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Kontsevich’s characteristic classes are invariants of framed smooth fiber bundles with homology sphere
fibers. It was shown by Watanabe that they can be used to distinguish smooth S*-bundles that are all
trivial as topological fiber bundles. In this article we show that this ability of Kontsevich’s classes is a
manifestation of the following principle: the “real blow-up” construction on a smooth manifold essentially
depends on its smooth structure and thus, given a smooth manifold (or smooth fiber bundle) M, the
topological invariants of spaces constructed from M by real blow-ups could potentially differentiate
smooth structures on M. The main theorem says that Kontsevich’s characteristic classes of a smooth
framed bundle 7 are determined by the topology of the 2-point configuration space bundle of 7 and
framing data.
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1 Introduction

Given the following data:
e a smooth fiber bundle £ “> B whose fibers are homology spheres,
¢ a smooth section s, : B — E and a trivialization ¢ of 7 in a neighborhood U of s (B),

e a vertical framing F on E — soo(B) which is standard (i.e., looks like the standard framing on R”
near co) with respect to ¢ in U,

Kontsevich’s characteristic classes are a collection of cohomology classes in H*(B;R), parameterized
by some combinatorial data (“graph homology”). They were introduced by Kontsevich [7] and have been
exploited by various authors thereafter; see [11] for a good introduction. In [19], Watanabe constructed
smooth (trivialized near a section and framed, in the above sense) S *-bundles with nontrivial Kontsevich’s
characteristic classes, implying that as smooth fiber bundles (with fixed trivialization near a section) they
are nontrivial, while as topological fiber bundles they are trivial.
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We would like to understand why Kontsevich’s characteristic classes are able to differentiate smooth
fiber bundles that are topologically the same. These classes are constructed by considering the configuration
space bundles associated to E -=> B, which are obtained by doing a sequence of real (oriented) blow-up
operations fiberwise, and then doing some sort of intersection in the total space of the configuration space
bundle to get an intersection number. Since intersection theoretical invariants usually do not depend on
the smooth structure, while the real blow-up operations do, it is plausible that different smooth structures
on the original bundle £ = B yield different topological structures on the induced configuration space
bundles, and Kontsevich’s characteristic classes only depend on the topological bundle structure of the
configuration space bundles (together with some information from the framing). The purpose of the present
article is to make this statement precise and to give a detailed proof. The main theorem, Theorem 1.2,
says that the topological information from the 2-point configuration space bundle of E = B, together
with a framing, determines Kontsevich’s characteristic classes of E > B.

Remark 1.1 The homotopy type of the real oriented blow-up of a manifold X along a submanifold Y,
Bly X, does not depend on the smooth structure on X, since it is just X — Y'; but the topological structure
of dBly X as a sphere bundle over Y and how dBly X is attached to X — Y do depend on the smooth
structure in an essential way; and a framing on the normal bundle of Y can be used to capture this
structure.

For example, the simplest Kontsevich’s characteristic classes, when it is a number (®-graph invariants),
can be viewed as the triple intersection number of a cohomology class (called “propagator class” in
Section 4) in a space C,(7)/~f, where C, () is the total space of the 2-point configuration space
bundle associated to E %> B, and ~ is an equivalence relation on 9 C () (the vertical boundary of
C, (7)) —it uses the framing data F to “pinch” 3V C,(xr), making it lower-dimensional.!

1.1 Statement of main result

Throughout Sections 1-5, let M be a closed smooth d-dimensional manifold whose R-homology groups
are the same as that of the d-sphere, where R = Z or R, and let oo be a fixed point in M. Let c 2(M, 0)
be the configuration space of two ordered, distinct points in M, neither of which is co, compactified by
the Fulton—-MacPherson compactification. More precisely, C (M, oo) is obtained from M x M by first
blowing up oo x 0o and then blowing up the strict transforms? of oo x M, M x oo and the diagonal A.
(All the blow-ups we use are oriented.) Denote by f4, f_ : C2(M,o0) — M the two forgetful maps
lifting
M? — M,  fi(x1.x2) =x2, [f-(xX1.X2)=x1,

respectively. So, (f—, f1): C2(M,o0) — M x M is the blow-down map.

I This idea of constructing C»(7r)/~ f and viewing the propagator as a cohomology class in it has already been explored in
the early work of Kuperberg and Thurston [10].

2Suppose N and N’ are submanifolds of M. The strict transform of N’ in Blyy M is the closure of N\ N, which is a subset

of M\N CBIyM.
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Denote by Diff (M) (resp. Homeo4 (M)) the group of orientation-preserving diffeomorphisms
(resp. homeomorphisms) of M, with the Whitney (resp. compact-open) topology, and define

Diff 4 (M, Noo) := {g € Diff (M) | 3 neighborhood U > oo such that g|y = id},
Homeo (M, Nyo) := {g € Homeoy (M) | 3 neighborhood U > oo such that g|y = id},
G := {(2, g) € Homeo(C(M, 00)) x Homeo (M, Noo) | g0 fie = f 0 g}

By a smooth (M, oo)-bundle E -+ B we mean a fiber bundle with typical fiber (M, co) and structure
group Diff (M, Noo). It has a canonical section s, and a canonical germ of trivializations

t:BxU — =~ U

proy:ctlonk )/

of some neighborhood U D S0 (B) (U is some neighborhood of co in M). Abusing notation we also
denote the image Soo(B) by Soo.

A framing F on a smooth (M, co)-bundle E -*> B is a continuous choice of basis for the vertical
tangent space at every point of £ — s, such that there are neighborhoods £ D U Dseoand M DU D oo,
a diffeomorphism (U, co) & (R¥ —0) Ui 00, 00), satisfying that £*(F|g) is the standard framing on R4
under this diffeomorphism.

Let C () — B be the associated C, (M, co)-bundle, let f, f— : C2(w) — E be the two forgetful
maps and let 3”C, (1) consist of boundaries of every fiber. So

0"Ca(m) = (f. f1) (M) Usoo X5 E U E X 500).

where x g denotes fiber product over B and A(rwr) C E xp E is the fiberwise diagonal. The framing F
induces a map (f—, f1) 1 (A(n)) — S§4=1 which at each point x € E — 55, maps

(f—v f+)_l(x’x) = SNZ(n)E|X ~ ST;E

to 971 using F : TE ~ R¥; here STV E denotes the sphere bundle of the vertical tangent bundle
of £ and SN Z( )E denotes the sphere bundle of the vertical normal bundle of A(x) in E. Using the
trivialization ¢, this map can be extended to a map 9VC () — S 4=1 that we still denote by F, abusing
notation; see for example [20, Section 2.3] for the detailed definition.

Kontsevich’s invariants, as cohomology classes in B parameterized by graph homology, are defined
for smooth framed (M, oo)-bundles with smooth base B and R = R. In this article we need to restrict to
the case of having only trivalent graphs,? so, throughout this article, Kontsevich’s invariant for a bundle

3The general definition of Kontsevich’s invariants doesn’t need to assume this, but for us, because of a nuanced technicality
(more precisely, we need the very last sentence of Section 2 to hold, which is needed in the proof of Lemma 3.20), the proof of
Theorem 1.2 only works if all the vertices of the graph have the same valency. Since it is customary to consider trivalent graphs,
we will just assume that.
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w: E — Bisamap
{formal sum of trivalent graphs, closed in graph homology} — H*(B; R).

One of the by-products of this article is to extend Kontsevich’s invariants to the case where B is any
paracompact Hausdorff space and R = Z. The main theorem is

Theorem 1.2 Let E/ %> B, E" ", B be smooth (M, 00)-fiber bundles and s., s., their canonical

sections. Let F' and F" be framings on ’ and nr”’, respectively. If there exist continuous maps
h:Cy(n')—> Co(n"), h:E —>E", hg:B —> B’, hg:Sd-1 homeomorphism gd—1

such that the following diagrams commute

Ca(n'y —s Ty(a”)

ol / ﬁlgvéZ(”” ol "
fiuﬂ AN 3V Co(n) 3" Ca(n")
E/ h E// lF/ lF//
alle | wlle s s
B/ hp B//

and for every pointb € B, h and h restrict to orientation-preserving homeomorphisms on the fibers over b.
Then the Kontsevich’s characteristic classes of " pull back to those of 7’ by hp.

Remark 1.3 Without the commutativity condition of the diagram on the right, the assumption of this
theorem is the same as saying (/, h) is a ¢-bundle map. See Section 6 for some discussions about the
condition in this theorem. In particular, Theorem 6.2 is a restatement and extension of Theorem 1.2.

Remark 1.4 Theorem 1.4 in [12] (this preprint appeared a few months after the preprint of the present
paper) implies Theorem 1.2, at least in the case M is a sphere. See Theorem 6.2 — a restatement of
Theorem 1.2 (and the second to last paragraph above it, as well as Proposition 6.5) — for why this is the

case.

1.2 Outline of the proof

We reconstruct Kontsevich’s characteristic classes in a way that all the definitions are made using only
the topological bundle structure on C,(r), 7 and the maps f4, avoiding using the smooth structure
in definitions. This will make Theorem 1.2 automatic. Sections 2—4 are devoted to this reconstruction,
which is really just a translation of the original construction. In Section 5 we show that the new definition
is equivalent to the original one.

To make such a reconstruction, the natural strategy is to translate the original construction using
differential forms into the language of some topological cohomology theory (here we use Cech cochains)
and thus avoid using the smooth structure. However, the cochains in all topological cohomology theories
are rather cumbersome to work with, so we need to find the appropriate spaces so that we actually work
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with cohomology classes. The seemingly unmotivated definitions in Section 3 are for this purpose. This
approach is very similar to the work of Kuperberg and Thurston [10] (and some later works, e.g., [8]),
but with some major differences; see Remark 1.5 below.

We describe in a bit more detail how the reconstruction is done below. First, in this paragraph, we
briefly recall how the original construction roughly goes. Let E > B be a smooth (M, oo)-bundle
with smooth, compact base B, and F a framing on 7. Let I" be a trivalent graph that is closed in graph
homology;* denote its vertex set and edge set by V(I") and E(T"), respectively. Denote by C y() () the
Fulton—-MacPherson compactification of

Cy)(m) == {(xv € E)yev(m) | Xv € oo, T(xy) = (X)), Xp # X, YV F W € V(F)}-

It is a manifold with boundaries and corners. For every edge e of ', there is a forgetful map

fe: Cyy(m) = Ca(m)

forgetting everything but the two points labeled by the vertices adjacent to e. Take a closed (d—1)-
form w (called propagator) on C, (1) satisfying | WCy(m) = F*vol for some form vol on S¢~! such
that f ga—1 vol = 1. Then the desired characteristic class (with parameter I') is defined to be the class
represented by the push-forward of /\, f,*w. to B. This pushed-forward form is not automatically closed
or independent of the choice of w; all the trouble here is that C y(r)(7r) has boundary. The codimension-1
boundary strata of C y(r) () are in correspondence with subsets 4 C {oo} LI V(I') having at least 2
elements. Denote by %4 the closed boundary stratum corresponding to A; it represents the configurations
where the points with labels in A all coincide and “bubble off to a screen”. These boundary strata are
divided into 4 types, and treated separately.

(1) The subgraph I'y of I" spanned by vertices in A has a zero- or univalent vertex, and is not of the
form as in the 4-th type below. Then ¥4 is contracted by the map to B and thus does not contribute.

(2) T4 has a bivalent vertex; then there is an involution on %4, making the contribution from %4 cancel
with itself.

(3) coe Aor A= V(I'). This case relies on the framing F, the trivialization of 7 near s, and that @
is defined to be compatible with F. A dimension count shows that #4 does not contribute either.

(4) T4 has two vertices connected by an edge, then these ¥4 correspond to boundary terms of T in
graph cohomology. Since I is closed, their total contribution is O.

In our reconstruction, we no longer use differential form propagators; instead, define the space
C(n)/~F obtained from C, () by contracting 9°C, () to S~ using the framing F, and the
propagator can be naturally replaced by a propagator class 2 € H2~1(C»(n)/~F). Denote by
q:Ca(m) = Co(m)/~F the quotient map.

4Throughout this paper we work with a single graph I' instead of a formal sum of graphs, but this is just for simplicity. All
the arguments can be modified to work if we assume I' is a formal sum of graphs instead; see Remark 3.26.
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Our construction also treats the boundary strata of C y() () type by type; each type is treated in the
same spirit as the original arguments.

(1) Instead of using C y () (), we use a “weaker” compactification of Cy(r)(7), denoted by Cr(m).
When marked points coincide, C y(r)(7r) records the colliding directions of every pair of points, as well
as the relative colliding speed of each triple of points.® But C (i) only records the colliding directions
of pairs of points whose labels in V(I") are connected by an edge of I'; C (i) also does not record the
relative colliding speed of triples of points. Indeed, C (77) is defined to be the closure of the image of

Cyr) () Uf)e_eE(F)) 62(71)E(F),
We denote the image of each ¥4 in Cr () by g’};. Those $4 € C v(@)(M, o0) for A of type 1 are
“contracted”, i.e., ?E C Cr () has codimension-2 or higher.

(2) and (4) The original arguments in these two cases tell us that each ¥4 of type 2 has an involution
and each %4 of type 4 can be paired-up and cancel each other. Morally, we want to define a new space
obtained from C () by gluing each ?}; of type 2 to itself by the involution, and glue each type 4 pair
g’rl , 57)};2 to each other; thus they are no longer boundaries. However, the gluing procedure involves
much technicality, so we instead just use the space

Xr():= |J o-CrimcCam?®,

U€§E(F)

where S E(T) 1s the signed permutation group of the set E(I") (a slight generalization of the usual
permutation group), which acts on C(7)Z () by permuting the factors. Taking the union of all the
translates of C () by S E(T) makes the type 2 and type 4 boundary strata of them coincide and cancel
with each other. We will explain in Section 3.4 that after removing a codimension-2 subset 75 () from
Xr (), it is (fiberwise) a “manifold with boundary and bindings” (see Figure 1 for what binding means),
where the pages adjacent to a binding, when counted with sign, sum up to 0. Since X1 () is a subspace
of Co(7)EM), for each edge e of T, we still have the forgetful map f, : X1 () — Ca(7).

(3) Denote by S(;r) C Xr the union of all 57’11; of type 3. Then the boundary of X () — T> () is
contained in S(;r). We show that the cup product Qr 1=, E() f.Fq* Q2 actually lands in the relative
group H* (Xt (), S(x)).

SThis perspective is most manifest in the construction of the Fulton—-MacPherson compactification as taking closure in a
big ambient space, as in [15, Definition 1.3]. There, for a manifold M, the compactified n-point configuration space C (M)
is defined as follows. Arbitrarily choose an embedding of M into a big Euclidean space R™. Then C, (M) is the closure of
the uncompactified space Cy, (M) in M™ x (S™~1 )(g) x [0, oo](g), where the embedding of C,, (M) into this product space is
given by: the M" factor records the position of the n marked points in M ; the (Sm_l)(g) factor records the direction between
each pair of marked points; the [0, oo](g) factor records the relative distance |x; — x2|/|x1 — x3| among each triple of points.
For a manifold M and a graph I', our weaker compactification here can be defined in a similar way with the big product space
replaced by M V) (sm—HE @, namely, only the directions between pairs of points connected by edges of I" are recorded.
The C v () (7) is the bundle version (family version) of this.
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C2(M,00)EM™

Figure 1: Left: a binding with 4 adjacent pages. Right: an illustration of Xr.

Since X () can be roughly thought of as a manifold with boundary S(7r) and bindings with pages
summing up to 0, H*(Xr (), S()) is not trivial and Qr contains all the information we need. We
push it forward to B (cohomology push-forward is defined in Section 4.2.1 using the Leray—Serre
spectral sequence) to obtain a class in H*(B), which is the desired Kontsevich’s characteristic class with
parameter .

