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Explicit formulas for the Hattori—-Stong theorem and applications

PING L1 AND WANGYANG LIN

We employ combinatorial techniques to present an explicit formula for the coefficients of Chern classes
involved in the Hattori—Stong integrability conditions. We also give an evenness condition for the signature
of stably almost-complex manifolds in terms of Chern numbers. As an application, it can be shown
that the signature of a 2n-dimensional stably almost-complex manifold whose possibly nonzero Chern
numbers being ¢, and c;c,—; is even, which particularly rules out the existence of such structure on
rational projective planes. Some other related results and remarks are also discussed.

1 Introduction

Let E and F be two complex vector bundles over a topological space X, AK(-) the k-th exterior power
operation and
A(E) =1+ AK(E)* (1 := trivial line bundle).
k>1

The operation A;(-) in K-theory satisfies
(1-1) A(E = F) = A E)Ad(F)T! e KO
The K-theory operations y%(-) are defined by

(1-2) 1+ )y (E-F)ik = AL (E—F)e KXt

k=1
The importance of these operations y¥(-) can be appreciated from at least two aspects. Firstly, these
vk (-) form power series generators over the integers for all K-theory operations [3, p. 128]. Secondly,
if E:= E — C4im(E)  where C4™(E) denotes the trivial bundle of rank E, then yl(g,;), cees y"(é;)
generate over the integers the K-ring of the classifying space BU(n) in a suitable sense [22, p.253],
where &, is the tautological n-plane bundle over BU(n).

Let (M, 7) be a closed stably almost-complex manifold, where t is a complex vector bundle over a
closed smooth manifold M such that the underlying real vector bundle R is isomorphic to the stable
tangent bundle of M. The Chern classes of M are defined to be those of t: ¢; (M) :=c;i(t) € H* (M ;7).
When dim(M) = 2n, with respect to the canonical orientation induced from t the set of Chern numbers
{ea[M]] A is an integer partition of weight n} can be defined. It is well known that two stably almost-
complex manifolds are complex cobordant if and only if they have the same Chern numbers [27].
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736 Ping Li and Wangyang Lin

The integrality of the linear combinations of Chern numbers
(1-3) / ch(Y¥1 (%)) ---ch(yX B))d(M) € Z, Y ki,....ki € Lo, y°(7):=1,
M

was first observed by Atiyah and Hirzebruch as corollaries of their differential Riemann—Roch theo-
rem [4; 5], where ch( - ) denotes the Chern character and td( - ) the Todd polynomial. Now (1-3) is a direct
corollary of the Atiyah—Singer index theorem [6] as each yk (E ) is an integral linear combination of
those Al (E) due to (1-1) and (1-2). Conversely, they conjectured in [5] that (1-3) give all the integral
relations for Chern numbers, which was proved by Hattori and Stong independently [12; 33] and is now
called the Hattori—Stong theorem. More precisely, we have:

Theorem 1.1 (Atiyah—Hirzebruch, Hattori—Stong) Given a positive integer n and a set of integers
{c) | M is a partition of weight n}, they can be realized as Chern numbers of some 2n-dimensional stably
almost-complex manifold if and only if they satisfy the integral conditions (1-3).

There are also analogies to Theorem 1.1 for smooth and spin manifolds, in which the Hirzebruch’s
L-polynomial and the /f—polynomial are involved [33; 34; 35]. In order to effectively apply Theorem 1.1
and these related results in concrete problems, we need, when expanding these quantities in terms of
Chern and Pontrjagin classes, both closed and explicit formulas for coefficients in front of them. Recently
some considerable progress towards it has been made. Berglund and Bergstrom gave explicit formulas in
terms of multiple zeta values for the coefficients in front of Pontrjagin classes for the L-polynomial and
the /I—polynomial [8]. Combining some ideas in [8] and other combinatorial tools, Li [24] explored the
coefficients in front of Chern classes for the complex genera including the Todd polynomial. So in order
to apply Theorem 1.1, we need to know an explicit formula for the coefficients b}(‘k) when expanding
ch(yk(E)) in terms of the Chern monomials ¢y (E):

