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Kontsevich’s characteristic classes are invariants of framed smooth fiber bundles with homology sphere
fibers. It was shown by Watanabe that they can be used to distinguish smooth S4-bundles that are all
trivial as topological fiber bundles. In this article we show that this ability of Kontsevich’s classes is a
manifestation of the following principle: the “real blow-up” construction on a smooth manifold essentially
depends on its smooth structure and thus, given a smooth manifold (or smooth fiber bundle) M , the
topological invariants of spaces constructed from M by real blow-ups could potentially differentiate
smooth structures on M . The main theorem says that Kontsevich’s characteristic classes of a smooth
framed bundle � are determined by the topology of the 2-point configuration space bundle of � and
framing data.
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1 Introduction
Given the following data:

� a smooth fiber bundle E �
�! B whose fibers are homology spheres,

� a smooth section s1 W B!E and a trivialization t of � in a neighborhood U of s1.B/,

� a vertical framing F on E � s1.B/ which is standard (i.e., looks like the standard framing on Rn

near1) with respect to t in U ,

Kontsevich’s characteristic classes are a collection of cohomology classes in H�.BIR/, parameterized
by some combinatorial data (“graph homology”). They were introduced by Kontsevich [7] and have been
exploited by various authors thereafter; see [11] for a good introduction. In [19], Watanabe constructed
smooth (trivialized near a section and framed, in the above sense) S4-bundles with nontrivial Kontsevich’s
characteristic classes, implying that as smooth fiber bundles (with fixed trivialization near a section) they
are nontrivial, while as topological fiber bundles they are trivial.
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We would like to understand why Kontsevich’s characteristic classes are able to differentiate smooth
fiber bundles that are topologically the same. These classes are constructed by considering the configuration
space bundles associated to E �

�! B , which are obtained by doing a sequence of real (oriented) blow-up
operations fiberwise, and then doing some sort of intersection in the total space of the configuration space
bundle to get an intersection number. Since intersection theoretical invariants usually do not depend on
the smooth structure, while the real blow-up operations do, it is plausible that different smooth structures
on the original bundle E �

�! B yield different topological structures on the induced configuration space
bundles, and Kontsevich’s characteristic classes only depend on the topological bundle structure of the
configuration space bundles (together with some information from the framing). The purpose of the present
article is to make this statement precise and to give a detailed proof. The main theorem, Theorem 1.2,
says that the topological information from the 2-point configuration space bundle of E �

�! B , together
with a framing, determines Kontsevich’s characteristic classes of E �

�! B .

Remark 1.1 The homotopy type of the real oriented blow-up of a manifold X along a submanifold Y ,
BlYX , does not depend on the smooth structure on X , since it is just X �Y ; but the topological structure
of @BlYX as a sphere bundle over Y and how @BlYX is attached to X � Y do depend on the smooth
structure in an essential way; and a framing on the normal bundle of Y can be used to capture this
structure.

For example, the simplest Kontsevich’s characteristic classes, when it is a number (‚-graph invariants),
can be viewed as the triple intersection number of a cohomology class (called “propagator class” in
Section 4) in a space C 2.�/=�F , where C 2.�/ is the total space of the 2-point configuration space
bundle associated to E �

�! B , and �F is an equivalence relation on @vC 2.�/ (the vertical boundary of
C 2.�/) — it uses the framing data F to “pinch” @vC 2.�/, making it lower-dimensional.1

1.1 Statement of main result

Throughout Sections 1–5, let M be a closed smooth d -dimensional manifold whose R-homology groups
are the same as that of the d -sphere, where RDZ or R, and let1 be a fixed point in M . Let C 2.M;1/
be the configuration space of two ordered, distinct points in M , neither of which is1, compactified by
the Fulton–MacPherson compactification. More precisely, C 2.M;1/ is obtained from M �M by first
blowing up1�1 and then blowing up the strict transforms2 of1�M , M �1 and the diagonal �.
(All the blow-ups we use are oriented.) Denote by fC; f� W C 2.M;1/!M the two forgetful maps
lifting

M 2
�!M; fC.x1; x2/D x2; f�.x1; x2/D x1;

respectively. So, .f�; fC/ W C 2.M;1/!M �M is the blow-down map.

1This idea of constructing C 2.�/=�F and viewing the propagator as a cohomology class in it has already been explored in
the early work of Kuperberg and Thurston [10].

2Suppose N and N 0 are submanifolds of M . The strict transform of N 0 in BlNM is the closure of N 0nN , which is a subset
of MnN � BlNM .
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Denote by DiffC.M/ (resp. HomeoC.M/) the group of orientation-preserving diffeomorphisms
(resp. homeomorphisms) of M , with the Whitney (resp. compact-open) topology, and define

DiffC.M;N1/ WD
˚
g 2 DiffC.M/ j 9 neighborhood U 31 such that gjU D id

	
;

HomeoC.M;N1/ WD
˚
g 2 HomeoC.M/ j 9 neighborhood U 31 such that gjU D id

	
;

G WD
˚
. Qg; g/ 2 Homeo.C 2.M;1//�HomeoC.M;N1/ j g ıf˙ D f˙ ı Qg

	
:

By a smooth .M;1/-bundle E �
�! B we mean a fiber bundle with typical fiber .M;1/ and structure

group DiffC.M;N1/. It has a canonical section s1 and a canonical germ of trivializations

t W B �U zU

B

�

projection to B �

of some neighborhood zU � s1.B/ (U is some neighborhood of1 in M ). Abusing notation we also
denote the image s1.B/ by s1.

A framing F on a smooth .M;1/-bundle E �
�! B is a continuous choice of basis for the vertical

tangent space at every point of E�s1, such that there are neighborhoods E � zU � s1 and M �U �1,
a diffeomorphism .U;1/� ..Rd � 0/t1;1/, satisfying that t�.F j zU / is the standard framing on Rd

under this diffeomorphism.
Let C 2.�/! B be the associated C 2.M;1/-bundle, let fC; f� W C 2.�/!E be the two forgetful

maps and let @vC 2.�/ consist of boundaries of every fiber. So

@vC 2.�/D .f�; fC/
�1
�
�.�/[ s1 �B E [E �B s1

�
;

where �B denotes fiber product over B and �.�/�E �B E is the fiberwise diagonal. The framing F
induces a map .f�; fC/�1.�.�//! Sd�1 which at each point x 2E � s1 maps

.f�; fC/
�1.x; x/D SNv�.�/Ejx � ST

v
xE

to Sd�1 using F W T vxE � Rd ; here ST vE denotes the sphere bundle of the vertical tangent bundle
of E and SNv

�.�/
E denotes the sphere bundle of the vertical normal bundle of �.�/ in E. Using the

trivialization t , this map can be extended to a map @vC 2.�/! Sd�1 that we still denote by F , abusing
notation; see for example [20, Section 2.3] for the detailed definition.

Kontsevich’s invariants, as cohomology classes in B parameterized by graph homology, are defined
for smooth framed .M;1/-bundles with smooth base B and RDR. In this article we need to restrict to
the case of having only trivalent graphs,3 so, throughout this article, Kontsevich’s invariant for a bundle

3The general definition of Kontsevich’s invariants doesn’t need to assume this, but for us, because of a nuanced technicality
(more precisely, we need the very last sentence of Section 2 to hold, which is needed in the proof of Lemma 3.20), the proof of
Theorem 1.2 only works if all the vertices of the graph have the same valency. Since it is customary to consider trivalent graphs,
we will just assume that.
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� WE! B is a map

fformal sum of trivalent graphs, closed in graph homologyg �!H�.BIR/:

One of the by-products of this article is to extend Kontsevich’s invariants to the case where B is any
paracompact Hausdorff space and RD Z. The main theorem is

Theorem 1.2 Let E 0 �
0

�! B 0, E 00 �
00

�! B 00 be smooth .M;1/-fiber bundles and s01, s001 their canonical
sections. Let F 0 and F 00 be framings on � 0 and � 00, respectively. If there exist continuous maps

Qh W C 2.�
0/ �! C 2.�

00/; h WE 0 �!E 00; hB W B
0
�! B 00; hS W S

d�1 homeomorphism
��������! Sd�1

such that the following diagrams commute

C 2.�
0/ C 2.�

00/

E 0 E 00

B 0 B 00

Qh

f 0
Cf 0� f 00

Cf 00�

h

� 0 � 00s01

hB

s001

@vC 2.�
0/ @vC 2.�

00/

Sd�1 Sd�1

Qhj@vC2.�0/

F 0 F 00

hS

and for every point b 2B , Qh and h restrict to orientation-preserving homeomorphisms on the fibers over b.
Then the Kontsevich’s characteristic classes of � 00 pull back to those of � 0 by hB .

Remark 1.3 Without the commutativity condition of the diagram on the right, the assumption of this
theorem is the same as saying . Qh; h/ is a G-bundle map. See Section 6 for some discussions about the
condition in this theorem. In particular, Theorem 6.2 is a restatement and extension of Theorem 1.2.

Remark 1.4 Theorem 1.4 in [12] (this preprint appeared a few months after the preprint of the present
paper) implies Theorem 1.2, at least in the case M is a sphere. See Theorem 6.2 — a restatement of
Theorem 1.2 (and the second to last paragraph above it, as well as Proposition 6.5) — for why this is the
case.

1.2 Outline of the proof

We reconstruct Kontsevich’s characteristic classes in a way that all the definitions are made using only
the topological bundle structure on C 2.�/, � and the maps f˙, avoiding using the smooth structure
in definitions. This will make Theorem 1.2 automatic. Sections 2–4 are devoted to this reconstruction,
which is really just a translation of the original construction. In Section 5 we show that the new definition
is equivalent to the original one.

To make such a reconstruction, the natural strategy is to translate the original construction using
differential forms into the language of some topological cohomology theory (here we use Čech cochains)
and thus avoid using the smooth structure. However, the cochains in all topological cohomology theories
are rather cumbersome to work with, so we need to find the appropriate spaces so that we actually work

Algebraic & Geometric Topology, Volume 26 (2026)



Kontsevich’s characteristic classes as topological invariants of configuration space bundles 353

with cohomology classes. The seemingly unmotivated definitions in Section 3 are for this purpose. This
approach is very similar to the work of Kuperberg and Thurston [10] (and some later works, e.g., [8]),
but with some major differences; see Remark 1.5 below.

We describe in a bit more detail how the reconstruction is done below. First, in this paragraph, we
briefly recall how the original construction roughly goes. Let E �

�! B be a smooth .M;1/-bundle
with smooth, compact base B , and F a framing on � . Let � be a trivalent graph that is closed in graph
homology;4 denote its vertex set and edge set by V.�/ and E.�/, respectively. Denote by CV.�/.�/ the
Fulton–MacPherson compactification of

CV.�/.�/ WD
˚
.xv 2E/v2V.�/ j xv … s1; �.xv/D �.xw/; xv ¤ xw ;8 v ¤ w 2 V.�/

	
:

It is a manifold with boundaries and corners. For every edge e of � , there is a forgetful map

fe W CV.�/.�/! C 2.�/

forgetting everything but the two points labeled by the vertices adjacent to e. Take a closed .d�1/-
form ! (called propagator) on C 2.�/ satisfying !j@vC2.�/ D F

�vol for some form vol on Sd�1 such
that

R
Sd�1 volD 1. Then the desired characteristic class (with parameter �) is defined to be the class

represented by the push-forward of
V
e f
�
e !e to B . This pushed-forward form is not automatically closed

or independent of the choice of !; all the trouble here is that CV.�/.�/ has boundary. The codimension-1
boundary strata of CV.�/.�/ are in correspondence with subsets A � f1g t V.�/ having at least 2
elements. Denote by SA the closed boundary stratum corresponding to A; it represents the configurations
where the points with labels in A all coincide and “bubble off to a screen”. These boundary strata are
divided into 4 types, and treated separately.

(1) The subgraph �A of � spanned by vertices in A has a zero- or univalent vertex, and is not of the
form as in the 4-th type below. Then SA is contracted by the map to B and thus does not contribute.

(2) �A has a bivalent vertex; then there is an involution on SA, making the contribution from SA cancel
with itself.

(3) 12 A or AD V.�/. This case relies on the framing F , the trivialization of � near s1, and that !
is defined to be compatible with F . A dimension count shows that SA does not contribute either.

(4) �A has two vertices connected by an edge, then these SA correspond to boundary terms of � in
graph cohomology. Since � is closed, their total contribution is 0.

In our reconstruction, we no longer use differential form propagators; instead, define the space
C 2.�/=�F obtained from C 2.�/ by contracting @vC 2.�/ to Sd�1 using the framing F , and the
propagator can be naturally replaced by a propagator class � 2 Hd�1.C 2.�/=�F /. Denote by
q W C 2.�/! C 2.�/=�F the quotient map.

4Throughout this paper we work with a single graph � instead of a formal sum of graphs, but this is just for simplicity. All
the arguments can be modified to work if we assume � is a formal sum of graphs instead; see Remark 3.26.
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Our construction also treats the boundary strata of CV.�/.�/ type by type; each type is treated in the
same spirit as the original arguments.

(1) Instead of using CV.�/.�/, we use a “weaker” compactification of CV.�/.�/, denoted by C�.�/.
When marked points coincide, CV.�/.�/ records the colliding directions of every pair of points, as well
as the relative colliding speed of each triple of points.5 But C�.�/ only records the colliding directions
of pairs of points whose labels in V.�/ are connected by an edge of �; C�.�/ also does not record the
relative colliding speed of triples of points. Indeed, C�.�/ is defined to be the closure of the image of

CV.�/.�/
.fe/e2E.�/
�������! C 2.�/

E.�/:

We denote the image of each SA in C�.�/ by S�A . Those SA � CV.�/.M;1/ for A of type 1 are
“contracted”, i.e., S�A � C�.�/ has codimension-2 or higher.

(2) and (4) The original arguments in these two cases tell us that each SA of type 2 has an involution
and each SA of type 4 can be paired-up and cancel each other. Morally, we want to define a new space
obtained from C�.�/ by gluing each S�A of type 2 to itself by the involution, and glue each type 4 pair
S�A1 ;S

�
A2

to each other; thus they are no longer boundaries. However, the gluing procedure involves
much technicality, so we instead just use the space

X�.�/ WD
[

�2 zSE.�/

� �C�.�/� C 2.�/
E.�/;

where zSE.�/ is the signed permutation group of the set E.�/ (a slight generalization of the usual
permutation group), which acts on C 2.�/E.�/ by permuting the factors. Taking the union of all the
translates of C�.�/ by zSE.�/ makes the type 2 and type 4 boundary strata of them coincide and cancel
with each other. We will explain in Section 3.4 that after removing a codimension-2 subset T2.�/ from
X�.�/, it is (fiberwise) a “manifold with boundary and bindings” (see Figure 1 for what binding means),
where the pages adjacent to a binding, when counted with sign, sum up to 0. Since X�.�/ is a subspace
of C 2.�/E.�/, for each edge e of � , we still have the forgetful map fe WX�.�/! C 2.�/.

(3) Denote by S.�/ � X� the union of all S�A of type 3. Then the boundary of X�.�/ � T2.�/ is
contained in S.�/. We show that the cup product �� WD

S
e2E.�/ f

�
e q
�� actually lands in the relative

group H�.X�.�/; S.�//.

5This perspective is most manifest in the construction of the Fulton–MacPherson compactification as taking closure in a
big ambient space, as in [15, Definition 1.3]. There, for a manifold M , the compactified n-point configuration space Cn.M/

is defined as follows. Arbitrarily choose an embedding of M into a big Euclidean space Rm. Then Cn.M/ is the closure of
the uncompactified space Cn.M/ in Mn � .Sm�1/.

n
2/ � Œ0;1�.

n
3/, where the embedding of Cn.M/ into this product space is

given by: the Mn factor records the position of the n marked points in M ; the .Sm�1/.
n
2/ factor records the direction between

each pair of marked points; the Œ0;1�.
n
3/ factor records the relative distance jx1 � x2j=jx1 � x3j among each triple of points.

For a manifold M and a graph � , our weaker compactification here can be defined in a similar way with the big product space
replaced by MV.�/ � .Sm�1/E.�/; namely, only the directions between pairs of points connected by edges of � are recorded.
The CV.�/.�/ is the bundle version (family version) of this.
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� � �

� � �

� � �

� � �� � �

S�A1 D �1 �S
�
A2

C 2.M;1/
E.�/

X�

C �.M;1/ �1 �C �.M;1/

�2 �C �.M;1/

�3 �C �.M;1/ �4 �C �.M;1/

Figure 1: Left: a binding with 4 adjacent pages. Right: an illustration of X� .

Since X�.�/ can be roughly thought of as a manifold with boundary S.�/ and bindings with pages
summing up to 0, H�.X�.�/; S.�// is not trivial and �� contains all the information we need. We
push it forward to B (cohomology push-forward is defined in Section 4.2.1 using the Leray–Serre
spectral sequence) to obtain a class in H�.B/, which is the desired Kontsevich’s characteristic class with
parameter � .

