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Suspension splittings of 5-dimensional Poincaré duality complexes
and their applications

STEVEN AMELOTTE, TYRONE CUTLER AND TSELEUNG SO

Let X be a connected, orientable, 5S-dimensional Poincaré duality complex with torsion-free Hy(X'; Z).
We show that ¥ X is homotopy equivalent to a wedge of recognisable spaces and study to what extent
its homotopy type is determined by algebraic data. These results are then used to compute the unstable
cohomotopy groups 73 (X) and 73(X; Z/ k) as well as give partial information about the cohomotopy
set w2 (X).

1 Introduction

Smooth, simply connected, closed, orientable 5-manifolds are well understood. In fact, the classification
of these objects was started by Smale [30] and completed by Barden [3] in the 1960s (see also Zhubr [37]
for another perspective). Later, Stocker [34] would extend this to a classification of simply connected,
5-dimensional Poincaré duality complexes up to oriented homotopy type.

Comparatively little is known about nonsimply connected 5-manifolds. Since every finitely presentable
group appears as the fundamental group of a smooth, closed, orientable 5-manifold [1], such manifolds
are unclassifiable. Even the homotopy types of these manifolds are not well understood.

However, results for nonsimply connected 5-manifolds are starting to appear in the literature. These
include the recent papers by Hambleton and Su [10], where certain 5-manifolds M with 7, (M) =Z/2
are classified, and by Kreck and Su [22], where certain 5-manifolds with free fundamental groups are
considered. Despite this, there seems to be very little in the literature relating to nonsimply connected
Poincaré duality complexes in dimension 5.

In this paper we study the suspension splitting problem for connected, orientable, 5-dimensional
Poincaré duality complexes X for which H;(X; Z) is torsion-free. The homology groups of such a space

are given by
i o 1 2 3 4 5
HX) |z 2" 770G 7" Z" Z

ey

where G = @f=1 Z/tZ is a torsion group. We assume each #; = pl.r " for some prime p;. Let

T={{p;".....0'}}
be the collection containing all #;’s, where repeated ¢;’s are allowed.
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In order to state the main theorem we need to set some notation. Firstly, for n > 2 and k > 1 we let
P"(k) = S"~1 Uy e" be the Moore space obtained by attaching an n-cell to S”~! by a degree-k map.
Then it is known that (see [4] or Lemma 2.2)

Z]41) ifr =1,

3/Ar ~
(e = {z/2<sr> SL/2irof) ifr>1,

where n2: S* — S2 is the composite S* > S3 —I> §2 of Hopf maps, 7,: S — P3(2") is the inclusion

of the bottom cell, and &, is a lift of : S* — S3 through the pinch map P3(2") — S3. Secondly, let
CP2(27) be the mapping cone of the composite S3 1> §2 > P3(27), and define €, to be the composite

e84 5 p3(2r) s CP2(2N).

In Lemma 2.3 we show that the suspension of €, generates a Z/2 summand in 775(ZCP2(27)).

Our main theorem states that 3 X is homotopy equivalent to a wedge of recognisable spaces. Denote the
d-fold wedge sum of a space 4 by AVe. Given a sequence { f;: S* — A; }1—1 of maps, let f; L--- 1 fy
denote the composite

(2) flJ— J—fd S4 comult \/S4 \/1 \/Al

i=1 i=1

Theorem 1.1 Let X be a 5-dimensional orientable Poincaré duality complex with H{ (X ; Z) torsion-free.
Then there is a homotopy equivalence

(4
DX = (SHYV(SHVE v (sHY v (SO v\ PG v (SCPHYP v \/ SCPA(27) v 2C;
t;ieT’ j=1

for some nonnegative integers ns, nq4,ns, b, c, where T’ and {2'7 } are subcollections of T', and Cy is the
mapping cone of one of the following maps:

(1) xnLy& Lzeg: S* — (S3)VX v P3Q2)VY v CP2(2%)V7,

() xn? Ly& Lzeg: S* — (SHVX v P3(21)VY v CP2(25)V7,

(3) x(1on?) L y& Lzeg: S* — P3(29)V¥ v P3(2")VY v CP2(2%)VZ,
4) yaon*+£&) Lzeg: S* — P3(27)VY v CP2(2%) V7

for some x, y, z € {0, 1}. Furthermore, if y =z = 1thens <r.

These results complete a sequence of recent studies into suspension splittings of low-dimensional
manifolds and Poincaré duality complexes. In particular, suspension splittings of 4-manifolds were
considered by So and Theriault [31], and later by Li [23]. Suspension splittings of 6-manifolds were
studied by Huang [15], and also by Cutler and So [8]. Suspension splittings of certain 7-manifolds are
obtained in [16], and for highly connected manifolds of higher dimension in [14]. Other recent examples
include results on the homotopy types of suspensions of toric manifolds [7; 12] and flag manifolds [19].
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A triple suspension splitting of certain 5-manifolds was previously obtained by Huang [13, Propo-
sitions 3.7, 4.7]. Furthermore, shortly after our paper was announced, Li and Zhu [25] independently
announced suspension splitting results for 5-manifolds. We compare our results with those of [25] below.

We explain in Section 5 to what extent the homotopy type of £ X is determined by algebraic information
contained in H*(X). An interesting case is when X is a closed, orientable 5-manifold and we have
access to its characteristic classes. All manifolds in this paper will be smooth, with Stiefel-Whitney
classes w;(X') and Pontryagin class p;(X).

The next theorem gives information about the attaching map f which appears in Theorem 1.1 in the
case X is a 5-manifold. We say that f contains n if case (1) is realised and x = 1, and that f contains
& or €5 if case (1), (2), (3) or (4) is realised and y = 1 or z = 1, respectively.

Theorem 1.2 Let X be a closed, orientable 5-manifold with torsion-free Hy(X'; Z) and let Cy be the
mapping cone described in Theorem 1.1. Then the following statements hold.

(1) X is spin if and only if
X > (SHVV(SHVV (SHY V(S Y \/ P v SS.
tieT

(2) If X is nonspin and w3(X) # 0, then f contains exactly one of &1 or €. Furthermore,

e if [ contains &1, then it contains no €; for any s > 1;

e ifwy(X)-w3(X) #0, then f contains & if and only if p;(X) is divisible by 2.
(3) If X is nonspin and w3 (X ) = 0, then f must contain one of 1, &, , €5. Furthermore,

e ifeither of & oreg appears, thenr,s > 1;

e the class w,(X) survives to exactly the E,-page of the mod 2 Bockstein spectral sequence if and
only if either ¢, appears, or &, appears and no € does fors < r;

e the class w,(X) survives to the Eoo-page of the mod 2 Bockstein spectral sequence if and only

if [ ~n.

Actually, every Poincaré duality complex has algebraically defined Stiefel-Whitney classes, and
Theorem 1.2 is a special case of more general results found in Propositions 5.2, 5.4, and 5.5.

In addition to the theoretical interest of suspension splittings, they have many useful applications.
In the present paper we develop two. Firstly, the splitting of Theorem 1.1 induces decompositions of
h*(X) for any generalised cohomology theory 2*(-). Our result in this regard is stated in Section 6.1
and is similar in spirit to the cohomological decomposition results for 4-manifolds given in [31], and for
6-manifolds given in [8].

Our second set of applications is concerned with the calculation of unstable cohomotopy groups
of X. In Section 6.2 we describe how induced decompositions of the stable cohomotopy groups of X
can be leveraged to obtain information in the unstable range. Cohomotopy groups of manifolds have
been considered in many places in the literature. Along with Pontrjagin’s classical work relating to
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3-manifold cohomotopy groups, there are the more recent results of Kirby, Melvin, and Teichner [20],
and of Taylor [35] computing 72(X) for a 4-manifold X. More recently, the group 7*(X) has been
considered by Konstantis [21] when X is a closed spin 5-manifold.

For a 5-manifold X, the most interesting cohomotopy group to study is 73 (X) = [X, S*], where
the group structure is that induced by the Lie group structure of S3. We also consider the cohomotopy
sets with coefficients 79(X;Z/k) = [X, P47 (k)]. If ¢ > 4, then n9(X; Z/ k) has a canonical group
structure, but otherwise 7 (X; Z/ k) is a priori only a pointed set. In Propositions 6.5 and 6.6 we obtain
the following result.

Theorem 1.3 Let X be a 5-dimensional CW complex. Then stabilisation induces a group isomorphism
7 (X) = nd(X).
Moreover, for any k > 1, stabilisation induces a bijection
(X;Z/k) = n3(X;Z/ k),

which equips 73 (X ; Z / k) with a group structure.
Since stable cohomotopy (with Z or Z/k coefficients) is a generalised cohomology theory, both

75(X) and 7§ (X Z/ k) are subject to the splitting result given in Theorem 6.1. Thus Theorem 1.3 leads
to the following.

Corollary 1.4 If X is a 5-dimensional orientable Poincaré duality complex with Hy (X ; Z) torsion-free,
then there are group isomorphisms

c
7} (X) 2 rd(8H)®Perd(sh®ms e @ (P () eri(CP)® o P rd(CP2R1) ®nd(Cy)
t/eT’ j=1
and
(X5 2/ k) = nd(S*Z/ k)" @ nd(SH 2/ k)% @ EB 73 (P3(t)): 2/ k) @ wa(CP? 2/ k)®°
t/eT’
c
&P r3(CP2Q7 )L/ k) &y (Cri L] k).
j=1

Information on the summands appearing on the right-hand side of these isomorphisms is given in
Sections 6.2.1 and 6.2.2.

Finally, we give partial information about the set 72(X). Our results owe a heavy debt to Taylor’s
work [35], but appear to be new. In light of Theorem 1.3, the next result implies that 72(X) is often
determined by stable data.

Theorem 1.5 Let X be a closed, orientable, 5-dimensional manifold.

(1) If X is simply connected, then there is a bijection
72(X) = H*(X) x 73 (X).
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(2) If H;(X;Z) is torsion-free and H,(X ; Z) is torsion, then n: S3 — S? induces a bijection
72(X) = 73(X).

Further results regarding 72(X) are found in Section 6.2.3. We remark that a class of nonsimply
connected 5-manifolds satisfying the assumptions of Theorem 1.5(2) is studied in [22, Theorem 1.3].

