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Cubical approximation for directed topology, II

SANJEEVI KRISHNAN

We establish an equivalence between directed homotopy categories of (diagrams of) cubical sets and
(diagrams of) directed topological spaces. This equivalence both lifts and extends an equivalence between
classical homotopy categories of cubical sets and topological spaces. Some simple applications include
combinatorial descriptions and subsequent calculations of directed homotopy monoids and directed
singular 1-cohomology monoids. Another application is a characterization of isomorphisms between
small categories up to zigzags of natural transformations as directed homotopy equivalences between
directed classifying spaces. Cubical sets throughout the paper are taken to mean presheaves over the
minimal symmetric monoidal variant of the cube category. Along the way, we characterize morphisms in
this variant as the interval-preserving lattice homomorphisms between finite Boolean lattices.

1. Introduction 135
2. Conventions 140
3. Directed spaces 143
4. Homotopy 158
5. Cubcats 172
6. Conclusion 184
Appendix A. Modular lattices 184
Appendix B. Triangulations 188
Appendix C. Pro-completions 190
Appendix D. Diagram replacement 192
Acknowledgements 197
References 197

1 Introduction

The qualitative behavior of a complex system often corresponds to features of a directed topological
state space invariant under directed homotopy, continuous deformations respecting the directionality.
For a simple example, the existence of nonconstant causal curves is a directed homotopy invariant on a
spacetime. Traditionally, directed homotopy theory has been applied to deduce subtle but critical behavior
in simple concurrent computer programs from state spaces modeled as unions of cubes each equipped
with their standard product orders. More recently, classical homotopy colimits of dynamical systems
(e.g., [28]), when equipped with extra directed structure, have been used to give semantics for a formal
logic of hybrid systems [51].
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Figure 1: Directed homotopy inextendability. Depicted above are Minkowski .1C1/-spacetimes.
Thin dotted diagonal lines represent the speed of light. Curves represent causal paths, smooth
paths whose derivative always lies in the future-facing part of the closed light cone. In the left
picture, a dotted homotopy of the restriction of the causal path to its endpoints extends to a classical
homotopy from the causal path, but not to another causal path. In the right picture, a dotted
homotopy of the restriction of the left causal path to its endpoints extends to a classical homotopy
from one causal path to another causal path, but not through such causal paths; a homotopy between
such causal paths must go through a path that travels faster than the speed of light. A directed
homotopy is, in particular, a homotopy through directed maps, such as causal paths.

The main challenge in the classification of directed topological spaces up to directed homotopy is that
cell-by-cell constructions, ubiquitous in classical homotopy theory, are not possible. For example, proofs
of cellular approximation, simplicial approximation, and the Whitehead theorem involve constructing some
kind of map on a cell complex one cell at a time; such constructions are possible because the inclusion
of a boundary of a cube into a cube satisfies the homotopy extension property. In contrast, inclusions
of directed topological spaces in nature almost never satisfy directed homotopy extension properties
(Figure 1). In intuitive terms, a seemingly minor local deformation in a directed topological state space X

can sometimes drastically affect the global behavior of the system that X represents. In homotopical
parlance, directed topological state spaces almost never decompose into homotopy colimits, with respect
to directed homotopy, of simpler directed state spaces. This indecomposability is seen to various degrees
in other refinements [7; 26; 34; 45] of classical homotopy theory.

Nonetheless, directed topological spaces in nature can often be encoded by combinatorial data. Closed
.1C1/-spacetimes and the state spaces of concurrent computer programs arise as directed realizations �C�
of cubical sets C , abstract recipes for gluing cubes together. Some salient causal and conformal structure
of higher dimensional spacetimes X can be captured in their directed singular cubical sets sing X , directed
and cubical analogues of singular complexes. What we want to understand is the directed homotopy
category, the category whose objects are cubical sets but whose morphisms are directed homotopy classes
of maps between their directed realizations. Existing work in that direction are cubical approximation
theorems, combinatorial formulas for hom-sets of morphisms A!B in the directed homotopy category,
when either A is a directed graph [12, Theorem 4.1] or A is finite and B satisfies a simplicial-like condition
[31, Corollary 8.2]. And what we want to eventually understand are higher derived variants of that directed
homotopy category. Existing work in that direction is a prod-simplicial approximation of spaces of directed
paths relative endpoints in directed realizations of interest in the applications [46, Theorem 3.5].
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1.1 Cubical approximation

The main results give equivalent combinatorial and directed topological descriptions of the directed
homotopy category. In fact, this equivalence is stated and proven more generally as an equivariant
equivalence (Theorem 4.21), where all directed topological spaces and cubical sets are replaced by
diagrams indexed by some small category G ; notably, a classical counterpart to this equivariant equivalence
does not follow from existing, nonalgebraic (cf. [47]) Quillen equivalences. For simplicity we state the
nonequivariant case, that directed realization ��� from the category �� of cubical sets to the category DiTop
of directed topological spaces passes to an equivalence d.��/'d.DiTop/ of directed homotopy categories.

Theorem 4.21 (Case G D ?) There exist dotted vertical localizations in the diagram

�� DiTop

d.��/ d.DiTop/

���

'

by those cubical functions whose directed realizations are directed homotopy equivalences and those
directed maps inducing cubical homotopy equivalences between directed singular cubical sets. There
exists a dotted horizontal adjoint equivalence making the entire diagram commute.

This equivalence has several simple consequences. One is that an existing kind of directed equivalence
between small categories [41], intermediate in generality between Thomason weak equivalences and
categorical equivalences (see Figure 2 on page 140), can be characterized as a functor inducing a directed
homotopy equivalence between directed classifying spaces (Theorem 4.22). Another is a combinatorial
description and subsequent calculation of directed homotopy monoids, directed analogues of homotopy
groups, based on directed classifying spaces (Corollaries 4.24 and 5.19). Yet another is a combinatorial
description and subsequent calculation of singular directed 1-cohomology monoids (Proposition 4.26 and
Examples 4.27 and 4.28), directed generalizations of singular 1-cohomology groups beyond the setting of
abelian group coefficients, that give a functorial, causal and conformal invariant on spacetimes (cf. [3; 29]).

What makes such calculations practical is a recognition of when a cubical set is something we term a
cubcat. Cubcats are cubical sets admitting extra unary operations on cubes parametrized by monotone
maps between topological cubes and compatible composition operations on successive pairs of cubes
(Definition 5.2). Cubcats are directed analogues of fibrant cubical sets, fibrant objects in a model structure
on cubical sets Quillen equivalent to the usual model structure on topological spaces along realization
and hence cubical models of classical weak types. Singular cubical sets of topological spaces and cubical
nerves of small groupoids are examples of fibrant cubical sets. Cubcats at once generalize small categories,
directed analogues of singular complexes, and higher groupoids.

Proposition 5.6 (Case G D ?) Cubical nerves of small categories are cubcats.

Proposition 5.7 (Case G D ?) Directed singular cubical sets are cubcats.
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Proposition 5.8 Fibrant cubical sets are cubcats.

Every cubical set can be approximated by a cubcat without changing the directed homotopy type of its
directed realization (Theorem 4.21 and Proposition 5.7). Cubcats are convenient because of the following
combinatorial description of the directed hom-space �C��B� up to directed homotopy equivalence, a
higher derived variant of the hom-set d.��/.B;C /, when C is a cubcat (cf. [46, Theorem 3.5]).

Theorem 5.17 (Case G D ?) For cubcats C , natural directed maps of the form

�C B�!�C��B�

represent d.DiTop/-isomorphisms.

A simple consequence is a formula for the set d.��/.B;C / of directed homotopy classes of directed
maps between directed realizations of cubical sets B and C , when C is a cubcat.

Corollary 5.18 (Case G D ?) For all cubical sets B and cubcats C ,

(1) d.��/.B;C /D �0C B;

the set of cubical homotopy classes of cubical functions B! C .

Cubical homotopy types of cubcats correspond to directed homotopy types of directed realizations, just
as cubical homotopy types of fibrant cubical sets correspond to classical homotopy types of topological
realizations.

1.2 Intuition

We can encode the operations of a cubcat by an endofunctor R. Concretely, we can take RC to be the
cubical set of all directed singular cubes in the directed realization �C� of a cubical set C satisfying a
certain local lifting property. Intuitively, we can think of each cube in RC as a formal application of
composition and unary operations to the cubes in C . A cubcat can then be characterized precisely as a
cubical set C onto which RC retracts (Proposition 5.5).

The main results follow from two parts. The first shows that inclusions RC ,! sing �C� admit
suitably natural cubical homotopy inverses (Lemma 5.9). The second shows that the comonad of the
adjunction ���a sing is directed homotopy idempotent (Lemma 5.12). Throughout the proofs, cell-by-cell
constructions have to give way to constructions that are natural in each cell and therefore applicable on
all cells at once (e.g., Lemmas 4.16, 4.17, 4.18).

The first part uses techniques developed previously [31] and superficially streamlined in this paper
(Lemmas 3.17, 3.18, and 3.19). The key observation is that a natural cubical function sd9C ! C from a
9-fold edgewise subdivision sd9C of a cubical set C locally factors through representables (Lemma 3.20).
Composition of directed singular cubes in �C� with a directed homotopy equivalence �C�Š�sd9C�'�C�
gives the desired cubical homotopy inverse (Lemma 5.9).

The second part requires more delicacy. When C is the cubical analogue of a regular CW complex,
the closed cells of �C� have topological lattice structure that can be used to construct the desired cubical

Algebraic & Geometric Topology, Volume 26 (2026)



Cubical approximation for directed topology, II 139

homotopies (Lemma 5.11). For general C , we want to lift each directed singular cube � on �C� along
a directed map �C� ! C�W�C��!�C�, with C� a cubical analogue of a regular CW complex. Each
directed singular cube � on �C� determines a diagram of cubes that constitutes the support of � in C .
The strategy is to replace that diagram with one whose colimit satisfies the regularity condition and admits
a natural lifting property (see [5; 21; 47]) that holds not necessarily on the nose but at least up to natural
directed homotopy.

This strategy requires a new technique. The desired replacement is reminiscent of cofibrant replacement
in a projective diagram model structure satisfying additional naturality constraints (e.g., [47, Theorem 4.5]).
But the category � of cubes is too small to permit a suitable small object argument [5], implicit in the
construction of such cofibrant replacements. The key idea is to encode all lifts of interest as a single,
natural lift (Lemma D.1) in the pro-completion (Appendix C) of �. Coherence results for diagrams in
pro-completions ([40, Theorem, §3]) give the replacement (Lemma D.2).

1.3 Setting

The dependence of the results on the exact setting is summarized here for the interested specialist. Directed
topological spaces, taken to mean streams [30], can just as easily be taken to mean d-spaces [18]. Directed
homotopy is taken to mean a d-homotopy [18] as opposed to an h-homotopy (e.g., [33]), where an h-
homotopy is a homotopy through directed maps and a d-homotopy is an h-homotopy that is also piecewise
monotone and antimonotone in its homotopy coordinate. An h-homotopy can always be replaced by a
d-homotopy when the domain is compact and the codomain is a directed realization of a cubical set (see
[31, Theorem 8.22]). The category � of cubes is enlarged, from the usual minimal variant used in the
predecessor [31, Theorem 8.22] to this paper, to the minimal symmetric monoidal variant. One convenience
is a simple and explicit characterization of the �-morphisms (Theorem 3.9). A subsequent convenience is
an order-theoretic construction of cubical edgewise subdivision (Propositions 3.12 and 3.15). However, the
most important application is to diagram replacement; its construction relies on the specific fact, unique to
our variant� of the cube category, that parallel�-epis (parallel projections) are isomorphic (by coordinate
permutations) in the arrow category. Other technical results along the way (Lemmas 3.17, 3.18, 3.19,
3.20, 4.16, 4.18) work for most variants of � in the literature that exclude the reversals and diagonals.

1.4 Organization

Some conventions are fixed in Section 2. Point-set theories of directed topological spaces and cubical
sets are recalled, further developed, and compared in Section 3. Homotopy theories, classical, directed,
and categorical, are formalized and compared, albeit without some proofs, in Section 4. Cubcats are
introduced and used to give proofs of the main results in Section 5. The potential role of cubcats in a
directed type theory is sketched in Section 6. Some relevant facts about modular lattices, triangulations,
and pro-completions are recalled and further developed in Appendices A, B, and C. A method of diagram
replacement, needed in the proof of cubical approximation, is developed in Appendix D.
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Figure 2: Equivalence as different categorical structures. The directed graphs above freely
generate equivalent groupoids but freely generate mutually inequivalent categories, some of which
are nonetheless directed homotopy equivalent to one another. After passage to free categories,
the left two directed graphs are directed homotopy equivalent to one another, the right two
directed graphs are directed homotopy equivalent to one another, but the left two and the right
two are not directed homotopy equivalent to one another. Intuitively, classical equivalences
ignore the structure of time in state spaces while categorical equivalences are sensitive to arbitrary
subdivisions of time. Directed homotopy sidesteps some of the combinatorial explosion that
bedevils geometric models of state spaces sensitive to arbitrary subdivisions in time. Section 4.2
formalizes the different notions of equivalence between small categories.

2 Conventions

This section first fixes some conventions. Let k;m; n; n1; n2;p; q denote natural numbers. Let i denote
an integer. Let I denote the unit interval. Let imf denote the image of a function f . Let ,! denote an
inclusion of some sort, such as an inclusion of a subset into a set, a subspace into a space, or a subcategory
into a category. Write graph.6X / for the graph of a preorder 6X on a set X , the subset of X 2 consisting
of all pairs .x;y/ such that x 6X y.

2.0.1 Categories Let X ;Y denote arbitrary categories. Let
;X ;Y;G denote small categories. Let
? denote a terminal object in a given category. For a given monoidal category, let ˝ denote its tensor
product. For each object o in a given closed monoidal category, let o.�/ denote the right adjoint to the
endofunctor o˝�. More generally for each object o in a given closed monoidal category M and a given
category X enriched, tensored, and cotensored over M , we more generally write �˝ o and o.�/ for
the left and right endofunctors on X in an adjunction �˝ o a o.�/, natural in M -objects o, defined by
tensoring and cotensoring with o. Notate special categories as follows:

Set sets (and functions)
Top (weak Hausdorff k-)spaces (and continuous functions)
Cat small categories (and functors)
Gpd small groupoids (and functors)
Pos locally order-convex pospaces with connected intervals Section 3.1.1
DiTop (weak Hausdorff k-)streams Section 3.1.2
Dis finite distributive lattices Section 3.2.2
�1 domain of abstract interval objects Section 3.2.1
� cube category Section 3.2.1��REG cubical analogues of regular CW complexes Section 3.2.3
StarskC1 category of closed stars Section 3.2.3
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Let Œk� denote the set f0; 1; : : : ; kg equipped with the standard total order, regarded as a small category
with objects 0; 1; : : : ; k and exactly one arrow m! n when m6 n and no arrows m! n when n<m.
The notation Œk�n will refer to the n-fold Cat-product of Œk�. The notation .�/Œk� will always refer to the
right adjoint in the adjunction

��Cat Œk� W Cat� Cat W .�/Œk�:

Example 2.1 The arrow category of a small category X is X Œ1�.

Write y
 for the category of Set-valued presheaves on
, the functor category

y
D Set

op
:

Write 
Œ�� for the Yoneda embedding 
 ,! y
. Let F=G denote the comma category for dia-
grams F , G in the same category. For a diagram F in y
, let
=F D
Œ��=F . Let 1o denote the identity
morphism for an object o in a given category. A functor F WX ! Y is topological if, for each diagram
D WX !X , every cone x!FD in Y admits an initial lift to a cone in X along F ; topological functors
create limits and colimits [4].

2.0.2 Diagrams We will sometimes regard diagrams in a category X as equivariant versions of X -
objects. When we do, we adopt the following terminology. We take G -streams, G -cubical sets, and
G -categories to mean G -shaped diagrams in the respective categories DiTop, ��, and Cat. We take
G -stream maps, G -cubical functions, and G -functors to mean natural transformations between G -streams,
G -cubical sets, and G -categories. We define enrichments on the categories of G -streams and G -cubical
functions at the ends of Sections 3.1.2 and 3.2.3.

2.0.3 Preordered sets For each preorder6X on a set or even more general class X , we write graph.6X /

for the set or more general class of all pairs .x;y/ for which x 6X y. Preordered sets P , sets P equipped
with preorders which we denote by 6P , will be regarded as small categories with object set given by the
underlying set of P and with one morphism x! y precisely when x 6P y. In that sense a poset is a
skeletal preordered set. A subposet P of a poset Q is

(1) order-convex in Q if y 2 P whenever x 6Q y 6Q z and x; z 2 P ;

(2) an interval in Q if it is order-convex and has both a minimum and maximum;

(3) a chain in Q if 6P is total.

In a poset P , write x _P y for the unique supremum of x;y if it exists and x ^P y for the unique
infimum of x;y if it exists. A lattice is always taken in the order-theoretic sense to mean a poset having
all binary infima and binary suprema. A lattice is complete if it has all arbitrary infima and suprema.
A lattice is distributive if x ^L .y _L z/D .x ^L y/_L .x ^L z/ for all x;y; z 2 L or equivalently if
x _L .y ^L z/D .x _L y/^L .x _L z/ for all x;y; z 2L.

Example 2.2 For a finite distributive lattice L, LŒk� is a finite distributive lattice with

.˛_LŒk� ˇ/.x/D ˛.x/_L ˇ.x/; .˛^LŒk� ˇ/.x/D ˛.x/^L ˇ.x/ for all x 2 Œk�.
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Example 2.3 For all k and n, Œk�n is a distributive lattice.

A poset is Boolean if it is Cat-isomorphic to a power set, regarded as a poset under inclusion. Every
interval in a Boolean lattice is Boolean.

Example 2.4 The finite Boolean lattices are, up to Cat-isomorphism, Œ0�; Œ1�; Œ1�2; Œ1�3; : : : :

A monotone function will be taken to mean a functor � W P !Q between preordered sets, a function
� W P !Q with �.x/6Q �.y/ whenever x 6P y. Define monotone functions

ı˙ W Œ0�! Œ1�; ı˙.0/D
1
2
˙

1
2
; � W Œ1�! Œ0�:

A monotone function � WL!M of finite lattices preserves (Boolean) intervals if images of (Boolean)
intervals in L under � are (Boolean) intervals in M . A lattice homomorphism is a function � WL!M

between lattices preserving binary suprema and binary infima.

