 Richard D. Porter and Alexander I. Suciu

Theorem 1.6 There is a bijection between T -groups and finite colimits of Hirsch extensions which
preserves cohomology algebras and induces an equivalence of categories between isomorphism classes of
T -groups and augmentation-preserving, isomorphism classes of finitely generated, 1-minimal models.

Every T-group G can be realized as the fundamental group of a nilmanifold M, which is a classifying
space for G. In [25], Lambe and Priddy sharpened a classical result of Nomizu [30], which identifies
the cohomology algebra of M over R with the Lie algebra cohomology of the corresponding nilpotent
real Lie algebra. They associated to G a Lie algebra L(G) defined over the subring of Q generated by
the coefficients of the Hall polynomials of G, and showed that H*(G; S) =~ H*(L(G); S), for a certain
subring S C Q.

One can ask whether this isomorphism holds over the (possibly smaller) ring R. For instance, Kuzmin
and Semenov showed in [23] that H*(G;Z) =~ H*(L(G);Z) when G is a free nilpotent group of class 2.
It still appears to be an open question when this is the case in general. The approach we take is illustrated
by two examples in Section 13.2, where we apply our theory of integral 1-minimal models to the general
question of whether the group and Lie algebra cohomologies of a 7T-group are isomorphic with integer
coefficients. We will further develop this approach in [36].

2 Delta-sets, magmas, and cochain algebras
2.1 A-sets and A-complexes

We start the section by reviewing the notion of a A-complex, in the sense of Rourke and Sanderson [38];
see also Hatcher [19] and Friedman [14]. We will view such a complex as the geometric realization of
the corresponding A-set; see [14].

An (abstract) n-simplex A” is simply a finite ordered set, (0, 1, ..., #n). The face maps d; : A" — A"~
given by omitting the i -th element in the set, satisfy d;d; = d; _;d; whenever 0 <i < j <n. The geometric
realization of the simplex, | A”|, is the convex hull of  + 1 affinely independent vectors in R”*!, endowed
with the subspace topology; the face maps induce continuous maps, d; : |A"| — |A|"~ 1.

More generally, a A-set consists of a sequence of sets X = {X,},>0 and maps d; : X, — X,,—; for
each 0 <7 < n such that d;d; = d;j_;d; whenever i < j. This is the generalization of the notion of
ordered (abstract) simplicial complex, where the sets X}, are the sets of n-simplices and the maps d;
are the face maps. We refer to X = {X; 1o as the n-skeleton of the A-set, and say that X ™) has
dimension (at most) 7.

The geometric realization of a A-set X is the topological space | X| = [[,>¢ Xun x |A”"|/~, where ~
is the equivalence relation generated by (x, d’(p)) ~ (d;(x), p) for x € X, 41, p € |A"|,and 0 <i <n,
where d’ : |[A"| — |A"T1] is the inclusion of the i-th face. Such a space is called a A-complex, and can
be viewed either as a special kind of CW-complex, or a generalized simplicial complex.

The assignment X ~> | X| is functorial: if f : X — Y is a map of A-sets (i.e., f is a family of maps
Jfn : Xn = Y, commuting with the face maps), there is an obvious realization, | f|: | X| — |Y'|, and this
is a (continuous) map of A-complexes.
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3

Figure 1: Some simplices in A® (M).

The chain complex of a A-set X, denoted by Cy«(X'; Z), coincides with the simplicial chain complex of
its geometric realization: for each n > 0, the chain group C, (X) is the free abelian group on X}, while the
boundary maps 9, : C, (X)) — C,—1 (X)) are the linear maps given by d,, = Zi(—l)id,-. If B is an abelian
group, the chain complex of X with coefficients in B is defined as Cx (X ; B) = C«(X; Z)® B. The cochain
complex C*(X; B) is defined by setting C"(X; B) = Hom(C,(X), B) and dualizing the differentials.
We denote by H«(X; B) and H*(X; B), respectively, the homology groups of these complexes.

2.2 From binary operations to A -sets

Let M = (M, u) be a magma, that is, a set M equipped with a binary operation, u: M xM — M,
commonly written as (a1, @) — a1a,. These data determine a 2-dimensional A-set, denoted by A® (M),
whose geometric realization can be described as follows. There is a single vertex; each element a € M
gives a 1-simplex, and to each ordered pair of 1-simplices, @; and a,, we assign a 2-simplex, (a1, a3),
with front face a1, back face a,, and third face equal to aa,.

This construction is functorial, in the following sense. Suppose / : (M, ) — (M’, ;1) is a morphism
of magmas, that is, ' (h(ay), h(az)) = h(u(ay, a,)) for all ay,a, € M. Then h determines in a straight-
forward manner a simplicial map between the respective A-complexes, A(h):A@ (M', /') —A@D (M, ),
so that A(hog) = A(h) o A(g).

Now suppose M = (M, 1) is a semigroup, that is, the operation p on the magma M is associative.
Then, as indicated in Figure 1, the 2-dimensional A-complex corresponding to A® (M) extends to a
3-dimensional A-set, whose 3-simplices are ordered triples, (a1, d,, a3), of elements in 4. A routine com-
putation shows that this construction can be pushed through in all dimensions; the upshot is summarized
in the next lemma.

Lemma 2.1 Let M be a semigroup, and let A® (M) be the 2-dimensional A-set determined by the
underlying magma. Then A® (M) is the 2-skeleton of a A-set, A(M), whose n-simplices are given by
ordered n-tuples of elements in M .
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Given a semigroup M, we define a A-set S(M), as follows. We let S, (M) equal to the set
of all functions, f, from the 1-simplices of the abstract n-simplex A” to M with the property that
fG, )= f@G,j) f(j,£) forall0 <i < j < <k. The face maps d; : S,(M) — S,—1(M) are given
by the restriction of f to the faces of A”. It is readily seen that the A-set S(M) coincides with A(M).

Remark 2.2 Of particular importance is the case when M is a monoid, that is, a semigroup with
multiplication pu : M x M — M and two-sided identity e. Then A(M) is the bar construction on M :
the corresponding A-complex, B(M) = |A(M)|, has a single 0-cell, and an n-cell [g1] . .. |gn] for each
n-tuple (g1,...,gn) € M". The chain complex Cx(B(M); Z) yields a resolution by free Z[M ]-modules
of the group Z, viewed as a trivial module over the monoid-ring Z[M]. Finally, if M = G is a group,
then B(G) is an Eilenberg—MacLane classifying space K(G, 1); see [26, Chapter 10] and also [3; 5; 7].

2.3 Cocycles and A -complexes

Let M = (M, 1) be a magma, with multiplication u : M x M — M written as u(ay,az) = aja,, and
let B be an abelian group, together with a map of sets v : M x M — B, written (ay,a,) — ap* ds.
Defining a binary operation on M x B by

2-1 (ar,b1)-(az,by) = (ajaz, by + by +ay*xay)

for all @; € M and b; € B turns the set M x B into a magma which we call the extension of (M, 1) by v.
It is readily seen that this binary operation is associative if and only if

(2-2) a xaz +ayx (axaz) = ay*xa + (ayaz)* az

for all ¢; € M. If (M, u) has a two-sided identity, e, and if (a, by) - (e, by) = (e, by) - (a,b;) and
(e,b1)-(e,by) =(e,by+by) foralla e M and by, b, € B, then the extension is called a central extension.

From the correspondence between 2-simplices in |A(M )| and ordered pairs of elements in M, it follows
that v may be viewed as an element in C2(A(M); B). If the magma (M, 1) has a two-sided identity e,
we say that v is normalized if v(a,e) = v(e,a) =0 for all a € M. In the case when (M, ) is a monoid
(that is, the operation 4 is associative and has a two-sided identity e), a cochain £ € CX¥(A(M); B) is
called normalized if £(ay,...,a;) = 0 whenever a; = e for some i.

The following lemma gives conditions on (M, u) and v for the extension of a semigroup to be a
semigroup, the extension of a monoid to be a monoid, and for the extension of a group to be a group.
Note that a monoid is a semigroup with identity.

Lemma 2.3 Given a magma (M, ) and amapv : M x M — B, the extension E = (M x B,-) of M
by the abelian group B as defined above has the following properties.

(1) Suppose (M, j1) has a two-sided identity e and v is a normalized cochain. Then E is a central
extension.

(2) Suppose (M, 11) is a semigroup. Then (E,-) is a semigroup if and only if v is a cocycle in
C?(A(M); B).
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(3) Suppose (M, 1) is a monoid and v is a normalized cocycle in Z*(A(M); B). Then (E,-) is
a monoid.
(4) Suppose (M, 1) is a group and v is a normalized cocycle in Z*>(A(M); B). Then (E,-) is a group.
Proof Part (1) follows at once from the definitions.

Part (2): Let us view the map v : M x M — B as a B-valued 2-cochain on A(M). Using Figure 1 to
identify a triple (a;,as,a3) € M? with the standard 3-simplex on vertices 0, . .., 3 and then to identify
ordered pairs of elements in M with 2-simplices, we get

dv(ay,az,a3) =v(1,2,3]) —v(0,2,3]) +v(0,1,3])—v(0,1,2])
=v(az,az) —v(aiaz,a3) +v(ay,azasz) —v(ay,az)
=ay*xas—(ajaz) xas +ay*x (araz) —ay*as.
Hence, (2-2) is satisfied precisely when v is a cocycle.

Part (3): We know from part (2) that £ = (M X B, -) is a semigroup. Moreover, if e is a 2-sided identity
for M, a routine computation shows that (e, 0) is a 2-sided identity for E.

Part (4): Tt follows from parts (2) and (3) that E is a monoid. A routine computation shows (a,b) € M x B
has (=1, —b —axa~!) as a 2-sided inverse. |

3 Differential graded algebras and homotopies
3.1 Differential graded algebras

Throughout this section, we work over a fixed coefficient ring R, assumed to be commutative and with
unit 1. We start with some basic definitions.

Definition 3.1 A graded algebra over R is an R-algebra A such that the underlying R-module is a direct
sum of R-modules, A = @izo A*, and such that the product A @ g A — A sends A Q@p A7 to AT,

We refer to the multiplication maps U : A @ g A/ — AT/ given by U(a ® b) = a U b as the
cup-product maps; we also refer to the elements of A’ as i-cochains. A morphism of graded algebras is a
map of R-algebras preserving degrees.

Definition 3.2 A differential graded algebra over R (for short, a dga) is a graded R-algebra A =@, Al
endowed with a degree-1 map, d : 4 — A, satisfying d? = 0 and the graded Leibniz rule,

d(@Ub)=daUb+ (—1)audb,
for all homogenous elements a, b € A, where |a| is the degree of a.

We denote by [a] € H'(A) the cohomology class of a cocycle a € Z'(A). As usual, the graded
R-module H*(A) inherits an algebra structure from A.
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Observe that A° is a subring of A and the structure map R — A sends the unit 1 € R to the unit of 4,
which we will also denote by 1, and which necessarily has degree 0. Consequently, R may be viewed as
a subring of A°, and the graded pieces A’ may be viewed as A°-modules. We say that A is connected if
the structure map R — A maps R isomorphically to A°, and we say that A is graded commutative (for
short, A is a cdga) if ab = (—1)142lp4 for all homogeneous elements a, b € A.

A morphism of differential graded R-algebras is an R-linear map ¢ : A — B between two dgas
which preserves the grading and commutes with the respective differentials and products. The induced
map in cohomology, ¢* : H*(A) — H*(B), [a] — [¢(a)], is a morphism of graded R-algebras. The
map ¢ is called a quasi-isomorphism if ¢* is an isomorphism. Two dgas are called weakly equivalent
if there is a zigzag of quasi-isomorphisms connecting one to the other; plainly, this is an equivalence
relation among dgas. A dga (4, d) is said to be formal if it is weakly equivalent to its cohomology
algebra, H*(A), endowed with the zero differential.

All these notions have partial analogs. Fix an integer ¢ > 1. A dgamap ¢ : A — B is a g-quasi-
isomorphism if the induced homomorphism, ¢* : H*(A4) — H!(B), is an isomorphism for i < ¢ and a
monomorphism for i = ¢ + 1. Two dgas are called g-equivalent if they may be connected by a zigzag of
¢-quasi-isomorphisms. Finally, a dga (A4, d) is g-formal if it is g-equivalent to (H*(A4),d = 0).

Remark 3.3 Suppose ¢ : A — B is a surjective g-quasi-isomorphism. Then the long exact sequence in
cohomology induced by the exact sequence of cochain complexes 0 — ker(¢) — A 4> B — 0 implies
that H (ker(¢)) =0 fori <q+ 1.

If (A,d4) and (B, dp) are two dgas, then the tensor product of the underlying graded R-modules,
A ®pg B, acquires a dga structure, with multiplication and differential given on homogeneous elements
by (a ®b)- (@ @b") = (—)¥IPlag’ @ bb' and dyg,pla ® b) = dq(a) ® b + (=1)\%a ® dp(b).
The direct product 4 x B also has a natural structure of a dga, with (a,b) - (d/,b") = aa’ ® bb’ and
daxp(a,b) = (d4(a),dp(b)). If ¢ : A — B and ¢’ : A’ — B are two dga maps, then their fiber product,
denoted by 4 xpg A’, is the sub-dga of A x B consisting of all pairs (a, b) with ¢(a) = ¢’ (b).

3.2 Cochain algebras

The motivating example for us is the singular cochain algebra C*(X; R) on a space X, with coefficients
in a commutative ring R. This is an R-dga, with differentials given by the usual coboundary maps, and
with multiplication given by the cup product. We will be mostly interested in the case when X is a
simplicial complex, or, more generally, a A-complex (see [14; 19; 38]). We will view such a complex as
the geometric realization of the corresponding abstract simplicial complex or A-set, respectively, and
we will use the simplicial cochain algebra of X, still to be denoted by C*(X'; R). Let us note that the
structure map R — C%(X; R) sends an element r € R to the cochain whose value on every vertex is .

Example 3.4 Let / be the closed interval [0, 1], viewed as a simplicial complex in the usual way, and let
C = C*(I; R) be its cochain algebra over R. Then C® = R @ R with generators #y, #; corresponding
to the endpoints 0 and 1, and C! = R with generator u. The differential d : C® — C! is given by
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dtyo = —u and dt; = u, while the multiplication is given on generators by #;¢; = §;;t;, tou = ut; = u, and
uty = tyu = 0. The cocycle to + ¢; is the unit of C. Furthermore, H*(C) = R, concentrated in degree 0.

Example 3.5 Now let G be a group. Recall from Section 2.2 that the A-complex B(G) for the bar
construction on G has one 0-cell, one 1-cell [g] for each g € G, and one 2-cell for each ordered pair
[g1]|g2] of elements in G. Thus, the 1-cochains are functions f : G — R and the 2-cochains are functions
from G x G to R. The cup product and differential are given by (f U h)([g1|g2]) = f(g1)-h(g») and

(df)(g11g2) = f(g1]D) + f([g2]) — f([g1 - g2]), where - denotes the product in R or G, depending on
the context.

Following R. H. Fox [13] and J. H. C. Whitehead [43; 44], we say that two maps of spaces, f,g: X =Y,
are n-homotopic if foh ~ goh, for every map 4 : K — X from a CW-complex K of dimension at most 7.
A map f: X — Y is an n-homotopy equivalence (for some n > 1) if it admits an n-homotopy inverse.
If such a map f exists, we say that X and Y have the same n-homotopy type. Two CW-complexes,
X and Y, are said to be of the same n-type if their n-skeleta have the same (n—1)-homotopy type. Any
two connected CW-complexes have the same 1-type, and they have the same 2-type if and only if their
fundamental groups are isomorphic.

A (cellular) map f: X — Y between two CW-complexes induces a morphism of dgas, fFt :C*(Y;R)—
C*(X; R), between the respective cochain algebras, and thus a morphism, /*: H*(Y; R) > H*(X; R),
between their cohomology algebras. If f is a homotopy equivalence, then f fisa quasi-isomorphism of
R-dgas. The next result, which develops ideas from [44], was proved in [35].

Theorem 3.6 [35] If X and Y are CW-complexes of the same n-type, then the cochain algebras C*(X'; R)
and C*(Y; R) are (n—1)-equivalent. In particular, if 71(X) = 71(Y), then C*(X; R) and C*(Y; R)
are 1-equivalent.

The (n—1)-equivalence between the n-skeleta of X and Y takes a special form, which we now
recall, for it will be needed in the proof of Theorem 12.4. By [44, Theorem 6], there is a homotopy
equivalence, f, from X® = X®W v \/,  SPto Y™ =Y v Vjes S}, for some indexing sets /
and J. Let gy : X — X and gy : Y® — Y@ be the obvious collapse maps, and consider the

induced morphisms on cochain algebras,

# . # _ #
3-1) C*(X™; Ry Xy cx(X™; Ry <L cx(¥™; R) <P cry ™, R).
The map f* is a quasi-isomorphism, while q§( and qg/ are (n—1)-quasi-isomorphisms; thus, (3-1) is the
desired (n—1)-equivalence between C*(X; R) and C*(Y'; R).
3.3 Homotopy invariance

Let C*(I; R) be the cochain algebra of the interval 7, as described in Example 3.4, and let ng, 1 :
C*(I; R) — R denote the R-linear maps induced by restriction to the endpoints of 7; that is to say,
ni(tj) = 8;j and n;(u) = 0.
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Definition 3.7 Two dga maps, ¢q, ¢1 : A — B, are said to be homotopic (denoted by ¢g =~ ¢ ) if there is
adgamap ®: 4 — B®pg C*(I; R) such that the following diagram commutes for i = 0, 1:

idp ®n;

B®rC*(I:R) —— B®RR
62 of H
A il s B

From the commutativity of the diagram (3-2) it follows that a homotopy @ is given on elements a € A’
by ®(a) = @o(a)ty + ¢1(a)t; — c(a)u, for some c(a) € B'~1. In particular, if @ € A°, then c(a) = 0,
and so ®(a) = @g(a)tg + ¢1(a)t;. The next theorem can be proven by a standard argument, in a manner
similar to the proof of [10, Proposition 12.8(i)] (see also [18, Remark 5.10.3]).

Theorem 3.8 Homotopic dga maps induce the same map on cohomology: if po =~ ¢y, then p5 = ¢ .

3.4 Augmented dgas and the wedge sum

Let (A4, d4) be a differential graded algebra over a unital commutative ring R. Let us view the ground
ring R as a dga concentrated in degree 0 and with differential d = 0. An augmentation for A, then, is a
dga-map, ¢4 : A — R. We call the triple (A4, d4, €4) an augmented dga. A morphism in this category is
adgamap, ¢ :(A4,dq) — (B,dp), suchthat egop = 4.

Recall that A is connected if the structure map o4 : R — A° is an isomorphism of rings; in this case we
assume the augmentation £4 : A — R then restricts to an isomorphism from 4° to R. The composition
€4004 : R — R then is an isomorphism of R-algebras, and hence, is the identity map. Thus, if 4 is
connected, it has a unique augmentation map. Moreover, if ¢ : A — B is an augmentation-preserving
morphism between connected R-dgas, the map ¢° : 4° — B® may be identified with idg. In general,
though, a dga may admit many augmentations.

If A and B are two augmented dgas, we denote by AV B = A x g B the fiber product of the augmentation
maps e4: A— Rand ep: B — R. Note that (4 Vv B)? is the kernel of the map (¢4, —¢p): A°® B° — R,
while (A Vv B) = A* @ B' fori > 0.

The motivation for these definitions comes from topology. Let X be a topological space, and let
C*(X; R) be its singular cochain algebra. Choosing a basepoint xo € X yields an augmentation,
g0 : C*(X; R) — R, which sends a 0-cochain & to its evaluation £(xg) € R and any cochain of higher
degree to 0.

Example 3.9 Let C*(I; R) be the cochain algebra of the unit interval 7 = [0, 1] as in Example 3.4, and
let xo = 0. Then g¢(z9) = 1, while g¢(¢;) = go(u) = 0.

If the function f : (X, xo9) — (Y, yo) is a pointed map, then the induced morphism of cochain algebras,
f*:C*(Y;R)— C*(X: R), preserves the respective augmentations. Finally, if X VY is the wedge sum
of two pointed spaces, then C*(X Vv Y; R) is the subalgebra of C = C*(X; R) x C*(Y; R) equal to C"
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in degrees n > 0 and {(a,b) € C° : a(xy) = b(yo)} in degree 0. Therefore, C*(X Vv Y; R) is isomorphic
to C*(X; R)v C*(Y:;R).

3.5 Augmentation-preserving homotopies

Two augmented dga maps, ¢g, ¢1 : A — B, are said to be augmentation-preserving homotopic if there is
a homotopy ®: 4 — B ®g C*(I; R) between them such that

A—25 BerC*(I; R)

J/SA l/e B®id

(3-3) R —— RRRrC*(I;:R)

C*(I;R)

commutes, where the diagonal map is the structure map for the R-algebra C*(I; R), which sends 1
to fo+1;. As noted in Section 3.3, the homotopy @ is given on a € A* by ®(a) = ¢ (a)to+¢1 (a)t;—c(a)u,
for some ¢(a) € B'~!. The commutativity of (3-3) implies that eg(c(a)) = 0. When both 4 and B are
connected and A is generated in degree 1, augmentation-preserving homotopies take a very special form,
which we describe in the proof of the next lemma.