A further comparison with Li and Zhu’s work [25] is in order. Using similar methods, [25] includes
a suspension splitting of smooth 5-manifolds similar to our Theorem 1.1, but under the more general
assumption that H;(X') contains no 2- or 3-torsion. A point of departure is that Li and Zhu draw from
the theory of elementary Chang complexes [4, §10], whereas our methods take advantage of the theory of
Poincaré duality and characteristic classes, leading to some refinements in Section 5 not found in [25]
(compare, for instance, the spin case of Theorem 1.2). Both papers offer applications to cohomotopy and
generalised cohomology: our attention to cohomotopy is more extensive, including results on 72(X’) and
cohomotopy sets with coefficients not considered in [25], while [25] includes precise splittings induced at
the level of K- and KO-theory which we do not derive here beyond a general statement for generalised
cohomology in Section 6.1.

The paper is structured as follows. Section 2 contains a selection of lemmas as well as computations
of certain homotopy groups which will be necessary in the sequel. In Section 3 we outline the proof of
Theorem 1.1 and establish notation which will be used in the longer, more technical Section 4. This section
is broken into two subsections which contain the details necessary to complete the proof of Theorem 1.1.
In Section 5 we analyse the homotopy type of ¥ X using Poincaré duality and prove Theorem 1.2.

Applications of Theorem 1.1 are given in Section 6. Generalised cohomology groups of X are evaluated
in Section 6.1, and certain cohomotopy groups of X are calculated in Section 6.2. A proof of Theorem 1.5
is found in this final subsection, as well as the details required to prove Theorem 1.3 and Corollary 1.4.

2 Preliminaries

Throughout the paper we assume that all spaces are path-connected and equipped with basepoints which
are preserved by all maps. All homology and cohomology groups are reduced and taken with integer
coefficients unless otherwise specified.
2.1 Homotopy types of mapping cones
Given maps f;: S — A; for 1 <i <a, write C(f1,..., fy) for the mapping cone of the map
a a
Y Uio fi): 8" = \/ 4.
i=1 i=1

where ji: Ay — \/?=1 A; is the inclusion. Observe that in the notation introduced in (2) we have
Y Giofi) >~ fiL---L fa. Thus C(fi,..., fa) is also the mapping cone of fi L--- L f,.
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Lemma 2.1 Suppose each A; is the suspension of a connected CW complex and each map f; is a
suspension. Then for any map g: Ay — Aj, there is a homotopy equivalence

C(fl»---»fa):C(fl»---»fl—l»fl+(g°fk)’fl+1v---»fa)-

Proof Without loss of generality, we may assume that k =1 and / =a =2. Letc: S" — S" v §" be
the comultiplication. Since f7 is a suspension, the diagram

s Ty,

=
1V

STV ST —— A1V Ay

homotopy commutes and fits in the middle of the following homotopy commutative diagram:

S”%S”VS”LAI\/Az ®
lc lcvl lc\/l
1 S1VAV L Ivgvl 1vV

Sn\/SnL)Sn\/Sn\/Sn—)Al\/Al\/Az—)Al\/Az\/Az—)Al\/Az

where V is the folding map. Here, the left-hand square homotopy commutes due to the coassociativity of
the comultiplication ¢, and @ is defined by the right-hand triangle.

Let F, F':S" — Ay V A, be the maps defined by F = (f; V f3)oc =~ jyo fi + J» o f> and
F' =10 fi+ J20(f2+go f1). Since F’ is obtained by following the diagram anticlockwise, we obtain
a homotopy ® o F ~ F’. This witnesses the homotopy commutativity of the following diagram in which
the rows are cofibre sequences and @ is an induced map of cofibres:

st AV A——— C(f1L )

b ls

S —— A VA, —— C(f1, [2+ g0 f1)

Since @ is a homology equivalence, the five lemma implies that & is as well. Since all spaces are simply
connected, Whitehead’s theorem implies that Disa homotopy equivalence. |

2.2 Some homotopy groups

Forn>3and r,s > 1 let1,5: P"(2") — P"(2%) be defined as follows. In case r > s, it is defined as the

induced map of cofibres in the diagram

Sn—l 2" Sn—l r Pn(zr)

3) lzr—s ‘ l

Sn—l 2% Sn—l Ls Pn(25)
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where 1,: S"~! — P™(2") is the inclusion of the bottom cell. When r < s, the map 1, is similarly defined
by the diagram

gn—1 2_r> gn—1 ’_’> P”(Zr)

‘ lzs_r llrs

Sn—l 2% Sn—l Ls Pn(2S)

“

Lemma 2.2 Letn: S*T! — S” be the Hopf map.
() Ift is odd, then w4(P*(t)) = ws(P*(1)) = 0.
(i) Ift =27, then m4(P*(2")) = Z/2(1, on) and

7./4(&) forr =1,

397\ ~
A HTE PPN R iy

where &, is a lift of n: S* — §3 through P3(2") and satisfies
26 ~1on” and & =1y, 0&.
(iii) The suspension X: 1, (P"~1(2")) = m,41(P™(2")) is an isomorphism for n > 4.

Proof The homotopy groups in (i) and (ii) are given in [4, Chapter 11.1 and Theorem 11.5.9], where the
Moore space P"(t) is denoted M (Z/t,n — 1), with the special notation X P, for P3(¢).

For n > 5, (iii) follows from the Freudenthal suspension theorem. We need to show that it holds
for n = 4. By [4, Proposition 11.1.12], the double suspension

74(P3(27) = ws(PH(27) =5 16(P(27)
is an isomorphism. Since the second X is an isomorphism, so is the first. |

For r > 1, let CIP2(2") be the mapping cone of S3 1> §2 25 P3(2") and let j,: P3(2") — CP%(2")
be the inclusion.

Lemma 2.3 Letg: XCP? — S° and ¢,: SCP?(2") — S3 be the quotient maps. Then
(i) 74(ZCP?) = m4(SCP?(2")) = 0;
(i) 75(ZCP?) = Z(a) and ns(SCP2(2")) = Z{aty) & Z/2(e, ), where o and «, satisty
qx(@) = (gr)x(ar) =2 € 7w5(S?),
ande, = X j, o0&
(iii) forr,s > 1 there exists a map j,s: XCP?(2") — ZCP?(2%) such that j,30 X J, ~ X js 01,5 and

x ifr >,
Jrs €y =

e Ifr <s.
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Proof We first show (i) and (ii). Applying the Blakers—Massey theorem to the cofibration
§4 ron, paory Zlr, sicp2(2r)
yields an exact sequence
(5) ws($4) L s (PA(2) 0% s (SCP?(2)) > ma(S)
Lrome, 7 (PA27)) L5 7 (SCP2(27)) — 0.

By Lemma 2.2, m4(P*(2")) = Z/2(1, o n) so the second (i, o 1)« is surjective. It follows that
74(ZCP2(2")) is trivial and 75(ZCP2(2")) contains a Z summand with a generator o, satisfying
d(ay) =2 € m4(S*). Since the boundary map 9 is induced by the quotient map g, there is a homotopy
qr ooy 2: 85 > 83,

We extract from (5) the short exact sequence

0 —> coker(y o 1)x 2% 7o (SCP2(27)) -2 Im(d) = Z{a,) —> 0,

where (1, o 1)« is the first map appearing in (5). We will show that coker(z, o n)« = Z/2, which then
implies that 75(XCP2(2" ) = Z & Z /2.
In (5), the first (1, o), takes the generator 1 of 75(S*) = Z /2 to 1, 0n? € w5(P*(2")). By Lemma 2.2

7/4(&1) ifr=1,

4 AF\\ ~
ws(P7(2 Dz{z/z(g,)eaZ/z(z,onz) ifr>2.

When r > 2, we immediately obtain coker(z, o)« = Z/2(,). When r = 1, as 1y on? ~ 2£;, coker(1; on)«
is generated by the quotient image of &, which has order two. Let ¢, = X, 0§, for r > 1. Then
€, € m5(ZCIP2(27)) has order two and we have

ns(ECP2(2")) = Zlo,) ® Z/2(e,).
Similarly, one applies the Blakers—Massey theorem to the cofibration
s+ 53 2 wCp?

to see that 74 (ZCP?) is trivial and 75 (X CIP?) = Z (), where the generator « satisfies goa ~2: S° — S7.
Next we show (iii). Given r, s € N, consider the diagram

S4 n S3 r P4(2r)

-l

where t = 0 for » > s and t = s — r for r < s. The left square homotopy commutes since 1 here is
a suspension, and the right square homotopy commutes due to (3) and (4). Extend the diagram so as
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to obtain

§4 1 paary 0 sop2(an)
(©) lz' l lm

s4 B pacasy B sop2(os)

where the rows are cofibre sequences, and j, is an induced map. We show that j, ¢ has the asserted property.
There is a string of homotopies

JrsO€r = Jrso(Zjr0&r) = Jpso X jpro(t1,081) = (Zjs01p5) 0, 0y,

where the first two homotopies are due to the definitions of €, and &,, and the last is due to the right

square of (6). Since
2F S ifr >,

lrsOl1y = .
I1s ifr <s,
the composite j,s o €, is null homotopic if ¥ > s, and is homotopic to €5 if r < s. a

Remark 2.4 The torsion generator €, € w5(XCP?(2")) is a suspension since ¥/, and &, are both
suspensions by Lemma 2.2.

2.3 A test for the nullity of Whitehead products

For spaces A and B, let
[1,1: ZAAB—>XAVIB

denote the universal Whitehead product, that is, the Whitehead product of the inclusions of ¥4 and ¥ B
into X A4 Vv X B, whose cofibre is X4 x X B.

Lemma 2.5 Forn > 2 let f:S" — ¥ A A B be a map, and let C be the mapping cone of the composite
s"Lssanp S vavsB.

Suppose XA A B is (n—1)-connected and H,(XA A B;Z) is a cyclic group. If all cup products in
H*(C; R) are trivial for any ring R, then [ >~ x.

Proof Since ¥ A A B is (n—1)-connected, the Hurewicz theorem implies that f is null homotopic if and
only if the induced map
Je: Hy(S™Z) — Hy(SAN B 7Z)

is trivial. By assumption H, (XA A B;7Z) = Z/k for k € {2,3,..., 00}, where Z /oo means Z. The
universal coefficient theorem then implies that f is trivial if and only if

f*H" (XAANB:Z/k)— H"(S".Z/k)
is trivial. We show that the latter holds under the assumption.
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Consider the commutative diagram

st L usanp—1 ¢,

o
[1,1]e f

St——=Y¥AvEB—C

| l

* — > YAXXEXB=—=3¥AXXB

where ¢ is the quotient map, § is an induced map, and all columns and rows are cofibre sequences. Apply
H*(—;Z/ k) and suppress coefficients to obtain a commutative diagram with exact rows and columns

0 H"Cy) — " H"(SAAB) —L— H(S™)

! ;

H'" T (ZAx XB) —— H"T(Z4 x X B)

I+ l

H"t 1 (C) ———— H""(ZA Vv EB)

where € and €’ are connecting maps. Let « € H*(XA A B;Z/k) = Z/ k be a generator. To show the
triviality of /" we need to show that « is in Im(g™).

