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Profinite rigidity properties of central extensions of 2-orbifold groups

PAWEL PIWEK

We extend Wilkes’ results on the profinite rigidity of Seifert fibre spaces to the setting of central extensions
of 2-orbifold groups with higher-rank centre. We prove that both rigid and nonrigid phenomena arise in this
setting and that the nonrigid phenomena are transient in the sense that if G = G, then Gy X Z = G, X Z.

1 Introduction

One of the central pursuits of group theory has always been the search for ways of distinguishing between
nonisomorphic groups. An invariant that is important from both a theoretical and computational viewpoint
is the set C(G) of (isomorphism types of) all finite quotients of a given group G. Studying this invariant
it quickly becomes obvious that it is reasonable to assume the residual-finiteness of G — that every
nontrivial element of G is nontrivial in some finite quotient.

One can ask whether or not considering just the set C(G) of finite quotients is a good enough invariant,
or whether the additional structure of homomorphisms between them should be “remembered” somehow.
This leads to the definition of the profinite completion G of a group G. Most remarkably, for finitely
generated groups G and H their completions G and H are isomorphic if and only if C(G) =C(H) —
see [9].

As with any invariant, a natural question is: which objects does it distinguish (uniquely)?

Meta question 1 Which finitely generated residually finite groups G are such that, for any finitely
generated residually finite group H ,

GxH < G=x~H?

A group G with this property is called (absolutely) profinitely rigid. It is not too difficult to give
examples which are not profinitely rigid. Baumslag gave examples of two nonisomorphic semidirect
products (Z/25)xZ, which share profinite completions — see [2]. Also, related to our article, Hempel [15]
gave examples of mapping tori for self-homeomorphisms of surfaces which produced nonhomeomorphic
3-manifolds with isomorphic profinite completions.

On the other hand, Z and other finitely generated abelian groups are profinitely rigid; going further
one can find more examples which are virtually solvable, but it was not until [4] that we got examples of
profinitely rigid full-sized groups — examples which do not satisfy a group law (since they contain F3).
This is indicative of the fact that Meta question 1 is very difficult in general which prompts modifying it
to the following Meta question 2.
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566 Pawet Piwek

Meta question 2 Given a class 2 of finitely generated residually finite groups, which groups G € 9 are
such that, for any H € 9,
Gz=H < G=H.

Groups G with this property are called profinitely rigid within the class 2. Meta question 2 is often
much more approachable because one can use structure theorems for groups in 2. For example [3] showed
that Fuchsian groups are distinguished from each other (and other lattices in connected Lie groups) by
their profinite completions. Wilton [35; 36] showed that every finitely generated free group and surface
group is distinguished by profinite completion from all other limit groups. This was recently extended by
Morales [23] to the class of finitely generated residually free groups.

Significant advances have been made in the study of profinite rigidity properties of 3-manifold groups —
for a survey see Reid’s article [28]. Among others, Funar [13] — using classical work of Stebe — showed
that torus bundles with Sol geometry are an ample source of nonisomorphic pairs of groups with isomorphic
profinite completions; Wilton and Zalesskii [37] proved that profinite completions distinguish the eight
geometries of closed orientable 3-manifolds with infinite fundamental groups.

Finally, particularly relevant to this article, Wilkes [33] showed that the fundamental groups of Seifert
fibre spaces are distinguished from each other apart from the examples given by Hempel. The present
work aims at extending a part of this result by considering central group extensions with kernel Z" for
n > 1 and the quotient being a 2-orbifold group.

A related question was also studied by Ma and Wang [20] — the authors were interested in extending
Wilkes’ results to the setting of 4-dimensional Seifert fibre spaces with the fibre a 2-torus and the base
a closed orientable 2-orbifold. Their results contradict our Theorem B, which is due to a flaw in their
Theorem 2; the authors are aware of this fact.

Original results

The first result of this paper restricts the study of profinite rigidity within the class of groups with free
abelian centre where the quotient is an infinite closed orientable 2-orbifold group: the only case we need
to consider is when the kernel and the quotient are fixed.

Theorem A Letn, ny be natural numbers and A1, A, be infinite fundamental groups of closed orientable
2-orbifolds. Let Gy and G, be central extensions Z"' -by-A1 and Z"*2-by-A,, respectively. If 61 ~ 62
thenny =n, and A1 = A,.

Proposition 2.9 of [5] is a similar result obtained independently.

The main result is Theorem B which — apart from a single family of exceptions — determines for a
fixed n > 1 and a fixed infinite closed orientable 2-orbifold group A whether the central extensions with
kernel Z™ and quotient A are distinguished from each other by their profinite completions. In particular,
it implies that for n > m they all are.

The result depends on the definition of Smith coefficients d; associated to the m-tuple of orders of cone
points. The exceptional family which Theorem B doesn’t classify is characterised by d,—(,—1) = 12.
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Profinite rigidity properties of central extensions of 2-orbifold groups 567

Definition 1.1 (Smith coefficients) Let P = (py, ..., pm) be an m-tuple of natural numbers. We define
the Smith coefficients d1, . .., d associated to P as
ged(piy pip -+ pi; for 1 <iy <ip <---<i; <m)

(1) d; =

~ ged(pi, pin - pij;_y for 1 <y <ip <---<ij_y <m)’

where for j = 1 the denominator is defined to be 1.

Theorem B Let A be an infinite fundamental group of a closed orientable 2-orbifold with m > 0 cone
points of orders p1,..., pm, andletdy, ..., dy, be the Smith coefficients associated to (p1, ..., pm). For
n > 1 the following hold:

(1) Ifn > m, ordy,_n—1) € {1,2, 3,4, 6}, then the nonisomorphic central extensions of Z" by A are
distinguished from each other by their profinite completions.

(2) Ifn <m and dp,_(n—1) ¢ {1, 2, 3,4, 6,12}, then there exist nonisomorphic central extensions G1, G2
of Z" by A with G1 =~ G».

The third result shows that in fact all examples of lack of rigidity come from the phenomenon described
by Baumslag [2] — that G1 =G, implies in this context that G; X Z =~ G, X Z.

Theorem C Let A be an infinite fundamental group of a closed orientable 2-orbifold. Letn > 1 and
G1, Gy be central extensions of Z" by A such that @1 ~ 62. Then G1 X Z = Go X Z.

Note that in Theorems B and C we made the assumption that n > 1. The theorems could be also stated
for n =1, but this case has already been covered by [15; 33].

Structure of this article

Section 1 states the main questions of this paper and gives the related results as context for them; it states
the original results and discusses the structure of this article.

Section 2 contains the necessary technical background and minor lemmas: Section 2.1 introduces
profinite completions and the implications of goodness to residual-finiteness; Section 2.2 discusses
2-orbifold groups, their automorphisms and centres; Section 2.3 introduces the needed results of group
cohomology and computes the cohomology groups of the 2-orbifold groups in question.

In particular, in Section 2.2.2 we show that the extensions in question are residually finite and that the
topology induced on the kernel is the full profinite topology. In Section 2.2.3 we quote important results
on automorphisms of 2-orbifold groups and their profinite completions, specifying how they act on the
maximal torsion elements. In Section 2.2.4 we show that the 2-orbifold groups we consider and their
profinite completions are centreless. Section 2.3.3 gives an explicit form of the standard cohomological
Hopf’s formula, which we later need for calculations. Finally, Section 2.3.5 computes the cohomology
groups of the 2-orbifold groups we consider and also their profinite completions, as well as the actions of
their automorphism groups on the cohomology groups themselves.
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Section 3 translates the questions of isomorphism of central extensions of Z" by 2-orbifold groups and
isomorphism of their profinite completions to questions about orbits of certain actions by matrices on sets
of matrices.

Section 4 explores the translated question and gives a thorough classification of when distinct orbits of
the first action collapse to one orbit under the second action.

Finally, Section 5 states the results back in the setting of distinguishing nonisomorphic central extensions

of Z" by 2-orbifold groups and proves them.

2 Background
2.1 Profinite completions

Since this article is not intended as a thorough introduction to the subject of profinite groups and profinite
completions only the very basic definitions are given here. For a proper introduction to the topic the
reader is referred to the lecture notes of Reid [27; 28], the recent book of Wilkes [34], and to the book of
Ribes and Zalesskii [29] for a comprehensive reference.

2.1.1 Profinite completions The profinite completion of a group organises “the set of all finite quotients
of a group” into an algebraic object which also “remembers” how the different quotients relate to each other.

In the following and throughout this article, < and < denote the relations of being a subgroup and
being a normal subgroup, respectively, without requiring that the containment is proper. Subscripts <g
and <5 indicate that the subgroup is of finite index.

For each group G we can form an inverse system A" = {G/N | N <5 G} of its canonical finite quotients.
It is indeed an inverse system since for any finite index normal subgroups N < M of G we have a
canonical map ¢nar : G/N — G/M and given any N, M <5 G, the intersection N N M is also a finite
index normal subgroup of G.

Definition 2.1 Given a group G together with the inverse system of its canonical finite quotients G/ N,
we define its profinite completion to be the inverse limit
G:= lim G/N.
N<G

The limit G may be realised as a subgroup of the direct product [ [ <, G/ N which may be treated
as a compact space by giving the finite groups G/ N the discrete topology. This makes G into a compact
Hausdorff topological group.