(1-4) ch(y¥(E)) =Y b .y (E), b eq.
A

Our first main result (Theorem 2.1) is to give an explicit closed formula for b;\k) in (1-4) by further
developing the techniques in [24]. Our second main result (Theorem 2.4) is to give an evenness condition
in terms of Chern numbers for the signature of stably almost-complex manifolds. To this end, still applying
the tools in [24], we shall give an explicit formula for the coefficients in front of Chern numbers when
expressing the signature of a stably almost-complex manifold in terms of them. As an application, we
combine the first two main results to show that the signature of a 2n-dimensional stably almost-complex
manifold whose possibly nonzero Chern numbers being ¢, and ¢;c,—; for some i is even (Theorem 2.6),
which particularly excludes the existence of such a structure on rational projective planes. Some other
related results and remarks are also discussed at places along the main line of this article.

The rest of this article is organized as follows. The main results as well as some necessary background
notation are stated in Section 2. Some preliminaries on symmetric functions and Stirling numbers of the
second kind are presented in Section 3. Then Sections 4, 5 and 6 are devoted to the proofs of Theorems 2.1,
2.4 and 2.6 respectively. Some remarks on integral/rational projective planes are collected in Section 7.

Algebraic & Geometric Topology, Volume 26 (2026)



Explicit formulas for the Hattori—Stong theorem and applications 737

2 Main results
2.1 Background notation

Before stating the main results, we introduce some more notation in combinatorics.

An integer partition A = (A, A3, ..., A7) is a finite sequence of positive integers in nonincreasing
order: Ay > Ay > ---> A; > 0. Denote by /(A) :=1[ and |A| := Zle A; the length and weight of the
partition A respectively. These A; are called parts of the integer partition A. It is also convenient to use
another notation which indicates the number of times each integer appears: A = (1713 2m2(A) ) This
means that i appears m;(A) times among A, ..., A;(). For example,

A=1(6,5,54,2,21,1,1) = (13223%15261).

With this notation the Chern monomials ¢y (E) in (1-4) are defined by
1109
a(E) =[] en (B).
i=1
Given a (nonempty) finite set S, a partition of S is a collection of disjoint nonempty subsets of S
whose union is exactly S [31, p.33]. Namely, a partition 7 of S is of the form = = {my, ..., m;}, where
each 7; is a nonempty subset of S, 7; N7w; = & for any i # j, and | J; 7; = S. In this case, each 7; is
called a block of . Let [(r) = k and call it the length of . As usually |7;| denotes the cardinality of ;.
Put [n] := {1,...,n} and denote by II, the set consisting of all partitions of [#]. For instance,
{{1,3.6}.{2}. {4, 5}} € I, whose length is 3.
Define S(n, k) to be the number of partitions of [#] into exactly k blocks. S(n, k) is usually called a
Stirling number of the second kind [31, p.33]. Then S(n,k) > 0 if 1 <k < n. By convention we put

@-1) S(nk):=0 if k>n, Sn0):=0 ifn>0,  S(0,0):=1.

For example, S(n,1) =1, S(1,2) =2""1-1,S(n,n—1) = (;) and S(n,n) = 1.
Let A be an integer partition and consider IT;(;,, which consists of all partitions of [/(A)]={1,2,...,/(A)}.

If 7 is the partition {71, ..., ()} € I1j(3), then define
hm= Yk (1<i<I(m).
JEm;

Let B; € Q~¢ (i = 1) be the Bernoulli numbers without sign [28, p. 281], which are defined by

X (=D'2* =2)B;
2-2 =:1 " (Bi=1 By=4,Bi=2L....).
(22 sinh(x) +; 2i)! x* (Bi=g By=35 Bi=g35...")

2.2 Main results
With the notation above in mind, we now state in this subsection our main results.

Algebraic & Geometric Topology, Volume 26 (2026)



738 Ping Li and Wangyang Lin

The first result is the following explicit closed formula for b)(tk) in (1-4).

Theorem 2.1 Let E be a complex vector bundle over some topological space. Fix an integer partition
= A1, M) = (1m1A)pm2() -y Then the coefficients bik) (k = 1) in (1-4) are given by

23) Y b0k

k=1
- 1) 1) b~
(1)1 SOt — 1) a1
=ty 2 L0m=n [ TT 2 {f, _1” 2 (g 1T | R
i=1"" ' relo, il - = ]!

