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Profinite completions of products

PETER J. HAINE

A source of difficulty in profinite homotopy theory is that the profinite completion functor does not
preserve finite products. We provide a new, checkable criterion on prospaces X and Y that guarantees
that the profinite completion of X �Y agrees with the product of the profinite completions of X and Y .
Using this criterion, we show that profinite completion preserves products of étale homotopy types of
qcqs schemes. This fills a gap in Chough’s proof of the Künneth formula for the étale homotopy type of a
product of proper schemes over a separably closed field.
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0 Introduction

Write Spc� for the1-category of �-finite spaces. Given a set † of primes, write Spc† � Spc� for the
full subcategory spanned by those �-finite spaces whose homotopy groups have orders divisible only by
primes in †. Write

.�/^† W Pro.Spc/! Pro.Spc†/

for the †-completion functor, i.e., the left adjoint to the inclusion Pro.Spc†/� Pro.Spc/. One source of
difficulty in profinite homotopy theory is that the †-completion functor does not preserve finite limits, or
even finite products (see [5, Remark 3.10; 15, Remark E.5.2.6]).

As far as we are aware, given connected spaces X and Y , the only general condition to check that
the profinite completion of X � Y is the product of the profinite completions of X and Y is to check
that the homotopy groups of X and Y are good in the sense of Serre [5, Proposition 3.9]. However, it is
generally quite difficult to check if a group is good, and there are hard conjectures about whether or not
naturally occurring groups are good. For example, Deligne and Morava’s conjecture that the mapping
class group �g;n of a genus-g curve with n marked points is good [19, problem on p. 94] is still open.

The purpose of this note is to provide the following new, checkable criterion on prospaces X and Y
that guarantees that the natural map .X �Y /^†!X^† �Y

^
† is an equivalence.
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398 Peter J. Haine

0.1 Theorem (Theorem 2.13) Let X and Y be prospaces and let † be a set of primes. If X and Y are
both in the smallest full subcategory of Pro.Spc/ containing Pro.Spc�/ that is closed under geometric
realizations of simplicial objects , retracts , and cofiltered limits , then the natural map

.X �Y /^†!X^† �Y
^
†

is an equivalence.

In fact, Theorem 2.13 is a bit more general. However, the more general statement requires introducing
a bit of terminology, so we refer the reader to later in the text for the statement.

Now we state the two key applications. The first is that if one is already in the setting of profinite
homotopy theory, then †-completion preserves products:

0.2 Corollary (Corollary 2.9) Let † be a set of primes. Then the †-completion functor restricted to
profinite spaces

.�/^† W Pro.Spc�/! Pro.Spc†/

preserves products.

The second is that in the setting of étale homotopy theory, †-completion preserves finite products.
Given a scheme X , write …ét

1.X/ 2 Pro.Spc/ for the étale homotopy type of X . Our work with Barwick
and Glasman [1, Theorems 10.2.3 and 12.5.1] provides a description of the (protruncated) étale homotopy
type of a qcqs scheme as the geometric realization of an explicit simplicial profinite space. The existence
of this presentation implies:

0.3 Corollary (Example 2.17) Let † be a set of primes and let X and Y be qcqs schemes. Then the
natural map of profinite spaces

.…ét
1.X/�…

ét
1.Y //

^
†!…ét

1.X/
^
† �…

ét
1.Y /

^
†

is an equivalence.

0.4 Remark Corollary 0.3 fills a gap in Chough’s proof of the Künneth formula for the étale homotopy
type of a product of proper schemes over a separably closed field [7, Theorem 5.3]. Chough’s proof cites
the false claim that profinite completion preserves finite limits. However, what Chough actually uses is
Corollary 0.3 (with† the set of all primes). In particular, the conclusion of [7, Theorem 5.3] remains valid.

In our work with Holzschuh and Wolf [9, §4], Corollary 0.3 is a key ingredient used to prove other
Künneth formulas in étale homotopy theory.

0.5 Proof Strategy The first observation is that since protruncation preserves limits [8, Proposition 3.9],
it suffices to prove a variant of Theorem 0.1 where X and Y are already protruncated. Since equivalences
of protruncated spaces are detected on all truncations (which is not true for general prospaces), this
simplifies the situation. Second, since†-completion preserves cofiltered limits, Theorem 0.1 would follow
if we knew that geometric realizations preserved finite products in the1-categories of protruncated and
†-profinite spaces. See Lemma 2.7 and Corollary 2.8 for the key categorical result explaining this.
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With these reductions, the main technical step in our argument is to show the stronger claim that
geometric realizations are universal in the1-categories of protruncated and †-profinite spaces. In fact,
we show that the colimit of any diagram which can be evaluated as a finite colimit in every n-category for
n <1 (see Definition 1.9) is universal in these1-categories. See Proposition 1.17 and Corollary 1.18.

0.6 Linear Overview Section 1 proves that geometric realizations are universal in the1-categories
of protruncated and profinite spaces. In particular, geometric realizations preserve finite products in these
1-categories. Section 2 proves Corollaries 0.2 and 0.3. It is immediate from [1, Theorem 10.2.3] that the
protruncated étale homotopy type can be written as the geometric realization of a simplicial profinite space.
However, for ease of reference we have provided a detailed explanation of this fact in the Appendix.