Lemma 3.10 Let A and B be augmented R-dgas such that A and B are connected and A is generated as
a graded R-algebra by A'. Let ¢y, ¢ : A — B be augmentation-preserving morphisms. If there is an
augmentation-preserving homotopy between ¢g and ¢, then ¢y = ¢ .

Proof Let ®: A — B ®pg C*(I; R) be an augmentation-preserving homotopy between ¢ and ¢;. We
claim that

(3-4) D(a) = po(a)ty + ¢1(a)t; forall a e A.

To prove this claim, let @ € A’ and write as before ®(a) = ¢ (a)ty + ¢1(a)t; — c(a)u, for some
c(a) € Bi~!. When a € A°, we necessarily have c(a) = 0. When a € A', we have that ¢(a) € B® and
ep(c(a)) = 0; since B is connected, it follows that c(a) = 0. Therefore, (3-4) holds foralla € A° @ A!.
Now recall that #;#; = §;;t;. Since @g, ¢1, and ® are all maps of graded algebras, A is generated in
degree 1, and (3-4) holds for all a € AL, it follows that (3-4) holds for all a € A.

Using (3-4), we have that (® o dy)(a) = po(dqa)to + ¢1(dqa)t; and

(dBgrc(1;R) © P) (@) = dpg rc*(1:R)(Po(@)to + @1 (a)ty)
= @o(daa)to + ¢1(daa)ty — (po(a) — ¢1(a))u
for every a € A. Since ® is a map of dgas, it follows that ¢g(a) —¢1(a) =0 for all a € A. O
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4 The Steenrod U; -products

4.1 The U; operations

We now enrich the notion of a differential graded algebra with extra structure, motivated by properties
of the cochain algebra of a space, as laid out in the foundational paper of Steenrod [39], and further
developed by Hirsch in [20].

Let X be a A-complex, and let A = (C*(X; R),d) be its cochain algebra with coefficients in a
commutative ring R, with multiplication given by the cup product U : A? @ g A9 — APT4. This R-dga
comes endowed with R-linear maps, U; : A? @ g A9 — AP+97! which coincide with the usual cup
product when i = 0, vanish if either p <i or ¢ < i, and satisfy

4-1) d(aU;b) = (—)laHbI=igy, | b+ (—D)lallblHlal+bly G, g+ da Ui b+ (=) a U; db,
(4-2) (aUb)Ujic=aU(b U c)+ (=DPI=D U e)ub

for all homogeneous elements a, b, c € A. We shall refer to (4-1) as the “Steenrod identities” and to (4-2),
with the cup product to the left of the cup-one product, as the “Hirsch identity”.

Steenrod’s U; operations enjoy the following naturality property. Suppose f : X — Y is a map of
A-complexes which preserves the ordering of the vertices of simplices. Then, by [39, Theorem 3.1], the
induced map on cochains, f*: C*(Y; R) - C*(X; R), is a morphism of differential graded algebras
that commutes with the U; products.

Steenrod’s U; products also occur in the theory of noncommutative differential forms, as developed by
M. Karoubi, N. Battikh, and A. Abbassi. We refer to [35] for an overview of this subject.

4.2 Cup and cup-one operations on 1-cochains

Henceforth, we will focus on the aforementioned operations on cochains in low degrees. Let (A4, d) be an
R-dga and assume we have an R-linear map U; : A! ® g A — A! that satisfies the Steenrod identity,

(4-3) dlaUib)=—aUb—-bUa+daU;b—aU;db,
forall a,b € A'. In particular, if a,b € Z 1 (A) are 1-cocycles, we then have
(4-4) dlaU;b)=—(aUb+bUa).

Under these assumptions, the operation U; : Z!1(4) ® g Z'(A4) — A? provides an explicit witness for the
noncommutativity of the multiplication map U : Z1(4) ® g Z'(A4) — Z?(A) and shows that uv = —vu
for elements u, v € H'(A).

Now let X be a A-complex and let C*(X'; R) be its cochain algebra with coefficients in a commutative
ring R. By [39, Theorem 2.1], u Uy v = 0 if either u or v is a 0-cochain. Formulas for computing the cup
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products and cup-one products for 1-cochains u, v € C'(X; R) are as follows:

(4-5) (wUv)(s) =uler)-vlez), (uUiv)(e) =u(e)-v(e).

where in the first formula s is a 2-simplex with front face e; and back face e,, while in the second formula
e is a 1-simplex, and - denotes the product in R. In particular, the U;-product on C!(X; R) is both
associative and commutative, and thus defines an R-algebra structure on C=!(X; R).

Example 4.1 For the cochain algebra C =C*(I; R) from Example 3.4, the cup-one product C' ® g C! —C'!
is given by u Uy u = u.

Example 4.2 Let G be a group, and let C*(B(G); R) be the cochain algebra of the bar construction on G,
as described in Example 3.5. The U;-product on C!(B(G); R) is given by (/' Uy h)([g]) = f(g)-h(g).

4.3 Graded algebras with cup-one products

Recall from Section 3.1 that the structure map R — A sends the unit 1 € R to the unit of A (which
belongs to A%); thus, R may be viewed as a subring of A°. Furthermore, the restriction of the map
U:A°® A! - A to R®p A' — A' may be identified with the identity of A, while the restriction of
themap U: A°®p A° = 4° to R ®z R — R may be identified with the identity of R.

Given a graded R-algebra A, we let D?(A) denote the decomposables in A2, that is, the image of
the cup-product map A' ® g A! — A2, or, the R-submodule of A% spanned by all elements of the form
aUb witha,b € A'.

Definition 4.3 A graded R-algebra with cup-one products is a graded R-algebra A equipped with cup-one
product maps, Uy : A' ® g A' — A' and U; : D?>(4) ® g A — A2, such that:

(i) The R-module R @ A', with multiplication defined by the maps R® g R — Rand RQg A' — A!
mentioned above, together with the map U; : A' @ g A — A! is a commutative, graded R-algebra,
with identity 1 € R.

(i) The U- and U;-maps satisfy the Hirsch identity
(4-6) (aUb)Uic=aUbBUic)+(aUic)Ub
forall a,b,c € AL.

A morphism of graded algebras with cup-one products is a map ¢ : A — B between two such objects
which is a map of graded algebras such that ¢(a; U; a3) = @(ay) U ¢(as) for all ay,a, € AL,

Lemma 4.4 Let A and B be two graded R-algebras with cup-one products. Then the tensor product
A ®pg B is again a graded algebra with cup-one products.
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Proof First, we extend the U;-products on A' and B! to a U;-product on

(A®r B)' = (4' ®r B®) ® (4° ®r B')

by setting

(a1 ® bo) U; (a) ® by) = (a1 Uy a}) ® boby,
(4-7) (a0 ® by) Uy (ag ® b)) = aoay ® (by Uy bY),

(a1 ® bo) Uy (aq ® b}) = (ao ® by) Uy (¢} ® by) =0
for all a;, a;. € A' and b;, blf € B! (i =0, 1) and extending linearly to (4 ® g B)'. Since the U;-product
on A! and B! and the multiplication on A° and B° are all commutative, it follows that the U-product
on (A ®g B)! is also commutative.

Next, note that (4 ® g B)?> = (4> g B°) ® (4! ®g B!) ® (4° ® g B?) and the R-submodule
D?(A ®g B) is generated by all possible cup-products of elements from A! ® g B® and A° ® g B!. We
now extend the cup-one product maps U; : D*(A) ®g A! = A% and Uy : D?>(B)®g B! — B? to a map
Ui :D*(ARr B)®r (AQ®R B)! — (A ®p B)? by setting

((a1 ® bo) U (d} ® b)) Uy (a] @ by) = ((a1 Udh) Uy af) ® bobyby,
((ao ® b1) U (ay ® b)) Uy (ag ® bY) = agagag ® ((by UbY) Uy bY),
((a1 ® bo) U (ag ® by)) Uy (ay ® b)) = ajagay ® bo(by Uy b)),
((ao ® by) U (a1 ® by)) Uy (d ® by) = ag(ay Uy ) ® biboby

(4-8)

for a;,a,a € A" and b;,b!,b! € B' (i =0, 1), with the other 4 types of products equal to 0, and then

i’
extending linearly to D?(A® g B) ® g (A ® g B)'. To verify that this operation is well defined, suppose
(a1 ® bo) U (a ® b)) = (a1 ® bo) U (@, ® b}). Then ay Ud'y = a; U, and bob}y = bob}, and it follows
that the operation is well defined on products such as those in the first line of (4-8). The other cases
follow similarly.
Since the Hirsch identity (4-6) holds for both 4 and B, it also holds for A ® g B; for instance,

(a1 ®bg Ua’l ®b6)U1 (a’1'®bg) = ((aq Ua’l)Ula’I’)®b0b6bg
= ((a; Uy da})Ud)| +a; U(d] Uy aY)) @ bobyby
= (a1 ®bo U1 d] ®by)Ud| ®b] +a; @by U (a] ®by Uy d{ @by),

and similarly for the other types of U- and U;-products. O

4.4 Cup-one differential graded algebras

In this section we make a definition that will play an important role in our investigation. We begin with
some motivation. Note that if a dga is generated by a set of elements {x;};cs in degree 1, then the Leibniz
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rule gives a formula for the differential of any product of the x; as a sum of cup products of the x; and dx;.
Hence, the differential on the algebra is completely determined by the differentials of the generators Xx;.
This raises the question of whether there is a formula for the differential of cup-one products of the
generators x; that allows one to write d(x; U; x;) as a sum of cup products of 1-cochains. If so, then
it follows that if a dga is generated by elements x; in degree one and by iterated cup-one products of
the x;, then the differential on the algebra is completely determined by the differentials of the x;.

The next definition answers this question by giving as part of hypothesis (iv) a formula for the differential
of a cup-one product of 1-cochains that, along with the Hirsch identity, allows one to write the differential
of cup-one products of 1-cochains as a sum of cup products. This definition is a slight modification of a
notion introduced in [35], better adapted to the current context by including the additional hypothesis (iii).

Definition 4.5 A differential graded R-algebra (A, d) is called a cup-one differential graded algebra if
the following conditions hold.

(i) A is a graded R-algebra with cup-one products.

(ii) There is an R-linear map o : D?(A) @ g D?(A) — D?(A) such that

4-9) uUv)o(wUz)=(uUyw)U (vU; z2)
forall u, v, w,z € AL

(iii) The differential d and the U and U products satisfy

(4-10) aUidec=aUc—cUa
forallae A! and c € A°.

(iv) The differential d satisfies the “U;-d formula,”

4-11) daUyb)=—aUb—-bUa+daU;b+dbUja—daodb,
forall a,b € A! with da,db € D?(A).

Remark 4.6 Formula (4-11) comes from Steenrod’s definition of the U; products in a cochain algebra
A = C*(X; R), as follows. By (4-3), we have that d(a U; b) = —aUb—bUa+daUy b —aU; db for
all a,b € A'. If da is decomposable, then da U b can be written as a sum of cup products using the
Hirsch formula (4-6). This leaves the problem of writing a U db as a sum of cup products. By a direct
computation using Steenrod’s definition of the cup-one product U; : A @ g 4% — A2, it follows that

4-12) aUy (by Uby) =dao(by Uby)— (b1 Uby) Uja,
where we assume da is decomposable and o is given by (4-9). This then gives the U{-d formula, (4-11).

Our motivation for Definition 4.5 arises from the cochain algebras of A-complexes. As shown in
[35, Theorem 4.4], such algebras are indeed U -algebras. We briefly review this result, with the necessary
modifications for our context here.
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Theorem 4.7 [35] Let X be a nonempty A-complex, and let R be a unital commutative ring. The cochain
algebra (C*(X; R),§) is a cup-one dga.

Proof As we saw in Sections 3.2 and 4.2, the cellular cochain algebra C = (C*(X; R), §) is a graded
algebra with cup-one products. Moreover, it is a differential graded algebra, and the Steenrod identi-
ties (4-1) hold in full generality. Setting (c1 o ¢3)(s) = ¢1(s) - ¢2(s) for any 2-cochains ¢y, ¢c; and any
2-simplex s defines an R-linear map o : C? ® g C? — C2. It follows straight from the definitions of the
U- and Uq-products that

(4-13) (U v)(s)- (wUz)(s) = ((u Uy w) U (v Uy 2))(s),

for all 1-cochains u, v, w, z. Thus, the restriction of the o-map to decomposable elements yields a map,
0: D*(C)®pg D*(C) — D?(C), which clearly obeys (4-9). It is now straightforward to verify that the
simplicial differential d satisfies (4-11).

It remains to check that (4-10) holds. Given a 1-cochain u, a 0-cochain ¢, and a 1-simplex e with
endpoints vy and vy, we have

(4-14) (uUy dc)(e) = u(e) - (8c)(e) = u(e)-c(vy —vo)
=u(e)-c(vy) —c(vo)-ule) = (uUc)(e) = (cUuj(e),

and this completes the proof. |

Remark 4.8 Comparing the definition of the map o : C?> @ g C? — C? given in the above proof to that
of Steenrod’s map U, : C2 ® g C? — C2, we readily see that these two maps coincide. Moreover, as
shown in Remark 4.6, in this case the U;-d formula (4-11) is a consequence of Steenrod’s formula (4-3).

4.5 Tensor products of U;-dgas

We conclude this section with a result showing that the category of U;-dgas is closed under taking tensor
products.

Proposition 4.9 If (A, d4) and (B, dg) are cup-one differential graded algebras, then the tensor product
(A®pg B,d4gpB) is again a cup-one differential graded algebra.

Proof By Lemma 4.4, A ® g B is a graded algebra with cup-one products. The o operations on D?(A)
and D?(B) extend to a binary operation, o : D*>(4A ®g B) ® g D*>(A ®g B) — D*(A ®pg B), by letting
[(@1 ® bo) U (@} ® by)]o[(a] ® by) U (@' ® by')] equal to [(ay Ud)) o (a] Ua])]® bob_gbgbg/, and so
on. To verify that this operation is we}l defined, suppose (a1 ®bo) U (a] ® by) = (a1 ® bo) U (@'} ® by)
and (a| ® by) U (a}’ ®_bé’/) = (@ ® by) u (_El’l“ ®by'). Thena; Udy =a,Ud) and af Ua' = ajual,
and likewise, boby = boby, and bb" = byby'. The claim follows.
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Using (4-7), it is readily checked that (4-9) holds for (4 ® g B, d4gB)- Next, we verify (4-10):

(4-15) (a1 ® bo) U1 dagp(ag ® by) = (a1 ® bo) Uy (da(ag)by +agdp (b))
= (a1 Uy dy(agy)) ® boby,
= (a; Uai) —a() Uay) ®b0b6
= (a1 ® bo) U (ay ® by) — (ay ® by) U (ay @ by),
and similarly for the other cases.
The last step is to verify that (4-11) holds for the tensor product of A4 and B. First let a € A' such

that d4(a) € D?(A), and let b € BO. It is readily seen that dyg p(a ® b) € D*(A ® g B); for instance,
if dq(a) = u Uv for some u,v € A', then

(4-16) dyagp(a®b)=dqa®@b—-—a®@dpb=u®1)U(Ww®b)—(a®1)U(1®dpb).

Now also let @’ be an element in A' such that d4(a’) € D?(A). and let b’ € B®. Using (4-9) and (4-7),
we find that

(4-17) (dg(a)®b)o(d' ®dp(b')) = (uUv)@b)o (@ ®1)U(1®dp(h)))
=uU; (@ ®b)U(ve)U; (1dp(")))
=((uU;d)®b)UO
=0,

and similarly (¢ ® dg(b)) o (d4(a’) ® b’) = 0. Furthermore, using (4-9) and (4-10), we get

(4-18) (a®dp(b))o(@ ®dp(b') =((a®1)U(1®dp(h)))o((d®1)U(1®dp(b)))
=((@® 1)Uy (@ ®@1)U((1®dp(h)) U (1®dp(h")))
= (aUd')® (dp(b') Uy dp(b))
= (aUd')® (dp(b')b—bdp(h")).

Finally, using (4-11) for A as well as (4-17) and (4-18) we find that

daeBl(a®b)U; (@' @) =—(a@b)U(d ®b)—(d ®b)U(a®b)+dygpla®b)U; (' ®D")
+dgep(@ ®b) Uy (a®b)—dygpla®b)odsgp(a D).

This shows that (4-11) holds for elements in 4 ® g B of the form (a ® b) U; (¢’ ® b’) with |a| = |d'| =1
and |b| = |b’| = 0. The case |a| = |b'| = 1, |b| = |a’| = 0 follows using similar computations to show
that in this case the right side of (4-11) equals zero. The case |a| = |a’| =0, |b| = |b’| = 1 follows by the
same computations as in the first case with the elements in 4 and B interchanged. O
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S Binomial cup-one differential graded algebras

In this section we begin by reviewing the definition and basic properties of binomial rings and then define
[F-binomial algebras for p a prime. This leads to the definition of binomial cup-one differential graded
algebras over the ring R = Z or [F,,. A consequence of including the binomial algebra structure is that it
then follows that the cohomology of the free binomial cup-one differential graded algebra on a single
generator in degree 1 is isomorphic to the cohomology ring H*(K(R, 1); R) of the Eilenberg-MacLane
space K(R, 1) with R = Z or F, (see Theorem 8.9).

5.1 Binomial rings and R-valued polynomials

Following P. Hall [17] and J. Elliott [9], we say that a commutative ring A is a binomial ring if A is
torsion-free (as a Z-module) and the element

(5-1) (Z) =ala—1)---(a—n+1)/ne A7 Q

lies in A for every a € A and every n > 0. Therefore we have maps {, : A — 4, a +— (Z) foralln € N,
with the convention that {o(a¢) = 1 for all a € A.
Let
Xp:i=x(x—=1)---(x—n+1) € Z][x]

be the “falling factorial” polynomial. Writing (x), = Y s _o s(n, k)x*, the coefficients s(n, k) of this

polynomial are the Stirling numbers of the first kind. Now note that numerator of the fraction in (5-1) is

obtained by evaluating the polynomial (x), at the value x = @, and so we may also write {,(a) = (a),/n!.
The next lemma follows straight from the definitions.

Lemma 5.1 Let R be a binomial ring and let M = RX be a free R-module on a set X . Then the dual
module, MY = Hompg(M, R), is a binomial ring with product defined by f - g(x) = f(x)- g(x) for all
x € X and with maps &, : MY — M"Y given by () (x) = &u(f(x)) forall f € MY and x € X.

Now suppose the binomial ring R is an integral domain, and let K = Frac(R) be its field of fractions. Let
K[X] be the ring of polynomials in a set of formal variables X, with coefficients in K. Following [4; 9],
we define the ring of R-valued polynomials (in the variables X and with coefficients in K) as the subring

(5-2) Int(RX) := {p € K[X]| p(RX) C R}.

If, moreover, the domain R has characteristic 0 (that is, R is torsion-free as an abelian group), then
Int(RX) is a binomial ring, generated by the polynomials (),f ) = [lyex (n’;), for all multi-indices
n=(ny)xex € Oy Z>o, and Int(RX) satisfies a type of universality property which makes it into the
free binomial ring on variables in X (see Corollary 5.3). As a consequence (at least when R = Z), any
binomial ring is a quotient of Int(RX), for some set X .

Let I : X — Z>¢ be a function whose support, supp(/) := {x € X | I(x) # 0}, is a finite set. Given a

binomial domain R with field of fractions K, we associate to such a function the polynomial {; € K[X]
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given by
(5-3) b= ] -

xeX
This possibly infinite product is well defined, since the support of [ is finite and since {p(x) = 1
for all x € X. Clearly, ¢; is an R-valued polynomial in Int(RX). That is to say, given an element
a=7y  cxydxX € RX with ay € R and ax = 0 for all but finitely many x € X, the evaluation

¢r(a) = [l ex Sr(x)(ax) is an element of R.

5.2 A basis for integer-valued polynomials

We restrict now to the case when R = Z. The next theorem provides a useful Z-basis for the ring Int(ZX)
of integer-valued polynomials; for a proof, we refer to [4, Proposition XI.1.12] and [9, Lemma 2.2].

Theorem 5.2 [4; 9] The Z-module Int(ZX) is free, with basis consisting of all polynomials of the form
¢y with I © X — Z > a function with finite support.

Alternatively, one may take as a basis for Int(ZX ) all polynomials ¢; (x) with supp(/) = x, a finite set
of variables x C X, together with the constant polynomial {5. We emphasize that in the products ;7 (x),
there is no repetition allowed among the variables comprising the set x. For instance, the product {,, ¢,
is not part of the aforementioned Z-basis; rather, it may be expressed as a linear combination of the
binomials {p, . . . , {m+n. On the other hand, if 7 and J have disjoint supports, we have that {;-{y =747,
and this polynomial is again part of the aforementioned basis for Int(ZX).

