Algebraic ¢ Geometric

Topology

Volume 26 (2026)

Isospectrality of Margulis—Smilga spacetimes
for irreducible representations of real split semisimple Lie groups

SOURAV GHOSH

:'msp



:. Algebraic € Geometric Topology 26:2 (2026) 411-436
msp DOI: 10.2140/agt.2026.26.411
Published: February 11, 2026

Isospectrality of Margulis—Smilga spacetimes
for irreducible representations of real split semisimple Lie groups

SOURAV GHOSH

We look at real split semisimple algebraic groups G with trivial center and faithful irreducible algebraic
representations R of G on some vector space V which admit zero as a weight and which are self-
contragredient (for example, adjoint representations of PSL(7, R)).

We show that there exist polynomials made out of Margulis invariants of (g, X') € G xg V which are
also rational expressions in (g, X'). Moreover, we show that any Zariski dense finitely generated subgroup
of G xg V, for which the linear parts of the nonidentity elements are loxodromic, is isospectrally rigid
with respect to the Margulis invariants. In particular, we show that Margulis—Smilga spacetimes are
isospectrally rigid too.
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Introduction

Representations of finitely generated groups inside semisimple algebraic groups is an oft studied object.
Such representations are often fully determined up to conjugacy by some spectral data. The case where
the target is a semisimple algebraic group has been extensively studied (see [10; 11; 12; 14; 17; 23; 41]).
The objects of interest in this article are representations of finitely generated groups inside affine algebraic
groups. We show that, under certain conditions, these affine representations are also fully determined up
to conjugacy by the spectral data of Margulis invariants.

We start by describing the objects of our study, then we state the main results and compare our results
with existing results.
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412 Sourav Ghosh

Objects of study Let G be a real split semisimple algebraic group with trivial center and g be its Lie algebra.
Let V be a finite-dimensional real vector space whose dimension is at least two, and let R : G — GL(V)
be a faithful irreducible algebraic representation. We consider the semidirect product G xg V and note
that it is naturally isomorphic to a subgroup of the affine group GL(V) x V. Thus G xg V acts on V as
affine transformations. Let L : G Xz V — G be such that L(g, X) = g for all (g, X'). We note that L is a
homomorphism. Let T: G xg V — V be such that T(g, X)) = X for all (g, X). We note that T is a cocycle.
We call the image under L the linear part and the image under T the translation part. Let T" be a finitely
generated group and p : I' — G xg V be an injective homomorphism.

In order to keep the introduction simple, we consider the case when G is PSL(#,R), V is g and R is
the adjoint representation Ad. In this case, the representation p corresponds to a variation of L(p). More
precisely, suppose g; : ' — PSL(n, R) is an analytic one-parameter family of injective homomorphisms
for —1 <t < 1. Let 99 : ' — g be the map such that g¢(y) = %l,:()gt(y)go(y)_l. Then the map
(00,00) : I' = PSL(n, R) xpq sl(n, R) is an injective homomorphism.

We say g € PSL(n, R) is loxodromic if it is diagonalizable over R and the modulus of its eigenvalues
are distinct. Also, o : I' — PSL(n, R) is called a loxodromic representation if o(y) is loxodromic for all
nonidentity elements y € I'. The Jordan projection of g, denoted by Jd(g), is the ordered tuple of the
modulus of the eigenvalues of g. We note that the notion of a Jordan projection extends to more general
split algebraic groups (see Section 1.1 for more details).

The Margulis invariant of (g, X') € PSL(n, R) xq sl(n, R), with g loxodromic, is the “variation” of
the Jordan projection of g along the direction X (see Section 2.3 for a more careful definition, and
see [27; 43] for more details about the variational point of view). More precisely, using the above notation,
the Margulis invariant of (gq, go9) € PSL(n, R) xpq5l(n, R) is the derivative of Jd(g;) att = 0. We denote
the Margulis invariant of (g, X) by M(g, X) and the Jordan—Margulis invariant of (g, X') by the tuple
(Jd(g),M(g, X)). In this article, we study these invariants of the elements of p(I"). These invariants are
known to aid in understanding the properness of the action of p(I") on V (see [1; 19; 20; 29; 30; 37; 38;
45; 47] and Section 4 for more details).

Suppose p and g are two representations with loxodromic linear parts. We say p and o are isospectral
with respect to Margulis invariants, respectively, Jordan—Margulis invariants, it M(o(y)) = M(p(y)),
respectively, (Jd(L(Q(y))),M(Q(y))) = (Jd(L(p()/))),M(p(y))), for all nonidentity elements y € I.
Moreover, when R preserves a nondegenerate symmetric bilinear form Bg, we say p and o are isospectral
with respect to normed Margulis invariants, if BR(M(o(y)),M(o(y))) = BeM(p(y)),M(p(y))) for all
nonidentity elements y € I'. We observe that, if p and o are conjugate — that is, if there exists some
(h,Y) € Gxg V such that p = (h,Y)o(h, Y)™! —then they are both isospectral and normed isospectral.

Statements of main results We collect the conditions appearing in the previous paragraphs into one place
and add a few more conditions needed to prove our results in the following two hypotheses:

Hypothesis 1 We say that G satisfies Hypothesis 1, if it is a real split semisimple algebraic group with
trivial center. We say that V satisfies Hypothesis 1, if it is a finite-dimensional real vector space of
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dimension at least two. We say that R : G — GL(V) satisfies Hypothesis 1, if it is a faithful, irreducible,
algebraic representation which admits zero as a weight. !

We note that (PSL(n, R), sl(n, R), Ad) satisfy Hypothesis 1. We also note that Ad preserves a natural
nondegenerate symmetric bilinear form called the Killing form. We recommend that the reader at a first
reading should only consider the case when (G, V,R) = (PSL(#n, R), sl(n, R), Ad).

Hypothesis 2 We say that I" satisfies Hypothesis 2, if it is a finitely generated group. We say that an
injective homomorphism p : I' — G g V satisfies Hypothesis 2, if L(p) is loxodromic and L(p(I")) is
Zariski dense in G.

One can use a “ping-pong” argument to obtain examples satisfying Hypothesis 2 (for more details
see [5; 50]).
In this article, we prove the following results:

Theorem 3 (see Corollary 3.1.5) Suppose (G, V,R) satisty Hypothesis 1, with rank(G) > 2, and the
maps p, o : I' = Gxg V both satisfy Hypothesis 2. Then, if p and g are isospectral with respect to the
Jordan—Margulis invariants, they must be conjugate.

In the following results the hypothesis only involves the Margulis invariants and not the Jordan—Margulis
invariants.

Theorem 4 (see Corollary 3.1.4) Suppose (G, V,R) satisfy Hypothesis 1, and p,o : ' — G xg V both
satisty Hypothesis 2 with L(p) = L(0). Then, if p and o are isospectral with respect to Margulis invariants,
they must be conjugate.

Theorem 5 (see Theorem 3.2.6 and Corollary 3.2.8) Suppose (G, V,R) satisfy Hypothesis 1, with R
preserving a nondegenerate symmetric bilinear form, and p, o : I' — G xg V both satisfy Hypothesis 2
with p Zariski dense. Then, if p and o are isospectral with respect to normed Margulis invariants, they
must be conjugate via some element of GL(V) x V.

In particular, when (G, V,R) = (PSL(n, R), sl(n, R), Ad), we deduce:

Corollary 6 Any two Zariski dense representations of a finitely generated group I' inside the group
PSL(n, R) xyq sl(n, R), whose linear parts are loxodromic and which are isospectral with respect to
Margulis invariants, are conjugate via some element of GL(sl(n, R)) x sl(n, R).

The above theorems hold for representations p which give rise to Margulis—Smilga manifolds too (for
more details see Section 4).

Finally, the following result help us understand the vanishing of the Margulis invariants. We say
0: T — GxgV admits a global fixed point, if for some X €V, we have p(y)X = X forall y € I'.