0.7 Conventions Throughout, we use the notational conventions of [8, §§1 and 3]. In an effort to keep
this note short, we do not recapitulate them here.

1 Universality of colimits

In this section, we prove that geometric realizations are universal in the1-categories of protruncated
and †-profinite spaces. We accomplish this by proving a more general fact: colimits over diagrams that
can be computed as finite colimits when valued in an n-category (see Definition 1.9) are universal in the
1-categories of protruncated and †-profinite spaces (Proposition 1.17 and Corollary 1.18).

The first observation is that finite colimits are universal in protruncated spaces.

1.1 Lemma Let C be an1-category with pullbacks and finite colimits. If finite colimits are universal
in C, then finite colimits are universal in Pro.C/.

Proof By (the dual of) [12, Proposition 5.3.5.15], pullbacks, pushouts, and finite coproducts are computed
“levelwise” in Pro.C/. Thus the assumption that finite colimits are universal in C implies that pushouts and
finite coproducts are universal in Pro.C/. Since a functor that preserves pushouts and finite coproducts
preserves finite colimits, we deduce that all finite colimits are universal in Pro.C/.

1.2 Example Finite colimits are universal in Pro.Spc/. For each integer n � 0, finite colimits are
universal in Pro.Spc�n/.

1.3 Recollection A localization L W C!D is locally cartesian if for any cospan X !Z Y such that
X;Z 2D, the natural map L.X �Z Y /!X �Z L.Y / is an equivalence.

1.4 Example [8, Proposition 3.18] For any set † of primes, the localization

.�/^† W Pro.Spc<1/! Pro.Spc†/

is locally cartesian. However, .�/^† does not generally preserve finite products.

The following is immediate from the definitions:

Algebraic & Geometric Topology, Volume 26 (2026)
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400 Peter J. Haine

1.5 Lemma Let I be an1-category , C an1-category with pullbacks and I-shaped colimits , and let
L W C! D be a locally cartesian localization. If I-shaped colimits are universal in C, then I-shaped
colimits are universal in D.

1.6 Example Since the protruncation functor �<1 WPro.Spc/!Pro.Spc<1/ preserves limits [8, Propo-
sition 3.9], Example 1.2 and Lemma 1.5 show that finite colimits are universal in Pro.Spc<1/.

Now we formulate the key property of the category �op that we need.

1.7 Definition Let n� 0 be an integer. A functor between1-categories c W I! J is n-colimit-cofinal if
for every n-category C and functor f W J! C, the following conditions are satisfied:

(1) The colimit colimJ f exists if and only if the colimit colimI fc exists.

(2) If the colimit colimJ f exists, then the natural map colimI fc! colimJ f is an equivalence.

1.8 Example For an integer n� 0, write ��n �� for the full subcategory spanned by those nonempty
linearly ordered finite sets of cardinality � nC 1. By [10, Proposition A.1], the inclusion �

op
�n ��op is

n-colimit-cofinal.

1.9 Definition Let I be an1-category. We say that I is almost finite if for each integer n � 0, there
exists a finite1-category In and an n-colimit-cofinal functor cn W In! I.

Here are a number of important examples of almost finite1-categories.

1.10 Example If I is an1-category that admits a colimit-cofinal functor from a finite1-category, then
I is almost finite.

1.11 Example For each n� 0, the category �
op
�n is a finite1-category [6, Example 6.5.3]. Hence the

category �op is almost finite: the inclusion �
op
�n ,!�op is an n-colimit-cofinal functor from a finite

1-category.

1.12 Definition Let K be a simplicial set. The1-category presented by K is the image of K under the
natural functor sSet! Cat1 obtained by inverting the weak equivalences in the Joyal model structure.
The space presented by K is the image of K under the natural functor sSet! Spc obtained by inverting
the weak equivalences in the Kan–Quillen model structure.

1.13 Example Let K be a simplicial set with finitely many simplices in each dimension and let I be the
1-category presented by K. Then I is almost finite: we take In to be the1-category presented by the
.nC1/-skeleton of sknC1K and cn W In! I the functor induced by the inclusion sknC1K �K.

1.14 Recollection A space X is almost �-finite if �0.X/ is finite and all homotopy groups of X are
finite. An almost �-finite space admits a presentation by a Kan complex with finitely many simplices in
each dimension [15, Lemma E.1.6.5]. Hence:

1.15 Example As a special case of Example 1.13, every almost �-finite space is an almost finite
1-category.

Algebraic & Geometric Topology, Volume 26 (2026)
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1.16 Definition Let C be an1-category with pullbacks. We say that almost finite colimits are universal
in C if for each almost finite1-category I, the1-category C admits I-shaped colimits and I-shaped
colimits are universal in C.

The argument that Lurie gives in the proof of [15, Theorem E.6.3.1] essentially shows that almost
finite colimits are universal in Pro.Spc†/. However, the statement about universality of colimits is less
general and the result is only stated when † is the set of all primes. We also need to know that almost
finite colimits are also universal in Pro.Spc<1/. The strategy is the same as Lurie’s proof: we use that
equivalences are checked on truncations to reduce to the case of finite colimits.

1.17 Proposition Almost finite colimits are universal in Pro.Spc<1/.

Moreover, Proposition 1.17 strengthens [15, Theorem E.6.3.1]:

1.18 Corollary Let † be a set of primes. Then almost finite colimits are universal in Pro.Spc†/.

Proof of Corollary 1.18 Since the localization .�/^† W Pro.Spc<1/! Pro.Spc†/ is locally cartesian
[8, Proposition 3.18], this follows from Lemma 1.5 and Proposition 1.17.