Remark 1.5 Our approach above to modify C y() () is very similar to that of [10] and [8]. The
similarities include: considering the space C(r)/~F and view the propagator as a cohomology class
of it; using a smaller configuration space to deal with boundary strata of type (1); and using a gluing
construction to deal with boundary strata of type (2) and (4). The main difference concerns the construction
of the “smaller configuration space”. In [8; 10], it is constructed by blowing up fewer diagonals in
MV @) (denote by M the 3-manifold whose configuration space is to be constructed); thus the “smaller
configuration space” obtained is a smooth manifold, and when doing the gluing, how the corners glue
together nicely is analyzed. Here, we construct the “smaller configuration space” in a much simpler way
(the closure of the image of the forgetful maps), and define the glued space Xr in a very simple way
as well. As a trade-off, the downside of this approach is that these spaces are not smooth; therefore we
have to make an effort to analyze that the part that is not necessarily smooth is of at least codimension-2.
Yet it is because the definition of X () is so simple in our approach — essentially, only the topology of
C () is used — that we are able to prove Theorem 1.2 which only involves the 2-point configuration
space instead of the n-point configuration spaces for bigger n.
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Remark 1.6 The reason we use Cech instead of singular or simplicial cochains is completely technical.
As mentioned above, the spaces we work with are only topological spaces instead of manifolds, but we
need a careful control of dimension, so we use the “covering dimension” which is defined for topological
spaces. Cech cochains are the most convenient to work with in this situation.

1.3 Some auxiliary notation

For a set S let |.S| denote the number of elements in S. For a set / and a space X, denote X! = [];¢; X;
for n € Z>°, denote
X"=XxXx---xX.
———

n times

Denote by Apjy C X I the big diagonal. For a map f : X — Y, denote
floxt =yl fl@iien) = (Fi))ier.

By the real blow-up of a smooth manifold X along a submanifold ¥ we mean the oriented blow-up:
replacing Y by the sphere normal bundle of ¥ in X.
We will be using Cech cochains and Cech cohomology. For a space X with an open cover 9, and
a coefficient ring R, we write (t”ou* (X: R) for the R-module of Cech cochains on X with respect to 9,
valued in the constant sheaf R x X. By a skew-symmetric Cech cochain « € CV’Q'L’ (X; R) we mean « is
such that
a(Ug,...,Ui,Uis1,...,Uy) =—a(Uy,...,Ui+1, Ui, ..., Uy)

for all Uyp,...,U, €U and 0 <i <n. If A C X is closed, we denote Cv'ou*(X A;R) = Cv'q’i(X; Rlx—4),
where R|y_4 is the sheaf obtained by restricting R x X to X — A and then extending it by 0 to X.
So, Cv‘q*z (X, A; R) can be identified with a submodule of Cv’oa‘ (X; R): it consists of Cech cochains that
vanish on A. Denote by H,(X; R) and Hy (X, A; R) the cohomology of C‘q*; (X; R) and Cv‘q"Z(X, A; R),
respectively.

If AU’ is a refinement of AL, then there is a well-defined map

HX(X:R) > HY(X: R)

(resp. Hy (X, Y:R) — Hy,(X,Y:R)), independent of the choice of refinements. Write H*(X; R)
(resp. H*(X,Y; R)) for the cohomology of X (resp. the pair (X, Y)) with R coefficients; it is the direct
limit of Hy(X; R) (resp. Hy (X,Y: R)) as U gets more and more refined. In Sections 3 and 4, the
coefficient ring R is assumed to be Z or R, and is often suppressed from notation; in Section 5, R = R.

We will also be using compactly supported Cech cohomology (and very occasionally Cech cohomology
with some other support ®; usually @ is the collection of compact subsets inside a subspace). The last
two paragraphs hold in these cases as well. The notation in the compactly supported case will be an added
subscript “c”, e.g., CV'C*’(M(X; R), H(X; R), H(X; R). (And the notation in the case with support ®
will be an added subscript “®”.)
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We follow [17, Section 2.4] for the definition of fiber bundles. When we say p : B — X is a fiber
bundle with fiber ¥ and structure group G, we mean a fiber bundle as in [17, Definition 2.3], with given
(maximal) coordinate functions that we do not explicitly mention. Given a G-action on some other
space Y’ (resp. and a G-equivariant map f : Y’ — Y), by the associated bundle of p with fiber Y’ we
mean a fiber bundle p’ : B’ — X with fiber Y’ and structure group G (resp. and a G-bundle map, see [17,
Definition 2.5] for the definition, f B'— B, po f p’) built up by gluing coordinate charts in the
same way as p.® Then p’ (resp. (p’, f )) is unique up to equivalence.

In Section 1.1 we defined a smooth (M, co)-bundle to be a fiber bundle with typical fiber (M, co)
and structure group Diffy (M, Nso). If B is a smooth manifold, then it is the same as saying (by smooth
approximation theorems we can make the transition maps smooth) E - B is a smooth submersion
between smooth manifolds, with a smooth section 5o : B — E, such that for all b € B, (77 1(b), o0 (b))
is diffeomorphic to (M, 00), together with a neighborhood U C E of seo(B) and a trivialization

t:Bx(U,oo)%((Aj,soo)

where U C M is some neighborhood of co.

Throughout this article we assume the reader is familiar with the Fulton—-MacPherson compactification —
having the picture in their mind; see [5] or [11] for reference. Some familiarity with the original definition
of Kontsevich’s characteristic classes would help (see any one of [7; 11; 20, Section 2] for reference), but
it will not be needed until Section 5.

2 Information from the graph

In this section we summarize notation and statements regarding graphs that will be used later.

Say a graph is directed if its edges have directions, ordered if both of its vertex set and edge set are
ordered. If a vertex or edge is the i-th one in the ordering, we call i its label. Given such a graph r,
we denote by V() its vertex set and E(I") its edge set. Denote by e the i-th edge of I" and v the
i-th vertex of I". Conversely, given an edge e or vertex v of I, we denote by or(e) or or(v) its label.
(So OF(eiF) = OF(UI-F) =1i.) For an edge e of I', denote by vy (e) and v_(e) the output and input vertex
connected to e, respectively.

Suppose I'; and I', are directed, ordered graphs, o : I'y — I'» an undirected, unordered graph
isomorphism, then we denote by sgn(«, vertex), sgn(e, edge) € {41, —1} the permutation signs of o on
the set of vertices and edges, respectively, and denote

number of edges whose direction is reversed by o
sgn(a, =) = (—1) £ Y

’

sgn (a) := sgn(a, edge) for d € Z even,
Bllg ) = sgn(a, vertex) + sgn(a, —) for d € Z odd.

S1f p is a principal G-bundle (i.e., the G action on Y is free and transitive), then p’ can be written as (Y’ x B)/G —> X.
Here (Y’ x B)/G means the quotient of ¥/ x B by the G-action g - (v, b) = (yg, g~ 'b).
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For a graph T, define Aut”(T") to be the group of automorphisms of I" as an undirected, unlabeled graph.
Define

Aut(@)[7 = > sgng(@) € Z.
acAut’(I")

For a set I, denote by Sy the permutation group of / and St the signed permutation group of /. Namely,
S is the group of bijections from |_|;;{i T, i~} to itself satisfying that, if i T is mapped to j* or j~,
then i~ is also mapped to j T or j~. There is an obvious map from S7 to Sy. For o € S7, we denote by
sgn(o) the sign of its image in S7; denote sgn’(0) := (—1)|{i61|"(i+)=i_}|.

Given an element « € Aut*(I"), we denote by ay € Sy(ry and ag € Sg(r) the permutations of the
vertices and edges induced by «, respectively. Define

yroAut (D) — ey, Yr@)e®) =ap@® if ay(vi(e) = ay (v£(e)).
Intuitively, one can think of e® as the two half-edges of e.
If T" has no isolated vertex, this is an injective group homomorphism.
2.1 Quick review of graph homology

Let & be the free abelian group generated by directed, ordered graphs that are also nonempty, connected
and such that every vertex is at least trivalent. Define two equivalence relations on &, ~g4g and ~e¢ven,
generated by the following: for directed ordered graphs I'; and I',, if there exists an isomorphism
¢ : 't = I'2 as unoriented unordered graphs, then

I'1 ~odd (sgn(¢, vertex) - sgn(¢, —>))I‘2, I’ ~even sgn(¢, edge) 5.

For a directed, ordered graph I" and an edge e of I', we define I' /e to be the graph obtained from I" by
contracting e, with edge directions unchanged, vertices ordered in the same way as I', except for the new
vertex, now put in the very front; edges ordered in the same way as I'; as below:

80dd : Qs/’\“odd — QS/Nodd, Seven . ﬁ/weven — Qi/’\“even

Q

Define Z-linear maps

induced by, for a directed ordered graph T,

0 ifor(v4(e)) >or(v—(e))

5oga(T) = Z (_l)or(v+(e))—or(v_(e))+1 itor (v1- () <or (—(@) I,
ecE()

Seven(@) =Y (=1)’T@T/e.
ecE()
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2 52

It can easily be seen that 67, . 02,cn

= 0. Graph homology is defined to be the homology of (&/~dd, Sodd)
and (& /~eyen, Geven)- FOr shorter notation, for an edge e in a graph I', we define

0 ifor(v+(e)) >or(v—(e))
1

or(v+(e))—or(v_(e))+{ o ) oy

sgnogq,r(€) = (—1)

The main takeaway we need is the following statement, which follows directly from definition: if
+-+Iyed, [Sodd (Z?:l Fi)],\,odd =0or [&ven(Z?:l Fi)]Nmn
class with respect to ~odd, ~even), then there exists an (often not unique) pairing between the edges of

=0 (“[-]” denotes taking equivalence

I't,..., Iy, such that, if el.F a, efb is a pair, then there is an undirected, unordered graph isomorphism

o I‘a/el.r“ — Fb/e;b

such that
T, r
sgn(a, vertex) - sgn(a, —) - sgyqq,r(€; “) - $8Noqq,r (€ Py=-1
or -
La
sgn(a. edge) - (~1)°Ta (@ VTory ") = 1,
respectively.

2.2 Information from the graph

Let d > 3 be an integer. Denote by d € {odd, even} the parity of d. Let I' be a connected, directed,
ordered graph such that all vertices are at least trivalent, and [§ ;(I")]~ ; = 0. For example, the tetrahedron
graph— the graph with 4 vertices and 1 edge between each pair of vertices, arbitrarily directed and
ordered — satisfies these conditions when d is even.

It is easy to see that all the arguments in this section work if we assume I" is a formal sum of graphs
instead.

For V/ C V(I'), we denote by 'y the subgraph of I" spanned by the vertices in V', and by '/ V' the
graph obtained from I' by contracting Iy to one single vertex [V’],. The order of edges in Ty, I'/ V'
and the order of vertices in 'y are the same as in I". The order of vertices in '/ V" is defined as: [V'],
is the first one, and the rest are ordered as in I".

Suppose A C {oo} L V(T"), |A| > 2. Define
I’y as in the previous paragraph if co ¢ A, /Ty = /A ifoo¢ A,
I'/(A—o00) ifooe A, IMi—0o if 00 € A.

We say A is of

I'y=

e type 1, if I'4 has a zero-valent or univalent vertex, and either |A| > 3 or I'4 has no edge;
 type 2, if I'4 has a bivalent vertex but no uni- or zero-valent vertex;
e type 3, if all vertices of I'4 are at least trivalent;

e type 4, if I'4 has exactly 2 vertices with 1 edge connecting them.
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Notice that since all vertices of I" are at least trivalent, oo € A implies A is of type 3.
Suppose A as above is of type 2. We fix v4 a bivalent vertex in A. Denote by 6/11’ ei € E(T) the two
edges connected to v4. Define a4 € S E() as follows:

oalet) =et ife#e} el

+ F o
oalef ) =e3 " ifey and e} both start or both end at v4,

+ + .
04 (e}l ) = efi if one of e}l or 631 starts at v4 and the other ends at v4.

Now we look at A of type 4 above. Since [§;(I')]~, = 0, there exists a pairing (given I', let us choose it
once and for all, and call it a I'-pairing) between type 4 A’s such that, if A1, A, are paired (call them
a I'-pair), then there exists an undirected, unordered graph isomorphism a4, 4, : I'/41 — I'/A2, as in
the last paragraph of Section 2.1. Denote by e, e; the edge in I' between the two vertices in Ay, A3,
respectively. We call eq, e; a I'-pair as well, and denote a4, 4, also by @e,e,. We define o¢ e, € S E(T)

to be N N
Uelez(el )=ex",

+ = . . .
Oerey(er ) = e]r if otq, 4,(e)) = e]r, preserving direction,

+ F . . . .
Ocies (el-F )= e{ if g, 4, (el-F) = el | reversing direction.

Note that we implicitly identified edges in ET —{e;} (resp. Er — {e2}) with edges in I'/A; (resp. '/ A3).
Evidently 0¢,e; = 0;132.
If " is trivalent, then [A1], and [A5], are the only vertices of valency 4 in '/ A1 and T/ A,, respectively.

So a4, 4, must map [A1]y to [A2]y.

3 Defining various spaces, all having a $-action

As mentioned in Section 1.2, we would like to (at least partially) upgrade the construction of Kontsevich’s
classes from the chain level to the cohomology level, and this is done by replacing the configuration space
Cy(r)(sr) with another space Xr (7). In this section we construct the “single fiber version” of it, X, and
prove various statements regarding its structure. In Section 4 we will consider the fiber bundle version.
That the fiber bundles we consider later are ‘¢-bundles (see Section 1.1) means that the spaces we construct
here need to have %-actions, which is clear from the definitions given in this section.

Let (M, o0) be as in Section 1.1. Denote by A C M x M the diagonal. Denote by C; (M) = MT — Apig
the configuration space of distinct marked points on M labeled by /. If [ is ordered, let Cy (M) be oriented
by the product orientation on M. Denote by C (M) its Fulton-MacPherson compactification [5]. It can
be constructed from M ! by a sequence of real blow-ups along various diagonals. For example, C a,23(M)
is the real blow-up of M x M along A. The space C;(M) has the structure of a smooth manifold with
boundaries and corners. For I’ C I we have a smooth forgetful map f;/: C;(M) —> C /(M) lifting
the map

MT— MY, (xi)ier — (iier:
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If I’ has only one element i, we also denote f; = f7/.

Denote Cy(M, 00) = {(x;)ier € Cr1(M) | x; # oo, Vi}, oriented in the same way as Cy(M). Denote
by C 7 (M, o) its Fulton-MacPherson compactification, which is defined to be the preimage of co under
the forgetful map fiy, : (_?Iu{*}(M) — M. For simplicity we write C, (M, 00) 1= 5{1,,“,,,}(M, 00). For
example, C»(M, 0o) is described in Section 1.1. Define t : C (M, 00) — C2(M, o) to be the map
swapping the two marked points.

For A C {oo}U I, |A| = 2, we denote by 5;),4 C C (M, oo) the (open) boundary stratum corresponding
to that the marked points with labels in A coincide. Denote by % its closure in C 7 (M, 00).

3.1 Defining various spaces

Recall in Section 1.1 we defined
G .= {(g, g) € Homeo(C (M, o0)) x Homeoy (M, Noo) | g0 f+ = fu og'}.

It is easy to see that the action of § commutes with the point-swapping map 7. We call the action of % on
C>(M, 00)! by acting simultaneously on every factor the diagonal action. All the actions of % we talk
about below are action by homeomorphisms.