Theorem 7 (see Proposition 3.1.2 and Corollary 3.1.7) Suppose (G, V,R) satisfy Hypothesis 1, and
p:I' = Gxg V satisfy Hypothesis 2. Then the following are equivalent:

IWe need to assume that R admits zero as a weight in order to define the notion of a Margulis invariant in the general case.
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(1) p admits a global fixed point.

(2) p is not Zariski dense inside G xg V.

(3) The Margulis invariant spectrum of p is identically zero.
(4) p is conjugate to L(p).

Moreover, if R preserves a nondegenerate symmetric bilinear form, then the above conditions are

equivalent to the normed Margulis invariant spectrum of p being identically zero.?

Comparison with previous papers Our main results (see Section 3) develop proofs whose underlying
idea is the same as the one used by Kim to prove isospectral rigidity results in [34]. It is as follows:
equality of the marked Margulis invariant spectra of two Zariski dense representations p, 0 : I' = GxgV
forces the Zariski closure of {(p(y),0(y)) | ¥ € I'} to be a graph inside (G xg V) x (G xp V), and
hence induces an automorphism. This idea works under the assumption that equality of Margulis
invariants are essentially algebraic in nature. This assumption is stated by Kim [34] to obtain his
results, yet, in my understanding, there is not enough justification to show algebraicity. In fact, Margulis
invariants M(g, X') with (g, X) € Gxg V are themselves not rational expressions in the variables (g, X).
But when the representation of G on V preserves a nondegenerate symmetric bilinear form, certain
polynomials constructed out of M(g, X) are rational expressions in the variables (g, X'). The novelty of
this article is twofold:

(1) we construct polynomials of M(g, X') which are also rational expressions in the variables (g, X),

(2) we generalize results obtained by Drumm and Goldman [22], Charette and Drumm [13] and Kim [34]
to include a large collection of examples of proper affine actions constructed by Smilga [47].

Moreover, in the Appendix, we include a proof of an important statement, which we expect to be
known in the community, but were unable to find an appropriate reference for.

Outline of the article

In Section 1 we recall certain preliminary results about algebraic groups and their representations.
In Section 2 we prove some results relating characteristic polynomials and projections onto unit eigenspaces
to show that for R self-contragredient some polynomials made out of Margulis invariants of (g, X') € GxgV
are rational expressions in (g, X). In Section 3 we demonstrate isospectral rigidity of affine actions.
Finally, in Section 4 we apply the results from the previous sections to conclude that conjugacy classes
of Margulis—Smilga spacetimes coming from self-contragredient representations are uniquely determined
by their Margulis invariant spectra. In general, Margulis—Smilga spacetimes with a fixed linear part
are determined by their Margulis invariant spectra. We also show that for G with rank at least two, the
Jordan—Margulis spectra of a Margulis—Smilga spacetime uniquely determines them up to conjugacy class.

2 As the symmetric bilinear form is not positive definite, nonzero vectors can have zero norms.
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1 Preliminaries

In this section we recall certain basic results which will be used later in the article to obtain our main
results.

1.1 Jordan decomposition

Let G be a noncompact real semisimple algebraic Lie group with trivial center and let g be its Lie algebra.
We denote the identity element of G by e. Let Cg be the conjugation map on G, i.e., for any g,/ € G we
have Cg(h) = gh g~ ! and let Adg be the differential of this at identity. Hence we obtain a homomorphism
Ad : G — SL(g). Moreover, let ad be the differential of Ad at the identity element. We fix a Cartan
involution 6 : g — g and consider the corresponding decomposition g = £ @ p where € (respectively, p) is
the eigenspace of eigenvalue 1 (respectively, —1). Let a be a maximal abelian subspace of p. We denote
the space of linear forms on a by a* and for all « € a* we define

g ={X eglady(X) =a(H)X forall H € a}.

We call @ € a* a restricted root if and only if both « # 0 and g* # 0. Let X C a* be the set of all
restricted roots. As g is finite dimensional, it follows that ¥ is finite. Moreover, we note that

s=c"o P~
aeX

++

We choose a* ™, a connected component of a \ |,y ker() and denote its closure by a™. Let K C G

(respectively, A C G) be the connected subgroup whose Lie algebra is £ (respectively, a) and let
At :=exp(a™). We note that K is a maximal compact subgroup of G.

Let B be the Killing form on g, i.e., for any X, Y € g we have B(X,Y) :=tr(ady o ady). We define
$F C 2 to be the set of restricted roots which take positive values on a™ and note that ¥ = X+ -3+,
We consider the nilpotent subalgebras

nE = @ g%
taex Tt
Let N be the Lie subgroup of G generated by n™ and g € G. Then
(1) g is called elliptic if and only if some conjugate of g lies in K,
(2) g is called hyperbolic if and only if some conjugate of g lies in A,
(3) g is called unipotent if and only if some conjugate of g lies in N.

Theorem 1.1.1 (Jordan decomposition) Suppose G is a noncompact real semisimple algebraic Lie group
with trivial center. Then for any g € G, there exist unique ge, gn, gu € G such that the following hold:

(1) & = ge&n&u.
(2) g. is elliptic, gy, is hyperbolic and g, is unipotent,

(3) the elements g., gn, gu commute with each other.
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Definition 1.1.2 Let G be a noncompact real semisimple algebraic Lie group with trivial center and let
g € G. Then the Jordan projection of g, denoted by Jdg, is the unique element in a't such that gy, is a
conjugate of exp(Jdg).

Remark 1.1.3 We note that Jd is continuous. Indeed, we use Lemmas 6.32 and 6.33(ii) of [6] and
Appendix V.4 of [52] to deduce it (see also [49]).

Definition 1.1.4 Let G be a noncompact real semisimple algebraic Lie group with trivial center and let
g € G. Then g is called loxodromic if and only if Jdg € at™.

Moreover, let M be the centralizer of a inside K and m be the Lie subalgebra of g coming from M.
Wenote that g=nt @ g’ @n~ and g =adm.

Remark 1.1.5 If G is split then m is trivial and M is a finite group (see Theorem 7.53 of [35]).

Proposition 1.1.6 (see, e.g., Proposition 2.31 of [21]) Let G be a noncompact real semisimple algebraic
Lie group with trivial center and let g € G be loxodromic. Then the following hold:

(1) gy is trivial,

(2) forhg € G with gy = hg exp(Jdg)h, !, we have mg := h;lgehg eM,

(3) for (hg,mg) € Gx M as above, we have g = hgmg exp(Jdg)hy ",

(4) if (h,m) € G x M satisfies g = hm exp(Jdg)h™!, then ¢ := h;lh € MA and m = c_lmgc.

We observe that the Jordan projection is invariant under conjugation, i.e., for all g, /4 € G we have
Jdjgp—1 = Jdg.

1.2 Weights and eigenspaces

Let G be a noncompact real semisimple Lie group with trivial center, V be a finite-dimensional vector
space and let R : G — GL(V) be a faithful irreducible representation. In order to define the appropriate
notion of a Margulis invariant in the general setting we need to assume that the dimension of the unit
eigenspace of R(g) for any loxodromic element g € G is at least 1. The technical condition needed to
guarantee such behavior is that R admits zero as a weight.

We consider the differential dR of the representation R at the identity, and obtain a Lie algebra
representation dR: g — gl(V). We observe that forany X € aand ¢ € R, we have R(exp(.X)) = exp(tdR(X)).
We recall that a* denotes the space of all linear forms on a and for all A € a* we define

VA= {X eV |dRy(X) = A(H)X forall H € a}.

We call A € a* a restricted weight of the representation R if and only if V* # 0. Let  C a* be the set of
all restricted weights. As V is finite dimensional, it follows that €2 is finite. Moreover, we note that

v:@v*.