From the canonical maps ¥ : G — G/N we get a canonical map h: G — G which is injective if
and only if the group G is residually finite, i.e., the intersection of its finite index subgroups is the trivial
subgroup. The image h(G) is dense in G.

The following striking result has become standard — see [9] for the original paper or Corollary 3.2.8
of [29] for a more general version. We write C(G) for the set of isomorphism classes of finite quotients of G.

Theorem 2.2 Let G and H be finitely generated. Then C(G) = C(H) if and only if G =~ H .
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Profinite rigidity properties of central extensions of 2-orbifold groups 569

2.1.2 Profinite completions and extensions of groups We will need to know what happens to an
extension of groups under profinite completion. The following is taken from Proposition 3.2.5 of [29].
Here and throughout H denotes the closure of h(H) in G for H <G.

Proposition 2.3 Given a short exact sequence | - N — G — Q — 1 of any groups, the diagram

1 s N s G —Z

> 0
J/hG|N th th
> 0

> 1

~ =

1 > N s G — =

~
—_—

commutes and its bottom row is exact.

In the case where N is residually finite and good in the sense of Serre (see [31] and Definition 2.30
here) we can say more about what happens to N-by-Q extensions after profinite completion. The result
is proved as Corollary 6.2 in [14], and relies on Exercise 2.b of Section 1.2.6 in [31].

Proposition 2.4 Let N be a residually finite, finitely generated group and Q be a good residually finite
group. Then any N -by-Q extension G is residually finite and induces the full profinite topology on N .
Thus the diagram

1 s N s G > 0 s 1
th lhc th
1 s N vy G -5 0 s 1

commutes and has exact rows.

2.2 2-orbifold groups

2.2.1 2-orbifold groups When a group G acts on an n-manifold M properly discontinuously and
freely, the quotient space G\ M is naturally a manifold and we get a covering M — G\ M. Orbifolds
are objects that describe the quotient accurately when the action has nontrivial finite isotropy groups.

For us it is natural to set aside the technicalities associated to orbifolds and consider only their
fundamental groups. Moreover, we restrict ourselves to only the geometric orbifolds.

Definition 2.5 Let M be one of R”, H", or S”. A group G < Isom(M) is called an n-orbifold group if its
action on M is properly discontinuous. We say that an n-orbifold group G is orientable if G < Isom™ (M).
We call a 2-orbifold group closed if the quotient topological space G\ M is homeomorphic to a closed
surface S.

Every discrete lattice in PSL,(R) (i.e., a Fuchsian group) is a 2-orbifold group, but only the cocompact
lattices are closed 2-orbifold groups.

The closed orientable 2-orbifold groups have presentations which are convenient to work with, which
were known already by Klein [17], and derived from Poincaré’s work on fundamental convex polygons
for Fuchsian groups —see [26].
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Proposition 2.6 A closed orientable 2-orbifold group G has a presentation
g
) <x1,...,yg,a1,...,am | T1[xi,vil-ar---am =1, af)i =1fori = 1,...,m>,
i=1
where g is the genus of the quotient surface G\ M , while m is the number of orbits of singular points and
pi 1s the size of the stabilisers of the i -th orbit.

We introduce the following definition for brevity. The reader should be warned that the term nice
2-orbifold group is by no means standard.

Definition 2.7 A 2-orbifold group is called nice if it is closed and orientable, infinite and not isomorphic
to Z2.

In fact, almost all of the closed orientable 2-orbifold groups are nice.

Proposition 2.8 A closed orientable 2-orbifold group G < Isom™ (M) with an underlying surface of
genus g and m > 0 cone points of orders p1, ..., pm is nice if and only if one of the following conditions
holds:

e g>1.
e g=1,andm > 1.
e g=0,andm > 4.
o o — - 1141
g—O,andm—3andp1 +p2+p3 <1.
Proof The group G is infinite if and only if the orbifold Euler characteristic is nonpositive, which is

x=2-2g—-Y i (1- ﬁ) The only case that needs to be excluded is G = Z? which is g = 1 and
m =0. O

We will later use the following fact, which tells us that 2-orbifold groups are virtually surface groups.
It was proved in [7; 10] for Fuchsian groups, (or [12] in the spherical case corrected by [8]); it is also a
consequence of Theorem 2.5 of [30].

Proposition 2.9 Let A be a 2-orbifold group. Then, there is a finite index subgroup ¥ < A isomorphic to
a surface group.

We will need to know the torsion elements of nice 2-orbifold groups.

Proposition 2.10 Let A be a nice 2-orbifold group with presentation

<x1,...,yg,a1,...,am|]_[[x,-,y,~]-a1~--am=1,afi =1fori=1,...,m>.
Then any torsion element of A is conjugate to a power of one of the a;.

Proof As an oriented 2-orbifold group, A is a subgroup of Isom™ (M) and since it’s infinite M = R?
or H2. Any torsion element of Isom™ (M) must fix a point in M. Since the action away from the lifts of
cone points is free, the fixed point of the torsion element must be one of the lifts of cone points and thus
the torsion element is conjugate to a power of one of the a;. O
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2.2.2 Residual finiteness of central extensions of 2-orbifold groups In order to study profinite rigidity
of extensions Z"-by-A we need to know that they are residually finite, and that they induce the full
topology on the kernel. This is a consequence of Proposition 2.4 and the following facts: 2-orbifold groups
are good in the sense of Serre — see Proposition 3.6 of [14]; they are residually finite as a consequence of
Maltsev’s theorem [22] — see Section II1.7 of [19].

Proposition 2.11 Let ]| - N — G — Q — 1 be a short exact sequence such that N = 7" and Q is a
closed orientable 2-orbifold group. Then G is residually finite and N = NinG.

2.2.3 Automorphisms and torsion elements of A and A Tt will be important for us to study the
automorphisms of nice 2-orbifold groups and their profinite completions. Theorem 2.12 covers the case
of Fuchsian groups while the non-Fuchsian nice 2-orbifolds are covered by Proposition 2.13.

Theorem 2.12 (Theorem 5.1 of [3]) Let G be a finitely generated Fuchsian group. Then every finite
subgroup of G is conjugate to a subgroup of G and if two maximal finite subgroups of G are conjugate
in G, then they are already conjugate in G.

Proposition 2.13 (Proposition 4.3 of [33]) Let G be a nice 2-orbifold group isomorphic to a subgroup of
Isom™ (R?). Then every torsion element of G is conjugate to a torsion element of G, and if two torsion
elements of G are conjugate in G, then they are already conjugate in G.

Theorem 2.12 and Proposition 2.13 together with Proposition 2.10 show that the generators a; of a nice
2-orbifold group G (as in presentation (2)) are sent under any automorphism ¢ : A — A (respectively,
under any automorphism ¢ : A — ﬁ) to

i ki e o ki —1
& (ag(i)) = 8ildy 8 o
where g; € A (respectively, g; € A)and o isa permutation in Sym(m).
It will prove useful to show that any permutation of a; which respects the orders p; is actually possible.

Proposition 2.14 Let 0 € Sym(m) be a permutation of {1,2,...,m} such that p; = ps () for all
i =1,...,m. Then there exists an automorphism ¢ € Aut(A) such that ¢ (a;) = ¥/(as(;)) for some g; € A.

Proof It is enough to show this for o being a single transposition, say o = (ij). Then
. . - . ai(. Negia;
al -..al ...aj -..am _al .-.al_l . (al+1 "'a‘/)'al -al+1 -..am
—1
a; a;a;
=ay--aj—1-“a; """ (@ig1-0-aj—1)-ai*aj41--am,

so we can define a homomorphism of A by setting the following images of generators a; (and keeping
generators x;, y; fixed):

a:
ar—am, ceey dj—1b>ai-a, a; — "aj,
—1 —1
a;a. a;a.
aiy1 =% (aiy1), ..., aj—1—=""% (aj-1), aja;,
aj41 - ajy1, e am = am.
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All of the relators are sent to relators and each of the generators is in the image, so the map is surjective.
Since A is finitely generated residually finite, it is Hopfian and so ¢ is an automorphism. a

2.2.4 Trivial centres of A and A The fact that nice 2-orbifolds have trivial centres is well known. It is
more difficult though to extend this to the profinite completion, which is the content of Proposition 2.16.

Proposition 2.15 Let A be a nice 2-orbifold group. Then Z(A) = 1.

Proof Consider A as a subgroup of Isom™ (M) where M = R? or H2. Then, take z € Z(A), assume
that z 7 1. If z has a fixed point, then it acts as a nonidentity rotation and has only one fixed point, and
the whole group A has to fix it too. This would mean that A is finite cyclic, which is a contradiction.
If z has no fixed points, it must have a translation axis, which would be fixed by A (not necessarily
pointwise). This would mean that A is virtually cyclic, which is also excluded. a

Proposition 2.16 Let A be a nice 2-orbifold group. Then Z (ﬁ) = 1.

Proof First,if z € Z (ﬁ) is a torsion element, then by Theorem 2.12 and Proposition 2.13 it is conjugate
to a torsion element in A, which we showed in Proposition 2.15 to be centerless. Thus z is of infinite order.