Corollary 5.3 [9; 35] Let X be a set, let A be a binomial ring, and let ¢ : X — A be a map of sets. There
is then a unique extension of ¢ to a map ¢ : Int(ZX ) — A of binomial rings.

Corollary 5.4 [9; 35] Let R; and R, be binomial rings. Then the tensor product R; ® 7 R,, with product
(a®b)-(c®d) =ac® bd, is a binomial ring.
5.3 [Fp-binomial algebras

Fix a prime p, and let F, = Z/ pZ be the field with p elements. Let A be a commutative [F,-algebra;
we will assume that the structure map I, — A4 which sends 1 € [F,, to the identity 1 € A is injective. The
binomial operations {(a) = (a),/n! with a € A are defined for 1 <n < p—1, since n! is then a unit in [F,.

Example 5.5 Let A =C*(X;F,) be the cochain algebra over I, of a A-complex X . For a cochaina € 4 L
we have that (a), = 0, where the product is the U;-product on A'. To see this, let e be any 1-simplex
in X’; then the elements a(e),a(e) —1,...,a(e) — p + 1 are distinct elements in IF,. Since there are p of
these elements, one of the elements must be 0 and the property follows.

This motivates the following definition.

Definition 5.6 Let A be a commutative [F),-algebra. We say that A4 is a I ,-binomial algebra if (a), =0,
foralla € A.
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Clearly, this condition is equivalent to (a), = 0 for all integers n > p and all a € A. In [F,[x] we
have (x), = x? — x. Indeed, both polynomials are monic, of degree p, and both have the same set of p
distinct roots, namely 0, 1, ..., p — 1. Therefore, a commutative IF,-algebra A is a [F,-binomial algebra
if and only if a? = a, for all a € A4; that is, 4 is a p-Boolean algebra, in the sense of Kriz [24].

The next step is to derive properties of binomials in a IF,-binomial algebra analogous to those for a
binomial ring over Z. We start by defining the analog of Int(ZX).

Given a set X, we will denote by Int(IF;( ) the quotient of the free binomial algebra Int(ZX) by
the ideal generated by the elements {,(x) for x € X and n > p, tensored with F,. The next result
shows that, modulo the constant terms, Int(IFg( ) has [F),-basis given by products of the elements {; (x)
for 0 <i < p and x € X. Recall from (5-3) that, for a finitely supported function I : X — Z>, we

write {7 = [rex $1x)-

Lemma 5.7 [35] The ring Int(IF;() is a IF,-binomial algebra, with F,-basis given by the Fj,-valued
polynomials {y(x) with I : X — {0,..., p—1}.

Theorem 5.8 [35] Let A be aF,-binomial algebra. There is then a bijection between maps of IF,-binomial
algebras from Int(IFpX ) to A and set maps from X to A.

Lemma 5.9 Let A and B be [Fp-binomial algebras. Then the tensor product A ®p, B, with product
(a®b)-(a' ®b") =ad’ @ bb', is aFp,-binomial algebra.

Proof Letaec Aandb € B, sothata? =a and b? =b. Then (a @ b)? =a? b? =a®b. |

5.4 Binomial cup-one differential graded algebras

Following [35], we combine the notions of cup-one algebras and binomial algebras into a single package.
Henceforth we will assume that our ground ring R is equal to either Z or IF,, for some prime p.

Definition 5.10 A differential graded algebra (A4, d) over R = Z or [, is called a binomial cup-one
algebra if

(i) A is a cup-one algebra,
(ii) A°, with multiplication A° ® g A° — A° given by the cup-product, is an R-binomial algebra,
(iii) the R-algebra R @ A! from Definition 4.3, part (i) is an R-binomial algebra.

A morphism of binomial cup-one R-algebras is a map ¢ : A — B between two such objects which is a
map of cup-one R-algebras that satisfies ¢(¢,(a)) = Cu(@(a)), foralln > 1 and alla € A'.

Proposition 5.11 Let (A, d4) and (B, dg) be binomial cup-one algebras over R = 7 or [F,. Then the
tensor product (A ® g B, d4g ) of the underlying dgas is again a binomial cup-one algebra.

Proof Recall that (4 ®g B)! = (4! g B%) @ (4° ® g B'). The claim follows at once from
Proposition 4.9, Corollary 5.4, and Lemma 5.9. |
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5.5 Binomial operations on cochains

In this section, we show that cochain complexes with coefficients in a binomial algebra are binomial
cup-one algebras and give examples. The next result builds on [35].

Theorem 5.12 For any nonempty A-complex X, the cochain algebra C*(X; R), where R = Z or F),
is a binomial Uy -dga.

Proof First assume R = 7Z. The cochain algebra C*(X; Z) is then a cup-one dga by Theorem 4.7, and
the claim follows from Lemma 5.1.

Now assume R = F,. We define maps Z,f( : CHX;Fp) —» CHX;Fp) for 1 <n < p—1, by
setting E,;X(f)(e) := (f(e))n/n! for each l-cochain f € C'(X;F,) = Hom(C,(X;Fp),F,) and each
1-simplex e in X. As noted in Example 5.5, we have that ( /), = 0. With this structure, it is readily
verified that C*(X;[F}) is a F-binomial U;-dga. O

This theorem together with Proposition 5.11 yield the following corollary.

Corollary 5.13 Let A be a binomial U;-dga over R = Z orIF,,. Then the tensor product A Qg C*(I; R)
is again a binomial U -dga.

It is readily seen that the {-maps enjoy the following naturality property: If 2 : X — Y is a map of
A-complexes, then each ¢, commutes with the pullback of cochains, that is,

h*olY =tXon*:.C*(Y;R) - C*(X: R).
Note that in the case R = Z, the evaluation ¢, ( f)(e) is simply the binomial coefficient (f ,(f)), for all
f €Hom(C{(X:;R),R) and all e € C;(X; R).

Example 5.14 For the cochain algebra C = C*(I;Z) from Example 3.4, the {,-maps are given by
Cnku) = (I’;)u In particular, ¢, (1) = 0 for n > 2.

Example 5.15 Let G be a group, and let C*(B(G); R) be the cochain algebra of the bar construction
on G, as described in Example 3.5, with coefficient ring R a binomial algebra. Then the {, maps on

C!(B(G); R) are given by &u(/)([g]) = (/).

6 Free binomial U;-differential graded algebras

In this section, we define T(X), the free binomial graded cup-one algebra over the rings R = Z and
R =T, generated by a set X. Given amap d : T(X) — T(X) that satisfies the U;-d formula and the
Leibniz rule, we show that ¢? = 0 if and only if d?(x) = 0 for all x € X. In particular, setting do(x) =0
for all x € X yields the dga (T(X), do), which we call the free binomial U;-dga generated by X.

6.1 The free binomial cup-one graded algebra

Let R = Z or [F,. Given a set X, we let my g denote the R-submodule of Int(RX) consisting of
polynomials with zero constant term.
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Definition 6.1 [35] The free binomial U{-graded algebra over R on a set X, denoted by T = Tg(X),
is the tensor algebra on the free R-module my g; that is,

(6-1) TR(X)=T"(myx g).

By construction, T(I)e (X)= R and T}e (X) =mx g, and so Tﬁl (X)=T@® T! is isomorphic to the
free binomial algebra Int(RX ). By Theorem 5.2 and Lemma 5.7, respectively, T! is a free R-module,
with basis consisting of all R-valued polynomials of the form {;, where I : X — Z>¢ has finite, nonempty
support when R =7Z,and I : X — {0,1,..., p—1} when R =, excluding the constant-0 function.
Furthermore, the R-module T! comes endowed with a cup-one product map, U; : T' @ T! — T!, given
by a Uy b = ab. By analogy with the classical Hirsch formula for cochain algebras, we use this cup-one
product to define a linear map T>® T! — T2 by

(6-2) (@a®b)Q@cr>ac®b+a®bc.

Recall that the U{-d formula (4-11) involves an operation (denoted by o) between degree-2 elements.
For this to work, we include the linear map o : T?> @ T? — T? defined on basis elements by

(6-3) (a1 ®az)o (b1 ®by) = (ai1by) ® (azby) .

With this structure, T(X) is a graded R-algebra with cup-one products, in the sense of Definition 4.3.

The assignment X ~> T g(X) is functorial: a map of sets, 2 : X — X', extends to a map of polynomials
from Int(RX) to Int(RX /) that restricts to an R-linear map my g — my p which then extends to a
map between tensor algebras, T(h) : Tr(X) — Tr(X’). Clearly, T(h) is a morphism of graded algebras
that preserves Uq-products; moreover, T(ho g) = T(h) o T(g).

In the following, the ring R will be equal to either Z or F,. A graded R-algebra A with cup-one
products such that the augmented algebra R @ A! is a binomial algebra is called a binomial graded
R-algebra with cup-one products. In this category, the free binomial graded R-algebra T g(X) enjoys
the following universality property.

Lemma 6.2 Let A be a binomial graded R-algebra with cup-one products, let X be a set, and let
¢: X — A be amap of sets. There is then a unique extension of ¢ to amap f : Tr(X) — A of binomial
graded R-algebras with cup-one products.

Proof From [35, Lemmas 7.4 and 8.13], it follows that there is a unique extension of ¢ to a degree-
preserving map f 0 : T;O (X) — A47° which commutes with cup products, cup-one products, and the
¢ maps. Letot: R — T(l)e (X) and 04 : R — A° be the structure maps for T and A; respectively, and
define /0 : T%(X) — A4° to be the composition o4 0 o7 . Then the resulting map / : Tgr(X) > A is a
morphism of binomial graded R-algebras. |

6.2 Maps from free binomial cup-one dgas

Consider now a differential d : Tp(X) — T g(X) making (T g(X), d) into a binomial cup-one dga, and
let (A, d4) be an arbitrary binomial cup-one dga over R. The next lemma gives a handy criterion for
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deciding whether a map f : Tp(X) — A between the underlying binomial graded algebras with cup-one
products is a morphism of binomial cup-one dgas.

Lemma 6.3 A map f: (Tgr(X),d) — (A4,dy4) of binomial graded R-algebras with cup-one products
commutes with the differentials if and only if d4 f(x) = f(dx) forallx € X.

Proof Recall from Section 6.1 that T}e (X)) is the free R-module with basis consisting of all R-valued
polynomials of the form &7, where I : X — Zx¢ has finite, nonempty support when R = Z and
I:X —{0,..., p—1} has nonempty support when R = IF,,. The claim follows from formulas (4-9) and
(4-11); formula (6-9) expressing ;41 (x) in terms of {,(x); and induction on 7. O

Under a connectivity assumption on H*(A), we may improve on the conclusion of Lemma 6.2, as
follows.

Lemma 6.4 Let (4,d,) be a binomial cup-one R-dga with H°(A) = R, let (TRr(X).d) be a free
binomial cup-one dga, and let ¢ : X — A! be a map of sets. There is then a unique extension of ¢ to
amap [ : Tr(X) — A of binomial graded R-algebras with cup-one products such that the function
HO(f): HY(TR(X)) — H°(A) is an isomorphism.

Proof Let f : TR(X) — A be the extension of ¢ constructed in Lemma 6.2 and let & denote the
isomorphism from H°(A) to R. Since H%(A) = kerdy : A° — A, it follows that the image of the
structure map o 4 is contained in H°(A4) € A°. Thus, the composition € o 64 is an isomorphism of rings
from R to R, and so equals idg. It then follows that f© is the unique R-linear map from T%(X) to 4°
that commutes with the structure maps; that is, f°oo1 = oy4. O

6.3 Differentials on Tz (X)

As before, let T = T (X)) be a free binomial U;-graded R-algebra on a set X. In this section we show
that if a map d : T — T satisfies the U;-d formula and the Leibniz rule, then d?(u) = 0 for all u € T if
and only if d?(x) = 0 for all x € X . For that, we define additional U; and o maps in T, as follows. First,
we define a linear map U; : T ® T! — T3 by

(6-4) (M1 UuyUuz) U v=(u1 U v)UuyUus+u; U(uyUgv)Uusz +ug Uuy U (s Uqv)
andamap U; : T>2®T? — T° by

(6-5) (@arUaz) Uy (b1 Uby) = —ay; U (by Uy az) Uby—ay; Uby U (by Uy as)
+ 201 U (az,1,j U1 b1) U (az2,j Uy by)
J
+(b1 Uy Cl])sz Uaj +b1 U(bz Uy al)Uaz
—Y (@11, U1 b)) U (a2, Uy by) Uay,

1
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where day =} ;ay1,;Uarz;andday =) ; as1,jUas s j. Next, we define amap o T2 T3 = T3 by
(6-6) (a1 Uaz)o(vyUvaUvs) = (a3 Upvy) U(aa Upvz) Uvs

+ (@1 Uy v1) Uva U (ap Uy v3)

+ vy U (a1 Uy v2) U (a2 Uy v3)

=Y (a1,1,i Ur v1) U (a2, Us v2) U (az Uy v3),

1
where da = Zi ap,1,;Yay,z,;. Finally, we define a map o : TRT2->T3 by
(6-7) (ur YuyUuz)o(byUby) =uy U (uz Uy by) U (uz Uy by)
+ (1 Ur b)) U (ua Uy by) Uus
+ (w1 Uy by) Uuy U (u3 Uyg b)

— Yy Uy by) U (ua Uy by 1 40) U (u3 Uy by g ),
k
where db2 = Zk b2,1,k U bz’z,k.

The proof of the following two equations is a straightforward, though computationally intensive,

verification using the definitions of the U;-d formula along with the U; and o maps in T:
6-9) d(daU;b)=daUb—bUda+daU,db+d*aU, b,
d(daodb) =daU; db+db Uy da + d*aodb + daod?b.

Note that these equations are analogous to (4-1) for i = 1,2 and |a| + |b| —i < 3, with the U, map
replaced by the o map.

Lemma 6.5 Ifd : T — T is a degree-one map satistying the U,-d formula and the Leibniz rule, and if
a, b are elements in T! with d?a = d*b = 0, then d*(a U b) = 0.

Proof By the U;-d formula (4-11), we have that
dlaUib)=—aUb—-bUa+daUib+dbUia—daodb.

From (6-8), it follows that
d*(aUyb) =d*aUyb+d*bU;a—d*aodb—daod?b,

and this proves the claim, since d?a = d?b = 0. |

Theorem 6.6 Letd : Tr(X) — Tr(X) be a degree-one map satisfying the U-d formula and the Leibniz
rule. Then d?*(x) =0 for all x € X if and only if d?(u) = 0 for all u € Tg(X), in which case (Tg(X), d)
is a binomial U -dga.

Proof Let x € X. Recall that the binomial ¢-functions satisfy

Cn(x) Uy x —nlpu(x)
n+1

(6-9) Cnt1(x) =
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where n +1 < p —1 for R = [F,. Using this formula and Lemma 6.5, induction on n shows that
d*¢y(x) =0 for all n > 1 in the case R = Z and for all n < p — 2 in the case R =TF,,.

Making use of this fact and of Lemma 6.5 once again, induction on the number of elements in the
support of I shows that d?(¢7(x)) = 0 for all 1. The claim now follows by the Leibniz rule. |

As a corollary, we recover a result from [35], which gives the free binomial graded algebra T g(X) the
structure of a binomial U;-dga structure, with differential dp vanishing on all the generators x € X.

Corollary 6.7 [35] For any set X, the algebra T g(X) is a binomial U1 -dga, with differential dg satisfying
do(x) =0 forallx € X.

7 Differentials defined by admissible maps

In this section, we define embeddings of the free binomial R-algebra T g (X) (or its truncation in degree 2)
into a suitable cochain algebra. Using these embeddings, we show in Theorem 7.3 that there is a bijection
between degree-one linear maps d : Tg(X) — T gr(X) that satisfy the U;-d formula and the Leibniz rule
and maps of sets 7 : X — T%, (X). Theorem 7.6 gives a sufficient condition on 7, called admissibility, for

d? to be the zero map.

7.1 Embedding Tﬁz (X) into a cochain algebra

Recall that the ring R equals Z or IF, with p a prime. Given a set X, we let M (X, R) be the set of all
functions @ : X — R. This is an abelian group under pointwise addition, with neutral element the zero
function, denoted by 0. Furthermore, to every set map f : X — Y we assign (in a functorial way) the
R-linear map /v : M(Y,R) — M(X, R) givenby fV(b)(x) =b(f(x)),forb:Y — Rand x € X.
Now let ;0 : M x M — M be an arbitrary binary operation on M = M (X, R). By the construction from
Section 2.2, the magma (M, 1) determines a 2-dimensional A-set, A®) (M, ). Let Cu(X)=Cu(X; R)
denote the cochain complex (over R) of this A-set. Next, we define a degree-preserving, R-linear map,

(7-1) Y=Yy . TR (X) = Cu(X),

as follows. First define a map ¢ : T(I)e X)—C I(L) (X) by sending 1 € T(I)e (X) = R to the unit cochain
1 € CJ(X). For each polynomial p € Tp(X) = my, we set ¥(p) € C;(X) equal to the 1-cochain
whose value on a 1-simplex a is p(a). Finally, we set Y (p ® q) € C ﬁ (X) equal to the 2-cochain whose
value on a 2-simplex (a,a’) is p(a)-q(a’). If the zero function O is a two-sided identity in (M, w), it is
readily seen that the image of v is contained in the normalized cochains on A® (M, Ww.

Lemma 7.1 With notation as above, the map ¥ = ¥x ,, : Tiz (X) — Cu(X) is a monomorphism that
commutes with cup products, cup-one products, and the o map.

Proof The proof of the lemma follows in general outline the proof of the first part of [35, Theorem 7.2];
since the context here is somewhat different, we provide full details.
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It follows directly from the definitions that the map ¥ commutes with cup products, cup-one products,
and the o map, so it suffices to show that ¥ is a monomorphism. To prove this, first suppose that ¥ (p) =0,
for some p € my . Then for all functions @ : X — R, we have that p(a) =0, and so p is the zero polynomial.
Therefore, ¥ : T}e (X)— Cli (X) is a monomorphism. Now suppose W(Z ar7lr ® §J) = 0, for some
oy, € R and each of 7, J notidentically 0. Then ) oy s¢r(a)-¢y(a’) =0, for all functions a,a’: X — R.
Let X’ be another (disjoint) copy of X, and for each J, let J': X’ — Z> be the corresponding indexing
function. Viewing each {;, as a polynomial in Int(RX/), it follows that ) "oy s¢r-Cy € Int(RX”X/) is
the zero polynomial. For each pair I and J of indexing functions, the functions 7 and J’ have disjoint
supports; hence, {7 -y = (g, where K|y = I and K|y’ = J'. Since these polynomials are elements in
a basis for Int(RXUX") it follows that each a7, is equal to 0, thus showing that v/ : TR(X) = Ci(X)
is a monomorphism. O

The map ¢ = ¥ x , constructed above enjoys a naturality property that we now proceed to de-
scribe. Let 4 : X — X’ be a map of sets. By the discussion in Section 6.1, we have an induced
morphism, T(/) : TISe2 (X)— TISe2 (X’). Now let ¢/ be a binary operation on M’ = M (X', R). Com-
position with / defines a map h* : M’ — M. Suppose this map is a morphism of magmas, that is,
w(aoh,a’ oh)=h(u(a,a’)) foralla,a’ : X — R. Then, as noted in Section 2.2, 1™ yields a simplicial
map between the respective A-complexes, A(h*) : A® (M', 1y — A® (M, 1), which in turn induces a
morphism between the corresponding cochain algebras, A(h*)* : C,,(X; R) — C,v(X'; R). The next
lemma now follows straight from the definitions.

Lemma 7.2 Leth: X — X' be a set map and suppose h* : (M’ ') — (M, i) is a magma map. Then
the following diagram commutes:
<2 ¥X.u .
TR (X) —— Cu(X:R)
(7-2) [ lA(h*)*
L/
T2(X) —5 Cu(X; R)

In particular, if 4 : X — X' is injective, u' : M’ x M’ — M’ is a binary operation on M’, and p
is the restriction of ' to M x M, then clearly 2* : (M', u') — (M, i) is a magma map, and thus
Yx o T(h) = Ah*)* oYy .

7.2 From 2-tensors to simplicial complexes

We now refine the above construction, in a more specialized setting. Consider a set map 7 : X — T% (X).
Recall from (6-1) that T g(X) is the tensor algebra on the maximal ideal my g C Int(RX). Thus, for
each x € X, the 2-tensor 7(x) € T%a (X') may be written as

Sx
(7-3) T(X) = Y Px,i ®Gx,is

i=1

for some polynomials px i, gx,i € Int(RX) with Px,i(0) =¢x,i(0) =0.
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As before, let M = M (X, R) be the set of all functions a : X — R, with R-module structure given
by pointwise addition. We define an operation, pu; : M x M — M, by setting

(7-4) pe@, @) =a+a' =) pei(@) gxi@).

i=1

The pair M, := (M, uy) is a unital magma, with unit the zero function O; indeed, (7-4) implies that
Ur(a,0) = u(0,a) = a, for all a. In the particular case when t itself is the zero function (that is,
7(x)=01in T%e (X) for all x € X), the corresponding magma is just the aforementioned abelian group M .
In general, though, the operation p; is not associative, and so M7 need not be a (unital) semigroup (also
known as monoid).