Notation 1.2.1 Henceforth we will also use the expression Rg to denote R(g) for any g € G.
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Remark 1.2.2 Let g € A and let X € a be such that g = exp(Xg). Then for any X € V* we have
Rg X = exp(A(Xg))X. In particular,
V} = {X €V |Rg(X) = exp(A(X,)) X forall g € A}.
Henceforth, we will only consider representations R such that V° is nontrivial and we will denote
@)\EQ\{O} V)L by V#:O

Lemma 1.2.3 Suppose G satisfies Hypothesis 1. Then for any g € MA and any A € a* we have RgV)‘ =V*,
Moreover, for A = 0 we have

VO ={X €V |Rg(X) = X forall g € MA}.

Proof As G is split we have m = 0. Hence M is a discrete group. It follows that the connected component
of M containing identity is a singleton. Now we use Theorem 7.53 of [35] and observe that M C exp(i a).
Hence for any m € M there exists X, € a such that m = exp(i X;,). It follows that for any X € V2,

(1.2.1) RimX = exp(idR(Xm)) X = exp(iA (X)) X.

Also, as X and R, X lie inside the real part, we obtain that exp(i A(X;,)) € R. Therefore, R, X € V* if
and only if X € VA,
Finally, using the definition of V* we obtain that

VO D {X € V|Rg(X) = X forall g € MA}.

Also, using (1.2.1), for X € VO, we get Ry X = exp(0) X = X, and using Remark 1.2.2 we obtain that
Rg X = X for all g € MA. Hence,

VO C{X €V |Rg(X) = X forall g € MA}. O

Lemma 1.2.4 Suppose G satisfies Hypothesis 1 and let g € G be a loxodromic element. Then the
dimension of the unit eigenspace of Rg is at least dim V0. Moreover, the set of loxodromic elements h € G
such that the dimension of the unit eigenspace of Ry, is exactly dim V© is a nonempty open dense subset
of G.

Proof We use Proposition 1.1.6 and Lemma 1.2.3 to deduce that the unit eigenspace of Ry for a
loxodromic element g is at least dim VV°.

Suppose Y € a is such that «(Y') # 0 for all @ € ¥ and A(Y') # 0 for all A € . Then by Remark 1.2.2,
we get that R(exp(Y)) X = exp(A(Y)) X. We again use Theorem 7.53 of [35] and the property that G is
split to conclude that for any m € M there exists X}, € a such that m = exp(i X;,) and

with exp(iA(X;n)) € R. Hence, exp(iA(X,)) = %1, and for any X € V* with A # 0 we have
Rmexp(Y)X = exp(A(Y))R X = £ exp(M(Y)) X # X.
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Also, using Lemma 1.2.3 we obtain that Rg (X) = X A for all g € MA and for all X € V°. Therefore, our
result follows by using Remark 1.1.3, Proposition 1.1.6 and observing that the set

a\( U ker(e)U U ker(k))

aEX LEQ

is a nonempty open dense subset of a, as the sets X and €2 are finite. |

The action of Ad(G) C GL(sl(n, R)) C GL(sl(n, C)) is also irreducible on sl(n, C). More generally,
as G is real split and R is irreducible, using Proposition 26.23 of [26] and the tables contained in
Reference Chapter 1.3 of [40] (see also Appendix B of [15] for a corrected version), the action of
R(G) C GL(V) C GL(V ® C) is also irreducible on V ® C. Such a representation is called absolutely
irreducible.

Moreover, the adjoint representation of PSL(7, R) on sl(n, R) preserves a natural symmetric bilinear
form B, called the Killing form. Explicitly, for any X, Y € sl(n,R), we have B,(X,Y) = 2ntr(XY).
In general, there is no guarantee that R preserves a bilinear form on V. The technical condition needed to
guarantee the existence of such a bilinear form on V is called self-contragredience. We call a representa-
tion R self-contragredient if R is conjugate to its dual (R’)~! (for more details see Section 3.11 of [44]).
Further, since by our assumption, zero is a weight of R, by Lemma 1.3 of [32], these self-contragredient
representations R admit an invariant symmetric bilinear form Bg. Hence, G C O(Bg) C GL(V). We note
that the signature of this symmetric bilinear form By is (p, ¢) where p, ¢ are both nonzero. Henceforth,
we denote Br (X, X) by Br(X) for notational simplicity and call it the norm of X .

2 Algebraicity

In this section we define Margulis invariants M(g, X') for g € G and X € V. Moreover, we show
that Margulis invariants are themselves not rational expressions in the variables (g, X), but when the
representation of G on V admits an invariant symmetric bilinear form, polynomials constructed out
of M(g, X) are rational expressions in the variables (g, X).

2.1 Characteristic polynomial

Let A € gl(V) and let I € gl(V) be the diagonal matrix with all its diagonal entries equal to 1. Then the
characteristic polynomial of A in the indeterminate x is defined by the expression

xa(x) :=det(xI—A).
Theorem 2.1.1 (Cayley—Hamilton, see [25]) Let A € gl(V). Then
xa(8) =0.

Suppose (G, V,R) satisfy Hypothesis 1 and let g € G. We alternately denote R(g) by Rg. Then
Rg € GL(V) C gl(V). Hence (R, —Rg) € gl(V). Also we observe that R, = I.
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Remark 2.1.2 One can use the Cayley—Hamilton theorem (Theorem 2.1.1) to deduce that the characteristic
polynomial of (Re —Rg) has the expression

dimV

Z (_l)dim V—k tr(/\dim V—k (Re _ Rg))xk.
k=0

Hence the coefficients of the characteristic polynomial are also algebraic.

Let R[x] be set of all polynomials in the indeterminate x and note that R[x] is a principal ideal domain,
i.e., any ideal is generated by a single polynomial, which is unique up to units in R[x]. Now for A € gl(V)

we consider
la:={p(x) e R[x]| p(4) =0}
and observe that I, is a proper ideal of R[x].

Definition 2.1.3 The minimal polynomial of A € gl(V) is the unique monic polynomial which generates |,.
It is the monic polynomial of least degree inside .

Remark 2.1.4 By definition the minimal polynomial of A divides the characteristic polynomial of A.
In fact, one can deduce that the minimal polynomial of A and the characteristic polynomial of A have the
same irreducible factors in R[x]. Moreover, when g is loxodromic, using Proposition 14 in Chapter 7.5.8
of [9] we get that the minimal polynomial of (R —Rg) has no multiple factors. Equivalently, Rg is
diagonalizable over C when g € G is loxodromic (see also Theorem 2.4.8(ii) of [48]).

Proposition 2.1.5 Let g € G be loxodromic. Then x9mV® divides the characteristic polynomial of

(Re —Rg). We denote the quotient polynomial by Pg(x).
dim(V)—dim(V9)

k=0 ar(g)x*. Then ay(g), for any k € {0,1,...,dimV}, is

Moreover, let Pg(x) =
algebraicin g.

Proof Using Lemma 1.2.4 we obtain that Rg has an eigenvalue 1 with multiplicity at least dim V0. Hence,
(Re —Rg) has at least dim VO many 0 as eigenvalues. As R is algebraic, we conclude by observing that

—k—dimV° —k—dimV°
ag(g) = (=)' IV (ATEAmV (R, —Ry))
is algebraic in g for all k. m|

Remark 2.1.6 Suppose g € G, ng :=dimV?, n:=dimVand 0 <k <n—ng = dim(V#9). We consider
ar(g) := (=1)" "0~k tr(An="0~k (R, —R,)) and define
dim(V#0)
X = ) a(g)l—x*k.
k=0
We note that for any loxodromic element g € G we have X?d(x) =Pg(1—x) and x4(x) = (1 —x)" "o,
Clearly x*¢(R,) = 0.

e
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Lemma 2.1.7 Let g € G be a loxodromic element such that the dimension of the unit eigenspace of Rg is
exactly dim V°. Then Xrged(l) #0.

Proof We use Remark 2.1.4 and the property that V =V @ V70 to conclude our result. |

2.2 Unit eigenspace projection
Let 7 be the projection onto the V® component with respect to the decomposition V = V° @ V#O,

Lemma 2.2.1 Let g € G be a loxodromic element and let Xrged be as in Remark 2.1.6. Then,
(Re — Rg)nged(Rg) =0.

