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Interleaving distances, monoidal actions and 2-categories

PATRICK K. MCFADDIN AND TOM NEEDHAM

Interleaving distances are used widely in topological data analysis (TDA) as a tool for comparing
topological signatures of datasets. The theory of interleaving distances has been extended through
various category-theoretic constructions, enabling its usage beyond standard constructions of TDA, while
clarifying certain observed stability phenomena by unifying them under a common framework. Inspired by
metrics used in the field of statistical shape analysis, which are based on minimizing energy functions over
group actions, we define three new types of increasingly general interleaving distances. Our constructions
use ideas from the theories of monoidal actions and 2-categories. We show that these distances naturally
extend the category with a flow framework of de Silva, Munch and Stefanou and the locally persistent
category framework of Scoccola, and we provide a general stability result. Along the way, we give
examples of distances that fit into our framework which connect to ideas from differential geometry,
geometric shape analysis, statistical TDA and multiparameter persistent homology.
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1 Introduction

Interleaving distances are used in the field of topological data analysis (TDA) to compare certain topological
invariants extracted from datasets [21]. Most commonly, these invariants take the form of persistence
modules. A persistence module M associates to each real number ¢ € R a vector space M (¢) and to each
pair of numbers s, ¢ € R with s < ¢, a linear map M (s <t¢): M (s) — M (t), and this data satisfies certain
natural axioms (see Section 4 for a precise definition); in practice, a persistence module typically encodes
the multiscale clustering (or higher-order topological) structure of a dataset, so that the interleaving
distance between two such modules gives a quantitative comparison of the topological structures of the

MSC2020: primary 55N31; secondary 18M05, 18N10.
© 2026 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://dx.doi.org/10.2140/agt.2026.26.227
http://www.ams.org/mathscinet/search/mscdoc.html?code=55N31
http://www.ams.org/mathscinet/search/mscdoc.html?code=18M05, 18N10
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

228 Patrick K. McFaddin and Tom Needham

underlying datasets. We say that persistence modules M and N are ¢-interleaved if there are linear maps
¢s: M(s) —> N(s+¢)and Y5 : N(s) — M (s +1) for all s € R such that the following diagrams commute:

M(r<s) N(r<s)

M(r) > M (s) N(r) > N(s)
(1-1) ¢rl lqss wrl lws
N +1) —>N(r+t§s+t) N(s+t) M@ +r1) —>M(r+t§s+t) M(s+1t)

M(s<s+2t) M(s<s+2t)

> M(s+2t) N(s) > N(s +2t)

M (s)
(12 k‘ /I/ert N /«mt

N(s+1) M(s+1)

The interleaving distance between M and N is then defined to be the infimum over # > 0 such that they
are 7-interleaved. This definition has a natural category-theoretic interpretation, and this interpretation
has led to several generalizations of the concept, allowing for comparison of a wide variety of persistence
module-like objects [14; 15; 16; 45; 47; 51] (many of these generalized constructions are described in
detail throughout the paper). The category-theoretic viewpoint also allows for conceptually simple proofs
of important theoretical properties of TDA such as the stability of invariants—roughly, if two datasets are
similar with respect to, say, Hausdorff distance, then their topological signatures are guaranteed to be
similar with respect to interleaving distance.

This paper constructs further generalizations of the notion of interleaving distance, inspired by ideas
rooted in differential geometry and statistical shape analysis. Our main motivation was an analogy between
interleaving distances and metrics which arise through group actions: namely, suppose that a group G
endowed with a left-invariant metric dg acts transitively from the left on a topological space X'; we can
then define the distance between points x and y in X as

(1-3) inf{dg(e,g) | gx = y},
geg

where e denotes the identity element of G. It is straightforward to show that this defines a pseudometric,
and that it defines a true metric under further mild assumptions on the action. Such metrics arise in the
context of homogeneous spaces, where they are geodesic distances with respect to natural Riemannian
metrics, and in medical imaging and shape analysis, where the space X represents a collection of medical
images and the group G is a group of diffeomorphisms of the image domain which acts by deforming the
images [3; 27] (see Section 3.3 for more details).

Consider the following interpretation of the distance defined in (1-3): if the quantity dg(e, g) is taken
to represent the “energy” of the group element g € G, then (1-3) measures the distance between points x
and y by determining the minimum energy required to “align” x to y via the group action. It is natural
to consider a relaxation of this idea which doesn’t require a perfect alignment—for example, such a
relaxation is necessary to obtain a meaningful distance if the group action is not transitive. The interleaving
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distance between persistence modules can be viewed as such a relaxation. Indeed, the group in question
is R (under addition), and a real number ¢ acts on a persistence module M to produce the persistence
module ¢ - M with (¢- M)(s) = M (s +t). The computation of interleaving distance between modules M
and N can be viewed as finding a “rough alignment” between M and ¢ - N, and between N and 7 - M,
consisting of the collections of linear maps (¢s)secr and (¥5)seRr, respectively. The diagrams (1-1) can
be understood to say that these collections of linear maps are consistent with the persistence structures of
M and N (so that the collections are instances of an appropriate notion of morphism in the category of
persistence modules), while the diagrams (1-2) tell us that M and 7 - N are roughly isomorphic, in the
sense that ¢5 and V¢4, are close to being inverses (likewise for N and ¢ - M'). The energy of a group
element in this setting is simply |¢|, so that we may finally interpret the interleaving distance between M
and N to be the minimum energy required to find a rough alignment between them.

The goal of this paper is to identify a framework for interleaving distances which captures the notion
of the energy of a rough alignment, as described above, and which generalizes the notions of interleaving
that have appeared previously in the literature. To achieve this, we use ideas from the theories of
actegories (actions of monoidal categories) and 2-categories (categories endowed with “morphisms
between morphisms”).

1.1 Main results

Let us now summarize our main results. They are stated here somewhat informally, but are given with
pointers to the precise results in the main body of the paper.

New constructions of interleaving distances For an arbitrary small category X, let Xy denote its set of
objects. We define three increasingly general notions of interleaving distance on Xy, with each notion
defined in terms of different forms of auxiliary data. We sketch the ideas here, with proper definitions
provided in the body of the paper; in particular, we give an overview of basic 2-category theory in
Section 2 for readers who are unfamiliar with this terminology.

e When X is endowed with an action of a monoidal category G (i.e., a monoidal functor from G to the
monoidal category of endomorphisms of X), and when the objects of G are endowed with a “weight” or
“energy” function satisfying certain simple axioms (called a monoidal weight — see Definition 3.1), one
obtains an associated G-interleaving distance on Xy (Definition 3.6).

¢ Given a 2-functor from a 2-category C to the 2-category of small categories Cat such that X is the join
of the categories in its image, together with a Lawvere weight on C (Definition 3.12; see also [16; 34]),
one obtains an associated 2-functor interleaving distance on Xy (Definition 3.15).

¢ Suppose that X is a 2-category. When endowed with a Lawvere 2-weight (Definition 5.1), one obtains
an associated 2-weighted 2-category interleaving distance on Xy (Definition 5.2).

We show that these interleaving distances are true distances in the following sense.
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230 Patrick K. McFaddin and Tom Needham

Theorem (Theorems 3.8, 3.16 and 5.3) All three versions of interleaving distance described above define

extended pseudometrics.

We also show that these notions generalize constructions of interleaving distance which have appeared

previously in the literature.

Theorem (Propositions 3.9 and 4.9 and Theorems 5.18 and 5.25) The interleaving distances described
above include the notions of generalized interleaving distance [15], interleaving distance on a category
with a flow [47] and interleaving distance on a locally persistent category [45].

In particular, the G-interleaving distance construction is directly inspired by the construction of
interleaving distance on a category with a flow [47; 51]— when the underlying group G is R, one
immediately recovers the latter notion of interleaving. The G-interleaving distances are arguably the most
intuitive construction in this paper; most of the examples we provide are of this type, and this is the most
natural way to connect interleaving distance with metrics defined in terms of group actions, as in (1-3).
On the other hand, the 2-functor interleaving distances and 2-weighted 2-category interleaving distances
offer a level of generality that is sometimes simpler to work in. We note that there is a brief discussion in
the conclusion of [47] on the interpretation of a category with a flow as a 2-functor, but details are not
developed therein. The 2-weighted 2-category formalism was inspired by the locally persistent category
framework of [45]; the difference is that our framework is based on 2-categories (informally, categories
enriched in categories) rather than categories enriched in persistent sets. We should point out that, in
fact, any metric can be realized as a 2-weighted 2-category interleaving distance, via a somewhat trivial
construction (Corollary 5.5). This is similar to the situation of the locally persistent category framework,
as was pointed out in [45]. The interesting part of the theorem above is therefore that the constructions
realizing the previous notions of interleaving in our framework are quite natural.

The category with a flow framework [47] is developed in the more general setting of lax monoidal
functors. We have opted to work in the strict setting throughout the paper. This choice was made to keep
the exposition simpler, and because the examples we are interested in fit into the strict functor formalism.
We expect that most of our constructions and results can be extended to the lax setting, given motivation
from a compelling example.

Connections to shape analysis and persistent homology We give several examples of specific interleaving
distances which are interesting from the perspective of TDA or other areas of mathematics. Firstly, we
accomplish our goal of showing that the group action distance (1-3) can be viewed as an interleaving
distance — more specifically, we prove the following.

Proposition (Proposition 3.24) Let G be a group with left-invariant metric dg and left action on a set X.
There is a monoidal category G, a category X with Xo = X and an action of G on X such that the associated
G-interleaving distance is equal to (1-3).

We use this result to realize other metrics of interest as interleaving distances; namely, geodesic
distances on homogeneous spaces (Corollary 3.26) and a metric on configuration spaces which is used
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frequently in the statistical shape analysis literature (Corollary 3.27), and which is related to the large
deformation diffeomorphic metric matching framework used in medical imaging applications [6]. The
latter gives a new connection between concepts from the fields of TDA and pattern theory, in the sense of
Grenander [27].

In Section 4, we focus on interleaving distances in the context of persistence modules. Extending the
definition given above, we consider generalized persistence modules, which are functors M : P — C from
some poset category P to another category C (when the poset is the real numbers and C is the category
of vector spaces, this recovers the definition above) [15] — we denote the collection of generalized
persistence modules as Fun(P, C). Using a Yoneda-like construction (Proposition 4.1), we construct
interleaving distances on the space of generalized persistence modules from group (or, more generally,
monoid) actions on P.

Theorem (Theorem 4.6) Let P be a poset category, let C be an arbitrary category and let G be a monoid
endowed with a monoidal weight. From an action of G on (the underlying poset of) P, one obtains an
associated interleaving distance on the space of generalized persistence modules Fun(P, C).

We provide several examples of this construction in Section 4.4, including when the group G is

¢ the group of positive real numbers under multiplication — this gives a connection to recently observed
statistical properties of random persistence diagrams [9] (see Remark 4.12);

¢ a group of diffeomorphisms — this provides another connection to ideas from statistical shape
analysis;

e the additive monoid of vectors in R” with nonnegative entries, when the underlying poset is R” with
its product poset structure —i.e., the usual setting of multiparameter persistent homology.

Stability A general theme in TDA is the notion of stability — in this context, this means that the maps
which transform datasets into topological descriptors should be Lipschitz with respect to appropriate
metrics. The categorical perspective lends itself well to this sort of question, and one can derive quite
general and conceptually simple stability results in this setting. We prove the following general result.

Theorem (Theorem 6.1) A 2-functor between 2-weighted 2-categories which is weight nonincreasing
yields a Lipschitz map with respect to the associated interleaving distances.

Due to the very general structure of 2-weighted 2-category interleaving distances, the proof of this result
is almost obvious. However, as we specialize to more specific settings, we obtain corollaries which are
less so. We give the details of a specialization to the setting of G-interleaving distances (Proposition 6.3)
and apply this to give a generalization of the famous sublevel set persistent homology stability result
of [21] to the setting of group actions and generalized persistence modules (Proposition 6.4).

1.2 Outline of the paper

Section 2 provides some background on 2-categories and actegories, and serves to set general notation.
Section 3 treats the G-interleaving distance and 2-functor interleaving distance constructions, includes
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proofs that they define extended pseudometrics, and provides examples. Section 4 contains constructions,
results and examples related to generalized persistence modules. Section 5 defines 2-weighted 2-functor
interleaving distances and shows that this concept generalizes the previously introduced notions of
interleaving distance. Section 6 concerns stability of interleaving distances, in the sense described above.
The paper concludes with a short discussion on future directions, in Section 7.

2 Background on 2-categories and monoidal actions

This section introduces the categorical terminology and notation that will be used for the rest of the
paper. We assume that the reader is familiar with the basic notions of category theory, such as categories,
functors and monoidal categories.

2.1 Basics of 2-categories

We begin with a brief review of the main concepts of 2-category theory, which will also allow us to fix
notation.

2.1.1 2-categories We begin with a formal definition of a 2-category.
Definition 2.1 (2-category) A 2-category C consists of:

(1) A class of objects, Co. We generally denote objects of C as A, B, C, ..., except when we are dealing
with specialized examples.

(2) For each pair 4, B € Cy, aclass C;(A, B) of morphisms (sometimes we refer to them as 1-morphisms,
if clarity is required). We generally denote these as f : A — B or A S, B. The I-morphisms are
endowed with a composition, which we generally denote with multiplicative notation: for A S, B
and B £ C, the composition is denoted by A4 8/, C. When more notationally convenient, we will
instead use traditional composition notation, g o f. The composition must satisfy the usual axioms
of a category: it is associative and for each object A there is a unique identity map, denoted by 14,
satisfying 1p f = f = fl  forall f € C;{(A4, B). We use C; to indicate the collection of all 1-morphism

classes, {C; (A, B)}4,Bec,-

(3) For f, g € C;(4, B), aclass of 2-morphisms C,(f, g). A 2-morphism will typically be denoted by
a: f=g, f>gor

We have two flavors of composition for 2-morphisms:

(a) For f,g.heCi(A,B)and [ *> g, g N h, vertical composition is denoted using multiplicative
notation as f B, j. When required for clarity, we use B o« to denote vertical composition. We assume
that vertical composition is unital and associative. Denote the identity of f as 1.
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(b) For f,g € C;(A, B), h,k € C;(B,C) and f = g, h X k, horizontal composition is denoted by
hf X*% k g. We assume that horizontal composition is also unital and associative, with unit 1, L la= 1y

These two compositions are required to satisfy the interchange law. Given objects A, B, C € Cy;
I-morphisms f,g,h: A — B and f’,g’,h' : B — C; and 2-morphisms § : [ = g, B : g = h,
y:f =g anda:g = h', we have

(e f)(y d) = (ay)e(Bd).

/u\/ﬂ\
\/\/

We use C, to indicate the collection of all 2-morphism classes, {C2(f. 8)}f.9€C, (4, B):4,BeCy-

Diagrammatically

Remark 2.2 We will use similar notation for categories (which we sometimes refer to as 1-categories,
when clarity is required). That is, a category D consists of a class of objects Dy and, for each 4, B € Dy,
a class of morphisms D (A, B), together with a unital and associative composition operation.