Remark 1.5 Our approach above to modify CV.�/.�/ is very similar to that of [10] and [8]. The
similarities include: considering the space C 2.�/=�F and view the propagator as a cohomology class
of it; using a smaller configuration space to deal with boundary strata of type (1); and using a gluing
construction to deal with boundary strata of type (2) and (4). The main difference concerns the construction
of the “smaller configuration space”. In [8; 10], it is constructed by blowing up fewer diagonals in
MV.�/ (denote by M the 3-manifold whose configuration space is to be constructed); thus the “smaller
configuration space” obtained is a smooth manifold, and when doing the gluing, how the corners glue
together nicely is analyzed. Here, we construct the “smaller configuration space” in a much simpler way
(the closure of the image of the forgetful maps), and define the glued space X� in a very simple way
as well. As a trade-off, the downside of this approach is that these spaces are not smooth; therefore we
have to make an effort to analyze that the part that is not necessarily smooth is of at least codimension-2.
Yet it is because the definition of X�.�/ is so simple in our approach — essentially, only the topology of
C 2.�/ is used — that we are able to prove Theorem 1.2 which only involves the 2-point configuration
space instead of the n-point configuration spaces for bigger n.
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Remark 1.6 The reason we use Čech instead of singular or simplicial cochains is completely technical.
As mentioned above, the spaces we work with are only topological spaces instead of manifolds, but we
need a careful control of dimension, so we use the “covering dimension” which is defined for topological
spaces. Čech cochains are the most convenient to work with in this situation.

1.3 Some auxiliary notation

For a set S let jS j denote the number of elements in S . For a set I and a space X , denote XI D
Q
i2I X ;

for n 2 Z>0, denote
Xn DX �X � � � � �X„ ƒ‚ …

n times

:

Denote by �big �X
I the big diagonal. For a map f WX ! Y , denote

f I WXI ! Y I ; f I ..xi /i2I /D .f .yi //i2I :

By the real blow-up of a smooth manifold X along a submanifold Y we mean the oriented blow-up:
replacing Y by the sphere normal bundle of Y in X .

We will be using Čech cochains and Čech cohomology. For a space X with an open cover U, and
a coefficient ring R, we write LC �U.X IR/ for the R-module of Čech cochains on X with respect to U,
valued in the constant sheaf R�X . By a skew-symmetric Čech cochain ˛ 2 LC nU.X IR/ we mean ˛ is
such that

˛.U0; : : : ; Ui ; UiC1; : : : ; Un/D�˛.U0; : : : ; UiC1; Ui ; : : : ; Un/

for all U0; : : : ; Un 2 U and 0 � i < n. If A � X is closed, we denote LC �U.X;AIR/D LC
�
U.X IRjX�A/,

where RjX�A is the sheaf obtained by restricting R �X to X � A and then extending it by 0 to X .
So, LC �U.X;AIR/ can be identified with a submodule of LC �U.X IR/: it consists of Čech cochains that
vanish on A. Denote by H�U.X IR/ and H�U.X;AIR/ the cohomology of LC �U.X IR/ and LC �U.X;AIR/,
respectively.

If U0 is a refinement of U, then there is a well-defined map

H�U.X IR/!H�U0.X IR/

(resp. H�U.X; Y IR/ ! H�U0.X; Y IR/), independent of the choice of refinements. Write H�.X IR/
(resp. H�.X; Y IR/) for the cohomology of X (resp. the pair .X; Y /) with R coefficients; it is the direct
limit of H�U.X IR/ (resp. H�U.X; Y IR/) as U gets more and more refined. In Sections 3 and 4, the
coefficient ring R is assumed to be Z or R, and is often suppressed from notation; in Section 5, RDR.

We will also be using compactly supported Čech cohomology (and very occasionally Čech cohomology
with some other support ˆ; usually ˆ is the collection of compact subsets inside a subspace). The last
two paragraphs hold in these cases as well. The notation in the compactly supported case will be an added
subscript “c”, e.g., LC �c;U.X IR/, H

�
c;U.X IR/, H

�
c .X IR/. (And the notation in the case with support ˆ

will be an added subscript “ˆ”.)

Algebraic & Geometric Topology, Volume 26 (2026)
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We follow [17, Section 2.4] for the definition of fiber bundles. When we say p W B ! X is a fiber
bundle with fiber Y and structure group G, we mean a fiber bundle as in [17, Definition 2.3], with given
(maximal) coordinate functions that we do not explicitly mention. Given a G-action on some other
space Y 0 (resp. and a G-equivariant map f W Y 0! Y ), by the associated bundle of p with fiber Y 0 we
mean a fiber bundle p0 WB 0!X with fiber Y 0 and structure group G (resp. and a G-bundle map, see [17,
Definition 2.5] for the definition, Qf W B 0! B , p ı Qf D p0) built up by gluing coordinate charts in the
same way as p.6 Then p0 (resp. .p0; Qf /) is unique up to equivalence.

In Section 1.1 we defined a smooth .M;1/-bundle to be a fiber bundle with typical fiber .M;1/
and structure group DiffC.M;N1/. If B is a smooth manifold, then it is the same as saying (by smooth
approximation theorems we can make the transition maps smooth) E �

�! B is a smooth submersion
between smooth manifolds, with a smooth section s1 WB!E, such that for all b 2B , .��1.b/; s1.b//
is diffeomorphic to .M;1/, together with a neighborhood zU �E of s1.B/ and a trivialization

t W B � .U;1/ ��! . zU ; s1/

where U �M is some neighborhood of1.
Throughout this article we assume the reader is familiar with the Fulton–MacPherson compactification —

having the picture in their mind; see [5] or [11] for reference. Some familiarity with the original definition
of Kontsevich’s characteristic classes would help (see any one of [7; 11; 20, Section 2] for reference), but
it will not be needed until Section 5.

2 Information from the graph

In this section we summarize notation and statements regarding graphs that will be used later.
Say a graph is directed if its edges have directions, ordered if both of its vertex set and edge set are

ordered. If a vertex or edge is the i-th one in the ordering, we call i its label. Given such a graph � ,
we denote by V.�/ its vertex set and E.�/ its edge set. Denote by e�i the i-th edge of � and v�i the
i-th vertex of � . Conversely, given an edge e or vertex v of � , we denote by o�.e/ or o�.v/ its label.
(So o�.e�i /D o�.v

�
i /D i .) For an edge e of � , denote by vC.e/ and v�.e/ the output and input vertex

connected to e, respectively.
Suppose �1 and �2 are directed, ordered graphs, ˛ W �1 ! �2 an undirected, unordered graph

isomorphism, then we denote by sgn.˛; vertex/; sgn.˛; edge/ 2 fC1;�1g the permutation signs of ˛ on
the set of vertices and edges, respectively, and denote

sgn.˛;!/D .�1/number of edges whose direction is reversed by ˛;

sgnd .˛/ WD
�

sgn.˛; edge/ for d 2 Z even;
sgn.˛; vertex/C sgn.˛;!/ for d 2 Z odd:

6If p is a principal G-bundle (i.e., the G action on Y is free and transitive), then p0 can be written as .Y 0 �B/=G �! X .
Here .Y 0 �B/=G means the quotient of Y 0 �B by the G-action g � .y; b/D .yg; g�1b/.
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For a graph � , define Autu.�/ to be the group of automorphisms of � as an undirected, unlabeled graph.
Define

jAutu.�/j˙d D
X

˛2Autu.�/

sgnd .˛/ 2 Z:

For a set I , denote by SI the permutation group of I and zSI the signed permutation group of I . Namely,
zSI is the group of bijections from

F
i2I fi

C; i�g to itself satisfying that, if iC is mapped to jC or j�,
then i� is also mapped to jC or j�. There is an obvious map from zSI to SI . For � 2 zSI , we denote by
sgn.�/ the sign of its image in SI ; denote sgn0.�/ WD .�1/jfi2I j�.i

C/Di�gj.
Given an element ˛ 2 Autu.�/, we denote by ˛V 2 SV.�/ and ˛E 2 SE.�/ the permutations of the

vertices and edges induced by ˛, respectively. Define

 � W Autu.�/ �! zSE.�/;  �.˛/.e
C/D ˛E .e/

˙ if ˛V .vC.e//D ˛V .v˙.e//:

Intuitively, one can think of e˙ as the two half-edges of e.
If � has no isolated vertex, this is an injective group homomorphism.

2.1 Quick review of graph homology

Let G be the free abelian group generated by directed, ordered graphs that are also nonempty, connected
and such that every vertex is at least trivalent. Define two equivalence relations on G, �odd and �even,
generated by the following: for directed ordered graphs �1 and �2, if there exists an isomorphism
� W �1! �2 as unoriented unordered graphs, then

�1 �odd
�
sgn.�; vertex/ � sgn.�;!/

�
�2; �1 �even sgn.�; edge/�2:

For a directed, ordered graph � and an edge e of � , we define �=e to be the graph obtained from � by
contracting e, with edge directions unchanged, vertices ordered in the same way as � , except for the new
vertex, now put in the very front; edges ordered in the same way as �; as below:

e

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

Define Z-linear maps

ıodd WG=�odd �!G=�odd; ıeven WG=�even �!G=�even

induced by, for a directed ordered graph � ,

ıodd.�/ WD
X

e2E.�/

.�1/
o�.vC.e//�o�.v�.e//C

�
0 if o�.vC.e// > o�.v�.e//
1 if o�.vC.e// < o�.v�.e//�=e;

ıeven.�/ WD
X

e2E.�/

.�1/o�.e/�=e:
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It can easily be seen that ı2odd; ı
2
evenD 0. Graph homology is defined to be the homology of .G=�odd; ıodd/

and .G=�even; ıeven/. For shorter notation, for an edge e in a graph � , we define

sgnodd;�.e/D .�1/
o�.vC.e//�o�.v�.e//C

�
0 if o�.vC.e// > o�.v�.e//
1 if o�.vC.e// < o�.v�.e// :

The main takeaway we need is the following statement, which follows directly from definition: if
�1C� � �C�n2G,

�
ıodd

�Pn
iD1 �i

��
�odd
D0 or

�
ıeven

�Pn
iD1 �i

��
�even
D0 (“Œ � �” denotes taking equivalence

class with respect to �odd;�even), then there exists an (often not unique) pairing between the edges of
�1; : : : ; �n, such that, if e�ai ; e

�b
j is a pair, then there is an undirected, unordered graph isomorphism

˛ W �a=e
�a
i �! �b=e

�b
j

such that

sgn.˛; vertex/ � sgn.˛;!/ � sgnodd;�.e
�a
i / � sgnodd;�.e

�b
j /D�1

or

sgn.˛; edge/ � .�1/o�a .e
�a
i
/Co�b .e

�b
j
/
D�1;

respectively.

2.2 Information from the graph

Let d � 3 be an integer. Denote by Nd 2 fodd; eveng the parity of d . Let � be a connected, directed,
ordered graph such that all vertices are at least trivalent, and Œı Nd .�/�� Nd D 0. For example, the tetrahedron
graph — the graph with 4 vertices and 1 edge between each pair of vertices, arbitrarily directed and
ordered — satisfies these conditions when d is even.

It is easy to see that all the arguments in this section work if we assume � is a formal sum of graphs
instead.

For V 0 � V.�/, we denote by �V 0 the subgraph of � spanned by the vertices in V 0, and by �=V 0 the
graph obtained from � by contracting �V 0 to one single vertex ŒV 0�v. The order of edges in �V 0 , �=V 0

and the order of vertices in �V 0 are the same as in � . The order of vertices in �=V 0 is defined as: ŒV 0�v
is the first one, and the rest are ordered as in � .

Suppose A� f1gtV.�/, jAj � 2. Define

�A D

�
�A as in the previous paragraph if1… A;
�=.A�1/ if12 A;

�=�A D

�
�=A if1… A;
�A�1 if12 A:

We say A is of

� type 1, if �A has a zero-valent or univalent vertex, and either jAj � 3 or �A has no edge;

� type 2, if �A has a bivalent vertex but no uni- or zero-valent vertex;

� type 3, if all vertices of �A are at least trivalent;

� type 4, if �A has exactly 2 vertices with 1 edge connecting them.
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Notice that since all vertices of � are at least trivalent,12 A implies A is of type 3.
Suppose A as above is of type 2. We fix vA a bivalent vertex in A. Denote by e1A; e

2
A 2E.�/ the two

edges connected to vA. Define �A 2 zSE.�/ as follows:

�A.e
˙/D e˙ if e ¤ e1A; e

2
A;

�A.e
1
A

˙
/D e2A

�
if e1A and e2A both start or both end at vA;

�A.e
1
A

˙
/D e2A

˙
if one of e1A or e2A starts at vA and the other ends at vA:

Now we look at A of type 4 above. Since Œı Nd .�/�� Nd D 0, there exists a pairing (given � , let us choose it
once and for all, and call it a �-pairing) between type 4 A’s such that, if A1; A2 are paired (call them
a �-pair), then there exists an undirected, unordered graph isomorphism ˛A1A2 W �=A1! �=A2, as in
the last paragraph of Section 2.1. Denote by e1; e2 the edge in � between the two vertices in A1; A2,
respectively. We call e1; e2 a �-pair as well, and denote ˛A1A2 also by ˛e1e2 . We define �e1e2 2 zSE.�/
to be

�e1e2.e1
˙/D e2

˙;

�e1e2.e
�
i

˙
/D e�j

˙
if ˛A1A2.e

�
i /D e

�
j ; preserving direction;

�e1e2.e
�
i

˙
/D e�j

�
if ˛A1A2.e

�
i /D e

�
j ; reversing direction:

Note that we implicitly identified edges in E� �fe1g (resp. E� �fe2g) with edges in �=A1 (resp. �=A2).
Evidently �e2e1 D �

�1
e1e2

.
If � is trivalent, then ŒA1�v and ŒA2�v are the only vertices of valency 4 in �=A1 and �=A2, respectively.

So ˛A1A2 must map ŒA1�v to ŒA2�v.

3 Defining various spaces, all having a G-action

As mentioned in Section 1.2, we would like to (at least partially) upgrade the construction of Kontsevich’s
classes from the chain level to the cohomology level, and this is done by replacing the configuration space
CV.�/.�/ with another space X�.�/. In this section we construct the “single fiber version” of it, X� , and
prove various statements regarding its structure. In Section 4 we will consider the fiber bundle version.
That the fiber bundles we consider later are G-bundles (see Section 1.1) means that the spaces we construct
here need to have G-actions, which is clear from the definitions given in this section.

Let .M;1/ be as in Section 1.1. Denote by��M �M the diagonal. Denote by CI .M/DM I ��big

the configuration space of distinct marked points onM labeled by I . If I is ordered, letCI .M/ be oriented
by the product orientation on M I. Denote by CI .M/ its Fulton–MacPherson compactification [5]. It can
be constructed fromM I by a sequence of real blow-ups along various diagonals. For example, C f1;2g.M/

is the real blow-up of M �M along �. The space CI .M/ has the structure of a smooth manifold with
boundaries and corners. For I 0 � I we have a smooth forgetful map fI 0 W CI .M/ �! CI 0.M/ lifting
the map

M I
�!M I 0 ; .xi /i2I �! .xi /i2I 0 :
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If I 0 has only one element i , we also denote fi D fI 0 .
Denote CI .M;1/D f.xi /i2I 2 CI .M/ j xi ¤1;8ig, oriented in the same way as CI .M/. Denote

by C I .M;1/ its Fulton–MacPherson compactification, which is defined to be the preimage of1 under
the forgetful map ff�g W CItf�g.M/!M . For simplicity we write C n.M;1/ WD C f1;:::;ng.M;1/. For
example, C 2.M;1/ is described in Section 1.1. Define � W C 2.M;1/! C 2.M;1/ to be the map
swapping the two marked points.

For A� f1gtI , jAj � 2, we denote by VSA �C I .M;1/ the (open) boundary stratum corresponding
to that the marked points with labels in A coincide. Denote by SA its closure in C I .M;1/.

3.1 Defining various spaces

Recall in Section 1.1 we defined

G WD
˚
. Qg; g/ 2 Homeo.C 2.M;1//�HomeoC.M;N1/ j g ıf˙ D f˙ ı Qg

	
:

It is easy to see that the action of G commutes with the point-swapping map � . We call the action of G on
C 2.M;1/

I by acting simultaneously on every factor the diagonal action. All the actions of G we talk
about below are action by homeomorphisms.

Let � be a graph as in Section 2.2. Assume � is trivalent. For an edge e of � , we denote by
fe W CV.�/.M;1/! C 2.M;1/ the forgetful map lifting

MV.�/
�!M 2; .xv/v2V.�/ �! .xv��.e/; xv�C.e/

/:

Definition 3.1 Denote f� D .fe/e2E.�/ W CV.�/.M;1/! C 2.M;1/
E.�/. Define

C�.M;1/D image.f�/; C�.M;1/D f�.CV.�/.M;1//:

So, C�.M;1/� C�.M;1/� C 2.M;1/E.�/.

Since � is connected, f� jCV.�/.M;1/ is an embedding. Thus it gives a diffeomorphism

CV.�/.M;1/! C�.M;1/:

Since V.�/ is ordered, this also gives C�.M;1/ an orientation. Since C�.M;1/ can be written as˚
.ze/e2E.�/ 2C 2.M;1/

E.�/
j 8e; e0 2E.�/;8s; s0 2 fC;�g; fs.ze/D fs0.ze0/() vs.e/D vs0.e

0/
	
;

it is invariant under the diagonal G-action.

Lemma 3.2 C�.M;1/ is the closure of C�.M;1/ in C 2.M;1/E.�/.

Proof Since CV.�/.M;1/ is compact, f�.CV.�/.M;1// is closed and thus contains the closure of
C�.M;1/. On the other hand, CV.�/.M;1/ is dense in CV.�/.M;1/, so

C�.M;1/D f�.CV.�/.M;1//

is dense in f�.CV.�/.M;1//.
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Abusing notation, we denote by the projection C�.M;1/! C 2.M;1/ to the e-th coordinate still
by fe and denote the inclusion map C�.M;1/! C 2.M;1/

E.�/ still by f� . It follows directly from
Lemma 3.2 that C�.M;1/ is invariant under the diagonal action of G on C 2.M;1/E.�/.