2.0.4 Supports We employ some common notation for supports and carriers, like the support of a point
in a topological realization or the carrier of a cube in a cubical subdivision. Consider a functor F WX !Y

and X -object o admitting a complete lattice of subobjects. Let suppF .�; o/ denote the minimal subobject
of o to which � corestricts, for each Y -morphism � to Fo. After identifying a point x in a topological
space X with the map ?! X from the singleton space whose image contains x, suppj�j.x;B/ is the
usual support of a point x in the topological realization jBj of a simplicial set B, the minimal subpresheaf
A� B with x 2 jAj.

2.0.5 Constructions For reference, we list certain constructions defined throughout:

sdkC1 subdivisions Sections 3.2.2 and 3.2.3
� natural transformation sd3! 1�� Section 3.2.3
exkC1 right adjoint to sdkC1 Section 3.2.3
ner cubical nerves Section 3.2.3
T1 fundamental category Section 3.2.3
…1 fundamental groupoid Section 3.2.3
�n n-fold directed loop space Section 3.2.3
j�j topological realizations Section 3.3
��� directed realizations Section 3.3
sing directed cubical singular functor Section 3.3
S monad of the adjunction ���a sing Section 3.3
Œ�;��i homotopy classes with respect to interval object i Section 4.1
d canonical interval object in �� Section 4.1
�0 path-components Sections 4.3 and 4.4
h interval object in DiTop that defines h-homotopy Section 4.4.2
�n n-th directed homotopy monoid Sections 4.3 and 4.4.2
H1 cubical 1-cohomology Section 4.3
H1

sing directed singular 1-cohomology Section 4.5.2
R pointed endofunctor defining cubcats Section 5
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3 Directed spaces
Directed spaces can be modeled topologically and combinatorially. This section recalls topological models,
presheaf models, and comparison functors between them. Streams provide topological models of directed
spaces. Cubical sets, presheaves over a cube category �, provide combinatorial models of directed
spaces. Streams can be constructed from cubical sets as directed realizations. Novel material includes
a characterization of morphisms in the cube category (Theorem 3.9) and a subsequent order-theoretic
construction of cubical subdivision (Section 3.2.2 and Proposition 3.15).

3.1 Continuous

Directed spaces are modeled topologically in this paper as streams [30]. An alternative topological model
for directed spaces, common in the literature and essentially interchangeable with streams as foundations
for directed homotopy, are d-spaces [18]. An advantage of a stream-theoretic foundation for directed
topology is that it naturally subsumes some of the theory of pospaces, whose point-set theory is well
developed in the literature [36].

3.1.1 Pospaces A pospace is a poset P topologized so that graph.6P / is closed in the standard product
topology on P2. A pospace P is locally order-convex if the underlying topology of P has an open basis
consisting of subsets which are order-convex in the underlying poset of P .

Theorem [42, Theorem 5] Every compact pospace is locally order-convex.

A subpospace of a pospace Q is a pospace P that is at once a subposet and subspace of Q. A
topological lattice is a lattice L topologized so that _L;^L are jointly continuous functions L2!L. The
underlying topological spaces of pospaces are necessarily Hausdorff. Conversely, topological lattices with
Hausdorff underlying topological spaces are pospaces. Write EI and ER for the respective unit interval I

and real number line R each equipped with the standard total order. Write EIn and ERn for the pospaces
whose underlying posets are n-fold products of underlying posets in the category of posets and monotone
functions and whose underlying topological spaces are n-fold products in Top.

Example 3.1 Fix n. The pospace ERn, Rn equipped with the partial order defined by

.x1;x2; : : : ;xn/6EIn .y1;y2; : : : ;yn/ () y1�x1;y2�x2; : : : ;yn�xn > 0;

is a locally order-convex Hausdorff topological lattice.

A monotone map of pospaces is a function between pospaces that is at once monotone as a function
between underlying posets and continuous as a function between underlying topological spaces. Let Pos
be the concrete category whose objects are the locally order-convex pospaces P such that the intervals
in the underlying poset of P are connected in the underlying space of P and whose morphisms are all
monotone maps between such pospaces. Every topological lattice whose underlying topological space is
compact Hausdorff and connected is a Pos-object [15, Proposition VI-5.15].

Example 3.2 The pospaces EIn and ERn are Pos-objects.
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3.1.2 Streams A circulation on a topological space X is a function

6 W U 7!6U

assigning to each open subset U �X a preorder 6U on U such that 6 sends the union of a collection O
of open subsets of X to the preorder with smallest graph containing graph.6U / for each U 2 O [30].
A stream is a space equipped with a circulation on it [30]. Intuitively, x 6U y in a state stream whenever
a system restricted to the subset U of states can evolve from x to y.

Example 3.3 Every topological space admits an initial circulation 6 defined by

x 6U y () x D y 2 U:

A continuous function f WX ! Y of streams is a stream map if f .x/6U f .y/ whenever x 6f �1U y

for each open subset U of Y [30]. A k-space X is a colimit of compact Hausdorff spaces in the category
of topological spaces and continuous functions. Similarly, a k-stream is a colimit of compact Hausdorff
streams in the category of streams and stream maps [30]. The underlying space of a k-stream is a k-space
[30, Proposition 5.8]. A topological space X is weak Hausdorff if images of compact Hausdorff spaces
in X are Hausdorff. Call a stream weak Hausdorff if its underlying topological space is weak Hausdorff.

Theorem [30, Theorem 5.4] Locally compact Hausdorff streams are weak Hausdorff k-streams.

Let Top denote the complete, cocomplete, and Cartesian closed [39] category of weak Hausdorff
k-spaces and continuous functions between them. Let DiTop denote the category of weak Hausdorff
k-streams and stream maps. Redefine topological space and stream, like elsewhere (e.g., [30; 38]), to mean
objects in the respective categories Top and DiTop. The concrete forgetful functor DiTop!Top naturally
sending a stream to its underlying topological space lifts topological constructions in the following sense.

Proposition [30, Proposition 5.8] The forgetful functor DiTop! Top is topological.

In other words, each class of continuous functions fi WX!Yi from a topological space X to streams Yi

induces a terminal circulation on X making the fi’s stream maps X ! Yi . Equivalently and dually,
each class of continuous functions from streams to a fixed topological space induces a suitably initial
circulation on that topological space. In this manner, the quotient of a stream Y by a subset X can
be defined as the quotient space Y=X equipped with the initial circulation making the quotient map
Y ! Y=X a stream map. In particular, the forgetful functor DiTop! Top creates limits and colimits.
A stream embedding is a stream map e W Y ! Z such that a stream map f W X ! Z corestricts to a
stream map X ! Y whenever imf � im e. A substream of a stream Y is a stream X such that inclusion
defines a stream embedding X ! Y .

Example 3.4 An open substream is an open subspace with a restricted circulation.

Theorem [30, Theorem 5.12] The category DiTop is Cartesian closed.
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The categories DiTop;Top will sometimes be regarded as Cartesian monoidal. Explicit constructions
of circulations are often cumbersome. Instead, circulations can be implicitly constructed from certain
global partial orders in the sense of the following result, a special case of a more general observation
[30, Lemmas 4.2, 4.4 and Example 4.5]. The following theorem allows us to henceforth regard Pos-
objects as streams and monotone maps between them as stream maps.

Theorem [30, Theorem 4.7] There exists a fully faithful and concrete embedding

Pos ,! DiTop;

sending each Pos-object P to a unique stream having the same underlying topological space as P and
whose circulation sends the entire space to the given partial order on P .

The point in defining DiTop is to be able to quotient Pos-objects in a way that still corresponds to
quotienting the underlying topological spaces. For example, we can define a directed analogue of a sphere
as the quotient

ESn
D EIn=@In

in DiTop of the Pos-object EIn by the topological boundary @In of In in Rn. Denote the quotiented point in
the stream ESn by1. In fact, it is possible to characterize ESn up to isomorphism as the terminal compacti-
fication of ERn in DiTop in the following sense. There exists a horizontal stream embedding in the diagram
below whose image is ESn�f1g. For each vertical stream embedding of ERn into a compact Hausdorff
stream K with dense image, there exists a unique dotted stream map making the entire diagram commute:

ERn ESn

K

Call the DiTopG -objects and DiTopG -morphisms G -streams and G -stream maps. Regard each hom-set
DiTopG .X;Y / as a stream such that the function

f 7! .fg/g W DiTopG .X;Y /!
Y
g

Y .g/X .g/;

where g denotes a G -object, is a stream embedding. In this manner we regard DiTopG as DiTop-enriched.
A based stream is a pair .X;x/ of stream X and x 2X . A based stream map f W .X;x/! .Y;y/ from a
based stream .X;x/ to a based stream .Y;y/ is a stream map f WX ! Y sending x to y. We sometimes
regard based streams .X;x/ as Œ1�-streams sending 0! 1 to the inclusion fxg ! X and based stream
maps as Œ1�-stream maps between such Œ1�-streams.

3.2 Cubical

Directed cubes can be modeled as finite Boolean lattices, more general complexes of such cubes can be
modeled as posets, and even more general formal colimits of such cubes can be modeled as cubical sets.
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3.2.1 Cubes There are several variants of the cube category (e.g., [6; 20]). In order to define a variant
for use in this paper, we adopt the following notation. For a monotone function � W Œ1�n1 ! Œ1�n2 and
16 i 6 n, let �iIn denote the Cartesian monoidal product

�iIn D Œ1�
i�1
˝�˝ Œ1�n�i

W Œ1�nCn1�1
! Œ1�nCn2�1:

Codegeneracies are monotone functions of the form �iIn W Œ1�
nC1 ! Œ1�n. Cofaces are monotone

functions of the form ı˙iIn D .ı˙/iIn W Œ1�
n�1! Œ1�n.

Example 3.5 The codegeneracy �iIn is exactly the projection

�iIn W Œ1�
n
! Œ1�n�1

onto all but the i -th factor.

Let�1 denote the subcategory of Cat generated by ı˙; � . The submonoidal category of Cat generated
by�1 is the usual, minimal variant of the cube category in the literature, the subcategory of Cat generated
by all cofaces and codegeneracies. Instead let � denote the symmetric monoidal subcategory of the
Cartesian monoidal category Cat generated by �1, the subcategory of Cat whose objects are still the
lattices Œ0�; Œ1�; Œ1�2; Œ1�3; : : : but whose morphisms are generated by the cofaces, codegeneracies, and
coordinate permutations. The following observation allows us to extend certain results on the minimal
variant of the cube category to the new variant �.

Lemma [31, Lemma 6.2] For each n and interval I in Œ1�n, there exist unique mI and composite

Œ1�mI ! Œ1�n

of cofaces that has image I .

We will repeatedly use the convenient fact that � is the free strict symmetric monoidal category
generated by the category �1 pointed at Œ0�: every solid horizontal functor to a symmetric monoidal
category M sending Œ0� to the unit uniquely extends to a strict monoidal functor making the following
commute by observations made elsewhere [20]:

�1 M

�
There are some advantages to adding coordinate permutations to�. One is that the class of all directed

realizations of cubical sets (see Section 3.3) includes, for example, all closed conal manifolds whose cone
bundles are fiberwise generating and free [32, Theorem 1.1]. A bigger one is an explicit characterization
of �-morphisms (Theorem 3.9) to which the rest of this section is devoted.

Example 3.6 In � the

(1) isomorphisms are the coordinate permutations;

(2) monos are the cofaces up to coordinate permutation;

(3) epis are the codegeneracies up to coordinate permutation.
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Let � denote the coordinate transposition Œ1�2 ! Œ1�2. Principal coordinate transpositions are �-
morphisms of the form �iIn W Œ1�

nC2! Œ1�nC2.

Lemma 3.7 The following are equivalent for a monotone function of the form

� W Œ1�m! Œ1�n:

(1) � is bijective.

(2) � is an interval-preserving bijection.

(3) � is a lattice isomorphism.

(4) � is a coordinate permutation.

(5) � is composite of principal coordinate transpositions.

(6) � is a�-isomorphism.

The proof uses the fact that the symmetric group on f1; 2; : : : ; ng is generated by all principal transpo-
sitions, transpositions of the form .i i C 1/ for 16 i < n [9, §6.2].

Proof Let 0 denote the minimum .0; : : : ; 0/ of an element in �. Let ei denote the element in Œ1�n whose
coordinates are all 0 except for the i -th coordinate.

It suffices to take mD n because all of the statements imply that � is a bijection between finite sets
and hence � has domain and codomain both with the same cardinality.

Suppose (1). Then � preserves extrema because it is a monotone surjection.
Consider x 2 Œ1�n. Every immediate successor to �.x/ in Œ1�n is the image under � of an immediate

successor to x in Œ1�n; for otherwise there exists some immediate successor to �.x/ in Œ1�n not in the
image of � by � monotone, contradicting � surjective. Therefore � restricts and corestricts to a bijection
from the finite set of all n immediate successors of x in Œ1�n to the finite set of all n immediate successors
of �.x/ in Œ1�n. In particular, �.y/ is an immediate successor to �.x/ in Œ1�n if and only if y is an
immediate successor to x in Œ1�n. Thus for all x6Œ1�n y, � sends maximal chains in Œ1�n with extrema x, y

to maximal chains in Œ1�n with extrema �.x/, �.y/.
Let I be an interval in Œ1�n, necessarily isomorphic to a lattice of the form Œ1�k . Then I contains

exactly k! distinct maximal chains of length k. The function � preserves chains of length k because it is
a monotone injection between posets. Hence there exist k! distinct chains of length k in �.I/ that are
maximal as chains in Œ1�n having extrema �.min I/Dmin �.I/ and �.max I/Dmax �.I/. The only
kinds of subposets of Œ1�n having a minimum, a maximum, and k! distinct chains which are maximal
in Œ1�n as chains with a given minimum and given maximum are intervals in Œ1�n isomorphic to Œ1�k as
lattices. Therefore �.I/ is an interval in Œ1�n.

Thus � maps intervals onto intervals. Hence (2).
Suppose (2). Finite nonempty suprema of the eis are the maxima of intervals in Œ1�n containing 0.

And � maps intervals in Œ1�n containing 0 onto intervals in Œ1�n containing 0. It therefore follows that
� preserves finite nonempty suprema of the eis because monotone surjections preserve maxima. Hence
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� preserves all finite nonempty suprema. Similarly � preserves all finite nonempty infima by duality.
It therefore follows that � is a bijective lattice homomorphism and hence a lattice isomorphism. Hence (3).

Suppose (3). The function �, a monoid automorphism with respect to _Œ1�m , permutes the unique
minimal set of monoid generators e1; e2; : : : ; en. Thus there exists a permutation � of f1; 2; : : : ; ng such
that �.ei/D e�.i/ for each i . Hence

�.x1; : : : ;xn/D �
� W

xiD1

ei

�
D

W
xiD1

�.ei/D
W

xiD1

e�.i/ D .x�.1/; : : : ;x�.n//:

Hence (4).
If (4), then � is a composite of transpositions of successive coordinates, principal coordinate transposi-

tions [9, §6.2]. Then (5).
If (5), then � is a composite of �-isomorphisms and hence a �-isomorphism. Hence (6).
If (6), then (1) because the forgetful functor �! Set, like all functors, preserves isomorphisms.

Lemma 3.8 The following are equivalent for a function of the form

� W Œ1�m! Œ1�n:

(1) � is a surjective interval-preserving lattice homomorphism.

(2) � is a surjective lattice homomorphism.

(3) � is a composite of codegeneracies and principal coordinate transpositions.

Proof For clarity, let ^D ^L and _D _L when the lattice L is clear from context. Let e?i denote the
element in Œ1�m whose only coordinate having value 0 is its i -th coordinate.

(1) implies (2).
Suppose (2). Then m> n by surjectivity. We show (3) by induction on m� n.
In the base case mD n, � is a bijection because it is a surjection between sets of the same cardinality

and hence is a composite of principal coordinate transpositions (Lemma 3.7).
Consider m � n > 0. Inductively suppose (3) for the case m � n < d and now consider the case

m � n D d > 0. Then � is not injective by m > n. Thus there exist distinct x;y 2 Œ1�m such that
�.x/D �.y/. There exists j such that xj ¤ yj by x ¤ y. Take 0D xj < yj D 1 and xi D yi D 1 for
i ¤ j without loss of generality by reordering x and y if necessary, replacing x with x _ e?j and y with
y_ e?j , and noting that �.x_ e?j /D �.x/_�.e

?
j /D �.y/_�.e

?
j /D �.y_ e?j /, It suffices to show the

existence of a dotted function making

Œ1�m Œ1�n

Œ1�m�1

�

�j

commute. For then the dotted function is a surjective lattice homomorphism by � a surjective lattice
homomorphism and �j a projection. To that end, suppose distinct x0;y0 2 Œ1�m satisfy �j .x

0/D �j .y
0/.
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It suffices to show �.x0/D �.y0/. We can take 0D x0j < y0j D 1 without loss of generality because x0

and y0 differ in exactly the j -th coordinate. Then

�.x0/D �.y0 ^x/D �.y0/^�.x/D �.y0/^�.y/D �.y0 ^y/D �.y0/:

Hence (3).
(3) implies (1) because identities, � , and � are all surjective interval-preserving lattice homomorphisms

and the tensor on � is closed under surjective interval-preserving lattice homomorphisms.

Theorem 3.9 The following are equivalent for a function � of the form

� W Œ1�m! Œ1�n:

(1) � is an interval-preserving lattice homomorphism.

(2) � is a�-morphism.

Proof Suppose (1). The function � factors into a composite of its corestriction onto its image I , regarded
as a subposet of Œ1�n, followed by an inclusion I ,! Œ1�n. Both functions Œ1�m!I and I ,! Œ1�n are interval-
preserving lattice homomorphisms because � is an interval-preserving lattice homomorphism. Moreover
I ,! Œ1�n is isomorphic to a�-morphism ([31, Lemma 6.2]). Hence to show (2), it suffices to take � surjec-
tive. In that case � factors as a composite of tensor products of identities with �; � (Lemma 3.8). Hence (2).