Because the inclusion 4 vV ¥ B — X A x X B induces a surjection in cohomology, notice that €’ is
injective and maps H" (XA A B) = H"T1(Z A A X B) onto the subgroup of H"T1(Z A4 x X B) generated
by cup products of the form pr}(x) Upr;(y), where pr;: EAx X B — XA and pry: YAx B — X B are
projections. Since all cup products in H*(C) are assumed to be trivial, we therefore have §*(¢’(«)) = 0.
Now € = €’ o ¢* is injective, so there is a unique class & € H"(Cy) such that €(&) = €'(«). In particular
a = q* (). O

3 Strategy for proving the main theorem

Suppose the homology groups of X are given by (1). Let ¢:\//2, S I — M be a map inducing an
isomorphism on H;(-), and let X’ be the mapping cone of ¢. Then the homology groups of X’ are
given by

i Jo 1 2 34 5

H(X)|Z 0 Z"®G 7" 7™ Z

Using the argument in [31, Lemma 5.1] we obtain a homotopy equivalence

m
(7 »X~\/S*vzx
i=1
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Hence it suffices to study the homotopy type of X X”. Since X’ is simply connected, it has a minimal
cell structure which can be constructed as follows.

o« Let Wo =\, S3V Vi, P4(y).

e For 3 <i <5, let W; be the mapping cone of a map

ni
®) gir \/ S"— Wiy,
ji=1

where n; = rank(H;(X)) is the i-th Betti number of X and ¢; induces a trivial homomorphism in
homology.

e Then W5 ~ X’ by [2, Theorem 7.3.2].

We will show that each of the W; is homotopy equivalent to a wedge of recognisable spaces, and hence
obtain Theorem 1.1. We begin with Wj3.

Lemma 3.1 There is a homotopy equivalence
n £
Wy~ \/(S*vsHv \/ PY).
i=1 j=1

Proof Since Wj is the mapping cone of ¢3: \/;’=1 S3 > W, given in (8), it suffices to show that @3 is
null homotopic. Consider the commutative diagram

[p3]x
m3(Vizi S?) = 1 (W)

T
Hy (Vi 8%) 22 1y (wy)

where the vertical maps labelled /2 are Hurewicz morphisms. Since W, is 2-connected, the Hurewicz
theorem implies that the two /’s are isomorphisms. Since (¢3 )« is trivial by assumption, ¢3 > [p3]«(id)
is null homotopic. a

The calculations needed for W, and W5 are significantly longer and are completed in the next section.

4 Homotopy types of W, and W5

Let # be the collection of spaces that are of the form

a Cc
(S v (SHY v (Vs v \/ P v\ PHO) v (ECPH)YP v \/ SCP2(2Y),
i=1 teT j=1
Algebraic & Geometric Topology, Volume 26 (2026)
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where n3,n4,ns, b are nonnegative integers, 7 is a collection of odd numbers, and {r;}7_, and {s; }jc.:1
are sequences of positive integers such that r; < r; 1 and s; <s;41. We will show that Wy is homotopy
equivalent to a wedge in # in Lemma 4.5, and compute the homotopy type of W5 in Lemma 4.8.

We begin with a useful lemma for later calculations.

Lemma 4.1 Fix a wedge W € #. Let ¢: S — W be a map where d = 4 or 5, and let C, be its mapping
cone. If ¢ induces the trivial morphism in homology and all cup products in H" (Cy: R) are trivial for
any ring R, then there is a homotopy

9 p(d),
A

where A runs over all wedge summands in W such that A # S¢, and each p(A) is
0(A): S L w P, 4w

Proof Let .o/ be the collection of wedge summands in W. Since each wedge summand A is a suspension
and is at least 2-connected, the Hilton—Milnor theorem implies that

e~y @D+ Y w4, 4),
A€ AA €
A#A

where w(A4, A’): S¢ — £~14 v A’ is the composite
w(d, )89 Lo s g s gy w

of amap f:S? — X714 A A’, the Whitehead product [1, 1], and the inclusion A v A" < W.

For those A = S9, the map ¢(A) is null homotopic since @y is trivial in homology by assumption.
It remains to show that each w (A4, A’) is null homotopic.

Suppose d = 4. Note that each ! A4 A A’ is at least 4-connected. Hence f: S* — 714 A A’ is null
homotopic and so is w(A4, A").

Suppose d = 5. Consider the composite

inch
448> LW P2 4w A

We have
Qa4 = mop(A)+mop(A)+[1,1]o f,

where m: W — A Vv A’ is the pinch map. Let C4, C4/, C4 4 and Cy, be the mapping cones of 7 o ¢(A4),
mo@(A'), 94,4 and [1, 1]o f, respectively. Since cup products in H (Cy; R) are trivial, so are the
cup products in H” (C44; R). Note that 7 o ¢(A) and 7 o ¢(A’) are suspensions, implying that cup
products in H" (C4; R) and H" (Cys; R) are trivial. Then cup products in H" (Cw; R) are also trivial by
[8, Lemma 2.5] (the dimension assumption of the lemma is not necessary). Since 14 A A’ satisfies
the conditions of Lemma 2.5, f is null homotopic and so is w(A4, 4). |
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4.1 The homotopy type of Wy

Since Wy is the mapping cone of ¢4: \/7; Si4 — W3 given in (8), it can be obtained by adding a 5-cell
to Wj iteratively. Observe that

n l
Wi~ \/(S*vsHv \/ P*w)
j=1 k=1

is a wedge in #. To prove that Wy is in #, it suffices to show that the complex obtained by attaching a
5-cell is always homotopy equivalent to a wedge in 7.
Consider a wedge W € # and label its 3-spheres, that is

n3 N ns a b c
@ w=\/s}v\/s*v\ v\ PV Pro)v\/ =CP?v \/ =CP?(2™).
i=1 j=1 k=1 u=1 teT =1 v=1

Given any map ¢: S* — W, we claim that its mapping cone Cy is also a wedge in 7 if ¢ induces the
trivial morphism in homology.

Lemma 4.2 Let W be a wedge in # as in (9) and let ¢: S* — W be a map. If ¢ induces the trivial
morphism in homology, then

0= 0(SH+ Y e(PH2m)).

i=1 u=1

Proof Notice that all cup products in H" (Cyp) are trivial as H (Cp) = 0 fori = 1,2. By Lemma 4.1 it
suffices to show that the components

9(S%), @(P*(1), @(ECP?), @(SCP*(2%)
are null homotopic. This holds due to the fact that 774(S>) = 0 and Lemmas 2.2 and 2.3. m|
Recall from Lemma 2.2 that
7a(SP) = Z/2(n) and wa(P*Q27)) = Z/20, on),

where 7 is the suspended Hopf map and 1,: S® — P#(2") is the inclusion of the bottom cell. For 1 <i <nj
and 1 <u <a, let n; and 1, be the composites

ni:S*1> 8P W and 7, St 2T PAQM) — WL
Then Lemma 4.2 implies that there are some Z/2-coefficients x;, y, such that
nj3 a
(10) 0~ xXimi+ Y Yullu
i=1 u=1
Following the idea in [8; 31], we may choose a different map ¢’: S* — W such that Cp = Cy.
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Lemma 4.3 Let C(xy,...,Xn3; )1, ..., Va) be the mapping cone of Z:’il Xini + Y w_1 Yullu- Then

C(x1,....Xn3: Y1, ..., Ya) is homotopy equivalent to

(i) C(Xg(1)s---+Xg(n3): V1s---» Ya) for any permutation o: {1, ..., n3} —{1,...,n3};

(ii)) C(X1,... X]—1. X + X1, X[ 41+ -+ -+ Xn3: V1, - ., Va) for some distinctk,l € {1,...,n3};

(i) C(X1,.. .\ Xn3: V10w s Vi1 Xk + V1. Vi+1+---, Va) forsomek € {1,... . n3}and! €{l,...,a};

(V) C(X1,---ssXn3iV1see s Vi—1: Yk + V1, Vi+1.-- -, Va) for some distinctk,l € {1,...,a} such thatk > [.

Proof First we prove (i). Let ¢’ = Y72 | Xo(i)i + Y _u—1 Vullu» and let 6: W — W be the map which
permutes the wedge summands by mapping each Sl.3 to S; @) and mapping the other wedge summands
onto themselves by the identity map. Then there is a commutative diagram of cofibre sequences

4

S4 w C(X1,. ... Xn3: V15 Va)
(p/

St W—>C(xg(l),...,Xg(n3);y1,...,ya)

where & is an induced map. Since o is a homology isomorphism, so is & by the five lemma. Consequently,
Whitehead’s theorem implies that & is a homotopy equivalence.
Next we prove (ii) to (iv). Use Lemma 2.1 and take g: Ay — A; to be

e the identity map Ay — A; if Ay = Ay;

e the inclusion 1,,: §* — P*(2") if Ay = S3 and 4; = P*(2");

e the map 15, ,,: P*(2"%) — P*(2") in (3) if Ay = P*(2"%), A; = P*(2") and k > .
Then the homotopy equivalences follow immediately. |
Lemma 4.4 Under the assumption of Lemma 4.2, Cy, is a wedge in #/'.

Proof By (10) we have Cy >~ (X1,...,Xn3: V1, ..., Ya) for some Z /2 coefficients x; and y;. We divide
the proof into 3 cases.

Case 1: If all x;’s and y;’s are zero, then ¢ is null homotopic and Cp, >~ W Vv S3isin 7.

Case 2: Suppose x; =1 forsomei €{1,...,n3}. By Lemma4.3(i) we assume it is x;. If there are nonzero
coefficients x; and yy in (10), then Lemma 4.3(ii) and (iii) implies that C(xy, ..., Xu3; V1, ..., Va) is
homotopy equivalent to

C(XI,...,X]'_I,XJ' +x1axj+1’---’xn3§y1a---’J7u—1,J7u +X1,J/u+1,---,J’a)-

Note that x; + x; and y, + x are both zero. Repeat the argument to annihilate other nonzero coefficients.
In the end we have C, >~ C(1,0,...,0;0,...,0). Observe that it is the mapping cone of n; and is
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homotopy equivalent to

a c
($3Ve=D v (s v ()i v \/ Py v/ PHe) v (ECPHYETD v \ [/ =CP? ().
u=1 teT v=1

Therefore Cyp isin #/.