Definition 3.3 For I an ordered set, define an action � of zSI on C 2.M;1/I by diffeomorphisms: for
� 2 zSI ,

�.�/ W C 2.M;1/
I
�! C 2.M;1/

I ; �.�/.zi /i2I D

��
zj if �.i˙/D j˙

�.zj / if �.i˙/D j�

�
i2I

:

It is clear from definition that every �.�/ is equivariant with respect to the diagonal action of G on
C 2.M;1/

I.

Definition 3.4 X� WD
[

�2 zSE.�/

�.�/.C�.M;1//� C 2.M;1/
E.�/.

We still denote the inclusion map X� ! C 2.M;1/
E.�/ by f� and its e-th factors by fe.

It follows from the G-invariance of C�.M;1/ and the G-equivariance of each �.�/ thatX� is invariant
under the diagonal action of G on C 2.M;1/E.�/. We therefore define the action of G on X� to be the
restriction of the diagonal action. The maps fe are clearly G-equivariant.

It seems that X� (and its bundle version) is the appropriate space that accommodates Kontsevich’s
characteristic classes. It is defined this way — taking the j zSE.�/j copies of C�.M;1/ inside of
C 2.M;1/

E.�/ and taking their union — because this makes the type 2 and 4 boundary strata of the
many copies of C�.M;1/ cancel with each other; see Figure 1. On the other hand, being a subspace of
C 2.M;1/

E.�/ automatically makes it (and all its subspaces) metrizable, as a topological space, which
is needed for the various arguments regarding covering dimension and Čech cohomology below.

We first make a remark that in the definition of X� as a union, the “main stratum” parts either coincide
or do not intersect. This is the content of Lemma 3.5 below.

Recall Autu.�/ is the group of automorphisms of � as an undirected, unlabeled graph. An element
˛ 2 Autu.�/ consists of permutations ˛V 2 SV.�/ and ˛E 2 SE.�/. Denote by


 W Autu.�/ �! Diff.CV.�/.M;1//

the action of Autu.�/ on CV.�/.M;1/ by permuting marked points according to ˛V , namely, 
.˛/ lifts
the map

MV.�/
�!MV.�/; .xv/v2V.�/ �! .x˛V .v//v2V.�/:

Then (recall  � W Autu.�/! zSE.�/ defined right before Section 2.1)

(1) f� ı 
.˛/D �. �.˛// ıf� :

Lemma 3.5 For � 2 zSE.�/, if � … image. �/, then �.�/.C�.M;1//\C�.M;1/D¿; if � D �.˛/
for some ˛ 2 Autu.�/, then �.�/.C�.M;1// D C�.M;1/ and �.�/ changes its orientation by
sgn.˛; vertex/d.
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Proof This lemma is intuitively quite simple: an edge e of � contains the information of the two vertices
v˙.e/; so, since every vertex of � is connected to some edge, all the vertices of � (and hence � itself)
can be recovered from its edges. We spell out the details below:

For simplicity we prove the lemma in the case � has no repeated edges; it can easily be generalized to
the other cases as well. Given an element z D .ze/e2E.�/ 2 C 2.M;1/E.�/, we define its set of vertex
positions

S
effC.ze/; f�.ze/g �M . It does not change under the �.�/ action which only permutes

factors. For x 2 CV.�/.M;1/, we denote by ffv.x/gv2V.�/ the set of vertex positions of f�.x/, which
has exactly jV.�/j (distinct) elements if x 2 CV.�/.M;1/ and less otherwise. Thus, if we suppose
�.�/.C�.M;1//\ C�.M;1/ ¤ ¿, and if x; y 2 CV.�/.M;1/ are such that f�.x/ D �.�/f�.y/,
then there is a permutation ˛V 2 SV.�/ such that f˛V .v/.y/ D fv.x/. Since � has no repeated edge,
there is a unique ˛ 2 Autu.�/ with ˛V as given. So 
.˛/.x/D y. So,

f�.x/D �.�/f�.y/D �.�/
�
f�.
.˛/.x//

�
D �.�/ ı�. �.˛//.f�.x//D �.� �.˛//.f�.x//:

Since �.� �.˛// acts by permuting factors of C 2.M;1/E.�/ composed with �’s, and no two factors
of f�.x/ are the same even modulo � , because � has no repeated edges, we must have � �.˛/D id.
So � D  �.˛�1/. This proves the lemma except for the statement about orientation. The orientation
statement is straightforward.

Definition 3.6 For A� f1gtV.�/, jAj � 2, define

CV.�/WA.M;1/D

(˚
.xv/v2V.�/ 2 .M �f1g/

V.�/ j xv D xw() .v; w 2 A or v D w/
	

if1… A;

p�1
V.�/�A

.CV.�/�A.M;1//\p
�1
A .1; : : : ;1/ if12 A;

where pV.�/�A WMV.�/!MV.�/�A and pA WMV.�/!MA�f1g are the projections. Then we have
the following commutative diagram:

VSA C 2.M;1/
E.�/

CV.�/WA.M;1/ .M 2/E.�/

f�

.f�;fC/
E.�/

f 0�

Define
S�A D

�
..f�; fC/

E.�//�1f 0�.CV.�/WA.M;1//
�
\C�.M;1/:

Denote by S�A the closure of S�A . For an edge e of � , denote S�e WD S�fv�
C
.e/;v��.e/g

.

Intuitively, elements of S�A are configurations of points such that those in A all coincide in M and
no other two points coincide. Notice that SA D f

�1
� .S�A/, VSA � f

�1
� .S�A/� SA, and the inclusions are

often strict.
Recall that (see Figure 1) in X� as a union of many copies of C�.M;1/ inside of C 2.M;1/E.�/, we

want those codimension-1 strata, S�A , of type 2 or 4 in the various copies of C�.M;1/ to glue together
to form bindings. For example, if the binding has only two pages, it should locally be two topological
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manifolds with boundary gluing together along their boundaries, forming a topological manifold. This is
only true if we remove the nonnice, “singular” parts of those S�A and only leave the nice part, which is
what we call VVS�A in Definition 3.7 below.

Definition 3.7 For A� f1gtV.�/, jAj � 2, define VS�A � S�A to be the set of points such that locally
C�.M;1/ is a topological manifold with boundary, i.e.,

VS�A WD
˚
x 2 S�A j 9U � C�.M;1/ open neighborhood of x

and homeomorphism � W U !Rd jV.�/j�1 �R�0 such that �.S�A \U/DRd jV.�/j�1 � f0g
	
:

Moreover, define
VVS�A D

VS�A�
[

�2 zSE.�/

[
A0�f1gtV.�/
jA0j�2

�.�/.S�A0 �
VS�A0/:

In Definition 3.8 below we give names to the various parts of X� . The “good” part, consisting of the
main strata and the “nonsingular” parts of the type 2 and 4 codimension-1 strata, will function like a
topological manifold with bindings as in Figure 1. The remaining of X� can again be divided into two
parts: S , consisting of all S�A of type 3, and T2, consisting of everything else. We will show that neither S
or T2 causes an issue in our argument, but for different reasons: we will show that T2 is of codimension at
least 2 (hence the “2” in the name “T2”), therefore not contributing to an intersection-theoretical argument;
although S has a larger dimension, it can be shown (in Section 4.1) that the cohomology class we care
about is actually in the relative cohomology H�.X� ; S/.

Definition 3.8 Define the following subsets of X� :

X
good
� D

[
�2 zSE.�/

�.�/

�
C�.M;1/[

[
A of type 2 or 4

VVS�A

�
; T1 DX� �X

good
� ;

S D
[

�2 zSE.�/

[
A of type 3

�.�/.S�A/; T2 D
[

�2 zSE.�/

�.�/
[
A

.S�A �
VS�A/:

A in the above formulas are subsets of f1gtV.�/ such that jAj � 2.

Notice that if A is of type 1, then VS�A D ¿ since SA � CV.�/.M;1/ is contracted by f� . So
T1 � T2 � T1�S . Also T2, T1 and S are invariant under the zSE.�/-action �. And T1 and T2 are closed,
since every point in VVS�A (resp. VS�A) has a neighborhood lying in C�.M;1/[VVS�A (resp. C�.M;1/[ VS�A).
It is evident from the above three definitions that for every A, S�A ;S

�
A ;
VS�A;
VVS�A�C�.M;1/ are invariant

under the G-action, and therefore S , T1 and T2 are invariant under the G-action too.
Recall the covering dimension of a topological space X is the biggest integer N satisfying that any

open cover of X has a refinement U such that if U0; : : : ; UNC1 2 U and Ui ¤ Uj for all i; j , then
U0 \ � � � \ UNC1 D ¿. Below we write dimt .X/ for the covering dimension of X (“t” stands for
“topological”). Notice that everything we have defined so far are subspaces of C 2.M;1/E.�/, thus are
all metrizable topological spaces.
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In Sections 3.2 and 3.3 below, we show that

� dimt .T2/� d jV.�/j � 2 and dimt .T1/� d jV.�/j � 1;

� Hd jV.�/j.X� ; S IR/ admits a nontrivial G-equivariant map toR. (RecallRDZ or R is the coefficient
ring; we take the trivial G-action on R.) This statement is the goal of Section 3 and is all that we
need to reconstruct Kontsevich’s classes. In all that follows we will call this map �.

3.2 Dimension control

We list some basic properties of the covering dimension that will be used later in this subsection. Let X
and X 0 be nonempty metrizable spaces.

� If Y �X is closed, then dimt .Y /� dimt .X/. This follows from the definition.

� If Y1; : : : ; Yn � X are closed and dimt .Yi / � m for all i , then dimt .Y1 [ � � � [ Yn/ � m; see [13,
Theorem 9-10].

� dimt .X �X
0/� dimt .X/C dimt .X

0/; see [13, Theorem 12-14].

Lemma 3.9 Let f WX �! Y be a smooth map between smooth manifolds (possibly with boundary and
corners). Assume X is compact. Denote

Ar D fx 2X j rank.dxf /� rg; fAr D f .Ar/:

Then dimt .fAr/� r . Specifically, dimt .f .X//� dim.X/.

Proof This follows from two celebrated theorems. By [14, Corollary on page 169], there exist countably
many charts .Ui � Y; �i W Ui ! Rn/1iD1 of Y such that fAr �

S
i Ui and the Hausdorff dimension

of �i .Ui \ fAr/ is at most r for all i . By [18], the covering dimension of a metrizable, separable
space (which �i .Ui \fAr/ is) is no bigger than its Hausdorff dimension. So, dimt .Ui \fAr/� r for
all i . Since X is compact and Ar is closed in X , fAr is compact, and so it is covered by the charts
U1; : : : ; Um for some m. By shrinking each Ui a little bit, we have closed subsets Vi with Vi � Ui � Y
for i D 1; : : : ; m, which still cover fAr . And dimt .Vi \ fAr/ � r for all i � m. Since Vi \ fAr are
closed subsets of fAr and fAr is their union, dimt .fAr/� r .

Corollary 3.10 dimt .X�/� d jV.�/j; dimt .S/� d jV.�/j � 1; dimt .T1/� d jV.�/j � 1.

Definition 3.11 Given a graph � 0, define V � 0 � .Sd�1/E.�
0/ to be the image of the map

f Rd
� 0 D .f

0
e /e2E.� 0/ W C

quo
V.� 0/

.Rd / �! .Sd�1/E.�
0/;

where C quo
V.� 0/

.Rd / is the Fulton–MacPherson space of configurations of V.� 0/-marked points in Rd ,
modulo translation and scaling (so dim.CV.� 0/.Rd //D d jV.� 0/j � d � 1; “quo” stands for “quotient”),
and f 0e is the unique map induced from

.Rd /V.�
0/
��big �! Sd�1; .xv/v2V.� 0/ �!

xvC.e/� xv�.e/

jxvC.e/� xv�.e/j
;
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i.e., f 0e is the direction between the points marked by the vertices adjacent to e. Notice the GL.d/ action
on Rd induces GL.d/-actions on Sd�1, C quo

V.� 0/
.Rd / and V � 0 .

Let C quo
V.� 0/

.Rd / be the quotient of .Rd /V.�
0/��big by translation and scaling.

Lemma 3.12 If x; y 2 C quo
V.� 0/

.Rd /, x ¤ y and f Rd
� 0 .x/ D f

Rd
� 0 .y/, then dxf Rd

� 0 and dyf Rd
� 0 are not

injective.

Proof Since C quo
V.� 0/

.Rd / is a quotient, let us take representatives x0 2 .Rd /V.�
0/ of x and y0 2 .Rd /V.�

0/

of y such that the marked point labeled by v�
0

1 is the origin and the marked point labeled by v�
0

2

has norm 1. It is easy to see that for all 0 < � < 1, if �x0 C .1 � �/y0 2 .Rd /V.�
0/ � �big, then

f Rd
� 0 .Œ�x

0C .1��/y0�/D f Rd
� 0 .x/D f

Rd
� 0 .y/. So the differential of f Rd

� 0 at x or y vanishes in at least
one direction.

For A � f1g t V.�/, jAj � 2, recall the definitions of �A and �=�A from Section 2.2. From the
construction of Fulton–MacPherson compactification, we have:

Fact 3.13 SA is a fiber bundle over CV.�=A/.M;1/ with fiber C quo
V.�A/

.Rd / and structure group SL.d/.

Notice S�A D f�.SA/.

Corollary 3.14 S�A is a fiber bundle over C�=A.M;1/ with fiber V �A and structure group SL.d/. The
map f� jSA is an SL.d/-bundle map covering f�=A W CV.�=A/.M;1/! C�=A.M;1/, which is f R

�A
on

each fiber.

Notice that the covering dimension of the total space of a fiber bundle with compact base is no more
than the sum of the covering dimensions of its fiber and base: over each chart, the bundle is a product, so
this inequality holds; and since covering dimension does not increase when taking finite unions of closed
subsets, it holds for the whole total space.

Corollary 3.15 Suppose A� f1gtV.�/ is of type 1. Then dimt .S
�
A/� d jV.�/j � 2.

Proof Since �A has a zero-valent vertex v0 or a univalent vertex v1 adjacent to v01,

f Rd
�A
W C

quo
V.�A/

.Rd /! V �A

factors through fv0 WC
quo
V.�A/

.Rd /!C
quo
V.�A/�fv0g

.Rd / which forgets the point labeled by v0, or through
fv1 W C

quo
V.�A/

.Rd /! Sd�1�C
quo
V.�A/�fv1g

.Rd / which forgets the distance between the points v1 and v01.
So, dimt .V �A/ < dim.C quo

V.�A/
.Rd //.

Lemma 3.16 dimt .S
�
A �
VS�A/� d jV.�/j � 2 for all A� f1gtV.�/, jAj � 2.

Proof Denote by pA WSA!CV.�=A/.M;1/ and p�A WS
�
A!C�=A.M;1/ the fiber bundles in Fact 3.13

and Corollary 3.14, respectively. Denote

ZA D
˚
x 2 SA j rank dx.f� jp�1A .pA.x//

/ < d jV.�A/j � d � 1
	
; RA D f�.SA�ZA/:
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(Notice that p�1A .pA.x// is just the fiber of pA containing x.) In other words, ZA consists of points
x 2 SA at which f� jp�1A .pA.x//

is not an immersion. S�A �RA is also a fiber bundle over C�=A.M;1/
with fiber

f Rd
�A

�
fx 2 C

quo
V.�A/

.Rd / j rank dxf Rd
�A

< d jV.�A/j � d � 1g
�
;

so dimt .S
�
A�RA/� d jV.�/j�2 by Lemma 3.9, and S�A�RA is closed in S�A . Since SA� VSA is covered

by codimension-2 or higher strata of CV.�/.M;1/, dimt .f�.SA� VSA//� d jV.�/j � 2. We claim that

(2) S�A �
�
f�.SA� VSA/[ .S

�
A �RA/

�
� VS�A:

If this is true, then S�A �
VS�A is contained in the union of two closed subsets of dimt � d jV.�/j � 2; and

since S�A �
VS�A is itself closed in S�A (that VS�A is open in S�A follows easily from the definition of VS�A), we

are done.
Let x be in the left-hand side of (2). Since x 2 RA and x … f�.SA� VSA/, by Lemma 3.12, f �1� .x/

consists of a single element y 2 VSA. We next show that f� is a homeomorphism onto its image in a
neighborhood U � CV.�/.M;1/ of y. Since pA. VSA/ D CV.�=A/.M;1/ D C�=A.M;1/, f� j VSA is
locally the product of f Rd

�A
with a diffeomorphism. So f� j VSA is an immersion at y. Since f� jCV.�/.M;1/

is injective, f� is injective in an open neighborhood U � CV.�/.M;1/ of y. Since f� is a closed map
(CV.�/.M;1/ is compact), f� jU is a homeomorphism onto f�.U /. Since f�.CV.�/.M;1/�U/ is a
closed subset of C�.M;1/ not containing x, there is a neighborhood V � C�.M;1/ of x such that
V \ f�.CV.�/.M;1/�U/ D ¿, so V � f�.U /. This shows that C�.M;1/ has the structure of a
topological manifold with boundary in the neighborhood V of x, completing the proof.

Corollary 3.17 dimt .T2/� d jV.�/j � 2.

