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Geometric rigidity of quasi-isometries in horospherical products

TOM FERRAGUT

We prove that quasi-isometries of horospherical products of hyperbolic spaces are geometrically rigid in the
sense that they are uniformly close to product maps. This is a generalisation of a result obtained by Eskin,
Fisher and Whyte (2012). Our work covers the case of solvable Lie groups of the form R Ë .N1 �N2/,
where N1 and N2 are nilpotent Lie groups, and where the action on R contracts the metric on N1 while
extending it on N2. We obtain new quasi-isometric invariants and classifications for these spaces.
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Introduction

Let .X; dX / and .Y; dY / be two Gromov hyperbolic spaces. Their horospherical product, denoted by
X‰ Y , is constructed by combining X and Y , and lies in the direct product X � Y . It no longer has
negative curvature, however its geometry is still very rigid (see Section 1.2 for the definition). This way of
combining two hyperbolic spaces appears to unify the construction of metric spaces such as Diestel–Leader
graphs, treebolic spaces and Sol geometries, which are the horospherical products constructed out of a
regular infinite tree or the hyperbolic plane H2.

Quasi-isometric classification and existing rigidity results

In [14], a mainstay of geometric group theory, Gromov points out the importance of quasi-isometric
invariants in groups. The quasi-isometric classification of groups, or metric spaces, has since been a wide
and prolific research domain (see [17] for a nice survey on this topic). For the family of solvable groups,
there are still a lot of open cases.

The first result was obtained in [10] where Farb and Mosher provided a quasi-isometric classification of
solvable Baumslag–Solitar groups BS.1; n/. Then Eskin, Fisher and Whyte obtained the quasi-isometric
classification of lamplighter groups and Sol geometries in [8; 9]. In [8; 10], the horospherical product
construction of their respective groups is crucial in their proofs.

Eskin, Fisher and Whyte [8] also answered a question asked by Woess in [23] about the existence of
vertex-transitive graphs not quasi-isometric to any Cayley graph: when m and n are coprime integers, the
Diestel–Leader graphs Tm‰Tn are such graphs.

Peng [21; 22] and Dymarz [7], using similar methods as in [8; 9], generalised the description of the
quasi-isometries for Lie groups of the form R Ë Rp . Peng [21; 22] proved that a subgroup of finite index
of the quasi-isometry group of Lie groups of the form RmËRn is a product of groups of bilipschitz maps.

Statement of results

The main goal of our work is to generalise the methods and techniques developed by Eskin, Fisher and
Whyte to a wider set of horospherical products X ‰ Y . In order to do that, the spaces X and Y are
endowed with appropriate measures (see Definition 3.1). Once endowed with suitable measures, X and
Y are called horopointed admissible spaces.

To be more precise let X (respectively X 0, Y , Y 0) be a horopointed admissible space with exponential
growth parameter m (respectively m0, n, n0). When X is a regular tree, the parameter m is related to the
degree of X . When X is a negatively curved Lie group R ËAN , the parameter m is tr.A/, the trace of A.

Let ˆ W X‰ Y ! X 0‰ Y 0 be a quasi-isometry. The map ˆ is called a product map if and only if
there exist two maps ˆX WX!X (or ˆX WX! Y ) and ˆY W Y ! Y (or ˆY W Y !X ) such that for all
.x; y/ 2X‰Y we have either

ˆ.x; y/D .ˆX .x/;ˆY .y// or ˆ.x; y/D .ˆY .y/;ˆX .x//:
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Our main theorem states that, when m> n and m0 > n0, any quasi-isometry ˆ W X‰Y ! X 0‰Y 0 is
close to a product map.

Theorem A (geometric rigidity) Let X , X 0, Y and Y 0 be horopointed admissible measured metric spaces
with m > n and m0 > n0 and let ˆ W X ‰ Y ! X 0‰ Y 0 be a quasi-isometry. Then there exist two
quasi-isometries ˆX WX !X 0 and ˆY W Y ! Y 0 such that

d‰.ˆ; .ˆ
X ; ˆY // <C1:

This is a generalisation of Theorems 2:1 and 2:3 of [8]. While completing the proof of this result, we
obtained a first quasi-isometry invariant in horospherical products.

Theorem B When m> n, the parameter m
n

is a quasi-isometry invariant.

Let R ËA1 N1 and R ËA2 N2 be two simply connected, negatively curved, solvable Lie groups (also
called Heintze groups). In Section 5 we show that this couple of Heintze groups is admissible, and that
the condition m> n is equivalent to tr.A1/ > tr.A2/. We obtain a necessary condition for the existence
of a quasi-isometry on solvable Lie groups. The horospherical product of these two Heintze groups is
isomorphic to

G WDR ËDiag.A1;�A2/ .N1 �N2/;

defined by the diagonal action of R, t 7! .exp.tA1/; exp.�tA2// on N1 �N2.
We say that G is Carnot-Sol type if N1 and N2 are Carnot groups and if A1 and A2 are multiples of

Carnot derivations of N1 and N2 respectively. In the literature (see [19] for example), Carnot type stands
for Lie groups with N2 D f1g. Here we extend the denominations to nonhyperbolic Lie groups.

Using the previous quasi-isometry invariants we obtain the following quasi-isometry classification.

Theorem C Let G D R ËDiag.A1;�A2/ .N1 �N2/ and G0 D R ËDiag.A01;�A
0
2/
.N 01 �N

0
2/ be Carnot-Sol

type , nonunimodular Lie groups. Then

(1) G and G0 are quasi-isometric () G and G0 are isomorphic:

The case where N2 D f1g is treated in Corollary 12.4 of [19].
Recall that a group G is called metabelian if ŒG;G� is abelian (when both N1 and N2 are euclidean

spaces). In this case, a similar quasi-isometry classification is deduced from [21; 22]. Both the quasi-
isometry classification for the metabelian groups and for Carnot-Sol type groups are special cases of
Conjecture 19.113 of [5] that we recall.

Conjecture 0.1 Let S and S 0 be completely solvable Lie groups. Then S and S 0 are quasi-isometric if
and only if they are isomorphic.

Classifying completely solvable Lie groups up to quasi-isometry would yield the quasi-isometry
classification of all connected Lie groups; see [4].

For i 2 f1; 2g, let Ni and N 0i be two simply connected, nilpotent groups and let Ai 2 Lie.Ni / and
A0i 2 Lie.N 0i / be derivations. Let G WDRËDiag.A1;�A2/ .N1�N2/ and G0 WDRËDiag.A01;�A

0
2/
.N 01�N

0
2/.
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In this general setting of horospherical products of Heintze groups we have the following necessary
conditions for being quasi-isometric.

Proposition D Let us assume that tr.A1/ > tr.A2/ and tr.A01/ > tr.A02/. If G and G0 are quasi-isometric ,
then we have that , for i 2 f1; 2g,

(1) Ni and N 0i are bilipschitz;

(2) Ai and tr.A1/
tr.A01/

A0i share the same characteristic polynomial.

With the same setting, using the geometric rigidity on self quasi-isometries of this family of solvable
Lie groups, we provide a characterisation of their quasi-isometry group.

Recall that for F a metric space, QI.F /=� is the group of self quasi-isometries of F , up to finite
distance. (This equivalence relation is required since a quasi-isometry only has a coarse inverse.) Recall
also that Bilip.F / stands for the group of self bi-Lipschitz maps of F . Then we have:

Theorem E If tr.A1/¤ tr.A2/,

QI.R ËDiag.A1;�A2/ .N1 �N2//=�D Bilip.N1/�Bilip.N2/:(2)

Here we choose the horospherical product metric on R ËDiag.A1;�A2/ .N1 �N2/.
In the course of this proof we also obtain that any self quasi-isometry of R ËDiag.A1;�A2/ .N1 �N2/

is a rough isometry. Le Donne, Pallier and Xie [18] proved that when you change the left-invariant
Riemannian metric of one of these solvable Lie groups, the identity map is a rough similarity. Hence self
quasi-isometries are rough isometries with respect to any left-invariant distances.

Outline of the proof

Let X and Y be two Gromov hyperbolic spaces, and let ˇX WX !R and ˇY W Y !R be two Busemann
functions. We call height functions hX and hY the opposite of the Busemann functions. The horospherical
product of X and Y , denoted by X ‰ Y , is defined as the set of points in X � Y such that the two
Busemann functions (or the height functions) add up to zero:

X‰Y WD f.x; y/ 2X �Y j ˇX .x/CˇY .y/D 0g:

A Busemann function is associated with a unique point on the boundary. We call any geodesic ray in the
equivalence class of this point a vertical geodesic ray.

In order to generalise the proof of Eskin, Fisher and Whyte developed in [8; 9], the horospherical
products have to be equipped with appropriate measures presented in Definition 3.1.

Briefly speaking, for the measured space .X; �X /, the measure �X must verify three assumptions.
Assumption (E1) allows us to disintegrate �X on its horospheres, assumption (E2) provides us with a
bounded geometry on horospheres and (E3) ensures an exponential contraction (of exponent m) of the
horospheres’ measures in the upward vertical direction.

LetX (respectivelyX 0, Y , Y 0) be a horopointed admissible space with exponential growth parameterm
(respectively m0, n, n0).

Algebraic & Geometric Topology, Volume 26 (2026)
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Most of this paper focuses on proving Theorem A. To do so we will use three major tools:

� We use coarse vertical quadrilaterals, which are realised by four points (the vertices) whose neighbour-
hoods are linked by vertical geodesics (the edges). In Proposition 2.11, we show that coarse vertical
quadrilaterals are rigid: two of the four points almost share the same X-coordinate and the two other
almost share the same Y -coordinate.

� We use box tilings of different scales for X‰Y , suitable for the vertical flow. The boxes correspond
to euclidean rectangular cuboids in the Sol geometry.

� We use coarse differentiation: given a quasi-isometry ˆ WX‰Y !X 0‰Y 0, there exists a suitable
scale R for the box tiling of X‰Y . Suitable here means that the image by ˆ of most vertical geodesic
segments of length R are close to a vertical geodesic segment.

With these tools, the proof can be summarised as follows. Letˆ WX‰Y !X 0‰Y 0 be a quasi-isometry.

Step 1 By the coarse differentiation, there exists a scale R such that in the box tiling at scale R of X‰Y ,
the quasi-isometry ˆ mostly preserves the vertical direction on most of the boxes at scale R. This means
that on most of the boxes, most vertical geodesic segments are sent close to a vertical geodesic segment
by ˆ.

Step 2 Then in most of the boxes at scale R, most of the vertical quadrilaterals are sent close to vertical
quadrilaterals by ˆ. Therefore, by the rigidity property of these configurations, on most of the boxes B
the quasi-isometry ˆ is close to a product map �̂jB D .�̂X ; �̂Y / or .�̂Y ; �̂X /.
Step 3 If m> n and m0 > n0 then all product maps have the form �̂B D .ˆ

X ; ˆY /. Therefore by gluing
them together, we show that there exists L�R such that on all boxes at scale L, the map ˆ is close to a
product map �̂D .ˆX ; ˆY /.
Step 4 We show that ˆ quasi-respects the height, and then we use this last result on ˆ�1 to show that ˆ
sends all vertical geodesics close to vertical geodesics. Therefore all vertical quadrilateral configurations
are preserved by ˆ, and hence ˆ itself is close to a product map on all X‰Y .

A major technical issue in this proof is to manage the notion of “almost all” vertical geodesic segments
having a certain property. The disintegrable measure � of assumption (E1) is not suited for this role since
it concentrates the measure of a box on its bottom part. Therefore we introduce another disintegrable
measure �, constructed from �, which (almost) equally weights the level-sets of the height function h in
boxes.

Such a measure �X on X , together with a similar measure �Y on Y , allows us to define a suitable
measure (later denoted by �) on the family of vertical geodesics contained in a box B �X‰Y .

The geometric rigidity has useful consequences when we understand the boundaries of X and Y .
In this case, Theorem A leads to a description of the quasi-isometry-group of X‰Y . In the last section
of this paper, we detail such a description for the horospherical product of two Heintze groups.
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Organisation of the paper

This work, about the geometric rigidity of quasi-isometries between two horospherical products, is
organised as follows.

� In Section 2 we display the coarse differentiation in our context, and we discuss particular quadrilateral
configurations of X‰Y .

� Section 3 focuses on developing all the measure-theoretical tools required to achieve the rigidity
results.

� Then, in Section 4, we follow the structure of the proof proposed by Eskin, Fisher and Whyte [8],
invoking technical tools of previous chapters when required.

� In the last section we present an application of our theorem by providing new quasi-isometric
classifications for some families of solvable Lie groups. We also provide a description of the
quasi-isometry group of a wider family of solvable Lie groups.

1 Context
1.1 Gromov hyperbolic, Busemann spaces

Let ı > 0, and let .X; dX / and .Y; dY / be two ı-hyperbolic spaces (see [1, Part III, H, p. 399; 12] for
more details on Gromov hyperbolic spaces). We present here the context in which we will construct
our horospherical product. We require that X and Y are both proper, geodesically complete, Busemann
spaces.

� A metric space is called proper if all closed metric balls are compact.

� A geodesic line, respectively ray, segment, ofX is the isometric image of a Euclidean line, respectively
half Euclidean line, interval, in X . We denote by Œx1; x2� a geodesic segment linking x1 2 X to
x2 2X .

� A metric space X is called geodesically complete if all geodesics are infinitely extendable.

� A metric space is called Busemann if the distance between any couple of geodesics parametrised by
arclength is a convex function. (See [20, Chapters 8 and 12] for more details on Busemann spaces.)

An important property of Gromov hyperbolic spaces is that they admit a nice compactification thanks to
their Gromov boundary. We call two geodesic rays of X equivalent if their images are at finite Hausdorff
distance. Letw 2X be a base point. We define @wX , the Gromov boundary ofX , as the set of equivalence
classes of geodesic rays starting from w. While @wX as a set depends on the choice of the base point w,
it is topologically independent of w under the cone topology. We denote the Gromov boundary simply
by @X when the choice of w does not matter topologically. The cone topology on X [ @X restricts to the
natural topology on X , and with this topology, X [ @X is compact (see [1] for further details on the cone
topology). In this context, the Gromov boundary coincides with the visual boundary.

Algebraic & Geometric Topology, Volume 26 (2026)
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Let us fix a point a 2 @X on the boundary. We call vertical geodesic ray, respectively vertical geodesic
line, any geodesic ray in the equivalence class a, respectively any geodesic line with one of its half-lines
in a. The study of these specific geodesic rays is central in this work.

The Busemann assumption removes some technical difficulties in a significant number of proofs in this
work. IfX is a Busemann space in addition to being Gromov hyperbolic, for all x 2X there exists a unique
vertical geodesic ray, denoted by Vx , starting at x. In fact the distance between two vertical geodesics
starting at x is a convex and bounded function, hence decreasing and therefore constant equal to 0.

The construction of the horospherical product of two Gromov hyperbolic space X and Y requires
the so called Busemann functions. Their definition is simplified by the Busemann assumption. Let us
consider @X , the Gromov boundary of X (which, in this setting, is the same as the visual boundary). Both
the boundary @X and X [ @X , endowed with the natural Hausdorff topology, are compact. Then, given
a 2 @X a point on the boundary, and w 2 X a base point, we define a Busemann function ˇ.a;w/ with
respect to a and w by

ˇ.a;w/.x/ WD lim sup
t!C1

�
d.x; Vw.t//� t

�
for all x 2X;

where Vw is the unique vertical geodesic ray starting from w. In all our results, X and Y will be proper,
geodesically complete, Gromov hyperbolic, Busemann spaces, with some additional assumptions from
time to time.

1.2 Horospherical products

Let aX 2 @X , aY 2 @Y be points on the boundaries and let wX 2X , wY 2Y be base points. Let us denote
by hX WD �ˇ.aX ;wX / and hY WD �ˇ.aY ;wY / the two corresponding height functions. The horospherical
product of X and Y , relative to .aX ; wX / and .aY ; wY /, denoted by X‰Y is defined by

X‰Y WD f.x; y/ 2X �Y j hX .x/C hY .y/D 0g:

The set X‰Y can be seen as a diagonal in X �Y . It is constructed by gluing X with an upside down
copy of Y along their respective horospheres. This construction, illustrated in Figure 1, can also be seen
as the union of the direct products between opposite horospheres in X and Y ,

X‰Y D
G
z2R

Xz �Y�z :

From now on, with a slight abuse, we omit the reference to the base points and points on the boundaries
in the construction of the horospherical product.

To study the geometry of a horospherical product X‰Y , we make additional assumptions on X and Y .
We require them to be Gromov hyperbolic, Busemann, geodesically complete and proper metric spaces.

(1) X is geodesically complete if and only if all geodesic segments of X can be extended into a geodesic
bi-infinite line.

(2) X is proper if and only if all closed metric balls of X are compact.

Algebraic & Geometric Topology, Volume 26 (2026)
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X ×z Y− z

X Y

h

z Y− z

Xz

Figure 1: Horospherical product X‰Y .

If X and Y satisfy these two additional conditions, the horospherical product X‰Y is connected (see
[11, Property 3.11]).

Example 1.1 Let X be a Gromov hyperbolic, Busemann, geodesically complete and proper metric space.
Then X‰R is isometric to X . In particular, if V Y is a vertical geodesic line of Y , the product X‰V Y

is an isometric embedding of X in X‰Y .

The three (nontrivial) first examples of horospherical products appeared independently in the literature.
They correspond to the case where X and Y are either a regular infinite tree Tm of degree m or the
hyperbolic plane H2. We list them here:

(1) Tm‰Tn is the Diestel–Leader graph DL.m; n/. When mD n, this horospherical product is a Cayley
graph of the lamplighter group Z oZm. See Figure 2 for a subset of T3‰T3.

(2) H2;m‰H2;n is the Lie group R Ë.m;n/ R2 D Sol.m; n/, one of the eight Thurston geometries
when mD n. By H2;m we mean the manifold R2 endowed with the infinitesimal Riemannian metric
ds2 D e�2mzdx2C dz2. The action associated to the aforementioned semidirect product is described by
.z; .x; y// 7! .emzx; e�nzy/.

(3) Tm‰H2 is a Cayley 2-complex of the Baumslag–Solitar group BS.1;m/.

Figure 2: Small neighbourhood in T3‰T3.

Algebraic & Geometric Topology, Volume 26 (2026)
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The awareness of them being identically constructed from Gromov hyperbolic spaces came later, and a
survey on these three examples is provided by Wolfgang Woess [24].

Another approach is to consider the hyperbolic plane H2;m as the affine Lie group RËmR with action
by multiplication .z; x/ 7! emzx, and the Sol geometry Sol.m; n/ as the Lie group R Ë.m;n/R2. In this
context we have that .R ËmR/‰ .R ËnR/DR Ë.m;n/R2. The natural next step is to consider which
Lie group can be taken as a component in a horospherical product.

A Heintze group is a Lie group of the form RËAN with N a nilpotent Lie group, with A the derivation
of the Lie algebra and where all eigenvalues of A have positive real part. Heintze [16] proved that any
simply connected, negatively curved solvable Lie group is isomorphic to a Heintze group.

Moreover, a Busemann metric space is simply connected, hence any Gromov hyperbolic, Busemann
Lie group is isomorphic to a Heintze group. Consequently, Heintze groups are natural candidates for the
two components from which a horospherical product is constructed. Let R ËA1 N1 and R ËA2 N2 be two
Heintze groups. We have

.R ËA1 N1/‰ .R ËA1 N1/DR ËDiag.A1;�A2/ .N1 �N2/;

where Diag.A1;�A2/ is the block diagonal matrix containing A1 and �A2 on its diagonal.
Xie [25] classified the subfamily of all negatively curved Lie groups R Ë Rn up to quasi-isometry.

In Section 5, we provide a description of the quasi-isometry group of the horospherical product of two
Heintze groups, namely the solvable Lie groups R ËDiag.A1;�A2/ .N1 �N2/.

1.3 Settings

In this chapter we recall some material about horospherical products.
In order to lighten the notation, we will not fully describe the multiplicative and additive constants

involved in inequalities. We will use the following notation instead.

Notation 1.2 Let A;B 2R and e a parameter (set, real numbers, . . . ). Let us write:

(1) A�e B if and only if there exists a constant M.e/ depending only on e such that A�M.e/B .

(2) A�e B if and only if B �e A�e B .

If the constant M is a specific integer such as 2, we will simply write A � B , and similarly A � B ,
A� B . The notation �e might also appear for parameters in several results of this paper. In this context
it means that there exists a constant depending only on e such that the implied result holds.

A metric space is called geodesically complete if all its geodesic segments can be extended into
geodesic lines, therefore when the space is also Gromov hyperbolic and Busemann space, with respect to
a 2 @X , any point is included in a vertical geodesic line (not necessarily unique).

We define the relative distance between two points x1 and x2 of X as

dr.x1; x2/D d.x1; x2/��h.x1; x2/:

Algebraic & Geometric Topology, Volume 26 (2026)
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h

V1 V2

hdiv(V1,V2)

d 1≤

Figure 3: Figure of Corollary 1.4.

It can be understood as the distance along a level-set of the Busemann function. Let us recall Lemma 4.7
of [11].

Lemma 1.3 Let X be a proper , ı-hyperbolic , Busemann space. Let V1 and V2 be two vertical geodesics
of H . Let t1; t2 2R and let us define D WD 1

2
dr.V1.t1/; V2.t2//. Then , for all t 2 Œ0;D�,

(3) jdr.V1.t1CD� t /; V2.t1CD� t //� 2t j � 288ı:

Corollary 1.4 Let V1, V2 be two vertical geodesics of X . Then there exists a height hdiv.V1; V2/ 2 R

from which V1 and V2 diverge from each other:

(1) 8t � hdiv.V1; V2/, we have d.V1.t/; V2.t//�ı 1;

(2) 8t � hdiv.V1; V2/, we have jd.V1.t/; V2.t//� 2.hdiv.V1; V2/� t /j �ı 1.

This corollary is illustrated in Figure 3. We also have a more quantitative version.

Lemma 1.5 [11, Lemma 4.3] Let H be a ı-hyperbolic and Busemann metric space , let x and y be
two elements of H such that h.x/ � h.y/, and let ˛ be a geodesic linking x to y. Let us define
z D ˛

�
�h.x; y/C 1

2
dr.x; y/

�
, x1 WD Vx

�
h.y/C 1

2
dr.x; y/

�
the point of Vx at height h.y/C 1

2
dr.x; y/

and y1 WD Vy
�
h.y/C 1

2
dr.x; y/

�
the point of Vy at the same height h.y/C 1

2
dr.x; y/. Then

(1) supp2˛.h.p//� h.y/C
1
2
dr.x; y/� 96ı;

(2) d.z; x1/� 144ı;

(3) d.z; y1/� 144ı;

(4) d.x1; y1/� 288ı.

We list here some notation we will use in later sections.

Algebraic & Geometric Topology, Volume 26 (2026)
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h

z

A

pz (A)

V

Figure 4: Projection of A on Xz .

Notation 1.6 Let X be a proper, geodesically complete, ı-hyperbolic, Busemann space.

(1) Let us denote the r-neighbourhood of U for all U �X and for all r � 0 by

(4) Nr.U / WD fx 2X j d.x; U /� rg:

(2) For all x 2X let us denote by Vx the unique vertical geodesic ray such that Vx.0/D x.

(3) For a subset A�X , let us define

h�.A/ WD inf
x2A

.h.x//I hC.A/ WD sup
x2A

.h.x//:(5)

(4) For a subset A�X and a height z 2R, we denote the slice of A at the height z by Az WDA\h�1.z/.
Therefore the horospheres of X are denoted by Xz for z 2R.

(5) Given a point p 2 X and a radius r 2 RC, let us denote the ball of radius r included in the
horosphere Xh.p/ by Dr.p/ WD fx 2X j h.x/D h.p/ and d.x; p/� rg D B.p; r/\Xh.p/.

(6) 8z 2R, 8U �Xz , 8r > 0, the r-interior of U in Xz is defined by

Intr.U / WD fp 2 U j d.p; q/� r; 8q 2Xz nU g:

Vertical geodesics of X can be understood as being normal to horospheres of X .

Definition 1.7 (projection on horospheres) LetX be a Gromov hyperbolic, Busemann, proper, geodesically
complete metric space. Then, for all A�X and all z � h�.A/,

(6) �z.A/ WD fx 2Xz j Vx \A¤¿g:

The definition of this projection along the vertical flow is illustrated in Figure 4. The following lemma
shows that the projection of a disk on a horosphere is almost a disk, It will be used in further subsequent
sections.
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z

M

2(z− z0) +M

VpVx

Figure 5: Proof of Lemma 1.8.

Lemma 1.8 Let X be a Gromov hyperbolic , Busemann , proper , geodesically complete metric space. Let
z0 2R and p 2Xz0 . Then for M � 288ı we have that , for all z � z0 and for all pz 2 �z.fpg/,

D2.z0�z/�M .pz/� �z.DM .p//�D2.z0�z/CM .pz/:

Proof This lemma is a corollary of Lemma 1.3 and is illustrated in Figure 5. Let M D 288ı be the
constant involved in Lemma 1.3.

Let us prove the first inclusion. Let x 2D2.z0�z/�M .pz/. Then d.x; pz/ � 2.z0 � z/�M . Let us
denote by Vx a vertical geodesic containing x and Vp a vertical geodesic containing p and pz . We apply
Lemma 1.3 with t1 D t2 D z, V1 D Vx and V2 D Vp, then D D d.x;pz/

2
. Moreover

zCD D zC
d.x; pz/

2
� zC .z0� z/�

M

2
� z0:

Therefore, by the Busemann convexity of X , the distance between vertical geodesic ray is convex and
bounded, hence decreasing. Therefore

d.Vx.z0/; p/D d.Vx.z0/; Vp.z0//� d.Vx.zCD/; Vp.zCD//;

�M .by Lemma 1.3 used with t D 0/;

which means that x 2 �z.DM .p//.
Let us now prove the second inclusion, which is

(7) �z.DM .p//�D2.z0�z/CM .pz/:

Let x 2 �z.DM .p//. Then d.Vx.z0/; Vp.z0//�M . Therefore by the triangle inequality

d.x; pz/D d.Vx.z/; Vp.z//� d.Vx.z/; Vx.z0//C d.Vx.z0/; Vp.z0//C d.Vp.z0/; Vp.z//

� .z0� z/CM C .z0� z/D 2.z0� z/CM:

Hence x 2D2.z0�z/CM .pz/.
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Notation 1.6 can be extended to horospherical products.

Notation 1.9 Let X and Y be two proper, hyperbolic, geodesically complete, Busemann spaces.

(1) We denote the r-neighbourhood of U , for all U �X‰Y and for all r � 0, by

(8) Nr.U / WD fp 2X‰Y j d‰.p; U /� rg:

(2) The difference of height between two points a; b 2X‰Y is still denoted by�h.a; b/ WD jh.a/�h.b/j.

(3) We still denote, for all z 2R and A�X‰Y , by Az WD A\ h�1.z/ the “slice” of A at the height z.

(4) We still denote, for all r � 0 and p 2X‰Y , by

Dr.p/ WD fx 2X j h.p/D h.x/ and d‰.p; x/� rg D B.p; r/\ .X‰Y /h.p/

the ball of radius r in the height level set containing p.

We recall other useful results of [11] that we will use later. First the fact that the height function is
Lipschitz.

Lemma 1.10 [11, Lemma 3.6] Let N be an admissible norm , and let d‰ the distance on X‰Y induced
by N . Then the height function is 1-Lipschitz with respect to the distance d‰, i.e.,

(9) 8p; q 2X‰Y; d‰.p; q/��h.p; q/:

Here is a description of the distance in Horospherical products.

Theorem 1.11 [11, Corollary 4.13] For all p; q 2X‰Y ,

jd‰.p; q/� .dY .p
Y ; qY /C dX .p

X ; qX /��h.p; q//j �‰ 1:

Here is one central result of [1]. Let us denote by l.c/ the length of a path c.

Proposition 1.12 [1, Proposition 1.6, p. 400] Let X be a ı-hyperbolic geodesic space. Let c be a
continuous path in X . If Œp; q� is a geodesic segment connecting the endpoints of c, then , for every
x 2 Œp; q�,

d.x; im.c//� ıjlog2 l.c/jC 1:

We also provide two more definitions that will be used in future sections. First a projection on level-sets
of the height function.

Definition 1.13 Let z0; z 2R and let U � .X‰Y /z0 . Then we define the projection of U on .X‰Y /z
by

�‰z .U / WD fp 2 .X‰Y /z j 9V a vertical geodesic such that p 2 V and V \U ¤¿g:

Then we define X -horospheres and Y -horospheres as horospheres of hyperbolic spaces embedded in
X‰Y , illustrated in Figure 6.
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Figure 6: X -horosphere in X‰Y .

Definition 1.14 The set H �X‰Y is called

(1) an X -horosphere if there exists y 2 Y such that H DX‰fyg DX�h.y/ � fyg,

(2) a Y -horosphere if there exists x 2X such that H D fxg‰Y D fxg �Y�h.x/.

From now on, we will work in a horospherical product X‰Y of two proper, geodesically complete,
ı-hyperbolic and Busemann spaces.