Case 3: Suppose x; = 0 for all i and y, = 1 for some u € {1,...,a}. Let u be the largest index of
those nonzero y,. Then C, = C(0,...,0;y1,...,yu,0,...,0) where y, = 1. Use Lemma 4.3(iv) to
annihilate other nonzero y,. In the end we have

Cp > C(0....,0:0.....0,,.0,....0),

which is the mapping cone of 77, and is homotopy equivalent to

4
(S3)Vmv(shHVrav(s)Vrsy [ PHRrv\/ PAHov(ECP?)YEv\/ SCP2(2%)vECP?(2™).
IS;Sa teT v=1
uFEu

Therefore Cy is in #. |
Now we have all the ingredients to show that Wy is in 7.
Lemma 4.5 There is a homotopy equivalence
a c
Wy (S3)V v (SHVe v (8% v \[ P2 v \/ P10 v (SCPH)YP v \/ =CP?(2%)
u=1 teT v=1

for some integers ns, nq,ns,a,b,c,ry, sy and some collection T of odd numbers.
Proof Let {Y;}1<i<m be a sequence of spaces where Yy = W3 and Y; is the mapping cone of
m
. g4 4@
j=1

for 1 <i <m. Then Y, >~ W,. We prove that each Y; is in % by induction on i.
By Lemma 3.1, Yy = W3 is homotopy equivalent to

Wy~ \/(S3vsHv\/ P,

j=1 teT

where T = {p"} is a collection of powers of primes. Let
Toga ={p" €T | pisanodd prime} and Teen=1{p €T |p=2}
be the subsets consisting of powers of odd and even primes, respectively. Further, let
Toven =4{2",...,2"4}
such that r,, < r, 4 1. Therefore Yo >~ \/7_, (S3vSHVVioi P*2")VVer,, P*(1) and hence is in 7.
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Assume that Y; is in #/. Let Y; | be the mapping cone of f;;:S* — Y;. Since ¢4 induces the trivial
morphism in homology, so does f;. Lemmas 4.2 and 4.4 imply that Y; 4 is in #.
By induction all Y;’ s are in # and, in particular, so is Wy = Y. O

4.2 The homotopy type of Ws

Recall that W is the mapping cone of ¢s: S° — W, given in (8) such that ¢5 induces the trivial morphism
in homology. Since W5 ~ £ X is a suspension, all cup products in H *(W5) are trivial.

Lemma 4.6 Label the 3-spheres and 4-spheres in W, by Sl.3 and S Jf‘. Then

s = Zw(S ) + Z o(SH) + Z P(P*(2")) + Z P(ZCP?(2%)).

i=1
Furthermore, each (X CP2(25)) is in Z /2(es, ).

Proof Apply Lemma 4.1 to obtain ¢s5 >~ A#55 ¢(4). By Lemma 2.2 each @(P*(¢)) is null homotopic
for ¢ odd, so we have

Ps = Z<p<s )+ Z o(S) + Z p(P*(2")) + Z ¢(ZCP?) + Z P(ZCP?(2%)).
i=1 j=1 u=1 v=1
By Lemma 2.3 each ¢p(XCP?) ~ Aa and p(XCP?(2%)) ~ Bay, + Ceq, for some A, B € Z and
C € Z/2. Tt remains to show that A = B = 0.
Let ¢5,: XCP2(25) — S3 be the quotient map. Observe that the composite

S5 (p(E(CIEﬂ(sz)) W4 pinch E(CPZ(ZSU) sy R S5
is homotopic to gy, o g, Which has degree 2 by Lemma 2.3. The induced morphism
P(SCP2(2%))4: Hs(S°) = Z — Hs(SCP2(2%)) = Z

is given by 1 — £2B. Since by assumption ¢s induces the trivial homology morphism, so does
@(ZCP?2(2%v)) and B has to be zero. A similar argument shows that 4 = 0. a

Lemma 4.6 says that ¢5 decomposes into a sum of maps that factor through the wedge summands
P4(2™), S3 S4 SCP2(2%) of W;. Define 7;, §j, éx: S° — W, as follows:

§5 1on? P*Qriy— W, forl<i <a,

~ . 2
®niis S517—>S3 = Wa fora+1=<i=<a+n;s,
S5—>Sl4a s > Wy fora+ns+1<i=<a+ns;-+ny.

o £ is SSE’—J'>P4(2’J')<—>W4 for1 <j <a.
o & is 55 Sk, K SCP2(2%) — Wy for 1 <k <c.
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lif 314 and

To keep track of which wedge summands these maps factor through, we define {r(i)};

(s(¥_, by
i forl <i <a,
r@i)= 1) fora+1<i<a+n;s, and s(jy=s; for1=<j=ec,
w+1 fora+n;+1=<i=<a+nz—+ny,

where o is the first infinite ordinal. By Lemmas 2.2 and 2.3, we have
~ n: if ) =1
(11) 2w, 2 w28~ =1
x ifr(j)> 1.

It follows that the attaching map ¢s can be written as a linear combination

atnz+ny

a c
(12) ps= > xifi+ Y v+ Y zkék
j=1 k=1

i=1
for some coefficients x;, y;j, zx € {0, 1}. We now establish a lemma similar to Lemma 4.3 for ¢s.

Lemma 4.7 Let x = (X;)i1<i<a+n;+ny ¥ = (Vj)1<j<a> and z = (2 ) 1<k <. be sequences of nonnegative
integers, and let C(x, y, z) be the mapping cone of

a+nz+ny a . c
S xifli+ Y yigi+ Y ziék
i=1 ji=1 k=1
Then the homotopy type of C(x, y, z) is restricted by the following conditions:
(i) Ifx; =2,thenC(x,y,z) ~C(x1,...,Xi—1,0,Xi 41, ... Xatnz+ny: Vi Z).
(ii) If yj =2 withr(j) =1, then
C(x7y9z) - C(XI,. .. 7xj—17x_] + lvxj-‘r]’ L ’xa+n3+n4;yly-~ . 7y]—1707yj+17 L 7ya;z)-

(iii) If yj =3 withr(j) =1, then

Cx,py,2) 2C(x1,.... X1, X + 1, Xj 41, oo s Xatng+ngs V1s -5 Vie1s L, Vi1, ooy Vai 2).
(iv) If yj =2 withr(j) > 1,thenC(x,y,z) 2 C(x;y1,...,Yj-1.0, Yj4r1,.... Va: 2).
(v) Ifzjy =2, then C(x,y,z) ~C(x;y:21,. s Zk—1,0, Zk -1+ - - -, Z¢)-
Furthermore, C(x,y,z) ~ C(x’, y’,z’) if any of the following conditions is satisfied:

vi) y'=y,2 =z, and x" = (X1,....X]—1, Xk + X[. X[ 41+ Xatns+ny) for some distinct k,| €
{l,...,a+n3+ny4}andr(k)>r().

(vil) x’ =x,z2/=z,and y' = (¥1,.. ., Yi—1- Yk + VI, Vi+1, - - -» Va) for some distinctk,l € {1, ..., a}
and r (k) <r(l).

(viii) x' =x,y ' =y,andz' = (zy,...,z1—1, 2k + 21, 2141, - - - » Z¢) for some distinct k,[ € {1,...,c}

and s(k) < s(l).
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(ix) x’=x,y ' =y,andz’ = (z1,...,2_1, Yk + 21, ZI+1, - - -, Z¢) for some distinct k,l € {1,...,c}
andr (k) <s(l).

Proof Homotopy equivalences (i)—(v) follow immediately from (11). (In the case y; = 3 with r(j) =1,
we have 3*;) ~ 7 + éj, so (iii) follows.) Equivalences (vi)—(ix) follow from Lemma 2.1 by taking
g: Ay — Aj to be

e the identity map Ay — A; if Ay = Ay,

e the Hopf map n: S* — S3if 4y = S*and 4; = S3,

e the inclusion 1,,: §* — P*(2") if Ay = S3 and 4; = P*(2"),

© Iy PHQ2TF) — P27 if A = P*(2"%) and 4; = P*(2"),

e 1, 0nif Ay = S*and 4; = P*(2"),

o Jses, if Ax = ZCP#(25%) and 4; = SCP2(2%),

* Js; Olpes, if A = P*(2"%) and 4; = ZCP2(2%),
where 7,5: P*(2") — P*(2%) is the map given in (3) and (4), j5: P*(2°) — ZCP?(2%) is the inclusion,
and j,5: ZCP?(2") — ZCP?(2°%) is the map given in Lemma 2.3. d

Lemma 4.8 Given the coefficients x, y, z of zeros and ones from (12), there exist
uef{l,...,a+ns+ng}, ve{l,...,a}, wef{l,...,c}
such that Ws is homotopy equivalent to the mapping cone of
Xullu + Vo€ + zwéw: S° — W,
Furthermore, if y, = 1 and zy, = 1 then s(w) < r(v).

Proof By definition, W5 = C(x, y,z). To prove the first part of the lemma, it suffices to show
C(x,y,z) ~C(x',y’,z') where

(a) x’=(0,...,0,x4,0,...,0),

() y'=1(0,...,0,,0,...,0),
© 2 =(0,...,0,24,0,...,0).

For (a), let I = {i | x; = 1} be the index set of those nonzero x; = 1 in x. If I has at most one element
then we are done. Otherwise take u to be the largest index in / and use Lemma 4.7(i) and (vi) to annihilate
other nonzero x; by x, as in the proof of Lemma 4.7.

For (b), let J = {j | yj = 1} be the index set of those nonzero y; in y. If J has more than one
element, then take v to be the smallest index in J and use Lemma 4.7(ii), (iv) and (vii) to annihilate other
nonzero y; by yy. Part (¢) can be proved similarly using Lemma 4.7(v) and (viii).

Next we prove the second part of the lemma. Suppose y, = 1 and z,, = 1 with s(w) > r(v). Use
Lemma 4.7(v) and (ix) to annihilate z,, by yy. O
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We are now ready to prove the main theorem.

Proof of Theorem 1.1 By homotopy equivalence (7), we have £ X ~ (§2)V v Ws. Hence it suffices
to show that Ws is homotopy equivalent to X Cr Vv \/i P; where f is one of the maps (1), (2), (3), or (4),
and each P; is either a sphere, a Moore space, XCP2, or XCIP2(2").