Suppose (2). Then the function � is an interval-preserving lattice homomorphism because �; ı˙; � are
interval-preserving lattice homomorphisms and ˝ preserves interval-preserving lattice homomorphisms.
Hence (1).

3.2.2 Cube configurations Just as posets encode simplicial complexes whose simplices correspond to
finite chains, posets can encode cubical complexes whose cubes correspond to finite Boolean intervals.
Let Dis be the symmetric submonoidal subcategory of the Cartesian monoidal category Cat whose objects
are the finite distributive lattices and whose morphisms are the lattice homomorphisms between such
lattices preserving Boolean intervals, lattice homomorphisms L!M between finite distributive lattices
L and M mapping Boolean intervals in L onto Boolean intervals in M .

Example 3.10 The category Dis contains � as a full subcategory (Theorem 3.9).

The following technical observations about Dis (Lemma 3.11 and Proposition 3.12), which require
specialized observations about finite distributive lattices, are proven in Appendix A.

Lemma 3.11 The following are equivalent for a function

� WL!M

between finite distributive lattices.

(1) � is a Dis-morphism.

(2) Each restriction of � to a Boolean interval in L corestricts to a surjective lattice homomorphism onto
a Boolean interval in M .
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� �

� �

� � � � �

� �

� �

Figure 3: Order-theoretic subdivision. The left square and right squares represent the Hasse
diagrams for the respective posets Œ1�2 and Œ2�2. Ordered pairs of elements in the left poset, or
equivalently monotone functions Œ1�! Œ1�2, are in one-to-one correspondence with elements
in Œ2�2. Along this correspondence, for example, the ordered pair of larger points on the left
corresponds to the large point on the right.

For each k, we can make the natural identifications�
Œ1�n

�Œk�
Š ŒkC 1�n

of finite distributive lattices, where the left side represents the finite distributive lattice of all monotone
functions Œk�! Œ1�n whose lattice operations are defined elementwise and the right side is an n-fold
Cat-product of the ordinal ŒkC 1�. For the case nD 1, the natural identifications are given by unique
isomorphisms that send each monotone function � in the left poset to the element

P
i �.i/ in the right poset.

More generally, the natural identifications are given by natural Cartesian monoidal Cat-isomorphisms.
Thus the construction .�/Œk� intuitively subdivides an n-cube, as encoded by the Boolean lattice Œ1�n, into
.kC 1/n subcubes (Figure 3). The following proposition naturally extends this subdivision construction
to an endofunctor sdkC1 on Dis.

Proposition 3.12 Consider the commutative outer rectangle

� Cat Cat

Dis Dis

.�/Œk�

sdkC1

There is a unique (monoidal ) functor sdkC1 such that the entire diagram commutes and .Dis ,!Cat/sdkC1

is the left Kan extension of the composite of the top horizontal arrows along the inclusion � ,! Dis.
For each monotone injection � W Œn� ! Œm�, there exists a unique monoidal natural transformation
sdmC1 ! sdnC1 whose I -component is the monotone function I Œm� ! I Œn� naturally sending each
monotone function � W Œm�! I to the monotone function �� W Œn�! I for each�-object I .

Proofs of Lemma 3.11 and Proposition 3.12 are given at the end of Appendix A. While the restrictions
of .�/Œk� and .Dis ,! Cat/sdkC1 to � coincide, sdkC1 is not the restriction and corestriction of the
endofunctor on .�/Œk� on Cat.
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Example 3.13 As lattices, sd2Œ2�D Œ4�© Œ2�
Œ1�.

3.2.3 Cubical sets Take cubical sets and cubical functions to mean the respective objects and morphisms
of ��. We can regard �� as closed symmetric monoidal with tensor ˝ characterized by �Œ�� W� ,! ��
monoidal, or equivalently ˝ defined by Day convolution of the tensor on � [25]. The �-morphisms
Œ1�m˝ Œ1�n! Œ1�m and Œ1�m˝ Œ1�n! Œ1�n defined by Cat-projections onto first and second factors, natural
in �-objects Œ1�m and Œ1�n, induce inclusions of the following form, natural in cubical sets A and B:

(2) A˝B ,!A�B:

The dimension of a cubical set C , denoted by dim C , is defined for C D¿ to be �1 and defined for
C ¤ ¿ to be the infimum over all natural numbers n such that C is a colimit of representables of the
form �Œ1�i for 06 i 6 n. A cubical set A is atomic if it is the quotient in b� of a representable. We write��REG for the full subcategory of �� whose objects are those cubical sets whose atomic subpresheaves
are all isomorphic to representables; the ��REG-objects can be regarded as cubical analogues of regular
CW complexes. A cubical set is finite if it contains finitely many atomic subpresheaves. For each atomic
cubical set A, let @A denote the maximal subpresheaf of A having dimension dim A� 1. The vertices of
C are the elements of C0. Let StarC .v/ denote the closed star of a vertex v 2 C0 in C , the subpresheaf
of C consisting of all images A� C of representables in C with v 2A0.

Example 3.14 We have inclusions of finite subpresheaves of the form

(3) @�Œ1�n ��Œ1�n; nD 0; 1; : : : :

For each n> 0, @�Œ1�n intuitively models the boundary of an n-cube and �Œ1�n models an n-cube.

The fundamental groupoid functor …1 is the cocontinuous left Kan extension in

� Gpd

b�
�Œ�� …1

of the top horizontal inclusion along the vertical Yoneda embedding�Œ��. The fundamental groupoid…1C

ignores information about edge-orientations in a cubical set C . The fundamental category functor T1 is
the cocontinuous left Kan extension in

� Cat

b�
�Œ�� T1

of the top horizontal inclusion along the vertical Yoneda embedding �Œ��. The functor T1 is monoidal
by inclusion � ,! Cat monoidal and the fact that tensor products commute with colimits in the closed
symmetric monoidal category b�. The functor T1, cocontinuous between locally presentable categories,
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has a right adjoint

ner W Cat! ��:
Fix a small category X . Call nerX the cubical nerve of X . For each n, .nerX /n is the set of all

functors Œ1�n! X . For each �-morphism � W Œ1�n! Œ1�m,

.nerX /.�/D � 7! � ı� W .nerX /m! .nerX /n:

For each finite distributive lattice L, let �ŒL� denote the subpresheaf of ner L such that �ŒL�n is
the set of all lattice homomorphisms Œ1�n! L preserving Boolean intervals. For each Dis-morphism
� WL!M , there exists a unique dotted cubical function, which we denote by �Œ��, making the diagram

�ŒL� �ŒM �

ner L ner M

�Œ��

ner�

commute. Thus �Œ�� will not only denote the Yoneda embedding but also its extension

�Œ�� W Dis! ��:
The unique cocontinuous extension of the restriction of sdkC1 to �, which we also denote as sdkC1,

extends the original endofunctor sdkC1 on Dis.

Proposition 3.15 There exists a unique dotted cocontinuous monoidal functor making

(4)
Dis Dis

�� ��
�Œ��

sdkC1

�Œ��

sdkC1

commute up to natural isomorphism.

Proof Take the dotted functor in the diagram

� Dis Dis ��
��

�Œ��

sdkC1 �Œ��

sdkC1

to be the left Kan extension of the composite of the horizontal arrows along the vertical arrow. The dotted
functor is the unique cocontinuous functor making the outer triangle commute and hence also monoidal
by the horizontal arrows monoidal and ˝ cocontinuous. In particular, uniqueness follows. And there
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exist ��-isomorphisms

�ŒsdkC1L�Š colimI�L�ŒsdkC1I �

Š colimŒ1�n!L�ŒsdkC1Œ1�
n�

Š colim�Œ1�n!�ŒL��ŒsdkC1Œ1�
n�

Š sdkC1�ŒL�

natural in Dis-objects L, where the first colimit is taken over all Boolean intervals I in L and all inclusions
between them and the second colimit is taken over all .�=L/-objects Œ1�n!L. The first isomorphism
follows because every Boolean interval in sdkC1L is a Boolean interval in sdkC1I for some Boolean inter-
val I in L (Proposition 3.12). The second isomorphism follows because every Dis-morphism Œ1�n!L fac-
tors as a composite of its surjective corestriction onto its image followed by the inclusion of a Boolean inter-
val into L. The third isomorphism follows from �Œ�� W Dis! �� fully faithful (Lemma 3.11). The fourth
isomorphism follows by construction of sdkC1 W

��!��. Thus (4) commutes up to natural isomorphism.

Intuitively, sdkC1C is the cubical set obtained by taking .kC1/-fold edgewise subdivisions of the
cubes in C .

Example 3.16 There exists a natural isomorphism sd1 Š 1�� W ��Š ��.

The endofunctor sdkC1, cocontinuous on a locally presentable category, has a right adjoint

exkC1 W
��! ��:

Regard sd3 as copointed by the unique monoidal natural transformation � such that

��Œ1�n D�
h
.�/0 7!1WŒ0�!Œ2�

i
W�Œ3�n!�Œ1�n:

Define a cubical analogue of an n-fold loop space as follows. Recall that for cubical sets C , C .�/ denote
the right adjoint to the endofunctor �˝C on ��. Concretely, C B denotes the cubical set naturally sending
each �op-object Œ1�n to the set of all cubical functions B ˝�Œ1�n! C , for all cubical sets B and C .
Define �n.C; v/ by the following Cartesian square natural in a cubical set C equipped with vertex v 2C0,
where hvi denotes the minimal subpresheaf of C containing v as its unique vertex:

(5)
�n.C; v/ C �Œ1�n

hvi@�Œ1�n C @�Œ1�n

y
C@�Œ1�n,!�Œ1�n

.hvi,!C /@�Œ1�n

A crucial technical tool in classical proofs of simplicial approximation is the factorizability of double
barycentric subdivisions through polyhedral complexes [10, §12]. There exists a directed, cubical analogue.
The following three lemmas adapt observations made in a predecessor to this paper [31, Lemmas 6.11,
6.12, 6.13] from the traditional setting of cubical sets to the cubical sets considered in this paper and from
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sixteen-fold subdivision sd16 D sd4
2 to nine-fold subdivision sd9 D sd2

3; justifications are given after all
three lemmas are stated. After identifying a vertex v in a cubical set C with the cubical function ?! C

whose image has the unique vertex v, suppsd3
.v;C / denotes the minimal subpresheaf B of C for which

sd3B has vertex v.

Lemma 3.17 For all cubical sets C and v 2 sd3C0,

�C .Starsd3C /.v/� suppsd3
.v;C /:

Lemma 3.18 Fix cubical set C and nonempty subpresheaf

¿¤A� sd3C

of an atomic subpresheaf of sd3C . There exist

(1) a unique minimal subpresheaf B � C with A\ sd3B ¤¿, and

(2) a retraction �.C;A/ WA!A\ sd3B, unique up to isomorphism.

Moreover , A\ sd3B is isomorphic to a representable if A is atomic and

�C .A ,! sd3C /D �C ..A\ sd3B/ ,! sd3C /�.C;A/:

Lemma 3.19 Consider the left of the solid commutative diagrams

A0 A00

sd3C 0 sd3C 00

˛

sd3


A0 A00

A0\ sd3B0 A00\ sd3B00

˛

� 0 � 00

where A0;A00 are nonempty subpresheaves of atomic subpresheaves of the respective cubical sets C 0;C 00.
Suppose B0;B00 are minimal respective subpresheaves of C 0;C 00 such that

A0\ sd3B0 ¤¿ and A00\ sd3B00 ¤¿:

Let � 0; � 00 be retractions of inclusions in the right diagram. There exists a unique dotted cubical function
making the right square commute.

The claim that A\ sd3B is representable in Lemma 3.18 follows from the fact that B and hence also
A\ sd3B are atomic and A\ sd3@B D¿ by minimality. To show the other claims, it suffices to take
the case where C is representable by naturality and hence the even more special case where C D�Œ1�
because all the functors and natural transformations in sight are monoidal. In that case, these other claims
follow from inspection. These claims collectively imply that the natural cubical function �2

C
W sd9C ! C

naturally but locally factors through representables in the following sense. Let StarskC1 denote the full
subcategory of .��=sdkC1/ whose objects, regarded as cubical functions S ! sdkC1C , are inclusions
of nonempty subpresheaves S of closed stars of vertices in cubical sets of the form sdkC1C . Denote a
Stars9-object S ,! sd9C as a pair .C;S/.
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Lemma 3.20 There exist natural number n.C;S/ and dotted cubical functions in

S �Œ1�n.C;S/

sd9C C
�2

C

natural in Stars9-objects .C;S/, making the diagram commute.

The proof mimics a proof of an analogous result [31, Lemma 8.16]. That result is stated at the level
of streams instead of cubical sets and for sd4 D sd2

2 instead of sd3. We therefore include the following
proof for completeness.

Proof The cubical set �sd3C .S/ is a subpresheaf of a minimal atomic subpresheaf A.C;S/ of C

(Lemma 3.17). Thus there exists a unique minimal atomic subpresheaf CS �C with A.C;S/\sd3CS ¤¿
(Lemma 3.18). And B.C;S/ DA.C;S/\ sd3CS is independent of our choice of A.C;S/ by minimality.
The inclusion B.C;S/ ,! A.C;S/ of B.C;S/ D A.C;S/ \ sd3CS admits a retraction �.C;S/ making the
right square in

(6)

S A.C;S/ B.C;S/

sd9C sd3C C

�.C;S/

�C .B.C;S/,!sd3C /

�sd3C �C

commute (Lemmas 3.18 and 3.19). There exists a dotted cubical function, unique by the middle arrow
monic, making the left square commute by definition of A.C;S/. The cubical set B.C;S/ is isomorphic to
a representable (Lemma 3.18). The left square above is natural in .C;S/. It therefore suffices to show
that the right square above is natural in .C;S/. To that end, consider the Stars9-morphism defined by the
left of the diagrams

S 0 S 00 A.C 0;S 0/ A.C 00;S 00/

sd3C 0 B.C 0;S 0/ B.C 00;S 00/ sd3C 00

sd9C 0 sd9C 00 C 0 C 00

˛
suppsd3

.˛;ˇ/

�.C 0;A0/ �.C 00;A00/

�C 0 �.C 0;S0/ �.C 00;S00/
�C 00

sd9ˇ ˇ

Let �.C;S/ denote �C .B.C;S/ ,! sd3C /. Consider the right diagram. There exists a unique dotted
cubical function making the upper trapezoid commute (Lemma 3.19). The triangles commute by (6)
commutative. The lower trapezoid commutes because the outer rectangle commutes and the cubical
functions of the form �.C;A/ are epi. The desired naturality of the right square in (6) follows.
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Call the ��G -objects and ��G -morphisms G -cubical sets and G -cubical functions. For each G -cubical
set A and cubical set B, we write A˝B for the G -cubical set naturally defined by .A˝B/.g/D .A.g//˝B.
Write .��G /0 for the category ��G . Redefine ��G to be the ��-enriched category with enrichment naturally
defined by ��G .A;B/D .��G /0.A˝�Œ��;B/ W�op

! Set:

A based cubical set is a pair .C; v/ of cubical set C and v 2 C0. For a cubical set C with a unique
vertex, we write ? for that unique vertex so that .C; ?/ denotes a based cubical set.

Example 3.21 Each monoid M determines the based cubical set .ner M; ?/.

A based cubical function  W .A; a/ ! .B; b/ from a based cubical set .A; a/ to a based cubical
set .B; b/ is a cubical function  W A! B such that  0.a/ D b. We sometimes regard based cubical
functions .C; v/ as Œ1�-cubical sets sending 0! 1 to the cubical function ?! C whose image contains v
and based cubical functions as Œ1�-cubical functions between such Œ1�-cubical sets.

3.3 Comparisons

Consider the left and middle of the solid diagrams

�1 Top

� ��
I

�Œ��

j�j

�1 DiTop

� ��
II

�Œ��

���

�� DiTop

�� Top

���

j�j

in which the top horizontal functors send the �-morphism ı˙ to the respective maps ?! I and ?! EI
both having image

˚
1
2
˙

1
2

	
. Regard DiTop as Cartesian monoidal. There exist unique dotted diagonal

monoidal functors making I and II above commute by � the free symmetric monoidal category on �1

with unit Œ0�. We can define unique cocontinuous topological realization and directed realization left
Kan extensions j � j and ��� of the diagonal functors along the Yoneda embedding, making the left and
middle diagrams commute. The right diagram, in which the right vertical arrow is the forgetful functor,
commutes because that forgetful functor is both monoidal and cocontinuous.

Example 3.22 We can make the identifications

j�Œ1�nj D In; ��Œ1�n�D EIn

along the continuous function that naturally sends each .x1; : : : ;xn/2 Œ1�
n� j�Œ1�nj to .x1; : : : ;xn/2 In.

Directed realization preserves embeddings; the proof, a straightforward adaptation of a proof under the
usual definition of cubical sets [31, Theorem 6.19], is omitted.

Proposition 3.23 For each monic cubical function �, ��� is a stream embedding.

Algebraic & Geometric Topology, Volume 26 (2026)



Cubical approximation for directed topology, II 157

Example 3.24 There exists a stream embedding of the form

�A˝B ,!A�B�W .�A� � �B�/ ,!�.A�B/�;

natural in cubical sets A and B, where A˝B ,!A�B denotes the natural inclusion (2) from the tensor
product A˝B in �� into the Cartesian product A�B in ��.

For each cubical set C , write 'C IkC1 for the component

'C IkC1 W�sdkC1C�Š�C�

of the natural isomorphism defined by the following proposition.

Proposition 3.25 The diagram �� DiTop

�� DiTop

���

sdkC1

���

commutes up to a natural isomorphism whose �Œ1�n-component �sdkC1�Œ1�n�Š��Œ1�n� is linear on
each cell and sends each geometric vertex v 2 ŒkC 1�n in j�ŒkC 1�nj to v

kC1
2 In.

The following lemma is the main method of obtaining information about edge orientations on a cubical
set from the circulation on a directed realization. Regarding a point x in a stream X as a stream map
?!X whose image contains x, suppj�Œ��j.x;L/ is the minimal Boolean interval I in a finite distributive
lattice L such that x 2 j�ŒI �j.