We denote by AD (M. ) the 2-dimensional A-set associated to the magma M- by the constructions
from Sections 2.2 and 7.1, and we let C¢(X) := (C*(A® (M,)),d) denote the simplicial cochain
algebra associated to the A-set A® (My).

7.3 The endomorphism d, of Tg(X)

Our next objective is to define a degree-1 endomorphism d; : Tg(X) — Tr(X) of the free binomial
algebra on X that extends the map 7 and satisfies some desirable properties. We achieve this by embedding
Tlse2 (X) into the cochain algebra C;(X) defined above.

Theorem 7.3 Given a map of sets, T : X — T%(X ), there exists a unique degree-1 linear map,
dy : TR(X) — Tr(X), such that d;(x) = t(x) for all x € X and both the U;-d formula and the
graded Leibniz rule are satisfied.

Proof Lety =¥x ;: Tlsi,2 (X) = C;(X) be the monomorphism from Lemma 7.1. First note that from
the formula for the coboundary of a 1-cochain in a A-complex, we have

(7-5) day(x)(a.a’) = a(x) +a'(x) — (a(x) +a'(x) — 7(a, a’)(x))
=t(a,a’)(x)

= (p(px.) (@) 9(gx.i) (@)
=Y (@(px.)(*) Ug(qei)(x))(a.a)
=Y (¢(pix(x)) ® 9(qx,i(x)))(a.a)

= (pr(x))(a.a’).

Since this holds for all pairs (a,a’) € M x M, it follows that da (¥ (x)) = ¥ (z(x)).
The next step is to show that the differential da : C2(X) — C2T1(X) leaves invariant the subgroup
w(Tﬁz (X)) C Cz(X). Let p = p(x) be a polynomial in T}e (X), where x C X denotes the subset of
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variables appearing in the monomials comprising p. Given 1-chains a, a’, we have

(7-6) dapa.a’) = p(a) + p(a)—p(a+a' —t(a.a)).

By Theorem 5.2, we may write

(7'7) dAP(x’x,) = chi:«’i : ;I,' (x) & é—J,' (x,)’

where the ¢y, s, are constants in R. From (7-6) it follows that the polynomial da p(0, x") =" co, s, -¢ s, (x”)
vanishes for all values of x’; thus all coefficients co, J; vanish. A similar argument shows that ¢;, o = 0
for all i. Therefore, da p is a sum of products of polynomials in Int(R%X ) and polynomials in Int(RX /)
with zero constant term in each factor; that is, d p is in the image of TISQ2 (X) under the map . This
completes the proof that ¥ (T3>(X)) is closed under d.

Now set d : TISQ2 (X)— TISQ2 (X) equal to the restriction of da to the invariant subgroup W(TISQZ (X )).
Since the differential d A satisfies the U;-d formula (4-11), it follows that d; also satisfies this formula.
Finally, we extend d; to the whole free cup-one algebra T = T g(X) using the graded Leibniz rule.

The final step is to show that the map d; : T — T defined above is the unique degree-1 linear map for
which d;(x) = t(x) for all x € X, and the U;-d formula and the graded Leibniz rule are satisfied. Let
d : T! — T? be any map that satisfies the U;-d formula with d(x) = d(x) for all x € X . It suffices to
show that d(p) = d.(p) for all p € T!. Since both d and d satisfy the U;-d formula, it follows that

(7-8) d(pU1q) =d(pU1q) if d(p)=d:(p) and d(q) = d.(q).

Then from (7-8) and induction on i using {;4+1(x) = (§i(x) Uy x —igi(x))/(i + 1), it follows that
d(&i(x)) =d.({i(x) forall x € X andall i > 1 inthecase R=Z and 1 <i < p—2inthe case R =T),.

It then follows using (7-8) and induction on the length of supp(/) that d ({7 (x)) = d({;(x)) for all 1
and x. Since the polynomials {; (x) form a basis for T!, the proof of uniqueness is complete. O

Remark 7.4 Let u: M x M — M be an operation on the set M = M (X, R) of all functions from
X to R and let ¢ : TISQ2 (X) = Cu(X) be the monomorphism in Lemma 7.1. It can be shown that
the differential da : Cji(X) — Cp(X) leaves invariant the subgroup ¥ (T%>(X)) C Cy(X) if and only
if ;1 = ¢, for some function 7 : X — T2(X).

7.4 The differential d, associated to an admissible map t

Recall thatamap 7: X — T%e (X) given by (7-3) determines a binary operation, (t; : M x M — M, given
by (7-4). The case when the corresponding unital magma, M; = (M, i), is a monoid is particularly
interesting.

Definition 7.5 A map of sets 7 : X — T%e (X) is said to be admissible if the corresponding binary
operation, u, : M x M — M, is associative, or, equivalently, the magma M7 is a monoid.

Theorem 7.6 Ifthe mapt: X — T% (X)) is admissible, then the map ¥ = ¥x . : Tr(X) — C*(A(My))
is a monomorphism and d? = 0.
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Proof Let A; = A(M;) be the A-set associated to the monoid M. Note that the 2-skeleton of A; is
the previously defined A-set A® (M,). The arguments in the proofs of Lemma 7.1 and Theorem 7.3
generalize as follows to show that the map V<> : Tﬁz (X)—>C 52(A§2)) extends to a monomorphism
Y :TR(X) > C*(A;) withdp oy =y od;.

Set ¥ : TR(X) — C*(A;) equal to the unique map of algebras that restricts to ¥ <, on elements of
degree less than or equal to 2.

The next step is to show that ¥ is a monomorphism. Let p1(x) ® --- ® p,(x) be a basis element in
T"%(X)andlet Xy,..., X, be disjoint copies of X. Set e : T%(X) — Int(RX 1Y"UXn) equal to the map
that sends p1(x)®---® pn(x) to the product of polynomials p;(x1)--- pn(xy), where p;(x;) denotes the
polynomial p;(x) with the variables x € X replaced by the corresponding variables x; € X ;. Since e is a
bijection on basis elements, it follows that e is a bijection. If v (Zl P1,i(x)® - ® pn,i(x)) is the zero
element in C"(A;), then e (Zl Pri(a))® - ® p,,,i(a,,)) is zero for all maps a; : X; — R, and hence,
is the zero polynomial. The result that v is a monomorphism now follows since e is a monomorphism.

Since dpoy =y od; : T}e (X) — C?(A;) by Theorem 7.3, and since T g(X) is generated by products
of elements in T, (X), it follows that dp o = Y ody : To(X) — C'*1(A;) for all i > 1. Then since
d i = 0 and v is a monomorphism, it follows that d2 = 0. a

Remark 7.7 It can be shown that the homomorphism v : T g(X) — C*(A;) sends the Uy and o products
in TR(X) given in Section 6.3; respectively, to the U; and U, product maps in C*(A;).

7.5 The differentials of the {-maps

We consider now in more detail the simplest possible case of Theorem 7.3; namely, the case when v = 0.
To begin, we recall the following result, which is proved in [35, Theorems 7.5 and 8.14].

Theorem 7.8 Let (A,d4) be aU;-dgaover R=7 orlF,, let X be aset,andlet f : Tr(X) — A bea
morphism of graded R-algebras with cup-one products. Then f : (Tgr(X),do) — (A, dy4) is a map of
Uy-dgas if and only if dg o f(x) = fodo(x) forall x € X.

Lemma 6.4 and the above theorem have the following immediate corollary.

Corollary 7.9 If (4, d4) is a binomial cup-one R-dga with H°(A) = R, then there is a bijection between
binomial U;-dga maps from (T g(X), do) to (A, d4) and maps of sets from X to Z'(A).

The following theorem (which will be used in the proof of Lemma 8.5) gives an explicit formula for
the differential dp : T}e (X)— T%e (X). This result recovers Theorem 6.11 from [35], proved there by
other methods. Since the current proof is shorter, more transparent, and illustrates the strength of the
techniques developed here, we provide full details.

Theorem 7.10 Let X be a set, lett: X — T% (X)) be the zero map, and let dg be the corresponding
differential on T g(X), given by do(x) = 0 for all x € X . Then we have
k—1
(7-9) do Gk (x)) == £e(xX) ® G (x),
{=1
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forall x € X and for k > 1 in the case R = Z and for 1 <k < p—1 in the case R = F,. More generally,

(7-10) doCr(x)=— > (X)L, (x),
11;1720=1

where in the case R =T, we have k < p — 1 and each of the indices in I is less than or equal to p — 1.

Proof Since 7 is the zero map, the magma M = M; is a monoid (in fact, an abelian group), and
hence, 7 is admissible. By Theorem 7.6, we have that do = d; is a differential on T g(X), and hence,
T = (Tr(X), do) is a binomial U;-dga.

To prove (7-9) and (7-10) recall that in a binomial algebra with elements «, b, we have

(7-11) Ga+b)= D" L@ b).

i+j=k
for k > 1in the case R = Z and for 1 <k < p—1in the case R =F,. Set C¢(X) = (C*(A:(X)).da),
and let ¢ : T=2 — C=2(X) be the injective map of binomial U;-dgas defined in the proof of Theorem 7.3,
so that ¥ ({x (x)) = Lk (a(x)) for alla € C}(X) and all k > 1. Then,

Y (delie(x)) (@, @) = day (G (x)) (@, @)
= a(x) +d'(x) — G (a(x) + @' (x)) (by (7-6))
k—1
=a(x)+d'(x)—a(x)—a'(x) = Y L(a(x)-G(@(x))  (by (7-11))
(=1
k—1

= _Z Cea(x) - Cx—g(a’(x))
(=1
k-1

=Y [Y (&) Uy (Gre(x)](@.a)
{=1
k—1
==Y Y[5() ® Y (ke (x)](a.a).
{=1
Since this equality holds for all 2-simplices (a,a’) in A;(X), (7-9) now follows. Equation (7-10) follows
similarly, by applying (7-11) to products of the form &;, (a1 4+ b1)&i,(az + b2) -+ i, (an + bn). |
Corollary 7.11 Let A be a binomial U-dga over R. Then fora € Z'(A) we have

k—1

(7-12) da(Cr(@) == te(a) ® Gy (@),

{=1
for all k > 1 in the case R =7 and for 1 <k < p —1 in the case R =F).
Proof By Corollary 7.9, an element a € Z!(A) corresponds to a map of binomial U;-dgas from

(Tr({x}). do) to (A, d4) which sends x to a, and the result follows from Theorem 7.10. ]
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7.6 Homotopies between binomial cup-one dga maps

As we saw in Theorem 3.8, homotopic dga maps induce the same homomorphism on cohomology. The
next lemma provides a partial converse to this theorem, in the context of binomial cup-one algebras.

Lemma 7.12 Let (A4, d4) be a binomial cup-one dga over R = Z or F, such that H°(A) = R and
H'(A) is a finitely generated, free R-module. Suppose ¢, ¢1 : (Tr(X), do) — (A, d4) are morphisms
of binomial U -dgas such that H' (¢g) = H'(¢1). Then g ~ ¢;.

Proof We construct a homotopy @ : Tp(X) > A ®g C*(I; R) between ¢g and ¢, as follows. For
each x € X, set

(7-13) P(x) = @o(x)to + ¢1(x)t1 —c(x)u,

where c(x) is an element in 4% such that d4(c(x)) = @ (x) — @1 (x); such an element exists by our assump-
tion that H'(¢o)([x]) = H'(¢;)([x]). It is readily verified that ®(x) is a I-cocycle in A ® g C*(I; R):
(7-14) dagcx1;R) (P(x)) = @o(x)u — @1 (x)u — (9o (x) — 1 (x))u = 0.

It now follows from Corollary 7.9 that the set map ® : X — Z!(4 ® g C*(I; R)) extends to a map of
binomial U;-dgas, ® : Tr(X) — A ® g C*(I; R). By construction, this map is a homotopy between ¢
and @;. a

8 Hirsch extensions

In this section, we consider Hirsch extensions of (T g(X), d), the free binomial graded algebra with
cup-one products on a set X equipped with a differential 4 : Tg(X) — T g(X) making it into a U;-dga.
Furthermore, for R = Z or F),, we show that the map ¥'x g : (Tr(X),do) = C*(B(R"); R) induces
an isomorphism of cohomology rings.

8.1 Hirsch extensions of Tz (X)

The following definition is motivated by the notion of Hirsch extension in the context of commutative
dgas over fields of characteristic 0. Let (T g(X), d) be as above.

Definition 8.1 Let Y be a set. An inclusioni : (TRr(X),d) — (TR(X UY), c?) of binomial U{-dgas is
called a Hirsch extension (over R) if c?(y) is a cocycle in (T%(X), d)yforallyeY. If Y ={y}isa
singleton, we call such an extension an elementary Hirsch extension.

Theorem 8.2 Let (Tg(X), d) be a free binomial Uy-dga on a set X .

(1) For every set Y, there is a bijection between Hirsch extensions (Tg(X),d) — (Tr(X UY), d ) and
maps of sets ty : Y — Z(T%e (X)).

(2) If t = d|x is admissible, then T = c?|XUy is admissible.
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Proof Given a Hirsch extension (Tg(X),d) < (Tgr(X UY),d), the restriction of d to Y gives a map
ty=d|ly:Y—>Z (T%e (X)). In the opposite direction, assume that the map ty : ¥ — Z (T%e (X)) is given.
SetT: XUY — T%Q(X U Y) equal to the map given by 7|y = d|x and 7|y = t|y. By Theorem 7.3,
the map 7T determines an extension of d toamap d =dz : TR(X UY) — Tr(X UY) satisfying the
U1-d formula and the Leibniz rule with dz|x uy = 7. Since ty (») is a cocycle for all y € Y, it follows
from Theorem 6.6 that d2(u) = 0 for all u € Tr(X UY), and the proof of claim (1) is complete.
Recall from Definition 7.5 that 7 is admissible precisely when the corresponding magma, M., is a
monoid. It follows from the above proof that Mz is the extension of My by the R-module M (Y, R) of
functions from Y to R given by the normalized cocycle v € Z?(A(M,); M (Y, R)), where for y € Y,
we have 7(y) = Y72 pyi ® gy and v(a.a)(y) = 33, py.i(a)-gy.i(a).
Claim (2) now follows from Lemma 2.3, part (3). O
Givenamap7:Y — Z(T%e (X), d), denote by [¢] the map from Y to H?(Tg(X), d) that sends each
element y € Y to the cohomology class of ().
Definition 8.3 Given maps 7 and v/ from a set Y to Z (T%(X ), d), the corresponding Hirsch extensions,
(TR(XUY),d)and (TR(X UY),d’), are called equivalent Hirsch extensions if [t] = ['].
Lemma 8.4 If (TR(X UY),d) and (TR(X UY),d’) are equivalent Hirsch extensions, then they are
isomorphic.
Proof First recall from Lemmas 6.3 and 6.4 that a map f : (Tr(X),d) — (A4, d4) of binomial graded
R-algebras with cup-one products commutes with the differentials if and only if d4 f(x) = f(dx) for all
x € X; moreover, if H*(A) = R and f induces an isomorphism on H°, then f is determined by its
restriction to the set X.
From the definition of equivalent Hirsch extensions it follows that for each y € Y there is an element
¢1(y) € TR(X) with T/ (y) =1(y)+dc; (p). Define a linear map f : (Tg(X UY), d)— (TR(XUY),d")
by setting f(u) =u foru € Tp(X) and f(y) =y —c1(y) for y € Y. Then

d'(f)=d'(y—c(y)=d () —dei(y) =7 (y) —der ()
= (t(y) +dec1(p)) —dey (y) = () = f(d(»)).

and so f commutes with the differentials. Similarly, a linear map g : (TR(X UY),d’) — (TR(X UY), d)
is defined by setting g(u) = u foru € Tg(X) and g(y) = y + c¢1(p) for y € Y. Then g commutes with
the differentials, and the result follows since f and g are inverses of each other. |

8.2 A spectral sequence

We now set up a cohomological spectral sequence that will prove useful for our purposes.

Lemma 8.5 Let (Tg(X),d) be a free binomial U;-dga on a set X. Given an elementary Hirsch
extension (Tgr(X),d) — (TR(X U{y}, ci), there is a spectral sequence, (E}F*?,d,), converging to
H*(TR(X U{p}),d) withd, : EP? — EF™ 97" and EP? >~ HP (TR(X),d) ® HY(Tr({p}), do),
where do(y) = 0.
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Proof Denote Tg(X U {y}) by T. A basis for the free R-module T! is given by elements of the
form &7 (xy, ..., x0)k(y), where I = (iy.....i¢) and {r(xq, ... x¢) = &y (x1) -+~ Gy (x¢) € TR(X),
with the x; distinct elements in X. If £ = 0, then {7 (xy,...,x¢)lx(y) denotes {r(xy,...,xy); and
if 7 =(0,...,0), then {y(xy,...,x0)Cx () denotes (i (y), where in the case R = I, we have that
I<ij<p-1

Define a bigrading on T by setting D?*9 equal to the summand of T?*4 generated by the tensor
products u; ® - - ® up44 of basis elements in T! for which exactly p of the factors have I # (0,...,0).
We claim that the differential d restricts to maps

(8-1) d:D% - D*°¢ D% and d:D"°— D*Oq D!,

The claim follows by induction using the U{-d formula, the Hirsch identity, and

Cn(¥)y —nln(y)
n+1 '

Cnt1(y) =

The group D! is free abelian, with basis {¢;(y)}, and the induction is on i with base case i = 1. The
group D10 has basis {{7(x1, ... x¢)¢i(¥)}, where I # {0}, and the induction is on i with base case i = 0.
From (8-1), it follows that F£(T) := b p>t.g>0 DP? defines a decreasing filtration,

T=F'2F'2F2..,
of subcomplexes. A direct computation shows that in the resulting spectral sequence the E, term is given
by E3! = HP(Tr(X).d) ® HY(Tg(»). do), where do(y) = 0. o
8.3 The cohomology of (T z(X), do)

We are now in a position to compute the cohomology algebra of the free binomial graded cup-one
algebra Tr(X), endowed with the differential d; = do corresponding to the admissible function
T:X — T%(X) given by 7(x) = 0 for all x € X. We first assume R = Z, in which case we
write T(X) := Tr(X).

Proposition 8.6 Given a finite set X, there is a natural isomorphism

(8-2) kx  H¥*(T(X)) = A"(X)

between the cohomology algebra of the dga (T(X), do) and the exterior algebra on the free abelian
group ZX .

Proof We establish the existence of the isomorphism kx is by induction on k, the size of X. For the
base case k = 1, write T = T(X), and define two subcomplexes, Tg and T, as follows. Set Tg =7,
T(l) = Z with generator x, and Tf) = 0 for i > 2. Furthermore, set T% equal to the submodule of T!({x})
generated by the elements of the form (i (x) with £ > 2, and set T{ = T/ ({x}) for j > 2. It is now
readily verified that T =Ty @ T;.
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Clearly, To = /\(x), with zero differential; thus, H*(To) = /\(x). Denote {(x) by {x, and define
homomorphisms /iy : Tf — T?‘l by

_§i2+1®"'®§i5 lfll =1,

8-3 he(Giy ® 81, ® -+ ®81,) = i
(8-3) (G @ @B L) { . .

By direct computation using (7-10), it follows that dg o iy 4 g1 0odo = idT,. Hence, the cohomology of
T, is zero, and we conclude that the cohomology of (T({x}), do) is the exterior algebra with generator x.

For the inductive step, we assume the result holds for X = {x1, ..., Xz} and show the result then
holds for X x41 = {x1,..., Xk, Xg+1}. We use the spectral sequence in Lemma 8.5 with X = X4 and
¥ = Xg+1; applying the base case with T = T(xx1), we have by induction that the £, term in the
spectral sequence of the form E, = A(xy,...,x%) ® A(xg+1). Since doxg4q = 0 in T, it follows
that the spectral sequence collapses, from which we obtain an isomorphism of graded Z-modules,
H*(T(X),do) = \(x1,- s Xgx1)-

For x € X, set [x] equal to the cohomology class of x in H!(T(X), do); note that dol,(x) = —x U x,
and so [x]U[x] =0 in H*(T(X)). Moreover, for x1, x; distinct elements in X', we have

do(x1 Up X2) = —x1 Uxy —x UXy,

so [x1] U [x3] = —[x2] U [x1]. It follows that the isomorphism ky of graded Z-modules between
H*(T(X), do) and the exterior algebra is a map of graded algebras.

To prove the naturality of the isomorphism kx, let 1: X — Y be a map of sets, let A (%) : A(X)—> A(Y)
be its extension to exterior algebras, and let T(4) : T(X) — T(Y) be its extension to free binomial graded
algebras with cup-one products, as in Section 6.1. It is readily verified that ky o T(h) = A\(h)okx. O

Corollary 8.7 If X is a set with n elements, then the map ¥'x : (T(X), do) — C*(B(Z"); Z) induces an
isomorphism of cohomology rings.