Proof of Proposition 1.17 Let I be an almost finite 1-category, let f W X ! Z be a morphism in
Pro.Spc<1/, and let

g W I! Pro.Spc<1/=Z

be a diagram of protruncated spaces over Z. To prove the claim, it suffices to show that for each integer
n� 0, the induced map

��n.colim
i2I

X �
Z
g.i//! ��n.X �

Z
colim
i2I

g.i//

is an equivalence in Pro.Spc�n/. Since I is almost finite, there exists a finite 1-category InC2 and
.nC2/-colimit-cofinal functor cnC2 W InC2! I. Consider the commutative diagram

colim
j2InC2

��n.X �
Z
gcnC2.j // ��n. colim

j2InC2
X �
Z
gcnC2.j // ��n.X �

Z
colim
j2InC2

gcnC2.j //

colim
i2I

��n.X �
Z
g.i// ��n.colim

i2I
X �
Z
g.i// ��n.X �

Z
colim
i2I

g.i//

�

�

(Here, the colimits in the leftmost column are computed in Pro.Spc�n/.) Since Pro.Spc�n/ is an .nC1/-
category and cnC2 W InC2! I is .nC2/-colimit-cofinal, the leftmost vertical map is an equivalence. Thus
the central vertical map is also an equivalence. Since InC2 is finite and finite colimits are universal in
Pro.Spc<1/ (Example 1.6), the top right-hand horizontal map is an equivalence.
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To complete the proof, it suffices to show that the rightmost vertical map is an equivalence. For this,
consider the commutative square

colim
j2InC2

��nC1gcnC2.j / ��nC1. colim
j2InC2

gcnC2.j //

colim
i2I

��nC1g.i/ ��nC1.colim
i2I

g.i//

�

�

where the colimits in the left-hand column are computed in Pro.Spc�nC1/. Since Pro.Spc�nC1/ is an
.nC2/-category and cnC2 is .nC2/-colimit-cofinal, the left-hand vertical map is an equivalence. Hence
the right-hand vertical map is also an equivalence. As a consequence, the map

colim
j2InC2

gcnC2.j /! colim
i2I

g.i/

is n-connected. Thus the base change

X �
Z

colim
j2InC2

gcnC2.j /!X �
Z

colim
i2I

g.i/

is also n-connected. Hence the map

��n.X �
Z

colim
j2InC2

gcnC2.j //! ��n.X �
Z

colim
i2I

g.i//

is an equivalence, as desired.

The universality of geometric realizations implies that geometric realizations preserve finite products:

1.19 Lemma Let I be a sifted1-category and let C be an1-category with finite limits and I-shaped
colimits. If I-shaped colimits are universal in C, then the functor

colimI W Fun.I;C/! C

preserves finite products.

Proof Let X�; Y� W I! C be functors. We have natural equivalences

colim
i2I

Xi �Yi
��! colim

.i;j /2I�I
Xi �Yj (I is sifted/

' colim
i2I

colim
j2I

.Xi �Yj /

��! colim
i2I

.Xi � colim
j2I

Yj / (I-shaped colimits are universal/

��! .colim
i2I

Xi /� .colim
j2I

Yj / (I-shaped colimits are universal/:

1.20 Corollary Let † be a set of primes. Then geometric realizations preserve finite products in the
1-categories Pro.Spc†/ and Pro.Spc<1/.

Proof Combine Proposition 1.17, Corollary 1.18, and Lemma 1.19.

Algebraic & Geometric Topology, Volume 26 (2026)
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2 Completions of products

The goal of this section is to prove Corollaries 0.2 and 0.3. We do this by noting that in the setting of both
of these results, the prospaces of interest can be written as geometric realizations of simplicial profinite
spaces. We begin by axiomatizing the situation:

2.1 Definition Let C be an1-category, let D� C be a full subcategory, and let X 2 C. A D-resolution
of X is a simplicial object X� W�op!D together with an equivalence

X ' colim. �op D C
X�

/:

We say that an object X admits a D-resolution if there exists D-resolution of X .

2.2 Notation Write Setfin for the category of finite sets and all maps.

Finite and almost �-finite spaces admit Setfin-resolutions:

2.3 Lemma Let X be a space which is finite1 or almost �-finite. Then:

(1) As an object of Spc, the space X admits a Setfin-resolution.

(2) When regarded as a constant object of Pro.Spc/, the space X admits a Setfin-resolution.

(3) The protruncated space �<1.X/ admits a Setfin-resolution.

(4) The profinite space X^� admits a Setfin-resolution.

Proof For (1), if X is finite, then X can be written as the geometric realization of a simplicial set with
finitely many nondegenerate simplices [21, Proposition 2.5].2 If X is almost �-finite, then X can be
written as the geometric realization of a Kan complex with finitely many simplices in each dimension
[15, Lemma E.1.6.5].

Now note that (2)–(4) follow from (1) and that each functor in the diagram

Spc Pro.Spc/ Pro.Spc<1/ Pro.Spc�/
�<1 .�/^�

preserves colimits.

Algebraic geometry also gives rise to many examples of protruncated spaces admitting profinite
resolutions.