2 Metric aspects and metric tools in horospherical products

Throughout this section we fix two constants k � 1 and c � 0. We recall the notions of quasi-isometry
and quasi-geodesic.

Definition 2.1 (.k; c/-quasi-isometry) Let .E; dE / and .F; dF / be two metric spaces. A map ˆ WE!F

is called a .k; c/-quasi-isometry if and only if

(1) for all x; x0 2E, we have k�1dE .x; x0/� c � dF .ˆ.x/;ˆ.x0//� kdE .x; x0/C c;

(2) for all y 2 F , there exists x 2E such that d.ˆ.x/; y/� c.

A map satisfying Definition 2.1(1) is called a quasi-isometric embedding of E.

Definition 2.2 (.k; c/-quasigeodesic) Let E be a metric space. A .k; c/-quasigeodesic segment, respec-
tively ray, line, of E is a .k; c/-quasi-isometric embedding of a segment, respectively Œ0IC1/, R,
into E.

Gouëzel and Shchur [13, Lemma 2.1] proved that any .k; c/-quasigeodesic segment is included in the
2c-neighbourhood of a continuous .k; 4c/-quasigeodesic segment sharing the same endpoints. Therefore,
without loss of generality, we may consider that all quasi-geodesic segments are continuous.

This section gathers several geometric results on horospherical products, including the generalisation
in our context of Lemmas 4.6, 3.1 and the coarse differentiation previously obtained by Eskin, Fisher
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and Whyte in [8]. Propositions 2.6, 2.11 and Corollary 2.7 of this section will be especially useful in the
following proofs.

At first, a reader who is more interested in the rigidity result on horospherical product can take these
propositions for granted and jump to the next sections.

When A�e B , and e D .X‰Y; d/ is a horospherical product, we shall write A�‰ B as a short-cut,
and similarly �‰, �‰ and M.‰/ for a constant depending only on the metric horospherical product
.X‰Y; d‰/.

2.1 "-monotonicity

We introduce "-monotone quasigeodesics, which happen to remain close to vertical geodesics. This fact
plays a key role in our argument and will be proved later.

Definition 2.3 ("-monotone quasigeodesic) Let " � 0 and let ˛ W Œ0; R�! X‰ Y be a quasigeodesic
segment. Then ˛ is called "-monotone if and only if

(10) 8t1; t2 2 Œ0; R�;
�
h.˛.t1//D h.˛.t2//

�
D) .jt1� t2j � "R/:

Since ˛ is assumed to be continuous, a 0-monotone quasigeodesic has monotone height, h ı˛ is either
decreasing or increasing. We first show that in X‰Y , the projections on X and Y of an "-monotone
quasigeodesic are also quasigeodesics.

Theorem 2.4 Let ">0,R> 1
"

, and ˛D .˛X ; ˛Y / W Œ0; R�!X‰Y be an "-monotone .k; c/-quasigeodesic
segment. Then there exists a constant M.‰; k; c/ (depending only on‰, k and c) such that ˛X and ˛Y

are .4k;M"R/-quasigeodesics.

A portion of the proof of Theorem 2.4 is illustrated in Figure 7.

Proof We know that 8p1 D .pX1 ; p
Y
1 /, p2 D .pX2 ; p

Y
2 / 2 X ‰ Y we have (this is the admissible

assumption we made on the norm underneath the distance d‰)

(11) d‰.p1; p2/�
dX .p

X
1 ; p

X
2 /C dY .p

Y
1 ; p

Y
2 /

2
:

Therefore we have that ˛X satisfies the upper-bound assumption of quasigeodesics

8s1; s2 2 Œ0; R�; dX .˛
X .s1/; ˛

X .s2//� 2d‰.˛.s1/; ˛.s2//� 2kjs1� s2jC 2c:

We want to find an appropriate c0 � c such that ˛X satisfies the lower-bound condition of a .4k; c0/-
quasigeodesic. Let c0 � c and let us assume that ˛X does not satisfy the lower-bound condition of a
.4k; c0/-quasigeodesic, we will show that this provides us with an upper-bound on c0. Indeed, consider
s1; s2 2 Œ0; R� such that

0� dX .˛
X .s1/; ˛

X .s2//�
1

4k
js1� s2j � c

0:(12)
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Figure 7: Proof of Theorem 2.4.

Therefore, by the Lipschitz property of h,

(13)

�h.˛X .s1/; ˛
X .s2//� dX .˛

X .s1/; ˛
X .s2//�

1

4k
js1� s2j � c

0

�
1
4
d‰.˛.s1/; ˛.s2//C

c

4
� c0 .since ˛ is a .k; c/-quasigeodesic/:

Theorem 1.11 gives us the existence of a constant M.‰/ depending only on X , Y and the underlying
norm of d‰ such that

dY .˛
Y .s1/; ˛

Y .s2//(14)

� d‰.˛.s1/; ˛.s2//� dX .˛
X .s1/; ˛

X .s2//C�h.˛.s1/; ˛.s2//�M

� d‰.˛.s1/; ˛.s2//� dX .˛
X .s1/; ˛

X .s2//�M

� d‰.˛.s1/; ˛.s2//�
1

4k
js1� s2jC c

0
�M .by assumption (12)/

� d‰.˛.s1/; ˛.s2//�
1
4
d‰.˛.s1/; ˛.s2//�

c

4k
C c0�M .since ˛ is a .k; c/-quasigeodesic/

�
1
2
d‰.˛.s1/; ˛.s2//�

c

4
C c0�M .since k � 1/:(15)

Without loss of generality, we may assume that

max
�
h.˛Y .s1//; h.˛

Y .s2//
�
D h.˛Y .s2//:

Applying Lemma 1.5 on the geodesic Œ˛Y .s1/; ˛Y .s2/� of Y gives us

hC.Œ˛Y .s1/; ˛
Y .s2/�/� h.˛

Y .s2//C
1
2

�
dY .˛

Y .s1/; ˛
Y .s2//��h.˛

Y .s1/; ˛
Y .s2//

�
�M.‰/:
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However ˛Y is a continuous path between ˛Y .s1/ and ˛Y .s2/, then by Proposition 1.12, there exists
s0 2 Œs1; s2� such that

h.˛Y .s0//� h.˛
Y .s2//C

1
2

�
dY .˛

Y .s1/; ˛
Y .s2//��h.˛

Y .s1/; ˛
Y .s2//

�
� ı log2

�
dY .˛

Y .s1/; ˛
Y .s2//

�
�M.‰/:

Therefore, by inequalities (13) and (15),

h.˛Y .s0//� h.˛
Y .s2//C

1
4
d‰.˛.s1/; ˛.s2//�

1
8
d‰.˛.s1/; ˛.s2//�

c

4
C c0�

c

8
C
1
2
c0

� ı log2
�
dY .˛

Y .s1/; ˛
Y .s2//

�
�
M.‰/

2

� h.˛Y .s2//C
1
8
d‰.˛.s1/; ˛.s2//� ı log2

�
dY .˛

Y .s1/; ˛
Y .s2//

�
C
3
2
c0�M.‰; c/:

However

2d‰ � dX C dY � dY ;

hence

(16) h.˛Y .s0//� h.˛
Y .s2//C

1
8
d‰.˛.s1/; ˛.s2//� ı log2

�
d‰.˛.s1/; ˛.s2//

�
C
3
2
c0�M.‰; c/:

Furthermore, there exists r0 2 R depending only on ı such that 8r � r0, 1
8
r � ı log2.r/ >

1
10
r holds.

Therefore, one of the two following statements holds:

(a) d‰.˛.s1/; ˛.s2// < r0.

(b) 1
8
d‰.˛.s1/; ˛.s2//� ı log2

�
d‰.˛.s1/; ˛.s2//

�
�

1
10
d‰.˛.s1/; ˛.s2//.

We will deal with the first case (a) at the end of the proof. Let us assume that

d‰.˛.s1/; ˛.s2//� r0

hence (b), then, by inequality (16),

h.˛Y .s0//� h.˛
Y .s2//C

1
10
d‰.˛.s1/; ˛.s2//C

3
2
c0�M.‰; c/:(17)

Then we either have d‰.˛.s1/; ˛.s2// � M.‰; c/ (up to multiplying by 10 the constant M ), or
h.˛Y .s0//� h.˛

Y .s2//. In the case d‰.˛.s1/; ˛.s2//�M.‰; c/, we have

js1� s2j �k;c;‰ 1

since ˛ is a quasigeodesic, and therefore c0 �k;c;‰ 1 following assumption (12). In the other case we
have

h.˛Y .s0//� h.˛
Y .s2//;
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therefore there exists s01 2 Œs1; s0� such that h.˛Y .s01//D h.˛
Y .s2//, since ˛ is continuous. Hence

d‰.˛.s
0
1/; ˛.s2//

�
1

k
js01� s2j � c �

1

k
.js01� s0jC js0� s2j/�M.c/ .since ˛ is a quasigeodesic/

�
1

k2

�
d‰.˛.s

0
1/; ˛.s0//C d‰.˛.s0/; ˛.s2//

�
�M.k; c/ .since ˛ is a quasigeodesic/

�
1

k2

�
�h.˛.s01/; ˛.s0//C�h.˛.s0/; ˛.s2//

�
�M.k; c/ .by Lemma 1.10/

�
2

k2
�h.˛.s0/; ˛.s2//�M.k; c/

�
since h.˛.s01//D h.˛.s2//

�
�

1

5k2
d‰.˛.s1/; ˛.s2//C

3

k2
c0�M.k; c;‰/ .by (17)/:(18)

Moreover assumption (12) implies js1� s2j � 4kc0. Then

d‰.˛.s1/; ˛.s2//�
1

k
js1� s2j � c � 4c

0
� c:

Combined with inequality (18) it gives us

d‰.˛.s
0
1/; ˛.s2//�

19

5k2
c0�M.k; c;‰/:

Since ˛ is "-monotone and because h.˛Y .s01//D h.˛
Y .s2//, we have

"R � js01� s2j � d‰.˛.s
0
1/; ˛.s2//�

19

5k2
c0�M.k; c;‰/:

Hence

c0 �M.k/"RCM.k; c;‰/:

We proved that if ˛X does not satisfy the lower bound inequality for being a .4k; c0/-quasigeodesic, then

c0 �M.k/"RCM.k; c;‰/:

Thus, when "R � 1, there exists a constant M.k; c;‰/ such that ˛X is a .4k;M"R/-quasigeodesic in
both subcases of case .b/ under consideration. Similarly we show that ˛Y is a .4k;M"R/-quasigeodesic
segment of Y .

For case (a), let us assume that each couple of times .s1; s2/ 2 Œ0; R�2 that contradicts the lower-bound
hypothesis of a .4k;M"R/-quasigeodesic verifies that d‰.˛.s1/; ˛.s2// < r0. Then ˛ is a .4k; r0/-
quasigeodesic, with r0 depending only on ı. Therefore ˛ is in both cases a .4k;M"R/-quasigeodesic,
with M depending only on k, c and X‰Y .

In the sequel we denote by dHff the Hausdorff distance induced by d‰. In the proof of Proposition 2.6
we use a quantitative version of the quasigeodesic rigidity in a Gromov hyperbolic space, provided by the
main theorem of [13].
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Figure 8: Proof of Proposition 2.6.

Theorem 2.5 [13] Consider a .k; C /-quasigeodesic segment ˛ in a ı-hyperbolic space X , and 
 a
geodesic segment between its endpoints. Then the Hausdorff distance dHff.˛; 
/ between ˛ and 
 satisfies

dHff.˛; 
/� 92k
2.C C ı/:

This quantitative version allows us to have a linear control with respect to C on the Hausdorff distance,
which is mandatory in our cases since C � "R. Combining this rigidity with the fact that projections ˛X

and ˛Y are also "-monotone provides us with the existence of vertical geodesic segments close to ˛.

Proposition 2.6 Let " > 0, R > 1
"

, and ˛ W Œ0; R�! X ‰ Y be an "-monotone .k; c/-quasigeodesic
segment. Then there exists a vertical geodesic segment V W Œ0; R�!X‰Y such that

(19) dHff.im.˛/; im.V //�k;c;ı "R:

This proposition corresponds to [8, Lemma 4.6].
Figure 8 is an illustration of the proof.

Proof By Theorem 2.4, ˛X is a .4k;M"R/-quasi-geodesic in X which is ı-hyperbolic, hence by
Theorem 2.5 there exists a geodesic 
X with the same endpoints as ˛X such that

dHff.im.˛X /; im.
X //�k;c;ı "R:

Let us define x1 WD ˛X .0/ and x2 WD ˛X .R/. The quasigeodesic ˛X is also "-monotone. Furthermore
[3, Proposition 2.2, page 19] gives us that 
X , which links x1 to x2, is included in the 24ı-neighbourhood
of two vertical geodesic rays V1 and V2 such that V1.0/D x1 and V2.0/D x2. Let us define � WD hC.
X /,
and let us recall that8t1; t22RC and for i 2f1; 2gwe have�h.Vi .t1/; Vi .t2//Djt1�t2j. Let us also define
by slight abuse 
X WD im.
X /, ˛X WD im.˛X /, V1 WD im.V1jŒ0;��h.x1/�/ and V2 WD im.V2jŒ0;��h.x2/�/.
Since � D hC.
X /D hC.V1/D hC.V2/ we have

dHff.

X ; V1[V2/�ı 1:
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Hence by the triangle inequality

dHff.˛
X ; V1[V2/�k;c;ı "R:(20)

Without loss of generality we can assume that h.x1/� h.x2/. Furthermore 
X is continuous, therefore
there exists a point of 
X close to both vertical geodesics (less than 24ı apart). Furthermore X is
Busemann convex, hence the distance between the two vertical geodesics is decreasing. Therefore
dX
�
V1.� � h.x1//; V2.� � h.x2//

�
�ı 1. We will use the "-monotonicity of ˛X to prove that � � h.x2/.

Let us denote by x01 a point of ˛X such that h.x01/D h.x2/ and such that dX .x01;V1/�k;c;ı "R. Since
˛X is "-monotone and a .4k;M"R/-quasigeodesic we have that dX .x01; x2/ �k;c "R, hence using the
triangle inequality we have

dX
�
V1.h.x2/� h.x1//; x2

�
� dX

�
V1.h.x2/� h.x1//; x

0
1

�
C dX .x

0
1; x2/

�k;c;ı "R:(21)

Let g1 2 im.
X / be the closest point to x1 at height h.x2/. Then

(1) dX
�
g1; V1.h.x2/� h.x1//

�
�ı 1;

(2) dX .g1; x2/� 2.hC.
X /� h.x2//.

We recall that � D hC.
X /. Then dX .g1; x2/� 2� � 2h.x2/� 0. Hence

j� � h.x2/j �
1
2
dX .g1; x2/�

1
2
dX
�
g1; V1.h.x2/� h.x1//

�
C
1
2
dX
�
V1.h.x2/� h.x1//; x2

�
�k;c;ı "R .by definition of g1 and inequality (21)/:

Hence V2jŒ0;��h.x2/� is a vertical geodesic segment of length �k;c;ı "R. Furthermore,

dX
�
V1.� � h.x1//; V2.� � h.x2//

�
�ı :

Therefore by the triangle inequality, any point of V2jŒ0;��h.x2/� is (up to a multiplicative constant) "R-close
to V1.� � h.x1//. Therefore dHff.V1 [V2; V1/ �k;c;ı "R. Therefore, by the triangle inequality we can
improve inequality (20) as follows:

dHff.˛
X ; V1/� dHff.˛

X ; V1[V2/C dHff.V1[V2; V1/

�k;c;ı "R .by inequality (20)/:

We deduce similarly that ˛Y is included in the M"R-neighbourhood of a vertical geodesic segment V 02.
Therefore, ˛ is included in the M"R-neighbourhood of the vertical geodesic segment .V1; V 02/.

As a corollary, we show that the height function along an "-monotone quasigeodesic is a quasi-isometry
embedding of a segment into R.

Corollary 2.7 Let ˛ W Œ0; R� 7!X‰Y be an "-monotone .k; c/-quasigeodesic segment. Then there exists
a constant M.k; c; ı/ such that the height function satisfies , for all t1; t2 2 Œ0; R�,

1

k
jt1� t2j �M"R ��h.˛.t1/; ˛.t2//� kjt1� t2jCM"R:(22)
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Proof Let t1; t2 2 Œ0; R�. The quasigeodesic upper-bound inequality

�h.˛.t1/; ˛.t2//� d‰.˛.t1/; ˛.t2//� kjt1� t2jC c

is straightforward since h is 1-Lipschitz and ˛ is a .k; c/-quasigeodesic. To achieve the lower-bound
inequality we use Proposition 2.6, hence there exists a vertical geodesic segment V W Œ0; R�! X‰Y

and a constant M.k; c; ı/ such that

(23) dHff.im.˛/; im.V //�M"R:

For i 2 f1; 2g, let si 2 Œ0; R� be such that d‰.˛.ti /; V .si //�M"R. Then by the triangle inequality

�h.˛.t1/; ˛.t2//��h.V.s1/; V .s2//� 2M"R

D js1� s2j � 2M"R .since V is vertical/:

However we can achieve, on js1� s2j, the lower-bound inequality

js1� s2j D d‰.V .s1/; V .s2//� d‰.˛.t1/; ˛.t2//� 2M"R .by the triangle inequality/

�
1

k
jt1� t2j � c � 2M"R .since ˛ is a quasigeodesic/;

which provides us with

�h.˛.t1/; ˛.t2//� js1� s2j � 2M"R �
1

k
jt1� t2j � 5M"R:

2.2 Coarse differentiation of a quasigeodesic segment

The coarse differentiation of a quasigeodesic ˛ consists in finding a scale r > 0 such that a subdivision
by pieces of length r of ˛ contains almost only "-monotone components (which are therefore close to
vertical geodesic segments). See Figure 9.

Proposition 2.9 provides us with the existence of such an appropriate scale.

Lemma 2.8 Let k � 1, c � 0 and " > 0. There exists M.k; c;‰; "/ such that for all r �M , N �M and
for all non "-monotone , .k; c/-quasigeodesic segment ˛ W Œ0; r�!X‰Y we have

(24)
N�1X
jD0

�h

�
˛

�
jr

N

�
; ˛

�
.j C 1/r

N

��
��h.˛.0/; ˛.r//�k;c‰ "r:

This proposition corresponds to [8, Lemma 4.7].

Proof Since ˛ is non "-monotone, there exist t1; t3 2 Œ0; r� such that

(25) h.˛.t1//D h.˛.t3// and jt1� t3j> "r:

We can assume without loss of generality that h.˛.0//� h.˛.t1//� h.˛.r// with t1 < t3. Since ˛ is a
.k; c/-quasigeodesic we have d‰.˛.t1/; ˛.t3//� "r

k
� c. By Theorem 1.11, there exists M.‰/ such that
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8k
er

a(t2)

a(t1) a(t3)

a

d (a(t1), a(t3)) ≥ − c

∆h ≥

h

N
rki

k
er

Figure 9: Subdivision of a quasi-geodesic.

d‰ � dX C dY CM . Then at least one of the two following inequalities holds:

(1) dX .˛X .t1/; ˛X .t3//�‰ "
2k
r �M.‰; c/;

(2) dY .˛Y .t1/; ˛Y .t3//�‰ "
2k
r �M.‰; c/.

Let us assume the first inequality is true. By Lemma 1.5 applied to the geodesic segment Œ˛X .t1/; ˛X .t3/�,

hC.Œ˛X .t1/; ˛
X .t3/�/

�max
�
h.˛X .t1//; h.˛

X .t3//
�
C
1
2

�
dX .˛

X .t1/; ˛
X .t3//��h.˛

X .t1/; ˛
X .t3//

�
� 96ı

D h.˛X .t1//C
1
2
dX .˛

X .t1/; ˛
X .t3//� 96ı:

Hence, there exists t2 2 Œt1; t3� such that the assumed inequality provides us with

�h.˛.t1/; ˛.t2//�‰ dX .˛
X .t2/; Œ˛

X .t1/; ˛
X .t3/�/C

"r

k
�M.‰; c/

�‰
"r

k
� ı log2

�
d‰.˛

X .t1/; ˛
X .t3//

�
�M.‰; c/ .by Proposition 1.12/

�‰
"r

k
� ı log2.r/�M.‰; c/:

Similarly, assuming the second inequality provides us with the same lower-bound on �h.˛.t1/; .t2//.
Furthermore there exists M.";‰; c/ such that for r �M we have 1

2
"r � ı log2.r/CM.";‰; c/, hence

�h.˛.t1/; ˛.t2//�‰
"r

2k
:(26)

Furthermore 8i 2 f1; 2; 3g there exists ni 2 f0; : : : ; N � 1g such that

nir

N
� ti �

.ni C 1/r

N
:
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Computing the sum of the successive differences of heights provides us with

N�1X
jD0

�h

�
˛

�
jr

N

�
; ˛

�
.j C 1/r

N

��

��h

�
˛.0/; ˛

�
n1r

N

��
C�h

�
˛

�
n1r

N

�
; ˛

�
n2r

N

��
C�h

�
˛

�
n2r

N

�
; ˛

�
n3r

N

��
C�h

�
˛

�
n3r

N

�
; ˛.r/

�
��h.˛.0/; ˛.t1//C�h.˛.t1/; ˛.t2//C�h.˛.t2/; ˛.t3//C�h.˛.t3/; ˛.r//� 6

�
kr

N
C c

�
.because h is Lipschitz, ˛ is a quasigeodesic and by the triangle inequality/

��h.˛.0/; ˛.r//C 2�h.˛.t1/; ˛.t2//� 6

�
kr

N
C c

� �
since h.˛.t1//D h.˛.t3//

�
:

Using inequality (26) we have

N�1X
jD0

�h

�
˛

�
jr

N

�
; ˛

�
.j C 1/r

N

��
��h.˛.0/; ˛.r//�‰

"r

2k
�
6kr

N
� 6c

�k;c;‰ "r;

where the last line is since we assumed N �M.k; c;‰; "/.

The next lemma asserts that, at some scale, most segments of a quasigeodesic are "-monotone.

Proposition 2.9 Let k � 1, c � 0, " > 0 and let S be an integer. There exists M.k; c;‰; "/ such that
for r0 �M and N �M the following occurs. Let us define LD N Sr0. Let ˛ W Œ0; L�! X‰ Y be a
.k; c/-quasigeodesic segment. For all s 2 f0; : : : ; Sg we cut Œ0; L� into segments of length N sr0, and we
denote by As the set of these segments , that is ,

As WD
˚
˛
�
ŒkN sr0; .kC 1/N

sr0�
�
j k 2 f0; : : : ; N S�s

� 1g
	
;

and let ıs.˛/ be the proportion of segments in As which are not "-monotone

(27) ıs.˛/ WD
#fˇ 2 As j ˇ is not "-monotoneg

#As
:

Then

(28)
SX
sD1

ıs.˛/�k;c;‰
1

"
:

Proof The idea is to cut Œ0; L� into N segments of equal length, then to apply Lemma 2.8 to the
elements of this decomposition which are not "-monotone. Afterwards we decompose every piece of this
decomposition into N segments of equal length to which we apply Lemma 2.8 if they are not "-monotone.
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The result follows by doing this subdecomposition S times in a row. To begin with, we need to deal with
˛ being "-monotone or not. Hence ıS .˛/D 0 or 1 and in either case thanks to Lemma 2.8 we have

(29)
N�1X
jD0

�h
�
˛.jN S�1r0/; ˛..j C 1/N

S�1r0/
�
�k;c;‰ �h.˛.0/; ˛.L//C ıS .˛/"L:

Then for all j 2 f0; : : : ; N � 1g such that ˛.ŒjN S�1r0; .j C 1/N
S�1r0�/ is not "-monotone

N�1X
kD0

�h
�
˛.kN S�2r0C jN

S�1r0/; ˛..kC 1/N
S�2r0C jN

S�1r0/
�

�k;c;‰ �h
�
˛.jN S�1r0/; ˛..j C 1/N

S�1r0/
�
C
"L

N
;

which happens NıS�1.˛/ times. Therefore we have that

N 2�1X
iD0

�h
�
˛.iN S�2r0/; ˛..i C 1/N

S�2r0/
�
�k;c;‰ �h.˛.0/; ˛.r//C ıS .˛/"LCNıS�1.˛/

"L

N

�k;c;‰ �h.˛.0/; ˛.r//C .ıS .˛/C ıS�1.˛//"L:

By doing this another S � 2 times we obtain

NS�1X
iD0

�h
�
˛.ir0/; ˛..i C 1/r0/

�
�k;c;‰ �h.˛.0/; ˛.r//C "L

SX
sD1

ıs.˛/:

Furthermore we have, using the Lipschitz property of h,

NS�1X
iD0

�h
�
˛.ir0/;˛..iC1/r0/

�
�

NS�1X
iD0

d‰
�
˛.ir0/;˛..iC1/r0/

�
�N S .kr0Cc/�2kL

�
with r0�

c

k

�
:

Hence

(30)
SX
sD1

ıs.˛/�k;c;‰
1

"L
2kL�k;c;‰

1

"
:

2.3 Height respecting tetrahedric quadrilaterals

In this subsection we show that a coarse tetrahedric quadrilateral whose sides are vertical geodesics has
two vertices on the same X -horosphere, and the other two on the same Y -horosphere (see Definition 1.14
for the definition of such horospheres). We call such a configuration a vertical quadrilateral.

Definition 2.10 (orientation) We define the orientation function on the paths of X‰Y as follows. For
all T > 0 and 
 W Œ0; T �!X‰Y we have

(31) orientation.
/D
�
" if h.
.0// < h.
.T //; upward;
# if h.
.0// > h.
.T //; downward:
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a1

a2

b1 b2

V11 V12

V21 V22

D

≥ t
10

−D
V11(t)

aY1

bX1

h

Figure 10: A coarse vertical quadrilateral of Proposition 2.11.

This lemma is strongly inspired by [8, Lemma 3.1], which establishes a similar result in the context of
Diestel–Leader graphs and Sol geometries.

Proposition 2.11 (vertical quadrilateral lemma) Let a1, a2, b1, b2 2 X ‰ Y . Let D > 1 and for
i; j 2 f1; 2g, let Vij W Œ0; lij �!X‰Y be vertical geodesic segments linking the D-neighbourhood of ai
to the D-neighbourhood of bj , and diverging quickly from each other. More specifically , we assume , for
all i; j 2 f1; 2g,

(a) d.Vij .0/; ai /�D;

(b) d.Vij .lij /; bj /�D;

(c) d.Vi1.t/; im.Vi2//� t
10
�D; 8t 2 Œ0; li1�;

(d) d.V1j .l1j � t /; im.V2j //� t
10
�D; 8t 2 Œ0; l1j �.

If for all i; j 2 f1; 2g, lij > 2D and the vertical geodesic segments Vij share the same orientation , then
there exists a constant M.‰/ such that one of the two following statements holds:

(1) The four vertical geodesics Vij are upward oriented and a2 is in the .MD/-neighbourhood of the X -
horosphere containing a1, and b2 is in the .MD/-neighbourhood of the Y -horosphere containing b1.
Otherwise stated , we have dY .aY1 ; a

Y
2 /�MD and dX .bX1 ; b

X
2 /�MD.

(2) The four vertical geodesics Vij are downward oriented and a2 is in the .MD/-neighbourhood
of the Y -horosphere containing a1, and b2 is in the .MD/-neighbourhood of the X-horosphere
containing b1. Otherwise stated , we have dX .aX1 ; a

X
2 /�MD and dY .bY1 ; b

Y
2 /�MD.