Proof As g is loxodromic, using Remark 2.1.4, we obtain that Rg is diagonalizable over C. It follows
that the minimal polynomial of (Re —Rg) is a product of distinct monic linear factors and hence is
divisible by x but not by x2 (see Remark 2.1.4). Also the minimal polynomial of (R, — Rg) divides the
characteristic polynomial of (R, —Rg) and hence the minimal polynomial of (R, —Rg) divides xPg(x).
We also know that the minimal polynomial of (R, —Rg) evaluated at (R —Rg) is 0 and it follows that

(Re —Rg)Xrged(Rg) =0. O

Proposition 2.2.2 Let ¢ € MA and let ¥ be as in Remark 2.1.6. Then, for any X €V,

c

X Re)X = (= (D)7o(X).

c

Proof As R, is diagonalizable over complex numbers, R, — R, is also diagonalizable over complex
numbers. Moreover, as R.Z = Z for all Z € V?, we have

VO C ker(Re —Re).
We will prove our result in two separate cases:

(1) VO # ker(R, —Rc): In this case, P.(x) is divisible by x. Hence P (x) is divisible by the minimal
polynomial of (Re —R¢). Moreover, the minimal polynomial of (R, — R) evaluated at (R, —R¢) is 0 and
red

we obtain that x°°(R¢) = 0. Also, as P¢(x) is divisible by x, we have x4(1) = 0. Therefore,

c

xR X = 0= x4 mo(X).

c

(2) VO =ker(R, —R¢): In this case, given any Y € V#0 there exists a Y’ € V#O such that (Re—Re)Y' =Y.
Indeed, as RCV#) C V#0 we obtain that

(Re —Re) : V70 — 70

is a linear map with kernel VO N VF0 = {0}, and hence (R, —R,) is invertible on V#0_ Therefore, for any
X €V, there exists Y € V#O such that (X — 7¢(X)) = (Re —Re)Y. It follows that

X R (X = m0(X)) = x5 (Re) (Re —Re)Y =0

c
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and hence, for any X € V we have Xred [Re)X = Xred(Rc)zro (X). Moreover, as (Re —R¢)mo(X) =0, we
conclude by observing that

dim(V*9)
K ®TO(X) = Y ar(c)(Re —Re)*mo(X)
k=0
= ao()mo(X) = X (Hmo(X). 0

Proposition 2.2.3 Let g € G be a loxodromic element such that the dimension of the unit eigenspace
of Rg is exactly dim V0. Then, the map

red(l) IXred(Rg) V>V
is the projection onto the unit eigenspace of Rg with respect to the eigenspace decomposition of Rg.

Proof We use Lemma 2.1.7 and observe that P¢(0) # 0. Hence the map Xred(l) 1 Xred(Rg) :V—>Visa
well-defined linear map. Moreover, as g is loxodromic, we use Proposition 1.1.6 and obtain that there
exists 4 € G such that ¢ := h~1gh € MA. Now we use Proposition 2.2.2 and obtain that

XM TIHEU RO X = 7o (X)

for all X € V. Hence, x®(1)~! x®d(R.) = 7o is a projection operator projecting onto V. Moreover, as
c=h"! gh, we deduce that

red(l) IXred(Rg) — R’h o 7o oR;l,

It follows that Xred(l) 1 Xred(Rg) is a projection onto the space R;,V°. Therefore, we will be done once
we show that R;,V0 is the unit eigenspace of Rg. Finally, we observe that Re X = X if and only if
RgRy X =Ry X and conclude our result using Lemmas 1.2.3 and 1.2.4. O

2.3 Margulis invariant

In this subsection, we define the Margulis invariants corresponding to a faithful irreducible representation
of a real split semisimple Lie group with trivial center. We also relate these invariants with the unit
eigenspace projections introduced in the previous section. Henceforth, when there is no confusion, we
will omit the subscript R from G xg V. We denote the affine action of G x V on V by Af, i.e., for any
(g, X)eGxVand Y €V we have

Afe. x)Y :=RgY + X.

Lemma 2.3.1 Let (g, X) € Gx V be such that g is loxodromic and gy, be its hyperbolic part with respect
to the Jordan decomposition. Let hy, h, be such that

hyexp(Jdg)hy! = gn = hy exp(Jdg)h; .
Then g (R,;l1 X)=my (R;z1 X).
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Proof We recall that by Lemma 1.2.3, for any ¢ € MA, we have ReVF0 = V#0 and R, X = X for any
X eVo.

Also by Proposition 1.1.6 there exist some ¢ € MA such that i, = hjc. Fori € {1, 2}, we denote the
component of R;l_lX inside V70 by Y; and the component of R}ZIX inside VO by Z;. As hy = hyc we
deduce that (Y; 4+ Z1) =R.(Y> + Z>), and hence,

ReY,—-Y\=Z—-RcZr=2—2>.

We notice that (R¢Ys — Y;) € V70, (Z, — Z5) € V® and VO N V#0 = {0}. Therefore, Z; = Z, and we
conclude that 7 (R;l1 X)=mo (R;z1 X). a

Lemma 2.3.2 Let (g, X) € Gx V be such that g is loxodromic and let gy, be its hyperbolic part with
respect to the Jordan decomposition. Let h € G be such that g, = h exp(Jdg)h_l. Then, forany Y € V
we have

mo®Ry, (Af (. x)Y —Y)) = mo (R, X).
Proof We recall from Proposition 1.1.6 that ¢ := A~ gh € MA. We denote R;l Y by Z and observe that
Z =mo(Z) + (Z —mo(2)),
with 79(Z) € V® and (Z — 7¢(Z)) € V#°. Hence, using Lemma 1.2.3 we obtain
ReZ = 10(Z) +Re(Z —70(2)),
with Re (Z — 79(Z)) € V0. Hence, we deduce that
mo®;, (At g x)Y —Y)) = mo(R;, ' (RgY —Y)) + mo(R;, ' X)
= 10(ReZ — Z) + mo (R, ' X) = mo(R;, ' X). o

Definition 2.3.3 Let (g, X) € G x V be such that g is loxodromic, and let gy be its hyperbolic part
with respect to the Jordan decomposition. Let # € G be such that gn = /s exp(Jdg)h~!. Then the
Margulis—Smilga invariant of (g, X), denoted by M(g, X), is defined as

M(g, X):= JT()(RZIX).

Remark 2.3.4 By Definition 6.2 of [47], Proposition 7.8 of [47], and Lemma 1.2.3, the definition of a
Margulis invariant given here is the same as the definition of a Margulis invariant given in Definition 7.19
of [47]. Abels, Margulis and Soifer [2] were the first to modify real-valued Margulis invariants into
vector-valued invariants. Later, Smilga used similar invariants in [45; 46; 47] to construct proper affine
actions of Schottky groups.

Proposition 2.3.5 Let g € G be a loxodromic element, and let h € G be such that g, = hexp(Jdg)h™!.
Then, for any Y €V, we have

X5l (RBe)Y = x5 (DRyM(E. Y).
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Proof Let ¢ := h~'gh. Then by Proposition 1.1.6, we have ¢ € MA. Now, using Proposition 2.2.2, we
obtain that x®4(R.) X = x®4(1)7(X) for all X € V. Also, P.(x) = Pg(x). Hence, we deduce that

X5 Re)Y =Rpxi'RoR,'Y = XS (VR0 (B, 1Y) = x5 (DR4M(g. Y). O

Notation 2.3.6 Suppose R is a self-contragredient representation. We note that by Lemma 1.3 of [32] the
representation R admits an invariant symmetric bilinear form. We denote this bilinear form by By and

Br (v, v) by Br(v).

Corollary 2.3.7 Suppose R is a self-contragredient representation, g is loxodromic and (g, X) € Gx V.
Then

Br(M(g, X)) = x5 (1) *Ba(xz" (Rg) X)
is a rational expression in (g, X).