In other words, b)(hk) is the coefficient in front of t* on the right-hand side of (2-3).

Remark 2.2 The highest degree of ¢ on the right-hand side of (2-3) is

I()
1)+ Y (A, — 1) = AL,
i=1
and hence b)(\k) = 0 whenever k£ > |A|. More vanishing information on b){k) can be seen in Lemma 4.4.

The following example is a simple illustration of Theorem 2.1 and it can be easily checked.

Example 2.3 When /(1) <2, the values bik) given by (2-3) are

o pt0 _ CDTESGK) - (k=) *) 1 w (=it
2-4) b(l) - (i—1)! ) b(z i~ 2(21_1)" G.j) — (i +—]—1)' (i>J).

Let 0 (M) be the signature of a closed oriented smooth manifold M , which is zero unless dim(M) = 4k
for some k € Zo. By Hirzebruch’s signature theorem [14] o (M) is a rational linear combination of
Pontrjagin numbers. In [8, Theorem 1] an explicit and closed formula in terms of (some variant of)
multiple zeta values for the coefficients in front of these Pontrjagin numbers is presented. When M
admits a stably almost-complex structure, Pontrjagin numbers are determined by Chern numbers and so
is 6 (M ). Our following second result is an evenness condition for the o (M) in terms of Chern numbers
via an explicit formula for the coefficients in front of them.

Theorem 2.4 Let

11 221+1 221 1 —1-B;
(2-5) hy; ._( ) (2(1)' )- B and hyi_;:=0 (i >1).

Let M be a 4k -dimensional closed stably almost-complex manifold with Chern numbers c)[M ]| and

o(M)=: Y hy e [M].
[A|=2k
Algebraic & Geometric Topology, Volume 26 (2026)
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(1) The coefficients h),_are given by

ok o (_l)l(k) | oo 1() -
(2-6) A —mﬂe;lm{(— ) il:[l[(|m|— ) - An,-]}.

(2) If the Chern numbers c) [ M ] satisty
2-7) {Aepx[M]#£0yC{A|mi(A) =0orl foralli},
then o (M) is even.

Remark 2.5 (1) The condition (2-7) means that if some Chern number ¢ [M ] is nonzero, then all the
parts A; of this integer partition A must be mutually distinct.

(2) By (2-6), the coefficient in front of the top Chern number c,x[M] is h(x) = hyk, which was known
to Hirzebruch [17, Formula (8)]. Before [8], Fowler and Su presented a recursive formula [11, Appendix]
for the coefficients of o (M) in front of Pontrjagin numbers.

An n-dimensional smooth closed connected orientable manifold whose Betti numbers satisfy
bo=">byjy =bn=1 and b; =0 for other i

is called a rational projective plane (RPP for short). Classical such manifolds include complex, quater-
nionic and octonionic projective planes C P2, HP? and O P2, whose dimensions are 4, 8 and 16
respectively. Various constraints on the possibly existing dimensions on RPP were studied by Adem and
Hirzebruch [2; 13; 17; 18] and more details can be found in Section 7. It turns out that such an existence
problem is closely related to that of manifolds with prescribed Betti numbers (see (7-1)). Recently the
existence problem of RPP was systematically treated by Zhixu Su and her coauthors [11; 23; 36; 37].
Moreover Su [38] and Hu [20] independently showed that any RPP whose dimension is larger than 4
cannot admit any almost-complex structure.

The signature of any RPP is £1 and hence odd. As a simple application of Theorems 2.1 and 2.4,
we shall show the following result, which particularly excludes the existence of stably almost-complex
structure on any RPP whose dimension is larger than 4.

Theorem 2.6 Let M be a 4k(k > 1)-dimensional stably almost-complex manifold whose possibly
nonzero Chern numbers are ¢, [M] and ¢jcyp_;[M] for some 0 < i < 2k. Then o (M) is even.

Remark 2.7 We would like to stress at this moment that the notion “stably almost-complex” is strictly
weaker than that of “almost-complex”. For instance, it is well known that the sphere S” admits an almost-
complex structure if and only if 7 = 2 or 6 [9]. Nevertheless, any S” does admit a stably almost-complex
structure as its tangent bundle is stably trivial.