By Proposition 2.9 any 2-orbifold group A contains a surface group ¥ as a finite-index subgroup.
Since < is a finite index subgroup of A, then for any g € A there is some k € N such that gk €s.
In particular, if z € Z(ﬁ) and z¥ € T, we have z¥ € Z(f).

Now, if X is a fundamental group of a surface of genus > 1, then T is centerless as shown in
Proposition 18 of [1]. This would imply that z% =1, which is a contradiction.

If ¥ is of genus 0, then A is a finite group, which can’t be the case as A is nice.

If X is of genus 1, then A is a 2-dimensional crystallographic group — a discrete, cocompact subgroup
of Isom™ (R?). There are exactly five orientation-preserving crystallographic groups in dimension 2 and
they are split extensions Z2 x (Z/d) for d = 1,2, 3,4, 6 where the action is by rotation of square or
hexagonal grid; see Section 3.2 of [32]. The semidirect product structure carries over to the profinite
completion where a direct computation shows that the completions are centerless unless d = 1. a

The only infinite closed orientable 2-orbifold group which is not nice, i.e., Z2, obviously does not
satisfy the previous propositions. However, it turns out that for a central Z"-by-Z? extension G unless
G = 72 the centre is the kernel Z" of the extension. The same holds for the profinite completions of
these extensions.

Proposition 2.17 Any central extension of Z* by 72 is isomorphic to Hy x Z"~! for some integer k > 0,

where Hj, has presentation
(a,b,c|la,c] =[b,c] =1, [a,b] = c¥).
Furthermore, unless k = 0, we have
Z(Hyp) = (c).  Z(Hp) = (c).
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Proof The fact that any central extension admits such a presentation is a consequence of Hopf’s formula
and the fact that H?(Z?;Z") = Z". The number k is such that the cohomology class in Z" is a k-th
multiple of a primitive vector in Z”.

The group Hy, can also be described as the set Z> with multiplication given by

(X1, ¥1,21) * (x2,y2,22) = (x1 + X2, y1 + y2, 21 + 22 + kx1y2).

Similarly, H & 1s isomorphic to the set Z3 with the same multiplication formula. In both cases

[(1,0,0), (x,y,2)] = (0,0,ky),
[(0,1,0), (x,y,2)] = (0,0, —kx).

This implies that unless k = 0, the centre is generated by (0, 0, 1), as both Z and 7, are torsion-free. O

2.2.5 Distinguishing 2-orbifold groups by profinite completions Here we cite a strong result which we
will later make use of. It was stated as Corollary 4.2 of [33], where it was proved using Theorem 1.1 of [3].

Theorem 2.18 Let Oy, O, be closed 2-orbifolds. If there is an isomorphism m o~ Jm, then
m1(01) = 71(02).

Our definition of a nice 2-orbifold requires being closed, so Theorem 2.18 applies to it.

2.3 Group cohomology

This section lists the main results of group cohomology which we use later. An introduction to group
cohomology can be found in the book of Brown [6] or the lecture notes of Loh [18] and the book of
Wilkes [34].

2.3.1 Group extensions With N-by-Q group extensions, it is important to properly distinguish between
their isomorphism classes of groups G fitting in short exact sequences | - N — G — Q — 1 and the
equivalence classes of such sequences.

Since we are dealing with central extensions we give the definitions in this context and denote the first
group in a short exact sequence by O rather than 1.

Definition 2.19 Let 0 — M —> G; = Q — 1 be two group extensions, with i = 1, 2. We say that they
are equivalent if there is an isomorphism 5 : G1 — G such that the diagram

Tl

G > 0 > 1
| B
G, e > 0 > 1

commutes.
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If there exists an isomorphism $ : G1 — G; and automorphisms ® : M — M and ¢ : Q0 — Q such
that the diagram

00— M —5 G — Q0 — 1

l<1> ¢ lqs

0 sy M —25 G, 0 > 1

~

commutes, we say that the extensions are similar.

Given an abelian group M and a group Q we denote by £(Q; M) the set of equivalence classes of
central M -by-Q extensions and by £(Q; M) the set of similarity classes of such extensions.

We finish this section by noting that in our setting the similarity classes are in bijection with the
isomorphism classes because of the next standard result. It comes from the fact that for a central M -by-Q
extension G where Z(Q) = 1 the copy of M in G is not just central, but it is equal to the centre Z(G).

Proposition 2.20 Let M be an abelian group and Q be a group with Z(Q) = 1. Then, there is a bijection
between the set £(Q; M) of similarity classes of central extensions of M by Q and the set of isomorphism
classes of groups G such that Z(G) = M and G/ Z(G) = Q.

2.3.2 H?(Q; M) classifies extensions The most important result for us is how the second cohomology
group classifies the equivalence classes of group extensions with given kernel and quotient. The reader is
referred to Section IV.3 of [6] for details.

Proposition 2.21 For an abelian group M and a group Q, there is a natural bijection between the set
E(Q; M) of equivalence classes of central extensions of M by Q and the second cohomology group
H?(Q; M) of Q with coefficients in M , treated as a trivial Q -module.

The naturality of this correspondence is explained in detail in Proposition 2.22, which we adapt from
Theorem 1.5.13 of [18]. It also follows from Exercise 1 in Section IV.3 of [6].

Proposition 2.22 Let My be a Q1-module, M, a Q»-module, and ¢ : Q1 — Q» and ® : M1 — M, be
homomorphisms such that

(g -m) = ¢(q)- D(m).
Given cohomology classes [{;] € H?(Q;: M;) and extension classes
[0— M; -5 G 25 Qi — 1],
which they represent, the following are equivalent:

(1) ®.([¢1]) = ¢*([¢2]) as elements of H?*(Q1; M5).

(2) There is a homomorphism 5 : G1 — G such that the diagram (3) commutes:

L1

0 s M, G 5 01 —— 1
boEo
G2

0 s My —2 0, — 1
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This naturality has an important consequence for us.

Corollary 2.23 Let Q be a group and let M be a Q -module with trivial action. Then the groups Aut(M)
and Aut(Q) act (on the left) on H*>(Q; M) by

®-[¢] = DD, ¢-[E1= ()" (KD

and these actions commute. Furthermore, the orbits of the action of Aut(M) x Aut(Q) on H*(Q; M) are
in bijection with the set £(Q; M) of similarity classes of central extensions of M by Q.

2.3.3 Cohomological Hopf’s formula In Section 2.3.2 we discussed the naturality of how H?(Q: M)
classifies the equivalence classes of group extensions, but we will later need an explicit way of computing
the action of Aut(Q) on H?(Q; M) done with a specific free resolution — one coming from the presen-
tation complex. In order to do that we introduce a version of cohomological Hopf’s formula applied to
the partial resolution coming from the presentation complex of Q.

The main tools for this are the inflation-restriction exact sequence and the natural correspondence
between H1(Q; M) and the group of homomorphisms Q — M.

The following statement of the inflation-restriction exact sequence was taken from Proposition 1.6.6
of [24] and it holds in the context of modules M with possibly nontrivial action of G. We use super-

script M © to denote the G-invariants submodule.

Theorem 2.24 (inflation-restriction exact sequence) Given a short exact sequence of groups 1 —- N —

G — Q — 1 and a G-module M, there is an exact sequence
0—HY(Q:MN) > H'(G; M) - H'(N: M)2 — H*(Q: M) — H*(G: M),

where the maps Hk(Q; MN)— H¥(G; M) are the inflation maps, the maps H*(G:M)— H*(N; M)2
are the restriction maps and the map Tr: H'(N; M)2 — H2(Q: M) is the transgression map given
by the following procedure.

Given a 1-cocycle g : N — M whose cohomology class is Q -invariant, there is a 1-cochain f : G — M
such that

() fln =g,

(2) (d*f):G xG — M is constant on the cosets of N X N,

(3) im(d* f) lies in MV .

Since (d* f) is constant on the cosets of N x N, we can consider it as a function Q x Q — M™ and set

Tr([g]) :=[(d"f): @ x Q - MN] e H*(Q: M™).
Lemma 2.25 is a well-known elementary result.
Lemma 2.25 Let M be an abelian group treated as a trivial G-module. Then there is a natural bijection
H'(Q; M) — {homomorphisms f : Q — M}.
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Finally, we can state the explicit version of cohomological Hopf’s formula. While the existence of the
isomorphism in it is well known, the explicit isomorphism that we need is hard to find in the literature.

Proposition 2.26 (cohomological Hopf’s formula) Let Q be a group with presentation
(ai2i€I|erj€J)

and M be an abelian group treated as a trivial Q-module. Let F be the free group on the set {a; : i € I}
and R be the smallest normal subgroup of F' containing the set{r; : j € J}.
Let C3 — C; — C; — Co — Z be any partial free resolution of the presentation resolution with
C, = @je] ZQ-rjand Ci =@;c; 20 -a;.
Then the map
{ F-invariant homs. R - M} ¢ ker(Homgzg(Cz, M) — Homgzo(C3, M))
{restrictions of homs. F — M } — im(Homgzo (C1, M) — Homgz o (C2, M))’

where W([g: R — M]) = [r; — g(rj) : j € J), is a natural bijection.