Remark 2.3 (notational conventions) Generally, sans serif font is reserved for mathematical objects
which form part of a 1- or 2-category —e.g., C for a category, C for its set of objects, and so on. When
denoting a set (possibly with additional structure) that is not explicitly related to a categorical construction,
we typically use calligraphic font—e.g., X for a topological space or G for a group. At various points in
the paper, we form a category-type object from a set-type object, and we indicate this by switching fonts.
For example, from a monoid G, we may construct an associated category G. We have done our best to
keep this notational convention consistent, except where doing so would add unnecessary confusion.

Remark 2.4 (whiskering) The axioms of a 2-category allow for compositions between 1-morphisms and
2-morphisms, called whiskerings. Given objects A, B, C € Cy, 1-morphisms f,g: A — B,k : B — C,
and a 2-morphism « : f — g, the whiskering k e @ is simply the horizontal composition 1; e . This is
given by either of the diagrams

P ) P
A ﬂa B 4C o 4 ﬂa B Hlk C
~— ~— i

Given another 1-morphism /4 : A — B and 2-morphism J : g = A, the composition (8 o «) @ k may be
expressed by the diagram

/ﬂ\; ﬂl
\/\/
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In this case, the interchange law states that

(Ixep)o(lxea)=(lxolx)e(Boa),
which simplifies to k e (Boa) = (ke ) o (k ea). Thus, in the case of whiskerings, horizontal composition
(left) distributes over vertical composition. Applying the interchange law to a whiskering in the reverse
order establishes right distributivity: (Boa)ek = (Bek)o(xek).

Example 2.5 (the 2-category of small categories) The motivating example for the above definition
is Cat, the 2-category whose objects are small categories, whose 1-morphisms are functors and whose
2-morphisms are natural transformations. One can verify that this data satisfies the axioms of a 2-category
(see, e.g., [30, Example 2.3.14]). In particular, vertical composition of composable natural transformations
is defined componentwise by (B«)4 = B 404 and horizontal composition works as follows. For functors
f,g :C— Dand h k :D — E and natural transformations f —> g and N k, the horizontal

composition e ¢ is the natural transformation /2 f LN g with component at 4 € Cy given by

(2-1) (Boa)s = Bgayh(ayg) = k(aq)Br(ay-

Remark 2.6 (bicategories) A more concise definition of a 2-category is that it is a 1-category such that
each set of (1-)morphisms is itself a small category, subject to certain compatibility axioms. That is, a
2-category is a category enriched in Cat. There are more general versions of this construction, such as the
notion of a bicategory, or a 1-category for which the 1-morphism sets are small categories, but where the
enriched category axioms are only required to hold up to natural isomorphism — see [30]. We work in
the setting of (strict) 2-categories in this paper, but expect that many of our results can be generalized.

Example 2.7 (2-categories from monoidal 1-categories) Let G be a (strict) monoidal category with tensor
product ®. In anticipation of a 2-categorical interpretation, we take the following notational convention for
monoidal categories: objects of G will generically be denoted as f, g, 4, ... (notation typically reserved
for 1-morphisms in an arbitrary 2-category) and morphisms of G will generically be denoted as «, 8, v, . . .
(notation typically reserved for 2-morphisms in an arbitrary 2-category). The identity object of G will
generically be denoted as e.

The delooping of G is the 2-category BG with

(1) BGq consisting of a single abstract element, which we denote by x,
(2) BGy (%, *x) = G, with composition of f and g given by f ® g, and

(3) BGy(f,g) = G1(f, g), with vertical composition of « € G;(f, g) and B € G;(g, ) given by
composition in G, B, and with horizontal composition of @ € G{(f, g) and B8 € Gy (/h, k) given by
BRaeG(h® flk®g) (e, foa=FRa).

Example 2.8 Let C be a 2-category with a single object x. Then C = BG for some monoidal category G,
and C(x, x) = G (see [30, Examples 2.1.19 and 2.3.11]).

Remark 2.9 The notation BG is somewhat standard, intended to evoke notation used in the context of
classifying spaces.
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If G is a group, we also use BG to denote the 1-category obtained by delooping the group. That is, BGy
contains a single abstract object x, BG; (x, *) = G and compositions are given by the group law.

We now describe two useful 1-categories determined by any 2-category.

Definition 2.10 (associated 1-categories) For a 2-category C, the underlying 1-category of C is the
1-category determined by the data Cy and C;. By abuse of notation, we may continue to denote the
underlying 1-category as C. Given A4, B € Cy, the data C;(A4, B) and {C>(f, g)}f,¢ec, (4, B) determines
a 1-category (using vertical compositions) called the associated 1-category determined by (A, B). This is
denoted by C(4, B).

2.1.2 2-functors The notion of a functor between categories generalizes to the 2-category setting.
Definition 2.11 (2-functor) Let C and D be 2-categories. A 2-functor A : C — D consists of:

(1) For all 4 € Cy, an object A(A4) € Dy.

(2) For each 1-morphism A L, Bin C1,al-morphism A(f) =: Ay : A(A) — A(B) in D;. Composition
and identities must be preserved; i.e., Agr = AgAr and Ay, = Iay).

(3) For each 2-morphism f <> g in C,, a 2-morphism A(x) : Ay = A, in D,. Identities and
(horizontal and vertical) compositions must be preserved; that is, A(15) = 1a,, A(11,) = L1,
A(Ba) = AB)A(@) and AS e y) = A(S) » A(y).

Points (1) and (2) say that A determines a functor from the underlying 1-category of C to the underlying
1-category of D. Points (2) and (3) say that for all 4, B € Cy, the 2-functor A determines a functor
C(A, B) - C(A(A), A(B)) (see Definition 2.10), such that horizontal compositions are also preserved.

Remark 2.12 (lax 2-functors) It is frequently convenient to relax the definition of a 2-functor by allowing
diagrams to commute only up to natural transformations. This results in the definition of a lax 2-functor.
Most of our constructions and results can be extended to the lax setting. In order to simplify the exposition,
we work with strict 2-functors (i.e., 2-functors as described in Definition 2.11) in this paper.

2.2 Basics of actegories

Let X be a small (1-)category. The category End(X) of endomorphisms of X has objects given by functors
from X to itself, and morphisms given by natural transformations. This category has a monoidal structure:
using the notation of Example 2.5 and Definition 2.10, End(X) = Cat(X, X), and its monoidal structure
comes from composition laws of 1- and 2-morphisms in Cat. Let 1x denote the identity functor on X,
which serves as the identity object for the monoidal structure.

Let G be a (strict) monoidal category with bifunctor denoted by ® and identity object e € Gg. A (strict)
monoidal functor T : G — End(X) is a functor which also preserves the monoidal structure; i.e., T'(e) = Iy,
for objects g, he Gy, T(g®h)=T(g)T (h) and for morphisms g —sh and ki%, TBRa)=T(B)eT ().
We will typically write 7(g) = T, so that the first condition becomes 7' (g ® h) = Ty T},
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Remark 2.13 (lax monoidal functors) Similar to the 2-category setting described in Remark 2.12, it can
be useful to relax the notion of a monoidal functor to that of a lax monoidal functor, where diagrams
commute up to natural transformation. For the sake of simplicity, we focus on the strict case, although
most of what follows can be extended to the lax setting.

A monoidal functor of the form T : G — End(X) is referred to as an action of G on X, and X is
sometimes referred to as a G-actegory; these structures (as well as lax versions) have been widely studied,
going back at least to the 1970s [7; 29; 31; 37; 43].

A monoidal functor T : G — End(X) determines a 2-functor BT : BG — Cat defined on objects by
BT (x) = X, and on 1- and 2-morphisms by observing that BG(x, x) = G and Cat(X, X) = End(X) and
setting BT = T on these associated 1-categories. By [30, Examples 2.1.19 and 2.3.11], this association
is a bijection onto the collection of 2-functors A : C — Cat whose domain 2-category has a single object.
That is, we have the following.

Proposition 2.14 Any monoidal functor T : G — End(X) gives rise to a 2-functor A = BT : BG — Cat.
Conversely, if C is a 2-category with a single object and A : C — Cat is a 2-functor, then C = BG for
some strict monoidal category G and A = BT for a monoidal functor T : G — End(A(x)).

2.2.1 Category with a flow A particular type of actegory was studied in [47; 51]: a category with a
flow is a category X, together with a (strict or lax) monoidal functor T : R>¢ — End(X) (i.e., an action of
R>¢ on X). For the sake of simplicity, let us focus on the case of a strict monoidal functor; the lax case
can be easily adapted. Here, R is considered as a poset category (with respect to <), with monoidal
structure given by addition.

In [47; 51], a category with a flow X is endowed with an extended pseudometric on Xy. The distance is
called interleaving distance in the original paper (as it generalizes interleaving distances used previously
in TDA [14; 15; 21]), but we will refer to it as flow interleaving distance to distinguish it from the
generalized interleaving distances which are introduced in the following subsections. For # € R>(, we
write Ty = T'(t) € End(X). A t-flow interleaving of X,Y € X; is a pair of morphisms ¢ : X — T;(Y)
and ¥ : Y — T;(X) such that the diagrams

Y T(0=<2t)x , th(X) % T(0=<2t)y N th(Y)
N /t(w) 'I’\J /,(qs)
Ty(Y) T:(X)
commute. The flow interleaving distance is given by
(2-2) d? (X,Y) =inf{t € R>( | there exists a t-flow interleaving of X and Y'}.

It is shown in [47, Theorem 2.7] that d? defines an extended pseudometric on Xg.
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3 Interleaving distances from actegories and 2-functors

We now give generalizations of the flow interleaving distances described in Section 2.2.1. Our constructions
require the data of an actegory (Section 3.1), or more generally a 2-functor from some 2-category into Cat
(Section 3.2).

3.1 Interleaving distance associated to an actegory

Let G be an arbitrary monoidal category. We generally omit the tensor product notation for objects and
write gh = g ®h for g, h € Gy from now on. Let X be a G-actegory, with monoidal functor 7" : G — End(X).
We generalize the flow interleaving distance to an interleaving distance on Xy depending on a certain
metric-like structure on G.

Definition 3.1 (monoidal weight) A monoidal weight on G is a function W : Gg — R U {oco} satisfying
the following axioms:

(1) For all g € Gg, W(g) =0 and W(e) = 0.
(2) For all f and g in Gy,
W(gf) =W+ W(f).

Remark 3.2 This structure is closely related to a well-known categorical construction due to Lawvere [34].
This connection is explained in detail in Remark 3.14.

Example 3.3 For G = Rx( (see Section 2.2.1), W(¢) = t is a monoidal weight.

Remark 3.4 Let G be a monoid. A function W : G — R U {oo} satisfying axioms analogous to those of
Definition 3.1 will, by abuse of terminology, also be referred to as a monoidal weight.

We now define interleavings and interleaving distances induced by a monoidal functor.

Definition 3.5 (interleaving) Let T : G — End(X) be a monoidal functor and let X,Y € Xq. For
g.h € Go, we say that X and Y are (g, h)-interleaved if there exist a pair of morphisms ¢ : X' — T¢(Y),
¥ 1Y — Th(X) in X and a pair of morphisms « : ¢ — gh and B : ¢ = hg in G such that the following
diagrams commute:

T
X (@)x » Ton(X) Y T®)y » Thg(Y)
X /g(vf) N /hw)
Te(Y) Th(X)

In this case, we say that the pair (¢, V) is a (g, h)-interleaving of X and Y .

Definition 3.6 (G-interleaving distance) Let 7" : G — End(X) be a monoidal functor and W a monoidal
weight on G. The G-interleaving distance determined by this data is the function

dT:dT,WZXOXXO%RU{OO}
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defined by
dr(X,Y) := inf{max{W(g), W(h)} | X and Y are (g, h)-interleaved}.

Remark 3.7 (intuition behind the definition) We can intuit the definition of G-interleaving distance by
considering the monoidal functor 7" as a framework for measuring the “energy” that is required for the
“registration” of two objects X, Y € Xy. To elaborate on this:

e We can think of T, (Y) as using g to register ¥ to X, and likewise, T, (X) uses / to register X'
to Y — preservation of compositions by 7" means that registrations roughly behave like an action of
a transformation group.

¢ The natural transformations 7' (@) and 7(8) can be understood to control which registrations are
admissible; e.g., the existence of « : e = gh tells us that g/ is sufficiently comparable to an identity
transformation.

e The weight W allows us to the measure the “cost” of a registration as max{W(g), W(h)}.

Thus the G-interleaving distance d7 (X, Y), at an intuitive level, measures the minimum weight that it
takes for the objects X and Y to be admissibly registered to one another.

Theorem 3.8 Let T : G — End(X) be a monoidal functor and W a monoidal weight on G. The associated
G-interleaving distance dt is an extended pseudometric on X.

We will prove Theorem 3.8 below in Section 3.2 by deriving it as a corollary of a more general
theorem built around an interleaving distance constructed from the data of a 2-functor. First, we prove
formally the intuitively obvious fact that the notion of G-interleaving distance generalizes that of flow
interleaving distance.

Proposition 3.9 Let G=R >, considered as a monoidal category as in Section 2.2.1 and let T :G— End(X)
be a monoidal functor. Then the associated flow interleaving distance dYFJ is equal to the associated
G-interleaving distance dt,y, where W is the monoidal weight W(t) =t.

Proof We first observe that the flow interleaving distance can be written as
dJF}(X, Y)=inf{t > 0| X and Y are (¢, t)-interleaved},

where (¢,1)-interleaved is meant in the sense of Definition 3.5. Now suppose that X, Y € X, are
(s, t)-interleaved and, without loss of generality, that s < ¢. It then suffices to show that X and Y are
(¢, t)-interleaved. Write the diagrams for the (s, #)-interleaving as

e T(0=<s+1t)x N TH_[(X) Y T(0=<t+s)y N TI+S(Y)
x /s(vf) k /tw)
T5(Y) T:(X)
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We then have the commutative diagrams

T(0<t+1)x
X Tty Ts11(X) Teti=itoy Tr14(X)
¢ /x(vf)
Ts(Y
s(¥) T ()
T(sfm
T (Y)
T(0<t+1)
Y —— - > Tre(Y)
rosy /( (s=0)y)
\ T:(T(s<t)y
/t(;)
T:(X)
and the perimeters of these diagrams give a (¢, ¢)-interleaving of X and Y. a

It is shown in [47] that many familiar metrics, such as Hausdorff distance and £, distance between
scalar functions defined on a common space, can be realized as flow interleaving distances for appropriately
chosen (strict or lax) monoidal functors. Moreover, metrics on spaces of graphical data summaries such as
merge trees and Reeb graphs are naturally realized as flow interleaving distances — see [23; 24; 40; 46],
among many others. The results of this subsection show that the examples of [47] are, in turn, realized as
2-functor interleaving distances, at least in the strict case. The same result in the lax setting can also be
proved by a similar argument, which we omit for the sake of simplicity.

3.2 Interleaving distance associated to a 2-functor into Cat

Although the focus of this paper is the G-interleaving distance construction, one can easily generalize this
construction for input data consisting of a 2-functor of the form A : C — Cat, where C is an arbitrary
2-category. We believe that it is conceptually simpler to show that these more general interleaving
distances are extended pseudometrics, and from this we derive Theorem 3.8 as an immediate corollary.