Algebraic & Geometric Topology, Volume 26 (2026)
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3 Preliminaries
3.1 Symmetric functions

In this subsection we briefly recall three bases of the vector space consisting of symmetric functions and
collect several facts related to them, which we shall apply to prove Theorem 2.1. Two standard references
on symmetric function theory are [25, §1; 32, §7].

Let Q[x] = Q[x1, x2,...] be the ring of formal power series over Q in a countably infinite set
of (commuting) variables x = (x1,x2,...). An f(x) = f(x1,x2,...) € Q[x] is called a symmetric
function if it satisfies

f(xo’(l)sxo’(Z)v'-'):f(xlax21'~') VUGSk? VkEZ>0~

Here, if 0 € Sy, 0(i) =i for i > k is understood.

Let A% (x) be the vector space of symmetric functions of homogeneous degree k (deg(x;) := 1). Then
the ring of symmetric functions A (x) := Pr—, A¥(x) (A(x) := Q) consists of all symmetric functions
with bounded degree.

Definition 3.1 Let A= (A1, ..., A;)) be an integer partition with |A| = n. The k-th elementary symmetric
function ey (x) and power sum symmetric function py(x) are defined respectively by

(o.¢]
ek(x) = Z XiyXip * Xige pk(x) :=lek’
lfl] <i2<---<i/( i=1

and
I(2) )
(3-1) a(x):=[]en @ eA (), px):=]]p,x)eA"(x).

i=1 i=1
The monomial symmetric function m) (x) € A"(x) is defined by
my (x) := Z XX,
((X] sa2s“')

where the sum is over all distinct permutations (1,2, ... ) of the entries of the vector (A1,...,A;(),0,...).

In other words, m (x) is the smallest symmetric function containing the monomial xi‘l xi‘z X (’S).

It is well known [25, §1.2] that the three sets

lan@) [l =n}, {pa() Al =n}, {mp(x)||A] =n}

are all additive bases of the vector space A" (x), and so it is natural to ask what the transition matrices are
among these bases. In [10] Doubilet applied the combinatorial M&bius inversion tools to give a unified
and compact treatment on the entries of the transition matrices among these three bases as well as other
bases (complete symmetric function, forgotten symmetric function and so on). The following transition
relation will be used in our later proof [10, Theorem 2].

Algebraic & Geometric Topology, Volume 26 (2026)
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Theorem 3.2 (Doubilet) Let A = (Ay,..., A1) = (1m1A)pm2() |y be an integer partition. Then

(-)'® 0 17
(3:2) ) = Y {(—1) (”)]_[[(Iml—l)!-px,,,.(x)]},

well;;y i=1
where the related notation involved in (3-2) has been introduced in Section 2.1.

Remark 3.3 This formula has intimate relation with a well-known multiple zeta value formula due to
Hoffman (see [8, §3]) and this phenomenon has been extended in [24, §3].

The following fact is well known and usually attributed to Cauchy ([14, §1.4] or [24, Lemma 4.1])

Lemma 3.4 Let Q(x) =14 ;5 a;x' be a formal power series. If the coefficients a; are viewed as
ai =ei(y)=e;(y1, y2,...), the i -th elementary symmetric functions of the variables y1, y,, ..., then
the power sum symmetric functions p;(y) are determined by a; = e;(y) via

_ oW
o)’

The following identity will also be used in the sequel [32, p.292].

(3-3) D =D ()X

i=1

Lemma 3.5 Letx = (x1,x2,...)and y = (1, y2,...) be two countably infinite sets of (commuting)
variables x; and y;. Then we have

(3-4) [TO+xiy) =1+ ) m»er),

i,j=1 [A|=1

where the sum is over all positive integer partitions.

3.2 Stirling numbers of the second kind

Recall the definition of the Stirling numbers of the second kind S'(%, k) and their convention in Section 2.1.
For S(n, k) we have the following two formulas.

Lemma 3.6 These S(n, k) satisty

(eX — Dk B x"
(3-5) T_Z:S(n,k)-m V k>0,
n=0
and
n -1 n
- Lk+1)= 1, k)= 1, k).
(3-6) Sn+1,k+1) k;n(,)S(, ) O;n(l)su )

Proof The identity (3-5) is well known [31, p. 34]. For (3-6), we differentiate both sides of (3-5) with
respect to x:

xn—1 (ex _ l)k—l (3-5) xl—i—m

-7 k)- =X — == Lk—1)- .