Lemma 3.26 Fix a Dis-object L. Consider x 6��ŒL�� y. Then

min suppj�Œ��jWDis!Top.x;L/6L min suppj�Œ��jWDis!Top.y;L/:

Proof For brevity, let F be the functor j�Œ��j W Dis! Top. In the case LD Œ1�n,

min suppF .x; Œ1�
n/D .bx1c; : : : ; bxnc/6Œ1�n .by1c; : : : ; bync/Dmin suppF .y;L/:

The general case follows from transitivity of preorders.

Lemma 3.27 For each n, the following commutes in Set:

.Œ1�n/Œ1� D sd2Œ1�
n Œ1�n

��Œsd2Œ1�
n�� ��Œ1�n�

.�/ı-

'�Œ1�nI2

x 7!min suppj�Œ��jW�!Top.x;Œ1�
n/
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Proof For brevity, let F be the functor j�Œ��j W�! Top. For each x 2 sd2Œ1�
n D .Œ1�n/Œ1�,

min suppF .'�Œ1�nI2.x/; Œ1�
n/Dmin suppF

��
1
2
x1;

1
2
x2; : : : ;

1
2
xn

�
; Œ1�n

�
D
��

1
2
x1

˘
;
�

1
2
x2

˘
; : : : ;

�
1
2
xn

˘�
D Œ1�ı-.x/:

Let sing denote the right adjoint to ���W ��! DiTop, naturally defined by

.sing X /n D DiTop.��Œ1�n�;X /:

Call sing X the directed singular cubical set of the stream X . For brevity, we henceforth write S for the
monad sing ��� of the adjunction ���a sing.

4 Homotopy

This section formalizes and compares different homotopy theories. Section 4.1 fixes some definitions of
homotopy in terms of an abstract interval object. Sections 4.2, 4.3, and 4.4 explore specific instances of
abstract homotopy, whether classical, directed, or categorical and whether algebraic, cubical, or continuous.
Section 4.5 compares the different homotopy theories. In particular, Section 4.5.2 gives some of the main
results, albeit without proof, and some subsequent calculations. Observations about the classical homotopy
theory of cubical sets are essentially formal but included for completeness, given that our operating
definition of cubical sets is not standard. Observations about classical homotopy theories of small categories
and topological spaces, well known, are included for comparison with their directed counterparts.

4.1 Abstract

The simplest way to discuss the variety of homotopy theories of interest is in terms of abstract interval
objects. The purpose of this section is to fix notation and terminology for standard concepts at this level
of abstraction. Fix a closed monoidal category M with terminal unit. Fix an interval object i in M , which
we take in this paper to mean a functor �1!M sending Œ0� to a terminal object.

Example 4.1 The interval object in Top naturally sending ı˙ to the functions˚
1
2
˙

1
2

	
,! I

is the prototypical example of an interval object. Much of homotopy theory on Top generalizes to a
category equipped with an interval object.

We fix some general terminology for standard concepts, like relative homotopy and homotopy equiva-
lences, in terms of the interval object i. Fix an M -enriched category X tensored and cotensored over M .
For convenience, we will identify an X -object o with i.Œ0�/˝o and oi.Œ0�/ along natural X -isomorphisms.
For a pair of parallel X -morphisms �1; �2 W o1! o2, left and right i-homotopies from �1 to �2 are choices

Algebraic & Geometric Topology, Volume 26 (2026)



Cubical approximation for directed topology, II 159

of dotted X -morphisms respectively making I, II commute in

o1q o1 o2

o1˝ i.Œ1�/

o1˝i.ı�/qo1˝i.ıC/

�1q�2

I
o o

i.Œ1�/
2

o1 o2
2

o
i.Œ1�!Œ0�/
2

�i �

�
III

o
i.ı�/qi.ıC/

2

�1��2

II

Natural bijections X .o1˝ i.Œ1�/; o2/ŠX .o1; o
i.Œ1�/
2

/ defined by X closed monoidal give a one-to-one
correspondence between left i-homotopies and right i-homotopies. Write �1  i �2 to denote a (left
or right) i-homotopy from �1 to �2 or the existence of such an i-homotopy. Say that the dotted right
i-homotopy on the right side is relative a morphism � W o! o1 if additionally III commutes for i D 1 or
equivalently for i D 2. We will repeatedly use the formal fact that there exists an i-homotopy (relative a
X -morphism � W o! o1) between a pair of parallel X -morphisms �1; �2 W o1! o2 (whose precomposites
with � coincide) natural in �1; �2 and a choice of dotted lift making IV (and V) commute in following
diagram commute, where i D 1 or equivalently i D 2:

o o2 o
i.Œ1�/
2

o1 o2 o2

�

�i �

V

o
i.Œ1�!Œ0�/
2

o
i.ı�/qi.ıC/

2

�1��2

IV

An X -morphism ˛ W o1! o2 is an i-equivalence if there exists an X -morphism ˇ W o2! o1 with
1a i ˇ˛ and 1b i ˛ˇ. Define the interval object in, informally the n-fold zigzag of i, by i0 D i and
the following commutative diagrams among which the first is co-Cartesian:

i.Œ1�/ inC1.Œ1�/

i.Œ0�/ in.Œ1�/

i.ı-/��n.ı-/

i.ı�/

q
in.ı�/

.�n.ı�//��.ı�/

inC1.Œ0�/ inC1.Œ1�/

i.Œ0�/ i.Œ1�/

inC1.ı�/

i.ıC/

i.ı-/��n.ı-/

inC1.Œ0�/ inC1.Œ1�/

i.Œ0�/ in.Œ1�/

inC1.ıC/

i.ıC/

.�n.ı�//��.ı�/

An i�-homotopy is a in-homotopy for some n. Write �1 !i �2 to denote an i�-homotopy or the
existence of such an i�-homotopy from �1 to �2. In other words,!i is the congruence on X generated
by the relation i on morphisms. An i�-equivalence is an in-equivalence for some n, or equivalently a
X -morphism representing an isomorphism in the quotient category X =!i.

Lemma 4.2 Consider

(1) a closed monoidal category M with terminal unit ,

(2) an interval object i in M sending ı- and ı+ to i�-equivalences ,

(3) a category X enriched , tensored , and cotensored over M .

The quotient functor X !X =!i is localization by the i�-equivalences.
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Proof Fix a functor F W X ! Y mapping the i�-equivalences to isomorphisms. Consider a pair of
!i-equivalent X -morphisms ˛; ˇ W o1! o2. Then there exists n� 0 and � W ˛ in ˇ. Both ı- and ı+

admit � as a retraction. Hence both in.ı-/ and in.ı+/ represent inverses to in.�/ in M=!i for the case
nD 0 and hence for the general case by induction. Hence both o1˝ in.ı-/ and o1˝ in.ı+/ both represent
inverses to the same X -morphism, o1˝ in.�/, in X =!i. Hence in the diagram

Fo1 Fo2

F.o1˝ inŒ1�/

Fo1 Fo2

F.o1˝in.ı�//

F˛

F�F�

F�

Fˇ

F.o1˝in.ıC//

the left triangle commutes; the top and bottom triangle commute by our choice of �; the right triangle
trivially commutes; the outer square commutes; and hence F˛DFˇ. Thus F factors through the quotient
functor X !X =!i.

Let Œo1; o2�i DX .o1; o2/=!i� , the Set-coequalizer

X
�
o1; o

i.Œ1�/
2

� X .o1;o
i.ıC/

2
/

//

X .o1;o
i.ı�/
2

/

// X .o1; o2/ // Œo1; o2�i :

A natural transformation i0! i00 of interval objects implies that

graph. i00/� graph. i0/:

Example 4.3 We have the chain

graph. i0/� graph. i1/� graph. i2/� � � � � graph.!i/

for each interval object i in a cocomplete closed monoidal category.

Define the interval object d as the composite

dD�Œ��.�1 ,!�/ W�1!
��:

Example 4.4 The interval object defining classical homotopy (Example 4.1) is

jdj W�1! Top:

The different homotopies in the classical setting coincide: jdj Š jdj1 Š jdj2 � � � and

 jdjD jdj1D jdj2D � � � D!jdj :

We recall and compare homotopy theories based on the interval objects d, �d�, jdj (Example 4.1),
hD .Top ,! DiTop/jdj, T1d W�1 ,! Cat, and …1d.
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4.2 Algebraic

We recall three homotopy theories on the category Cat of small categories and functors between them,
in order of increasing refinement. All three of these homotopy theories coincide on the full subcategory
Gpd of small groupoids.

4.2.1 Classical The class of Thomason weak equivalences is the smallest retract-closed class W of Cat-
morphisms having the two-out-of-three property and containing all terminal functors such that a functor
˛ WX !Y lies in W whenever the induced functor ˇ˛=o!ˇ=o lies in W for each functor ˇ WY!Z and
Z-object o [8, Theorem 2.2.11]. The localization of Cat by the Thomason weak equivalences exists [49]
and will be referred to as the classical homotopy category of Cat.

Example 4.5 A sufficient and intrinsic condition for a Cat-morphism

� W X ! Y

to be a Thomason weak equivalence is if o=� has a terminal object for each X -object o by Quillen’s
theorem A.

It is difficult to give a complete characterization of the Thomason weak equivalences that is at once
explicit and intrinsic, at least without reference to the simplex category� (see [24].) Thomason weak equiv-
alences can be defined more generally for n-fold functors between n-fold categories (cf. Theorem 4.22).

4.2.2 Directed Much early work in directed homotopy theory went into generalizing categorical
equivalences between groupoids to notions of equivalences between small categories that preserve
computational behavior of interest (e.g., [14; 16; 17] and Example 4.7). We examine one of the weakest
such generalizations. Let T1dn denote the interval object

T1dn D T1.dn/D .T1d/n W�1! Cat:

In particular, T1d is the canonical interval object

T1d W�1 ,! Cat:

The homotopy theory in which weak equivalences are the .T1d/�-equivalences [41], as well a slightly
weaker homotopy theory [23] in which homotopy is defined by a single path object in terms of d1; d2; : : : ,
have been studied previously. The .T1d/�-equivalences, while not the weak equivalences of a model
structure, are the weak equivalences of a ƒ-cofibration category [23] structure on Cat. While each
.T1d/�-equivalence is a Thomason weak equivalence, not each Thomason weak equivalence is a .T1d/�-
equivalence.

Example 4.6 For parallel Cat-morphisms ˛; ˇ, a T1d-homotopy

˛ ˇ

is exactly a natural transformation ˛ ! ˇ. In particular, a (left or right) adjoint in Cat is a T1d1-
equivalence.
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Example 4.7 Consider a functor of small categories

F W X ! Y:

The functor F is sometimes referred to as a future equivalence [19] if F is a T1d-equivalence and a past
equivalence [19] if F op is a future equivalence. Future equivalences and past equivalences preserve certain
properties of interest in state space analyses, such as terminal objects and initial objects respectively [17].

Based T1d�-homotopy is trivial on monoid homomorphisms.

Lemma 4.8 Consider a pair of parallel monoid homomorphisms

˛; ˇ WM !N:

Then ˛ D ˇ if ˛ and ˇ are T1d�-homotopic relative ?!M .

Proof A right T1dn-homotopy � W ˛!T1d ˇ relative ?!M factors through N T1dnŒ1�!?, by relativity
and the fact that there exists at most one object in M and thus ˛ DN ı-�DN ı+�D ˇ.

Unbased T1d�-homotopy on monoid homomorphisms generalizes the conjugacy relation.

Lemma 4.9 For a monoid � , there exists a natural bijection

ŒN; � �T1d Š .�=�/

of sets , where� is the smallest equivalence relation on the underlying set of � such that x � y if there
exists an element z in � such that xz D zy.

Proof Consider a pair of monoid homomorphisms

˛; ˇ WN! �:

Every T1d-homotopy ˛ T1d ˇ, a functor

� WN � Œ1�! �

such that �.�; 0/D ˛ and �.�; 1/D ˇ, is uniquely determined by the element x D �.1?; 0! 1/ in � .
Conversely, every x 2 � such that ˛.1/xDxˇ.1/ uniquely determines a T1d-homotopy ˛ T1d ˇ sending
.1?; 0! 1/ to x. It therefore follows that the bijection Cat.N; �/Š � sending each homomorphism � to
�.1/ passes to the desired natural isomorphism.

A monoid M is cancellative if x1yx2 D x1zx2 for some elements x1;x2;y; z 2M implies y D z.
For a commutative monoid � , the set ŒN; � �T1d of conjugacy classes of elements in � naturally forms a
commutative monoid with multiplication inherited from � . The commutative monoid ŒN; � �T1d is the
maximal cancellative quotient of � , the image of � under the left adjoint to the full inclusion from the
category of cancellative commutative monoids into the category of commutative monoids and monoid
homomorphisms.
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4.2.3 Categorical There exist natural isomorphisms

…1dŠ…1.dn/D .…1d/n; nD 0; 1; 2; : : : :

A categorical equivalence between small categories is exactly a …1d-equivalence. Every categorical
equivalence is a T1d-equivalence because localization defines a natural transformation T1d!…1d.

4.3 Cubical

Define �0C as the Set-coequalizer

C1

C.ı�/
//

C.ıC/

// C0
// �0C

natural in cubical sets C .

Example 4.10 We can make the natural identification ŒA;B�d D �0
��G .A;B/.

For each based cubical set .C; v/, let �n.C; v/ be the set

�n.C; v/D �0�
n.C; v/:

Example 4.11 The set �n.C; v/ is the set of cubical functions

�Œ1�n! C

sending @�Œ1�n to the minimal subpresheaf of C having the vertex v, up to the equivalence relation
identifying two such cubical functions ˛; ˇ whenever ˛!d ˇ relative @�Œ1�n ,!�Œ1�n.

A cubical homotopy equivalence is a d�-equivalence. Cubical homotopy equivalences generalize
to classical weak equivalences of cubical sets, which we take to mean cubical functions  inducing
homotopy equivalences j j between topological realizations. Classical weak equivalences are part of a
model structure, which we call the classical model structure on ��, defined by the following proposition.

Proposition 4.12 There exists a model structure on �� in which

(1) the weak equivalences are the classical weak equivalences;

(2) the cofibrations are the monos.

A proof of the proposition is given at the end of Appendix B. A fibrant cubical set will simply refer to a
fibrant object in this classical model structure on cubical sets. A classical weak equivalence between fibrant
cubical sets is precisely a cubical homotopy equivalence between fibrant cubical sets. The fundamental
groupoid …1 is a classical homotopy invariant in the sense of the following proposition, whose proof is
given at the end of Section 4.5.1.

Proposition 4.13 For each classical weak equivalence  WA! B of cubical sets ,

…1 W…1A!…1B

is a categorical equivalence.
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As a consequence, cubical nerves of small groupoids are fibrant (cf. Proposition 5.6.)

Corollary 4.14 For each small groupoid G, nerG is fibrant.

Proof Consider the solid functors in the left of the diagrams

A nerG

B

 

��

…1A G

…1B

Š

…1 

�

Suppose A ,! B is an acyclic cofibration in the classical model structure. There exists a dotted func-
tor � making the entire right diagram commute by …1.A ,! B/ an equivalence of small categories
(Proposition 4.13) that is injective on objects. Thus the left diagram, in which �� denotes the adjoint
of �, commutes.

Extend classical 1-cohomology to directed 1-cohomology

H1.C I �/D ŒC;ner ��d D �0.ner �/C D ŒT1C; � �T1d;

a commutative monoid natural in commutative monoids � and cubical sets C .

Example 4.15 For an abelian group � , the abelian group

H1.C I�/D ŒC;ner��d D �0.ner�/C

defines the first cubical cohomology of the cubical set C . Classical cubical 1-cohomology sends classical
weak equivalences to isomorphisms by ner� fibrant (Corollary 4.14).

Group-completion � ! �Œ��1� induces a monoid homomorphism

H1.C I � ! �Œ� ��1/ WH1.C I �/!H1.C I �Œ� ��1/

from directed cohomology to classical cohomology, natural in commutative monoid coefficients � .

4.4 Continuous

We recall homotopy for the continuous setting. Let �0 denote the functor

�0 W Top! Set

naturally sending each topological space X to its set of path-components.

4.4.1 Classical We have the natural identification

ŒX;Y �jdj D �0Y X :

A continuous function f WX ! Y is a classical weak equivalence if

�0f
jC j
W �0X jC j Š �0Y jC j:
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for all cubical sets C . The classical weak equivalences and maps having the right lifting property against
all maps of the form j�ŒıC ˝ 1Œ1�n �j W I

n ! InC1 define the weak equivalences and fibrations of the
q-model structure on Top.

4.4.2 Directed We can make, by cocontinuity of ���, the identifications

�dn�D�d�n; nD 0; 1; : : : :

A �d��-homotopy is sometimes referred to in the literature as a d-homotopy (e.g., [18]). Intuitively, a
d-homotopy is a homotopy through stream maps that is additionally piecewise monotone and antimonotone
in its homotopy coordinate. Write �n.X;x/ for all �d��-homotopy classes relative f1g! ESn of based
stream maps

. ESn;1/! .X;x/:

Fix n > 1. The based directed sphere . ESn;1/ admits a co-H multiplication in DiTop that passes
to the standard co-H multiplication on the based n-sphere. In this manner, �n.X;x/ naturally has the
structure of a monoid just as the n-th homotopy group �n.X;x/ of the underlying space of X based
at x naturally has the structure of a group. This monoid has been introduced elsewhere as the n-th
homotopy monoid of a based directed topological space [18]. For n> 2, �n.X;x/ is commutative by an
Eckmann–Hilton argument and moreover can be shown to be an abelian group, where group inversion
is given by a transposition of two suspension coordinates. Forgetting directionality induces a natural
monoid homomorphism

�n.X;x/! �n.X;x/

Lemma 4.16 There exists a �d1�-homotopy between both projections of the form

��Œ1�n�2
!��Œ1�n�

natural in�-objects Œ1�n.

For a pair of parallel stream maps f;g WX ! EIn, linear interpolation

h WX � I! EIn; h.x; t/D .1� t/f Cg

defines a classical homotopy from f to g through stream maps but does not generally define a �d��-
homotopy. The proof requires not only natural convex structure but also natural topological semilattice
structure on directed hypercubes.