2.4 Notation (shapes) Given an1-topos X , we write …1.X/ 2 Pro.Spc/ for the shape of X . We write
…<1.X/ for the protruncation of …1.X/.

1I.e., in the smallest subcategory of Spc containing the point and the empty set and closed under pushouts. Equivalently, a
space X is finite if and only if X is represented by a finite CW complex.

2In fact, every finite space is equivalent to the classifying space of a finite poset; see [12, Proposition 4.1.1.3(3) and
Variant 4.2.3.16; 16, Tag 02MU; 18, Theorem 1].
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2.5 Recall that an1-topos X is spectral in the sense of [1, Definition 9.2.1] if X is bounded coherent
and the 1-category Pt.X/ of points of X has the property that every endomorphism of an object of
Pt.X/ is an equivalence. The most important example of a spectral 1-topos is the étale 1-topos of
a qcqs scheme [1, Example 9.2.4]. Example A.9 explains why the protruncated shape …<1.X/ of a
spectral1-topos admits a natural Pro.Spc�/-resolution.

The next few results are the key categorical input we need. To state them, we axiomatize the abstract
properties of the subcategory Pro.Spc�/� Pro.Spc<1/.

2.6 Notation Let C be an1-category with geometric realizations and finite products, and letL WC!D be
a localization. Assume that geometric realizations preserve finite products in both C and D. Write CjDj � C

for the smallest full subcategory containing D� C and closed under geometric realizations and retracts.

2.7 Lemma In the setting of Notation 2.6, let X�; Y� W�op! C be simplicial objects with colimits X
and Y . Assume that for each n� 0, the natural map

L.Xn �Yn/! L.Xn/�L.Yn/

is an equivalence. Then the natural map L.X �Y /! L.X/�L.Y / is an equivalence.

Proof We compute

L.X �Y /' L.colim
m2�op

Xm � colim
n2�op

Yn/

' L.colim
n2�op

Xn �Yn/ (geometric realizations preserve finite products in C)

' colim
n2�op

L.Xn �Yn/

��! colim
n2�op

L.Xn/�L.Yn/ (assumption)

' colim
m2�op

L.Xm/� colim
n2�op

L.Yn/ (geometric realizations preserve finite products in D)

' L.X/�L.Y /:

2.8 Corollary In the setting of Notation 2.6:

(1) The full subcategory of C�C spanned by those objects .X; Y / such that the natural map

L.X �Y /! L.X/�L.Y /

is an equivalence is closed under geometric realizations and retracts.

(2) If X; Y 2 CjDj, then the natural map L.X �Y /! L.X/�L.Y / is an equivalence.

(3) If X; Y 2 C admit D-resolutions , then the natural map L.X �Y /!L.X/�L.Y / is an equivalence.

Proof Item (1) follows from Lemma 2.7 and the fact that equivalences are closed under retracts. Now
(2) is an immediate consequence of (1) and the definition of CjDj as the closure of D� C under geometric
realizations and retracts. Finally, (3) is a special case of (2).
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We now record some consequences of Corollary 2.8.

2.9 Corollary Let † be a set of prime numbers. Then the †-completion functor

.�/^† W Pro.Spc�/! Pro.Spc†/

preserves products.

Proof Since †-completion preserves cofiltered limits and the terminal object, it suffices to show that
†-completion preserves binary products of profinite spaces. Again because †-completion preserves
cofiltered limits, we are reduced to showing that if X and Y are �-finite spaces, then the natural map

.X �Y /^†!X^† �Y
^
†

is an equivalence. Since �-finite spaces admit Setfin-resolutions (Lemma 2.3) and geometric realiza-
tions preserve finite products in Pro.Spc�/ and Pro.Spc†/ (Corollary 1.20), the claim follows from
Corollary 2.8.

2.10 Warning The functor .�/^† W Pro.Spc�/! Pro.Spc†/ does not generally preserve pullbacks, or
even loop objects.

We now introduce a slight enlargement of the subcategory of protruncated spaces admitting a Pro.Spc�/-
resolution on which profinite completion preserves finite products.

2.11 Notation Let

Pro.Spc<1/
0
� Pro.Spc<1/

denote the smallest full subcategory containing Pro.Spc�/ and closed under geometric realizations,
retracts, and cofiltered limits.

2.12 Observation (procompact spaces) Write Spc! � Spc for the full subcategory spanned by the
compact objects.3 Then by Lemma 2.3, the image of

�<1 W Pro.Spc!/! Pro.Spc<1/

is contained in Pro.Spc<1/0.

The following is the main result of this note.

2.13 Theorem Let † be a set of primes and let X; Y 2 Pro.Spc<1/0. Then the natural map

.X �Y /^†!X^† �Y
^
†

is an equivalence.

3A space X is compact if and only if X is a retract of a finite space. In more classical terminology, a space X is compact if
and only if X is represented by a finitely dominated CW complex.

Algebraic & Geometric Topology, Volume 26 (2026)
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Proof By Corollary 2.9, the †-completion functor

.�/^† W Pro.Spc�/! Pro.Spc†/

preserves products. Hence it suffices to prove the claim in the special case where † is the set of all primes.
For this, note that cofiltered limits preserve finite products in Pro.Spc<1/ and Pro.Spc�/; moreover, the
profinite completion functor preserves cofiltered limits. Thus it suffices to treat the case where X and Y
are in the smallest full subcategory of Pro.Spc<1/ containing Pro.Spc�/ and closed under geometric
realizations and retracts. In this case, since geometric realizations preserve finite products in Pro.Spc<1/
and Pro.Spc�/ (Corollary 1.20), Corollary 2.8 completes the proof.