Proposition 2.11 is illustrated in Figure 10.
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Proof For all i; j 2 f1; 2g let us define

(32) ai D .a
X
i ; a

Y
i /I bj D .b

X
j ; b

Y
j /I Vij D .V

X
ij ; V

Y
ij /:

The hypothesis (a) gives us

d.Vi1.0/; Vi2.0//� d.Vi1.0/; ai /C d.ai ; Vi2.0//� 2D:(33)

By hypothesis (b)

d.V1j .l1j /; V2j .l2j //� 2D:

Without loss of generality we can assume that for all i; j 2 f1; 2g, we have orientation.Vij /D ", which
means that h.ai /� h.bj /. Then 8i; j 2 f1; 2g and t 2 Œ0; lij � we have h.Vij .t//D t C h.Vij .0//, hence

h.V Xij .t//D t C h.Vij .0//I

h.V Yij .t//D�t � h.Vij .0//:

Since X and Y are Busemann convex spaces, 8i; j 2 f1; 2g,

t 7! dY .V
Y
i1 .t/; V

Y
i2 .t// is convex on Œ0;min.li1; li2/�I

t 7! dX .V
X
1j .l1j � t /; V

X
2j .l2j � t // is convex on Œ0;min.l1j ; l2j /�:

Moreover, by the Busemann assumption, these maps remain convex up to a linear reparametrisation.
The chosen pair of vertical geodesics, whether in X or Y , have endpoints separated by at most 2D.
Consequently, these vertical geodesics remain at a distance of at most 2D throughout the entire interval.
Therefore

8t 2 Œ0;min.li1; li2/�; dY .V
Y
i1 .t/; V

Y
i2 .t//� 2DI(34)

8t 2 Œ0;min.l1j ; l2j /�; dX .V
X
1j .l1j � t /; V

X
2j .l2j � t //� 2D:

We can assume without loss of generality that l11 � l21 and that l12 � l22. Then

dX .V
X
11.0/; V

X
21.l21� l11//� 2DI(35)

dX .V
X
12.0/; V

X
22.l22� l12//� 2D:(36)

Let us define �l1 D l21� l11 and �l2 D l22� l12. Our goal is to show that these two real numbers are
sufficiently close. We have, 8i; j 2 f1; 2g,

�h.ai ; bj /� 2D � lij ��h.ai ; bj /C 2D:

By subtracting these inequalities we get

�h.a2/C h.a1/� 4D � l21� l11 � �h.a2/C h.a1/C 4DI

�h.a2/C h.a1/� 4D � l22� l12 � �h.a2/C h.a1/C 4D:
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Then j�l1��l2j � 8D. However

dX .V
X
21.�l1/; V

X
22.�l1//� dX .V

X
21.�l1/; V

X
11.0//C dX .V

X
11.0/; V

X
12.0//

C dX .V
X
12.0/; V

X
22.�l2//C dX .V

X
22.�l2/; V

X
22.�l1//:

By the inequalities (35) and (36) we obtain

dX .V
X
21.�l1/; V

X
22.�l1//�2DC dX .V

X
11.0/; V

X
12.0//C 2DCj�l1��l2j

�4DC 2DC 8D � 14D:(37)

By using assumption (c) and the characterisation of the distance on horospherical products we have

�DC
�l1

10
�d‰.V21.�l1/; V22.�l1//

�dX .V
X
21.�l1/; V

X
22.�l1//C dY .V

Y
21.�l1/; V

Y
22.�l1//

��h.V21.�l1/; V22.�l1//CM.‰/ .by Theorem 1.11/

�dX .V
X
21.�l1/; V

X
22.�l1//C 2DCM .by inequality (34)/

�16DCM .by inequality (37)/;

which provides us with �l1 � 10.16DCM CD/D 170DC 10M . We have

dX .a
X
1 ; a

X
2 /� dX .a

X
1 ; V

X
11.0//C dX .V

X
11.0/; V

X
21.0//C dX .V

X
21.0/; a

X
2 /

� dX .V
X
11.0/; V

X
21.�l1//C dX .V

X
21.�l1/; V

X
21.0//C 2D

� 2DC 170DC 10M C 2D � 174DC 10M .by inequality (35)/:

From this inequality we deduce that jh.a1/� h.a2/j � 174DC 10M �‰ D. Similarly we deduce

dY .b
Y
1 ; b

Y
2 /�‰ DI

jh.b1/� h.b2/j �‰ D:

Four points which satisfies the assumption of Proposition 2.11 are called a coarse vertical quadrilateral
with nodes of scale D.

2.4 Orientation and tetrahedric quadrilaterals

From now on we fix a .k; c/-quasi-isometry ˆ W X ‰ Y ! X ‰ Y . Let us consider a tetrahedric
configuration consisting of two points on an X -horosphere, each connected by vertical geodesic segments
to two points on a Y -horosphere, forming a total of four points and segments.

The following Proposition 2.13 states that if two points on an X-horosphere are sufficiently far from
each other, if two points on an Y -horosphere are sufficiently far from each other and if the vertical
geodesic segments have "-monotone images under a .k; c/-quasi-isometry ˆ, then all the images of the
vertical geodesic segments by ˆ share the same orientation.
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We first show that their exists a constant M.k; c;‰/ such that the concatenation of two consecutive
"-monotone quasigeodesic segments sharing the same orientation is an M"-monotone quasigeodesic
segment. This result will only be used in the proof of Proposition 2.13.

Lemma 2.12 Let k�1, c�0,D>0, ">0, T � DC2c
3"

and let 
 W Œ0; T � 7!X‰Y and 
 0 W Œ0; T � 7!X‰Y

be two "-monotone , .k; c/-quasigeodesic segments such that

(1) orientation.
/D orientation.
 0/;

(2) d‰.
.T /; 
 0.0//�D.

Let z
 W Œ0; 2T �!X‰Y be the concatenation of 
 and 
 0, that is ,

(38) z
.t/D

�

.t/ if t 2 Œ0; T �;

 0.t �T / if t 2 �T; 2T �:

Then there exists M.k; c;D;‰/ such that z
 is an M"-monotone , .k;M"T /-quasigeodesic segment.

Proof We can assume without loss of generality that 
 and 
 0 are upward oriented, we first show that
there exists M.k; c;‰/ such that z
 is M"-monotone. Let t1, t2 2 Œ0; 2T � such that h.z
.t1//D h.z
.t2//.
If both t1 and t2 are in Œ0; T � or both are in �T; 2T �, there is nothing to do since 
 and 
 0 are "-monotone.
Then we can assume without loss of generality that t1 2 Œ0; T � and t2 2 �T; 2T �. Since 
 is upward
oriented we have h.
.0// < h.
.T //, therefore, because 
 is "-monotone and continuous, we have

(39) h.
.t1//� h.
.T //C k"T C c � h.
.T //C 2k"T;

otherwise, by continuity there exists t 01 in Œ0; t1� such that h.
.t 01// D h.
.T // contradicting the "-
monotonicity. Two cases arise:

(a) �h.
 0.t2�T /; 
 0.0//� 2k"T ;

(b) �h.
 0.t2�T /; 
 0.0// > 2k"T .

Let us consider the first case (a). We know that h.
.t1//D h.z
.t1//D h.z
.t2//D h.
 0.t2�T // and that
�h.
.T /; 
 0.0//�D. Then by the triangle inequality we have

�h.
.t1/; 
.T //D�h.

0.t2�T /; 
.T //��h.


0.t2�T /; 

0.0//C�h.
 0.0/; 
.T //� 2k"T CD:

According to Corollary 2.7, h is a .k;M"T /-quasi-isometry along "-monotone quasigeodesics. Hence

jt1�T j � k�h.
.t1/; 
.T //CM"T � .2k2CM/"T C kD � .4k2CM/"T .by assumption on T /I

jt2�T j � k�h.

0.t2�T /; 


0.0//CM"T � .2k2CM/"T:

Therefore by the triangle inequality we obtain jt1� t2j � .3k2CM/".2T /.
We consider now the second case (b). By Corollary 2.7, h is a .k;M"T /-quasi-isometry, therefore

�h.
 0.t2�T /; 

0.0//�

1

k
jt2�T j �M"T:
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Furthermore, 
 0 is upward oriented, hence we have that h.
 0.0// < h.
 0.t2�T //, otherwise, as for 
 , by
continuity one can construct t 02 2 Œt2; T CT

0� contradicting the "-monotonicity of 
 0. Hence we have

h.
 0.t2�T //� h.

0.0//C

1

k
jt2�T j �M"T:

In combination with inequality (39) it provides us with

h.
.t1//� h.
.T //C "T � h.

0.0//CDC "T

� h.
 0.t2�T //�
1

k
jt2�T jCDC .1CM/"T:

However h.
.t1//D h.
 0.t2�T // by definition of t1 and t2, therefore 0�� 1
k
jt2�T jCDC.1CM/"T ,

which gives

jt2�T j � .1CM/k"T C kD � 3Mk"T:(40)

Hence

�h.
 0.t2�T /; 

0.0//� d‰.


0.t2�T /; 

0.0//� kjt2�T jC c � .3Mk2C 1/"T:

Since h.
 0.t2�T //D h.
.t1//, thanks to the triangle inequality we obtain

�h.
.t1/; 
.T //��h.
.t1/; 

0.0//C�h.
 0.0/; 
.T //

� .3Mk2C 1/"T CD � .3Mk2C 2/"T:(41)

Both inequalities (40) and (41) in combination with the fact that h is a .k;M"T /-quasigeodesic segment
provide us with

jt1� t2j D jt1�T jC jT � t2j � k.3Mk2C 2/"T CM"T C 3Mk"T

� 9k3M"T �
9k3M

2
".2T / .since k � 1; M � 1/:

In the view of cases (a) and (b) we conclude that z
 is 9k
3M
2

"-monotone.
To prove that z
 is a .k; 3M"T /-quasigeodesic segment, we must check the upper-bound and lower

bound required. Let t1; t2 2 Œ0; 2T �, as for the "-monotonicity property, since 
 and 
 0 are .k; c/-
quasigeodesics, we can assume that t1 2 Œ0; T � and t2 2 �T; 2T �. By the triangle inequality, the upper-bound
is straightforward:

d‰.z
.t1/; z
.t2//D d‰.
.t1/; 

0.t2�T //

� d‰.
.t1/; 
.T //C d‰.
.T /; 

0.0//C d‰.


0.0/; 
 0.t2�T //

� k.T � t1/C cCDC k.t2�T /C c

D kjt2� t1jC 2cCD

� kjt2� t1jC 3"T .by the assumed lower bound on T /:
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The last inequality holds because 
 and 
 0 are .k; c/-quasigeodesics. To prove the lower-bound we will
proceed similarly as for the "-monotonicity. We have

d‰.z
.t1/; z
.t2//D d‰.
.t1/; 

0.t2�T //

��h.
.t1/; 

0.t2�T // .since h is Lipschitz/:

Similarly to inequality (39) we have

h.
 0.t2�T //� h.

0.0//� 2k"T:(42)

Therefore

�h.
.t1/; 

0.t2�T //� h.


0.t2�T //� h.
.t1//

D
�
h.
 0.t2�T //C "T

�
� h.
 0.0//C h.
 0.0//� h.
.T //C h.
.T //�

�
h.
.t1//� "T

�
� 4k"T

D
ˇ̌�
h.
 0.t2�T //C "T

�
� h.
 0.0//

ˇ̌
C
ˇ̌
h.
.T //�

�
h.
.t1//� "T

�ˇ̌
C h.
 0.0//� h.
.T //� 4k"T

.by inequalities (39) and (42)/

�
ˇ̌
h.
 0.t2�T //� h.


0.0//
ˇ̌
C
ˇ̌
h.
.T //� h.
.t1//

ˇ̌
�D� 8k"T .by the triangle inequality/

�
1

k
jt2�T j �M"T C

1

k
jT � t1j �M"T �D� 8k"T .because h is a .k;M"T /-quasigeodesic/:

Hence

d‰.z
.t1/; z
.t2//��h.
.t1/; 

0.t2�T //

�
1

k
.t2� t1/�D� .2M C 8k/"T �

1

k
.t2� t1/�M

0"T;

for M 0 a constant depending on k, c, D and‰. This is the lower-bound we expected and proves that z

is a .k;M 0"T /-quasigeodesic.

Proposition 2.13 Let h 2 R and let k � 1, c � 0 and " > 0. Let ˆ W X ‰ Y ! X 0‰ Y 0 be a .k; c/-
quasi-isometry. Let D > 1 and R > k2DCc

"
. For i; j 2 f1; 2g let ai , bj be four points of X ‰ Y

satisfying d.a1; a2/ > 10kM"R C 2kc and d.b1; b2/ � 10kM"R C 2kc, where M is the constant
involved in Lemma 2.12, and let Vi;j W Œ0; R�! X‰ Y be four vertical geodesic segments linking the
D-neighbourhood of aj to the D-neighbourhood of bi , such that

� h.V11.0//D h.V22.0//D h.a1/D h.a2/D h;

� h.V11.R//D h.V22.R//D h.b1/D h.b2/D hCR;

� h.V12.0//D h.V21.0//D h;

� h.V12.R//D h.V21.R//D hCR;

� ˆ ıVi;j is "-monotone.

Then

orientation.ˆ ıV11/D orientation.ˆ ıV22/:
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Φ ( )2a

Φ ( )1b

Φ ( )1a

Φ ( )2b

Φ ( )2, 2V Φ ( )1, 1V

Φ ( )1, 2V

Φ ( )2, 1V

Figure 11: Case (a) in the proof of Proposition 2.13.

Proof Up to the additive constant D, one can consider V1;1[V2;1[V2;2[V1;2 as a coarse quadrilateral
composed with ai and bj as its vertices, and with Vi;j as its edges. To make the proof easier to follow,
we shall use a vector of arrows to describe the orientations of the edges of the quadrilateral in play as

orientation.V1;1; V2;1; V2;2; V1;2/D .";#;";#/:

Similarly, we consider orientations of the image of V1;1 [ V2;1 [ V2;2 [ V1;2 by ˆ as the successive
orientations of the paths ˆ ı Vi;j . We will proceed by contradiction to prove the lemma. Let us
assume that orientation.ˆ ıV1;1/¤ orientation.ˆ ıV2;2/. We can assume without loss of generality that
orientation.ˆ.V1;1//D", therefore orientation.ˆ.V2;2//D#. Hence there are four possible orientations
for ˆ.V1;1[V2;1[V2;2[V1;2/:

(a) .";";#;"/, (b) .";";#;#/, (c) .";#;#;"/, (d) .";#;#;#/.

Let us consider the case (a) (illustrated in Figure 11). We have

orientation.ˆ.V2;1//D " and orientation.ˆ.V1;2//D ":

Hence we have

orientation.ˆ.V1;2//D orientation.ˆ.V1;1//D orientation.ˆ.V2;1//:

Furthermore ˆ is a .k; c/-quasi-isometry and both V1;2.R/ and V1;1.0/ are close to a1, hence

d‰0
�
ˆ.V1;2.R//;ˆ.V1;1.0//

�
� k2DC c:

Similarly we have
d‰0

�
ˆ.V1;1.R//;ˆ.V2;1.0//

�
� k2DC c:
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Then by Lemma 2.12, there exists M.k; c;‰/ such that the concatenation of ˆ.V1;2/, ˆ.V1;1/ and
ˆ.V2;1/ is an M"-monotone .k;M"T /-quasigeodesic. Therefore by Proposition 2.6, there exists a
constant M.k; c;‰/ and a vertical geodesic segment zV such that

dHff. zV ;ˆ.V1;2/[ˆ.V1;1/[ˆ.V2;1//�M"R:(43)

Furthermore, applying Proposition 2.6 on ˆ.V2;2/ provides us with the existence of a vertical geodesic
segment zV 0 such that

dHff. zV
0; ˆ.V2;2//�M"R:(44)

Moreover d‰.V2;2.0/; V2;1.R//� 2D (the two points are close to a2) and d‰.V2;2.R/; V1;2.0//� 2D
(the two points are close to b2), and therefore zV and zV 0 are two vertical geodesics with endpoints
.k2DC c/C2M"R close to ˆ.a2/ and ˆ.b2/. Thereby, these two vertical geodesic segments stay close
to each other, we have

dHff. zV ; zV
0/� .k2DC c/C 2M"R � 3M" .by assumption on R/:

Then, we show by the triangle inequality that ˆ.a1/ is close to ˆ.V2;2/:

d‰0.ˆ.a1/; ˆ.V2;2//� d‰0.ˆ.a1/; zV /C dHff. zV ; zV
0/C dHff. zV

0; ˆ.V2;2//� 5M"R:(45)

However, the assumption d.a1; a2/ > 10kM"RC 2kc gives us that a1 is sufficiently far from V2;2:

d‰.a1; V2;2.t//��h.a1; V2;2.t//D t;

d‰.a1; V2;2.t//� d‰.a1; a2/� d‰.a2; V2;2.t// > 10kM"RC 2kc � t

for all t 2 Œ0; R�. Therefore

d‰0
�
ˆ.a1/; ˆ.V2;2.t//

�
� k�1d‰.a1; V2;2.t//� c

>
t C 10kM"RC 2kc � t

2k
� c D 5M"R

for all t 2 Œ0; R�, which contradicts inequality (45). Thereby, in case (a), ˆ ıV1;1 and ˆ ıV2;2 share the
same orientation.

The other three cases (b), (c) and (d) are treated similarly. We first showˆ.V1;1[V2;1[V2;2[V1;2/ is in
the M"R-neighbourhood of two vertical geodesic segments which, depending on the case, have endpoints

(b) close to ˆ.a1/ and ˆ.a2/;

(c) close to ˆ.b1/ and ˆ.b2/;

(d) close to ˆ.a1/ and ˆ.b1/.

Which, depending on the case, contradicts the fact that

(b) d‰.b1; V2;2.t// > 5M"R;

(c) d‰.a1; V2;2.t// > 5M"R;

(d) d‰.b2; V1;1.t// > 5M"R.
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3 Measure and box-tiling
3.1 Appropriate measure and horopointed admissible space

In the setting of horospherical products, an important characteristic is that they are a union of products of
horospheres.

As such, if one wants to endow them with a measure, it makes sense that the measure should disintegrate
along these horospherical products, and should be related somehow to the measures and the geometries
of the initial spaces and its horospheres.

The properties we present are satisfied when our initial spaces are Riemannian manifolds for instance,
or graphs of bounded geometry. We will also see in Section 5 that Heintze groups are another set of
spaces which satisfies them, making our requirements sound.

Definition 3.1 (admissible horopointed measured metric spaces) Let .X; d/ be a ı-hyperbolic, Busemann,
proper, geodesically complete, metric space, and let a 2 @X be a point on the Gromov boundary of X .
A Borel measure �X on X will be said .X; a/ horo-admissible if and only if (E1), (E2) and (E3) are
satisfied:

(E1) (There exists a direction a 2 @X such that) �X is disintegrable along the height function ha, that is,
for all z 2R, there exists a Borel measure �Xz on Xz D h�1.z/ such that, for any measurable set A�X ,

�X .A/D

Z
z2R

�Xz .Az/ dz:

(E2) Controllable geometry for the measures �Xz on horospheres, there exists M0 � 288ı such that

8x1; x2 2X; �Xh.x1/.DM0.x1//�X �
X
h.x2/

.DM0.x2//:

(E3) There exists m> 0 such that for all z0 2R, and for all measurable sets U �Xz0 ,

8z � z0; em.z0�z/�Xz0.U /�X �
X
z .�z.U //:

The space .X; a; d; �X / will be called a horopointed admissible metric measured space, or just admissible.

The assumption (E2), in combination with Lemma 1.8, provides us with a uniform control on the
measure of disks of any radius.

Lemma 3.2 Let r �M0. Then for all x 2X we have

�h.x/.Dr.x//�X e
m r
2 :

Proof The proof is illustrated in Figure 12. Let Vx be a vertical geodesic line containing x and let
M0 � 288ı be the constant involved in assumption (E2). Let x1 be the point of Vx at the height
h.x/C rCM0

2
and let x2 be the point of Vx at the height h.x/C r�M0

2
. Applying Lemma 1.8 with pD x1,

z0 D h.x/C
rCM0
2

and z D h.x/ provides us with

Dr.x/DD2.z0�z/�M0.x/� �h.x/.DM0.x1//:
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x

h

r

Vx

h (x)

x2

x1

r

r +M0
2h (x)+

r
2h (x)+

r −M0
2h (x)+

Figure 12: Proof of Lemma 3.2.

Similarly, applying Lemma 1.8 with p D x2, z0 D h.x/ C r�M0
2

and z D h.x/ provides us with
�h.x/.DM0.x2//�Dr.x/. Furthermore by assumption (E3) then assumption (E2) we have

�Xh.x/
�
�h.x/.DM0.x1//

�
�X e

m.
rCM0
2

/�Xh.x1/.DM0.x1//�X e
m r
2 ;

since M0 depends only on X . Similarly we have �X
h.x/

�
�h.x/.DM0.x2//

�
�X e

m r
2 , therefore by the two

previously obtained inclusions we have �h.x/.Dr.x//�X em
r
2 .

Heuristically, the next lemma asserts that the measure of the boundary of a disk is small in comparison
to the measure of the disk.

Lemma 3.3 Let M0 be the constant involved in assumption (E2) and let M be the constant involved in
Corollary 1.4. Let z0 2R, x0 2Xz0 and C�Xz0 be a set containingDM0.x0/ and contained inD2M0.x0/.
Then for all z1 � z0, and for all r � 2jz1� z0j � 2M0�M , we have

�Xz1

�
Intr.�Xz1.C//

�
�‰ �

X
z1
.�Xz1.C//:

This lemma might seem to contradict Lemma 3.2, however the r-interior of a disk of radius R is very
different from a disk of radius R� r on horospheres, for R sufficiently greater than r .

Proof Let us define J WD Intr.�Xz1.C//. By definition we have

�Xz1.C/ nJ WD fx 2 �
X
z1
.C/ j dX .x; �Xz1.C/

c/ < rg:(46)

At the height z1C r
2

, let x1 2 �Xz1C r2
.C/ n�X

z1C
r
2

.J /, then, at the height z1, there exists x01 2 �
X
z1
.C/ nJ

such that x1 2 Vx01 . Furthermore by the characterisation (46), there exists x02 2 �
X
z1
.C/c such that

d.x01; x
0
2/� r . Then by Corollary 1.4, there exists M.ı/ such that

(47) dX

�
Vx02

�
z1C

r

2

�
; Vx01

�
z1C

r

2

��
D dX

�
Vx02

�
z1C

r

2

�
; x1

�
�M;
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with Vx02
�
z1C

r
2

�
2 �X

z1C
r
2

.C/c . Therefore by the triangle inequality and Lemma 1.8

d.x1; �
X
z1C

r
2
.x0//� �d

�
x1; Vx02

�
z1C

r

2

��
C d

�
Vx02

�
z1C

r

2

�
; �X
z1C

r
2
.x0/

�
� 2jz0� z1j � r �M0�M:

Since last inequality holds for all x1 2 �Xz1C r2
.C/ n�X

z1C
r
2

.J /, we have

D2jz0�z1j�r�M0�M .�
X
z1C

r
2
.x0//� �

X
z1C

r
2
.J /:

Therefore by Lemma 1.8
D2jz0�z1j�M0�M .�

X
z1
.x0//� J:

Moreover, J � �Xz1.C/�D2jz0�z1jCM0.�
X
z1
.x0//, hence by Lemma 3.2

�Xz1.J /�X e
jz0�z1jm �X �

X
z1
.�Xz1.C//:

In order to achieve a rigidity result on horospherical products, we will need another measure �X in the
same measure class as �X .

Definition 3.4 (measure �X of X ) Let X be an admissible horopointed space. The measure �X on X is
defined from a set of weighted measures �Xz on the level set Xz as

(1) for all z 2R, �Xz WD e
mz�Xz ,

(2) for all measurable sets A�X , �X .A/ WD
R
z2R�

X
z .Az/ dz,

where m is the constant involved in (E3).

For the log model of the hyperbolic plane, this measure �X turns out to be the Lebesgue measure
on R2, and the measure �X is the Riemannian area. Up to a multiplicative constant, the measure �X is
constant along the projections. By assumption (E3), the following property is immediate:

Property 3.5 For all measurable set U �X we have

(48) 8z1; z2 � h
�.U /; �Xz1.�z1.U //�X �

X
z2
.�z2.U //:

Otherwise stated we have the following relation between two push-forwards of the measure .�z2/��
X
z2
�X

.�z1/��
X
z1

. They are push-forwards from a subset U of X to horospheres below U .

Following the fact that height level sets of X ‰ Y are direct products of horospheres, we define
disintegrable measures on the horospherical products from the disintegrable measures on X and Y . We
recall that

8z 2R; .X‰Y /z DXz �Y�z :

Definition 3.6 (measure � on X‰Y ) Let .X; �X / and .Y; �Y / be two admissible spaces. Then for all
measurable sets U �X‰Y , we define the measure � on X‰Y by

�X‰Y .U / WD

Z
R
�Xz ˝�

Y
�z.Uz/ dz:
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For all measurable sets U �X‰Y we have

�X‰Y .U /D

Z
R

�Z
y2Y�z

�Xz .U
y
z /d�

Y
�z.y/

�
dz;

where U yz WD fx 2X j .x; y/ 2 Uzg. (This measure might be not well defined.)

Remark 3.7 A couple .X; Y / of horopointed admissible spaces is called admissible if the measure �X‰Y
of Definition 3.6 is well defined.

From now on we fix four horopointed metric spacesX ,X 0, Y and Y 0, withm>0 (respectivelym0, n, n0)
the constant of assumption (E3) for X (respectively X 0, Y , Y 0). We will assume in Section 4.3 and
afterwards that .X; Y / and .X 0; Y 0/ are two admissible couples with m> n and m0 > n0.

We define similarly a measure �X‰Y on X‰Y .

Definition 3.8 (measure � on X‰Y ) Let .X; �X / and .Y; �Y / be two admissible spaces. Then, for all
measurable subsets U �X‰Y ,

�X‰Y .U / WD

Z
R
�Xz ˝�

Y
�z.Uz/ dz D

Z
R
e.m�n/z�Xz ˝�

Y
�z.Uz/ dz:

For all measurable subsets U �X‰Y we have

�X‰Y .U /D

Z
R

�Z
y2Y�z

�Xz .U
y
z /d�

Y
�z

�
dz:

From now on, we will simply denote by � the measure �X‰Y and by � the measure �X‰Y .

3.2 Box-tiling of X

In this subsection we tile a proper, geodesically complete, Gromov hyperbolic and Busemann space X
with pieces called boxes. This is inspired from [8, Lemma 3.4], which constructs these tilings for trees
and the hyperbolic space.

Definition 3.9 (box at scale R) Let X be admissible horopointed space. Let M0 be the constant of (E2),
let R > 0, let x be a point of X and let C.x/ be a subset of Xh.x/ containing DM0.x/ and contained
in D2M0.x/. Then, the box B.x; C.x/; R/ is defined by

B.x; C.x/; R/ WD
[

z2Œh.x/�R;h.x/Œ

�z.C.x//:

We will often omit the parameter C.x/ in the notation of a box. Later we depict an appropriate choice
for these spaces C.x/. The idea of the tiling is first to distinguish layers of thickness R, then to decompose
each of these layers into disjoint boxes using a tiling of disjoint cells C.x/ as the top of these boxes. In the
log model of the hyperbolic plane, when the cell C.x/ is a segment of an horosphere, the associated box
is a rectangle of R2. Eskin, Fisher and Whyte [8] tiled the hyperbolic plane with translates of such a
rectangle. However the space we consider might not be homogeneous, therefore we will tile Gromov
hyperbolic spaces with boxes which are generically not the translate of one another. We recall that Nr
refers to the r-neighbourhood of a subspace.
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(x, R) R

h

x
nR

(n −1) R

Figure 13: Box-tiling.

A subset of a metric space X is k-separated if and only if any two of its elements are at least at
distance k. A maximal such set for the inclusion is called maximal separating set. We shall denote
by D.X/ such a set. The dependence of D.X/ on k should be indicated; however, for simplicity and by
slight abuse of notation, we will omit this dependence.

One easily sees that a maximal separated set is then a k-covering. That is the union of the metric ball
of radius k centred at the points of D.X/ cover the whole space.

To construct a box tiling, see Figure 13, ofX we first fix a scale R>0. LetM0 be the constant involved
in assumption (E2), then we chose a 2M0-maximal separating set D.XnR/ of the horospheres XnR, with
n 2 Z. Such maximal separating sets exist since X is proper and so are XnR. Let us call nuclei
the points in these maximal separating sets. For every nucleus x 2 D.XnR/, we fix a cell C.x/ such
that DM0.x/ � C.x/ � D2M0.x/. Therefore, given two different nuclei x; x0 2 D.XnR/, we have
DM0.x/\DM0.x

0/D¿. We choose these cells such that they are �nR measurable and such that they
tile their respective horospheres:

8n 2 Z;
G

x2D.XnR/

C.x/DXnR:

As an example, one can take Voronoi cells

VC.x/ WD fp 2XnR j d.p; x/� d.p; x0/ for all x0 2 D.XnR/g:

These cells might not be disjoint, but a point p 2XnR is contained in a finite number of Voronoi cells
since X is proper. Therefore, by choosing (for example thanks to an arbitrary order on D.XnR/) a unique
cell containing p, and removing p from the others, there exists a tiling of XnR by cells C.x/.

Now, for all n 2 Z and for all x 2 D.XnR/ we define the box B.x;R/ at scale R of nucleus x by

B.x;R/ WD
[

z2Œ.n�1/RInRŒ

�z.C.x//:
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Figure 14: Proof of Lemma 3.10.

In this definition, we chose Œ.n� 1/RInRŒ for the boxes’ heights. It is an arbitrary choice, one could
prefer to use �.n� 1/RInR� as these heights intervals. Moreover, to construct the horospherical product
of X and Y , we will use intervals of the form Œ : : : I : : : Œ for X and � : : : I : : : � for Y .

We recall that the cells C.x/ tile the horospheres XnR. Furthermore there exists a unique vertical
geodesic ray leaving each point of X . Consequently we have a box tiling of X , at scale R,

(49) X D
G
n2Z

G
x2D.XnR/

B.x;R/:

The next lemma explains that any box contains and is contained in metric balls of similar scales.

Lemma 3.10 There exists a constant M.X/ such that for all x 2 X and r > M there exist two boxes
B
�
r
2

�
and B.3r/ satisfying

B
�
r

2

�
� B.x; r/� B.3r/:

The proof is illustrated in Figure 14.