Proof The proof is by induction. To prove the result in the case n = 1, let X = {x}. The morphism ¥ in
Theorem 7.6 maps T({x}) to C*(A(M({x})); Z) = C*(B(Z); Z). Note that C'(B(Z); Z) is the free
abelian group of maps of sets from Z to Z and ¥ (x) is the identity map from Z to Z. The identity
map of Z is a generator for H'(Z) and it now follows from Proposition 8.6 that the map H* () is an
isomorphism.

For the inductive step, write X" = {x1,...,x,} and X = X" U {x,, 41}, and consider the morphism
Vv =vx :(T(X),do) > C*(B(Z" ®Z); Z) from Theorem 7.6. Assume by induction that the restriction
of ¥ to a map T(X") — C*(B(Z");Z) induces an isomorphism on cohomology. By the case n = 1
above, the restriction of ¥ to the map from (T({x,41}). do) to C*(B(Z); Z) induces an isomorphism on
cohomology. Thus the map of E, terms from the spectral sequence of the Hirsch extension T(X") — T(X)
to the spectral sequence of the central extension Z — Z" 1 — Z" is an isomorphism. Since both spectral
sequences collapse, it follows that H™* () is an isomorphism. |
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The next step is to consider the case R =F,. Recall that for R =I5, the cohomology ring H*(B(R); R)
is the polynomial algebra R[x] on a generator x in degree 1, and for R =T, with p odd, H*(B(R); R)
is the free commutative algebra /\ (x) ® g R[y] with one generator x in degree 1 and one generator y in
degree 2, with the relation x? = 0.

Proposition 8.8 For R = [F,, the map V : (T rR{x}), do) — C*(B(R); R) induces an isomorphism
y* : H*(Tr({x}),do) => H*(B(R); R).

Proof Consider first the case R =IF,. In this case T g ({x}) is equal to [F[x], the polynomial algebra on a
single generator x. Hence, the differential dg is identically zero and we have that H* (T r({x}), do) =1IF,[x].
To see that ¥ induces an isomorphism on cohomology, note that the 1-chain, [1], in the chain complex of
the bar construction on [, is a generator of H;(B(IF;);F,) and ¥ (x)([1]) =1 € F, so ¥ (x) is a generator
of H'(B(F,);F,). The result follows, since y¥* is an isomorphism in degree 1 and both its source and
target are polynomial algebras on a single generator in degree 1.

Now consider the case R =1IF, with p > 3. Denoting {; (x) by {;, the R-vector space T =T g({x}) has
basis consisting of all elements of the form {;; ®{;, ®---®{;,, where each 1 <i; < p—1. Set D equal to
the graded R-submodule of T generated by the basis elements ; for2<i < p—1and {;, ®$;, @---® iy
for (i1, i) # (1, p—1). Clearly, D is closed under the differential do; moreover, the cochain homotopy
used over Z restricts to D. Hence, H*(D, do) = 0, and it follows that H*(T, do) =~ H*(T /D, dp).

Write x and {; for the images of those elements from T in T /D, and note that both x and {; ® {,—;
are cocycles in T /D. The IF,-algebra T / D is generated in degree 1 by [x] and in degree 2 by [{1 ® {,—1].
It follows that H! (T / D; Fp) =T, with generator [x], and H*(T / D; F,) = F,, with generator [{; ®¢p—1].
Now note that (T /D) T2 is isomorphic to {; ® {,—; ® T* fori > 1. The degree-2 map T* — (T /D)**+?2
givenby a = {1 ® {1 ®a fora € T’ is an isomorphism of graded R-algebras. Since {; ® {p—1isa
cocycle in T / D, it follows from the graded Leibniz rule that this map commutes with the differentials,
and hence induces an isomorphism on cohomology. This gives H'(T) = H*(T /D) =~ H***(T) fori > 1,
and it follows that H'(T /D) = T, for i > 1. The generators of these groups are

(1 ®8p-1®51®LH1® R Ry if i is even,
G ®p1®®EH1®-®L QL1 ® ifiis odd.

The next step is to show that ¢ induces isomorphisms ¥’ : H' (T({x}), do) — Hi(B(]Fp);IFp) in

degrees i = 1 and 2. The 1-chain [1] is a generator of H;(B(F,);F,) = F, and ¢ (x)([1]) = 1, so

¢! is an isomorphism. Note that the cocycle ¢ = Zf;l Ci(x) Ulr_;(x) € T projects to the cocycle

{1 ® {p—1 € T/D. Moreover, the homology class of the 2-cycle g = P !

i=1

Hy(B(Fp); Fp). Since ¥ (c)(g) = 1, we conclude that y? is also an isomorphism.

[i]1] is a generator of

Finally, since H*(B(F,);F,) is generated in degrees 1 and 2 and ¢* is an isomorphism in those
degrees, it follows that ¥* is an epimorphism. Since H' (T({x}), do) and H' (B(Fp);Fp) are both
isomorphic to F,, for each i > 0, it follows that 1 * is an isomorphism. a

The next theorem is a synthesis of the preceding results.
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Theorem 8.9 If X is a finite set with n elements and if R = 7 or [, then the dga morphism
Vx r: (TR(X),do) — C*(B(R"); R) induces an isomorphism of cohomology rings.

Proof For R = Z the result is Corollary 8.7. For R = [F, and n = 1, the result is Proposition 8.8.
For n > 1, the result follows by induction on 7, using the property that the spectral sequence of the Hirsch
extension (T(X), do) — (Tr(X U{y}).do) collapses with E> = Ec. ]

8.4 Colimits of Hirsch extensions
We now consider a type of free binomial U{-dgas that arise as unions (or, colimits) of certain sequences
of Hirsch extensions. These objects will play an important role for the rest of this paper.

Definition 8.10 A free binomial U;-dga (Tg(X),d) is called a colimit of Hirsch extensions if the
following conditions hold.

(1) X = ;> X; with each set X; finite.

(2) For X" = U;’=1 X ; and n > 1, the differential d on T g(X) restricts to a differential d,, on Tg(X").
(3) Each map i, : (TR(X"), dy) — (TR(X™Y), d,41) is a Hirsch extension.

4) X1 #3,anddi(x) =0forall x € X;.

A morphism of colimits of Hirsch extensions is a map of binomial U{-dgas as above, f : (Tr(X),d)—
(Tr(X"),d"), with the property that for each n > 1, it restricts to a morphism f5, : Tp(X") — Tr(X").
Note that these morphisms are compatible with the respective colimits; that is, the diagram below

commutes for each n > 1:

TROX™H) 2 TR(x )

(84 3 i

TR(X") —— T(X")

8.5 The group associated to a colimit of Hirsch extensions
We now associate in a functorial way to each colimit of Hirsch extensions a pronilpotent group.
Lemma 8.11 Let T = (Tg(X), d) be a colimit of Hirsch extensions T, = (Tg(X"), dy).

(1) There is a pronilpotent group Gt and a Uy-dga map Y1 : T — C*(B(GT); R).

(2) If X is finite, then G is a nilpotent group and YT is a quasi-isomorphism. Moreover, if R = 7,
then G is torsion-free.

(3) In general, Y1 induces a quasi-isomorphism from T to C(B(GT); R) = colim,—oc C*(B(GT,); R),
the continuous cochains on B(G).

(4) Every morphism of colimits of Hirsch extensions, f : T — T’, induces (in a functorial way) a group
homomorphism, [ : Gy — GT.
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Proof (1) We start by defining for each n > 1 a finitely generated nilpotent group, G,, = G,,, correspond-
ing to the free Uy-dgas T, = (Tr(X"), dy), as well as a U;-dga map ¥, : TR(X") — C*(B(Gp); R)
inducing an isomorphism on cohomology. This is done inductively, as follows.

First let G; = M (X1, R). As noted in Section 7.1, this is a free R-module with basis X 1; we
view it now as a finitely generated abelian group. By Theorem 8.9, there is a quasi-isomorphism
Y1 (TRr(X1),do) = C*(B(G1); R). Assume now that a finitely generated nilpotent group G, has
been constructed, together with a Uq-dga quasi-isomorphism ¥, : (Tg(X"),d,) — C*(B(Gp); R)
inducing an isomorphism on H'. By Theorem 8.2, the differential d,,; on T(X ,4) restricts to
an admissible map 7, : X401 > Z (T%e (X™)). The composition v, o t,, then, defines a cocycle in
Z*(B(Gn); M(X py1, R)); let

(8-5) 0 — M(Xpi1.R) — Guy1 —25 Gy — 1

be the corresponding central extension. Since G, is a group, Lemma 2.3 insures that G, 41 is also a
group; by construction, this is again a finitely generated nilpotent group (torsion-free if R = Z). Since
the map 7, is admissible, Theorem 8.2 insures that the map 7,41 = dy+1(x,,,, s also admissible. Since
X ;41 is finite, the Hirsch extension T g(X ;) <> Tr(X,+1) can be realized as a sequence of elementary
Hirsch extensions. The inductive assumption together with Lemma 8.5 and Theorem 8.9 then show that
Yn+1 is a quasi-isomorphism. This completes the construction of the G,, and the argument that ¥, is a
quasi-isomorphism.

Let Gt =lim G, be the limit of the inverse system of groups {Gp, gn}n>1 and Y7 : T — C*(B(GT1): R)
be the colimit of the directed system of maps ¥, : (Tg(X"),d,) — C*(B(Gy); R). By construction,
both G+ and vt satisfy the claimed properties. The underlying magma of Gt is (M (X, R), u;), where
7: X — Z(T%e (X)) is the colimit of the maps t,,, while Y1 coincides with ¥ x : T(X) - C*(A(M<); R).

(2) If X is finite, then X = X" for some n > 1, and the claimed properties for Gt and ¥t follow from
the above proof.

(3) The fact that the map T — CJ(B(GT); R) induced by 7 is a quasi-isomorphism (when X is not
necessarily finite) follows from part (2).

(4) Let f : T — T’ be a morphism of colimits Hirsch extensions, so that, for each n > 1, the diagram
(8-4) commutes and d;, o f, = fy41 0 dy. Setting fn := ¢y, we define inductively homomorphisms
fu: G, — G, which satisfy fuoily =ino fui1, as follows. We first let f; : G| — G be equal to
the R-linear map f," : M(X " R) — M (X, R) from Section 7.1. Assuming that fn has been defined,
we let (fry1lx,,)": M(X;H; R) - M (X ,+1; R) be equal to the Hom(—, R)-dual of the set map
Jo+1lx ey P Xnp1 > X ; 41~ The fact that f, and f,4 are compatible dga-maps implies that the
homomorphisms fy and (f+1lx,,,)" are compatible with the k-invariants of the extensions (8-5), and
. 41 > Gny1 with the claimed property. Passing to the limit yields
a homomorphism f : Gy — Gt. Finally, if g : T" — T” is another morphism of colimits of Hirsch

thus define a homomorphism f,4+1: G

extensions, it is readily verified that fo g =go /. O
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Remark 8.12 In [1; 2], Bousfield and Kan associated to every space X and commutative ring R an
R-completion, Rs(X). This is an R-space (i.e., its homology groups in positive degrees are R-modules)
which comes equipped with a structure map, ky : X — Roo X, with the following property: Given a
map f : X — Y, there is an induced map, Roo f : RooX — RsoY, such that R f oky = ky o f;
moreover, f is an R-homology equivalence if and only if R f is a weak homotopy equivalence. The
Bousfield—Kan completion also works at the level of groups, sending in a functorial way a group G to its
R-completion, G Rr- In particular, if R = Z, then 6Z =lim, G/ I'4(G) is the pronilpotent completion
of G, built from the lower central series {I',(G)},>1. It is shown in [36] that if T is the 1-minimal model
of a path-connected space X, then G is the pro-torsion-free-nilpotent completion of G = 71 (X) if
R=7 and Gt = 6]Fp if R =T, and thus, an R-free pronilpotent group.

The next lemma describes another type of functoriality property of the above construction, related to
maps between classifying spaces of R-free pronilpotent groups.

Theorem 8.13 Let T = (T g(X), d) be a colimit of Hirsch extensions, let G = G be the corresponding
pronilpotent group, and assume the map Y1 : Tp(X) — C*(BG; R) is a quasi-isomorphism. Let also
0 — F — G — G — 1 be a central extension of groups, with F a finitely generated, free R-module, and
letw : BG — BG be the corresponding fibration.

(1) There is a Hirsch extensioni : T <> T = (Tr(X UY), d) such that G = Gr.

(2) The diagram below commutes:

T, C*(BG: R)

(8-6) Tl. T,,*

T Y, C*(BG; R)

(3) The map V5 is a quasi-isomorphism.

Proof It suffices to prove the case where F'= R. Letc € T%e (X)) be a cocycle such that the cohomology
class of ¥y (c) in H?(BG; R) corresponds to the central extension. Set T = (T rRX U d ) equal to
the Hirsch extension with d(y) = ¢ and set G = G+. This gives the commutative diagram (8-6).

The map /5 induces a map of spectral sequences from the spectral sequence of the Hirsch extension
to the spectral sequence of the fibration. The map of the terms E é’ 4 s

®
(8-7) HP(TR(X)® HI(Tr({p)) ~22L5 HP(BG: R)® HY(BR: R),

where H? (T({ y})) denotes the cohomology computed with dy =0 and f denotes the map on cohomology
induced by the map ¥rr((,y) : TR({y}) = C*(BR; R). The map /7 is an isomorphism by assumption,
while f has been shown to be an isomorphism in Theorem 8.9. Hence, the map of E, terms is an
isomorphism and it follows that 5 is a quasi-isomorphism. O
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Corollary 8.14 The assignment T = (Tg(X), d) ~> Gt establishes an equivalence of categories be-
tween colimits of Hirsch extensions over R and R-free pronilpotent groups, with the property that
H*(Tr(X)) = H;(GT1; R).

Proof By part (1) of Lemma 8.11 it follows that if (T g(X), d) is a colimit of Hirsch extensions over R,
then the corresponding group G is an R-free pronilpotent group.

Conversely, if G = 1lim G is an R-free pronilpotent group, by Theorem 8.13 and induction on 7,
T = (Tr(X),d) is a colimit of Hirsch extensions. Also, by Lemma 8.11(3), H}(Gt; R) = H*(T). O

9 The existence of 1-minimal models

In this section, we define 1-minimal models and show that every binomial U;-dga A over the ring R = Z
or R =IF, admits a 1-minimal model, provided that / 9(4) = R and H'(A) is a finitely generated, free
R-module.

9.1 Solving an extension problem

We start by setting up an extension problem in the category of binomial U;-dgas and give an if and only
if criterion to solve it.

Definition 9.1 Let f : (Tg(X),d) — (4,d4) be a morphism of binomial U;-dgas, and let the map
i : Tr(X)— Tr(X UY) be a Hirsch extension of Tg(X). A morphism f : TR(X UY) — A is an
extension of f if the following diagram commutes:

TrR(XUY)
(9-1) f T,-
A +— Tr(X)

S

Theorem 9.2 Given a morphism of binomial Uy -dgas, f :(Tg(X),d)— (A4, d4), and a Hirsch extension,
i (TR(X).d)— (TR(XUY),d), there is a bijection between the set of extensions f TR(XUY)— 4
of f and the set of functions o : Y — A! such that d4(c(y)) = f(dy) forall y € Y.

Proof First note that there is an extension f of /" if and only if [/ (dy)] = 0 for all y € ¥. Thus, the set
of such extensions is empty if and only if the set {0 : Y — A : d4(c(p)) = f(dy), Vy € Y} is empty,
and we are done in this case.

So assume there is an extension f :TR(X UY) — A. The corresponding map o : ¥ — A! is then
given by 0(y) = f(y) for y € Y. The condition that d4(c(y)) = f(dy) follows from the assumption
that f is a map of dgas.

In the opposite direction, assume o : ¥ — A! is a map of sets with d4(c(y)) = f(dy) forall y € Y.
Then by Lemma 6.2, y — o(y) extends f uniquely to a map f : Tg(X UY) — A of binomial graded
R-algebras with cup-one products. Since d4(c(y)) = f(dy), it then follows from Theorem 7.8 that this
extension commutes with the differentials d and d4, and so f is a morphism of binomial U;-dgas. O
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Lemma 9.3 With notation as above, let f :TR(X UY) — A be an extension of f : Tp(X) —> A4
with Y = {y}, where d denotes the differential on T g(X UY) and d denotes its restriction to T g(X).
Assume both H'(A) and ker(H?( f)) are finitely generated, free R-modules, and that the cohomology
classes of the cocycles dy,cy,cs, . ..,cy in TR(X) form a basis for ker(H?(f)).

(1) The inclusioni : Tr(X) — Tgr(X U {y}) induces an isomorphism on H'.
(2) The set {[i(c1)]....,[i(ce)]} is a basis for im(H?(i)) Nker(H?(f)).
(3) The kernel of H2( f) is a finitely generated, free R-module.

Proof Consider the spectral sequence from Lemma 8.5 associated with the elementary Hirsch extension
(Tr(X),d) — (TR(X Uiy}, cf) We then have Eg’l = R with generator y, and d y € ker(H2(f)).
Hence, by assumption, ndy # 0 for all n € R, n # 0. It follows that £ g’l = 0. Therefore, the induced
homomorphism H'(f): H'(Tg(X)) — H'(Tg(X U{y})) is an isomorphism, and the proof of claim
(1) is complete.

To prove claim (2) in the case R = F,, note that since F, is a field, we can write H2(Tg(X))
as a direct sum span([dy], [ci],....[ce]) ® B, with H?(f) restricted to B a monomorphism. Then
im(H?(i)) = E§5° = span([c1]. . ... [c¢]) ® B, and the result follows since H2(f)o H2(i) = H2(f).

To prove claim (2) in the case R = Z, note that since £ 3 2 =0, the terms E 3,50 and £ é;,l give an exact
sequence,

9-2) 0 — EY’ = HX(TR(X)/[dy] — H*(TR(X U{»})) — EL' — 0.

and claim (2) follows at once.

For R =T, claim (3) follows since in this case every submodule of a finitely generated, free R-module
is a finitely generated, free R-module.

To prove claim (3) in the case R = Z, let {[dy].[c1].....[c¢]} be a basis for ker(H?(f)), and let
[c2. ..., cg] denote the submodule of H? (TR (Xu {y})) generated by the elements [i (¢2)], ..., [i(c¢)].
Then since E égl is finitely generated and torsion-free, the sequence (9-2) is split exact and the kernel of
the map from H? (TR(X U {y}))/[cz, ...,cg] to H?(A) is the submodule K of Eégl consisting of all
elements k for which there is an element o € im(H2(i))/[ca. . . ., cg] with H2(f)(k + &) = 0. It follows
that ker(H2(f)) 2 [c2, ..., c;] ® K. This establishes claim (3) in the case R = Z. |

9.2 A lifting criterion

The next theorem corresponds to an analogous rational homotopy result from [10, Lemma 12.4].

Theorem 9.4 Let (A, d4) and (A’, dy/) be binomial cup-one R-dgas over R =17 orFp, let f : A — A’
be a surjective 1-quasi-isomorphism, and let ¢ be a morphism from a colimit of Hirsch extensions,
(Tr(X),d), to (A’,d4). There is then a lift of ¢ through f'; that is, a morphism ¢ : T g(X) — A such
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that the following diagram commutes:

~ 3 A
2y
TrX) —2 4

Proof As in Definition 8.10, let {(T rR(X™M), d,,)}nZ | be the sequence of binomial Uy -dgas whose colimit
is (TR(X),d). Set ¢, : TR(X™) — A’ equal to the restriction of ¢ to Tg(X"). It suffices to show that
for each n > 1, there is a lift ¢,, of ¢, through f.

The argument proceeds by induction. For n = 1, we have that d;(x) = 0 for all x € X ;. Thus, by
Lemmas 6.2 and 6.3 it suffices to show that for each x € X there is a cocycle ay in A with f(ax) = @(x).
To do this, given x € Xy, let by be an element in A! with f(bx) = ¢(x). Then d4(by) is a cocycle
in ker( ). By Remark 3.3, we have that H?(ker(f)) = 0. Hence, there is an element ¢, € ker( /) with
dq(cx) =dg(by). Then ay = by —cx is a cocycle in A4 with f(ax) = ¢(x). This completes the argument
for the case n = 1.

Now assume there is a lifting @,, of ¢, through /. In order to show that ¢, extends to a lifting @, |
through f, it suffices by Lemmas 6.2 and 6.3 to show that for each x € X, 1 there is an element a,
in A with f(ax) = ¢(x) and ¢, (dx) = d4(ax). Given x € X, 11, let by be an element in A with

/(bx) = ¢(x). Then
S (@n(dx) —da(bx)) = p(dx) — f(da(bx)) = ¢(dx) — da(f(bx))
= ¢(dx) —dq(p(x)) =0,
and 50 @, (dx)—d 4(by) €ker( f). We have that @, (dx)—d 4(by) is a cocycle in ker( ) and H?(ker(f))=0;

therefore, there is an element cx € ker(f) with dq(cx) = ¢,(dx) —d4(by). Setting ax = by —cx, we
have that f(ax) = ¢(x) and @, (dx) = d4(ax). O

9.3 1-minimal models

Colimits of Hirsch extensions lead to the notion of 1-minimal model, which is central to the study done
in this paper. Let (4, d4) be a binomial U;-dga over R = Z or [, such that H°(A)=Rand H'(4) is
a finitely generated, free R-module.