Proof Let �1In and �2In denote the projections

��Œ1�n�2
!��Œ1�n�

onto first and second factors, respectively. Linear interpolation defines �d�-homotopies

�1In ^��Œ1�n� �2In �d� �1In; �2In
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natural in �-objects Œ1�n because ��Œ���W � ! DiTop sends each �-morphism to a linear map of
hypercubes that defines a lattice homomorphism between compact Hausdorff connected topological
lattices in Pos. Concatenating these �d�-homotopies yields the desired �d1�-homotopy.

A simple consequence is that the cubical function

�C W sd3C ! C

defines a natural cubical approximation to 'C I3 W�sd3C�Š�C�.

Lemma 4.17 There exists a �d1�-homotopy

��C�!�d1� 'C I3 W�sd3C�!�C�
natural in cubical sets C .

Proof There exists the desired �d1�–homotopy natural in representable cubical sets C (Lemma 4.16)
and hence natural in general cubical sets C by naturality of ��C� and 'C I3.

Nearby stream maps to directed realizations are �d��-homotopic.

Lemma 4.18 There exists a �d��-homotopy between stream maps

f;g WX.f;g/!�sd9C.f;g/�;

natural in objects f � g in the full subcategory of .Str=�sd9��2/ consisting of those objects f � g W

X.f;g/!�sd9C.f;g/�2 for which X.f;g/ is covered by open substreams each of which has images under
f and g that lie in the open star of the same vertex.

Proof For a stream map e WX !�sd9C� and substream U �X , let

eU D e.U ,!X / W U ,!�sd9C� :

Let X denote the category defined by the proposition. Let f �g W X.f;g/!�sd2
3C.f;g/�2 denote a

X -object. Let O.f;g/ be the category whose objects are all substreams of X.f;g/ whose images under
f and g lie in the open star of the same vertex and whose morphisms are all inclusions between such
substreams. Consider a commutative square of the form

X.f1;g1/ X.f2;g2/

�sd9C.f1;g1/�2 �sd9C.f2;g2/�2

f1�g1 f2�g2

�sd9C.f1;g1/
!sd9C.f2;g2/

�2

in which the vertical arrows are X -objects. The image of each O.f1;g1/-object under the top horizontal
stream map is a O.f2;g2/-object because the bottom horizontal stream map, the directed realization of
a cubical function, maps open stars of vertices into open stars of vertices. It is in this sense that the
subcategory O.f;g/ of DiTop is natural in X -objects f �g.
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Let U denote an O.f;g/-object. Thus fU ;gU both corestrict to the directed realization of the same
closed star in sd9C.f;g/ (Proposition 3.23). Thus there exist cubical function �U and dotted stream maps
of the following form, natural in O.f;g/-objects U , making the diagram

U ��Œ1�nU�2

X.f;g/ �sd9C.f;g/�2 �C.f;g/�2

��U�˝2

f�g ��2
C.f;g/

�˝2

commute (Lemma 3.20). It therefore follows that there exists a �d1�-homotopy fU !�d� gU , natural
in U (Lemma 4.16).

Thus there exists a �d1�-homotopy

��2
C.f;g/
� f!�d� ��2

C.f;g/
� g

natural in X -objects .f �g/ by O.f;g/ natural in .f �g/. There exist �d��-homotopies

'�2
C.f;g/I3

��2
C.f;g/
� f!�d� f; '�2

C.f;g/I3
��2

C.f;g/
� g!�d� g

natural in X -object .f � g/ (Lemma 4.17). Concatenating these homotopies yields the desired �d��-
homotopy.

Define the interval object h as the composite

hD j�Œ��j.�1 ,!�/ W�1! DiTop;

where topological spaces are regarded as streams equipped with initial circulations (Example 3.3). In other
words, an h-homotopy is exactly a classical homotopy through stream maps. An h-homotopy is sometimes
referred to in the literature as an h-homotopy (e.g., [33]) or a dihomotopy [13]. On one hand, h-homotopy
is an equivalence relation because of natural isomorphisms h0 Š h1 Š h2 � � � . On the other hand, �d�-
homotopy is not an equivalence relation on the hom-set DiTop.X;Y / unless every directed path in Y ,
a path in Y defining a stream map EI! Y , is reversible. Every left �dn�-homotopy determines a left
h-homotopy by the existence of a natural transformation h!�d�n. It turns out that f !h g if and
only if f!�d� g for a pair of stream maps f;g from a compact stream to a directed realization of a
cubical set by a straightforward adaptation of a proof under the usual definition of the cube category [31];
however we do not examine h-homotopy theory in this paper.

4.5 Comparisons

The different homotopy theories can be compared. The classical homotopy theories of small categories,
cubical sets, simplicial sets, and topological spaces are all equivalent to one another. The directed
homotopy theories of cubical sets and streams are equivalent to one another, with the directed homotopy
theory of small categories acting as a special case.
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4.5.1 Classical We can compare different classical homotopy theories. Proofs of the following two
observations, which use intermediate comparisons to the classical homotopy theory of simplicial sets, are
given at the end of Appendix B.

Proposition 4.19 Topological realization defines the left map of a Quillen equivalence

j � j W ��� Top

between �� equipped with the classical model structure and Top equipped with its q-model structure.

A proof is given in Appendix B. We write h.��/ and h.Top/ for the respective localizations of �� and
Top by their classical weak equivalences. The above proposition then implies that topological realization
passes to an adjoint equivalence

h.��/' h.Top/:

We write h.Cat/ for the localization of Cat by its Thomason weak equivalences.

Corollary 4.20 The functor ner induces a categorical equivalence

h.Cat/' h.��/:
Proof of Proposition 4.13 Consider a cubical function  WA! B. The diagram

…1A …1B

…1jAj …1jBj

…1 

…1j j…1j j

in which …1 in the bottom row denotes the fundamental groupoid of a topological space and the vertical
arrows are inclusions of fundamental groupoids induced by topological realization, commutes. The
vertical arrows are categorical equivalences by an application of cellular approximation. Thus if  
is a classical weak equivalence, j j is a classical homotopy equivalence (Proposition 4.19), hence
…1j j W…1jAj !…1jBj is a categorical equivalence, and hence …1 W…1A!…1B is a categorical
equivalence.

4.5.2 Directed We refine and extend the previous equivalences between classical homotopy categories.
Proofs of our comparisons between directed homotopy categories (Theorems 4.21 and 4.22) require
a generalization of fibrant cubical sets to suitable directed analogues in Section 5. However, we can
formally state these comparisons and some simple applications without proof in this section. In fact,
our comparisons can be stated at the more general level of G -equivariance. Recall that a class W of
morphisms in a category X for which the localization X ŒW �1� exists is saturated if it coincides with the
isomorphisms in the localization X ŒW �1� of X by W . Define the directed homotopy categories d.��/
and d.DiTop/ of cubical sets and directed topological spaces by the following theorem, whose proof is
given at the end of Section 5.3.
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Theorem 4.21 There exist dotted vertical localizations in the diagram

��G DiTopG

d
���G

�
d
�
DiTopG

�
���

'

by the following respective saturated classes of morphisms: those G -cubical functions  for which � �G

is a �d�-equivalence; and those G -stream maps f for which singG f is a d-equivalence. There exists a
dotted horizontal adjoint equivalence making the entire diagram commute up to natural isomorphism.

Define the directed homotopy category d.CatG / of G -categories as a small part of the larger directed
homotopy category d.��G / ' d.DiTopG / by the following theorem, whose proof is given at the end
of Section 5.3.

Theorem 4.22 Consider the solid functors in the diagram

CatG ��G

d
�
CatG

�
d
���G

�
ner

where the left vertical arrow is the quotient functor by!T1d and the right vertical arrow is localization
by the d-equivalences. The left vertical arrow is localization by the T1d-equivalences. There exists a
dotted fully faithful embedding making the entire diagram commute up to natural isomorphism.

Example 4.23 For each n> 1 and small category X , every stream map

��Œ1�n=@�Œ1�n�!�nerX�

is !�d� -homotopic to a constant stream map by an application of Theorems 4.21 and 4.22 and
T1.�Œ1�n=@�Œ1�n/D ?. It therefore follows that higher directed spheres ��Œ1�n=@�Œ1�n� do not have
the h-homotopy, much less d-homotopy type, type of directed realizations of cubical nerves of small
categories. Intuitively, the cubical model �Œ1�n=@�Œ1�n of a directed sphere presents a cubcat freely
generated by a single n-cell between a single vertex. Thus directed homotopy types encode higher
category-like structures, albeit up to directed homotopy, more general than small 1-categories (cf. [11]).

One consequence is the following calculation.

Proposition 4.24 For each monoid M ,

�n .�ner M�;�?�/D
�

M if nD 1;

? if n¤ 1:
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Proof Let S.n/D�Œ1�n=@�Œ1�n. We can make natural identifications

�n.�ner M�;�?�/D �n.S.ner M /;�?�/D ŒT1S.n/;M �T1d D Cat.T1S.n/;M /;

the second by the comparison theorems (Theorems 4.21 and 4.22) and T1 a ner, the third by the fact
that based T1d�-homotopy between monoid homomorphisms is equality (Lemma 4.8). Then note that
T1S.n/ is the terminal monoid ? if n¤ 1 and N if nD 1.

Write H1
sing.X I �/ for the commutative monoid

H1
sing.X I �/DH1.sing X I �/D ŒT1 sing X; � �T1d

natural in streams X and commutative monoids � . Another consequence is the equivalence between
cubical directed 1-cohomology and singular directed 1-cohomology.

Proposition 4.25 There exists an isomorphism

H1.�C W C ! SC I �/ WH 1
sing.�C�I �/ŠH 1.C I �/

of commutative monoids , natural in cubical sets C and commutative monoids � , where � is the unit of S.

Proof Let DD d.Cat/. We can make the natural identifications

H1.C I �/D ŒC;ner ��d D D.T1C; �/;

the second by T1 a ner and the third by the fully faithful embedding D ,! d.��/ (Theorem 4.22).
In the commutative diagram

H1
sing.�C�I �/ H1.C I �/

D.T1SC; �/ D.T1C; �/

H1.�C I�/

Š Š

D.T1�C ;�/

in which the vertical arrows are induced by ���, the vertical arrows are bijections (Theorem 4.22), the
bottom horizontal arrow is a bijection by T1�C a D-isomorphism (Theorems 4.21 and 4.22), and hence
the top horizontal arrow is also a bijection.

Proposition 4.26 Consider

(1) a cancellative commutative monoid � ,

(2) a cubical set C having a unique vertex.

Then H1
sing.�C�I �/D Cat.T1C; �/.

Proof There exist natural identifications

H1
sing.�C�I �/D ŒT1C; � �T1d D ŒN; �

T1C �T1d D Cat.N; �T1C /D Cat.T1C; �/;
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Figure 4: Conal manifolds. Conal manifolds, smooth manifolds whose tangent spaces are all
equipped with convex cones, naturally encode state spaces of processes under some causal constraints.
The convex cones define partial orders on an open basis of charts that uniquely extend to circulations
on the entire manifold. The time-oriented Klein bottle (left) and time-oriented torus (right) depicted
above are examples of conal manifolds that arise as directed realizations of cubical sets. Over
cancellative commutative monoid coefficients � , their directed 1-cohomologies are � �2� � (left)
and �2 (right) by a simple application of cubical approximation (Examples 4.28 and 4.27).

the first by the comparison theorems (Theorems 4.21 and 4.22), the second and fourth by C having
a unique vertex and hence T1C a monoid, and the third by � and hence �T1C a cancellative monoid
(Lemma 4.9).

Some easy calculations follow for the unique two closed and connected .1C1/-spacetimes that arise as
directed realizations of (finite) cubical sets.

Example 4.27 Fix a cancellative commutative monoid � . Then

H1
sing.T I �/D �

2;

where T is the unique underlying stream of a time-oriented Lorentzian torus (Figure 4), by identifying T

with the directed realization of .�Œ1�=@�Œ1�/˝2, calculating the fundamental category of that cubical set
to be N2, and applying Proposition 4.26.

Example 4.28 Fix a cancellative commutative monoid � . Then

H1
sing.KI �/D � �2� �;

where K is the unique underlying stream of a time-oriented Lorentzian Klein bottle (Figure 4), by
identifying K with the directed realization of the quotient C of �Œ1�2 by the smallest equivalence relation
identifying ı˙1I2 with ı�2I2, calculating T1C to be the monoid N �2N N, and applying Proposition 4.26.

We summarize many of the above observations above in the following commutative diagram. Write
h.1Gpd/ for the full subcategory of h.��/ consisting of its fibrant objects, the category of fibrant
cubical sets and cubical homotopy classes of cubical functions between them. Write h.Gpd/ for the full
subcategory of h.Cat/ consisting of all small groupoids, the category of small groupoids and natural
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isomorphism classes of functors between them. There exists a commutative diagram

d.Cat/ d.��/ d.DiTop/

h.Gpd/ h.1Gpd/

h.Cat/ h.��/ h.Top/

'

' '

' '

in which the vertical arrows are induced from forgetful functors, the leftmost horizontal arrows in each row
are induced from the cubical nerve, the rightmost horizontal arrows in the top and bottom rows are induced
from realization functors, and the diagonal arrows pointing towards the left are induced from inclusions.
Functors denoted as ,! are fully faithful. Functors denoted as� are essentially surjective. Functors are
categorical equivalences if and only if they are labeled with '. The commutativity of the outer rectangle
formalizes how our directed homotopy theory refines classical homotopy theory. The commutativity of
the upper triangles formalizes how our directed homotopy theory extends classical homotopy theory.

5 Cubcats

We develop a theory of cubcats. We first give a definition in terms of compatible unary and compo-
sition operations (Definition 5.2) and later give an equivalent characterization as an algebra structure
over a directed analogue R of fibrant replacement (Proposition 5.5). We give some basic examples
(Propositions 5.6, 5.7, and 5.8). We then give a cubical approximation theorem for directed homotopy
(Theorem 5.17), in which cubcats play a role analogous to the role that fibrant cubical sets play in a
cubical approximation theorem for classical homotopy. Afterwards, we list a number of consequences
(Corollaries 5.18 and 5.19) and proofs of comparison results from the previous section.

5.1 Definition

Take .�/] to be the dotted left Kan extension in

� ��
��

�Œ��

S�Œ��

.�/]

of the top horizontal arrow along the left vertical arrow. The monad structure on the monad S of the
adjunction ���a sing induce a monad structure on .�/]. The Yoneda embedding �Œ�� W�! �� induces
a map of monads

.�/] ,! S;

componentwise monic and thus henceforth regarded as a componentwise inclusion.
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Example 5.1 We can make the natural identification .�Œ1�n/] D S�Œ1�n.

For convenience, take ']
C IkC1

to be the natural cubical function

'
]

C IkC1
W C ]
! exkC1C ]

defined for the case C D�Œ1�n by the commutative square

.�Œ1�n/] exkC1..�Œ1�n/]/

S�Œ1�n exkC1S.sdkC1�Œ1�n/ exkC1S.�Œ1�n/

'
]

�Œ1�nIkC1

S��Œ1�n exkC1 sing'�Œ1�nIkC1

Definition 5.2 A G -cubcat is a G -cubical set C if in the diagrams

(7)
C C

C ]

�C

1C

I
�

C ] ex2C ]

C ex2C

'
]

C I2

� II ex2�

�

in which � denotes the unit of .�/], there exist dotted G -cubical functions � and � making I and II
commute.

A cubcat will simply refer to a G -cubcat for the case G D ?. The retraction � W C ]! C in I in effect
extends the face, degeneracy, and transposition operations on a cubical set to a larger collection of unary
operations parametrized by monotone maps between directed topological cubes in the following sense.
Let � denote a stream map

� W��Œ1�n�!��Œ1�m� :

Each such � defines a natural transformation �� W .C ]/m ! .C ]/n defined for C representable as
precomposition .S�Œ��/m ! .S�Œ��/n with � and hence for general cubical sets C by cocontinuity
of .�/]. For � making I commute in (7), commutative diagrams

Cm Cn

.C ]/m .C ]/n
��

�n

natural in �, define dotted functions that, in the case � is of the form ��Œ��� for a �-morphism �,
coincides with the unary operation C.�/ W Cm! Cn. A cubical function ex2C ! C in II composes a
composable configuration of cubes, shaped like a subdivided cube, into a single cube. The commutativity
of II asserts that the composite of a subdivision of cubes yields the original cube. It is possible if more
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tedious to reformulate composition in the definition as a family of category-like compositions

(8) Cn �C.ıCiIn/;C.ı�iIn/ Cn! Cn; 16 i 6 n;

compatible with the face, degeneracy, and symmetry operations on a cubical set C and additionally
satisfying interchange laws.

Example 5.3 Take a framed cubical set to mean a presheaf

.��1/
op
! Set

over the minimal variant ��
1

of the cube category, the subcategory of Set generated by ı-; ı+ W Œ0�! Œ1�

and � W Œ1�! Œ0�. A globular !-category is equivalent to the data of a framed cubical set C together with
an extension like the dotted functor in diagram I of (7), extra composition operations on C like (8), and a
compatibility condition like the commutativity of the right diagram in (7), except that� is replaced with the
minimal variant of the cube category containing coconnections of one kind and the compositions are addi-
tionally required to be unital and associative in an appropriate sense [1]. Unlike strict globular !-categories,
the composition operations witnessing the property of being a cubcat are not part of the structure of a cubcat.

We can characterize cubcats in terms of an endofunctor defined as follows.

Definition 5.4 Define R C to be the ��-colimit

R C D colim.C ,! C ] '
]

C I2
���! ex2C ] ex2'

]

C I2
�����! ex4C ] ex4'

]

C I2
�����! � � � /

natural in cubical sets C .

Let C denote a cubical set. Consider the commutative diagram

(9)
C ] ex2C ] ex4C ] � � �

SC

'
]

C I2
ex2'

]

C I2
ex4'

]

C I2

natural in C , in which each diagonal arrow ex2i C ] ! SC is the composite of the monomorphism
ex2i .C ] ,! SC / W ex2i C ] ! ex2i SC with the monomorphism ex2i SC ! SC sending each n-cube
� W�sd2i Œ1�n�!�C� in ex2i SC to the n-cube �'�Œ1�nI2i W��Œ1�n�!�C� in SC . The above componentwise
monic cocone from the top row to the cubical set SC induces a monomorphism RC ! SC which we
henceforth regard as an inclusion of subpresheaves. Concretely, .R C /n is the set of stream maps
f W��Œ1�n�!�C� such that for k� 1 and each .�=sdk

2�Œ1�n/-object 
 , there exists a .�=C /-object
�.
; f / such that f 'C I2k �
� lifts along ��.f; 
 /�.