Suppose that A : C — Cat is a 2-functor. To make the 2-functor conditions in this setting more explicit,
we have:

(1) For all A € Cy, A(A) is a small category.
(2) For all A S, B, there is a functor Ay : A(A) — A(B).

(3) Foreach f,g € Ci(A, B) and @ € C,(f, g), we have a natural transformation A(c). It is assumed
that, for all 4, B € Cg, A defines a functor C(A4, B) — C(A(A4), A(B)). For f, g € C;{(A4, B), naturality
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of A(a) means that for each X € A(4)g, we have a morphism given by the component of A(«) at X,
A(O()X : Af(X) — Ag(X)

such that, for every morphism X > Y in A(A);, the following diagram commutes:

A(ar)
Ap(X) =55 Ag(X)
(3-1) Ag(w) Ag(w)
l Al@)y l

Ap(Y) ———— Ag(X)

Points (1) and (2) are assumed to give a functor of underlying 1-categories and the functor of (3) is
assumed to preserve horizontal compositions and units. Preservation of horizontal compositions, in this
context, means that for every f,g: A — Band h,k: B— C inCy and f AN gand h L k in C,, and

for all X € A(A)y, we have

(3-2) A(Bea)x = AB)a,x)An(A(@)x) = Ar(Al)x) AB) ar(x)s

as this is just (2-1) in different notation.
We now use the data of a 2-functor A : C — Cat to generalize the notion of G-interleaving distance
(Definition 3.6). We begin with some preliminary definitions.

Definition 3.10 Let A : C — Cat be a 2-functor. Define the object-image of A to be
Im(A):= | ] A4),.
AeCy
This coincides with the collection of objects of the join of the categories A(A) [36, 1.2.8], i.e.,
Im(A) = ( % A(A4))o.
AeCy

Definition 3.11 (interleaving) Let A : C— Cat be a 2-functor and let X, Y € Im(A), so that X € A(4)¢ and
Y € A(B)¢ for some A, B € Cy. For morphisms g € C{(B, A) and h € C{(4, B), we say that X and Y are
(g, h)-interleaved if there exist a pair of morphisms ¢ : X — Ag(Y) € A(A)1, ¥ : Y — Ap(X) € A(B);
and a pair of 2-morphisms « : 14 = gh, B : 1p = hg € C; such that the following diagrams commute:

Y Al@)x , Agh (X) y AB)y N Ahg (Y)
X Ae(¥) h Km)
Ag(Y) Ap(X)

In this case, we say that the pair (¢, V) is a (g, h)-interleaving of X and Y .

Definition 3.12 (Lawvere weight) Let C be a (1 or 2)-category. A Lawvere weight on C is a function
W : C; — R U {oo} satistying the following axioms:

(1) Forall ge Ci(4,B), W(g)>0and W(g)=0if A= Band g = 14.
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(2) For all composable f and g in Cy,

W(gf)=W(g)+W(f).

A (1 or 2)-category endowed with a weight will be called a weighted (1 or 2)-category.

Remark 3.13 Let G be a monoidal category and W a monoidal weight (Definition 3.1). Let BG be the
2-category obtained by delooping (Example 2.7). There is a natural Lawvere weight on BG induced
via BG1 = G().

Remark 3.14 Said differently, a Lawvere weight on C is an enrichment of (the underlying 1-category of)
C over the monoidal category whose objects are elements of [0, 0o], such that there exists a morphism
s — t if and only if s < ¢, and with monoidal structure given by addition. Lawvere first considered
structures of this form in the influential paper [34], where he showed that the notion of a category endowed
with a Lawvere weight is equivalent to the notion of an extended quasi-pseudo-metric space (a class X
endowed with a kernel d : X x X — R U {oo} satisfying d(x, x) = 0 and the triangle inequality), also
known as a Lawvere metric space.

The terminology weight is not entirely standard; the structure described in Definition 3.12 has been
alternatively referred to as a metric or norm [34] or length [42] on the category. The weight terminology
is used in, for example, [16].

Definition 3.15 (2-functor interleaving distance) Let A : C — Cat be a 2-functor and W a Lawvere weight
on C. The 2-functor interleaving distance determined by this data is the function

da = da,w : Im(A) xIm(A) - R U {0}
defined by
da(X,Y) := inf{max{W(g), W(h)} | X and Y are (g, h)-interleaved}.

Theorem 3.16 Let A : C — Cat be a 2-functor and W a Lawvere weight on C. The 2-functor interleaving
distance d A defines an extended pseudometric on Im(A).

The proof will use a technical lemma.

Lemma 3.17 For any 2-functor A : C — Cat, the following condition holds. Suppose h,k : A — B and
g,¢: B — A are 1-morphisms in C; and that there exist 2-morphisms 1 4 s ghandlp Poktin Cy;
i.e., we have the diagram

14
A7 Y3y

[
B@B
1p
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Then there must be a 2-morphismy : 14 = gktlh
gkth

~ Ay
A—1y— A

~_ Ve~

gh

such that, for any object X € A(A)y,

(3-4) Ag(AB)ann) Ay = A(y)yx:
that is, the following diagram commutes:

A(Y)x

X =A,(X) > Agken(X) = Ag A Ap(X)

m /A(A(ﬂ)Ah(X))

Agn(X) = AgAy(X) )

Proof Suppose that we have the diagram (3-4). Consider the diagram

// gkeh

/kE'N
A—hr— B B — A
gh
\ﬂa/lxl

Then we construct y : 14 = gk{h by whiskering (Remark 2.4) as
y =(geBeh)oa.
Equation (3-4) follows by the assumption that A is a 2-functor and by unpacking (3-2). a

Proof of Theorem 3.16 Symmetry of d is obvious. To see that X = Y implies da (X, Y) = 0, suppose
that X =Y € A(A) for A € Cy. Then X and Y are (14, 1 4)-interleaved, since

Ay Dx=1
X T ¥ X y AL AL X =X
x /AIA(IX)=1X
AL, =X

commutes. Therefore
da(X,Y) < W(ly) =0.

It only remains to check the triangle inequality. Let X, Y, Z € Im(A), say X € A(A)g, Y € A(B)o
and Z € A(C)y. Suppose that X and Y are (g, h)-interleaved and Y and Z are (k, {)-interleaved.
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In particular, choose morphisms
T€A(A)1(X, Ag(Y)), x€AB)N(Y, Ap(X)),
peAB) (Y, Ar(Z2)), veAC)1(Z,A(Y))
and 2-morphisms

a€Cyleq,gh), B eCylep,hg),
y € Ca(ep. k), &€ Cylec,lk)

such that the following diagrams commute:

A
(@)x y AghX ABy » ApgY

X Y
\/4 Ag(0) X An()
AgY AL X

AWy s ApgY A@)z s ApZ

Y A
N Ar() \/4 Ao(w)
AL Z AY

Now consider the diagram

AL gkth)x
AT MBWIA) T A
¥ - Ala)x > AgnX e VIanX > DgApgApX = AgrAgp X
Ag()
\l /A (A()y) %{)
AgY = > AgApAgY

m %U

AgAiZ = Agi Z

The existence of the top (dotted) arrow follows from Lemma 3.17. Applying Lemma 3.17, together with
commutativity of the various subdiagrams, also implies that the entire diagram commutes. The perimeter
of this diagram is one of the necessary diagrams to conclude that X and Z are (gk, £h)-interleaved. The
construction of the other diagram is similar.

We have shown that if X and Y are (g, &)-interleaved and Y and Z are (k, £)-interleaved, then X and
Z are (gk,Lh)-interleaved. We also have

max{W(gk), W(lh)} <max{W(g)+ W(k), W)+ W(h)} <max{W(g), W(h)} +max{W(k), W({)}.
The triangle inequality for da follows easily. a
The next result follows by checking the definitions.
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Proposition 3.18 Let 7 : G — End(X) be a monoidal functor and W a monoidal weight on G. Let
BT : BG — Cat be the associated 2-functor from Proposition 2.14. Abusing notation, let W denote
the induced Lawvere weight on BG (Remark 3.13). Then the interleaving distances on Xo = Im(BT)
agree, dr,w = dsT, W .

We now easily derive the metric properties of G-interleaving distances claimed in Theorem 3.8.

Proof of Theorem 3.8 Apply Theorem 3.16 and Proposition 3.18. |

3.3 Examples of interleaving distances

The main examples of interest in this paper come from variations on persistent homology; these will be
treated in detail below in Section 4. For now, we give a few simple examples of commonly used distances,
outside the traditional realm of TDA, which can be encoded in this framework.

3.3.1 Group actions As was mentioned in the introduction, an inspiration for the definition of
G-interleaving distance was an analogy between interleaving distances and induced metrics on homoge-
neous spaces. The examples presented in this subsection make precise the connection between these ideas.
Let G be a group. We denote its elements as f, g, &, . . ., with the identity denoted by e, and we use multi-
plicative notation for the group law. This notation coincides with the notation used for monoidal categories
(and 2-categories) in anticipation of the following construction of an associated monoidal category.

Definition 3.19 (associated monoidal category) Let G be the (1-)category with objects Gyp = G and a
unique morphism o, , € G1(g, i) for every pair g, h € G. This defines a monoidal category with tensor
product ® defined by g ® i = gh and af ¢ ® ap = orp g We refer to G as the monoidal category
associated to G.

Suppose that the group G acts on a set X (say, from the left); write the action as Gx X — X : (g, x) > gx.
There is a natural groupoid (1-category whose morphisms are all invertible) associated to this action,
which we define below. This is, in fact, one of the prototypical constructions of a groupoid —see
[12, Example 3] for a discussion on terminology.

Definition 3.20 (action groupoid) The action groupoid associated to the action of G on X’ is the 1-category
X with Xy = X and

X1(x,y) ={Bg.x,y | g € G satisfies gx = y}.
That is, we add a unique 1-morphism for every group element taking x to y via the action. Compositions
are then defined by B, , B¢ x,y := Bhg,x,z- Note that if the action of G is not transitive, then X; (x, y)

may be empty. However, X; (x, x) always contains an identity morphism B, x x (and this is the unique
morphism if and only if x has trivial stabilizer).

We define a monoidal functor 7" : G — End(X) as follows:
(1) Tg: X — Xis defined on objects by T (x) = gx and on morphisms by Tg(Bp,x,y) = Bghg—1 gx,gy-
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(2) T(agp) : Tg = Ty is defined to be the natural transformation with component at x given by
T(og.n)x = Bng—1,gx,hx- Then, for any By x , : x — y, diagram (3-1) reads

ﬂhg—] .gx.hx

gx —— hx
ﬂgl{g—l,gx,gyl ﬂ lﬂhkh_l,hx,hy

2y hg—1 ,gy,ﬁy hy

and this diagram commutes, so that 7'(«g, ;) is a natural transformation.
One can check that all compositions are preserved under these definitions.

Definition 3.21 (invariant metric) Let G be a group. A right-invariant (respectively, left-invariant)
metric on G is a metric d : G x G — R with the property that d( fh, gh) = d(f, g) (respectively,
dhf,hg)=d(f,g)) forall f,g,heg.

In what follows, we make statements mainly for right-invariant metrics, but similar statements hold for

left-invariant metrics.

Example 3.22 Any finite-dimensional Lie group G admits a right-invariant metric, defined by first
choosing an inner product on its Lie algebra, extending this to a Riemannian metric via right translations,
then taking d to be the associated geodesic distance.

Proposition 3.23 Let G be a group with right-invariant metric d and let W : G — R be the map
W(g) :=d(e, g), where e € G is the identity. Then W(e) = 0 and

(3-5) Wi(gh) < W(g)+ W(h).

Proof That W(e) = 0 is obvious and (3-5) is a simple consequence of right-invariance and the other
metric properties of d:

Wi(gh)=d(e.gh)=d(h™ ', g)<dh™ ', e)+d(e,g)=d(e.h) +d(e,g) = W(g)+ W(h). O

Now suppose that G is endowed with a right-invariant metric dg. Then Proposition 3.23 says that
the function W : G — R defined by W(g) = dg(e, g) is a monoidal weight on G. The following result
characterizes the associated G-interleaving distance.

Proposition 3.24 Let G be a group with right-invariant metric dg. Suppose that G acts transitively on a
set X and let T : G — End(X) be the monoidal functor defined above. Let W be the monoidal weight on
G associated to dg. Then, for all x, y € X = Xy,

(3-6) daw(x,y) = é}gg{dg(e, g)lgx =y}

This is a rather natural metric on X': intuitively, G-interleaving distance gives a measurement of the
weight required to move one element of the set to another via the group action (see Remark 3.7). This was
the distance (1-3) described in the introduction as a motivation for our interleaving distance framework.
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Proof Let x,y € X. Since the action of G is transitive, an interleaving of x and y always exists. Indeed,
for any g € G such that y = gx we have the diagrams

T(de.e)x=Be.x.x T(ae.e)y=Be.y.y

X > TeTy-1(x) Y > Tg—1Tg(y)
Te(y)=gy=x Te-i(x) =g 'x=y

so that x and y are (g, g~ !)-interleaved.

On the other hand, suppose that x and y are (g, s)-interleaved. If, without loss of generality,
dg(e,g) < dg(e,h), then the weight max{W(g), W(h)} of the (g, h)-interleaving is at least as large
as the weight max{W(g), W(g™!)} of the (g, g~ !)-interleaving. This follows because right-invariance

and symmetry of dg implies
dg(e,g7") = dg(e, g) < dg(e. h).
The formula for interleaving distance claimed in (3-6) therefore holds. O

Remark 3.25 Going through the proof, one sees that the requirement that W be defined with respect
to a right-invariant metric is not necessary. In fact, all that we really used is that W(g) = W(g™!) for
all g € G. If W is any monoidal weight with this property, then the proof shows that

daw(x.y) = inf{W(g)|gx = y}.
g€g
The following two subsections give some more specific examples of this result.

3.3.2 Homogeneous spaces Consider a compact connected Lie group G. Suppose that G acts properly
and transitively on a smooth manifold X. Then there is a diffeomorphism G/K — X, where K is a
compact stabilizer subgroup of G. Suppose that G is endowed with a Riemannian metric which is left
G-invariant and right K-invariant (such a metric will always exist). One can then induce a Riemannian
metric on X’ by first choosing a Riemannian structure on G/K so that the quotient map G — G/K is a
submersion, and then transferring to X via the above diffeomorphism. It is a fact! that the geodesic
distance between two points x, y € X is given by

dx(x,y) = infl{dg(e,g) | gx = y}.
g€g
Therefore, we have the following corollary of Proposition 3.24.

Corollary 3.26 The induced geodesic distance on a homogeneous space, in the sense described above,
can be expressed as a G-interleaving distance.