Definition 9.5 A 1-minimal model for A is a free binomial U;-dga M = (T g(X), d) which arises as the
colimit of a sequence of Hirsch extensions, M, = (T g(X"), d,), together with morphisms p; : M, — A
such that, for each n > 1, the diagram

Mn—H

(9-3) PV T
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is a commutative diagram of binomial U;-dgas and the following conditions are satisfied:
(1) The maps H'(p;) : H (M;) — H'(A) are isomorphisms for i =0 and i = 1.

(2) The submodule ker(H?(p,)) C H?(My) is a free R-module with basis given by the cohomology
classes of the cocycles {d,11(x) | x € X411} C Z>(Tr(X™)).

Set M := |, Mj. Since all diagrams of type (9-3) commute, there is a morphism of U;-dgas,
p:(M,d)— (A, dy), whose restriction to M, coincides with p, for all n > 1. We will oftentimes refer
to p: M — A, or simply to M as being a 1-minimal model for 4; when needed, we will refer to the map
p: M — A as the structural morphism for M. If the inclusion maps i, : M, — M satisfy properties (1)
and (2), then we simply say that M is a 1-minimal model. If M = T(X) is a 1-minimal model with X a
finite set, then we say that M is a finitely generated 1-minimal model.

From the definition of colimit of Hirsch extensions we have that M = (Tg(X 1), dp). Also note that
from part (2) of Theorem 8.2 it follows that the map d |y~ is admissible for each n > 1.

Lemma 9.6 Let M = UnZl M,, be a 1-minimal model for A. Then, foralln > 1,
(1) Z'(Mpn) = H' (Mp),
(2) the inclusion M; < M, induces an isomorphism, H'(M;) => H'(M,).

Proof Part (1) follows since d : (M,)® — (M,)! is the zero map for all n. Part (2) follows from
Lemma 9.3, part (1). O

The next corollary follows at once from the lemma.
Corollary 9.7 If M is a 1-minimal model for A, then, for alln > 1,

(1) H'(M,) = M(X 1, R), the free R-module with basis given by the elements in X |,
(2) Zl(Mn—H) = Zl(Mn)-

9.4 Existence of 1-minimal models

We are now in a position to state and prove the main result of this section.

Theorem 9.8 Let A be a binomial Uy-dga over R = 7 or I, with H°(4) = R and H'(A) a finitely
generated, free R-module. There is then a 1-minimal model, M, and a structural morphism, p: M — A,
which is a 1-quasi-isomorphism.

Proof Since M is connected, we can define p° : M® — A° to be the composition of the inverse of the
structure map from R to M followed by the structure map for A.

Now let u,...,u be cocycles in A! whose cohomology classes give a basis for H'(A4). Let
X1 ={x1.....xx} and set M; = (Tgr(X),dr,), where 7y = 0, that is, d, (x;) = 0 for all i. In view
of Corollary 7.9, we may define a morphism p; : M; — A by setting p; (x;) = u; for 1 <i <k such that
the induced map on H? is an isomorphism. By construction, the map H'(p;) is also an isomorphism.
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Assume by induction that an extension (M, dr,) = (Tr(XU---U X,), dy,) has been constructed,
along with a map p,, : M, — A inducing isomorphisms on H® and H'! and such that the kernel of p,, is
a finitely generated, free R-module. Then by repeated applications of Corollary 7.9, Theorem 8.2, and
Lemma 9.3, it follows that there is a finite set X, 41, an extension M, 1 =Tgp(X{U---U X,,4) with
differential dv, |, and an extension p,1 of p, such that p, induces isomorphisms on H 0and H!,
the kernel of H?(p,41) is a finitely generated, free R-module, and the restriction of H?(p,4 1) to the
image of M in M,,4+; is a monomorphism.

If for some n the map H?(p,) is a monomorphism, then set M = M,,; if not, then set M = Uns1 Ma.
It then follows that M is a 1-minimal model for A. Its structural morphism, p : M — A, is defined to
be the direct limit of the morphisms p, : M, — A; that is, p| s, = pn, for all n > 1. By construction,
the map H'(p) : H (M) — H'(A) is an isomorphism for i = 0 and 1 and a monomorphism for i = 2.
Therefore, p is a 1-quasi-isomorphism. a

The theorem has an immediate corollary in the case when A is a cochain algebra of a space.

Corollary 9.9 Let X be a connected A-complex, and assume H'(X; R) is a finitely generated module
over R =7 orF,. There is then a 1-minimal model, p : M — A, for the cochain algebra A = C*(X; R).

9.5 Augmented 1-minimal models
When the binomial U;-dga A admits an augmentation, the above theorem can be enhanced, accordingly.

Theorem 9.10 Let A be binomial U{-dga such that there is an augmentation €4 : A — R which induces
an isomorphism from H®(A) to R and such that H'(A) is a finitely generated, free R-module. There
is then an augmented 1-minimal model, M, such that the structural morphism, p : M — A, is an
augmentation-preserving 1-quasi-isomorphism.

Proof By Theorem 9.8, the binomial U;-dga A has a 1-minimal model, p : M — A, which is a 1-quasi-
isomorphism. Since the tensor algebra M = T g(X) is connected, it admits a canonical augmentation,
ep : M — R, which sends M~ to 0 and identifies M° with R.

Since both €4 and p are dga maps, their composite, 4 o p : M — R is again a dga map. Owing to our
hypothesis on &4, the map from R = H°(M) to R induced by the composition is an isomorphism of
rings from R to R and so equals the identity of R. It follows that ¢4 o p is an augmentation for M. By
the uniqueness of augmentation maps for connected dgas, we have that e4 0 p = 4. O

Recall from Section 3.4 that a choice of basepoint x( for a space X yields an augmentation map,
go:C*(X;R)— R.

Corollary 9.11 Let (X, x() be a connected, pointed A-complex, and assume H'(X; R) is a finitely
generated module over R = Z or IFj,. There is then an augmented 1-minimal model, M, for the cochain
algebra C*(X; R) and a structural morphism, p : M — A, which is a 1-quasi-isomorphism preserving
augmentations, that is, €9 0 p = .
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10 Uniqueness and functoriality of 1-minimal models
10.1 Maps between 1-minimal models

Let (A4,d) and (A’, d’) be binomial U;-dgas over the ring R = Z or I, with H® = R and H! a finitely
generated, free R-module. By Theorem 9.8, there are 1-minimal models p: M — 4 and p' : M" — A’,
in the sense of Definition 9.5. We then have M = Unzl My, with inclusion maps i, : M, — M 41
which are Hirsch extensions, and morphisms pj, : M, — A4 such that p, = p| s, and p,41 0 iy = pp for
all n > 1, and similarly for A" and M’.

Let ¢ : A — A’ be a map of binomial U;-dgas. A map f : M — M’ between the corresponding
1-minimal models is said to be a morphism compatible with ¢ if f is a map of binomial U;-dgas such
that p’ o f = ¢ o p. That is, we have a sequence of morphisms, f; : M, — M, such the following
diagrams commute, for all n > 1:

Sut1

Mat1 = My,

(10-1) T };

My ——— M,

My L M,

(10-2) pnl P

A—— A

The commutativity of the diagrams (10-1) means that the morphisms f; : M, — M/, between the
n-th stages of the respective colimits of Hirsch extensions are compatible, in the sense delineated in
Section 8.4.

A weaker notion is that of a morphism compatible up to homotopy; that is, a morphism f : M — M’
preserving dga and binomial structures and such that p’ o /' >~ ¢ o p. In this case, the diagram (10-1)
commutes for all # > 1 and the diagram (10-2) commutes only up to homotopy, in the sense that there are
homotopies @, : M, — A’ @ g C*(I; R) between ¢ o p, and pj, o f, for all n > 1, with the restriction of
®,,4+1 to M, equal to &, for all » > 1. Since by Theorem 3.8 homotopic maps induce the same map on
cohomology, we still get commuting diagrams in cohomology

H (M) Y25 g

(10-3) H (pn)l lH" (oh)

H(A) —— H(A))
H' ()

foralli >0and alln > 1.
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10.2 Extending dga maps to 1-minimal models

Our next goal is to show that, given a morphism ¢ : 4 — A’, there is a morphism f : M — M’ compatible
with ¢ up to homotopy. We start with a lemma.

Lemma 10.1 Let ¢ : A — A’ be a morphism of binomial U-dgas as above. Let p : M — A and
o'+ M’ — A be 1-minimal models for (A,d) and (A’,d"), respectively, and let n be a positive integer.
Assume there is a morphism fy : M,, — M, such that this diagram commutes:

H? N
H2(M,) 2925 m2 (v,
(10-4) H2<pn)l le(p;)
H2(p)

H*(A) ———— H*(4)
Then:
(1) There is a morphism f,+1: My4+1 — M;H_l such that diagram (10-1) commutes.
(2) There is a bijection between morphisms f,11 as above and maps of sets from X ;41 to H'(M),).
(3) If fy, is an isomorphism and H?(p) is a monomorphism, then f,_; is also an isomorphism.

Proof Set K, = ker H?(p,) and K/, = ker H?(p),). To prove parts (1) and (2), there are three cases to
consider:

(a) K, =0,
(b) K, #0, K/, =0, and
(©) Ky #0, K, #0.

(a) If K, =0, then M,, = M, and the results in both parts follow, since f,4+1 =i, o f, is the unique
map for which the diagram (10-1) commutes.

(b) Next consider the case where K, # 0 and K, = 0. In this case, M,4+1 = T(X, U X,41) with
Xyt+1 # 9, and M;, = M,,. For x € X;,41, it follows from the commutativity of the diagram (10-4)
that the cocycle fy(da, (x)) is cohomologous to 0 in H?(M),). Thus, for each x € X1, we can
choose an element, fy,11(x) € Mj, with d g (fu+1(x)) = fu(dar, (x)). Then by Theorem 9.2 the map
of sets X 41 — M, given by x > f,11(x) extends uniquely to a morphism fy,+; : My4+; — M;,_H
of binomial U-dgas. This completes the proof of part (1) in this case.

Note that if ﬁl+1 My — M;1+1 is a morphism with fAnH o0ip = fu, then

dpi,, Fat1 D) = dgr  ni1 () = faldan, () = fa(dan, (x)) = 0.

Hence, the map of sets X1 — Z!(M),) given by x > ¢x 1= f+1(x) — f,,_,_l (x) is a bijection, in this
case, between morphisms f;,+1 with fA,,H oiy = f, and maps of sets from X, to Z! (M;,) From
part (1) of Lemma 9.6, we have that Z'(M,,) = H!(M,). This completes the proof of part (2) in
case (b).
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(c) Finally, consider the case where K, # 0 and K, # 0. Since the diagram (10-4) commutes, the map
H?( f,) restricts to a homomorphism &, : K, — K/, which fits into the commuting diagram

HZ(Pn)

0 s Ky s H*(My) —> H?(A)
(10-5) |t o |70
\ / \ 2 / 2 /

Note that by assumption both K, and K, are nonzero, finitely generated, free R-modules. Now let
Mpt1 = T(X" U Xpy1) and M, | = T(X" U X}, ). From hypothesis (2) in the definition of
a 1-minimal for A, it follows that the composition of d : T (X ,41) = Z*(M,) followed by the
projection of a cocycle to its cohomology class gives an isomorphism T!(X 4 1) => K,,. Similarly, the
differential from T!(X/,, ;) to M/, 41 gives an isomorphism T'(X). ;) => Kj,. Therefore, kj, gives
a homomorphism T!(X 4 1) — TH(X . +1)- By Theorem 7.8, this homomorphism extends uniquely
toamap fr+1: Mpy1 — ./\/l;l +1 of binomial U-dgas such that the diagram (10-1) commutes. This
completes the proof of part (1) in this case.

Now fix a choice for f,41 and let fyi1: Mpuss — M,
gram (10-1) commutes. Let x be any element in X, 4. Since f,+; commutes with the differentials and

dx € My, we have frod(x) =d o fy+1(x) and similarly f, od(x) =d’o f,,+1(x). Hence,

(10-6) d' fup1(x) = d' fri1(x) = fu(dx) = fu(dx) =0,

and it follows that fy,4+(x)— ﬁ,ﬂ (x) is a cocycle in (M},)!. Therefore, for each x € X, there is a
cocycle ¢(x) € (M),)! such that

be any morphism such that the dia-

(10-7) Far1 (%) = frg1 (%) + e(x).

By Lemma 9.6, part (1) we have that Z!(M},) = H!(M.,). This shows that a choice for f,+ gives a map
that sends isomorphisms fA,,+1 such that the diagram (10-1) commutes to maps from X ;41 to H!(M)).
This completes the proof of part (2) in the last case.

We now turn to part (3). Suppose that f;, is an isomorphism and H?(¢) is a monomorphism. Then
H?( f,) is also an isomorphism, and so chasing diagram (10-5) shows that H?2( f;,) restricts to an isomor-
phism k, : K, => K},. Since the differentials d : T' (X 41) > Z*(M,) and d’: T (X}, ) > Z*(M,)
are monomorphisms, it follows that k;, gives an isomorphism T!(X 1) => T!(X ;1 +1)- By Theorem 7.8,
this isomorphism extends uniquely to a morphism f,4+1 : My41 — ./\/l;l 1 of binomial U;-dgas such
that the diagram (10-1) commutes.

We E:laim that if fn+1 is any morphism from M, to ./\/l;l 1 such that the diagram (10-1) commutes,
then f,4; is in fact, an isomorphism. To prove the claim, first note that since f,4; restricts to an
isomorphism from T (X 1 1) toAT1 (X;1+1)’ it follows that f,,41: M,4+1 — M;H_l is an isomorphism. By

(10-7) it follows that fy 41 and fy induce the same map of R-modules from My, 41/ M, to M), w1/ M,,.
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Consider the following commutative diagram of exact sequences of R-modules:

0 > My —2% Myg1 —2s Myg1/ My — 0

(10-8) l " lf"“ l[fn+1]=[fn+1]

0 > M, mM%J—a+AW+MNm——+O

/!

n
li’l

By assumption, f}, is an isomorphism; moreover, [ f,+1] is an isomorphism, since [ f,,+1] is an isomorphism.
The claim now follows from the five lemma. |

10.3 Lifting homotopies to 1-minimal models

The next step is to show that homotopies between maps of binomial U;-dgas lift to the respective
1-minimal models.

Lemma 10.2 (homotopy lifting lemma) Let (A, d4) and (A’, d ) be binomial cup-one dgas over R = 7
orF, with H® = R and H' finitely generated, free R-modules. Let p: M(A) — A and p' : M(A") — A’
be 1-minimal models, and let ¢ : A — A’ be a morphism. Suppose for a given n > 1 there is a morphism
Jn : My — M), and a homotopy ®, : M, — A’ @ g C*(I; R) between ¢ o p, and p), © fp.

(1) There is a unique morphism f,4+1 : My4+1 — M;H such that fy4q 0i, = i) o fy and such
that there is a homotopy ®y+1 : Mpy1 — A" ®g C*(I; R) between ¢ o pyy1 and p;, | © fu1
with ®p 41| a1, = .

(2) If in addition f, is an isomorphism and H?(¢) is a monomorphism, then f;,y; is an isomorphism.

Proof As before, let M1 = T(X" U X ,41) and let M), | = T(X™ U X, ), with corresponding

maps p and p’ as pictured in

fn+l

\ /
> M

Mn—H

’X

(10-9) My —2 s

Pn+1 ,
n Pn

AT>A’

Let d, 41 denote the differential on M, 41, and note that for x € X4, we have d,(x) € M,. By
Theorem 7.8, it suffices to define for each x € X 41 an element ®,,1{(x) € A’ ® g C*(I; R) such that
Dyp10dyy1(x) =dygre+a:R) © Put1(x). Let x € X4 q. Then dy41(x) is a cocycle in My, and
hence, ®,(d,+1(x)) is a cocycle in A’ ® g C*(I; R). We can assume this cocycle has the form

(10-10) D (dnt1(x)) = @(Pu(dnt13))t0 + Py (fu(dnt1))t1 + ¢1(X)u,

with ¢q(x) € (4.
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The condition that &, (d,+1(x)) is a cocycle then leads to an equation for d 4 (c1 (x)), as follows. Recall
that if ug, u, ¢ are homogeneous elements in A" with |ug| = |u1| = |¢| + 1, then u = ugto + uity + cu
is a homogeneous element in A’ ® g C*(I; R) with

(10-11)  dggcsa:r)oto+urty +cu) = dar(uo)to+dar )ty + (=)0 g+ (= 1)ty +d g (e))u.

In particular, if ugtg + u1t; + cu is a cocycle in A’ ® g C*(I; R), then ug and u; are cocycles in A" and
da(c) = (—=)lHolyy 4+ (=1)l“1l+1y, . Since @, (d,41x) is a cocycle in A’ ® g C*(I; R), we have that

(10-12) dr(c1(x)) = @(pn(dns1x)) — Py (fu(dns1x)).

Now by Lemma 10.1 there are morphisms f;, 41 : My 4+1 — M;, 41 such that the diagram (10-1) commutes.
Choose such a map f;+1. The map f,+; then determines a map from X, 4 to H!(M,), as follows.
For each x € X},11, we have

(10-13) Ay (@(Pn41(x))) = @(on(dns1x)) and  dg (0} 41 (frs1(x)) = pp(fu(dns1X)).

and it follows from (10-12) and (10-13) that the element z(x) := ¢1(x) — @(pn+1(X)) + 05, (fu+1(x))
is a cocycle in A’. Thus, we have a map of sets X, — H!(A’) given by x > [z(x)], where [w] is the
cohomology class of a cocycle w. By Definition 9.5 and Lemma 9.6, this map corresponds uniquely to a
map of sets from X 41 to H'(M)).

By Lemma 10.1 we can assume that f,4; has been chosen so that for each x € X, 4+, we have that
[z(x)] = 0. It then follows that for each x there is an element co(x) € (4")° with

(10-14) dgr(co(x)) = z(x) = c1(X) = @(Pnt1(x) + P11 (fug1(x)).
Now set
(10-15) @1 1(x) 1= @(Put1 (X))o + oy, (frp1(X))11 + co(x)u.

The final step is to show that with this choice of ®,, 1, it follows that

Oy (dpt1(x)) = dA’®C*(I)(CDn+1(x))
for all x € X;,41. Using (10-15), (10-14), and (10-10), we have that
(10-16) daec+ 1) (Pnt1(x)) = dagc+ 1) (@(Pnr1(X))to + Py (fn1 (X))t + co(x)u)
= @(on(dny1X)t0 + Py (fu(dny1X)11
+ [@(on1(0)) = gy (Sr1 (X)) + dgr (co(x)) |u

= @(pn(dng1X)1t0 + pp(fu(dny1 X))t +c1(X)u
= (Dn(dn+1x)’

and the proof is complete. |

Algebraic & Geometric Topology, Volume 26 (2026)



Cup-one algebras and 1-minimal models 117

10.4 Homotopy functoriality of 1-minimal models

We are now in a position to show that 1-minimal models are unique up to homotopy.

Theorem 10.3 Let (A, d) and (A’, d’) be binomial cup-one dgas over R = Z or F, such that H°(A)
and H®(A’) are isomorphic to R and H'(A) and H'(A’) are finitely generated, free R-modules. Let
p:M(A)— A and p' : M(A") — A’ be 1-minimal models, and Iet ¢ : A — A’ be a morphism.

(1) There is a morphism @ : M(A) — M(A’) compatible with the respective colimit structures (that is,
Qpi1 ©in =i, 0@, for all n), and there is a homotopy ® : M(A) - A’ @g C*(I; R) between ¢ o p
and p’ o ¢ (also preserving colimit structures), so that the diagram below commutes up to homotopy:

M(A) --2-5 M)

(10-17) lp l”/

A—2r
(2) Ifg is a 1-quasi-isomorphism, then ¢ is an isomorphism.

Proof To prove part (1), first set M, = M, (A) and M), = M, (A"). We need to construct isomorphisms
@, : My — M, and homotopies ®, : M, — A ®g C*(I; R) between p, and pj, o ¢, such that
Opy10in =1,0¢, and ®,4|r, = Py. The proof is by induction on 7.

The base case is to show that there is an isomorphism ¢, : M; — M and a homotopy ®; : M; —
A®RC*(I; R) between p; and p) o@;. Since H'(p)=H! (0} 0% ). the claim follows from Lemma 7.12.
The induction step now follows from the homotopy lifting lemma (Lemma 10.2).