Proof We use the inflation-restriction exact sequence from Theorem 2.24 for the short exact sequence
l1-R—F 250 —1and M treated as an F-module.

Since F is of cohomological dimension 1, we get H?(F; M) = 0 and so the transgression map
Tr: HY(R; M)2 — H?(Q; M) is surjective with ker Tr being equal to the image of H'(F; M) under the
restriction map. Now, H ! (R; M)2 is the set of F-invariant homomorphisms R — M, while H(F: M)
is the set of all homomorphisms F — M. This means that sending [g : R — M| to Tr([g]) € H?>(Q: M)

gives a natural isomorphism

{F -invariant homs. R — M} s H2(Q: M),

{restrictions of homs. F — M}
We now need to compose this natural isomorphism with the natural isomorphism
ker(Homz g (C2, M) — Homgzo (C3, M))

®:H*(O:M
(M)~ im(Homz o (C1, M) — Homgz o (C2, M))

coming from computing the cohomology with different resolutions of Z by Z Q-modules, namely the
presentation resolution (top row) and the bar resolution (bottom row), related by the chain maps shown in

the diagram

Dy 201 —— Py L0 a5 —— LQ ——— L

[o: [e I

Dy1.42e0 20 la11g2] — Dyeo20Q-lq] — 20 -[-] —> Z

Defining ©® is straightforward: we set a; — [a;]. Defining ®, poses a bigger challenge. First, notice
that for a relation r; = a;,a;, ---a;, we have

d(rj) =ai; +aj, -ai, + -+ +ai, @i, -+~ ai;_, - aj;.
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Let’s define ®, by “triangulating the relation disc” as

O2(rj) = [Uai,] + lai,lai,] + [ai aiy |ais] + - - + [ai, aiy - - iy i, ]
Then we get

(d 0O2)(rj) = (1-[ai] —lai ]+ [1D) + (@i, - [ai,] — [aiy air] + [ai])
+ (ai,ai - [ais] — [ai aiyais] + [ai aiy]) + -+
+ @iy aiy -+ aiy_y -lag ] — (1 + [ai aiy - - @i, ])
=1-laj] +ai, -lai,] + aiyaiy -lais] + -+ + aiy aiy -~ ai,_y - [a;]
= (O10d)(r)),
which means that ® is indeed a chain map and since it extends an isomorphism Z Q — Z Q-| -], it extends

to a chain equivalence.
Now, we need to compute the map ®. Given h € C%(Q; M) we get

O(h)(rj) =h(,a;) + h(a;,,ai,) + -+ h(aj,ai, -~ ai,_, , ai,).

Finally, let’s compute the composition ® o Tr. Given an F-invariant homomorphism g : R — M and
choosing a 1-cochain f : F — M such that Tr([g]) = [(d™* /)] we get

O(Tr(g))(rj) = Tr(g)(1, a;y) + -+ Tr(g) (@i, @i -~ @iy, aiy)
=(1- flai,) = f(1-ai) + f(D) + (ai, - flaiy) = flai, -aiy) + flaiy) +-
+ (aiy -+-ai,_y - flai) — faiy - -ai) + fai, - aip_y)
= f()+1- fai,) +ai, - flaiyai) +-+-+aiy, ---ai,_y - flai,) = f(r))
= (d* f)(rj)—g(r)).

Thus we get that W([g]) = —O o Tr. Furthermore, since ® and Tr are natural isomorphisms, so is W. O

2.3.4 Cohomology of profinite groups For profinite groups the usual group cohomology does not
capture the topological data. However, if we require the appropriate maps to be continuous, we do get
valuable information.

It turns out that for reasons coming from homological algebra, it is not obvious which topological
modules one can allow to make the “profinite homology and cohomology” well-behaved theories. To
avoid complications, we follow the definitions of Section 6.2 of [29] specified to finite coefficient modules,
but first we need to define the completed group algebra /Z\IIF]] for a profinite group I'.

Definition 2.27 Given a profinite group I', we define the completed group algebra Z/[\F] = Z[[F]] to be
the limit
Z[r]:= lim (Z/N)[T/U].

NeN
U<,T
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Now, we need to define two types of topological /Z\[[F]]—modules.

Definition 2.28 For a profinite group I" a topological z[[l“]]-module M is called discrete if it has discrete
topology and profinite if it has profinite topology.

This allows us to give a definition for the cohomology of profinite groups. Being of homological algebra
nature it is somewhat abstract, but it ensures all functorial properties that we require from cohomology.

Definition 2.29 For a profinite group I" and a discrete ZT[F]]—module M we set

HE (T M) = Ext%[[r]](i; M).

In practice, we can compute Hé‘mf(F; M) by taking a projective resolution of Z by profinite Z [T1-
modules of length at least k + 1, applying the functor Homz[[r]] (—, M) and computing the homology of
the resulting chain complex.

In principle one can take the analogue of the bar resolution for the projective resolution required in
Definition 2.29, but this would not be convenient for calculations in practice. However, for good groups
it turns out to be feasible to convert a “small” free resolution for G into a “small” free resolution for G.
We describe it in Lemma 2.31, which we take from Proposition 3.14 of [33], but first we define goodness.

Definition 2.30 A group G is called good if the canonical map
h*: HY (G M) — H'(G: M)
is an isomorphism for any finite G-module M and any i € N.

Lemma 2.31 Let G be a good group with a partial resolution (C;)o<;<n of Z by finitely generated free
Z.G -modules

l;
C,‘ = @ZG-XU.
j=1

Then (CA‘,-)OS,-Sn is a partial resolution of 7 by free 2[[6]] -modules, where

li
Ci =P Z[G]-xi;.
Jj=1

Finally, we need to note that among the mentioned “functorial properties we require from cohomology”
are the following two.

Firstly, the inflation-restriction exact sequence from Theorem 2.24 exists for (continuous) exact
sequences of profinite groups.

Secondly, given a profinite group I' and a finite group M, the group szrOf(F; M) is in natural bijection
with the equivalence classes of profinite extensions of M by I' — these are the short exact sequences

0>M-‘“S5EZsT 1,
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where E is a profinite group and the maps ¢ and 7 are continuous homomorphisms. Analogously, we define
equivalence and similarity of profinite extensions by requiring that the isomorphisms in Definition 2.19
be continuous.

2.3.5 Cohomology of nice 2-orbifold groups In this section we compute the cohomology groups for
nice 2-orbifold groups, taking coefficient modules with trivial action.

We base our computation on a partial free resolution of length 3 given in Proposition 6.6 of [33].
It should be noted that this result was known much earlier: Majumdar [21] gives this resolution and
computes all integral homology and cohomology groups, Patterson [25] computes the second cohomology
groups of Fuchsian groups and i.a. uses it to study certain extensions of them, and Ellis and Williams [11]
study the cohomology groups and extensions of generalised triangle groups. The cohomology rings of
Fuchsian groups were also computed in [16] using a spectral sequence argument.

While we could quote these results together with the universal coefficient theorem to compute the
cohomology groups H?(A;Z"), doing it in a concrete manner makes it easier to later compute the actions
Aut(Z") x Aut(A) ~ H?>(A; Z"™) and its profinite counterpart Aut(/Z\") X Aut(ﬁ) ~ szrof(ﬁ; (Z/N)™),
which we need for classifying group extensions up to isomorphism.

In the following results and throughout the rest of the paper we will use a bold font to denote basis
elements of free modules.

Proposition 2.32 The cellular chain complex for the Cayley complex Cp = ,K\; of the presentation (2)
for a nice 2-orbifold group,

ZA{ro. ...t} 2> ZAx1, ... yg.a1.....am} 4> ZA 457,
~——— — N——
C2 C] CO
can be resolved one dimension turther by setting C3 = ZA{z1, ...,z } where the map d : C3 — C; is

defined as
d(zi) = (a; —1)-r;.
Because the extensions we study are central, it will prove useful to look at the chain complex in
Proposition 2.32 after applying the functor Z ®za (—). Indeed any homomorphism ¢ : C — M from a

Z A-module C to a trivial Z A-module M must satisfy ¢(g-¢) = ¢(c) for any g € A and ¢ € C. Thus
the functor Homgza (—, M) : Z A-Modules — AbelianGroups®® factors as shown in the diagram

Homz A (—,M)

7. A-Modules > AbelianGroups®P

4) /
Z®zA(—) Homgz (—,M)

AbelianGroups

Proposition 2.33 The functor 7Z ®za (—) : ZA-Modules — AbelianGroups applied to the complex
C3 — Cy — C; — Cy from Proposition 2.32 gives a complex D3 — D> — D1 — Do which together
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with maps 1 ® (—) : C; - Z @z C; form the diagram

ZAzZ1, . zm) S ZAro, .. rm) S ZALXL, .. am)t S ZA

w—/
C3 C> Cy
(5) 180)| 180)| 180)| 18(- )l
Z{zl,...,zm}L)Z{ro,...,rm}ﬁl{xl,.. am}—> Z
Ds D> D, Do

which commutes. The maps D3 — D, and D1 — Dy are zero, and the map d : D, — D is given by

m
r0|—>E a; and r;+—> p;-a;.
i=1

Proof The boundary maps D3 — D5 and D; — Dy in the bottom row became zero maps, because

d(zi)=(aj—1)-riand 1 ® (a; — 1) -r; =0-r;, and similarly for the map in degree 1. O
It is worth noting that the map d : Z{ro, ..., rm} — Z{x1,...,an} is described by the matrix
(0 0O 0 --- 0 \
00 O 0
(6) 1 P1 0 0
10 pp--- O
10 0 - pm