By Lemma 4.8, W5 is homotopy equivalent to the mapping cone of

(13) Xuflu + Yobv + Zwéw

for some u € {1,...,a +n3 +ng},ve{l,...,a} and w € {1,...,c}, and xy, yy, zy € {0, 1} such
that s(w) < r(v) if y, = zyp = 1. Suppose u < a. By definition ﬁu,é}, and €,, factor through the
summands P#(2"#), P4(2"v) and SCP2(2%») in Wy. If u # v then the map (13) factors through

(Xutr, o1%) L (3okr,) L (zwes,, ): S° — PH(Q2M)VXu vy P4(2Mv)Vov v SCP2(25w) Vo,

Note that this map is the suspension of (x,1,) L (yv€r,) L (zwes,, ), so Ws = XCr Vv \/; P; with f of
the form (3). If u = v then the map (13) factors through

Polry 0% + yo&ry)) L (zwes, ): S° — PH2)V7v v ZCP2(25w) V2w,

It is the suspension of (yy1r, + Yvér,) L (Zwes, ), s0 Ws = £Cr v \/; P; with f of the form (4).
Suppose u > a. If ¥ (1) = w then 7, factors through S C W, and the map (13) factors through

(xun®) L (0oér,) L (zwes, ): S° — (S2)V¥u v PAQ2)VIv v ZCP2(25w)Vaw,

It is the suspension of (x,n%) L (3yér,) L (zwes, ), s0 W5 =~ XCr v \/; P; with f of the form (2).
If r(u) = w + 1 then 7, factors through S} C W, and the map (13) factors through

(xun) L (Do€r,) L (zwes, ): S° — (SHYXu v P2V v SCP2(25w)Vaw,

It is the suspension of (x,1) L (yvé&r,) L (zwes,, ), so Ws =~ XCr v \/; P; with f of the form (1). O

S Analysis of the splitting

In this section we discuss algebraic constraints on the form of the splitting given in Theorem 1.1 which
arise from Poincaré duality. The case in which X is a closed 5-manifold is especially tractable, since
information about the decomposition of ¥ X can be read off from the easily available algebraic and
geometric information contained in its characteristic classes. However, most of the analysis we provide
depends only on Poincaré duality, so has wider application. We assume throughout that X is an orientable
Poincaré duality 5-complex, but shall place assumptions on its homology only when necessary.

For such an X, the cup product pairing H¥(X:Z/2) @ H>*(X:Z/2) — H*(X:Z/2) is non-
degenerate and gives rise to Wu classes v; (X)) € H'(X;Z/2) which are characterised by the equation

(Sq(u). [X]) = (v(X) Uu,[X]),
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where u € H*(X;Z/2), Sq is the total Steenrod square, and v(X) = 1 + v (X) + - is the total Wu
class. Stiefel-Whitney classes w; (X) € H'(X;Z/2) are then defined by writing

(14) Sq(v(X)) =1+ w; (X) +wa(X) +---.

Orientability implies that vy (X)) = w; (X) = 0, and hence that w, (X)) = v, (X). Because Sqi vanishes
in H*(X;Z/2) for i > 3, each of v3(X), v4(X) and vs(X) vanishes. Consequently, (14) becomes

v2(X) +8q" V2(X) + 56 V2 (X) = Wy (X) + w3 (X) + wa(X) + ws(X),

meaning that
w3(X) =8q" wa(X),  we(X) =wr(X)?, ws(X)=0.

Thus the entire information of the Stiefel-Whitney classes of X is determined by w,(X') and the action
of the Steenrod algebra on H*(X;7Z/2).

When X is a closed manifold, the Stiefel-Whitney classes defined above agree with the Stiefel-Whitney
classes of its tangent bundle. Its Euler class vanishes, so the only additional piece of information in this case
comes in the form of its first Pontryagin class p;(X) € H*(X;Z). This satisfies p2(p1 (X)) = w(X)?,
where p, is reduction mod 2 [6, Theorem 1.5].

Proposition 5.1 Let X be a Poincaré duality 5-complex.
(1) The operation

Sq*: H3(X:;Z/2) — H>(X;Z/2)
is given by cupping with w, = w,(X).
(2) The operation

Sq?Sq': H*(X:Z/2) » H3(X:Z/2)

is given by cupping with w3 = w3 (X).
(3) If H1(X; Z) contains no 2-torsion, then the operation

Sq*: H*(X;Z/2) - HY(X;Z/2)
is given by cupping with wy = w;(X).
Proof (1) This is implied by the agreement of the second Stiefel-Whitney and Wu classes of X. See (14).

(2) For x € H*(X:Z/2) use (1) to get Sq'(w, - x) = Sq' Sq?> x = Sq> x = 0. On the other hand,
this gives

0=Sq (wy-x) =ws3-x4+ws-Sq' x =ws-x +Sq°Sq’ x.
We conclude that Sq* Sq! x = w3 - x.
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(3) The cup product pairing H'(X;Z/2)® H*(X; Z/2)— 72 is nondegenerate. Thus for x € H2(X;Z/2)
we have that Sq? x is equal to w5 - x if and only if a- (Sq® x + w, - x) = 0 for alla € H'(X;Z/2). For
such an ¢ we have Sq? a = 0 for dimension reasons, and Sq' @ = 0 holds because of the assumption.
Thus Sq?(a - x) = a - Sq*(x), and hence

a-(Sq® x +wy-x) =Sq*(@-x) + wz - (a-x) = (Sq* +wy) -a-x =0,
since (Sq? +w,) - H3(X;Z/2) =0 by (1). m|
As we explain below, the operations
(15) Sq>: H3(X:Z/2) — H>(X:Z/2), Sq*Sq':H*(X;Z/2) — H>(X:Z/2)

give direct information about the components of the map f which appears in Theorem 1.1. On the
other hand, Proposition 5.1 shows that the vanishing of these operations is equivalent to the vanishing
of wy(X), w3(X), respectively. In particular, the information contained in (15) is equivalent to that
contained in these Stiefel-Whitney classes, which already hold significant geometric and algebraic
importance.

Proposition 5.2 Let X be an Poincaré duality 5-complex with torsion-free Hy (X ; Z). In the notation of
Theorem 1.1, the map f contains a component 1, & or €, for some r if and only if w,(X) # 0.

Proof The point is that each of these maps is detected by Sq?: H*(X;Z/2) — H>(X;Z/2). This is
obvious for 7, and it follows for &, and ¢, from the properties listed in Lemma 2.2 and Lemma 2.3.
As discussed above, the Sq? is trivial if and only if w, (X)) vanishes. |

Corollary 5.3 Let X be a Poincaré duality 5-complex with torsion-free Hy (X ; Z).

(1) If =X splits off a copy of XCIP? or SCIP?(2"), then f has an 1, &, or €, component.
(2) If w,(X) = 0, then no XCP? or SCIP2(2") splits off LX.

Proof (1) A copy of SCP? or SCIP2(2") splitting off X would indicate that

Sq?: H*(X;Z/2) - H*(X;Z/2)

is nontrivial. Because of Proposition 5.1, this implies that w,(X) # 0.

(2) By Proposition 5.1, Sq* : H2(X;Z/2) — H*(X;Z/2), and therefore Sq° : H*(SX;Z/2) —

H>(XX:7/2), are trivial. m|
Since w3 (X) =Sq' w,(X), the vanishing of w, (X) implies that of w3 (X). However, when w, (X) #0,

the vanishing of w3(X') has certain implications for the topology of X.

Proposition 5.4 Let X be a Poincaré duality 5-complex with w,(X) # 0. Then f can contain exactly
one of &1, €1, and this occurs if and only if w3(X) # 0. If this holds, then there is u € H?>(X; Z/2) with
w(X)-Sq' u # 0, and f contains €, if and only if w,(X)-u # 0. If f contains &, then it contains no
€s forany s > 1.
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Proof Evidently, the presence of £; or €; appearing in f is equivalent to Sq> Sq' acting nontrivially in
H*(X;Z/2). By Proposition 5.1, this is equivalent to w3 (X) # 0. In this case there is u € H*(X;Z/2)
satisfying

0# w3(X) -u=5q>Sq' u =wy(X)-Sq' u.

Now, both &; and €; cannot appear together, since Theorem 1.1 states that if f* contains both &, and «;,
then s < r. In particular, if &, appears in f then no € appears.

To distinguish between the two cases, observe that # must correspond to an element in H*(Cy; Z/2)
which is represented by either the bottom cell of P3(2), or by the bottom cell of CIP?(2). In the first case,
Sq? u = u? = 0, while Sq? u # 0 holds in the second. Appealing again to Proposition 5.1 we complete
the proof of the statement. a

There is more that can be said in the case w,(X) # 0 and w3(X) = 0. Let {(E(X), d;)}ren be the
mod 2 cohomology Bockstein spectral sequence for X. Let also 8,: H*(X:Z/2") — H*T\(X:Z/2)
be the Bockstein connecting map associated with the short exact sequence

0—>7Z/2—7/2"t > 7/2" —0.

Ifi:Z/2 — 7 /2" is the inclusion, then iz, = d, under the identification of d, given in [27, Proposi-
tion 10.4]. In particular, B; = Sq', so w3(X) = 0 is the statement that w,(X) survives past the first page
of the Bockstein spectral sequence.

Now assume that w, survives to the r-th page of the Bockstein spectral sequence. Then there is a class
wg) € H*>(X;Z/2") with pzwgr) = w,. Because H>(X;Z) is free abelian, B, (H*(X;Z/2")) =0,
so for any x € H2(X;Z/2"),

0= B, -x) = Br(wS)- pa(x) + w2 Brx = Br(wY) - pa(x) + S B (x).
That is,
Sa” By (x) = Br(wi”) - p2.(x).
The right-hand side of this equation is independent of the choice of wgr). In any case, if S (wgr)) =0, then
Sq? B acts trivially on H*(X;Z/2"). On the other hand, if d,w, # 0, then necessarily f, (wgr)) #0,
and the operation Sq° B, is nontrivial. From this discussion we have the following.

Proposition 5.5 Let X be a Poincaré duality 5-complex with H(X; Z) torsion-free and w,(X) # 0.
Write r (X)) € N U {oo} for the greatest integer for which w,(X') survives to the E, (x)-page of the mod 2
Bockstein spectral sequence. A necessary and sufficient condition that r (X') > 1 is that w3(X) = 0.

(1) r(X) < oo if and only if exactly one of §,(x). €,(x) appears in [, but no s or €5 fors < r(X) does.
If €,(x) appears, then there is u € H2(X:7/2" X)) with Sq? Brxy(u) #0 # Sq? pa(u). Ifé, (x)
appears, then no €5 appears for any s > r(X).

(2) r(X) = oo ifand only if f ~ n. If this holds, then there is u € H>(X;Z) such that Sq° p»(u) # 0.
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Proof Only the finer points need be explained. In (1) these are dealt with by appealing to the part of
Theorem 1.1 that states that if f* contains both &, and ¢4, then s < r.