Proof Let C.x/ be a subset ofXh.x/ containingD.x;M0/ and contained inD.x; 2M0/. Let us denote by
B
�
r
2

�
the box at scale r

2
constructed from the cell C.x/. For all x0 2B

�
r
2

�
let us denote by x00 WDVx0.h.x//

the point of Vx0 at the height h.x/, we have

dX .x
0; x/� dX .x

0; x00/C dX.x
00; x/�

r

2
C 2M0 � r for r � 4M0;

which gives us that x0 2 B.x; r/. To prove the second inclusion, let us denote by Vx the unique (since
X is Busemann convex) vertical geodesic ray leaving x. Let x0 2 im.Vx/ such that h.x0/D h.x/C 2r
and C.x0/ be a subset of Xh.x0/ containing D.x0;M/ and contained in D.x0; 2M/. Then we claim that
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B.x; r/ is included in the box at scale 3r constructed from the cell C.x0/. Let x0 2 B.x; r/, we recall
that dr.x0; x/ WD dX .x0; x/��h.x0; x/. By Lemma 1.5 we have that

d.Vx.h.x/C 2r/; Vx0.h.x/C 2r//� 96ı DM

since r � dX .x0; x/� 1
2
dr.x

0; x/ and since the distance between two vertical geodesics is decreasing in
the upward direction. Therefore Vx0.h.x/C 2r/ 2 C.x0/. Furthermore

�h.x0; x
0/��h.x0; x/C�h.x; x

0/� 3r;

hence x0 2 B.3r/.

3.3 Tiling a big box by small boxes

Let R > 0 and N 2N. Our next result shows that a box at scale NR can be tiled with boxes at scale R.

Proposition 3.11 Let M0 be the constant of assumption (E2). Let R > 0 and N 2N. Let BX be a box at
scale NR, and let us denote by h� WD h�.BX / the lowest height of BX . Then there exists a box tiling at
scale R of BX . Otherwise stated for all k 2 f1; : : : ; N g there exists Dk.BX /� BX

h�CkR
such that

(1) for all x 2 Dk.BX /, there exists a cell C.x/ such that DM0.x/� C.x/�D3M0.x/;

(2) we have
FN
kD1

F
x2Dk.BX / B

X .x; C.x/; R/D BX .

Proof To tile the box BX we first tile by cells all of its level sets at height h�CkR. Let k 2 f1; : : : ; N g,
and let Dk.BX / be an 2M0-maximal separating set of IntM0.BXh�CkR/. Then

(1) for all x; x0 2 Dk.BX / with x ¤ x0 we have DM0.x/\DM0.x
0/D¿;

(2) IntM0.BXh�CkR/�
S
x2Dk.BX /D2M0.x/.

Furthermore NM0.IntM0.BXh�CkR//� BX
h�CkR

, and for all x 2 IntM0.BXh�CkR/ we have the inclusion
DM0.x/� BX

h�CkR
. ThereforeG

x2Dk.BX /

DM0.x/� BXh�CkR �
[

x2Dk.BX /

D3M0.x/:(50)

For all x 2 Dk.BX /, we define

C.x/ WD fp 2 BXh�CkR j d.p; x/� d.p; x
0/ for all x0 2 Dk.BX /g:

As discussed at the beginning of Section 3.2, these cells might intersect each other on their boundaries.
However, a point contained in different cells can be removed in all of them except one, making them
disjoint. The choice of cells on which we remove boundary points can be made thanks to an arbitrary
order on the finite set Dk.BX /.

By the inclusions (50), for all x 2 Dk.BX / we have DM0.x/� C.x/�D3M0.x/ andG
x2Dk.BX /

C.x/D BXh�CkR:
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Furthermore, since vertical geodesic rays are uniquely determined by their starting point (because X is
Busemann), a tiling with cells provides us with a box tilingG

x2Dk.BX /

BX .x; C.x/; R/D
[

z2Œh�C.k�1/RIh�CkRŒ

BXz :

Taking the union on k 2 f1; : : : ; N g provides us with the conclusion.

3.4 Box-tiling of X ‰ Y

The boxes B of a horospherical product X‰Y are constructed as the horospherical products of boxes
BX‰BY . Therefore they induce a tiling of X‰Y . Such boxes are illustrated by Figure 15.

Definition 3.12 (box of X‰Y at scale R) Let X and Y be two admissible spaces. A set B �X‰Y is
called a box at scale R of X‰Y if there exists BX a box at scale R of X and BY a box at scale R of Y
such that

(1) h�.BX /D�hC.BY /;

(2) B WD BX‰BY D f.x; y/ 2 BX �BY j hX .x/D�hY .y/g.

Let us point out that in the last definition, the box of Y is in fact defined by

(51) BY .y;R/ WD
[

z2��nRI.1�n/R�

�z.C.y//:

This choice on the boundaries of the height intervals allows a precise match for the height inside the
two boxes. Furthermore, one can see that given a box-tiling of X and a box-tiling of Y , the natural
subsequent tiling on X �Y provides the box tiling of X‰Y by restriction.

Proposition 3.13 (box-tiling of X‰Y at scale R) Let X and Y be two admissible spaces. Let R be a
positive number and let us consider the two box tilings , of X and Y ,

X D
G
n2Z

G
x2D.XnR/

BX .x;R/I Y D
G
n2Z

G
y2D.YnR/

BY .y;R/:

Then the boxes of X‰Y constructed from boxes at opposite height in X and Y are a box tiling of X‰Y .
We have

X‰Y D
G
n2Z

G
.x;y/2D.XnR/�D.Y.1�n/R/

BX .x;R/‰BY .y;R/:

Proof Let us consider the box tilings, of X and Y ,

X D
G
n2Z

G
x2D.XnR/

BX .x;R/I Y D
G
n2Z

G
y2D.YnR/

BY .y;R/:

We first show that the intersection of two distinct boxes is empty. Let n1; n2 2 R, x1 2 D.Xn1R/,
x2 2 D.Xn2R/, y1 2 D.Y.1�n1/R/ and y2 2 D.X.1�n2/R/ such that .x1; y1/¤ .x2; y2/. Then we have
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X

Y

Figure 15: Box in X‰Y .

either x1 ¤ x2 or y1 ¤ y2. Let us consider the case x1 ¤ x2, then BX .x1; R/¤ BX .x2; R/, and since
they are two tiles of the box tiling of X , we have BX .x1; R/\BX .x2; R/D¿. Therefore

8.pX1 ; p
Y
1 / 2 B

X .x1; R/‰BY .y1; R/; 8.pX2 ; p
Y
2 / 2 B

X .x2; R/‰BY .y2; R/; pX1 ¤ p
X
2 :

Hence .pX1 ; p
Y
1 /¤ .p

X
2 ; p

Y
2 /, which gives us

.BX .x1; R/‰BY .y1; R//\ .BX .x2; R/‰BY .y2; R//D¿:

The case when y1¤ y2 provide us with the same conclusion. Then we prove that the whole space X‰Y
is covered by the horospherical product of boxes. Let p D .pX ; pY / 2X‰Y . There exists n 2 Z such
that .n�1/R� h.p/ < nR, hence there exist x 2D.XnR/ and y 2D.Y.1�n/R/ such that pX 2BX .x;R/
and pY 2 BY .y;R/. Therefore p 2 BX .x;R/‰BY .y;R/.

3.5 Measure of balls, boxes and neighbourhoods

The results of this section focus on estimates on the measure � of balls and boxes.

Lemma 3.14 There exists M.‰/ such that for all r �M and all box B at scale r of X‰Y we have

(52) �.B/�‰ emr :

Proof Without loss of generality we can assume that h.B/D Œ0I rŒ. Let us denote by CX the cell of BX

and CY the cell of BY . Then

�.B/D
Z r

0

�z.Bz/ dz D
Z r

0

�Xz .B
X
z /�

Y
�z.B

Y
�z/ dz .since Bz D BXz �BY�z/

�‰

Z r

0

em.r�z/�Xr .C
X /enz�Y0 .C

Y / dz .by assumption .E3/ and definition of boxes/

�‰ e
mr

Z r

0

e.n�m/z dz .by Lemma 3.2/

D
emr � enr

m�n
�‰ e

mr :
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However m> n, hence for r � 1
m�n

we have 1
2
emr � enr . Therefore

emr � enr

m�n
�

emr

2.m�n/
�‰ e

mr :

Combining Lemmas 3.10 and 3.14 we get the next corollary.

Corollary 3.15 There exists M.‰/ such that for any r �M and any p 2X‰Y we have

(53) e
m
2
r
�‰ �.B.p; r//�‰ e

3mr :

Therefore we have the following estimate between ball measures, which corresponds to [8, Lemma 5.2].

Corollary 3.16 There exists M.‰/ such that , for any r2 > 2r1 �M and for all p1; p2 2X‰Y ,

exp
�
1
6
jr2� r1jm

�
�.B.p1; r1//� �.B.p2; r2//� exp.6jr2� r1jm/�.B.p1; r1//:

Corollary 3.17 There exists M.‰/ such that , for any r2 > r1 �M and for all A�X‰Y ,

�.Nr2.A//�‰ e
6jr2�r1jm�.Nr1.A//:

Furthermore , if there exists z 2R such that A�Xz we have

�.NM .A//�‰ �z.NM .A/\Xz/:

In particular , for all p 2 .X‰Y /z ,

�.B.p;M//�‰ �z.DM .p//:

Proof Since X‰ Y is a proper metric space. By a covering lemma of [15], there exists a set Z � A
such that

(1) the balls B.p; r1/ for p 2Z are pairwise disjoint;

(2) we have the inclusions G
p2Z

B.p; r1/�Nr1.A/�
[
p2Z

B.p; 5r1/:

Therefore Nr2.A/�
S
p2Z B.p; 5r1C .r2� r1//.

Moreover, if A�Xz , for r1 DM we haveG
p2Z

DM .p/�NM .A/\Xz �
[
p2Z

D5M .p/;

and for all p 2Z, �z.B.p; 5M//�‰ 1�‰ �z.D5M .p//. Hence

�.NM .A//�‰
X
p2Z

�.B.p; 5M//

�‰

X
p2Z

�z.D5M .p//�‰ �z.NM .A/\Xz/:
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A .k; c/-quasi-isometry ˆ WX‰Y !X 0‰Y 0 “quasi”-preserves the measure �.

Lemma 3.18 For all .k; c/-quasi-isometry ˆ W X ‰ Y ! X 0 ‰ Y 0 and for all measurable subsets
U �X‰Y we have

�.Nk.cC1/.U //�k;c;‰ �
�
N1.ˆ.U //

�
:

Proof Since X‰Y is a proper metric space, by a classical covering lemma of [15] there exists a set
Z � U such that

(1) the balls B.p; k.cC 1// for p 2Z are pairwise disjoint;

(2) we have the inclusionsG
p2Z

B.p; k.cC 1//�Nk.cC1/.U /�
[
p2Z

B.p; 5k.cC 1//:

Since ˆ is a .k; c/-quasi-isometry,

(1) the balls B.q; 1/ for q 2ˆ.Z/ are pairwise disjoint;

(2) we have the inclusionsG
q2ˆ.Z/

B.q; 1/�N1.ˆ.U //�
[

q2ˆ.Z/

B.q; 5k2.cC 1/C c/:

Furthermore, for all p 2Z we have

�.B.p; 1//�‰ 1�‰0 �
�
B.ˆ.p/; 1/

�
�k;c;‰0 �

�
B.ˆ.p/; 5k2.cC 1/C c/

�
;

hence �.Nk.cC1/.U //�k;c;‰ #Z �k;c;‰0 �
�
N1.ˆ.U //

�
.

3.6 Set of vertical geodesics

Since X is a Gromov hyperbolic, Busemann space, for any x 2X , there exists a unique vertical geodesic
ray starting from x in X , therefore, there is a one-to-one correspondence between portions of vertical
geodesic rays in a box BX , and the points at the bottom of BX . A vertical geodesic segment of BX is
defined as the intersection of a vertical geodesic and BX . We recall that vertical geodesics are parametrised
by arclength by their height.

Let BX be a box at scale R of X . Let us denote by V BX the set of vertical geodesic segments of B. A
geodesic segment v 2 V BX intersects only in one point x the bottom of BX , and v is the only vertical
geodesic segment of V BX intersecting x by the Busemann assumption on X .

Definition 3.19 (measure � on V BX ) Let BX be a box at scale R of X . The measure �X
V BX on V BX is

defined on all measurable subset U � V BX by

(54) �X
V BX .U /D �

X
h�.BX /

�
f
.h�.BX // j 
 2 U g

�
:
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In particular, we say that U is measurable if f
.h�.BX // j 
 2 U g is measurable. Since the measure �
is almost constant along projections, the measure on the set of vertical geodesic segment is related to the
height of the boxes. Specifically we show that up to a multiplicative constant, the measure of a box is
equal to the measure of its set of vertical geodesic segments multiplied by its height, as for rectangles
in R2. In the sequel we might omit the index of the measure �X .

Property 3.20 Let BX be a box at scale R of X and let us define h� WD h�.BX / and hC WD hC.BX /.
We have, for all z 2 Œh�; hCŒ,

(1) �X .V BX /�X �Xz .BXz /�X emh
C

;

(2) �X .BX /�X R�Xz .BXz /�X R�X .V BX /�X Remh
C

.

Proof Let x 2X be such that C.x/ is the cell of BX . We know that DM0.x/� C.x/�D2M0.x/, hence
by Lemma 3.2 we have

(55) �Xh.x/.C.x//�X 1:

Then
�X .V BX /D �Xh�.B

X
\ h�1.h�// .by definition/

�X �
X
z .B

X
z /�X �

X
hC
.C.x//�X emh

C

�X
hC
.C.x// .by Property 3.5/

�X e
mhC ;

which proves the first point. The second point follows from the fact that the measures �z are constant by
projections on height level sets, up to the multiplicative constant M.X/:

�X .BX /D
Z hC

h�
�Xz .B

X
\ h�1.z// dz D

Z hC

h�
�Xz
�
�z.C.x//

�
dz

�X

Z hC

h�
�X
hC
.C.x// dz .by Property 3.5/

�X R�
X
hC
.C.x//�X Remh

C

:

A vertical geodesic V D .V X ; V Y /�X‰Y is a couple of vertical geodesics of X and Y . Therefore,
there is a bijection between the set of vertical geodesic segments V B of a box B WD BX ‰ BY and
V BX �V BY .

Definition 3.21 Let B be a box at scale R of X‰Y . We define the measure �V B on V B as

(56) �V B WD �
X
V BX ˝ �

Y
V BY :

In the notation of measures on sets of vertical geodesic segments, we might omit the reference to
the corresponding sets. The measures �V B, respectively �X

V BX , �Y
V BY , will simply be denoted by �,

respectively �X , �Y .
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Proposition 3.22 For each box B at scale R of X‰Y we have , for all z1; z2 2 Œh�; hCŒ,

(1) �.V B/�‰ emh
C

e�nh
�

�‰ �
X
z1
.BXz1/�

Y
�z2

.BY�z2/;

(2) �.B/�‰ R�.V B/�‰ R�Xz1.B
X
z1
/�Y�z2.B

Y
�z2

/.

Proof The first point follows from Definition 3.21 and Property 3.20 applied on BX and BY . The proof
of the second point is similar to the proof of Property 3.20:

�.B/D
Z hC

h�
�Xz ˝�

Y
�z.B

X
z �BY�z/ dz D

Z hC

h�
�Xz .B

X
z /�

Y
�z.B

Y
�z/ dz

�‰

Z hC

h�
�Xh�.B

X
h�/�

Y
�hC

.BY
�hC

/ dz .by Property 3.5/

�‰

Z hC

h�
�X .V BX /�Y .V BY / dz .by definition of �/

�‰ �.V B/
Z hC

h�
1 dz DR�.V B/:

Then applying twice Property 3.20 provides us with the result.

Let B be a box at scale R. Let z 2 Œh�.B/I hC.B/Œ and let U � Bz . Then we denote by VB.U / the set
of vertical geodesic segments of V B intersecting U . It is in bijection with

f.x; y/ 2 BX0 �BY�R j .�
X
z .x/; �

Y
�z.y// 2 U g:

We need the following property stating that the measure of a given subfamily of vertical geodesics can
be computed on any level of our box.

Property 3.23 Let B be a box at scale R of X ‰ Y . Then, for all z 2 Œh�.B/I hC.B/Œ and for all
measurable subsets Uz � Bz ,

�.VB.Uz//�‰ �z.Uz/:

Proof Without loss of generality we can assume that Œh�.B/I hC.B/ŒD Œ0 WRŒ. By definition we have

�.VB.Uz//

WD

Z
x02BX0

Z
y02BY�R

1
f.x;y/2BX0 �B

Y
�Rj.�

X
z .x/;�

X
�z.y//2Uzg

.x0; y0/d�
Y
�Rd�

X
0

D

Z
x02BX0

Z
y02BY�R

1Uz .�
X
z .x0/; �

Y
�z.y0//d�

Y
�Rd�

X
0

D

Z
x02BX0

� Z
y2BY�z

1Uz .�
X
z .x0/; y/d..�

Y
�z/��

Y
�R/

�
d�X0 .with a pushforward of �Y�R by �Y�z/

D

Z
y2BY�z

� Z
x02BX0

1Uz .�
X
z .x0/; y/d�

X
0

�
d..�Y�z/��

Y
�R/ .by Fubini’s theorem/

D

Z
y2BY�z

� Z
x2BXz

1Uz .x; y/d..�
Y
z /��

X
0 /
�
d..�Y�z/��

Y
�R/ .with a pushforward of �X0 by �Xz /

�‰

Z
y2BY�z

Z
x2BXz

1Uz .x; y/d�
X
z d�

Y
�z .by using Property 3.5 twice/

�‰ �z.Uz/:
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3.7 Projections of set of almost full measure

Let us denote by pX WX‰Y !X , .x; y/ 7! x, and by pY WX‰Y !X , .x; y/ 7! y, the projections
on the two coordinates of X ‰ Y . We also denote by slight abuse the projection on a set of vertical
geodesic segments pX W V B! V BX , .vX ; vY / 7! vX , and pX W V B! V BY , .vX ; vY / 7! vY . Given a
subset U � B, we might simply denote by UX , respectively U Y , its projection on X , respectively on Y ,
and similarly for subsets of V B.

In this section, we show that if a subset of a box has almost full measure, then most of the fibres with
respect to these projections also have almost full measure.

Let 0< ˛� 1, let V1� V B be a measurable subset (it will be chosen later as a subset of small measure,
containing “bad” vertical geodesics). Let us define, for all vX 2 V BX ,

GY .vX / WD fvY 2 V BY j .vX ; vY / 2 V0g D pY ..pX /�1.vX /\ .V B nV1//;

GX WD
˚
vX 2 V BX j �Y .GY .vX //�

�
1�
p
˛
�
�Y .V Y1 /

	
:

The setGX is the set of vertical geodesics in V BX whose fibres have almost full intersection with V BnV1.
The following lemma asserts that almost all fibres have almost full intersection with V B nV1.

Lemma 3.24 Let 0 < ˛ � 1 and let V1 � V B be a measurable subset such that �.V1/� ˛�.V B/. Then

�X .GX /�
�
1�
p
˛
�
�X .V BX /:

Proof By construction we have [
vX2V BX

GY .vX /D .V B nV1/Y :

To prove the lemma we proceed by contradiction. Let us assume that �X .GX / <
�
1�
p
˛
�
�X .V BX /.

Then

�X .V BX nGX / >
p
˛�X .V BX /:

Therefore

�.V1/D

Z
V B

1V1.v/ d�.v/

D

Z
V BX

Z
V BY

1V1.v
X ; vY / d�Y .vY / d�X .vX / .by definition of �/

D

Z
V BX

Z
V BY

1V BY nGY .vX /.v
Y / d�Y .vY / d�X .vX / .by definition of GY .vX //

D

Z
V BX

�Y .V BY nGY .vX // d�X .vX /

�

Z
V BXnGX

�Y .V BY nGY .vX // d�X .vX /:
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Furthermore, when vX 2 V BX n GX we have that �Y .GY .vX // <
�
1 �
p
˛
�
�Y .V BY /, and hence

�Y .V BY nGY .vX //�
p
˛�Y .V BY /. Therefore

�.V1/�

Z
V BXnGX

p
˛�Y .V BY / d�X .vX /

�
p
˛�Y .V BY /�X .V BX nGX /

�
p
˛
p
˛�Y .V BY /�X .V BX / .by the contradiction assumption/

> ˛�.V B/ .since V B is a product/;

which contradicts �.V1/� ˛�.V B/.

In the previous lemma we only used the fact that the set of vertical geodesic segments V B was the
product of its projections endowed with a product measure �. We will use it once again on the product of
two measured spaces endowed with a product measure in the proof of Proposition 4.7.

We recall that for any U �X‰Y we define V B.U / WD fv 2 V B j im.v/\U ¤¿g. Similarly for all
V1 � V B we define V1.U / WD fv 2 V1 j im.v/\U ¤¿g.

The next lemma is a local version of Lemma 3.24. Let V1 � V B. Let M > 0 be a constant, let a 2 B
and let us define VD WD V B.DM .a// and V1D WD V1.DM .a//. For all vD .vX ; vY / 2 VB, let us define

EY .vX / WD fvY 2 VDY j .vX ; vY / 2 V1Dg D .p
Y /�1.pX .vX /\V1D/I

FX WD
˚
vX 2 VDX j �Y .EY .vX //�

p
˛�Y .VDY /

	
:

Lemma 3.25 Let 0 < ˛ � 1. If �.V1D/� ˛�.VD/ then

(57) �X .FX /�
p
˛�X .VDX /:

Proof Let us proceed by contradiction. We assume that

(58) �X .FXi / >
p
˛�X .VDXi /:

Then we have

�.V1D/D

Z
vX2VDX

Z
vY 2VDY

1V1D.v
X ; vY / d�Y d�X

D

Z
vX2VDX

Z
vY 2VDY

1EY .vX /.v
Y / d�Y d�X

D

Z
vX2VDX

�Y .EY .vX // d�X .by the definition of EY .vX //

�

Z
vX2FX

�Y .EY .vX // d�X .since FX � VDX /

>
p
˛�X .VDX /

p
˛�Y .VDY / > ˛�.VD/;

which contradicts assumption on VD. Hence �X .FX /�
p
˛�X .VDX /.
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The following lemma asserts that for almost all points of the box, almost all vertical geodesics passing
through the disc DM0.x/ do not belong to V1.

Lemma 3.26 There exists a constant 0<˛.‰/� 1 such that for all 0<˛�˛.‰/ the following statement
holds. Let M0 be the constant involved in assumption (E2) and let B be a box at scale R. If V1 � V B
satisfies �.V1/� ˛�.V B/, then

(59) �

��
x 2 B j

�
�
V1.DM0.x//

�
�
�
V B.DM0.x//

� > ˛ 14��� ˛ 14�.B/:
Proof Without loss of generality we may assume that h.B/D Œ0IRŒ. Let us define

(60) U D

�
x 2 B j

�
�
V1.DM0.x//

�
�
�
V B.DM0.x//

� > ˛ 14�:
We proceed by contradiction, let us assume that �.U / > ˛

1
4�.B/. In this case there exists z 2 Œ0IRŒ

such that �z.Uz/ > ˛
1
4�z.Bz/. Let U 0z � Uz be a 2M0 maximal separating set of Uz . We have thatF

x2U 0z
DM0.x/ is a disjoint union and that Uz �

S
x2U 0z

D2M0.x/. Then we have

�z

� G
x2U 0z

DM0.x/

�
D

X
x2U 0z

�z.DM0.x//D
X
x2U 0z

�z.D2M0.x//
�z.DM0.x//

�z.D2M0.x//

�‰

X
x2U 0z

�z.D2M0.x// .by Lemma 3.2/

� �z

� [
x2U 0z

D2M0.x/

�
� �z.Uz/

�‰ ˛
1
4�z.B‡/ .by assumption on Uz/:(61)

However 8x 2 U 0z we have �
�
V1.DM0.x//

�
> ˛

1
4�
�
V B.DM0.x//

�
, therefore

�

�
V1

� [
x2U 0z

DM0.x/

��
> ˛

1
4�

�
V B

� [
x2U 0z

DM0.x/

��

�‰ ˛
1
4�z

� [
x2U 0z

DM0.x/

�
.by Property 3.23/

� ˛
1
4˛

1
4�z.B/D

p
˛�z.B/ .by inequality (61)/

�‰

p
˛�.V B/ .by Property 3.23/:

Since �.V1/� �
�
V1
�S

x2U 0z
DM0.x/

��
and since

p
˛ >M.‰/˛ for ˛ < 1

M2 , it contradicts the assump-
tions of the lemma.

Let us point out that in this lemma, we first showed that on a fixed level-set, most of its point were
surrounded by almost only of vertical geodesic not in V1. This remark will be relevant in the proof of
Proposition 4.7.
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The next three lemmas are estimates on the quantity of Y -horospheres satisfying specific properties.
They are used in Section 4.4. Let B be a box, x 2 BX , let U � B and let us denote by

Hx WD fxg‰BY D f.x; y/ j y 2 BY ; h.y/D�h.x/g D .pX /�1.x/

a Y -horosphere of B. Let us define

EY .x/ WD fy 2 BY j .x; y/ 2 U cg D pY .pX�1.x/\U c/D .Hx \U c/Y I

EX WD

�
x 2 BX j �Y

�h.x/.E
Y .x// >

p
˛�Y .HY

x / and h.x/� h�.BX /C
R

2

�
:

The set EX is in bijection with the “bad” Y -horospheres H above the middle of B, the ones which
have more than

p
˛ fraction of their measure �Y in U c .

The following lemma asserts that almost all Y -horospheres in the upper half of the box are good
Y -horospheres.

Lemma 3.27 If �.U /� .1�˛/�.B/ with 0 < ˛ < 1, then we have

�X .EX / <
p
˛�X .BX /:

Proof Without loss of generality we can assume that h.B/D Œ0IRŒ. We proceed by contradiction, let us
assume that �X .EX /�

p
˛�X .BX /. Then we compute the measure of U c :

�.U c/D

Z R

0

�Xz ˝�
Y
�z.U

c
z / dz D

Z R

0

Z
BXz
�Y�z.fy 2 Y�z j .x; y/ 2 U

c
z g/ d�Xz .x/ dz .by definition/

D

Z R

0

Z
BXz
�Y�z..Hx \U

c/Y / d�Xz .x/ dz

�

Z R

0

Z
EXz

�Y�z..Hx \U
c/Y / d�Xz .x/ dz .since EXz � BXz /

>
p
˛

Z R

0

� Z
EXz

�Y�z.H
Y
x / d�Xz .x/

�
dz .by the definition of EX /

D
p
˛

Z R

0

Œ�Y�z.B
Y
�z/�

X
z .E

X
z /� dz .by the definition of Hx/

�
p
˛
p
˛

Z R

0

�Y�z.B
Y
�z/�

X
z .B

X
z / dz � ˛�.B/ .by assumption on EX /;

which contradicts the assumption on U .

For all U � B we define the shadow of U , denoted by Sh.U /, as

Sh.U / WD fp 2 B j 9V 2 V B containing p and intersecting U on a point p0 such that h.p0/� h.p/g:

For S a subset of X, we shall call the large Y -horosphere (see Figure 16) the subset HS defined by

HS WD S‰Y D .pX /�1.S/:
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h

y
YX

B(x, r) Y
r
x

Y−h(x)

Figure 16: Large X -horosphere in X‰Y .

Let M0 be the constant involved in assumption (E2). Let us denote by FX � BX the subset

FX WD

�
x 2 BX j �.Sh.HDM0 .x//\U

c/ > ˛
1
4�.Sh.HDM0 .x/// and h.x/� h�.BX /C

R

2

�
:

The set FX is in bijection with the “bad” Y -horospheres H that are above the middle of the box B.
By “bad” we mean the ones which have more than ˛

1
4 fraction of the measure � of their shadow in U c .

In the following lemma, we show that the shadow of almost all the Y -horospheres in the upper half of
the box have almost full measure.

Lemma 3.28 There exists a constant 0<˛.‰/� 1 such that for all 0<˛�˛.‰/ the following statement
holds. If �.U /� .1�˛/�.B/, then we have

�X .FX / < ˛
1
4�X .BX /:

Proof Without loss of generality we can assume that h.B/D Œ0IRŒ. We proceed by contradiction, let us
assume that �X .FX /� ˛

1
4�X .BX /. Therefore, there exists z0 2

�
R
2
; R
�

such that

�Xz0.F
X
z0
/� ˛

1
4�Xz0.B

X
z0
/:

Let Z be a 2M0-maximal separating subset of FXz0 . Then we have

�.U c/

� �

�
Sh
� G
x2Z

HDM0 .x/

�
\U c

�
D

X
x2Z

�.Sh.HDM0 .x//\U
c/ .since this is a disjoint union/

� ˛
1
4

X
x2Z

�.Sh.HDM0 .x///�‰ ˛
1
4

X
x2Z

z0�z0.HDM0 .x/
/ .by definition of FXz0 and Property 3.5/:
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However �z0.HDM0 .x//D �
X
z0
.DM0.x//�

Y
�z0

.BY�z0/ since HDM0 .x/ DDM0.x/�BY�z0 , hence

�.U c/�‰ ˛
1
4 z0

X
x2Z

�Xz0.DM0.x//�
Y
�z0

.BY�z0/

�‰ ˛
1
4 z0�

Y
�z0

.BY�z0/
X
x2Z

�Xz0.D2M0.x// .by Lemma 3.2/

� ˛
1
4 z0�

Y
�z0

.BY�z0/�
X
z0

� [
x2Z

D2M0.x/

�
� ˛

1
4 z0�

Y
�z0

.BY�z0/�
X
z0
.FXz0 / .by definition of Z/

� ˛
1
4˛

1
4 z0�

Y
�z0

.BY�z0/�
X
z0
.BXz0/ .by assumption on FXz0 /

�
p
˛
R

2
�Y�z0.B

Y
�z0

/�Xz0.B
X
z0
/�‰

1
2

p
˛�.B/

�
since z0 �

R

2
and by Proposition 3.22

�
;

which contradicts the assumptions on U for ˛ < 1
M.‰/2

.