Proposition 2.34 Given a nice 2-orbifold group A with presentation (2), the second cohomology group
H?(A; M) of A with trivial coefficient module M is

m
(7 H>(A:M) =@M -r}/(rg + pi v} fori=1,....m).
i=0
Proof Applying functor Homza (—, M) to the partial resolution
C3 — C2 — Cl — C()

from Proposition 2.32 factors through the functor Z ® 7 A (—), as shown in Proposition 2.33, so we only
need to apply the functor Homyz (—, M) to the chain complex D3 — D, — D1 — Dy of Proposition 2.33.
This gives us the chain complex

M{zT,...,zfn}?M{r(’;‘,.. r } M{xl,...,a;}? M
Hom(D3,M) Hom(D»>,M) Hom(D{,M) Hom(Do,M)
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Now, the kernel of the map d* : Hom(D>, M) — Hom(D3, M) is the whole domain Hom(D,, M) and
so H?(A; M) is the cokernel of d*. Since all of x’ and y are mapped to zero, this cokernel is precisely

m
@M~ri"‘/(r6‘+p,-~ri*fori=1,...,m). O
i=0

Now we can compute the action Aut(M) x Aut(A) ~, H?(A; M), as introduced in Corollary 2.23.

Proposition 2.35 Let ® € Aut(M) and ¢ € Aut(A) be automorphisms, and [¢] = [er'n=0 mi -rl.*] be an
element of H?(A; M). Then

®-[¢] = [Zcbmi)-ri*] and ¢ [t = () = k- [mo-ra‘ Y m -rg(,-)],
i=0 i=1

where ¢ (a;) = gi(a?(i)) and k € Z is such that k = k; mod p;.
Furthermore if M =~ 7" & T withr > 1 and T being torsion, then k € Z>* = {*1}.

The proof of this theorem follows the proof of Proposition 6.6 of [33], with the exception of changing
ZtoM.

Proof The action of @ is the usual action of the automorphism group of the coefficient module.
For computing ¢*, denote by F the free group generated by the letters x1, ..., yg.da1,....an and by
R the kernel of v : F — A, so that the sequence

l1>R—>F-5 A1

is exact. To compute the effect that ¢ induces on H?(A; M), we want to use the naturality of cohomo-
logical Hopf’s formula as in Proposition 2.26 and compute it on the set

{F —invariant homomorphisms f : R — M}

{restrictions of homomorphisms g : F — M}’

We need to choose a map (Z : F — F such that the diagram

F-—2,F

IS

A2 A
commutes. For easy calculation we choose ¢(a )=28i (a )) on the generators a; and extend it to the other
generators in any way which makes the diagram commute. This is a valid choice as v (8! (a ))) 8i (a ol ))
as elements of A.

Now, fori = 1,...,m we can easily compute the effect on the 7;:

ri = lpt |_> (gtakl )171 — gl(a ))kl — gl(r

o(z))

o(i
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This, perhaps surprisingly, gives us enough information to compute the action on H2(A; M). On the

level of the chain D« (see Proposition 2.33) we get

Px(ai) = ki-aq(),
¢« (ri) = pi ro) fori=1,2,3,
m
¢x(ro) =k -ro+ Z Wi rg() forsome k,u; € Z.

i=1
Since ¢, and the boundary maps d commute, we get

(B 0d)(r0) = ular + ...+ am) = 3 ki-ao(p).

i=1

(dogu)(ro) =d (K ro+ 3 i ro@) = 3 (c+ pitti)-ao(),

i=1 i=1

sowe getk; =« + piu; fori =1,...,m.

To see what happens at the cohomology level, let’s compute what happens after applying Hom(—, M).
We will write m - r* for the unique map C, — M which sends r; to m and all other r; to 0:

d*(m-ry)=Kk-m-ry,
¢T(m-ri) = pi-merg +ki-m-rg;,.
d*(m-aj)=m-r5+ pi-m-r’.
Finally, let’s compute the action of ¢* on cohomology:
¢*([m-rgl) =x-[m-rgl,
¢ ([m-ri) = pi-[m-rgl+ki-[m-rzg
= i -[m-rgl+ ( + pipi) - [m-ry )]
= pi-[m-rgl+u-[m-rigl+ pmi-[pi-m-ri;)
= oyl i [merg 4+ piomery )]
Foi) T i Imerg £ pegy mery ]

K- [m
K-[m
i [merg ]+ pi - [d*(m-ag))]
K- [m

Thus, the action is by multiplication by « € Z together with permutation of the generators r;* for the

cocycles Z%(B; M).
Taking the (m!)-th power of ¢ to get rid of the permutation o, we get

@™)*[¢] =« [¢]

and if M =~ Z" @ T, then H2(A; M) contains a copy of Z” too and so k = 1 since (¢™")* is an

automorphism.
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Now, we can do the very similar calculations for the profinite cohomology defined in Section 2.3.4.

Proposition 2.36 Given a nice 2-orbifold group A with presentation (2) and a finite trivial A-module M,
the second profinite cohomology group is

m
(8) szrof(ﬁ;M) = @M-ri*/(ra‘ +pi-r] fori=1,...,m).
i=0
Proof The partial free resolution from Proposition 2.32 gives rise to a partial free resolution (9) of Z by
Z[[A]-modules by Lemma 2.31. We can use it to compute the szmf(ﬁ; M):

) 63 62 C1 6

Applying the functor Hom IA] (—, M) to the resolution (9) factors through the functor Z® ZIAT (-),
similarly to Proposition 2.33.
Thus, we only need to apply the functor Homy (—, M) to the chain complex

53 — 52 — 51 — b\o
of D, =7 ®; ZIAT C, , where 1nc1dently D, is the profinite completion of the abelian group D; from

Proposition 2.33 treated as a trivial Z[[A]] module.
In particular, we get the commutative diagram

R{zl,...,zm}L)R{ro,...,rm}L)R{xl,...,am}L) R
———— —_——— ———— ‘f-'/

Cs C Ci Co

(10) 1®(—)l 1®(—)l 1®(—)l 1®(—)l

’Z\{zl,...,zm}L)Z\{ro,...,rm}L)Z\{xl,...,am}L) Z
——— —_——— ———— \/\f-'/

Ds D> D Do

where we write R for Z[[ﬁ]].
Applying the functor Hom (—, M) to the bottom row of diagram (10) gives us the chain complex

(11) M{zT, .z} <5 MArg, . orp) < MAXT, . ay) <5 M
Hom(ﬁ3,M) Hom(ﬁz,M) Hom(Dl,M) Hom(ﬁo,M)

Now, the kernel of the map Hom(ﬁz,M) — Hom(53,M) is the whole Hom(ﬁz,M) and so
szrof(ﬁ; M) is the cokernel of d*. Since all of x} and y* are mapped to zero by d* this cokernel is
precisely

m
@M-ri*/(r(’;—i-p,wri*fori=1,...,m). O
i=0
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Proposition 2.37 Let ® € Aut(M) and ¢ € Aut(A) be automorphisms, and [¢] = [>iLomi-r*] bean
element of szrof(ﬁ; M). Then

@[] = [Zcmm,-)-ri*] and §71-[] = ¢* () =k [mo~r6‘ + ) mi ~r2‘a>]’
=0

i=1
where ¢ (a;) = gi(a?(i)) and k € Z* is such that k = ki mod p;.

The proof of Proposition 2.37 is the very same calculation as the proof of Proposition 2.35 with the
only difference being that Z* is now a much larger group than Z* = {+1}.

3 Matrix correspondence

In this section we introduce the “matrix correspondence” — a conglomerate of a few minor results and
our main tool for studying the central extensions of Z" by nice 2-orbifold groups. Essentially, it translates
the problem of profinite rigidity among these extensions to a question regarding multiplying matrices and
permuting columns.

Proposition 3.1 (matrix correspondence) Let A be a nice 2-orbifold group with m cone points of order
pl g e ooy pm.

(1) There is a GL, (Z)xAut(A)-equivariant canonical injective homomorphism

W HY(AZ") > lim HE(A(Z/N)")
NeN

given by sending a cohomology class [¢] representing an equivalence class of central Z™ -by-A extensions
0—>7Z"—>G— A—1]

to the consistent system ([{y]) x4 of cohomology classes representing the equivalence classes of corre-
sponding extensions
[0— (Z/N)* - G/NZ" — A —1].

(2) Cohomology classes [¢1] and [¢3] in H?(A; Z"™) represent extension classes [0 — Z"* — G; — A — 1]
with G1 = G, if and only if they lie in the same orbit of GL, (Z) x Aut(A) ~ H>(A; Z™).

Furthermore, G = G, if and only if the elements W([{1]) and V([{z]) lie in the same orbit of
GLA(Z) x Aut(A) ~ lim H2 (A: (Z/N)").