Let I be a graph as in Section 2.2. Assume I is trivalent. For an edge e of I', we denote by
fe: (_TV(F)(M, 00) = C (M, 00) the forgetful map lifting

MY® M2 (x)peva) — (*yr (o) xvi(e))-
Definition 3.1 Denote fT = (fe)eer(T) : EV(F)(M, o0) = C (M, 00)EM  Define
Cr(M,o0) =image(fr). Cr(M,o0) = fr(Cyr)(M,o0)).
So, Cr(M, 00) C Cr(M, 00) C C2(M, 00)E@D),
Since I is connected, fT|cy 1) (M,00) 1S an embedding. Thus it gives a diffeomorphism
Cya)(M, 00) — Cr(M, o).
Since V(I) is ordered, this also gives Cr (M, 0o) an orientation. Since Ct (M, co) can be written as
{e)eerr) € C2(M. 00) B0 [ Ve, o' € E(N). ¥s.5" € (.=}, fs(ze) = fyr(ze1) &= vs(e) = vgr ()}
it is invariant under the diagonal %-action.
Lemma 3.2 C (M, co) is the closure of Cr(M, 00) in C(M, c0)E@),

Proof Since C y()(M, 00) is compact, fr (C y()(M, 00)) is closed and thus contains the closure of
Cr(M, c0). On the other hand, Cy (M, o) is dense in EV(F)(M, 00), SO

Cr(M,o0) = fr(Cyr)(M, o0))
is dense in fT (EV(F)(M, 00)). O
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Abusing notation, we denote by the projection C (M, 0o) — C (M, o0) to the e-th coordinate still
by f. and denote the inclusion map C (M, o0) — C (M, 00)E @) still by fr. It follows directly from
Lemma 3.2 that C (M, co) is invariant under the diagonal action of G on C (M, co)E@.

Definition 3.3 For / an ordered set, define an action ¢ of S; on C» (M, 00)! by diffeomorphisms: for
(NS § I

. ; By —
$(0): C2(M,00)" — C(M, 00, ¢(o)(zl~),-ezz({Zj o) = ) '
iel

w(zj) ifo(i®*)=,T
It is clear from definition that every ¢ (o) is equivariant with respect to the diagonal action of % on
6 2(M y OO)I.

Definition 3.4 Xr:= | ¢0)(CrM.o00))CCr(M. 00)5®).

O'ESE(F)

We still denote the inclusion map Xt — C»(M, 00)E(T) by fr and its e-th factors by f,.

It follows from the %-invariance of C (M, co) and the 9-equivariance of each ¢ (') that X is invariant
under the diagonal action of ¢ on c 2(M, oo)E (@), We therefore define the action of 4 on X r to be the
restriction of the diagonal action. The maps f, are clearly %-equivariant.

It seems that X (and its bundle version) is the appropriate space that accommodates Kontsevich’s
characteristic classes. It is defined this way— taking the |§ E)| copies of Cr(M, ) inside of
C2(M,00)EM and taking their union — because this makes the type 2 and 4 boundary strata of the
many copies of C (M, oo) cancel with each other; see Figure 1. On the other hand, being a subspace of
C2(M, 00)EM automatically makes it (and all its subspaces) metrizable, as a topological space, which
is needed for the various arguments regarding covering dimension and Cech cohomology below.

We first make a remark that in the definition of X1 as a union, the “main stratum” parts either coincide
or do not intersect. This is the content of Lemma 3.5 below.

Recall Aut¥(T") is the group of automorphisms of I' as an undirected, unlabeled graph. An element
o € Aut”(I") consists of permutations ay € Sy(ry and ag € Sg(r). Denote by

y : Aut*(I') — Diff(C yr) (M, 00))

the action of Aut*(I") on C y()(M, 00) by permuting marked points according to ay, namely, y(«) lifts
the map
MY — MVD  (x)yeray — Cay )ver@)-

Then (recall Y : Aut*(I") — S £ () defined right before Section 2.1)
(1) froy(@) =¢{r(@)o fr.

Lemma 3.5 Foro € §E(p), if o ¢ image(Yr), then ¢ (c)(Cr (M, 00)) NC (M, 00) = @; if 0 = Y (a)
for some o € Aut*(T"), then ¢(0)(Cr(M,o0)) = Cr(M,o0) and ¢(o) changes its orientation by
sgn(«, vertex)“.
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Proof This lemma is intuitively quite simple: an edge e of I' contains the information of the two vertices
v+ (e); so, since every vertex of I' is connected to some edge, all the vertices of " (and hence T itself)
can be recovered from its edges. We spell out the details below:

For simplicity we prove the lemma in the case I" has no repeated edges; it can easily be generalized to
the other cases as well. Given an element z = (z¢)eeE(T) € C (M, 00)EM)  we define its set of vertex
positions | { f+(z¢). f-(ze)} C M. It does not change under the ¢ (o) action which only permutes
factors. For x € C v()(M, 00), we denote by { f,(x)},ey(r) the set of vertex positions of fr(x), which
has exactly |V(I')| (distinct) elements if x € Cy(r)(M, c0) and less otherwise. Thus, if we suppose
$(0)(Cr(M,0)) N Cr(M,00) # @, and if x, y € Cy(r)(M, c0) are such that fr(x) = ¢(0) fr(y).
then there is a permutation ay € Sy(r) such that f,,, (,(y) = fu(x). Since I" has no repeated edge,
there is a unique @ € Aut*(I") with oy as given. So y(«)(x) = y. So,

fr(x) =¢(0) fr(») = (@) (fr(y(@)(x) = ¢(0) 0 p(Yr (@) (fr(x)) = (0¥ () (fr (x)).

Since ¢ (o (e)) acts by permuting factors of C (M, 00)E™) composed with 7’s, and no two factors
of fr(x) are the same even modulo 7, because I' has no repeated edges, we must have oy (o) = id.
So o = Yr(a~!). This proves the lemma except for the statement about orientation. The orientation
statement is straightforward. a

Definition 3.6 For A C {oo} U V(T), |A| = 2, define

{(xv)vey(p) e (M — {oo})V(F) | xy =xp < (v,wedorv= w)} if oo ¢ A,

Cyry.a(M,00) =4 " _ _ _
pV(IF)—A(CV(I‘)—A(Mv 00)) N pyt(oo, ..., 00) ifoo € A,

where py(ry_4: MV@D) 5y V-4 gpd PA: MVI) 5 ppA={o} gre the projections. Then we have

the following commutative diagram:

G, — I Co(M, 00)EMD

l l(f,,er)E(F)

f/
Cyry:a(M, 00) ——— (M?)ED

Define
9N = (o S ED) ™ F(Crrya(M. 00)) N T (M, 00).

Denote by 57)5 the closure of ff};. For an edge e of I, denote ¥1 := g)?vi(e),vf(e)}-

Intuitively, elements of Ef’}; are configurations of points such that those in A all coincide in M and
no other two points coincide. Notice that ¥4 = fIT1 (g};), & A C fr 1 (5’)5) C %4, and the inclusions are
often strict.

Recall that (see Figure 1) in X as a union of many copies of C (M, oo) inside of C (M, c0)E @) we
want those codimension-1 strata, Ef};, of type 2 or 4 in the various copies of C (M, co) to glue together
to form bindings. For example, if the binding has only two pages, it should locally be two topological
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manifolds with boundary gluing together along their boundaries, forming a topological manifold. This is
only true if we remove the nonnice, “singular” parts of those S’E and only leave the nice part, which is
what we call 9’5 in Definition 3.7 below.

Definition 3.7 For A C {oo} U V(I'), |A| > 2, define 5911; C S/’}; to be the set of points such that locally
C (M, 00) is a topological manifold with boundary, i.e.,

E/’A {x €94 |3U c Cr(M, o0) open neighborhood of x
and homeomorphism v : U — RAVIDI=1 5 RZ0 gych that v(&”g NnU) = REAVDI-T {()}}.

Moreover, define

=" U U @@ -5
O‘ESE(F) A C‘{Ool}qu(r)
>

In Definition 3.8 below we give names to the various parts of Xt. The “good” part, consisting of the
main strata and the “nonsingular” parts of the type 2 and 4 codimension-1 strata, will function like a
topological manifold with bindings as in Figure 1. The remaining of X1 can again be divided into two
parts: S, consisting of all g’}; of type 3, and T3, consisting of everything else. We will show that neither S
or T, causes an issue in our argument, but for different reasons: we will show that 75 is of codimension at
least 2 (hence the “2” in the name “75,”), therefore not contributing to an intersection-theoretical argument;
although S has a larger dimension, it can be shown (in Section 4.1) that the cohomology class we care
about is actually in the relative cohomology H* (X, S).

Definition 3.8 Define the following subsets of Xt

XE = U ¢(o)(cp(M o u | ?fﬂ), Ty = Xr — X2,

O'GSE(F) A of type 2 or 4
U U ¢s@@n n= U ¢(o)U<9’£ N
UE§E(F)AOftpr3 O’GSE(T)

A in the above formulas are subsets of {oo} LI V(I') such that |A]| > 2.

Notice that if A is of type 1, then T — & since F$4CC y(@) (M, 00) is contracted by fr. So
T1 DT, DT —S. Also T», T1 and S are invariant under the S E(T)-action ¢> And T and T, are closed,
since every point in Efr (resp. Sf’F) has a neighborhood lying in Cr (M, oo) U Ef’r (resp. Cr (M, 00) U Ef
It is evident from the above three definitions that for every A, 9%, Sf};, 9’5, S’F C Cr (M, 0o) are invariant
under the %-action, and therefore S, 77 and 7, are invariant under the %-action too.

Recall the covering dimension of a topological space X is the biggest integer N satisfying that any
open cover of X has a refinement U such that if Up,...,Uny4+1 € U and U; # U; for all i, j, then
UpN---NUpny+1 = J. Below we write dim;(X) for the covering dimension of X (“¢” stands for
“topological”). Notice that everything we have defined so far are subspaces of C»(M, 00)E @) thus are
all metrizable topological spaces.
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In Sections 3.2 and 3.3 below, we show that
e dim;(73) <d|V(I')| —2 and dim,(T7) < d|V(T")| —1;

o HAVI(X1 §: R) admits a nontrivial $-equivariant map to R. (Recall R = Z or R is the coefficient
ring; we take the trivial ‘-action on R.) This statement is the goal of Section 3 and is all that we
need to reconstruct Kontsevich’s classes. In all that follows we will call this map p.

3.2 Dimension control

We list some basic properties of the covering dimension that will be used later in this subsection. Let X
and X’ be nonempty metrizable spaces.

e If Y C X is closed, then dim;(Y) < dim;(X). This follows from the definition.

e If Y1,...,Y, C X are closed and dim;(Y;) < m for all i, then dim;(Y; U---UY},) < m; see [13,
Theorem 9-10].

e dim; (X x X’) <dim;(X) + dim;(X"); see [13, Theorem 12-14].
Lemma 3.9 Let f : X — Y be a smooth map between smooth manifolds (possibly with boundary and
corners). Assume X is compact. Denote
Ay ={xeX |rank(d f) <71}, fAr= f(A).
Then dim; ( fA,) < r. Specifically, dim;( f(X)) < dim(X).

Proof This follows from two celebrated theorems. By [14, Corollary on page 169], there exist countably
many charts (U; C Y,¢; : Ui — R")%, of ¥ such that fA, C (J; U; and the Hausdorff dimension
of ¢; (U; N fA,) is at most r for all i. By [18], the covering dimension of a metrizable, separable
space (which ¢; (U; N fA;) is) is no bigger than its Hausdorff dimension. So, dim;(U; N fA;) <r for
all i. Since X is compact and A, is closed in X, fA, is compact, and so it is covered by the charts

Uy, ..., U, for some m. By shrinking each U; a little bit, we have closed subsets V; with V; CU; C Y
fori =1,...,m, which still cover fA,. And dim;(V; N fA;) <r for alli <m. Since V; N fA, are
closed subsets of fA, and fA, is their union, dim;( fA4,) <r. O

Corollary 3.10 dim,(X1) <d|V([)|, dim,(S) <d|V([)|—1, dim,(Ty) <d|V()|-1.
Definition 3.11 Given a graph I/, define Vi C (S471)E T to be the image of the map

d —quo — /
SB = (Feera : CipnRY) —> (STHET,

where C CI’}I(OF,) (R?) is the Fulton-MacPherson space of configurations of V(I'’)-marked points in R4,
modulo translation and scaling (so dim(C V(p/)(Rd)) =d|V({I’)|—d —1; “quo” stands for “quotient™),
and f, is the unique map induced from

Xvi(e) — Xv_(e)

|xv+(e) - xv_(e)| ’

RHYTD) — Apig —> S97L (xp)yevary —
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i.e., f/ is the direction between the points marked by the vertices adjacent to e. Notice the GL(d) action
on R? induces GL(d )-actions on 4=, C4 (F/)(Rd) and V.

Let C 312(11,) (R?) be the quotient of (R4 )V(F ) — Apig by translation and scaling.

Lemma 3.12 If x,y € C (F,)(Rd), x # y and fllR;d (x) = fllR;d (), then dxfr]gd and d, fllRfd are not

injective.

Proof Since Clq/]z(l)"’) R%)isa quotient, let us take representatives x” € (R4 )V(F ) of x and y'e (R4 )V(F )

of y such that the marked point labeled by v1 I is the origin and the marked point labeled by v2

has norm 1. It is easy to see that for all 0 < A < 1, if Ax" + (1 — 1)y’ € (Rd)V(F) — Aypjg, then
fﬁ@" (Ax"+ A =2)y']) = fI]‘@d (x)= f}@”’ (»). So the differential of fr}g}d at x or y vanishes in at least
one direction. |

For A C {oo} U V(I'), |A| = 2, recall the definitions of 'y and I'/ 4 from Section 2.2. From the
construction of Fulton—-MacPherson compactification, we have:

Fact 3.13 %4 is a fiber bundle over C y(r/4)(M, 00) with fiber C (F )(]R ) and structure group SL(d).
Notice 9’5 = 1 (P4).

Corollary 3.14 g)}; is a fiber bundle over C /4(M, 0o) with fiber V', and structure group SL(d). The
map frlz, is an SL(d)-bundle map covering fr/a : C_’V(F/A)(M, 00) — C_’F/A (M, 00), which is flllf1 on
each fiber.

Notice that the covering dimension of the total space of a fiber bundle with compact base is no more
than the sum of the covering dimensions of its fiber and base: over each chart, the bundle is a product, so
this inequality holds; and since covering dimension does not increase when taking finite unions of closed
subsets, it holds for the whole total space.

Corollary 3.15 Suppose A C {oo} U V(") is of type 1. Then dim; (E_P};) <d|V(I)|—2.
Proof Since I'4 has a zero-valent vertex vg or a univalent vertex v; adjacent to v’l,
R4 d v
Iry 1 Ciry®RY) = Vi,
factors through fy, : (I],u(or )(Rd) —C (Il,u(OFA) {UO}(]R ) which forgets the point labeled by vy, or through
o ¢ V(FA)(Rd )—> S d-1 xCy, cie V(T 4)—{v; }(R ) which forgets the distance between the points vy and v7.
So, dim;(Vr,) < dim(é‘g}l("FA)(Rd )). o
Lemma 3.16 dim, (¥} — é’Pg) <d|V(T)|—2 forall A C {oo} U V(T), |A| > 2.
Proof Denote by py: %4 — EV(F/A) (M, o0) and p}; : g)g — EF/A (M, o0) the fiber bundles in Fact 3.13
and Corollary 3.14, respectively. Denote
Zy={xePy| rank dx (frl, 21 (puy) <dIV(Ta)|—d = 1}, Ra= fr(Pa—Zn).
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(Notice that p;l( p4(x)) is just the fiber of py containing x.) In other words, Z4 consists of points
x € $4 at which ft |p21 (p4(x)) 18 NOt an immersion. ?E — R4 is also a fiber bundle over ép/A (M, 0)
with fiber

a ~quo d
SR (tx e OB RY) | rank e R < d|V(T)| —d —13).

o) dlmt(ffr Ry4) <d|V(I')|—2 by Lemma 3.9, and S’F Ry is closed in EPF Since ¥4 — 8’,4 is covered
by codimension-2 or higher strata of C v (M, 00), dim; (fr (Pq— S’A)) <d|V(I')| —2. We claim that

) IY — (fr(Fa—Fa) U Ty — Ra)) C FY.