I'We could not find a proper reference for this “folklore” result. Please refer to the thorough explanation in the Math
StackExchange answer [32].
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3.3.3 Shape analysis on spaces of landmarks and embedded submanifolds A central object of
study in the fields of statistical shape analysis and medical imaging is the space Emb(M, R") of all
smooth submanifolds of R” which are diffeomorphic to some fixed template manifold M. In particular,
researchers are interested in metrics on this space which are justified for computational and/or theoretical
reasons. Frequently, these metrics arise as geodesic distances coming from certain Riemannian metrics,
which, in turn, are constructed from Riemannian metrics on the infinite-dimensional Lie group Diff(R")
of diffeomorphisms of R” (or subgroups with various prescribed regularity conditions), together with
the action of this space on Emb(M, R"). This is the general perspective taken in Grenander’s Pattern
Theory [27], and is closely tied to the Large deformation diffeomorphic metric mapping (LDDMM)
framework, a powerful tool used for registration of medical images [6]. When the template manifold M is
a discrete set of k& points, Emb(M, R") is also known as the configuration space of k points in R”. In this
subsection, we view shape analysis metrics on this configuration space through the lens of G-interleaving
distances. Similar comparisons exist for more general embedding spaces, but we focus on the configuration
space in order to keep the discussion more concrete.

Let G be a subgroup of Diff(R”) which is rich enough to act transitively on the set of configurations
of k points in R” (e.g., the group of compactly supported diffeomorphisms) and suppose that we have
chosen a right-invariant Riemannian metric on G. For technical reasons, such metrics are typically chosen
in practice via a Hilbert space of time-dependent vector fields. That is, given smooth a path y : [0, 1] — G,
the space derivative j—xy is a time-dependent vector field, so one can consider tangent vectors to G as
being determined by time-dependent vector fields; a Hilbert space structure on this space of vector fields
can therefore be used to define a Riemannian metric on G. The details of such constructions are beyond
the scope of this paper, and are not necessary in what follows, but we refer the reader to [3, Section 8]
for an overview of the topic. Let H denote the associated Hilbert space with norm || - ||3;. We define the
geodesic weight of a piecewise smooth path y : [0, 1] = G to be

W\(J/)=/01

Let X = Emb(M, R"), where M is a collection of k points. Then G acts on X transitively. Let
T : G — X be the monoidal functor from the monoidal category associated to G to the action groupoid
(Definitions 3.19 and 3.20). We define a monoidal weight W on G by

2

dt.
H

d
EV(Z)

W(g) =inf{W(y)? | y:[0,1]—> G, y(0) = e, y(1) = g.

Then [3, Equation (23)] says that the geodesic distance between configurations x, y € X with respect to
the Riemannian metric induced by the Riemannian metric on G is given by

d(x,y) = inf{W(g) | gx = y}.
geg

Observing that W(g) = W(g™!), Remark 3.25 implies the following.
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Y Yy

Figure 1: Schematic of the functor Ay.

Corollary 3.27 The geodesic distance on the configuration space of k points in R”", defined as above, can
be expressed as a G-interleaving distance.

3.3.4 Fundamental groupoid and length metrics We now give an example of an interleaving distance
arising in the more general 2-functor setting. We recover a familiar metric construction in an admittedly
convoluted manner; this section is mainly intended to illustrate how the pieces of the 2-functor definition
come together.

Fix a path connected topological space X and let G = 71 (X) denote its fundamental groupoid. We
consider this as a 1-category by setting Gg = X and, for x, y € X, setting G; (x, ) to be the collection of
homotopy classes of continuous paths from x to y in X’; we use the notation x £ y for such a homotopy
class. Composition of two homotopy classes is the homotopy class of the concatenation of the underlying
paths. We promote this to a 2-category through the following general construction.

Definition 3.28 (indiscrete 2-category) Let D be a 1-category. The indiscrete 2-category associated
to D is the 2-category? ED with underlying 1-category equal to D and with ED,( f, g) consisting of a
unique 2-morphism oy, , for each f, g € D;(x, y). Horizontal and vertical composition laws are forced
by uniqueness.

Let C = EG be the indiscrete 2-category associated to the fundamental groupoid of X'. We define a
2-functor A : C — Cat as follows:

(1) Forall x € Cy = X, A(x) = Bmy (X, x), the delooping (Remark 2.9) of the fundamental group of
homotopy classes of loops in X’ based at x. We denote the unique object of By (X, x) as *x.

(2) For p € Ci(x,y), we define A, : By (X, x) — Bm(X, y) to be the functor with A, (*x) = ) and
for a homotopy class £ of a loop based at x, A,(£) = p{p~!. Thatis, A,(£) is the (homotopy class of
the) loop based at y obtained by running the path p in reverse, going around the loop ¢, then following p
in the forward direction. A schematic illustration is shown in Figure 1.

(3) For p,q : x — y, define A(wp 4) to be the natural transformation with component

-1
Alotp.g)sy =4p~ -
2This notation is also intended to evoke that of classifying spaces — see Remark 2.9.
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Now suppose that X comes with a length structure: a function W : C°([0, 1], X) — R from the
collection C°([0, 1], X) of all continuous paths 5 :[0, 1] — X to R such that W(5) = 0 if p is a constant
path and such that W is subadditive under concatenation of paths: W(g o p) < W(q) + W(p). This
descends to a Lawvere weight on G, which we still denote by W by abuse of notation, defined by

W(p) =inf{W(p) | p is the homotopy class of p}.

We leave it to the reader to verify that the induced interleaving distance on Im(A) &~ X’ is given by

da(x, ) = inf{W(p) | p € C°([0,1], %), p(0) = x, p(1) =y},

the usual metric induced by a length structure.

4 Induced 2-functors and generalized persistence modules

We now provide new examples of interleaving distances in the context of TDA, arising from actions of
monoids on posets. Doing so will require a Yoneda-like construction, which may be interesting in more
general settings. Our main interest is in the G-interleaving distance setting, with input data consisting of a
monoidal functor. For the sake of generality, we give the Yoneda-like construction at the level of general
2-functors.

4.1 Generalized persistence modules

Early work in TDA considered persistent homology primarily from a computational perspective, with the
barcode invariant of a function defined in a rather combinatorial fashion [26] (although earlier works such
as [18] already considered categorical aspects). The perspective that the fundamental objects in persistent
homology theory are persistence modules was subsequently developed in [21], and precisely formalized
in categorical language in [14]. Much of the theory of TDA can be expressed at the level of generalized
persistence modules [15], which are functors of the form M : P — Y, where Y is an arbitrary category and
P is a preorder category; that is Py = P, where (P, <) is a preordered set, or proset, and there is a unique
morphism in Py (p, ¢) if and only if p < ¢g. For convenience, we denote this morphism simply as p <gq.

In the following, let Fun(C, D) denote the 1-category of functors from a category C to a category D
(i.e., objects are functors and morphisms are natural transformations). Then the objects of Fun(P, Y), with
P a preorder category, are generalized persistence modules. In [15], two notions of distance are defined
on the space of generalized persistence modules Fun(P, Y')o — more details of this construction are given
in Section 4.4.1. The main result of this section (Theorem 4.6) shows that any monoid action on a poset
gives rise to a family of interleaving distances on the space of generalized persistence modules (with
fixed target category). To state and prove the result, we introduce a general construction for inducing new
2-functors from old.
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4.2 2-functors associated to a fixed 2-functor together with an auxiliary category

Let A : C — Cat be a 2-functor and fix a category Y € (Cat)g. Let C°? denote the 2-category
whose 1-morphisms are reversed (but whose 2-morphisms are not). We define an associated 2-functor
AY : C°P — Cat according to the following proposition. We leave the proof, which is straightforward, to
the reader.

Proposition 4.1 Let A : C — Cat be a 2-functor and let Y be some fixed 1-category. Then one obtains a
well-defined 2-functor AY : C°P — Cat with:

(1) For A € CY = Co, AY(A) = Fun(A(A),Y).
(2) For f € C(A', A) = Cy(4, A'),

AY(H:A(A)—>Y)=HoAs:A(A)—>Y and AJ(A:H= H')=)eAs:AL(H)= AJ(H').
(3) Fora € C(f,g) = Ca(f, &), /.2 € CTN(A', A), H: A(A)) = Y, X € A(A)o,

(A () )y = Ho Al)x.

Recall the correspondence between monoidal functors and 2-functors given by identifying T :G— End(X)
with BT : BG — Cat (Proposition 2.14). Using the fact that BG°? = BG, Proposition 4.1 has an immediate
corollary in the monoidal functor setting.

Corollary 4.2 Let T : G — End(X) be a monoidal functor and let Y be some fixed 1-category. Then one
obtains a well-defined monoidal functor T" : G — End(Fun(X,Y)) with:

(1) For f € Gy, TfY € End(Fun(X,Y)) is defined by

TY(H:X—=>Y)=HoTy:X—>Y and TY(:H= H)=)eTy:TS(H)= T/ (H).
(2) Fora € G1(f,g), H: X =Y, X €Xo,
(TY(a)H)X =HoT(a)y.
4.3 Proset 2-functors and induced interleaving distances

Returning to the setting of interleavings of generalized persistence modules, let G be a monoid acting on a
proset (P, <). Thatis, for all g € G and p € P, there is an associated g(p) € P such that #(g(p)) = (hg)(p)
and e(p) = p, and the maps are monotone in the sense that p < ¢ implies g(p) < g(g).

Definition 4.3 (proset monoidal category) The proset monoidal category associated to G is the monoidal
category G” with:

) GZ)’ = @, with product given by the monoid law of G.
(2) For 1-morphisms g, &, let

Gr(g.h) = {{ag»h} if g(p) < h(p) forall p € P,
b ] otherwise.
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Composition is given by oy, g p = g k; this is well defined, since the existence of g 5 and aj, j imply
g(p) < h(p) <k(p) for all p. The tensor product is given by af ¢ ® @y = arp gk To see that this is
well defined, observe that i(p) <k(p) and f(p) < g(p) for all p € P. This implies that fh(p) < gh(p)
and that gh(p) < gk(p) (since g is order-preserving), so we have fh(p) < gk(p).

Remark 4.4 We caution the reader that despite its similarity to standard notational conventions, G” does
not denote a functor category.

Definition 4.5 (proset action monoidal functor) Let P be the proset category associated to P. We define
the proset action monoidal functor T : G¥ — End(P) as follows:

(1) For g € G, Ty : P — P is the functor defined on objects by T, (p) = g(p) and on morphisms by
Te(p=q)=2(p) =g(9).

(2) For a morphism a4 5, T (g ) : Tg = Ty is the natural transformation with component at p € P
given by T'(ag n)p = g(p) =< h(p).

This leads to the main result of this section.

Theorem 4.6 Let P be a proset with associated proset category P and let Y be some other category. Any
action on P by a monoid endowed with a monoidal weight gives rise to an extended pseudometric on the
space of generalized persistence modules Fun(P,Y),.

Proof Let G be a monoid acting on P, endowed with a monoidal weight W, and let 7' : G¥ — End(P)
be the proset action monoidal functor. Corollary 4.2 yields an induced monoidal functor 77 : G¥ —
End(Fun(P,Y)). By Remark 3.4 and the definition of G”, a monoidal weight on G can be considered as a
monoidal weight on G”. Theorem 3.8 says that the G”-interleaving distance drv w, defines an extended
pseudometric on Fun(P,Y),. a

Remark 4.7 (explicit G-interleavings) We can describe the metrics which arise from the construction in
Theorem 4.6 somewhat explicitly. Given an action of a monoid G, endowed with a monoidal weight W,
on a proset P, the general definition of G”-interleaving says that generalized persistence modules
M,N : P =Y are (g, h)-interleaved (for g, h € G) with respect to TY (where T : G¥ — End(P) is
the proset action monoidal functor) if there are natural transformations (i.e., morphisms in Fun(P,Y);)
¢ M= Tg (N)and ¢ : N = T}T(M) and 2-morphisms «, ¢4 and &, jg in Gf such that the diagrams

TY(Ule,gh)M TY(ae.hg)N

TS, (M) T, (N)

M N
X Ty (%) \« Ty (¢)

Ty (N) T, (M)
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commute. This means that for all p € P, the diagrams

(TY(ae,gh)M)p (TY(ae.hg)N)p

> T, (M)(p) > T (N)(p)

M(p) N(p)
k /g(w)p k /T,,Y(rb)p

T (N)(p) Ty (M)(p)

commute. Further unpacking the definitions, this is the case if and only if the diagrams

M(p) —M=ERD) o hran(p)) N(p) Ne=he@D) 5 N(hg(p))
4-1
N(g(p)) M(h(p))

commute for all p € P. Therefore, the interleaving distance of Theorem 4.6 is given by

drvw(M,N) = inf{max{W(g), W(h)} |3 ¢, ¥ such that the diagrams (4-1) commute V p € P}.

4.4 Examples of 2-functor interleaving distances for generalized persistence modules
We now present some examples of interleaving distances arising from Theorem 4.6.

4.4.1 Bubenik-de Silva-Scott interleaving distances We now fill in some details of the interleaving
constructions of Bubenik, de Silva and Scott in [15], first mentioned at the beginning of this section.

Definition 4.8 (w-interleaving distance [15]) Let (P, <) be a proset. A function g : P — P is called
monotone if p < q implies g(p) < g(q). A monotone function g is called a translation if p < g(p) for
all p € P. The collection of translations of P is denoted by Transp; it is easy to show that Transp is a
monoid. The identity is the identity map ep. A sublinear projection is a map w : Transp — [0, 0o] such
that w(ep) =0 and w(ho g) < w(h) + w(g).

The above data leads to an extended pseudometric on Fun(P,Y)o. Given M € Fun(P,Y)( and
g € Transp, let gM € Fun(P, Y), be the functor with

gM(p)=M(g(p)) and gM(p=q)= M(g(p)=g(q)).

There is a natural transformation ni,w : M = gM with component (ni,w )p: M(p)— M(g(p)) induced by
p < g(p). We say that functors M, N : P — Y are t-interleaved with respect to w if there are translations g
and & of P with w(g), w(h) <t and natural transformations ¢ : M = gN and v : N = hM such that
the diagrams

M(p) — ME=EDD o yr(gh(p)) N(p) —N2=he®D  \ Npg(p))
N(g(p)) M(h(p))
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commute for all p € P. The w-interleaving distance between M and N is
de(M,N)=inf{t > 0| M and N are ¢-interleaved}.
Comparing this definition with Remark 4.7, the following result becomes clear.

Proposition 4.9 Let (P, <) be a proset and let w be a sublinear family for Transp. Let Y be an arbitrary
category. Then the 2-functor interleaving distance drv y from Theorem 4.6 is equal to the w-interleaving
distance dy on Fun(P,Y)y when we take the monoid to be G = Transp and the monoidal weight to
be W =w.

Remark 4.10 It is shown in [47, Theorem 3.5] that another Bubenik—de Silva-Scott construction of
interleaving distance, depending on a structure called a superlinear family of translations, can be realized
as a flow interleaving distance. While the interleaving distances induced by sublinear projections and
superlinear families are sometimes related [15, Theorem 3.24], the concepts are, in general, distinct. We
showed in Proposition 3.9 that flow interleaving distances can always be realized as 2-functor interleaving
distances. Putting all of this together, we see that the G-interleaving framework fully generalizes the

interleaving distances of Bubenik, de Silva and Scott.

4.4.2 Multiplication group We next present a simple example of an interleaving distance arising in
the setting of Theorem 4.6 which differs from the classical notion in TDA.

Let (P, <) be the poset of nonnegative real numbers. Let G be the group of positive real numbers
under multiplication. Then G acts on P (but does not contain and is not contained in the monoid of
translations Transp). We define a monoidal weight W on G¥ by W(¢) = [log(¢)|. Then we obtain an
interleaving distance on drv - on any space of generalized persistence modules Fun(P,Y)o.