(3) We can identify H?(A;Z") with a quotient of Z*(m+1) a5

A(An) o= 7D (e pir? fori =1,...,m),

where rg,ry, ..., r, denote generators of 7n>xm+1) treated as a free 7 - module, where x - r’ will

*'m
denote the matrix having vector x as the i -th column and zeros everywhere else.

Similarly, we can identify lim H2 (A: (Z/N)") with A",
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Furthermore, the orbits of the actions
GL,(Z) x Aut(A) A A and  GL,(Z) x Aut(A) r, AP
are the same as, respectively, those of GL,,(Z) x ¥ ~, A(n), and those of GL,, (/Z\) XXy A (n), where
Y ={o €Sym(m) | psi) = pi fori =1,...,m}
acts by permuting the columns by o (r) = r;(i).

Proof of part (1) The map my : H>(A; Z") — H?*(A;(Z/N)™) coming from reduction of the coef-
ficients modulo N is canonical and thus equivariant under the action of GL, (Z) x Aut(A). Now, by

goodness of A, the canonical map
(v Hpo(A(Z/N)") — H? (A (Z/N)")
is an isomorphism, so we can form the composition
(N omy t HA(A:Z") — HZ (A (Z/N)™).
These maps are canonical and thus consistent with the transition maps

MmN, - H(A; (Z/ND)™) — HZ (A (Z)N2)™),

thus giving a canonical map to lim szmf(ﬁ; (Z/N)™).
The maps mpy and ty correspond to the following maps of extensions and thus the composition

1yt omy maps [¢] to [¢N]:

0 s 72" s> G s> A > 1

v |

0 — (Z/N)"? —— G/NZ" —— A —— 1

H l/hG/NZ” J/hA

0 —> (Z/N* —— G/NZ" —— A —— 1 O

Proof of part (2) By Proposition 2.20, the isomorphism classes of groups G with centre Z(G) = Z" and
quotient G/ Z(G) = A are in bijection with the set £(A; Z™") of similarity classes of central extensions
of Z" by A. Also, this set is in bijection with the set of orbits of the action GL,, (Z)xAut(A) ~ H?(A; Z™).
Thus G = G, if and only if the cocycles [{1] and [{>] lie in the same orbit.

Furthermore, since G; = lim G /N 7", a consistent E\et of isomorphisms ¢ : e /N 7" — G, /N zr
gives an isomorphism ¢ : G1 — G». If (®, ¢) € GL,(Z) x Aut(A) is such that (®, ¢) - [{1, 8] = [{2,N]
then this gives a consistent set of isomorphisms (<$N), SO 61 = @2.

Conversely, if 5 :G1— Gy isan isomorphism then it must give an automorphism ® of the kernel Z"
and an automorphism ¢ of the quotient A. Then clearly (6, @) [¢1,8] = [¢2,n] for all N and so indeed
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W([¢1]) and ¥([¢2]) lie in the same orbit of the action
GLu(Z) x Aut(d) ~ lim H oo (A: (Z/N)"). O

Proof of part (3) Propositions 2.34 and 2.36 computed the second cohomology group H?(A; M)
for trivial A-modules M and H rOf(A M) for finite trivial A-modules M. Thus we indeed have
H?(A; Z”) ~ A( ") via a natural isomorphism. Similar computation gives a canonical isomorphism
lim H rof(A (Z/N)*) =~ (") and the map W can be identified with h : A(") — Ay .

Fmally, we need to use the explicit formulas from Propositions 2.35 and 2.37 for the actions of Aut(A)
and Aut(&) to show that the orbits do not change when we restrict the actions to smaller subgroups —
respectively, GL, (Z) x ¥ and GL, (2) x 2. An element ¢~ € Aut(A) acts by

¢~ -1l =¢" (XD =K-[m0'76k+zmi":(i)]’

i=1

where ¢ (a;) = gl(a )) and k € Z* is such that k = k; mod p;. Thus, for all [¢] € H2(A Z") we have
(Id, ¢~ Y- [C] = (k- Id o) -[¢], and thus the orbits of GL, (Z) x Aut(A) and of GL, (Z) x ¥ are indeed
the same. Similarly, an automorphism ¢! € Aut(A) acts by the very same formula with the exception
that « is now allowed to be in a much bigger group Zx. Finally, « - Id is an element of GL,, (Z) and thus
the orbits of GL, (Z) X Aut(&) are the same as those of GL, (2) X 2. a

4 Using the matrix correspondence

This section aims at understanding the group A(n) introduced in Proposition 3.1 together with the actions
of GL,(Z) and X on it. The question we investigate is: how are the orbits of GL,(Z) x ¥ ~, A( ™ related
to the orbits of GL, (Z) XXy AX')?

Throughout this section A will be any nice 2-orbifold group with cone points of orders pi,..., pm-.
Let A(A") be as defined in Proposition 3.1, i.e., a quotient of the additive group Z7m+D) of px(m+1)
matrices with integer coefficients by relations ry + p;r* fori =1,...,m on columns.

4.1 General structure of AX’)

The next proposition enables us to understand better the structure of AX') and the action of GL,(Z) x &
on it.

Proposition 4.1 The projection Z"*(m+1) _ @D7L,(Z/p:i)" descends to a short exact sequence
m
02" — AL L P/ pi)" -0,
i=1
which is equivariant under the action of GL,(Z) x X. Also, the group X acts trivially on the kernel
7" = ker(q : A(A") — @l’."zl(Z/pi)”).
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Proof To make following the proof easier, all mentioned groups and maps between them are shown in
the diagram

0 0
ZMrd + pirf) = 20rg + pir)
(12) 0— Z"® (@\;;’:1 piZ") — Z”XE;HI) — P (Z/p)* — 0
| H
0 2 » AD —L s @2/ pi)t — 0
0 0

All the relations rg + p;r/ are sent to 0 by the projection map, so we get a map A(An) — @I (Z) pi)".
The kernel of this map is the quotient of Z" & (@;":1 piZ™) by the kernel

ZMrs +pirf li=1,...,m} =ker(Z"™mTD A(An)),
which is isomorphic to Z". m|

The next result computes the group A(A") (which is not an original result—see [16; 21]) and relates
this computation to the quotient map ¢ : A(A") — @D/, (Z/pi)".

Proposition 4.2 There is an isomorphism
ED(Z/p, —— @(Z/d )",
i=1 =1

where (d1,d>, ..., dy) are the Smith coefficients of (p1, ..., pm) (see Definition 1.1).
There is also an isomorphism

AW 2, zn g (@(Z/d) )

Furthermore, o and B are equivariant with respect to the action of GL,,(Z) and this identification gives
the commutative diagram

0 —s 2" > 4D @™ (Z/pi)" — 0

0 !

0 — 72" =2 7" (B, NZ)dp)") — P (Z/dj)" — 0
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Proof The fact that « is an isomorphism and that d; are as in (1) comes from computation of the Smith
normal form using matrix minors. Now, Ag') is isomorphic to Z" ®7 coker(Z™ — Z™ 1) where the
map is given by the matrix

1 1 --- 1
p1 0 - 0
0 pp--- O
0 0 - pm
We can first use the row and column operations which give us « to get the diagonal matrix with d; for
j =1,2,...,m and do the column operations showed in
1 1 - 1 1 0 o --- 0 1
di 0 0 di 0 0
0 dy --- 0 0 0 d» 0 0
(13) S i N N
0 0 ---dy-1 O 0 0 ---du-1 O
0 O O dm _dm _dm R _dm dm
Now, since d; | d;, forall j =1,2,...,m we can fully eliminate the bottom row with row operations

affecting only the bottom row, which means that the first m basis elements for Z™%! are not changed,
whence the diagram in the statement actually commutes.
Finally, because we only manipulated the Z"-bases, the maps are indeed GL,, (Z)-equivariant. m]

Proposition 4.1 allowed us to understand better the torsion part of A(An), but it will be necessary to
understand the torsion-free part too. Proposition 4.3 helps with this. It comes from the notion of Euler

class defined for Seifert fibre spaces.

Proposition 4.3 Let E : 2"+ _ 77 pe defined by

m m

E:in~rl?k|—>—dm~x0+zc;—n.1-xi.

=0 i=1

Then E factors through Z"*Mm+1) A(A”) giving E : A(A") — Z". Furthermore, the map is surjective
and equivariant with respect to the action of GL,(Z) x X (with X acting trivially).

Proof First of all, notice that

dm = p1-+ Pm/gcA(P1** Pm—=1.P1" " Pm—2Dm. .-, P2P3*** Pm) =1lem(p1, ..., pm),

so each dy, / p; is an integer and the map E :zmxm+l) _ 7n g actually well defined. All of the relations
are sent to zero by the map

d
E(x-ry+pi-x-r')y=— m~x+f~pi~x=0,

1
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so E factors through Z"*(m+1) A(A") giving E : A(A") — Z". The map Eis clearly equivariant with
respect to the action of GL,(Z) and also with respect to the action of X since elements of X permute the
columns which have the same p;. Since the quotient zrxm+1) A(An) is also equivariant, the induced
map FE is equivariant too. Now, for surjectivity, notice that gcd(dy,/ p1, ..., dm/pm) = 1 so there exist
integers k; such that Y k; - (dn/pi) = 1. Hence, for any v € Z",

m

E(Zki-v-ri*) =,

so the map is indeed surjective. |

4.2 Orbits collapsing

Using the quotient map shown in Proposition 4.1 we can show that some orbits of GL,(Z) x ¥ ~, AX’)
become identified in GL, (/Z\) XXy /’1\2"). This is the content of Proposition 4.5, but before we can
prove it, we need Lemma 4.4 to know when the effect of acting by a profinite matrix ® € GL, (Z) on
some [A] € A(A") < f’l\y) gives a matrix o- [A4] € 1:1\2") which still lies in the copy of A(An).