If this is true, then S’F 9’5 is contained i in the union of two closed subsets of dim; < d|V(I')| —2; and
since ffr 5’)5 is itself closed in yr (that Ef is open in ffr follows easily from the definition of 2 4)» we
are done.

Let x be in the left-hand side of (2). Since x € R4 and x ¢ f1 (P4 — Sf’A) by Lemma 3.12, fi~ L(x)
consists of a single element y € H’A We next show that fr is a homeomorphism onto its image in a
neighborhood U C CV(F)(M, 00) of y. Since pA(Ef’A) = Cyr/a)(M,00) = Crj4(M,0), frl|g, is
locally the product of fI]‘lid with a diffeomorphism. So fr[§, is an immersion at y. Since fT|cy 1) (M,00)
is injective, fT is injective in an open neighborhood U C C y 1y (M, o0) of y. Since fT is a closed map
(év(r)(M, 00) is compact), fT|y is a homeomorphism onto fr(U). Since fr ((_?V(r)(M, oo)—U)isa
closed subset of C (M, oo) not containing x, there is a neighborhood V C C (M, 00) of x such that
VN fr (CV(F)(M, o00) —U) = @, s0 V C fr(U). This shows that C(M, co) has the structure of a
topological manifold with boundary in the neighborhood V' of x, completing the proof. |

Corollary 3.17 dim;(T7) <d|V(I')| —2.

Lemma 3.18 Let Y be a compact metrizable space with dim;(Y) = n, and Y, C Y1 C Y be closed
subspaces such that dim; (Y1) <n — 1 and dim; (Y2) <n — 2. Then, for every open cover U of Y, there
exists a refinement U’ of U such that

(*) there are open neighborhoods Ny, of Y and Ny, of Y such that for all Uy, . .., U, € AU, pairwise
distinct,
WoN---NU,)NNy, =@, (UpN---NU,—1)N Ny, =0.

Hence, if S C Y is a closed subset such that Y1 — Y, C S, then there are canonical isomorphisms
H"(Y,S)~ H"(Y, Y1)~ H!(Y —Y1).

Proof The proof of [9, Lemma 21.2.1] goes through almost verbatim here and gives us the first statement.
(We first use [13, Proposition 12-9(1)(3)] where Y1, Y, are plugged in as Cy, C,, and then use [13,
Proposition 9-3].) The second statement easily follows using standard arguments in Cech cohomology.
For the first isomorphism: the restriction map éaf'L(Y, Y1) — CV’GfL(Y S) is an equality for all i >n —1 and
iy, istying (%) Hg (Y, Y1) =lim,, satisfying () Hj (Y, S); since
every open cover of Y has a refinement satisfying (x), these two limits are equal to H"*(Y, Y1), H"(Y, S),

all open covers U of Y satisfying (), so lim
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respectively. For the second isomorphism: this follows from [2, Proposition 12-3]. Alternatively, let ® be
the collection of compact subsets of ¥ — Y7, viewed as subsets of Y, and it is not hard to check directly
that the natural restriction maps Hg(Y) — H!(Y — Y1) and Hg(Y) — H"(Y, Y1) are isomorphisms. O

Corollary 3.19 HAVOl(xr, )~ HAVOl(xp, 7)) ~ HAV O X1 — T1) via G-equivariant isomor-
phisms.

3.3 Gluing codimension-1 faces

The goal of this Section is to construct a nontrivial map p : Hf, |V(F)|(X r —T1) — R, and the method is
to realize X — 71 as the image of a proper map from an oriented topological manifold of dimension
d|V(T')|. An alternative approach for constructing p is given in Section 3.4 (which we will only sketch),
and it is a better and more canonical approach. But the method here is less technical and easier to write,
so we use it instead.

Recall at the end of Section 2.2 we defined, for every A C {oo} Ll V(T") of type 2, 04 € S E(T)» and for
every I'-pair A1, A2 € E(I'), 04,4, € §E(I‘)- Thus, we have

$(04), (04, 4,) : C2(M, 00)ET) — T (M, 00)E®)
as in Definition 3.3.
Lemma 3.20 $(oa)(Fy) =Ty and ¢(oa,4,)(Fy,) =T,

Proof Let A be of type 2 with chosen bivalent vertex v4, and vertices v}l and vi adjacent to it. There
is a dense open subset 5};1 C $4 on which we can define an involution ¢ §’f4 — 50171/4 which fixes all
other marked points and reflects the point labeled by v4 along the midpoint of the line segment between
the points labeled by vfl1 and vfl, on the screen that these marked points lie on. (This argument is in
Kontsevich’s original paper [7, Lemma 2.1]; see e.g., [20, Figure 16] for a nice picture. Notice here we
use &:4 because ¢/, is not well defined on §A, due to cases when the new position of the point labeled by
vy coincides with other points.) Clearly ¢(c4) o fr = fr o ¢);. So

$(04)(TY) = ¢(04)(fr(Fa)) = o) (F) = fr(@,(F)) = fr(Fy) = F5.

Let A1, A, be a I'-pair. Since for A of type 4, §)A is an S9~1-bundle over Cy(r/4)(M, c0) with fiber
over x canonically identified with ST, (x)M, we can define ¢1/41 4 EOPAI — §3A2 by lifting the map
Cyra,) (M) — Cyr/4,)(M) switching marked points in the same way as a4, 4, (defined by the end
of Section 2.2) maps vertices of I'/A; to vertices of I'/A5. Since [A1]y is mapped to [A2]y, the fibers
are canonically identified. By the definition of 04, 4,, ¢(04,4,)° fT = fr © (;51’41 Ay So

$(04,4,)(FYy,) = D04, 4,) (ST (Fa,))

= (04, 4) (fr (Fa) = fr (@, 4, (Fa) = fr(Fay) =T, =
Corollary 3.21 $0)(FD =T, and ¢(oa,4,)(FY) =T
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Denote
Cr(M,00):=Cr(M,00)U | ] 94 CCr(M,o0).
A of type 2 or 4

Then by the definition of O§F, C[(M, 00) is a topological manifold with boundary.

Definition 3.22 Take 2/EMI|E(T)|! copies of CL(M, 00), labeled by elements in S ET)- We write
CL(M, 00)? for the copy labeled by o € S E(T)» and similarly write (Sf ), x9, etc., for its subspaces and
elements. We orient C[.(M, 00)? by twisting the orientation on Cr (M, c0) by (—1){d—Dsen(0)+d sgn’(0)

Define
Xr = ( | | crom. oo)")/wr,

U€§E(F)
where ~r is the following equivalence relation (gluing boundary components pairwise):
e forall A C {oo} U V(T) of type 2, x € 5 and 0 € Sg (1), X% ~r (¢(04)(x))°%4
o forall Ay, A a ['-pair, x € o§£1 and o € §E(r‘), x% ~r (¢(0A1A2)(x))‘m;11f‘2.

Moreover, define
f = (f)ecem) : Xr —> C2(M, 00)ED), f|c’r(M,oo)o =¢(0)o [T.

It is well defined since ¢(00A_1) op(o4) = ¢p(0) and ¢(00A_11A2) op(04,4,) =¢(0).

It can be easily seen that image( f ) = Xr—T7. It follows from Lemma 3.5 and the definition above that
f LI, crom 00)7 is a covering map (onto its image) of degree |Aut" (F)| Since ¢ (o) is Y-equivariant
for all o € SE(F), the diagonal %-action on C, (M, o0)E @) lifts to an action of % on Xr, so that f is
equivariant.

Lemma 3.23 X is an oriented topological manifold of dimension d |V (I')|.

Proof That it 1s a topologlcal manifold of dimension d |V (I")| follows from that ¢(o4) : &r A &r A
and ¢(04,4,) : S’e L~ SPF are homeomorphisms and ~r glues together these boundary components
of | | Se C/ (OM 00)? pairwise. It is not difficult to verify that ¢ (04) and ¢ (04, 4,) are orientation-
reversing, if the (EI’F)U’S are oriented as boundaries of C{.(M, c0). a

The purpose of the following lemma is to show that f induces a map
e HAV Ol X — 1y) — HAV O (&),
Lemma 3.24 f :Xr — Xr—T) is a proper map.

Proof Let K C Xt — 71 be compact. To show f ~1(K) is compact, let {x, }o2, be a sequence of points
in f‘l (K). There is a subsequence (still call it {x,}) and some o € §E(p) such that x, € C[.(M, 00)?
for all n. After possibly passing to a subsequence, f~ (xxn) converges to some y € ¢(0)(Cr(M,00)) N K,
since f(xn) € ¢(0)(CL(M, o0)) and Cr(M, ) is closed. But y ¢ ¢(0)(§)}; — 03?5) for any A, since
¢(0)(E_l’£ —09?5) C Ti. Thus, y € ¢(0)(C{.(M, 00)). Since f maps CL(M, 00)? homeomorphically
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onto ¢(0)(Cli (M, 00)), by the definition of Cli (M, 00), {x,} converges to the unique element x €
S ) N CR(M, 0)°. O

Definition 3.25 Define p : HZVIDl(X1, S; R) —> R to be the composition

Corollary 3.19
—

HVOl(xp. 5) HAVOl(xr - 1) L5 gAVONFL) — R,

where the last arrow is by taking the cap product with the fundamental class of Xt (in the sense of
Borel-Moore homology).

Since the %-action on X is orientation-preserving, the last map is 9-equivariant (where R is equipped
with the trivial action). So % acts on all the objects involved in this definition and all maps involved are
equivariant, implying that p is §-equivariant.

Remark 3.26 If T is not a single graph but a formal sum of graphs, Y '~ ; T, the arguments in Section 3
need to be modified as follows. First, note that if two graphs share a common boundary term, then
they must have the same number of edges; therefore without loss of generality we can assume all the
I'; have the same number of edges, say n. Then, let us fix, for each I';, a bijection between E(I';) and
{1,...,n}. Since we will soon be summing over all permutations of edges, this choice does not matter.
Our “ambient space” in this case will be C,(M, o0)”, in place of C,(M, 00)ET) in the single-graph
case. Now, for each I';, we can define subsets Cr; (M, 00), Er‘i (M, 00) C EZ(M, 00)", just like in the
single-graph case, using the chosen bijection. Similar to Lemma 3.5, it is easy to see that the elements in

19 (0)(Cr; (M, oo))}l.e{1 mb.oeS, , are disjoint from each other. We define

..... n}

Xym r, = U $(0)(Cr, (M, 00)) C C2(M, 00)".

n},ie{l,...,m}

The rest of the arguments in the paper all generalize to this case in a straightforward way.

3.4 Digression: what Xt looks like

This subsection can be skipped. It is here to justify Figure 1: after removing a codimension-2 subset
from XT, it looks like a manifold with boundary and bindings, where each binding component is connected
to an even number of pages, summing up to 0 when counted with sign. This statement would also allow us
to define p in a different (more canonical) way than in Section 3.3. But working out everything precisely
is quite technically involved, so we will only sketch such an approach in this subsection.

By Lemma 3.5,

Xr = | | p(@)(Cr(M.c0)) U | ] ¢(0)(Cr(M.o00)—Cr(M.)).

[0]€SEr)/image(¥r) oeSEm)

Denote the first term above by X r-
First we define “binding points” (those p in the definition below).
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Definition 3.27 For A C {oo} U V(I"), |A| > 2, define OS?E C ng to be the set of points p satisfying that
there exists a neighborhood U C C2(M, 00)E @) of p, such that for every o € S E(T)» €ither
(1) $(0)(Cr(M.00))NU =2, or
(2) p=o0(q) for some A" C {oo} U V(I), |A'|>2,q € 5”5/, and
e there is a homeomorphism
v:UN$0)(Cr(M, 0)) — RV T xRZ%  such that v(U N¢(0)(FY)) = RV~ x {0}
(i.e., ¢(0)(C1 (M, 0)) is a topological manifold with boundary near p);
s UNng(o)(Fy) =UnsL.

For p € ?F, define the signed count of pages at p to be the signed count of elements in S E(T): those o
of case (1) above are counted with 0; those o of case (2) above are counted with £1, 41 if the boundary
orientations of Ef’}; near p, as boundary of ¢ (0)(C (M, o)) and as boundary of C (M, 00), agree, and
—1 if they disagree.

Lemma 3.28 If p € OE?E where A is of type 2 or 4, then the signed count of pages at p is always 0.

Sketch of proof For type 2 A’s, the pages come in pairs of opposite signs; see Lemma 3.20. For

type 4 A’s, the pages sum up to 0 because I' is closed in graph homology. |
In this subsection, OS?E replaces the role played by ?fgz in the previous section. We define S, 77 and

T, verbatim as in Definition 3.8, just with 0§£ replaced by 080’?5. The statements in the paragraph below
Definition 3.8 still hold. We next show that analogues of Corollaries 3.17 and 3.19 still hold.

d

Lemma 3.29 There is a -equivariant surjective map H, vl (XTr —T1; R) > R, where 4 acts on R

trivially.

Sketch of proof Xt — 77 consists of two parts: )? r is an open subset of Xt — 7T} which is also an
d|V(I')|-dimensional (oriented) topological manifold, and Y := Xp — 71 — X r is a closed subset of
X1 — T which is also a (d|V(I')|—1)-dimensional topological manifold (this follows from the definition
of book binding points). It also follows from the definition of book binding points that Xt — 77 is locally
contractible. So we have the long exact sequence of compactly supported cohomology,

oo HAVOIS1(yy B gVl R Ly gdVOl(xn ) — gAVOlyy

where the last term is 0. Denote by J; and J5 the set of connected components of ¥ and X ', respectively.
Then
Hé1|V(F)|—1(y) ~ R®/1, HCd|V(F)|()?F) ~ R®/2,

and § is the coboundary map. So, by Lemma 3.28, the image of § is contained in {(” Dier, | 2 = 0}'
Therefore, the map
HAVOUXr) — R, (ri)ies, — Y i
ieJy
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induces a surjective map from the quotient Hcdlv(m()?p)/image(c?) ~ Hch(rN(Xr —T1) to R, as

desired. a
Lemma 3.30 dim;(T7) <d|V(I')| —2.

Together with Lemma 3.18, Lemma 3.30 implies that HdW(F)'(XF, S) & Hch(F)l(Xp —T1), and
we can thus define p : H dvl(xp, S) - R using the map in Lemma 3.29. The rest of this subsection
is devoted to the following

Sketch of proof of Lemma 3.30 Recall 75 consists of points in X1 — X r that are not binding points.
So, we need to analyze, for A, A" € V(I') LU {oo} and 0 € §E(r)7 how EI’}; and ¢(0)(¥L,) intersect.
Suppose A, A’ and o are such that they do intersect. Then, by the same reasoning as in Lemma 3.5,
there exists an unordered, unoriented graph isomorphism I'/ 'y — I'/ T'4 whose edge permutation is
given by the restriction of o to E(I'/ T4/). So ¢ also restricts to a bijection E(I'g/) — E(I'4). Abusing
notation we still denote by ¢ (o) the map (S d=1)ETy) _5 (§4-1)ETa) permuting factors according to
o and composing with the antipodal map when there is a negative sign. Recall the notation “ fr,d” in
Definition 3.11. Denote

d uo — d uo _
Vi =00 (S5 (P, RD)) C (STHEED vy = fE(CPr, RD) C (s97HETD,

Then 9’5 N ¢ (o) (FL,) is a fiber bundle over Cr/4(M, oo) with fiber V4NV C (S4—1)ETa),

Lemma 3.31 Let I’ be a graph. Then fR;d (CIq,lz(li,) R?)) c (S9HET) c (RHET) where S9! is

viewed as the unit sphere in R?, is semialgebraic.