Sl 2 Sk -0 ¢ T k=1 2 SUk=1-7m
n=0 [,m>0

Algebraic & Geometric Topology, Volume 26 (2026)




742 Ping Li and Wangyang Lin

Comparing the coefficient in front of x”~! on both sides of (3-7) yields
Snky= Y (”_1)5(1 k—1)
’ k—1<i<n—1 ! ’ ’
which is (3-6). Alternatively, we can give a direct combinatorial proof for (3-6) as follows. There
are S(n+ 1,k + 1) ways to partition [# + 1] into k 4+ 1 blocks. We consider the block containing the

element 7 + 1. Assume that this block has / + 1 elements (/ > 0). We have (';) ways to choose this block
and in each way we can partition the resulting n —/ elements into k blocks in S(n — 1/, k) ways. So

Sh+lk+h)= > (’;)S(n—l,k)z 3 (’;)S(l,k). 0

0<I<n k<I<n

4 Proof of Theorem 2.1

Let x = (x1, x2,...) be the formal Chern roots of a complex vector bundle E. Usually finite variables
whose number is no less than the rank of E are enough, but here in order to be consistent with symmetric
function theory, we take infinite variables instead. This means that e (x) = c;(£). In this notation it
turns out that [33, p.268]

(4-1) ch(Y¥(E)) = ep(e* — 1) i=ep(e™ —1,e™2 —1,...),

and hence determining the coefficients bik) in (1-4) can be translated into a pure combinatorial problem,
i.e., the coefficients bﬁk) determined by

(4-2) ex(e® —1) =) " ey ().
A

The exponential function ¢* is a monic formal power series. Thus we may broaden our scope by con-
sidering the following question, which may be of independent interest in combinatorics and related topics.

Question 4.1 Let Q(x) =14 ;> a; -x' be a monic formal power series. Consider the symmetric
function ek(Q(x) — 1) = ek(Q(xl) —1,0(xp)—1,.. ) and

(4-3) er(0)—1) =1 > b (0) - er(x).
A

What is the closed formula for b)(hk)(Q)?
Our solution to Question 4.1 is:

Theorem 4.2 Let the notation be as above and Q(x) := 1+ ;5 (ta;)x'. For each integer partition
A= (i, hy) = (M R2m2®) -y we have

s Tt =l S A om0 [T (50 )|}

Ax;
k=1 well;iy i=1 i=1 X lQl(x)
Algebraic & Geometric Topology, Volume 26 (2026)
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Proof Write ta; =:e;(y), the i -th elementary symmetric function of the variables y = (y1, y»,...). Then
(4-5) Q:(x)=[[(1+yix)

i=1
and

(4-6) 1+ > (Zbik)(Q)-zk)eA(x) =1+ e (Q()— 1)k (by @-3)

Al=1 Nk=>1 k=1

- ]‘[[1 +(0(xi) — 1);]

i>1

=[T2:xn

i=1

= [T a+xip) (by (4-5))

i,j=1

=1+ Y merx)  (by (3-4).

[A]=1

Comparing both sides of (4-6) yields
k
@7 Y bR0) -tk =mu(y)

k>1
N0) I(m)
— % > {(—1)1(71) I [(|n,-| ~1)! i, (y)]} (by (3-2)).
l ! ’ HEH/(A) i=1
By (3-3) we have
(—1)k”i_1p)wi (y) = the coefficient of x*7~! in 01 ()

O (x)

dx (the residue formula),

1 07(x)
271«/_ xhwi 0:(x)

and therefore

I(r) i )l(n) | 0'(x)
4-8 = (-1 i dx ).
(48) [Tr =D H(h«/_ S0 x)
Putting (4-8) into (4-7) leads to the desired (4-4). O

In view of (2-3) and (4-4), Theorem 2.1 follows from the following:
Lemma 4.3 We have
k—1
1 ! =eX Sk, k—i
kQ () Qe)=e > (k / )
2w/~ x4 Q¢ (x) = ()
Algebraic & Geometric Topology, Volume 26 (2026)
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Proof 1In this case Q,(x) = 1 +¢(e* — 1). For simplicity we use (x’) f(x) to denote the coefficient in
front of x’ in f(x). Then