To prove part (2), assume that ¢ is a 1-quasi-isomorphism; that is, the map H'(¢): H'(4) — H'(4") is
an isomorphism and H?(¢) : H*(A) — H?*(A’) is a monomorphism. Now, the map H!(¢) determines a
map ¢ : M — M, which must also be an isomorphism. Since H 2(p) is a monomorphism, Lemma 10.1,
part (3) insures that ¢, lifts to compatible isomorphisms, @,, : M, — M, for all n > 1. It follows that
the family of maps {¢,,},> defines the desired isomorphism ¢ : M(A4) — M(A). O

Taking A = A’ in the above theorem, we obtain the following corollary.
Corollary 10.4 Let A be a binomial cup-one R-dga as above, and let (M, p) and (M’, p’) be any two
1-minimal models for A. Then there is an isomorphism f : M — M’ such that p' o f is homotopic to p.
10.5 1-minimal models and homotopies
The next lemma corresponds to an analogous result in [16, Corollary 11.4]; see also [10, Proposition 12.7].

Lemma 10.5 Homotopy is an equivalence relation on the set of morphisms from a colimit of Hirsch
extensions, M, to a binomial cup-one dga, A.

Proof Clearly, ~ is reflexive. To show symmetry, let & : M — A ® g C*(I; R) be a homotopy from ¢
to 1, given on elements a € M’ by ®(a) = @o(a)ty + ¢1(a)t; + c(a)u, for some c(a) € A'~!; then the
map ® given by ®(a) = ¢ (a)ty + ¢o(a)t; + c(a)u is a homotopy from ¢; to @.
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It remains to show 2~ is transitive. With ® as above, let I’ be another copy of the interval, let Z(’), t.u’

be the corresponding generators of C*(I’; R), and let & : M — A @ g C*(I’; R) be a homotopy from
@1 to @,. Finally, let C*(I; R) v C*(I’; R) be the fiber product corresponding to the augmentations
e:C*(I;R)— Rand &' : C*(I'; R) — R given by &(t;) = &'(t5) = 1 and &(tp) = &'(¢;) = 0. With this
setup, we define a map

(10-18) WM — A®g(C*(I: R)v C*(I'; R))

by setting W(a) = (®(a), ®'(a)). Now let A be a triangle with oriented edges ¢; = I, e; = I, and
e3 = I". The inclusions of the edges in the triangle induce epimorphisms ¢; : C*(A; R) = C*(ej; R),
which give a surjection /' : C*(A; R) — C*(I; R) v C*(I'; R). By Theorem 9.4, the morphism W lifts
through / to a morphism ¥ : M — A ®g C*(A; R). The map g30 ¥ : M — A ®g C*(I"; R), then, is
the desired homotopy from ¢q to ¢5. |

We will write [M, A] for the set of homotopy classes of morphisms ¢ : M — A. Given a morphism
£ : A — A’, composition with & defines a function, & : [M, A] — [M, A’]. Similar notions hold for
augmented dgas and augmentation-preserving morphisms between them. The next lemma corresponds to
an analogous result in [16, Theorem 11.5]; see also [10, Proposition 12.9].

Lemma 10.6 Let (Tg(X),d) be a colimit of Hirsch extensions and assume A and A’ are binomial
Uy -dgas with augmentations, ¢4 and &4, that induce isomorphisms from H® to R. Assume further
that there is an augmentation-preserving 1-quasi-isomorphism, & : A — A’. Then the induced map
£« [TR(X), A] = [Tr(X), A’] of equivalence classes of augmentation-preserving homotopies of augmen-
tation-preserving maps is injective.

Proof Let f, g:Tg(X)— A4 be augmentation-preserving morphisms and let H:Tg(X)—> A’ Qg C*(I; R)
be an augmentation-preserving homotopy between &£ o f and £ o g. We will show that H lifts to an
augmentation-preserving homotopy H between f and g.

Write X = {x1,x3,...} with X" = {xq,...,x,}. Set M, = (Tr(X"),dy) and let fy, g, and H,
denote the restrictions of f, g, and H to M,. Then x; is a cocycle in M1, and we have

(10-19) H(x1) =§0 f(x)to +§0g(x1)t1 +c(xpu
with
(10-20) de(xy) =§0 f(x1) —Eog(xy).

Since H!(£): H'(A) — H'(A’) is a monomorphism, it follows that there is an element ¢(x) € ker(e4)
with

(10-21) dé(xy) = f(x1)—g(x1) = fi(x1) —g1(x1).
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Since fi(x1)to + g1(x1)t1 + ¢(x1)u is a cocycle in A ® g C1(I; R) and é(x;) € ker(e4) with £4 a
binomial subalgebra of A°, it follows that the map x; — f;(x1)to + g1 (x1)t1 + é(x1)u extends uniquely
to an augmentation-preserving homotopy H 1 between f1 and g1.

The next step is to show that H 1 is a lifting of H;. Since ¢(x1) € ker(e4) and & is augmentation-
preserving, it follows that & o ¢(x1) € ker(e4/). From (10-20) and (10-21), we have that the elements
£0¢(xy) and ¢(x;) have the same coboundary. Since €4 induces an isomorphism from H°(A4’) to R,
it follows that two elements in ker(e,4 ) with the same coboundary are equal to each other; hence
£o0é(x1) =c(x;) and H; is a lifting of Hj.

Now assume by induction that the homotopy H,, lifts to a homotopy H n between f, and g, and
show that H, then extends to a lifting H n+1 of Hy41. Note that dx, 4 is a cocycle in T(X"). Hence
H, (dxp+1) = fuldxps1)to+ gn(dxyy1)t1 + ¢(dxy+1)u is acocycle in A ® g C*(I; R), and it follows
that d¢(dxnt1) = fu(dXn+1) = gn(dXp+1). R

The obstruction to extending H, to a homotopy H 1 is finding an element ¢(x,41) € A such that
the map x,41 — ﬁn—l—l (Xn+1) = f(xpr1)to + g(xXp41)t1 + ¢(xp41)u commutes with the coboundary
map; that is, d¢(xy4+1) = €(Xp+1) — f(Xn+1) + ¢(dxy41). Since Hyisa lifting of H,,, we have that
Hy+1(xn+1) has the form & o f(xy41)t0 + & 0 g(xp+1)11 + ¢(Xp+1)u, where

de(xpt1) =Eo0g(xpy1) —&o f(xpp1) +E0l(dxpgr).

In particular, the cocycle Eog(x,41)—&0 f(xp41)+E0l(dxy41) in A’ is cohomologous to zero, and then
since £: H'(A)— H'(A’) is a monomorphism, it follows that the cocycle g (X, 41)— f (Xp+1)+E(dXp11)
is cohomologous to zero in 4. Thus, there is an element ¢(x,41) in ker(e4) with

dé(xpy1) = g(xnt1) — f(Xnt1) +E(dxpp1),

and hence, H n extends to a homotopy H -

The final step is to see that H n+1 1s a lifting of H, 4. Since ¢(x,41) € ker(s4) and £ is augmentation-
preserving, it follows that £ o ¢(x,41) € ker(e4/). The elements & o ¢(x,41) and ¢(x,+1) have the
same coboundary and are both elements in ker(e4/); hence they are equal to each other given that the
augmentation &4 induces an isomorphism from H°(A4’) to R. This completes the argument that H n+1
is a lifting of H,41. O

Remark 10.7 If A = C*(X; R) with X a path-connected A-complex, then there is an augmentation
£4 1 A — R inducing an isomorphism from H°(4) to R.
10.6 1-minimal models of augmented binomial dgas

Let R = Z or F),. For binomial cup-one R-dgas (A4, d4) that come equipped with an augmentation,
£4: A — R, that induces an isomorphism from H°(A4) to R, and for which H!(A) is a finitely generated,
free R-module, Theorem 10.3 may be refined. Recall from Theorem 9.10 that any such dga admits an
augmented 1-minimal model, p : M — A.
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Theorem 10.8 Let (A,d) and (A’, d’) be augmented binomial cup-one dgas as above. Let p: M — A
and p’' : M' — A’ be augmented 1-minimal models, and let ¢ : A — A’ be an augmentation-preserving
morphism. There is then a unique augmentation-preserving morphism ¢ : M — M’ such that ¢ o p is
augmentation-preserving homotopic to p' o .

Proof By Theorem 10.3, there is an isomorphism ¢ : M — M’ and a homotopy ®: M — AQrC*(I; R)
between ¢ o p and p’ o @. Let ¢ : M — M’ be another such isomorphism. Since p’ o @ and p’ o ¢ are
both homotopic to ¢ o p, it follows from Lemma 10.5 that p’ o ¢ and p’ o @ are homotopic to each other.
Then from Lemma 10.6, it follows that ¢ and ¢ are homotopic morphisms from M to M.

Since the proofs of Theorem 10.3 and Lemma 10.5 apply as well to augmentation-preserving homo-
topies, it follows that ¢ and @ are homotopic by an augmentation-preserving homotopy. It then follows
from Lemma 3.10 that ¢ = @. O

The following uniqueness result follows from Theorem 10.8 by taking A = A4'.

Corollary 10.9 Let A be an augmented binomial cup-one R-dga as above, and let (M, p) and (M’, p') be
any two augmented 1-minimal models for A. Then there is a unique augmentation-preserving isomorphism
f i M — M’ such that p' o f is augmentation-preserving homotopic to p.

11 Compatibility of integral and rational 1-minimal models

In this section we define the Postnikov 1-tower of a connected space Y with H!(Y; R) finitely generated
and show that the steps M, in the 1-minimal model of Y are quasi-isomorphic to the cochains of the
corresponding spaces Y, in the Postnikov system. We then use this result to show that the integral
1-minimal model of Y tensored with Q is weakly equivalent as a dga to the 1-minimal model of Y defined
in rational homotopy theory.

11.1 Postnikov 1-towers and 1-minimal models

A connected space Y with H!(Y'; R) finitely generated determines a tower of spaces with compatible
maps from Y to the tower, as pictured here:

M
(11-1) lﬂz

hy v,
/ J/m
h>
Y h—) Y;
1

The spaces Y, and maps /1, are defined by induction as follows. Set Y; equal to the Eilenberg—-MacLane
space K(H'(Y; R), 1) and let /1; be a map inducing an isomorphism from H!(Yy; R) to H'(Y; R).
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Assume Y, and /1, : Y — Y, have been defined. Let P, be the kernel of H?(h,). Using the argument
in the proof of property (3) of Lemma 9.3, we can assume by induction that P, is a finitely generated, free
R-module. Set Q,, = Homg(Py,, R). Then the set of homotopy classes of maps from Y, to K(Qp;2) can
be identified with the set of R-linear maps from P, to H?(Y,; R). Choose a map fy, : Y, — K(Qpn:2)
corresponding to the map of P, to the kernel of H?(h,). Set Y, equal to the pullback over f;, of the
path space fibration on K(Qp;2), and let /1,41 be a lifting of 4,. We call the resulting tower the Postikov
1-tower of the space Y. It will be shown in [36] that the R-modules @, are successive quotients in a
suitable descending series of normal subgroups of 7 (Y).

Lemma 11.1 LetY be a connected space with H'(Y ; R) finitely generated. Let {Y,},>1 be a Postnikov 1-
tower for Y, as in diagram (11-1). Then there is a colimit of Hirsch extensions M and quasi-isomorphisms
Vn : My — C*(Yy; R) such that M with structure maps py, : M, — C*(Y'; R) given by p, = h}, oy, is
a 1-minimal model for C*(Y; R).

Proof Note that H2(K(H'(Y; R), 1); R) is a finitely generated free R-module. Then by induction,
using the argument in the proof of property (3) of Lemma 9.3, it follows that the kernel of the map
H?*(hy) : H*(Yy,: R) — H?*(Y; R) is also a finitely generated, free R-module. The existence of the
colimit of Hirsch extensions M and quasi-isomorphisms ¥, : M, — C*(Yy,; R) such that M with
structure maps p, = /i o ¥, is a I-minimal model for C*(Y’; R) now follows from Theorem 8.13. O

11.2 Polynomial differential forms

We now briefly review a construction in rational homotopy theory due to Sullivan [42]. For each
integer n > 0, set

A(ZOa"'atn’yO"“’yn)
Cu-1.Yy)

where A(tg,...,tn, Vo, -., Vn) denotes the free commutative algebra over Q generated by elements #; of

(11'2) (APL)n =

degree zero and elements y; of degree one, and define a differential d on (A4 ), by setting d#; = y; and
dyj = 0. Given a space Y, an element u € AL (Y) is a rule that associates to each singular n-simplex o
of Y an element u(0) € (Ap )~ compatible with the face and degeneracy maps 9; : (Ap)ns1 — (Ap)n
and s : (Ae.)n = (Ap)n+1 as given in [10, p. 122]. Then Ay (Y') is a commutative differential graded
algebra over the rationals and the assignment Y ~> Ay (Y) is functorial.

In addition to the Sullivan algebra A, (Y) and the cochain algebra C*(Y; Q), there is a differential
graded algebra over the rationals, CA(Y'), with the following property.

Theorem 11.2 [10, Corollary 10.10] For topological spaces Y there are natural quasi-isomorphisms
C*(Y;Q) — CA(Y) +— Au(Y).
Consequently, Ay (Y) is weakly equivalent (as a dga) to C*(Y; Q).
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11.3 Rational 1-minimal models

Let (A(X), d) be the free commutative algebra over Q generated by the elements in a set X, equipped
with a differential d. We say that a dga (A(X) ®q A(Y), d) is a Hirsch extension of (A(X),d) if
dx =dx forall x € X and d y is a cocycle in A(X) forall y € Y.

Now let Y be a topological space. A sequence M, q(Y) = (A(X; U---U X,),d,) of Hirsch
extensions with n > 1 together with maps

Mn-i—l,Q(Y)

(11-3) V i”T

An(Y) 45— Myu(Y)
is a rational 1-minimal model for Y if the following conditions are satisfied:
(1) di(x)=0forall x € X;.

(2) The map ,0% D H! (Mi,0) = H' (A, (Y)) is an isomorphism.

(3) Under the assignment x > d,,4+1(x), the set X ,+ corresponds to a basis for ker(p2) C H*(M,.q)
given by the cohomology classes of the cocycles {dy+1(x) | X € X 41} C Z2(My.q)-

As shown by Sullivan [42] (see also [10; 16; 40; 41]), every connected space Y admits a rational
I-minimal model, unique up to an isomorphism of cdgas.
The following gives the definition of n-step equivalence in rational homotopy theory.

Definition 11.3 Given commutative dgas (A, d4) and (A, d4/) over Q with 1-minimal models (Mg, p)
and (Mg, p); respectively, and an integer n > 1, we say that 4 and A’ are n-step equivalent over Q if
there are isomorphisms f, : M, @ — M; 0 and e, : H*(A) — H?(A’) such that this diagram commutes:

H?2(fy)
Hz(Mn,Q) —_— HZ(M;LQ)

(11-4) Hz(pn)l lm(p;,)

H?(4) ——"—— H*(4)

11.4 Relating the integer and rational 1-minimal models
We are now in a position to state and prove the main result of this section.

Theorem 11.4 Let Y be a connected topological space with H'(Y;Z) finitely generated. Then the
1-minimal model for C*(Y ; Z) tensored with Q is weakly equivalent as a differential graded algebra to
the 1-minimal model in rational homotopy theory for Ap (Y).

Proof Let {Y,},>; be a Postnikov 1-tower for Y, and let M = {M,, 7(Y), pn,z}n>1 be an integral
1-minimal model for Y, with quasi-isomorphisms ¥, : M, 7(Y) — C*(Y,:Z) as in Lemma 11.1. The
proof is to show by induction that for the rational 1-minimal model {M,, (Y ), pn,@}n>1 for Ap.(Y),
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there are 1-quasi-isomorphisms e, : My @ (Y) — Ap.(Yy) with p, @ = f,; 0 e,. The result then follows
from the natural equivalences between Ay (Yy) and C*(Yy; Q) and between A, (Y) and C*(Y; Q).

Assume that for the sets X; (i > 1), we have M, z(Y) =T(XU---U X,). In order to prove the
base case, set M g = A(X ) and define e : A(X 1) — Ap. (Y1) by setting e; (x) equal to a cocycle in
Ap (Y1) whose cohomology class corresponds to /1 (x) under the weak equivalence between C*(Y7; Q)
and Ap (Y7). Then e; is a 1-quasi-isomorphism and p; @ = f{* o e; induces an isomorphism from
H' (Mi,0(Y)) to H' (A (Y)).

To prove the inductive step, assume M, @(Y') and a 1-quasi-isomorphism e, have been constructed.
Consider the diagram below. Note that the diagram of solid arrows commutes and each horizontal arrow
represents a 1-quasi-isomorphism:

1/fn n
Mus12(Y)®Q 22 C*(Yy41:Q) —— CA(Ypp1) —— An(Ynp1) <272 Myrr0(Y)

T i l 5
Mn,Z(Y)®Q — C*(Yn;Q) E— CA(YH) < APL(Yn) L MH,Q(Y)

4 l b

C*(Y;Q) ———— CA(Y) +———— 4p.(Y)
Define M, 41 0(Y) and e, as follows. Set M, +1,¢(Y) equal to the Hirsch extension
(MH,Q(Y) QR A(Xp+1), dn,@),

where for each x € X1, its differential ), g (x) is equal to a cocycle in M,, @ (Y) whose cohomology
class corresponds to the cohomology class of d,, 7,(x) € M, z(Y) ® Q under the 1-equivalence between
Mpz(Y)®Q and M, o(Y).

Given x € X 41, set e,41(x) equal to a cochain in Ay (Y1) whose coboundary equals ey (d,,q(x)).
Then p, o e, = e,4+1 0iy. As in the proof of Theorem 8.13, the map e, gives a map of the spectral
sequence of the Hirsch extension i, to the spectral sequence of the fibration p, inducing an isomorphism
of E, terms. Thus, e, 41 is a quasi-isomorphism. m|

12 Distinguishing homotopy types via 1-minimal models

In this section we use the 1-minimal model of a binomial U;-dga over R = Z or [F,, to define n-step
equivalence for n > 1. We show in Theorem 12.4 that if X and X’ have isomorphic fundamental groups,
then C*(X;Z) and C*(X'; Z) are n-step equivalent for all n > 1, and in Proposition 12.5 we give an
example of a family of spaces that can be distinguished using n-step equivalence with R = Z, where the
corresponding approach in rational homotopy theory fails to distinguish the spaces.

12.1 n-step equivalence

Let (A4, d4) be a binomial U;-dga over the ring R = Z or R = F,. We will assume throughout this
section that H%(A) = R and H!(A) is a finitely generated, free R-module. By Theorem 9.8, there is
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a 1-minimal model, (M, d), which comes equipped with a structure map, p : M — A, that induces
an isomorphism on H'! and a monomorphism on H2. Furthermore, by Theorem 10.3, any morphism
¢ : A — A’ between two such binomial U;-dgas lifts to a morphism ¢ : M — M’ which is compatible
with the respective colimit structures and with the structure maps (up to homotopy). The next result
extracts further information from these data.

Proposition 12.1 Let A and A’ be two binomial U -dgas as above, with 1-minimal models p : M — A
andp' : M’ — A'. Let ¢ : A — A’ be a morphism, and let ¢ : M — M’ be a lift of ¢.

(1) The map H?(¢) induces homomorphisms @y, : coker(H?(p,)) — coker(H? (p))), foralln > 1.

(2) If ¢ is a 1-quasi-isomorphism, then all the homomorphisms ¢, are injective.

Proof Since the morphism ¢ : M — M’ is compatible with the colimit structures, it restricts to R-linear
maps ¢, : M, — M. Since p’ o ¢ is homotopic to ¢ o p via a homotopy which is also compatible with
the colimit structures, we have that H2(p') o H*(¢) = H?*(¢) o H?(p) and similarly for the maps at
level n > 1. We thus obtain for each n > 1 a commuting diagram in the category of R-modules,

H2(¢p
HXMy) — 29 v

Hz(pn)l le(PZ)

(12-1) HZ(A) HZ((p) y HZ(A/)

L

coker(H2(pp)) --22-5 coker(H2(p),))

where, by definition, @, is the R-linear map induced by H?(¢) on cokernels.

Now suppose ¢ : A — A’ is a 1-quasi-isomorphism. Then the map H?(¢) : H*(A) — H?*(A') is
injective; moreover, by Theorem 10.3, the map H?(®) is an isomorphism. A straightforward diagram
chase with (12-1) then shows that the map ¢, is injective. O

Next we define an equivalence relation such that coker H?(py) is an invariant for each n > 1.

Definition 12.2 Given binomial cup-one dgas 4, A’ with 1-minimal models (M, p) and (M’, p’); respec-
tively, and an integer n > 1 we say that A and A’ are n-step equivalent if there are isomorphisms
fn: My — M., and ey, : H*(A) — H?(A’) such that the diagram below commutes:

H2(fn
H2(My) % 12 (My)
(12-2) Hz(pn)l le(p;l)
H2(4) —2— H*(A)
If A and A’ are g-equivalent for some ¢ > 2, then 4 and A’ are n-step equivalent for all n > 1.
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For the rest of this paper, we will assume R = Z and that H?(A) and H?(A’) are finitely generated.
In this case, the cokernels of the maps H?(p,) and H? (p},) are also finitely generated. Given a 1-minimal
model p : M — A over Z, we define for each n > 1 a finite abelian group «,(4) by

(12-3) kn(A) := Tors(coker(H?(pn) : H*(My) — H?*(A))).