Proof It is the image of the composition of a linear map (R%)V () — Apig — R —{0)HET) with the
projection map (Rd —{0HE T (S d —hH)E (. Both of these maps’ graphs are semialgebraic. So the
image is also semialgebraic by Tarski—Seidenberg theorem. |

By the above lemma, V7 and V4 are semialgebraic. They are also open subsets of (S d=1ET4)
LetYS, Y4 C(S d=1)E(T4) be minimal algebraic sets containing V(. Va, respectively. Then Vi C Y]
and V4 C Y4 are open (in Euclidean topology), and the Krull dimensions of both Y4 and Y/, are
d|V(T4)|—d —1. Denote by Z(A, A, o) the union of irreducible components of Y, N Y, whose Krull
dimension is less than d|V(I'4)|—d —1. Suppose p € V4NV —Z(A, A’, o), then p is in some irreducible
component ¥ of Y4 NYJ whose Krull dimension is d|V(I'4)| —d — 1, so Y must also be an irreducible
component of both Y4 and YJ,. Since p ¢ Z(A, A’, o), there exists a neighborhood U, C (§ d—1)E(T4)
of psuchthat VaNUp, =Y NU, = V7 NU,.

Now, define Z (A, A, 0) to be the subfiber bundle of 5’)5 over Cr;4(M, oo) whose fibers are

Z(A, A, 0)N V4.

For a given A C V(I") U {oo}, define Ef’g’rmv = UU, A 7 (A, A’, 0), where “rmv” stands for “remove”. It
can be shown that the Krull dimension of an algebraic subset of R” is equal to its covering dimension
in Euclidean topology, so dim; (Ef’g’rmv) < d|V(I')| — 2. By the conclusion of the previous paragraph,
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every point in 57’11; which is not in (1) H’E’rmv or (2) ng - ?f?}; (as in Definition 3.27) or (3) the image of
some codimension at least 2 stratum of C y(@)(M, 00) under fT, is a binding point, by the definition of
binding points. By Lemma 3.16, dim;(S’g — 09?11;) <d|V(T")| — 2. So, the union of the above three sets
has covering dimension at most d |V (I")| — 2. |

4 Reconstructing Kontsevich’s characteristic classes

In this section we consider the fiber bundle version of the spaces in Section 3 and give a definition of
Kontsevich’s classes using only the data allowed in Theorem 1.2.

Recall R = Z or R and all cohomology in this section are with R-coefficients, which we omit. Let T"
be as in Section 2.2; assume also that I" is trivalent. Although we consider a single graph for simplicity,
the content of this section generalizes verbatim to when I' is a linear combination of graphs, as long
as the spaces are modified according to Remark 3.26. Let M be as in Section 1.1. Assume d > 3. Let
. E — B be a framed smooth (M, co)-fiber bundle as in Section 1.1. We assume B can be given a
CW-structure. Using CW-approximation, Definition 4.10 and thus Corollary 4.11 generalize to cases
where B is just a paracompact Hausdorff space.

Let

Ca(m) Ca(m) CZP(m) Cr(x) Falm) 95(m) FE(x) Xr(m) Ti(r) Ta(r) S(x) Xrir)
L T T A Ao
B B B B B B B B B B B B

be the associated bundles of 7 with fibers C» (M, o0), Ez(M, 00), Ez(M, oo)E(r), Cr (M, 0), 4, 9’5,
575, Xr, T1, T, S, X ', respectively. (All of these spaces, except for X r, are defined in Section 3.1; X T

is defined in Definition 3.22.) Correspondingly, the maps fi, fT, f in Section 3.1 induce bundle maps.
Abusing notation, we still denote them by f4, fr, f . Notice that C f @ () denotes the fiber product

Ca(m) xp Co(m) xg -+~ xp Ca(m)

E(T) times

while C5(r)E @ denotes the direct product of the total space

Ca(m) x Ca(m) x -+ x Ca(m).

E(T') times

ignoring the fiber bundle structure.

Lemma 4.1 Under the condition of Theorem 1.2, (h, h) induces %-bundle maps between the " and 7"
version of all the bundles above.

Proof By the existence of h, h is a G-bundle map. Since every space defined in Section 3.1 has induced
%-action and the maps between them defined in Section 3.1 are all §-equivariant,

]/;E(F) : éz(n/)E(r) N éz(nl/)E(F)
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restricts to 9-bundle maps
RED 7Dy - 5P, hr:Cr@') - Cr(x"),
hx : Xr(x') = Xr(x"), hs:S@')— S(x"), etc. O

The framing on 7 induces a map F : 0°C () — S§4=1 as in [20, Section 2.4.3] (it is called p(tE)
there). Define ~ to be the following equivalence relation on C(7):

x~py ifx=yeCy(m)=Ca(mr)—03"Ca(n) or F(x)=F(y), x,ye€d’Ca(n).

Denote by g : C2() — C»(7)/~F the quotient map by ~r, where the target is equipped with the
quotient topology. Let us denote S,‘f‘l = q(3VC1()) and denote (C»()/~F) — Sfrl_l still by Ca(77);
then Co()/~F = Ca(r) USE~1 as a set. It is not hard to see that C(1)/~F is Hausdorff and S¢~1
is a deformation retract of some neighborhood of it (hint: since C () restricted to each cell of B is a
manifold with compact boundary, using a cell-by-cell construction we can find a collar neighborhood of
d°C () in C»(r)). Notice that the orientation on M specifies an orientation on S ,‘f -1

Definition 4.2 The propagator class Q(r) € H?1(C»(n)/~F; R) is the unique class satisfying that
Q(”)|S;§—1 € Hd_l(S,‘,i_l; R) is the Poincaré dual of the point class.

The existence and uniqueness of such a class follows from the exact sequence

HYN(Com)/~F. 5371 = H TN (Cam)/~F) — HITH(SF™H = HY(Ca(m)/~F. S5
and the vanishing of its first and last terms: forn =d,d — 1,
H"(Cao(m)/~F. 87" ~ H"((Ca(m)/~F)/S3~") = H"(Ca(n)/3C2(n)) ~ H" (Ca(m). IC2 (1))

and the vanishing of the last term follows from the proof of [20, Lemma 2.10]. The definition of propagator
class here is completely analogous to that in [10].
We next show that (i) gives us a class Qr () € HEDMIE@=D(x1(x), S(x)).

4.1 Defining 2y
Define the composition
L X[‘(]T) C ézE(r)(n) - Ez(ﬂ)E(r) Lty (Ez(ﬂ)/“’F)E(F)-

We remark that C» () E @ is the direct product and C f(r‘) (7r) is the fiber product. For I C E(T"), denote
by p1 : (Ca(m)/~F)ET) — (Ca(n)/~F)! the projection to the I-factors. If I = {e} we also denote
pe=p1. Foro e §E(p) and A C {oo} U V(I"), define I5 4 = 0 (E(I'4)) C E(I'), where we implicitly
identify edges of I'4 also as edges of I" and abuse notation to still write o for its image in Sg ().

Lemma 4.3 Suppose A C {oo} U V(I") and o € §E(1"). Denote

Vi = proa(@©@)(F4 (1)) C(Ca(m)/~Fp) oA

Then 172 C (S,‘Ti_l)ImA and it is the image of C_’(%}JFFA)(R‘{) under a smooth map.
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Proof This is a consequence of the framing F on 7 (in the case oo ¢ A) and the trivialization of 7 near
Soo(B) (in the case oo € A). For simplicity we only consider the case o = id; the other cases follow
easily. First assume oo ¢ A. Recall V, C (S d=1)E(T4) a5 in Definition 3.11. Since the framing F
identifies the vertical tangent space of E at each point not in s, (B) with R4,

FL () ~ Crya(m) x Vi, C Co(m)ET/ D 5 (84"HETD < (Co () [~ p)ETID 5 (Co () [~ ) ETD,

and (PE(T.) oL)(S’};(n)) = Vr,. Since V, is closed, (PETY) oL)(g’};(n)) =Vr, as well.
Now assume oo € A. Since 7 is trivialized near s (B), the vertical tangent spaces of E at points in
Soo(B) are all identified with Tooc M. So

Fa(m) ~ Cyrya) () x Cyp ) (T M),

and (pg(ry) © L)(E_P};(JT)) = (pE@, OLo fp)(g’A(n)); the map pgr,) ot o fr factors through the
projection to the second factor above. O

By Lemmas 4.6 and 4.7 below (these are two somewhat technical lemmas whose statements and proofs
are postponed until after Proposition 4.5, due to their lengths), the cup product

uU: Hd—l(éz(n)/NF)®E(F) N H|E(F)|(d—l)((éz(n)/NF)E(F))’
|E(T)]
® (Teir —>p:{(fe{ U..-up*

r o,r
i—1 elem) CIEM)
1=

factors through H|E(F)|(d_1)((Ez(n)/wp)E(F), Us.4 p_UlA (173 ) where the union ranges over all

o€ §E(p) and A C {oo} LI V(I') of type 3 (same below when we write “(_J,,,”).

Definition 4.4

Q1) =pJr Q) U Upe Q) € H'Em'("—“((62(n)/~F>E<”, U p;,%A(V‘,D),

€lEM) od
Qr(r) :==*Qp(r) € HEFO@D(Xp (), S(r)).

Proposition 4.5 Under the assumptions of Theorem 1.2, let hy : Xr(n') — Xr (") be the %-bundle
map as in Lemma 4.1. Then ﬁ; (Qr(z")) = Qr (7).

Proof By the second commutative diagram in Theorem 1.2, h induces
ﬁq . (_jz(ﬂ/)/fvp/ —> 62(7'[//)/’\41:'//

which commutes with ¢ and restricts to the homeomorphism /g : Sftl,_ L ST‘TZ,,_ L Tt follows that
E;Q(n’: ) = Q(x’). Since ¢ commutes with hx and (ﬁq)E (@), by the naturality statement in Lemma 4.6
below, hy (Qr(7")) = Qr(x’). O
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Lemma 4.6 LetY =Y x---xY, be a product of paracompact Hausdorff spaces. Let s, r € Z7°. Suppose
foralli =1,...,r, we have I; = {a’i,...,aini} C{l,...,n} and a closed subset V; C Yali XX Yoo

satistying the following condition: every open cover of Y has a refinement of the form

WUy X +o o XUy :={Uy x---x Uy, |Uj €U}, whereU; is an open cover of Y;

such that
() foralli =1,...,r,s],... ,s,/nl, = s ors — 1, with at most one of them being s — 1,
(s, m--ﬂU:;)x X (US N--nU ”’l))mV,- =@,
1 1 ml m,
s’
where U(?i AU Ua{ are any pairwise distinct elements of OlLai., forevery j =1,...,m;.
J J 7

Denote py, : Y — Ya'i X oo X Yaiw the projection. Then there is a map
z

E:HS(Y1)®---®HS(Yn)—>HS”( Up (V,)
i=1

such that E composed with the restriction to H" (Y') is the cup product. And & is natural in the following
sense: if Y/ =Y x---x Y  {V/ C Yézi X oo X Yéﬁn T_, satisfy the same condition as Y, {Y;},{V;}
above, with E’ the corresponding map, and there are continuous maps { f; : Y/ — Y;}/_, such that
(fai x--~xfa;~nA)(Vl/) CV; forall i, then B o (f{¥ ®---® f) = (fix---X fu)* o E.

Proof First we define E. Given o1 € H5(Y1),...,0, € H5(Yy), take an open cover U = Uq X+ -+ X WUy,
of Y satisfying (f) and such that for all i, o; is represented by some skew-symmetric Cech cochain
o € Cv'oii (Y;) (see e.g., [3] for the equivalence between usual and skew-symmetric Cech cohomology; in
particular, every (usual) Cech cohomology class has a skew-symmetric cochain representative). Denote
by pi : Y — Y; projection to the i-th factor. Define

(3) o= pikal U---u p;:()tn [S éoﬂn(Y)

We claim a|Uf=1 P V) = 0. Suppose x € pl_il(V,-) for some i and

xe(Udx--xUNN (U x---xUHN--NUMx---x UM, U/ ew.
Then
a((UYx - xUY), (U x+--x U, ..., (U™ x -+ x Us™))(x)
= a1 (UL, ... U (p1(0) - on (U0 U™ (pa (x))

contains the factor

4) g (U U g o)y, (U U ") oy, (6).

a; ami a’ n;
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. s(a’ —1) - o
Since «q,..., o, are skew-symmetric, for (4) to be nonzero, U, i LUy, ,f must be pairwise
different for all j = 1,...,m;. But pj,(x) € V;. So by (), (4) % 0 is 1mposs1ble This proves

ol yr_ ) = 0,s0 @ € C3™(Y, Ui, P L(V;)). We define

E(o1,...,0,) = the direct image of [«] in HS"( U P, L) )
i=1
Then E is clearly linear.
Next we show that [«] above does not depend on the choices of «;. Suppose o;, o] € (,v’qil (Y;) are
both skew-symmetric cocycles, [;] = [a/] = 0;. Then there exists a skew-symmetric &; € Cv‘oil_l (Y:),
da; = a; — o). Define

@:=plagU---Upi ;1 Up & Upi oip1U---Upra, €C Sn Ly).

By the same argument as above, & vanishes on | J;_; pl_[l (Vi),soa e Cv’oﬂ"_l(Y, Ui, pl_il(Vl-)). Since
all ; are cocycles,

da = (=1)' (pfa1 U---Ud(pFa;)U--U pran) = (=) (pfar U--- U pf(a; —a}) U--- U pray).

Therefore [«] does not depend on the choice of «;.

We then show that E (o1, ..., 0,) does not depend on the choices of AU;. Suppose U = WU} x - -+ x U,
also satisfy (1) and for all 7, OIL’ is a refinement of U;. Let {x; : W; — U; }7
Denote it = (i1, ..., Un) : W — . Then for U]? € ou;.,

7_, be some refinement maps.

pra (UL x - x UY), (U x---x U, ..., (U™ x -+ x US™)) (x)
= a((1(UD) x X g (UN)., (1 (UL x X prn (UD). . (1 (UF™) x - X o (US™))) (x)
= a1 (1(UD). ... pi (U (P1(x)) - (n (USPD) L i (US™) (P (X))
= pien (U, ... U (p1(x)) -+ s (USOTDn L US™) (pp ().

This says p*o = pf(uiar)U---Up;(inon) € Csn (Y, Uio, pl_il(V,-)). So, if we define E (o1, ...,0n)
using A, then it is the direct image of u*[o] = [u*a] € HI? (Y, Ui—, pl_il(Vi)) which is the same as
the direct image of [«]. Now, if we assume AU’ satisfies () but not necessarily a refinement of A, then
by the assumption of the lemma we can find a common refinement of AU, U’ that also satisfies (T). This
implies that E(o7q, ..., 0y) is independent of the choice of U, and thus E is well defined.