2.14 Example If X and Y are protruncated spaces that admit Pro.Spc�/-resolutions, then the natural
map .X �Y /^†!X^† �Y

^
† is an equivalence.

2.15 Example If X; Y 2Spc are compact, then the natural map .X �Y /^†!X^† �Y
^
† is an equivalence.

We conclude by recording two applications of Theorem 2.13.

2.16 Corollary Let † be a set of primes and let X and Y be spectral1-topoi. Then the natural map

.…1.X/�…1.Y //
^
†!…1.X/

^
† �…1.Y /

^
†

is an equivalence.

Proof Example A.9 shows that …<1.X/ and …<1.Y / admit Pro.Spc�/-resolutions. Since protrunca-
tion preserves products, the claim now follows from Theorem 2.13.

2.17 Example Let † be a set of primes and let X and Y be qcqs schemes. Then the natural map

.…ét
1.X/�…

ét
1.Y //

^
†!…ét

1.X/
^
† �…

ét
1.Y /

^
†

is an equivalence.

The second application is to1-operads. Recently, it has become clear that it is important to consider
profinite completions of1-operads. For example, Boavida de Brito, Horel, and Robertson explained
a beautiful relationship between the Grothendieck–Teichmüller group and the profinite completion
of the genus-0 surface operad [5]. However, since profinite completion does not preserve products,
profinite completions of1-operads generally cannot be computed “levelwise”. In general, more care is
required to work with profinite completions of1-operads; this is the topic of recent work of Blom and
Moerdijk [3; 4].

An immediate consequence of Theorem 2.13 is that profinite completions can be computed levelwise
more generally than was previously known:

2.18 Corollary Let † be a set of primes and let fO.n/gn�0 be an1-operad in spaces. Assume that for
each n� 0, we have

�<1O.n/ 2 Pro.Spc<1/
0:

Then the levelwise †-completion fO.n/^†gn�0 defines an1-operad in Pro.Spc†/.
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Appendix Classifying prospaces via geometric realizations

The purpose of this appendix is to explain why the protruncated shape of a spectral1-topos (e.g., the étale
1-topos of a qcqs scheme) admits a presentation as a geometric realization of a simplicial profinite space
(Example A.9). Using the description of the protruncated shape of a spectral1-topos as a protruncated
classifying prospace given by Barwick–Glasman–Haine [1, Theorem 10.2.3], this is an exercise in the
definitions. For the ease of the reader, we spell out the details here.

We make use of the description of1-categories as simplicial spaces.

A.1 Recollection (1-categories as simplicial spaces) The nerve functor

N W Cat1! Fun.�op;Spc/; C 7!
�
I 7! Fun.I;C/'

�
;

is fully faithful [11; 13, §1; 14, Proposition A.7.10; 15, §A.8.2; 20]. One can explicitly identify its image;
objects in the image of this embedding are often called complete Segal spaces or categories internal
to spaces. Under this embedding, the subcategory Spc � Cat1 corresponds to the constant functors
�op! Spc. Moreover, the localization B W Cat1! Spc is given by geometric realization.

A.2 Notation Let C be an1-category with finite limits. We write

Cat.C/� Fun.�op;C/

for the full subcategory spanned by the categories internal to C. See [1, Definition 13.1.1; 17, Proposi-
tion 3.2.7] for the definition.

A.3 Notation Write Cat<1 � Cat1 for the full subcategory spanned by those 1-categories C for
which there exists an integer n � 0 such that C is an n-category. Write Cat1;� � Cat<1 for the full
subcategory spanned by those1-categories with the property that there are finitely many objects up to
equivalence and all mapping spaces are �-finite.

A.4 Observation The nerve N W Cat1 ��! Cat.Spc/ restricts to equivalences

Cat<1 ��! Cat.Spc<1/ and Cat1;� ��! Cat.Spc�/:

In order to describe protruncated classifying spaces via geometric realizations, it is useful to describe
pro-1-categories as category objects in prospaces.

A.5 Observation By [1, Proposition 13.1.12; 12, Proposition 5.3.5.11], the composite

Cat<1 Cat.Spc<1/ Cat.Pro.Spc<1//N
�

extends along cofiltered limits to a fully faithful right adjoint

N W Pro.Cat<1/ ,! Cat.Pro.Spc<1//:

This functor restricts to a fully faithful right adjoint

N W Pro.Cat1;�/ ,! Cat.Pro.Spc�//:
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A.6 Remark We do not know if the embedding N W Cat1 ,! Cat.Pro.Spc// extends along cofiltered
limits to a fully faithful functor Pro.Cat1/! Cat.Pro.Spc//.

A.7 Observation It is immediate from the definitions that the following diagram of fully faithful right
adjoints commutes:

Pro.Spc�/ Pro.Cat1;�/ Cat.Pro.Spc�// Fun.�op;Pro.Spc�//

Pro.Spc<1/ Pro.Cat<1/ Cat.Pro.Spc<1// Fun.�op;Pro.Spc<1//

?