Lemma 3.18 Let Y be a compact metrizable space with dimt .Y / D n, and Y2 � Y1 � Y be closed
subspaces such that dimt .Y1/� n� 1 and dimt .Y2/� n� 2. Then , for every open cover U of Y , there
exists a refinement U0 of U such that

.�/ there are open neighborhoods NY1 of Y1 and NY2 of Y2 such that for all U0; : : : ; Un 2U0, pairwise
distinct ,

.U0\ � � � \Un/\NY1 D¿; .U0\ � � � \Un�1/\NY2 D¿:

Hence , if S � Y1 is a closed subset such that Y1�Y2 � S , then there are canonical isomorphisms

Hn.Y; S/�Hn.Y; Y1/�H
n
c .Y �Y1/:

Proof The proof of [9, Lemma 21.2.1] goes through almost verbatim here and gives us the first statement.
(We first use [13, Proposition 12-9(1)(3)] where Y1; Y2 are plugged in as C1; C2, and then use [13,
Proposition 9-3].) The second statement easily follows using standard arguments in Čech cohomology.
For the first isomorphism: the restriction map LC iU.Y; Y1/! LC iU.Y; S/ is an equality for all i � n� 1 and
all open covers U of Y satisfying .�/, so lim

��!U satisfying .�/H
n
U.Y; Y1/D lim

��!U satisfying .�/H
n
U.Y; S/; since

every open cover of Y has a refinement satisfying .�/, these two limits are equal to Hn.Y; Y1/, Hn.Y; S/,
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respectively. For the second isomorphism: this follows from [2, Proposition 12-3]. Alternatively, let ˆ be
the collection of compact subsets of Y �Y1, viewed as subsets of Y , and it is not hard to check directly
that the natural restriction maps Hn

ˆ.Y /!Hn
c .Y �Y1/ and Hn

ˆ.Y /!Hn.Y; Y1/ are isomorphisms.

Corollary 3.19 Hd jV.�/j.X� ; S/�H
d jV.�/j.X� ; T1/�H

d jV.�/j
c .X� �T1/ via G-equivariant isomor-

phisms.

3.3 Gluing codimension-1 faces

The goal of this Section is to construct a nontrivial map � WHd jV.�/j
c .X� �T1/!R, and the method is

to realize X� � T1 as the image of a proper map from an oriented topological manifold of dimension
d jV.�/j. An alternative approach for constructing � is given in Section 3.4 (which we will only sketch),
and it is a better and more canonical approach. But the method here is less technical and easier to write,
so we use it instead.

Recall at the end of Section 2.2 we defined, for every A� f1gtV.�/ of type 2, �A 2 zSE.�/, and for
every �-pair A1; A2 2E.�/, �A1A2 2 zSE.�/. Thus, we have

�.�A/; �.�A1A2/ W C 2.M;1/
E.�/

�! C 2.M;1/
E.�/

as in Definition 3.3.

Lemma 3.20 �.�A/.S
�
A/D S�A and �.�A1A2/.S

�
A1
/D S�A2 .

Proof Let A be of type 2 with chosen bivalent vertex vA, and vertices v1A and v2A adjacent to it. There
is a dense open subset VS0A � VSA on which we can define an involution �0A W VS

0
A!

VS0A which fixes all
other marked points and reflects the point labeled by vA along the midpoint of the line segment between
the points labeled by v1A and v2A, on the screen that these marked points lie on. (This argument is in
Kontsevich’s original paper [7, Lemma 2.1]; see e.g., [20, Figure 16] for a nice picture. Notice here we
use VS0A because �0A is not well defined on VSA, due to cases when the new position of the point labeled by
vA coincides with other points.) Clearly �.�A/ ıf� D f� ı�0A. So

�.�A/.S
�
A/D �.�A/.f�.SA//D �.�A/.f�.

VS0A//D f�.�
0
A.
VS0A//D f�.

VS0A/D S�A :

Let A1; A2 be a �-pair. Since for A of type 4, VSA is an Sd�1-bundle over CV.�=A/.M;1/ with fiber
over x canonically identified with STfŒA�v .x/M , we can define �0A1A2 W

VSA1 !
VSA2 by lifting the map

CV.�=A1/.M/! CV.�=A2/.M/ switching marked points in the same way as ˛A1A2 (defined by the end
of Section 2.2) maps vertices of �=A1 to vertices of �=A2. Since ŒA1�v is mapped to ŒA2�v, the fibers
are canonically identified. By the definition of �A1A2 , �.�A1A2/ ıf� D f� ı�

0
A1A2

. So

�.�A1A2/.S
�
A1
/D �.�A1A2/.f�.SA1//

D �.�A1A2/.f�.
VSA1//D f�.�

0
A1A2

. VSA1//D f�.
VSA2/D S�A2 :

Corollary 3.21 �.�A/.VVS
�
A/D

VVS�A and �.�A1A2/.
VVS�A1/D

VVS�A2 .
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Denote
C 0�.M;1/ WD C�.M;1/[

[
A of type 2 or 4

VVS�A � C�.M;1/:

Then by the definition of VVS�A, C 0�.M;1/ is a topological manifold with boundary.

Definition 3.22 Take 2jE.�/jjE.�/jŠ copies of C 0�.M;1/, labeled by elements in zSE.�/. We write
C 0�.M;1/

� for the copy labeled by � 2 zSE.�/, and similarly write .VVS�A/
� , x� , etc., for its subspaces and

elements. We orient C 0�.M;1/
� by twisting the orientation on C�.M;1/ by .�1/.d�1/ sgn.�/Cd sgn0.�/.

Define
zX� WD

� G
�2 zSE.�/

C 0�.M;1/
�

�.
�� ;

where �� is the following equivalence relation (gluing boundary components pairwise):

� for all A� f1gtV.�/ of type 2, x 2 VVS�A and � 2 zSE.�/, x� �� .�.�A/.x//��
�1
A ;

� for all A1; A2 a �-pair, x 2 VVS�A1 and � 2 zSE.�/, x� �� .�.�A1A2/.x//
���1A1A2 .

Moreover, define

Qf D . Qfe/e2E.�/ W zX� �! C 2.M;1/
E.�/; Qf jC 0�.M;1/�

D �.�/ ıf� :

It is well defined since �.���1A / ı�.�A/D �.�/ and �.���1A1A2/ ı�.�A1A2/D �.�/.

It can be easily seen that image. Qf /DX��T1. It follows from Lemma 3.5 and the definition above that
Qf jF

� C�.M;1/
� is a covering map (onto its image) of degree jAutu.�/j˙

d
. Since �.�/ is G-equivariant

for all � 2 zSE.�/, the diagonal G-action on C 2.M;1/E.�/ lifts to an action of G on zX� , so that Qf is
equivariant.

Lemma 3.23 zX� is an oriented topological manifold of dimension d jV.�/j.

Proof That it is a topological manifold of dimension d jV.�/j follows from that �.�A/ W VVS�A ! VVS
�
A

and �.�A1A2/ W VVS
�
e1
! VVS�e2 are homeomorphisms and �� glues together these boundary components

of
F
�2 zSE.�/

C 0�.M;1/
� pairwise. It is not difficult to verify that �.�A/ and �.�A1A2/ are orientation-

reversing, if the .VVS�A/
� ’s are oriented as boundaries of C 0�.M;1/.

The purpose of the following lemma is to show that Qf induces a map

Qf � WHd jV.�/j
c .X� �T1/ �!Hd jV.�/j

c . zX�/:

Lemma 3.24 Qf W zX� �!X� �T1 is a proper map.

Proof Let K �X� �T1 be compact. To show Qf �1.K/ is compact, let fxng1nD1 be a sequence of points
in Qf �1.K/. There is a subsequence (still call it fxng) and some � 2 zSE.�/ such that xn 2 C 0�.M;1/

�

for all n. After possibly passing to a subsequence, Qf .xn/ converges to some y 2 �.�/.C�.M;1//\K,
since Qf .xn/ 2 �.�/.C 0�.M;1// and C�.M;1/ is closed. But y … �.�/.S�A � VVS

�
A/ for any A, since

�.�/.S�A �
VVS�A/ � T1. Thus, y 2 �.�/.C 0�.M;1//. Since Qf maps C 0�.M;1/

� homeomorphically
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onto �.�/.C 0�.M;1//, by the definition of C 0�.M;1/, fxng converges to the unique element x 2
Qf �1.y/\C 0�.M;1/

� .

Definition 3.25 Define � WHd jV.�/j.X� ; S IR/ �!R to be the composition

Hd jV.�/j.X� ; S/
Corollary 3.19
�������!Hd jV.�/j

c .X� �T1/
Qf �
�!Hd jV.�/j

c . zX�/ �!R;

where the last arrow is by taking the cap product with the fundamental class of zX� (in the sense of
Borel–Moore homology).

Since the G-action on zX� is orientation-preserving, the last map is G-equivariant (where R is equipped
with the trivial action). So G acts on all the objects involved in this definition and all maps involved are
equivariant, implying that � is G-equivariant.

Remark 3.26 If � is not a single graph but a formal sum of graphs,
Pm
iD1 �i , the arguments in Section 3

need to be modified as follows. First, note that if two graphs share a common boundary term, then
they must have the same number of edges; therefore without loss of generality we can assume all the
�i have the same number of edges, say n. Then, let us fix, for each �i , a bijection between E.�i / and
f1; : : : ; ng. Since we will soon be summing over all permutations of edges, this choice does not matter.
Our “ambient space” in this case will be C 2.M;1/n, in place of C 2.M;1/E.�/ in the single-graph
case. Now, for each �i , we can define subsets C�i .M;1/; C�i .M;1/� C 2.M;1/

n, just like in the
single-graph case, using the chosen bijection. Similar to Lemma 3.5, it is easy to see that the elements in
f�.�/.C�i .M;1//gi2f1;:::;mg;�2 zSf1;:::;ng

are disjoint from each other. We define

XPm
iD1 �i

D

[
�2 zSf1;:::;ng;i2f1;:::;mg

�.�/.C�i .M;1//� C 2.M;1/
n:

The rest of the arguments in the paper all generalize to this case in a straightforward way.

3.4 Digression: what X� looks like

This subsection can be skipped. It is here to justify Figure 1: after removing a codimension-2 subset
fromX� , it looks like a manifold with boundary and bindings, where each binding component is connected
to an even number of pages, summing up to 0 when counted with sign. This statement would also allow us
to define � in a different (more canonical) way than in Section 3.3. But working out everything precisely
is quite technically involved, so we will only sketch such an approach in this subsection.

By Lemma 3.5,

X� D
G

Œ��2 zSE.�/=image. �/

�.�/.C�.M;1//t
[

�2 zSE.�/

�.�/
�
C�.M;1/�C�.M;1/

�
:

Denote the first term above by VX� .
First we define “binding points” (those p in the definition below).
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Definition 3.27 For A� f1gtV.�/, jAj � 2, define VVSV�A � S�A to be the set of points p satisfying that
there exists a neighborhood U � C 2.M;1/E.�/ of p, such that for every � 2 zSE.�/, either

(1) �.�/.C�.M;1//\U D¿, or

(2) p D �.q/ for some A0 � f1gtV.�/, jA0j � 2, q 2 S�A0 , and

� there is a homeomorphism

� W U \�.�/.C�.M;1// �!RN�1 �R�0 such that �
�
U \�.�/.S�A0/

�
DRN�1 � f0g

(i.e., �.�/.C�.M;1// is a topological manifold with boundary near p);
� U \�.�/.S�A0/D U \S�A .

For p 2 VVSV�A, define the signed count of pages at p to be the signed count of elements in zSE.�/: those �
of case (1) above are counted with 0; those � of case (2) above are counted with ˙1, C1 if the boundary
orientations of S�A near p, as boundary of �.�/.C�.M;1// and as boundary of C�.M;1/, agree, and
�1 if they disagree.

Lemma 3.28 If p 2 VVSV�A where A is of type 2 or 4, then the signed count of pages at p is always 0.

Sketch of proof For type 2 A’s, the pages come in pairs of opposite signs; see Lemma 3.20. For
type 4 A’s, the pages sum up to 0 because � is closed in graph homology.

In this subsection, VVSV�A replaces the role played by VVS�A in the previous section. We define S , T1 and
T2 verbatim as in Definition 3.8, just with VVS�A replaced by VVSV�A. The statements in the paragraph below
Definition 3.8 still hold. We next show that analogues of Corollaries 3.17 and 3.19 still hold.

Lemma 3.29 There is a G-equivariant surjective map Hd jV.�/j
c .X� �T1IR/!R, where G acts on R

trivially.

Sketch of proof X� � T1 consists of two parts: VX� is an open subset of X� � T1 which is also an
d jV.�/j-dimensional (oriented) topological manifold, and Y WD X� � T1 � VX� is a closed subset of
X� �T1 which is also a .d jV.�/j�1/-dimensional topological manifold (this follows from the definition
of book binding points). It also follows from the definition of book binding points that X� �T1 is locally
contractible. So we have the long exact sequence of compactly supported cohomology,

� � � �!Hd jV.�/j�1
c .Y / ı

�!Hd jV.�/j
c . VX�/ �!Hd jV.�/j

c .X� �T1/ �!Hd jV.�/j
c .Y / �! � � � ;

where the last term is 0. Denote by J1 and J2 the set of connected components of Y and VX� , respectively.
Then

Hd jV.�/j�1
c .Y /�R˚J1 ; Hd jV.�/j

c . VX�/�R
˚J2 ;

and ı is the coboundary map. So, by Lemma 3.28, the image of ı is contained in
˚
.ri /i2J2 j

P
i ri D 0

	
.

Therefore, the map
Hd jV.�/j
c . VX�/ �!R; .ri /i2J2 �!

X
i2J2

ri
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induces a surjective map from the quotient Hd jV.�/j
c . VX�/=image.ı/ � H

d jV.�/j
c .X� � T1/ to R, as

desired.

Lemma 3.30 dimt .T2/� d jV.�/j � 2.

Together with Lemma 3.18, Lemma 3.30 implies that Hd jV.�/j.X� ; S/�H
d jV.�/j
c .X� �T1/, and

we can thus define � WHd jV.�/j.X� ; S/!R using the map in Lemma 3.29. The rest of this subsection
is devoted to the following

Sketch of proof of Lemma 3.30 Recall T2 consists of points in X� � VX� that are not binding points.
So, we need to analyze, for A;A0 2 V.�/ t f1g and � 2 zSE.�/, how S�A and �.�/.S�A0/ intersect.
Suppose A, A0 and � are such that they do intersect. Then, by the same reasoning as in Lemma 3.5,
there exists an unordered, unoriented graph isomorphism �=�A0 ! �=�A whose edge permutation is
given by the restriction of � to E.�=�A0/. So � also restricts to a bijection E.�A0/!E.�A/. Abusing
notation we still denote by �.�/ the map .Sd�1/E.�A0 /! .Sd�1/E.�A/, permuting factors according to
� and composing with the antipodal map when there is a negative sign. Recall the notation “f Rd

� 0 ” in
Definition 3.11. Denote

V �A0 D �.�/
�
f Rd
�A0

.C
quo
V.�A0 /

.Rd //
�
� .Sd�1/E.�A/; VA D f

Rd
�A

.C
quo
V.�A/

.Rd //� .Sd�1/E.�A/:

Then S�A \�.�/.S
�
A0/ is a fiber bundle over C�=A.M;1/ with fiber VA\V �A0 � .S

d�1/E.�A/.

Lemma 3.31 Let � 0 be a graph. Then f Rd
� 0 .C

quo
V.� 0/

.Rd //� .Sd�1/E.�
0/ � .Rd /E.�

0/, where Sd�1 is
viewed as the unit sphere in Rd , is semialgebraic.

Proof It is the image of the composition of a linear map .Rd /V.�/��big! .Rd �f0g/E.�
0/ with the

projection map .Rd �f0g/E.�
0/! .Sd�1/E.�

0/. Both of these maps’ graphs are semialgebraic. So the
image is also semialgebraic by Tarski–Seidenberg theorem.

By the above lemma, V �A0 and VA are semialgebraic. They are also open subsets of .Sd�1/E.�A/.
Let Y �A0 ; YA � .S

d�1/E.�A/ be minimal algebraic sets containing V �A0 ; VA, respectively. Then V �A0 � Y
�
A0

and VA � YA are open (in Euclidean topology), and the Krull dimensions of both YA and Y �A0 are
d jV.�A/j � d � 1. Denote by Z.A;A0; �/ the union of irreducible components of Y �A0 \YA whose Krull
dimension is less than d jV.�A/j�d�1. Suppose p2VA\V �A0�Z.A;A

0; �/, then p is in some irreducible
component Y of YA\Y �A0 whose Krull dimension is d jV.�A/j � d � 1, so Y must also be an irreducible
component of both YA and Y �A0 . Since p …Z.A;A0; �/, there exists a neighborhood Up � .Sd�1/E.�A/

of p such that VA\Up D Y \Up D V �A0 \Up.
Now, define zZ.A;A0; �/ to be the subfiber bundle of S�A over C�=A.M;1/ whose fibers are

Z.A;A0; �/\VA:

For a given A� V.�/t f1g, define S�;rmv
A D

S
�;A0
zZ.A;A0; �/, where “rmv” stands for “remove”. It

can be shown that the Krull dimension of an algebraic subset of Rn is equal to its covering dimension
in Euclidean topology, so dimt .S

�;rmv
A / � d jV.�/j � 2. By the conclusion of the previous paragraph,
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every point in S�A which is not in (1) S�;rmv
A or (2) S�A �

VVS�A (as in Definition 3.27) or (3) the image of
some codimension at least 2 stratum of CV.�/.M;1/ under f� , is a binding point, by the definition of
binding points. By Lemma 3.16, dimt .S

�
A �
VVS�A/� d jV.�/j � 2. So, the union of the above three sets

has covering dimension at most d jV.�/j � 2.