Example 4.11 To see that the behavior of the induced interleaving distance is qualitatively different than
that of classical interleaving distance, let us consider a basic example, where Y = Vec, the category of vector
spaces over (say) R. Functors P — Vec are herein referred to as classical persistence modules, as they are
the basic objects in the foundational theory of TDA [21]. Taking the sublinear projection @ : Transp — R
defined by w(g) = sup{g(p)— p | p € P} yields the classical interleaving distance for classical persistence
modules, as studied in [21]. Under mild tameness assumptions, this distance agrees with the bottleneck
distance dg between persistence diagrams (see, e.g., [5; 21; 35]), which is defined as a more straightforward
optimization problem and was an essential component in the early research on TDA [22].
For a < b, let M{, ) : P — Vec denote the interval module with

R ifrela,b),

M =
[a.b) (r) { 0 otherwise,

and where M|, p)(r < s) is the identity map on R whenever possible and is otherwise the zero map.
If a=b, My, 4) = Mg, the persistence module which is identically zero. It is well known that the classical
interleaving distance (or bottleneck distance) between M, 5y and Mg is given by dg(M[4 p), Mz) = b%“.
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On the other hand, one can show that the G”-interleaving distance is

drv . (Mia,p), M) = 3 (log(b) —log(a)).

The classical interleaving distance and G”-interleaving distance behave qualitatively differently; e.g.,

dB(M[a,a-l—l)v MQ) = %
for all a, whereas
Jim_dry w (Mig.a+1), Mg) = 0.

Remark 4.12 We end this subsection with an informal remark, geared towards researchers dealing with
practical applications of TDA. The above example is meant to be a simple expository one, and we do
not advocate it as a serious replacement for standard metrics in TDA. However, even this toy example
suggests the potential of exploring alternate metrics in a data analysis context. An interval module M, p)
is typically interpreted in a TDA setting as a persistent topological feature in a data set, subject to some
notion of filtration (e.g., persistent homology barcodes of a Vietoris—Rips complex associated to point
cloud data; see [19]). The distance from one of these interval modules to the zero module with respect
to the bottleneck distance —i.e., %(b — a) — can be understood as the “importance” of a feature. The
behavior exhibited above by drv - says that the importance of a feature with respect to this metric not
only depends on its persistence (i.e., distance between endpoints), but on the temporal location of the
feature — that is, the “birth time”, or lower limit of the interval. The interleaving distance induced by
the multiplication group says that features born near zero become infinitely important, while features
with a fixed length have importance decaying to zero as the birth time increases. This agrees with the
assertion of the recent paper [9] that the ratio b/a is a more relevant indicator of statistical significance of
a topological feature M[, p) than the traditional persistence %(b —a).

We believe that it would be useful to incorporate different importance dependencies into metrics,
depending on the data analysis context. Such a focus on learning appropriate TDA metrics based on
data structure is advocated for in, e.g., [20], and our framework gives a rich theory-backed source of
such metrics. Designing data-driven metrics based on these generalized interleaving distances will be the
subject of future research.

4.4.3 Diffeomorphism group of R We now consider the case where (P, <) is the real line, but extend
the class of monoids under consideration to diffeomorphism groups; these are well studied by certain
communities in geometric data science [3; 4; 41; 49; 50], and the ideas presented here are meant to serve
as a bridge between these techniques in TDA and geometric shape analysis (see also Section 3.3.3).

Let Diff.(R) denote the group of orientation-preserving, compactly supported (i.e., differing from the
identity map only on a compact set) smooth diffeomorphisms of R and let G be a subgroup of Diff, (R).
Then G acts on P (by g- p = g(p)), so Theorem 4.6 implies that we obtain an interleaving distance on
the space of generalized persistence modules once we have chosen a monoidal weight on G. Recall from
Proposition 3.23 that such a weight is induced by any right-invariant metric on G. This discussion is
summarized in the following proposition.
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Proposition 4.13 Let (P, <) be the real line and let G be a subgroup of the compactly supported
orientation-preserving diffeomorphism group Diff.(R). Any choice of right-invariant metric on the
diffeomorphism group gives rise to an interleaving distance on the space of generalized persistence
modules Fun(P,Y)q, where Y is any category.

Remark 4.14 A natural question is whether any right-invariant metrics on Diff.(R) exist, and, if so,
whether they are computationally feasible to work with — this matter was discussed briefly for diffeomor-
phisms of R” in Section 3.3.3, but we add more discussion here, since there are simpler right-invariant
metrics in this one-dimensional setting. The details of the construction of these metrics and their
computational approximation require substantial knowledge of functional analysis and optimization
theory, and are beyond the scope of the present paper. We sketch briefly the main ideas below, but their
development remains a direction of future research.

The group Diff, (R) is a Lie group, but it is infinite-dimensional, modeled locally on a Fréchet vector
space [28]. There are several candidates for right-invariant metrics in the literature, and we describe one
family of them here. Consider the weak (see, e.g., [1]) Riemannian metric (-, -) on Diff.(R) defined at a
basepoint g € Diff.(R) and tangent vectors x, y € TgDiff.(R) (the tangent space is isomorphic to the
space of smooth maps R — R which are equal to zero off a compact set [33, Section 43.1]) by

k
trovbe = [ Yoy D) D)
j=0

where Dy is the operator ﬁ%, k is a nonnegative integer and the ¢;’s are nonnegative real number
hyperparameters. Riemannian metrics of this form are referred to as Sobolev-type metrics, and are studied
intensely by researchers interested in applications of Riemannian geometry to shape analysis [3; 13; 39],
although these works tend to focus on similar metrics on spaces of immersions of R or the unit circle into
a higher-dimensional Euclidean space. It is straightforward to check that geodesic distance with respect
to this metric is a right-invariant metric on Diff, (R), as desired. Moreover, there has been substantial
development of computational pipelines for computing geodesic distances for Sobolev-type metrics [2]
(once again focusing on the setting of immersions into higher-dimensional spaces). The existence of
theory and numerical pipelines for shape analysis applications suggest the potential for developing the
application of these metrics to interleaving distances in future work.

4.4.4 Multiparameter persistence Multiparameter persistence [11; 35] generally concerns generalized
persistence modules where the proset (P, <) is the poset R”, endowed with the product partial order:
(r1,...,1) < (81,...,8) if and only if r; < s; for all i. To distinguish vectors from scalars, we use
the notation r = (rq, ..., r,) in this subsection. We use the notation M : P — Y for a multiparameter
persistence module.

The standard notion of interleaving distance between multiparameter persistence modules (see,
for example, [11]) is easiest to state using the notion of a category with a flow: the standard flow
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T5:R>o — End(Fun(P,Y)) is given by
T'M(r) = M(r +11),
where 1 is the vector of all ones. For s <1, (Ty<,)ar : T3'M = T;'M has component at r given by
M(r+s1l=<r+1t1).

Then the interleaving distance between M and N is the infimum over ¢ such that there exist natural
transformations ¢ : M = T;'N and ¢ : N = T;'M so that the diagrams

M) M(r<r+2t1) s M(r +2t1) N(r) N(r=<r+211) s N(r +2:1)
N(r +11) M(r +11)

¥\, for the remainder of this subsection.

Using the construction of Theorem 4.6, we can define interleaving distances which are natural, but

commute for all ¥ € R”. We denote this interleaving distance as d

more refined than the version described above. Let G = R” denote the group (under addition) of vectors
in R” with nonnegative entries. Then G acts on P via r - p = p + r. The function W : G — R defined by
W(t) = |t|, (| - l, denoting the Minkowski p-norm) gives a Lawvere weight on G”. This yields an
interleaving distance on Fun(P, Y)o. Explicitly, let T : G¥ — End(Fun(P, Y)) be the monoidal functor from
Theorem 4.6; from Remark 4.7, multiparameter persistence modules M, N : P — Y are (s, t)-interleaved
if there exist natural transformations ¢ : M = Tx N and ¢ : N = Ty M such that the diagrams

M) M@ <r+s+t) s M(r +5+1) N(r) N(@r=<r+t+s) sy N(r +1+5)
N(r +s) M(r+1)

commute for all ¥ € R”. The associated G” -interleaving distance drv p is then expressed as the infimum
of max{||s|p, ||t]|p} such that there is an (s, #)-interleaving.

Example 4.15 To see that the G”-interleaving distance differs qualitatively from the standard one, let
us consider a simple example. For a, b € R" with a < b, let [a, b) denote the set of ¢ € R” such that
a < ¢ < b. Similar to the one-parameter setting of Section 4.4.2, we consider interval modules (also
called rectangle modules [10]) of the form M|, p) : P — Vec, where

R ifr [a,b),

M, —
fa.) () {O otherwise,

and where M[, p)(r <s) is the identity on R whenever possible, and otherwise the zero map.
As a simple example, consider the interval modules over R?:

My = Mi©,0),2,2)), M2= Mj1,0,3,2), M3 = M1,1),3,3))
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M,

M,

0 1 2 3

Figure 2: Rectangles used to define the modules in Example 4.15. Differing dash patterns on the
boundaries are used to distinguish the rectangles, not to indicate (lack of) inclusion in the rectangle.

(see Figure 2). Using the conditions for existence of morphisms between interval modules described
in [25], one can show that the flow interleaving distance satisfies

dy(My, My) = dp(My, M3) = 1,
while the 2-functor interleaving distances with, say, p = 2 in the Lawvere weight, are given by
dTY,W(Ml,Mz) =1 and dTY’W(Ml,M3) = \/5

(The former is realized by shifts (s, ) = ((0, 0), (1, 0)) and the latter by (s,¢) = ((0, 0), (1, 1)).) That is,
the G”-interleaving distance respects the geometrical intuition that M, is closer to M; than M3, while
the flow interleaving distance does not.

5 Weighted 2-category interleaving distances

In this section, we introduce a new family of interleaving distances which generalize those introduced
above. We also show that this construction generalizes another family of interleaving distances associated
to locally persistent categories [45].

5.1 2-weighted 2-categories

Let C be a 2-category. We generalize the notion of a Lawvere weight as follows.

Definition 5.1 A Lawvere 2-weight on C is a pair W = (W7, W,), where the functions W; : C; — R
satisfy the following properties:

(1) Zero on identities: We have Wi(1,4) = 0 for all A € Co and W5 (1) =0 forall f € C;.
(2) Triangle inequalities: For all f € C;(4, B) and g € C{(B, C),

Wigf) = Wi(g) + Wi(f).
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Forall i, j € C{(A,B) and k € C{(B,C),and @ € Co(f, h), B € Ca(h, j), and y € C5(g, k), we have
Wa(Ba) = Wa(B) + Wa(a) and  Wi(y ea) < Wa(y) + Wa(w).

A pair (C, W) consisting of a 2-category C and Lawvere 2-weight W will be referred to as a 2-weighted
2-category.

This expanded notion of weight leads to a new family of interleaving distances on Cy.
Definition 5.2 (2-weighted 2-category interleaving distance) Let (C, W) be a 2-weighted 2-category and

let A, Be€Cy. A (g,h,a, B)-interleaving of A and B consists of 1-morphisms g: A — Band/h: B — A
and 2-morphisms « : 14 = hg and B : 1p = gh. These morphisms are summarized in the diagram

A—*% B
4| = |he gh| < |15
A (T B
If, for ¢t > 0, we have
max{W1(g), Wi(h), Wa(a), W2(B)} =1,

then we refer to the (g, /1, o, B)-interleaving more succinctly as a ¢-interleaving. If a t-interleaving of 4
and B exists, we say that A and B are t-interleaved. The interleaving distance between A and B is

dcw (A, B) :=inf{t > 0| A and B are t-interleaved}.

We now show that this notion of interleaving distance is an extended pseudometric. The proof
is essentially the same as that of Lemma 3.17 and Theorem 3.16; we will show below that 2-functor
interleaving distances can be realized as 2-weighted 2-category interleaving distances, so that Theorem 3.16
actually follows as a corollary.

Theorem 5.3 Let (C, W) be a 2-weighted 2-category. The interleaving distance dc y, defines an extended

pseudometric on Cy.

Proof Symmetry is obvious, so we only need to check the triangle inequality. Suppose that 4, B, C € Cy
such that A and B are ¢-interleaved, say viag: 4 — B, h: B — A,a: 14 = hgand B : 15 = gh,
and that B and C are t’-interleaved, say viak : B—> C,{:C — B,y :lp =tk and § : l¢c = kL.
Diagrammatically, we have

A—2— B B—* ¢
la| 2 |he gh| 5 |15 and 1, = |tk k| < |1c
A(TB B(TC
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We claim that there exist 2-morphisms ¢ and ¥ fitting into the diagram

AL)C

La| = |htkg keht| <= |1c
A (—M C

Indeed, consider the diagram

There is a 2-morphism hg = hlkg given by whiskering, so that we get a 2-morphism 14 = hlkg
defined by ¢ = (hey e g)ow. Similarly, ¥ : 1¢ = kgh{ is defined by { = (k ¢ S @{) 0 5. Now consider
the energies of the various morphisms
Wilkg) = Wi(k)+Wi(g) <t +1,
Wa(¢) < Wa(hey eg) + Waler) < Wa(lp) + Waly) + Wallg) + Wale) <0+ +0+1,

and, likewise, Wy (ht), Wo () <t + . It follows that dc y satisfies the triangle inequality. |

5.2 Connection to Lawvere metric spaces and examples

In [34], Lawvere shows that the notion of a weighted 1-category (Definition 3.12) is equivalent to that
of a Lawvere metric space (see Remark 3.14). In particular, given a weighed 1-category (C, W), one

constructs a Lawvere metric space as (Cy, déapvlv,) where

dESy (A, B) = inf(W(g) | g € C1 (4. B)}.
One can symmetrize this distance function to obtain an extended pseudometric d“;, with
dgiy (A, B) = max{dy (A, B). dEy (B, A)}.

Now consider the indiscrete 2-category EC (Definition 3.28) with Lawvere 2-weight W defined by setting
W = W and setting W, to be identically zero. It is straightforward to prove that this recovers the
symmetrized Lawvere construction:

Proposition 5.4 Using the notation above, the interleaving distance dEc W is equal to the symmetrized
aw ’

Lawvere metric dC,W'
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Since any extended pseudometric can be realized via the Lawvere construction for some weighted
1-category, we have the following corollary.

Corollary 5.5 Any extended pseudometric can be represented as an interleaving distance associated to a
2-weighted 2-category.

Remark 5.6 In fact, any extended pseudometric space can be realized as a 2-functor interleaving distance
or as an interleaving distance associated to a locally persistent category (LPC) [45] (see Section 5.4 below
for the definition) — constructions which we show in the following subsections to be generalized by
2-weighted 2-category interleaving distance. We echo a sentiment expressed in [45] in the setting of LPCs:
although any extended pseudometric can be realized as an interleaving distance in this somewhat trivial
way, the interest in the interleaving distance construction comes from situations where it arises in a natural
context or where it leads to notions of distance which are not obviously constructed in some other manner.