! Q:(x) dx = ¢ fe dx
2n/=1J x*Q:(x) /=1 xK[14t(ex—1)]
= (e[ 141X -]
k—1
_ (Xk_l)lé’x Z(—t)k_l_i(ex—l)k_l_i

i=0

_ZZ )k 1—i k—l)eX(ex_l)k—l—i]

i . S k—1—i
i=0 - 0<i<k—1 ’
k=1 r k—1—i ;
_ (—1) (k—1-i)! (k—l)S Lkl }
ti=zo - (k=1)! OSISZk—l ! . )
k=1 r k—1—i ;
(=) (k—=1-=i)! .
:zlzo _ =D S(k,k—z)] (by (3-6))

S(k, k
:zz—(( )_)( k=11, O
i=0 i

Before ending this section, we collect several general vanishing facts on b(k)

in the following lemma.

Lemma 4.4 We have b)(‘k) = 0 unless |A| > k, bgg =1, and b(k) = 0 whenever |A| = k and [(A) > 2.

Proof The first one has been explained in Remark 2.2. To see the latter two cases it suffices to note that

e —1,e*2—1,...) =er(x1, x2,...) + higher-degree terms. O

5 Proof of Theorem 2.4

Let (M, 7) be a closed 2n-dimensional stably almost-complex manifold. Recall that the value of a complex
genus ¢ which corresponds to a monic formal power series Q(x) =14 ;5 a;x* (a; €Q)on M, (M),
is a rational linear combination of Chern numbers ¢ [M | and defined as follows [19, §1.8]. Let

[ToGn =14+ Qj(e1(x).....ei(x)).
i>1 j=1

where Q; ((el (x),....¢j (x)), viewed as a polynomial of e;(x),...,ej(x), denotes the homogeneous
part of degree j in [[;>; O(x;) (deg(x;) = 1). Then

G M) = /MQn(cl(M), (M) = ha(@ecadM+ Y Iy ()es[M])

|A|=n
. . I(A)=>2
Algebraic & Geometric Topology, Volume 26 (2026)
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The coefficients /1) (¢) in (5-1) can be expressed in terms of /;(¢) as follows (see [24, Lemma 4.3]).

Lemma 5.1 Let ¢ be a complex genus which corresponds to the formal power series Q(x). Then the
coefficients h) (¢) in (5-1) are given by

(—i® 1(x) = |
(5-2) hy (@) = Wﬂ;{:m{(—l) il:ll[(|”i|—1)-'hkn,» (90)]},
where h;(¢) are determined by
- -1 _ 9'(%)
5-3 —)hi(p) X = :
(5-3) ;( ) () x 00

Now the complex genus which corresponds to the formal power series Q(x) = x/tanh(x) is nothing
but the signature o ( - ) due to Hirzebruch’s signature theorem [14]. Therefore

0'(x) 2™ =g 1 2x
o 0(x) E[l Bl sinh(2x):|
D I R e VI BT
=; i X371 (by (2:2).

Comparing (5-3) and (5-4) leads to

B B (—1)i'22i+1'(22i_1—1)'Bj
hai—1(0) =0, hai(0) = Qi) ,
which, together with (5-2), yields (2-6) and hence finishes the proof of the first part in Theorem 2.4.

To prove the second part in Theorem 2.4. We need some more notation and facts.

The 2-adic valuation of an integer k is defined to be

max{t € Zsq : 2" divides k} ifk #0,
valk) = 00 itk =0

Clearly v, (k) = 0 if and only if k is odd, v, (-) satisfies vy (k1k>) = va(ky) + va(ky) and

va(ky/ka) :=va(k1) —va(ks) (ky #0)

is well defined.

Lemma 5.2 Let A be an integer partition such that m;(A) =0 or 1 for all i, i.e., all the parts A; of this A are
mutually distinct. Then the 2-adic valuation of the rational number h)_given in (2-6) satisfies v, (/) > 1.

Proof Write the Bernoulli numbers B; as B; =: N;j/D; (N;, D; € Z ) in irreducible form. Since Dj is
equal to the product of all primes p such that p — 1 divides 27 [28, p.284], we have that v,(D;) = 1 and
hence v, (N;) = 0.