Lemma 4.4 Let [A] € A(An) and let ® be a profinite matrix in GL,, (2) Then ® - [A] is in A(A") if and only
if ®- E([A]) € Z" for the map E : A(A") — 7" defined in Proposition 4.3.

Proof Consider the composition

m—1
(Eop™Y): 2" ( @(Z/d,—)") — 7"

j=1

as shown in the diagram

—1
zre (@1 @/dyr) L AW £y zn

LT

A

~ -1 ~ ~
Ire (@1 @/dpr) L AP £y 2n

Its surjectivity implies that the kernel must be precisely the torsion subgroup @;?:1 (Z/d;)". Thus we
can regard E o 87! as a projection onto the Z" direct factor with possibly some automorphism of Z”.

Now, the bottom row is equivariant with respect to the action of GL, (2), SO
®-E(JA) eZ" = E(®-[A]) e Z",
which means that the Z"-coordinate of ® - B~1([A]) is actually in Z", but the set of all such elements is
precisely the set ,B(A(An)) C ,3(/’1\&")). |

Proposition 4.5 Assume that n > 1 and that there exists a natural number d different from 1, 2, 3, 4 and 6,
such that at least n of the numbers p; are divisible by d. Then there exist [A], [B] € A(A”) and a matrix

® € GL, (/Z\) such that ® - [A] = [B], but there is no ® € GL,(Z) and o € X such that ®-[A] = o - [B].
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Proof In Proposition 4.1 we defined the map ¢ : A(A") — P (Z/ pi)". Setting [ to be the number
of p; divisible by d, we can quotient further to get
m I
gnx(m+1) P A(An) 4 ®(Z/pi)n L’» @(Z/d)n.
i=1 i=1

The map ¢’ is clearly equivariant with respect to the action of GL, (Z) and since X can permute columns
without changing their respective p;, we get a quotient action of ¥ on @5:1 (Z/d)" by column permuta-
tion.

We can assume that the p; which are divisible by d are pq, ..., p;. Now, let a be an integer coprime
to d and such that a % £+1 mod p,, — here is where we use that d # 1,2, 3,4, 6 and that d | p,, —and
consider the nx(m+1) matrix

Now, take any matrix e GL, (/Z\) such that
. - E([A]) = E([A]) — in particular, - [A] € A(A");
o det® £ +1 modd.
We set [B] := - [A] and show that there is no ® € GL,(Z) and ¢ € X such that

®-(q" oq)([A) = - (q" o q)([®-[A]]) = 7 - (¢" 0 q)([B]).

The matrix (¢" o ¢)([A]) is the nxn identity matrix with [ —n zero columns appended on the right.
Thus ®- (¢’ oq)([A]) is the matrix (® mod d) appended by [ —n zero columns. Note that (& mod d) can’t
have any zero columns. In a similar spirit (¢’ o q)@ - [A]) is the matrix (&5 mod d ) — whose columns
are all nonzero — followed by / —n zero columns. This implies that o sends the last / —n columns to
themselves and possibly permutes the first # ones.

Thus we get that d =0 - ® mod d, which in turn implies that det ® = det o - det ®, but det ® = +1
and deto = £1, while ® was chosen specifically so that det P # £1. |

4.3 Orbits separated
Analysing the action of GL;, (Z) closely we will show that sometimes orbits do not change.

Lemma 4.6 Given any matrix A € 2"tV we can find a matrix ® € GL,,(Z) such that A’ = ®A is an
upper-triangular matrix, i.e., that A}; = 0 fori > j.

Proof We can multiply by permutation matrices from GL, (Z) to permute rows of A and multiply by
elementary matrices to perform elementary row operations (adding an integer multiple of a row to another
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one). Following Euclid’s algorithm, we can in this way make the first column have at most one nonzero
entry — equal to the gcd of its entries — in the top place. We can do the same for the next column, not
doing any operations that would change the first row. Proceeding inductively, we get an upper-triangular
matrix. |

In the following SLiEl (R) denotes the group of nxn matrices with coefficients in R and determinant
equal to £1.

Lemma 4.7 In the commuting diagram

GL,(Z) — SLEFY(Z)

e

GLx(Z/d)

with vy and v, being reductions modulo d, the image of vy is the same as the image of v,. In particular,
given a matrix ® with profinite entries whose determinant is +1, we can find an integer matrix ® with
determinant £1 such that ® = ® mod d.

Furthermore, if the first column of ® is (£1,0,...,0)T, then we can require that the first column of ®
is also (£1,0,..., O)T (with the same choice of sign).
Proof The image of v; : SL;’:1 (Z) — GL,(Z/d) is inside SL,jf1 (Z./d), and the image of v : GL, (Z) —
GL,(Z/d) is SL,jfl(Z/d), so two images must be the same.

For the second part, notice that if the first column of d is (£1,0,... ,O)T then

$-(E @7
0 oY

where det ® = +1. Now take a matrix &' € GL;—1(Z) such that @' = @ modulo d, and v’ € Z""!

such that v’ = v’. Then the matrix r
!
o= 1 (v )/
0O &

is in GL,(Z) and ® = ® modulo d. O

Having proved Lemmas 4.6 and 4.7, we can prove our main result about orbits remaining distinct.
The reason that the statement counts j such that d; ¢ {1,2,3,4,6} is that 1, 2, 3, 4, 6 are the only
numbers ¢ such that (Z/t)* has at most two elements.

Proposition 4.8 Let A be a nice 2-orbifold with m > 0 cone points of order p, ..., pm. Let A(An) ~
7" ® ( ;"z_ll (Z/dj)”) as in Proposition 4.2 and let

k=1+[{1<j=m—1]|d; ¢{1.2,3,4,6}}.

Let [A],[B] € AX') be related by o- [A] = [B] for some ® e GL, (2).
Then, if n >k, we can find a matrix ® € GL, (Z) with integer coefficients such that -[A] = 6[A] =[B].
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Proof First, transform A and B to their upper-triangular form with respect to the decomposition
Ag') ~ 7" EB( =1 (Z/dm J)”) — here we wrote A( ™) as aquotientof Z"-sy @Z" 57 _ ®---BL" 5]
and the matrices A" and B” were chosen to be upper-triangular with respect to this basis (s§, s _;,....57).
Let &4, ®p € GL, (Z) be the matrices used to perform this upper-triangularisation, i.e., such that ®4 - A
and ®p - B are upper-triangular. With that we get

®-[A] = [B] = (PpdD;')-[®4-A] = [Op- B]
— 9'-[4]=[B].

where <I>’—(CI> 1c1>q> 1, A/ =d,-Aand B’ = &g - B.
Now, let A" =xo-8§ +Xm—1-5,_, +-~+x1-sl and similarly B’ = yo-$§+ym—1-5),_1+---+y1-s].
Then,
P -[A'|=[B] < P'xo=yo, Dx; =y, modd; for j =1,....,m—1.

Now comes the crucial bit of the proof.

Consider ®” € GL,(Z) obtained from ® by multiplying the last column by « € Z*. We claim that if
K =1 moddy,_(,_1), then still ®”-[4'] = [B’].

There are two cases to check here.

(1) For j =0,m—1,m—2,...,m—(n—2), the bottom coordinate of x; is zero (as A’ is upper-triangular).
Then, changing the last column of @’ does not affect the result of multiplication; in fact - x =Y

with genuine equality, not just congruence.

2y For j=m—(n—1),m— , 1, we have that d; divides d,,_(,—1) and so =9 modd; as
k =1 moddy,——1). In partlcular - xj = P +xj =y; modd,.

Thus we know that indeed ®” - [4"] = [B/].

Now, notice that we have some freedom in the choice of k. We only assumed that x € Z* and that
k =1 modd,,_(—1). Since dp,_(,—1) is in the set {1, 2,3, 4, 6}, the integers coprime to d,,,_(,—1) are
+1 mod dp,—(,—1), S0 in particular det ' ==+1modd,,_ (n—1)- Since det @ = i -det ®’, we can choose
k= £(det &)~ so that det ®” = +1, i.e., D" € SLF(Z).

At this point we know that ®” - [A’] = [B'] for some ®" € SL:E! (Z). By Lemma 4.7, we can choose
® € GL,(Z) such that ® = & mod d,_; and additionally if the first column of ®” is (1,0, ...,0)7,
then we can require the first column of ® to be the same.