For (2), it has been shown above that f contains no &, or € for any r, s > 1. However, Proposition 5.2
then states that f* must have an n component. There are four possible options for f" listed in Theorem 1.1,
and given the constraints just mentioned, f ~ 7 is the only one which may be realised. a

Next, components 2, 1, on* appearing in f can be detected using secondary cohomology operations. In
particular, this is possible using the secondary operation based on the relation Sq> Sq* + Sq!(Sq* Sq') =0
[11, p. 149]. Assuming that H;(X;Z) contains no 2-torsion, Proposition 5.1 may be used to construct
this operation as

O:{x e H*(X:Z/2) | x - w, =0=x-w3} —> H>(X:Z/2)/(wy- H*(X:;Z/2)).
Unfortunately, use of this operation is only feasible when w, = 0. In this case it is an operation
(16) @:H*(X:Z/2) — H>(X:Z/2).
Alone it cannot distinguish between 12, (, o n%, but this may be accomplished by means of a higher
Bockstein operator ;.

Proposition 5.6 Let X be a Poincaré duality 5-complex which has torsion-free Hi(X) and w,(X) = 0.
If f has a component of either n* or 1, on?, then there isu € H*(X; Z/2) satisfying ®(u) #0. If B,u =0
for all r, then u detects n>. If B,u # 0 for some r > 2, then u detects t, o n>. |

Combining the operations above makes it possible also to detect a ¢, o> 4 &, (r > 2) component of f.

Proof of Theorem 1.2 (1) We refer to Theorem 1.1. Proposition 5.2 explains that f* can only contain
components 1 or 1, on?, both of which are detected by the secondary operation ® of (16). Consequently,
the complex X Cy has at most three cells, and splits up further if and only if © evaluates trivially on its
cohomology. With this reduction, it is easy to follow the method of [26, p.32] to see that X being a
manifold forces ® to be trivial.

(2) The first part of the statement is covered by Proposition 5.4. For the second, observe that
wa(X) - w3(X) = wa(X)-Sq" wa(X) #0.

Thus, still following Proposition 5.4, £, is detected if w,(X)? = 0. However, w»(X)? = p2(p1(X))
holds for any 5-dimensional manifold. Clearly p,(p1(X)) = 0 if and only if p;(X) is divisible by 2.

(3) See Proposition 5.5. O

Example 5.6.1 Let S be a closed orientable surface of genus g, and Y a closed, orientable 3-manifold
with H,(Y; Z) torsion-free. Form X = Sg x Y. Then X is spin with torsion-free homology. Theorem 1.2
says that

XX XS, VEY VE(SgAY)

splits as a wedge of spheres. Clearly this requires that XY is a wedge of spheres. |
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Example 5.6.2 Let Y be a nonspin 4-manifold with H;(Y;Z) = Z™ ! andlet X = S' x Y. Then
X ~S?vXY vy,

The homology of X is torsion free, so part (3) of Theorem 1.2 is in effect with w,(X) surviving to
the Eo-page of the Bockstein spectral sequence. Thus f ~ 5. This should be compared with the
decomposition of XY given in [31, Theorem 1.1], which implies the same result. a

For simply connected X', the maps f have been determined completely by Stdcker [34]. In the case
that X is a smooth 5-manifold, much of this was already implicit in Barden’s classification results [3].
However, Stocker’s results also extend to simply connected Poincaré duality complexes. We end this
section by reviewing these known results.

In [3] Barden defines simply connected, oriented 5-manifolds Xy, X_1, Xoo, Moo, and X, My for
k > 2, and proves the following.

Theorem 5.7 (Barden [3, Theorem 2.3]) Every simply connected, closed, orientable, smooth 5-manifold
is diffeomorphic to a manifold of the form

Xjkeyohon = Xj# My, #---# My,
where —1 < j <ooand 1 < k| <k, <--- < ky, are such that either k; divides k; or k;+; = oo. -
We have Xy, = S° and My, = S2 x S3. The manifolds M} are of the form
My ~ (P*(k) v P?(k)) Uy €7,

where o is a Whitehead product [34]. All of these manifolds split apart after a single suspension. The
other manifolds are more interesting.

e X_; = SU;3/S03 is the Wu manifold. Jie Wu [36, Example 6.15] has observed that
X_j >~ P3(2) Ug, €.

o Xoo = S2 X S3 is the total space of the nontrivial S3-bundle over S2, classified by a generator of
71(SO4) = Z /2. Following [17] we check that

Xoo = (S2V S Uy e,
where ¢oo = 300+ [t2,13].

e X} for k > 1 is a nonspin manifold which, according to [34], is of the form
X ~ (P}2Fy v P32R)) Uy, €,
where ¢ = w + j; 0 & with @ a Whitehead product.

In addition to these manifolds there are certain interesting nonsmoothable, simply connected Poincaré
duality 5-complexes. One such is the Gitler—Stasheff example [9]

MéO:(Sz\/S3)U¢,eS,
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where ¢ = [12,13] 4+ 7 o n?. The others we consider are those constructed by Stocker [34]:

« M| ~ (P2(k) v P%(k)) Uy, e’ for k > 2, where P =+ o n? with @ a Whitehead product;

« X, = (P35 v P3(2F)) Ug, € for k > 1, where ¢ = @ + j1(§ + tox 0n*) with ® a Whitehead
product.

Theorem 5.8 (Stocker [34, Theorem 10.1]) Every simply connected, 5-dimensional, orientable Poincaré
duality complex is homotopy equivalent to a connected sum of the spaces defined above. a

Corollary 5.9 If X is a closed, orientable, simply connected 5-manifold, then f can contain only 1 or &,
for some r > 1. If X is an orientable, simply connected Poincaré duality 5-complex, then f can contain
only n,n%,& .1, on?, or (& + 1, on?) for somer > 1. |

6 Applications
6.1 Generalised cohomology

As a simple application of our main theorem we explain how to evaluate a given cohomology theory /*
on any Poincaré duality complex satisfying the assumptions of Theorem 1.1. For example #* could be
singular cohomology, complex or real K-theory, or cobordism. We will give applications in the sequel
when /* is stable cohomotopy.

Theorem 6.1 Let X be a connected, orientable, 5-dimensional Poincaré duality complex with homology
as in (1), and let h* be a reduced generalised cohomology theory. Then

h*(X) = @h (S )@@h (S )@@h*(s )@@h*(s“)

& P r* P ))@@h ((CIP’Z)EB@h (CP2(2")) ® h*(Cy),

teT’ Jj=1
where the integers ns,ng4,ns,a, b, c, tl./, rj are explained in Theorem 1.1.
Proof The lemma follows immediately from the string of isomorphisms
(X)) = h*P(SX) = p* ! (\/ EP,-) =~ Pt (P = Phr*(P).
i i i

where the first and the third isomorphisms are due to the suspension isomorphisms of #* and the second
isomorphism is due to the suspension splitting XX ~ \/; X P; in Theorem 1.1. Since we work only

with finite wedge sums, we do not need to assume that 4* satisfies the wedge axiom to obtain the
third isomorphism. O

There are similar decompositions of /14 (M) for any generalised homology theory /. which we will leave
to the reader to spell out. Interesting applications of this are when £, is K-homology or stable homotopy.
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6.2 Cohomotopy groups and sets

In this section we consider the problem of computing the cohomotopy sets #”(X) = [X, S”"] and
n™(X:Z/k)=[X, P"t1(k)] for X aPoincaré duality 5-complex satisfying the assumptions of our main
theorem. We start by briefly recalling the definitions of these sets and the construction of group operations
on them when X is any CW complex.

In general, 7”(X) is only a pointed set. However, if X is a CW complex of dimension < 2n —2,
then 7" (X) carries a natural abelian group structure, which can defined as follows. Suppose maps
f,g: X — S" are given. Because the inclusion §” v §" — §”" x " is (2n—1)-connected, there is a
unique compression of (f, g): X — §” x " into amap O ,: X — S" v S". We define

(17) f+g=Vobsa X > S"

where V: 8" v §" — S is the folding map, and put — f = (—1) o f. Borsuk [5] shows that these
definitions equip 77" (X') with an abelian group structure (see Spanier [32] for full proofs).

There is also a second description of this group structure which is due to Taylor [35], and can be useful
to know. If dim X' < 2n — 2, then by a standard argument we have 7" (X) = [X, PKy,—2(S")], where
PK;(S™) denotes the i-th Postnikov section of S”. Owing essentially to the Freudenthal suspension
theorem, PK;,_,(S") is an infinite loop space. Hence 7" (X) is an abelian group in each of these cases.

This viewpoint has some advantages. For example, it makes clear that while working in this dimension
range, the function

(18) (X)) = 7"TH(ZX)

induced by the suspension map o: S” — QS”*! is compatible with group operations on both sides. This
gives a well-defined suspension homomorphism.

In fact, this leads to yet another description of the group 7”(X). Namely, the suspension (18) is
bijective when dim X <2n—2, and we may turn 77" (X') into a group by requiring it to be a homomorphism.
We’ve already explained why this gives the same operation as Taylor’s. Showing that it agrees with
Borsuk’s original definition (17) is the easiest way to establish the equivalence of all three definitions.

Now, Borsuk’s original definition (17) has its merits. In cases n = 1, 3, 7 there is one further group
structure on 7" (X'), which comes from the H-space multiplication on S”. Because the multiplication
represents an extension of the folding map V over S” x S”, we find further agreement between this
operation and the three set out above.

It is also possible to define cohomotopy groups with coefficients. These were introduced originally by
Peterson [29] via the definition

7"(X;Z/k)=[X, P"T!(k)].

As above, n"(X;Z/k) is a group when X is a CW complex of dimension < 2n — 2. Moreover,
the maps 7*(X) — 7"(X;Z/k) and n"(X;Z/k) — 7" T1(X) which are induced by the inclusion
S™ < P"T1(k), and the pinch map P"T!(k) — S"*!, respectively, are group homomorphisms in this
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range. More recently, these groups have been studied by Li, Pan, and Wu [24], who called them modular
cohomotopy groups.