The following lemma asserts that the projection on a level-set of almost all the Y -horospheres have
almost full measure.

Lemma 3.29 If �.U / � .1 � ˛/�.B/, then there exists a constant M.‰/ such that for any large Y -
horosphere HDM0 .x/ with x 2 B§ nFX as in Lemma 3.28, and for 1�M� �M 2˛

1
4 > 0, there exists P a

level set of the height function in B, such that

�h.P /.P \Sh.HDM0 .x//\U
c/�‰ ˛

1
4�h.P /.P \Sh.HDM0 .x///:

Furthermore , P can be chosen such that �R < d‰.P;H/ < 2�R.

Proof We proceed by contradiction. Let us assume that such a plane P does not exist. Computing the
measure � of Sh.HDM0 .x//\U

c \BŒh.H/�2�RIh.H/��R� contradicts the fact that

�.Sh.HDM0 .x//\U
c/� ˛

1
4�.Sh.HDM0 .x///:

Indeed, we show the contradiction using Property 3.5 and because we integrate on a sufficiently large
portion of Œ0; R� (� �M˛

1
4 ).

In the following lemma we show that almost all level-sets admit a point with large X -horospheres and
Y -horospheres.

Lemma 3.30 There exists a constant 0<˛.‰/� 1 such that for all 0<˛�˛.‰/ the following statement
holds. Let U � B be such that �.U /� .1�˛/�.B/. Then there exists U 0 � U such that

(1) �.U 0/� .1�˛
1
4 /�.B/;

(2) for all z 2h.U 0/ there exists .x0;z; y0;z/2U 0z such that for all .x1; y1/2U 0z , we have .x1; y0;z/2U 0z
and .x0;z; y1/ 2 U 0z .

Proof We may assume without loss of generality that h.B/D Œ0; RŒ. Let us define

HU WD fz 2 Œ0; RŒ j �z.Uz/� .1�˛
1
4 /�z.Bz/g:
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Then we claim that Leb.HU / � .1� ˛
1
4 /R. To prove this claim we proceed by contradiction. Let us

assume that Leb.HU / < .1�˛
1
4 /R. Then Leb.Œ0; RŒnHU /� ˛

1
4R. Furthermore, for all z 2 Œ0; RŒnHU

we have �z.Uz/ < .1�˛
1
4 /�z.Bz/, hence

�z.Bz nUz/� ˛
1
4�z.Bz/:(62)

Therefore, by computing the measure of B nU we have

�.B nU/D
Z
z2Œ0;RŒ

�z.Bz nUz/ dz �
Z
z2.Œ0;RŒnHU /

�z.Bz nUz/ dz

�

Z
z2.Œ0;RŒnHU /

˛
1
4�z.Bz/ dz .by inequality (62)/

�X ˛
1
2�.B/ .by the contradiction assumption and Property 3.5/;

which contradicts the assumption on U for ˛ small enough. Hence Leb.HU /� .1�˛
1
4 /R.

Let us define, for z 2 Œ0IRŒ,

U y WD fx 2 BXz j .x; y/ 2 U gI H WD fz 2 Œ0; RŒ j 9y 2 BY�z; �
X
z .U

y/� .1�˛
1
4 /�Xz .B

X
z /g:

In particular, for all y 2 BY�z we have U y � UXz , and, by the definition of �,

�.U /D
Z
z2Œ0;RŒ

Z
y2BY�z

�Xz .U
y/:

We claim that Leb.H/ � .1� ˛
1
4 /R. To prove this claim, we also proceed by contradiction. Let us

assume that Leb.H/ < .1�˛
1
4 /R. Then Leb.Œ0; RŒ nH/� ˛

1
4R. Furthermore for all z 2 Œ0; RŒ nH we

have that

8y 2 BY�z; �Xz .U
y/ < .1�˛

1
4 /�Xz .B

X
z /:

Therefore, by the definition of Uy we have that, 8y 2 BY�z ,

�Xz .fx 2 B
X
z j .x; y/ … U g/� ˛

1
4�Xz .B

X
z /:(63)

Hence, by computing the measure of B nU we have

�.B nU/D
Z
z2Œ0;RŒ

Z
y2BY�z

�Xz .fx 2 U
X
z j .x; y/ … U g/ d�Y�z dz

�

Z
z2.Œ0;RŒnH/

Z
y2BY�z

�Xz .fx 2 U
X
z j .x; y/ … U g/ d�Y�z dz

�

Z
z2.Œ0;RŒnH/

Z
y2BY�z

˛
1
4�Xz .B

X
z / d�Y�z dz .by inequality (63)/

D ˛
1
4

Z
z2.Œ0;RŒnH/

�Y�z.B
Y
�z/�

X
z .B

X
z / dz

�X ˛
1
4˛

1
4�.B/D ˛

1
2�.B/ .by the contradiction assumption and Property 3.5/;
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which contradicts the assumption �.B nU/ < ˛�.B/, for ˛ < 1
M.‰/2

. Let us define, for all x 2 BXz ,

U x WD fy 2 BY�z j .x; y/ 2 U gI H 0 WD fz 2 Œ0; RŒ j 9x 2 BXz ; �
Y
�z.U

x/� .1�˛
1
4 /�Y�z.B

Y
�z/g:

We show similarly that Leb.H 0/� .1�˛
1
4 /R. Therefore Leb.H \H 0\HU /� .1� 3˛

1
4 /R.

For all z 2H \H 0 there exists .x0;z; y0;z/ 2 Bz such that

�Xz .U
y0/� .1�˛

1
4 /�Xz .B

X
z /I(64)

�Y�z.U
x0/� .1�˛

1
4 /�Y�z.B

Y
�z/:(65)

Let us define for all z 2HU \H \H 0, U 0z WD .U
x0;z �U y0;z /. Then we have

(1) U 0 � U ;

(2) �z.U 0z/D�z..U
x0;z�U y0;z /\Uz/� .1�3˛

1
4 /�z.B/ by inequalities (64), (65) and by the definition

of HU ;

(3) for all .x1; y1/ 2 U 0z we have .x1; y0;z/ 2 U 0z and .x0;z; y1/ 2 U 0z .

Let .x1; y1/ 2 U 0z . Then .x1; y0;z/ 2 U 0, and hence .x0;z; y0;z/ 2 U 0. Furthermore we have that
Leb.HU \H \H 0/� .1� 3˛

1
4 /R, and hence Leb.Œ0; RŒ n .HU \H \H 0//� 3˛

1
4R. Therefore

�.B nU 0/D
Z
z2Œ0;RŒ

�z..B nU 0/z/ dz

D

Z
z2.Œ0;RŒn.HU\H\H

0//
�z.Bz n .U x0;z �U y0;z // dz

�

Z
z2.Œ0;RŒn.HU\H\H

0//
.3˛

1
4 /�z.Bz/ dz .by construction of U 0z/

�X 9˛
1
2�.B/ .by the measure of Œ0; RŒ n .HU \H \H 0/ and by Property 3.5/:

Hence �.U 0/ � .1 � ˛
1
4 /�.B/, since ˛

1
4 > 9M.X/˛

1
2 (˛ small enough in comparison to a constant

depending only on X ).

These points .x0;z; y0;z/ will play a key role in the definition of the product map close to a given
quasi-isometry in Theorem 4.5.

3.8 Divergence

Two distinct vertical geodesics in a ı-hyperbolic and Busemann space diverge quickly from each other. The
next lemma aims at making this more precise for X an admissible horopointed space. More specifically
we are going to look at a point x and at all the vertical geodesics passing by a point of the disc centred at
x of radius M0 (the (E2) constant) along the horosphere at height h.x/, that is, VDM0.x/. Let V0 be a
geodesic containing x. We want to quantify the vertical geodesics in VDM0.x/ which start diverging
from the vertical geodesic V0 between the heights h.x/� l and h.x/C l . We denote this set by

Div.V0/ WD fV 2 VDM0.x/ j jhDiv.V0; V /� h.x/j � lg:
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Lemma 3.31 With the above notation we have

�X .VDM0.x/nDiv.V0//�X e�ml�X .VDM0.x//:

Proof By slight abuse of notation, we may intersect a set of vertical geodesic segments E � V B with
a subset F � B. By this, we mean the intersection of F with the union of the images of the vertical
geodesics of E, where each image is a vertical geodesic in B. For example,

VDM0.x/\Bh.x/ DDM0.x/:

Any vertical geodesic segment V 2 VDM0.x/ did not start to diverge from the vertical geodesic V0 at the
height h.x/, we have hDiv.V; V0/ � h.x/. Therefore, all the vertical geodesic segments which did not
start to diverge at the height h.x/� l , denoted by VDM0.x/nDiv.V0/, are still M0-close to �h.x/�l.x/:

.VDM0.x/nDiv.V0//\Bh.x/�l �DM0.�h.x/�l.x//:(66)

We use Lemma 1.8 with z0 D h.x/ and z D h.x/� l , which gives

D2l�M0.�h.x/�l.x//� �h.x/�l.DM0.x//D VDM0.x/\Bh.x/�l :(67)

Therefore

�X .VDM0.x/nDiv.V0//
�X .VDM0.x//

�X

�X
h.x/�l

.VDM0.x/nDiv.V0/\Bh.x/�l/

�X
h.x/�l

.VDM0.x/\Bh.x/�l/
.by Property 3.23/

�
�X
h.x/�l

�
DM0.�h.x/�l.x//

�
�X
h.x/�l

.VDM0.x/\Bh.x/�l/
.by inequality (66)/

�
�X
h.x/�l

�
DM0.�h.x/�l.x//

�
�X
h.x/�l

�
D2l�M0.�h.x/�l.x//

� .by inequality (67)/:

Moreover by the definition of �X and Lemma 3.2

�X
h.x/�l

�
DM0.�h.x/�l.x//

�
�X
h.x/�l

�
D2l�M0.�h.x/�l.x//

� D �X
h.x/�l

�
DM0.�h.x/�l.x//

�
�X
h.x/�l

�
D2l�M0.�h.x/�l.x//

� �X e�ml :(68)

Therefore
�X .VDM0.x/nDiv.V0//

�X .VDM0.x//
�X e

�ml :

Heuristically, the previous lemma asserts that most of the vertical geodesics segments passing close to
a point x, start diverging from each other close to the height h.x/.

We now provide an estimate on the exponential contraction of the measure � along the vertical direction.

Lemma 3.32 There exists M.‰/ such that the following holds. Let h0 2R and let U � .X‰Y /h0 be a
measurable subset. Let �>M and let A� .X‰Y /h0�� be a measurable subset. Suppose also that all
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vertical rays V intersecting U intersect A. Then

�h0��.A/�‰ e
.m�n/��h0.U /:

Proof Since �‰
h0��

.U /� A we have

�h0��.�
‰
h0��

.U //� �h0��.A/;

where �‰ is defined in Definition 1.13. We recall that for all x 2 X , U Yx WD fy 2 Y j .x; y/ 2 U g. By
definition

�h0.U /D �
X
h0
˝�Y

�h0
.U /D

Z
Xh0

�Y
�h0

.U Yx / d�Xh0.x/:(69)

For all x 2 UX let us define Ux WD f.x; y/ 2 U j y 2 U Y g. Then

.Ux/
Y
D U Yx WD fy 2 Y j .x; y/ 2 U g:

Furthermore U Yx � �
Y
�h0

Œ�Y
��h0

.U Yx /�. Hence

�Y
�h0

.U Yx /� �
Y
�h0

.�Y
�h0

Œ�Y��h0.U
Y
x /�/�‰ e

n��Y��h0 Œ�
Y
��h0

.U Yx /� .by assumption (E3)/;

which gives us

�h0.U /�‰ e
n�

Z
UX
�Y��h0 Œ�

Y
��h0

.U Yx /� d�
X
h0
.x/ .by definition of �h0/:(70)

However we have

(71) �Y��h0.U
Y
x /D .�

‰
h0��

.Ux//
Y
D .�‰h0��.U //

Y
�X
h0��

.x/

D fy 2 .�‰h0��.U //
Y
j .�Xh0��.x/; y/ 2 �

‰
h0��

.U /g:

Hence

�h0.U /�‰ e
n�

Z
UX
�Y��h0 Œ.�

‰
h0��

.U //Y
�X
h0��

.x/
� d�Xh0.x/ .by (70) and (71)/

D en�
Z
�X
h0��

.UX /

�Y��h0 Œ.�
‰
h0��

.U //Yx0 � d�
X
h0��

��Xh0.x
0/

�‰ e
n�e�m�

Z
�X
h0��

.UX /

�Y��h0 Œ.�
‰
h0��

.U //Yx0 � d�
X
h0��

.x0/ .by assumption (E3)/

D e.n�m/��h0��.�
‰
h0��

.U //:

Furthermore, as said at the beginning we have �h0��.�
‰
h0��

.U //� �h0��.A/. Therefore

�h0��.A/�‰ e
.m�n/��h0.U /:

In the next lemma we transfer a control on the measure � to a control on the measure �.
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Lemma 3.33 Let M0 be the constant involved in assumption (E2), B be a box and z 2 h.B/. Let
A� .B/z and let E � B such that hC.E/� h.A/. Then , if there exists Q � 1 such that �.NM0.E//�
Q�1�.NM0.A//, we have that

�.VNM0.E//�‰ Q
�1�.VNM0.A//:

Proof Let Z �E be a 2M0-maximal separating set.

(1) The balls B.p;M0/ for p 2Z are pairwise disjoint.

(2) We have the inclusions G
p2Z

B.p;M0/�NM0.E/�
[
p2Z

B.p; 3M0/:

The radius 3M0 is required since we cover all NM0.E/ and not only E. Furthermore, all balls and disks
of radius M0 have comparable measure � by assumption (E2) and Corollary 3.17. Therefore

�.NM0.E//�‰ #Z �‰
X
p2Z

�.B.p;M0//�‰
X
p2Z

�h.p/.DM0.p//:(72)

Moreover, for all v 2 VE, there exists p 2 Z such that v \D3M0.p/ ¤ ¿. Consequently we have
VNM0.E/�

S
p2Z VD3M0.p/, hence

�.VNM0.E//�
X
p2Z

�.VD3M0.p//�X
X
p2Z

�h.p/.D3M0.p// .by Property 3.23/

�

X
p2Z

�Xh.p/.D6M0.p
X //�Y

�h.p/.D6M0.p
Y //:

Furthermore, disks of radius r are included in rectangles of width 2r , hence

�.VNM0.E//�‰
X
p2Z

eh.p/.m�n/�h.p/.D6M0.p// .by the definition of �h.p//

� eh.a/.m�n/
X
p2Z

�h.p/.D6M0.p// .because hC.E/� h.A//

�‰ e
h.a/.m�n/�.NM0.E// .by inequalities (72)/:

Using similar arguments we obtain

�.VNM0.A//�‰ �h.a/.VNM0.A//�‰ e
h.a/.m�n/�.VNM0.A//:

Combined with the assumption �.NM0.E//�Q�1�.NM0.A// we have

�.VNM0.A//�‰ e
h.a/.m�n/Q�.NM0.E//�‰ Q�.VNM0.E//:

Heuristically, if a setE is sufficiently small and below a set A, then the set of vertical geodesic segments
intersecting E will also be small.
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4 Proof of the geometric rigidity
The aim of this chapter is to present a proof of our key result. Let .X; Y / and .X 0; Y 0/ be two horopointed
admissible couples of parameter respectively .m; n/ and .m0; n0/. Let us assume that m> n and m0 > n0.

Theorem 4.1 Letˆ WX‰Y !X 0‰Y 0 be a .k; c/ quasi-isometry. Then there exist two quasi-isometries
ˆX WX !X 0 and ˆY W Y ! Y 0 such that

d‰.ˆ; .ˆ
X ; ˆY //�k;c;‰ 1:

Although this statement is similar to the statement in the case of Sol and Diestel–Leader, our broader
setting of admissible spaces requires additional key arguments, such as Lemma 3.3, and therefore relies
heavily on the previous sections.

To make the exposition of the various statements in this chapter smoother, we made the following
abuse of notation. In a statement, when a parameter, say � , needs to be sufficiently small, we will write it
by “For � �‰ 1 we have . . . ” instead of “There exists a constant M.‰/ such that if � � 1

M
, then . . . ”.

From now until the end of this chapter we consider ˆ W X‰ Y ! X 0‰ Y 0 a .k; c/-quasi-isometry
with fixed constants k � 1 and c � 0.

4.1 Vertical geodesics with "-monotone image

In order to construct a product map, the key idea is to use the quadrilateral lemmas of Section 2.4 on the
image by the quasi-isometry ˆ of a quadrilateral in X‰Y . To do so we need to locate which vertical
geodesic segments are sent close to vertical geodesic segments. Thanks to Proposition 2.6 it is sufficient
to look for vertical geodesic segments with an "-monotone image under ˆ, where 0� " < 1 is a parameter
to be determined later (depending on‰, k and c). We call good these vertical geodesic segments.

Notation 4.2 We recall that we denote by V B the set of vertical geodesic segments of the box B. Let
us denote by V gB the set of good vertical geodesic segments and V bB the set of bad vertical geodesic
segments, that is,

V gB WD f
 2 V B jˆ ı 
 is "-monotonegI

V bB WD f
 2 V B jˆ ı 
 is not "-monotoneg D V B nV gB:

In the following proposition, we prove the existence of an appropriate scale on which almost all boxes
possess almost only good vertical geodesics. We define � WD �V B, �X WD �X

V BX and �Y WD �Y
V BY .

Proposition 4.3 For 0 < � �‰ 1, there exist two positive constants M.k; c;‰; "/ and M 0.k; c;‰/ such
that for all r0 �M , N � M 0

"
and S � M 0

"�3
and boxes B at scale L WDN Sr0, there exist k0 2 f1; : : : ; Sg, a

box tiling
F
i2I Bi D B at scale RDN k0r0 and Ig � I such that

(1) �
�S

i2Ig
Bi
�
� .1� �/�.B/ (boxes indexed by Ig cover almost all B);

(2) 8i 2 Ig , �i .V
bBi /

�i .V Bi /
� � (almost all vertical geodesic segments in Bi have "-monotone image);

where �i WD �V Bi .
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Proof We recall from Proposition 2.9 the definition of ıs.˛/ for a quasi-geodesic segment ˛:

As WD
˚
˛.ŒkN sr0; .kC 1/N

sr0�/ j k 2 f0; : : : ; N
S�s
� 1g

	
:

Then ıs.˛/ is the proportion of segments in As which are not "-monotone:

(73) ıs.˛/ WD
#fˇ 2 As j ˇ is not "-monotoneg

#As
:

Using Proposition 2.9 on every vertical geodesic segment in B we have that, 8˛ 2 V B,

(74)
SX
sD1

ıs.˛/�‰;k;c
1

"
:

We now integrate the inequality (74) with respect to � over V B to get

1

"
�‰;k;c

1

�.V B/

Z
˛2V B

� SX
sD1

ıs.˛/

�
d�D

SX
sD1

�
1

�.V B/

Z
˛2V B

ıs.˛/ d�
�
:

Consequently there exists k0 2 f1; : : : ; Sg such that

(75)
1

�.V B/

Z
˛2V B

ık0.˛/d��‰;k;c
1

S"
�‰ �

3 .by assumption on S/:

From now on we fix R WDN k0r0. There are L
R

layers of boxes at scale R in B. We average ık0.˛/ along
all ˛ 2 V B:

(76)

1

�.V B/

Z
˛2V B

ık0.˛/ d�D
1

�.V B/

Z
˛2V B

R

L

L
R
�1X

kD0

ık0
�
˛.ŒkRI .kC 1/R�/

�
d�

D
1

�.V B/
R

L

L
R
�1X

kD0

Z
˛2V B

ık0
�
˛.ŒkRI .kC 1/R�/

�
d�:

Let us denote by BŒk� WD B\ h�1.ŒkRI .kC 1/RŒ/ the k-th layer of B. Since vertical geodesic segments
of X‰Y are couples of vertical geodesic segments, V BŒk� is in bijection with V BX

Œk�
�V BY

Œk�
which is

itself in bijection with BX
kR
�BY
�.kC1/R

as explained in Section 3.6. Let us denote by f this bijection:

f W BŒk�! BXkR �BY
�.kC1/R; ˛ 7!

�
˛X .kR/; ˛Y .�.kC 1/R/

�
:

For all ˛ 2 V B and for all k 2
˚
0; : : : ; L

R
� 1

	
we have ık0

�
˛.ŒkRI .kC 1/R�/

�
D 0 or 1, hence

ık0
�
˛.ŒkRI .kC 1/R�/

�
D 1V bBŒk�

�
˛.ŒkRI .kC 1/R�/

�
D 1f .V bBŒk�/

�
˛X .kR/; ˛Y .�.kC 1/R/

�
:
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ThereforeZ
˛2V B

ık0
�
˛.ŒkRI .kC 1/R�/

�
d�

D

Z
.˛X ;˛Y /2V BX�V BY

1f .V bBŒk�/
�
˛X .kR/; ˛Y .�.kC 1/R/

�
d�X d�Y

D

Z
.x;y/2BX0 �B

Y
�L

1f .V bBŒk�/.�
X
kR.x/; �

Y
�.kC1/R.y// d�X0 d�Y�L .by definition �X and �Y /

�‰

Z
.x0;y0/2BX

kR
�BY
�.kC1/R

1f .V bBŒk�/.x
0; y0/ d�XkR d�Y

�.kC1/R .by Property 3.5/:(77)

Let
F
i2I Bi be the box tiling at scale R as in Proposition 3.11, and for all k 2

˚
0; : : : ; L

R
� 1

	
let us

denote by Ik � I the indices of the boxes Bi which tile BŒk�. Then we have

V BŒk� D
G
i2Ik

V Bi and V bBŒk� D
G
i2Ik

V bBi :

Therefore, for all .x; y/ 2 BX
kR
�BY
�.kC1/R

,

1f .V bBŒk�/.x; y/D 1f .
F
i2Ik

V bBi /.x; y/D
X
i2Ik

1f .V bBi /.x; y/:

Hence from inequality (77) we haveZ
˛2V B

ık0
�
˛.ŒkRI .kC 1/R�/

�
d��‰

Z
.x;y/2BX

kR
�BY
�.kC1/R

X
i2Ik

1f .V bBi /.x; y/ d�XkR d�Y
�.kC1/R

D

X
i2Ik

Z
.x;y/2BX

kR
�BY
�.kC1/R

1f .V bBi /.x; y/ d�XkR d�Y
�.kC1/R

D

X
i2Ik

Z
˛2V Bi

1V bBi .˛/ d�i D
X
i2Ik

�i .V
bBi /:

In combination with equality (76) we have

1

�.V B/

Z
˛2V B

ık0.˛/ d��‰
1

�.V B/
R

L

L
R
�1X

kD0

X
i2Ik

�i .V
bBi /

�‰

X
i2I

R�i .V Bi /
L�.V B/

�i .V
bBi /

�i .V Bi /

�‰

X
i2I

�.Bi /
�.B/

�i .V
bBi /

�i .V Bi /
.by Proposition 3.22/:

Let us denote by Ib the set of indices i of boxes Bi such that �i .V
bBi /

�i .V Bi /
� � , and Ig WD I nIb . By definition,

Ig satisfies the second part of our proposition, we are left with proving that it also satisfies the first part.
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To do so we assume by contradiction that �
�S

i2Ib
Bi
�
� ��.B/. Then

1

�.V B/

Z
˛2V B

ık0.˛/d��‰
X
i2Ib

�.Bi /
�.B/

�i .V
bBi /

�i .V Bi /
.since Ib � I /

�‰ �

P
i2Ib

�.Bi /

�.B/
.by the definition of Ib/

�‰ �
2 .by the contradiction assumption/;

which contradicts inequality (75) for � �‰ 1. Therefore �
�S

i2Ib
Bi
�
< ��.B/, hence

�

� [
i2Ig

Bi
�
� .1� �/�.B/:

Let B be a box at scale R. Let us denote the upward and downward oriented vertical geodesic segments
by

V "B WD
˚
V 2 V gB j h.ˆ ıV.0//� h.ˆ ıV.R//

	
I

V #B WD
˚
V 2 V gB j h.ˆ ıV.0//� h.ˆ ıV.R//

	
:

We are now going to show that in a given box Bi with i 2 Ig , almost all vertical geodesic segments
share the same orientation.

Lemma 4.4 For 0 < "2 �k;c;‰ � �k;c;‰ 1, and for R�k;c;‰ 1
"

we have that if B is a box at scale R such
that �.V bB/� ��.V B/, then one of the two following statements holds:

(1) �.V "B\V gB/�
�
1� 3
p
�
�
�.V B/;

(2) �.V #B\V gB/�
�
1� 3
p
�
�
�.V B/.

In the proof, we first characterise a set of vertical geodesic segment whose images share the same
orientation, and then we show that this set has almost full measure.

Proof Without loss of generality we can assume that h.B/D Œ0; RŒ. Let us define

GY .vX / WD fvY 2 V BY j .vX ; vY / 2 V gBgI

GX WD
˚
vX 2 V BX j �Y .GY .vX //�

�
1�
p
�
�
�Y .V BY /

	
:

By construction we have [
vX2V BX

GY .vX /D .V gB/Y :

Applying Lemma 3.24 with V1 WD V g.B/ and ˛ WD � we get

�X .GX /�
�
1�
p
�
�
�X .V BX /:(78)

Let vX1 W Œ0; R�!X and vX2 W Œ0; R�!X be two vertical geodesic segments of GX . Then

�Y .GY .vX1 //�
�
1�
p
�
�
�Y .V BY /I �Y .GY .vX2 //�

�
1�
p
�
�
�Y .V BY /:
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Hence

�Y .GY .vX1 /\G
Y .vX2 //�

�
1� 2
p
�
�
�Y .V BY /:(79)

Let vY1 ; v
Y
2 2G

Y .vX1 /\G
Y .vX2 / and let us define Vi;j WD .vXi ; v

Y
j / with i; j D 1; 2. By definition of vY1

and vY2 , the quasigeodesic segments ˆ.Vi;j / are "-monotone.
Two cases occur. As a first case let us assume that

dX .v
X
1 .0/; v

X
2 .0// >

p
�RI

dY .v
Y
1 .0/; v

Y
2 .0// >

p
�R:

Let M be the constant involved in Proposition 2.13. For R � 4kc and "�
p
�

20kM
we have that

p
�R �

10kM"RC 2kc, hence we can apply Proposition 2.13 on V1;1 and V2;2, which gives us that they share
the same orientation.

The second case, that is, when either dX .vX1 .0/; v
X
2 .0// �

p
�R or dY .vY1 .0/; v

Y
2 .0// �

p
�R,

is treated thanks to an auxiliary geodesic segment. Hence without loss of generality we focus on the case
dX .v

X
1 .0/; v

X
2 .0//�

p
�R and consider a geodesic segment vX3 2G

X satisfying dX .vX1 .0/; v
X
3 .0// >p

�R and dX .vX2 .0/; v
X
3 .0// >

p
�R. To prove its existence, we consider the measure of

(80) GX nVBX
�
Dp

�R
.vX1 .0//[D

p
�R
.vX2 .0//

�
:

Let M0 be the constant of assumption (E2). By Lemma 3.2 we have for all r1 � r2 >M0 and for all
x 2X0 that �0.Dr1.x//�‰ e

m
jr1�r2j

2 �0.Dr2.x//. Therefore

�0
�
Dp

�R
.vX1 .0//

�
�‰e

m
p
�R�R
2 �0

�
DR.v

X
1 .0//

�
� e�m

R
4 �0

�
DR.v

X
1 .0//

� �
since � � 1

4

�
:(81)

Furthermore, by Lemma 1.8 the bottom of B contains a disk of radius 2R�M0, hence by Lemma 3.2 we
have �X .V BX /�X �0

�
D2R.v

X
1 .0//

�
. Combined with inequality (81) we have

�0
�
Dp

�R
.vX1 .0//

�
�‰ e

�mR
4 �X .V BX /:

The same formula holds for vX2 instead of vX1 . By inequality (78) we have that

�X .GX /�
�
1�
p
�
�
�X .V BX /� 1

2
�X .V BX /;

hence there exists M.‰/ such that

�X
�
GX nVBX

�
Dp

�R
.vX1 .0//[D

p
�R
.vX2 .0//

��
�
�
1
2
� 2Me�m

R
4

�
�X .V BX /

> 0

�
for R �

4

m
ln.4M C 1/

�
:

Therefore there exists vX3 2G
X such that

dX .v
X
1 .0/; v

X
3 .0// >

p
�RI

dX .v
X
2 .0/; v

X
3 .0// >

p
�R:
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Applying twice Proposition 2.13, first on V1;1 and V3;3, then on V2;2 and V3;3, we get that the ˆ.V1;1/
has the same orientation as ˆ.V3;3/ which has the same orientation as ˆ.V2;2/. Therefore ˆ.V1;1/ and
ˆ.V2;2/ share the same orientation.