Proof Suppose gy, is the hyperbolic part of g with respect to the Jordan decomposition and % € G is
such that gy, = h exp(Jdg)h~!. We use Proposition 2.3.5 and observe that

Br(M(g. X)) = Br(RzM(g. X)) = x5 (1) *Ba(x" (Re) X).

red

As Bg is a symmetric bilinear form and xg

is a polynomial, our result follows. O

3 Isospectral rigidity

In this section, we prove various isospectral rigidity results related to Margulis invariant spectra of
nontrivial affine actions. Throughout this section we assume that (G, V,R) satisfy Hypothesis 1 and
p,0: T — Gx V satisfy Hypothesis 2.3

3.1 Zero spectrum

We denote L(p(y)) by Ly(y), T(p(y)) by Tp(y) and M(p(y)) by Mp(y).

Definition 3.1.1 The map M, : I" \ {e} — V (respectively, M,) is called the marked Margulis invariant
spectrum of the representation p (respectively, o).

Proposition 3.1.2 Either p(I") is Zariski dense inside G x V or p(I") is conjugate to L,(I") under the
action of some element of {e} x V.

Proof Let X be the Zariski closure of p(I") inside G x V. We use Proposition 7.4.B.b of [33] to deduce
that L(X) is Zariski closed inside G. We note that L,(I") C L(X) and L,(I") is Zariski dense in G. Hence,
we deduce that L(X) = G.

3The requirement that the linear part of the image of every nonidentity element is loxodromic might be stronger than required
for the arguments to follow. Similar arguments might also go through in the setting of P-proximal elements for some appropriate P
as discussed in Section 5 of [47].
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Now we consider the map L|x : X — G and note that
ker(Llx) = ({e} x V) N X,

We will prove our result in two parts as follows:

¢ If ker(L|x) is trivial, then L|x is an isomorphism. Hence, for all g € G there exists Xz € V such that
Xon = Xg +Rg Xy and X = {(g, Xg) | g € G}. We use Whitehead’s lemma (see end of Section 1.3.1
in page 13 of [42]) and deduce that there exists X € V such that X; = X —Rg X. Therefore, we have
Tp(y) = X —Ry, ()X forall y € I'. Hence p(y) = (e, X)(Lp(y),0)(e, X) !forally eT.

¢ Let ker(L|x) be nontrivial. We observe that ker(L|x) = XNker(L). As both X and ker(L) = ({e} x V) are
Zariski closed subgroups, we deduce that ker(L|x) is a Zariski closed subgroup. So it is a vector subspace
of V. As R is irreducible, ker(L|x) = ({e} x V). Furthermore, as L(X) = G, we conclude that X = G x V.

Therefore, either p(I") is Zariski dense inside G x V or p(I") is conjugate to L,(I") under the action of
some element of {e}x V. |

Proposition 3.1.3 Suppose M,(y) = 0 for all nonidentity y € I'. Then p(I") is conjugate to L,(I") under
the action of some element of {e} x V.

Proof AsM,(y)=0 forall nonidentity y € I', using Proposition 2.3.5, we obtain erf(y) (Be, () Tp(y) =0

(Be, (e))Tp(e) = 0. We consider the map

red
Ly(e)

fo:GxV =V, (g.X) x5'(Re) X,

for all nonidentity y € I. Also, by Remark 2.1.6 we have x

and observe that it is algebraic. We denote the zero set of fy by Z( /), i.e.,

Z(fo) :={(g. X) € Gx V[ fo(g, X) = 0.

We choose X # 0 inside V° and a loxodromic element g € G such that the dimension of the unit eigenspace
of Rg is exactly dim VVO. Moreover, let /1 € G be such that hgh™! € MA. Then using Lemma 2.1.7 and
Proposition 2.3.5 we obtain that

Jo(g. RaX) = Xz Re)R X = x5  (DRymo(X) = (g (DRyX # 0.
Hence Z( fy) € Gx V and it follows that X, the Zariski closure of p(I") inside Gx V, is a proper subvariety
of GV, i.e., X C Z(fo) € Gx V. Finally, we conclude our result by using Proposition 3.1.2. |

Corollary 3.1.4 (refer to Theorem 4) LetL, =L, and let M,(y) = My(y) for all nonidentity y € I'. Then
there exists an inner automorphism o of Gx V such thato o p = o.

Proof Letn:= (Ly, T, —Ty). We observe that for all nonidentity y € I', we have

My (y) =Mp(y) —Mo(y) = 0.

Therefore, using Proposition 3.1.3 we obtain that there is Y € V such that n(y) = (e, Y )(L,(y), 0)(e, Y) !
for all y € T'. Hence, for all y € I it follows that T,(y) — To(y) = Y — Ry, ()Y and we conclude by
observing that for all y € ", we have p(y) = (e, Y)o(y)(e,Y) ™. a
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Corollary 3.1.5 (refer to Theorem 3) Suppose rank(G) > 2 and (Jd,M)(p(y)) = (J4,M)(o(y)) for all
nonidentity y € I". Then there exists an inner automorphism o of G x V such thato o p = g.

Proof As Jd(p(y)) = Jd(o(y)) for all y € I', using Theorem B of Dal’bo and Kim [17] (see also the
criterion in [16]) we obtain that L, = gL, g~ ! for some g € G. We observe from the definition that
Margulis invariants are invariant under conjugation. It follows that

M(gLo(1)g " RgTo(¥)) = M(Lo(¥), To(¥)).

Hence, we deduce that
M(Lp(¥),RgTo(¥)) =M(Lp(¥), To()).
Therefore,
M(Lp(¥), To(y) —RgTo(y)) =0
for all nonidentity y € I'. Finally, we observe that (L,, T, —RgT,) : I' = G x V is a homomorphism and

use Corollary 3.1.4 to conclude that there exists an inner automorphism o of GV such thatcop =p. O

Proposition 3.1.6 Suppose R is a self-contragredient representation and Bg(M,()')) = 0 for all nonidentity
y € I'. Then p(I") is conjugate to L,(I") under the action of some element of {e} x V.

Proof As Bg(My(y)) = 0 for all nonidentity y € I', using Proposition 2.3.5, we obtain that

BR(XrL?(y) (RLp (y))Tp(V)) =0

for all nonidentity y € I'. Also, by Remark 2.1.6, we have Bg( Xi?(e) (Be,(e))Tp(e)) = 0. We consider the

map

B(fo):GxV =R, (g.X) > Ba(xS(Re) X).

and observe that it is algebraic. We denote the zero set of B( fy) by Z(B(fp)), i.e.,

Z(B(fo)) := {(g. X) € GxV|B(fo)(g. X) = 0}.

We use Lemmas 1.2.4 and 2.1.7 to obtain that there exists ¢ € MA such that x®¢(1) # 0. As Bg, the invariant

form of R, is a symmetric bilinear form, we use Lemma 1.1 of [32] to conclude that the restriction of Bg on
V0 is a nondegenerate symmetric bilinear form. Hence, V® admits vectors which are not self-orthogonal.
Let X € VO be such that Bg(X) # 0. We use Proposition 2.2.2 and obtain

B(f0)(c. X) =Br(X5(Re) X) = x4(1)*Br(w0(X)) = x(1)?Br(X) # 0.

Hence Z(B( fyp)) & Gx V and it follows that X, the Zariski closure of p(I") inside G x V, is a proper
subvariety of Gx V, i.e., X C Z(B(fp)) € G x V. We conclude our result by using Proposition 3.1.2. O

Corollary 3.1.7 The following are equivalent:

(1) My(y) = 0 for all nonidentity y € I'.

(2) p(I") is conjugate to L,(I") under the action of some element of {e} x V.
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Moreover, if R is a self-contragredient representation, then both are equivalent to
(3) Br(My(y)) = 0 for all nonidentity y € I.

Proof (1) = (2) is Proposition 3.1.3, (3) = (2) is Proposition 3.1.6 and (2) = (1) = (3) is
straightforward. a

Corollary 3.1.8 Suppose there is ay € I' such thatM,(y) # 0. Then, p(I") is Zariski dense inside G x V.