The cohomotopy and modular cohomotopy groups are related in the usual long exact sequence which
starts

a"(X) 25 7™ (X) —» a™(X: 2/ k) — 7T X)) 2 2T X >

and extends infinitely to the right, where m > max{(dim X + 1)/2, 3} (these sets may fail to be groups
in the bottom degree). For example, when dim X = 5, the following sequence is exact

X)) 25 23X 5 (X2 k) >t (X)) = (X)) 2K 25X > 73X Z/ k) — 0.
The next statement is a simple application of the Freudenthal theorem which will be used in the sequel.
Proposition 6.2 If X is a CW complex of dimension < 2n — 2, then stabilisation induces isomorphisms
" (X)=ag(X), a"(X:Z/k)=nrg(X;Z/k),
n+1

where 5 (X) (wg™ (X;Z/ k)) is the n-th stable cohomotopy group (with coefficients) of X . |

Now, let us turn to computation. For this we specialise to X being a 5-dimensional Poincaré duality
complex satisfying the assumptions of Theorem 1.1. Of course,

" (X)=0=n"(X;Z/k), n=>6,
for dimension reasons. We also compute
X)) H(X;:2) =7, n°(X:Z/k)=~H(X;Z/k)=7]k

using the Hopf theorem. In this range, 7*(X) and 7*(X; Z/k) are also groups, and their structure is
described below using results known in the literature.

On the other hand, 73(X) and 73 (X; Z/k) fall outside of Borsuk’s range, and must be dealt with
separately. While the group structure on S3 induces a group structure on 773 (X)), a priori 73 (X;Z/ k) is
only a pointed set. As it turns out, 7* (X ; Z/ k) does carry a canonical group structure. This, along with the
group 773 (X), is described in Sections 6.2.1 and 6.2.2. We give information about 72 (X) in Section 6.2.3.

As for #(X), we have a well-known result of Steenrod [33], which gives a short exact sequence

(19) 0— H>(X:Z/2)/Sq*(H*(X:Z)) - n*(X) - H*(X;Z) — 0.

Under our standing assumption that H; (X ; Z) = H*(X ; Z) is torsion-free, the sequence splits (as observed
by Taylor [35, Example 6.3], this splitting holds under slightly more general conditions). We can also
replace H*(X;Z) with the mod 2 reduced group. Thus:

Proposition 6.3 There is a group isomorphism
(X))~ HY(X;Z)® H>(X;Z/2)/Sq*(H* (X Z/2)).
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In case X is a closed 5-manifold, this may be written
HYX:7Z) if X is nonspin,
HYX:Z)®7Z/2 if X is spin.
This situation has been studied in detail by Konstantis [21], who has explicitly described a splitting map

(X)) =~ {

for Steenrod’s exact sequence (19). Konstantis gets some mileage out of the fact that 74 (X) = [ X, HP ],
and elements of the latter set are in one-to-one correspondence with isomorphism classes of quaternionic
line bundles over X . Extensions to higher dimensions have recently been performed in [18], where the
group (X" *1) is studied for X”*! a (possibly nonorientable) (- 1)-manifold.

To introduce coefficients, consider the exact sequence

s 7t X)) 2K (X)) > 7 X2 k) = 73X 2K 25 (X) = -
Since multiplication by k on the torsion-free group 77 (X) 2 Z is injective, the map 7*(X) — 7*(X: Z / k)
is onto. Hence 7*(X;Z/k) = n*(X)/(k - *(X)). Using Proposition 6.3 we thus state the following.
Proposition 6.4 For an odd integer k > 1,
n*(X:2/)k) = HY(X:Z/k).
For an even integer k > 2,
(X Z/k)= H*(X:Z/k)® H>(X;Z/2)/Sq*(H* (X Z/2)).

The reader may wish to compare these with the results in [24], where for a prime p and integer r > 1
the short exact sequence

0— H"2P73(Y: 2/ p)/PH(H" (Y:Z/p") » n"(Y:Z/p") — H"(Y:Z/p") >0
is constructed for any complex ¥ withdimY <n+2p—3andanyn >2p—1.

6.2.1 The group 73(X) The group structure on 773 (X) comes from the Lie multiplication on S3, as it
is outside of the dimension range of Borsuk’s constructions. For the same reason, Proposition 6.2 is not
immediately applicable.

Proposition 6.5 There is a group isomorphism

(X) =y (X) 27 (SH® @ n3(SH®s @ @ 73 (P (1) @ w3 (CPH®P

t/eT’

@éné(mz(z’f)) ®75(Cy),
where 7=t
. Jrg(S3) =~ 7 and 7T§.(S4) ~7/2,
o TI(P (1) = Z/t,
« 3(CP?) =0,
e 73 (CP*(2")) = 7Z/2"+1.
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Proof Since S3 is an H-space, the suspension map o:S3 — QS* has a left homotopy inverse.
Consequently, the induced map

(20) T:a3(X) - 74 (ZX)

is injective. On the other hand, its surjectivity is already covered by the Freudenthal theorem. Thus (20)
is bijective.

Now, although o is not an H-map, the obstruction to it being one is represented by a mapping
S3AS? >~ 86 - QS Since X is 5-dimensional, the obstruction vanishes when applied to any
mapping X — S3. It follows that (20) is an isomorphism of groups.

Finally, £ X is 6-dimensional, so Proposition 6.2 may now be applied to 7#(X X) to complete the proof.

As for the bullet points, the groups ng (S" = Jr;f (S3) are well known, and ng(P3(Z)) >~ 7/t and
Tl'g (CPP?) = 0 are easily obtained.

For :;1 (CP2(27)), apply ng to the cofibre sequence S* — P3(2") — CP2(2"). The first map factors
through the inclusion S? < P3(27), so induces the trivial map on both ng and n;:. Thus we obtain a
short exact sequence

(21) 0« Z/2" < 7 (CP?(2")) < Z/2 < 0.

On the other hand, there is a cofibre sequence CP? — CP2(2") — S whose exact sequence gives an

epimorphism ng (SH=7Z— Jrg (CP2(2")). It follows from this that J'L'g. (CPP2(2")) is generated by a

single element, and hence that (21) cannot split. But Ext(Z /2", 7. /2) = 7./ 2, so the only other possibility

is 73 (CP?(27)) = Z/2"+1. o
We do not give detailed information about the group ng (Cr), since it depends so much on the exact

form of the attaching map f.

6.2.2 Theset 73(X;Z/k) Recall that the suspension map

o: P"P (k) > QP2 (k)

is (2n—1)-connected. Thus X: 7" (X;Z/k) — "1 (£ X; Z/ k) is bijective for dim X < 2n —2 and is
surjective for dim X = 2n — 1. This was partially recorded in Proposition 6.2 as the statement that if X is
a 5-dimensional CW complex, then X: 7"(X;Z/k) — "+t (2 X;Z/ k) is an isomorphism for n > 4.
The following extends this range by one dimension.

Proposition 6.6 Let X be a 5-dimensional CW complex. Then for any integer k > 1 the suspension
73X Z/ k) — n*(2X;7Z/k) is a bijection.

Proof Write P9 = P4 (k) and identify Q ¥ P# with the James construction J(P#). Then the suspension o
is identified with the inclusion P* = J,(P*) < J(P*). Letting J,(P*) denote the second stage of the
canonical filtration on J(P#), we have [X, J(P*)] = [X, J,(P*)] for dimension reasons. Furthermore,

it is well known that this space sits in a cofibration
sp3iapd UL pt o g (pY),
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where [1, 1] is the Whitehead product V o[1, 1]. Thus the 6-skeleton of J,(P*) is of the form P* Uy e$,
where « is the restriction of [1, 1] to the bottom cell of ZP3 A P3. Let1: S* — P* be the inclusion and

consider the diagram

N2 52 BN v p3 A p3

[1,1]l l[l,ll
S3 ! p
The diagram homotopy commutes by naturality of the Whitehead product and shows that « factors through
[1,1]: =S3 A S3 — S3. However, since S? is an H-space, this latter Whitehead product is trivial. The
6-skeleton of J,(P*) is then given by P%\ S°, and it follows that the induced map
ox:[X, P = [X. J(PH] = [X, P*Vv S® =X, P4

is bijective. d

Proposition 6.2 gives 74 (2 X; Z / k) = 7r§ (¥X;Z/ k). Combining this with Proposition 6.6, we record
the following.

Corollary 6.7 If X is a 5-dimensional CW complex, then for any k > 1, the set
A (X;Z/ k) = n3(X; 2/ k)
carries a canonical group structure.
Finally, Theorem 6.1 yields a decomposition result for this group.
Proposition 6.8 Let X be as in Theorem 1.1. Then for any k > 1 there is a group isomorphism

P (X:Z/k) = n3(S* 2/ k)" @ g (S*:2/k)®" @ @ n3(P*(t)):Z/k)

t/eT’

C
S n2(CP%Z/ k)% @ @ng(mz(zrf); Z/k)®ni(Cr;Z/k),
ji=1
where

e 73(S%Z/k) = Z/k,

0 ifk is odd
o 13(S*Z/k) = ’
ﬂs( /%) Z/2 ifk iseven,

. ng(P3(t); Z]k)=Z/ged(t, k),

« 13(CP%:Z/k) =0,

e 3(CP*(2"): Z/k) = Z/ged(2" 1 k).
Proof We compute the component groups. The first two are given in Lemma 2.2, and for the third, we have
ng(P3(t); Z/k) = nf(P“(l); Z/ k). A universal coefficient theorem shows that nf(P“(Z); Z]k) =
nf (P*(1)) ® Z/ k, which gives the claimed result.

Algebraic & Geometric Topology, Volume 26 (2026)



Suspension splittings of 5-dimensional Poincaré duality complexes and their applications 313

As for the fourth group, there is an exact sequence
0« 73(CPLZ/K) < n3(SH L k) < nd (S L /k) -

The group Hg (S*;Z/ k) vanishes if k is odd. If k is even, then it is Z /2, and the generators given in
Lemma 2.2 show that the n* appearing in the sequence is onto.
For the last group use the exact sequence

>3 (CP2(27) XK 23 (CP2(27) —» 2 (CP2(27): Z/ k) —» n*(CP2(2")) 2K n 4 (CP2(27)) — - --.

Since 7*(CP?(2")) = Z, the right-most arrow is injective. On the left-hand side, it was shown in
Proposition 6.5 that 73 (CP2(2")) 2 Z /2" 1. This means that

o 72 2b 7o 23 (CP2(2T); 2/ k) — 0
is exact, and this gives the result immediately. a

6.2.3 The set #2(X) There is no natural group structure on 72(X). However, this set does carry a
73 (X)-action which contains useful information. In general, the computation of 72(X) is a difficult
problem, and a full discussion is well outside the scope of this modest section. We will content ourselves
with sketching a few details, most of which are already contained in Taylor’s paper [35].