Naturality follows immediately from the definition of : let Y', {Y/},{ fi}. {V/} be as in the lemma
and U, , «; as in the first paragraph of the proof; then U’ := fl—loul X+ X fn—loun satisfies (). Take
of = f¥ () € C3,(Y'). Then o’ defined using (3) is the same as (fi X -+ X f,)*(«) and the conclusion
follows. |

Lemma 4.7 Every open cover of (C(n)/~F)E (@) has a refinement of the form

Ouelr XX W,r . whereeach U,r is an open cover of Car(n)/~F
|E@)] i
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such that

(x) forall A of type 3,0 € §E(1"), s, =d —1 or d —2 with at most one being d — 2,

van 11 UON---NUS) = 2,

eel(,,A

where er, cee, Ues e are any pairwise distinct elements of U, for every e € I 4.
Proof Since A is of type 3, |V(T'4)| < (2/3)|E(T4)|. Since d > 3,2d/3 <d —1, and

dim 6;1,“("FA)(Rd) =d|V(T4)|—d—1<2d/3)|E(T4)|—(d +1) <dim((S¢HET) _4.

So by Lemma 4.3 17;’1 is the image of a smooth map f5 4 : C %}I&A)(Rd) — (S971)1o.4 where the domain
is of codimension at least 4 with respect to the target. (Indeed, codimension-2 would suffice for this
lemma.)

Fix a metric D on C»()/~F. Let Ko C K1 C --- be a sequence of compact subsets of C»()/~F,
such that K¢ contains a neighborhood of S,‘,l_1 and 72, K; = Car(n)/~F.

By Lebesgue’s number lemma, it suffices to show that for any €g, €1, ... > 0, there exists (Ue)ec£(T)
such that for all e and U € YU, there exists i such that U C K; and diameterp (U) < €;, satisfying ().

We first reduce the lemma to the following statement: for all € > 0, there exist (U,).ec g (), Where
each AU, is an open covers of S]‘Tl ~1 such that for all U € | J, U, diameterp (U) < €/4, satisfying (x).
Suppose this is true. Plug in €¢ for €. We can enlarge each U € 9l, a little bit to get an open subset
I(U) of Cy(m)/~F, still contained in K¢ and of diameter less than €y. (For example, take [(U) =
({x € Co(m)|D(x,U) <€p/2} N 180) U U.) Denote [(Ue) = {I{(U)}yen,. We can cover

Com)/~r - |J 1)
U €,

by locally finitely many open subsets of C»(7r), such that each of these open subsets is contained in some
K; and is of diameter less than ¢;; call this collection of open sets AU,,. Then for every e, /(W) U, is an
open cover of C, (r)/~F, in which each open set is contained in some K; and of diameter less than ;.
Since for every A, V9 is contained in (§2=1)lo.4 whereas elements in A/, do not intersect SZ~1, that
() is satisfied by (/(WUe) UWU,)ee g (ry follows from that it is satisfied by (Ue)eer (r)-

We then reduce the statement at the beginning of last paragraph to the following: for any € > 0O there
exist triangulations (T¢).eg () of S d=1_compatible with the smooth structure on S¢ =1, such that the
diameter of each simplex is less than €/4, satisfying

(xx) for all o, A of type 3, and all collections of simplices (S, : asimplexinTe)eey, , such that S, is of
dimension 0 or 1, at most one of dimension 1, V4 N [leer, , Se=2.

If this is true, we can take AU, to be obtained from 7, by slightly enlarging each top-dimensional
simplex S to an open neighborhood U(S) of its closure, so that:
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(1) (for a nontop dimensional simplex S, still denote by U(S) = (g U(S’) where S’ runs through the
top-dimensional simplices that S is a face of)

vin 1_[ U(S,) =@ whenever V4N 1_[ Se=0;

e€ly 4 e€ly 4

(2) for any finite collection, Sy, ..., Sk, of simplices in 7T,
S1N---NSe=0 = US)N---NU(S,) =2

(These are clearly easy to satisty. For (2), for every S in T, take U(S) contained in the union of the stars
of the barycenters of its faces in the barycentric subdivision of 7'. For (1), take U(S) contained in the
¢’-neighborhood of S, where €’ is the minimal distance between some Vj and the union of products of
closed simplices 172 does not intersect.) We also require U(S) to be contained in the €/8-neighborhood
of §. Then {U,.} satisfies ().

It remains to prove the statement at the beginning of the last paragraph. Take arbitrary triangulations
(T9)ee ET) of § 4=1 with diameter smaller than /8, we perturb them simplex by simplex to satisfy (k).
The point is that every time we perturb a simplex away from V%, we do it so slightly that no new unwanted
intersection appears. The rest of the proof consists of technical details of this.

Below by “distance” we mean the restriction of D to S,‘f ~1 and its products. By a triangulation 7' of
$9=1 we mean a homeomorphism 7 : |K7| — S d=1 where K7 is a finite simplicial complex and |K7 |
its realization. Given ' = (T,).ecg(r) a tuple of triangulations of § 4=1_denote

€(9) = minimal distance between 1_[ Seand V9,
eelo'!A

where the minimum is taken over all o, A, (§ e)ec I, 4 Such that 17;’1 NJ1,e Toa S, = @. There are only
finitely many of them. And €(J) > 0. Denote by $1(7) (resp. $o(7)) the set of tuples (0, A, (Xe)eel, 4)
such that x, is the image of a 0- or 1-simplex of T, exactly one of them (resp. none of them) being a
1-simplex, and 17‘7 N Hee] 4 Xe # @. Then $o(9) and $1(9) are finite.

Now take arbitrary triangulations 7° = (T )ecE(T) such that the diameter of any simplex is smaller
than /8. Denote by ¢’ the smallest diameter of a simplex of 77°. For the rest of the paragraph, for all F
define €'(7) = min{e’/4,€(T)}. Take an element (0, 4, (X¢)eer, 4) € Fo(T). Since 172 cannot cover
a neighborhood of [[,¢, , eel, 4 Xe in the (T 0)/2-neighborhood of it that does
not meet 17‘1’4. For each e we can perturb the triangulation map 7.0 in a neighborhood of (T.2)~!(x,)

Xe, we can find [

to get T}, in such a way that T} ((T2)"!(x.)) = x,, and the distance between old and new images of
any point is less than €/(7°)/|E(T)|. For e ¢ I 4, define T} = T2. Define J! = (Tel)eeE(r‘). Then
10T < [$0(T?)| and |$1(TY)| < |$1(T°)|. We do this one by one for all elements of $o(T°),
getting new triangulations J gk — (T )ecE(T) by the end. Now take (0, A, (Xe)eer, 4) € $1 (7%) where
ex € I 4 is such that x,, is the (image of a) 1-simplex. Let p : Vgl c (89 1)loa 5 (§4-1)o.a—ex pe

the projection forgetting the ex-factor. Recall f5 4:C CII}IE’FA) (R?) — (S9=1)o.4 defined at the beginning
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of this proof. By possibly perturbing (x¢)eer, 4—e, in the same way as above, we can assume that
(Xe)eel, 4—e, 18 aregular value of po f; 4. So 17% N p_l((xe)eeIG,A_e*) c S9! is the smooth image
of a manifold of dimension less than d — 2. So we can perturb Tek* in a neighborhood of (Te]fk Y (xe,),
fixing some neighborhoods of the 0-simplices (since $9 = & now), to get a new triangulation Tek* +1
so that TXT1((TX )™ (x,,)) does not intersect V9 N p~1((xe)eer, 4—e. ), and the new and old image
of any point has distance less than €/(7%)/| E(T')|. For e € 15,4 where X, is not perturbed, or e ¢ I 4,
define T!“H = T!‘. Define %+1 = (Tek+1)e€E(I‘). Then |$1(T%*1)| < |$1(T%)|. Keep doing this one
by one for all elements in }1(97’“). By the end, for some /, we obtain a tuple of triangulations gk+l

satisfying (). m|

4.2 Defining Kontsevich’s characteristic classes

To “push-forward” Qr (1) to a cohomology class on the base B, the Leray—Serre spectral sequence is a
convenient tool to formulate it. We follow [6] for the definition of Leray—Serre spectral sequence. First
we make a general definition.

4.2.1 Cohomology push-forward Suppose B is a CW complex and X ©> B a fiber bundle with
fiber F. Denote by B, the p-skeleton of B and X, = n~!(B,). Suppose there is ko > 0 such that
H¥(F) =0 forall k > kg. Then, for any integers n and p < n —ko, in the Leray—Serre spectral sequence
for X, %> B,, ES* =0 foralla+b =n, so H*(X,) = 0.

The Leray—Serre spectral sequence for X > B tells us the following (cf. [6, Theorem 5.15]; note

here we use the local coefficient version; cf. [16]): suppose n > kg € Z; then
* H"(X) has a filtration by subgroups F =ker(H"(X) = H"(Xp—1)) and E&" "7 ~ F}/F}', |;
. Eé’ 1 ~ HP(B; H1(F)), where the latter is understood as cohomology with local coefficients;

e d,: EP9 — gPYHatIoT
Suppose r > 2. Since H*(F) = 0 for all k > ko,
E;l—ko—r,ko-i—r—l ~ Hn—ko—r(B’ Hk0+r_1(F)) — {0}

Since EP*? is obtained from EY 1 by taking subgroups and quotients, E}' —ko=rkotr=1 _ {0} for all

r > 2. Therefore, all the d,’s mapping into E; ~k0k0 yanish and E15*0K0 ig 4 subgroup of E} —koko o

H" %0 (B; H*o(F)). Since H"(X,_,—1) =0, H"(X) = F_,- This identifies a map
5) 7e s H'(X) — H" %o(B; H*(F)).
Definition 4.8 We call 7, the cohomology push-forward of the fiber bundle X % B.

By the naturality of the Leray—Serre spectral sequence [6, pages 537-538], mx does not depend on
the choice of the CW structure on B, and is natural: suppose X’ 7', B’ is another fiber bundle with
fiber F’ such that HK(F’) = 0 for all k > kg and (f : X’ — X, f : B’ — B) is a bundle map (so
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HKo(F"y ~ f*H¥0(F) as local systems over B'); then f* o, = 7, o 7 Using CW approximation,
74 can be generalized to the case where B is an arbitrary space.

The above procedure can be generalized to the relative version: X > B has a subbundle Y =~ B
with fiber A C F. Replacing F with the pair (F, A) and X with (X, Y) everywhere, everything goes
through without change.

Remark 4.9 (This remark will be used later in Section 5.2.) An explicit description of w4« can be
obtained by carefully unwinding the definition; we follow [6] for the construction of Leray—Serre spectral
sequences and specifically, what we do below comes from the diagram on page 526 and @ in the
proof of Theorem 5.3 in [6]. Denote pg = n — k¢ for simplicity. Given an element 0 € H"(X), first
restrict it to H"(Xp,); the image will lie in the image of H"(Xp,, Xp,—1). Take such a preimage,
say o’. For each po-cell e : (DP0,dDP0) — (Xp,, Xp,—1) (DP0 being the standard po-dimensional ball),
e*o’ € H"(e*(X). (e|lapro)*(X)). Since e*r is trivializable, the Kiinneth formula gives

H"(e*(X), (elapro)* (X)) ~ HPO(DP0,3DP0) @ H*O(Fy),

where Fp, = m~!(e(b)) is the fiber over an arbitrarily fixed point b € DPo. Other fibers over DP0 are
identified with Fj via the trivialization. Notice that the Kiinneth isomorphism does not depend on the
choice of the trivialization of e*7: the Kiinneth map is determined by the projection map e*(X) — Fp
(note that D PO is not involved here); any two trivializations give homotopic projection maps since D?0
is contractible. Let us denote by o (e) € HK0(F}) the image of e*¢’ under the Kiinneth map, where
HPo(DPo 9DPo) ~ R identified using the canonical orientation on D0, Then {¢ — o (e)}, where e
ranges over all pg-cells of B, gives a cellular cochain on B with coefficients in the local system H kO(F ).
It is a cocycle and represents a cohomology class in H?°(B; H*0(F)), which is 7«(c). The relative
version is similar.

4.2.2 Defining Kontsevich’s characteristic classes Applying the construction above to the fiber bundle
(Xr(7), S(n)) X5 B with kg = d|V(I')]|, we get

©6) Tx s H'E(F)l(d_l)(XF(T[), S()) — H\E(F)|(d—1)—d|V(F)|(B; HdW(F)‘(Xr, S)).

The map p: H div(D)| (X1, S) — R in Definition 3.25 induces the corresponding map of local systems
on B. So we get an induced map

(7) H*(B; HVDl(X1, S)) — H*(B; R).

Definition 4.10 Define Kr, r € HIEMIE@-D=dIVIDI(B: R), to be the image of Qr () under (6)
and (7).

The corollary below is a direct consequence of Proposition 4.5 and the naturality of cohomology
push-forward.

Corollary 4.11 Under the assumptions of Theorem 1.2, Kt/ pr = hg Kr 51 fr.
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S Equivalence with the original definition

In this section the coefficient ring R = R. All open covers are assumed to be locally finite. The goal of
this section is to prove the following

Proposition 5.1 Suppose (E = B, F) is a framed smooth (M, o0) bundle over a smooth manifold B.
Then Kt F defined above agrees, up to scaling by a constant depending only on T',” with the usual
definition of Kontsevich’s characteristic classes for (E = B, F); see, for example, [20] for definition.

5.1 Cech to de Rham preliminary

First we state some general facts translating Cech to de Rham cohomology. Let ¥ be a smooth manifold.
Denote by &qu the sheaf of differential g-form germs on Y, 22?, the subsheaf of closed g-form germs and
A4(Y) the space of global g-forms on Y. Let AU be an open cover of Y. Let [ = {Iyy : Y — RZ%}y¢q be
a partition of unity subordinate to 9. For any p, ¢ € Z=° define

l - % p—1 +1
hpq: Co (YVisly) — Cf (Y1),
[
hpq(@)Uo.....Up—1) = (=17 Y d(ly -o(U.Us.....Up1)).
Ueu
By ly -o(U,...,Up—1), we mean a form on Uy N --- N Up—1 which is given by this formula on
UNnUyN---NUp—1 and 0 elsewhere; it is smooth since /7 vanishes in a neighborhood of dU . Clearly
image(hé,q) C éq’j_l(Y;%‘{,H). For each p, define

>, >, I I I
W CH(Y:R)— CH(V:2D). hi(o) = (—=DP(h] ,_oh3 ,_p 0 -0h, 0)(0).

By [1, Proposition 9.8], if o € CV’QIL’(Y; R)isa Cech cocycle, then hl(cr) is a global closed form; if U is
such that any finite intersection of elements has trivial cohomology, then o — h!(o) induces the canonical
isomorphism between HP(Y; R) and H (ﬁRham(Y ). If @ is a family of supports on Y, the arguments in [1,
Section 8] still go through if all differential forms are assumed to have supports in ® (i.e., Cv'of is replaced
with its subspace of ®-supported cochains é@,iq,(Y; &d({,)); so At still induces the canonical isomorphism

between I—VICI;(Y; R) and HdI;Rham,q,(Y), where H?

JeRham. (¥ 1s the cohomology of the cochain complex

of ®-supported differential forms on Y.
Suppose A and U’ are two open covers of Y, AU is finer than AU’ and g : U — AU’ is a refinement map.
Let [ = {ly }yea be a partition of unity subordinate to U, then

Wl =

lyr = Z lU:Y—>R}

Uea U’ew’
w@)=U’

7 Again, T here is a linear combination of graphs. In the proof we only consider the case when I is a single graph but the
argument generalizes verbatim.
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is a partition of unity subordinate to U'. It is easy to check that
(8) hg;l(u*o) = ,u*(hf,,q (0)) forall p,gando € C’Oﬁ’,(Y; Al).
Define cup product
U:CPN(Y ;) @ CL2 (V) — CPVPP2 (v s 792,
(o1 Uoz)(Uo,..., Up,+p,) = (=)' P25y (U, ..., Up,) /\Oz(Upl, ey Up1+p2),

where the two forms on the right-hand side are restricted to Up N --- N Up, 4 p,. For simplicity we omit
the notation for restriction; same below. When restricted to Cv'ci "y, 23?,) ® Cv'ciz (Y; 2‘5?,), this is the usual
cup product for Cech cochains.