Now, since d; | dyy—1 forall j =1,...,m—1, we have

Q- x; 56“-xj =y; mod d;

for all j = 0. For j = 0 notice that if xo # 0, then the first column of @ must be +(1,0,...,0)T and it
is the same as the first column of @, so ®-xg = yo. If xg = yo = 0, then we get ® - x9 = y¢ trivially.
Finally, ®-[A'] = [B'] gives (P5' ®Dy) - [4] = [B]. o
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We can use the same idea of modifying the last column of ® which was used in Proposition 4.8 to
show that in fact the elements of A(An) lying in the same orbit of GL, (z) actually become members of
the same orbit of GL,,+1(Z) ~ A(A"'H) after appending with a row of zeros on the bottom.

Proposition 4.9 The map f : 2+ 1) s 7(+1D)x0n+1) which appends a row of zeros to a matrix from
7" m+1) thereby making it an (n—+1)x(m+1) matrix induces a map f : A(A") — A(A"H). Furthermore,
if[A], [B] € A(A") are such that - [A] = [B] for some ® eGL, (/Z\), then there exists ® € GL,,+1(Z) such
that @ f([A]) = f([B]).

Proof Take ®4, ®p such that [A'] = &4 - [A] and [B’] = ®p - [B] are upper-triangular as matrices
in Z" @ ( ;”z_ll(Z/dj)”). Then let & = CI>B$<DZI so that @’ - [A] = [B']. Take ®” to be the block

diagonal matrix
) 0
07 (det®)!)

Since the bottom rows of f([A’]) and f([B']) are both 0, we get ®”- f([4']) = f([B']). Also,
det®” = 1, so we can choose a matrix ® € GL,11(Z) such that ® = ®” mod d,,—; and such that if
the first column of ®” is +(1,0,..., O)T, then so is the first column of ®. As before, this implies that

®- f([A']) = f([B']) and so

®3' 0 g 0\ - .
(0? 1)~®~<0¢ 1)~f([A])=f([B])- 0

4.4 Summary of results
Now we are ready to summarise our state of knowledge.

Proposition 4.10 Letn > 1. Let A be a nice 2-orbifold with cone points of orders pi,..., pm. Let
di,....dm be as in Proposition 4.2—in particular, d; |d;j+1. Then, exactly one of the following
statements holds:

(1) n>m ordy_n_1y €{1,2,3, 4,6}, and ®-[A] = [B] for some ® € GL,(Z) implies that ®-[A] = [B]
for some ® € GL,(Z).

) n <m and dpy_(n_1) ¢ {1,2,3,4,6,12}, and there exist [A], [B] € AY such that & - [A] = [B] for
some ® € GL, (/Z\), but there are no ® € GL, (Z) and o € X such that ®-[A] = o - [B].

(3) n<mandd,__1)=12.
Proof Following Proposition 4.8 let
k=1+|{j <m-—1|d; ¢£{1,2,3,4,6}}|.
If n > m, then clearly k < n. If d,,,_(,—1) € {1,2,3, 4,6}, then
dy,....dp_(n-1)€11,2,3,4,6}
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and so

sok<|{m—(m-=2),...,m—1}+1=n—1 <n. Thus, the hypotheses of Proposition 4.8 are satisfied
so there indeed does exist ® € GL,(Z) such that ® - [A] = [B].

Alternatively, if n <m and d,,_(,—1) ¢ {1, 2, 3,4, 6, 12}, then there is some prime power p® ¢ {2,3, 4}
such that p* | dp,—(,—1). Since

dm—(n—l) | dm—(n—z) | te | dm—l | dm,

this implies that p® divides at least n of p1,..., pm. By Proposition 4.5, this implies that there are some
[A], [B] € A(A") and ® € GL, (/Z\) such that [B] = P- [A], but for no ® € GL,(Z) and 0 € ¥ do we have
®-[A]=0-[B].

The only number which is not in {1, 2, 3, 4, 6} and is not divisible by a prime power different to 2, 3
and 4 is 12, so if conditions (1) and (2) do not hold, we must have d,,, _(,—1) = 12. |

Remark 4.11 The attentive reader certainly noticed the “classification” is not conclusive if dp, _(n—1) = 12.
The reason for this is that in this case there may be no ® € GL,(Z) such that ®-[A] = P- [A] = [B], but
there is a pair (¥, 0) € GL,(Z) x Aut(A) such that ®-[A] = ¢ - [B]. The author spent considerable time
trying to understand this case, but was not able to arrive at a full classification.

5 Distinguishing central extensions Z"-by-A by their finite quotients

Finally, having done the “calculations”, we can go on to proving our main result— deciding which central
extensions of finitely generated free abelian groups by infinite 2-orbifold groups are distinguished from
each other by their finite quotients.

Section 5.1 reduces the question to distinguishing between central extensions of the same Z" by the
same 2-orbifold group A. Section 5.2 solves this reduced question.

5.1 Kernel and quotient must agree

Theorem A Letn, ny be natural numbers and A1, A, be infinite fundamental groups of closed orientable
2-orbifolds. Let Gy and G, be central extensions Z"' -by-A1 and Z"*2-by-A,, respectively. If 61 ~ 62
thenny =n, and A1 = A,.

Proof In Proposition 2.11 we showed that such central extensions are residually finite and that we get
commutative diagrams of short exact sequences

0 > 2N s G TAY; |
0 N s G s A s 1

where all of the vertical maps are the natural inclusions.
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Firstly, let’s exclude the case that A 2 Z? and that G is isomorphic to Z"1 %2, Then also G, == 712
and so A is abelian, and thus it is Z?2. The kernel of a surjection from Z"! 2 to Z? is isomorphic to Z"!,
so the theorem statement holds.

In Section 2.2.4 we studied the centres of 2-orbifold groups and their profinite completions, showing
in Proposition 2.16 that for any nice 2-orbifold group A we have Z (3) = 1. Since the extensions
0— 7% — éi — ﬁ,- — 1 are also central, we get that Z(ai) = 7" . In Proposition 2.17 we showed
that in the case of A =~ Z2 also Z(G;) = Z" unless G; =~ Z" 2, which was covered in the previous
paragraph. This gives

M =~ Z(Gy) = Z(G,p) = 72,
gl = Gl/Z(G\l) = Gz/Z(éz) = &2.

Now, finitely generated abelian groups are distinguished by their profinite completions, so we get ny = n».
The isomorphism A1 = A, follows directly from Theorem 2.18. O

5.2 Distinguishing central extensions Z”-by-A fixing n and A

In this section, we state our main results for distinguishing central extensions of a fixed Z" by a fixed
infinite closed 2-orbifold group A.

Theorem B Let A be an infinite fundamental group of a closed orientable 2-orbifold with m > 0 cone
points of orders p1, ..., pm,andletdy, ..., dy, be the Smith coefficients associated to (p1, ..., pm). For
n > 1 the following hold:

(1) If n > m, or d,,_(»—1) € {1,2,3, 4,6}, then the nonisomorphic central extensions of Z" by A are
distinguished from each other by their profinite completions.

(2) Ifn <m and d,,,_(,—1) ¢ {1,2,3,4, 6,12}, then there exist nonisomorphic central extensions G1, G2
of Z" by A with G1 = G».

Proof First, let’s solve the case of A 2 Z2. By Proposition 2.17, the central extensions of Z" by Z?2
are isomorphic to Hy x Z"~!, where Hj has presentation (a,b,c | [a.c] = [b,c] = 1, [a,b] = c¥).
The abelianisation of Hy, is Z"t1 @ (Z/ k), so it is different for different values of k. Abelianisation is
detected by profinite completions, so central extensions of Z” by Z? are distinguished by their profinite
completions.

Now, let A 2¢ Z2. For j = 1,2 let 0 — Z" 1> Gj Zis A — 1 be central extensions. From
Proposition 3.1 we know that G| = G if and only if the representatives [4;] € A(A") lie in the same orbit
of GL,(Z)x X ~ AX'); furthermore, G1 = G, if and only if P [A1] = 0 - [A2] for some d €GL, (2)
and o € X.

Proposition 4.10 tells us when these conditions coincide given the hypotheses (1) and (2). |

Finally, we prove Theorem C from the introduction.
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Theorem C Let A be an infinite fundamental group of a closed orientable 2-orbifold. Letn > 1 and
G1, G, be central extensions of Z" by A such that 61 x~ G\z. Then G1 XZ = G, X Z.

Proof Firstly, in the case of A =~ 7% we have 61 x~ @2 <= G1 == Gy, so the statement holds.
The short exact sequences 0 — Z" ~4> G J Zis A — 1 stabilise to the sequences

02" x7 4%, G, x7 72X A 5
represented by f([4 ;1) where [A4;] € A(A") represents the original extension, and where f A(A") — A(A"H)
is the map defined in Proposition 4.9. It is induced from f : Z"*(n+1) _ 7(+1D)x0m+1) by appending
an nx(m+1) matrix with a zero row at the bottom.
Now, G1 2 G», s0 ®- [A1] =0 -[A2] = [0 - A2] for some ® € GL,, (Z) and o € X. In Proposition 4.9
it was shown that ®- [A] = [B] implies that ®- f ([A]) = f ([B]) for some ® € GL,11(Z). In the present
case, it means that ®- 7 ([41]) = f ([0 - A2]) = 0 - f([A2]) and hence that G; x Z =~ G, X Z. |
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