?
?

?

B^�

N

?

?

?

?

.�/^�

?

B<1

N
?

.�/^�ı�

The long composite left adjoints

Fun.�op;Pro.Spc<1//! Pro.Spc<1/ and Fun.�op;Pro.Spc�//! Pro.Spc�/

are simply the colimit functors. Since the diagram of left adjoints also commutes we deduce:

A.8 Corollary Let C 2 Pro.Cat1;�/ be a profinite1-category. Then there are natural equivalences

B<1.C/' colim. �op Pro.Spc�/ Pro.Spc<1/
N.C/

/;

B^�.C/' colim. �op Pro.Spc�/
N.C/

/:

A.9 Example Let X be a spectral1-topos. Through [1, Theorem 9.3.1], Barwick–Glasman–Haine
refined the1-category Pt.X/ of points of X to a profinite1-category

�….1;1/.X/ 2 Pro.Cat1;�/

called the stratified shape of X . In [1, Theorem 10.2.3] they show that there is a natural equivalence

…<1.X/
��! B<1.�….1;1/.X//:

That is, the protruncated shape of X can be recovered as the protruncated classifying space of the stratified
shape �….1;1/.X/. Hence Corollary A.8 shows that the protruncated shape …<1.X/ admits a natural
Pro.Spc�/-resolution in the sense of Definition 2.1.

A.10 Remark Using the proétale topology [2], one can show that the protruncated étale homotopy type
of a qcqs scheme admits a Pro.Setfin/-resolution.

To see this, first note that given a qcqs scheme X , the pullback functor �� WXét!Xproét from the étale
1-topos of X to the proétale1-topos of X is fully faithful when restricted to truncated objects. (This
observation generalizes [2, Lemma 5.1.2 and Corollary 5.1.6].) As a result, the protruncated shapes of Xét

andXproét are equivalent. Hence the protruncated étale homotopy type is a hypercomplete proétale cosheaf.
Recall that the w-contractible affine schemes form a basis for the proétale topology; in particular,

every qcqs scheme admits a proétale hypercover by w-contractible affine schemes. Moreover, for each
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w-contractible affine scheme U , the prospace…ét
<1.U / is naturally identified with the profinite set �0.U /

of connected components of U . Hence the protruncated étale homotopy type

…ét
<1 W Schqcqs

! Pro.Spc<1/

is the unique hypercomplete proétale cosheaf whose restriction to w-contractible affines is given by
U 7! �0.U /. Given a qcqs scheme X , choose a proétale hypercover U� of X be w-contractible affines.
Then the simplicial object �0.U�/ is a Pro.Setfin/-resolution of …ét

<1.X/.

Acknowledgements

We thank Luciana Basualdo Bonatto, Chang-Yeon Chough, Tim Holzschuh, Marcy Robertson, and
Sebastian Wolf for many enlightening discussions around the contents of this note. We gratefully
acknowledge support from the NSF Mathematical Sciences Postdoctoral Research Fellowship under
Grant # DMS-2102957 and a grant from the Simons Foundation (816048, LC).

References
[1] C Barwick, S Glasman, P Haine, Exodromy, preprint (2020) arXiv 1807.03281

[2] B Bhatt, P Scholze, The pro-étale topology for schemes, from “De la géométrie algébrique aux formes automorphes, I”
(J-B Bost, P Boyer, A Genestier, L Lafforgue, S Lysenko, S Morel, B C Ngo, editors), Astérisque 369, Soc. Math. France,
Paris (2015) 99–201 MR

[3] T Blom, I Moerdijk, Profinite1-operads, Adv. Math. 408 (2022) art. id. 108601 MR

[4] T Blom, I Moerdijk, Profinite completions of topological operads, preprint (2024) arXiv 2312.12567

[5] P Boavida de Brito, G Horel, M Robertson, Operads of genus zero curves and the Grothendieck–Teichmüller group,
Geom. Topol. 23:1 (2019) 299–346 MR

[6] B Calmès, E Dotto, Y Harpaz, F Hebestreit, M Land, K Moi, D Nardin, T Nikolaus, W Steimle, Hermitian K-theory
for stable1-categories, I: Foundations, Selecta Math. (N.S.) 29:1 (2023) art. id. 10 MR

[7] C-Y Chough, Proper base change for étale sheaves of spaces, J. Eur. Math. Soc. 24:11 (2022) 3679–3702 MR

[8] P J Haine, T Holzschuh, S Wolf, The fundamental fiber sequence in étale homotopy theory, Int. Math. Res. Not. 2024:1
(2024) 175–196 MR

[9] P J Haine, T Holzschuh, S Wolf, Nonabelian basechange theorems and étale homotopy theory, J. Topol. 17:4 (2024)
art. id. e70009 MR

[10] L Hesselholt, P Pstragowski, Dirac geometry, I: Commutative algebra (2023) arXiv 2207.09256

[11] A Joyal, M Tierney, Quasi-categories vs Segal spaces, from “Categories in algebra, geometry and mathematical physics”
(A Davydov, M Batanin, M Johnson, S Lack, A Neeman, editors), Contemp. Math. 431, Amer. Math. Soc., Providence, RI
(2007) 277–326 MR

[12] J Lurie, Higher topos theory, Annals of Mathematics Studies 170, Princeton Univ. Press (2009) MR