Lemma 5.2 Let Y = Y; x--- x Y, be a product of smooth manifolds. Denote by w; : Y — Y; the
projection to the i -th factor. Foreveryi =1,...,m, let U; be an open cover of Y; and [; = {ly }yea; be
a partition of unity. Denote U = AUy X - - - X Uy, the product open cover of Y. Then

L= {lUIX"'XUm =y, om) -y, 07m) Y — R}Ule%,...,Umeoum
is a partition of unity of Y subordinate to WU. Let p =Y -, pi andq =Y -, q; be nonnegative integers.
Leto; € Cv‘qi’ (E;ZZ‘Q) be Cech cocycles. Define
o=n{o1U---Um,om € Cv‘qu(Y;%%).
Then,

(1) ifm=2,

[ .
(o) = 7 hpy gy (01) Un3 (02) if p1 >0,
P nfo1 U n;him (02) if p1 =0,

(2) if ; = 0 foralli, hl(0) = wfht (o1) A+ AT hbm (o).
Proof This is direct computation. For (1), when p; > 0,

I — —
hp (@)U X UL, ... . UP xUf™

==D? Y ((rfdly)y, o m2) + (ly, o m)(wdly,))
Ui€l,UseUr
A=D1 P2k e (U, UL, . U Y ArdoUf ) U

= (—1)Pta1p2 ((Z(nfdlUl)/\nfal(Ul, ey Ulpl_l))/\(Z(lyzonz)n;az(Uzpl_l, ey Uzp_l))
U] U2

+ (Z(—l)ql (ly, o) wfor1 (U, . ... U{"_l)) A (Z(n;dlyz) Aioa (UL U;"l)))
Uy

U,
N——
=0
I —1 —1 —1
= (—Ptevtapegrpt (o)UY, ..., UL Y Arso(UF ..., UF ™)
l —1 —1
= (T hp, g, (0 Unso) (U x Uy, ..., U™ x UL ™).
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When p; =0,

l — —
hh @) (U x UD). ... (U < UP™Y))

=(—pptare N ((rfdly,)(ly, 0 m2) + (ly, o m) (3 dly,))
Ui €, Uz€%>

Arfor(Uy) Ao (Ua, UD, ... . UP™Y
= (-1)Prar ((Z(nf‘dlyl) Am{oq (Y1)) A (2:(1[]2 omy)yoa(Us, U, ..., Uzp_l))
U] U2
N’
=0
+ (Z(—l)‘“ (ly, o nl)nikol(Yl)) A (Z(n;dzyz) Amfoa(Us, U, ..., U;"l)))
U] U2
= (=D)PTOtP P G (V) A L (02) (UL U, UPTY
1 _ —_
= (nfo1 Unihp 4, (o) (UL x UL, ... .U~ xUF™h.

Notice that we can write o1 (Y7) because o7 is a degree 0 Cech cocycle.
For (2), in the case m = 2,

l l
(o) = (=1)P(h} ,_j o+ ohy o) (o1 Umyos)
l l I !
= (—l)p(h*l’p_1 0---0 hiz,p—Pz)(nT(hil,pl—l 0--+0 h;l’o)(ﬁl) U JT;O’z)
l l
= (=1)PFP1 (k] g 00 hpy pp) (T hH (01) U TS 02)
! !

— (_1)P+p1 (ﬂf/’lll (o1) U n; (hi2,p2—1 0--+0 1522,0)02)

= 7} hb (o1) Uk ht2 (0r)

= 7} hb (01) Al P2 (02).
The general case follows by induction on m. a

We next check that £ is natural. Let f : X — Y be a smooth map between smooth manifolds. For
an open cover U on Y with partition of unity [ = {{y}y, f*(W) :={f~1(U)}yea is an open cover of
Xand f*L:={yqy:=luof: X — R=%}y cq is a partition of unity. We have the pull-back map
[ Cl; %l — éf*m(X;%?(), and

(f*Ho)(fT o)., [T Up-1)) = D (=1)Pd(Uv o f)A f*@U. Vo, ..., Up-1)))

Uea
=3 (=DPd(l -1y (ST T W), ... [T (Up-1)))
Uea
©) = (WL o) (f T WUo)s ..., £ Up1)).

Notice that everything in this subsection works for cohomology with supports as well.

Algebraic & Geometric Topology, Volume 26 (2026)



Kontsevich’s characteristic classes as topological invariants of configuration space bundles 385

5.2 Proof of Proposition 5.1

We continue with the notation in Sections 3 and 4. The comparison between Kr , g and the standard
definition is done by using the simplicial cohomology of B.

5.2.1 Careful choices of open cover refinements in C f(r) () LetAU be an open cover of C»(1)/~F
such that there exists & € (j’q‘f/_l (C(m)/~F), a cocycle representative of Q () (Q2(r) is defined in
Definition 4.2). Note the following commutative square, where ¢ and ¢ are inclusion maps:

9 Cy(n) —— Ca(m)

s Jo
§471 —L Co(m)/~F
Since the Cech-to-de Rham procedure is done on a smooth manifold, we need to pull & back to Co ()
to produce a propagator. For this purpose, We need to make a careful choice of an open cover and a
partition of unity on C,(7) in the next lemma.

Lemma 5.3 There exist an open cover A of C (i) such that all nonempty intersections of its elements
are contractible, a refining map 1 : U — ¢*’, and partitions of unity [ on C () subordinate to W, [ g
on ¢~ subordinate to *AU', such that i* (u+l) = F*1g (they are both subordinate to i*q*W = F*/*’
on 3 C,()).

Proof By the way F is defined, it can be extended to a smooth map F : Ny — S d=1 \where Ny C Ca(m)
is a neighborhood of 3V C,(x). Still denote by  : Ny — C, () the inclusion. Let [ g be a partition of
unity on S9! subordinate to (*U'. Then F*lg =: {F*5(U)}yea, where F*[5(U) is supported on
g~ 1(U) N Ny, is a partition of unity on Ny subordinate to i*¢*’. Our next goal is to find a partition of
unity I’ on C, () subordinate to g*a’, such that i*/' = F*[g.

We can find a smooth function g : C»(w) — R=° supported in Nj such that glove,r) = 1. Let
K C Cy(7r) be a compact subset containing C2(r) — N, and let Ny & C () — K be a neighborhood of
0vCa(m); let {V; C Co(m) —Né}ieI be an open cover of K let {g;}ies U{g’}, where g; is supported in
Vi and g’ is supported in C»(7r) — K, be a partition of unity on C5(7r) subordinate to {V;}; U{Ca(7)— K}.
Then (3; ¢/)|x =1 and (3; 81)Invjncy(r) = 0550 g 1= 1 =37, gi, extended by 1 to 8" C(n), satisfies
the requirement. For each U € U/, define hy = g- F*1s(U) : N9 — R. Then it can be smoothly extended
to the entire C, (1), taking value 0 out of Nj; so hy |3v52(n) = F*lS(U)|3v62(n), hy is supported in
g~ (U) and (3 y hU)|N5 = 1.

Let K’ C Ca(r) be a compact subset containing C2(7) — Nj. Let {Gy C g I U)NCa(m)}yew
be compact subsets that still cover K’. For each U € U, take ¢y : C2() — R=? that is supported in
¢ Y (U)NCa(w) and ¢y |G, = 1. Then Yy can (du +hu ), as a function on C,(m), is positive everywhere
and equals to 1 on 9°C (). Define I}, = (pu + hv)/(Xy(@u + hv)). Then I’ := {I}}yew is a
partition of unity as required.
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Next we define Al. Fix a Riemannian metric on C, () (which is a smooth manifold with boundary
and corners). For every U € AU, let {VU Cq ' (U)c Ca(m)lic 1, be a finite collection of geodesically
convex open subsets, such that supp(/;,) C ;¢ Iv ViU Then U := {V JUear,ier, 1s an open cover
of C, () whose intersections are all contractible. Define p : U — g*a’, (VIU) =q '(U);itis a
refinement map.

Now, we construct a partition of unity / on C,(;r) subordinate to AU such that p«/ = [’. Using the same
argument used to find the g;s above, for every U € U’ we can find smooth functions I/IU :Co() > RZO
supported in VU for every i € Iy, such that (3 ;c7, ¥ )|supp(l’ y = 1. Define [Y =V -1j,. Then

Zzelu J=1y. So[ = {ll YUew ierl, is a partition of umty as required. O

Corollary 5.4 hl(u*q*d)) is a closed (d —1)-form on C () such that ™*h(u*q*®) = F*a for some
closed form o € A?~1(§971) with [ga—1 & = 1. In other words, hL(*q*®) is a propagator.

Proof That it is a closed (d—1)-form is clear. And
O e ) A ) B O R )

Since [0] = Q(n) € HE~1(C»(n)/~F) and kS induces the canonical isomorphism between Cech
and de Rham cohomology, [h!S (1*®)] € H~1(S9~1;R) is the Poincaré dual of the point class by the
definition of Q(). So [gu—1 S (@) = 1. o

Now, let {U,,}.c£(r) be a collection of open covers of C,(m)/~F given by Lemma 4.7. For every e,
applying the above argument with AU’ replaced by AU, we get an open cover 9, with refinement map

/

He : Ue — g*U, and partition of unity /¢ on C(rr) subordinate to U, such that ht (M3q*®) is a
propagator. Denote w, = h%’ (uq*®). Denote by pr, : C» (71)E™ — C,(x) the projection to the e-th
factor. (Recall C f(r‘) () is the fiber product and C, (7)€ () js the direct product of the total space.)
Denote

W = pripalr x - xprie b
e] 1

T
ClEM  CIEM)

the product open cover on C()E ™). Define
" " v v _SEMIE-1), &
O = prie g O U P g B U Upr'e i q* e e CLEDID (@) EM S(n))
ep e e’ e ClEM)I ClEM) U
(that it is supported away from S (rr) follows from the choice of {U}} given by Lemma 4.7); its restriction
to X represents the class Qr () € HIEMIE@=D (X (7), S(rr)). Define

@r = pr:{welr /\---/\prjlpE(r)lw efearn © AEDIEDCo(m) = );

then the push-forward of wr|cr(,,) to B represents Kontsevich’s class in the usual definition. By
Lemma 5.2, or = e @, where l is the partition of unity on C,(7)F @) subordinate to U given by taking
the “product” of the [¢’s as in Lemma 5.2. Below we denote the restriction of wr to C 5 ET )(71) still
by wr.
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Fix a triangulation on B and denote by B, the p-skeleton of B with respect to this triangulation.
Denote

po=|ED)|(d —1)—d|V(T)| = deg Qr () — dim Xr.

Recall that f = (fe)eeE(T) : C vy (w) = C f (F)(JT) is the forgetful map, and ¢ is the factor-permuting
action of §E(p) on Ef(r)(n). Denote by

Ty Ev(r)(ﬂ) — B, 7m: (_?f(r)(n) — B, 7ayx:Xr(zx)— B

the bundle projection maps (the first two were both denoted by 7; here we want to distinguish them to
avoid confusion). Define

Xr= |J ¢0)(Cr(M.c0). T=Xr-XrcCaM.00)E®,

O'ESE(F)

and denote )?r (7), T(m)C ff(r) () the bundle version of them. For all p, set X, =7~ 1(B,)N X ()8
By Lemma 3.18, we can find an open cover A of C 2 () EM refining a1, such that there exists a
neighborhood N of (T' () N Xp,) U Xpy—1 in Co(m)EM satisfying

UpN---N UIE(F)I(d—l) NN =g forall Uy#---# UIE(F)I(d—l) el

Let /i : U — A be a refinement map. Then fi* or is supported away from N. Define or = (4*@p) |x (x)-

Let Z be a partition of unity on Cc 2 (m)E™ subordinate to au; then [L« Z is a partition of unity subordinate
to . Define @r := h’l*l(d)f,) = hl(ﬁ*d)f). Then or|xp(r) = hllxro (@r). Since all the intersections
of elelpents of AU are contractible (since the same is true for each A, and AU is their product), both Rl
and ht induce the isomorphism between Cech and de Rham cohomology (here we let the family of
supports be the collection of compact subsets in C» ()£ that do not intersect S (7)), so

(10) [or] = [of] = [or] € H*(C2() ¥ S()).
Denote the restriction of @r to C f (F)(n) still by wr; then, pulling back the above equation by restriction,
(1n [@r] = [wr] € H*(C5 M (), S(m).

5.2.2 Passing to the simplicial cohomology on B Define s(0) = (d — 1) sgn(o) + d sgn’(0). For a
differential form o € A™(C f @ (1)), define 73 () to be the degree (m — d |V (I")|) simplicial cochain
on B that sends a dimension m —d |V (I")| simplex A to

> @ | IRCOLVED DI /. e

po) — w0 (
O’GSE(r) O‘GSE(F) v

8The reason for defining T instead of using the previously defined 77 is the following: we did not establish anything regarding
smoothness in Section 3.3 when gluing the various copies of C (M, co) together to form Xr; now we are working with
differential forms, we want our Cech cochains to be supported away from this “joint” part, as shown in the next paragraph.
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Then, since ¢ (0)*wr = (—1)’wr, [tiwr] € HP°(B) is 2/EMI|E()|! times Kontsevich’s class in the
usual definition.

Recall that 7 : Xr(7) - B and f : Xr(n) > éf(r) () are the bundle versions of X and f
in Definition 3.22. In Definition 3.22, by choosing a collar neighborhood when gluing the copies of
CL(M, 00), Xt can be given a smooth structure so that f - Xr (7) —> C f (F)(n) is piecewise smooth
(smooth away from f~1(T(rr))); so pulling back a differential form by f is still well defined (the result
would be a piecewise-smooth form), and the usual differential form push-forward (7 )« is also well
defined for these forms (by integrating along each piece of the fiber and summing up). It follows from
the definition that 73 (o) = (77 %)« F*a.

Lemma 5.5 Suppose a1, as € A*(ff(r)(n)) are such that there exists & € A*_l(ff(r)(n)) supported
away from S(r) and d& = o) — op. Then o) — wiay is a coboundary.

Proof For a simplex A in B,

> @ |

(p(0)o f)* (a1 —az)
L(a)

G€§E(F) 77‘7
— —1 s(o) o * ~
UE§ZE(F)( ) /a”Vl(A)((p(O) /e
= —1 S(U) o * ~ -1 S(O’) o *~’
aeszm)( ) fn;lm)@(a) f) a+UG§ZEm( ) EA /n;l(AmA@(a) *a

where A C V(I') U {oo}, |A| > 2. The second term vanishes: for A of type 1, f(¥4) has positive
codimension; for A of type 2 or 4, contributions to this term cancel with each other when summed over o;
for A of type 3, & vanishes on S () by assumption. So,

(reon — men)(A) = () (9A) = (Smea)(A). 0

Since [or] = [wr] € H*(CE®) (), S(7r)) by (11) and [rSwr] € HPO(B) is 2EMIE()|! times
Kontsevich’s class in the usual definition (last sentence in the first paragraph of Section 5.2.2), by
Lemma 5.5, 73 (@r) also represents 2/ EMI| E(I)|! times Kontsevich’s class in the usual definition. We
are now ready to finish the proof of Proposition 5.1.