Proposition 5.5 The following are equivalent for a G -cubical set C :

(1) C is a G -cubcat.

(2) The corestriction C ! R C of the cubical function C ! SC defined by the unit of S admits a
retraction.
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In particular, we henceforth regard R C as a subpresheaf of SC . The monad multiplication on S does
not restrict and corestrict to a monad multiplication on R. But the unit of S defines natural cubical functions
C ! C ] for the case C representable and hence uniquely corestricts to a natural transformation 1��! R.

Proof Let �S and �S be the unit and multiplication of S. Let �] and �] be the unit and multiplication
of .�/]. Let �.j/ be the counit of sdj

2
a exj

2
. Let exD ex2. Let C denote a cubical set.

Let � denote the componentwise inclusion R! S. Let �C denote the corestriction C ! RC described
in the proposition.

Consider the case G D ?. Consider the solid diagram

(10)
C C ] ex2C ] ex4C ] � � �

C

�
]

C
'
]

C I2
ex2'

]

C I2
ex4'

]

C I2

1C

Suppose (1). Then there exist cubical functions � and � making (7) commute. We can define a
commutative diagram (10), natural in � and �, so that the i -th unlabeled arrow counting from the left is
�i

C
.exi�/ W exiC ]! C . The cocone (10) induces a retraction to �C . Thus (2).

Suppose (2). Then there exists a retraction � to �C . Then there exist unique dotted cubical functions,
natural in �, making (10) commute. Let � be the first dotted vertical cubical function from the left
in (10). Let � be the composite of ex �]

C
with the second dotted vertical cubical function in (10). Then

(7) commutes because (10) commutes. Thus (1).
The naturality of the constructions implies the general case.

The class of unary operations required on a cubcat can likely be reduced in the sense that the construction
.�/] is probably larger than necessary for the main results. What is not clear is whether a smaller alternative
to .�/] is as simple to define. A simpler, smaller alternative to .�/] would be useful for formalizing
cubical directed homotopy types on a computer (cf. [2; 37; 48]).

5.2 Examples

Cubcats at once generalize 1-categories (Proposition 5.6), directed singular cubical sets (Proposition 5.7),
and higher groupoids (Proposition 5.8).

Proposition 5.6 For each G -category X , nerX is a G -cubcat.

Proof Let � denote the unit of .�/]. Let X denote a small category.
It suffices to take G D ? and construct dotted cubical functions, natural in X , making (7) commute for

C D nerX . There exists a unique functor �Œ1�n W S.nerŒ1�n/! nerŒ1�n, natural in �-objects Œ1�n, whose
adjoint T1S.nerŒ1�n/! Œ1�n sends each object x to min suppjner�jW�!Top.x; Œ1�

n/ by an application of
Lemma 3.26. These functors define the components of a unique natural transformation

� W S.ner.� ,! Cat//! ner.� ,! Cat/ W�! ��:
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The functor �Œ0� W S.nerŒ0�/! nerŒ0� is an isomorphism ?Š ? of terminal cubical sets. Therefore �
defines a retraction to the natural transformation �ner.�,!Cat/ W ner! S ner by naturality because each
component of �, a functor to a poset, is uniquely determined by its values on objects. Thus the �Œ1�n’s
induce a cubical function �X making I in (7) commute when C D nerX and �D �X .

Define a cubical function �X W ex2nerX ! nerX , natural in X , by the rule

.�X /n D Cat
�
.Œ1�n/Œ1�!Œ0�;X

�
W Cat.Œ2�n;X /! Cat.Œ1�n;X /

natural in�-objects Œ1�n. Consider rectangle II in (7) for the case C DnerX , �D �X , and �D�X . In the
case X D Œ0�, the diagram is a diagram of terminal cubical sets and therefore commutes. In the case X is
a �-object, the diagram commutes by naturality because both maximal composites .nerŒ1�n/]! ner Œ1�n

of arrows in the diagram have as their adjoints functors T1.nerŒ1�n/] ! Œ1�n to posets and are hence
determined by their values on objects. It therefore follows that the diagram commutes for general small
categories X by naturality.

Just as singular cubical sets of topological spaces are fibrant, directed singular cubical sets of streams
are cubcats.

Proposition 5.7 For each G -stream X , sing X is a G -cubcat.

Proof Let � denote the unit of ���a sing. The G -cubical function �sing X admits a retraction by the
zigzag identities, hence its corestriction to R sing X admits a retraction, and hence sing X is a G -cubcat
(Proposition 5.5).

Fibrant cubical sets themselves are cubcats.

Proposition 5.8 Every fibrant cubical set is a cubcat.

A proof, which requires cubical approximation, is deferred until the end of Section 5.3.

5.3 Approximation

We first compare R with S.

Lemma 5.9 There exists a dotted cubical function in the diagram

S.sd9C / R C

R sd9C

R �2
C

natural in cubical sets C , making the entire diagram commute.
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Proof Let C denote a cubical set. Consider the outer naturality square of

(11)
S.sd9C / SC

R sd9C R C

S�2

R �2
C

Consider the data of a cubical function �Œ1�n! S.sd9C /, equivalently given by its adjoint stream
map f W��Œ1�n�!�sd9C�. For k � 0, f '�Œ1�nIkC1 maps each closed cell into the open star of a
vertex in jsd9C j by j�Œ1�nj compact and hence f uniformly continuous with respect to the `1-metric on
j�Œ1�nj D In. Thus for each cubical function � W�Œ1�m! sdk�Œ1�n, ��2

C
� f '�Œ1�nIkC1 ��� lifts along a

stream map of the form ��Œ1�n.�;f /! C� for some natural number n.�; f / (Lemma 3.20). Thus the
adjoint of f defines a cubical function �Œ1�n! R C (Proposition 5.5).

It therefore follows that the top horizontal arrow in (11) corestricts to a diagonal dotted cubical function,
unique by the right vertical arrow in (11) monic and hence natural in C , making all of (11) commute.

Lemma 5.10 There exist cubical function �C W SC ! R C and d�-homotopies

.R C ,! SC /�C !d 1SC ; �C .R C ,! SC /!d 1R C

natural in cubical sets C .

Proof Let C denote a cubical set. Let

eC D��2
C� '

�1
C I9 W�C�!�C� :

There exists a dotted cubical function �C , unique by the diagonal inclusion monic and hence natural
in C , making the following diagram commute (Lemma 5.9):

(12)
SC SC

RC

sing eC

�C

There exist d�-homotopies, natural in C , of the following forms (Lemma 4.17):

(13) 1SC D S.1C /!d sing eC :

Let e
]
C

denote the cubical function C ]! C ] induced by sing e�Œ1�n . The restriction of sing eC to
exi

2
C ] corestricts to a cubical function

exi
2e
]
C
W exi

2C ]
! exi

2C ]:

The d�-homotopies (13) for C representable induce d�-homotopies

1C ]!d e
]
C
:
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Application of exi to these d�-homotopies defines d�-homotopies

1exi C ]!d exi
2e
]
C

natural in C . These d�-homotopies in turn induce d�-homotopies

1R C !d �C .RC ,! SC /:

natural in C .

The following lemma asserts that S is homotopy idempotent when restricted to ��REG, the full
subcategory of �� consisting of those cubical sets whose atomic subpresheaves are all isomorphic to
representables.

Lemma 5.11 There exist �d��-homotopies

1�SC�!�d���C� ��C�

natural in ��REG-objects C , where �; � denote the unit and counit of ���a sing.

The idea of the proof is to lift a stream map �� W��Œ1�n��!�C�� along a stream map �C �
� Ik
! C� up

to natural �d��-homotopy based on a 2k-fold subdivision of�Œ1�n� to a stream admitting a �d�-convexity
structure natural in � and, in a suitable sense, k.

Proof Let � denote inclusion ��REG ,! ��. Let � denote a .�=.R�//-object

� W�Œ1�n� ! R C� ;

a choice of ��REG-object C� and cube �Œ1�n� ! R C� . Let �� denote the adjoint

�� W��Œ1�n��!�C��

to ..R C� / ,! SC� /� .
It suffices to construct �d��-homotopies

.�R C ,! SC�/!�d���C� ��C�.�R C ,! SC�/

natural ��REG-objects C (Lemma 5.10).

Constructing lift �k of ��: Let k� 0. Let I� Ik denote the poset, natural in � , of all Boolean intervals in
sdk

2 Œ1�
n� ordered under inclusion. Let I denote a I� Ik-object. Let C� II D suppj�j .��j�ŒI �j;C� /. The

stream map ��'�Œ1�n� I2k restricts and corestricts to a stream map �I W��ŒI ��!�C� II� (Proposition 3.23).
Define C �

� Ik
as the ��-colimit

C �� Ik D colimI

�
C� II ˝�ŒI �

�
:

Then C �
� Ik

is an iterated pushout of inclusions of ��REG-objects and hence inductively is itself an ��REG-
object because C� II ˝�ŒI �’s are ��REG-objects and I� Ik is a poset of the form .�! � �! � � � �/n.
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Define ��REG-morphisms �� Ik and �� Ik , natural in � , by commutative diagrams

C� II ˝�ŒI � C� II

C �
� Ik

C

C�II˝.�ŒI!?�/

��Ik

C� II ˝�ŒI � �ŒI �

C �
� Ik

sdk
2 Œ1�

n�

.C�II!?/˝�ŒI �

��Ik

The left of the solid commutative diagrams

(14)

��ŒI �� �C� II� � ��ŒI �� �C �
� Ik
�

�sdk
2�Œ1�n�� ��Œ1�n�� �C��

�I�1��ŒI��

��ŒI ,!sdk
2
Œ1�n� �� ���Ik�

'�Œ1�n� I2k

��
k

��

RC �
� Ik

SC �
� Ik

�Œ1�n SC�

R��Ik�k

�

natural in I� Ik-objects I , induces a dotted stream map �k , natural in � , making the entire left diagram
commute. The adjoint of ��

k
'�k

�Œ1�n� I2
defines a dotted diagonal arrow making the lower triangle commute

in the right diagram above. There exists a dotted cubical function �k , unique by the top horizontal arrow
monic, making the entire right diagram commute by an application of Proposition 5.5.

Convexity structure on �C �
� Ik
�: Let �� IkI1 and �� IkI2 denote respective projections

�� IkI1; �� IkI2 W�C �� Ik�
2
!�C �� Ik�

onto first and second factors. Define s� Ik by the commutative diagram

(15)

�C �
� Ik
� �C �

� Ik
�

�sdk
2�Œ1�n��

s�Ik

��Ik �k

natural in � . For each x 2 jC �
� Ik
j, s� Ik.x/ and x both lie in the same closed cell in jC �

� Ik
j, the directed

realization of an atomic subpresheaf of C �
� Ik

and hence the directed realization of a representable up to
isomorphism by our assumption on C . Thus there exists a �d1�-homotopy s� Ik!�d� 1�C�

�Ik
� natural

in � (Lemma 4.16). The stream maps s� Ik�� IkI1; s� Ik�� IkI2 both naturally factor through ��Œ1�n��. Thus
there exists a �d1�-homotopy s� Ik�� IkI1!�d� s� Ik�� IkI2 natural in � (Lemma 4.16). Concatenating
the �d1�-homotopies

�� IkI1!�d� s� Ik�� IkI1!�d� s� Ik�� IkI2!�d� �� IkI2

yields a d3-homotopy h�
� Ik
W �� IkI1!�d� �� IkI2 natural in � .
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Constructing the requisite directed homotopy: Consider the solid arrows in the diagram

(16)

�R C �
� Ik
� �SC �

� Ik
� �S �C �

� Ik
��2

��Œ1�n�� �S �C �
� Ik
���d3Œ1��

�R C�� �SC�� �S �C���2

�S �C����d3Œ1��

�RC�
�Ik
,!SC�

�Ik
�

S���Ik�

�sing h�
�Ik

�

1�SC�
�Ik

���SC�
�Ik

��
C�
�Ik

�

S��
˝2

�Ik
�

���

�k

h�Ik S���Ik��d3Œ1��

�RC� ,!SC�� 1�S�C�����S�C���C�

The top triangle commutes by construction of h�
� Ik

and the left triangle commutes by construction of �k .
Therefore there exist remaining dotted stream maps, such as h� Ik , making the entire diagram commute.

Invariance of h� Ik in k: The top horizontal stream maps in the diagram

��ŒC� II �� � ��ŒI �� ��ŒC� II 0 �� � ��ŒI 0��

�C �
� Ii
� �C �

� IiC1
�

�C�II ,!C�II0�˝'�ŒI0�I2��ŒI ,!sd2�ŒI 0���

e�Ii

where I denotes a I� IiC1-object and I 0 D suppsd2
.I; sdk

2 Œ1�
n� /, induce dotted stream maps e� Ik natural

in � . The stream maps e� Ii , '�ŒI 0�I2 ��ŒI � ,!�Œsd2I 0��, �C� II ,! C� II 0�, and 'sdi
2
�Œ1�n� I2 define the

k-indexed components of natural transformations between diagrams in (14), (15), and (16) from the case
k D i C 1� 0 to the case k D i � 0 natural in f . In particular, h� Ik is independent of k and therefore
defines the desired �d��-homotopy.

The comonad of the adjunction ���Ga singG is directed homotopy idempotent by applying the
following lemma for the case C D sing X for a G -stream X . A proof bootstraps the case C a ��REG-
object (Lemma 5.11) by using the fact that C can be essentially replaced by a colimit of ��REG-objects.
This proof, which requires the language of pro-objects, is relegated to the end of Appendix D.

Lemma 5.12 Let �; � denote the unit and counit of ���a sing. There exist �d��-homotopies

(17) 1�SC�!�d���C� ��C�

natural in cubical sets C .
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Lemma 5.13 The following are equivalent for a G -cubical function  WA! B.

(1) � � is a �d��-equivalence.

(2) S is a d�-equivalence.

Proof Let � denote the unit of ���Ga singG . Consider the commutative diagram

�SA� �SB�

�A� �B�

�S �

��A� ��B�

� �

The vertical arrows are �d��-equivalences (Lemma 5.12). If (1), then S is the image of a �d��-
equivalence under sing and hence (2). If (2), the top horizontal arrow is the image of a d�-equivalence
under ��� and hence (1).

The monad of the adjunction ���Ga singG is directed homotopy idempotent by applying the following
lemma for the case X D�C� for a G -cubical set C .

Lemma 5.14 Let �; � denote the unit , counit of ���Ga singG . There exist d�-homotopies

(18) 1S.sing X /!d .�sing X /.sing �X /

natural in G -streams X .

Proof Let Q be the comonad of ���Ga singG with counit �. The comultiplication

QX !Q2X

admits two retractions Q�X and �QX by the zigzag identities and defines a �d��-equivalence (Lemma 5.12).
Therefore there exist �d��-homotopies Q�X !�d� �QX WQ2X !QX . Taking adjoints gives the desired
d�-homotopies.

Lemma 5.15 The following are equivalent for a G -stream map f WX ! Y .

(1) �singf� is a �d��-equivalence.

(2) singf is a d�-equivalence

Proof Let � denote the unit of ���Ga singG . Consider the commutative diagram

sing X sing Y

S.sing X / S.sing Y /

singf

�sing X �sing X

S.singf /

The vertical arrows are d�-equivalences (Lemma 5.14). If (1), the bottom horizontal arrow is the image
of a �d��-equivalence under sing and hence (2). If (2), then �singf� is the image of a d�-equivalence
under ��� and hence (1).
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Lemma 5.16 Let � be the unit of R. Fix a G -cubical set C . If the corestriction

�C W C ! R C

of the cubical function C ! SC defined by the unit of S admits a retraction �, then 1R C !d �C�.

Proof Let �S be the unit of S.
Consider a retraction � to �C . Consider the naturality square

C RC

RC R2C

�C

�

�RC

R�

The cubical functions �SC and sing �S
C

are both sections to a common d�-equivalence by an application of
Lemma 5.10 and the zigzag identities and hence are d�-homotopic. Therefore the bottom horizontal arrow
is d�-homotopic to R �C because inclusion RC ,! SC is a d�-equivalence (Lemma 5.14). Hence the
composite diagonal arrow is d�-homotopic to the identity 1RC . Hence the desired d�-homotopy follows.

Theorem 5.17 For G -cubcats C , natural G -stream maps of the form

���G .B;C /�! DiTopG .�B�;�C�/

represent d.DiTopG /-isomorphisms.

Proof There exist d�-equivalences

��G .B;C /' ��G .B;R C /' ��G .B;SC /D sing DiTopG .�B�;�C�/;

the first by Lemma 5.16 because there exists a d�-equivalence C ! RC (Lemma 5.16) and the second
by Lemma 5.10. Taking the adjoint of the composite cubical homotopy equivalence yields the desired
�d��-equivalence.

We now state and prove a cubical approximation theorem for directed topology.

Corollary 5.18 For each G -cubcat C , ��� induces a natural bijection

�0
��G .�;C /Š Œ���;�C���d� W

���G
�op
! Set:

Proof There exist natural bijections

�0
��G .�;C /Š �0

��G .�;R C /Š �0
��G .�;SC /Š Œ���;�C���d�

(Lemmas 5.16 and 5.10).

The calculation �n.�ner M�;�?�/D �n.ner M; ?/ (Proposition 4.24) generalizes.

Corollary 5.19 For each cubcat C and v 2 C0, the unit of ���a sing induces a bijection

�n .C; v/Š �n .SC; v/ ; nD 0; 1; 2; : : : :
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Proof Let � denote the unit to R. The based cubical set .C; v/, regarded as a Œ1�-cubical set ?! C

whose image has vertex v, is a Œ1�-cubcat because C is a cubcat and R.C; v/D .RC; v/. The identification
then follows (Corollary 5.18 in the case G D Œ1�).