Proof We use Proposition 3.1.2 to obtain that either p(I") is Zariski dense inside G x V or p(I') is
conjugate to L,(I") under the action of some element of {e} x V. We observe that if p(I") is not Zariski
dense inside G x V, then p(I") is conjugate to L,(I") under the action of some element of {e} x V and we
obtain a contradiction using Corollary 3.1.7. O

3.2 General case

In this subsection we prove isospectrality results under the assumption that R admit invariant norms.

Lemma 3.2.1 SupposeR is a self-contragredient representation. Also, suppose (g, X), (h,Y) e GxV
are such that their linear parts are loxodromic and Bg(M(g, X)) = Br(M(%, Y)). Then

Ba(xg (DX ®n)Y) = Ba( (D xg  (Bg) X).
Proof We use Proposition 2.3.5 and observe that
Br(xs (x5 (Br)Y) = Ba(xg (1) )G (DM(A, )
=Br(xXg (DX (M(g. X)) = B (D X (Rg) X). O
Notation 3.2.2 Let N,, N; be two nontrivial proper normal subgroups of G ix V for which there exists

a continuous isomorphism ¢ : (Gx V)/N, — (G x V)/N;. We denote the set of all (g,, Xg,. g/, Yg,) €
(Gx V x Gx V) such that (g;, Yg, )N; = t((g.. Xg,)N,) by Dy, i.e.,

D, :={(g. Xgl,gf, Ye) | (gf, Ye Ny = 1((gu, Xg, )N}

Lemma 3.2.3 Suppose R is a self-contragredient representation and f : Gx V x Gx V — R is such that
forall (g, X,h,Y)eGxVxGxV, we have

f(g X, h,Y) = Ba(xg (DX R)Y) = Ba (i (D x5  Rg) X),

andletZ(f):={(g, X, h,Y)eGxVxGxV]| f(g,X,h,Y)=0}. ThenD, ¢ Z( f) for all . as mentioned
in Notation 3.2.2. In particular, we have Z(f) S GxV x Gx V.

Proof Let N,, N; be any two nontrivial proper normal subgroups of G x V such that ¢ : (Gx V)/N, —
(Gx V)/N; is a continuous isomorphism. We use Proposition A.0.2 and observe that N, = G, x V and
N; = G; x V, for some proper normal subgroups G,, G; of G. Now using the third isomorphism theorem of
groups we obtain that (Gix V) /N, is isomorphic to G/G, and (Gx V)/N; is isomorphic to G/G;. Therefore,
t:(GxV)/N, - (Gx V)/N; gives rise to an isomorphism ¢ : G/G, — G/G;. Now we use Lemmas 1.2.4
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and 2.1.7 to observe that the set S := {g € G | P¢(0) # 0} is an open dense subset of G. Moreover, as
G/G, and G/G; are the quotients of G by some group action, the projection maps 7, : G — G/G, and
7y . G— G/G; are open. Hence 7, (S) and 7;(S) are open dense subsets of G/G, and G/Gy, respectively.
It follows that ¢ o 77, (S) is an open dense subset of G/G; and hence ¢ o 7, (S) N 7;(S) is an open dense
subset of G/G;. Let p € ton, (S)Nm;(S). Then, there exist g,, g, € S such that p = 7;(g]) = tom,(g.),
ie., g,G; =1(g,Gy). It follows that Pg, (0) # 0, P,/ (0) # 0 and (g, Y)N; = t((g,, X)N,) forall X, Y € V.

As Bg, the invariant form of R, is a symmetric bilinear form, we use Lemma 1.1 of [32] to conclude
that the restriction of Bz on V is a nondegenerate symmetric bilinear form. Hence, V° admits vectors
which are not self-orthogonal. Let V € V° be such that Bg(V) # 0. Moreover, let & € G be such that
hg,h~! € MA. We choose Yg, =0, Xg, =Ry V and using Proposition 2.2.2 we observe that

f(gu Xg,. 8. Ye) = f(80. Xg,.8,,0)
= Bt (12 (Rg)0) — Ba (X (1) X (Re,) X,
= —BR(X?;d(l)X?[d(l)Rh omooR; ! (Xg,))
= —Ba(x (D5 (DY)
#0.

Hence, the set (Gx V x Gx V) \ Z(f) is nonempty and in particular it contains (g, Xg,, g,, Yg,) With
(g, Yg IN; = 1((g1, Xg,)Ny). d

Proposition 3.2.4 Suppose p(I") and o(I") are both Zariski dense inside G x V. Suppose X, the Zariski
closure of (o, p)(I') inside G x V x G x V, is such that D, ¢ X for all 1 mentioned in Notation 3.2.2. Then
there exists a continuous automorphism o : Gx V — G x V such thato o p = p.

Proof As (0, p)(¥)(e. p)(T)(e. p)(¥) ™" = (0. p)(I') forall y €T, we obtain (¢, p) (¥)X(. p)(y) ™' =X.
We denote the projections onto the left and right components of G xV x Gx V by m; and 7, respectively,

ie., nj,m : GXV XGXV — GxV be such that for all (g, X,h,Y) € GxV x Gx V we have
(g, X,h,Y)= (g, X)and (g, X, h,Y) = (h,Y). We observe that r; and 7, are homomorphisms.
We use Proposition 7.4.B.b of [33] to deduce that both 7;(X) and 7, (X) are Zariski closed subgroups
of Gx V. We observe that 77;(X) D o(I") and 7, (X) D p(I"). As both p(I") and o(I") are Zariski dense
inside G x V, we conclude that 77;(X) = Gx V = 7, (X).

Now we consider the following two normal subgroups of X: N; := ker(7;7|x) and N, := ker(7,|x).
As (0, p)(I') C X and N; is normal in X, for all y € T we have (o(y), p(¥))N;(o(¥), p(¥))~! C N;.
Moreover, as N; = ker(7r;) N X, we obtain that N; C {0} x G x V, where 0 := (e, 0). Hence any element
of Ny is of the form (o0, n) and we obtain that

(), p(¥)) (0. n)(e(¥). p(¥) ™" = (0. p(¥))(0. 1) (0, p(¥)) "

for all y € I'. As p(I") is Zariski dense inside G x V, we obtain that N; is normal inside {0} x G x V.
Similarly, we obtain that N, is normal inside G X V x {o}. Moreover, as 7;(X) = Gx V = 7, (X), we
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obtain that
dim(N;) = dim(X) —dim(G x V) = dim(N,).
Now using Proposition A.0.2 we deduce that one of the following holds:
(1) N ={0o} xGxVand N, = Gx V x {o}.
(2) N; ={0} xG; xV and N, = G, x V x {0} for some nontrivial proper normal subgroups G;, G, of G.
(3) Both are trivial.
We consider these three cases separately below:

o If N = {0} xGxV and N, = G x V x {0}, then we obtain a contradiction. Indeed, we have
GXxVXGxV=NNCXZGXxVxXxGxV.

¢ Suppose N; = {0} xG;xV and N, = G, XV x{o}. Then, by Goursat’s lemma [31], we get that the image
of Xinside (Gx V) /N, x (Gx V) /Nj is given by the graph of an isomorphism o : (GXV) /N, — (Gx V) /N;.
Now we want to show that o is continuous. We consider the projections

pr:GXVx{o} = (GxV x{0})/(Gy xV x{0}),
pr:{0} xGxV — ({0} x G V)/({o} x Gy x V).

Let ; : X/(N;N;) — (G x V)/N, and 7, : X/(N;N;) — (G x V)/N;, respectively, be the quotient
maps induced by p, o (77|x) and p; o (7, |x). We note that o = (nl/)_1 o ... Hence o is a continuous
isomorphism. It follows that, for all g, g’ € G, and X, X’ € V with o ((g, X)N,) = (g’, X")N; we have
(g, X,g',X")eX,ie., Dy CX. Hence, I =D, \ X # @, a contradiction.