4 Reconstructing Kontsevich’s characteristic classes
In this section we consider the fiber bundle version of the spaces in Section 3 and give a definition of
Kontsevich’s classes using only the data allowed in Theorem 1.2.

Recall RD Z or R and all cohomology in this section are with R-coefficients, which we omit. Let �
be as in Section 2.2; assume also that � is trivalent. Although we consider a single graph for simplicity,
the content of this section generalizes verbatim to when � is a linear combination of graphs, as long
as the spaces are modified according to Remark 3.26. Let M be as in Section 1.1. Assume d � 3. Let
� W E ! B be a framed smooth .M;1/-fiber bundle as in Section 1.1. We assume B can be given a
CW-structure. Using CW-approximation, Definition 4.10 and thus Corollary 4.11 generalize to cases
where B is just a paracompact Hausdorff space.

Let

C2.�/ C 2.�/ C
E.�/
2 .�/ C�.�/ SA.�/ S�A.�/ S�A.�/ X�.�/ T1.�/ T2.�/ S.�/

zX�.�/

B B B B B B B B B B B B

�X � zX

be the associated bundles of � with fibers C2.M;1/, C 2.M;1/, C 2.M;1/E.�/, C�.M;1/, SA, S�A ,
S�A , X� , T1, T2, S , zX� , respectively. (All of these spaces, except for zX� , are defined in Section 3.1; zX�
is defined in Definition 3.22.) Correspondingly, the maps f˙; f� ; Qf in Section 3.1 induce bundle maps.
Abusing notation, we still denote them by f˙; f� ; Qf . Notice that CE.�/2 .�/ denotes the fiber product

C 2.�/�B C 2.�/�B � � � �B C 2.�/„ ƒ‚ …
E.�/ times

while C 2.�/E.�/ denotes the direct product of the total space

C 2.�/�C 2.�/� � � � �C 2.�/„ ƒ‚ …
E.�/ times

;

ignoring the fiber bundle structure.

Lemma 4.1 Under the condition of Theorem 1.2, . Qh; h/ induces G-bundle maps between the � 0 and � 00

version of all the bundles above.

Proof By the existence of Qh, h is a G-bundle map. Since every space defined in Section 3.1 has induced
G-action and the maps between them defined in Section 3.1 are all G-equivariant,

QhE.�/ W C 2.�
0/E.�/ �! C 2.�

00/E.�/

Algebraic & Geometric Topology, Volume 26 (2026)



374 Xujia Chen

restricts to G-bundle maps

QhE.�/ W C
E.�/
2 .� 0/! C

E.�/
2 .� 00/; Qh� W C�.�

0/! C�.�
00/;

QhX WX�.�
0/!X�.�

00/; QhS W S.�
0/! S.� 00/; etc:

The framing on � induces a map F W @vC 2.�/! Sd�1, as in [20, Section 2.4.3] (it is called p.�E /
there). Define �F to be the following equivalence relation on C 2.�/:

x �F y if x D y 2 C2.�/D C 2.�/� @vC 2.�/ or F.x/D F.y/; x; y 2 @vC 2.�/:

Denote by q W C 2.�/! C 2.�/=�F the quotient map by �F , where the target is equipped with the
quotient topology. Let us denote Sd�1� D q.@vC 2.�// and denote .C 2.�/=�F /�Sd�1� still by C2.�/;
then C 2.�/=�F D C2.�/tSd�1� as a set. It is not hard to see that C 2.�/=�F is Hausdorff and Sd�1�

is a deformation retract of some neighborhood of it (hint: since C 2.�/ restricted to each cell of B is a
manifold with compact boundary, using a cell-by-cell construction we can find a collar neighborhood of
@vC 2.�/ in C 2.�/). Notice that the orientation on M specifies an orientation on Sd�1� .

Definition 4.2 The propagator class �.�/ 2Hd�1.C 2.�/=�F IR/ is the unique class satisfying that
�.�/jSd�1�

2Hd�1.Sd�1� IR/ is the Poincaré dual of the point class.

The existence and uniqueness of such a class follows from the exact sequence

Hd�1.C 2.�/=�F ; S
d�1
� /!Hd�1.C 2.�/=�F /!Hd�1.Sd�1� /!Hd .C 2.�/=�F ; S

d�1
� /

and the vanishing of its first and last terms: for nD d; d � 1,

Hn.C 2.�/=�F ; S
d�1
� /�Hn

�
.C 2.�/=�F /=S

d�1
�

�
DHn.C 2.�/=@C 2.�//�H

n.C 2.�/; @C 2.�//

and the vanishing of the last term follows from the proof of [20, Lemma 2.10]. The definition of propagator
class here is completely analogous to that in [10].

We next show that �.�/ gives us a class ��.�/ 2H jE.�/j.d�1/.X�.�/; S.�//.

4.1 Defining��

Define the composition

� WX�.�/� C
E.�/
2 .�/� C 2.�/

E.�/ q;:::;q
���! .C 2.�/=�F /

E.�/:

We remark that C 2.�/E.�/ is the direct product and CE.�/2 .�/ is the fiber product. For I �E.�/, denote
by pI W .C 2.�/=�F /E.�/! .C 2.�/=�F /

I the projection to the I -factors. If I D feg we also denote
pe D pI . For � 2 zSE.�/ and A� f1gtV.�/, define I�;A D �.E.�A//� E.�/, where we implicitly
identify edges of �A also as edges of � and abuse notation to still write � for its image in SE.�/.

Lemma 4.3 Suppose A� f1gtV.�/ and � 2 zSE.�/. Denote

V �A D pI�;A
�
�.�.�/.S�A.�///

�
� .C 2.�/=�F /

I�;A :

Then V �A � .S
d�1
� /I�;A and it is the image of C quo

V.�A/
.Rd / under a smooth map.
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Proof This is a consequence of the framing F on � (in the case1… A) and the trivialization of � near
s1.B/ (in the case 1 2 A). For simplicity we only consider the case � D id; the other cases follow
easily. First assume 1 … A. Recall V �A � .S

d�1/E.�A/ as in Definition 3.11. Since the framing F
identifies the vertical tangent space of E at each point not in s1.B/ with Rd ,

S�A.�/�C�=A.�/�V �A �C2.�/
E.�=A/

�.Sd�1� /E.�A/� .C 2.�/=�F /
E.�=A/

�.C 2.�/=�F /
E.�A/;

and .pE.�A/ ı �/.S
�
A.�//D V �A . Since V �A is closed, .pE.�A/ ı �/.S

�
A.�//D V �A as well.

Now assume12 A. Since � is trivialized near s1.B/, the vertical tangent spaces of E at points in
s1.B/ are all identified with T1M . So

SA.�/� CV.�=A/.�/�C
quo
V.�A/

.T1M/;

and .pE.�A/ ı �/.S
�
A.�// D .pE.�A/ ı � ı f�/.SA.�//; the map pE.�A/ ı � ı f� factors through the

projection to the second factor above.

By Lemmas 4.6 and 4.7 below (these are two somewhat technical lemmas whose statements and proofs
are postponed until after Proposition 4.5, due to their lengths), the cup product

[ WHd�1.C 2.�/=�F /
˝E.�/

�!H jE.�/j.d�1/..C 2.�/=�F /
E.�//;

jE.�/jO
iD1

�e�
i
�! p�

e�1
�e�1
[ � � � [p�

e�
jE.�/j

�e�
jE.�/j

factors through H jE.�/j.d�1/
�
.C 2.�/=�F /

E.�/;
S
�;A p

�1
I�;A

.V �A/
�
, where the union ranges over all

� 2 zSE.�/ and A� f1gtV.�/ of type 3 (same below when we write “
S
�A

”).

Definition 4.4

�0�.�/ WDp
�

e�1
�.�/[ � � � [p�

e�
jE.�/j

�.�/ 2H jE.�/j.d�1/
�
.C 2.�/=�F /

E.�/;
[
�;A

p�1I�;A.V
�
A/

�
;

��.�/ WD�
��0�.�/ 2H

jE.�/j.d�1/.X�.�/; S.�//:

Proposition 4.5 Under the assumptions of Theorem 1.2, let QhX W X�.� 0/! X�.�
00/ be the G-bundle

map as in Lemma 4.1. Then Qh�X .��.�
00//D��.�

0/.

Proof By the second commutative diagram in Theorem 1.2, Qh induces

Qhq W C 2.�
0/=�F 0 �! C 2.�

00/=�F 00

which commutes with q and restricts to the homeomorphism hS W S
d�1
� 0 ! Sd�1� 00 . It follows that

Qh�q�.�
00/D�.� 0/. Since � commutes with QhX and . Qhq/E.�/, by the naturality statement in Lemma 4.6

below, Qh�X .��.�
00//D��.�

0/.
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Lemma 4.6 Let Y DY1�� � ��Yn be a product of paracompact Hausdorff spaces. Let s; r 2Z>0. Suppose
for all i D 1; : : : ; r , we have Ii D fai1; : : : ; a

i
mi
g � f1; : : : ; ng and a closed subset Vi � Yai1 � � � � �Yaimi

satisfying the following condition: every open cover of Y has a refinement of the form

U1 � � � � �Un WD fU1 � � � � �Un j Uj 2Uj g; where Uj is an open cover of Yj

such that

.�/ for all i D 1; : : : ; r , s01; : : : ; s
0
mi
D s or s� 1, with at most one of them being s� 1,�

.U 0
ai1
\ � � � \U

s01

ai1
/� � � � � .U 0

aimi
\ � � � \U

s0mi

aimi
/
�
\Vi D¿;

where U 0
ai
j

; : : : ; U
s0
j

ai
j

are any pairwise distinct elements of Uai
j

, for every j D 1; : : : ; mi .

Denote pIi W Y ! Yai1
� � � � �Yaimi

the projection. Then there is a map

„ WH s.Y1/˝ � � �˝H
s.Yn/ �!H sn

�
Y;

r[
iD1

p�1Ii .Vi /

�
such that„ composed with the restriction toH sn.Y / is the cup product. And „ is natural in the following
sense: if Y 0 D Y 01 � � � � � Y

0
n; fV

0
i � Y

0
ai1
� � � � � Y 0aimi

griD1 satisfy the same condition as Y; fYig; fVig
above , with „0 the corresponding map , and there are continuous maps ffi W Y 0i ! Yig

r
iD1 such that

.fai1
� � � � �faimi

/.V 0i /� Vi for all i , then „0 ı .f �1 ˝ � � �˝f
�
n /D .f1 � � � � �fn/

� ı„.

Proof First we define „. Given �1 2H s.Y1/; : : : ; �n 2H
s.Yn/, take an open cover UDU1� � � ��Un

of Y satisfying .�/ and such that for all i , �i is represented by some skew-symmetric Čech cochain
˛i 2 LC

s
Ui
.Yi / (see e.g., [3] for the equivalence between usual and skew-symmetric Čech cohomology; in

particular, every (usual) Čech cohomology class has a skew-symmetric cochain representative). Denote
by pi W Y ! Yi projection to the i -th factor. Define

(3) ˛ WD p�1˛1[ � � � [p
�
n˛n 2

LC snU .Y /:

We claim ˛jSr
iD1 p

�1
Ii
.Vi /
D 0. Suppose x 2 p�1Ii .Vi / for some i and

x 2 .U 01 � � � � �U
0
n /\ .U

1
1 � � � � �U

1
n /\ � � � \ .U

sn
1 � � � � �U

sn
n /; U

j
i 2Ui :

Then

˛
�
.U 01 � � � � �U

0
n /; .U

1
1 � � � � �U

1
n /; : : : ; .U

sn
1 � � � � �U

sn
n /

�
.x/

D ˛1.U
0
1 ; : : : ; U

s
1 /.p1.x// � � �˛n.U

s.n�1/
n ; : : : ; U snn /.pn.x//

contains the factor

(4) ˛ai1

�
U
s.ai1�1/

ai1
; : : : ; U

sai1

ai1

�
.pai1

.x// � � �˛aimi

�
U
s.aimi

�1/

aimi
; : : : ; U

saimi

aimi

�
.paimi

.x//:
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Since ˛1; : : : ; ˛n are skew-symmetric, for (4) to be nonzero, U
s.ai

j
�1/

ai
j

; : : : ; U
sai
j

ai
j

must be pairwise
different for all j D 1; : : : ; mi . But pIi .x/ 2 Vi . So by .�/, (4) ¤ 0 is impossible. This proves
˛jSr

iD1 p
�1
Ii
.Vi /
D 0, so ˛ 2 LC snU .Y;

Sr
iD1 p

�1
Ii
.Vi //. We define

„.�1; : : : ; �n/D the direct image of Œ˛� in H sn

�
Y;

r[
iD1

p�1Ii .Vi /

�
:

Then „ is clearly linear.
Next we show that Œ˛� above does not depend on the choices of ˛i . Suppose ˛i ; ˛0i 2 LC

s
Ui
.Yi / are

both skew-symmetric cocycles, Œ˛i � D Œ˛0i � D �i . Then there exists a skew-symmetric Q̨ i 2 LC s�1Ui
.Yi /,

d Q̨ i D ˛i �˛
0
i . Define

Q̨ WD p�1˛1[ � � � [p
�
i�1˛i�1[p

�
i Q̨ i [p

�
iC1˛iC1[ � � � [p

�
n˛n 2

LC sn�1U .Y /:

By the same argument as above, Q̨ vanishes on
Sr
iD1 p

�1
Ii
.Vi /, so Q̨ 2 LC sn�1U .Y;

Sr
iD1 p

�1
Ii
.Vi //. Since

all j̨ are cocycles,

d Q̨ D .�1/i
�
p�1˛1[ � � � [ d.p

�
i Q̨ i /[ � � � [p

�
n˛n

�
D .�1/i

�
p�1˛1[ � � � [p

�
i .˛i �˛

0
i /[ � � � [p

�
n˛n

�
:

Therefore Œ˛� does not depend on the choice of ˛i .
We then show that „.�1; : : : ; �n/ does not depend on the choices of Ui . Suppose U0 DU01� � � � �U0n

also satisfy .�/ and for all i , U0i is a refinement of Ui . Let f�i WU0i !Uig
n
iD1 be some refinement maps.

Denote �D .�1; : : : ; �n/ WU0!U. Then for U ij 2U0j ,

��˛
�
.U 01 � � � � �U

0
n /; .U

1
1 � � � � �U

1
n /; : : : ; .U

sn
1 � � � � �U

sn
n /

�
.x/

D ˛
�
.�1.U

0
1 /� � � � ��n.U

0
n //; .�1.U

1
1 /� � � � ��n.U

1
n //; : : : ; .�1.U

sn
1 /� � � � ��n.U

sn
n //

�
.x/

D ˛1.�1.U
0
1 /; : : : ; �1.U

s
1 //.p1.x// � � �˛n.�n.U

s.n�1/
n /; : : : ; �n.U

sn
n //.pn.x//

D ��1˛1.U
0
1 ; : : : ; U

s
1 /.p1.x// � � ��

�
n˛n.U

s.n�1/n ; : : : ; U snn /.pn.x//:

This says ��˛D p�1 .�
�
1˛1/[� � �[p

�
n.�
�
n˛n/ 2

LC snU0

�
Y;
Sr
iD1 p

�1
Ii
.Vi /

�
. So, if we define „.�1; : : : ; �n/

using U0, then it is the direct image of ��Œ˛�D Œ��˛� 2H sn
U0

�
Y;
Sr
iD1 p

�1
Ii
.Vi /

�
which is the same as

the direct image of Œ˛�. Now, if we assume U0 satisfies .�/ but not necessarily a refinement of U, then
by the assumption of the lemma we can find a common refinement of U;U0 that also satisfies .�/. This
implies that „.�1; : : : ; �n/ is independent of the choice of U, and thus „ is well defined.

Naturality follows immediately from the definition of „: let Y 0; fY 0i g; ffig; fV
0
i g be as in the lemma

and U; ˛; ˛i as in the first paragraph of the proof; then U0 WD f �11 U1 � � � � �f
�1
n Un satisfies .�/. Take

˛0i D f
�
i .˛i / 2

LC sU0.Y
0/. Then ˛0 defined using (3) is the same as .f1� � � � �fn/�.˛/ and the conclusion

follows.

Lemma 4.7 Every open cover of .C 2.�/=�F /E.�/ has a refinement of the form

Ue�1
� � � � �Ue�

jE.�/j
; where each Ue�

i
is an open cover of C 2.�/=�F
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such that

.�/ for all A of type 3, � 2 zSE.�/, s0e D d � 1 or d � 2 with at most one being d � 2,

V �A \
Y

e2I�;A

.U 0e \ � � � \U
s0e
e /D¿;

where U 0e ; : : : ; U
s0e
e are any pairwise distinct elements of Ue, for every e 2 I�;A.

Proof Since A is of type 3, jV.�A/j � .2=3/jE.�A/j. Since d � 3, 2d=3� d � 1, and

dimC
quo
V.�A/

.Rd /D d jV.�A/j � d � 1� .2d=3/jE.�A/j � .d C 1/� dim..Sd�1/E.�A//� 4:

So by Lemma 4.3 V �A is the image of a smooth map f�;A WC
quo
V.�A/

.Rd /! .Sd�1/I�;A , where the domain
is of codimension at least 4 with respect to the target. (Indeed, codimension-2 would suffice for this
lemma.)

Fix a metric D on C 2.�/=�F . Let K0 �K1 � � � � be a sequence of compact subsets of C 2.�/=�F ,
such that K0 contains a neighborhood of Sd�1� and

S1
iD1Ki D C 2.�/=�F .