Proof of Proposition 5.8 Let � denote the unit of ���a sing. Then ��C� is a �d��-equivalence
(Lemma 5.12), hence j�C j is a jdj-equivalence, hence �C is an acyclic cofibration from a fibrant object
in a model structure on �� (Proposition 4.19), and hence �C admits a retraction. The result follows
(Proposition 5.5).

Proof of Theorem 4.21 Let Od.b�G
/ and Od.DiTopG / denote the quotient categories

Od.b�G
/D b�G

=!d; Od.DiTopG /D DiTopG =!�d� :

Let �; � denote the unit, counit of the adjunction ���Ga singG .
Let Q denote the comonad of ���Ga singG . Then Q�X ; �QX , both retractions to ��sing X�, represent the

same Od.DiTopG /-isomorphism because ��sing X� represents a Od.DiTopG /-isomorphism (Lemma 5.12).
Thus Q induces an idempotent comonad on Od.DiTopG /.

Thus we can define d.DiTopG / to be the localization X ŒW �1� of X by a saturated class W where:
X D DiTopG and W is the class of all G -stream maps f for which Qf represents a Od.DiTopG /-
isomorphism; or equivalently X D DiTopG and W is the class of all G -stream maps f for which singf
are d�-equivalences (Lemma 5.13).

Let S denote the monad of ���Ga singG . Then S�C ; �SC , both sections to sing ��C�, represent
the same Od.��G /-isomorphism because sing ��C� represents a Od.DiTopG /-isomorphism (Lemma 5.14).
Therefore S induces an idempotent monad on Od.��G /.

Thus we can take d.��G /DX ŒW �1� where X D ��G and W consists of the G -cubical functions  for
which S represents a Od.��G /-isomorphism, or equivalently X D ��G and W consists of the G -cubical
functions  for which � � are �d��-equivalences (Lemma 5.15).

The adjunction d.��G /� d.DiTopG / induced by ���Ga singG is therefore a categorical equivalence
because the unit and counit are natural isomorphisms.

Proof of Theorem 4.22 Let d.CatG / denote the quotient category

d
�
CatG

�
D Cat=!T1d :

The�-morphisms T1d.ı-/D ı- and T1d.ı+/D ı+ W Œ0�! Œ1� are adjunctions in Cat and therefore T1d1-
equivalences. Therefore the quotient functor CatG ! d.CatG / is localization by the T1d�-equivalences
(Lemma 4.2). Additionally, the fully faithful embedding nerG W CatG ! ��G passes to a fully faithful
embedding d.CatG /!d.��G / because G -cubical sets of the form nerX for G -categories X are G -cubcats
(Proposition 5.6) and consequently dCatG .X ;Y/D d.��G /.nerX ;nerX / (Corollary 5.18).
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6 Conclusion

Recent years have seen computations modeled abstractly by homotopy types. A (dependently) typed
higher order programming language for reversible computations has been shown to admit semantics in
1-groupoids (fibered over other 1-groupoids) [2]. Objects represent states, 1-morphisms represent
reversible executions, and higher order morphisms represent reversible transformations of those executions,
or equivalently, concurrent executions of sequential computations. Since1-equivalences between1-
groupoids ignore differences like subdivisions, state space reduction is built into the very syntax of the
language. This language, higher order, can thus be used to reason efficiently about computations expressed
in the same language. The recent literature has seen extensions of (dependent) type theory to synthetic
theories of (fibered) higher categories [37; 48]. These more expressive languages model irreversible
computations [37] because the morphisms in higher categories need not be invertible. Ideally, (dependent)
type theory can be alternatively extended so that edges in (fibered) cubcats represent computations, higher
cubes in (fibered) cubcats represent higher order transformations, and directed homotopy invariance is
built into the syntax of the language (see [43]). Such a language ought to share both some of the efficiency
of automated reasoning within dependent type theory as well as some of the expressiveness of synthetic
higher category theory.

Appendix A Modular lattices

We recall and extend some observations about modular lattices, especially distributive lattices, in this
section. We first establish some notation and terminology. For an ordered pair x 6P y in a poset P , write
Œx;y�P for the interval in P containing x as its minimum and y as its maximum. Call y an immediate
successor to x and x an immediate predecessor to y in a poset P if x 6P y and Œx;y�P Š Œ1�. A lattice L

is modular if for all x;y; z 2L,

.x ^L y/_L .x ^L z/D ..x ^L y/_L z/^L x:

Example A.1 Distributive lattices are modular.

The following diamond isomorphism theorem characterizes modular lattices.

Diamond isomorphism theorem The following are equivalent for a lattice L:

(1) L is modular.

(2) For each x;y 2L, the rules x _L� and y ^L� define respective bijections

Œx ^L y;y�L Š Œx;x _L y�L; Œx;x _L y�L Š Œx ^L y;y�L

forming an adjoint equivalence of posets.

Theorem [35, Theorem] The following are equivalent for a finite lattice L:

(1) L is distributive.
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(2) For all x;y; z 2L with y; z either both immediate successors to x or both immediate predecessors
to x in L, fy ^L z;y _L z;y; zg is a Boolean interval in L.

(3) The smallest interval in L containing Boolean intervals I and J in L with max I D max J or
min I Dmin J is also Boolean.

Lemma A.2 For Boolean intervals I;J in a finite distributive lattice L, the images

I _L J; I ^L J

of I �J under _L;^L are Boolean intervals in L.

Proof The intervals I _L min J;J _L min I are Boolean by the diamond isomorphism for modular
lattices and hence I _L J is Boolean ([35, Theorem]). Thus I ^L J is also Boolean by duality.

While every finite poset, including every finite lattice, is a colimit of its (1-dimensional) Boolean
intervals in the category of posets and monotone functions, not every finite lattice is such a colimit in the
category Cat.

Lemma A.3 Every finite distributive lattice is a Cat-colimit of its Boolean intervals.

Proof Consider a finite distributive lattice L. Let X be the Cat-colimit

X D colimI!LI

over the Boolean intervals I in L. The object sets of X and L coincide. There exists a relation x 6L y

if and only if there exists a X -morphism x! y because X admits as generators relations of the form
x 6L y with y an immediate successor to x in L. Consider parallel X -morphisms ˛; ˇ W x! y. It thus
suffices to show

˛ D ˇ:

We induct on the length k of a maximal chain in L having minimum x and maximum y. In the base
case k D 1, ˛; ˇ are identities and hence ˛ D ˇ. Inductively assume that ˛ D ˇ when there exists a
maximal chain in L having minimum x and maximum y with length less than k.

Consider the case k > 1. Then ˛; ˇ factor as respective composites x! a! y and x! b! y with
a and b both immediate successors to x in L. Consider the diagram

a a_L b

y

x b

in X , where a! y and b! y are unique X -morphisms with the given domains and codomains by the
inductive hypothesis. There exist choices of dotted monotone function making the top and right triangles
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respectively commute. These choices coincide by the inductive hypothesis. The outer square, whose
elements form a Boolean interval in L [35, Theorem], commutes in X . There exists a dotted morphism
making the top and right triangles commute by the inductive hypothesis. It therefore follows that ˛, the
choice of dotted monotone function making the left triangle commute, coincides with ˇ, the choice of
dotted monotone function making the bottom triangle commute.

We can now give a proof of Lemma 3.11.

Proof of Lemma 3.11 Suppose (1). Let I be a Boolean interval in L. The restriction of � to I corestricts
to a surjection �I W I ! JI with JI a Boolean interval in M because � preserves Boolean intervals. The
function �I W I ! JI , surjective by construction, is a lattice homomorphism by I ,! L and J ,!M

both inclusions of sublattices into lattices. Thus (2).
Suppose (2). Consider x;y 2L. It suffices to show that

(19) �.x _L y/D �.x/_M �.y/:

by double induction on the minimal lengths m; n of maximal chains in L having as their extrema x ^L y

and, respectively, x and y. For then � preserves binary suprema, hence also binary infima by duality, and
hence � is a lattice homomorphism, mapping Boolean intervals onto Boolean intervals by (2).

In the case m D 1, x ^L y D x, hence x _L y D y, hence �.x/ 6M �.x _L y/ D �.y/, and
consequently (19). The case nD 1 follows by symmetry.

Consider the case mD nD 2. Then x;y;x ^L y;x _L y form the elements of a Boolean interval I

in L ([35, Theorem]). Then the restriction of � to I corestricts to a Boolean interval JI in M . It therefore
follows from (2) and the preservation of finite nonempty suprema and infima by I ,!L and JI ,!M that

�.x _L y/D �.x _I y/D �.x/_JI
�.y/D �.x/_M �.y/:

Consider the case m 6 2. The subcase n 6 2 having just been established, take k > 2, inductively
assume the lemma for the subcase 26 n< k, and now suppose nD k. Then there exists an immediate
successor y0 ¤ y to x ^L y such that y0 6L y. Then y ^L .x _L y0/ D .x ^L y/ _L y0 D y0 by L

distributive and hence the length of a maximal chain in L having as its extrema y ^L .x _L y0/ and y is
strictly less than n. And x ^L y0 D x ^L y and hence the length of a maximal chain in L having as its
extrema x ^L y0 and y0 is 2. It therefore follows from the inductive hypothesis that

�.x _L y/D �.x _L y0 _L y/

D �.x _L y0/_M �.y/

D �.x/_M �.y0/_M �.y/

D �.x/_M �.y/:

The cases mD 1; 2 having been established, take k > 2, inductively assume the lemma for 16m< k,
and now suppose mD k. Then there exists an immediate successor x0 ¤ x to x ^L y such that x0 6L x.
Then x ^L .x

0 _L y/D .x ^L y/_L x0 D x0 by L distributive and hence the length of a maximal chain
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in L having as its extrema x^L .x
0_L y/ and x is strictly less than m. And x0^L y D x^L y and hence

the length of a maximal chain from x0 ^L y to x is 2. Then

�.x _L y/D �.x _L x0 _L y/

D �.x/_M �.x0 _L y0/

D �.x/_M �.x0/_M �.y/

D �.x/_M �.y/:

The preservation of fully faithful embeddings by Cat-pushouts [50] is used in the following proof of
Proposition 3.12.

Proof of Proposition 3.12 Uniqueness follows by the right vertical inclusion monic. Let Fk denote the
left Kan extension of the composite �! Cat of the top horizontal arrows along � ,! Dis. To show
existence, it suffices to show Fk preserves Dis-objects, Dis-morphisms, and Dis-tensors.

Fk preserves Dis-objects: Let I denote a Boolean interval in L. Inclusions of the form .I ,! L/Œk� W

I Œk�! LŒk� are fully faithful embeddings. It follows that the natural functor FkL! LŒk�, an iterated
pushout of inclusions of the form .I ! L/Œk� (Lemma A.3), is a full and faithful embedding and can
henceforth be regarded as an inclusion of posets. In other words, we can identify FkL with the poset
of all monotone functions Œk�!L which corestrict to Boolean intervals in L, with partial order 6FkL

defined by ˛ 6FkL ˇ if and only if ˛.i/6L ˇ.i/ for each 06 i 6 k.
Consider ˛; ˇ 2 sdkC1L. The monotone functions ˛_L ˇ and ˛^L ˇ corestrict to Boolean intervals

in L (Lemma A.2). Thus FkL is a sublattice of the finite distributive lattice LŒk� and hence is both finite
and distributive.

Fk preserves Dis-morphisms: Consider a general Dis-morphism � W L!M . To show that Fk� is a
Dis-morphism, it suffices to take the case � a�-morphism (Lemma 3.11). Then � is an iterated Cartesian
monoidal product in Cat of ı˙; � . Then �Œk� D Fk� is an iterated Cartesian monoidal product in Cat of
ı
Œk�
˙

and � Œk� up to �-isomorphisms by .�/Œk� W Cat! Cat a right adjoint and hence product-preserving.
The functions ıŒk�

˙
and � Œk� are monotone functions to or from a terminal object and hence Dis-morphisms.

Hence � is a Dis-morphism.

Fk is monoidal: The right adjoint .�/Œk� on Cat, a right adjoint, is Cartesian monoidal. Thus Fk.� ,!Dis/
sends tensor products to Cartesian monoidal products. Every tensor product in Dis is a Cat-colimit of
tensor products of finite Boolean lattices because every finite distributive lattice is a Cat-colimit of its
Boolean intervals (Lemma A.3) and every Dis-tensor product commutes with colimits by Cat Cartesian
closed. Therefore Fk sends tensor products to Cartesian monoidal products.

Last claim: In order to show that the natural transformation Fm! Fn componentwise induced from �

defines the desired natural transformation sdmC1! sdnC1, it suffices to show that J� is a Dis-morphism
for each �-object J (Lemma 3.11). It therefore suffices to take the case J D Œ1� because .�/� is a
Cartesian monoidal natural transformation Fm! Fn. In that case, nonsingleton Boolean intervals in
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J Œm�D ŒmC1� and J Œn�D ŒnC1� are intervals between elements and their immediate successors. Consider
a nonsingleton Boolean interval I in J Œm� D Œ1�Œm�. Let �� Dmin I and �C Dmax I . Then there exists
06 j 6m such that ��.i/D ��.iC1/D �C.i/D 0 for all i < j , �C.i/D 1 for all i > j , and ��.i/D 1

for all i > j . The preimage of j under � is either a singleton or empty by � injective.
In the case that the preimage is empty, then ��� D �C�.
In the case that the preimage contains the unique element j �, then �.i/ < j for all i < j �, �.i/> j for

all i > j �, and consequently ���.i/D ���.iC1/D �C.i/D 0 for all i < j �, �C�.i/D 1 for all i > j �,
���.i/D 1 for all i > j �, and consequently �C� is an immediate successor to ��� in Œ1�Œn�.

In either case, f���; ��Cg is a Boolean interval in Œ1�Œn�.
Thus J� is a Dis-morphism.

Appendix B Triangulations

Write � for the simplex category, whose objects are the nonempty finite ordinals

Œ0�; Œ1�; : : :

and whose morphisms are the monotone functions. Write ner
 for the functor

ner
 W Cat! y


naturally defined on small categories X by the rule

ner
X D Cat.�;X /.
 ,! Cat/op
W 


op
! Set;

for each small subcategory
 of Cat.

Example B.1 The cubical nerve functor ner is just ner� W Cat! b�.

Example B.2 The usual simplicial nerve functor is just ner� W Cat! y�.

Triangulation tri W ��! y� is the dotted left Kan extension of the composite of the horizontal functors
along the vertical Yoneda embedding in

� Cat y�

��
�Œ��

ner�

tri

Write qua for the right adjoint to tri.

Lemma B.3 The composite qua tri W ��! �� is cocontinuous.

The idea behind the proof is that a simplicial function of the form

� W tri �Œ1�m! tri C;
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an m-cube in qua tri C , has support in a cube in C that is completely determined by where � sends the
diagonal 1-simplex, the unique 1-simplex connecting the extrema in Œ1�n, because �-morphisms preserve
extrema. The formal proof, identical to a proof in the setting where � is replaced with its minimal variant
[31, 7.2], is omitted.

The usual Kan–Quillen model structure on y� is left induced along topological realization y�! Top.
There also exists a model structure on �� left induced along topological realization ��! Top, whose
proof we furnish at the end of this section. We will refer to both model structures as classical model
structures. Triangulation is the left map of a Quillen equivalence between such classical model structures.

Proposition B.4 The adjunction tri a qua defines a Quillen equivalence��' y�
between presheaf categories equipped with their classical model structures. Moreover , the counit is a
componentwise weak equivalence.

Proof Let � denote the counit of the adjunction. It suffices to show the last line of the proposition. For
then the rest of the proposition would formally follow because triangulation creates the weak equivalences.
Let � denote the counit of the tri a . Every simplicial set has the same geometric realization as a
cubical set. It therefore follows that j�S j induces a surjection on homotopy groups and path-components.
Moreover, these surjections are all injective by an application of cubical approximation for directed
topology [31, Corollary 8.15].

Consider a left adjoint functor L WA !B where B is equipped with a model structure. Recall that a
model structure on A is left induced along L if its weak equivalences and cofibrations are characterized
as those A -morphisms � whose images under L are respectively weak equivalences and cofibrations
in B. A proof of Proposition 4.12 uses the fact that A admits a model structure left transferred along L

if A and B are both locally presentable, the model structure on B is additionally cofibrantly generated,
and for each A -object a, the A -morphism 1oq 1o W oq o! o factors into a composite �o�o with L�o a
cofibration in B and L�o a weak equivalence in B [22, special case of Theorem 2.2.1].

Proof of Proposition 4.12 Each cubical function of the form 1C q 1C W C qC ! C factors into a
composite of the mono C ˝ .�Œı-�q�Œı+�/ W C q C ! C ˝�Œ1�, whose image under triangulation
is a mono, followed by the cubical function C ˝�Œ� � W C ˝�Œ1�! C , whose image .tri C /��Œ�� W

.tri C /��Œ1�! .tri C / under triangulation is a weak equivalence. Therefore �� admits a model structure
left transferred along tri [22, special case of Theorem 2.2.1]. This model structure is the desired model
structure because topological realization j�j W ��!Top factors as the composite of triangulation followed
by topological realization j � j W y�! Top and the classical model structure on y� is left transferred from
the q-model structure along topological realization y�! Top.

A proof of Proposition 4.19 uses the fact that topological realization y�! Top defines the left map of
a Quillen equivalence, where y� is equipped its classical model structure and Top is equipped with its
q-model structure [44].

Algebraic & Geometric Topology, Volume 26 (2026)



190 Sanjeevi Krishnan

Proof of Proposition 4.19 Topological realization j�j W ��!Top factors as a composite of triangulation
tri W��! y� and topological realization j�j W y�!Top. The former is the left map of a Quillen equivalence
(Proposition B.4). The latter is the left map of a Quillen equivalence [44].

Proof of Corollary 4.20 Consider the diagram

�� y�

Cat

tri

ner�ner�

This triangle commutes up to natural classical weak equivalence in y� because triıner�D triıquaıner�
and the counit tri ı qua! 1y� defines a componentwise classical weak equivalence (Proposition B.4).
Therefore the claim follows because tri induces a categorical equivalence h.��/' h.y�/ (Proposition B.4)
and ner� induces a categorical equivalence h.Cat/' h.y�/.