[13] J Lurie, .1; 2/-categories and the Goodwillie calculus, I, preprint (2009) Available at http://www.math.ias.edu/~lurie/
papers/GoodwillieI.pdf

[14] J Lurie, Higher algebra, preprint (2017) Available at http://www.math.ias.edu/~lurie/papers/HA.pdf

[15] J Lurie, Spectral algebraic geometry, preprint (2018) Available at http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf

[16] J Lurie, Kerodon, online resource (2024) Available at https://kerodon.net

[17] L Martini, Yoneda’s lemma for internal higher categories (2022) arXiv 2103.17141

[18] M C McCord, Singular homology groups and homotopy groups of finite topological spaces, Duke Math. J. 33 (1966)
465–474 MR

Algebraic & Geometric Topology, Volume 26 (2026)

http://msp.org/idx/arx/1807.03281
https://doi.org/10.24033/ast.960
http://msp.org/idx/mr/3379634
https://doi.org/10.1016/j.aim.2022.108601
http://msp.org/idx/mr/4462939
http://msp.org/idx/arx/2312.12567
https://doi.org/10.2140/gt.2019.23.299
http://msp.org/idx/mr/3921321
https://doi.org/10.1007/s00029-022-00758-2
https://doi.org/10.1007/s00029-022-00758-2
http://msp.org/idx/mr/4514986
https://doi.org/10.4171/jems/1263
http://msp.org/idx/mr/4493612
https://doi.org/10.1093/imrn/rnad018
http://msp.org/idx/mr/4686649
https://doi.org/10.1112/topo.70009
http://msp.org/idx/mr/4835288
http://msp.org/idx/arx/2207.09256
https://doi.org/10.1090/conm/431/08278
http://msp.org/idx/mr/2342834
https://doi.org/10.1515/9781400830558
http://msp.org/idx/mr/2522659
http://www.math.ias.edu/~lurie/papers/GoodwillieI.pdf
http://www.math.ias.edu/~lurie/papers/HA.pdf
http://www.math.ias.edu/~lurie/papers/SAG-rootfile.pdf
https://kerodon.net
http://msp.org/idx/arx/2103.17141
http://projecteuclid.org/euclid.dmj/1077376525
http://msp.org/idx/mr/196744


410 Peter J. Haine

[19] T Oda, Etale homotopy type of the moduli spaces of algebraic curves, from “Geometric Galois actions, 1” (L Schneps, P
Lochak, editors), London Math. Soc. Lecture Note Ser. 242, Cambridge Univ. Press (1997) 85–95 MR

[20] C Rezk, A model for the homotopy theory of homotopy theory, Trans. Amer. Math. Soc. 353:3 (2001) 973–1007 MR

[21] M Volpe, Verdier duality on conically smooth stratified spaces, Algebr. Geom. Topol. 25:2 (2025) 919–950 MR

PETER J. HAINE phaine@usc.edu
Department of Mathematics, University of Southern California, Los Angeles, CA, United States

Received: July 3, 2024 Revised: January 27, 2025

Geometry & Topology Publications, an imprint of mathematical sciences publishers msp

http://msp.org/idx/mr/1483111
https://doi.org/10.1090/S0002-9947-00-02653-2
http://msp.org/idx/mr/1804411
https://doi.org/10.2140/agt.2025.25.919
http://msp.org/idx/mr/4930556
mailto:phaine@usc.edu
http://msp.org
http://msp.org


ALGEBRAIC & GEOMETRIC TOPOLOGY
msp.org/agt

EDITORS

PRINCIPAL ACADEMIC EDITORS

John Etnyre
etnyre@math.gatech.edu

Georgia Institute of Technology

Kathryn Hess
kathryn.hess@epfl.ch

École Polytechnique Fédérale de Lausanne

BOARD OF EDITORS

Julie Bergner University of Virginia
jeb2md@eservices.virginia.edu

Steven Boyer Université du Québec à Montréal
cohf@math.rochester.edu

Tara E Brendle University of Glasgow
tara.brendle@glasgow.ac.uk

Indira Chatterji CNRS & Univ. Côte d’Azur (Nice)
indira.chatterji@math.cnrs.fr

Octav Cornea Université’ de Montreal
cornea@dms.umontreal.ca

Alexander Dranishnikov University of Florida
dranish@math.ufl.edu

Tobias Ekholm Uppsala University, Sweden
tobias.ekholm@math.uu.se

Mario Eudave-Muñoz Univ. Nacional Autónoma de México
mario@matem.unam.mx

David Futer Temple University
dfuter@temple.edu

John Greenlees University of Warwick
john.greenlees@warwick.ac.uk

Matthew Hedden Michigan State University
mhedden@math.msu.edu

Kristen Hendricks Rutgers University
kristen.hendricks@rutgers.edu

Hans-Werner Henn Université Louis Pasteur
henn@math.u-strasbg.fr

Daniel Isaksen Wayne State University
isaksen@math.wayne.edu

Thomas Koberda University of Virginia
thomas.koberda@virginia.edu

Markus Land LMU München
markus.land@math.lmu.de

Christine Lescop Université Joseph Fourier
lescop@ujf-grenoble.fr

Norihiko Minami Yamato University
minami.norihiko@yamato-u.ac.jp

Andrés Navas Universidad de Santiago de Chile
andres.navas@usach.cl

Jessica S Purcell Monash University
jessica.purcell@monash.edu

Birgit Richter Universität Hamburg
birgit.richter@uni-hamburg.de

Jérôme Scherer École Polytech. Féd. de Lausanne
jerome.scherer@epfl.ch

Vesna Stojanoska Univ. of Illinois at Urbana-Champaign
vesna@illinois.edu

Zoltán Szabó Princeton University
szabo@math.princeton.edu

Maggy Tomova University of Iowa
maggy-tomova@uiowa.edu

Daniel T Wise McGill University, Canada
daniel.wise@mcgill.ca

Lior Yanovski Hebrew University of Jerusalem
lior.yanovski@gmail.com

See inside back cover or msp.org/agt for submission instructions.