By Lebesgue’s number lemma, it suffices to show that for any �0; �1; : : : > 0, there exists .Ue/e2E.�/

such that for all e and U 2Ue, there exists i such that U �Ki and diameterD.U / < �i , satisfying .�/.
We first reduce the lemma to the following statement: for all � > 0, there exist .Ue/e2E.�/, where

each Ue is an open covers of Sd�1� , such that for all U 2
S
e Ue, diameterD.U / < �=4, satisfying .�/.

Suppose this is true. Plug in �0 for �. We can enlarge each U 2 Ue a little bit to get an open subset
l.U / of C 2.�/=�F , still contained in K0 and of diameter less than �0. (For example, take l.U / D
.fx 2 C2.�/jD.x;U / < �0=2g\ VK0/[U .) Denote l.Ue/D fl.U /gU2Ue . We can cover

C 2.�/=�F �
[
U2Ue

l.U /

by locally finitely many open subsets of C2.�/, such that each of these open subsets is contained in some
Ki and is of diameter less than �i ; call this collection of open sets U0e . Then for every e, l.Ue/[U0e is an
open cover of C 2.�/=�F , in which each open set is contained in some Ki and of diameter less than �i .
Since for every A, V �A is contained in .Sd�1� /I�;A whereas elements in U0e do not intersect Sd�1� , that
.�/ is satisfied by .l.Ue/[U0e/e2E.�/ follows from that it is satisfied by .Ue/e2E.�/.

We then reduce the statement at the beginning of last paragraph to the following: for any � > 0 there
exist triangulations .Te/e2E.�/ of Sd�1, compatible with the smooth structure on Sd�1, such that the
diameter of each simplex is less than �=4, satisfying

.��/ for all � , A of type 3, and all collections of simplices .Se W asimplexinTe/e2I�;A such that Se is of
dimension 0 or 1, at most one of dimension 1, V �A \

Q
e2I�;A

Se D¿.

If this is true, we can take Ue to be obtained from Te by slightly enlarging each top-dimensional
simplex S to an open neighborhood U.S/ of its closure, so that:
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(1) (for a nontop dimensional simplex S , still denote by U.S/D
T
S 0 U.S

0/ where S 0 runs through the
top-dimensional simplices that S is a face of)

V �A \
Y

e2I�;A

U.Se/D¿ whenever V �A \
Y

e2I�;A

Se D¿I

(2) for any finite collection, S1; : : : ; Sk , of simplices in Te,

S1\ � � � \Sk D¿ D) U.S1/\ � � � \U.Sk/D¿:

(These are clearly easy to satisfy. For (2), for every S in Te , take U.S/ contained in the union of the stars
of the barycenters of its faces in the barycentric subdivision of T . For (1), take U.S/ contained in the
�0-neighborhood of S , where �0 is the minimal distance between some V �A and the union of products of
closed simplices V �A does not intersect.) We also require U.S/ to be contained in the �=8-neighborhood
of S . Then fUeg satisfies .�/.

It remains to prove the statement at the beginning of the last paragraph. Take arbitrary triangulations
.T 0e /e2E.�/ of Sd�1 with diameter smaller than �=8, we perturb them simplex by simplex to satisfy .��/.
The point is that every time we perturb a simplex away from V �A, we do it so slightly that no new unwanted
intersection appears. The rest of the proof consists of technical details of this.

Below by “distance” we mean the restriction of D to Sd�1� and its products. By a triangulation T of
Sd�1 we mean a homeomorphism T W jKT j ! Sd�1, where KT is a finite simplicial complex and jKT j
its realization. Given TD .Te/e2E.�/ a tuple of triangulations of Sd�1, denote

�.T/Dminimal distance between
Y

e2I�;A

Se and V �A;

where the minimum is taken over all �;A, .Se/e2I�;A such that V �A \
Q
e2I�;A

Se D¿. There are only
finitely many of them. And �.T/ > 0. Denote by J1.T/ (resp. J0.T/) the set of tuples .�; A; .xe/e2I�;A/
such that xe is the image of a 0- or 1-simplex of Te, exactly one of them (resp. none of them) being a
1-simplex, and V �A\

Q
e2I�;A

xe ¤¿. Then J0.T/ and J1.T/ are finite.
Now take arbitrary triangulations T0 D .T 0e /e2E.�/ such that the diameter of any simplex is smaller

than �=8. Denote by �0 the smallest diameter of a simplex of T0. For the rest of the paragraph, for all T,
define �0.T/D minf�0=4; �.T/g. Take an element .�; A; .xe/e2I�;A/ 2 J0.T/. Since V �A cannot cover
a neighborhood of

Q
e2I�;A

xe, we can find
Q
e2I�;A

x0e in the �0.T0/=2-neighborhood of it that does
not meet V �A. For each e we can perturb the triangulation map T 0e in a neighborhood of .T 0e /

�1.xe/

to get T 1e , in such a way that T 1e ..T
0
e /
�1.xe//D x

0
e, and the distance between old and new images of

any point is less than �0.T0/=jE.�/j. For e … I�;A, define T 1e D T
0
e . Define T1 D .T 1e /e2E.�/. Then

jJ0.T
1/j < jJ0.T

0/j and jJ1.T1/j � jJ1.T0/j. We do this one by one for all elements of J0.T
0/,

getting new triangulations Tk D .T ke /e2E.�/ by the end. Now take .�; A; .xe/e2I�;A/ 2 J1.T
k/ where

e� 2 I�;A is such that xe� is the (image of a) 1-simplex. Let p W V �A � .S
d�1/I�;A ! .Sd�1/I�;A�e� be

the projection forgetting the e�-factor. Recall f�;A WC
quo
V.�A/

.Rd /! .Sd�1/I�;A defined at the beginning
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of this proof. By possibly perturbing .xe/e2I�;A�e� in the same way as above, we can assume that
.xe/e2I�;A�e� is a regular value of p ıf�;A. So V �A\p

�1..xe/e2I�;A�e�/� S
d�1 is the smooth image

of a manifold of dimension less than d � 2. So we can perturb T ke� in a neighborhood of .T ke�/
�1.xe�/,

fixing some neighborhoods of the 0-simplices (since J0 D ¿ now), to get a new triangulation T kC1e�
,

so that T kC1e�
..T ke�/

�1.xe�// does not intersect V �A \p
�1..xe/e2I�;A�e�/, and the new and old image

of any point has distance less than �0.Tk/=jE.�/j. For e 2 I�;A where xe is not perturbed, or e … I�;A,
define T kC1e D T ke . Define TkC1 D .T kC1e /e2E.�/. Then jJ1.TkC1/j< jJ1.Tk/j. Keep doing this one
by one for all elements in J1.T

k/. By the end, for some l , we obtain a tuple of triangulations TkCl

satisfying .��/.

4.2 Defining Kontsevich’s characteristic classes

To “push-forward” ��.�/ to a cohomology class on the base B , the Leray–Serre spectral sequence is a
convenient tool to formulate it. We follow [6] for the definition of Leray–Serre spectral sequence. First
we make a general definition.

4.2.1 Cohomology push-forward Suppose B is a CW complex and X �
�! B a fiber bundle with

fiber F . Denote by Bp the p-skeleton of B and Xp D ��1.Bp/. Suppose there is k0 > 0 such that
Hk.F /D 0 for all k > k0. Then, for any integers n and p < n�k0, in the Leray–Serre spectral sequence
for Xp

�
�! Bp, Ea;b2 D 0 for all aC b D n, so Hn.Xp/D 0.

The Leray–Serre spectral sequence for X �
�! B tells us the following (cf. [6, Theorem 5.15]; note

here we use the local coefficient version; cf. [16]): suppose n� k0 2 Z; then

� Hn.X/ has a filtration by subgroups F np D ker.Hn.X/!Hn.Xp�1// and Ep;n�p1 � F np =F
n
pC1;

� E
p;q
2 �Hp.BIH q.F //, where the latter is understood as cohomology with local coefficients;

� dr WE
p;q
r !E

pCr;qC1�r
r .

Suppose r � 2. Since Hk.F /D 0 for all k > k0,

E
n�k0�r;k0Cr�1
2 �Hn�k0�r.B;Hk0Cr�1.F //D f0g:

Since Ep;qr is obtained from E
p;q
2 by taking subgroups and quotients, En�k0�r;k0Cr�1r D f0g for all

r � 2. Therefore, all the dr ’s mapping into En�k0;k0r vanish and En�k0;k01 is a subgroup of En�k0;k02 �

Hn�k0.BIHk0.F //. Since Hn.Xn�k0�1/D 0, Hn.X/D F n
n�k0

. This identifies a map

(5) �� WH
n.X/ �!Hn�k0.BIHk0.F //:

Definition 4.8 We call �� the cohomology push-forward of the fiber bundle X �
�! B .

By the naturality of the Leray–Serre spectral sequence [6, pages 537–538], �� does not depend on
the choice of the CW structure on B , and is natural: suppose X 0 �

0

�! B 0 is another fiber bundle with
fiber F 0 such that Hk.F 0/ D 0 for all k > k0 and . Qf W X 0 ! X; f W B 0 ! B/ is a bundle map (so
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Hk0.F 0/� f �Hk0.F / as local systems over B 0); then f � ı�� D � 0� ı Qf
�. Using CW approximation,

�� can be generalized to the case where B is an arbitrary space.
The above procedure can be generalized to the relative version: X �

�! B has a subbundle Y �
�! B

with fiber A � F . Replacing F with the pair .F;A/ and X with .X; Y / everywhere, everything goes
through without change.

Remark 4.9 (This remark will be used later in Section 5.2.) An explicit description of �� can be
obtained by carefully unwinding the definition; we follow [6] for the construction of Leray–Serre spectral
sequences and specifically, what we do below comes from the diagram on page 526 and ˆ in the
proof of Theorem 5.3 in [6]. Denote p0 D n� k0 for simplicity. Given an element � 2 Hn.X/, first
restrict it to Hn.Xp0/; the image will lie in the image of Hn.Xp0 ; Xp0�1/. Take such a preimage,
say � 0. For each p0-cell e W .Dp0 ; @Dp0/! .Xp0 ; Xp0�1/ (Dp0 being the standard p0-dimensional ball),
e�� 0 2Hn

�
e�.X/; .ej@Dp0 /

�.X/
�
. Since e�� is trivializable, the Künneth formula gives

Hn
�
e�.X/; .ej@Dp0 /

�.X/
�
�Hp0.Dp0 ; @Dp0/˝Hk0.Fb/;

where Fb D ��1.e.b// is the fiber over an arbitrarily fixed point b 2 VDp0 . Other fibers over Dp0 are
identified with Fb via the trivialization. Notice that the Künneth isomorphism does not depend on the
choice of the trivialization of e�� : the Künneth map is determined by the projection map e�.X/! Fb

(note that @Dp0 is not involved here); any two trivializations give homotopic projection maps since Dp0

is contractible. Let us denote by �.e/ 2 Hk0.Fb/ the image of e�� 0 under the Künneth map, where
Hp0.Dp0 ; @Dp0/� R identified using the canonical orientation on Dp0 . Then fe! �.e/ge, where e
ranges over all p0-cells of B , gives a cellular cochain on B with coefficients in the local system Hk0.F /.
It is a cocycle and represents a cohomology class in Hp0.BIHk0.F //, which is ��.�/. The relative
version is similar.

4.2.2 Defining Kontsevich’s characteristic classes Applying the construction above to the fiber bundle
.X�.�/; S.�//

�X
�! B with k0 D d jV.�/j, we get

(6) �X� WH
jE.�/j.d�1/.X�.�/; S.�// �!H jE.�/j.d�1/�d jV.�/j.BIHd jV.�/j.X� ; S//:

The map � WHd jV.�/j.X� ; S/!R in Definition 3.25 induces the corresponding map of local systems
on B . So we get an induced map

(7) H�.BIHd jV.�/j.X� ; S// �!H�.BIR/:

Definition 4.10 Define K�;�;F 2 H jE.�/j.d�1/�d jV.�/j.BIR/, to be the image of ��.�/ under (6)
and (7).

The corollary below is a direct consequence of Proposition 4.5 and the naturality of cohomology
push-forward.

Corollary 4.11 Under the assumptions of Theorem 1.2, K�;� 0;F 0 D h�BK�;� 00;F 00 .
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5 Equivalence with the original definition

In this section the coefficient ring RDR. All open covers are assumed to be locally finite. The goal of
this section is to prove the following

Proposition 5.1 Suppose .E �
�! B;F / is a framed smooth .M;1/ bundle over a smooth manifold B .

Then K�;�;F defined above agrees , up to scaling by a constant depending only on � ,7 with the usual
definition of Kontsevich’s characteristic classes for .E �

�! B;F /; see , for example , [20] for definition.

5.1 Čech to de Rham preliminary

First we state some general facts translating Čech to de Rham cohomology. Let Y be a smooth manifold.
Denote by A

q
Y the sheaf of differential q-form germs on Y , Z

q
Y the subsheaf of closed q-form germs and

Aq.Y / the space of global q-forms on Y . Let U be an open cover of Y . Let l D flU W Y !R�0gU2U be
a partition of unity subordinate to U. For any p; q 2 Z�0 define

h
l
p;q W

LC
p
U .Y IA

q
Y / �!

LC
p�1
U .Y IA

qC1
Y /;

h
l
p;q.�/.U0; : : : ; Up�1/D .�1/

p
X
U2U

d.lU � �.U;U0; : : : ; Up�1//:

By lU � �.U; : : : ; Up�1/, we mean a form on U0 \ � � � \ Up�1 which is given by this formula on
U \U0\ � � � \Up�1 and 0 elsewhere; it is smooth since lU vanishes in a neighborhood of @U . Clearly
image.hlp;q/� LC

p�1
U .Y IZ

qC1
Y /. For each p, define

hl W LC
p
U .Y IR/ �!

LC 0U.Y IZ
p
Y /; hl.�/D .�1/p.h

l
1;p�1 ı h

l
2;p�2 ı � � � ıh

l
p;0/.�/:

By [1, Proposition 9.8], if � 2 LCpU .Y IR/ is a Čech cocycle, then hl.�/ is a global closed form; if U is
such that any finite intersection of elements has trivial cohomology, then �! hl.�/ induces the canonical
isomorphism between LHp.Y IR/ and Hp

deRham.Y /. If ˆ is a family of supports on Y , the arguments in [1,
Section 8] still go through if all differential forms are assumed to have supports in ˆ (i.e., LCpU is replaced
with its subspace of ˆ-supported cochains LCpU;ˆ.Y IA

q
Y /); so hl still induces the canonical isomorphism

between LHp
ˆ.Y IR/ and Hp

deRham;ˆ.Y /, where Hp
deRham;ˆ.Y / is the cohomology of the cochain complex

of ˆ-supported differential forms on Y .
Suppose U and U0 are two open covers of Y , U is finer than U0 and � WU!U0 is a refinement map.

Let l D flU gU2U be a partition of unity subordinate to U, then

��l WD

�
lU 0 WD

X
U2U

�.U/DU 0

lU W Y �!R

�
U 02U0

7Again, � here is a linear combination of graphs. In the proof we only consider the case when � is a single graph but the
argument generalizes verbatim.
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is a partition of unity subordinate to U0. It is easy to check that

(8) h
��l
p;q .�

��/D ��.h
l
p;q.�// for all p; q and � 2 LCpU0.Y IA

q
Y /:

Define cup product

[ W LC
p1
U .Y IA

q1
Y /˝

LC
p2
U .Y IA

q2
Y / �!

LC
p1Cp2
U .Y IA

q1Cq2
Y /;

.�1[ �2/.U0; : : : ; Up1Cp2/D .�1/
q1p2�1.U0; : : : ; Up1/^ �2.Up1 ; : : : ; Up1Cp2/;

where the two forms on the right-hand side are restricted to U0\ � � � \Up1Cp2 . For simplicity we omit
the notation for restriction; same below. When restricted to LCp1U .Y IZ0Y /˝

LC
p2
U .Y IZ0Y /, this is the usual

cup product for Čech cochains.

Lemma 5.2 Let Y D Y1 � � � � � Ym be a product of smooth manifolds. Denote by �i W Y ! Yi the
projection to the i -th factor. For every i D 1; : : : ; m, let Ui be an open cover of Yi and l i D flU gU2Ui be
a partition of unity. Denote UDU1 � � � � �Um the product open cover of Y . Then

l D
˚
lU1�����Um WD .lU1 ı�1/ � � � .lUm ı�m/ W Y �!R

	
U12U1;:::;Um2Um

is a partition of unity of Y subordinate to U. Let pD
Pm
iD1 pi and qD

Pm
iD1 qi be nonnegative integers.

Let �i 2 LC
pi
Ui
.Yi IZ

qi
Yi
/ be Čech cocycles. Define

� D ��1 �1[ � � � [�
�
m�m 2

LC
p
U .Y IZ

q
Y /:

Then ,

(1) if mD 2,

h
l
p;q.�/D

(
��1 h

l1
p1;q1.�1/[�

�
2 .�2/ if p1 > 0;

��1 �1[�
�
2 h
l2
p2;q2.�2/ if p1 D 0;

(2) if qi D 0 for all i , hl.�/D ��1 h
l1.�1/^ � � � ^�

�
mh

lm.�m/.