Appendix C Pro-completions

A category X is cofiltered if every nonempty finite diagram in X has a cone. A cofiltered limit is the limit
of a diagram shaped like a cofiltered small category. Fix a category X . Intuitively, the pro-completion
(or pro-category) pro-X of X is a formal completion of X with respect to cofiltered limits. The
pro-completion pro-X of X always exists and is characterized up to categorical equivalence by the
following universal property. Take pro-X to be the category containing X as a full subcategory, unique
up to all such categories up to categorical equivalence under X , closed under all cofiltered limits such
that for each functor F WX !M , there exists a dotted functor to a category M closed under all cofiltered
limits, unique up to natural isomorphism, preserving cofiltered limits and making the following commute:

X M

pro-X

F

We can model a cube of infinite dimension as the .pro-�/-object

(20) Œ1�1 D lim
�
� � �

�4I4
��! Œ1�3

�3I3
��! Œ1�2

�2I2
��! Œ1�1! Œ0�

�
:

Concretely, pro-X can be taken to be the category: whose objects are formal expressions of the form
lim F for cofiltered diagrams F in X ; whose hom-sets are defined by

pro-X .lim X; lim Y /D lim
y

colim
x

X .X.x/;Y .y//;

where the colimit is taken over all objects in the domain of the cofiltered diagram X in X , the limit is
taken over all objects in the domain of the cofiltered diagram Y in X ; and whose composition is induced
by composition on X . Unraveling the construction, .pro-X /-morphisms lim X ! lim Y between limits

Algebraic & Geometric Topology, Volume 26 (2026)



Cubical approximation for directed topology, II 191

of cofiltered diagrams X and Y in X determine and are determined by the following data. Consider a
choice of X -object xy and X -morphism �y WX.xy/! Y .y/ for each choice y of Y-object such that for
each Y-morphism � W y1! y2, there exist X -morphisms �1 W x! xy1

and �2 W x! xy2
making the left

of the diagrams

X.x/ X.xy1
/ Y .y1/

X.xy2
/ Y .y2/ Y .y2/

X .�1/

X .�2/

�y1

Y .�/

�y2
1Y .y2/

lim X lim Y

X.xy/ Y .y/

�

�y

commute. Then there exists a unique .pro-X /-morphism � WX ! Y making the right of the diagrams
commute for each Y-object y. We call the pro-X -morphism � W lim X ! lim Y componentwise monic
if all the �y’s can be chosen to be monos in X . The reader is referred to [27] for details.

Example C.1 Fix a cubical set C . A .pro-��/-morphism of the form

C !�Œ1�1;

from C to the image of Œ1�1 (20) under the extension of the Yoneda embedding to a functor pro-�Œ�� W
pro-�! pro-��, informally, is the data of a cubical function from C to a representable up to cube
projections.

For a pair of categories A and B, there exists a natural categorical equivalence

pro-.A �B/' pro-A�pro-B:

For each functor � W X ! Y of small categories, we also write � for the extension pro-X ! pro-Y ,
unique up to natural isomorphism, making the diagram above commute when

M D pro-Y and F D .Y ,! pro-Y /�:

Thus for each bifunctor ˝ WM 2!M we also write ˝ for the dotted bifunctor, unique up to natural
isomorphism, making

M 2 M

pro-M � pro-M pro-M

˝

˝

commute and preserving cofiltered limits. Uniqueness implies that the bottom bifunctor is associative and
unital if the top bifunctor is associative and unital. Thus for each monoidal category M , we will regard
pro-M as a monoidal category whose tensor product is the extension of the tensor product on M , unique
up to natural isomorphism, that preserves cofiltered limits.

Example C.2 There exists a .pro-�/-isomorphism Œ1�1˝ Œ1�1 Š Œ1�1.
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Theorem [40, Theorem, §3] Fix categories G and X with G finite. The quotient functor

(21) pro-
�
X G

�
! .pro-X /G

is a categorical equivalence if G has only identities for its endomorphisms.

Appendix D Diagram replacement

Fix a category M . A typical construction in homotopy theory, for a given diagram D in M , is a diagram D0

whose colimit has some desired regularity condition and natural transformation qD WD
0!D satisfying

some desired right lifting property. An example of such a construction qD is cofibrant replacement in a
diagram model structure associated to a model structure on the base category M . We are interested in
the case where, intuitively, D is a diagram of supports for restrictions of a stream map f W EInf !�Cf�
to small enough isothetic subcubes and the lifts need only hold up to natural directed homotopy. The
desired construction qD and the dotted lifts in the diagram

�colim QD�

�colim qD�

��

��Œ1�nf�
f

//

66

�colim D�D�Cf�

should be natural in stream maps f W��Œ1�nf�!�Cf� and atomic subpresheaves of colim QD should be
isomorphic to representables. The starting point is the observation that �2

C
W sd9C!C not only locally fac-

tors through representables (Lemma 3.20), but in a manner where the representables vary monically at the
cost of only being defined up to cube projections. Recall definitions of StarskC1 (Section 3.2.3) and Œ1�1

(Appendix C) and our idiosyncratic notation .C;S/ for StarskC1-objects S ,! sdkC1C (Section 3.2.3).

Lemma D.1 There exist .pro-�/-object Q.C;S/ and dotted .pro-��/-morphisms in

S ˝�Œ1�1 �ŒQ.C;S/�

sd27C C

˛.C;S/

.S ,!sd27C /˝�ŒŒ1�1!Œ0�� ˇ.C;S/

�3
C

all natural in Stars27 -objects .C;S/ such that the functor Q W Stars27 ! pro-� sends each object
to a cofiltered .pro-�/-limit of �-epis and each Stars27-mono to a componentwise monic .pro-�/-
morphism.

The proof uses the fact that parallel epis in � are always isomorphic to one another in the arrow
category�Œ1�. For this reason, the proof does not work for larger variants of� that include coconnections
of one or both kinds.
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Proof Let AtomskC1 denote the full subcategory of StarskC1 consisting of those StarskC1-objects
.C;A/ with A atomic. For each Atoms9-object .C;A/ with C atomic, let I.C;A/ be the essentially
small category whose objects are all Atoms9-objects .D;B/ with D atomic, C � D, and A � B

and whose morphisms are all AtomskC1-morphisms defined by inclusions of subpresheaves. For each
Atoms9-object .C;A/, let

AC D �sd3C .Starsd9C .A//:

Iop
.C;A/

is cofiltered: Fix an Atoms9-object .C;A/. Consider the solid diagram

.C;A/ .C 0;A0/

.C 00;A00/ .D;B/

in I.C;A/. To show Iop
.C;A/

is cofiltered, it suffices to show that there exists an I.C;A/-object .D;B/ and
dotted I.C;A/-morphisms, necessarily making the diagram commute by I.C;A/ equivalent to a poset.
In the case that A;A0;A00;C;C 0;C 00 are isomorphic to representables of dimension at most 1, the desired
.D;B/ exists by inspection. In the more general case where A;A0;A00;C;C 0;C 00 are isomorphic to
representables, the desired .D;B/ exists from the previous case, the fact that sd3 is monoidal, and the
fact that tensor products of cubical sets preserve monos. In the general case, A;A0;A00;C;C 0;C 00 are
atomic, the above solid diagram lifts to a diagram between representables and hence the desired B and D

can be obtained by quotienting the B and D obtained from the previous case.

Construction of ˛.C;A/; ˇ.C;A/: Let .C;A/ denote an Atoms9-object. There exists a unique minimal
subpresheaf CA � C , atomic by minimality, with AC \ sd3CA ¤ ¿ (Lemmas 3.17 and 3.18). Let
n.C;A/ D dim CA. There exists a choice �.C;A/ of cubical function, unique up to .�=C /-isomorphism,
having image CA and of the following form by CA atomic:

�.C;A/ W�Œ1�n.C;A/ ! C:

For each Atoms9-morphism  W .D0;B0/! .D00;B00/,

.sd9 /.D
0/\Starsd9D00B

00
� .sd9 /.D

0/\Starsd9D00 .B
0/D .sd9 /.Starsd9D0B

0/;

hence .sd3 /.D
0/\B00

D00
� .sd3 /.B

0
D0
/, and hence  restricts and corestricts to a cubical function

D0
B0
!D00

B00
by minimality.

Consider the special case where  is a I.C;A/-morphism. Then we can conclude CA �D0
B0
�D00

B00
.

The cubical set B0
D0
\ sd3D00

B00
is an atomic subpresheaf of sd3D00

B00
by B0

D0
and D00

B00
both atomic.

The top dimensional cube in the atomic cubical set B0
D0
\ sd3D00

B00
is not a cube in sd3@D

00
B00

because
B0

D0
\ sd3D00

B00
contains an atomic subpresheaf, B00

D00
\ sd3D00

B00
, which does not intersect sd3@D

00
B00

by minimality of D00
B00

. Therefore B0
D0
\ sd3D00

B00
has a unique atomic preimage under sd3�.D00;B00/.

Therefore there exists a minimal and hence atomic subpresheaf I.D00;B00;B0/ � �Œ1�n.D00;B00/ with
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sd3I.D00;B00;B0/ intersecting the preimage of B0
D0
\ sd3D00

B00
under sd3�.D00;B00/ (Lemma 3.18). The

image of I.D00;B00;B0/ under �.D00;B00/ is D0
B0

by minimality. Thus there exist �-epi �.D00;B00;B0/ and
�-mono ı.D00;B00;B0/, unique up to isomorphism, making II in the diagram

�Œ1�n.D00;B00;A/ �Œ1�n.D0;B0;A/ �Œ1�n.C;A/ C

�Œ1�n.D00;B00;B0/ �Œ1�n.D0;B0/ D0

�Œ1�n.D00;B00/ D00

�.D00;B00;B0;A/

ı.D00;B00;B0;A/
III

�.D0;B0;A/

ı.D0;B0;A/
I

�.C;A/

�.D00;B00;B0/

ı.D00;B00;B0/
II

�.D0;B0/

�.D00;B00/

commute. Moreover, we can take �.D00;B00;B0/ to be the �-epi

�.D00;B00;B0/ D Œ1�
n.D0;B0/ ˝ .Œ1�n.D00;B00;B0/�n.D00;B00/ ! Œ0�/

without loss of generality, because all parallel �-epis are isomorphic to one another in the arrow cat-
egory �Œ1�. An application of the previous observations to the case A D B0 gives that there exists
a �-mono ı.D0;B0;A/ making I in the diagram above commute. The cubical set I.D00;B00;A/ is a
subpresheaf of I.D00;B00;B0/ by minimality. The image of I.D00;B00;A/ under the composite of the
arrows in the middle row is D00

B00
by minimality. Thus there exist �-epi �.D00;B00;B0;A/ and �-mono

ı.D00;B00;B0;A/, unique up to isomorphism, making III above commute. We can take �.D00;B00;B0;A/ to be
the �-epi

�.D00;B00;B0;A/ D Œ1�
n.D00;B00;B0 ˝ .Œ1�n.D00;B00;A/�n.D00;B00;B0/ ! Œ0�/

without loss of generality, again because parallel �-epis are all isomorphic to one another in the arrow
category �Œ1�.

We can let P .C;A/ be the .pro-�/-limit of the diagram

Iop
.C;A/

!�

sending each object .D;B/ to Œ1�n.D;B;A/ and each morphism .D0;B0/ ! .D00;B00/ to the �-epi
�.D00;B00;B0;A/ for each Atoms9-object .C;A/, by the domain of the diagram small and cofiltered.

In order to regard P as functorial in .C;A/, it suffices to take C atomic because P .C;A/ equals
P .suppsd9

.C;A/;A/ by minimality. To that end, consider an Atoms9-morphism W .C 0;A0/! .C 00;A00/

defined by a cubical function  W C 0 ! C 00 between atomic cubical sets. We claim there exists a
choice of I.C 0;A0/-object .D0;B0/ and Atoms9-morphism, natural in I.C 0;A0/-objects .D00;B00/, extending
 W .C 0;A0/! .C 00;A00/ and mapping D0 onto D00 and B0 onto B00 such that D0 D D00 and B0 D B00

in the case  is an inclusion. The desired extension can be constructed for: A0;A00;B00;C 0;C 00;D00

representables of dimension at most 1 by inspection; for A0;A00;B00;C 0;C 00;D00 representables by taking
tensor products; then for C;C 0;D00 atomic by taking quotients of the extension obtained from the previous
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case. This extension restricts and corestricts to a cubical function D0
B0
!D00

B00
, whose composite with

�.D0;B0/ uniquely lifts to a cubical function of the form �ŒŒ1�n.D0;B0/ ! Œ1�n.D00;B00/ �. Composition of
this latter cubical function with inclusion I.D0;B0;A0/ ,!�Œ1�n.D0;B0/ corestricts to a cubical function
I.D0;B0;A0/! I.D00;B00;A00/ by a minimality argument. In the case  is an inclusion/identity, then
we can take D0 DD00 and A0 DA00 so that the latter cubical function is an inclusion. Thus there exist �-
morphisms Œ1�n.D0;B0;A0/! Œ1�n.D00;B00;A00/ , ı.D00;B00;B0;A0/ in the special case is inclusion, defining a com-
ponentwise monic .pro-�/-morphism P W P .C 0;A0/! P .C 00;A00/. The construction P can be shown
to preserve identities and composites of Atoms9-morphisms by the aforementioned uniqueness properties.

Let .C;S/ denote an Stars27-object. Let ES D �sd9C .S/. Then the rule

Q.C;S/D P .C;ES /

naturally defines a functor, of the form

Q W Stars27! .pro-�/;

sending monos to componentwise monic morphisms. Consider the solid diagram

S ˝�Œ1�i.D;B;ES / ES ˝�Œ1�i.D;B;ES / �Œ1�n.D;B;ES /

S ES �Œ1�n.C;ES /

sd27C sd9C C

�.C;S/˝�Œ1�
i.D;B;ES /

S˝.�Œ1�
i.D;B;ES /!?/

�.C;ES /
˝�Œ1�

i.D;B;ES /

ES˝.�Œ1�
i.D;B;ES /!?/

�.D;B;ES /

�.C;S/ �.C;ES /

�.C;ES /

�sd9C �2
C

There exist dotted epi �.C;S/, unique by the lower vertical inclusion in the middle column monic and
hence natural in .C;S/, making the lower left rectangle above commute because restrictions of cubical
functions corestrict onto their images. There exists a dotted cubical function �.C;S/, natural in .C;S/,
making the lower right rectangle above commute (Lemma 3.20). The desired ˛.C;S/; ˇ.C;S/ can be
represented by composites of the respective top horizontal and right vertical arrows in the commutative
diagram above, where .D;B/ denote an I.C;A/-object and i.D;B;ES / D n.D;B;ES /� n.C;ES /.

Lemma D.2 Let f denote a .��Œ��� = �sd27��/-object as in the diagram

��Œ1�nf� �C �
f
�

�sd27Cf� �Cf�

f

f �

�ƒ�
f

�

��3
Cf

�
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There exist dotted pro-.��REG=Cf /-objectƒ�
f

and pro-.DiTop/-morphism f �, both natural in f , making
the diagram above commute.

Like Reedy cofibrant replacement, the diagram replacement made in the proof relies on the acyclicity
of the diagram shape. Again recall our idiosyncratic notation .C;A/ for StarskC1-objects A ,! sdkC1C

(Section 3.2.3).

Proof Let If be the poset of nonempty preimages under f of open stars. Then

SfX D .Cf ; suppj�j.f .X /; sd27Cf //

is a Stars27-object, for each If -object X . Thus Sf defines a functor If ! Stars27 natural in f .
There exists a .pro-�/-morphism ı1 W ?! Œ1�1 induced by minima-preserving functions of the form

?! Œ1�n because �-epis preserve minima. The restriction of the stream map f to each If -object X

corestricts to a stream map fX WX!�SfX� (Proposition 3.23). There exist functor Q W Stars27! pro-�
sending each Stars27-morphism defining an inclusion of cubical sets to a componentwise monic .pro-�/-
morphism and .pro-��/-morphisms ˛X ; ˇX , natural in If -objects X , making the outer rectangle below
commute (Lemma D.1):

X ��Œ1�1˝SfX� ��ŒQ.Cf ;SfX /��

�C �
f
�

��Œ1�nf� �sd27Cf� �Cf�

�ı1�.X!?/�fX �̨ X�

�̌ X�

�ƒ�
f

�

f

f �

��3
Cf

�

The composite QSf lifts under the natural quotient functor pro-.�If /! .pro-�/If to a .pro-�If /-
object D�

f
by If finite and acyclic. Observe that D�

f
is a cofiltered limit of diagrams If !� sending

each morphism to a mono by our choice of Q. It therefore follows that C �
f
D colim�ŒD�

f
� is a cofiltered

limit in pro-.��REG/ because a colimit of representables and inclusions between them indexed over a
poset is a ��REG-object. Let ƒ�

f
denote the cubical function C �

f
! Cf induced from the natural cocone

�ŒD�
f
�! Cf . Commutative rectangles above natural in If -objects X , in which the unlabeled solid

arrows are canonically defined, induce the desired dotted lift.

Proof of Lemma 5.12 Let rC be the stream map, natural in cubical sets C , defined by

rC D��3
C� '

�1
C I27 W�C�!�C� :

Let � denote a .�Œ��=S/-object and define n� and C� so that

� W�Œ1�n� ! SC� :
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There exist dotted .pro-.��REG=��//-object ƒ�
�
W B� ! C� and .pro-��/-morphism

�� W�Œ1�n� ! SB� ;

both natural in � , such that the following holds (Lemma D.2):

(22) sing.rC� /� D S.ƒ�� /�
�:

There exist �d��-homotopies of the forms

���!�d� �sing.rC� /��D�S.ƒ
�
� /�
��

!�d� �S.ƒ�� /�B�� ��B�� ��
��D�sing.rC� /���C�� ��C�� ���

!�d� ��C�� ��C�� ���

for the following reasons. The first and last �d��-homotopies exist by the existence of �d��-homotopies
rC� ! 1�C�� natural in � (Lemma 4.17). The first and last equalities exist by (22). The middle
�d��-homotopy exists by Lemma 5.11. These �d��-homotopies, natural in .�=SC /-objects � , induce
the desired �d��-homotopies natural in cubical sets C .
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