Let us fix vX0 2 G
X and vY0 2 G

Y .vX0 /. Then the image of every vertical geodesic segment V 2S
vX2GX fv

Xg�.GY .vX0 /\G
Y .vX // shares the same orientation as the image of .vX0 ; v

Y
0 /. Furthermore

�

� [
vX2GX

fvXg � .GY .vX1 /\G
Y .vX //

�
D

Z
vX2GX

�Y .GY .vX1 /\G
Y .vX //d�X

�

Z
vX2GX

�
1� 2
p
�
�
�Y .V BY /d�X .by inequality (79)/

D
�
1� 2
p
�
�
�Y .V BY /�X .GX /

�
�
1� 2
p
�
�
�Y .V BY /

�
1�
p
�
�
�X .V BX / .by inequality (78)/

�
�
1� 3
p
�
�
�.V B/;

which proves the lemma.

4.2 Factorisation of a quasi-isometry in small boxes

Proposition 4.3 gives us two scales R and L such that all boxes at scale L can be tiled with boxes at
scale R. Moreover, almost all of them, that is, the Bi for i 2 Ig , contained almost only vertical geodesic
segments with "-monotone image under ˆ.

A map f WX‰Y !X 0‰Y 0 is called a product map if there exist two maps f X and f Y such that
one of the two following holds:

(1) We have f X WX!X 0, f Y W Y ! Y 0 and 8pD .pX ; pY / 2X‰Y , f .p/D .f X .pX /; f Y .pY //.

(2) We have f X WX! Y 0, f Y W Y !X 0 and 8pD .pX ; pY / 2X‰Y , f .p/D .f Y .pY /; f X .pX //.

In particular, when we denote by .f X ; f Y / a product map on a horospherical product, it implies that when
h.x/C h.y/D 0, we have h.f X .x//C h.f Y .y//D 0. Therefore a product map is height respecting.

Theorem 4.5 For 0 < � � "�‰ 1, r0 �‰
"
p
2
"

, N �‰ 1 and for S �‰ 1
"�2

, we have that for any i 2 Ig ,
there exists a product map �̂i , and U 0i � Bi such that

(1) �.U 0i /� .1� �
1
8 /�.Bi /;

(2) for all .x; y/ 2 U 0i , d‰0.ˆ.x; y/; �̂i .x; y//�k;c;‰ "R.

In particular we have �h.ˆ.x; y/; �̂i .x; y//�k;c;‰ "R.

This proposition corresponds to [8, Proposition 4.14].
Since almost all the points in a good box are surrounded by almost only good vertical geodesic segment

(Lemma 3.26), we show that given two points sharing the same X coordinates, we can almost always
construct a quadrilateral satisfying the hypotheses of Proposition 2.11.

Algebraic & Geometric Topology, Volume 26 (2026)



Geometric rigidity of quasi-isometries in horospherical products 925

Lemma 4.6 Let M0 be the constant of assumption (E2). For 0 < � �‰ 1 and for R �‰ 1
�

, let B be a box
at scale R of X‰Y . Let us assume the existence of a subset U of B such that

(a) �.U /� .1� �/�.B/;

(b) for all x 2 U , �
�
V bB .DM0.x//

�
�
p
��
�
VB.DM0.x//

�
.

Then we have:

(1) For all a1; a2 2U such that aX1 D a
X
2 , there exist b1; b2 2 B and four vertical geodesic segments 
i;j

linking ai to bj such that a1, a2, b1 and b2 form a coarse vertical quadrilateral with nodes of scale
D D �R, meaning that the configuration satisfies the assumptions of Proposition 2.11.

(2) For i; j 2 f1; 2g, ˆ.
i;j / has "-monotone image under ˆ.

By Lemma 3.26, the boxes Bi , with i 2 Ig , satisfy the assumptions of this lemma. Moreover, we recall
that a vertical quadrilateral satisfies the assumptions of Proposition 2.11.

Proof of Lemma 4.6 Let M0 be the constant of assumption (E2). Let a1; a2 2 U . For i 2 f1; 2g let us
define VDi WD VB.DM0.ai // and V bDi WD V bB .DM0.ai //. For all v D .vX ; vY / 2 VB and all i 2 f1; 2g
let us define

(1) EYi .v
X / WD fvY 2 VDYi j .v

X ; vY / 2 V bDig;

(2) FXi WD fv
X 2 VDXi j �

Y .EYi .v
X //� �

1
4�Y .VDYi /g.

Thanks to Lemma 3.25, applied with V1 WD V bB, ˛ WD
p
� and aD ai , we have that

(82) �X .FXi / < �
1
4�X .VDXi /:

Let us take a1 and a2 in U such that aX1 D a
X
2 . Then VDX1 D VD

X
2 , that is,

(1) �X .VDXi n.F
X
1 [F

X
2 //� .1� 2�

1
4 /�X .VDXi /;

(2) for all vX 2 VDXi n.F
X
1 [F

X
2 / and i 2 f1; 2g we have �Y .EYi .v

X // < �
1
4�Y .VDYi /.

The sets VDXi n.F
X
1 [F

X
2 / enclose the vertical geodesic segments in BX passing close to aX1 D a

X
2

such that almost all the induced vertical geodesic segments around a1 and a2 in B are good (i.e., have
"-monotone images under the quasi-isometry ˆ).

Since we have a sufficient proportion of good vertical geodesic segments, we will be able to find several
of them that intersect the same neighbourhood in two different points sufficiently far from each other.
If h.aX1 / < �R, the construction of the quadrilateral of Proposition 2.11 with D D �R is straightforward
since the four points a1, a2, b1 and b2 would be �R close, hence without loss of generality we may
assume that h.aX1 /� �R. Moreover, as we did before we can also suppose that h.B/D Œ0; RŒ.

We apply Lemma 1.8 with z0 D h.a1/ and z D h.a1/� �R to get the inclusions

DX2�R�M0.�h.a1/��R.a
X
1 //� �h.a1/��R.DM0.a

X
1 //�D

X
2�RCM0

.�h.a1/��R.a
X
1 //:(83)

Algebraic & Geometric Topology, Volume 26 (2026)



926 Tom Ferragut

We now suppose by contradiction that any couple of good vertical geodesic segments does not diverge
quickly. This means that they stay M0-close until they attain a height lower than h.aX1 /� �R. Therefore

�h.a1/��R.VD
X
i n.F

X
1 [F

X
2 //�D

X
M0
.�h.a1/��R.a

X
1 //:

Thanks to the inclusions (83) we have VDX
2�R�M0

.�h.a1/��R.a
X
1 // � VD

X
1 , hence, combined with

Property 3.23 we obtain

�X .VDX1 n.F
X
1 [F

X
2 //

�X .VDX1 /
�‰

�X
h.a1/��R

�
DM0.�h.a1/��R.a

X
1 //

�
�X
h.a1/��R

�
D2�R.�h.a1/��R.a

X
1 //

�
�‰ e

m.M0�2�R/

2 .by Lemma 3.2/;

which, for R large enough in comparison to 1
�

, contradicts the fact that

�X .VDX1 n.F
X
1 [F

X
2 //� .1� 2�

1
4 /�X .VDX1 /;

the first conclusion of the previously used Lemma 3.25. Hence there exists a couple of vertical geodesic
segments V X1 and V X2 of VDXi n.F

X
1 [F

X
2 / diverging quickly from each other. Furthermore we have

�Y .EYi .v
X //<�

1
4�Y .VDYi /, hence there are segments V Y1 and V Y2 such that .V X1 ; V

Y
1 /2V

g
B .DM .a1//

and .V X2 ; V
Y
2 / 2 V

g
B .DM .a2//.

Let us define bXi D V
X
i

�
h.a1/�

1
2
d.aX1 ; a

X
2 /
�
, so that bX1 and bX2 are at the height where V X1 and V X2

diverge. Similarly, let us define bY1 D b
Y
2 D V

Y
1

�
�h.a1/C

1
2
d.aX1 ; a

X
2 /
�

such that V Y1 and V Y2 diverge,
and 
ij D .V Xi ; V

Y
j / to ensure that the vertical geodesic segments of the quadrilateral 
11[
12[
22[
21

have close endpoints. Furthermore by construction, they diverge from each other and have "-monotone
image under ˆ.

In the next proofs, we will be using Proposition 2.6 on each of the four images ˆ.
ij /, which will
provide us with a new quadrilateral ."C�/R close to ˆ.
11[
12[
22[
21/ on which the assumptions
of Proposition 2.11 are satisfied.

Finally we deduce that on a good box, the quasi-isometry ˆ is close to a product map.

Proof of Theorem 4.5 Let i 2 Ig and Bi a good box (defined in Proposition 4.3). Then following
Proposition 4.3, we have �i .V bBi / � ��i .V Bi /. Therefore by Lemma 4.4, one of the two following
statements hold:

(1) �.V "B\V gB/�
�
1� 3
p
�
�
�.V B/;

(2) �.V #B\V gB/�
�
1� 3
p
�
�
�.V B/.

Let us first assume that the dominant orientation is upward. Let us choose V1 D V B n .V "B\V gB/, the
vertical geodesics which have neither dominant orientation nor "-monotone image by ˆ. By Lemma 3.26,
used with ˛ WD �2, we have that there exists Ui � Bi such that

(1) �.Ui /� .1�
p
�/�.Bi /;

(2) for p 2 Ui we have �
�
V1.DM0.x//

�
< �

�
V B.DM0.x//

�p
� .
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Let us apply Lemma 3.30, with U WD Ui and ˛ WD
p
� , then there exists U 0 � Ui of almost full

measure such that 8z 2 h.U 0/, 9.x0;z; y0;z/ 2 U 0z such that 8.x1; y1/ 2 U 0z , we have .x1; y0;z/ 2 U 0

and .x0;z; y1/ 2 U 0. Let a; a0 2 U 0 such that aX D aX0 . By Lemma 4.6 applied on a0 and a, there exist
b1; b2 2 Bi and four vertical geodesics Vij in V "B \ V gB such that b1 and b2 form a coarse vertical
quadrilateral T with a0 and a, where Vij are the edges of T . Proposition 2.6 gives a constant M.k; c;‰/
and four vertical geodesic segments M"R-close to the four sides of ˆ.T /. Furthermore we assumed that
the dominant orientation is upward, hence the images of the four sides are all upward oriented. Hence
thanks to Proposition 2.11 we get

dX 0.ˆ.a0/
X 0 ; ˆ.a/X

0

/�k;c;‰ "R:

Then, for all a 2 U 0 such that aX D aX0 ,

dX 0.ˆ.a0/
X 0 ; ˆ.a/X

0

/�k;c;‰ "R:(84)

We show similarly that for all a 2 U 0 such that aY D aY0 we have

dY 0.ˆ.a0/
Y 0 ; ˆ.a/Y

0

/�k;c;‰ "R:(85)

Let us define the product map �̂i WD .�̂Xi ; �̂Yi / WX‰Y !X 0‰Y 0. For all z 2h.U 0/, let .x0;z; y0;z/2U 0z
be the points involved in Lemma 3.30, and for all z 2 Œ0; RŒ n h.U 0/, let us fix an arbitrary point
.x0;z; y0;z/ 2 .Bi /z . We can therefore define, for all x 2X ,

�̂X
i .x/ WD V

X 0

ˆ.x;y0;z/
.h ıˆ.x0;z; y0;z//:

Then for all .x; y/ 2 U 0 the triangle inequality gives

(86)

dX 0.�̂Xi .x/;ˆ.x; y/X 0/
D dX 0

�
V X

0

ˆ.x;y0;z/
.h ıˆ.x0;z; y0;z//; ˆ.x; y/

X 0
�

� dX 0
�
V X

0

ˆ.x;y0;z/
.h ıˆ.x0;z; y0;z//; ˆ.x; y0;z/

X 0
�
C dX 0.ˆ.x; y0;z/

X 0 ; ˆ.x; y/X
0

/:

Furthermore, as the distance between two points of the same vertical geodesics is equal to their difference
of height, we can write

dX 0
�
V X

0

ˆ.x;y0;z/
.h ıˆ.x0;z; y0;z//; ˆ.x; y0;z/

X 0
�
D�h.ˆ.x; y0;z/

X 0 ; ˆ.x0;z; y0;z/
X 0/

D�h.ˆ.x; y0;z/
Y 0 ; ˆ.x0;z; y0;z/

Y 0/:

We combine it with inequality (86), and then use the Lipschitz property of h to get

dX 0.�̂Xi .x/;ˆ.x; y/X 0/��h.ˆ.x; y0;z/Y 0 ; ˆ.x0;z; y0;z/Y 0/C dX 0.ˆ.x; y0;z/X 0 ; ˆ.x; y/X 0/
� dY 0.ˆ.x; y0;z/

Y 0 ; ˆ.x0;z; y0;z/
Y 0/C dX 0.ˆ.x; y0;z/

X 0 ; ˆ.x; y/X
0

/

�k;c;‰ 2"R .by inequalities (84) and (85)/:
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Similarly, we define �̂Yi .y/ by

�̂Y
i .y/ WD V

Y 0

ˆ.x0;z ;y/
.h ıˆ.x0;z; y0;z//;

and we show that dY 0.�̂Yi .y/;ˆ.x; y/Y 0/�k;c;‰ "R. Furthermore for all .x; y/2Ui we have the equality
h.�̂Xi .x//D�h.�̂Yi .y//, hence �̂i WD .�̂Xi ; �̂Yi / W X‰ Y ! X 0‰ Y 0 is a well-defined product map.
Then we chose U 0i WD U

0 to conclude the proof.
The downward orientation case is dealt in the same way by switching the definitions of �̂Xi and �̂Yi .

4.3 Shadows and orientation

We use the fact that m > n to prove that ˆ is orientation preserving, hence the upward orientation is
dominant on each good box at scale R.

Proposition 4.7 Assume that m> n and that m0 > n0. For R �‰ 1
�

the product map �̂i of Theorem 4.5
is orientation preserving for each i 2 Ig .

We recall that given a box B, the shadow of a subset U � B, denoted by Sh.U /, is the set of points
of B below U in the sense

Sh.U / WD fp 2 B j 9V 2 V B containing p and intersecting U on a point p0 such that h.p0/� h.p/g:

And we remind the reader that given a subset S �X , the large Y -horosphere given by S and denoted by
HS �X‰Y is the set

HS WD S‰Y:

Let us define BDBi for i 2Ig . Thanks to Theorem 4.5, there existU DUi with �.U /� .1��
1
4 /�.B/ such

thatˆ is close to a product map onU . We consider two parameters �1 and �2 with 1�‰ �2�‰ �1�‰ �
1
16 .

The relations between them will be specified later. Hence Lemma 3.28 applies with ˛ D �
1
4 , and it gives

us a Y -horosphere Hx0 such that

�.Sh.HDM0 .x0//\U
c/ < �

1
16�.Sh.HDM0 .x0///:

Then we apply twice Lemma 3.29 with ˛ D �
1
4 , and �D �i for i 2 f1; 2g to get two level sets of h in B,

P1 and P2 (see Figure 17), such that, for i 2 f1; 2g,

�h.Pi /.Pi \Sh.HDM0 .x0//\U
c/�‰ �

1
16�h.Pi /.Pi \Sh.HDM0 .x0///;

and such that �iR <�h.Pi ;Hx0/ < 2�iR.
The next lemma will gives us the existence of two subsets below a Y -horosphere H , which are

sufficiently big (for the measure � in comparison to the horosphere) and sufficiently apart from each
other so that any path linking them must get close to H .

This lemma is strongly inspired from [8, Lemma 5.9].
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Figure 17: Configuration of Lemma 4.8.

Lemma 4.8 There exists a constant M1.k; c;‰/ depending on k; c and on the metric measured spaces
X‰Y with the following property. In the settings above , for R�‰ 1

�2
, there exist S1 and S2, two subsets

of P2\B such that for j 2 f1; 2g we have

(1) 8s1 2 S1, s2 2 S2, dX .sX1 ; s
X
2 /� �2R;

(2) �h.P2/.Sj \U
c/�‰ �

1
32�h.P2/.Sj /;

(3) �h.P2/.Sj /�‰ exp
�
m�n
2
�2R

�
�h.H/.NM0.H//;

(4) any path 
 joining S1 and S2 of length l.
/�M1�2R intersects N6�1R.H/.

Proof For j 2 f1; 2g, let us define Qj WD Pj \Sh.HDM0 .x0//. We tile QX1 with the top of boxes as in a
box tiling. More precisely, let M0 be the constant involved in assumption (E2), and let Z �QX1 be an
2M0-maximal separating set of QX1 . Then there exists a set of disjoint cells fC.x/ j x 2Zg such that

(1) 8x 2Z, D.x;M0/� C.x/�D.x; 2M0/;

(2) QX1 D
S
x2Z C.x/.

Thanks to this tessellation, we tile Q1 with the large horosphere HC.x/ WD C.x/�BY
�h.P1/

D C.x/�QY1 .
Furthermore, for any two points x1; x2 2Z,

�h.P1/.HC.x1//D �
X
h.P1/

.C.x1//�Y�h.P1/.B
Y
�h.P1/

/

�‰ �
X
h.P1/

.C.x2//�Y�h.P1/.B
Y
�h.P1/

/ .by Lemma 3.2/

D �h.P1/.HC.x2//:

Therefore �h.P1/.Q1/�‰ �
Y
�h.P1/

.QY1 /#Z. We tile Q2 by projections of the tessellation of Q1. These
projections look like stripes on Q2:

Q2 D
G
x2Z

�Xh.P2/.C.x//�BY
�h.P2/

:(87)
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H X

X
1

X
2

r1R

r2R

x

S (x) X

X

P

P

X

X

Figure 18: Construction of S.x/X in Lemma 4.8.

Let us denote these stripes by S.x/ WD �X
h.P2/

.C.x//�BY
�h.P2/

for all x 2 Z (see Figure 18). For
all x1; x2 2 Z, dX .x1; x2/ � M0, hence by Lemma 1.3, for all .sX1 ; s

Y
1 / 2 IntM0.S.x1// and for all

.sX2 ; s
Y
2 / 2 IntM0.S.x2//, we have

dX .s
X
1 ; s

X
2 /� 2�h.P1; P2/�M0 D 2�2R� 2�1R�M0�M(88)

� 2.�2� 2�1/R

�
for R �

2.M0CM/

�1

�
:(89)

Furthermore we have by construction that

�Xh.P2/
�
�Xh.P2/.C.x1//

�
�‰ �

X
h.P2/

�
�Xh.P2/.C.x2//

�
:

Hence, combined with Lemma 3.3, we get

�h.P2/
�
IntM0.S.x1//

�
�‰ �h.P2/.S.x1//�‰ �h.P2/.S.x2//�‰ �h.P2/

�
IntM0.S.x2//

�
:

Therefore, by the tessellation (88), �h.P2/.Q2/�‰ �
Y
�h.P2/

.QY2 /#Z. By Lemma 3.29, used with ˛ WD�
1
4 ,

we get

�h.P2/.Q2\U
c/�‰ �

1
16�h.P2/.Q2/:

Moreover, for all x1; x2 2Z we have �h.P2/.S.x1//�‰ �h.P2/.S.x2// and the set of stripes S.x/ for
x 2Z tile the set Q2. Therefore there exists Z0 �Z such that #Z0 � .1� �

1
32 /#Z and such that for all

x 2Z0 we have �h.P2/.S.x/\U
c/� �

1
32�h.P2/.S.x//.

We are now able to define S1 and S2. Let x1; x2 2 Z be distinct and, for j 2 f1; 2g, let us denote
by Sj the following subset of S.xj /:

Sj WD �
X
h.P2/

.C.xj //� IntM�2R.B
Y
�h.P2/

/:(90)

By Lemma 3.3, applied with r DM�2R, z0 D�h�.B/ and z1 D�h.P2/, we have

�Yh.P2/.B
Y
�h.P2/

/�‰ �
Y
h.P2/

.IntM�2R.B
Y
�h.P2/

//:
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Therefore

�h.P2/.Sj /�‰ �h.P2/.S.xj //:(91)

The first point of the lemma holds by inequality (89), and the second point holds because we choose x1
and x2 in Z0.

Let us now prove the third point. Let y0 2 Y be the nucleus of the cell of BY . We have that
BY�z WD �Y�z.C.y0//. Let us define h� WD h�.B/. By Lemma 1.8 applied with p D y0, z0 D �h� and
z D�.h.H/� �2R/D�h.P2/ we have

D2jh��h.P2/j�M0.�
Y
�h.P2/

.y0//� BY
�h.P2/

�D2jh��h.P2/jCM0.�
Y
�h.P2/

.y0//:

It follows that, for x 2Z,

�Xh.P2/.C.x//�D
Y
2.jh��h.H/jC�2R/�M0

.�Y
�h.P2/

.y0//

� S.x/� �Xh.P2/.C.x//�D
Y
2.jh��h.H/jC�2R/CM0

.�Y
�h.P2/

.y0//:

By Lemma 1.8, �X
h.P2/

.C.x// resembles a disk of radius 2jh.P1/� h.P2/j˙M0 D 2.�2� �1/R˙M0.
Lemma 3.2 gives �X

h.P2/

�
�X
h.P2/

.C.x//
�
� em.�2��1/R. Again by Lemma 3.2 applied on

DY2.jh��h.H/jC�2R/CM0.�
Y
�h.P2/

.y0//;

we have

�h.P2/.S.x//�‰ e
m.�2��1/Ren.jh

��h.H/jC�2R/:

Similarly Q2 resembles a product D2�2R˙M0 �B
Y
�h.P2/

, hence

�h.P2/.Q2/�‰ e
m�2Ren.jh

��h.H/jC�2R/:

Therefore we obtain an estimate, of #Z,

�h.P2/.Q2/

�h.P2/.S.x//
�‰ e

m�1R:(92)

Applying Lemma 3.32 with ADQ2, U DNM0.H/ and �D �2R gives

�h.P2/.Q2/�‰ exp..m�n/�2R/�h.H/.NM0.H//:

In combination with inequalities (91) and (92) we have, for j 2 f1; 2g,

�h.P2/.Sj /�‰ exp..m�n/�2R�m�1R/�h.H/.NM0.H//

�‰ exp
�
m�n

2
�2R

�
�h.H/.NM0.H//;

where the last inequality holds since .m�n/�2�m�1 � m�n
2
�2 when �1 � m�n

m
�2. Therefore the third

conclusion of this lemma holds.
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Let us prove the fourth conclusion. Let 
 be a path joining s1 2 S1 and s2 2 S2 such that l.
/�M�2R.
By inequality (89), dX .sX1 ; s

X
2 /� 2�2R� 4�1R. By Lemma 1.5 there exists a constant M 0.ı/ such that

the geodesic segment ŒsX1 ; s
X
2 � contains a point sX3 within 4�1R�M 0.ı/ � 5�1R of HX D fx0g, for

R � M 0.ı/
�1

. Therefore by Proposition 1.12

l.
X /� 2ıdX .

X ;sX3 /:

However, every ı-hyperbolic space with ı � 1 is also 1-hyperbolic. Therefore we can assume without
loss of generality that ı � 1. Then we have

l.
X /� 2dX .

X ;sX3 / � 2dX .


X ;HX /�5�1R:

Hence log2.M�2R/� d.

X ;HX /�5�1R. Furthermore, there exists M 0.k; c;‰/ such that for R� M 0

�2

we have log2.M�2R/� �1R. In this case

d.
X ;HX /� 6�1R:

Therefore there exists t 2R such that �h.
.t/;H/� 6�1R. Let us now look at 
Y . Two cases arise, we
have either 
Y .t/ 2 Sh.BY

�h.P2/
/ or 
Y .t/ … Sh.BY

�h.P2/
/.

In the first case, there exists y 2HY such that 
Y .t/ 2 Vy . Furthermore �h.
.t/;H/� 6�1R, hence
dY .


Y .t/;HY / D �h.
Y .t/;HY / � 6�1R and consequently dY .
Y ;HY / � 6�1R. Which proves
d.
;H/� 6�1R.

In the second case, when 
Y .t/ … BY
�h.P2/

, by our claim (90) we have that the vertical geodesic
ray V
Y .t/ starting at 
Y .t/ intersect Y�h.P2/ in a point y such that dY .y; SY1 [S

Y
2 / >M�2R. Therefore

M�2R � l.
/�
1
2
l.
Y /� 1

2

�
d.s1; 
.t//C d.
.t/; s2/

�
>
2M�2R

2
>M�2R;

which is absurd, hence the second case when 
Y .t/ … BY
�h.P2/

does not occur. Therefore we always have
that 
 intersect the 6�1R-neighbourhood of H .

Proof of Proposition 4.7 Let us be in the settings above. Let us assume by contradiction that �̂ is
orientation reversing, which means that there exist �̂X W X ! Y 0 and �̂X W Y ! X 0 such that for all
.x; y/ 2 B we have �̂.x; y/D .�̂Y .y/; �̂X .x//.

For all p 2X 0‰Y 0 such that d‰0.p; �̂.H \U//� �1R there exists an element q 2H \U such that
d‰0.p; �̂.q//� �1R. Therefore by the triangle inequality

d‰0.p;ˆ.q//� d‰0.p; �̂.q//C d‰0.�̂.q/;ˆ.q//�k;c;‰ �1RC "R .by Theorem 4.5 since q 2 U/

�k;c;‰ �1R .since "� �1/:
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Hence there exists M.k; c;‰/ such that N�1R.�̂.H \U//�NM�1R.ˆ.H \U//. We show similarly
that, for j 2 f1; 2g,

N�1R.ˆ.Sj \U//�NM�1R.�̂.Sj \U//:(93)

Let M 0.‰/ be the constant involved in Corollary 3.17. Then

�
�
N8k�1R.ˆ.H//

�
�k;c;‰ e

48k�1Rm
0

�
�
NkcCc.ˆ.H//

�
.by Corollary 3.16/

�k;c;‰ e
48k�1Rm

0

�.N1.H// .by Lemma 3.18/

� e48k�1Rm
0

�.NM 0.H//

�‰ e
48k�1Rm

0

�h.H/.NM 0.H// .by the second part of Corollary 3.17/

�‰ e
48k�1Rm

0

�h.H/.NM0.H// .by the first part of Corollary 3.17/:

Combined with point 3 of Lemma 4.8 we have

�.N8k�1R.ˆ.H///�‰ e
�.m�n/

�2
2
Re48k�1Rm

0

�h.P2/.Sj /

�‰ e
�.m�n/

�2
2
Re48k�1Rm

0

�h.P2/.Sj \U/ .thanks to Lemma 4.8(2)/

�‰ e
�.m�n/

�2
4
R�h.P2/.N1.Sj \U//

�
since �1 �

m�n

96km0
�2

�
�‰ e

�.m�n/
�2
4
R�.NM 0.Sj \U// .by Corollary 3.17/

� e�.m�n/
�2
4
R�.NM 0CkcCc.Sj \U//:

Hence, using Lemma 3.18 on NM 0.Sj \U/,

�
�
N8k�1R.ˆ.H//

�
�k;c;‰ e

�.m�n/
�2
4
R�
�
NM 0C1.ˆ.Sj \U//

�
� e�.m�n/

�2
4
R�
�
N�1R.ˆ.Sj \U//

� �
for R �

M 0

�1

�
� e�.m�n/

�2
4
R�
�
NM�1R.�̂.Sj \U//� .by inequality (93)/

�k;c;‰ e
�.m�n/

�2
4
Re6M�1Rm

0

�
�
NM 0.�̂.Sj \U//� .by Corollary 3.17/

�k;c;‰ e
�.m�n/

�2
8
R�
�
NM 0.�̂.Sj \U//� �

since �1 �
m�n

48Mm0
�2

�
�k;c;‰ e

�.m�n/
�2
8
R��z0�NM 0.�̂.Sj \U//\X 0�z0� .by the second part of Corollary 3.17/;

where �z0 WD �̂.P2/. Since �̂ is orientation reversing, we can now apply Lemma 3.33 withAj D �̂.Sj\U/,
E DN8k�1R.ˆ.H// and QD e.m�n/

�2
8
R we have that

�
�
VNM0.�̂.Sj \U//��k;c;‰ e.m�n/�28 R�.VNM0.E//:
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Then, as pointed out below Lemma 3.26, we can apply it on a Aj with V1 D VE. Hence let us take
UAj � Aj maximal for the inclusion such that

� ��z0.UAj /� .1� e.m�n/�28 R/��z0.Aj /;
� for all p 2 UAj , most of the vertical geodesic in DM0.p/ do not intersect E.