That is, k, (A) is the torsion subgroup of the finitely generated abelian group coker(H?2(p,)).

From Proposition 12.1 it follows that the groups coker H?(p,) and hence «,(A) are independent of
the choice of 1-minimal model for 4 used in constructing them. The considerations above yield the
following proposition.

Proposition 12.3 Let A and A’ be binomial U-dgas over Z, with H® = 7Z, H' finitely generated
and torsion-free, and H? finitely generated. Let (M, p) and (M’, p') be 1-minimal models over Z for
A and A’', respectively. Then, if A and A’ are n-step equivalent, then coker H?(p,) is isomorphic to
coker H?(p,) and k,(A) is isomorphic to i (A’)

Proof The result follows from the definition of n-step equivalence by a diagram chase using the diagram
(12-2) expanded, as in diagram (12-1), to include the cokernels. O

12.2 Distinguishing homotopy 2-types

Making use of the above setup, we obtain in this section an invariant of 2-type for spaces based on a
cohomological comparison between their integral cochain algebra and the corresponding 1-minimal model.

In this section, all our spaces are assumed to be connected A-complexes X with finitely generated co-
homology groups H'!(X;Z) and H?(X;Z) (for instance, presentation 2-complexes for finitely presented
groups). Let C*(X'; Z) be the simplicial cochain algebra of such a space, viewed as a U -algebra over Z.
We consider the sequence of finite abelian groups k(X)) := k,(C*(X; Z)), for n > 1, The next result
shows that these groups depend only on the homotopy 2-type of X, or, equivalently, on the isomorphism
type of its fundamental group.

Theorem 12.4 Let X and X’ be two A-complexes as above.

(D) If 1 (X) = w1 (X)), then kp(X) = k,,(X) foralln > 1.

(2) If kn(X) # «,,(X) for some n > 1, then the cochain algebras C*(X;Z) and C*(X';Z) are not

n-step equivalent.

Proof Letp: M — C*(X;Z)and p': M'— C*(X'; Z) be 1-minimal models for the respective cochain
algebras. We begin by proving property (1) in the case where X and X are 2-dimensional. By assumption,
71(X) = 71 (X’), that is, X and X’ have the same 2-type. As in the proof of Theorem 3.6, it follows that
there is a homotopy equivalence, f : A_’_—> X', where A_’iX VVier SFand X' = X'v\/;c; sz, for
some indexing sets / and J. We let ¢ : X — X and ¢’ : X’ — X’ be the maps that collapse the wedges
of 2-spheres to the basepoint, and we let p: M — C*(X;Z) and p/ : M’ — C*(X’; Z) be 1-minimal
models for the respective cochain algebras.
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4

By Theorem 10.3, the induced maps on cochain algebras, f ﬂ, qﬁ, and ¢'", lift to maps between

1-minimal models. For each n > 1, this leads to the following diagram, which commutes up to homotopy:

ﬁ —

#
— — q’
My > My «———— M) +—— M,

(12-4) lp & I I

# — # _ 8
C*(X;Z) s C*(X:2) «L- c* (X 2) 1= CcH (X

)

1

Since all the maps on the bottom row are 1-quasi-isomorphisms, the maps on the top row are isomorphisms,
again by Theorem 10.3. Applying the H?(—) functor to (12-4), we obtain the commuting diagram
H?2 /E _ H?2 /\ﬂ _ H2 /;E
H2(M,) —290 52 (M) 0 w2 () < g2
lHZ(pn) lHZ(ﬁn) le(ﬁ;) le(p’n)

2 — 2 _ 20,/
(12-5) HAx:z) < X7y T (i) O mr iz

l l | l

coker(H?(py)) — coker(H?(pn)) +—— coker(H?(p),)) +— coker(H?(p),))

From the way the collapse map ¢ is defined, the induced homomorphism H?(g) may be identified
with the natural inclusion H2(X,Z) — H*(X,Z) & Z'; thus the induced map on cokernels restricts
to an isomorphism on torsion subgroups. Similar considerations apply to the map H?(q’), while of
course H?(f) is an isomorphism. It follows that Tors (coker(H 2 (,5,,))) o Tors(coker(H 2 (,5;1))). This
completes the proof of property (1) in the case where X and X’ are 2-dimensional.

Now let X be an arbitrary A-complex satisfying our assumptions. We let (C*(X; Z), §*) be its simpli-
cial cochain complex, i : X ®) < X the inclusion of the 2-skeleton into X, and p@ : M@ — C* (X @) 7)
a 1-minimal model for X ®. The induced homomorphism HZ2(i) : H*(X;Z) — H*(X®:Z) may be
identified with the natural inclusion H?(X;Z) < H?*(X:;Z) ®im(§?). Since im(§%) C C3*(X;Z) is a
free abelian group, the map induced by H?(i) on cokernels, coker(H?(py)) — coker(H? (,o,(,z))), restricts
to an isomorphism on torsion subgroups, and the proof of part (1) is complete.

Part (2) follows at once from Proposition 12.3. O

12.3 Integral versus rational 1-minimal models

In this final section we give a family of links in the 3-sphere that can be distinguished from each other
using the integral 1-minimal model, but are not distinguished from each other using the corresponding
approach in rational homotopy theory. We begin with a quick review of triple Massey products and the
cohomology of link complements.

We refer to [29] for the general definition and properties of Massey products. Here we restrict our
attention to triple Massey products of elements in the first cohomology. Given a dga (4, d) and elements
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Figure 2: Generalized Borromean rings.
Uy, uz,uz in H'(A) with uju, = uouz = 0, let ¢; be cocycles with cohomology classes [¢;] = u;,

and let ¢; ; for i < j be elements in Al with decij = cicj. Then cica3 + ¢q,2¢3 is a 2-cocycle; let
(uy,u,, usz) denote the subset of H?(A) consisting of the set of cohomology classes [c1c2,3 +c1203]
of this type. It follows that the difference between any two elements in (i, u5, #3) is an element in
uy UHYA)+ H' (A) Uus.

Now let L = |J!_; L; be an n-component link in the 3-sphere, with complement X7, = S 3\ L. This
space has the homotopy type of a finite, 2-dimensional CW-complex; moreover, H'(Xy.; Z) = Z", with ba-
sis elements corresponding by Alexander duality to generators of H; (L;; Z), and with H>(X1;Z)=7Z""!
generated by the Lefschetz duals y;; to paths from L; to Lj. A formula for the Massey products of
elements in the first cohomology of a CW-complex in terms of the Magnus coefficients of the attaching
maps of the 2-cells is given in [32], along with a proof that Massey products in the complement of a link
and Milnor’s p-invariants of the link determine each other.

Consider now the following family of links in the 3-sphere. For each n > 1, let L(n) be the link
pictured in Figure 2, where the pattern in the middle repeats 7 times. Note that L(1) is the well-known
Borromean rings, and that the three components of L () have pairwise linking numbers equal to 0, for
all n > 1. We denote by X (n) = X (,) the complement of L(n) in S3, and we let p(n) : M(n) — A(n)
be a 1-minimal model for the cochain algebra A(n) := C*(X(n); Z).

Proposition 12.5 For the links L (n) with complement X (n) described above, we have:
(1) The cokernel of H?(p,(n)) is isomorphic to Z, & 7, and so k2 (X (n)) = Z, ® Z,.
(2) The cochain algebras C* (X (m); Z) and C*(X (n); Z) are not 2-step equivalent for m # n.

(3) The Sullivan algebras Ap (X (m)) and Ap (X (n)) are 2-step equivalent for all positive integers m
andn.
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Proof (1) To compute the cokernel of H?(p,(n)), we proceed as follows. First note that M (1) equals
(T({x1 , X2, X3}), do), with pq(n)(x;) equal to a cocycle whose cohomology class u; is Alexander dual
to the generator of H;(L;;Z) given by the orientation of L;.

Since all linking numbers for L (n) are zero, we have that all cup products of elements in H! (X (n);Z)
are zero, and it follows that

Ma(n) = (T({x1. X2, X3, X1,2. X1,3. X2,3}). da (1)),

where da(n)(x;,j) = x; ® x;j and py(n) is any extension of p; (7). In the spectral sequence of the Hirsch
extension My (n) < M, (n), it follows from Theorem 8.9 that the E; term is the tensor product of two
exterior algebras,

(12-6) Ey = A([x1]. [x2], [x3]) ®z A([x1,2]: [x2,3]. [x1,3]).

where [x] denotes the image of x in E,. The differential d, : E, — E, is given by d[x;] = 0 and
da[xi,j] = [xix;]. Then by direct computation of the E& terms with p + ¢ = 2, it follows that
H?*(M5(n)) = 73, with basis given by the triple Massey products

(xal. Deal Beal), (el Dozl Deal)s (el el Desl), (el [xsl [xs).
([xal. Dxal [xsl). ([xal Ixsl [xs]), (Ixals Dol [xs]). (il [xsl [xal).

The correspondence between Massey products and elements in £ is indicated as follows. An element in

12-7)

E égl such as [x1]®[x1 2] is represented by the element in the set ([x1], [x1], [x2]) given by the cohomology
class of the cocycle x1 ® x1,2 —{2(x1) ® x5 in M3 (n) and ([x1], [x2], [x3]) is taken to be the cohomology
class of the cocycle x1 ® x5 3 + Xx1,2 ® X3, which corresponds to the element [x] ® [x2,3] — [x3] ® [x] 2]
in ELL.

We now determine the cokernel of H?(p,(n)). By the naturality of Massey products, H?(p,(n))
sends a Massey product ([x;], [x;], [x]) to (u;, uj,uz). All cup products of elements in H' (X (n); Z) are
zero, so each triple Massey product contains only one element. Since each 2-component sublink of L is
isotopic to the unlink, it follows that each of the first six Massey products from (12-7) maps to zero. From
the computations in [32, Example 3, p. 46], we have that (1, ua,u3) = —ny; 3 and (uy, us, uz) =ny; 2.
Since {y1.3, y1,2} is a basis for H?(X (n); Z), the argument that coker H?(p3(n)) = Zn ® Zy is complete.

Part (2) follows at once from part (1) and Theorem 12.4.

(3) We now show that if the binomial cup-one dga C* (X (n); Z) is replaced by the cdga B(n) = Ay (X (1))
and the integral 1-minimal model M is replaced with the Sullivan rational 1-minimal model Mg ~ M ®Q
from [42], then B(m) and B(n) are 2-step equivalent for all positive integers m and .

Let pg(n) : (Mg.d) — B(n) be the rational 1-minimal model for B(n). Then M, q is the exte-
rior algebra over Q given by A(y1, y2. V3. V1,2, V1,3, V2.3), with differential given by dy; = 0 and
dyi,j = yi A yj. Letv; € H'(B(n)) be the elements that correspond to the elements u; € HY(X(n);Q),
and let w; ; € H 2(B(n)) be the elements that correspond to the elements y;, jEeH 2(X(n); Q) via the
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zigzag of quasi-isomorphisms
(12-8) C*(X(n): Q) — CA(X(n)) <— Awn(X(n)) = B(n).

We can assume that p; o(y;) = v; for i € {1,2,3}. Since the maps in (12-8) are dga maps inducing
isomorphisms on cohomology, it follows from the computation of Massey products in C* (X (n); Q) that in
H?(B(n)) we have (v1, vy, v3) = —nw; 3 and (vy, v3, V) = nwy ,, while all triple products of the form
(vi, v, vg) with {i, j, k} a proper subset of {1,2, 3} are zero. Thus, H?(02)([y1], 2], [3]) = —nw 3
and H?(p2)([y1]. [y3]. [v2]) = new 2, while H?(p2)([yi], ;] [val) = 0if {7, j, K} & {1,2, 3},

Now given positive integers 7 and m, we define a homomorphism ey, , : H*(B(n)) — H?*(B(m)) by
wj,j > % wj,j fori =1and j €{2,3}. Then ey, is an isomorphism and this diagram commutes:

H*(M3,0)

(12:9) H2(02. y Y‘Pz@(’"))

H?*(B(n)) > H*(B(m))

€n.m

The argument that over the rationals the link complements X () and X (n) are 2-step equivalent for
all m,n > 1 is complete. (We do not know whether the two link complements have the same rational
homotopy type.) a

13 Torsion-free nilpotent groups and integral 1-minimal models
13.1 Nilmanifolds, torsion-free nilpotent groups, and Hall polynomials

We start by reviewing some well-known facts about nilmanifolds and finitely generated, torsion-free
nilpotent groups, for short, 7-groups. We refer to [6; 17; 25; 27; 41] for more details.

Given a T -group G, there is a refinement of the upper central series, G = G| > -+ > G > Gp41 =1,
with each subgroup G; a normal subgroup of G; 1, and each quotient G;/G;41 an infinite cyclic group.
The integer # is an invariant of the group, called the length of G. From the well-known correspondence [3]
between central extensions of a group G by an abelian group B and elements in H?(G; B), it follows
that every 7-group G can be viewed as a multiplication defined on the set Z", where 7 is the length of G,
with the multiplication given by the cocycles representing the iterated central extensions.

More precisely, we can choose a Malcev basis {uy, . ..,u,} for G, which satisfies G; = (Gj41, ;).

Consequently, each element # € G can be written uniquely as u‘ll1 u‘zl2 .

~uy" for some a; € 7. Using this
basis, the group G, as a set, can be identified with Z” via the map sending u‘lll ceugttoa=(ay,....a).
The multiplication in G then takes the form

(13-1) u‘fl Ut -ulfl ufl” = ufl(“’b) ... ugn(a,b)’
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where each map p; : Z" x Z" — Z is given by an integrally valued rational polynomial. This procedure
identifies the group G with the group (Z", p), with multiplication the map p= (o1, ..., pn) : Z"XZ" — 7"
given by

(13-2) pi(x,y)=xi+yi+ (X1, ... Xiz1, V1o os Vie1),

where each t; is a linear combination of integrally valued rational polynomials of the form

r(xt, s Xi—)Sy(is -0 Yie1)

with both 7 and J nonzero. The polynomials t; are called the Hall polynomials of the group G; see [17].

The group G = (Z", p) is a discrete subgroup of the real Lie group G ® R. The quotient space,
M = (G ®R)/G, is a compact, connected, orientable manifold, called a nilmanifold. By construction,
the fundamental group 771 (M) is isomorphic to G. Moreover, the nilmanifold M is an Eilenberg—MacLane
space of type K(G, 1).

Let R be the subring of Q generated by the coefficients of p. As shown by Lambe and Priddy in [25],
one can associate with the group G a Lie algebra over R, by setting L(G) = (R",[-,]), with Lie bracket
given by [x, y] = o(x,y) —a(y, x), where 0 = (01, ...,0p) is the quadratic part of p. The real Lie
algebra L(G) = L(G) ® g R, then, coincides with the classical Lie algebra of G ® R. Moreover, as shown
by Nomizu in [30], the Chevalley—Eilenberg complex A*£(G)V is a (commutative) minimal model over
R for the nilmanifold M, and thus H* (M ;R) =~ H*(L(G); R).

In [25], Lambe and Priddy strengthened Nomizu’s result, by showing that H*(G; S) =~ H*(L(G); S),
where S is a subring of Q obtained from Z by adjoining fractions of the form 1/, for n large enough
(depending on G). One can ask whether this isomorphism holds over the (possibly smaller) ring Z.
In [23], Kuzmin and Semenov showed that H*(G;Z) =~ H*(L(G);Z) when G is a free nilpotent group
of class 2. It still appears to be an open question when this is the case in general.

13.2 An equivalence between nilmanifolds and finitely generated 1-minimal models

In this section we show that there is a one-to-one correspondence between nilmanifolds (or, equivalently,
T-groups) and finite colimits of Hirsch extensions that leads to an equivalence between the category
of isomorphism classes of 7-groups and isomorphism classes of finitely generated 1-minimal models.
We start with a correspondence between Hall polynomials and differentials of generators in a colimit of
Hirsch extensions over the ring R = Z.

Given a finite, ordered set X = {xy,...,xn}, write X’ = {x;,...,x;}and Y’ = {y;,..., yi}. Let
T(X i—1yi ~1) denote the submodule of T'(X UY) consisting of linear combinations of polynomials
of the form 7 (xq,...,xi—1)¢y(y1,..., yi—1) with both I and J nonzero. There is then a bijection
between maps p : Z" x Z" — Z" satisfying (13-2) where each t; is a linear combination of polynomials
Cr(x1,....xi—1)¢y(y1,..., yi—1) with both I and J nonzero and elements 7; with t1; = 7, = 0 and
eT(XTL Y Y for3<i <n.
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From the basis theorem for T!(X') and the fact that T>(X) = T!(X) ® T!(X), it follows that the map
e TXTLY ) 5 TH(X Y @ THX'™!) given by

(13_3) e(é'l(xl’---’xn)é'J(J/l’---’J’n)):_é_l(xly---’xn)®é-](xl,---,xn)

is a bijection. Given 7 = (11, ...,7,) with 7; € T(X'™!, Y'™1), define a map p; : Z" x Z" — Z" by

(13-4) (Pp)i(x,y)=xi +yi+ (X1, .., Xi—1, V1s--- Vi—1)

and set d; : T(X) — T(X) equal to the unique degree-one map that satisfies the U;-d formula and the
graded Leibniz rule with d;(x;) = —e o 7.

Theorem 13.1 Givent = (1q,..., 1) asabove, G = (Z", p;) isa T -group ifand only if T = (T(X), d¢)
is a colimit of Hirsch extensions, in which case, H*(G;7Z) =~ H*(T).

Moreover, this bijection between T -groups and finite colimits of Hirsch extensions induces an equiva-
lence of categories between isomorphism classes of T -groups and augmentation-preserving isomorphism
classes of finitely generated 1-minimal models.

Proof The first statement follows from the discussion above and Lemma 8.11.
The second statement follows from Corollaries 8.14 and 10.9, using the fact that the classifying
space BG is connected, and thus C*(BG; Z) has a canonical augmentation. O

13.3 On the integral cohomology of nilmanifolds

We conclude this section with two examples (extracted from [25]) which illustrate the computation of the
integral 1-minimal model of a 7-group, and its use in the determination of the cohomology ring of the
corresponding nilmanifold.

Example 13.2 For a fixed integer k > 0, let G(k) be the group of upper triangular matrices

1 ay al’z/k
(13-5) 01 a ,
00 1

with ay,a,,a; 5 € Z. The multiplication in G (k) has the form
(a1,az,ay)-(dy,dy.d} 5) = (a1 +ay,ay +ay, a1 5 +d) , +kajaz).

Then G(k) is a T-group and hence from Theorem 13.1 it follows that (T({xl,xz,xlz}),d) with
d(x1) =d(x;) =0 and d(x13) = —kx1 ® x5 is a colimit of Hirsch extensions. Moreover,

H*(G(k);Z) = H*(T{x1,x2,x12}) = A\ (X1. X2, X12, X1X12, X2X12)/ (kX1 x2).

Now take X1 = {x1,x,} and X, = {x1,} and let i; be the inclusion of T(X ) in T(X). Since
ker(H?(i1)) is the free Z-module generated by the cohomology class of the cocycle —k x| ® x5, it follows
that (T(X), d) is a 1-minimal model for G (k). Furthermore, the Lie algebra L(G) is defined over Z,
and, as noted in [25], H*(G(k); Z) = H*(L(G(k)); Z).
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Example 13.3 Let k£ and £ be positive integers, and let G(k, £) be the group of upper triangular matrices

1 aq Cll,z/k Clw/kﬁ

01 aj 612’3/6
(13-6) 00 1 a3

00 0 1

with ay,as,a3,ay12,a3,3,a13 € Z. The group G(k,{) is a T-group, with multiplication map p given by
pila,d'y=a;+d; fori=12,3;
p12(a,a’) = ayy +d', + kaydy;
p23(a.a’) = az3 + dyy + Lazay;
p13(a.d’) =ayz +d\5 + kaydyy + Layrdly.

Applying Theorem 13.1, we find that

T = (T({x1.x2,x3,X12, X23, X13}), d)
with
d(x1) =d(x2) =d(x3) =0,
d(x12) = —kx1 ® X3,
d(x23) = —lx3 ® x3,
d(x13) = —kx1 ® x23 —{x12 ® X3

is a colimit of Hirsch extensions, whose cohomology is isomorphic to that of G (k, £).

Take X | = {x1, X2, X3}, X2 ={x12,X23}, and X3 ={x13}. Leti; be the inclusion of T(X 1) in T(X),
and let i, be the inclusion of T(X ; UX ») in T(X). Since ker(H?(i1)) is the free Z-module generated by
the cohomology classes of the cocycles —kx ® x5 and —{x, ® x3 and ker(H?2(i)) is the free Z-module
generated by the cohomology class of the cocycle —kx1 ® x23 —£x12 ® X3, it follows that (T(X), d) is
a 1-minimal model for G(k, £). It is shown in [25] that H*(G(k,£); S) =~ H*(L(G(k,)); S), provided
the ring .S’ contains the set {1/n : 2 <n < 10}. Using our integral 1-minimal model, we can sharpen their
result, and show that the two cohomology groups are in fact isomorphic over Z.
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