Proof This is direct computation. For (1), when p1 > 0,

h
l
p;q.�/.U

0
1 �U

0
2 ; : : : ; U

p�1
1 �U

p�1
2 /

D .�1/p
X

U12U1;U22U2

�
.��1 dlU1/.lU2 ı�2/C .lU1 ı�1/.�

�
2 dlU2/

�
^ .�1/q1p2��1 �1.U1; U

0
1 ; : : : ; U

p1�1
1 /^��2 �2.U

p1�1
2 ; : : : ; U

p�1
2 /

D .�1/pCq1p2
��X

U1

.��1 dlU1/^�
�
1 �1.U1; : : : ; U

p1�1
1 /

�
^

�X
U2

.lU2ı�2/�
�
2 �2.U

p1�1
2 ; : : : ; U

p�1
2 /

�
C

�X
U1

.�1/q1.lU1 ı�1/�
�
1 �1.U1; : : : ; U

p1�1
1 /

�
^

�X
U2

.��2 dlU2/„ ƒ‚ …
D0

^��2 �2.U
p1�1
2 ; : : : ; U

p�1
2 /

��

D .�1/pCp1Cq1p2��1 h
l1
p1;q1.�1/.U

0
1 ; : : : ; U

p1�1
1 /^��2 �2.U

p1�1
2 ; : : : ; U

p�1
2 /

D .��1 h
l1
p1;q1.�1/[�

�
2 �2/.U

0
1 �U

0
2 ; : : : ; U

p�1
1 �U

p�1
2 /:
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When p1 D 0,

h
l
p;q.�/..U

0
1 �U

0
2 /; : : : ; .U

p�1
1 �U

p�1
2 //

D .�1/pCq1p2
X

U12U1;U22U2

�
.��1 dlU1/.lU2 ı�2/C .lU1 ı�1/.�

�
2 dlU2/

�
^��1 �1.U1/^�

�
2 �2.U2; U

0
2 ; : : : ; U

p�1
2 /

D .�1/pCq1p2
��X

U1

.��1 dlU1/„ ƒ‚ …
D0

^��1 �1.Y1/

�
^

�X
U2

.lU2 ı�2/�
�
2 �2.U2; U

0
2 ; : : : ; U

p�1
2 /

�

C

�X
U1

.�1/q1.lU1 ı�1/�
�
1 �1.Y1/

�
^

�X
U2

.��2 dlU2/^�
�
2 �2.U2; U

0
2 ; : : : ; U

p�1
2 /

��
D .�1/pCq1Cp2Cq1p2��1 �1.Y1/^�

�
2 h
l2
p2;q2.�2/.U2; U

0
2 ; : : : ; U

p�1
2 /

D .��1 �1[�
�
2 h
l2
p2;q2.�2//.U

0
1 �U

0
2 ; : : : ; U

p�1
1 �U

p�1
2 /:

Notice that we can write �1.Y1/ because �1 is a degree 0 Čech cocycle.
For (2), in the case mD 2,

hl.�/D .�1/p.h
l
1;p�1 ı � � � ıh

l
p;0/.�

�
1 �1[�

�
2 �2/

D .�1/p.h
l
1;p�1 ı � � � ıh

l
p2;p�p2/

�
��1 .h

l1
1;p1�1

ı � � � ıh
l1
p1;0

/.�1/[�
�
2 �2

�
D .�1/pCp1.h

l
1;p�1 ı � � � ıh

l
p2;p�p2/.�

�
1 h
l1.�1/[�

�
2 �2/

D .�1/pCp1
�
��1 h

l1.�1/[�
�
2 .h

l2
1;p2�1

ı � � � ıh
l2
p2;0

/�2
�

D ��1 h
l1.�1/[�

�
2 h
l2.�2/

D ��1 h
l1.�1/^�

�
2 h
l2.�2/:

The general case follows by induction on m.

We next check that h is natural. Let f W X ! Y be a smooth map between smooth manifolds. For
an open cover U on Y with partition of unity l D flU gU , f �.U/ WD ff �1.U /gU2U is an open cover of
X and f �l WD flf �1.U / WD lU ı f WX !R�0gU2U is a partition of unity. We have the pull-back map
f � W LC

p
U .Y IZ

q
Y /!

LC
p

f �U
.X IZ

q
X /, and

(9)

.f �hl�/.f �1.U0/; : : : ; f
�1.Up�1//D

X
U2U

.�1/pd
�
.lU ıf /^f

�.�.U; U0; : : : ; Up�1//
�

D

X
U2U

.�1/pd
�
lf�1.U / � .f

��/.f �1.U /; f �1.U0/; : : : ; f
�1.Up�1//

�
D .hf

�lf ��/.f �1.U0/; : : : ; f
�1.Up�1//:

Notice that everything in this subsection works for cohomology with supports as well.
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5.2 Proof of Proposition 5.1

We continue with the notation in Sections 3 and 4. The comparison between K�;�;F and the standard
definition is done by using the simplicial cohomology of B .

5.2.1 Careful choices of open cover refinements in CE.�/

2
.�/ Let U0 be an open cover of C 2.�/=�F

such that there exists L! 2 LC d�1U0 .C 2.�/=�F /, a cocycle representative of �.�/ (�.�/ is defined in
Definition 4.2). Note the following commutative square, where O� and � are inclusion maps:

@vC 2.�/ C 2.�/

Sd�1 C 2.�/=�F

O�

F q

�

Since the Čech-to-de Rham procedure is done on a smooth manifold, we need to pull L! back to C 2.�/
to produce a propagator. For this purpose, We need to make a careful choice of an open cover and a
partition of unity on C 2.�/ in the next lemma.

Lemma 5.3 There exist an open cover U of C 2.�/ such that all nonempty intersections of its elements
are contractible , a refining map � WU! q�U0, and partitions of unity l on C 2.�/ subordinate to U, lS
on Sd�1 subordinate to ��U0, such that O��.��l/D F �lS (they are both subordinate to O��q�U0 D F ���U0

on @vC 2.�/).

Proof By the way F is defined, it can be extended to a smooth map F WN@!Sd�1, where N@�C 2.�/
is a neighborhood of @vC 2.�/. Still denote by O� W N@! C 2.�/ the inclusion. Let lS be a partition of
unity on Sd�1 subordinate to ��U0. Then F �lS DW fF �lS .U /gU2U0 , where F �lS .U / is supported on
q�1.U /\N@, is a partition of unity on N@ subordinate to O��q�U0. Our next goal is to find a partition of
unity l 0 on C 2.�/ subordinate to q�U0, such that O��l 0 D F �lS .

We can find a smooth function g W C 2.�/ ! R�0 supported in N@ such that gj@vC2.�/ � 1. Let
K � C2.�/ be a compact subset containing C2.�/�N@, and let N 0

@
¨ C 2.�/�K be a neighborhood of

@vC 2.�/; let fVi � C 2.�/�N 0@gi2I be an open cover of K; let fgigi2I tfg0g, where gi is supported in
Vi and g0 is supported in C2.�/�K, be a partition of unity on C2.�/ subordinate to fVigi tfC2.�/�Kg.
Then

�P
i gi

�
jK � 1 and

�P
i gi

�
jN 0
@
\C2.�/� 0; so g WD 1�

P
i gi , extended by 1 to @vC 2.�/, satisfies

the requirement. For each U 2U0, define hU D g �F �lS .U / WN@!R. Then it can be smoothly extended
to the entire C 2.�/, taking value 0 out of N@; so hU j@vC2.�/ D F

�lS .U /j@vC2.�/, hU is supported in
q�1.U / and

�P
U hU

�
jN 0
@
� 1.

Let K 0 � C2.�/ be a compact subset containing C2.�/�N 0@. Let fGU � q�1.U /\ C2.�/gU2U0

be compact subsets that still cover K 0. For each U 2U0, take �U W C 2.�/!R�0 that is supported in
q�1.U /\C2.�/ and �U jGU �1. Then

P
U2U0.�UChU /, as a function onC 2.�/, is positive everywhere

and equals to 1 on @vC 2.�/. Define l 0U D .�U C hU /=
�P

U .�U C hU /
�
. Then l 0 WD fl 0U gU2U0 is a

partition of unity as required.
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Next we define U. Fix a Riemannian metric on C 2.�/ (which is a smooth manifold with boundary
and corners). For every U 2U0, let fV Ui � q

�1.U /� C 2.�/gi2IU be a finite collection of geodesically
convex open subsets, such that supp.l 0U / �

S
i2IU

V Ui . Then U WD fV Ui gU2U0;i2IU is an open cover
of C 2.�/ whose intersections are all contractible. Define � W U! q�U0, �.V Ui / D q

�1.U /; it is a
refinement map.

Now, we construct a partition of unity l on C 2.�/ subordinate to U such that ��l D l 0. Using the same
argument used to find the gi s above, for every U 2U0 we can find smooth functions  Ui WC 2.�/!R�0

supported in V Ui , for every i 2 IU , such that
�P

i2IU
 Ui

�
jsupp.l 0U /

� 1. Define lUi D  
U
i � l

0
U . ThenP

i2IU
lUi D l

0
U . So l WD flUi gU2U0;i2IU is a partition of unity as required.

Corollary 5.4 hl.��q� L!/ is a closed .d�1/-form on C 2.�/ such that O��hl.��q� L!/D F �˛ for some
closed form ˛ 2 Ad�1.Sd�1/ with

R
Sd�1 ˛ D 1. In other words , hl.��q� L!/ is a propagator.

Proof That it is a closed .d�1/-form is clear. And

O��hl.��q� L!/
(8)
D O��h��l.q� L!/

(9)
D hO�

���l.O��q� L!/
Lemma 5.3
D hF

�lS .F ��� L!/
(9)
D F �hlS .�� L!/:

Since Œ L!� D �.�/ 2 Hd�1.C 2.�/=�F / and hlS induces the canonical isomorphism between Čech
and de Rham cohomology, ŒhlS .�� L!/� 2Hd�1.Sd�1IR/ is the Poincaré dual of the point class by the
definition of �.�/. So

R
Sd�1 h

lS .�� L!/D 1.

Now, let fU0ege2E.�/ be a collection of open covers of C 2.�/=�F given by Lemma 4.7. For every e,
applying the above argument with U0 replaced by U0e, we get an open cover Ue with refinement map
�e W Ue ! q�U0e and partition of unity le on C 2.�/ subordinate to Ue, such that hl

e

.��eq
� L!/ is a

propagator. Denote !e D hl
e

.��eq
� L!/. Denote by pre W C 2.�/

E.�/! C 2.�/ the projection to the e-th
factor. (Recall CE.�/2 .�/ is the fiber product and C 2.�/E.�/ is the direct product of the total space.)
Denote

zU WD pr�
e�1

Ue�1
� � � � � pr�

e�
jE.�/j

U�
e�
jE.�/j

the product open cover on C 2.�/E.�/. Define

L!0� WD pr�
e�1
��
e�1
q� L! [ pr�

e�2
��
e�2
q� L! [ � � � [ pr�

e�
jE.�/j

��
e�
jE.�/j

q� L! 2 LC
jE.�/j.d�1/

zU
.C 2.�/

E.�/; S.�//

(that it is supported away from S.�/ follows from the choice of fU0eg given by Lemma 4.7); its restriction
to X� represents the class ��.�/ 2H jE.�/j.d�1/.X�.�/; S.�//. Define

!� D pr�
e�1
!e�1
^ � � � ^ pr�

e�
jE.�/j

!e�
jE.�/j

2 AjE.�/j.d�1/.C 2.�/
E.�//I

then the push-forward of !� jC�.�/ to B represents Kontsevich’s class in the usual definition. By
Lemma 5.2, !� D h

Ql L!0� , where Ql is the partition of unity on C 2.�/E.�/ subordinate to zU given by taking
the “product” of the le’s as in Lemma 5.2. Below we denote the restriction of !� to CE.�/2 .�/ still
by !� .

Algebraic & Geometric Topology, Volume 26 (2026)



Kontsevich’s characteristic classes as topological invariants of configuration space bundles 387

Fix a triangulation on B and denote by Bp the p-skeleton of B with respect to this triangulation.
Denote

p0 D jE.�/j.d � 1/� d jV.�/j D deg��.�/� dimX� :

Recall that f D .fe/e2E.�/ W CV.�/.�/! C
E.�/
2 .�/ is the forgetful map, and � is the factor-permuting

action of zSE.�/ on CE.�/2 .�/. Denote by

�V W CV.�/.�/ �! B; O� W C
E.�/
2 .�/ �! B; �X WX�.�/ �! B

the bundle projection maps (the first two were both denoted by � ; here we want to distinguish them to
avoid confusion). Define

VX� D
[

�2 zSE.�/

�.�/.C�.M;1//; T DX� � VX� � C 2.M;1/
E.�/;

and denote VX�.�/; T .�/�C
E.�/
2 .�/ the bundle version of them. For all p, setXpD O��1.Bp/\X�.�/.8

By Lemma 3.18, we can find an open cover yU of C 2.�/E.�/ refining zU, such that there exists a
neighborhood N of .T .�/\Xp0/[Xp0�1 in C 2.�/E.�/, satisfying

U0\ � � � \UjE.�/j.d�1/\N D¿ for all U0 ¤ � � � ¤ UjE.�/j.d�1/ 2 yU:

Let O� W yU! zU be a refinement map. Then O�� L!0� is supported away from N . Define L!� D . O�� L!0�/jX�.�/.
Let Ol be a partition of unity on C 2.�/E.�/ subordinate to yU; then O��Ol is a partition of unity subordinate

to zU. Define N!� WD h O��
Ol. L!0�/D h

Ol. O�� L!0�/. Then N!� jX�.�/ D h
OljX�.�/. L!�/. Since all the intersections

of elements of zU are contractible (since the same is true for each Ue and zU is their product), both h O��Ol

and hQl induce the isomorphism between Čech and de Rham cohomology (here we let the family of
supports be the collection of compact subsets in C 2.�/E.�/ that do not intersect S.�/), so

(10) Œ N!� �D Œ L!
0
� �D Œ!� � 2H

�.C 2.�/
E.�/; S.�//:

Denote the restriction of N!� to CE.�/2 .�/ still by N!� ; then, pulling back the above equation by restriction,

(11) Œ N!� �D Œ!� � 2H
�.C

E.�/
2 .�/; S.�//:

5.2.2 Passing to the simplicial cohomology on B Define s.�/D .d � 1/ sgn.�/C d sgn0.�/. For a
differential form ˛ 2 Am.C

E.�/
2 .�//, define �s�.˛/ to be the degree .m� d jV.�/j/ simplicial cochain

on B that sends a dimension m� d jV.�/j simplex � toX
�2 zSE.�/

.�1/s.�/
Z
��1V .�/

.�.�/ ıf /�˛ D
X

�2 zSE.�/

.�1/s.�/
Z
��1V .�/

f ��.�/�˛:

8The reason for defining T instead of using the previously defined T1 is the following: we did not establish anything regarding
smoothness in Section 3.3 when gluing the various copies of C� .M;1/ together to form zX� ; now we are working with
differential forms, we want our Čech cochains to be supported away from this “joint” part, as shown in the next paragraph.
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Then, since �.�/�!� D .�1/s!� , Œ�s�!� � 2H
p0.B/ is 2jE.�/jjE.�/jŠ times Kontsevich’s class in the

usual definition.
Recall that � zX W zX�.�/! B and Qf W zX�.�/! C

E.�/
2 .�/ are the bundle versions of zX� and Qf

in Definition 3.22. In Definition 3.22, by choosing a collar neighborhood when gluing the copies of
C 0�.M;1/, zX� can be given a smooth structure so that Qf W zX�.�/! C

E.�/
2 .�/ is piecewise smooth

(smooth away from Qf �1.T .�//); so pulling back a differential form by Qf is still well defined (the result
would be a piecewise-smooth form), and the usual differential form push-forward .� zX /� is also well
defined for these forms (by integrating along each piece of the fiber and summing up). It follows from
the definition that �s�.˛/D .� zX /�

Qf �˛.

Lemma 5.5 Suppose ˛1; ˛2 2 A�.C
E.�/
2 .�// are such that there exists Q̨ 2 A��1.CE.�/2 .�// supported

away from S.�/ and d Q̨ D ˛1�˛2. Then �s�˛1��
s
�˛2 is a coboundary.

Proof For a simplex � in B ,X
�2 zSE.�/

.�1/s.�/
Z
��1V .�/

.�.�/ ıf /�.˛1�˛2/

D

X
�2 zSE.�/

.�1/s.�/
Z
@��1V .�/

.�.�/ ıf /� Q̨

D

X
�2 zSE.�/

.�1/s.�/
Z
��1V .@�/

.�.�/ ıf /� Q̨ C
X

�2 zSE.�/

.�1/s.�/
X
A

Z
��1V .�/\SA

.�.�/ ıf /� Q̨ ;

where A � V.�/ [ f1g, jAj � 2. The second term vanishes: for A of type 1, f .SA/ has positive
codimension; for A of type 2 or 4, contributions to this term cancel with each other when summed over � ;
for A of type 3, Q̨ vanishes on S.�/ by assumption. So,

.�s�˛1��
s
�˛2/.�/D .�

s
� Q̨ /.@�/D .ı�

s
� Q̨ /.�/:

Since Œ N!� � D Œ!� � 2 H�.C
E.�/
2 .�/; S.�// by (11) and Œ�s�!� � 2 H

p0.B/ is 2jE.�/jjE.�/jŠ times
Kontsevich’s class in the usual definition (last sentence in the first paragraph of Section 5.2.2), by
Lemma 5.5, �s�. N!�/ also represents 2jE.�/jjE.�/jŠ times Kontsevich’s class in the usual definition. We
are now ready to finish the proof of Proposition 5.1.