We apply Remark 4.9 to the situation here. For each pg-simplex A?° in B, &r |N;1 (AP0) is supported
away from (7' () N n)yl (APo)) U n)?l(aApo). So &r |n§1(Ap0) is a cocycle in

< |E(T)[(d—1)

i (Xr(m)laro, Xr(m)|garo U T ()| ar0).

—1
¥ aro)

By the Kiinneth formula,
HEOWED (Xp (1) aro. Xr(m)laaro U T ()| aro) ~ HP (AP0, 9A7) @ HVDl(Xrp. 7)),
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where b € AP is an arbitrary point and (X5, Tp) is the fiber of (Xr (), T'(;)) over b. Let y'(AP0) €
HAVDI(x .. Ip) be such that [or| 7' (A po)] ~ 1 ® y'(AP°) under the Kiinneth isomorphism, where
1R~ HPO(APO, 9 APO) (notice the identification uses the orientation of B). Then {A?0 — y'(AP0)}aro
is a simplicial cocycle on B with coefficients in the local system H @ |V(F)|(X r, T). Its restriction to
HAVDON( X1, Ty) (note Ty C T) represents (7x )« 2r (7). Let

x(AP0) = f*y'(AP0) e HAVDOI(XL ) ~ R

(the last identification uses the orientation on Xr); then {APO — y(APO)}aro is a representative of
Kr 7, F by the definition of Kt r in Section 4.2.2.
Note the bundle map

Tr(m) L Xr(r)— Ti(n) —— Xp(n)
X‘ I /

Since wr = 0 in a neighborhood of T'(7) N Xp,, f *or| 72" (Bpg) is compactly supported. For each
po-simplex AP0 of B, by the naturality of the Kiinneth formula,

[fGrleztar) & 1® f*( (A7) = 1@ y(A™)
under the Kiinneth isomorphism
HEOW=D(Xr ()| aro, X (m)|aaro) ~ HPO (AP0, 847 @ HIVDOI(Xp ).

Since ar = hi(ﬁ*cbf) and [1* @7 is supported away form N, @r is also supported away from N. So
[or] = [of] € H*(Co(7)ET, N), and f*c?)p is a smooth form. For every simplex A?° in B, pulling
back the cohomology equality to Xr (7r) and restricting to AP9 in B,
[J;*a_)ﬂn;lmpo)] = [J;*CZ)F|,T§1(APO)]
=1® (A7) € HF DD (Xr ()| aro. Xr (0)laaro)
~ HPO(APO, AP0 ® HCdIV(F)I(j(”F’b)
~R®R.

Therefore, | 7=1(AP0) f *@r = x(AP°). This completes the proof of Proposition 5.1.
X

6 Some remarks about the condition in Theorem 1.2

Theorem 1.2 can be formulated in a different way.
For open subsets U, V C R and a continuous map f : U — V, say f is almost differentiable if the
map (f, ) : U xU — V x V lifts to a continuous map® f : BIo(U x U) — BIa(V x V), where A
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denotes the diagonal in U x U and V x V, respectively, and Bla denotes real oriented blow-up along A.
We can define an almost differentiable manifold to be a topological manifold together with a maximal
collection of charts where the transition maps are almost differentiable homeomorphisms whose inverses
are also almost differentiable. So, if M is an almost differentiable manifold, then Bla (M x M) is well
defined. The corresponding automorphism group Aut?? (M) in this category consists of homeomorphisms
f:M — M suchthat (f, f): M xM — M x M lifts to a homeomorphism BIa (M x M) — BIa (M x M).
Denote by 7 : BIA(M x M) — M x M the blow-down map.

Remark 6.1 (This was pointed out by an anonymous referee.) The notion of almost differentiability
can be rephrased as follows: for open subsets U, V C R4, a continuous map f : U — V is almost
differentiable if

e foreacha e U and v € Sd_l, the limit

. flattv)— fla)
$Dfa(v) = lim | fla+1v)— f(a)]

€S Tf(a) V

exists, and
e SDf:STU — STV, SDf(a,v) := SDf,(v) is continuous.

Given two real vector spaces 77 and T3, and a linear isomorphism f : 77 — T3, since f(Av) =Af(v)
forallv e T} —0and A € R—0, f induces a homeomorphism ST — ST», where ST; = (T; —0)/scaling
denotes the unit sphere in 7;.

Suppose M is a d-dimensional almost differentiable manifold. Define a framing F on M to be a
continuous map F : dBIa(M x M) — S?~1 such that for every x € M, Flz-1(x,x) satisfies that if
¢:RIDU =5 N C M, ¢(0) = x is a chart of M near x, then Flo-1(xx) = STxU — §41isa
homeomorphism induced from a linear map 7, U — R4, By Proposition 6.5 below, this condition doesn’t
depend on the choice of such a chart ¢.

Suppose M is an almost differentiable manifold and oo € M a fixed point. Then the group 4 defined
in Section 1.1 can be similarly defined here:

.= Autgg (M) = {g € Aut® (M) | 3 neighborhood N > oo such that g|y = id}.

Define an almost differentiable (M, 00)-bundle to be a fiber bundle with fiber M and structure group
Autgg (M). Such a bundle 7 : E — B has an associated vertical sphere tangent bundle 7’ : ST'E — E.
Define a framing on  : E — B to be a topological trivialization

homeomorphism

F:STYE|g_s,, y S (E —500)
E _Soo

9 Although the notation f has a completely different meaning in Sections 3-5, Section 6 is relatively independent from the
others, so this abuse of notation should not cause confusion.
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of 7’| g s, standard near s, and such that for each point p € E — 500, F|p: ST)E — $4-1 is induced
from a linear map (with respect to any chart of E|, near p). When M is smooth, this definition of framing
is equivalent to a topological trivialization

TY(E —o00) =5 R? x (E — 550)

that is a linear isomorphism over each point in £ — s, but varies only continuously instead of smoothly
as the point in £ — s varies.

The arguments in Sections 3 and 4 did not actually use the assumption that 7 : E — B is a smooth
fiber bundle, and everything goes through if 7 is only assumed to be a framed almost differentiable

(M, o0)-bundle, where M is a smooth homology sphere.!® Therefore, we have:!!

Theorem 6.2 (restatement of Theorem 1.2) Suppose M is a smooth homology sphere and co € M
is a point. Then Kontsevich’s characteristic classes can be defined for framed almost differentiable
(M, 0o)-bundles; when the bundle is smooth, the definition agrees with the original one.

6.1 Aucxiliary observations on almost differentiability

The almost differentiability condition is actually quite strong. I do not know at the time of writing if an
almost differentiable manifold (respectively, an almost differentiable bundle) necessarily has a unique C'!
structure, if one exists. We close this section with three auxiliary observations. Example 6.3 below shows
that almost differentiability does not imply C'!. Proposition 6.4 below shows that almost differentiability
implies quasiconformal. Proposition 6.5 shows that an almost differentiable map induces a linear map
between tangent bundles, modulo scaling by a positive smooth function.

Example 6.3 Let B be the standard ball of radius € < 1/(2e) in R”. Define
f:B! > R",  f(x)=-2log(|x])-x.

Then f maps B? homeomorphically onto its image, and f is almost differentiable, but not continuously
differentiable at 0. See [21] for a detailed proof — the point being that the function —2 log | x| approaches
oo slow enough as x — 0.

The following definition of quasiconformal of a map is copied from [4]. A homeomorphism f: U — R4
from an open subset U to its image is k-quasiconformal if for all x € U

max{| f() — Iy —x|=r} _
min{| /() = S [ Iy —x| =r} =

fis quasiconformal if it is k-quasiconformal for some k > 1.

Hp(x) = rlg)r%) sup

10That M is smooth instead of just almost differentiable is needed in the proof, to have the structure of the Fulton-MacPherson
compactification of configuration spaces. However, this is mainly used in Section 3.2; specifically, to get Corollary 3.17. The
argument there can probably go through by considering everything locally — trying to show that for every point p € T3 (resp. T1),
there is a neighborhood U of p such that dim; (7> N U) (resp. dim; (77 N U)) is bounded as desired. If this works, the statement
of Theorem 6.2 can potentially be generalized to the case when M is only almost differentiable.

T would like to thank the anonymous referee for pointing this out.
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Proposition 6.4 Let U C R? be open and f : U — R? be an almost differentiable homeomorphism to
its image. Then for every compact subset K C U, f is quasiconformal on K.

Proof First notice that f being almost differentiable implies: for every point x € U there is a map
i §d=1 5 §d=1 gych that for any sequence of pairs of points {(xp, yn) € U x U — A}>®

n=1>
lim Coroyn) = (rox). lim 22—y iy Q) =)
n—00 n—o00 |yn _xnl n—00 |f(yn)— f(xn)|

= fx().

Suppose f is not quasiconformal on some K. Then for every k > 0 there exists x; € K such that, for all
€ > 0, there exist y,{f, ¥ € U (the superscripts stand for “big” and “small”) satisfying

| fD) = fxp)]

k.
7O - fol

b
e — Xkl = g —xkl <e,

Let k range over Z~°. Since K is compact, by possibly passing to a subsequence, we can assume xj — x
as k — oo for some x € K. Plugging in € = 1/ k above, for every k we get a tuple of points x, y]lc’, Vi
all limit to x as k — oco. For each k, denote by Sy the sphere centered at x on which yy, y,’j lie. Define
zx € Sk to be the midpoint of the shortest geodesic (if not unique, take an arbitrary one) between y]lc’ Vi
on Si. This implies that the angle between the vectors y,’j — Xy, and y,’j — 7y, is at least 7r/4; same for the
vectors zx — yi and zg — xg:

, foh)
%‘\ N\ £ ()
Zk
S f(x 1o

Since
SOR =10l | fe -l
|f )= )l [ fOD—fll ™

one of the factors must be bigger than Vk. In the case it is the first factor, define z,lg = y,’j, Z{ = Zx; in
the case it is the second factor, define Z]l; = zx, z;. = y3- Now we have a sequence of tuples (x, Z]l;, z2)s

all converging to x as k — oo, and

fE—fo) S = )

m b = hm T by s’
k—oo | f(zg) = f(xp)| koo | fzg) — f(zp)]

because in the triangle (f(z]lc’), f(z3), f(xk)), the ratio between the lengths of the edges f(z}) f(xk)
and f (Z£ ) f(xx) goes to 0, implying that the angle between the edges f (Z]?) f(z) and f (22 ) f(xp) goes
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to 0. Now, since f is almost differentiable and thus so is f -1

- D~ 10w
li k 1 ( li k )
L ey N LV e Ty

(oSG f(zk)) L oz-z
- )f‘x)(k Seo | fE0— fEDI) ko

which contradicts that the angle between the two vectors is at least 77 /4. |

ko 2 =zl

The converse to Proposition 6.4 is not true. For example, f : RZ — R2, f(x) = |x|71/2 . x, is
quasiconformal but not almost differentiable.

Proposition 6.5 Let U; and U, be open subsets of RY and f : Uy — U, be an almost differentiable
homeomorphism. For every point x € U, denote fx : 8§TxUy — STy (x)U> the homeomorphism given by
restricting f tow~(x, x), where ST denotes the unit sphere in the tangent space. Then fx is induced
from a linear isomorphism TxU; — Ty U>.

Proof Given a directed, ordered graph I' and U C R¢ an open subset, define
gf UV = A — (U x U= 2D (x)verr) — (1) %1 0))ecED)-
Then, by the construction of Fulton—-MacPherson compactification, grq extends to a map
gY : Cyry(U) — BIA(U x U)ED),

where C y()(U) is the Fulton—-MacPherson configuration space of V(I")-labeled marked points in U.
Similar to the proof of Lemma 3.2, 1mage(g ) is the closure of 1mage(g ) in BIA(U x U)EM) . Let
7 :BIa(U x U)EM — (U x U)ED be the blow-down map. For a point x € U,

7 (4 0))eerm) = (STU)ED = (s47HED
and, by the construction of Fulton—MacPherson compactification,
7 ((( x)eer () Nimage(@F) = Vr < (897HED:
recall V is defined in Definition 3.11. Now plug in Uy, U, for U. From the definition of qu ,
(£ NP ogpt =gp2o V0,

) image(glgz) = (f, f)E(F)(image(glgl)). Passing to their closures in Bla (U; x U;)ET) | we have
image(glgz) = fE(F)(image(gg‘ )). Therefore, for each x € Uy,

(S0P (sTHED = (STUNFD — (STy(y U2) PP = (s47HFD
maps V' to V. The conclusion of the proposition follows from Lemma 6.6 below. |
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Lemma 6.6 Suppose f : S?~1 — §9=1 js a homeomorphism such that for any directed, ordered graph T,
Vr is invariant under fED .= (f,..., f): (S "HED  (§d=1EWMD) Then f is induced by a map
F e GL(d).

Proof (This proof is given by Fabian Gundlach.) The strategy is to define an increasing sequence of
subsets {4, C gd-1 102 1» An C Apg1,such that [ J, A, is dense in S$9-1_ and show that for each n, fla,

is induced by a map Fy, € GL(d). For each n € Z>°, let T, be the complete graph with (1 + 1) vertices
labeled by elements in L, := {0, ... ,n}d. Then, putting the vertex of I',, labeled by (m1,...,myg) € L,

at (my,...,mg) € R% gives an element in C;}lz%n)(Rd). Since Vr,, is invariant under FET) there is
an element x = (x,, € Rd)meLn € (Rd)V(F") such that for any m # m2 € Ly, Xm; # Xm, and
Xm, — X mip—m
(12) mi m2 _ f( iy —1ma )
| Xmy — Xm, | lm1 —ma|
Denote ¢; = (0,...,0,1,0,...,0) € L, where 1 is at the j-th place. We also view e; as an element

inS9!. Forallme L, and j €{l,...,d}, Xm-+e; —Xm has direction f(e;) by (12). We next show that
|Xm+e; —Xm| does not depend on m either. For k # j, Since Xp e —Xm is parallel 0 Xy te; e, —Xmte; »
the points X, Xm+e; » Xm+e » Xm+e;+e, form a parallelogram, so we must have Xmte; +e; — Xmte, =
Xm-+e; —Xm- Therefore, plugging in k for j, we have Xm+e, — Xm = Xm—e;+e, — Xm—e; as Well. So, in
the two triangles (Xm, Xm+e; , Xm+e;) ad (Xm—e; » Xms Xm—e; +e; )» On€ of the pairs of corresponding
edges are equal as vectors. The other two pairs of corresponding edges are both parallel by (12), so
they must both be equal. This shows Xp4e; — Xm = xm — xm—e;. Therefore, xte; —xm does not
depend on the choice of m. Without loss of generality we can assume x(g,...0) = (0,...,0) € R?. Then
Xmte; — XM = Xe,; forall m, j. S0, Xm,+m> = Xm, + Xm, for all my, m,. This shows that the map
F,, € GL(d) defined by “for all i, Fy,(e;) = x¢,;” maps m to xm for all m € L,. For F € GL(d), denote
by F 85971 5 gd-1 the homeomorphism induced by F'. Now define

An:{ mip—myp

} c sé1,
lmy —ma|) p, 2moeL,

Then f|4, = F, |4,,- On the other hand, the condition ﬁA,, = f'|a,, uniquely determines F up to scaling:
since {e; }l‘-l:1 C Ay, there exists (0 # A; € R)ld:l such that Fy,(e;) = A; f(e;); since e; +e; € Ay, the
direction of F(e; +e;) = A; f(e;) + A, f(e;) is determined by f, so A;/A; is determined. Therefore,
for different n, F,, differ only by scaling. This determines a map F € GL(d) up to scaling, satisfying

~

ﬁlUn 4, = [y, 4,- Since |, An is dense in §d-1 F =7, O
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