Let wt(i) denote the number of nonzero terms in the binary expansion of i. Then v, (i!) + wt(i) =i,
which is indeed a special case of Legendre’s formula ([29, Theorem 2.6.4]; also see [11, Lemma 2.2]).
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This implies that
V2 ((20)!) = 2i —wt(2i) = 2i —wt(i),
and thus
2-5) /ry . . .

(5-5) va(hai) B2 (2 4 1) + va(N) — v2 ((20)!) = va(Dy) = wii) = 1.

The condition of m;(A) = 0 or 1 for all i is equivalent to

vz(l_[ mi(k)!) =0,
i=1

which, together with (5-5), yields that for such A the coefficient /1) given by (2-6) satisfies v, () > 1. O

Now we can finish the proof of the second part of Theorem 2.4.

Proof If all nonzero Chern numbers ¢) [M ] are such that the integer partitions A satisfy m2;(1) = 0 or 1
for all 7, as required by the assumption (2-7), every nonzero summand /) ¢y [M] in the signature formula

o(M)= Y halM]

|M|=2k

satisfies v, (hyc)[M]) > 1 due to Lemma 5.2. This implies that v, (O’(M)) >1,ie,0(M)iseven. 0O

6 Proof of Theorem 2.6

The following congruence property will be used in proving Theorem 2.6 for the case of i = k = 2, which
may be of interest on its own.

Lemma 6.1 Let M be a 4k-dimensional stably almost-complex manifold. The signature o (M) and the
top Chern number ¢, [ M ] satisty

(6-1) o(M) = (=1)* ey [M] (mod 4).
Proof First we have, for any 4k-dimensional almost-complex manifold N,
(6-2) 0(N) = (=DFx(N) (mod 4),

where x(NNV) is the Euler characteristic of N. This fact can be proved by using various symmetric
properties of the Hirzebruch y,-genus and appears in [16, p. 777]. A detailed proof can be found in
[30, (3.5), (3.7)]. Secondly, any 4k-dimensional stably almost-complex M is complex cobordant to
a 4k-dimensional almost-complex manifold N [21, Corollary 5]. Since Chern numbers (and hence
signature) are complex cobordant invariants, we have 6 (M) = (N ) and cox[M] = c2x[N] = x(N).
Substituting them into (6-2) yields (6-1). O

We now proceed to show Theorem 2.6 and therefore assume that the possibly nonzero Chern numbers
of the 4k-dimensional stably almost-complex manifold (M, 1) are cy;[M] and c;jcop_;[M] for some
1<i=<k.
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If 1 <i <k—1,then 6(M) is even due to Theorem 2.4 as the assumption condition (2-7) is satisfied.
If i =k, the possibly nonzero Chern numbers are ¢,z [M | and ci[M ] and so the relevant Chern classes
we need to deal with are ¢, (M) and ¢ (M). In this situation

(6-3) ch()/1 (E)) ) b&gck (M) + b((li?k)cl% (M) + bgl)()czk (M) + other terms,
and thus by Theorem 1.1 we have
~ ~ c2[M]
7> / ch(y ' (E)) ch(y ' (E)) td(M) | L2 (bD)? 2 M) &2
M[ } *) [(k—1)1]°

This implies that when i = k& > 3, the Chern number c,%[M ] is divisible by 4 and therefore
2-6
o (M**) = haryea M1+ hoe o RIM] E2 ho - o M1+ 3 (h; — hag) e [M]

is also even due to the facts that s,;_1 = 0 and v, (/15;) > 1 from (5-5).
It suffices to show the case i =k =2, i.e., the case of 8-dimensional stably almost-complex manifold M 8
with possibly nonzero Chern numbers ¢4 := c4[M ] and c% = c%[M ]- In this dimension

(6-4) o(M?®) = L (l4cs + 3¢3), f d(M) = =35(—ca +3¢3)
M

and so 450 (M ®) = l4c4 + 3c§, which, together with (6-1), yields
(6-5) s =5 (mod 4).
If 6 (M?) is odd, then ¢4 = 2 + 1 (a € Z), still due to (6-1). Then by the integrality of the Todd number
[,td(M) in (6-4) we have
6-6) Z> /Mtd(M) = As(—c4 +3¢7) = 25 (=(2a + 1) + 32 + 1 +4B)) (by (6-5), B € Z)
= o35 (4o + 126 +2),

which is a contradiction. Thus o (M ?) is even and this completes the proof of Theorem 2.6.