On the other hand, given a 2-weighted 2-category (C, W), there is an associated 1-category coming
from the underlying 1-category, denoted (by an abuse of notation) as C, with the underlying weight W7.
The following result is obvious.

Proposition 5.7 Let (C, W) be a 2-weighted 2-category with associated weighted 1-category (C, Wy).
Then, for any A, B € Cy,
A&y (A, B) < dcw (A, B).

If W, is identically zero, then this is an equality.

Remark 5.8 Propositions 5.4 and 5.7 support our intuitive understanding of the interleaving distance
associated to a 2-weighted 2-category: it is a generalization of the Lawvere categorical representation of
a metric space, with the inclusion of additional obstructions on allowable morphisms between objects
(in the form of weighted 2-morphisms).

We show below that other interleaving constructions can be realized in the 2-weighted 2-category
framework; namely 2-functor interleaving distances in Section 5.3 and interleaving distances for locally
persistent categories in Section 5.4. Before we move on to these generalities, we provide some specific
examples of 2-weighted 2-category interleaving distances which illustrate the ideas above, focusing on
the theme of Gromov—Hausdorff-type distances.

5.2.1 Altered Gromov-Hausdorff distance Let us recall the basic construction of Gromov—Hausdorff
distance. Let X = (X, dy) and Y = (), dy) be metric spaces. The Gromov-Hausdorff (GH) distance [17]
between X’ and ) is given by

(5-1) dgu(X,)) = %]i(ngfmax{dis(f), dis(g), codis( f, 2)},

where the infimum is defined over (not necessarily continuous) maps f : X — Y and g : ) — X, the
distortion of f is defined as

dis(f) = sup |dx(x,x)—dy(f(x), f()I,

X,x'€X
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with dis(g) defined similarly, and the codistortion of f and g is

codis(f,g):= sup |dx(x,g(y)) —dy(y, f(x))]

XEX,yEY
Intuitively, the distortion terms measure how much the maps distort the metric, whereas the codistortion
measures how far f and g are from being inverses.

The Gromov-Hausdorff distance was characterized as an interleaving distance in a locally persistent
category (see Section 5.4) in [45, Section 6.2]. On the other hand, one might observe that the structure
of GH distance is quite similar to that of an interleaving distance on a 2-weighted 2-category. Here, we
make this observation precise by showing that a slight variant of GH distance is naturally realized in this
context. We begin by altering the definition of GH distance to more directly reflect the intuition for its
definition described above.

Definition 5.9 The altered Gromov—Hausdorff distance between metric spaces X and ) is
JGH(X, V)= %}nfmax{dis(f), dis(g), codis(f, g)},
7g

where the infimum is over (not necessarily continuous) maps f : X — Y and g: Y — X, dis(f) and
dis(g) are defined as above, and

codis(/, g) = codisx,y(/f. g) := max{sup dx(x, g/ (x)), sup dy(y, fg(»))}.
XeX yey

The altered version of GH distance is bi-Lipschitz equivalent to the classical version, as we now
demonstrate.
Proposition 5.10 For any metric spaces X and ),

dan(X.Y) < don(X.Y) < 2du(X. ).

Proof Let f:X — Y and g:)Y — X such that dis( /), dis(g) and codis( f, g) are all less than or equal
to r for some r > 0. Then, for any x € X,

dx(x,gf(x)) = dx(x. g/ (x)) —dy(f(x). f(x)) =T

where we have used the codistortion bound, taking y = f(x). Likewise, dy(y, fg(y)) <r forall y € ),
and these statements imply that c/:_oﬁig( f,g) <r. This proves that JGH (X,Y) <dgu(Xx,)y).

To show the other inequality, suppose we have f : X — Y and g : ¥ — X with dis(f), dis(g) and
Eﬁg( £, g) all bounded above by r. Then, for all x € X and y € ),

dx(x.8(y)) =dx(x.gf(x)) +dx(gf(x). g(y)) =7 +dy(f(x).y) +r.

where we have used the bounds on distortion and the altered codistortion. It follows that

dx(x,g2(y) —dy(f(x),y) =2r

and a similar argument shows that dy ( f(x), y) —dx(x, g(»)) < 2r, so that codis( f, g) < 2r. Therefore
dou(X,Y) < 2dcu(X,)). o
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We now realize the altered Gromov—Hausdorff distance as a 2-weighted 2-category interleaving distance.
The 2-category GH is defined as follows:

(1) GHy consists of metric spaces.

(2) GH{(X,Y) contains set maps f : X — ) (note that this is different than the usual categorical structure
on the space of metric spaces, where one typically considers Lipschitz maps).

(3) For functions f,g: X — ),
(a) if /= g, GHa(f. /) contains a single abstract identity 2-morphism 1;

(b) if ¥ =Y and f = 1y, GH,(1x, g) contains a single abstract 2-morphism, denoted by g — if this
coincides with the previous case, we have 1 = g;

(c) in any other case, GH, (f, g) is empty.

Compositions of 2-morphisms are defined by first declaring the identity 2-morphisms to behave as
identities. It then only remains to define horizontal composition in case of the diagram

1x 1x
s R T a H
v Tl

—

in which case we get a well-defined 2-morphism g e f =gof.

Define a Lawvere 2-weight W on GH by setting Wy (f) :=disx,y(f) and Wo(17) =0for f: X — Y
and, forg: 1y = g,
W2(g) := sup dx (x, g(x)).

XEX
To see that this gives a well-defined Lawvere 2-weight, we need to verify the triangle inequalities. For Wy,
this follows from standard properties of the distortion functional and for W5, this follows by checking cases.

Proposition 5.11 The altered Gromov—Hausdorff distance is equal to the 2-weighted 2-category interleav-
ing distance associated to (GH, W). That is, for metric spaces X and ), we have

don(X.Y) = den,w (X. ).
Proof The interleaving distance between X’ and ) is computed by optimizing over diagrams
xr—= -y

x\az, |he  ehigg, |1

the quantity max{W;(g), Wi(h), Wa(apg), Wa(agp)}. Observing that max{W5(ag), Wa(atgp)} equals
codis(g, h), it follows that this is the same as the optimization problem which defines the altered GH
distance. O

Algebraic € Geometric Topology, Volume 26 (2026)



Interleaving distances, monoidal actions and 2-categories 263

Another alteration of GH distance was studied in [38]. The modified Gromov—Hausdorff distance, QGH,
is defined by dropping the codistortion term altogether:

den(X,Y) = }nfmax{dis( 1), dis(g)}.
g

It is shown in [38, Theorem 4.1] that c/Z\GH defines a metric on the space of isometry classes of compact
metric spaces, which clearly satisfies c?GH < dgg. The fact that JGH is bounded above by dgy fits into the
discussion above, as is summarized in the following result. The proof follows directly from the definitions
and the results referenced in the statement.

Proposition 5.12 Let M and GH be as above. The modified Gromov—Hausdorff distance is equal to the
distance obtained through the symmetrized Lawvere construction; that is, for any metric spaces X and ),

dan(X. ) = diy, (X. ).

The fact that c’i\GH < dgu is therefore an instance of Proposition 5.4 (together with Propositions 5.10
and 5.11).

5.2.2 The Gromov-Hausdorff bicategory The Gromov—Hausdorff distance is categorified and gener-
alized in [16], using the formalism of bicategories (see Remark 2.6). Describing the construction in detail
would require a significant detour, so we only very briefly summarize it here, and then remark on the
obvious connection to the notion of 2-weighted 2-category interleaving distance.

It is well known (see, e.g., [17]) that the GH distance can alternatively be realized as

(5-2) dou(X,Y) = inf d(f(X),g(Y)),
z,f.g

where the infimum is over all metric spaces Z and isometric embeddings f : X — Zand g : ) — Z, and
where dg denotes the Hausdorff distance between subsets of Z.

Inspired by the formulation (5-2) of GH distance, the Gromov—Hausdorf{f bicategory [16, Section 5]
WEmb is defined to be a bicategory whose objects are small categories endowed with Lawvere weights. A
1-morphism between (C, W), (C', W') € WEmby is an embedding pair, whichis a triple ((C", W"), F, F'),
where (C”, W”) is a weighted category, F : C — C” and F’: C' — C” are full and faithful functors which
are injective on objects, and which preserve weights. A generalized notion of Hausdorff distance can
be associated to an embedding pair, and this is used as a Lawvere weight for WEmb. There is a natural
notion of a morphism between embedding pairs, and these form the 2-morphisms for WEmb, but we omit
a detailed description here.

The Lawvere metric resulting from the construction of WEmb described above gives a generalized,
categorified notion of Gromov—Hausdorff distance between weighted 1-categories. We remark that, in
light of Proposition 5.7, this generalized GH distance can essentially be viewed as an interleaving distance
associated to a 2-weighted 2-category (by extending the Lawvere weight to be zero on 2-morphisms).
The qualification in this statement could be removed by extending the definitions and results above to
handle 2-weighted bicategories.
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5.3 2-functor interleaving distances and 2-weighted 2-categories

Let us now show how to realize 2-functor interleaving distances as interleaving distances for 2-weighted

2-categories.

Definition 5.13 (2-weighted 2-category from a 2-functor) Let A : C — Cat be a 2-functor and suppose
that C is endowed with a Lawvere weight W (in the sense of Definition 3.12). The 2-weighted 2-category
associated to A, denoted by (C2, W2), is defined as follows. The 2-category C2 is defined by:

(D) CoA = Im(A), the object-image of A (Definition 3.10).

(2) For A, B e Cypand X € A(A)g, Y € A(B)y,

CPX.Y)={(2.4) | g€ Ci(B, 4), ¢ € A(A)1(X, Ag(Y))};

composition of (g,¢): X — Y and (h, V) : Y — Z (with Z € A(C)y)) is given by

(h,¥)o(g. @) := (gh, Ag(¥) 0 @),
as is illustrated in the diagram
¢ As()
X == Ag(Y) =5 Agp(2).

(3) For 1-morphisms (g,¢), (h,¥) : X — Y with X € A(4)g and Y € A(B)y, the collection of
2-morphisms CZA((g, @), (h,v)) is defined by cases as follows.

(@ X =Y e€A(A)g, g =1y, » = lx, and there exists « : 1 4 = h such that A(a)xy = ¥, we define
CZA((g, @), (h, ¥)) to contain a single abstract element, denoted by .

(b) If (g, ¢) = (h, V), we define CzA((g, @), (h, ¥r)) to contain a single abstract element, denAoted by 1g 43
it is possible for this case to coincide with the former case, and then we have 1 4 = 1x.

(¢) In any other case, we define CZA((g, @), (h,¥)) to be empty.

Composition is defined by first declaring each 14 4 to act as an identity. It then remains to define
vertical and horizontal compositions when both 2-morphisms are of type (a), as defined above. For
vertical compositions, the definitions force one of the involved 2-morphisms to be an identity (i.e., of the
form 14 4), so we actually only need to consider the case of horizontal compositions. Suppose we have
the following diagram:

(14,1x) (14,1x)
— <~ — |~
X X X
\b Jb
(g.9) (k,¥)

Then, by definition, there are 2-morphisms « : 14 = g and 8 : 14 = k such that

¢=A)y and ¥ =A(f)x.
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Our rules of compositions for 1-morphisms give the diagram

(14,1x)

Z(14,1x) — (14,1x)
X Zehon = X TrABin)

(sk.Ac(AB))A@K)

Let

(5-3) w:=Ag(AB)x)A(0)x.
By (3-2), we have that
w=A(xep)yx,

~

where c o f: 14 = gk, so we get a well-defined composition by setting fh\ °p = 0.
We define a Lawvere 2-weight W2 on C2 by

WA((g,9):=W(g) and WL(A(@) :=0.

We will show below that for any 2-functor A : C — Cat and Lawvere weight W on C, the 2-functor
interleaving distance on Im(A) = C@ agrees with the 2-weighted 2-category interleaving distance,
da,w = dca ya. In fact, we will prove a stronger structural result showing that the assignment
(C, W) — (C2, W2) is natural. This will require some additional concepts from the theory of 2-
categories.

5.3.1 2-natural transformations We begin by recalling the notion of a 2-natural transformation
[30, Proposition 4.2.11], appropriately adjusted for our purposes.

Definition 5.14 We let 2Fun( -, Cat) denote the category of 2-functors into C, A : C — Cat, where C is
an arbitrary 2-category. Given 2-functors A : C — Cat and V : D — Cat, a morphism (F,n): A — V is
given by a 2-functor F': C — D and a 2-natural transformation 1 : A = V o F (this definition is recalled
below). Diagrammatically, this is

Cat

If A{:C— Cat, Ay : D— Cat and A3 : E— Cat are 2-functors; F : C— D and G : D — E are 2-functors;
andn: Ay = Ajo Fandv: A, = Aj oG are 2-natural transformations, define the composition to be

(G.v)o(F.n)=(GoF.(veF)on).
We now recall that a 2-natural transformation n: A = V o F consists of the following data:
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(1) For each A € Cy, a functor n4 : A(4) — V(F(A)).

(2) Foreach f: A — B in Cy, a commutative diagram
N4
A(4) —— V(F(4))

(5-4) A fl l(v o F)s

AB) —& 5 V(F(B))

so that npo Ay = (Vo F)rong = VE(s)ony as 1-morphisms in Cat (i.e., functors).

(3) For each pair f,g: A4 — Bin Cy and each @ : f — g in C,, a commutative diagram

(Vo F)rony = nBo Ay
(5-5) (VoF)(a)ely, Al llnBOA(a)

(VoF)gong —— npolg
We remind the reader that e denotes horizontal composition (see Definition 2.1 and Remark 2.4).

We extract a useful identity from (5-5). The equalities along the top and bottom are those established
in (5-4). The natural transformation on the left-hand side of the diagram may be realized as the whiskering
of ny4 with (Vo F)(x):

(VoF)y

m

A(4) 25 V(F(4)  VeP)@  V(F(B))

(VOF)f

For X € A(A)g, the X -component of this transformation is given by the 14 (X )-component of (Vo F)(«),
ie, (VoF)(a)eng)x = (Vo F)(a),,(x) Similarly, the natural transformation on the right-hand side
of (5-5) may be realized as the whiskering of A(«) and np:

Ay
A(A) MA(@ A(B) —2 V(F(B))

NV S

Ag

For X € A(A)g, the X -component of this transformation is obtained by applying the functor np to
the X -component of A(x), i.e., (ng ® A(a))x = np(A(a)y). The commutativity of (5-5) implies that
(Vo F)(@)eng)x = (np ® A(x))x. Combining these facts yields

(5-6) ne(A@)x) = (Vo F)(@)y,(x)-
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5.3.2 Naturality of (CA, WA) We now show that the map A > (C2, W2) defined in Definition 5.13
is functorial and induces an isometry of interleaving distances. We first introduce an appropriate notion
of a morphism between (1 or 2)-weighted (1 or 2)-categories.

Definition 5.15 (Lipschitz functors) A Lipschitz 2-functor from one 2-weighted 2-category (C, W) to
another (C’, W) is a 2-functor ® : C — C’ such that

(5-7) W{(©(g)) =Wi(g) and W,(O(x)) < Wa(e)

for each 1-morphism g and 2-morphism « of C. A Lipschitz functor of 1-categories endowed with
Lawvere weights is defined similarly.