By Property 3.23 we have

��z0�NM0.�̂.Sj \U//��k;c;‰ e.m�n/�28 R��z0��‰�z0 .NM0.E//�:
Hence, by the definition of ��z0 ,

��z0�NM0.�̂.Sj \U//��k;c;‰ e.m�n/�28 R��z0��‰�z0 .NM0.E//�:(94)

Let us define E 0 WD NM0.�̂.Sj \U/ nUAj /. By the construction of UAj , E 0 \X 0z0 is of almost full
measure in �‰�z0 .NM0.E//. Furthermore, by Theorem 4.5 �̂, is M"R-close to ˆ on U , hence we have
(similarly as in inequality (93)) that

N�1R.�̂�1.E 0//�NM�1R.ˆ
�1.E 0//:

Therefore

�
�
N�1R.�̂�1.E 0//��k;c;‰ ��NM�1R.ˆ�1.E 0//�

�k;c;‰ e
6M�1Rm�

�
NkcCc.ˆ�1.E 0//

�
.by the first part of Corollary 3.17/

�k;c;‰ e
6M�1Rm�.N1.E 0// .by Lemma 3.18/

�k;c;‰ e
6M�1Rm��z0.NM0.E 0// .by the second part of Corollary 3.17/

�k;c;‰ e
6M�1Rm��z0��‰�z0 .NM0.E//�

�k;c;‰ e
�.m�n/

�2
8
Re6M�1Rm��z0�NM0.�̂.Sj \U//� .by the definition of UAj /

�k;c;‰ e
�.m�n/

�2
16
R�h.P2/.NM0.Sj \U//

�
since �1 �

�2

M

�
� e�.m�n/

�2
16
R�h.P2/.NM0.Sj //:

Following the second conclusion of Lemma 4.8, there exists a constantM.‰/ such that �h.P2/.Sj\U
c/�

M�
1
32�h.P2/.Sj /.

Next, we apply twice Lemma 3.24 for j D 1; 2 with .V1; �/ D .NM0.SXj / � NM0.SYj /; �h.P2//,

V0 D U
c \N�1R.�̂�1.E 0// and ˛ WD e.m�n/

�2
16
R�h.P2/CM�

1
32 . Let us define

GY .pX / WD fpY 2 V Y1 j .p
X ; pY / 2 V0g:

We have that

�Xh.P2/
�
fpX 2 V X1 j �

Y
�h.P2/

.GY .pX //g
�
� .1� e�.m�n/

�2
32
R/�Yh.P2/.V

Y
1 /:

Since e�.m�n/
�2
32
R
CM�

1
32 < 1

2
, there exists s1 2 .S1 \U/ n �̂�1.E 0/ and s2 2 .S2 \U/ n �̂�1.E 0/

such that sY1 D s
Y
2 .
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Let us define Osj WD �̂.sj / for j 2 f1; 2g. By construction we have Osj 2 Aj . Then VDM0.�sj /
contains almost only vertical geodesic segments which do not intersect E. Since OsX

0

1 D Os
X 0

2 , and
by Lemma 3.25, we can find two vertical geodesics v1 2 VDM0.�s1/ and v2 2 VDM0.�s2/ which do
not intersect E D N8k�1R.ˆ.H//, and such that vX1 D v

X
2 . Since vY1 and vY2 meet (up to an additive

constant) at the height �Oz0C 1
2
dY 0.Os

Y 0

1 ; Os
Y 0

2 /, there exist M.ı/ such that the concatenation of v1 and v2
is .1;M.ı//-quasigeodesic linking Os1 to Os2.

Let us define 
 WDˆ�1.v1[ v2/. Then 
 is a .k; cCM/-quasigeodesic. By [13, Lemma 2.1], there
exists a 2k-Lipschitz, .k; 4.M C c//-quasi-geodesic 
 0 in the 2.M C c/-neighbourhood of 
 , linking
ˆ�1.Os1/ to ˆ�1.Os2/. Let us define s01 D ˆ

�1.Os1/ and s02 D ˆ
�1.Os2/. Because 
 0 is 2k-Lipschitz, and

since ˆ�1 is a .k; c/-quasi-isometry we have

l.
 0/� 2kd‰0.Os1; Os2/� k
2d‰.s

0
1; s
0
2/C c:(95)

Furthermore, 
 0 does not intersect the 1
k
.7k�1R� 2c/� c-neighbourhood of H since ˆ�1 is a quasi-

isometry. Moreover s0j and sj are "R close to each other, that is,

d‰.s
0
j ; sj /D d‰

�
ˆ�1.�̂.sj //; sj �

� kd‰0.�̂.sj /; ˆ.sj //�k;c;‰ "R .since sj 2 U/:(96)

Consequently by the triangle inequality we get

d‰.s
0
1; s
0
2/� d‰.s

0
1; s1/C d‰.s1; s2/C d‰.s2; s

0
2/

�k;c;‰ "RC d‰.s1; s2/ .since �̂�1.sj / 2 U/:(97)

Furthermore sY1 D s
Y
2 . Therefore by Theorem 1.11, with M D 15C0 we obtain

d‰.s1; s2/� dX .s
X
1 ; s

X
2 /CM � 2�2RCM .by the first point of Lemma 4.8/:

Combined with inequalities (95) and (97) we get

l.
 0/�k;c;‰ 2k
2.2�2RCM C 2"R/C c �k;c;‰ �2R

�
for R �

M C c

�2

�
:

For j 2f1; 2g, let 
j WD Œsj ; s0j �, by inequality (96) we have l.
j /�k;c;‰ "R. Hence the path 
 00, constructed
as the concatenation of 
1, 
 0 and 
2, is a path linking s1 2S1 to s2 2S2, of length l.
/�k;c;‰ �2R since
"��2. Furthermore, by construction, 
 00 does not intersect the 7�1R�3c�2M"R>6�1R-neighbourhood
of H . This contradicts the fourth point of Lemma 4.8, therefore ˆ is orientation preserving.

4.4 Factorisation of a quasi-isometry in big boxes

In Section 4.2 we proved that for all i 2 Ig , ˆjBi is close to a quasi-isometry product �̂i D .�̂Xi ; �̂Yi / on
a set of almost full measure Ui � Bi . In this section we prove that ˆ is close to �̂ on all boxes at scale L
on a set of almost full measure. This is a step forward since this is true on all boxes at scale L and not
only a significant number of them.
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Theorem 4.9 For 0 < � �k;c;‰ 1 there exists L0.k; c;‰; �/ > 0 such that for all L � L0 and for
all box B at scale L, there exists M.k; c;‰/, U � B and a

�
k;M

p
�L
�
-quasi-isometry product map�̂D .�̂X ; �̂Y /, with �̂X WX !X 0 and �̂Y W Y ! Y 0, such that

(1) �.U /� .1� �/�.B/;

(2) d‰0.ˆjU ; �̂jU /�‰ �L.

Let B be a box at scale L, let i 2 Ig and for all i 2 Ig let Ui � Bi be as in Theorem 4.5, where Ui is
the subset of Bi on which ˆ is close to a product map �̂i . Let us denote by W � B the “good” set of B,

W WD
F
i2Ig

Ui ;

where “good” means the set on which ˆ is close to a product map on boxes at scale R. We introduce the
function P which quantifies the portion of a geodesic segment which is not in W .

Definition 4.10 Let 
 W Œ0; L�!X‰Y be a vertical geodesic segment of B. We denote the measure of
points in 
 \W c by

(98) P.
/ WD Leb.
�1.W c//:

The value of P.
/ is related to 
 being "-monotone. The following lemma is mostly inspired from
Lemma 5.10 of [8].

Lemma 4.11 For 0� "�k;c;‰
p
� �k;c;‰ 1, there exists M.‰; k; c/ such that for all vertical geodesic

segments 
 W Œ0; L�!X‰Y we have

P.
/�
p
�L D) ˆ ı 
 is M

p
� -monotone:

Proof Let t1; t2 2 Œ0; L� such that h
�
ˆ.
.t1//

�
D h

�
ˆ.
.t2//

�
and such that t2 � t1. Let us decompose

Œt1; t2� into segments of length
p
�R. Without loss of generality we can assume that t2� t1 �

p
�L. Let

us define N WD
�
.t2� t1/=

p
�R
˘

, Ii WD
�
t1C i

p
�R; t1C .i C 1/

p
�R
�

for any i 2 f0; : : : ; N � 1g and
IN WD

�
t1C .N � 1/

p
�R; t2

�
. We have

Œt1; t2� WD
NF
iD0

Ii :

Then for all i 2 f0; : : : ; N g let us choose si 2 Ii such that 
.si /2W if possible, and any si 2 Ii otherwise.
Let us denote by J the set of odd indexes in f0; : : : ; N g. We split J into the sets

J0 WD fj 2 J j 
.sj / and 
.sjC2/ are both in the same box and in W gI

J1 WD fj 2 J j 
.sj / and 
.sjC1/ are in different boxesgI

J 01 WD fj 2 J j 
.sjC1/ and 
.sjC2/ are in different boxesgI

J2 WD fj 2 J j Ij �W
c
gI

J 02 WD fj 2 J j IjC2 �W
c
g:
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We claim that

J D J0 t .J1[J
0
1[J2[J

0
2/:

To prove it, one can see that two cases arise when an odd index j is not in J0. The first case is when

.sj / and 
.sj C 2/ are not in the same box, which leads to the fact that either j 2 J1 or j 2 J 01. The
second case happens when 
.sj / or 
.sj C2/ are not in W , which leads to either Ij �W c or IjC2�W c .
Therefore, we proved that an odd index is either in J0 or in J1[J 01[J2[J

0
2.

We have that P.
/ �
p
�L, hence #J2 �

p
�Lp
�R
D

L
R

and similarly #J 02 �
L
R

. Furthermore there are
less than L

R
boxes intersecting 
 , therefore #J1 � t2�t1

R
�
L
R

and #J 01 �
L
R

, hence

#.J1[J 01[J2[J
0
2/� 4

L

R
I #J0 D #J � #.J1[J 01[J2[J

0
2/�

t2� t1

2
p
�R
� 4

L

R
:

We see that the “good” indexes are in majority compared to the “bad” indexes. We now use that fact to
prove that jt2� t1j is smaller than

p
�L. Let us define q.t/ WD h ıˆ ı 
.t/ for all t 2 Œ0; L�. We assume

that N is odd, the case where N is even is treated identically. By assumption q.t1/D q.t2/ therefore

0D q.t2/� q.t1/D q.t2/� q.sN /C
X
i2J

.q.siC2/� q.si //C q.s1/� q.t1/

D q.t2/� q.sN /C
X
i2J0

.q.siC2/� q.si //C
X

i2JnJ0

.q.siC2/� q.si //C q.s1/� q.t1/:(99)

However we proved that #J0 is much bigger than #.J n J0/, and for any i 2 J0, q.siC2/� q.si / is a
positive number by the upward orientation of the quasi-isometry on W . Therefore we will show that
jt1� t2j must be small for this equality to hold. First, we have to consider that, 8i 2 f0; : : : ; N g,

l.IiC1/� jsi � siC2j � l.Ii /C l.IiC1/C l.IiC2/ D)
p
�R � jsi � siC2j � 3

p
�R

D) jq.si /� q.siC2/j �k;c;‰
p
�R:

Hence for all i 2 J nJ0 we have q.siC2/�q.si /�k;c;‰ �
p
�R. Furthermore for all i 2 J0, si and siC2

are in the same box and in W , therefore by Corollary 2.7, there exists M.k; c;‰/ such that

q.siC2/� q.si /�
1

k
jsi � siC2j �M"R �k;c;‰

p
�R

�
since

p
� � 2M"

�
:

Combined with equality (99)

0�k;c;‰
p
�R#J0�

p
�R#.J1[J 01[J2[J

0
2/� jt2� t1j �

p
�L:

Hence jt2�t1j�k;c;‰
p
�L, which proves that there existsM.k; c;‰/ such that 
 isM

p
� -monotone.

Let M be the constant involved in Lemma 4.11, let � 0 D �
1
16 and let "0 WD 2M

p
� 0. We now show

that almost all vertical geodesic segments of boxes at scale L have "0-monotone images under ˆ.
Let us denote by V gB � V B the set of vertical geodesic segments of V B whose image by ˆ are

"0-monotone.
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Lemma 4.12 For L�k;c;‰ 1
�

and for any box B at scale L we have that

�.V gB/� .1� �
1
32 /�.V B/:(100)

Proof Lemma 4.11 tells us that P.
/�
p
�L for all 
 2 V bB. Computing the measure � of W c ,

�.W c/D

Z L

0

�z.W
c
z / dz �‰

Z L

0

�.VB.W
c
z // dz .by Property 3.23/

�‰

Z L

0

Z
V B

1VB.W
c
z /.
/ d�.
/ dz �‰

Z
V B

Z L

0

1VB.W
c
z /.
/ dz d�.
/ .by Fubini’s theorem/:(101)

However we have

(102) 1VB.W
c
z /.
/D

�
0 if z 2 
�1.W /;
1 if z 2 
�1.W c/:

Therefore 1VB.W
c
z /.
/D 1
�1.W c/.z/. With inequality (101) it gives us

�.W c/�‰

Z
V B

Z L

0

1
�1.W c/.z/ dz d�.
/�
Z
V bB

Z L

0

1
�1.W c/.z/ dz d�.
/ .since V bB � V B/

�

Z
V bB

Leb.
�1.W c// d�.
/D
Z
V bB

P.
/ d�.
/:(103)

Let us assume by contradiction that �.V gB/ <
�
1�
p
� 0
�
�.V B/, hence we have �.V bB/ >

p
� 0�.V B/.

Therefore by inequality (103)

�.W c/�‰ �.V
bB/
p
� 0L�

p
� 0�.V B/

p
� 0L

�‰ �
0�.B/;

which contradicts the first conclusion of Theorem 4.9 for � �k;c;‰ 1.

As in Section 4.2, we deduce that, in boxes which have almost only vertical geodesic segment with
2M
p
� 0-monotone image, ˆ is close to a product map. Let us define "0 WD 2M�

1
16 and � 0 WD 2M�

1
16 .

Then for 0 < � 0 �k;c;‰ 1 we have that � 0 � "0 �
p
� 0.

Proof of Theorem 4.9 The proof is similar to Theorem 4.5. Lemma 4.12 plays the role of the second
conclusion of Proposition 4.3, with "0 instead of ". In a box at scale L, almost all vertical geodesic
segment have "0-monotone image by ˆ.

Then, because "0 �k;c;‰
p
� 0, Lemma 4.4 provides us with a dominant orientation. In combination

with Lemma 3.26, we get Lemma 4.6, which provides us with the vertical quadrilateral.
Afterwards, we make use of them, as in the proof of Theorem 4.5, to construct the quasi-isometry

product �̂. In a box at scale R, the upper-bound "R on the distance between ˆ and �̂ is achieved since
� 0 � ", and in our box at scale L, it is achieved since � 0 � "0.

Finally, the exponents on � of Theorem 4.9 can be removed since we can fix � , then do the proof with
a parameter Q� D �8, then replace Q� by �8.
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This is a step forward since now, Theorem 4.9 holds for all boxes at scale L, and not only a significant
proportion of boxes at scale R.

4.5 A quasi-isometry quasi-respects the height

Let p; q 2 X ‰ Y be such that h.p/ D h.q/. In this section we aim to prove the following theorem,
which estimates the difference of height between the images of p and q under ˆ.

Theorem 4.13 For 0 < � �k;c;‰ 1, there exists M.k; c;‰; �/ (here M depends also on � ) such that for
all p and q in X‰Y with h.p/D h.q/ we have

�h.ˆ.p/;ˆ.q//� �d‰.p; q/CM:(104)

By the previous section, we know that in a box of a sufficiently large scale, the quasi-isometry ˆ is
(on a set of almost full measure) close to a product map. We first show that this product map is coarsely
an homothety along the height function.

Let L0 be the constant of Theorem 4.9, let L � L0 and let B be a box at scale L. Let us define
hC WD supfh.p/ j p 2 Bg and h� WD inffh.p/ j p 2 Bg. Let �̂ WD .�̂X ; �̂Y / WX‰Y !X 0‰Y 0 be the
corresponding product map of Theorem 4.9.

Lemma 4.14 Let a 2 BhC and b 2 Bh� be two points of B, one on its top part and one on its bottom part.
Then we have both ˇ̌̌̌

�h.�̂.a/; �̂.b//� m
m0
L

ˇ̌̌̌
�k;c;‰ �

1
2LIˇ̌̌̌

�h.�̂.a/; �̂.b//� n
n0
L

ˇ̌̌̌
�k;c;‰ �

1
2L:

Proof Let U � B be the set involved in Theorem 4.9. We recall that �.U /� .1� �/�.B/ and that for
all p 2 U , we have d‰0.ˆ.p/; �̂.p//�‰;k;c �L. Since the measure � identically weights the level sets
of B, by a Markov inequality there exists zC 2 ŒhC� �

1
2L; hC� and z� 2 Œh�; h�C �

1
2L� such that

�zC.UzC/� .1� �
1
2 /�zC.BzC/I

�z�.Uz�/� .1� �
1
2 /�z�.Bz�/:

By the definition of �zC we have that

1
2
�zC.BzC/� �zC.UzC/� �zC.BzC/:

Furthermore �zC.BzC/�‰ enLe.m�n/jh
C�zCj since we went down by a height jhC� zCj in the box.

Therefore

enLe.m�n/�
1
2L
�k;c;‰ �zC.NkcCc.UzC//:

Furthermore, BzC resembles a rectangle of width 2jhC� zCj in X and 2.L� jhC� zCj/ in Y , hence

�Y
zC
.NkcCc.U YzC//�k;c;‰ e

nLe.m�n/�
1
2L 1

�X
zC
.BX
zC
/
�k;c;‰ e

nLe2.m�n/�
1
2L:
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By Lemma 3.18, and since �̂ is close to ˆ on U , we deduce

enLe2.m�n/�
1
2L
�k;c;‰ �

Y
zC

�
N1.�̂.U YzC//�:(105)

Let��0 be jh.�̂.UzC//�h.�̂.Uz�//j. For all p2UzC there exists a vertical geodesic Vp of � -monotone
image under ˆ passing close to p. Furthermore, dY .V Yp .z

�/; U Yz�/� 2�
1
2L since BYz� has a relatively

small diameter. Therefore, all vertical geodesics starting at N1.�̂Y .U YzC// intersect N
M�

1
2L
.�̂Y .U Yz�//.

Hence we have that

N1.�̂Y .U YzC//� �h.�̂.U
zC
//

�
N
M�

1
2L
.�̂Y .U Yz�//�:

Therefore

�Y
0�
N1.�̂Y .U YzC//�� �Y 0��h.�̂.U

zC
//

�
N
M�

1
2L
.�̂Y .U Yz�//��

�k;c;‰ e
n0��Y

0�
N
M�

1
2L
.�̂Y .U Yz�//�

�k;c;‰ e
n0�e�n

0M�
1
2L�Y

0�
N1.�̂Y .U Yz�//� .by Corollary 3.16/

�k;c;‰ e
n0�en

0M�
1
2Le�

1
2L .because BYz�has small � measure/

D en
0�en

0.MC1/�
1
2L:

Combined with inequality (105) we obtain

enLe2.m�n/�
1
2L
�k;c;‰ e

n0�en
0.MC1/�

1
2L;

which provides us with enL �k;c;‰ en
0�eM

0�
1
2L, where M 0 is a constant depending on k, c,‰ and‰0.

Then there exists M 00.k; c;‰;‰0/ such that by taking the logarithm we get

nL� n0�CM 00�
1
2L:

Similarly, we do the same proof onˆ�1, on the box of height� containing �̂.UzC[Uz�/ which provides
us with

n0�� nLCM 00�
1
2L:

Therefore j�� n
n0
Lj �k;c;‰ �

1
2L. To obtain the same results with the constants m and m0, we focus on

the sets UX
zC

and UXz� instead of U Y
zC

and U Yz� .

As a corollary we obtain a first quasi-isometry invariant for horospherical products.

Proposition 4.15 If X‰Y and X 0‰Y 0 are quasi-isometric , then m
n
D

m0

n0
.

Proof By Lemma 4.14, and by the triangle inequality we have that
ˇ̌
m
m0
�
n
n0

ˇ̌
�k;c;‰

1
L

for all L� L0.
Therefore, m

m0
D

n
n0

, hence m
n
D

m0

n0
.
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Lemma 4.16 Let 0 < � �k;c;‰ 1. Let p WD .pX ; pY /; q WD .qX I qY / 2X‰Y such that d‰.p; q/�L20
and such that pY D qY (hence h.p/D h.q/). Then we have

�h.ˆ.p/;ˆ.q//�k;c;‰ �
1
2d‰.p; q/:

Proof Let B be a box of scale LD d‰.p; q/, such that p and q are contained in its bottom part. Let
V Xp 2 V BX be the vertical geodesic segment of X of length L starting at p. We apply Proposition 4.3
on V Xp ‰BY (as a box of an embedded copy of R‰Y inside X‰Y ) with r0 D L0 and L� L20. We
obtain that there exists R � L0, a box tiling B[

S
i2I Bi of boxes at scale R and Ig � I such that

(1) �
�S

i2Ig
Bi
�
� .1� �/�.B/ (boxes indexed by Ig cover almost all B);

(2) 8i 2 Ig , �i .V
bBi /

�i .V Bi /
� � (almost all vertical geodesic segments in Bi have "-monotone image),

where �i WD �V Bi . In this setting, we have that V Bi WD f.V Xp ; V Y / j V Y 2 V BYi g, hence most vertical
geodesics in BYi are a good vertical geodesic of Bi when coupled with a portion of V Xp .

Let us define J WD
˚
0; : : : ; L

R
� 1

	
and for all j 2 J let us define pXj WD V

X
p .jR/. Then we have

V Xp .jR/ WD
[
j2J

ŒpXj Ip
X
jC1�:

Since the measure of the good boxes cover almost all B, and because the measure � equally weights
the level sets, by a Markov inequality argument there exists Jg � J such that for all j 2 Jg , BŒjRI.jC1/R�
is almost entirely covered by boxes of Ig . Therefore, again by Markov inequality argument, there exists
Wp � V

Y B such that

(1) �.Wp/� .1� �
1
2 /�.V Y B/;

(2) 8V Y 2Wp and 8j 2 Jg we have V Y .Œ�.j C 1/RI �jR�/ 2
S
i2Ig

V gBYi .

Let V Y 2Wp, for all j 2 J let us define pi WD .V Xp .jR/; V Y .�jR//. By Lemma 4.14, for all j 2 J ,ˇ̌̌̌
�h.�̂.pj /; �̂.pjC1//� m

m0
R

ˇ̌̌̌
�k;c;‰ �

1
2R:(106)

For all j 2 Jg , let us denote by Bj the box at scale R containing Œpj IpjC1�. By the choice of R, we have
that most vertical geodesic segments of BYj have � -monotone image when coupled with ŒpXj Ip

X
jC1�.

Furthermore Bj contains almost only good vertical geodesic segments, therefore, there exists v 2V gBj
such that .ŒpXj Ip

X
jC1�; v

Y / 2 V gBj and such that .vX ; ŒpYj Ip
Y
jC1�/ 2 V

gBj . Therefore there exists a
good coarse vertical quadrilateral containing pj and pjC1, hence d.ˆ.pj /; �̂.pj //�k;c;‰ �R. Similarly
we have d.ˆ.pjC1/; �̂.pjC1//�k;c;‰ �R. Hence combined with inequality (106) we getˇ̌̌̌

�h.ˆ.pj /; ˆ.pjC1//�
m

m0
R

ˇ̌̌̌
�k;c;‰ �

1
2R:
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Therefore by the triangle inequality, there exists M.k; c;‰/ and M 0.k; c;‰/ such that

�h.ˆ.p0/; ˆ.pL
R
�1//�

L
R
�1X

jD0

�h.ˆ.pj /; ˆ.pjC1//

�

X
j2Jg

�h.ˆ.pj /; ˆ.pjC1//C
X

j2JnJg

�h.ˆ.pj /; ˆ.pjC1//

� #Jg

�
m

m0
RCM�

1
2R

�
C #.J nJg/.kRC c/

�
L

R

�
m

m0
RCM�

1
2R

�
C �

L

R
.kRC c/

�
m

m0
LCM 0�

1
2L:

Similarly we have �h.ˆ.p0/; ˆ.pL
R
�1//�

m
m0
L�M 0�

1
2L. By doing the same reasoning on q we have

that for all V Y 2Wq ,
ˇ̌
�h.ˆ.q0/; ˆ.qL

R
�1//�

m
m0
L
ˇ̌
�k;c;‰ �

1
2L, where qj WD .V Xq .jR/; V

Y .�jR//.
Furthermore Wp \Wq is nonempty for �

1
2 �k;c;‰ 1, then let V Y 2Wp \Wq . Without loss of generality

we can assume that ˆ.p/�ˆ.q/. We have

�h.ˆ.p/;ˆ.q//D h.ˆ.p//�h.ˆ.p0//Ch.ˆ.p0//�h.ˆ.pL
R
�1//Ch.ˆ.pL

R
�1//

�h.ˆ.qL
R
�1//Ch.ˆ.qL

R
�1//�h.ˆ.q0//Ch.ˆ.q0//�h.ˆ.q//

�k;c;‰ d‰.p;p0/�
m

m0
LCM�

1
2LCd‰.pL

R
�1;qL

R
�1/C

m

m0
LCM�

1
2LCd‰.q;q0/

�k;c;‰ d‰.p;p0/Cd‰.pL
R
�1;qL

R
�1/Cd‰.q;q0/C2�

1
2L:

However d‰.p; p0/�M0 since they share the same X coordinate and because the top part of BY as a
diameter of at most M0, similarly d‰.q; q0/�M0. By construction pYL

R
�1
D qYL

R
�1

, furthermore the top
part of BX has a diameter of at most M0, hence

d‰.pL
R
�1; qL

R
�1/�M0:

Finally we obtain
�h.ˆ.p/;ˆ.q//�k;c;‰ �

1
2LD �

1
2d‰.p; q/:

Corollary 4.17 Any vertical geodesic ray V of X‰Y satisfies , for all t1; t2 2R,

h.ˆ ıV.t1//D h.ˆ ıV.t2// D) jt1� t2j �k;c;‰ 1:

Proof Suppose V is a vertical geodesic segment parametrised by arclength. Suppose 0< t1 < t2 are such
that h

�
ˆ.V.t1//

�
D h

�
ˆ.V.t2//

�
. We apply Theorem 4.13 on ˆ�1 with p Dˆ.V.t1//, q Dˆ.V.t2//,

where � is here fixed and depends only on k; c and the metric measured space .X‰Y; d‰/. Hence there
exists M.k; c;‰/ > 0 such that

(107) �h.V.t1/; V .t2//�k;c;‰ �
1
2 jt1� t2jCM:
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However �h.V.t1/; V .t2//D jt1� t2j, hence

.1� �
1
2 /jt1� t2j �k;c;‰ 1:

Therefore jt1� t2j �k;c;‰ 1 since �
1
2 �

1
2

.

This is stronger than being "-monotone since it holds for all t1, t2 2R.

4.6 Factorisation of a quasi-isometry on the whole space

Finally, we provide the proof of Theorem 4.1, which states that ˆ is close to a product map �̂ on the
whole space X‰Y .

Proof of Theorem 4.1 We first pick an arbitrary vertical geodesic V X0 of X and an arbitrary vertical
geodesic V Y0 of Y . Then we work with the two embedded copies X0 WDX‰V Y0 and Y0 WD V X0 ‰Y

of X and Y in X ‰ Y . Let p 2 X ‰ Y , there exist a unique a 2 X0 and a unique b 2 Y0 such that
pX D aX and pY D bY . We can construct a coarse vertical quadrilateral Q containing p and a as in
Lemma 4.6. Thanks to Corollary 4.17, we know that ˆ.Q/ is in the M.k; c;‰/-neighbourhood of a
coarse vertical quadrilateral Q0 on which we use Proposition 2.11. This gives us

dX 0.ˆ.p/
X 0 ; ˆ.a/X

0

/�k;c;‰ 1I(108)

�h.ˆ.p/X
0

; ˆ.a/X
0

/�k;c;‰ 1:(109)

Similarly we have dY 0.ˆ.p/Y
0

; ˆ.b/Y
0

/�k;c;‰ 1. Let us define

�̂X WX !X 0; x 7!ˆ
�
x; V Y0 .�h.x//

�X 0
:

By rewriting inequality (108) we have

dX 0.ˆ.p/
X 0 ; �̂X .pX //D dX 0.ˆ.p/X 0 ; �̂X .aX //D dX 0�ˆ.p/X 0 ; ˆ�aX ; V Y0 .�h.aX //�X 0�

D dX 0.ˆ.p/
X 0 ; ˆ.a/X

0

/�k;c;‰ 1:

Similarly by defining �̂Y WDˆ�V X0 .�h.y//; y�Y 0 for all y 2 Y , we have

(110) dY .ˆ.p/
Y ; �̂Y .pY //�k;c;‰ 1:

The last problem is that given a point p, the heights of �̂X .pX / and �̂Y .pY / may differ. As in the proof
of Theorem 4.5, inequality (109) guarantees that they are sufficiently close, which allows us to chose �̂X
and �̂Y such that �̂ WD .�̂X ; �̂Y / is a well-defined product map on X‰Y . Then we have

d‰0.ˆ.p/; �̂.p//�k;c;‰ 1I
�h.ˆ.p/; �̂.p//�k;c;‰ 1:
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We now prove that �̂X and �̂X are quasi-isometries. Let x; x0 2X , then

dX 0.�̂X .x/; �̂X .x0//
�k;c;‰ dX 0

�
ˆ
�
x; V Y0 .�h.x//

�X 0
; ˆ
�
x0; V Y0 .�h.x

0//
�X 0�

� d‰0
�
ˆ
�
x; V Y0 .�h.x//

�
; ˆ
�
x0; V Y0 .�h.x

0//
��

� kd‰
��
x; V Y0 .�h.x//

�
;
�
x0; V Y0 .�h.x

0//
��
C c

� kdX .x; x
0/C kdY

�
V Y0 .�h.x//; V

Y
0 .�h.x

0//
�
C cCM.k; c;‰/ .by Theorem 1.11/

� kdX .x; x
0/C�h.x; x0/C cCM � .kC 1/dX .x; x

0/C cCM:

Similarly, and because d‰0 �
dX0CdY 0

2
,

dX 0.�̂X .x/; �̂X .x0//
D dX 0

�
ˆ
�
x; V Y0 .�h.x//

�X 0
; ˆ
�
x0; V Y0 .�h.x

0//
�X 0�

� 2d‰0
�
ˆ
�
x; V Y0 .�h.x//

�
; ˆ
�
x0; V Y0 .�h.x

0//
��
� dY 0

�
ˆ
�
x; V Y0 .�h.x//

�Y 0
; ˆ
�
x0; V Y0 .�h.x

0//
�Y 0�

�
1

k
dX .x; x

0/� c � dY 0
��̂Y �V Y0 .�h.x//�; �̂Y �V Y0 .�h.x//��� 2M .by the triangle inequality/

�
1

k
dX .x; x

0/� c � 2M:

The proof that �̂Y is a quasi-isometry is similar.