7 Remarks on integral/rational projective planes

An n-dimensional smooth closed connected orientable manifold M whose integral cohomology groups
(resp. Betti numbers) satisfy H*(M:;Z) = Z fori = 0,n/2,n and H (M ;Z) = 0 for other i (resp.
bo = by = by =1 and b; = 0 for other i) is called an integral projective plane (resp. a rational
projective plane) (IPP or RPP for short). As mentioned in Section 2.2, such (classical) examples exist
when n =4, § or 16. The study of the existence/nonexistence of higher-dimensional IPP or RPP was
initiated by Adem and Hirzebruch [2; 13; 17; 18]. Now it turns out that an IPP can only exist when n = 4,
8 or 16 [15, p. 766], which is a consequence of Adams’ solution to the nonexistence of Hopf invariant
one [1]. Hirzebruch [18, §3, Theorem 1] showed that an n-dimensional (n > §) RPP exists only if 7 is of
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the form n = 8(2¢ +2) with a, b € Z>y, i.e., n is divisible by 8 and wt(n) < 2 (recall the notation in the
proof of Lemma 5.2). Moreover, a spin RPP can only exist when n = 8 or 16 [15, p. 786; 23, Theorem C].

Recently, the existence of RPP was investigated systematically by Su and her coauthors in a series
of papers [11; 23; 36; 37], whose main tool is the Barge—Sullivan rational surgery realization theorem
[7; 26; 39] as well as the Hattori—Stong theorems. Among other things, they showed that an RPP exists
in dimension n < 512 if and only if n € {4,8, 16,32, 128,256} [23, Theorem A; 36, Theorem 1.1].
Moreover, whether a given dimension n = 8(2¢ + 2b) supports an RPP is reduced to a solvability of a
quadratic residue equation [23, Theorems 6, 9].

Recall that the Betti numbers b; = b; (M) of a general n-dimensional (closed connected orientable)
manifold M satisfy

(7-1) bo=by=1, bi=0by—i, bysyiseven whenever n =4k —2.

The first two restrictions in (7-1) are clear and the third one is due to the fact that in this case the
intersection pairing on H2K=1(M;R) is both skew-symmetric and nondegenerate. Conversely, given a
sequence of nonnegative integers (b, by, ..., by) satisfying (7-1), can we find an n-dimensional manifold
whose Betti numbers realize this sequence? The following proposition tells us that such a realization
problem is deeply related to the existence of an RPP when n = 4k.

Proposition 7.1 Let (bg, b1, ...,b,) be a sequence of nonnegative integers satisfying the restrictions
in (7-1).
(1) Whenn is odd, n =4k —2, orn = 4k and b, is even, there exists an n-dimensional manifold whose
Betti numbers realize this sequence.

(2) Whenn = 4k and by, is odd, there exists an n-dimensional manifold whose Betti numbers realize
this sequence if there exists a 4k -dimensional RPP.

Remark 7.2 (1) Equation (7-1) is known to some experts. For instance, we were told by Yang Su that M.
Kreck has known it for many years. But it seems that it was never written down in the literature, to our
best knowledge. So we present it here for the reader’s convenience.

(2) As discussed above, in some dimensions RPP are known to exist, so in these dimensions the answer
to the Betti number realization problem is also affirmative. For some dimension 4k, if an RPP does not
exist in this dimension, we do not know how to construct a desired manifold realizing a general prescribed
Betti numbers.

Proof The idea is to apply connected sum operations to the building blocks S? x $"~ (1 <i < |n/2]).
When 7 is odd, we may take connected sums of b; copies of S' x S~ forall 1 <i < %(n —-1).
When n = 4k —2 (resp. n = 4k and by, is even), we may take connected sums of b; copies of S’ x $"~*

forall 1 <i <2k —2 (resp. 1 <i <2k —1) and byx_/2 (resp. byx/2) copies of SZk—1 x §2k—1

(resp. S2k x §2ky,

When n = 4k and by is odd, we may take connected sums of b; copies of S x S™~ for all

1 <i<by_q, %(bzk —1) copies of $2% x S2k and an RPP. O
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