Let W2Fun( -, Cat) denote the category whose objects are 2-functors A : C — Cat from a weighted
2-category (C, W) to Cat, and whose morphisms are pairs (F, n) as in Definition 5.14, such that F
is Lipschitz. Let W2Cat denote the category whose objects are 2-weighted 2-categories and whose
morphisms are Lipschitz 2-functors.

Lemma 5.16 Let (C, W) be a weighted category. The map taking a 2-functor A : C — Cat to the
2-weighted 2-category (C2, W) defines a functor

W2Fun( -, Cat) - W2Cat.

Proof Let A:C — Catand V : D — Cat be 2-functors, F': C — D a 2-functor, and n: A = Vo F a
2-natural transformation, satisfying the conditions of Definition 5.14. From the data (F, ), we produce a
2-functor Fy : cA - pV.

Beginning with objects, we have

C5 =Im(A) and Dy =Im(V).

Let X € A(A)( for A € Cy. We have a functor n4 : A(4) — V(F(A)), so define Fyx(X) = ny(X).
To extend F to 1-morphisms, let X, Y eIm(A), sothat X € A(A)gand Y € A(B)y. Let(g,¢): X =Y
be a morphism in C2®, with g: B — A and ¢ : X — Ag(Y). Then F(g): F(B) — F(A) and

N4(9) 1 na(X) = n4(Ag(Y)) = (Vo F)g(np(Y)) = VE()(nB(Y)).
Using the definition of DV, the corresponding map is (F(g), n4(¢)) : n4(X) — ng(Y), and we define

Fi(g.9) = (F(2).n4(0)).

Using the commutativity properties given in the diagrams above, one checks that F preserves compositions
of 1-morphisms. If (g,¢) : X — Y and (h,y) : Y — Z are morphisms in C2, their composition is given
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by (gh, Ag(¥) o ¢), and thus
Fu(h,¥) o Fy(g.¢) = (F(h),np(¥)) o (F(g).n4())
= (F(2)F(h), V@ (nB(¥)) 014(9))
= (F(gh). Ve (B (¥)) o na())
= (F(gh), (Vo F)g(np(¥)) o na(¢))
= (F(gh), na(Ag(¥)) o n4(9)) (by (5-4))
= (F(gh), n4(Ag(¥) 0 9))
= Fi(gh, Ag(Y) 0 @),
We treat the definition of Fy on 2-morphisms by cases, following Definition 5.13(3). In the first case, we
have a single abstract 2-morphism 1; € CZA((IA, 1x), (h,)). Mapping to DV, we have

Fi(14.1x) = (F(14).n4(1x)) = (1Fay, 1y x)) and  Fu(h, ) = (F(h), n4(¥)).
By definition, there is a single abstract 2-morphism nﬁ) € D2V ((IF(A)» L)), (F(h),ng (W))). We
thus define
F(¥) = n4(¥).
In the second case, we have a single abstract element 1, 4 € CZA((g, ®), (g,¢)), and a single abstract
element 1 p(g) 5 ,(¢) € Dy (F(8). (). (F(g).14(¢)). Define

Fi(lgg) = 1F(g).nae)-
Composition of 2-n/1\0rphisms is preserved by f «. As stated in Definition 5.13, it suffices to treat horizontal
comgosigons. Letf (14, 1/,}/) = (g,¢)and ¥ : (14, lx) = (k, ) be 2-morphisms. We wish to show that
Fi(y o) = Fi () @ Fi(¢p). The horizontal composition law for 2-morphisms given in Definition 5.13,
determined by (5-3), yields
(5-8) A(B)x o Ma)x = (Ag(AB)x) o Ae)x)™.
(59 (VoF)(B)x)" e (Vo F)@)x)" = ((VoF)g((VoF)(B)n,x)) o (VoF)(e)y,x)"
Using these facts along with (5-6), we have
Fu(§ 09) = F+(®)

= 14(0)

= 14(8g (AB)X)Ae)x)" (by (5-3))

= (14(2¢(AB)Y)) 0 n4(A@)x))"

= ((Vo F)g(n4(AB)x)) o (Vo Fg(@yyix)”  (by (5-6))

= ((Vo F)g((Vo F)(B)y,x)) 0 (Vo F)@)n,x))"  (by (5-6))

= (Vo F)B)n,x)" e (Vo F) (@), x)" (by (5-9))
= (n4(AB)x))" o (na(A(@)))” (by (5-6))
= 14(V) ® 14(9)

= Fu(}) @ Fu($).
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The association (F,n) +— Fy is functorial. Let A : C — Cat, Ay : D — Cat and A3 : E — Cat
be 2-functors, and let (F,n) : A; — A, and (G,v) : A; — A3 be morphisms. The composition
(G,v)o(F,n) = (Go F,(ve F)on) determines the 2-functor (G o F)4 : CA1 — E23, and we have
(G o F)4 = Gy« o Fy. Indeed, we verify this on objects

(G o F)«(X) = ((veF)ona(X) =vr(na(X)) = Gx(n4(X)) = G«(Fx(X)),
on 1-morphisms

(GoF)«(g.9) = ((GoF)(g),(ve F)on)(¢)) = (G(F(2). vi(a)(n4a(9)))
= Gx(F(2).n4(9)) = G«(Fx(g.9)).
and on 2-morphisms
(GoF)(¥) = ((ve Fyoma(¥))" = ((ve F)gons(y))
= (VP () © T W) = Ga(14(¥)) = Gu(Fu (V).

We have established that (F, ) naturally defines a 2-functor Fy, so it only remains to show that this
2-functor is Lipschitz. Since F is (1-)Lipschitz, we have Wp(F(g)) < Wc(g) for all g € C;. Thus,

(W) 1(Fe(g.9)) = (Wo)1 ((F(2).14(9))) = Wo(F(2)) < Welg) = (W) 1((g. ).
By definition, (WCA) )= (WDV )2 = 0, so there is nothing to check. |

Lemma 5.17 Let A : C — Cat be a 2-functor, let W be a Lawvere weight on C and let C® and W2 be
defined as above. Then the 2-functor interleaving distance on Im(A) = C€ agrees with the 2-weighted

2-category interleaving distance, da . w = dca pa.

Proof Let X,Y e€Im(A) = Cg. Unpacking the definitions, there is a (g, /)-interleaving (in the sense
of 2-functor interleaving) of X and Y if and only if there is a (g, /, «, B)-interleaving (in the sense of
weighted 2-categories). Moreover,

max{W(g), W(h)} = max{W*(g), W (h), W (@), W5 (B)}. O

From Lemmas 5.16 and 5.17, we immediately deduce the following result.

Theorem 5.18 The map from Definition 5.13 induces a functor W2Fun( -, Cat) — W2Cat and an isometry
at the level of interleaving distances.

5.4 Locally persistent categories

In [45], Scoccola introduces an alternate perspective on interleaving distances through the lens of enriched
categories. We will show that these interleaving distances can be realized in our 2-category setting.
In what follows, we use the font ® to denote an enriched 1-category.

Definition 5.19 (locally persistent category [45]) A locally persistent category (LPC) is a 1-category D
enriched in Fun(R, Set), where R is the poset category associated to the nonnegative reals R>¢ and Set is
the category of sets. Explicitly, this entails the following data:
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(1) A class of objects Dy.
(2) Foreach A, B € ®g and each s > 0, a set of morphisms (4, B);.
(a) For A = B and s = 0, there is a distinguished identity morphism 14 € ©(A4, A)o.

(b) Compositions of morphisms respect the R>-grading in the sense that the morphisms g € ©(4, B)s
and 1 € ©1(B, C); compose to give hg € D1(A4, C)s+¢.

(3) For s <t, there is a shift operation Ss; : ©1(A, B)s = 91(A, B);.
This data is required to satisfy various natural axioms; we refer to [45, Definition 3.11] for details.
Interleaving distance in the LPC setting is defined as follows.

Definition 5.20 (LPC interleaving distance [45]) Let © be an LPC and let 4, B € ®(. We say that 4
and B are (s, t)-interleaved if there exist f € (A, B)s and g € ©(B, A); such that gf =S¢ 5+(14)

and fg = So,s+:(1B).
The LPC interleaving distance between A and B is

do(A, B) = inf{max{s,t} | A and B are (s, t)-interleaved}.

Next we will show that dg is equivalent to a 2-weighted 2-category interleaving distance. We will
show that the connection between these distances is natural, in a precise sense.

5.4.1 From LPCs to 2-categories We now fit the notion of LPCs into the framework of 2-categories,
using a construction similar to that of GH above.

Definition 5.21 (2-category associated to an LPC) Let ® be an LPC. We define a 2-category C® consisting
of the following data:

(1) €7 =Do.
(2) For A, B € Dy,
CY (4. B) ={(g.9) | g €D1(4. B)s}.
Compositions are defined by
(h,t)o(g.s) = (hg,s +1)
and the identity morphism is (14, 0).

(3) For (g,s),(h,t) € C? (A4, B), the class of 2-morphisms C? (g, ) contains a unique 2-morphism,
denoted by ag 5, if and only if s <7 and S5 (g) = h. Vertical and horizontal compositions are defined,
respectively, by the formulas

Ug.nlfg =0fn and ok eefe =nfkg-
One can use the axioms of an LPC [45, Definition 3.11] to deduce that these compositions are well defined.

The 2-category defined above inherits a Lawvere 2-weight.
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Lemma 5.22 Let ® be an LPC with associated 2-category C°. Let ng : C? — R be the function
WIQ((g,s)) = s and let Wzg : C? — R be constantly zero. Then W® = (W2, WZQ) is a Lawvere
2-weight.

Proof The properties of Wf are trivial, so we only need to check the properties of WID. By definition,
WIQ((IA, 0)) = 0. For (g,s) € C’?(A, B) and (h,1) € CIQ(B, C), we have that
W2((h,1)o(g,5) = WP ((gh,s + 1) = s +1=W2((g,9) + WP ((h, ). m

Similar to the treatment we gave in the 2-functor setting, we now wish to show that the construction of
Definition 5.21 is functorial. Let ® and € be locally persistent categories. Following [45, Definition 3.16],
we define the appropriate notion of morphism between LPCs as follows. A locally persistent functor
F :® — € is a functor which is compatible with the R-grading on morphism sets and which commutes
with the shift functor (Definition 5.19). More precisely, for any s € R, the functor F induces a map on
morphism sets

D1(4, B)s — €(F(A4), F(B))s.

and for any s <7 and g € ©, we have S5 ;(F(g)) = F(Ss,(g)). Let LPC denote the category whose
objects are LPC’s and whose morphisms are locally persistent functors.

Lemma 5.23 The map taking an LPC ® to the 2-weighted 2-category (C®, W) defines a faithful functor
LPC — W2Cat.

Proof Given LPC’s ®, €, and a LP-functor F : ® — &, we define Fy : C° — C¢ as follows. On
objects, F is given by F' since C? =% and Cg = &,. Given a morphism (g,s) : A — B € C?, so that
g €9D1(A, B)s, we have F(g) € €{(F(A), F(B))s. We thus define

Fi((g.9)) = (F(g),5): F(A) » F(B) € Cf.

Composition of 1-morphisms is preserved. Indeed, we have

Fyx((h,t)o(g,s)) = Fx(hg,s +1t) = (F(hg),s +1)
= (F(h)o F(g).1 +5) = (F(h),t) o (F(g),s) = Fx((h,1)) o Fx((g.5)).

There is a 2-morphism ag ; € C?((g,s),(h,t)) if and only if s < ¢ and S;;(g) = h. Since F
commutes with shifts, this yields Ss;(F(g)) = F(Ss.:(g)) = F(h), and so we have a 2-morphism
CF(g),F(h) € Cg((F(g), s), (F(h), t)). We define

Fi(agn) = aF(g),F(h)-

Then vertical composition and horizontal compositions are preserved:

Filog noy,g) = Fu(g,n) = QF(f),F(h) = AF(g), FIAF(f),F(g) = Fx(agn) Fx(ay,e)
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and
Fr(aproary) = Fu(opfig) = AF(hf),Flkg)
= QF(h)F(f),F(k)F(g) = CF(h),F(k) ® XF(f),F(g) = Fx(@nr) @ Fx(oyg).

This association is functorial; that is, given F : D — € and G : € — §, we have (G o F)yx = G4 o F.
Indeed, this is clear on objects, on 1-morphisms, we have

(GoF)x(g.5) = (G(F(g)).5) = Gx(F(g).5) = Gx(Fx(g.5)) = (Gx 0 Fx)(g.5)

and on 2-morphisms, we have

(G o F)x(agn) =aG(F(g),c(Fny) = Gx(ar(g),Fh) = (Gx o Fi)(agp).

Moreover, this functor is faithful. To see this, let F, G : © — & be LP-functors with Fyx = G : C° — C&.
Then F(A) = G(A) forall A € Dy = C?, and Fi((g,5)) = G«((g,s)) forall (g,s) € Clg. This second
statement implies (F(g),s) = (G(g), s), so that F(g) = G(g). Since F and G agree on objects and
morphisms, we must have F = G.

It only remains to check that Fy is Lipschitz. Indeed, a stronger condition holds, as we have

W (Filg.5)) = W ((F(g).9)) = s = W2((g.9)). O

Lemma 5.24 Let ® be an LPC and let C® and W™ be defined as above. Then the LPC interleaving
distance on Dy = C%’ agrees with the 2-weighted 2-category interleaving distance, dp = dco .

Proof This follows immediately from the construction, as 4, B € D¢ = C%) are (s, ¢) -interleaved via
fe€®i(A, B)s and g € ©1(B, A);, in the sense of LPC interleaving distance, if and only if they are
(( f.5).(g.1), af g, g, f)—interleaved, in the sense of 2-weighted 2-category interleaving distance. O

From Lemmas 5.23 and 5.24, we deduce the following result.

Theorem 5.25 The map from Definition 5.21 induces a faithful functor LPC — W2Cat and an isometry
at the level of interleaving distances.

6 Stability

An important property of the topological invariants of datasets studied in TDA is that they are stable
under perturbations of the data. The prototypical quantification of this statement is the main theorem
of [22], stated here informally: for a topological space X', continuous maps f, g : X — R, and persistence
diagrams D( f) and D(g) obtained from degree-k sublevel set persistent homology, we have (under mild
tameness assumptions)

(6-1) dg(D(f), D(g)) = |/ — gllLeo(x),
where dp denotes bottleneck distance (see Example 4.11).
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A common theme in the literature on interleaving distances is the idea that certain stability results
of TDA can be viewed naturally from the categorical perspective; for example, see [47, Theorem 4.3;
45, Theorem 4.2.2; 15, Theorem 3.16; 16, Theorem 4.6]. Stability in the setting of 2-weighted 2-categories
is very natural, and more general than other notions in the literature, in light of the results of the previous
section. We give a brief overview of stability and some applications in this section.

6.1 Stability for 2-weighted 2-categories

Recall that W2Cat denotes the 1-category whose objects are small 2-weighted 2-categories and whose
morphisms are Lipschitz 2-functors. Let EPMet denote the 1-category whose objects are extended
pseudometrics and whose morphisms are Lipschitz functions.