¢ Suppose both N; and N, are trivial. Then, by Goursat’s lemma [31], we get that X inside GxV x Gx V

is the graph of an automorphism o of G x V. We can choose o to be (17|x) ™! o (7, |x) and conclude by
observing that it is continuous. |

Proposition 3.2.5 Leto : GV — GxV be a continuous automorphism. Then there is (A, Y) € GL(V) xV
such that A normalizes R(G) and the action of ¢ is conjugation by (A, Y).

Proof We observe that o induces a continuous additive map ¢ : V — V. As continuous additive maps
between vector spaces are linear and ¢ is an automorphism, & is an invertible linear map. Hence, there
exists A € GL(V) such that o(e, X) = (e,AX) for all X € V. Moreover, for g € G, let g5 € G and
Yg, €V be such that 0(g,0) = (g5, Yg,). Then Yg_p, =Yg, +Rg, Yy, forall g5, hs € G. We use
Whitehead’s lemma (see end of Section 1.3.1 in page 13 of [42]) to deduce that there exists Y € V such
that Yo, =Y —Rg Y. We also note that for all g € G we have ARg = Rg_A. Indeed, for any X €V,

(85, Yy, +AX) =0(e. X)o(g.0) =0(g.0)a(e. R, ' X) = (g5. Yy, + R, AR ' X),
and it follows that o(g, X) = (A, Y)(Rg, X)(A, Y)~ L O

Theorem 3.2.6 (refer to Theorem 5) Suppose R is a self-contragredient representation and By (My(y)) =
Br(My(y)) for all nonidentity y € I'. Then either of the following holds:
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(1) There exist X,Y €V such that p is conjugate to L, by (e, X') and o is conjugate to Ly by (e, Y).
(2) There exists (A, Y) € GL(V) x V such that A normalizes R(G) and p is conjugate to ¢ by (A,7).
Moreover, if L, = Ly, then A centralizes R(G).
Proof We will prove this result in three parts.

¢ Suppose Bg(My(y)) = 0 for all nonidentity y € I'. It follows that Bg(M,())) = 0 for all nonidentity
y € I'. We use Corollary 3.1.7 and obtain that there exists X, Y €V such that p = (e, X)L, (e, X)7!and
0= (e,Y)Lo(e,Y) L. It follows that both p(I") and o(I") are Zariski dense inside some conjugates of G.

¢ Suppose there exists y € I" such that Bg(M,())) # 0. Hence Bg(M,(y)) # 0, and using Corollary 3.1.8,
we obtain that both p(I") and o(I") are Zariski dense inside G x V.

We use Lemma 3.2.1 and Remark 2.1.6 to observe that f(o(y), p(y)) = 0 for all y € I". Hence X,
the Zariski closure of (g, p)(I") inside G X V x Gx V, is a subvariety of Z( /) and using Lemma 3.2.3
we obtain that D, ¢ X for all ¢ as mentioned in Notation 3.2.2. Now, using Proposition 3.2.4, we deduce
that there exists a continuous automorphism o : Gx V — G x V such that 0 o p = p. Finally, using
Proposition 3.2.5, we conclude that there exists (4, Y) € GL(V) x V such that A normalizes R(G) and
o(g. X) = (A Y)(Rg, X)(A,Y)™".

o Finally, if L, = L,, then, using o(g, X) = (4, Y)(Rg, X)(A, Y)™!, we obtain that AR; = RgA for all
g € G. Hence, A is in the centralizer of R(G). a

Remark 3.2.7 By Schur’s lemma, A centralizes R(G) means that A is scalar (and so is equal to +17).

Corollary 3.2.8 (refer to Theorem 5) Let R be a self-contragredient representation and let My () = My (y)
for all nonidentity y € I'. Then either of the following holds:

(1) Both p(I") and o(I") are Zariski dense inside some conjugates of G.

(2) There exists a continuous automorphism o : Gix V — G x V such that o o p = o and ¢ is conjugation
by an element (A, Y) € GL(V) x V such that A normalizes R(G).

Proof AsM,(y) =M, (y) for all nonidentity y € I", we obtain Bg(M,()’)) = Br(Mp(y)) for all nonidentity
y € I'. Hence, using Theorem 3.2.6 we obtain our result. |

4 Applications

In this section, we define Margulis—Smilga manifolds, and prove that the Margulis invariant spectra of
certain special Margulis—Smilga manifolds determine them uniquely up to conjugacy. Throughout this
section we assume that (G, V, R) satisfy Hypothesis 1 and p, ¢ : ' — G xg V satisfy Hypothesis 2.

Definition 4.0.1 Let I" be a finitely generated nonabelian free group, G be a real split semisimple algebraic
group with trivial center and p : I’ — G x V be a loxodromic representation whose linear part L(p(I")) is
Zariski dense inside G.
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(1) If p(T") acts properly discontinuously and freely on V, then p(I")\V is called a Margulis—Smilga
manifold.

(2) Moreover, if R is self-contragredient,* then a Margulis—Smilga manifold is called a Margulis—Smilga
spacetime.

(3) In particular, when G = SO(2n,2n—1),V = R*"~1 and R is the linear action, we call a Margulis—
Smilga spacetime a Margulis spacetime.

The study of proper actions of discrete subgroups of affine group goes back to more than a century.
It started with Bieberbach [7; 8], who showed that any discrete subgroup of O(n, R) x R” that acts
properly discontinuously freely, and cocompactly on R” is virtually a product of infinite cyclic groups.
Later, Auslander and Markus [4] constructed examples of discrete subgroups of GL(#, R) x R” that act
properly discontinuously, freely, and cocompactly on R” but are not virtually a product of infinite cyclic
groups. These examples are virtually polycyclic. Later, in a failed attempt Auslander tried to show that
any discrete affine group acting properly discontinuously, freely and cocompactly on R” is virtually a
polycyclic group. The statement was later renamed as the Auslander conjecture. The conjecture is still
open and is known only for dimensions less than seven by works of Fried and Goldman [24], Abels,
Margulis and Soifer [3] and Tomanov [51]. Milnor [39] wondered about the possibility of dropping the
assumption of cocompact action from the conjecture. In response to Milnor, Margulis [37; 38] produced
examples of nonabelian free subgroups of SO(2, 1) x R3 that act properly discontinuously and freely
on R3. The construction of Margulis was later generalized by Abels, Margulis and Soifer [1] and Smilga
[45; 46; 47] (for a more detailed survey see [18]). More examples of such actions by Coxeter groups,
using different techniques, were obtained by Danciger, Guéritaud and Kassel [20].

A key object in the detection of proper affine actions is the Margulis invariant. This was first introduced
by Margulis and was later generalized by Abels, Margulis and Soifer [1; 2] and Smilga [45; 46; 47].
The properties of the marked Margulis invariant spectrum of a discrete subgroup of G x V determine
whether the action of the subgroup on V is proper or not (see the works of Goldman, Labourie and
Margulis [30], Danciger, Guéritaud and Kassel [19], Ghosh and Treib [29] and Ghosh [27] for more
details). Later, Drumm and Goldman [22], Charette and Drumm [13] and Kim [34] obtained isospectral
rigidity results for Margulis spacetimes (see also [28]). As loxodromic representations which give rise to
Margulis—Smilga manifolds do not admit global fixed points, we use the results proved in the previous
sections to generalize these results for Margulis—Smilga spacetimes and Margulis—Smilga manifolds:

Corollary 4.0.2 Let p and o be two Margulis—Smilga manifolds. Then the following hold:

(1) If p and o are conjugate via some inner automorphism of G x V, then they have the same Jordan—
Margulis invariant spectrum.
(2) If p, o have the same Margulis invariant spectrum and L, = L,, then there exists o, an inner

automorphism of G x V, such that p = o o 9.