We apply Remark 4.9 to the situation here. For each p0-simplex �p0 in B , L!� j��1X .�p0 / is supported
away from .T .�/\��1X .�p0//[��1X .@�p0/. So L!� j��1X .�p0 / is a cocycle in

LC
jE.�/j.d�1/

yUj
��1
X

.�p0/

�
X�.�/j�p0 ; X�.�/j@�p0 [T .�/j�p0

�
:

By the Künneth formula,

H jE.�/j.d�1/
�
X�.�/j�p0 ; X�.�/j@�p0 [T .�/j�p0

�
�Hp0.�p0 ; @�p0/˝Hd jV.�/j.X�;b; Tb/;
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where b 2 V�p0 is an arbitrary point and .X�;b; Tb/ is the fiber of .X�.�/; T .�// over b. Let �0.�p0/ 2
Hd jV.�/j.X�;b; Tb/ be such that Œ L!� j��1X .�p0 /�� 1˝�

0.�p0/ under the Künneth isomorphism, where
12R�Hp0.�p0 ; @�p0/ (notice the identification uses the orientation ofB). Then f�p0!�0.�p0/g�p0

is a simplicial cocycle on B with coefficients in the local system Hd jV.�/j.X� ; T /. Its restriction to
Hd jV.�/j.X� ; T1/ (note T1 � T ) represents .�X /���.�/. Let

�.�p0/D Qf ��0.�p0/ 2Hd jV.�/j
c . zX�;b/�R

(the last identification uses the orientation on zX� ); then f�p0 ! �.�p0/g�p0 is a representative of
K�;�;F by the definition of K�;�;F in Section 4.2.2.

Note the bundle map

zX�.�/ X�.�/�T1.�/ X�.�/

B

Qf

� zX

�X
�X

Since L!� D 0 in a neighborhood of T .�/ \Xp0 , Qf � L!� j��1
zX
.Bp0 /

is compactly supported. For each
p0-simplex �p0 of B , by the naturality of the Künneth formula,

Œ Qf � L!� j��1
zX
.�p0 /�� 1˝

Qf ��0.�p0/D 1˝�.�p0/

under the Künneth isomorphism

H jE.�/j.d�1/c . zX�.�/j�p0 ; zX�.�/j@�p0 /�H
p0.�p0 ; @�p0/˝Hd jV.�/j

c . zX�;b/:

Since N!� D h
Ol. O�� L!0�/ and O�� L!0� is supported away form N , N!� is also supported away from N . So

Œ N!� �D Œ L!
0
� � 2H

�.C 2.�/
E.�/; N /, and Qf � N!� is a smooth form. For every simplex �p0 in B , pulling

back the cohomology equality to zX�.�/ and restricting to �p0 in B ,

Œ Qf � N!� j��1
zX
.�p0 /�D Œ

Qf � L!� j��1
zX
.�p0 /�

D 1˝�.�p0/ 2H jE.�/j.d�1/c . zX�.�/j�p0 ; zX�.�/j@�p0 /

�Hp0.�p0 ; @�p0/˝Hd jV.�/j
c . zX�;b/

�R˝R:

Therefore,
R
��1
zX
.�p0 /

Qf � N!� D �.�
p0/. This completes the proof of Proposition 5.1.

6 Some remarks about the condition in Theorem 1.2

Theorem 1.2 can be formulated in a different way.
For open subsets U; V �Rd and a continuous map f W U ! V , say f is almost differentiable if the

map .f; f / W U �U ! V � V lifts to a continuous map9 Qf W Bl�.U �U/! Bl�.V � V /, where �
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denotes the diagonal in U �U and V �V , respectively, and Bl� denotes real oriented blow-up along �.
We can define an almost differentiable manifold to be a topological manifold together with a maximal
collection of charts where the transition maps are almost differentiable homeomorphisms whose inverses
are also almost differentiable. So, if M is an almost differentiable manifold, then Bl�.M �M/ is well
defined. The corresponding automorphism group Autad .M/ in this category consists of homeomorphisms
f WM!M such that .f; f / WM�M!M�M lifts to a homeomorphism Bl�.M�M/!Bl�.M�M/.
Denote by � W Bl�.M �M/!M �M the blow-down map.

Remark 6.1 (This was pointed out by an anonymous referee.) The notion of almost differentiability
can be rephrased as follows: for open subsets U; V � Rd , a continuous map f W U ! V is almost
differentiable if

� for each a 2 U and v 2 Sd�1, the limit

SDfa.v/D lim
t!0;t>0

f .aC tv/�f .a/

jf .aC tv/�f .a/j
2 STf .a/V

exists, and

� SDf W ST U ! ST V , SDf .a; v/ WD SDfa.v/ is continuous.

Given two real vector spaces T1 and T2, and a linear isomorphism f W T1! T2, since f .�v/D �f .v/
for all v 2T1�0 and �2R�0, f induces a homeomorphism ST1!ST2, where STi D .Ti�0/=scaling
denotes the unit sphere in Ti .

Suppose M is a d -dimensional almost differentiable manifold. Define a framing F on M to be a
continuous map F W @Bl�.M �M/! Sd�1 such that for every x 2 M , F j��1.x;x/ satisfies that if
� W Rd � U ��! N �M , �.0/ D x is a chart of M near x, then F j��1.x;x/ WD STxU ! Sd�1 is a
homeomorphism induced from a linear map TxU !Rd . By Proposition 6.5 below, this condition doesn’t
depend on the choice of such a chart �.

Suppose M is an almost differentiable manifold and12M a fixed point. Then the group G defined
in Section 1.1 can be similarly defined here:

G WD Autad1 .M/ WD
˚
g 2 Autad .M/ j 9 neighborhood N 31 such that gjN D id

	
:

Define an almost differentiable .M;1/-bundle to be a fiber bundle with fiber M and structure group
Autad1 .M/. Such a bundle � WE! B has an associated vertical sphere tangent bundle � 0 W ST vE!E.
Define a framing on � WE! B to be a topological trivialization

F W ST vEjE�s1 Sd�1 � .E � s1/

E � s1

homeomorphism

� 0 projection

9Although the notation Qf has a completely different meaning in Sections 3–5, Section 6 is relatively independent from the
others, so this abuse of notation should not cause confusion.
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of � 0jE�s1 , standard near s1, and such that for each point p 2E�s1, F jp W ST vp E! Sd�1 is induced
from a linear map (with respect to any chart of Ejp near p). WhenM is smooth, this definition of framing
is equivalent to a topological trivialization

T v.E �1/ ��!Rd � .E � s1/

that is a linear isomorphism over each point in E � s1 but varies only continuously instead of smoothly
as the point in E � s1 varies.

The arguments in Sections 3 and 4 did not actually use the assumption that � W E! B is a smooth
fiber bundle, and everything goes through if � is only assumed to be a framed almost differentiable
.M;1/-bundle, where M is a smooth homology sphere.10 Therefore, we have:11

Theorem 6.2 (restatement of Theorem 1.2) Suppose M is a smooth homology sphere and 1 2 M
is a point. Then Kontsevich’s characteristic classes can be defined for framed almost differentiable
.M;1/-bundles; when the bundle is smooth , the definition agrees with the original one.

6.1 Auxiliary observations on almost differentiability

The almost differentiability condition is actually quite strong. I do not know at the time of writing if an
almost differentiable manifold (respectively, an almost differentiable bundle) necessarily has a unique C 1

structure, if one exists. We close this section with three auxiliary observations. Example 6.3 below shows
that almost differentiability does not imply C 1. Proposition 6.4 below shows that almost differentiability
implies quasiconformal. Proposition 6.5 shows that an almost differentiable map induces a linear map
between tangent bundles, modulo scaling by a positive smooth function.

Example 6.3 Let Bn� be the standard ball of radius � < 1=.2e/ in Rn. Define

f W Bn� !Rn; f .x/D�2 log.jxj/ � x:

Then f maps Bn� homeomorphically onto its image, and f is almost differentiable, but not continuously
differentiable at 0. See [21] for a detailed proof — the point being that the function �2 log jxj approaches
1 slow enough as x! 0.

The following definition of quasiconformal of a map is copied from [4]. A homeomorphism f WU!Rd

from an open subset U to its image is k-quasiconformal if for all x 2 U

Hf .x/D lim
r!0

sup
maxfjf .y/�f .x/j j jy � xj D rg
minfjf .y/�f .x/j j jy � xj D rg

� k:

f is quasiconformal if it is k-quasiconformal for some k � 1.

10ThatM is smooth instead of just almost differentiable is needed in the proof, to have the structure of the Fulton–MacPherson
compactification of configuration spaces. However, this is mainly used in Section 3.2; specifically, to get Corollary 3.17. The
argument there can probably go through by considering everything locally — trying to show that for every point p 2 T2 (resp. T1),
there is a neighborhood U of p such that dimt .T2\U/ (resp. dimt .T1\U/) is bounded as desired. If this works, the statement
of Theorem 6.2 can potentially be generalized to the case when M is only almost differentiable.

11I would like to thank the anonymous referee for pointing this out.
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Proposition 6.4 Let U �Rd be open and f W U !Rd be an almost differentiable homeomorphism to
its image. Then for every compact subset K � U , f is quasiconformal on K.

Proof First notice that f being almost differentiable implies: for every point x 2 U there is a map
f 0x W S

d�1! Sd�1 such that for any sequence of pairs of points f.xn; yn/ 2 U �U ��g1nD1,

lim
n!1

.xn; yn/D .x; x/; lim
n!1

yn� xn

jyn� xnj
D v D) lim

n!1

f .yn/�f .xn/

jf .yn/�f .xn/j
D f 0x.v/:

Suppose f is not quasiconformal on some K. Then for every k > 0 there exists xk 2K such that, for all
� > 0, there exist yb

k
; ys
k
2 U (the superscripts stand for “big” and “small”) satisfying

jybk � xkj D jy
s
k � xkj< �;

jf .yb
k
/�f .xk/j

jf .ys
k
/�f .xk/j

> k:

Let k range over Z>0. Since K is compact, by possibly passing to a subsequence, we can assume xk! x

as k!1 for some x 2K. Plugging in � D 1=k above, for every k we get a tuple of points xk; ybk ; y
s
k

,
all limit to x as k!1. For each k, denote by Sk the sphere centered at xk on which ys

k
; yb
k

lie. Define
zk 2 Sk to be the midpoint of the shortest geodesic (if not unique, take an arbitrary one) between yb

k
; ys
k

on Sk . This implies that the angle between the vectors yb
k
� xk and yb

k
� zk is at least �=4; same for the

vectors zk �ysk and zk � xk:

xk

yb
k

ys
k

zk
f
��! f .xk/

f .yb
k
/

f .yb
k
/

f .zk/

Since
jf .yb

k
/�f .xk/j

jf .zk/�f .xk/j
�
jf .zk/�f .xk/j

jf .ys
k
/�f .xk/j

> k;

one of the factors must be bigger than
p
k. In the case it is the first factor, define zb

k
D yb

k
, zs
k
D zk; in

the case it is the second factor, define zb
k
D zk , zs

k
D ys

k
. Now we have a sequence of tuples .xk; zbk ; z

s
k
/,

all converging to x as k!1, and

lim
k!1

f .zb
k
/�f .xk/

jf .zb
k
/�f .xk/j

D lim
k!1

f .zb
k
/�f .zs

k
/

jf .zb
k
/�f .zs

k
/j
;

because in the triangle .f .zb
k
/; f .zs

k
/; f .xk//, the ratio between the lengths of the edges f .zs

k
/f .xk/

and f .zb
k
/f .xk/ goes to 0, implying that the angle between the edges f .zb

k
/f .zs

k
/ and f .zb

k
/f .xk/ goes

Algebraic & Geometric Topology, Volume 26 (2026)



Kontsevich’s characteristic classes as topological invariants of configuration space bundles 393

to 0. Now, since f is almost differentiable and thus so is f �1,

lim
k!1

zb
k
� xk

jzb
k
� xkj

D .f �1/0f .x/

�
lim
k!1

f .zb
k
/�f .xk/

jf .zb
k
/�f .xk/j

�

D .f �1/0f .x/

�
lim
k!1

f .zb
k
/�f .zs

k
/

jf .zb
k
/�f .zs

k
/j

�
D lim
k!1

zb
k
� zs

k

jzb
k
� zs

k
j
;

which contradicts that the angle between the two vectors is at least �=4.

The converse to Proposition 6.4 is not true. For example, f W R2 ! R2, f .x/ D jxj�1=2 � x, is
quasiconformal but not almost differentiable.

Proposition 6.5 Let U1 and U2 be open subsets of Rd and f W U1 ! U2 be an almost differentiable
homeomorphism. For every point x 2 U , denote Qfx W STxU1! STf .x/U2 the homeomorphism given by
restricting Qf to ��1.x; x/, where ST denotes the unit sphere in the tangent space. Then Qfx is induced
from a linear isomorphism TxU1! TxU2.

Proof Given a directed, ordered graph � and U �Rd an open subset, define

gU� W U
V.�/
��big! .U �U ��/E.�/; .xv/v2V.�/ �! ..xv��.e/; xv�C.e/

//e2E.�/:

Then, by the construction of Fulton–MacPherson compactification, gU� extends to a map

NgU� W CV.�/.U / �! Bl�.U �U/E.�/;

where CV.�/.U / is the Fulton–MacPherson configuration space of V.�/-labeled marked points in U .
Similar to the proof of Lemma 3.2, image. NgU� / is the closure of image.gU� / in Bl�.U �U/E.�/. Let
� W Bl�.U �U/E.�/! .U �U/E.�/ be the blow-down map. For a point x 2 U ,

��1
�
..x; x//e2E.�/

�
D .STxU/

E.�/
D .Sd�1/E.�/

and, by the construction of Fulton–MacPherson compactification,

��1
�
..x; x//e2E.�/

�
\ image. NgU� /D V � � .S

d�1/E.�/I

recall V � is defined in Definition 3.11. Now plug in U1; U2 for U . From the definition of gU� ,

.f; f /E.�/ ıg
U1
� D g

U2
� ıf

V.�/;

so image.gU2� / D .f; f /E.�/.image.gU1� //. Passing to their closures in Bl�.Ui � Ui /E.�/, we have
image. NgU2� /D Qf E.�/.image. NgU1� //. Therefore, for each x 2 U1,

. Qfx/
E.�/

W .Sd�1/E.�/ D .STxU1/
E.�/

�! .STf .x/U2/
E.�/

D .Sd�1/E.�/

maps V � to V � . The conclusion of the proposition follows from Lemma 6.6 below.

Algebraic & Geometric Topology, Volume 26 (2026)



394 Xujia Chen

Lemma 6.6 Suppose f WSd�1!Sd�1 is a homeomorphism such that for any directed , ordered graph � ,
V � is invariant under f E.�/ WD .f; : : : ; f / W .Sd�1/E.�/! .Sd�1/E.�/. Then f is induced by a map
F 2 GL.d/.

Proof (This proof is given by Fabian Gundlach.) The strategy is to define an increasing sequence of
subsets fAn�Sd�1g1nD1, An�AnC1, such that

S
nAn is dense in Sd�1, and show that for each n, f jAn

is induced by a map Fn 2GL.d/. For each n 2Z>0, let �n be the complete graph with .nC1/d vertices
labeled by elements in Ln WD f0; : : : ; ngd . Then, putting the vertex of �n labeled by .m1; : : : ; md / 2Ln
at .m1; : : : ; md / 2Rd gives an element in C quo

V.�n/
.Rd /. Since V �n is invariant under f E.�n/, there is

an element x D .xm 2Rd /m2Ln 2 .R
d /V.�n/ such that for any m1 ¤m2 2 Ln, xm1 ¤ xm2 and

(12)
xm1 � xm2

jxm1 � xm2 j
D f

�
m1�m2

jm1�m2j

�
:

Denote ej D .0; : : : ; 0; 1; 0; : : : ; 0/ 2 Ln where 1 is at the j -th place. We also view ej as an element
in Sd�1. For all m 2Ln and j 2 f1; : : : ; dg, xmCej �xm has direction f .ej / by (12). We next show that
jxmCej �xmj does not depend onm either. For k¤ j , since xm˙ek�xm is parallel to xmCej˙ek�xmCej ,
the points xm; xmCej ; xm˙ek ; xmCej˙ek form a parallelogram, so we must have xm˙ekCej � xm˙ek D
xmCej �xm. Therefore, plugging in k for j , we have xmCek �xm D xm�ejCek �xm�ej as well. So, in
the two triangles .xm; xmCej ; xmCek / and .xm�ej ; xm; xm�ejCek /, one of the pairs of corresponding
edges are equal as vectors. The other two pairs of corresponding edges are both parallel by (12), so
they must both be equal. This shows xmCej � xm D xm� xm�ej . Therefore, xmCej � xm does not
depend on the choice of m. Without loss of generality we can assume x.0;:::;0/ D .0; : : : ; 0/ 2Rd . Then
xmCej � xm D xej for all m; j . So, xm1Cm2 D xm1 C xm2 for all m1; m2. This shows that the map
Fn 2 GL.d/ defined by “for all i , Fn.ei /D xei ” maps m to xm for all m 2 Ln. For F 2 GL.d/, denote
by yF W Sd�1! Sd�1 the homeomorphism induced by F . Now define

An D

�
m1�m2

jm1�m2j

�
m1¤m22Ln

� Sd�1:

Then f jAn D yFnjAn . On the other hand, the condition yFAn D f jAn uniquely determines F up to scaling:
since feigdiD1 � An, there exists .0¤ �i 2 R/diD1 such that Fn.ei /D �if .ei /; since ei C ej 2 An, the
direction of F.ei C ej /D �if .ei /C�jf .ej / is determined by f , so �i=�j is determined. Therefore,
for different n, Fn differ only by scaling. This determines a map F 2 GL.d/ up to scaling, satisfying
yF jS

nAn
D f jS

nAn
. Since

S
nAn is dense in Sd�1, yF D f .
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