5 Some solvable Lie groups as horospherical products

In this chapter, we provide a characterisation of the quasi-isometry group of the horospherical product of
two Heintze groups. See Theorem 5.13 for the precise description.

5.1 Admissibility of Heintze groups

In this section we show that a Heintze group satisfies the conditions required to apply our main rigidity
result Theorem 4.1.

Definition 5.1 (Heintze group) A Heintze group is a solvable Lie group S D N ÌA R where N is a
connected, simply connected, nilpotent Lie group, and A is a derivation of Lie.N / whose eigenvalues all
have positive real parts.

Heintze [16] obtained that any negatively curved homogeneous manifold is isometric to a Heintze
group.

Remark 5.2 A Heintze group admits a left-invariant metric with strictly negative sectional curvature;
see [16] for further details. From now on we fix g a left-invariant metric on N ÌA R with maximal
sectional curvature �1. Since N ÌAR is simply connected, it is a CAT.�1/-space.
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From now on we fix the metric g such that S D N ÌA R is a CAT.�1/ space. Therefore S is
a ı-hyperbolic, Busemann, proper, geodesically complete metric space. Moreover, we show that S
satisfies all three assumptions of Definition 3.1. The assumption (E1) holds thanks to the decomposition
S DN ÌAR. We have for all .n; z/ 2N ÌAR, g.n;z/ D exp.�zA/.gN /n exp.�zA/t ˚ dz2, where gN
is the restriction of g to the Lie algebra of N . Let us denote by gz WD exp.�zA/gN exp.�zA/t a left
invariant metric on N , then let us denote by � WD �g the measure on S induced by g and by �z WD �gz
the measure on N induced by gz . Then for all measurable subset U � S we have

�.U / WD

Z
S

1U .n; z/ d�g.n; z/D
Z

R

Z
N

1U .n; z/ d�gz .n/ dz

D

Z
R
�z.Uz/ dz;

where Uz WDfn2N j .n; z/2U g. Assumption (E2) holds with constantM0D1 since gn;z is left-invariant,
and assumption (E3) arises from the fact that det.gz/D exp.�2z � tr.A// det.g/. Therefore, any Heintze
group is an admissible horopointed space. Let us define S1 WDN1 ÌA1 R and S2 WDN2 ÌA2 R, then

S1‰S2 D .N1 �N2/ÌAR;

with A the matrix diag.A1;�A2/. Similarly let us denote by S 01 WDN
0
1 ÌA01 R and S 02 WDN

0
2 ÌA02 R two

Heintze groups, with N 01, N 02 being two simply connected nilpotent Lie groups and A01, A02 being two
derivations.

5.2 Precision on the components of the product map

We first refine Theorem 4.1 for Heintze groups.

Remark 5.3 For any vertical geodesics V of .N1 �N2/ ÌA R there exist n1 2 N1, n2 2 N2 and an
arclength parametrisation of V such that V.t/D .n1; n2; t /.

Letˆ W .N1�N2/ÌAR! .N 01�N
0
2/ÌA0R be a .k; c/-quasi-isometry. Let us assume that tr.A1/> tr.A2/

and that tr.A01/ > tr.A02/. By Theorem 4.1 there exist �̂1 W S1! S 01 and �̂2 W S2! S 02 such that

d‰.ˆ; .�̂1; �̂2//�k;c;‰ 1:
Lemma 5.4 Let i 2 f1; 2g. Then for any vertical geodesic V 2 Si , there exists a vertical geodesic V 0 2 S 0j
such that

dHff.�̂i .V /; V 0/�k;c;‰ 1:
This lemma also holds for any horospherical product where our main result, the geometric rigidity,

applies.

Proof Since Si DNi ÌAi R is a Gromov hyperbolic space, there exists M.k; c;‰/ such that the image
of a vertical geodesic by �̂i is in a M -neighbourhood of a geodesic 
 of S 0i . By Corollary 4.17 
 is a
vertical geodesic, hence for V 0 WD 
 we have dHff.�̂i .V /; V 0/�k;c;‰ 1.
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Let n 2Ni and let us denote by Vn the vertical geodesic Vn WR! Si ; t 7! .n; t/. By Lemma 5.4 there
exists a vertical geodesic V 0n such that

dHff.�̂i .Vn/; V 0n/�k;c;‰ 1:(111)

Furthermore V 0n is unique since it is an infinite geodesic of the Heintze group Si . We define a map
‰i WNi !N 0i as

(112) ‰i .n/D P.V
0
n.0// for all n 2Ni ;

where P WN 0i ÌAi R!N 0i is the natural projection on Ni .
The goal of this subsection is to prove the following theorem.

Theorem 5.5 There exists t0 2R such that for the aforementioned ‰i we have

d‰

�
ˆ;

�
‰1; ‰2;

tr.A1/
tr.A01/

idRC t0

��
�k;c;‰ 1:

We can replace tr.A1/
tr.A01/

by tr.A2/
tr.A02/

thanks to Proposition 4.15. We first show �̂
i and ‰i are related.

Lemma 5.6 Let i 2 f1; 2g. There exists fi WR!R such that , for all .n; t/ 2 Si ,

dSi
��̂

i .n; t/; .‰i .n/; fi .t//
�
�k;c;‰ 1:

Proof Let fi WR!RI t 7! h.�̂i .eNi ; t //. Then by Theorem 4.1 we have that h.�̂i .n; t//D fi .t/ for
all n 2Ni . Therefore by the definition of ‰i we have .‰i .n/; fi .t//D V 0n.fi .t//. Hence

dS 0
i

��̂
i .n; t/; .‰i .n/; fi .t//

�
D dS 0

i

��̂
i .n; t/; V

0
n.fi .t//

�
:(113)

However by inequality (111), there exists st 2R such that

(114) dS 0
i
.�̂i .n; t/; V 0n.st //�k;c;ı 1:

Furthermore we know that

1�k;c;‰ dS 0
i
.�̂i .n; t/; V 0n.st //��h.�̂i .n; t/; V 0n.st //D jfi .t/� st j:(115)

Therefore

dS 0
i

��̂
i .n; t/; V

0
n.fi .t//

�
� dS 0

i
.�̂i .n; t/; V 0n.st //C dS 0i �V 0n.st /; V 0n.fi .t//� .by the triangle inequality/

D dS 0
i
.�̂i .n; t/; V 0n.st //Cjfi .t/� st j �k;c;‰ 1 .by inequalities (114) and (115)/:

Combined with equality (113) it provides us with dS 0
i

��̂
i .n; t/; .‰i .n/; fi .t//

�
�k;c;‰ 1.

Corollary 5.7 (quasi-isometries quasi-preserve the horosphere volume) Let t 2 R, r > 0 and n 2 Ni .
Then the map ẑ i WD .‰i ; fi / quasi-preserves the volume of any disk D WDDr.n; t/:

�
Si
t .D/�k;c;‰ �

S 0
i

fi .t/

�
N1. ẑ i .D//

�
:
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Proof By Lemma 5.6, there existsM.k; c;‰/ such that ẑ i isM -close to �̂i . Therefore, there exist k0, c0

depending only on k, c and S1‰S2 such that ẑ i is a .k0; c0/-quasi-isometry.
We first pick a 2k0.c0C 1/-maximal separating set Z of D. Then ẑ i .Z/ is such that

(1) the disks D1.p/ with p 2 ẑ i .Z/ are pairwise disjoint;

(2)
S
p2ẑ i .Z/

D1.p/�N1. ẑ i .D//�
S
p2ẑ i .Z/

D2k0�k0.c0C1/Cc0C1.p/.

Furthermore by Lemma 3.2, we have, 8.n; t/ 2Z,

�
Si
t .Dk0.c0C1/.n; t//�k;c;‰ 1�k;c;‰ �

Si
t .D2k0.c0C1/.n; t//:

Hence �Sit .D/�k;c;‰ #Z. Furthermore, by Lemma 3.2 we also have, 8.n; t/ 2Z,

�
S 0
i

fi .t/

�
D1.ˆi .n; t//

�
�k;c;‰ 1�k;c;‰ �

S 0
i

fi .t/

�
D2k0�k0.c0C1/Cc0C1.ˆi .n; t//

�
:

Therefore

�
Si
t .D/�k;c;‰ #Z �k;c;‰ �

S 0
i

fi .t/

�
N1.zẑ i .D//

�
:

Lemma 5.8 (quasi-isometries quasi-translate the height) Let fi W R! R be the function involved in
Lemma 5.6. Then , for all t 2R, ˇ̌̌̌

tr.A1/
tr.A01/

t � .fi .t/�fi .0//

ˇ̌̌̌
�k;c;‰ 1:

Proof We recall that for all t 2R, we have fi .t/ WD h.�̂i .eNi ; t //. Let n 2Ni , r > 0, t 2R, and let us
define U �Ni such that Dr.n; 0/D .U; 0/. Then we have

�
Si
0 .U; 0/D e

2 tr.Ai /t�
Si
t .U; t/:(116)

However ẑ i .U; 0/D .‰i .U /; fi .0// and ẑ i .U; t/D .‰i .U /; fi .t//. Therefore

�
S 0
i

fi .0/

�
N1. ẑ i .U; 0//

�
D �

S 0
i

fi .0/

�
N1.‰i .U /; fi .0//

�
D e2 tr.A0

i
/.fi .t/�fi .0//�

S 0
i

fi .t/

�
N1.‰i .U /; fi .t//

�
D e2 tr.A0

i
/.fi .t/�fi .0//�

S 0
i

fi .t/

�
N1. ẑ i .U; t//

�
:(117)

Furthermore by Corollary 5.7 we have

�
Si
0 .U; 0/�k;c;‰ �

S 0
i

fi .0/

�
N1. ẑ i .U; 0//

�
I

�
Si
t .U; t/�k;c;‰ �

S 0
i

fi .t/

�
N1. ẑ i .U; t//

�
:
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In combination with equalities (116) and (117), it provides us with

�
Si
0 .U; 0/D e

2 tr.Ai /t�t .U; t/�k;c;‰ e
2 tr.Ai /t�

S 0
i

fi .t/

�
N1. ẑ i .U; t//

�
D e2 tr.Ai /te2 tr.A0

i
/.fi .0/�fi .t//�

S 0
i

fi .0/

�
N1. ẑ i .U; 0//

�
�k;c;‰ e

2 tr.Ai /te2 tr.Ai /.fi .0/�fi .t//�
Si
0 .U; 0/:

Hence we have e2 tr.Ai /t �k;c;‰ e
2 tr.A0

i
/.fi .t/�fi .0//, which, composed with the logarithm, gives us

(118)
ˇ̌̌̌
tr.A1/
tr.A01/

t � .fi .t/�fi .0//

ˇ̌̌̌
�k;c;‰ 1:

Corollary 5.9 There exists t0 2R such that , for i 2 f1; 2g and for all .n; t/ 2Ni �R,

dSi

��̂
i .n; t/;

�
‰i .n/;

tr.A1/
tr.A01/

t C t0

��
�k;c;‰ 1:

Proof The proof is a direct application of Lemmas 5.6 and 5.8 by taking t0 WD fi .0/.

In this corollary t0 depends on ˆ.

Proof of Theorem 5.5 Using Corollary 5.9 on N1 and N2 provides us with Theorem 5.5.

5.3 Hamenstädt distance and product maps of bilipschitz maps

As presented in [6, Section 5.3], the parabolic visual boundary of Ni Ì R may be identified with the Lie
group Ni endowed with the following Ai -homogeneous Hamenstädt distance.

Definition 5.10 (Hamenstädt distance) For any n;m 2Ni , we define their Hamenstädt distance as

dNi ;Ai ;H .n;m/ WD exp
�
�
1
2

lim
s!C1

�
2s� dNiÌAiR

..n;�s/; .m;�s//
��
:

We might omit Ai and Ni in the notation. We denote by Bilip.N / the group of bilipschitz maps of N
for the Hamenstädt distance. It is defined as

Bilip.Ni / WD f‰ W .Ni ; dH /! .Ni ; dH / j 9k � 1;‰ is a .k; 0/-quasi-isometryg:

This is indeed a distance when the left invariant metric g is normalised so that R ËAi Ni is a CAT.�1/
space.

Two quasi-isometries ˆ and ˆ0 are said to be equivalent when they are at finite distance from each
other:

ˆ�ˆ0 () sup
x
d‰.ˆ.x/;ˆ

0.x// <C1:

In this section we prove the following characterisation of the quasi-isometry group of the product
S1‰S2 D .N1 �N2/ÌAR.
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Theorem 5.11 Let N1 ÌA1 R and N2 ÌA2 R be two Heintze group such that tr.A1/ ¤ tr.A1/, let
ˆ 2 QI..N1 �N2/ÌAR/ and let ‰1, ‰2 be as in Theorem 5.5. Then we have the isomorphism

f W QI..N1 �N2/ÌAR/=�! Bilip.N1/�Bilip.N2/; ˆ 7! .‰1; ‰2/:

This distance is related to the height divergence of vertical geodesics in the following way.

Lemma 5.12 (extended backward lemma) Let n;m 2Ni , let V W t 7! .n; t/ and let W W t 7! .m; t/. Then

dH .n;m/�k;c;‰ exp.hDiv.V;W //:

See Corollary 1.4 for the definition of hDiv.V;W /.

Proof By Corollary 1.4 there exists a height hDiv.V;W / 2 R such that V and W diverge from each
other at the height hDiv.V;W /. Hence there exists M.k; c;‰/ such that, for all s1 � s2 � hDiv.V;W /,

d.V .s2/;W.s2//�M � dSi .V .s1/;W.s1//C 2js2� s1j � dSi .V .s2/;W.s2//CM:

Therefore

exp
�
dSi .V .s1/;W.s1//C 2js2� s1j

�
�k;c;‰ exp

�
dSi .V .s2/;W.s2//

�
:(119)

Let us define h0 WD hDiv.V;W /. Then we can compute the Hamenstädt distance dH .n;m/:

dH .n;m/D exp
�
�
1
2

lim
s!C1

�
2s� dSi .V .�s/;W.�s//

��
�k;c;‰ exp

�
�
1
2

lim
s!C1

�
2s� dSi .V .h0/;W.h0//� .2h0C 2s/

��
.by inequality (119)/

�k;c;‰ exp
�
�
1
2

lim
s!C1

�
�dSi .V .h0/;W.h0//� 2h0

��
D exp

�
dSi .V .h0/;W.h0//

2
C h0

�
D exp

�
dSi .V .h0/;W.h0//

2

�
exp.h0/

�k;c;‰ exp.h0/ .by definition of hDiv.V;W //:

We show that the aforementioned maps ‰i are bilipschitz.

Theorem 5.13 Let ‰i be the map of Theorem 5.5. Then ‰i is a bilipschitz homeomorphism either from
.Ni ; dH / to .N 0i ; .dH /

tr.A1/=tr.A01// or from .Ni ; .dH /
tr.A01/=tr.A1// to .N 0i ; dH /.

Proof Let n;m 2Ni and let V W t 7! .n; t/ and W W t 7! .m; t/ be two vertical geodesics of Ni ÌAi R.
Let us define �0 WD

tr.A1/
tr.A01/

. By Lemma 5.12 we have

dH .n;m/�k;c;‰ exp.hDiv.V;W //:

Since ˆi WD .‰i ; �0idRC t0/ is a .k0; c0/-quasi-isometry, we have

(1) dSi
�
.‰i .n/; �0hDiv.V;W /C t0/; .‰i .m/; �0hDiv.V;W /C t0/

�
�k;c;‰ 1;

(2) 8s � hDiv.V;W /, dSi
�
.‰i .n/; �0sC t0/; .‰i .m/; �0sC t0/

�
�k;c;‰ 1.
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Furthermore, for all n 2 Ni , ẑ i .Vn/ D V‰i .n/ hence ẑ i .Vn/ is a vertical geodesics of S 0i . Then there
exists M.k; c;‰/ such that

.�0hDiv.V;W /C t0/�M � hDiv. ẑ i .V /; ẑ i .W //� .�0hDiv.V;W /C t0/CM:

Consequently Lemma 5.12 provides us with

dH .‰i .n/;‰i .m//�k;c;‰ exp.hDiv.V‰i .n/; W‰i .m///D exp
�
hDiv. ẑ i .V /; ẑ i .W //

�
�k;c;‰ exp.t0/ exp.�0hDiv.V;W //

�k;c;‰ exp.t0/.dH .n;m//�0 .by Lemma 5.12/:

Here t0 depends only on ˆ. Furthermore, if �0 � 1, .dH /�0 is still a distance by concavity. Hence,
depending on the value of �0, either ‰i W .Ni ; dH /! .N 0i ; .dH /

�0/ or ‰i W .Ni ; .dH /�0/! .N 0i ; dH / is
a bilipschitz map.

We now focuses on self quasi-isometries of .N1 �N2/ÌAR.

Proof of Theorem 5.11: Let ‰1, ‰2 be as in Theorem 5.5, and let f be the map

f W QI..N1 �N2/ÌAR/=�! Bilip.N1/�Bilip.N2/; ˆ 7! .‰1; ‰2/:

We first show that this application is well defined. Let ˆ;ˆ0 2 QI..N1�N2/ÌAR/ be such that ˆ�ˆ0,
which means that d‰.ˆ;ˆ0/�k;c;‰ 1.

By Theorems 5.5 and 5.13, there exist ‰i ; ‰0i 2 Bilip.Ni / such that

(1) d.ˆ; .‰1; ‰2; idR//�k;c;‰ 1;

(2) f .ˆ/D .‰1; ‰2/;

(3) d.ˆ0; .‰01; ‰
0
2; idR//�k;c;‰ 1;

(4) f .ˆ0/D .‰01; ‰
0
2/.

By the definition of ‰i and ‰0i , for all n 2N we have

‰i .n/D P.V
0
n.0//I

‰0i .n/D P.V
00
n .0//;

where V 0n is the unique vertical geodesic close to �̂i .Vn/ and V 00n the unique vertical geodesic close
to �̂0i .Vn/. However ˆ�ˆ0, then �̂i .Vn/ and �̂0i .Vn/ are M -close to each other for some M.k; c;‰/,
therefore dHff.V

0
n; V

00
n / �k;c;‰ 1. However these vertical geodesics are unique, then V 0n D V

00
n . Conse-

quently, ‰i .n/D‰0i .n/, hence ‰i D‰0i , therefore f is well defined.
Let us now prove that f is injective. Let ˆ and ˆ0 be two quasi-isometries of .N1 �N2/ÌAR such

that f .ˆ/D f .ˆ0/. Then by Theorem 5.5 and by the triangle inequality

d‰.ˆ;ˆ
0/� d‰.ˆ; .‰1; ‰2; idR//C d‰..‰1; ‰2; idR/; ˆ

0/�k;c;‰;ˆ;ˆ0 1:

Hence ˆ�ˆ0, which proves that f is injective.
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Let ‰i 2 Bilip.Ni ; dH /, our goal is to show that .‰i ; idR/ is a quasi-isometry of .Ni ÌAR; dSi /. Let
.n; tn/; .m; tm/ 2 Si . By Lemma 5.12 applied on n and m, there exists a constant M.k; c;‰/ such that

ln.dH .n;m//�M � hDiv.Vn; Vm/� ln.dH .n;m//CM:(120)

Similarly, by Lemma 5.12 applied on ‰i .n/ and ‰i .m/,

ln
�
dH .‰i .n/;‰i .m//

�
�M � hDiv.V‰i .n/; V‰i .m//� ln

�
dH .‰i .n/;‰i .m//

�
CM:(121)

We know that ‰i 2Bilip.Ni ; dH / hence dH .n;m/� dH .‰i .n/;‰i .m//. Therefore by inequalities (120)
and (121) we have

jhDiv.Vn; Vm/� hDiv.V‰i .n/; V‰i .m//j � 1:(122)

Moreover by Lemma 1.3 we can characterise the distance between two points thanks to the height of
divergence of their associated vertical geodesics. Let us denote h0 D hDiv.Vn; Vm/. By inequality (122)
and by Lemma 1.3, if h0 �max.tn; tm/ we have bothˇ̌

dSi ..n; tn/; .m; tm//� .jtm� h0jC jtn� h0j/
ˇ̌
�ı 1Iˇ̌

dSi
�
.‰i .n/; tn/; .‰i .m/; tm/

�
� .jtm� h0jC jtn� h0j/

ˇ̌
�ı 1:

Consequently by the triangle inequality there exists M.ı/ such that

dSi ..n; tn/; .m; tm//�M � dSi
�
.‰i .n/; tn/; .‰i .m/; tm/

�
� dSi ..n; tn/; .m; tm//CM:

Similarly, if h0 �max.tn; tm/ we have bothˇ̌
dSi ..n; tn/; .m; tm//� .jtm� tnj/

ˇ̌
�ı 1Iˇ̌

dSi
�
.‰i .n/; tn/; .‰i .m/; tm/

�
� .jtm� tnj/

ˇ̌
�ı 1:

Hence again

dSi ..n; tn/; .m; tm//�M � dSi
�
.‰i .n/; tn/; .‰i .m/; tm/

�
� dSi ..n; tn/; .m; tm//CM:

Therefore .‰i ; idR/ is a .1;M/-quasi-isometry of Ni Ì R, hence .‰1; ‰2; idR/ is also a .1;M/-quasi-
isometry, which provides us with f .‰1; ‰2; idR/D .‰1; ‰2/. Hence f is surjective, and finally bijective.

Let us now prove that f is a morphism. Let ˆ,ˆ0 2 QI..N1 �N2/ ÌA R/. Furthermore, we have
d‰.ˆ

0; .‰01; ‰
0
2; idR// � 1, hence d‰.ˆ ı ˆ0; ˆ ı .‰01; ‰

0
2; idR// � 1 since ˆ is a quasi-isometry.

Moreover, d‰.ˆ; .‰1; ‰2; idR//� 1, therefore by the triangle inequality

d‰.ˆ ıˆ
0; .‰1; ‰2; idR/ ı .‰

0
1; ‰

0
2; idR//� 1:

However
.‰1; ‰2; idR/ ı .‰

0
1; ‰

0
2; idR/D .‰1 ı‰

0
1; ‰2 ı‰

0
2; idR/;

which provides us with
d‰.ˆ ıˆ

0; .‰1 ı‰
0
1; ‰2 ı‰

0
2; idR//� 1:

Consequently f .ˆ ıˆ0/D .‰1 ı‰01; ‰2 ı‰
0
2/.
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In this proof we showed that ˆ� .‰1; ‰2; idR/, therefore any quasi-isometry is in the equivalence
class of an .1;M/-quasi-isometry.

5.4 Quasi-isometric classification and necessary conditions to being quasi-isometric

Thanks to Proposition 4.15 and Theorem 5.13 we are able to provide necessary conditions and quasi-
isometric classifications for families of solvable Lie groups of the form R ËDiag.A1;A2/ .N1 �N2/.

Let us recall two consequences implied by being quasi-isometric in the Lie group setting. For
i 2 f1; 2g, let Ni , N 0i be two simply connected, nilpotent Lie groups and let Ai , A0i be two matrices whom
eigenvalues have positive real parts, acting by derivation on the corresponding Lie algebra. Let us assume
that tr.A1/ > tr.A2/ and tr.A01/ > tr.A02/. If R ËDiag.A1;A2/ .N1�N2/ and R ËDiag.A01;A

0
2/
.N 01�N

0
2/ are

quasi-isometric then

(1) tr.A1/
tr.A2/

D
tr.A01/
tr.A02/

(Proposition 4.15);

(2) for i 2 f1; 2g, Ni and N 0i are bilipschitz. (Theorem 5.13).

Let us define

SN1;N2 WDR ËDiag.A1;�A2/ .N1 �N2/:

Combining [2, Lemma 4.1] and Theorem 5.13 we obtain the following statement.

Proposition 5.14 Let us assume that tr.A1/ > tr.A2/ and tr.A01/ > tr.A02/. If SN1;N2 and SN 01;N 02 are
quasi-isometric , then we have that for i 2 f1; 2g, Ai and tr.A1/

tr.A01/
A0i share the same characteristic polynomial.

A Carnot groupN is a simply connected, nilpotent Lie group with a Lie algebra Lie.N / which admits a
grading: there exists a family of subspaces Vi with i 2 f1; : : : ; rg for some r � 1 such that ViC1D ŒV1; Vi �
for i < r and such that

Lie.N /D
rM
iD1

Vi :

A Carnot group is equipped with a 1-parameter family of automorphisms called dilations on N and
defined for t 2 R by ıt WD exp.tD/, with D a Lie derivation on Lie.N / satisfying that Dv D iv for
v 2 Vi and i 2 f1; : : : ; rg. Such a derivation is called a Carnot derivation. A Lie group S.N1; N2/ is
Carnot-Sol type if N1 and N2 are Carnot groups and if their respective derivations A1 and A2 are Carnot
derivations. Combining Theorem 5.13 and [19, Theorem 2], we get the following necessary condition.

Proposition 5.15 Let S.N1; N2/ and S.N 01; N
0
2/ be two Carnot-Sol type Lie groups and assume that

tr.A1/ > tr.A2/ and that tr.A01/ > tr.A02/. Then

SN1;N2 and SN 01;N 02 are quasi-isometric D) for i 2 f1; 2g; Ni and N 0i are isomorphic.

Furthermore, for a given Carnot derivation A on a Carnot group N , there exists a positive real ˛ > 0
such that R ËA N D S˛ where S˛ WD R Ë˛ N is the group defined by the action of R via the dilation
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.ı˛t /t2R on N . Let N1 and N2 be two Carnot groups and for any two positive reals ˛; ˇ > 0, let
G˛;ˇ WDR Ë˛;�ˇ .N1 �N2/ be the group defined by the action of R on N1 �N2,

R! Aut.N �N/; t 7! .ı˛t ; ı�ˇt /:

Note that G˛;ˇ D S˛‰Sˇ . Thanks to the quasi-isometry invariant of Proposition 4.15, we obtain the
quasi-isometry classification for Carnot-Sol type Lie groups.

Proposition 5.16 Let .˛; ˇ/ and .�; �/ be two pairs of positive reals with ˛ > ˇ and � > � . Then

G˛;ˇ quasi-isometric to G�;� ()
˛

ˇ
D
�

�
() G˛;ˇ isomorphic to G�;� :

Proof If ˛
ˇ
D

�
�

, then G˛;ˇ and G�;� are isomorphic and thus in particular quasi-isometric (or even
bilipschitz) with respect to any left-invariant Riemannian metrics on the groups. Indeed, the map

G˛;ˇ !G�;� ; .x; y; t/ 7! .x; y; �t/;

is an isomorphism. For .xi ; yi ; ti / 2G˛;ˇ for i 2 f1; 2g, we have, in G�;� ,

.x1; y1; �t1/ � .x2; y2; �t2/D .x1 � ı��t1x2; y1 � ı���t1y2; �.t1C t2//

D .x1 � ı˛t1x2; y1 � ı�ˇt1y2; �.t1C t2//;

which is the image of .x1; y1; t1/ � .x2; y2; t2/. Proposition 4.15 conclude the proof since the ratios of
traces of the respective derivations are ˛

ˇ
and �

�
.

Otherwise stated, two nonunimodular Carnot-Sol type solvable Lie groups are quasi-isometric if and
only if they are isomorphic.
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