4If p(T)\V is a Margulis—Smilga manifold, then by Kostant and Sullivan [36], every element of R(G) has 1 as an eigenvalue.
As R is self-contragredient, it follows that R preserves a nondegenerate symmetric bilinear form of signature (p, ¢) with pg # 0.
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(3) If p, o have the same Jordan—Margulis invariant spectrum and also rank(G) > 2, then there exists o,
an inner automorphism of G x V, such that p = o o 9.

(4) If p, o have the same Margulis invariant spectrum and R is a self-contragredient representation, then
there exists (A, Y) € GL(V) x V such that p = (A, Y)o(A,Y) ™.

Proof We observe that the first point follows from the definition of Jordan—Margulis invariants, the
second point follows from Corollary 3.1.4, and the third point follows from Corollary 3.1.5.

Finally, for the fourth point, suppose p, o are two Margulis—Smilga manifolds with the same Margulis
invariant spectrum, and R is a self contragredient representation. Hence p and g, act properly on V.
It follows that for some y € I"\ {e}, we have M,(y) # 0 and My(y) # 0. Now we use Corollaries 3.1.8
and 3.2.8 to obtain our result. |

Corollary 4.0.3 Let G be a real split simple algebraic Lie group with trivial center, let g be its Lie
algebra with Killing form B, let Ad : G — GL(g) be the adjoint representation, and let p and @ be two
Margulis—Smilga spacetimes. Then the following hold:

(1) If p and o are conjugate via some inner automorphism of G x g, then they have the same Jordan—
Margulis invariant spectrum.

(2) If p, o have the same Margulis invariant spectrum and L, = L,, then there exists o, an inner
automorphism of G x g, such that p =0 0 g.

(3) If p, o have the same Margulis invariant spectrum then there exists (A, Y) € GL(g) x g such that
p=(ATY)ohY)

Proof We observe that g is finite dimensional, and the Killing form B is a nondegenerate symmetric
bilinear form. As G is Zariski-connected and has a trivial center, we obtain that the adjoint representation
is faithful. Also, as G is simple we obtain that Ad is irreducible. It follows that the complexification of Ad
is also irreducible, and hence, Ad is absolutely irreducible. Moreover, by Proposition 4.4.5 of [48] we
obtain that Ad is algebraic. We observe that a is a zero weight space of Ad and hence Ad admits zero as a
weight. Also, as the Killing form is not degenerate, we obtain that Ad is self-contragredient. Hence our
result follows from Corollary 4.0.2. |

Appendix Normal subgroups

In this section, we prove some results about the normal subgroups of affine groups of the form G x V,
where G is a real split semisimple algebraic Lie group with trivial center acting on a vector space V via a
faithful irreducible algebraic representation R : G — GL(V). We expect that these results are known in the
community but we were unable to find an appropriate reference in the literature.

Lemma A.0.1 Let G be a real split semisimple Lie group, let V be a finite-dimensional vector space with
dimV > 1, letR : G — GL(V) be an irreducible algebraic representation, and let X € V with X # 0. Then
the additive group generated by {Rg X | g € G} C Vis V.
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Proof If possible, let us assume that Rg X = X for all g € G. Then R(G) fixes the line RX and RX ¢V,
a contradiction to the property that the representation R is irreducible.

Hence we can assume that there exists a g € G such that R, X # X. We use Lemma 1.2.4 and
the continuity of the action of G to deduce that we can choose g such that g is loxodromic and the
dimension of the unit eigenspace of Ry is exactly dimVO. Let m € M, Z € a®™™ and /& € G be such that
g =hmexp(Z)h~!. Forall A € QU {0}, let ¥; € V* be such that

Y:=R,'X=Yo+ ) Y.
rLEQ

Moreover, as €2 is finite, we can slightly perturb g and make sure that for all A, v € Q we have A(Z) # v(Z)
whenever A # v. As gX # X we obtain that ¥ # Y, and there exists i € Q such that Y, # 0. We
observe that A(Z) # 0 for A € Q and choose

. log2
ty = (1 + )»(Z))'

It follows that Reyp (s, 2) Y3 = 2Rexp(z) Ya- Indeed,

Rexp(t, 2) Y2 = exp(A (1) Z)) Yy, = exp(log 2 + A(Z)) Y3,
=2 exp(k(Z))Yx = 2Rexp(Z) Y.

Therefore, for all A € 2, we have (2Rexp(2) = Rexp(r, 2)) Y2 = 0. It follows that for all A € (2 U {0}) \ {1}
and

R = Repz) ~Re) || (QRez) —Repin 2)):
veQ\{u}

we have R*Y) = 0. Therefore, we obtain that R*Y € V# and R*Y = R*Y),. Moreover, we observe that

RH YIL = (R'exp(Z) - RE) 1_[ (2Rexp(Z) - Rexp(tv Z))YI»L
veQ\{u}

= (exp(u(Z2)—1) [] (exp((2)) —exp(ti(2))) Yy
veQ\{u}

and (exp(1(Z)) = 1) [Tyeq\ i1 (2 exp(1(2)) — exp(tyu(Z2))) # 0. Hence
{(Rexp(tZ) _Rexp(sZ))RMY | I,s e R} = RYM

Let S be the additive group generated by {Rg X | g € G} C V, and hence, R;l X €S. We observe that R#
is inside the additive group generated by the set {Rg | g € G} C gl(V). It follows that RY, C S. Also,
we observe that the additive group generated by R(G)RY), is the same as the vector space generated by
R(G)RY,. Moreover, the vector space generated by R(G)RY), is invariant under the action of R(G). Using
the irreducibility of the representation R, we obtain that R(G)RY,, generates V. Therefore, we conclude
that S = V. O
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Proposition A.0.2 Let G be a real split semisimple algebraic Lie group with trivial center, let V be a
finite-dimensional vector space with dimV > 1. LetR : G — GL(V) be a faithtul irreducible algebraic
representation and let N be a normal subgroup of Gx V. Then N is

(1) the trivial group, or
(2) G; xV, where G; is a normal subgroup of G.

Proof Let N be a nontrivial normal subgroup of Gix V. Then there exists (g, X') € N with (g, X) # (e, 0).
Moreover, for any (7,Y) € Gx V we observe that (h,Y)™! = (b1, —R;l Y) and hence

(h,Y)(g, X)(h,Y)" = (hgh™", Y +BpX —Rygj1Y).

It follows that (g, X) € N if and only if (hgh™!,Y + RpX —Rpgp—1Y)€NforallheGand Y €V.

Now we consider the linear projection map L : G x V — G and observe that for all # € G, we have
hL(N)A~! C L(N). It follows that L(N) is a normal subgroup of G. We prove our result in the following
two parts:

(1) L(N) is trivial As N is nontrivial, in this case, we see that there exists X 7 0 such that (e, X') € N.
Hence, for all & € G, we have

(1,0)(e, X)(h,0)"! = (e,R;X) €N.

As the representation R is irreducible using Lemma A.0.1 we obtain that (¢,Y) € N for all Y € V.
Therefore, we deduce that N = {e} x V.

(2) L(N) is a nontrivial normal subgroup of G 1In this case also we see that there exists X # 0 such
that (e, X') € N. Indeed, if not then N N ({e} x V) = {(e, 0)} and hence

L|N3N—>G

is an isomorphism onto L(N). It follows that for all g € L(N), there is X € V such that Xgj, = X +Rg X},
and

N ={(g. Xg) [ g €L(N)}.
Since N is normal inside G x V, for all Y € V, we have
(e,Y)(g, Xg)(e,Y) ' =(g,Y + Xy —RoY) €N.

Hence Y + Xy —RgY = X, forall Y €V, a contradiction. Therefore, there exists X # 0 such that
(e, X) € N. Hence for all & € G we have

(h,0)(e, X)(h,0)"' = (e,R,X) €N.

As the representation R is irreducible, using Lemma A.0.1, we obtain that (e, Y) € N for all Y € V and
we deduce that L(N) x V C N. Also, N C L7!(L(N)) = L(N) x V. It follows that L(N) x V = N

Therefore, the only nontrivial normal subgroups of G x V are of the form G; x V where G; is a normal
subgroup of G. O
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