We begin by considering the diagram

5! §3 " yg2 L cpe P, gpo
@ A R A
QCP>® QE¢ F cp>® —2 . E,

The top row is a well-known fibre sequence in which i classifies a generator of H?(S?) and p is induced
by the extension of scalars C € H.. The bottom row is obtained thus. We denote by E¢ the sixth Postnikov
section of HIP°°, with nonvanishing homotopy groups only in degrees 4, 5, 6. The arrow HP*>® — E¢
is taken to be the natural map, and p is defined to be the composite of p with this map. The space F
denotes the homotopy fibre of p. Thus the bottom row of (22) is a homotopy fibration sequence. We let
S? — F be an induced map of homotopy fibres, and complete the left-most vertical arrows by looping.

The goal is to apply the functor [X, —] to the diagram and use the exactness of the rows to study
[X, S?] = n2(X). We leverage the following facts. Firstly, the inclusion of the bottom cell §* < HP >
is 7-connected, as is the map HIP®® — E¢. Consequently

a4 (X) = [X,HP®] = [X, E¢] and =°(X)=x[X,QEs]

Furthermore, S? — F is 6-connected, so 72(X) = [ X, F].

The last fact we will use is that Eg is an infinite loop space. Indeed, the 7-connected map S* — Eg
induces isomorphisms on the first three nontrivial homotopy groups of S*. All these groups lie in the
stable range, so for any N > 0 the space E¢ is homotopy equivalent to the N -fold loop space on a
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Postnikov section approximating the (N +6)-type of S*TV . This is particularly important because it
allows us to use the following theorem of Taylor.

Theorem 6.9 (Taylor [35, Theorem 5.2]) Let B and C be homotopy associative H-spaces and p: E — B
the homotopy fibre of a map w: B — C. Suppose that X is a space. Then, for each « € [X, B] such that
wx () = * € [X, C], there is a group homomorphism

1//‘05: [X7 QB] g [X’ QC]»
and a bijection from coker(y) onto (px) ' (a) C [X, E]. |

Let h: m%2(S?) — H?(X;Z) be the map defined by h(a) = a*(s5), where s, € H>(S?;Z) is a fixed
generator. Also let (—)2: H*(X;Z) — H*(X;Z) denote the squaring map u — u?2. Finally, with p,
denoting reduction mod 2, introduce the secondary operation

(23) O:{u e H*(X;Z) | py(u*) =0} — H3(X;Z/2)/(Sq* H*(X;Z/2)),

which is based on the Adem relation Sq?(Sq? p,) = 0. The indeterminacy is unwieldy, but we will only
need to use it when Sq* H3(X;Z/2) = 0.

Proposition 6.10 Let X be a 5-dimensional CW complex.

(1) If Sq*: H*(X;Z/2) — H>(X:7Z/2) is onto, then there is an exact sequence of sets
)2
¥ = [X, 83 =[x, S22 HA(x;2) 95 mA(x: 7).
(2) If Sq*: H*>(X;Z/2) — H?(X;7Z/2) is trivial, then there is an exact sequence of sets

¥ = [X, S = [X, $2] 1 H2(x;2) 2% 4 (x.7) @ HY (X:2/2),
where
0 ifu®#0,

b) = {@(u) ifu? = 0.

Proof This is obtained in both cases by applying [ X, —] to the top row of (22) to get
[X,S']— [X, 3] 25 [X, $2] L5 [X, CP™] 255 [X, HP™).

On the left, the fact that the fibre inclusion S' — 3 is null-homotopic implies that the image of [X, S!]
in [X, S3] contains only the constant map. Moving to the right, it is clear that / is the map induced by
the inclusion i: S% < CP* under the identification [X, CP%°] = H?(X). On the far right, we have
[X, HP*] = 7#(X), and this group is described by the short exact sequence (19).

In case (1) we have 74 (X) = H*(X). The map p: CP> — HP classifies the bundle yc @ ¥, where
yc is the canonical line bundle over CPP*° and jr its conjugate. The composite CP*° 2> HP > — K(Z, 4)
returns the second Chern class of yc @ ¥, which is —¢; (yc)?. Since ¢; (yc) generates H2(CP>), we
identify the squaring map. Removal of the minus sign does not affect exactness.
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In case (2), the sequence (19) may not split. However, we do not need to understand the full structure
of 74(X) to verify what is being claimed. Thus we replace it with H*(X) @ H>(X:;Z/2). The first
factor will play the same role as above, and for the exactness claim it will be sufficient to understand
the action of §: H?(X) — H’(X;Z/2) on those u € H?(X) satisfying u> = 0. We will show that if
u € H?(X), then px(u) is null-homotopic if and only if u? = 0 = 6(u).

To this end, we replace HIP®® with its fifth Postnikov section Es. We have

[X,HP*°] >~ [X, E¢] = [X, E5],

and the situation is

K(Z/2,5) —' 4 E;

24) v / |
2

7 u —x2 Sq
X2 L, CP® —— 5 K(Z,4) —— K(Z/2,6)

The map p’ is obtained by projecting / from diagram (22) to E's, and, as explained above, —x2 = —c; (y¢)?
is what is obtained upon projecting p’ to K(Z, 4). Since p’ou is the projection of p« (1) = pou €[ X, HP*°]
to [X, Es], it is this composite which we need to understand. When u2 = 0, the map p’ o u lifts to
u': X — K(Z/2,5), and Sq*>(H?>(X;Z/2)) = 0 means that p’ ou ~ x if and only if «’ = 0. Clearly we
may identify

Ou)=u'e€ H(X:Z/2).

To proceed it is convenient to identify CP> ~ K(Z,2) and regard the map —x2: K(Z,2) — K(Z/4)
as an unstable cohomology operation. Let F be its homotopy fibre and consider the diagram

K(Z/2,5)

~2 P
Sq -~ l
// !

F~ o

2 /
- J
f —x2 Sq*

XM K(Z,2) =X K(Z,4) — s K(Z)2,6)

~2
The relation Sq?(—x2) = —2x3 = 0 gives rise to a colifting Sq : F — K(Z/2,5), which is constructed
~2
SO that ioSq ~—p'oj[l1,p. 56] Similarly, since u? = 0, we have #i: X — F lifting u. Because
Sq o i has order 2, we have i oSq ou >~ p' ou. Hence

~2
O(u) =Sq ou.
On the other hand, the null composition Sq? o(—x?2) = * gives rise to a secondary operation
O {ue H*(X) |u* =0} > H>(X;Z/2),
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~2
whose indeterminacy vanishes. This acts on its domain as ®'(u) = Sq o, so
O (u) = 0(u).

However, for u € H?(X) we have Sq*(p2(u)) = p»(1?), meaning that © () is defined whenever ©’ ()
is. Clearly ®(u#) = ®'(u) in this case. a

Remark 6.11 For u € H*(X;Z) satisfying u? = 0, consider the sequence
X 245 CP® X2 K(Z.4) 35 K(Z)2.6).
Each pair of consecutive arrows composes to a null map, so the functional cohomology operation
Sqg: HH(CP®: Z) — H*(X:2/2)/Sq*(H* (X1 Z/2))
is defined [28, Chapter 16.1]. Inspecting (24), we see that 6 (u) = Sqi (x?)e H>(X:;Z/2).
Combining Proposition 6.10 and Taylor’s Theorem 6.9, standard methods now yield the following.

Proposition 6.12 Let X be a 5-dimensional CW complex.

(1) The map ns: w3(X) — w2(X) is injective with image h=1(0) = {a € 72(X) | a*(s2) = 0} where
sy € H?(S?;7Z) is a generator.

(2) If Sq*: H*(X;Z/2) — H?(X;7Z/2) is onto, then there is a pairwise-disjoint decomposition
7 (X) = J{ W) |u e H*(X). u*> =0}
Ifu e H*(X;Z) satisfies u*> = 0, then h~'(u) € n%(X) is nonempty, and
W= () = 7 (X0 /Y (H (X)),

where v, is the group homomorphism given in Theorem 6.9.

(3) If Sq*: H3(X:;Z/2) — H®(X;7Z/2) is trivial, then there is a pairwise-disjoint decomposition
(X)) =t W) |ue H*(X), u* =0=0(u)}.
Ifue H*(X;Z) and u®> = 0 = O(u), then h~'(u) € n%(X) is nonempty and
h=tu) = 7 (X) /yu(H' (X)),
where Y, is the group homomorphism given in Theorem 6.9.

Remark 6.13 For X as in Proposition 6.12 and u € H?(X; Z) lifting to &1: X — S?2, there is an explicit
description of the homomorphism v, given in Taylor [35, Section 5]. Since Q2 p = x, this gives for any
o € H'(S;Z) that the map v, (@) is the composite

XA Y Ax 2E, g1 529, 63
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for some map ¢. The map ¢ must extend over S' A CPP? and hence must have even degree. In fact,
according to [35, Corollary 5.5, Lemma 6.5], ¢ has degree +2.

We have two applications for Proposition 6.12, which we give below. In each case it shows that the set
72(X) is determined by stable data.

Corollary 6.14 If X is an orientable, 5-dimensional Poincaré duality complex, H{ (X ; Z) is torsion-free,
and H,(X;Z) is torsion, then n: S* — S? induces a bijection (X ) = 73 (X).

Proof Because H,(X) is torsion, duality gives H?(X) 2 H3(X) = 0 (compare (1)). Thus the statement
follows from part (1) of Proposition 6.12. |

We remark that a class of smooth, nonsimply connected 5-manifolds satisfying the assumption of
Corollary 6.14 is studied in [22, Theorem 1.3].

Corollary 6.15 Let X be a simply connected, orientable, 5-dimensional Poincaré duality complex.
(1) If Sq>: H3(X;Z/2) — H>(X:;Z/?2) is onto, then
72(X) =73(X)x H*(X; Z).
() If Sq>: H3(X;Z/2) — H*(X:;Z/?2) is trivial, then
?2(X) = a3(X)x{x e H*(X;Z) | ©(x) = 0},
where ©: H*(X;Z) — H>(X;Z/2) is the secondary operation (23).

Proof The hypothesis of simple connectivity gives H!(X) = 0, meaning that each of the y, homo-
morphisms is trivial. Since H*(X) = H,(X) = 0, the condition > =0 on u € H?(X) is vacuous. Thus
in light of Proposition 6.12 the result is clear. a

Proof of Theorem 1.5 The first statement is implied by Corollary 6.15. When X is nonspin, part (1) of
this corollary applies and the result is immediate. Thus we reduce to the case in which X is spin. Then
the secondary operation ®: H?(X;Z) — H>(X;Z/2) is defined without indeterminacy. It is known that
® detects 772, and, as has been discussed in Corollary 5.9, Barden’s classification result (Theorem 5.7)
implies that for this reason ® vanishes on the cohomology of any simply connected 5-manifold.

The second statement of the theorem is a special case of Corollary 6.14. |
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