The subscription price for 2026 is US $795/year for the electronic version, and $1170/year (C$80, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP. Algebraic & Geometric Topology is
indexed by Mathematical Reviews, Zentralblatt MATH, Current Mathematical Publications and the Science Citation Index.

Algebraic & Geometric Topology (ISSN 1472-2747 printed, 1472-2739 electronic) is published 9 times per year and continuously online, by
Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA 94701-4004. Periodical rate postage paid at Oakland, CA 94615-9651,
and additional mailing offices. POSTMASTER: send address changes to Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley, CA
94701-4004.

AGT peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

https://msp.org/
© 2026 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/agt
mailto:etnyre@math.gatech.edu
mailto:kathryn.hess@epfl.ch
mailto:jeb2md@eservices.virginia.edu
mailto:cohf@math.rochester.edu
mailto:tara.brendle@glasgow.ac.uk
mailto:indira.chatterji@math.cnrs.fr
mailto:cornea@dms.umontreal.ca
mailto:dranish@math.ufl.edu
mailto:tobias.ekholm@math.uu.se
mailto:mario@matem.unam.mx
mailto:dfuter@temple.edu
mailto:john.greenlees@warwick.ac.uk
mailto:mhedden@math.msu.edu
mailto:kristen.hendricks@rutgers.edu
mailto:henn@math.u-strasbg.fr
mailto:isaksen@math.wayne.edu
mailto:thomas.koberda@virginia.edu
mailto:markus.land@math.lmu.de
mailto:lescop@ujf-grenoble.fr
mailto:minami.norihiko@yamato-u.ac.jp
mailto:andres.navas@usach.cl
mailto:jessica.purcell@monash.edu
mailto:birgit.richter@uni-hamburg.de
mailto:jerome.scherer@epfl.ch
mailto:vesna@illinois.edu
mailto:szabo@math.princeton.edu
mailto:maggy-tomova@uiowa.edu
mailto:daniel.wise@mcgill.ca
mailto:lior.yanovski@gmail.com
http://dx.doi.org/10.2140/agt
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.ams.org/bookstore-getitem/item=cmp
http://www.isinet.com/products/citation/wos/
https://msp.org/
https://msp.org/


ALGEBRAIC & GEOMETRIC TOPOLOGY
Volume 26 Issue 1 (pages 1–410) 2026

1The Borel cohomology of free iterated loop spaces
ISHAN LEVY and JUSTIN WU

29The K-theory cochains of H-spaces and height-1 chromatic homotopy theory
SVEN VAN NIGTEVECHT

65Cup-one algebras and 1-minimal models
RICHARD D. PORTER and ALEXANDER I. SUCIU

135Cubical approximation for directed topology, II
SANJEEVI KRISHNAN

201Flat semigroups and weighted homogeneous surface singularities
ZSOLT BAJA and TAMÁS LÁSZLÓ

227Interleaving distances, monoidal actions and 2-categories
PATRICK K. MCFADDIN and TOM NEEDHAM

283Suspension splittings of 5-dimensional Poincaré duality complexes and their
applications

STEVEN AMELOTTE, TYRONE CUTLER and TSELEUNG SO

321Bernoulli shifts on additive categories and algebraic K-theory of wreath
products

JULIAN KRANZ and SHINTARO NISHIKAWA

349Kontsevich’s characteristic classes as topological invariants of configuration
space bundles

XUJIA CHEN

397Profinite completions of products
PETER J. HAINE

A
L

G
E

B
R

A
IC

&
G

E
O

M
E

T
R

IC
T

O
P

O
L

O
G

Y
2026

Vol.26,
Issue

1
(pages

1–410)

http://dx.doi.org/10.2140/agt.2026.26.1
http://dx.doi.org/10.2140/agt.2026.26.29
http://dx.doi.org/10.2140/agt.2026.26.65
http://dx.doi.org/10.2140/agt.2026.26.135
http://dx.doi.org/10.2140/agt.2026.26.201
http://dx.doi.org/10.2140/agt.2026.26.227
http://dx.doi.org/10.2140/agt.2026.26.283
http://dx.doi.org/10.2140/agt.2026.26.283
http://dx.doi.org/10.2140/agt.2026.26.321
http://dx.doi.org/10.2140/agt.2026.26.321
http://dx.doi.org/10.2140/agt.2026.26.349
http://dx.doi.org/10.2140/agt.2026.26.349
http://dx.doi.org/10.2140/agt.2026.26.397

	0. Introduction
	1. Universality of colimits
	2. Completions of products
	Appendix. Classifying prospaces via geometric realizations
	Acknowledgements
	References