Theorem 6.1 (stability) The map taking a 2-weighted 2-category (C, W) to the extended pseudometric
space (Co, dc,w) defines a functor from W2Cat to EPMet. In particular, for any Lipschitz 2-functor of
2-weighted 2-categories © : (C, W) — (C', W), we have

do,w(O(4), O(B)) = dc,w (4, B)
forall A, B € C.

Proof We only need to check the Lipschitz inequality. Given a diagram

A—*% B
la| =z |he gh <ﬂ= 1p
A—— B
in C, we obtain a diagram
o) —22 , o(B) O(4) °@ __ , oB)

or, equivalently,
0(14) @7;) O(hg) ©O(gh) @ﬁ:ﬂ) e(1p) q y loc @7;) O(h)B(g) ©(g)0e(h) 6%3) lom)

O(4) W O(B) O(A4) <

ot O(B)

in C’ via functoriality of ®. By the Lipschitz property (5-7) of ®, we have

max{W,(0(g)). W[ (O(h)), W;(0(a)), W, (O(B))} < max{W(g), Wi(h). Wa(e), Wa(B)}. D

6.2 Stability for monoidal functors

Since most examples of interest of interleaving distances in this paper arise from monoidal functors, let us
show how to apply Theorem 6.1 in this context. Let 7 : G — End(X) and 7" : G’ — End(X’) be monoidal
functors and suppose that G and G’ are endowed with monoidal weights W and W', respectively.
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Definition 6.2 An equivariant Lipschitz functor pair is a pair (H, K) consisting of a Lipschitz monoidal

functor H : G — G’ and a functor K : X — X’ such that, for all g € Gy, Ko Ty = TI’{(g) oK.

Recall from Proposition 2.14 that a monoidal functor 7" : G — End(X) can be promoted to a 2-functor
into Cat via the delooping construction. Suppose that G is endowed with a monoidal weight W; this
can then be considered as a weight on the 1-category BG. We slightly abuse notation and denote the
2-weighted 2-category associated to this 2-functor data (Definition 5.13) as (CT, WT).

Proposition 6.3 An equivariant Lipschitz functor pair (H, K) from T : G — End(X) to T’ : G — End(X')
induces a Lipschitz 2-functor from (CT, WT) to (T, WT/). It follows that, for all X, Y € Xy, we have
the Lipschitz bound on interleaving distances

drpw(K(X), K(Y)) <dr,w(X.Y).

Proof We define a 2-functor © : CT — cT” by first defining it on objects via the observation that Cg = Xo,
hence we may define ®(X) = K(X). The definition of ® on 1 and 2-morphisms requires more work,
and follows below.

Let (g,¢) : X — Y be a morphism of CT’; that is, we have ¢ : X — T¢(Y) in X. Define the function
O((g,9)) : 0(X) —> O(Y) by O((g,¢)) = (H(g), K(¢)). This is well defined: indeed, it is the case
that K(¢) is a morphism from ®(X) = K(X) to Ty )(O(Y)) = TH () (K(Y)), since, by definition,
K(¢): K(X)— K(T¢(Y)),and K(Tg(Y)) = Tl’i(g)(K(Y)), by equivariance. Finally, we need to show
that this preserves identities and compositions. Identity preservation follows immediately by the assump-
tion that H is a monoidal functor and K is a functor, since @((e, 1x)) = (H(e), K(1x)) = (¢/. 1k (x))
where e’ denotes the identity object in G'. To establish preservation of compositions, consider the functions
(g,¢0): X = Y and (h,¥) : Y — Z. Then, using (monoidal) functoriality and equivariance, we have

O((h, ¥) o (g.4)) = O((gh, Tg(y) 0 9)) = (H(gh), K(T¢(¥) 0 9))
= (H(g)H(h), K(Tg(¥)) 0 K(9)) = (H(g)H(h), Ty (o) (K(¥)) 0 K($))
= (H(h), K(y)) o (H(g). K(¢)).

Now consider a 2-morphism in CZT((g, @), (h,v)). There are two cases to consider: (g, ¢) = (h, )
and the 2-morphism is of the form 14 4, or g = ¢, ¢ = lx, and the 2-morphism is of the form . In
the former case, define ©(l4 4) = 1 g (g), Kk (v)» and in the latter, define ®(y) = K(). Verification that
this is well defined, and that it preserves identities and compositions is similar to the work done in the
previous paragraph.

It is obvious, by definition, that ® satisfies the Lipschitz property (5-7), so this completes the proof.
The last statement of the proposition then follows from Lemma 5.17 and Theorem 6.1. a

6.3 Sublevel set persistent homology

A common application of category-theoretic metrics in TDA is to illustrate the stability under perturbations
of various flavors of persistent homology; see, for example, the statement at the beginning of this section,
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from [22], or related results in [15; 21; 47]. We extend these results to the setting of prosets with monoid
actions that we considered in Section 4. Our general approach is similar to those previously explored in the
literature, so we give a somewhat terse exposition here; please see the above references for more details.

Let (P, <) be a proset with associated category P. Suppose that P is endowed with an action by a
group G with associated proset monoidal category G” and proset action monoidal functor 7" : G¥ — End(P)
(Definitions 4.3 and 4.5). Finally, suppose that G is endowed with a monoidal weight W.

Consider the (1-)category of functions from some fixed topological space X into P, denoted by
Map(X, P) — the objects of this category are functions ¢ : X — P, and there is a unique morphism from
¢ to ¥, denoted by ¢ < ¢, if p(x) < ¥ (x) forall x € X.

Let Top denote the category of topological spaces with continuous maps and let Vec = Vecy denote the
category of vector fields over some fixed category k with linear maps. We now define several additional
monoidal functors; we leave it to the reader to check that these are well defined.

(1) Let 77 : G¥ — End(Map(X, P)) be defined as follows

(a) For g € G, ¢ : X — P, Tg(¢) : X — P is the map T,(¢)(x) = g(¢(x))—in other words,
Ty(p) =g09.

(b) For a morphism a4  in G” (i.e., g(p) < h(p) for all p € P), T (agp): Tg’ = T}; has component at
¢ givenby T'(atg p)p =go¢p <hog.

(2) Let (G7)* denote the opposite category of G”; there is a unique morphism denoted by &g 5, : g — h

if and only if g(p) > h(p) forall p e P. Let T” : (GP)Op — End(Fun(P, Top)) be defined as follows:

(a) For g € G and a functor F : P — Top, T/ (F) is the functor defined by T,/ (F)(p) = F(g7 Y (p))
and T (F)(p < q) = F(g7'(p) < g7 '(g)); for a natural transformation 8 : F = G of functors
F,G : P — Top, T,/(B) has component at p given by T, (8)p = Bg—1(,). the component of B
at g~ (p).

(b) For a morphism &, 5, in (G7)*, T"(@,.5) : Ty = T, has component at F : P — Top given by the
natural transformation

T @y )5 : T (F) = T}/ (F)

with component at p € P given by
(T"@gn)F), = F(g~'(p) <h™'(p))
(note that g(p) > h(p) for all p € P implies g~ (p) <h~1(p)).

(3) Let T (GP)Op — End(Fun(P, Vec)) be defined similarly to 7" (observe that the definition of 7"
didn’t use the assumption that the target in the functor category was Top in any meaningful way, so that
the definition extends in general to a monoidal functor (GP)Op — End(Fun(P, C)) for any category C).

‘We then define two functors which link the constructions above.

(1) The sublevel set filtration functor S : Map(X, P) — Fun(P, Top) is defined as follows.
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(a) For ¢ € Map(X,P)o, S(¢) : P — Top is the functor with

() for pe P =Py, S(P)(p) =¢p~'({r e P|r < p}) C X, endowed with the subspace topology,
so that S(X, f)(p) € Topy;
(ii) for the morphism p < ¢ in P{(p, q),
S@(p=q):¢" ({rePlg=p)—¢~'(geP|r=q}
is the inclusion map.

(b) For a morphism ¢ < ¥ in Map(X,P), S(¢ <) : S(¢p) = S(¥) is the natural transformation with
component at p € P given by inclusion

S@=<y)p:¢"'QrePlr<ph—>yv '{reP|r=<ph;

this is well defined due to the assumption that ¢ < i/ and it is easy to see that the requisite diagram
commutes in order for this to define a natural transformation.

(2) For any choice of degree n € Z >, let H, : Top — Vec denote the degree-n homology functor over
the field k. This induces the degree-n persistent homology functor PHy, : Fun(P, Top) — Fun(P, Vec):

(a) For a functor F : P — Top, we define PH,(F) = H,o F.

(b) For a natural transformation 8 : F = G, H,(8) : H,(F) = H,(G) has component at p € P given
by Hu(B)p = Hn(Bp)-

We now apply these constructions to generalize the classical TDA stability result (6-1). Let 1o
denote the identity functor on (GP)Op and let O : G¥ — (GP)Op be the opposite functor which is the
identity on objects and which takes ag j to @ .

Proposition 6.4 With the notation above, we have the following statements.

(1) (0, S) is an equivariant Lipschitz functor pair for T' and T" .
(2) (1(gPyr, PHy) is an equivariant Lipschitz functor pair for T" and T", for any degree n.

(3) Interleaving distance for sublevel set persistent homology is stable, in the sense that for any functions
o, v X —>7P,

dr(PHp o S(¢), PHp o S(Y)) <dr»(S($), S(¥)) < dr (¢, V).
(4) The interleaving distance on Map(X, P) can be expressed as
dr(¢, ) = inf{max{W(g), W(h)} | $(x) < g(¥(x)), ¥(x) < h(p(x)) V x € X}.

(5) WhenP = R with W(p) = | p|, the above results recover classical stability of sublevel set persistent
homology (6-1).

Algebraic € Geometric Topology, Volume 26 (2026)



Interleaving distances, monoidal actions and 2-categories 277

Proof To prove point (1), we need to show that forall g € G, So T, = T,/ o S. First, let ¢ € Map(X, P).
For any p € P,

S(Ty@)(p) = S(gop)(p)=(god) " ({reP|r=p})={xcX|g@x) < p}
and
T/ (S@N(p)=S@) g~ (p)=9¢"(IreP|r=g ' (p))
={xeX[p(x) =g (P} =1{xeX|g¢(x) = p},
so that S o7, g’ = Té/ o S at the object level. A similar computation shows that the equivariance property
holds at the morphism level. Since G} = ((G”)°?)¢ = G share the same monoidal weight, the Lipschitz
property is obvious, so this proves point (1).

Point (2) only requires us to show the equivariance property. For a functor F : P — Top and point p € P,

PH, (T} (F))(p) = Ha(TJ (F)(p)) = Hu(F(g™" (p)))
and

T, (PHy(F))(p) = PHuy(F)(g™(p)) = Hu(F(g™' (p))).

Equivariance at the level of morphisms follows similarly.
Point (3) is a direct corollary of (1), (2) and Proposition 6.3. Point (4) follows by unpacking the definitions.
Finally, we prove point (5). By point (4), the interleaving distance on Map(X, R) is given by

dr/(¢. ) = inf{max{t. [s[} | p(x) =Y (x) + 1. Y(x) S¢(x) + 5V x € X},

and this is equal to [|¢ — V|| L.oo(x) by an elementary argument. The objects PHy 0 S(¢) and PHy 0 S ()
are standard (one parameter) persistent homology modules, and we claim that d7 is the standard
interleaving distance on persistence modules in Fun(R, Vec) (i.e., the one described in the introduction in
(1-1) and (1-2)), where R is the poset category associated to R. Indeed, an argument similar to the one
used in the proof of Proposition 3.9 shows that it suffices to consider (u, u)-interleavings (rather than
general (u, v)-interleavings). Such an interleaving of persistence modules M, N : R — Vec consists of
natural transformations ¢ : M — T)” N and ¢ : N — T,”” M such that the diagrams

T (@0.2u) M T (@0,2u) N

M TZ’ZM N TZ/ZN
(6-2) \ and \
¢ T, (%) 14 T, ()
T,)'N T,)'M
commute. The existence of &g 2, means that u < 0; let us make the change of variables 1 = —u > 0. The

fact that ¢ and  are natural transformations then imply the existence of commutative diagrams (1-1) for
all r <s. Moreover, after unraveling the definitions, we see that the diagrams (6-2) imply the existence
of diagrams (1-2) for all s. Putting this together, we get that standard interleaving distance between the
sublevel set persistent homology modules is bounded above by || /' — g|| .0 (x), which yields an upper
bound on bottleneck distance under reasonable tameness conditions, by standard results of TDA [21]. O
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7 Discussion

This paper establishes the fundamental theory for some novel generalizations of interleaving distance,
suggesting several directions for future research; we briefly discuss some of them here. First, we note
that this work concerns the theory of interleaving distance, but was inspired by ideas coming from
applied fields such as TDA and statistical shape analysis. A major question is whether any of the metrics
considered here lead to computationally feasible methods. For example:

¢ Section 4.4.2 introduces interleaving distances between classical persistence modules which are based on
the action of the multiplicative group of real numbers. It seems likely that there is an associated “bottleneck
distance” which is polynomial-time computable, and which we conjecture is isometric to this notion of
interleaving distance. While this example was primarily meant to be illustrative, it does have apparent
connections to the statistical theory of persistence modules (as was pointed out in Remark 4.12), which
indicates that the example warrants further study. More generally, it would be interesting to systematically
study bottleneck distances associated to interleaving distances induced by finite-dimensional group actions
on the reals—i.e., does one always have an isometry theorem in this setting along the lines of [35] in
classical persistence theory?

¢ Actions of infinite-dimensional groups on the real line, and their associated interleaving distances,
are described in Section 4.4.3. Feasible approaches to computing said interleaving distances are briefly
described in Remark 4.14, but the discussion there is only speculative. Implementation of these interleaving
distances would once again seemingly require an isometry to an associated bottleneck distance, so that
combinatorial optimization techniques could be applied. On the more theoretical side, one of our initial
motivations for developing this diffeomorphism group framework was to relate these distances to p-
Wasserstein distances between barcodes, with a view toward a categorical proof of p-Wasserstein stability
(a version of which was recently proved via combinatorial and algebraic methods in [48]). At this point,
however, this remains an open question.

¢ We find the notion of interleaving distance between multiparameter persistence modules described
in Section 4.4.4 to be rather natural, and Example 4.15 shows that it is qualitatively different than the
most commonly used interleaving distance in this setting. Computational aspects of multiparameter
persistence are notoriously challenging, and exact computation of our new interleaving distance is likely
to be intractable, based on theoretical results in the classical setting [8]. However, we plan to explore
more tractable invariants of multiparameter persistence modules, such as generalizations of Vipond’s
multiparameter persistence landscapes [52]. We anticipate that our more flexible interleaving framework
will allow for richer multiparameter persistence invariants which are still provably stable.

Beyond the concrete research directions described above, there are also many possibilities for high-level
theoretical extensions of these ideas. One obvious direction is to generalize our constructions and results
to lax or bicategory settings. Another natural idea is to extend the 2-weighted 2-category interleaving
distances to higher categories. These generalizations should be motivated by natural applications, which
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we believe could be useful for studying derived categories (as in [44]) and their higher-categorical

counterparts. Work of Neeman [42] highlights the utility of metrics in relation to categorical constructions

in the triangulated setting.
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